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Abstract

We show, for all n > 2 even and d > 2+ %, that the moduli of smooth degree d hypersurfaces
of P"*! contains infinitely many different Hodge loci whose Zariski tangent space has the same
codimension as the Hodge locus of linear cycles. We construct the Hodge cycles determining
those Hodge loci as joins of O-dimensional cycles inside hypersurfaces of P! with all their closed
points defined over Q. In order to analyze the cycle classes of these algebraic cycles, we establish
a general formula for the cycle class of the join of any two algebraic cycles inside smooth
hypersurfaces, expressed in terms of their periods. Furthermore, we prove that an algebraic
cycle is a join of algebraic cycles, if and only if, its associated Artin Gorenstein algebra is the
tensor product of the Artin Gorenstein algebras associated to each generating cycle.

1 Introduction

Let n > 2 even and d > 2 + %. Let us consider w : X — U the family of all smooth degree d
hypersurfaces of P"*!, where U C H°(Opn+1(d)) is the open complement of the discriminant locus.
For each f € U we denote by Xy := 7~ !(f) = {f = 0} C P""! its corresponding hypersurface. For
fo € U fixed, let X = X;,. Every Hodge cycle § = dy, € H%’%(X, Q) extends by parallel transport
to 0y € H"(Xf,Q) for f in any simply connected analytic neighbourhood of fy. The Hodge locus
induced by 9§ is the analytic scheme supported in the germ of analytic subvariety

(1) Vs = {f € (U, fo):6; € H5(X;,Q)}.

Using the Infinitesimal Variation of Hodge Structure (IVHS) developed by Carlson-Green-Griffiths-
Harris [1] it is well-known that Vj is not a properly contained analytic subvariety of (U, fo), if and
only if, § is a multiple of the polarization, i.e. if its primitive part vanishes. For non-trivial primitive
Hodge cycles § € H2'3 (X, Q) prim, it is a classical conjecture (conjectured for n = 2 in [1] and proved
for that case by Green [5] and Voisin [19]) that the minimal codimension of Vj is attained precisely
when § is the primitive part of a multiple of the class of a linear subvariety of X. In other words,
the linear cycles conjecture claims that minimal codimension Hodge loci are precisely the Hodge
loci of linear cycles. This conjecture is widely open for n > 4, but asymptotically it has been
established for d > n by Otwinowska [13]. In the case n = 2, the lower bound for the codimension
follows from a stronger bound by Green [1], who proved that the Zariski tangent space Ty, V5 has
codimension bounded by the codimension of the Hodge locus of a linear cycle. We say that a non-
trivial primitive Hodge cycle ¢ is a fake linear cycle if it weakly violates the linear cycles conjecture,
in the sense that its Zariski tangent space has codimension equal to the codimension of the Hodge
locus of a linear cycle, but § is not equal to the primitive part of a multiple of a linear subvariety
of X. Our main result is the following.

Theorem 1.1. For any degree d and even dimension n such that d > 2 + %, there are infinitely
many smooth degree d hypersurfaces X of dimension n in P**! containing infinitely many fake
linear cycles in P(H2'2 (X, Q) prim)-

IMS(C2020: 14C25, 14C30, 14D07



The notion of fake linear cycles was introduced by the authors in [3], where those cycles were
studied in Fermat varieties of degree d = 3,4,6 (for all other degrees, Fermat varieties do not
contain fake linear cycles by [17] and [9]). Our construction of fake linear cycles in hypersurfaces
different from Fermat ones is based in the classical join construction for algebraic cycles.

Let us recall the join construction. Take a decomposition of P"*!1 = P(V) by V = Vi @ V4,
hence P(V1) NP(Vz) = @. Via this decomposition we obtain a natural identification

H(Opy(1)) = VY =V @ Vy = H(Ops)(1)) @ H(Opy)(1))
inducing the following decomposition at the level of polynomial algebras
S(P(V)) = Sym(V") = Sym(1}) ® Sym(Vy') = S(P(V1)) ® S(P(12))

in other words
H(Opv(d) = P H(Ops) (i) © H(Opqrs) (4)).
i+j=d
Let X = {f = 0} C P""! a smooth degree d hypersurface, we say f is decomposable if it lies in the
image of
HO(OP(vl)(d)) D HO(O]P’(VQ)(CZ)) — HO(OP(\/) (d))

for some decomposition V' = Vi & Vb, in other words, if f = g+ h for g € H°(Op(y;)(d)) and
h € H%(Op(y,)(d)). Assume further that V; and V; are even dimensional, say dimP(V1) = k+1 and
dimP(V2) = n — k — 1 (thus k£ and n are even), and that the hypersurfaces X; := {g = 0} C P(17)
and Xy := {h = 0} C P(V2) are smooth. Given two half dimensional algebraic subvarieties Z; C X
and Zo C Xo, their join J(Zy,Z3) C X is the union of all lines connecting one point of Z; with
one point of Zs inside P(V). In other words, in terms of their homogeneous coordinate rings

S(J(Zl, ZQ)) = S(Zl) ® S(ZQ).

The above definition is compatible with rational equivalence and so, it can be extended bilinearly
to a map
J:CH?(X1) ® CH" 2 (X3) — CH3 (X).

A natural question is to ask what is the relation between the cycle classes of Z1, Zs and J(Z1, Z2).
We establish the relation between the primitive parts of each class in terms of Griffiths’ basis. Recall
that by Griffiths’ theorem [21, Corollary 6.12] we can always write the primitive part of the cycle
class of an algebraic cycle Z € CH: (X) inside a smooth degree d hypersurface X = {f =0} C P*!
of even dimension n as the (%, Z) degree (in the Hodge decomposition) projection of a residue form

22
(1) PN\ EE
res -
d f§+1

(2) [Z]prim =

where Py € Clx,..., xn_‘_l](d_Q)(%_j’_l) is some polynomial and HO(Qg,ﬁl (n+2)) =C- Q. Further-
more, the (§, 5) projection of the corresponding residue form is uniquely determined by the class
of Pz in the Jacobian ring Rf := Clxo, ..., 2,41]/J/, where J/ := (%, el Bif+1> is the Jacobian

ideal of f. In accordance with the main result of [16] we say Pz € R{ d—2)(Z+1) is the polynomial
2

assoctated to the algebraic cycle Z. Using this notation we can state our second main result.




Theorem 1.2. Let Z; € CH2(X;) and Z5 € CH" 2 (X5). Then the join J(Zy, Zs) € CH? (X)
satisfies
(3) PJ(Zl,Zg) = PZ1 . P22 € Rf

Moreover, it is possible to detect whether a primitive Hodge class 6 € H %’%(X , Q)prim 1s a join of
two algebraic cycles Z; and Z, in terms of their associated Artinian Gorenstein algebras R9:[%1],
RMZ2] and RI9 (see Definition 2.2) as follows

(4) RIY = Rl @ RMZ) 5= ¢ [J(Z1, Z2)]prim  for some ¢ € Q%.

The above result can be restated as a relation purely in terms of periods (see Theorem 3.1), this
relation can be deduced as an application of a theorem of Sebastiani and Thom [15] which states
that the monodromy of g(z) + h(y) : C"*2 — C splits as a tensor product of the monodromies of
g:CF2 5 Cand h:C** — C. In order to obtain the relation one has to identify the monodromy
invariant part of the cohomology of the affine smooth fiber with the primitive cohomology of the
projective hypersurface, keeping track of the isomorphisms in homology and the compatibility with
the Griffiths’ bases. We remark that Sebastiani and Thom theorem relies in analytical methods. For
our context, we provide an alternative algebraic proof which relies in a toric birational modification
of the ambient space reducing the computation to a smooth hypersurface of a projective simplicial
toric variety, and then uses tools recently developed by the second author in [18] to describe residue
forms along hypersurfaces in toric ambient spaces.

In the authors previous work on fake linear cycles in Fermat varieties, the totally decomposed
structure of the cohomology class of fake linear cycles (see [3, Theorem 1.1]) together with Theo-
rem 1.2 suggested that fake linear cycles can be obtained as joins of 0-dimensional fake linear cycles
inside hypersurfaces of P'. Nevertheless, the notion of fake linear cycle previously introduced (de-
fined in terms of the codimension of the tangent space of the Hodge locus) does not make sense in
dimension 0. After finding the tensor decomposition structure described in Theorem 1.2 it became
apparent that the appropriate notion of fake version of any g-dimensional algebraic subvariety
of any n-dimensional smooth hypersurface of P"*! for n > 0 (see Definition 7.1) should depend
on the Hilbert function associated to a Hodge cycle (see Definition 6.1) and not only of its value
at d (which is the one related to the Zariski tangent space of the Hodge locus). Using this new
notion and the join construction we prove Theorem 1.1 by constructing fake linear cycles as joins
of 0-dimensional fake linear cycles inside hypersurfaces of P'.

Note that by Otwinowska’s result [13], for d > n the Hodge loci of all fake linear cycles must
have codimension strictly bigger than (%:{d) — (5 + 1)2, hence each of them is either non-reduced
or reduced but singular at X. This schematic non-smoothness can be detected using the quadratic
fundamental form introduced by Maclean (see [3]), which must vanish when the Hodge locus is
smooth. We relate the quadratic fundamental form of the Hodge loci V7,1, Viz,) and V|;(z, z,) in
Theorem 4.1. Using Theorem 4.1 we show that the Hodge loci of all fake linear cycles in Theorem 1.1
are non-reduced or singular at X for all d > 2+ & (see Theorem 7.2).

The article is organized as follows: in Section 2 we recall some preliminaries about Artinian
Gorenstein ideals and the quadratic fundamental form of a Hodge locus. Section 3 is devoted to
the proof of Theorem 3.1 which is equivalent to Theorem 1.2. In Section 4 we deduce Theorem 1.2
and Theorem 4.1 which allows us to relate the quadratic fundamental form of the Hodge loci
of two algebraic cycles and their join. Section 5 we illustrate in some concrete examples some



uses of Theorem 4.1 by computing the Artinian Gorenstein ideal and their associated quadratic
fundamental form for all combinations of two linear cycles inside Fermat varieties which are not
known to have reduced Hodge loci. In Section 6 we introduce the Hilbert function associated to
a Hodge cycle, and use this notion in Section 7 to introduce the concept of fake algebraic cycles.
This section also contains the proof of Theorem 1.1.
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2 Preliminaries

2.1 Artinian Gorenstein ideal associated to a Hodge cycle

For the sake of completeness we will briefly recall some known facts about Artinian Gorenstein
ideals associated to Hodge cycles in smooth hypersurfaces of the projective space. For a more
complete exposition see [17].

Definition 2.1. A graded C-algebra R is Artinian Gorenstein if there exist o € N such that
(i) Re=0foralle > o,
(ii) dim¢ R, =1,

(iii) the multiplication map R; X R,—; — R, is a perfect pairing for all : =0,..., 0.
The number o =: soc(R) is the socle of R. We say that an ideal I C Clzo,...,xny1] is Artinian
Gorenstein of socle o =: soc(I) if the quotient ring R = C|xo, ..., Zn4+1]/] is Artinian Gorenstein
of socle o.

The definition of the following ideal appeared first in the work of Voisin [20] for surfaces, and
later in the work of Otwinowska [14] for higher dimensional varieties.
Definition 2.2. Let X = {f = 0} C P""! be a smooth degree d hypersurface of even dimension
n, and A\ € H2'%(X,Z) be a non-trivial Hodge cycle. Consider J7/ := <§TJ;, e 823;1} to be the
Jacobian ideal, we define the Artinian Gorenstein ideal associated to A as
(5) I = (12 By),
where P\ € Clxo,... ,xn+1](d_2)(%+1) is such that Apyim = res ( ??J?E. This ideal is Artinian

Gorenstein of soc(J/*) = (d — 2)(% + 1) = $soc(J?). We denote by R/ := Clzq, ..., 2zpq1]/J /A
its corresponding Artinian Gorenstein algebra.



Remark 2.1. The importance of this ideal is that it determines, up to a rational multiple, the
primitive part of the cycle class, and its Hodge locus, that is (see for instance [17, Corollary 2.3,
Remark 2.3])

JIM = JiA2 e Fee Qi (M e A)prim =0 = Vi, =V,

where V) denotes the Hodge locus associated to the class A, as defined in (1). This ideal also encodes
the information of the first-order approximation of the Hodge loci in a simple way. More precisely,
let U C C[zo, ..., Tni1)q be the parameter space of smooth degree d hypersurfaces of P! of even
dimension n. For f € U, let X; = {f = 0} C P""! be the corresponding hypersurface. For every
Hodge cycle A € H%’%(Xf, Z), we can compute the Zariski tangent space of its associated Hodge
locus V) as

(6) TfVA = Jc{’)\.

Where we have identified T¢U ~ C[zo, ..., Tnt1]a-

2.2 Quadratic fundamental form

In this section we will explore the second order invariant of the IVHS associated to the Hodge locus
Viz) described by Maclean [3]. This invariant allows us to derive geometric information about the
Hodge locus, namely the Hodge locus is either singular or non-reduced. For this type of application
see [3].

The quadratic fundamental form was described in the context of surfaces for the classical
Noether-Lefschetz loci by Maclean [3]. However in higher dimensions it also gives a partial de-
scription of the quadratic fundamental form.

Definition 2.3. Let M be a smooth m-dimensional analytic scheme, V' a vector bundle on M and
o a section of V. Let W be the zero locus of ¢ and let x € W. The quadratic fundamental form of
o at T is

Yoz TeW @ T,W — V,/Im(doy)

given in local coordinates (z1, ..., z;,) around x by
i 0 & 0 = 0 [ & 0
9o, ;O‘iazg;@azj —;O@azi ;5]82](0)

Remark 2.2. The quadratic fundamental form detects the second order approximation to W at
z. In particular if W is smooth at x, then g, , vanishes.

In our context we will take M = (U,0), V = @5:01 gP/FPT and x = 0. Here, U C
H°(Opnt1(d)) is the parameter space of smooth degree d hypersurfaces of P! 7 : X — U is
the corresponding family, 7 = R”W*Qf%, and 0 € U corresponds to the Fermat variety X.
Although the next result we will use a,pp{ies in a neighborhood of any point in U — that is, for
any smooth hypersurface in the universal family — we will restrict ourselves to a neighborhood
of the Fermat variety for our computations. In order to construct a section o of V around =z,

let A € H%’%(Xg)prim N H™(X",Z) be a Hodge cycle, and consider X its induced flat section in



F0/F 2. If we fix a holomorphic splitting F° /F 2 ~ V and we take o as the image of A under this

splitting, then W = V). In this context we can identify T,W = JL{’)‘ (6), Vp = @Z’ZQH Rﬁ(q+1)—n—2
2

and do, = -Py. The computation of the degree d + (d — 2)(§ + 1) piece of ¢ = ¢, , under these

identifications was done by Maclean [$, Theorem 7] as follows.

Theorem 2.1 (Maclean). The degree 7 := d + (d — 2)(% + 1) piece of the fundamental quadratic
form is q\symg (1) where
d

q: Sym?(J/Y) — R /(Py)

is the bilinear form given by

7 9Qi oG
H —
(7) a(G. H) = ZO ( 5, (%i)
where
n+1 f n+1 (9f
G- P,\—ZQZ and H-P,\_ZZ:;RZ-({)%.

Remark 2.3. In particular ¢(-, H) = 0 for any H € J/.

3 Periods of join of algebraic cycles

In this section we compute the periods of joins of algebraic cycles. Then we use this information
to relate the cycle class and Artinian Gorenstein ideals of them. Let us recall the context we are
working in.

We start with an odd-dimensional projective space P"*! (i.e. n even), and two odd-dimensional
linear subspaces PEt1 Pr=k=1 C prtl gych that PFH nP?~*~1 = &. Consider a smooth degree d
hypersurface X = {f = 0} C P"*! where the defining equation f is decomposable, that is, it can
be written as f = g + h, with g € H*(Opk+1(d)) and h € H(Opn-r-1(d)). Assume further that
the degree d hypersurfaces X; := {g = 0} C P**! and X5 := {h = 0} C P"*~! are both smooth.
Each of these hypersurfaces contains a half-dimensional algebraic cycle, denoted Z; € CH?® (X1)
and Zy € CH 2 (Xg) respectively. We then consider their join, J(Z;, Zs) € CH?2 (X).

Theorem 3.1. For any homogeneous polynomials P(z) € C[z] and Q(y) € C[y] such that
deg(P(x) - Q(y)) = (d —2)(5 + 1) we have

) ‘“'“'/mm s (G 2 ryer) =2 [ (ﬁ) L= ()

if deg(P) = (d—2)(£ + 1) and deg(Q) = (d —2)("5%), and is zero otherwise. Where €2, €', and Q"
are the standard top forms of P!, P+l and P"*~1 respectively.

Proof In order to avoid confusion let u = (ug : - -- : ug,1) be the coordinates of P**1 v = (vg :
-t Up_g_1) be the coordinates of P**~1 and (z :y) = (xo: - : Tpr1:Yo: - : Yn_k_1) be the



coordinates of P"*1. Since (8) is independent of the choice of coordinates for P**1 and P* %=1 we

can assume by Bertini’s theorem that X; N {up = 0} and X3 N {vg = 0} are smooth hyperplane
sections. By the bilinearity of (8) we can reduce ourselves to the case of monomials P(z) = 2% and
Q(y) = y°. Let us treat first the case where deg(z®) = (d — 2)(£ + 1) and deg(y®) = (d — 2)(%5%).
Let us denote

80 902
l’ y n
WaB —res< )g+1> € H2(X,Q3%),

u® ’ k k
Wo 1= res( ) € Hz(X1,Q%,),
g(u
B n— 2 n—k—2
" n—k—2
wg 1= res (%) ceH" =" (X2,Qy,° ).
h(v) =

Consider the birational map
Q: PkJrl % Pnfkfl % ]P)l s ]P>n+1

QO(U,’U,t) = (tOUOU : tluov)

whose indeterminacy locus is given by Cy U Cy U C for
C[‘_):{UO:UO:O}7 Clz{uQItQZO}, CQZ{U():tl:O}.
Let Pyx; be the projective simplicial toric variety obtained by successively blowing-up Cy, C7 and Cy

Py T PEHL x Proh=l x P!

e !
\‘ i 2

]Pm—i—l

Let us denote their Cox rings by
S(Pn+1) = (C[:C07 <oy Tht1,Y0,5 - - - 7yn—k—l]7

S(]P)kJrl x PPkl Pl) C[UO, ey Uk41,V0y - -+ s Un—k—1, L0, tl],

S(Py) = Clao, - - -, ak+1,b0, - - ., bp——1, S0, 51, €0, €1, €2],

hence we have the identifications induced by ¢ and 7

xo = touovo, ... ,  Tgt1 = LoUk+10,

Yo = t1uovo, - 5 Yn—k-1 = L1UOVp—k—1,
Uup = apepfl, Ul = ai, ... , Uk+1 = Ak+1,
vo = boeoez, v =0b1, ... Up k-1 = bp_g_1,

to = Sp¢€i, tl = S1€9.

In order to understand the fan of Py let us write first the primitive generators of the rays corre-
sponding to each variable. Let M;, M, and Ms be the character lattices of P*+1, Pr—*~1 and P!



respectively. Let N; := M,” be the dual lattice. Then, the primitive generators of the rays of ¥

belong to N := N1 & No@® N3. Let us denote by {r](-i) }; the canonical basis of IV;, then the primitive
generators of the rays of ¥(1) correspond to

k+1 n—k—1
1
Pa; = ( ( ) )0, O Pag = Zpam Pb; ( )7 a Pby = Z Pb; s

3
(0 0, T( ))7 Pso = —Ps1s Peo = Pag T Pbys Per = Pag T Psos  Pes = Py + Ps1>
fori=1,... ,k +land j=1,...,n—k—1. In order to describe the (maximal) cones of ¥(n + 1),
we write the generators of its irrelevant ideal as follows
B(Z) :<{a0aib0bj80€1, aoaibjsoslel, aoaibj51€1€2, aibobj80€1€2, aoaibobjsleg,
a;bobjsosiez, agbobjsoeoer, aobjsosieper, apbjsieperes, a;bpspeperes,

aoaibosleoeg, aibososlegeg, aobosoeoeleg, aobosleoeleg}lg i < k+1 >
1< j < n—-k-1

Let Y C Py, be the strict transform of X C P"*! under the birational morphism &. In particular
Y = {f = (Sobo)dg(u) -+ (Sla())dh(’l)) = 0} g ]PE

is a smooth hypersurface (here we use that X; N {up = 0} and X3 N {vg = 0} are smooth). Let
W € CH2(Y) be the strict transform of J(Z1, Z) € CH2 (X). Since m.(W) = Z; x Zy x P!, in
order to obtain (8) it is enough to check that

n
) ITrE=Th / PiWapg = — / 7 (priwa U priwg U prio)
T2 - JW w

[SIE

for 6 € H'(P',Q3,) the polarization (whose period is 27i). Let
2= {g(z) = h(y) = 0} € X C P"*!

which is a smooth complete intersection of bi-degree (d,d), and J(Z1, Zs) € CH2 (X;3). Since
the open sets V; = {z; 85;) # 0} and V/ = {y 83@53) # 0} cover Xy for j = 0,...,k and

£=0,...,n—k—2, we can assume by the movmg lemma that J(Z1, Z3) is supported in a collectlon
n—k—2

of smooth subvarieties of X 5 contained in UJ: UjUulU,—g Vi. Let us denote by Wy C Y the
strict transform of any of such subvarieties. Thus, in order to prove (9) it is enough to show that

n
2°
n—k=2

(10) Ty P Waplw, = — 7 (priwa U praws U prif)w,
k |

e

in Hjy(Wy,C) ~ H 2 (W, QI%VO) We can compute the left hand side of (10) using a toric version
of a theorem due to Carlson and Griffiths [18, Theorem 8.1] which computes the residue map in
Cech cohomology relative to the Jacobian cover U = {Ui}?iOG of Y, where U; = {f; # 0} and f; are



the partial derivatives of f with respect to the homogeneous coordinates of Py. Let us denote by

Q" the standard top form of Py;. Since ¢*Q = —egejeany k k+2tk+1tn =10 we get
_oy(k _9y(n=k ey 202
) S — res [ o) D ) T i) B
@ (606162)n+2f%+1
B Sg(§+1)_lsf(%%)_lag(%)bg(§+1)eoua069/// 2z
= —res s
d(5+1)—-1 d(*5%)-1 d( k) d(k+ )
-1 2 b u®P Q" n n
=i e HIU.09)
5!

|J]=241

where we are using the notation from [18]. On the other hand we have

1 u®Y, E, _ _ k
T priwalw, = o { K} € Hx(w 1pr1 , QﬁVO),
3! 9x )K=k

* * ]. UBQ” n—k—2 n— k 2
T prowglw, = T { hLL}L| € H (7r pry L{Z,Q )
2 nae

todty — t1dto

toty

where U, and Us are the Jacobian covers of X7 and X5 respectively, while U3 is the standard open
cover of P!. When restricted to Wy, the coverings 7~ prl_lul, T pr2_ Uy and Wﬁlprg Uy admit a

k —k—2
common refinement V = {V{; 0. }j.e.) = {V(5.00) =0 Y {Vi0,e1 }e g where

7 prs6lw, = € H(x ' pry 'Us, Oy, ),

Vijoo) = {ujgi(wveto # 0} =@~ 'V;  and  Vige1) = {uovehe(v)ts # 0} = Y

Hence
k:' n—k—2
5l T (T priwalwy U praws wy U Prawe) ) (g 1 by sa g ) =
BO! " o
u 1)&)01’7Jk+1)/\(%£k+177£g) (trgdtry = try, dbry)

(—1) T 5+,
9(]1,---7%“) (“)h(€§+1,---74g)(U)tT%tTgH

in Cech cohomology relative to the cover V. We remark that the above formula for the cup product
in Cech cohomology is well defined only for ordered tuples of indexes (the other tuples are defined by
skew-symmetric extension), and the cohomology class is independent of this choice of the ordering.

We will order the tuples (7,4, 7) lexicographically but with decreasing order in each entry. Then
for an ordered set of tuples

k. n—k—2
(12) 5' : f' : (ﬂ-*(pf{wa U Pf;wﬁ U pr;ﬁ)|W0)(j1,€1,r1),...,(j%+1,E%Jrl,r%Jrl) =



uvPr (Y, o)) AT (X0 s 0)) A (s1e2d(spe1) — sperd(siez))

(—1)%+5+1. 3o (24
9(0,...,5)(“)@07,”7%1%2)(v)sosleleg
if (jl,---7j§+1>:(gy-..y ) (gk—i-l""’E%):(n_é"_z,---;O) and (r%,r%+1):(1’0)7and is zero

otherwise. Now it is routine to verlfy (10) in the open covering V (which is a sub-covering of U|w,)
using (11) and (12).

For the case where deg(z®) # (d — 2)(% + 1), let r := deg(2) — (d — 2)(% + 1). By the same
argument as above, it is enough for us to show that

n

Frwaslw, =0€ H2(V, Q).
Using (11) in this covering we can write

P waglw, = 7 (prign U pr3f)|w,,

n_ n_q
for n € H271(pryg(V), Q% s x, lor,, (o)) given by

! 1!
u®vPQ )/\Q(

77 o Vo r (]17 7.7k+1 Z§+1""’£%)
(j17€17rl)7"'7(jﬂ7€ﬂ7’rﬂ) - : s
PR U . h v
0 g(]l,-..,j%Jrl)( u) (zgﬂ,...,z%)( )

n—k—2

k n—k-2
where each open set of the covering priy(V) = {10} = {1500 }i=0 Y{T(0,61) =g 1s of the
form T; 0.0y = {ujvog;(u) # 0} or T(g 1) = {uovehe(v) # 0}. And where

-

The result follows since § = 0 for r #0. |

| S

) 0 € H' (Us, Qp1).

S

4 Cycle class and Hodge loci of join algebraic cycles

In this section we translate the periods relation of Theorem 3.1 into relations of the corresponding
cycle classes and Hodge loci in the context of join algebraic cycles. The first relation is the content
of Theorem 1.2 which we prove in the following.

Proof of Theorem 1.2 Applying [16, Proposition 6.1] to Theorem 3.1 we obtain

ny.
nl.d

(13) €= R nk—2
2° 2 :

C1C2

where ¢, ¢1,cy € C* are the unique complex numbers such that

-1 +1n|

( )d PQPj(z, 2, = c-det(Hess(g + h)) (mod Joth)
(-1 5!
TQPP& = ¢ - det(Hess(g)) (mod J9)

2__QPy, = cy - det(Hess(h)) (mod J")

10



for P € C[x](d—2)(ﬁ+1) and @ € C[y](dﬁ)(ﬂ). Since RI™" = RY @ R" and det(Hess(g + h)) =
2 2
det(Hess(g)) - det(Hess(h)) it follows that

PQPJ(ZLZQ) = PQPZ1P22 (mOd Jg+h)

for all P € (C[x](d—2)(§+1) and @ € (C[y](d_z)(n%k). In particular,

(14) 2*y’(Py(z,.2) — P2, Pz,) =0 € R™"

for all monomials such that deg(z®) = (d — 2)(% + 1) and deg(y®) = (d — 2)("7_’“) On the other
hand if deg(z®) > (d — 2)(% + 1) then 2Pz, = 0 € R9*" and similarly if deg(y®) > (d — 2)(%5%)
then y° Pz, = 0 € RI*". Hence, it follows from the second part of Theorem 3.1 that (14) holds for
any monomial of degree deg(zy”) = (d —2)(% +1). Since R9*" is Artinian Gorenstein of socle in
degree (d — 2)(n + 2) we obtain (3).

Now if an element T € RI™" is zero in RITM = R9:1Z1] @ RMIZ2] then

e
T= ZTZ(x) Tei(y)
=0
where T;(z) € R, T,_;(y) € R , and for each i = 0,...,e, we have T; € (J9 : Pz,) or T,_; € (J":
Pyz,). Hence such a T satisfies that T - Pz, - Pz, = 0 € R9"" and so
Jotho - (Jg+h,PZ1 - Pg,) = JothlJ(Z1,22)]

Since both are Artinian Gorenstein ideals of socle in degree (d — 2)(§ + 1), they are equal and (4)
follows from Remark 2.1. [ |

In Section 2.2 we recalled the quadratic fundamental form, which is a second order invariant
of the Hodge loci that vanishes when the corresponding Hodge locus is smooth and reduced. As a
consequence of Theorem 1.2 we can relate the quadratic fundamental form of V};(z, z,) with those
of Viz,) and V|z, as follows.

Theorem 4.1. In the same context of Theorem 1.2 let us denote by
q : Sym?(JITMIZI) —y RIR /(P - Py,
q : Sym® (J9A)) = RI/(Py,),
a2 : Sym?(J" %) — R'/(Py,),

the bilinear forms (introduced in Theorem 2.1) associated to J(Z1,Z3), Z; and Zs respectively.
Consider
G= Al (‘Ta y)Gl («73) + AQ((L‘, y)GQ(y) c JgJth[J(Zl,ZQ)}

H = By(a,y)Hi(z) + Ba(x,y)Ha(y) € JoThl(Z1.22)]
with Gy, H, € J941 Gy, Hy € JM22] Then

(15) q(G,H) = AiB1P7,q1(G1, H1) + A2 Bo Py, q2(Ga, Ha).

In consequence for any degree e > 0 we have the following;:

11



(i) If ¢1 and g2 vanish in all degrees ¢ < e, then ¢ vanishes in degree e.

(ii) If ¢ vanishes in degree e, then q1|sym2(Jg 121l -Clz]; = 0 € R9/(Py,) for all degrees ¢,j > 0

such that £ < e, j <2(e—/) and 2(e = /) —j < (d —2)("5% k). One gets a similar assertion for
q2 by symmetry.

Proof Write
k+1 n—k—1

oh

GI'PZ1 ZQ’L 8.’E ) GQ'PZ2: Rj(y)@ y
1 j:(] J
k+1 n—k—1 oh

Hy - Py = ZS , Hy- Pz, = Tj(@/)afy :
j=0 !

then it follows by (7) that
q(G,H) = A1B1Pz,q1(G1, H1) + A2 B2 Py, q2(Go, Ha)

k+1 9A n—k—1 9A
+B1Pz, > (H1Q; — Glsi)a—%1 +ByPz, Y (HaRj— GQQ)T;.
i=0 ¢ §j=0
Note that Y00 (H1Q; — G15:) 5% = 0 and 320~ (HaR; — GoTj)H% = 0. Since (5,..., af,il)
and ( Byt 8yn6_}2 - ) are regular sequences, it follows by the exactness of the Koszul complex that

HQ; — GlSZ- € J9 and HoR; — GoT; € J", and so we obtain (15). From (15) we obtain (i) by
a direct computation in the generators of J9T1/(21.22)l which are generators of either J%[Z1] or
T2 (by (4)).

In order to show (ii) consider G = H = A(x,y)G1(z) for any ¢ < e and any G; € Jf’[zﬂ. Then
by (15)

A%. P22 . ql(G1,G1) =0¢ Rg+h/<le : PZQ>

for all A € C[z,y]e—¢. In particular, for any monomial z%y® € Clz, yla(e—e) we can write it as
royP = A1 Ay with Ay, Ay € Clz,y].—¢ and so

(A +A2)2
4

Ay — Ay)?
%y 'PZ2'Q1(G1,G1):< e 1 2) >PZQ'Q1(G1,G1):0€Rg+h/(le'Pzg>-

From this, it follows in fact that for any j < 2(e — ¢) and any two polynomials Q(x) € Clz]; and
S(y) € Clylae—e)—;

Q-S-Pg,- ql(Gl,G1) =0¢ Rngh/<PZ1 : PZQ>'
As 2(e —0) —j < (d — 2)(”7_1“) we choose S such that S - Pz, ¢ J", then there exists some
T(z,y) € Clz,y] of bi-degree (¢ + j,2(e — ) — j) such that

(16) Pz,(Q(z) - S(y) - a1(G1,G1) — T(x,y) - Pz,) € Jo".

Considering S1(y), - - -, S:(y) € Cly]ae—r—; such that {S( )sS1(y), ..., Se(y)} is a basis of Rg(e—ﬁ)—j
. . h h i

and {S1(y),...,Sp(y)} is a basis of ker(RQ(e_g) ] Rz(e 0+(d-2)(254) j) we can write

T(z,y) = U(@)S(y) + Y _ Un(2)Smly) € RS

m=1

12



- ~ - h +h _ h
Since {Pz,S(y), Pz,Sp+1(y), - - ., Pz,S¢(y)} is a basis of R2(e—€)+(d—2)("7_k)—j and RIt" = RYI®@ R",

then (16) is equivalent to have
Qx) q1(G1,G1) =U(x) - Pz, =0€ RY

and Pz Uy, (x) =0 € RY for all m =p+1,...,t. Therefore Q(x) - ¢1(G1,G1) =0 € RI/(Py,) for
all Q(z) € Clz];. [ |

5 Examples in Fermat varieties

In this section we give examples of join algebraic cycles inside Fermat varieties, illustrating how we
can use the join structure to simplify their study. We focus on combinations of two linear cycles
inside low degrees Fermat varieties, whose corresponding Hodge locus is not known to be reduced.
This kind of combinations have already been studied by Movasati, Kloosterman and the second
author [7,11,11,12,16] as a non-trivial case to study the Variational Hodge Conjecture for reducible
algebraic cycles.

Along this section X := {f := xg 4+ 4 wﬁ 41 = 0} is the degree d Fermat variety of even
dimension n. Its automorphism group corresponds to Aut(X) = G x S,,42, where &,,42 acts by
permutation on the coordinates and G = (Z/dZ)"*?/Im(a € Z/dZ + (a,...,a) € (Z/dZ)"?) ~
(Z/dZ)"*! acts diagonally as

a-(zo::xpq1) = ((Pmo: o (M @ng),

27

where for any k& > 0, ( denotes the k-th primitive root of unity e * . The Fermat variety contains
several §-dimensional linear cycles, which are obtained as the orbit under the action of Aut(X') on
the cycle

P3 = {xg — (a1 = T2 — Coqt3 = - - = Ty, — Coanr1 = 0}

Example 5.1. Consider the zero dimensional Fermat variety Xo = {zg + 2¢ = 0}, and a point
Zp = {(C24 : 1)} € Xp. Since this is a complete intersection cycle, it follows by [16, Theorem 1.1]
that the cycle class of Zy has primitive part

—1
[ZO]prim - Fres (

Py, (zodx1 — z1dx0)
mg + :cil

for the associated degree (d — 2) polynomial

Py, = d(sq (xgl — (C2d$1)d_1> )

xo — (241

Consequently J ag+et [ Zo] = (xo — C2q11, $Cll_l> and the quadratic fundamental form ¢ vanishes (by
Remark 2.3 this is reduced to check that q(zg — (oq21, 20 — (2q21) = 0).

For higher dimensions, the Fermat polynomial z¢ + - -+ z¢; can be written as a sum of % +1
Fermat polynomials in two variables. Let X; = {24, , + 24, ; =0}, and Z; = {((q: 1)} C X; for
eachi=1,...,5 +1, then

Pz = J(Zy,..., Z%—H)'
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In consequence

5+l df d—1
. ” 41 *+1 2i— (C2d$21 1)
g g T (42

P T2i—2 — (24T2i—1

and so JHP2] = (xo—Cogq, x‘li_l, . —(2dTni1, T n+1> By item (i) of Theorem 4.1 its quadratic
fundamental form also vanishes. One can do similar computations for all other linear cycles in the
Fermat variety.

Example 5.2. Let —1 <m < 7 be an integer. Consider inside P! the linear subvarieties

P*™ = {xn—2m — C2dTn—2m+1 = Tn—2m+2 — (2dTn—2m+3 = - -+ = Tn, — (2dTns1 = 0},
n —
P2 := {xg — (2421 = @2 — (243 = -+ - = Tp—2m—2 — C2dTn—2m—1 = 0} NP,
~n _ _ —
P2 :={zg— (0x1 =+ = Tpn_om—2 — (o " *Tp_om-1 =0} NP"™,

where ag, a9, ..., an_om—2 € {3,5,...,2d — 1}. Then

P™ =Pz NP3 ={zo=x1=w0=23="""=Tp_9m—1 =0 NP"".

It turns out that the linear combination Z := rP2 + #P2 of these two 5-dimensional linear cycles
is a join algebraic cycle, for all r,7 € Z \ {0}. In fact, inside each degree d Fermat variety

X1 = {g e ;Ug 44 $g_2m_1 _ 0} - Pn—2m—1

and
X :={h _xn 2m+...+xg+1:0}g]p2m+1

we can consider the algebraic cycles Z; € CH2 7""!(X}) and Zs € CH™(X>) given by

Zy:=rL+7L,
Zo = {xanm — (2dTn—2m+1 = Tn—2m+2 — (2dTn—2m+3 = *** = Tp — (2dTnt1 = 0} C X,
where
L :={zg — Car1 = 22 — (2473 = -+ = Tp_2m—2 — (2dTn—2m—1 = 0} C X1,
Li={xg— (01 =m0 — (2x3 =" = Tp-om—2 — Coy " *Tp—om-1 =0} C X1.

n

Since P2 = J(L, Zy) and Pz = J(L, Zy) then
Z = P2 + P2 = rJ(L, Zy) + 7J(L, Zo) = J(Z1, Z») € CH? (X),

where X = {f := g+h = ad+-- -+:1:ﬁ+1 = 0} is the n-dimensional Fermat variety. By [10, Theorem
1.3] the Hodge locus V] satisfies

Viz) = V[IP’%] n V[P%]
whenever d > 3 and m < 5 — fg. On the other hand, it follows from [10, Propositions 17.8 and
17.9] that V[]P?] N VUP’ 3] is smooth and reduced without restrictions on d and m. In particular, for
d>3andm < § — d% V[Z} is smooth and reduced. The cases not covered in [16, Theorem 1.3]
are: (d,m) = (3 5 — 3), in which case Movasati conjectured V{7 is smooth (see [11]), (d,m) =
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(3,5 —2),(4,5 —2) and m = § —1 with  # 7. In this last case when r = 7 the algebraic cycle Z is
a complete intersection and V|7 parametrizes hypersurfaces containing a complete intersection of
type (1,1,...,1,2). In the recent article [7] Kloosterman showed that if (d,m) = (3,5 —3), n > 10
and r # 7 then V|7 is not smooth, disproving Movasati’s conjecture. Moreover, he showed that
when 7 = 7 and n > 4, V|7 is smooth. Similar results are obtained by Kloosterman in the cases
(d,m) = (3,5 —2) and (4,5 — 2). We will analyze each of the above cases separately, using the
join description to determine their associated Artin Gorenstein ideals and corresponding quadratic
fundamental forms.

Proposition 5.1. Consider the notation of Example 5.2. For d = 3, n > 4, m = § — 3, the
Artinian Gorenstein ideal J/[4] associated to the algebraic cycle Z is

n
12] /g 21n+1 5 2
J/12] —<{xj 00 {zey — CGemojn1 gy {orejiti—o, Aizizazs + Aszizgas
rore + Birixo + Boxixs, xoxs + Cix1x9 + Coxixs, Toxs + Dix124 + Doxi25

xoxs + Frxixy + Eoxixs, xoxy + Flasxy + Foxsxs, xoxs + Gix3ry + G2$31‘5>

where (Al . AQ) —_ (—T 4 fg‘géo+a2+a4 . T€6 o fggo+a2+2a4) c IP)I,

Blz—(C€°+“2—<6) By — 6 (G — Go) Clz_( 6 —Ge) CQZCG( 6 —G")
6 — Co 6> — Go 62— Ce 62— Co

Dy — —(¢gote _462)’ Dy — sr(gge —CG), B, = —(G° — o) B, — Co(Ce® — 34)’
6 —Co 6" —Co 6 —d 6 =G

Flz_( & — @) Fy = () Glz_( SQ—CG), GQZCG( 6. — 34)_
6t =G 6t —C 6t — o 6t —C

In particular, the degree k := §+4 piece of the quadratic fundamental form vanishes on Sme(Jg ’[Z}).

Proof Since Z = J(Z1,%3) is a join algebraic cycle, by Theorem 1.2 it is enough to compute
JolZ] and Jhl22] In Example 5.1 we already computed J™!22], and so we just need to show that

Jo =<$37 a1, x5, 13, ¥%, T3, ToT1, T2T3, T4T5, A1T12374 + AsT17375
roTo + Bir1xe + Boxix3, xoxs + Cix1x9 + Coxixy, Toxs + Dix124 + D215
xoxs + Fhrxixy + Eoxixs, xoxy + Flaszy + Foxses, xoxs + Gix3ry + G2$3l‘5>.
Note that the right hand side is contained in the left hand side. Assume that A; # 0 (the case

where A; = 0 is analogue), then the ideal generated by the leading terms in the lexicographic
monomial ordering is

(23,2, 23, 23, 23, 22, wow1, 0x2, T0T3, TOT4, TOT5, T2T3, T2T4, T2T5, T4T5, T1T3T4) C LT(JOA),
Thus if we show that both monomial ideals have the same Hilbert function we are done (and in
fact we conclude that the generators given above are a Grobner basis of J 9’[Z1]). To see this, note
that for the left hand side monomial ideal, it is very easy to compute its Hilbert function, and in
fact we see that the quotient ring has Hilbert function 1, 6, 6, 1, and 0 for degree bigger than 3.
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On the other hand the Hilbert function of R%!41 is of the form 1, ¢, ¢, 1 and 0 for degree bigger
than 3 (since J9%%! is Artinian Gorenstein of socle in degree 3). Thus it is reduced to show that

¢ = 6. In other words, to show that Jf’[zﬂ = 0. And this can be shown using [0, Proposition 2.1].
The last statement about the quadratic fundamental form follows from Theorem 4.1 item (i) and a
routine verification that the quadratic fundamental form ¢; |Sym2( Jo1211y vanishes in degree < 3. W

Proposition 5.2. In the context of Example 5.2 consider d = 3, n > 2 and m = § — 2. The
Artinian Gorenstein ideal J/[4] associated to algebraic cycle Z is

n
12] _ /g 212041 5
Jr! ]—<{33j}j:o s {zoy — Cem2jt1} g, Tow1, Tows, Arz172 + Asa13,

le()l'g + nglxg + B3£C1x3, Clxoxg + CQIL'l.CCQ + C35171.113>
where (Ay : Ag) = (r¢3 + 7#¢50T2 1 — 7(QOT22) € P,

(rG2 + 7C50F02 1 02 (s — 7Co0T) if Ay £ 0,

By :By: Bs) =
( 1 2 3) { (7" _ fC6010+2a2 . _TCG + 7;4-62(060"1‘042) . 0) lf Al — O7

(rG +7¢gOT 2 10 —#C50T2) if Ay #£0,

(Cl : 02 : CS) = { (T‘ _ g0+2a2 4 fé-goco-i-az . O) if Al =0.

In particular, the degree k := 5 + 4 piece of the quadratic fundamental form vanishes.
Proof As in the proof of the previous proposition we just need to show that
Jol4] =<9€(2), a3, 3, x5, Tow1, Taw3, A1z132 + Apwias,
Bixgrs + Boxixo + Byxix3, Cixoxs + Coxixo + 03$1x3>.
The right hand side ideal is clearly contained in J9#1) hence it is enough to show that both ideals
have the same Hilbert function. If A; # 0 then the leading terms ideal of the right hand side ideal

1S
2 2 .2 .2
<330> €Ty, L9, T3, TOT1, T2T3, T1T2, TOIL2, 960963>

whose quotient ring has Hilbert function equal to 1, 4, 1 and 0 for degree bigger than 2. If A; =0,
the leading terms ideal is

2 2 .2 .2
<Jfo, €Ty, L9, T3, TOT1, T2X3, T1T3, TOL2, 960963>

whose quotient ring also has Hilbert function equal to 1, 4, 1 and 0 for degree bigger than 2. Thus
we are reduced to show that R%[Z1] has the same Hilbert function. Since J9 !4 is Artinian Goren-

stein of socle in degree 2 we just need to show that J 12l 0, which follows from [16, Proposition
2.1]. The statement about the quadratic fundamental form follows from Theorem 4.1 item (i) and
the fact that gi|gy,,2(ss.1717) vanishes in degree < 2. [ |
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Proposition 5.3. In the context of Example 5.2 let d = 4, n > 2 and m = § — 2. The Artinian
Gorenstein ideal J/[4] associated to the algebraic cycle Z is

n n
2] _ /5.3 3 3 2 2 2 2 2
JhiZl —<{I2j+1}]~2:0, {zoj — Gwojy1}tg, ox1, Tox3, A1ximoms + Aswias,
Toxo + Bixiwe + Boxixs, xors + Crxixo + Coxixs,

.1‘(2) + Dizox1 + DQ.ZU%, .TU% + Fixoxg + E2$§>

where (Aj : Ag) = (r¢2 +7¢507% : —(r¢3 + f(§‘0+2a2)) e P,

B = C82 _ C8040+a2 B, = CS(C8040+042 _ ngJrl) c, — C8 _ Célo C, = CS( géo _ gz)
> —G (® — (s ’ g —Cs’ SR

_ _(Cg(ao-i-l)_i_l) b §0(1+<§zo+3) b _(C82(062+1)+1) b gtz(l+€§v2+3)

G —¢) T QG -6 T QT -6 T Q-6

In particular, the degree k := n + 6 piece of the quadratic fundamental form vanishes.

Proof As in the other cases, we are reduced to show that

Jolzil :<xi’, x5, woxt, woxd, Ayxixoxs + Apaicl,
xore + Bizi1xe + Boxyxs, xoxs + Crx1xe + Coxqaa,
l‘g + Dixox1 + DQ"E%, I‘g + Fixoxs + E2:E§>
The right hand side ideal is clearly contained in J9 %1, Let us assume that A; # 0 (the case A1 =0

is analogue), taking the ideal generated by the leading terms in the lexicographical monomial
ordering we get

2 2 3 .3 2 2 2 Z
(x5, x5, xoT2, TOT3, TY, T3, ToT], Taxs, rixexs) C LT(J941).

For the left monomial ideal, the quotient ring has Hilbert function 1,4,6,4,1 and 0 for degree
bigger than 4. Thus it is enough to show that J; 1211 — 0 and dim Jg 121
again [10, Proposition 2.1] and check that

= 4. For this we use

TP = (wg — Gy, wa — Gaa)1 N (o — (801, 0 — (§2w)1 = 0
and .
TP = (wo — Gar, w2 — Caws)a N (o — (§0m1, 22 — (§2a5)a
= ((zo—Cs21) (w0 — (5 %21), (w2 — G323) (20 — (O w1), (20— Gsw1) (w2 — (5P x3), (w2 — G33) (22— (g w3)) 2.

The statement about the quadratic fundamental forms follows from Theorem 4.1 item (i) and the
verification that the quadratic fundamental form ql\symg (Jo[21)) vanishes in degree < 4. |

With the same notation of Example 5.2, the last remaining case to analyze is m = 5 — 1 and
r # 7. In this case we are not giving a full description of the generators of the Artinian Gorenstein
ideal, but instead we provide an element where the quadratic fundamental never vanishes for
d>2+ 8.
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Theorem 5.1. For d > 2+ 2, m =2 — 1 and r # 7, the degree k = d + (d — 2)(% + 1) piece of
the quadratic fundamental form associated to the Hodge locus VT[P%} PR does not vanish at the

Fermat point. In consequence V/ PB4+ is not smooth.

Proof The condition d > 2+ £ allows use to use Theorem 4.1 item (ii) applied for e = d, £ = d—2
and j = k = 0, to reduce the theorem to show that ql\Symz(Jg,[zl]) is non-zero in degree d — 2.
Consider

G:= 951 ((TC2d + 7o )0 + (TC2d + "”Czao) 1) € Jgﬂgﬂ'

The quadratic fundamental form at G is
QI(G7G) =rr gC(lJ‘i‘l(Cg; B C2d)2 0 {( [C22d(d ) + Cao+1] [CQOé()( )+ Ca0+1])

+(r[(d = 1)¢a (¢ +42d)+2C2°‘°“]+ Fl(d — 1)¢5q° (Cof + Coa) + 2658 ) }.

In order to see that this is non-zero in R9/(Py,), let us note ﬁrst that <PZ1>2d 6 is a 2-dimensional
subspace of Ry, ,. In fact, in the basis of R, =C i %2{ *®oC zi 3o C - altxf?

(Pz,)2d-6 =C-Q1®©C- Q2

where
d—2,d—4 | 2 d-3,d-3 | 3 d—4_d—2
Q1 = (ra + 7Gx "2 (7"C2d 7Coq )Ty "7 (7"Czd+7“C 00)Tg wy

Q2 = (rGa + 70 ")ay i + (G + 7)) + (G + 7o)y a2,

Hence ¢1(G, G) vanishes if and only if ¢1(G, G), Q1 and Q3 are linearly dependent in Rj, . Using
the monomial basis of Rg d—g We can write a 3 X 3 matrix M whose columns correspond to ¢y (G,G),
@1 and (2. Computing its determinant we obtain

det( ) i<3a0+3( C d)3r27;2<7, _ f’)

which is non-zero for r # 7. |

Remark 5.1. This result was already pointed out by Movasati in [0, Theorem 18.3] for a finite
number of examples. In the case of surfaces Dan [2] showed that these Hodge loci are non reduced
but with reduced structure equal to Vipij N V[]P,l] at a general surface. The higher dimensional case
has also been studied recently by Kloosterman in [6] who has shown that V PR A is smooth
for n > 4 and coincides with V. n] N V[P%] at a general hypersurface. Kloosterman result together

[P

r[P2]+7(PE]
component is passing through the Fermat point.

with ours imply that V is globally reducible (as a scheme), and more than one irreducible

6 Hilbert function associated to a Hodge cycle

Theorem 1.2 gives us the tensor product structure of the Artinian Gorenstein algebra associated
to a join algebraic cycle. This structure helps us to study its associated Hilbert function.
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Definition 6.1. Let X = {f = 0} C P"™! be a smooth degree d hypersurface of even dimension n.
For every A\ € H2'2 (X, Q), its associated Hilbert function HFy : Z>¢ — Z>¢ is the Hilbert function
of its associated Artinian Gorenstein algebra Rf* = Clxo, ..., 2z,1]/J.

Corollary 6.1. In the same context of Theorem 3.1 we have HF[;(z, z,)) = HF|z,) * HFz,], this
means that for all k > 0

(17) HF 5z, 2)(k) = Y HF[z(p) - HF ,(q).
ptg=k

Proof This follows from Theorem 1.2. [ |

Example 6.1. Using the above corollary we can compute the Hilbert function of the examples
inside Fermat described in the previous section. As an illustration for one linear cycle in Fermat
(see Example 5.1) we get

(18) jHFW%]::¢%%+U

where ¢ : Z>9 — Z>( is the Hilbert function of a point in a 0-dimensional Fermat variety

1 if0<k<d—2,
@(k)Z{ ks

0 otherwise.

In other words HF[P%](k) counts the number of ways of writing &£ as an ordered sum of § + 1
numbers between 0 and d — 2.

Remark 6.1. The Hilbert function of (18) is in fact the Hilbert function of a generic linear cycle
inside a smooth degree d hypersurface of even dimension n. This follows from the upper semi-
continuity of the Hilbert function along the locus of hypersurfaces containing an %F-dimensional
linear cycle. In fact, the upper semi-continuity of the Hilbert function holds along the locus of
hypersurfaces containing an F-dimensional complete intersection for any fixed multi-degree. This
is a direct consequence of the explicit description of generators of the associated Artinian Gorenstein
ideal which can be found in [17, Example 2.1]. In particular we can compute the Hilbert function
of a generic complete intersection of type (1,1,...,1,k) by writing it as a join in Fermat. In
general, for other types of algebraic cycles A we do not know whether the Hilbert function is upper

semi-continuous along V) or not.

7 Fake algebraic cycles

In the article [3] the authors found pathological algebraic cycles in all Fermat varieties of degree
3, 4 and 6. They were pathological in the sense that their associated Hodge loci V) had the
biggest possible Zariski tangent space at the Fermat point without being A the class of a linear
cycle (contradicting a conjecture of Movasati). These cycles were called fake linear cycles and
were constructed from an arithmetic viewpoint using the Galois action in the cohomology of the
Fermat variety. Using the join construction we can have a better understanding of these cycles as
explicit combinations of linear cycles. In this section we will introduce a more general notion of fake
algebraic cycles, inside any smooth hypersurface and we will show how one can find hypersurfaces
containing fake linear cycles in any degree.
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Definition 7.1. Let X = {f = 0} C P""! be a smooth degree d hypersurface of even dimension
n. Let Z C X be an F-dimensional algebraic subvariety. A Hodge cycle A € H %’%(X ,Q) is a fake
version of [Z] if

HF) = HF |z

but Aprim is not a scalar multiple of [Z]prim.

Remark 7.1. By [3, Theorem 1.1] all Fermat varieties of degree d = 3,4,6 (and only for those
degrees) admit fake linear cycles. In fact, in this case the main result shows that HF,(d) =

(C0) =G+ =HF

(e — (cjaaj)
(19) P=ao]] ( !
j=0 J

T2j — CjT2j+1

%] (d) implies

for any ¢; € (5 - {z € Q((a) : |2| = 1} and some ¢y € Q({2q4)*. From this we deduce that

(20) JIA = (xo — coT1, T2 — C1T3y ..o, Ty — c%arnﬂ,xg_l, ... ,a:f;rll>,
which in turn implies that HF), = HF[P%}.
corresponds to the class of a linear cycle in Fermat. In all other cases )\ is a fake linear cycle. The
description of the Artinian Gorenstein ideal (20) implies that

In the case where all ¢; are d-th roots of —1, A

241
RIA — ® RIiA
j=1

where X; = {fj(z2j—2,x2j-1) := 1:%_2 + xgj_l =0} C P! and ), is the class of a 0-cycle such that

d—1
Loi_ o9 — \C25—2T25—1
P)\. _ 25—2 ( J J )

J

d—1

Toj—2 — C2j—2T25—1

In other words, each A; is a 0-dimensional fake linear cycle. Since this is a Hodge cycle, there exist
nj1,...,nj4 € Q such that

d
P)\j = Z_Zl TN P[p;]

where X; = {p{,p%, e ,pg} C P! (note that each pZ € CH(X;) is a linear cycle, and so we know
how to compute P, j}). It follows from Theorem 1.2 that
4

)\prim =cC- J()\lv)\% .- 'a)\%Jrl)

for some ¢ € Q*. In other words, every fake linear cycle is a linear combination of linear cycles

given by
d 5+1

n
_ 1.2 g+l
A= Z (Hnj,@j)'J(pflvpggv"‘7pgﬂ+l)'
! 2
ba, b =1 g=1
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Remark 7.2. The previous remark shows that the presence of fake linear cycles in degree d =
3,4,6 Fermat varieties is due to their existence in 0-dimensional Fermat varieties of such degrees.
Using this observation one can go further and produce some fake versions of other algebraic cycles
obtained as joins. For instance we can produce fake versions of complete intersection cycles of type
(1,1,...,1,2) in Fermat varieties of degree d = 3,4, 6 by taking

A=J(A1, [Z2))
where \; is a fake linear cycle in X; = {:Ug +---+2¢ | =0} and Zy = p; + p2 € CHY(Xy) for
Xy = {xd + 24 41 =0} = {p1,p2,...,pa}. More generally, for any algebraic cycle given as a cone
Z = J(pt, Z2)

we can construct a fake version of Z if we replace the point by a 0-dimensional fake linear cycle.
Hence it is natural ask whether there are more 0-dimensional hypersurfaces (of higher degree) con-
taining 0-dimensional fake linear cycles. It turns out that it is not hard to construct hypersurfaces
with infinitely many fake linear cycles in any degree.

Theorem 7.1. Let X = {f(x¢, 1) := (x0—7121) (20 —r971) - - - (W0 —7971) = 0} C P! be a smooth
degree d hypersurface with r; € Q for all ¢ = 1,...,d. Consider for each ¢ € Q\ {r1,...,74} the
polynomial

ISR
21 P:=-"0 L cR
( ) xro — CTr1 < d—2
for a = aa—xfl(c, 1) and b = 8‘%(0, 1). Then
P (zodxy — 21d
(22) 4= res( (xo J;}. 7 xO)) € HO(X, Q)prim

is a 0-dimensional fake linear cycle.

Proof For each point p; := (r; : 1) € X we know [p;]prim € H°(X, Q). Moreover we can write it
as a residue applying [16, Theorem 1.1]

-1 P; - (zodz1 — x1d
i = g es (£ =)

> € HO(X7 Q)prim

/
where
of

1 9z _ f . rigif + gif

(23) Py = det o o)t | o 00 98 ¢ Qlag, 31]g-2.
. Oy + 7 f o — iy

Ti Zo—rim ¥ (wo—riw1)?

Since all the points [p1]prim, - - -, [Pd)prim generate the Q-vector space H O(X, Q)prim of dimension

d — 1, and the residue map is an isomorphism of Clzg,z1]4—2 = RLQ ~ H°(X, C)prim, it follows
that the polynomials P,..., Py generate all Q[xo,z1]4—2 as Q-vector space. In particular, since
¢ € Q, then P € Q[xg,x1]4—2 and so we can write it as a Q-linear combination

P=q -P+--+qq Py
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Hence 6 = ¢1 - [p1]prim + -+ + ¢4 - [Pd)prim € H O(X, Q)prim is a rational class. To see that it defines
a fake linear cycle it is enough to see that

JfH = (Jf : P) = (xo— c:cl,:cgfl,xiFl)
and so HF(; = HF[Z%] |
Now, as a corollary of Theorem 7.1 we obtain Theorem 1.1.

Proof of Theorem 1.1 Pick any degree d homogeneous polynomials fy,..., f% € Q[x,y]q such
that each f; has only simple rational roots. Define X := { fo(2o, z1)+f1 (22, 23)+ -+ f2 (T, Tpt1) =
0} C Pl For each i =0, ..., 5 consider X; := { fi(w2;, x241) = 0} C P! and take any fake linear
cycle 6; € HO(X, Q)prim. Then by Corollary 6.1

5 = J(éo,,(s%) S H%’%(X,Q)prim

is a fake linear cycle. |

Remark 7.3. A consequence of Theorem 7.1 and [17, Theorem 1.1] is that no automorphism of
P! transforms all points of the Fermat variety X = {zd + ¢ = 0} C P! into rational points for
d # 3,4,6. On the other hand, it is easy to check that for degrees d = 3,4,6 there exists an
automorphism of P! taking all Fermat points to rational points. This explains the presence of fake
linear cycles in Fermat varieties of such degrees.

Example 7.1. Let X = {f(zg,z1) := (z0 — mz1)(x0 — 271) - (v9 — r671) = 0} C P! with
rr=0,ro=1,r3 = %, ry = %, s = 3, T6 = % Consider the same notation of Theorem 7.1, and
take the fake linear cycle 0 of the form (22) where the polynomial P in (21) is defined using the
number ¢ = —1. Let P; be the associated polynomial to the point (r; : 1) € X for i = 1,...,5
(this is computed explicitly in (23)). Once we know explicitly all these polynomials, it is an
elementary linear algebra problem to find the Q-linear combination of the polynomial P in terms

of the polynomials P, ..., Ps, which is

207283 68941 507311P 26911P _ 891881P

P=_ P, — - .
810 ' 270 "% 1620 ' ° 180 ' 1620 °

For the case of fake linear cycles in Fermat varieties of degree d = 3,4,6 one first transforms the
Fermat equation to one with only rational roots, and proceeds in the same way as before. In
fact, the above example is isomorphic to the Fermat sextic under the composition of the following
automorphisms of P!

d(xo:x1) = (0 : x0 + 1)

Y(xo s 1) = (w0 — Cr2z1 ¢ (1 +¢5 ) (w0 — (o).

We have that {*¢*(f) = — 2453— : (2§ + %) and the 0-dimensional fake linear cycle § € H(X, Q)prim

is transformed to the fake linear cycle A = 1*¢*§ inside the Fermat variety {z§ + 2§ = 0} c P!

given by
A\ = res <P)\ . (a:OCém _6$1dx0)>
g+ 23
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with

5 5
3 — (cox
P)\ =c) 0 ( 0 1)
o — Co1
where ¢o = (7} 31 e (5 - St and ¢y, = 9219166 +146) Q(¢12)™
0512 (3-¢2 127 9Q(¢) AT T2 12)°

As a final result of this section we show the non smoothness of the Hodge loci associated to
fake linear cycles.

Theorem 7.2. Let n an even number and d > 2 + % an integer. For any degree d homogeneous
polynomials fo, ..., fz € Q[z, y]q with no multiple roots, let

X ={fo(xo,z1) + fi(w2,23) + - + fu(zn,an41) =0} C P,

For each i = 0, ..., % consider X; := {f;(x2;,7241) = 0} C P! and some §; € H°(X;, Q)prim with

HF'5, equal to the Hilbert function of a point. Let § := J(d1,...,0n), then ¢ is a fake linear cycle

n
2

if and only if Vj is not non-reduced or is reduced and singular at X.

Proof If all §; are the primitive classes of points (up to scalar multiplication), then ¢ is the
primitive class of a linear cycle (up to scalar multiplication), and so Vs is known to be smooth.
If some §; is a O-dimensional fake linear cycle, then we can write (up to scalar multiplication)

5; = res (P-(mzidx2z‘+1fx2i+1dl“2i)) for

k3

ofi p9fi

a
0x2; 0xo;
P — 21 2141
T2; — CT244+1

where a = 2L (c,1), b= 0/ (c,1) and f;(c,1) # 0. If we compute the quadratic fundamental

8x2i+1 ain
form g; of Vs, at the term xo; — cxoi41 € Jlfi’éi we get

qi(T2i — CT2i41,T2i — CT2i41) = a+bc=d- fi(c,1) # 0.

We claim that R /(P) is non-zero at degree 2d—5. In fact, since J7# is Artinian Gorenstein of socle
in degree 2d—4, then (J fis 2oy —cx2i+1) is Artinian Gorenstein of socle in degree 2d—5 and so there
exists some Q € (C[.'L'QZ', $2i+1]2d—5 such that Q (xgi *C$2i+1) ¢ Jfl But since P- (l‘gi *C:EQiJrl) S in,
it follows that Q ¢ (P), and so (Rfi/(P))aq_5 # 0 as claimed. Therefore

Gil gy sfi%1) * Cl2i, T2it]2a—5 # 0 € R /(P).
Using that d > 2+ & we can apply Theorem 4.1 (ii) with the valuese =d, (=1, =2d—5,k =0

to conclude that the quadratic fundamental form ¢ associated to Vj is non-zero in degree d, and so
Vs is not smooth. [ ]

References

[1] J. Carlson, M. Green, P. Griffiths, and J. Harris. Infinitesimal variations of Hodge structure
(i). Compositio Mathematica, 50(2-3):109-205, 1983.

23



2]

[3]

A. Dan. On a conjecture of Harris. Communications in Contemporary Mathematics,
23(07):2050028, 2021.

J. Duque Franco and R. Villaflor Loyola. On fake linear cycles inside Fermat varieties. Algebra
& Number Theory, 17(10):1847-1865, 2023.

M. L. Green. Koszul cohomology and the geometry of projective varieties. ii. Journal of
Differential Geometry, 20(1):279-289, 1984.

M. L. Green. A new proof of the explicit Noether-Lefschetz theorem. J. Differential Geom.,
27(1):155-159, 1988.

R. Kloosterman. Hodge loci associated with linear subspaces intersecting in codimension one.
Mathematische Nachrichten, 298(4):1220-1229, 2025.

R. Kloosterman. On a conjecture on hodge loci of linear combinations of linear subvarieties.
Rendiconti del Circolo Matematico di Palermo Series 2, 74(6):187, 2025.

C. Maclean. A second-order invariant of the Noether-Lefschetz locus and two applications.
Asian Journal of Mathematics, 9(3):373-400, 2005.

H. Movasati. Gauss-Manin connection in disguise: Noether-Lefschetz and Hodge loci. Asian
Journal of Mathematics, 2017.

H. Movasati. A course in Hodge theory: with emphasis on multiple integrals. International
Press of Boston, 2021.

H. Movasati. On a Hodge locus. arXiv preprint arXiv:2211.11405, 2022.

H. Movasati and R. Villaflor. Periods of linear algebraic cycles. Pure and Applied Mathematics
Quarterly, 14, 04 2018.

A. Otwinowska. Sur la fonction de hilbert des algebres graduées de dimension 0. Journal Fur
Die Reine Und Angewandte Mathematik - J REINE ANGEW MATH, 2002:97-119, 01 2002.

A. Otwinowska. Composantes de petite codimension du lieu de Noether-Lefschetz: un argu-
ment asymptotique en faveur de la conjecture de Hodge pour les hypersurfaces. J. Algebraic
Geom., 12(2):307-320, 2003.

M. Sebastiani and R. Thom. Un résultat sur la monodromie. Inventiones mathematicae,
13:90-96, 1971.

R. Villaflor Loyola. Periods of complete intersection algebraic cycles. manuscripta mathemat-
ica, 167(3-4):765-792, 2022.

R. Villaflor Loyola. Small codimension components of the Hodge locus containing the Fermat
variety. Communications in Contemporary Mathematics, 24(07), 2022.

R. Villaflor Loyola. Toric differential forms and periods of complete intersections. Journal of
Algebra, 643:86-118, 2024.

24



. Voisin. Une précision concernant le théoreme de Noether. ath. Ann., :605-611,
19] C. Voisin. U le théore de Noeth Math. A 280(4):605-611
1988.

[20] C. Voisin. Composantes de petite codimension du lieu de Noether-Lefschetz. Comment. Math.
Helv., 64(4):515-526, 1989.

[21] C. Voisin. Hodge Theory and Complex Algebraic Geometry II: Volume 2, volume 77. Cambridge
University Press, 2003.

DIRECCION DE INVESTIGACION, VICERRECTORIA ACADEMICA
INSTITUTO DE MATEMATICA Y FisicA, UNIVERSIDAD DE TALCA
AVENIDA LIRCAY S/N, CASILLA 721, TALcA, CHILE

Email address: georgy11235@gmail.com

DEPARTAMENTO DE MATEMATICA, UNIVERSIDAD TECNICA FEDERICO SANTA MARIA

AVENIDA ESPANA 1680, VALPARAfSO, CHILE
Email address: roberto.villaflor@usm.cl

25



	Introduction
	Preliminaries
	Artinian Gorenstein ideal associated to a Hodge cycle
	Quadratic fundamental form

	Periods of join of algebraic cycles
	Cycle class and Hodge loci of join algebraic cycles
	Examples in Fermat varieties
	Hilbert function associated to a Hodge cycle
	Fake algebraic cycles

