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Abstract. We give an analytic proof of the Saito vanishing theorem using L2-methods, by
going back to the original idea for the proof of the Kodaira vanishing theorem.
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1. Introduction

Along the way of developing the theory of mixed Hodge modules in [Sai88, Sai90], Saito
proved a vanishing theorem [Sai90, 2.g] that can be understood as a far-reaching generaliza-
tion of the Kodaira vanishing theorem, which plays a crucial role in algebraic geometry in
characteristic 0. Almost all of the robust vanishing theorems involving ample line bundles
are special cases of Saito vanishing. For example, if we apply the theorem to the trivial
variation of Hodge structures on a smooth projective variety, then we recover the classical
Kodaira–Akizuki–Nakano vanishing. Saito’s vanishing theorem concerns polarizable mixed
Hodge modules for which key examples are provided by polarizable variations of Hodge struc-
tures. The theorem says the following:

Theorem 1.1. [Sai90, 2.g] Let X be a complex projective variety and let M ∈ MHM(X) be
a polarizable Hodge module on X. For an ample line bundle L on X, we have

Hl
(
X, grpDRX(M)⊗ L

)
= 0 for all l > 0, p ∈ Z.

In this article, we provide a proof of Saito’s vanishing theorem for mixed Hodge modules
using analytic methods. We also mention that the proof works in a more general setup,
by allowing complex coefficients, since our analytic method has nothing to do with the un-
derlying Q-structure.1 This is the setup of complex Hodge modules, being developed in the
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mixed Hodge module project by Sabbah–Schnell [SS]. This is a generalized notion of Saito’s
Hodge modules which removes Q-perverse sheaves in the picture and replaces with certain
distribution-valued sesquilinear pairing on D-modules.

It is not a big surprise that the known proofs of the Saito vanishing theorem have some
correspondence with the known proofs of the Kodaira vanishing theorem. One of the key
ingredients of Saito’s original approach in [Sai90, 2.g] is the Artin–Grothendieck vanishing
theorem, which is a perverse sheaf version of Andreotti–Frankel’s result. This is a key input
of Ramanujam’s approach of Kodaira vanishing [Ram72], hence we view Saito’s method as
a generalization of his. There is another proof of Saito’s vanishing theorem in [Sch16] (or
[SY23, Theorem 4.5] for complex coefficients). This approach can be viewed as a cousin of
Esnault–Viehweg’s [EV86] which uses branched covering techniques and the degeneration of
the Hodge to de Rham spectral sequence. We also mention a partial progress towards Saito
vanishing using positive characteristic methods in [Ara19,AHL19] which are in spirit, similar
to the approach of Deligne–Illusie [DI87]. We mention that our method goes back to the very
first proof of the Kodaira vanishing [Kod53], exploiting the positivity of the curvature of the
ample line bundle.

We describe our general strategy for the proof of Saito’s vanishing theorem. First, we
improve the result of [DH24] and prove a vanishing theorem (Theorem 1.3) for a certain
logarithmic de Rham complex associated to a variation of Hodge structures defined on the
complement of a simple normal crossing (SNC) divisor. After that, we reduce Saito’s van-
ishing theorem to Theorem 1.3 using the structure theory for complex Hodge modules. We
summarize the three main advantages of this argument. First, the proof of Theorem 1.3 is
established through analytic methods and does not require any results on Hodge modules or
D-modules. Specifically, we only use the curvature formula for Hodge bundles and a careful
analysis near the SNC divisor by studying the degeneration of Hodge structures. Second,
Theorem 1.3 is slightly stronger; that is, it does not directly follow from Saito’s vanishing
theorem. In fact, analytic arguments naturally allow us to perturb a line bundle by an SNC
divisor, leading to a Kawamata–Viehweg type vanishing theorem. Lastly, the general case of
Saito vanishing almost immediately follows via the structure theory of Hodge modules and
by resolving singularities.

1.1. Vanishing theorem for logarithmic de Rham complexes. We give a vanishing
theorem for logarithmic de Rham complexes for complex variations of Hodge structures de-
fined on the complement of an SNC divisor. This is a key ingredient towards the proof of
Saito’s vanishing theorem. We consider a compact Kähler manifold X and an SNC divisor
D =

∑ν
i=1Di on X. For a complex polarizable variation of Hodge structures E on the open

locus X = X \ D, we consider the Deligne extension Eα, for α ∈ Rν , whose eigenvalues of
the residue along Di lie inside the interval [−αi,−αi + 1). By the nilpotent orbit theorem,
the graded pieces Ep,q also extend to vector bundles Ep,q

α on X. The graded piece of the
logarithmic de Rham complex grpDR(X,D)(Eα) is defined as follows:[

Ep,q
α → Ω1

X
(logD)⊗ Ep−1,q+1

α → · · · → Ωn
X
(logD)⊗ Ep−n,q+n

α

]
[n].

Note that this complex lives in cohomological degree between −n and 0. In this situation,
we have the following vanishing theorem:

Theorem 1.2. With the above notation, let L be a line bundle on X. Assume that L +∑ν
i=1 αiDi has a smooth hermitian metric whose curvature is positive semi-definite, and has
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at least n− t positive eigenvalues at each point x ∈ X. If B is a nef line bundle on X, then
we have the following vanishing:

Hl
(
X, grp

(
DR(X,D)(Eα)

)
⊗ L⊗B

)
= 0 for all l > t, p ∈ Z.

The curvature condition on L +
∑ν

i=1 αiDi seems somewhat complicated, but a typical
situation to get this condition is when the line bundle is the pull-back of an ample one by a
smooth proper morphism f : X → A, where dimA = n− t. This is a similar generalization to
that of Kodaira vanishing given by Girbau [Gir76]. For convenience, we also give a simpler
statement which is algebraic and is closer to that of the classical Saito vanishing theorem.

Theorem 1.3. With the same notation as in Theorem 1.2, if L+
∑ν

i=1 αiDi is ample, then

Hl
(
X, grp

(
DR(X,D)(Eα)

)
⊗ L

)
= 0 for all l > 0, p ∈ Z.

Proof. Let B be the trivial bundle. The ampleness condition corresponds to the case t = 0
in Theorem 1.2. □

As an immediate corollary, we obtain the vanishing theorem in [HLWY23, AMPW23],
which is a generalization of log-Nakano vanishing where we allow an extra perturbation by
an SNC divisor, as a direct corollary of Theorem 1.3.

Corollary 1.4. Let X be a projective complex manifold of dimension n and let L be a line
bundle and D =

∑ν
i=1Di be a reduced SNC divisor on X. If L +

∑ν
i=1 αiDi is ample for

some 0 ≤ αi ≤ 1, then

Hq(X,Ωp
X(logD)⊗ L) = 0 for p+ q > n.

Proof. Apply Theorem 1.3 for the trivial variation of Hodge structures on the complement
X \D. □

1.2. Comparison with previous results. We now compare our result with several related
previous results. The most similar results and ideas can be found in [DH24]. The main
theorem of that paper discusses vanishing theorems for tame harmonic bundles with nilpotent
residues. The key input of the proof is the bound for the Higgs field near the SNC divisor.
Then one can build a resolution of the logarithmic de Rham complex by fine sheaves, which
is essentially the Dolbeault resolution but allowing measurable coefficients with certain L2-
conditions. The chain map is given by ∂ + θ and the authors use appropriate L2-estimates
to solve the (∂ + θ)-equation.

Theorem 1.2 generalizes [DH24] in the case of a variation of Hodge structures. The main
difference is that we get vanishing for a family of sheaves parameterized by Rν , and assuming
some positivity for the line bundle with an R-twist L +

∑ν
i=1 αiDi. This can be done by a

careful construction of the Kähler metric on the open locus and by relating certain sheaves
given by L2-conditions and the Deligne extension. The result in [DH24] can be viewed as
the case when α = 0 ∈ Rν . However, the statement in [DH24] is stronger since they work
with tame harmonic bundles with nilpotent residues, a more general notion than variations
of Hodge structures. However, we would like to stress that allowing a perturbation of α is
extremely important towards the proof of the Saito vanishing since it allows us to resolve
singularities and use the standard perturbation trick to get positivity of the line bundle on
the resolution.
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We also compare our results with those in [Pop16], [Suh18], and [Wu22] which are Kawamata–
Viehweg type generalizations of Saito vanishing. The results in [Pop16, §11] are somewhat
orthogonal to ours since the author considers the situation when the line bundle L is big and
nef, while we discuss the issue of perturbing by an extra SNC divisor. The result in [Suh18]
is closely related to ours since it considers vanishing of a logarithmic de Rham complex when
we have a perturbation by an SNC divisor. The main result [Suh18, Theorem 1] can be de-
duced from Theorem 1.3 of ours. The author shows the assertion when α = −(ϵ, . . . , ϵ) (with
appropriate duality applied), under the assumption that L is big and nef, and L+

∑ν
i=1 αiDi

is ample for all 0 < −αi ≪ 1. The assumption of our result is weaker in the sense that
we only need a single α with Eα = E−ϵ and L +

∑ν
i=1 αiDi is ample and do not impose

any positivity condition on L itself. The vanishing result in [Wu22, Theorem 1.5] generalizes
[Pop16] and [Suh18] simultaneously. The theorem shows a vanishing result for the lowest
graded piece, under a weaker positivity condition, i.e., assuming that L+

∑
αiDi is big and

nef. In general, vanishings for the higher graded pieces are no longer true for big and nef line
bundles. We also mention a related result for twistor D-modules by [Wei22].

Acknowledgements. The author would like to thank his advisor Mircea Mustaţă for
generous support and guidance, Qianyu Chen and Brad Dirks for helpful suggestions and
answering questions on Hodge modules. The author would also like to thank Christian
Schnell on helpful comments and conversations, and Ya Deng for comments and for pointing
out some misunderstandings on harmonic bundles. Lastly, we thank Ruijie Yang for pointing
out that the vanishing theorem would work for polarizable complex Hodge modules.

2. Preliminaries

2.1. Complex Polarized Variation of Hodge Structures. We begin by reviewing some
basic definitions and notation related to complex variations of Hodge structures. Let E be a
smooth vector bundle on a complex manifold X. We denote by Ar,s

X (E) the sheaf of smooth
differentiable (r, s)-forms with values in E. A complex variation of Hodge structures on X
with weight k is a smooth vector bundle E on X with a decomposition

E =
⊕

p+q=k

Ep,q

by smooth vector bundles and a flat connection ∇ : E → A1
X(E) that maps each AX(Ep,q)

into
A1,0

X (Ep,q)⊕A1,0
X (Ep−1,q+1)⊕A0,1

X (Ep,q)⊕A0,1
X (Ep+1,q−1).

We define the filtration on E as F pE =
⊕

p′≥pE
p′,k−p′ . The four components of the connec-

tion extend naturally to four operators

∇1,0 : Ar,s
X (Ep,q) → Ar+1,s

X (Ep,q) θ : Ar,s
X (Ep,q) → Ar+1,s

X (Ep−1,q+1)

∂ : Ar,s
X (Ep,q) → Ar,s+1

X (Ep,q) φ : Ar,s
X (Ep,q) → Ar,s+1

X (Ep+1,q−1).

A polarization on E is a sesquilinear pairing Q : E ⊗ E → AX such that

• Q is compatible with ∇ in the sense that

∇Q(u, v) = Q(∇u, v) +Q(u,∇v)
for all smooth sections u, v of E, and

• The summands Ep,q of the decomposition are mutually orthogonal to each other, and
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• h(v, w) =
∑

p+q=k(−1)qQ(vp,q, wp,q) is positive definite.

We denote the hermitian metric on E by hE . We will sometimes omit the subscript if there is
no possibility for confusion. Note that the vector bundles E, F pE, and Ep,q have holomorphic
structures by the (0, 1)-part of the connection, but the decomposition E =

⊕
Ep,q does not

preserve the holomorphic structures. However, F •E are holomorphic subbundles of E. This
is essentially because of the presence of the Higgs field, which is the operator θ. We say that
(E,∇, F •, Q) is a complex polarized variation of Hodge structures if the above properties
are satisfied. However, we will simply say that E is a complex polarized variation of Hodge
structures, without specifying the connection, filtration, and the hermitian paring if there is
no possibility for confusion. By the flatness of connection ∇2 = 0 and by type analysis, we
have the following identities.

Lemma 2.1. The operators ∇1,0, ∂, θ, φ satisfy the following identities:

(∇1,0)2 = θ2 = ∂
2
= φ2 = 0

∇1,0θ + θ∇1,0 = ∂φ+ φ∂ = 0

∂θ + θ∂ = ∇1,0φ+ φ∇1,0 = 0

∇1,0∂ + ∂∇1,0 + θφ+ φθ = 0.

Here are some more basic facts that will be used later. The proofs can be found in a
self-contained manner in [SS22, §47 - §50].

Lemma 2.2. (1) For all smooth sections u, v ∈ E, we have

hE(θu, v) = hE(u, φv).

(2) For each Ep,q, the connection ∇1,0 + ∂ is the metric connection with respect to h.
(3) The curvature of the hermitian bundle Ep,q is equal to −(θφ+ φθ). □

Remark 2.3. We mention some notational differences from [SS22]. This is mainly because we
wanted to reserve the notation θ∗ for the adjoint of the operator of θ when X has a Kähler
metric.

2.2. Bound for the Norm of Higgs field. We introduce some useful terminology to de-
scribe the analysis near a simple normal crossing divisor.

Definition 2.4 (Admissible Coordinates). Let X be a complex manifold and let D be a
reduced simple normal crossing divisor onX. Let x be a point ofX. An admissible coordinate
centered at x is a tuple (Ω; z1, . . . , zn) where

• Ω is an open subset of X containing x.
• (z1, . . . , zn) is a coordinate system on Ω centered at x, which gives a holomorphic
isomorphism of Ω with ∆n = {(ζ1, . . . , ζn) ∈ Cn : |ζj | < 1}.

• D ∩ Ω is given by the equation z1 · · · zl = 0 for some l ≤ n.

We shall write Ω∗ = Ω \D.

We define a Poincaré type metric ωcaré on (∆∗)l ×∆n−l by

ωcaré = i
l∑

j=1

dzj ∧ dzj
|zj |2(− log |zj |2)2

+
n∑

k=l+1

idzk ∧ dzk.
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Here, ∆ = {z ∈ C : |z| < 1} is the unit disk and ∆∗ = ∆ \ {0} is the punctured disk.

For a variation of Hodge structures E on (∆∗)l×∆n−l, we have the following crucial norm
estimate for its Higgs field θ proved in [Sim90] for the one-dimensional case and [Moc02] for
the general case. Its proof follows from a clever use of Ahlfors lemma.

Theorem 2.5 (Mochizuki). If E is a variation of Hodge structures on X = X \ D, then
every point x ∈ D has an admissible coordinate (Ω; z1, . . . , zn) centered at x such that

|θ|2h,ωcaré
≤ C

holds on Ω∗ for some constant C > 0. □

Remark 2.6. We will use this constant C such that |θu|2h,ωcaré
≤ C|u|2h,ωcaré

for all (r, s)-forms

valued in E. The original statement in [Moc02] says that we can get a constant C0 such that
if we write θ =

∑
θjdzj , then

|θi|2h,ω ≤ C0

|zi|2(− log |zi|2)2
for 1 ≤ i ≤ l, and

|θi|2h,ω ≤ C0 for l + 1 ≤ i ≤ n,

where ω is the usual Euclidean metric. We can get the bound |θu|2h,ωcaré
≤ C|u|2h,ωcaré

for all

(r, s)-forms u by multiplying C0 by an extra constant only depending on the dimension n.

2.3. Prolongation via Norm Growth and the Nilpotent Orbit Theorem. We address
the key consequences of the nilpotent orbit theorem ([Sch73,CKS86] for integral variations
of Hodge structures and [SS22, Den23] for complex variations) and the asymptotics of the
Hodge norms. In particular, we relate Deligne’s extension and the prolongation bundles via
the growth of Hodge norms. We briefly summarize the relation between these two objects
following [Den23].

Definition 2.7 (Prolongation Bundles). Let X be a complex manifold and let D =
∑ν

i=1Dν

be an SNC divisor on X. Let (E, h) be a hermitian vector bundle on X = X \ D. For
each α = (α1, . . . , αν) ∈ Rν , we can prolong E to an OX -module PαE as follows. Let
(U ; z1, . . . , zn) be an admissible coordinate and suppose that D|U is defined by z1 · · · zl = 0.
For simplicity, assume that Di = (zi = 0). Then,

PαE(U) =

σ ∈ Γ(E,X ∩ U) : |σ|h ≲
l∏

j=1

|zj |−αj−ϵ on U for all ϵ > 0

 .

For two non-negative functions f and g, we write f ≲ g on U if for each compact subset
K ⊂ U , there exists some CK > 0 such that f ≤ CKg on K.

We discuss several properties of prolongation bundles when E comes from a complex
polarized variation of Hodge structures. The following theorem is proved in [Moc02] in the
language of acceptable bundles.

Theorem 2.8 (Mochizuki). Let X be a complex manifold and let D =
∑ν

i=1Di be an SNC

divisor on X. Let X = X\D and j : X → X the open inclusion. Let E be a complex polarized
variation of Hodge structures on X. For every p, q and every α ∈ Rν , the prolongation bundles
PαE

p,q satisfy the following properties:

(1) PαE
p,q is a locally free sheaf.
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(2) PαE ⊂ PβE if αi ≤ βi for all i.
(3) For 1 ≤ i ≤ ν, Pα+eiE

p,q = PαE
p,q ⊗OX(Di) where ei is the i-th unit vector.

(4) Pα+ϵ⃗E
p,q = PαE

p,q for ϵ⃗ = (ϵ, . . . , ϵ) for all 0 < ϵ≪ 1.
(5) The set {α : PαE/P<αE ̸= 0} is discrete in Rν . □

We finally introduce the construction of Deligne’s extension and describe the relation
to the prolongation via Hodge norms. Let X be a complex manifold and D be an SNC
divisor. Suppose we have a complex variation of Hodge structures E on X = X \D. Choose
an admissible coordinate (Ω; z1, . . . , zn) and suppose that D ∩ Ω is given by the equation
z1 · · · zl = 0. The fundamental group π1(Ω

∗) is isomorphic to Zl, with generators γ1, . . . , γl,
where γi corresponds to the loop going once around the puncture counterclockwise in the i-th
coordinate. The universal cover of Ω∗ is isomorphic toHl×∆n−l whereH = {z ∈ C : Imz > 0}
is the upper-half plane. The quotient map is given by

π : Hl ×∆n−l → Ω∗, (w1, . . . , wl, zl+1, . . . , zn) 7→ (e2πiw1 , . . . , e2πiwl , zl+1, . . . , zn).

Let V be the space of flat sections of π∗E on Hl × ∆n−l. Then we have the monodromy
representation Φ: π1(Ω

∗) → GL(V ) given as follows.

Φ(γi)(v)(w1, . . . , wl, zl+1, . . . , zn) = v(w1, . . . , wi − 1, . . . , wl, zl+1, . . . , zn).

Denote by Ti as the image of γi. The monodromy theorem says that the eigenvalues of Ti
have absolute value 1. Therefore, we can consider the Jordan decomposition

Tj = e2πi(Sj+Nj),

where Sj is a semisimple operator whose eigenvalues lie in the interval [−αj ,−αj + 1) and
Nj is a nilpotent operator. One can see that all Sj and Nj mutually commute since π1(Ω

∗)
is abelian. For a flat section v ∈ V , consider the expression

ṽ = exp

 l∑
j=1

(Sj +Nj)wj

 v.

Then we see that ṽ is stable under the transformation wj 7→ wj + 1 for all 1 ≤ j ≤ l hence,
ṽ descends to a section on Ω∗. We define Eα on Ω to be the locally free sheaf generated by
these sections ṽ. For each subbundle F pE ⊂ E, we define a filtration on Eα by

F pEα : = j∗F
pE ∩ Eα.

The nilpotent orbit theorem relates Deligne’s extension and the prolongation bundles via
norm growth. Here, we use the version of [Den23] which is for complex polarized variations
of Hodge structures.

Theorem 2.9 (Nilpotent Orbit Theorem [Den23]). Let X be a complex manifold and let D =∑ν
i=1Di be a simple normal crossing divisor on X. Let E be a complex polarized variation of

Hodge structures on X = X \D. Then for every α ∈ Rν , F pEα and Ep,q
α = F pEα/F

p+1Eα

are locally free sheaves. Moreover, Ep,q
α can be naturally identified to PαE

p,q, which is the
prolongation via growth of the Hodge norm. □

Note that the connection ∇ : E → Ω1
X ⊗ E extends to a logarithmic connection

∇ : Eα → Ω1
X
(logD)⊗ Eα
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and satisfies the Griffiths transversality condition, i.e., on each graded piece Ep,q
α , the con-

nection ∇ induces an OX -linear map

θ : Ep,q
α → Ω1

X
(logD)⊗ Ep−1,q+1

α .

2.4. Some Standard Kähler Identities and Functional Analysis. This section is more
or less standard, but we include it for more algebraically oriented readers. Let (X,ω) be
a Kähler manifold. We denote by L the Lefschetz operator ω ∧ • and its adjoint by Λ (or
Λω if we want to emphasize the Kähler metric). We will use the following Kähler identities
which can be found in [Dem12, Chapter 4.C] and many other standard textbooks in complex
geometry and Hodge theory.

Proposition 2.10. Let E be a holomorphic vector bundle with a smooth hermitian metric
on a Kähler manifold (X,ω). If D = D′ + D′′ is the Chern connection and δ′, δ′′ are the
corresponding adjoints of D′ and D′′, then we have the following identities:

[δ′′, L] = iD′ [δ′, L] = −iD′′

[Λ, D′′] = −iδ′ [Λ, D′] = iδ′′.

Also, we have the Bochner-Kodaira-Nakano identity for the Laplacian operator:

Proposition 2.11. If ΘE is the curvature of E, and

∆′′ = D′′δ′′ + δ′′D′′ and ∆′ = D′δ′ + δ′D′,

then

∆′′ = ∆′ + [iΘE ,Λ].

We introduce a useful computation for the commutator operator [iΘE ,Λ] in the case when
E is a line bundle. The following lemma can be obtained by a straightforward calculation.

Lemma 2.12 ([Dem97, Chapter VII.4]). Let ω be a Kähler metric on X and let L be a
hermitian line bundle on X. If γ1 ≤ . . . ≤ γn are the eigenvalues of iΘL,x with respect to ωx,
then we have

⟨[iΘL,Λ]u, u⟩ ≥ (γ1 + . . .+ γs − γr+1 − . . .− γn)|u|2

for all u ∈
∧r,s T ∗

xX.

Proof. Simultaneously diagonalize ωx and iΘL,x so that we can express the two as

ωx = i
∑
µ

ζµ ∧ ζ̄µ and iΘL,x = i
∑
µ

γµζµ ∧ ζ̄µ.

Then a straightforward computation tells us that for u =
∑

J,K uJ,KζJ ∧ ζ̄K , we have

⟨[iΘL,Λ]u, u⟩ =
∑
J,K

∑
j∈J

γj +
∑
k∈K

γk −
n∑

l=1

γl

 |uJ,K |2

≥ (γ1 + . . .+ γs − γr+1 − . . .− γn)|u|2. □

The following is a standard lemma for L2-existence statements. For example, see [Dem97,
Chapter VIII. §1].
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Lemma 2.13. Let H1, H2 and H3 be Hilbert spaces and let T : H1 → H2 and S : H2 → H3

be closed and densely defined operators such that ST = 0. Let T ∗ and S∗ be the adjoints of
T and S, respectively. Suppose that there exists ϵ > 0 such that

∥T ∗u∥2 + ∥Su∥2 ≥ ϵ2∥u∥2 for all u ∈ Dom(T ∗) ∩Dom(S).

Then for every u ∈ H2 such that Su = 0, there exists v ∈ H1 such that Tv = u and
∥v∥ ≤ ϵ−1∥u∥.

3. Proof of Theorem 1.2

3.1. Dolbeault Resolution for the de Rham complex. First, we ignore the issue of
the SNC divisor and describe a nice resolution for grpDRX(E). Let E be a complex polar-
ized variation of Hodge structures on a Kähler manifold X. The graded de Rham complex
grpDRX(E) of E on X is defined as follows[

Ep,q θ−→ Ω1
X ⊗ Ep−1,q+1 θ−→ . . .

θ−→ Ωn
X ⊗ Ep−n,q+n

]
[n].

By the relation ∂θ+θ∂ = 0, there is an anti-commuting morphism between each Dolbeault
resolution. Therefore, the Dolbeault resolution for each sheaf Ωr

X ⊗ Ep−r,q+r combines to a
double complex:

A0,n
X ⊗ Ep,q A1,n

X ⊗ Ep−1,q+1 · · · An,n
X ⊗ Ep−n,q+n

...
...

...
...

A0,1
X ⊗ Ep,q A1,1

X ⊗ Ep−1,q+1 · · · An,1
X ⊗ Ep−n,q+n

A0,0
X ⊗ Ep,q A1,0

X ⊗ Ep−1,q+1 · · · An,0
X ⊗ Ep−n,q+n.

θ θ θ

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

In particular, the total complex of this double complex is quasi-isomorphic to grpDRX(E).
Consider

El =
⊕

r+s=l+n

Ar,s
X ⊗ Ep−r,q+r,

which is the l-th entry of the total complex of this double complex and denote the boundary
map by ð. Then we obtain a complex

E• : E−n ð−→ . . .
ð−→ E0 ð−→ . . .

ð−→ En

with grpDRX(E) ≃qis (E•, ð). Each entry El has a natural hermitian structure by letting the
direct summands be mutually orthogonal. After twisting by a line bundle L, we still have a
quasi-isomorphism grpDRX(E)⊗ L ≃qis (E• ⊗ L,ð).
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3.2. More Identities. We introduce more identities which exploit the curvature formula for
Hodge bundles. Throughout this section, all identities will be considered as formal identities,
which means that the identity holds for all smooth and compactly supported sections.

We fix a Kähler metric ω on X. Since Ar,s
X has a hermitian structure, the operators

∇1,0, ∂, θ, and φ have adjoints which we denote by (∇1,0)∗, ∂
∗
, θ∗ and φ∗, respectively. These

operators are of the following type

(∇1,0)∗ : Ar,s
X (Ep,q) → Ar−1,s

X (Ep,q),

∂
∗
: Ar,s

X (Ep,q) → Ar,s−1
X (Ep,q),

θ∗ : Ar,s
X (Ep,q) → Ar−1,s

X (Ep+1,q−1),

φ∗ : Ar,s
X (Ep,q) → Ar,s−1

X (Ep−1,q+1).

The first commutator relation is as follows.

Lemma 3.1. With the above notation, we have

[Λ, φ] = iθ∗ and [Λ, θ] = −iφ∗.

Proof. All the operators are C∞-linear, hence we fix a point x ∈ X and calculate everything
pointwise. Therefore, we diagonalize the Kähler form ω and assume that ω = i

∑n
j=1 dzj∧dzj

at x where (zj)
n
j=1 is a coordinate system centered at x. For J = (j1, . . . , jp) and 1 ≤ l ≤ n,

we use the following notation

dzl⌟J = i∂l(dzj1 ∧ · · · ∧ dzjp) =

{
0 if l /∈ {j1, · · · , jp}
(−1)k−1dzj1 ∧ · · · ∧ d̂zjk ∧ · · · ∧ dzjp if l = jk

and

dzjJ = dzj ∧ dzJ .

We define dzl⌟K and dzkK analogously. Then for a (p, q)-form u =
∑
uJ,KdzJ ∧dzK , we have

Λu = i(−1)|J |
∑
J,K,l

uJ,Kdzl⌟J ∧ dzl⌟K .

After writing θ =
(∑

j θjdzj

)
∧ •, Lemma 2.2 implies that the operators θ, θ∗, φ, φ∗ satisfy

the following formulas:

θ(u) =
∑
J,K

∑
j∈Jc

θj(uJ,K)dzjJ ∧ dzK ,

θ∗(u) =
∑
J,K

∑
j∈J

θ∗j (uJ,K)dzj⌟J ∧ dzK ,

φ(u) = (−1)|J |
∑
J,K

∑
k∈Kc

θ∗k(uJ,K)dzJ ∧ dzkK ,

φ∗(u) = (−1)|J |
∑
J,K

∑
k∈K

θk(uJ,K)dzJ ∧ dzk⌟K .
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The rest of the proof is just brute force computation. If u =
∑

J,K uJ,KdzJ ∧ dzK , then

Λφ(u) = Λ

(−1)|J |
∑
J,K

∑
k∈Kc

θ∗k(uJ,K)dzJ ∧ dzkK


= i

[∑
J,K

∑
k∈J\K

θ∗k(uJ,K)dzk⌟J ∧ dzK

+
∑
J,K

∑
k∈Kc

∑
j∈J∩K

θ∗k(uJ,K)dzj⌟J ∧ dzj⌟kK
]
.

(1)

Also, we have

φΛ(u) = i(−1)|J |φ

∑
J,K

∑
j∈J∩K

uJ,Kdzj⌟J ∧ dzj⌟K


= −i

∑
J,K

∑
j∈J∩K

[
θ∗j (uJ,K)dzj⌟J ∧ dzK

+
∑
k∈Kc

θ∗k(uJ,K)dzj⌟J ∧ dzk(j⌟K)

]
.

(2)

Using dzj⌟kK = −dzk(j⌟K), we see that the second terms in (2) and (1) cancel each other out
after subtracting and we have

(Λφ− φΛ)(u) = i
∑
J,K

∑
k∈J

θ∗k(uJ,K)dzk⌟J ∧ dzK = iθ∗(u).

This concludes the first part of the proof. We similarly obtain the second equality, as follows:

θΛu = i(−1)|J |θ

∑
J,K

∑
j∈J∩K

uJ,Kdzj⌟J ∧ dzj⌟K


= i(−1)|J |

[∑
J,K

∑
j∈J∩K

θj(uJ,K)dzJ ∧ dzj⌟K

+
∑
J,K

∑
j∈J∩K

∑
k∈Jc

θk(uJ,K)dzk(j⌟J) ∧ dzj⌟K
]

(3)

and

Λθu = Λ

∑
J,K

∑
k∈Jc

θk(uJ,K)dzkJ ∧ dzK


= i(−1)|J |+1

[∑
J,K

∑
k∈Jc∩K

θk(uJ,K)dzJ ∧ dzk⌟K

+
∑
J,K

∑
k∈Jc

∑
j∈J∩K

θk(uJ,K)dzj⌟kJ ∧ dzj⌟K
]
.

(4)
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Again, using dzk(j⌟J) = −dzj⌟kJ , we see that the second terms in (3) and (4) cancel each
other out after subtracting and we get

(Λθ − θΛ)u = i(−1)|J |+1
∑
J,K

∑
j∈K

θj(uJ,K)dzJ ∧ dzj⌟K = −iφ∗(u). □

Lemma 3.2. Let E be a variation of Hodge structures on a Kähler manifold (X,ω). If ΘEp,q

is the curvature operator of Ep,q with respect to the Hodge metric, then we have the following
identity:

[iΘEp,q ,Λ] = −θ∗θ − θθ∗ + φφ∗ + φ∗φ.

Proof. We compute

[iΘEp,q ,Λ] = [−i(θφ+ φθ),Λ] ∵ Lemma 2.2

= i(−θφΛ− φθΛ + Λθφ+ Λφθ)

= i
(
(−θφΛ + θΛφ) + (−φθΛ + φΛθ) + (Λθφ− θΛφ) + (Λφθ − φΛθ)

)
= i(θ[Λ, φ] + φ[Λ, θ] + [Λ, θ]φ+ [Λ, φ]θ) ∵ Lemma 3.1

= −θθ∗ + φφ∗ + φφ∗ − θ∗θ. □

Proposition 3.3. Let E be a complex polarized variation of Hodge structures on X and let
E be the Dolbeault resolution for grpDRX(E) as in Section 3.1. Let L be a line bundle on X

with a smooth hermitian metric and let ΘL be the curvature of L. For u = (u(r)) ∈ El ⊗ L,
where each u(r) ∈ Ar,n+l−r

X (Ep−r,q+r)⊗ L, we have the following formal identity:

∥ðu∥2+∥ð∗u∥2 =
∑
r

⟨[iΘL,Λ]u
(r), u(r)⟩+

∑
r

∥∇1,0u(r)+φu(r+1)∥2+
∑
r

∥φ∗u(r)+(∇1,0)∗u(r+1)∥2.

Proof. The expression ⟨∆ðu,u⟩ has the diagonal terms and the off-diagonal terms as
follows:

∥ðu∥2 + ∥ð∗u∥2 =
∑
r

⟨∆∂u
(r) + (θθ∗ + θ∗θ)u(r), u(r)⟩

+
∑
r

⟨(θ∂∗ + ∂
∗
θ)u(r), u(r+1)⟩+ ⟨(∂θ∗ + θ∗∂)u(r+1), u(r)⟩.

First, we examine the diagonal term. The classical Bochner–Kodaira–Nakano identity gives

∆∂ = ∆∇1,0 + [iΘEp,q⊗L,Λ],

where ∇1,0 + ∂ is the Chern connection for the bundle Ep,q ⊗ L. The curvature of Ep,q ⊗ L
is given by

ΘEp,q⊗L = idEp,q ⊗ΘL +ΘEp,q ⊗ idL .

Summing all these term and using Lemma 3.2, we have

⟨(∆∂ + θθ∗ + θ∗θ)u(r), u(r)⟩

= ⟨[iΘL,Λ]u
(r), u(r)⟩+ ∥∇1,0u(r)∥2 + ∥(∇1,0)∗u(r)∥2 + ∥φu(r)∥2 + ∥φ∗u(r)∥2.

We next examine the off-diagonal term. Note that

⟨(θ∂∗ + ∂
∗
θ)u(r), u(r+1)⟩ = ⟨(∂θ∗ + θ∗∂)u(r+1), u(r)⟩
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and we have

∂θ∗ + θ∗∂

= −i(∂Λφ− ∂φΛ + Λφ∂ − φΛ∂) ∵ Lemma 3.1

= (−i)
(
Λ∂φ+ i(∇1,0)∗φ− ∂φΛ + Λφ∂ − φ∂Λ + iφ(∇1,0)∗

)
∵ [Λ, ∂] = −i(∇1,0)∗

= (∇1,0)∗φ+ φ(∇1,0)∗ ∵ ∂φ+ φ∂ = 0.

Therefore,

⟨u(r), (∂θ∗ + θ∗∂)u(r+1)⟩ = ⟨∇1,0u(r), φu(r+1)⟩+ ⟨φ∗u(r), (∇1,0)∗u(r+1)⟩.
Adding all up, we get the desired identity. □

3.3. L2-existence results. The following L2-existence result will serve as a key tool for the
proof of cohomology vanishing. The first proposition is a global version of the L2-existence
result. One can also find a similar result in [DH24, Corollary 2.7] in the language of harmonic
bundles, but we prefer to include the proof for completeness.

Proposition 3.4. Let (X,ω) be a Kähler manifold (not necessarily compact) and let L be
a line bundle with a smooth hermitian metric hL. Let E be a complex polarized variation of
Hodge structures on X. Furthermore, we assume that

(1) The geodesic distance δω is complete on X, i.e., (X, δω) is complete as a metric space.
(2) The norm of the Higgs field |θ|2h,ω is globally bounded.

(3) There exists ϵ > 0 such that ⟨[iΘL,Λω]u, u⟩ ≥ ϵ∥u∥2ω for all smooth and compactly
supported (r, s)-forms u for r + s = n+ l.

Let u be a measurable section with values in El such that ðu = 0. Provided that the right
hand side of the expression below is finite, there exists a measurable section v with values in
El−1 satisfying ðv = u and the following inequality∫

X
∥v∥2h,ωdVω ≤ 1

ϵ

∫
X
∥u∥2h,ωdVω.

Proof. The only non-trivial part is to approximate measurable sections u by smooth and
compactly supported sections in a desirable way. Note that we have an a priori inequality
∥ðu∥2+∥ð∗u∥2 ≥ ϵ∥u∥2 for smooth and compactly supported sections. Since |θ|2h,ω is globally
bounded,

θ : L2(X,Ar,s
X ⊗ Ep,q) → L2(X,Ar+1,s

X ⊗ Ep,q)

is a bounded operator. Therefore, for L2-sections u = (u(r)), the section ðu is L2 if and only

if each derivative ∂u(r) is L2. Similarly, ð∗u is L2 if and only if for each r, the section ∂
∗
u(r)

is L2. Moreover, provided a sequence uν → u in L2, we have ðuν → ðu in L2 if and only if

for each r, ∂u
(r)
ν → ∂u(r) in L2. Similarly, ð∗uν → ð∗u in L2 if and only if ∂

∗
u
(r)
ν → ∂

∗
u(r) in

L2 for each r. As in the proof of [Dem12, Theorem 5.1], the completeness of (X, δω) tells us

that the space of compactly supported smooth forms is dense in Dom(∂) ∩ Dom(∂
∗
) under

the graph norm

u 7→ (∥u∥2 + ∥∂u∥2 + ∥∂∗u∥2)1/2.
Therefore, the a priori inequality

∥ðu∥2 + ∥ð∗u∥2 ≥ ϵ∥u∥2
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also holds for measurable sections such that u, ðu, and ð∗u are all L2. The remaining part
of the proof follows from Lemma 2.13. □

Also, we have a local version of the L2-existence result which will be used in the construc-
tion of the L2-Dolbeault resolution. The following result is motivated by [SS22, §159], using
the fact that even though the curvature of a Hodge bundle is not positive, one can bound
the negative contribution of the curvature by the Higgs field estimates. Hence, after twisting
with a suitable weight, one can solve the ∂-equation.

Proposition 3.5. Equip Ω∗ = (∆∗)l×∆n−l with the Poincaré metric ωcaré defined in Section
2.2. Let E be a complex polarized variation of Hodge structures on Ω∗. Let C > 0 be a number
such that ∥θ∥2ωcaré

< C on Ω∗. Define η : Ω∗ → R by the following formula, for aj ∈ R and
bj > C + 2:

e−η =

l∏
j=1

|zj |2aj (− log |zj |2)bj
n∏

j=l+1

e−bj |zj |2 .

If u is an (r, s)-form with values in Ep,q, with measurable coefficients such that ∂u = 0 and∫
Ω∗

∥u∥2h,ωcaré
e−ηdVcaré < +∞,

then there exists an (r, s−1)-form with values in Ep,q, with measurable coefficients, such that
u = ∂v and ∫

Ω∗
∥v∥2h,ωcaré

e−ηdVcaré ≤
∫
Ω∗

∥u∥2h,ωcaré
e−ηdVcaré.

Proof. First, we prove the result for (n, s)-forms. A straightforward computation gives

i∂∂η = i
l∑

j=1

bj
|zj |2(− log |zj |2)2

dzj ∧ dzj + i
n∑

j=l+1

bjdzj ∧ dzj .

We put dz[n] = dz1 ∧ · · · ∧ dzn. If u =
∑

K uKdz[n] ∧ dzK , we have

[i∂∂η,Λωcaré
]u =

∑
K

∑
j∈K

bj

uKdz[n] ∧ dzK .

Using the Bochner–Kodaira–Nakano identity with a twist by e−η, we have the a priori in-
equality

∥∂u∥2 + ∥∂∗u∥2 ≥ ⟨[iΘE ,Λωcaré
]u, u⟩+ ⟨[i∂∂η,Λωcaré

]u, u⟩
≥ −⟨θθ∗u, u⟩+ ⟨[i∂∂η,Λωcaré

]u, u⟩ ∵ Lemma 3.2

≥ −C∥u∥2 + ⟨[i∂∂η,Λωcaré
]u, u⟩.

Here, the adjoint operator ∂
∗
is computed with respect to the metric hE · e−η on the Hodge

bundles. In particular, if bj ≥ C + 1 for each j, then we have ∥∂u∥2 + ∥∂∗u∥2 ≥ ∥u∥2. The
assertion for (n, s)-forms now follows from Lemma 2.13. One technical part is that ωcaré is
not a complete metric on the domain Ω∗. However, we can remedy this situation since Ω∗ is
weakly pseudoconvex. This can be done by taking a plurisubharmonic exhaustion function
ψ ≥ 0 of Ω∗ and considering the complete metric

ωcaré,ϵ = ωcaré + iϵ∂∂ψ2.
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Then we get the L2-existence theorem for ωcaré by applying the corresponding result for each
ωcaré,ϵ and taking the weak limit. This is the strategy in [Dem82, Théorème 4.1].

We next prove the result for (r, s)-forms. Let u =
∑

J,K uJ,KdzJ ∧ dzK . We put

u(J) =
∑
K

uJ,KdzJ ∧ dzK and ũ(J) =
∑
K

uJ,Kdz[n] ∧ dzK .

Define η′ by

e−η′ = e−η
∏

j /∈J,j≤l

|zj |−2(− log |zj |2)−1 =
l∏

j=1

|zj |2a
′
j (− log |zj |2)b

′
j

n∏
j=l+1

e−b′j |zj |2 .

Note that ∥u(J)∥2h,ωcaré
e−η = ∥ũ(J)∥2h,ωcaré

e−η′ . We have
∫
Ω∗ ∥ũ(J)∥2h,ωcaré

e−η′dVcaré < +∞.

Since b′j > C + 1, we can apply the result for (n, s)-forms so that there exists an (n, s − 1)-

form ṽ(J) such that ∂ṽ(J) = ũ(J) and∫
Ω∗

∥ṽ(J)∥2h,ωcaré
e−η′dVcaré ≤

∫
Ω∗

∥ũ(J)∥2h,ωcaré
e−η′dVcaré.

Since wedging by holomorphic coordinate does not effect the operator ∂ (up to sign), there
exists an (r, s− 1)-form v(J) such that ∂v(J) = u(J) and∫

Ω∗
∥v(J)∥2h,ωcaré

e−ηdVcaré ≤
∫
Ω∗

∥u(J)∥2h,ωcaré
e−ηdVcaré.

At the end,
∑

J v(J) gives the desired solution. □

3.4. Construction of the Kähler metric on the complement. From now on, we work
in the setting of the main theorem. Hence D =

∑ν
i=1Di is an SNC divisor on a compact

Kähler manifold X, and X = X \D. We cover D with finitely many admissible coordinates
{Ωi}i∈I and use Theorem 2.5 to get a real number C > 0 such that |θ|2h,ωcaré

< C for each

admissible coordinate Ωi. Also, L is a line bundle on X such that L+
∑ν

i=1 αiDi has a smooth

hermitian metric with semi-positive curvature, and at each point x ∈ X, the curvature has
at least n − t positive eigenvalues. In addition, B is a nef line bundle on X. The goal is to
construct a Kähler metric ω on the open locus X so that the following four conditions are
satisfied:

(1) (X,ω) is complete.
(2) The norm of the Higgs field |θ|2h,ω is globally bounded.

(3) If we write the curvature of L ⊗ B as iΘL⊗B, then the operator [iΘL⊗B,Λω] should
be positive definite for (r, s)-forms.

(4) We can solve a local ∂-equation in admissible coordinates with an appropriate twist.

The first three conditions will allow us to use the global L2-existence result. Also, the last
condition is crucial since we want to guarantee the exactness of a Dolbeault type complex.
The correct guess based on the second and the fourth condition is that the Kähler metric ω
should somehow look like the Poincaré metric for each admissible coordinate (see Theorem
2.5 and Proposition 3.5). However, we cannot get the positivity of the operator [iΘL⊗B,Λω]
by using the metric that is näıvely constructed. The idea is to twist the metric of L by a
certain amount so that all conditions are true. The construction is essentially identical to
[DH24, §3.5], modulo the effect of the twist by

∑
αiDi.
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Proposition 3.6. With the notation as above, there exists a Kähler metric ω on X and
smooth hermitian metrics h′L on L|X and hB on B satisfying the following:

(1) (X,ω) is complete.
(2) ω and ωcaré are mutually bounded for each admissible coordinate Ωi.
(3) |θ|2h,ω is globally bounded.

(4) If Θ′
L⊗B is the curvature associated to the metric h′L⊗hB, then we have the inequality

⟨[iΘ′
L⊗B,Λω]u, u⟩ ≥ 1

10 |u|
2
ω for (r, s)-forms on X with r + s > n+ t.

Proof. First, we fix a Kähler metric ω0 on X. Choose hermitian metrics on L and OX(Di)
and denote the corresponding curvatures (multiplied by i) by ωL, and ω1, · · · , ων . For each
x ∈ X, we can simultaneously diagonalize ω0 and ωL +

∑ν
j=1 αjωj such that

ω0(x) = i
∑
µ

ζµ ∧ ζ̄µ and ωL +

ν∑
j=1

αjωj = i
∑
µ

γµ(x)ζµ ∧ ζ̄µ.

The condition on the curvature of L+
∑ν

j=1 αjDj guarantees that

0 ≤ γ1(x) ≤ · · · ≤ γn(x)

and γt(x) > 0 since there are at least n− t positive eigenvalues. Also, the γi are continuous
functions. Let

m = min
x∈X

γt(x) > 0.

Choose 0 < ϵ1 < ϵ such that

t · ϵ1 − ϵ

ϵ1
+ (s− t) · m+ (ϵ1 − ϵ)

m+ ϵ1
− (n− r) >

1

10

for all r + s > n+ t. This can be done since the above expression is identical to

(r + s− n− t)− ϵ1
m+ ϵ1

(s− t)− (ϵ− ϵ1)

(
t

ϵ1
+

s− t

m+ ϵ1

)
.

Let 2ϵ2 = ϵ− ϵ1 > 0. Fix δ > 0 such that

ω0 +
ν∑

j=1

δjωj > 0 for all δj ∈ [−δ, δ].

Pick αj < aj < αj +
δϵ2
2 and bj = C + 3. Let σj ∈ H0(X,OX(Dj)) that vanishes along

Dj . Also, take aj to be sufficiently close to αj so that PαE
p,q = PaE

p,q. We can rescale
σj so that |σj |2hj

≤ exp(−2(C + 3)/δϵ2). Fix a smooth hermitian metric hB on B so that

iΘB + ϵ2ω0 > 0. This can be done since B is a nef line bundle. Denote ωB = iΘB. Let

τj : X → R, τj(x) = − log |σj |2hj ,x

and let

ξ =
ν∑

j=1

ajτj − bj log τj .

Define the Kähler metric ω on X as

ω = ϵω0 + ωL + ωB + i∂∂ξ.
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The computation of ∂∂ξ gives

i∂∂ξ =

ν∑
j=1

(
aj −

bj
τj

)
ωj +

ν∑
j=1

i
bj
τ2j
∂τj ∧ ∂τj ,

using i∂∂τj = ωj . Therefore, we can decompose ω into five terms

ω = ϵ1ω0+

ωL +
ν∑

j=1

αjωj

+ϵ2

ω0 +
∑
j

δjωj

+(ϵ2ω0+ωB)+ i
ν∑

j=1

bj
τ2j
∂τj ∧∂τj (A).

Here, we have

δj = ϵ−1
2

(
aj − αj −

bj
τj

)
∈ [−δ, δ]

since ϵ−1
2 (aj − αj) ∈ [0, δ/2] and τj ≥ 2(C + 3)/δϵ2. Hence, we see that all the five terms are

semi-positive and ϵ1ω0 > 0. Therefore, ω is a Kähler form on X.

Now we prove that the metric ω and ωcaré are mutually bounded for each admissible
coordinate Ωi. Clearly, this implies that (X,ω) is complete. Fix an admissible coordinate
(Ω; z1, · · · , zn) and assume thatD∩Ω is defined by the equation z1 · · · zl = 0. For convenience,
suppose that (zi = 0) = Di ∩ Ω. Note that τi = − log |zi|2 + gi for some smooth function gi
on Ω. Then

bj
τ2j
∂τj ∧ ∂τj =

bj
(− log |zj |2 + g)2

(
dzj
zj

− ∂gj

)
∧
(
dzj
zj

− ∂gj

)
.

Since the first four terms on the right hand side of (A) are smooth on the entire space X,
we see that ω and ωcaré are mutually bounded on Ω. This also shows that |θ|2h,ω is globally
bounded.

The last thing to check is the positivity of the commutator operator [iΘL⊗B,Λω]. Here,
the key idea is to twist the metric of L by an extra factor of e−ξ. This gives us a smooth
hermitian metric h′L = hLe

−ξ on L|X . We denote the corresponding curvature as Θ′
L⊗B. The

formula for this curvature is

iΘ′
L⊗B = ωL + ωB + i∂∂ξ.

Simultaneously diagonalize ω0 and iΘ′
L⊗B at x ∈ X and express

ω0 = i
∑
µ

ζµ ∧ ζ̄µ and iΘ′
L⊗B = i

∑
µ

γ′µ(x)ζµ ∧ ζ̄µ.

Also, we assume γ′1 ≤ · · · ≤ γ′n. Using (A) and the fact that ω = ϵω0 + iΘ′
L⊗B, we see that

ϵ+ γ′µ(x) ≥ ϵ1 + γµ(x).

If we diagonalize iΘ′
L⊗B with respect to ω and denote the eigenvalues as γ′µ,ϵ(x), then we

have

γ′µ,ϵ =
γ′µ

γ′µ + ϵ
.
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Note that γ′µ(x) ≥ ϵ1 − ϵ+ γµ(x) ≥ ϵ1 − ϵ. Also, if µ ≥ t, then we have the improved bound
γ′µ(x) ≥ ϵ1 − ϵ+m. Hence, we have the following bounds for the quantities for γ′µ,ϵ:

1 ≥ γ′µ,ϵ ≥
ϵ1 − ϵ

ϵ1
for 1 ≤ µ ≤ t− 1,

1 ≥ γ′µ,ϵ ≥
m+ ϵ1 − ϵ

m+ ϵ1
for t ≤ µ ≤ n.

Using Lemma 2.12 for (r, s)-forms u, we have

⟨[iΘ′
L⊗B,Λω]u, u⟩x ≥ (γ′1,ϵ(x) + · · ·+ γ′s,ϵ(x)− γ′r+1,ϵ(x)− · · · − γ′n,ϵ(x))|u|2ω,x

≥
[(ϵ1 − ϵ

ϵ1

)
· t+

(
m+ ϵ1 − ϵ

m+ ϵ1

)
· (s− t)− (n− r)

]
|u|2ω,x

≥ 1

10
|u|2ω,x. □

Remark 3.7. The construction of the Kähler metric ω becomes simpler when L+
∑
αiDi is

ample and B = OX . We pick smooth hermitian metrics hL and hi on L and OX(Di) such

that ωL +
∑
αiωi is a Kähler metric on X. Then the identical construction of ξ : X → R

(with appropriate coefficients ai and bi) gives the complete Kähler metric ω = ωL + i∂∂ξ
on X that we wanted. Also, the curvature iΘ′

L associated to the metric hLe
−ξ is exactly ω.

Therefore, [iΘ′
L,Λω]u = (r + s − n)u for (r, s)-forms u. Hence, the positivity of [iΘ′

L,Λω] is
obvious.

3.5. L2-Dolbeault resolution. The construction of the Kähler metric on X in the previous
section allows us to construct a Dolbeault-type resolution of the logarithmic de Rham complex
of a variation of Hodge structures defined on the complement of an SNC divisor, extending
the resolution described in §3.1 on X. The explicit construction is as follows. Consider
the Kähler metric ω on X and the smooth hermitian metric on E ⊗ L ⊗ B|X given by
h′ = (hE⊗hL⊗hB) ·e−ξ where ω, h′L = hLe

−ξ and hB are the metrics that we constructed in

Proposition 3.6. We define H2
(r)(E

p,q ⊗L⊗B) to be the sheaf on X whose section on U ⊂ X

are the holomorphic sections u of Ωr
X ⊗ Ep,q ⊗ L ⊗ B on U ∩X such that ∥u∥2h′,ω is locally

integrable with respect to the volume form dVω. Similarly, define L2
(r,s)(E

p,q ⊗ L⊗B) to be

the sheaf on X whose sections u on U ⊂ X are (r, s)-forms with values in Ep,q ⊗L⊗B with
measurable coefficients on U ∩X such that both ∥u∥2h′,ω and ∥∂u∥2h′,ω are locally integrable
with respect to the volume form dVω. Then we can consider the following complex:

0 → H2
(r)(E

p,q⊗L⊗B) → L2
(r,0)(E

p,q⊗L⊗B)
∂−→ L2

(r,1)(E
p,q⊗L⊗B)

∂−→ · · · ∂−→ L2
(r,n)(E

p,q⊗L⊗B).

A priori, it is not clear that this complex is exact.

Proposition 3.8. The complex

0 → H2
(r)(E

p,q ⊗ L⊗B) → L2
(r,•)(E

p,q ⊗ L⊗B)

is a resolution of H2
(r)(E

p,q ⊗ L⊗B) by fine sheaves.

Proof. The exactness at H2
(r)(E

p,q ⊗ L ⊗ B) is clear by the regularity of the ∂-equation.

Indeed, if a local section u on L2
(r,0)(E

p,q ⊗ L ⊗ B) satisfies ∂u = 0, then u is holomorphic.

Also, it is clear that the sequence is exact on the open locus X. For the exactness on the
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boundary, we need to solve a ∂-equation on a domain of type Ω∗ = (∆∗)l × ∆n−l. By
construction, we can cover D with admissible coordinates Ω ⊂ X such that |θ|2h,ωcaré

< C.

Let D ∩ Ω be defined by z1 · · · zl = 0. For simplicity, assume Di ∩ Ω = (zi = 0). Also,
assume that L⊗B is locally trivial on Ω and is trivialized by a non-vanishing section σ. Let
u⊗ σ ∈ L2

(r,s)(E
p,q ⊗ L⊗B)(Ω) such that ∂u = 0. Let η : Ω∗ → R be such that

e−η =
l∏

i=1

|zi|−2ai(− log |zi|2)bi .

Possibly after shrinking the domain, we can assume that∫
Ω∗

∥u∥2hE ,ωcaré
e−ηdVωcaré

< +∞,

since ωcaré and ω are mutually bounded on Ω∗ and e−η and e−ξ are mutually bounded on Ω∗.
Hence, there exists v such that ∂v = u and∫

Ω∗
∥v∥2hE ,ωcaré

e−ηdVωcaré
< +∞

by Proposition 3.5. This implies that v ⊗ σ ∈ L2
(r,s−1)(E

p,q ⊗ L⊗B) and we are done. □

3.6. Computation of H2
(r)(E

p,q ⊗ L ⊗ B) via Prolongation Bundles. We compute the

sheaf H2
(r)(E

p,q ⊗ L⊗B) explicitly and describe them using prolongation bundles.

Proposition 3.9. We have the following description of the sheaves H2
(r)(E

p,q ⊗ L ⊗ B) in

terms of prolongation bundles:

H2
(r)(E

p,q ⊗ L⊗B) = Ωr
X
(logD)⊗ PαE

p,q ⊗ L⊗B.

Proof. These two sheaves agree on the open locus X since they are both extensions of
Ωr
X ⊗ Ep,q ⊗ L ⊗ B. Hence, it is enough to examine what happens on the boundary. Fix

an admissible coordinate (Ω; z1, . . . , zn). Assume that D ∩ Ω is defined by z1 · · · zl = 0 and
assume for simplicity that Di = (zi = 0). Let σ be a nonvanishing section on L ⊗B and let
u =

∑
uJ ⊗ σdzJ for uJ ∈ Γ(Ω∗, Ep,q). Since ω and ωcaré are mutually bounded and e−ξ and∏l

j=1 |zj |2aj (− log |zj |2)bj are mutually bounded on Ω∗, u ∈ H2
(r)(E

p,q,L ⊗B) if and only if

(5)

∫
Ω∗

|uJ |2hE

∏
1≤j≤l
j /∈J

1

|zj |2(− log |zj |2)2
·

l∏
j=1

|zj |2aj (− log |zj |2)bjdµ < +∞

for all J . Here dµ is the usual Lebesgue measure on Ω. Suppose

u ∈ Γ(Ω∗,Ωr
X
(logD)⊗ PαE

p,q ⊗ L⊗B).

Then we can express u as

u =
∑
J

 ∏
1≤j≤l
j∈J

1

zj

 vJ ⊗ σdzJ
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for vJ ∈ PαE
p,q. In particular, |vJ |hE

≲
∏l

j=1 |zj |−(αj+aj)/2 since aj > αj . Then∫
Ω∗

|vJ |2hE
·
∏

1≤j≤l
j∈J

1

|zj |2
∏

1≤j≤l
j /∈J

1

|zj |2(− log |zj |2)2
·

l∏
j=1

|zj |2aj (− log |zj |2)bjdµ

≤
∫
Ω∗

|vJ |2hE

∏
1≤j≤l

|zj |2aj−2 ·
l∏

j=1

(− log |zj |2)C+3dµ

≲
∫
Ω∗

l∏
j=1

|zj |aj−αj−2(− log |zj |2)C+3dµ < +∞

since aj > αj . This implies Ωr
X
(logD) ⊗ PαE

p,q ⊗ L ⊗ B ⊂ H2
(r)(E

p,q ⊗ L ⊗ B). Similarly,

we can show that H2
(r)(E

p,q ⊗ L ⊗ B) ⊂ Ωr
X
(logD) ⊗ PaE

p,q ⊗ L ⊗ B since if the integral

(5) is finite, then we have |uJ |2hE
≲

∏l
j=1 |zj |−2aj ·

∏
1≤j≤l
j∈J

|zj |−2. However, we chose aj to be

sufficiently close to αj so that PαE
p,q = PaE

p,q. Hence, the equality holds. □

3.7. Proof of the Theorem 1.2. We finally present the proof of the main theorem. First,
notice that the global bound for the Higgs field θ in Theorem 2.5 gives a morphism on sheaves

L2
(r,s)(E

p,q ⊗L⊗B)
θ−→ L2

(r+1,s)(E
p,q ⊗L⊗B). Therefore, analogously to Section 3.1, we can

construct a double complex:

L2
(0,n)(E

p,q ⊗ L⊗B) L2
(1,n)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(n,n)(E

p−n,q+n ⊗ L⊗B)

...
...

...
...

L2
(0,1)(E

p,q ⊗ L⊗B) L2
(1,1)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(1,n)(E

p−n,q+n ⊗ L⊗B)

L2
(0,0)(E

p,q ⊗ L⊗B) L2
(1,0)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(n,0)(E

p−n,q+n ⊗ L⊗B).

θ θ θ

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

By Proposition 3.8 and 3.9, the r-th column is a resolution of Ωr
X
(logD)⊗Ep−r,q+r

α ⊗L⊗B
by fine sheaves. Hence, we can compute the hypercohomology of[

Ep,q
α → Ω1

X
(logD)⊗ Ep−1,q+1

α → · · · → Ωn
X
(logD)⊗ Ep−n,q+n

α

]
[n]⊗ L⊗B

by taking the global section of the total complex above and compute the cohomology. Let
(E,ð) be the total complex of the double complex above. We have a concrete description of
the global section of the sheaves L2

(r,s)(E
p−r,q+r⊗L⊗B). The global sections u are (r, s)-forms

on X with values in Ep−r,q+r ⊗ L⊗B with measurable coefficients such that∫
X
∥u∥2h′,ωdVω < +∞ and

∫
X
∥∂u∥2h′,ωdVω < +∞.

By Proposition 3.6 and 3.3, we have an a priori inequality

∥ðu∥2 + ∥ð∗u∥2 ≥ 0.1∥u∥2
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for u ∈ El when l > 0. Since (X,ω) is complete and |θ|2hE ,ω is globally bounded on X, the
vanishing of cohomology immediately follows from Proposition 3.4. □

4. Proof of Saito’s vanishing theorem

In this section, we prove Saito’s vanishing theorem by reducing it to Theorem 1.3. We
first give a proof for Saito’s Hodge modules, and then explain how the same method works in
the setting of complex Hodge modules. For a projective variety X, we denote by MHM(X)
the abelian category of graded polarizable mixed Hodge modules on X, in the sense of Saito.
Roughly speaking, a mixed Hodge module is a filtered D-module with extra structure. The
Saito vanishing theorem concerns the graded piece of the de Rham complex of mixed Hodge
modules.

Theorem 4.1 ([Sai90]). Let X be a complex projective variety and let M ∈ MHM(X) be a
graded polarizable mixed Hodge module on X. For every ample line bundle L on X, we have

Hl
(
X, grpDRX(M)⊗ L

)
= 0 for all l > 0, p ∈ Z.

We first review some necessary facts on Hodge modules and then prove the Saito vanishing
at the end.

4.1. Terminology and Properties of Hodge Modules. We give a very brief summary
on Hodge modules. All of the results can be found in two foundational papers [Sai88,Sai90],
or in a nice survey [Sch19]. Let X be a smooth complex algebraic variety. Saito defines
two categories HM(X,w) and MHM(X) which are the category of pure Hodge modules with
weight w and the category of graded polarizable mixed Hodge modules. The objects in
HM(X,w) are triples ((M, F•),K, α) where (M, F•) is a holonomic filtered D-module, K

is a Q-perverse sheaf on X, and an isomorphism α : DRan
X M ≃−→ K ⊗Q C. For mixed

Hodge modules, we have an extra weight filtration on K, hence on M. The objects in this
category are required to satisfy suitable compatibility conditions. If N is a variation of Hodge
structures on X of weight w and we switch from decreasing filtration to increasing filtration
by the rule FkN = F−kN , then N underlies a structure of a pure Hodge module of weight
w+dimX. As opposed to the previous sections, we switch to increasing filtrations for Hodge
modules from this point in order to be consistent with the conventions on D-modules. We
introduce some terminology and properties of D-modules and Hodge modules, without giving
any proofs. In this article, a D-module is understood to mean a left D-module.

(1) For a singular variety X, we embed X in a smooth variety Z and define MHM(X)
as the category of mixed Hodge modules on Z whose support is in X. The category
MHM(X) does not depend on the choice of closed embedding X ↪→ Z. We can
similarly define HM(X,w) as well. We can still define these categories even if X
cannot be embedded into a smooth variety by covering with embeddable open subsets
and imposing some conditions on the intersections. However, we ignore this issue since
we will work only on (quasi)-projective varieties.

(2) The filtration on the de Rham complex of a mixed Hodge module M on a smooth
variety X is given by

Fk DRX(M) =
[
FkM → Ω1

X ⊗ Fk+1M → · · · → Ωn
X ⊗ Fk+nM

]
[n].
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After taking the graded pieces, we obtain a complex of OX -modules

grk DRX(M) =
[
grk M → Ω1

X ⊗ grk+1M → · · · → Ωn
X ⊗ grk+nM

]
[n].

We can extend the notion of graded de Rham complexes to objects in the derived
category of mixed Hodge modules. In other words, for u ∈ Db(MHM(X)), the graded
de Rham complex grk DRX(u) makes sense as an object in Db

coh(OX).
(3) [Sch16, Lemma 7.3]. For a singular variety X, we define the graded de Rham complex

of M ∈ MHM(X) by embedding X in a smooth variety Z and taking the graded de
Rham complex in Z. It turns out that the complex grk DRX(M) is actually a complex
of OX -modules, and does not depend on the choice of the embedding X ↪→ Z as an
object in Db

coh(OX).
(4) For holonomic D-modules there are functors f∗, f!,DX defined at the level of derived

category of holonomic D-modules. The same functors admit enrichment to functors
between the corresponding derived categories of mixed Hodge modules.

(5) We have a canonical transformation γf : f! → f∗ and this transformation is an
isomorphism if f is proper.

(6) If j : U → X is a locally closed immersion between smooth varieties and M ∈
MHM(U), then the transformation j!M → j∗M induces a mapH0(j!M) → H0(j∗M).
The image of this map is the intermediate extension of M which is denoted by j!∗M.

(7) Furthermore, let’s suppose that U ⊂ X is open and D = X \ U is a divisor. Then
j∗ and j! are induced by an exact functor at the level of abelian categories. In
other words, if M ∈ MHM(U) is a mixed Hodge module on U , then we can view
M[∗D] := j∗M and M[!D] := j!M as objects inside MHM(X). Moreover, the
underlyingOX -module structure ofM[∗D] agrees with the usual sheaf theoretic push-
forward.

(8) For proper morphisms µ : Y → X, taking the graded de Rham complex commutes
with taking the pushforward. In other words, if M is a mixed Hodge module on Y ,
we have

grpDRX(µ∗M) ≃ Rµ∗(grpDRY M).

We next describe the structure of the categories MHM(X) and HM(X,w).

(1) For a mixed Hodge module M ∈ MHM(X), the graded piece grWw (M) ∈ HM(X,w)
is a pure Hodge module of weight w.

(2) We say that a pure Hodge module M ∈ HM(X,w) has strict support Z if the sup-
port of every nonzero submodule and quotient module is equal to Z. We denote by
HMZ(X,w) the subcategory of HM(X,w) consisting of objects with strict support Z.

(3) Every pure Hodge module M ∈ HM(X,w) admits a decomposition by strict support.
Hence M is of the form

M =
⊕
Z⊂X

MZ

where the sum runs over all irreducible closed subsets Z ⊂ X and MZ is a pure
Hodge module with strict support Z.

(4) Every object M ∈ HMX(X,w) is a generically defined variation of Hodge structures
of weight w − dimX. Conversely, every variation of Hodge structures N of weight
w−dimX defined on a Zariski open subset of the smooth locus of X extends uniquely
to an object in HMX(X,w) via the intermediate extension.
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4.2. Logarithmic comparison. Let X be a smooth variety and let D be an SNC divisor
on X. Let U be the complement X \ D and denote the open inclusion as j : U → X. We
consider a variation of Hodge structures E on U . The main theorem involves the logarithmic
de Rham complex of E. We now describe the relation between the logarithmic de Rham
complex DR(X,D)(Eα) and the de Rham complex of the DX -modules E[∗D] and E[!D]. The
results can be found in [Sai90, 3.b] or [Wu17]. We define a subring of DX by

V D
0 DX = {P ∈ DX : P · (f)j ⊂ (f)j for all j}

where D is given by f = 0. If (z1, . . . , zn) is a system of coordinates such that D is given by
the equation z1 · · · zl = 0, then we can describe V D

0 DX locally as

V D
0 DX = OX⟨z1∂1, . . . , zl∂l, ∂l+1, . . . , ∂n⟩.

Giving a V D
0 DX -module structure on N is equivalent to giving a logarithmic connection

∇ : N → Ω1
X(logD)⊗N

such that ∇2 = 0. We can define the logarithmic de Rham complex of a V D
0 DX -module as

follows:
DR(X,D)N =

[
N → Ω1

X(logD)⊗N → . . .→ Ωn
X(logD)⊗N

]
[n].

We have a filtration F• on V D
0 DX which is induced by the order filtration on DX . For a

variation of Hodge structures E on U , the Deligne extension Eα has a structure of filtered
V D
0 DX -module by the logarithmic connection and the Hodge filtration which is constructed

via the nilpotent orbit theorem. The extensions E[∗D] and E[!D] are given by

E[!D] = DX ⊗V D
0 DX

E1−ϵ and E[∗D] = DX ⊗V D
0 DX

E1 ≃ DX · E1.

Here, we chose ϵ > 0 to be small enough so that the eigenvalues of the residues of E1−ϵ lie
inside the interval (−1, 0]. The inclusion E1−ϵ → E1 induces a morphism E[!D] → E[∗D]
and this agrees with the canonical one. The image of the natural map E[!D] → E[∗D] is
exactly DX · E1−ϵ, which is the intermediate extension j!∗E. The filtrations on E[!D] and
E[∗D] are defined by the filtrations on DX and Eα. To be precise, we have

FpE[∗D] =
∑
i

Fp−iDX ⊗ FiE1

FpE[!D] =
∑
i

Fp−iDX ⊗ FiE1−ϵ.

Also, we can define filtered D-modules DX ⊗V D
0 DX

Eα for each α ∈ Rl. The obvious map

Eα → DX ⊗V D
0 DX

Eα+1

obtained by the inclusion Eα ↪→ Eα+1 composed with m 7→ 1 ⊗m gives a morphism at the
level of de Rham complexes.

DR(X,D)Eα → DRX

(
DX ⊗V D

0 DX
Eα+1

)
.

The upshot is that we can compute the de Rham complex on the right hand side using the
logarithmic de Rham complex.

Theorem 4.2 ([Sai90, 3.11], [Wu17, Theorem 5.3.8]). For each α ∈ Rl, the morphism

DR(X,D)Eα → DRX

(
DX ⊗V D

0 DX
Eα+1

)
is a filtered quasi-isomorphism.
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If we apply this theorem for α = 0 and α = (−ϵ, . . . ,−ϵ) ∈ Rl and take the graded pieces,
we get the following isomorphisms:

Proposition 4.3. With the above notation, we get an isomorphism between the graded pieces
of the de Rham complexes:

grpDR(X,D)E0 ≃qis grpDRX(E[∗D])

grpDR(X,D)E−ϵ ≃qis grpDRX(E[!D]).

This allows us to compute the de Rham complexes of E[∗D] and E[!D] in terms of the
logarithmic de Rham complexes.

Remark 4.4. Both [Sai90] and [Wu17] assume quasi-unipotence of the monodromy to apply
the nilpotent orbit theorem. However, this is no longer an issue since we have the nilpotent
orbit theorem for arbitrary complex polarized Hodge structures by [SS22] and [Den23]. Then
the same proof goes through with a slight change that the Deligne extensions Eα might no
longer be Q-indexed.

4.3. Proof of Saito’s vanishing theorem. We first reduce the general case to that of pure
Hodge modules with strict support. Every mixed Hodge module M has a weight filtration
W•M such that grWw M is a pure Hodge module of weight w. Using the exactness of the
functor grpDRX , we can easily deduce the Saito vanishing theorem from vanishing theorems
for pure Hodge modules. Furthermore, since any pure Hodge module admits a decomposition
by strict support, the assertion in Theorem 4.1 is a consequence of the following.

Theorem 4.5. Let X be a reduced and irreducible projective variety and let M ∈ HMX(X,w)
be a polarizable Hodge module with strict support X. For an ample line bundle L on X, we
have

Hl(X, grpDRX(M)⊗ L) = 0 for all l > 0, p ∈ Z.

We present a key step which relies on our main theorem. Namely, we can get vanishing for
Hodge modules obtained by ‘MHM-theoretic’ push-forward and push-forward with compact
support across a possibly singular divisor. Before that, we prove a short lemma about con-
structing nice resolution of singularities. The argument is essentially due to [KW24, Lemma
8].

Lemma 4.6. Let X be a normal variety and D be an effective Cartier divisor on X such
that X \D is smooth. Then there exists a log resolution µ : Y → X of (X,D) such that

(1) µ : Y → X is an isomorphism over X \D, and
(2) There exists a divisor E on Y such that E is µ-ample and µ(suppE) ⊂ D.

Proof. Pick a log resolution π1 : X1 → X which is an isomorphism over U = X \D. Pick a
π1-ample divisor H1 on X1 and let L = OX(−π1∗H1). Let

π2 : X2 = Proj

⊕
m≥0

L⊗m

 → X

and denote H2 = OX2(1). It is clear that π2 is an isomorphism over U since π1∗H1 is Cartier
on U . Moreover, H2 is π2-ample. We choose a log resolution π3 : X3 → X which is an
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isomorphism over U that dominates X2 and X1. Hence, we have the following diagram

X3

X2 X1

X

τ1τ2

π3

π2 π1

Since X1 is smooth, there is a τ1-exceptional divisor F which is τ1-ample. For m ≫ 0, the
divisor mτ∗1H1 + F is π3-ample. Since H2 is π2-ample, τ∗2H2 is π3-nef. Therefore

mτ∗1H1 +mτ∗2H2 + F

is π3-ample. However, OX3(mτ
∗
1H1+mτ

∗
2H2+F )|U ≃ OU by construction. This means that

there is a rational section of mτ∗1H +mτ∗2H2 + F whose divisor E is supported in X3 \ U .
The morphism π3 : X3 → X and E is what we wanted. □

Proposition 4.7. Let X be a projective variety and D an effective Cartier divisor on X.
Suppose that U = X \ D is smooth and consider the open inclusion j : U → X. Let M
be a variation of Hodge structures on U that we identify with the corresponding pure Hodge
module. If M[∗D] := j∗M and M[!D] := j!M, then the following vanishings hold:

Hl(X, grpDRX(M[∗D])⊗ L) = 0

Hl(X, grpDRX(M[!D])⊗ L) = 0

for all l > 0, p ∈ Z and every ample line bundle L on X.

Proof. First, we reduce to the case when X is normal. Consider the normalization τ :
Xnor → X which is clearly an isomorphism over U and let F = (τ∗D)red. Therefore, we have
inclusions i : U → Xnor and j : U → X. Since τ is finite and hence proper, we have the
following isomorphisms:

grpDRX(M[∗D]) ≃ τ∗
(
grpDRXnor(M[∗F ])

)
grpDRX(M[!D]) ≃ τ∗

(
grpDRXnor(M[!F ])

)
.

The isomorphism follows by the commutativity of the graded de Rham complex with proper
pushforward. By the projection formula, it is enough to show the two following vanishings:

Hl(Xnor, grpDRXnor(M[∗F ])⊗ τ∗L) = 0 for all l > 0, p ∈ Z,

Hl(Xnor, grpDRXnor(M[!F ])⊗ τ∗L) = 0 for all l > 0, p ∈ Z.

Since τ∗L is still ample, it is enough to show the assertion when X is normal.

Now, we assume that X is normal. Consider a log resolution µ : Y → X of the pair (X,D)
which is an isomorphism over U . Let F = (µ∗D)red, which is an SNC divisor on Y . Write
F =

∑s
i=1 Fi. By Lemma 4.6, we can assume that there exists ci such that

∑s
i=1 ciFi is

µ-ample. Since µ is proper, we can compute the graded de Rham complex of M[∗D] and
M[!D] as follows:

grpDRX(M[∗D]) ≃ Rµ∗
(
grpDRY (M[∗F ])

)
≃ Rµ∗

(
grpDR(Y,F )(M0)

)
grpDRX(M[!D]) ≃ Rµ∗

(
grpDRY (M[!F ])

)
≃ Rµ∗

(
grpDR(Y,F )(M−ϵ)

)
.
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The isomorphism on the right hand side follows by logarithmic comparison (Proposition 4.3).
By the projection formula, it is enough to show the two following vanishings:

Hl(Y, grpDR(Y,F )(M0)⊗ µ∗L) = 0 for all l > 0, p ∈ Z,

Hl(Y, grpDR(Y,F )(M−ϵ)⊗ µ∗L) = 0 for all l > 0, p ∈ Z.
The only problem is that µ∗L is no longer ample. However, we can handle this by perturbing
µ∗L. Note that for 0 < d≪ c≪ 1, we have µ∗(L+ cD) + d ·

∑s
i=1 ciFi ample. Hence, there

exist 0 < ai ≪ 1 such that µ∗L+
∑s

i=1 aiFi is ample since the images of Fi are contained in
D. In fact, we can choose ai to be sufficiently small so that P0Mp,q = PaMp,q as a sheaf on
Y . Then we can use Theorem 1.3 to get

Hl(Y, grpDR(Y,F )(M0)⊗ µ∗L) = Hl(Y, grpDR(Y,F )(Ma)⊗ µ∗L) = 0 for all l > 0.

The second vanishing follows along the same lines. There exist 0 < d ≪ c ≪ 1 such that
µ∗(L− cD)+d ·

∑s
i=1 ciFi is ample. Hence, there exist 0 < ai ≪ 1 such that µ∗L−

∑s
i=1 aiFi

is ample. We can make these ai be sufficiently small so that 0 < ai < ϵ, which implies
P−ϵMp,q = P−aMp,q as a sheaf on Y . Therefore,

Hl(Y, grpDR(Y,F )(M−ϵ)⊗ µ∗L) = Hl(Y, grpDR(Y,F )(M−a)⊗ µ∗L) = 0 for all l > 0.

This concludes the proof. □

We finally give the proof of the Saito vanishing theorem.

Proof of Theorem 4.1. The strategy is to prove Theorems 4.1 and 4.5 simultaneously
by Noetherian induction. As we have already seen, Theorem 4.5 in dimension ≤ n implies
Theorem 4.1 in dimension ≤ n. Let X be an irreducible complex projective variety and let
M be a pure Hodge module with strict support X. Then there exists an open subset U ⊂ X
such that N = M|U is a variation of Hodge structures on U . By shrinking U , we may assume
that D = X \ U is a divisor. Fix a very ample divisor H such that |H −D| ≠ ∅ and write
H ∼ D + E. By replacing U by X \ (D ∪ E) and D by D ∪ E, we may assume that D is
a hyperplane section of X for some embedding X ↪→ PN . Considering every D-module as a
DPN -module, we see that N [!D] is an object in MHM(X) because PN \H → PN is an affine
morphism. Since M is the intermediate extension of N , we have an exact sequence

0 → K → N [!D] → M → 0

and the kernel K is supported inside D. By Proposition 4.7 and Noetherian induction, we
have

Hl(X, grpDRX(N [!D])⊗ L) = 0 for all l > 0, p ∈ Z,

Hl(X, grpDRX(K)⊗ L) = 0 for all l > 0, p ∈ Z.
The long exact sequence and the exactness of grpDRX gives

Hl(X, grpDRX(M)⊗ L) = 0 for all l > 0, p ∈ Z.
This proves the general version of Saito’s vanishing theorem. □

4.4. Vanishing theorem for complex Hodge modules. We finally explain how to modify
the previous proof of the Saito vanishing theorem in the case of complex Hodge modules.
Before that, we briefly highlight the key differences between Saito’s Hodge modules and
the Hodge modules of Sabbah–Schnell. In the theory of Sabbah–Schnell, they remove the
underlying perverse sheaf K and the isomorphism α : DRan

X M ≃ K ⊗Q C from the picture
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by considering a sesquilinear pairing on D-modules. More precisely, instead of considering a
underlying perverse sheaf, they consider a triple (M,M′, s) where M and M′ are filtered
holonomic D-modules, and

s : M⊗M′ → DbX
is a DX ⊗DX -linear perfect pairing (which gives the data of the polarization). Here, DbX is
the sheaf of complex (0,0)-currents on X, hence carries a natural left action of DX ⊗DX .

In [SS], for a complex manifold X, the authors construct the category pHMC(X,w)
2 of

complex pure polarizable Hodge modules onX with weight w. At the time of the writing, [SS]
does not contain the definition of complex mixed Hodge modules. We use [DV25, §7.1] for
the construction of the category MHMC(X) of complex mixed Hodge modules, which follows
the same strategy of [Sai90, §4]. They define the category MHMC(X) as the full-subcategory
of triples which are stable under certain operations. Then, the same six functor formalism
works for complex mixed Hodge modules. We point out that even if we want the vanishing
theorem only for pure complex Hodge modules, the strategy in §4.3 needs the formalism
of complex mixed Hodge modules since for a pure Hodge module N on a complement of a
divisor D of X, we use that the push-forwards N [∗D] and N [!D] are mixed Hodge modules.
The analogue of this fact for complex mixed Hodge modules is in [DV25, §7.1]. The strategy
in §4.3 can be applied to the setting of complex mixed Hodge modules since

(1) one can reduce to the case of pure Hodge module with strict supports,
(2) the structure theorem for pure Hodge module (see [SS, §16]), and
(3) Theorem 1.3 uses complex polarizable variation of Hodge structures.
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