L?>-APPROACH TO THE SAITO VANISHING THOEREM

HYUNSUK KIM

ABSTRACT. We give an analytic proof of the Saito vanishing theorem using L?-methods, by
going back to the original idea for the proof of the Kodaira vanishing theorem.
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1. INTRODUCTION

Along the way of developing the theory of mixed Hodge modules in [Sai88, Sai90], Saito
proved a vanishing theorem [Sai90, 2.g] that can be understood as a far-reaching generaliza-
tion of the Kodaira vanishing theorem, which plays a crucial role in algebraic geometry in
characteristic 0. Almost all of the robust vanishing theorems involving ample line bundles
are special cases of Saito vanishing. For example, if we apply the theorem to the trivial
variation of Hodge structures on a smooth projective variety, then we recover the classical
Kodaira—Akizuki-Nakano vanishing. Saito’s vanishing theorem concerns polarizable mixed
Hodge modules for which key examples are provided by polarizable variations of Hodge struc-
tures. The theorem says the following:

Theorem 1.1. [Sai90, 2.g] Let X be a complex projective variety and let M € MHM(X) be
a polarizable Hodge module on X. For an ample line bundle L on X, we have

H'(X,gr, DRx(M)®@ L) =0  foralll>0,p € Z.

In this article, we provide a proof of Saito’s vanishing theorem for mixed Hodge modules
using analytic methods. We also mention that the proof works in a more general setup,
by allowing complex coefficients, since our analytic method has nothing to do with the un-
derlying Q-structure." This is the setup of complex Hodge modules, being developed in the
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mixed Hodge module project by Sabbah—Schnell [SS]. This is a generalized notion of Saito’s
Hodge modules which removes Q-perverse sheaves in the picture and replaces with certain
distribution-valued sesquilinear pairing on D-modules.

It is not a big surprise that the known proofs of the Saito vanishing theorem have some
correspondence with the known proofs of the Kodaira vanishing theorem. One of the key
ingredients of Saito’s original approach in [Sai90, 2.g] is the Artin-Grothendieck vanishing
theorem, which is a perverse sheaf version of Andreotti—Frankel’s result. This is a key input
of Ramanujam’s approach of Kodaira vanishing [Ram72], hence we view Saito’s method as
a generalization of his. There is another proof of Saito’s vanishing theorem in [Sch16] (or
[SY23, Theorem 4.5] for complex coefficients). This approach can be viewed as a cousin of
Esnault—Viehweg’s [EV86] which uses branched covering techniques and the degeneration of
the Hodge to de Rham spectral sequence. We also mention a partial progress towards Saito
vanishing using positive characteristic methods in [Aral9, AHL19] which are in spirit, similar
to the approach of Deligne-Illusie [DI87]. We mention that our method goes back to the very
first proof of the Kodaira vanishing [Kod53], exploiting the positivity of the curvature of the
ample line bundle.

We describe our general strategy for the proof of Saito’s vanishing theorem. First, we
improve the result of [DH24] and prove a vanishing theorem (Theorem 1.3) for a certain
logarithmic de Rham complex associated to a variation of Hodge structures defined on the
complement of a simple normal crossing (SNC) divisor. After that, we reduce Saito’s van-
ishing theorem to Theorem 1.3 using the structure theory for complex Hodge modules. We
summarize the three main advantages of this argument. First, the proof of Theorem 1.3 is
established through analytic methods and does not require any results on Hodge modules or
D-modules. Specifically, we only use the curvature formula for Hodge bundles and a careful
analysis near the SNC divisor by studying the degeneration of Hodge structures. Second,
Theorem 1.3 is slightly stronger; that is, it does not directly follow from Saito’s vanishing
theorem. In fact, analytic arguments naturally allow us to perturb a line bundle by an SNC
divisor, leading to a Kawamata—Viehweg type vanishing theorem. Lastly, the general case of
Saito vanishing almost immediately follows via the structure theory of Hodge modules and
by resolving singularities.

1.1. Vanishing theorem for logarithmic de Rham complexes. We give a vanishing
theorem for logarithmic de Rham complexes for complex variations of Hodge structures de-
fined on the complement of an SNC divisor. This is a key ingredient towards the proof of
Saito’s vanishing theorem. We consider a compact Kihler manifold X and an SNC divisor
D=3%",D;on X. For a complex polarizable variation of Hodge structures £ on the open
locus X = X \ D, we consider the Deligne extension E,, for a € R”, whose eigenvalues of
the residue along D; lie inside the interval [—a;, —a; + 1). By the nilpotent orbit theorem,
the graded pieces EP? also extend to vector bundles E5? on X. The graded piece of the
logarithmic de Rham complex gr” DR ¥ 1) (Eq) is defined as follows:

EP Qly(log D)® ngl,qul N Qny(log D)® Egin’(;ﬁn} [n].

Note that this complex lives in cohomological degree between —n and 0. In this situation,
we have the following vanishing theorem:

Theorem 1.2. With the above notation, let L be a line bundle on X. Assume that L +
>or_1 0;D; has a smooth hermitian metric whose curvature is positive semi-definite, and has
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at least n — t positive eigenvalues at each point x € X. If B is a nef line bundle on X, then
we have the following vanishing:

o (Y, ar? (DR@D)(EQ)) 9 LS B) —0 foralll>tpeZ

The curvature condition on £ + Y7 ; a;D; seems somewhat complicated, but a typical
situation to get this condition is when the line bundle is the pull-back of an ample one by a
smooth proper morphism f: X — A, where dim A = n—t. This is a similar generalization to
that of Kodaira vanishing given by Girbau [Gir76]. For convenience, we also give a simpler
statement which is algebraic and is closer to that of the classical Saito vanishing theorem.

Theorem 1.3. With the same notation as in Theorem 1.2, if L+ Y7, a;D; is ample, then
H' (X,g" (DRx p)(Fa)) L) =0 foralll>0,p€Z.

Proof. Let B be the trivial bundle. The ampleness condition corresponds to the case t = 0
in Theorem 1.2. ]

As an immediate corollary, we obtain the vanishing theorem in [HLWY23, AMPW23],
which is a generalization of log-Nakano vanishing where we allow an extra perturbation by
an SNC divisor, as a direct corollary of Theorem 1.3.

Corollary 1.4. Let X be a projective complex manifold of dimension n and let L be a line
bundle and D = Y7 | D; be a reduced SNC divisor on X. If L+ >.7_, a;D; is ample for
some 0 < a; < 1, then

HYX, 0% (logD)®@ L) =0  forp+q>n.

Proof. Apply Theorem 1.3 for the trivial variation of Hodge structures on the complement
X\ D. O

1.2. Comparison with previous results. We now compare our result with several related
previous results. The most similar results and ideas can be found in [DH24]. The main
theorem of that paper discusses vanishing theorems for tame harmonic bundles with nilpotent
residues. The key input of the proof is the bound for the Higgs field near the SNC divisor.
Then one can build a resolution of the logarithmic de Rham complex by fine sheaves, which
is essentially the Dolbeault resolution but allowing measurable coefficients with certain L?-
conditions. The chain map is given by 0 + 6 and the authors use appropriate L?-estimates
to solve the (9 + 0)-equation.

Theorem 1.2 generalizes [DH24] in the case of a variation of Hodge structures. The main
difference is that we get vanishing for a family of sheaves parameterized by R”, and assuming
some positivity for the line bundle with an R-twist £+ >_7 ; a;D;. This can be done by a
careful construction of the Kéhler metric on the open locus and by relating certain sheaves
given by L?-conditions and the Deligne extension. The result in [DH24] can be viewed as
the case when a = 0 € R”. However, the statement in [DH24] is stronger since they work
with tame harmonic bundles with nilpotent residues, a more general notion than variations
of Hodge structures. However, we would like to stress that allowing a perturbation of « is
extremely important towards the proof of the Saito vanishing since it allows us to resolve
singularities and use the standard perturbation trick to get positivity of the line bundle on
the resolution.
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We also compare our results with those in [Pop16], [Suh18], and [Wu22] which are Kawamata—
Viehweg type generalizations of Saito vanishing. The results in [Popl6, §11] are somewhat
orthogonal to ours since the author considers the situation when the line bundle £ is big and
nef, while we discuss the issue of perturbing by an extra SNC divisor. The result in [Suh18]
is closely related to ours since it considers vanishing of a logarithmic de Rham complex when
we have a perturbation by an SNC divisor. The main result [Suh18, Theorem 1] can be de-
duced from Theorem 1.3 of ours. The author shows the assertion when a = —(e, ..., €) (with
appropriate duality applied), under the assumption that £ is big and nef, and £+ "7, a; D;
is ample for all 0 < —a; < 1. The assumption of our result is weaker in the sense that
we only need a single a with £, = E_. and £ + Z;’Zl a;D; is ample and do not impose
any positivity condition on £ itself. The vanishing result in [Wu22, Theorem 1.5] generalizes
[Popl6] and [Suh18] simultaneously. The theorem shows a vanishing result for the lowest
graded piece, under a weaker positivity condition, i.e., assuming that £+ > «o;D; is big and
nef. In general, vanishings for the higher graded pieces are no longer true for big and nef line
bundles. We also mention a related result for twistor D-modules by [Wei22].

Acknowledgements. The author would like to thank his advisor Mircea Mustata for
generous support and guidance, Qianyu Chen and Brad Dirks for helpful suggestions and
answering questions on Hodge modules. The author would also like to thank Christian
Schnell on helpful comments and conversations, and Ya Deng for comments and for pointing
out some misunderstandings on harmonic bundles. Lastly, we thank Ruijie Yang for pointing
out that the vanishing theorem would work for polarizable complex Hodge modules.

2. PRELIMINARIES

2.1. Complex Polarized Variation of Hodge Structures. We begin by reviewing some
basic definitions and notation related to complex variations of Hodge structures. Let E be a
smooth vector bundle on a complex manifold X. We denote by A’ (E) the sheaf of smooth
differentiable (r, s)-forms with values in E. A complex variation of Hodge structures on X
with weight k is a smooth vector bundle E on X with a decomposition

E = @ P
ptaq=k
by smooth vector bundles and a flat connection V: E — A% (E) that maps each Ax (EP)
into
.A;O(Ep’q) @A;()(Ep—l,qﬂ) @Agél(Ep’q) @Agél(Ep“’q_l).
We define the filtration on E as FPE = ®p’2p EP"k=?" The four components of the connec-
tion extend naturally to four operators

vLO: A}S(Ep,q) — AT‘X+1,S(Ep,q) 0 AT);'S(Ep,q) N AT‘X+17$(Ep—1,q+1)
d: AP (BPT) — AP (EP) i A (EPT) — AP (prtaty,
A polarization on E is a sesquilinear pairing Q: F ® E — Ax such that

e () is compatible with V in the sense that
VQ(U, ’U) = Q(Vua U) + Q(u7 VU)

for all smooth sections u,v of F/, and
e The summands EPY of the decomposition are mutually orthogonal to each other, and
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o h(v,w) =3, (=1)Q(vP,wP) is positive definite.

We denote the hermitian metric on F by hp. We will sometimes omit the subscript if there is
no possibility for confusion. Note that the vector bundles £/, FPE, and EP? have holomorphic
structures by the (0, 1)-part of the connection, but the decomposition E = @ EP? does not
preserve the holomorphic structures. However, F'*E are holomorphic subbundles of E. This
is essentially because of the presence of the Higgs field, which is the operator . We say that
(E,V,F* Q) is a complex polarized variation of Hodge structures if the above properties
are satisfied. However, we will simply say that F is a complex polarized variation of Hodge
structures, without specifying the connection, filtration, and the hermitian paring if there is
no possibility for confusion. By the flatness of connection V2 = 0 and by type analysis, we
have the following identities.

Lemma 2.1. The operators V0, 9, 6, ¢ satisfy the following identities:

(VH0)2 = 92 = 9 = 02 =0

V9 + VIO =99+ wd =0
00 +600=V"p+ oV =0
V09 4+ 0V + 09 4 b = 0.
Here are some more basic facts that will be used later. The proofs can be found in a
self-contained manner in [SS22, §47 - §50].
Lemma 2.2. (1) For all smooth sections u,v € E, we have

hi(0u,v) = hi(u, pv).

(2) For each EP, the connection V'V + 0 is the metric connection with respect to h.
(3) The curvature of the hermitian bundle EP? is equal to —(0p + ©0). O

Remark 2.3. We mention some notational differences from [SS22]. This is mainly because we
wanted to reserve the notation 0* for the adjoint of the operator of § when X has a Kahler
metric.

2.2. Bound for the Norm of Higgs field. We introduce some useful terminology to de-
scribe the analysis near a simple normal crossing divisor.

Definition 2.4 (Admissible Coordinates). Let X be a complex manifold and let D be a
reduced simple normal crossing divisor on X. Let x be a point of X. An admissible coordinate
centered at x is a tuple (92; 21, ..., 2,) where

e () is an open subset of X containing x.

e (21,...,2y) is a coordinate system on ) centered at x, which gives a holomorphic
isomorphism of  with A™ = {(¢1,...,¢) € C" || < 1}.

e DN is given by the equation z1 ---2; = 0 for some | < n.

We shall write Q* = Q\ D.

We define a Poincaré type metric weare on (A*) x A" by

l dz; A dz; -
. ] j .
w, »——zg + g idzi N\ dZg,.
o s e C b el
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Here, A = {z € C: |z| < 1} is the unit disk and A* = A\ {0} is the punctured disk.

For a variation of Hodge structures E on (A*)! x A"~ we have the following crucial norm
estimate for its Higgs field 6 proved in [Sim90] for the one-dimensional case and [Moc02] for
the general case. Its proof follows from a clever use of Ahlfors lemma.

Theorem 2.5 (Mochizuki). If E is a variation of Hodge structures on X = X \ D, then

every point © € D has an admissible coordinate (2; z1,. .., z,) centered at x such that
|9|]21:Wcaré < c

holds on Q" for some constant C > 0. O

Remark 2.6. We will use this constant C' such that ’0“’%,%“6 < C]u\iwcar, for all (r, s)-forms

é

valued in E. The original statement in [Moc02] says that we can get a constant Cy such that
if we write § =) 0;dz;, then

Co
—log |z;|*)?

|0; for 1 <i<l, and

2

<
he =2
0,2, <Co forl+1<i<n,

é

(r, s)-forms u by multiplying Cjy by an extra constant only depending on the dimension n.

where w is the usual Euclidean metric. We can get the bound |ful? woe = C ul? wenye o1 all

2.3. Prolongation via Norm Growth and the Nilpotent Orbit Theorem. We address
the key consequences of the nilpotent orbit theorem ([Sch73, CKS86] for integral variations
of Hodge structures and [SS22, Den23] for complex variations) and the asymptotics of the
Hodge norms. In particular, we relate Deligne’s extension and the prolongation bundles via
the growth of Hodge norms. We briefly summarize the relation between these two objects
following [Den23].

Definition 2.7 (Prolongation Bundles). Let X be a complex manifold and let D = >"7_| D,
be an SNC divisor on X. Let (E,h) be a hermitian vector bundle on X = X \ D. For
each o = (aq,...,0) € R”, we can prolong E to an Ox-module P,E as follows. Let
(U; z1,...,2n) be an admissible coordinate and suppose that D|y is defined by z1---2; = 0.
For simplicity, assume that D; = (z; = 0). Then,
l
PoBE(U) =S 0 €T(E,XNU):|o|n S [[ |27 on U for all € > 0
j=1

For two non-negative functions f and g, we write f < g on U if for each compact subset
K C U, there exists some Ck > 0 such that f < Cgg on K.

We discuss several properties of prolongation bundles when E comes from a complex
polarized variation of Hodge structures. The following theorem is proved in [Moc02] in the
language of acceptable bundles.

Theorem 2.8 (Mochizuki). Let X be a complex manifold and let D = >"7_, D; be an SNC
divisor on X. Let X = X\ D and j: X — X the open inclusion. Let E be a complex polarized
variation of Hodge structures on X. For every p,q and every a € RY, the prolongation bundles
PoEP1 satisfy the following properties:

(1) PoEPY is a locally free sheaf.
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(2) PoE C PgE if a; < f; for all i.

(3) For 1 <i<v, Payye, EP1=PoEP?® Ox(D;) where e; is the i-th unit vector.

(4) PoreEP1 = PoEP1 for €= (¢,...,€) for all 0 < e < 1.

(5) The set {ov: PoE/P<oE # 0} is discrete in RY. O
We finally introduce the construction of Deligne’s extension and describe the relation

to the prolongation via Hodge norms. Let X be a complex manifold and D be an SNC

divisor. Suppose we have a complex variation of Hodge structures F on X = X \ D. Choose

an admissible coordinate (£2;z1,...,2,) and suppose that D N is given by the equation

21~z = 0. The fundamental group m;(€2*) is isomorphic to Z!, with generators ~i,...,,

where ~y; corresponds to the loop going once around the puncture counterclockwise in the i-th

coordinate. The universal cover of Q* is isomorphic to H! x A"~ where H = {z € C : Imz > 0}

is the upper-half plane. The quotient map is given by

. l n—I * 2miw 2miw,
m H x A" — QF, (W1, ooy Wiy 2141y ey 2n) > (€770 e ™ 2,y Zn).

Let V be the space of flat sections of 7*E on H! x A"!. Then we have the monodromy
representation ®: w1 (2*) — GL(V) given as follows.

O(vi) (W) (w1, .oy Wiy 211y -y 2n) = V(W1 wi — 1 W 241y 2n)-
Denote by T; as the image of ;. The monodromy theorem says that the eigenvalues of T;
have absolute value 1. Therefore, we can consider the Jordan decomposition

_ 27i(Sj+N;
Tj._em( J ])’

where S is a semisimple operator whose eigenvalues lie in the interval [—o;, —a; + 1) and
N; is a nilpotent operator. One can see that all S; and N; mutually commute since 7 (£2%)
is abelian. For a flat section v € V', consider the expression

l
0 = exp Z(Sj + Nj)w; | v.
j=1

Then we see that ¥ is stable under the transformation w; — w; + 1 for all 1 < j <[ hence,
¥ descends to a section on Q*. We define E, on () to be the locally free sheaf generated by
these sections 9. For each subbundle FPE C E, we define a filtration on E, by

FPE,: = j,FPENE,.

The nilpotent orbit theorem relates Deligne’s extension and the prolongation bundles via
norm growth. Here, we use the version of [Den23] which is for complex polarized variations
of Hodge structures.

Theorem 2.9 (Nilpotent Orbit Theorem [Den23]). Let X be a complex manifold and let D =
Y i_1 Dj be a simple normal crossing divisor on X. Let E be a complex polarized variation of
Hodge structures on X = X \ D. Then for every a € RV, FPE,, and E5? = FPE,/FPT'E,,
are locally free sheaves. Moreover, ER? can be naturally identified to PoEPY, which is the
prolongation via growth of the Hodge norm. O

Note that the connection V: E — Q% ® E extends to a logarithmic connection

V: E, — QL (log D) ® E,
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and satisfies the Griffiths transversality condition, i.e., on each graded piece E5?, the con-
nection V induces an Ox-linear map

0: EPY — Qly(log D)® Eg’fl’qﬂ.

2.4. Some Standard Kéihler Identities and Functional Analysis. This section is more
or less standard, but we include it for more algebraically oriented readers. Let (X,w) be
a Kahler manifold. We denote by L the Lefschetz operator w A e and its adjoint by A (or
Ay, if we want to emphasize the Ké&hler metric). We will use the following Kéhler identities
which can be found in [Dem12, Chapter 4.C] and many other standard textbooks in complex
geometry and Hodge theory.

Proposition 2.10. Let E be a holomorphic vector bundle with a smooth hermitian metric
on a Kahler manifold (X,w). If D = D"+ D" is the Chern connection and 0', 6" are the
corresponding adjoints of D' and D", then we have the following identities:

0", L] = iD’ [0',L] = —iD"
(A, D) = —i&’ A, D] = id".

Also, we have the Bochner-Kodaira-Nakano identity for the Laplacian operator:
Proposition 2.11. If O is the curvature of E, and
A// — D”(SH + 6//D” and A/ — D/6/ + (SID,
then
A=A+ [Z@E,A]

We introduce a useful computation for the commutator operator [i© g, A] in the case when
FE is a line bundle. The following lemma can be obtained by a straightforward calculation.

Lemma 2.12 ([Dem97, Chapter VIL4|). Let w be a Kdihler metric on X and let L be a
hermitian line bundle on X. If y1 < ... <y, are the eigenvalues of 1O , with respect to wy,
then we have

(1O, Nuyu) > (Y1 + oY — Vb1 — - — Yo |uf?
forallue N TrX.

Proof. Simultaneously diagonalize w, and i©, , so that we can express the two as

we=1Y GuAC and  iOp. =i YAy
I I

Then a straightforward computation tells us that for u =3 gk UWLKGCT A Ck, we have

(102, AJu,u) =D (D v+ D> w— > w| luskl
1

JK \jeJ keK =

2(’71+”-+75_'7r+1_"'_fyn)|u|2' O

The following is a standard lemma for L?-existence statements. For example, see [Dem97,
Chapter VIII. §1].
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Lemma 2.13. Let Hy, Hy and Hs be Hilbert spaces and let T: Hiy — Hy and S: Hy — Hs
be closed and densely defined operators such that ST = 0. Let T* and S* be the adjoints of
T and S, respectively. Suppose that there exists € > 0 such that

| T*ul|® + || Sul|? > €||ul|? for all uw € Dom(7™) N Dom(S).

Then for every u € Hy such that Su = 0, there exists v € Hi such that Tv = u and
o]l < e Hlull.

3. PROOF OF THEOREM 1.2

3.1. Dolbeault Resolution for the de Rham complex. First, we ignore the issue of
the SNC divisor and describe a nice resolution for gr’ DRx (FE). Let E be a complex polar-
ized variation of Hodge structures on a K&hler manifold X. The graded de Rham complex
gr’ DRx (F) of E on X is defined as follows

[EM ool @prtert GG g @ promatn ),

By the relation 90+ 60 = 0, there is an anti-commuting morphism between each Dolbeault
resolution. Therefore, the Dolbeault resolution for each sheaf Q% ® EP~"%t" combines to a
double complex:

0, 0 1, _ 0 0 , _
AL @ BP9 —— AV @ EPLatl b >y A" @ EPTmeatn
9 E) 9 2l
6 y - 6 : 6 y o
2l E] 3 2l
0,1 6 1,1 - 6 0 1 -
AX ® EP1 y 'AX ® Ep—Latl y o >A§ ® EP—matn
2l B F) 2l
0,0 6 1,0 - 6 0 ,0 —
'AX ®Q EPY —2 'AX ® Fp—Latl N A} ® EP~matn,

In particular, the total complex of this double complex is quasi-isomorphic to gr? DRx (E).
Consider
E= P AYeE T
r+s=Il+n
which is the I-th entry of the total complex of this double complex and denote the boundary
map by 0. Then we obtain a complex

E:E S SEC S SEn
with gr? DRx (E) ~s (E®,d). Each entry E! has a natural hermitian structure by letting the
direct summands be mutually orthogonal. After twisting by a line bundle £, we still have a
quasi-isomorphism gr’ DRx (E) ® £ ~4s (E®* ® L, 0).
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3.2. More Identities. We introduce more identities which exploit the curvature formula for
Hodge bundles. Throughout this section, all identities will be considered as formal identities,
which means that the identity holds for all smooth and compactly supported sections.

We fix a Kéhler metric w on X. Since A%’ has a hermitian structure, the operators
V109,60, and ¢ have adjoints which we denote by (V0)*, 8", 0* and o*, respectively. These
operators are of the following type

(VI’O)*I .AT);—S EP4
P

(
a9 AS’(S(
0" : AY(
(

The first commutator relation is as follows.
Lemma 3.1. With the above notation, we have

[A, ] =1i0" and [A, 0] = —ip™.

Proof. All the operators are C°°-linear, hence we fix a point € X and calculate everything
pointwise. Therefore, we diagonalize the Kahler form w and assume that w = i 2?21 dz; Ndz;
at x where (2;)7_; is a coordinate system centered at z. For J = (j1,...,Jp) and 1 <1 <,
we use the following notation

0 i1 ¢ {jr, - 5 dp}

Aoy = g (dzy A--Adz; ) = —
214J Zal( 24y Z]p) {(_1)k—1dzjl Ao A dzjk Ao A dsz ifl = ]k

and
dzj; = dzj Ndzy.

We define dz; k and dzZxx analogously. Then for a (p, ¢)-form v = ) ujgdzj ANdZk, we have

Au = i(—1)M! Z ugkdz,g N dzik.
JKl

After writing 0 = (Z; dezj) A e, Lemma 2.2 implies that the operators 0, 6%, ¢, ©* satisfy
the following formulas:

Q(U) = Z Z 0j(UJ7K)deJ A dEK,

JK jede
9*(u) = Z ZH;(ijK)deJJ ANdZg,
LK je
SO(U) = (—1)|J| Z Z GZ(UJ’K)dZJ ANdZix,
J, K keK¢

o (u) = (=D " O (us k) dzg A dZ.

J K keK
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The rest of the proof is just brute force computation. If u =3 ; x ujrdz; A dZg, then

Agp(u) =A (*1)“]‘ Z Z HZ(UJ’K)dZJ NdZii
J K keK¢

(1) :Z[Z Z 92<UJ7K)deJJ/\d§K

JK keJ\K

_|_Z Z Z 05 (uy K )dzj .0 N dZj kK |-

JK keKe jeJnK

Also, we have

pAw) =i | S 7 3" g kdzg Az

JK jeINK
(2) :—iz Z [9;(UJ7K)deJJ/\d?K
JK jEINK
=+ Z GZ(UJ7K)deJJ A dzk‘(j_lK) .
keKe
Using dz; xx = —dZy(j k), we see that the second terms in (2) and (1) cancel each other out

after subtracting and we have

(Ap — @A) (w) =0 Y > O (usr)dzp,g A dZ = i6* (u).
JK keJ

This concludes the first part of the proof. We similarly obtain the second equality, as follows:

OAu =i(-)V10 | > N uyrdzig Adz

JK jEINK
(3) :i(—l)l‘]‘[z Z ej(u(LK)dZJ/\dEj_‘K
JK jeJNK
+ Z Z Z Hk(uJ’K)de(jJJ) Ndzj Kk
JK jeJNK keJe
and
Abu = A Z Z ek(UJvK)de‘] NdZg
JK keJe
(4) = i(—=1)I/*! [Z > Ok(ugk)dzy A dzx
JK keJeNK

+ Z Z Z O (g i )dzj kg N dZj K |-

JK keJe jeJnK
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Again, using dzy(; ) = —dzj_1J, we see that the second terms in (3) and (4) cancel each
other out after subtracting and we get

(A0 — 0N )u = i(—1)N N "0 (uy g )dzg A dZjg = —ip*(u). O
JK jeK

Lemma 3.2. Let E be a variation of Hodge structures on a Kdhler manifold (X,w). If Ogr.a
is the curvature operator of EP9 with respect to the Hodge metric, then we have the following
identity:

[(O@pp.a, A] = =070 — 00" + o™ + ©* .

Proof. We compute
[i(@pr.a, A] = [—i(0p + ©0), A] " Lemma 2.2
=i(—0pA — O\ + Ao + Apb)
( g + OAQ) + (—pBA + pAB) + (ABp — OAP) + (A — goAG))

=i(0[A, ¢] + ©[A, 0] + [A, 0]p + [A, ¢]0) - Lemma 3.1
= —00" 4+ po* + pp* — 6%0. O

Proposition 3.3. Let E be a complex polarized variation of Hodge structures on X and let
E be the Dolbeault resolution for gr’? DRx (E) as in Section 3.1. Let L be a line bundle on X
with a smooth hermitian metric and let O be the curvature of L. Foru = (u")) € E'® L,

where each u'") € Ag’(nH_T(Ep*’"’q“) ® L, we have the following formal identity:

o] +[[5"ul* = > ([i0, Alu +Z IV 0u) 4 u ) +Z lp*ul+-(VHO) a2,

T
Proof. The expression (Agu,u) has the diagonal terms and the off-diagonal terms as
follows:

[l + 5% u)* = > (Azu™) + (06 + 0*0)u"), ul?)

r

+) {69 + 97 0)u), ul ) 4 ((96* + 67 D)ulHD ul),

First, we examine the diagonal term. The classical Bochner—Kodaira—Nakano identity gives
Ag = Ay10 + [1Ogragr, A,

where V10 + 9 is the Chern connection for the bundle EP¢ @ £. The curvature of EP4 @ L
is given by
Opragr = idgra ®O, + Oprq @ ide .
Summing all these term and using Lemma 3.2, we have
(Ag + 00" +070)u ™ u)
= ([0, AJu, ul) + [[VOulD 2 4 [ (VO 2 4 [lout |2 + o™l

We next examine the off-diagonal term. Note that

(00" + 8" 0)u)  uTtDY = (9% + 0+D)ulr+D) u)
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and we have

00" +6*0
= —i(0Ap — OpA + Apd — pAD) . Lemma 3.1
= (=) (ADp + (V') o — DpA + Apd — IA + ip(V0)*) A, 9] = —i(VHY)*
= (VI o + p(VH0)* O+ 0 =0.
Therefore,

<U(T), (50* + g*g)u(r+1)> _ <VI’OU(T),QOU(T+1)> + <cp*u(7‘)’ (VI,O)*U(T+1)>.
Adding all up, we get the desired identity. O

3.3. L’-existence results. The following L?-existence result will serve as a key tool for the
proof of cohomology vanishing. The first proposition is a global version of the L?-existence
result. One can also find a similar result in [DH24, Corollary 2.7] in the language of harmonic
bundles, but we prefer to include the proof for completeness.

Proposition 3.4. Let (X,w) be a Kdhler manifold (not necessarily compact) and let L be
a line bundle with a smooth hermitian metric hy. Let E be a complex polarized variation of
Hodge structures on X. Furthermore, we assume that

(1) The geodesic distance 6, is complete on X, i.e., (X, d,) is complete as a metric space.

(2) The norm of the Higgs field ]9\,21&) is globally bounded.

(3) There exists € > 0 such that ([iO¢, Ay]u,u) > €||ul|2, for all smooth and compactly
supported (r,s)-forms u forr+s=mn+1.

Let u be a measurable section with values in E' such that du = 0. Provided that the right
hand side of the expression below is finite, there exists a measurable section v with values in
EL satisfying Ov = u and the following inequality

1
/ \IV\Ii,dewé/ [ull7 ,dVe.
X €Jx

Proof. The only non-trivial part is to approximate measurable sections u by smooth and
compactly supported sections in a desirable way. Note that we have an a priori inequality
[oul|2+]|0*u||? > €/|lul|? for smooth and compactly supported sections. Since |9\,2W is globally
bounded,

0: L*(X, Ay @ BP1) — LX(X, A @ EP9)
is a bounded operator. Therefore, for L?-sections u = (u("), the section du is L? if and only
if each derivative Qu(" is L2. Similarly, 3*u is L? if and only if for each r, the section 9 u)
is L?. Moreover, provided a sequence u, — u in L?, we have du, — 0u in L? if and only if
for each r, 5ul(f) — ou() in L2. Similarly, 8 u, — 9*u in L? if and only if g*u,(f) — ' u) in
L? for each r. As in the proof of [Dem12, Theorem 5.1], the completeness of (X, d,) tells us
that the space of compactly supported smooth forms is dense in Dom(d) N Dom(g*) under
the graph norm
wi (Jul® + [10ul* + [[07|*)!/2.
Therefore, the a priori inequality

[Oul* + 5% ul|* > l|ul?
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also holds for measurable sections such that u, du, and 9*u are all L?. The remaining part
of the proof follows from Lemma 2.13. O

Also, we have a local version of the L?-existence result which will be used in the construc-
tion of the L?-Dolbeault resolution. The following result is motivated by [SS22, §159], using
the fact that even though the curvature of a Hodge bundle is not positive, one can bound
the negative contribution of the curvature by the Higgs field estimates. Hence, after twisting
with a suitable weight, one can solve the d-equation.

Proposition 3.5. Equip Q" = (A*)! x A" with the Poincaré metric weas defined in Section
2.2. Let E be a complex polarized variation of Hodge structures on Q*. Let C > 0 be a number
such that HGHfjmé < C on Q. Define n: @* — R by the following formula, for a; € R and
bj >C+2:

l n

e =] 1z (= log |z [ e =P

j=1 j=l+1

If u is an (r, s)-form with values in EP, with measurable coefficients such that du = 0 and

[l Ve < 4,

then there exists an (r, s — 1)-form with values in EP?, with measurable coefficients, such that
u=0v and

/ [0l e e " AVoe < / llZ e Vi
Q* Q*

Proof. First, we prove the result for (n, s)-forms. A straightforward computation gives

i00n =i sdzj Ndzj +1 bidz; N\ dz;.
Zw Chag e A 2 bt 0

We put dzp,) = dz1 A - Adzp. If u =} g ugdzp) Adzg, we have

[i00n, Ay, Ju Z Zb urdzpy N dZ k.
K JEK

Using the Bochner—-Kodaira—Nakano identity with a twist by e~", we have the a priori in-
equality

”guH2 + ‘|5*UH2 2 <[Z'(—)E7ch'1re]u U’) <[Zag?77 chare]u u)
—(00*u, u) + ([i00n, Ay, Ju, u) " Lemma 3.2
—Cllull? + ([0, Nur,eJu, u).

v

Y

Here, the adjoint operator 8" is computed with respect to the metric kg - e~ on the Hodge
bundles. In particular, if b; > C 4 1 for each j, then we have |[Qu||? + || ul|> > ||u|[>. The
assertion for (n,s)-forms now follows from Lemma 2.13. One technical part is that weayg is
not a complete metric on the domain Q*. However, we can remedy this situation since Q* is
weakly pseudoconvex. This can be done by taking a plurisubharmonic exhaustion function
1 > 0 of Q* and considering the complete metric

- a2
Wearé,e = Wcaré + 2638@0 .
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Then we get the L?-existence theorem for wea¢ by applying the corresponding result for each
Wears,e and taking the weak limit. This is the strategy in [Dem82, Théoreme 4.1].

We next prove the result for (7, s)-forms. Let u = ZJ’K ujrdzy ANdzi. We put

Uy = ZUJ,KdZJ/\dEK and ﬂ(]) = ZuJ,KdZ[n] NdZg.
K K

Define 7’ by
l n )
’ ’ ’ /..
e = ] Jal 2= log |52t = [ 125 (—log 52 T e =",
j¢Ji<l j=1 j=1+1
Note that ||U(J)||?L7wmé€_77 = ||’l’1(‘])||%7wcaré6_nl. We have [,. ||fL(J)||%L’wcaré€_n/d‘/(;aré < H00.

Since b; > C + 1, we can apply the result for (n,s)-forms so that there exists an (n,s — 1)-
form 5y such that 517(]) =u(y) and

/ 15 7 o€ AVeare < / 1) |7 rpnne €™ AVeare:
Q* Q*

Since wedging by holomorphic coordinate does not effect the operator O (up to sign), there
exists an (r,s — 1)-form v ;) such that dv(;) = u(s) and

10 Ve < [ ) Vet

At the end, >, v(y gives the desired solution. ([l

3.4. Construction of the Kédhler metric on the complement. From now on, we work
in the setting of the main theorem. Hence D = )7 | D; is an SNC divisor on a compact
Kihler manifold X, and X = X \ D. We cover D with finitely many admissible coordinates
{Q;}ier and use Theorem 2.5 to get a real number C' > 0 such that ‘9|%L’Wcaré < C for each

admissible coordinate €2;. Also, £ is a line bundle on X such that L+>"7_, a;D; has a smooth
hermitian metric with semi-positive curvature, and at each point 2 € X, the curvature has
at least n — ¢ positive eigenvalues. In addition, B is a nef line bundle on X. The goal is to
construct a Kéhler metric w on the open locus X so that the following four conditions are
satisfied:

(1) (X,w) is complete.

(2) The norm of the Higgs field |9|%7w is globally bounded.

(3) If we write the curvature of £L ® B as i©,gp, then the operator [i©,gp5, A,] should
be positive definite for (r, s)-forms.

(4) We can solve a local d-equation in admissible coordinates with an appropriate twist.

The first three conditions will allow us to use the global L?-existence result. Also, the last
condition is crucial since we want to guarantee the exactness of a Dolbeault type complex.
The correct guess based on the second and the fourth condition is that the Kahler metric w
should somehow look like the Poincaré metric for each admissible coordinate (see Theorem
2.5 and Proposition 3.5). However, we cannot get the positivity of the operator [i©,gp, Aw]
by using the metric that is naively constructed. The idea is to twist the metric of £ by a
certain amount so that all conditions are true. The construction is essentially identical to
[DH24, §3.5], modulo the effect of the twist by > a;D;.
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Proposition 3.6. With the notation as above, there exists a Kdhler metric w on X and
smooth hermitian metrics b, on L|x and hg on B satisfying the following:

) (X,w) is complete.

) w and wears are mutually bounded for each admissible coordinate ;.

) |9|,217w is globally bounded.

4) If ©4 g is the curvature associated to the metric h'- @ hpg, then we have the inequality
([10,g 5, Aw]u,u) > w2 for (r,s)-forms on X withr+s>n-+t.

(
(
(
(

Proof. First, we fix a Kéhler metric wy on X. Choose hermitian metrics on £ and Ox(D;)
and denote the corresponding curvatures (multiplied by i) by we, and wy, -+ ,w,. For each
x € X, we can simultaneously diagonalize wg and w, + Z]'j»zl ajw; such that

wo(z) :izgﬂ/\@ and wg—i—Zozjwj :iZ’y#(x)Cﬂ/\C_#.
Iz Jj=1 H

The condition on the curvature of £ + Z;’Zl a;jD; guarantees that

0<m(z) < <nla)

and y;(x) > 0 since there are at least n — t positive eigenvalues. Also, the 7; are continuous
functions. Let

m = miny(x) > 0.

rxeX
Choose 0 < €1 < € such that
€1 —€ m+ (e —€)
€1 + (s ) m 4+ €1 (n=m) 10

for all r +s > n +t. This can be done since the above expression is identical to

€1 t s—1t
—n—t)— —t) — (e — — .
(T+S " ) m+e1(8 ) (6 61)<61+m+e1>

Let 2e5 = € — €7 > 0. Fix 6 > 0 such that

wo+ Y djw; >0 forall §; € [—4,4].
j=1

Pick a; < a; < aj + 5% and b; = C + 3. Let 0; € H(X,Ox(D;)) that vanishes along
Dj. Also, take a; to be sufficiently close to «o; so that P,EP? = P,EP4. We can rescale
o; so that ’Uj’%j < exp(—2(C + 3)/de2). Fix a smooth hermitian metric hg on B so that
1Op + eswg > 0. This can be done since B is a nef line bundle. Denote wg = i©p. Let

UE X =R, Tj(aj) = —log ‘O-j|}21j,az

and let

52 Zaﬂ'j —bjlogrj.
j=1

Define the Kahler metric w on X as

w = ewg + wr + wp + i00€.
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The computation of 99¢ gives
L v bj v b] -
188522 aj—?j wj+Zz§67j/\8Tj,
j=1 j=1 J

using i007; = w;. Therefore, we can decompose w into five terms

v v
b -
w=e€ewo+ | wg+ Z ajwj | +e | wo+ Z djwj | + (e2wo+wp)+1i Z 207 N OT; (A).

T
7j=1 7 J

Here, we have

b
§j=¢5" <aj — a5 — ]) € [0, 9]
Tj
since €, '(a; — a;) € [0,6/2] and 7; > 2(C + 3)/Jez. Hence, we see that all the five terms are
semi-positive and ejwg > 0. Therefore, w is a Kéhler form on X.

Now we prove that the metric w and wea¢ are mutually bounded for each admissible
coordinate €2;. Clearly, this implies that (X,w) is complete. Fix an admissible coordinate

(Q; 21, -+, zp) and assume that DN is defined by the equation z; - - - z; = 0. For convenience,
suppose that (z; = 0) = D; N Q. Note that 7; = —log|2;|> + ¢; for some smooth function g;
on 2. Then

b; = b; dz; dz;, =

—507; N OTj = 2 (J—ﬁg->/\<]—8g‘>.

2O gl g2 s ) M T

Since the first four terms on the right hand side of (A) are smooth on the entire space X,
we see that w and weape are mutually bounded on €. This also shows that \le’w is globally
bounded.

The last thing to check is the positivity of the commutator operator [i©,gp, A,]. Here,
the key idea is to twist the metric of £ by an extra factor of e™¢. This gives us a smooth
hermitian metric b/, = hre~ ¢ on L|x. We denote the corresponding curvature as @’£® g- The
formula for this curvature is

iOrgp = wr + wp + 100E.
Simultaneously diagonalize wg and i@fc® p at x € X and express
wo :iZCﬂ/\C_ﬂ and iOren :iZWL(x)CﬂAEM.
I I

Also, we assume 7y < --- < ;. Using (A) and the fact that w = ewg + 10,y 5, We see that

e+,(x) > e +yu(x).

If we diagonalize 0,5 with respect to w and denote the eigenvalues as ’yl’w(x), then we
have




18 HYUNSUK KIM

Note that ’yL(:c) > €1 —e+7y,(x) > €1 —e. Also, if u > t, then we have the improved bound
Y, (z) > €1 — € +m. Hence, we have the following bounds for the quantities for ~;, .:

€1 — €

1>, > for 1 <pu<t—1,

€1
m -+ €1 —€

fort < pu<n.
m+ €1

1> % 2
Using Lemma 2.12 for (r, s)-forms u, we have
<[i@,£®B7 Aw]”? u>27 > (’Y{,e(x) et 7;76($) - 71/"—1-1,6(1') - 7;175(1'))’”‘2,@

> [(2) e (M) = -l

€1 m + €1

Y

Lo
E‘u|w,w' O

Remark 3.7. The construction of the Kahler metric w becomes simpler when £ +  «; D; is
ample and B = Ox. We pick smooth hermitian metrics hy and h; on £ and O(D;) such
that we + > ayw; is a Kédhler metric on X. Then the identical construction of ¢ : X —>7R
(with appropriate coefficients a; and b;) gives the complete Kéhler metric w = wp + 100§
on X that we wanted. Also, the curvature :©/, associated to the metric hee~¢ is exactly w.
Therefore, [iO, Aylu = (r + s — n)u for (r,s)-forms u. Hence, the positivity of [i©, A,] is
obvious.

3.5. L?-Dolbeault resolution. The construction of the Kahler metric on X in the previous
section allows us to construct a Dolbeault-type resolution of the logarithmic de Rham complex
of a variation of Hodge structures defined on the complement of an SNC divisor, extending
the resolution described in §3.1 on X. The explicit construction is as follows. Consider
the Kéhler metric w on X and the smooth hermitian metric on £ ® £ ® B|x given by
h' = (hp®hs®hpg)-e~¢ where w, b, = hee~¢ and hp are the metrics that we constructed in
Proposition 3.6. We define H%r)(Ep7q ® L ® B) to be the sheaf on X whose section on U C X
are the holomorphic sections u of % ® EP4 ® L ® B on U N X such that ||u||2,’w is locally

integrable with respect to the volume form dV,,. Similarly, define L?T o (BP9 @ L B) to be

the sheaf on X whose sections v on U C X are (r, s)-forms with values in EPY ® £ ® B with
measurable coefficients on U N X such that both ||“H}2uw and ||8u||%,7w are locally integrable
with respect to the volume form dV,,. Then we can consider the following complex:

0 — M2\ (EP@LOB) — L2, (E™0LeB) & 12 | (EMeLeB) & - & 12 (EPeLeB).
A priori, it is not clear that this complex is exact.
Proposition 3.8. The complex

0— H?T)(EM ®L®B) - L2m) (B ® L ® B)
is a resolution of H%r)(Ep’q ® L ® B) by fine sheaves.

Proof. The exactness at H%T)(Ep’q ® L ® B) is clear by the regularity of the d-equation.

Indeed, if a local section u on L%r 0) (EP? ® L ® B) satisfies du = 0, then u is holomorphic.

Also, it is clear that the sequence is exact on the open locus X. For the exactness on the
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boundary, we need to solve a d-equation on a domain of type Q* = (A*)! x A"~!. By
construction, we can cover D with admissible coordinates Q C X such that |9‘%L,wcaré < C.
Let D N Q be defined by z;---z = 0. For simplicity, assume D; N Q = (z; = 0). Also,
assume that £ ® B is locally trivial on €2 and is trivialized by a non-vanishing section o. Let
u®o € L? S)(Ep";’ ® L ® B)(Q) such that du = 0. Let n: Q* — R be such that

(r,
l
e = [ il 20 (= Yog )1
i=1
Possibly after shrinking the domain, we can assume that

/Q* HUH%LE,wcaréeindecaré < +OO7

since Wear¢ and w are mutually bounded on 2* and ™" and e~¢ are mutually bounded on Q*.
Hence, there exists v such that 0v = u and

2 —
0l Ve <

by Proposition 3.5. This implies that v ® o € L%r 871)(Ep’q ® L ® B) and we are done. O

3.6. Computation of H?r) (EPY ® L ® B) via Prolongation Bundles. We compute the

sheaf H%T) (EPY ® L ® B) explicitly and describe them using prolongation bundles.

Proposition 3.9. We have the following description of the sheaves H?T) (EP1® L ® B) in
terms of prolongation bundles:

My (EP1 @ L ® B) = W (log D) @ Po EM @ L@ B.

Proof. These two sheaves agree on the open locus X since they are both extensions of
Q% ® FP1® L ® B. Hence, it is enough to examine what happens on the boundary. Fix
an admissible coordinate (£2;z1,...,2,). Assume that D N is defined by z1---2; = 0 and
assume for simplicity that D; = (z; = 0). Let o be a nonvanishing section on £ ® B and let
u=> uy®ocdzy for uy € T(Q*, EP9). Since w and wear¢ are mutually bounded and e ¢ and

ngl |2j|%% (— log | 2;]?)% are mutually bounded on Q*, u € H%T)(Ep’q, L ® B) if and only if

!
1
(5) [ sk L1 (- tog |25 )rdys < +oo
g E 1£I‘§l |2j[*(—log |2;]?)? jHl ’ !
j¢d
for all J. Here du is the usual Lebesgue measure on ). Suppose
u € I'(Q, Q%(log D) @ Po EP? @ L ® B).

Then we can express u as

u:Z H zl vy ®odzy
J
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for v; € PoEP4. In particular, |vy|n, S Hé’:1 |zj|_(0‘j+“j)/2 since a; > a;. Then

/Q* |UJ|i2LE' H |2 H

1<<z|3 1<5<1

e L sl
J

JEJ J¢J
< [l Tt TT-losls)0
1<5<l j=1

</ H|z 97052~ g %)+t < +oo

since a; > «;. This implies Q% (log D) ® Po EP* @ L@ B C ”H%T)(Ep’q ® L ® B). Similarly,

we can show that ’H% )(qu ®L®B) C QL (log D) ® P,EPY ® L ® B since if the integral

(5) is finite, then we have \uJ\hE < HJ 1 ]z]] 2a; HK]jl |zj| 2. However, we chose a; to be
€
sufficiently close to o so that P, EP? = P, EP. Hence, the equality holds. O

3.7. Proof of the Theorem 1.2. We finally present the proof of the main theorem. First,
notice that the global bound for the Higgs field 6 in Theorem 2.5 gives a morphism on sheaves

L%r S)(qu ®L® B) 4, L% 1 )(Ep’q ® L ® B). Therefore, analogously to Section 3.1, we can

construct a double complex:

L%, (E" © L & B) LN I3 (B g Lo B) 0 0, 12, (B o L B)
5/\ 5’\ 3 5/\
: ’ 6 >
7l o 1 4

L2, (EF"1® L& B) SN I3 (BP9 @ £ ® B) 0 N L3, (B o Lo B
3| - . 4

12 (BP1 @ L& B) s L2 (BP0 @ Lo B) —s - Ly [2 (BP0 L B).

By Proposition 3.8 and 3.9, the r-th column is a resolution of Q% (log D) ® EE™T @ LR B
by fine sheaves. Hence, we can compute the hypercohomology of

ER? — QL (log D) @ EL M0 ... 5 0% (log D) ® Eg;"’ﬁ"] ] ® L& B

by taking the global section of the total complex above and compute the cohomology. Let
(E,d) be the total complex of the double complex above. We have a concrete description of
the global section of the sheaves L%T 9 (EP~™4*"® L® B). The global sections u are (r, s)-forms

on X with values in EP~™91" @ £ ® B with measurable coefficients such that
/X lul? odV < +oo  and /X [Bul?, ,dVi, < +oo.

By Proposition 3.6 and 3.3, we have an a priori inequality

[oul* + 5" ul* > 0.1][u]]®
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for u € E! when [ > 0. Since (X,w) is complete and |0|%1E7w is globally bounded on X, the
vanishing of cohomology immediately follows from Proposition 3.4. O

4. PROOF OF SAITO’S VANISHING THEOREM

In this section, we prove Saito’s vanishing theorem by reducing it to Theorem 1.3. We
first give a proof for Saito’s Hodge modules, and then explain how the same method works in
the setting of complex Hodge modules. For a projective variety X, we denote by MHM(X)
the abelian category of graded polarizable mixed Hodge modules on X, in the sense of Saito.
Roughly speaking, a mixed Hodge module is a filtered D-module with extra structure. The
Saito vanishing theorem concerns the graded piece of the de Rham complex of mixed Hodge
modules.

Theorem 4.1 ([Sai90]). Let X be a complex projective variety and let M € MHM(X) be a
graded polarizable mixed Hodge module on X. For every ample line bundle £ on X, we have

H' (X, gr, DRx(M)® L) =0  foralll >0,p€ Z.

We first review some necessary facts on Hodge modules and then prove the Saito vanishing
at the end.

4.1. Terminology and Properties of Hodge Modules. We give a very brief summary
on Hodge modules. All of the results can be found in two foundational papers [Sai88,Sai90],
or in a nice survey [Sch19]. Let X be a smooth complex algebraic variety. Saito defines
two categories HM(X, w) and MHM(X) which are the category of pure Hodge modules with
weight w and the category of graded polarizable mixed Hodge modules. The objects in
HM(X,w) are triples ((M, F,), K, «) where (M, F,) is a holonomic filtered D-module, K
is a Q-perverse sheaf on X, and an isomorphism « : DR M = K ®qg C. For mixed
Hodge modules, we have an extra weight filtration on K, hence on M. The objects in this
category are required to satisfy suitable compatibility conditions. If A/ is a variation of Hodge
structures on X of weight w and we switch from decreasing filtration to increasing filtration
by the rule FA' = F~*N, then A underlies a structure of a pure Hodge module of weight
w-+dim X. As opposed to the previous sections, we switch to increasing filtrations for Hodge
modules from this point in order to be consistent with the conventions on D-modules. We
introduce some terminology and properties of D-modules and Hodge modules, without giving
any proofs. In this article, a D-module is understood to mean a left D-module.

(1) For a singular variety X, we embed X in a smooth variety Z and define MHM(X)
as the category of mixed Hodge modules on Z whose support is in X. The category
MHM(X) does not depend on the choice of closed embedding X — Z. We can
similarly define HM(X,w) as well. We can still define these categories even if X
cannot be embedded into a smooth variety by covering with embeddable open subsets
and imposing some conditions on the intersections. However, we ignore this issue since
we will work only on (quasi)-projective varieties.

(2) The filtration on the de Rham complex of a mixed Hodge module M on a smooth
variety X is given by

F;DRx(M) = [Fk./\/l — Q}( ® FppiM — - — Q% ® F]H_n./\/l] [n].
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After taking the graded pieces, we obtain a complex of Ox-modules
gry DRx(M) = [gr, M — Qy @ grj g M — -+ = Q% ®@ grpy,, M| ).

We can extend the notion of graded de Rham complexes to objects in the derived
category of mixed Hodge modules. In other words, for v € D*(MHM(X)), the graded
de Rham complex gr, DRy (u) makes sense as an object in D2, (Ox).

(3) [Schl6, Lemma 7.3]. For a singular variety X, we define the graded de Rham complex
of M € MHM(X) by embedding X in a smooth variety Z and taking the graded de
Rham complex in Z. It turns out that the complex gr;, DRx (M) is actually a complex
of Ox-modules, and does not depend on the choice of the embedding X < Z as an
object in D’ | (Ox).

(4) For holonomic D-modules there are functors f, fi, Dx defined at the level of derived
category of holonomic D-modules. The same functors admit enrichment to functors
between the corresponding derived categories of mixed Hodge modules.

(5) We have a canonical transformation v : fi — f. and this transformation is an
isomorphism if f is proper.

(6) If j : U — X is a locally closed immersion between smooth varieties and M €
MHM(U), then the transformation jM — j.M induces a map H°(jiM) — HO(j.M).
The image of this map is the intermediate extension of M which is denoted by ji, M.

(7) Furthermore, let’s suppose that U C X is open and D = X \ U is a divisor. Then
J« and 7 are induced by an exact functor at the level of abelian categories. In
other words, if M € MHM(U) is a mixed Hodge module on U, then we can view
M[xD] = jM and M[!D] := jM as objects inside MHM(X). Moreover, the
underlying O x-module structure of M[xD] agrees with the usual sheaf theoretic push-
forward.

(8) For proper morphisms p: Y — X, taking the graded de Rham complex commutes
with taking the pushforward. In other words, if M is a mixed Hodge module on Y,
we have

gr, DRx (1« M) =~ Rypix(gr, DRy M).
We next describe the structure of the categories MHM(X) and HM(X, w).

(1) For a mixed Hodge module M € MHM(X), the graded piece gr!V (M) € HM(X, w)
is a pure Hodge module of weight w.

(2) We say that a pure Hodge module M € HM(X, w) has strict support Z if the sup-
port of every nonzero submodule and quotient module is equal to Z. We denote by
HMz (X, w) the subcategory of HM (X, w) consisting of objects with strict support Z.

(3) Every pure Hodge module M € HM(X, w) admits a decomposition by strict support.
Hence M is of the form

M= P Mz

ZCX

where the sum runs over all irreducible closed subsets Z C X and My is a pure
Hodge module with strict support Z.

(4) Every object M € HMx (X, w) is a generically defined variation of Hodge structures
of weight w — dim X. Conversely, every variation of Hodge structures N of weight
w—dim X defined on a Zariski open subset of the smooth locus of X extends uniquely
to an object in HM x (X, w) via the intermediate extension.
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4.2. Logarithmic comparison. Let X be a smooth variety and let D be an SNC divisor
on X. Let U be the complement X \ D and denote the open inclusion as j: U — X. We
consider a variation of Hodge structures F on U. The main theorem involves the logarithmic
de Rham complex of E. We now describe the relation between the logarithmic de Rham
complex DRx p)(FEq) and the de Rham complex of the Dx-modules E[*D] and E[!D]. The
results can be found in [Sai90, 3.b] or [Wul7]. We define a subring of Dx by

ViPDx ={P € Dx : P-(f)’ C (f)’ for all j}

where D is given by f = 0. If (z1,...,2,) is a system of coordinates such that D is given by
the equation z; - - - z; = 0, then we can describe VOD Dx locally as

ViPDx = Ox (2101, ..., 2100, 041, - - On).
Giving a VOD Dx-module structure on N is equivalent to giving a logarithmic connection
V:N = Qk(logD) @ N

such that V2 = 0. We can define the logarithmic de Rham complex of a V" Dx-module as
follows:
DR(xpyN = [N = Qx(log D) @ N — ... = Q% (log D) ® N] [n].

We have a filtration F, on VOD Dx which is induced by the order filtration on Dx. For a
variation of Hodge structures £ on U, the Deligne extension E, has a structure of filtered
VOD Dx-module by the logarithmic connection and the Hodge filtration which is constructed
via the nilpotent orbit theorem. The extensions E[*D] and E[!D] are given by

E['D] =Dx ®V0DDX Ei_. and E[*D] =Dx ®V0DDX Fi1~Dx - F.

Here, we chose € > 0 to be small enough so that the eigenvalues of the residues of E;_. lie
inside the interval (—1,0]. The inclusion E;j_. — Ej induces a morphism E[!D] — E[xD]
and this agrees with the canonical one. The image of the natural map E[!D] — E[xD] is
exactly Dx - E1_¢, which is the intermediate extension ji.E. The filtrations on E[!D] and
E[+D] are defined by the filtrations on Dx and E,. To be precise, we have

F,E[+xD] =) F, ;Dx ® F;E
7

F,E[\D] = F, /Dx ® F;F ..
7

Also, we can define filtered D-modules Dx Qyppy E, for each o € R!. The obvious map
Eo = Dx @ypp, Latr

obtained by the inclusion E, — E,+1 composed with m — 1 ® m gives a morphism at the
level of de Rham complexes.

DR(x.p) Ea — DR (DX Oyppy EaH) .

The upshot is that we can compute the de Rham complex on the right hand side using the
logarithmic de Rham complex.

Theorem 4.2 ([Sai%0, 3.11], [Wul7, Theorem 5.3.8]). For each o € R!, the morphism
DR(x,p) Fa = DRx (Dx @ypp, Fas1)

1s a filtered quasi-isomorphism.
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If we apply this theorem for « =0 and o = (—¢,...,—€) € R! and take the graded pieces,
we get the following isomorphisms:

Proposition 4.3. With the above notation, we get an isomorphism between the graded pieces
of the de Rham complexes:

gr, DR (x,p) Eo ~4is gr, DRx (E[*D])
gr, DR(x,p) E—e ~4is gr, DRx (E['D]).

This allows us to compute the de Rham complexes of E[«D] and E[!D] in terms of the
logarithmic de Rham complexes.

Remark 4.4. Both [Sai90] and [Wul7] assume quasi-unipotence of the monodromy to apply
the nilpotent orbit theorem. However, this is no longer an issue since we have the nilpotent
orbit theorem for arbitrary complex polarized Hodge structures by [SS22] and [Den23]. Then
the same proof goes through with a slight change that the Deligne extensions E, might no
longer be Q-indexed.

4.3. Proof of Saito’s vanishing theorem. We first reduce the general case to that of pure
Hodge modules with strict support. Every mixed Hodge module M has a weight filtration
WeM such that gr!¥ M is a pure Hodge module of weight w. Using the exactness of the
functor gr, DRx, we can easily deduce the Saito vanishing theorem from vanishing theorems
for pure Hodge modules. Furthermore, since any pure Hodge module admits a decomposition
by strict support, the assertion in Theorem 4.1 is a consequence of the following.

Theorem 4.5. Let X be a reduced and irreducible projective variety and let M € HMx (X, w)
be a polarizable Hodge module with strict support X. For an ample line bundle L on X, we
have

H'(X,gr, DRy(M)® L) =0  foralll>0,p€Z.

We present a key step which relies on our main theorem. Namely, we can get vanishing for
Hodge modules obtained by ‘MHM-theoretic’ push-forward and push-forward with compact
support across a possibly singular divisor. Before that, we prove a short lemma about con-
structing nice resolution of singularities. The argument is essentially due to [KW24, Lemma
8].

Lemma 4.6. Let X be a normal variety and D be an effective Cartier divisor on X such
that X \ D is smooth. Then there ezists a log resolution u:Y — X of (X, D) such that

(1) p:Y — X is an isomorphism over X \ D, and
(2) There exists a divisor E on'Y such that E is p-ample and p(supp E) C D.

Proof. Pick a log resolution 7 : X7 — X which is an isomorphism over U = X \ D. Pick a
m-ample divisor Hy; on X; and let £ = Ox(—m.Hj). Let

m: Xy =Proj | P L | - X

m>0

and denote Hy = Ox,(1). It is clear that o is an isomorphism over U since 71, H; is Cartier
on U. Moreover, Hy is mo-ample. We choose a log resolution 73 : X3 — X which is an
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isomorphism over U that dominates X5 and X;. Hence, we have the following diagram

X3

>N

Xo 3 X1
m %
X

Since X is smooth, there is a 7j-exceptional divisor £ which is 7i-ample. For m > 0, the
divisor m7{ Hy + F' is m3-ample. Since Hj is me-ample, 75 Ho is m3-nef. Therefore

m7i Hy +m75 Hy + F

is m3-ample. However, Ox, (mt{Hy +m75 Ho + F)|y ~ Oy by construction. This means that
there is a rational section of m7{H + m7j Hy + F whose divisor F is supported in X3\ U.
The morphism 73 : X3 — X and F is what we wanted. O

Proposition 4.7. Let X be a projective variety and D an effective Cartier divisor on X.
Suppose that U = X \ D is smooth and consider the open inclusion j: U — X. Let M

be a variation of Hodge structures on U that we identify with the corresponding pure Hodge
module. If M[xD] := j,M and M[\D] := 1M, then the following vanishings hold:

H' (X, gr, DRx(M[*D]) ® L) = 0
H' (X, gr, DRx(M[ID])® L) =0
for alll >0, p € Z and every ample line bundle L on X.

Proof. First, we reduce to the case when X is normal. Consider the normalization 7 :
X" — X which is clearly an isomorphism over U and let F' = (7% D)eq. Therefore, we have
inclusions ¢ : U — X™" and j : U — X. Since 7 is finite and hence proper, we have the
following isomorphisms:

gr, DRx (M[*D]) ~ 7, (gr, DR xnor (M[+F]))
gr, DRx (M[!D]) ~ 7, (gr, DRxnor (M[!F])) .

The isomorphism follows by the commutativity of the graded de Rham complex with proper
pushforward. By the projection formula, it is enough to show the two following vanishings:

H'(X™, gr, DRxnor (M[*F]) @ 7°L) =0 for alll > 0,p € Z,
H' (X", gr, DRynor (M[IF]) @ 7°£) =0 foralll > 0,p € Z.
Since 7*L is still ample, it is enough to show the assertion when X is normal.

Now, we assume that X is normal. Consider a log resolution p: Y — X of the pair (X, D)
which is an isomorphism over U. Let F' = (u*D)yeq, which is an SNC divisor on Y. Write
F =377 | F;. By Lemma 4.6, we can assume that there exists ¢; such that > > | ¢ F; is
p-ample. Since p is proper, we can compute the graded de Rham complex of M[+D] and
M[!D] as follows:

gr, DRx (M[*D]) =~ Ry (grp DRy (M[*F])) ~ Ry (grp DRy,r) (Mo))
gr, DRx (M[!D]) ~ Ry (grp DRy (M[IF])) ~ Ry (grp DRy, ) (M_o)) .
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The isomorphism on the right hand side follows by logarithmic comparison (Proposition 4.3).
By the projection formula, it is enough to show the two following vanishings:

H'(Y, gr, DR(y,p)(Mo) @ u*L) =0 forall 1 > 0,p € Z,
H'(Y,gr, DRy py(M_e) @ p*L) =0  foralll>0,p € Z.

The only problem is that p*L£ is no longer ample. However, we can handle this by perturbing
p*L. Note that for 0 < d < ¢ < 1, we have p*(L£ +c¢D) +d- > ;| ¢;F; ample. Hence, there
exist 0 < a; < 1 such that u*L + Ele a; F; is ample since the images of F; are contained in
D. In fact, we can choose a; to be sufficiently small so that PyMP4 = P, MP4 as a sheaf on
Y. Then we can use Theorem 1.3 to get

H' (Y, gr, DRy, ) (Mo) @ p*L) = H'(Y, gr, DR(y p)(Ma) @ p*L) =0 for all | > 0.
The second vanishing follows along the same lines. There exist 0 < d < ¢ < 1 such that
p(L—cD)+d-Y ;| ¢;F; is ample. Hence, there exist 0 < a; < 1 such that p*£—>"7 | a; F;

is ample. We can make these a; be sufficiently small so that 0 < a; < ¢, which implies
P_MP = P_ , MP1? as a sheaf on Y. Therefore,

H' (Y, gr, DRy, py(M—e) ® p*L£) = H'(Y, gr, DRy p)(M—q) @ p*L) =0  for all I > 0.
This concludes the proof. ]
We finally give the proof of the Saito vanishing theorem.

Proof of Theorem /j.1. The strategy is to prove Theorems 4.1 and 4.5 simultaneously
by Noetherian induction. As we have already seen, Theorem 4.5 in dimension < n implies
Theorem 4.1 in dimension < n. Let X be an irreducible complex projective variety and let
M be a pure Hodge module with strict support X. Then there exists an open subset U C X
such that N' = M|y is a variation of Hodge structures on U. By shrinking U, we may assume
that D = X \ U is a divisor. Fix a very ample divisor H such that |[H — D| # () and write
H ~ D+ E. By replacing U by X \ (DU E) and D by DU E, we may assume that D is
a hyperplane section of X for some embedding X < PV. Considering every D-module as a
Dpn-module, we see that N[!D] is an object in MHM(X) because PV \ H — PV is an affine
morphism. Since M is the intermediate extension of N/, we have an exact sequence

0—>K—=>N[D—-M=0

and the kernel K is supported inside D. By Proposition 4.7 and Noetherian induction, we
have

H'(X,gr, DRx(N[ID))® L) =0  foralll>0,p€Z,
H'(X,gr, DRx(K)® £) =0  foralll>0,p € Z.
The long exact sequence and the exactness of gr, DRx gives
H'(X,gr, DRx(M)® L) =0  foralll>0,p€ Z.

This proves the general version of Saito’s vanishing theorem. O

4.4. Vanishing theorem for complex Hodge modules. We finally explain how to modify
the previous proof of the Saito vanishing theorem in the case of compler Hodge modules.
Before that, we briefly highlight the key differences between Saito’s Hodge modules and
the Hodge modules of Sabbah—Schnell. In the theory of Sabbah—Schnell, they remove the
underlying perverse sheaf K and the isomorphism a: DR M ~ K ®qg C from the picture
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by considering a sesquilinear pairing on D-modules. More precisely, instead of considering a
underlying perverse sheaf, they consider a triple (M, M’ s) where M and M’ are filtered
holonomic D-modules, and

5: M® W — Db X
is a Dx ® D-linear perfect pairing (which gives the data of the polarization). Here, Dby is
the sheaf of complex (0,0)-currents on X, hence carries a natural left action of Dy ® D+

In [SS], for a complex manifold X, the authors construct the category pHM¢(X,w)? of
complex pure polarizable Hodge modules on X with weight w. At the time of the writing, [SS]
does not contain the definition of complex mized Hodge modules. We use [DV25, §7.1] for
the construction of the category MHM¢ (X)) of complex mixed Hodge modules, which follows
the same strategy of [Saif0, §4]. They define the category MHM¢(X) as the full-subcategory
of triples which are stable under certain operations. Then, the same six functor formalism
works for complex mixed Hodge modules. We point out that even if we want the vanishing
theorem only for pure complex Hodge modules, the strategy in §4.3 needs the formalism
of complex mixed Hodge modules since for a pure Hodge module N on a complement of a
divisor D of X, we use that the push-forwards A [*D] and N[!D] are mixed Hodge modules.
The analogue of this fact for complex mixed Hodge modules is in [DV25, §7.1]. The strategy
in §4.3 can be applied to the setting of complex mixed Hodge modules since

(1) one can reduce to the case of pure Hodge module with strict supports,
(2) the structure theorem for pure Hodge module (see [SS, §16]), and
(3) Theorem 1.3 uses complex polarizable variation of Hodge structures.
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