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ABSTRACT. The nonabelian Hodge correspondence for vector bundles over noncompact curves is
adequately described by implementing a weighted filtration on the objects involved. In order to
establish a full correspondence between a Dolbeault and a de Rham space for a general complex re-
ductive group G, we introduce torsors given by parahoric group schemes in the sense of Bruhat—Tits.
Combined with existing results on the Riemann-Hilbert correspondence for logarithmic parahoric
connections, this gives a full nonabelian Hodge correspondence from Higgs bundles to fundamental
group representations over a noncompact curve beyond the GL, (C)-case.

1. INTRODUCTION

Classical Hodge theory involves the study of the abelian sheaf cohomology of a complex algebraic
variety. The underlying complex, algebraic and topological structures of the variety give rise to the
Dolbeault, de Rham and Betti cohomology groups with coefficients in the abelian group of the complex
numbers. Nonabelian Hodge theory on the other hand concerns the cohomology with nonabelian
coefficients and essentially occurs only in degree one, since the homotopy groups in higher dimensions
are abelian. Unlike the classical first cohomologies (Dolbeault, de Rham, Betti) which are vector
spaces, the nonabelian Hodge cohomologies are stacks. The formulation and development of the correct
analogues of classical notions from the usual Hodge theory to the nonabelian setting is a combination
of the work of Corlette [I4], Donaldson [16], Hitchin [18], and Simpson [36], 38]. The implementation of
suitable stability conditions for the objects in these stacks leads to the construction of moduli spaces
and these give, among a profound field of relevance, important examples of integrable systems.

The nonabelian Hodge correspondence on smooth projective curves X is a fundamental prototype
where one can see how the algebraic objects in these moduli spaces are related, namely, stable Higgs
bundles, stable D x-modules and irreducible representations of the fundamental group into the group
GL,(C). Stable Higgs bundles bijectively correspond to solutions of a certain system of nonlinear
PDEs now called the Hitchin equations. This correspondence is an instance of a Kobayashi—Hitchin
correspondence and was established by Hitchin [I8] and more generally by Simpson [36] [38]. Another
instance of a Kobayashi-Hitchin correspondence appears in the works of Donaldson [16] and more
generally of Corlette [14], where the stability condition for a Dx-module can be interpreted as the
condition for the existence of a harmonic bundle, and the nonlinear equations for a harmonic bundle are
yet another way of writing the Hitchin equations. The classical Riemann—Hilbert correspondence for
stable D x-modules on a smooth projective curve completes the passage to irreducible representations.

In the present article, we are concerned with the problem of establishing a complete correspondence
on a punctured curve Xp := X\D between the Dolbeault, de Rham and Betti spaces, for a general
complex reductive group under the tameness condition, where D is a reduced effective divisor on X,
in other words, a set of punctures on X. In the GL,,(C)-version of this story, a categorical equivalence
was explained by Simpson in [37] and the right objects have been identified in this case as stable
filtered Higgs bundles, stable filtered Dx-modules, both with regular singularities at the punctures,
and irreducible representations of fundamental group; an analytic construction of the relevant moduli
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space was provided later on by Konno [2I]. In the work of Simpson, the passage from the Dolbeault
to the de Rham space, that is, from filtered Higgs bundles to filtered Dx-modules, goes through a
class of analytic objects on the punctured curves Xp, namely, harmonic bundles on Xp satisfying a
certain growth condition for the curvature at the punctures called tameness. Then, the equivalence
between the de Rham and Betti space, that is, from D x-modules to representations, pertains a version
of the Riemann—Hilbert correspondence on punctured algebraic curves with regular singularities. It is
important to remark here that this step is much more involved compared to the standard Riemann—
Hilbert in the compact curve case.

The full problem for general complex reductive groups on noncompact curves turns out to be signif-
icantly more subtle and has received considerable attention from many authors; we refer to [25] §1.1]
where a detailed bibliographical study on various previous works is included. Among these approaches,
an important version of the correspondence (which also applies for any real form of such a complex
reductive group) appeared in the work by Biquard-Garcia-Prada—Mundet i Riera [5]. In that article,
the authors introduce notions of (poly)stable parabolic G-Higgs bundles and (poly)stable filtered G-
local systems establishing a correspondence between them. The correspondence involves proving the
existence of solutions to certain non-linear PDEs that generalize the ones appearing in the GL(n, C)-
case studied by Simpson. Moreover, a relation between the local data at the punctures is established
involving an important relation between slo-triples known as Kostant—Sekiguchi correspondence. How-
ever, under this definition for a parabolic principal G-bundle, to a connection corresponds not a single
holomorphic bundle but rather a class of holomorphic bundles equivalent under meromorphic gauge
transformations. In the case when the group is G = GL,,(C), the extra structure at the points of a
divisor is described by a weighted filtration, usually called a parabolic structure, in the fiber of a vector
bundle. Yet, beyond the group GL,(C), one has to go further out in a formal neighborhood of the
puncture in order to get the correspondence among a Dolbeault, a de Rham and a Betti space and
this requires a different approach.

1.1. Examples. In order to stress further the fact that the parabolic structure is not enough to fully
describe the correspondence other than GL,, (C), we include below basic examples in the case of SLz(C).
We first fix some notation: R = C[z] and K = C((2)).

Connections. Let A(z) =, a;z" be an element in gl,, (K), and we consider A(z)% as a connection
form with regular singularities. The action of g € GL,,(K) on A(z)df is defined as

9o AT = (Ad(g)A(E) L +dg g,

which is the gauge action. It is well-known that for any A(z), there exists an element g such that

go AL =L,
z z
where a € gl,(C) is a constant matrix (see [I9, Theorem 5.1.4] for instance). This result is very
powerful, and it implies that the information around punctures can be understood simply from that
over the punctures. With the help of this property, the monodromy can be described directly around
punctures, which is exactly exp(—2my/—1a), and filtered (or parabolic) Dx-modules appear in the
Riemann—Hilbert correspondence with regular singularities.
However, this property no longer holds for general reductive groups. Consider, for instance,

wo-(3 )50 )=

as an element in slp(K). Then, the connection form A(z)% is gauge equivalent to a% for some

a € sl5(C) if and only if m is even [2, §8.2]. This shows that the connection form A(z)% is not gauge
equivalent to the form a%% in general.

z
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0 =z
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6(2) :B(z)% = (((1) 8) ;12+ (8 (1))> o

the corresponding Higgs field. As an element in gly(K)%, the poles of all eigenvalues of ¢(z) have
order one, thus the tameness condition is satisfied (see [37]). Note that the Higgs field has a nonzero
coefficient of the term Z%, and it seems to be hard to find parabolic structures preserved by ¢(z) in

Higgs fields. Consider the matrix B(z) = ( ) Denote by

this form. Nonetheless, taking g = <_11 }) . ((1) 2), it is easy to check that

Ao = (3 1) Z ean®Z,

which is a Higgs field with trivial coefficients of higher order terms. In this form, the Higgs field is
much more related to a parabolic structure on holomorphic bundles.
However, if we consider B(z) as an element in sls(K), the above calculation does not make sense

0 0
is not conjugate to any matrix in sly(R). Therefore, although the Higgs field ¢(z) satisfies the tameness
condition, there is a nontrivial coefficient of a higher order term in the case of SLy(C), which is an
obstacle to defining a parabolic structure directly.

because the matrix <1 is not a well-defined element in SLy(K). Moreover, the matrix 291 Z)

The role of a parahoric structure in providing a nonabelian Hodge correspondence for general re-
ductive groups on noncompact curves, has been pointed out in the studies for establishing a Riemann—
Hilbert correspondence on noncompact curves for groups other than GL,,(C). It first became apparent
through the work of Boalch [7] that the more adapted objects to replace the (parabolic) vector bundles
on the de Rham (and Dolbeault side) for an arbitrary group G are torsors given by parahoric group
schemes in the sense of Bruhat—Tits [9], [I0]. In that work, a notion of weight was introduced, which
was used to define parahoric groups, and a local Riemann—Hilbert correspondence for logarithmic para-
horic connections was established, called briefly logahoric connections. Furthermore, a description of
the local data in the extension of the nonabelian Hodge correspondence for a complex reductive group
was given (see [7, §6]).

1.2. Main Results. In this article we establish a correspondence among stable logahoric Higgs torsors
of degree zero, stable logahoric connections of degree zero and stable filtered local systems of degree
zero on a punctured curve, for an arbitrary complex reductive group. This correspondence not only
holds at the level of categories, but also for the corresponding moduli spaces. Before we state the idea
and result, we first introduce some notation.

A real weight is an element in Y(T') ®z R, where Y (T) := Hom(G,,,T) and T is a maximal torus of
a complex reductive group G. A rational weight is a weight with coefficient in Q. In this paper, a real
weight is called a weight if there is no ambiguity. Weights will be applied to define the central objects
discussed in this article, namely, parahoric group schemes (DeﬁnitiOJﬂ7 adapted metrics (Definition
3.2), tame adapted G-Higgs bundles (Definition and tame adapted G-connections (Definition
%D. We will be using the following notation in the sequel of the article:

e o ={e,, 2 € D} is a collection of weights labelled by punctures in D, where @ = «, 3, 7.
e (g is the corresponding parahoric group scheme, where e = a, 3, 7;

® dn, Vs db, Vg are collections of elements in g;

e M, is a collection of elements in G;

Based on this notation, we introduce five categories for corresponding notions of stability defined
within the text:
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o Cpoi(Xp, G, a, dg): the category of Ry-stable tame metrized a-adapted G-Higgs bundles of
degree zero on X p, and the Levi factors of residues of the Higgs field are ¢, at punctures (see
L.7);

e Car(Xp,G,B,dg): the category of Rj-stable tame metrized B3-adapted G-connections of de-
gree zero on X p, and the Levi factors of residues of the connection are d,’B at punctures (see
$.7);

® Cpol(X,Ga, va): the category of R-stable logahoric Go-Higgs torsors of degree zero on X, and
the Levi factors of residues of the Higgs field are ¢, at punctures (see ;

o Cqr(X,Gg,Vg): the category of R-stable logahoric Gg-connections of degree zero on X and
the Levi factors of residues of the connection are Vg at punctures (see ;

e Cg(Xp,G,~, M,): the category of R-stable «-filtered G-local systems of degree zero, of which
the Levi factors of monodromies around punctures are M., (see §6.4).

The relation among «, § and ~ is given from a study of local data (see . Implementing a
class of model metrics hg locally around a puncture, we have the following Main Table describing the
permutations of the jump values of the metric ho (weights) and the data of Levi factors of residues
and monodromies (residues \ monodromies), in the case of an arbitrary complex reductive group G:

Dolbeault de Rham Betti
weights « B=a—(sa+35a) | v=—(54 + Sa)
residues \ monodromies | ¢, = 54 + Yo V3 M,

where
Vg=0a+ (Sa —5a) — (Ho + X0 — Ya)
and
M, =exp (—2mi(a+ Sa — 5a)) exp 2mi(Hy + Xo — Ya)) .

In the above, we consider a tame a-adapted Higgs field with residue ¢, with Jordan decomposition
Ya = Sa + Yo, where s, is the semisimple part and Y, the nilpotent part, and (X,, Ha,Ys) is a
Kostant—Rallis triple completing Y,, (see Section for full descriptions). This table in the case when
the Higgs field ¢ does not have a nilpotent part coincides with the table appearing in [7, §6]. Moreover,
this table is the same as [5], Table 1] describing the weights and monodromies in the correspondence
between parabolic G-Higgs bundles and parabolic G-local systems. Lastly, note that in the case of the
group GL,,(C), the table agrees with that of Simpson in [37, §5].

Now we are ready to give the idea of the main result. The starting objects are Rj-stable tame
metrized G-Higgs bundles and Rj,-stable tame metrized G-connections on X p, where a G-connection
is a G-bundle together with an integrable connection. We prove a version of Kobayashi—Hitchin cor-
respondence (Theorem which guarantees the equivalence between the existence of a harmonic
metric and the stability condition we consider. Furthermore, this correspondence implies the equiva-
lence between Rj-stable tame metrized G-Higgs bundles and Rj-stable tame metrized G-connections
on Xp:

Coot( XD, G, a, o) Aecremld Car(Xp, G, B, dg).

Next, motivated by the transparency of the parahoric language in describing a full local Riemann—
Hilbert correspondence as outlined above, we introduce entirely algebraic objects along with stability
conditions from the parahoric point of view: R-stable logahoric Higgs torsors and R-stable logahoric
connections. We prove that there is a one-to-one correspondence between the analytic objects and the
algebraic (parahoric) objects by following the scheme of the original work of Simpson [37],
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CDOI(XD7 Ga &, (ba) —_— CdR(XD7 G7 /8’ dlﬁ)
‘ Lemma [6.7 ‘ Lemma [6.7]

Col(X, G, po) —ibcoremBE_ 00 (X, G, V)

where ¢q = @q and d’ﬁ =Vg.
Finally, by a global version of Riemann—Hilbert correspondence for logarithmic parahoric connec-
tions, we have

CDOl(XD7 G7 a7 ¢Ot) _— CdR(XD) G) 67 dlﬁ)

Corollar .
Cool(X, G, o) ————— Car(X,Gp,V5) Cs(Xp, G, M),

In total, we get a full passage from logahoric Higgs torsors to fundamental group representations
into a general complex reductive group GG, and we obtain the correspondence at the level of categories
that fully reduces to the main theorem of Simpson in [37]; :

Theorem 1.1 (Theorem [6.15)). The following categories are equivalent
Cpol(X, Gas va) = Car(X,G3,Vg) = C(Xp, G, vy, My).

In a prelude by the second, third and fourth author [25], an algebraic construction of the moduli
space of R-stable logahoric Higgs torsors was given (Dolbeault space) for rational weights, and a
similar argument applies to construct the corresponding algebraic moduli space of R-stable logahoric
connections as well (de Rham space). An important feature of this moduli space is that it reduces to
the category of filtered Higgs bundles of Simpson [37] when G = GL,,(C). The paper [25] includes a
more careful bibliographical overview of the various approaches that have appeared in the literature
on the problem of introducing the right holomorphic objects for establishing a nonabelian Hodge
correspondence beyond the group GL,, (C), thus we shall not repeat this here. Based on the construction
of the relevant moduli spaces as quasi-projective schemes provided in [25], we show that this moreover
gives an equivalence between moduli spaces under the condition that weights are rational, and we also
believe that the statement also holds for real weights with slight modifications.

Theorem 1.2 (Theorem [7.5)). There is an isomorphism of complex analytic spaces
MGV (Xp, Gy, My) = M (X,Gp. V),
and we also have a homeomorphism of topological spaces
Mpel (X, Ga pa) = M (X, Gp, V).

The letter C in Theorem is used to represent the categories, and the letter M in the above theorem
is used to denote the moduli spaces.

The techniques followed in this article can be also applied to establish the correspondence for the
analogous categories involving a real reductive group G with the use of appropriate initial 8-adapted
model metrics hy on an analytic tame G-Higgs bundle that give an approximate solution to the
Hermite-Einstein equation near the punctures. In [5 §5.1], the authors provide such models subject
to a certain condition on the nilpotent part of the graded pieces of the residue of the Higgs field. Since it
was not clear to us how to get past this condition and establish the analytic part of the correspondence
in general for our parahoric objects, we did not deal with the real group case here.

1.3. Organization of the Paper. The main body of the paper is organized as follows. In we
review the definition of parahoric group schemes and some related properties. In we define adapted
G-bundles (Definition [3.4)), which are G-bundles with an adapted hermitian metric. Then, in we
define a functor =, which sends adapted G-bundles to parahoric torsors. This functor is an analogue of
Simpson’s construction in [37, §3]. Furthermore, this functor not only preserves the degree (Proposition
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but also the stability condition (Proposition . In analytic G-Higgs bundles and analytic
G-connections (principal bundles equipped with a connection) are studied. Two important classes of
objects are introduced and studied: Ry, -stable tame metrized ac-adapted G-Higgs bundles of degree zero
and Ry -stable tame metrized B-adapted G-connections of degree zero. Under the assumption of the
existence of harmonic metrics, we prove that the corresponding categories are equivalent (Theorem
. In we define two algebraic objects: logahoric Higgs torsors and logahoric connections. We
generalize the functor = given in to Higgs bundles and connections (Proposition . This is a
bridge connecting analytic and algebraic objects. In we prove the categorical version of the main
result (Theorem while the version concerning moduli spaces is given in

Terminology. For a smooth projective algebraic curve, the term nonabelian Hodge correspondence is
widely used to refer to the passage from Higgs bundles to local systems, since the Riemann-Hilbert
correspondence is well-understood in this setting. In the noncompact case, the Riemann-Hilbert
requires a far more delicate treatment to be established and the term nonabelian Hodge correspondence
sometimes refers to the passage from the Dolbeault to the de Rham space only; see for instance the
survey description in [8, §1.3]. In this article, to maintain consistency with the nomenclature from the
smooth projective case, we use the term ‘tame parahoric nonabelian Hodge correspondence’ to refer
to the full passage from Higgs bundles to fundamental group representations.

Notation. Throughout the article, we will be distinguishing the notation between the parahoric
objects on X and holomorphic principal bundles on Xp as follows:

Curve: X Xp
Torsor/Bundle: & E
Reduction of structure group: S o
Character: K X
Higgs field: % 10)
Connection: \Y d

2. PARAHORIC GROUP SCHEMES

Let G be a connected complex reductive group. We fix a maximal torus 7" in G with Lie algebras t
and g. Let X (T') := Hom(T, G,,,) be the character group and Y (T') := Hom(G,,,, T') be the co-character
group (or group of one-parameter subgroups of 7). Let

() Y(T)x X(T) = Z

be the canonical pairing, which can be extended to R by tensoring Y (T') and X (T') with R. A co-
character with coefficients in R (resp. Q) is called a real weight (resp. rational weight). If there is no
ambiguity, a weight is usually regarded as a real weight. We denote by R the root system with respect
to the maximal torus T, and let R4 C R be the set of positive roots. Given a root r € R, there is an
isomorphism of Lie algebras

Lie(G,) — (Lie(Q))y,
which induces a natural homomorphism of groups
u, : G, — G,

such that tu,(a)t~! = u,(r(t)a) for t € T and a € G,. Denote by U, the image of the homomorphism
Uy, which is a closed subgroup. Furthermore, a reductive group G is generated by its subgroups T and
U, for r € R. Let g be an element in G, and g can be written as a product g = g;[],c% g», where
gt € T and g, € U,. Sometimes, we write g as a tuple (g, g, )rer for convenience.
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2.1. Parahoric subgroups. Given a weight 6, under differentiation, we can consider 6 as an element
in t, which is the Lie algebra of T. We define the integer

mq(0) = [=r(0)],
where [-] is the ceiling function and r(0) := (6, r). We then introduce the following:

Definition 2.1. Let R := C[z] and K := C((z)). With respect to the above data, we define the
parahoric subgroup Gy(K) of G(K) as

Go(K) := (T(R),U, ("D R),r € R).
Denote by Gy the corresponding group scheme of Gy(K), which is called the parahoric group scheme.
Now we consider another definition of a subgroup of G(K) determined by 6:
GH(K) :={g(2) € G(K) | 2%g(2)27% has a limit as z — 0},
0 . (Olnz

where z . This definition is a more analytic one. The following lemma shows that the two
definitions are equivalent.

Lemma 2.2. Given a weight 0, we have Go(K) = G (K).

Proof. We first prove that Gp(K) C GY(K). Since Gy(K) is generated by T(R) and U,.(2™ ) R), it
is enough to check that the generators are included in G (K). Since @ € t, the element 2? commutes
with elements in T(R). Thus, taking ¢:(z) € T(R), we have

lim 2%g;(2)2 ™" = lim g:(2),
which is bounded when z approaches zero. Now let g,.(2) € U, (2™ (?)R), and consider
2g.(2)270 = 27O g (2).
The condition g,(z) € U,(2™(?) R) means that the “degree” of g,(z) is always greater than m,.(9), i.e.
r(0) + my(0) = r(0) + [-r(0)] = 0,
which implies that 2" g,.(2) € U,(R). Therefore, the limit

lim 2%¢,(2)27% = lim 2”@ g,.(2)
z—0 z—0
is also bounded as z approaches zero. In conclusion, we have Gy(K) C Gp(K).
Now we consider the other direction. The reductive group G is generated by T and U, for r € R,
and then G(K) is generated by T'(K) and U, (K). Given an element g € G}, we write it as a product
9(2) = g:(2) [, er 9-(2), where g;(2) € T(K) and g.(z) € U.(K). Note that

P9(2)270 = (gu(2)27) [] F9r(2)277).
reR

0 0

Therefore, as z approaches zero, 2%gz=? is bounded if and only if 2%¢;(2)2=? and 2%g,(2)2z7% are
bounded for r € R. This implies that g,(z) € T(R) and g,(z) € U.(z™ (@ R) for r € R. This finishes
the proof of the lemma. O

Remark 2.3. Definition is an algebraic definition of parahoric groups G¢(K), which is given in
[3]. The analytic definition of Gj(K) is introduced in [7], and plays a very important role in proving
the Riemann—Hilbert correspondence for logarithmic parahoric connections, which are called logahoric
connections in this paper. Moreover, the analytic definition is also studied in [5] as a comparison to
the parabolic case.
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The above construction gives a local picture of parahoric group schemes. Now we will define para-
horic group schemes globally. Let X be a smooth projective curve over C, and we also fix a reduced
effective divisor D on X. In fact, the divisor D is a sum of, say, s many distinct points on X. For each
point z € D, we equip it with a weight 6,. Denote by 6 := {6,,xz € D} the collection of weights over
points in D. Let Xp := X\D be the complement of D in X, which is considered as a noncompact
curve.

Definition 2.4. Let 8 be a collection of weights over points in D, for a curve X and a group G as
above. A group scheme G over X is called parahoric if it satisfies the following conditions:

Glxp 2Gx Xp, Glp, 2Gp,, x € D,

where D, is a formal disc around x. Such a group scheme is denoted by Gy := G.

By [13, Lemma 3.18], the parahoric group scheme G defined above is a smooth affine group scheme
of finite type, flat over X. Moreover, we also want to remind the reader that a given collection of
weights 6 determines a unique parahoric group scheme (even up to isomorphism). In this paper, we
focus on a special parahoric group scheme Gy for simplicity, which is glued by the following local data

gg|XDgG><XD, g‘ﬂ)m:g&caxeDa

and the main results in this paper can be generalized to any parahoric group scheme with respect to a
given collection of weights @ = {0, € Hom(G,,,T,) ®z R |z € D}, where T, is an arbitrary maximal
torus for each z € D.

2.2. Parahoric Lie algebras. Now we move to Lie algebras. Let g(K) be the loop Lie algebra of
G(K). The adjoint action of G(K) on g(K) is induced from that of G on g, and we use the notation
Ad(g)A for the adjoint action, where g € G(K) and A € g(K). This action is used to define the
equivalence classes of Higgs bundles later on. Then, we consider the set of connection forms g(K )%
The gauge action of G(K) on g(K)dz—z is given as follows. Let A, B € g(K). The elements A% and

B% are gauge equivalent, if there exists an element g € G(K), such that

B% =dg-g~' + Ad(g)Ad—;.

The gauge action will be applied to define the equivalence classes of connections locally. For simplicity,
the above action is called the gauge action of G(K) on g(K), and A is gauge equivalent to B.
Let 0 be a weight for the group G. With respect to the weight 6, there is a natural decomposition

of the Lie algebra g
g= @9/\,

AER

where g, is the eigenspace of the operator ad(). Then, we define

go(K) =1 Z a2’ | a;x € gxand i + A > 0}
i€Z NER

as a subset of g(K). Moreover, we have an alternative way to define gg(K):
a,(K) :={g(2) € g(K) | 2°g(2)27? has a limit as z — 0}.
Lemma 2.5. Let 0 be a weight for the group G. We have ggo(K) = gy (K).
Proof. The proof is similar to the one of Lemma and we will leave it to the reader. O

In fact, go(K) is usually understood as the Lie algebra of Go(K) and is called the parahoric Lie
algebra. Furthermore, the adjoint action and the gauge action are well-defined:

Lemma 2.6. [7| Lemma 3] The natural adjoint action and the gauge action of Go(K) on g(K) preserve
90(K).
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Given a collection of weights 8 over the punctures D C X, we can define a parahoric Lie algebra
go of Gg by gluing the local data, and we can define adjoint action and gauge action (representation)
of Gg on gg naturally.

2.3. Parahoric torsors. As a group scheme on X, we can define parahoric Gg-torsors on X in a
natural way. However, we would like to make the definition much clearer by considering the local
picture. Let E be a G-bundle on Xp, and let E, be a Gy, (K)-torsor on D, for each puncture z € D.
Thus, defining a parahoric Gg-torsor £ on X is equivalent to giving a transition function

0. : Exlp,nxp — Flxprp,

for each puncture z € D. It is easy to check that the transition function ©, is an element in G(K).
Given two parahoric Gg-torsors £; and & defined by transition functions {©1,,2 € D} and {0,z €
D} respectively, we say & and & are equivalent (or isomorphic) if there exist isomorphisms

d):El*)EQ, d)miElI*)EQm,IEED

such that for each x € D, the following diagram commutes

"l)z
Elz — E21

J/@lz J/@h

E1 L} EQ.

Therefore, an equivalence class of parahoric Gg-torsors is given by an element in

IT Go. 60\ 1 G<K>/G<@[XD1>] ,

xeD zeD

and we refer the reader to [3 §2] for more details.

3. HOLOMORPHIC PRINCIPAL BUNDLES ON Xp AND PARAHORIC TORSORS ON X

For the case of vector bundles, Simpson defined a functor between the category of acceptable holo-
morphic bundles on Xp and the category of parabolic bundles (also called filtered bundles) on X (see
[36, §10] or [37, §3]). This functor, as a bridge, connects analytic objects and algebraic objects. In
this section, we generalize this result to principal bundles. Based on the concept of adapted metrics
(Definition , we establish a functor from the category of adapted principal bundles on Xp to the
category of parahoric torsors on X (see . In fact, when G = GL,(C), an adapted principal bundle
is exactly an acceptable holomorphic bundle. We also prove that this functor preserves the degree
(Proposition as well as the stability condition (Proposition . Furthermore, we introduce two
notions at the end of this section: degree zero and polystability condition for adapted principal bundles
and parahoric torsors. The first one is crucial in nonabelian Hodge theory and the second will be used
in the Kobayashi-Hitchin correspondence in Before we start, we introduce the following notation

/P sheaf of C*° p-forms;

o/P(e): sheaf of C* e-valued p-forms;

2/P1: gheaf of C™ forms of type (p,q);

/P4(e): sheaf of C* e-valued forms of type (p, q),

where e represents a vector bundle or a principal bundle on Xp. For an open subset U C Xp, we
have «7°(U) = C*°(U), and we also use the notation ' for C°°-functions.

3.1. Functor =. Let X be a smooth projective curve over C together with a given reduced effective
divisor D. With respect to the data (X, D), we can define an open cover

i’[:(AXFDa D, ‘TGD)

of X, where D, is a formal disc around the puncture x.
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Let G be a connected complex reductive group with a maximal compact subgroup H with Lie
algebra fj. Let g be an element in G, and we consider g as a tuple (g¢,9r)rer, where gz € T and
gr € U,.. Tts transpose is the tuple (g¢, g—)rer, defined by switching the position of g, and g_,, and
will be denoted by g%. We say that g is symmetric if g = g7. Also, g is hermitian if g = g*, that is,

gt = g: and g = g_,.

Note that when G = GL,(C), a hermitian element is exactly a hermitian matrix.

Let E be a G-bundle on Xp. Let M be a vector space, and suppose that there is a natural G-action
on M. Denote by E(M) := E xg M the corresponding vector bundle on Xp. As a special case,
E(g) is the corresponding adjoint bundle with respect to the adjoint action on g. Similarly, denote by
E(G) := E x¢ G the associated G-bundle under the adjoint action of G (on itself). Note that there is
a natural action of F(G) on E(g), which is induced by the adjoint action of G on g.

A metric on E is considered as a section h € I'(Xp, E/H). Furthermore, we say that h is a
hermitian metric, if the value of h is always hermitian. In this paper, we only care about hermitian
metrics, thus a metric in the sequel will always refer to a hermitian metric. Taking g € I'(Xp, F(G)),
there is a natural action on h such that g - h is a metric (i.e. an element in I'(Xp, F/H)). Now
given a local trivialization e of E, we can define a metric hg such that e is hg-orthonormal, and this
metric is called the standard metric. Furthermore, any other metric is given by h = hg - g for some
g € I(Xp, E(G)). We refer the reader to [5], §2.4] for more details.

Now we consider a holomorphic G-bundle (E,d%) on Xp, where E is the underlying smooth G-
bundle and 9% denotes the holomorphic structure. Locally, a holomorphic structure is a (0, 1)-type
operator that satisfies the Leibniz rule and integrability condition, that is to say, it can be regarded as
an element in /%! (F(g)) locally, and this fact comes from an equivalent definition of connections in
the viewpoint of (Atiyah) Lie algebroids (see Appendix [A| for more details). Sometimes, we say that
FE is a holomorphic G-bundle and omit the holomorphic structure if there is no ambiguity. A metrized
G-bundle on Xp is a triple (E, 0%, h), where (E, 0%) is a holomorphic G-bundle and A is a hermitian
metric on F.

Remark 3.1. When we work on the noncompact curve X p, a section in I'(Xp, E(G)) (or I'(Xp, E/H))
is not necessarily holomorphic. We will say a holomorphic section to emphasize the condition. However,
when we work on X, we consider everything algebraically. Therefore, a section of some objects (e.g.
torsors) on X is always a holomorphic one. This is an important convention in this paper, especially
when we discuss Higgs fields and connections later on in §5]

We can write g = h + m as a direct sum, where m is the complement (as vector spaces). Also,
we have a well-known decomposition of the Lie group G = H - exp(m). Let (E, 9%, h) be a metrized
G-bundle on Xp. Since the metric h is a section of E/H, it is a function with values in exp(m) locally.
Therefore, the term Oh - h=1 is a well-defined element in .&/1:°(E(m)) (and therefore in &71°(E(g))),
where 0 is the (1, 0)-part of the usual exterior differential operator d. With respect to the holomorphic
structure 0%, we can obtain an (1,0)-type operator J;, by the equation

Oh-h=t = (9))T + Ad(h)d}5.

Clearly, 0}, is a holomorphic connection on the holomorphic G-bundle (F,0%), and locally, it takes
value in &/1%(E(g)). With respect to the above information, the curvature Fj, is defined as (Dj)?,
where Dy, = 0;, + 0}, is the Chern connection, i.e. preserves the hermitian metric . Note that F}, is a
holomorphic 2-form that takes value in E(g), we denote this as Fj, € Q*(Xp, E(g)). We will further
comment on that later in §4]

Definition 3.2. For a pair (X, D) as above, equip each puncture z € D with a rational weight 6,
and denote by 8 = {0,,2 € D} the set of these weights. Moreover, for each puncture z € D, fix a
local coordinate z around x. We say that h is a 8-adapted metric if it satisfies the following conditions

e h is a hermitian metric;
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e for any point z € D, the metric A can be written as
ho - |z| %= e

under some suitable trivialization e of F¥ around z, where hg is the standard constant metric
(with respect to the trivialization e), multiplied by a scalar factor e describing perturbation;

e for the data described above, we have Ad(|z|%)c = o(In |z|) and the curvature of the associated
connection to h is in L'.

Remark 3.3. The associated curvature F}, of a @-adapted metric h is L', namely

|Fllzs = / [Filg < 00
Xp

where |Fh|§,h = (Fn, F)g,n and (-, -)g,» stands for the hermitian inner product on the space of bundle-

valued forms induced from the Riemannian metric ¢ and the hermitian metric h. From now on we
use the notation (-,-), if there is no ambiguity. In particular, on the space of sections of bundles (i.e.
bundle-valued 0-forms), we apply the notation (-, -);,. This notation will be used in

The data 6 is usually called the jump value or weight of h with respect to the trivialization e.
An important fact is that the jump value of a given hermitian metric at a puncture depends on the
trivialization we choose.

Definition 3.4. Given a collection of weights 6, a @-adapted G-bundle is a metrized G-bundle
(E, 9%, h), of which the metric h is 8-adapted.

Given a 0-adapted metric h, for each point z € D, we consider the following holomorphic map
£:D; — G,
where D} is a punctured disc around z, such that
Ad(27)E(2) = 2"€(2) 2"

is a well-defined holomorphic morphism D, — G. Considering the set of all such holomorphic maps
on D%, it gives the parahoric group Gy, (see Definition [2.1]and Lemma[2.2). With respect to the above
discussion, G'x,, := G x Xp is a group scheme over Xp and Gy, is a group scheme on D,. By taking
appropriate transition functions

O¢.0, : Go,|p.nxp = Gxplxpnb,

we get a scheme over X, which is exactly the parahoric group scheme Gg.
Let E be a 0-adapted G-bundle on Xp. Similarly, for each puncture x € D, we can consider the
set Ey, of holomorphic sections

&:D - E
such that
Ad(27)g(2) = 27 €(2)2™"

is a well-defined holomorphic morphism on D,. It is easy to check that Ey, is a Gy -torsor on D,. Now
we have a holomorphic G-bundle E' on Xp, and a Gy_-torsor Eg, on D, for each x € D. Denote by

p:GXDXXDE:GXE—)E, meQQIXDmEQZ—)Egm

the corresponding actions of group schemes, where Gx, = Gx Xp. If we want to construct a parahoric
Ge-torsor £ on X with respect to the above local data, it is equivalent to finding transition functions

Oy : By, |lp.nxp = Elxpnb,

such that the following diagram commutes
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Pz
G, Xp, Fo, —— LKy,

J(@G,ew X Oy JIGJE

GxE—"  E

over the intersection Xp ND,. Fixing a trivialization e, of Ejy_, the transition function ©, is uniquely

determined by the value ©,(e,), which is an element in G(K). From §2| we know that parahoric
Ge-torsors are parameterized by

IT co. 0\ T1 G<K>/G<C[XD1>] .
xeD zeD
Thus, we obtain a parahoric Gg-torsor on X.

With respect to the above construction, we define a functor

2:C(Xp,G,0) = C(X,Gs),

where C(Xp, G, 0) is the category of 8-adapted G-bundles on Xp, and C(X,Gg) is the category of
parahoric Gg-torsors on X.

Remark 3.5. In [37) §3], Simpson constructed a functor from the category of adapted bundles on Xp
to the category of parabolic bundles on X, which preserves duals, direct sums, determinants and tensor
products. The key point is that Simpson did not fix a particular parabolic structure for the category
of parabolic bundles.

In this subsection, the above functor = is defined for a given collection of weights 6. Furthermore,
this functor can be extended naturally to the category of parahoric torsors over X, where we do not
fix the parahoric group scheme (or the weights), thus

= : { category of adapted principal bundles on Xp } — { category of parahoric torsors on X }.

If we consider the larger categories (where we do not fix at least the weights), then we can discuss
whether the functor preserves tensor products, duals and other properties similarly. Furthermore, this
functor also preserves reductions of group structures, and this property can be obtained easily in

Example 3.6. In this example, we consider the special case when G = GL;(C) = C*. In this special
case, the holomorphic G-bundles are exactly line bundles. Fixing a collection of weights 6, let L be
a holomorphic GL;(C)-bundle on Xp. Consider the holomorphic morphism & : D% — L such that
Ad(2%7)¢(2) is a holomorphic morphism D, — L. Since G = GL;(C), we have
Ad(2")€(2) = £(2).

Therefore, there is a natural extension of L to a line bundle £ on X [36], §10]. In this special case, we
find that the resulting torsor (or line bundle) £ does not depend on the choice of weights 8, and the
parahoric language cannot distinguish the pair (L, h), where L is a GL; (C)-bundle and h is a 6-adapted
metric. Therefore, it is reasonable to still use the pair (£,8) for the corresponding object on X, and
0 is exactly regarded as “parabolic weights” in the language of parabolic bundles (see [23], 28|, [45] for

instance). Furthermore, the property that the parabolic structure of line bundles only depends on the
weights also implies this phenomenon.

3.2. Parahoric Degree. Let G be a connected complex reductive group. Let 6 be a weight, and
denote by Gyp(K) C G(K) the parahoric group corresponding to 6. Recall that a parabolic subgroup
P (with Lie algebra p) of G can be determined by a subset of roots Rp C R. We define the following
parahoric group as a subgroup of P(K)

Py(K) := (T(R), U, (2™ DR), r € Rp).

Denote by Py the corresponding group scheme on D = Spec(R). This construction is a special case of
the one in [I7]. Furthermore, let ev : Gy(K) — G be the evaluation map, and denote by Py C G the
parabolic subgroup, of which the inverse image under the evaluation map is Py(K).



TAME PARAHORIC NONABELIAN HODGE CORRESPONDENCE 13

Now we consider the global picture. We define the group scheme Py on X by gluing the local data
P(’l]% =~ Px Xp, 'Pg‘]]])w =Py,,z € D.

By [13, Lemma 3.18], the group scheme Py is a smooth affine group scheme of finite type, flat over X
and we have that Py C Gg.

Now let £ be a parahoric Gg-torsor on X. Let ¢ € I'(X, E/Pg) be a section (see Remark [3.1] for the
convention), which is called a reduction of structure group. Denote by & the pullback of the diagram

o y £
X % 5/739.

Then, the pullback & is a parahoric Pg-torsor on X. Let x : Pg — G, be a morphism of group
schemes over X, and we call it a character of Pg. Furthermore, there is a one-to-one correspondence
between characters of Py and characters of P:

Lemma 3.7. [25] Lemma 4.2] It holds that
Hom(Pg, G,,) = Hom(P, C¥).
Denote by x : P — C* the corresponding character of k. We define the following inner product
0, k) := (0, x)
for any weight 6, where (6, x) is the natural pairing between characters and cocharacters and we refer
the reader to [20, §4.1] for more details. We return to the parahoric Pg-torsor £.. Given a character
k, we define a line bundle k.(&) on X, and denote it by L(s,«). As a special case, let P = G. If

¢: X — £/Gp is trivial, then the pushforward L(k) := k.€ directly gives a line bundle on X. In [25],
the authors introduced a notion of algebraic degree of parahoric torsors as follows:

Definition 3.8. With respect to the above data, we define the parahoric degree of a parahoric Gg-torsor
& with respect to a given reduction ¢ and a character k as follows

parhdeg&(s, k) = deg L(s, k) + (0, k),
where (0, k) := 3 cp(0s, k). If ¢ : X — £/Gp is trivial, we define
parhdeg&(k) = deg L(k) + (0, k).
Sometimes, we say the degree of a parahoric torsor for simplicity.

3.3. Analytic Degree. Let (E,9%,h) be a 6-adapted G-bundle on Xp. Recall that the metric h is
considered as a section of F/H, where H is the maximal compact subgroup of G. Let P C G be a
parabolic subgroup of G, and denote by ¢ : Xp — E/P a reduction of structure group. Similarly, a
reduction of structure group can be considered as a section of E/P. Denote by E, the pullback in the
following diagram

E, > B

Xp —2— E/P,
which is a P-bundle on Xp. For convenience, we use the same notation o : E, — E for the induced
morphism. Then, taking a character y : P — C*, we get a line bundle y.FE, on Xp and denote it by
L(o, x). Similar to the parahoric case, if o : Xp — E/G is trivial, then the pushforward L(x) := x.E
directly gives a line bundle on Xp.

Let 9% be a holomorphic structure on E. Given a reduction of structure group o, we have an
induced operator 8}55 on E, given by

/! *
3EU =0 aE,
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locally, 9% takes value in &' (E,(p)). If the reduction of structure group o is a (not necessarily
holomorphic) section of E/P, the induced operator 6}50 may not give a holomorphic structure of the
P-bundle E,. More precisely, it is not of type (0,1). Therefore, we would like to take a holomorphic
reduction of structure group, which is a holomorphic section of E/P. Then, the P-bundle E, has a
natural holomorphic structure 0% induced from 0%

Next, we want to find a metric h, : Xp — E,/(H N P) induced by h on E,. Let (H, P) be the
group generated by H and P. Then, we have a diagram

h

Xp

.y
E/H XE/(H,P) Xp — E/H

id J{ J/
Xp ——— E/(H, P),
where the map at the bottom is actually the composition of the maps

Xp % E/P — E/(H,P)

and we use the same notation o to emphasize that it is induced by the reduction of structure group o.
Since H is the maximal compact subgroup of G and P is a parabolic subgroup of G, the group (H, P)
is exactly G. Thus, the above diagram commutes and there exists a unique morphism

Xp —>E/H X E/(H,P) Xp.
Furthermore, we have
hy : Xp —>E/H X E/(H,P) Xp=FE XE/pXD/(HﬂP) ZEU/(HQP).

This morphism gives a well-defined metric on the P-bundle E,, and denote by h, the induced metric.
We define the curvature Fj,, := (D, )?, where Dy, =8, + 9% .

Composing with a character xy : P — C*, we induce a metric x.h, on the line bundle x.F,. The
same argument also holds for the operator 6;% and the curvature F},_. Furthermore, X*a;,ﬂ and . Fh,
are the induced operator and curvature on y.F, respectively.

Definition 3.9. Let (E,9%,h) be a 8-adapted G-bundle on Xp. For P C G a parabolic subgroup
of G, let ¢ : Xp — E/P be a holomorphic reduction of structure group and we take a character
x : P — C*. With respect to the above data, we define the analytic degree of (E,d%,h) as

V-1

deg™ E(h,o,x) := X« Fh, -
21 Xp
If o: X — E/G is trivial, we define
an \4 -1
deg™ E(h, x) == o X+ Fh-

Xp

Sometimes, we say the degree of a metrized G-bundle for simplicity.

Lemma 3.10 (Chern-Weil Formula). Let (E,0%,h) be a 0-adapted G-bundle on Xp. For P C G a
parabolic subgroup of G, let 0 : Xp — E/P be a holomorphic reduction of structure group and take
x : P — C* a character. Then, the following identity holds

/ X*FhUZ/ X+(0"Fp).
XD XD
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Proof. Tt is easy to check that
Ohy -t = o*(Oh-h71).

Thus, we have
Fn, = (On, +0,)° = (07 (00 + 0))" = (0 + 05) 0 0)"
Since o is a holomorphic section, we have 0%(c) = 0. Therefore,

Fh = O'*Fh.

o

This finishes the proof of the lemma. O

Remark 3.11. It is important for our considerations that we take a holomorphic reduction of structure
group 0 : Xp — E/P. When o is not holomorphic, the induced operator dy := o*0f is not
necessarily of type (0,1) and an additional term is expected in the Chern—Weil formula of Lemma
In [5l Lemma 2.13], the authors obtained such a Chern-Weil formula under certain conditions.

Example 3.12. We consider a special hermitian metric h = |2|?? of the trivial G-bundle on the
punctured disc D*, where 6 € tg is a weight. Then, we have

Oh-ht :e%.
z

Let o : D* — G/P x D* be the trivial reduction of structure group, which is obviously holomorphic.
Since 6 is included in the Lie algebra p of P, we have the same formula for the induced metric h,

o*(Oh - h™Y) = Ohy - byt = 9%.

Let x be a character of P. Then,
dz

={6,x)—.
)= (6.0%
3.4. Reduction of structure group. In this subsection, we study the relation of the reductions
of structure group between parahoric torsors and metrized principal bundles. Given an arbitrary
holomorphic reduction of structure group o : Xp — FE/P, its extension to X is not unique, and
furthermore, it may not be extended to a reduction X — £/Pg. Therefore, we want to consider a
special type of reduction, the 8-adapted holomorphic reduction of structure group. Here is the definition:

dz
X (0—
z

Definition 3.13. If a holomorphic reduction of structure group o : Xp — E/P satisfies the condition
that for each puncture x € D, we have

0z

2% . o(2) - 27% is bounded as z approaches zero,

where z is the local coordinate of a punctured disc D* around x, then we say that o is a @-adapted holo-
morphic reduction of structure group. Given a @-adapted G-bundle (E, 8%, h), denote by I'e(Xp, E/P)
the set of @-adapted holomorphic reductions of structure group (to P).

Lemma 3.14. Let (E,0%,h) be a 8-adapted G-bundle on Xp, and denote by £ the corresponding
parahoric Gg-torsor on X. For a fixed parabolic group P, there is a one-to-one correspondence

Ie(Xp,E/P)=T(X,E/Ps).

Proof. One direction is clear, and we only have to show that given a #-adapted holomorphic reduction
of structure group o, we can get an element ¢ : X — £/Pg. It is enough to work around a puncture
x € D, and then the proof of this lemma is exactly the same as the one for Lemma O
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3.5. Equivalence of Analytic Degree and Algebraic (Parahoric) Degree. Let (E, 9%, h) be a
0-adapted G-bundle on Xp. Taking a parabolic subgroup P C G, let x be a character of P and let ¢
be a @-adapted holomorphic reduction of structure group. Denote by £ the corresponding parahoric
Ge-torsor of E given by the functor = in §3.1] and let x and ¢ be the corresponding elements to x and

o respectively by Lemmas and
Proposition 3.15. The following identity holds

deg™ E(h,o,x) = parhdeg (s, k).

Proof. First, note that since the metric h is 8-adapted, the analytic degree as defined above is absolutely
convergent. Then, we have the following equation

v—1 v—1 v—1
o | Xk, = 7/ X Py + o / XxFh, s
T Jx 2 Jx. 2 weD/Dee

where D, . is the disc around = with radius ¢ and X, is the complement of |J D, . in Xp. By the
rxeD
definition of line bundles L(s, k) and L(o, x) and Example the left hand side of the equation is

v-1
2

Now we consider the right hand side of the equation. Letting € go to zero, the first integral

X« Fh, = deg L(0, x) = deg L(s, k).
X

v—1
lim —/ X« Fp, = — X+0" Fy, = deg™ E(h,0,X)
- 2T Xp

is exactly the analytic degree. Therefore, we only have to show that

Ve e
lim ;)/DM X« (0" Fp) = —(0,K).

e—0 21

To prove this equality, it is enough to work locally around a puncture x € D. Since h is a 6, -adapted
metric, when e goes to zero, we can assume h = |z|?#. Then,

lim —/ X« (0" Fp) = lim —_1/ x=0*(h~10h)
Da,e Dy e

e—0 27

v—1
= lim 7/ x*o*(%%)
Dy e z

This finishes the proof of this proposition. O

3.6. Stability Conditions. Ramanathan introduced a stability condition for G-bundles and con-
structed their moduli spaces [31 [32], B3]. Since then, this stability condition has been widely used for
studying objects related to G-Higgs bundles (see for instance [1I], 35]). Recently, the authors in [5]
introduced an analogous stability condition for parabolic G-Higgs bundles and studied the Kobayashi—
Hitchin correspondence in their case. In this subsection, we review the (algebraic) stability condition
for parahoric Gg-torsors (Definition introduced in [25], which we called R-stability, and define
(analytic) Rp-stability for G-bundles (Definition , where h is a given metric. We prove that the
two are equivalent and this is the main result in this subsection (Proposition .
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Before we introduce the stability condition, we refer the reader to [5] for the definition of anti-
dominant characters, and to [31], B2] for dominant characters. Furthermore, a character of a group
scheme Py is anti-dominant if the corresponding character of P (by Lemma[3.7)) is anti-dominant.

Definition 3.16. A parahoric Gg-torsor £ on a curve X is called R-stable (resp. R-semistable) if for

e any proper parabolic subgroup P of G,
e any reduction of structure group ¢ : X — £/Py,
e any nontrivial anti-dominant character s : Pg — G,,,, which is trivial on the center of P,

one has
parhdeg&(s,k) >0 (resp. > 0).

Definition 3.17. A 0-adapted G-bundle (E, 0%, h) on Xp is Ry, -stable (resp. Rp-semistable) if for

e any proper parabolic subgroup P of G,
e any 0-adapted holomorphic reduction of structure group o : Xp — E/P,
e any nontrivial anti-dominant character y : P — C*, which is trivial on the center of P,

one has
deg® E(h,o,x) >0 (resp. >0).

Proposition 3.18. Let (E,0%,h) be a 0-adapted G-bundle on Xp, and let € be the corresponding
parahoric Gg-torsor on X. Then, E is Rp-stable (resp. Rp-semistable) if and only if € is R-stable
(resp. R-semistable).

Proof. This is a direct result of Lemma Lemma [3:14] and Proposition [3.15 O

3.7. R,-stability Conditions and Degree Zero Case. Although the R,-stability condition is not
considered in this paper, it is important to give the definition of a parahoric torsor of degree zero. We
first restate the definition of R ,-stability condition from [25] for convenience:

Definition 3.19. Fixing an element p € t, a parahoric Go-torsor £ on X is called R, -stable (resp.
R,,-semistable) if for

e any proper parabolic subgroup P of G,
e any reduction ¢ : X — £/Py,
e any nontrivial anti-dominant character x : Pg — Gy,

one has
parhdegE(s, k) — (1, k) >0 (resp. >0).

Definition|3.8|gives the definition of degree of a parahoric torsor £. This definition is not a topological
invariant for £ because it not only depends on the torsor but also on the choice of ¢ and x. However,
we can find a canonical element p € t and take it as a topological invariant for a given parahoric
torsor, which is similar to the one considered in [B, Section 4.2] for the study of solutions to the
Hermite—Einstein equations.

Proposition 3.20 (Proposition 5.9 in [25]). Let E be a parahoric Go-torsor. Let 3 be the center of
g. There exists a canonical choice of u € 3, depending on the topological type of E, such that E is
R-stable (resp. R-semistable) if and only if E is R,,-stable (R, -semistable).

Instead of giving a proof of this proposition, we give the basic idea of finding the element u. We
take the trivial reduction of structure group, and then consider characters of G. Clearly, the set of all
characters of G is equivalent to the set of all characters of G*® := G/[G, G]. Thus, nontrivial characters
of G act nontrivially on the center of G. Thus, we can find a unique element p € 3 such that

parhdeg&(k) = (u, k).



18 PENGFEI HUANG, GEORGIOS KYDONAKIS, HAO SUN AND LUTIAN ZHAO

Example 3.21. We discuss the case G = GL,,(C), and we refer to reader to [25], §5.2] for more details.
It is well-known that a parahoric GL,-torsor £ corresponds to a unique parabolic bundle E,, where
FE is a vector bundle and the subscript e is for the parabolic structures. Then, the canonical element
u of £ is exactly the element % - I, where I is the identity matrix. In the case of curves, the
element p includes the information of degree and rank, and therefore, gives the information of Hilbert

polynomials. This is the reason why p is a topological invariant of a given parahoric torsor.

Definition 3.22. With respect to the definition and proposition above, if the corresponding element
w of a parahoric torsor £ is the trivial element in t, then we say that the parahoric torsor £ is of degree
zero. Under the correspondence we defined in a 0-adapted G-bundle E on Xp is of degree zero,

if the corresponding parahoric torsor is of degree zero.

If £ is a parahoric torsor of degree zero, then the R,-stability condition of £ is equivalent to the
R-stability condition. Furthermore, for any character x of Gg, we have

parhdeg &(k) = 0.

Although we do not know how to define a notion of “degree” (as a numerical topological invariant)
for general parahoric torsors, when quoting a parahoric torsor of degree zero we shall mean the notion
considered above. In this paper, we focus on the nonabelian Hodge correspondence, involving connec-
tions and Higgs bundles of degree zero (on curves) as in [37, B8]. This is the reason why here we only
care about the case of degree zero. When p is the trivial element, the R,-stability condition is exactly
the same as the R-stability condition (see Definitions and [3.16). Furthermore, in [5] the authors
proved a version of the Kobayashi—Hitchin correspondence for parabolic G-Higgs bundles for a given
topological invariant g € t [5, Theorem 5.1]; a polystable parabolic G-Higgs bundle in the terminology
of [5] corresponds to a parabolic local system if and only if the invariant p is trivial.

Remark 3.23. For the case G = GL,,, the authors in [5, §5.2] point out that it is not clear how to
prove directly that the R-stability condition and the stability condition for parabolic bundles given by
Simpson in [37] are equivalent. While the two stability conditions are equivalent via the Kobayashi—
Hitchin correspondence (i.e., both correspond to solutions of the same gauge-theoretic equation), a
direct algebraic proof of this fact is valuable for reconciling the different frameworks. In [25], §5], such
a direct proof was provided for the degree zero case. Together with the de Rham part studied in this
paper, this confirms that our tame parahoric nonabelian Hodge correspondence for general G-bundles
correctly reduces to Simpson’s original work when G = GL,,, and is in that sense a full generalization.

3.8. Polystability. In this subsection, we introduce the definition of polystability for both parahoric
torsors and metrized G-bundles in the case of degree zero. We refer the reader to [6] for the polystability
conditions of principal bundles. The notion of polystability can be defined similarly for Higgs bundles
and connections, which will be used in the proof of Theorem in

Given a parabolic subgroup P C G, let L be the Levi subgroup of G with Lie algebra [. Clearly,
0 is also a weight of L. Similar to the construction of Pg, we define the group scheme Lg similarly
and there is a natural projection Py — Lg induced by P — L. Let £ be a parahoric Gg-torsor. Given
a reduction of structure group ¢ : X — &/Pg, denote by &, the corresponding parahoric Lg-torsor,
which is induced by the parahoric Py-torsor &..

Definition 3.24. A parahoric Gg-torsor £ is R-polystable of degree zero, if it is R-semistable and there
exists a proper parabolic subgroup P C G and a reduction of structure group ¢ : X — &£ /Py, satisfying
the conditions

e for any anti-dominant character s, the equality
parhdegE(s,k) =0

holds;
o the parahoric Lg-torsor &, is R-stable.
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Let (E,0%,h) be a @-adapted G-bundle on Xp. It is Ry-polystable of degree zero if it is Ry-
semistable and there exists a proper parabolic subgroup P C G and a 8-adapted holomorphic reduction
of structure group o : X — E/P, satisfying the conditions

e for any anti-dominant character y, the equality
deg™ E(h,o,x) =0

holds;
o the f-adapted L-bundle E,, is Ry, -stable, where hp, is the metric on the L-bundle E,, induced
by h.

A reduction satisfies the first condition that the degree equals zero is called an admissible reduction
of structure group [32, §3.3].

Lemma 3.25. Given a 0-adapted G-bundle, it is Ry-polystable if and only if the corresponding para-
horic Gg-torsor is R-polystable.

Proof. This lemma can be proved similarly as Proposition [3.18 g

4. ANALYTIC G-HIGGS BUNDLES AND ANALYTIC (G-CONNECTIONS

For a metrized G-bundle on a noncompact curve Xp, we consider in this section an extra layer
of structure defined by a Higgs field and study the relationship to G-connections on Xp. Under an
appropriate harmonicity condition, we describe a categorical equivalence between tame harmonic G-
Higgs bundles and tame harmonic G-connections. We also describe a local correspondence between the
weights and residues (or monodromies) at the points in the divisor D of the corresponding elements
in the Dolbeault, de Rham and Betti spaces.

4.1. Basic definitions. We begin by extending basic definitions and calculations of Simpson [37} [3§]
for Higgs fields and flat connections on a metrized G-bundle on Xp. Note that since Xp is a curve,
the integrability condition for both connections and Higgs fields is satisfied automatically.

Let (E,0%,h) be a metrized G-bundle on Xp. Denote by d = 0 + 0 the usual exterior differential
operator with (1,0)-part d and (0, 1)-part 9. A Higgs field ¢ associated to E is defined as a holomorphic
section of F(g) ® Kxp, where Kx, is the canonical line bundle. With respect to the given metric h,
we can get an “adjoint” section ¢* of type (0, 1)

(#")" = Ad(h),

where ¢ is the (complex) conjugation and ¢7 is the transpose (see §3.1). Since h is hermitian, the
relation above is equivalent to

Ad(h)¢* = o7,
Now let 9',0” be operators of type (1,0) and (0,1) respectively.

Notation 4.1. We would like to use the notation 9’ (resp. 9") for operators of type (1,0) (resp. type
(0,1)), and the notation @ actually means the (complex) conjugation of & with respect to what we
defined in The operators 9 and 0 correspond to the differential operator d as we defined above.
Later on, we shall also use the notation 8 := 0 and 9/ := 0.

We say that the operator 0’ + 8" preserves the metric h, if we have
Oh-h™t =9 + Ad(h)d",
which is equivalent to the equation

Rl 0h = Ad(h~Ho'T + 9.
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Remark 4.2. In the case of G = GL,(C), a metric h on E (as vector bundles) induces a natural bilinear
form h(-,-) on fibers of E. Then, for the Higgs field ¢, we have

h(¢*u,v) = h(u, ¢v).

or equivalently,
(") h = he.
For the operators @ and 9", we have
Oh(u,v) = h(0'u,v) + h(u,d"v),
which means
Oh=08"h+hd".
For general reductive groups, the above relations are exactly
(¢")T = Ad(h)$, Oh-h~' =T + Ad(h)d".

Furthermore, as we discussed above, the hermitian metric h induces a bilinear form A(:,-) on the fibers
of a vector bundle (the case of GL,(C)). We extend this property to G-bundles F, more precisely,
the adjoint bundle F(g), and we still work on “fibers”. The metric h induces a bilinear operation
h(-,-) : g x g — g as h(u,v) = uThv. Here is a brief explanation of the product u’hv. We regard
h,u,v as the corresponding adjoint operators Ad(h),ad(u),ad(v) on g, and then, the product u” hv is
defined as the product of the corresponding adjoint operators.

Let (E,D,h) be a metrized G-bundle equipped with an integrable connection D. Equivalently,
an integrable connection on E is equivalent to a holomorphic homomorphism Tx, — At(E) of Lie
algebroids, where T'x, is the tangent bundle and At(FE) is the Atiyah algebroid (see Appendix |A|for
the definition). Furthermore, this equivalent definition of connections on G-bundles implies that a
connection corresponds to an element in <71 (F(g)) locally, which is regarded as the connection form
(see Example [A.4). We write D = d’ + d” as a sum of operators of type (1,0) and (0,1). Then, for
the given metric h, we can find a (1,0)-operator ¢’ and a (0, 1)-operator §” such that both d’' + ¢ and
0" 4+ d” preserve the metric h, in other words,

h™'-0h =dT + Ad(h)s",
h=t.0h =" + Ad(h)d".
We then define the following operators
9 = %(d/ +4), ¢:= %(d' -9
9" = %(d" +4"), ¢ = %(d” — 0",
and compute

I+ Ad(h)0"+ = % (d™ + 6T+ Ad(h)(d" + "))

= % (6" + Ad(h)d") + (d'" + Ad(h)d"))
=h~"0h.
This actually means that 8’ 4+ 0" preserves the metric h. At the same time, we have
dT 4+ Ad(h)d" = &' 4+ Ad(h)d",
which implies
Ad(h)(d" = 6"y =d™" -7,
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and then
Ad(h)§* = o

This calculation shows that ¢ as introduced above is adjoint to ¢* with respect to the metric h.

4.2. Analytic G-Higgs Bundles and Analytic G-connections. In this subsection, we define G-
Higgs bundles and G-connections over Xp analytically and introduce a notion of harmonicity for
these objects. The harmonicity condition commonly refers to a hermitian metric solving the Hermite—
Einstein equation and it is equivalent to a notion of stability for the points in the Dolbeault moduli
space. This is the content of the Kobayashi—Hitchin correspondence, which we will prove later on in
We will see then that the existence of a hermitian metric solving the Hermite-Einstein equation,
in fact, implies the property we call harmonicity in this subsection, thus explaining this slight abuse
of terminology.

Definition 4.3. An analytic G-Higgs bundle on Xp is a triple (E, 0%, ¢), where

e (E,0%) is a holomorphic G-bundle on Xp,
e ¢ is a Higgs field that is a holomorphic section of E(g) ® Kx .

It is called a metrized G-Higgs bundle, if it comes equipped with a metric h.

Given a metrized G-Higgs bundle (E, 9%, ¢, h), we obtain an operator

D" := 0}, + ¢.
Denote by

Fpr = (D")2
the pseudo-curvature of D" and clearly, Fp» = 0. We also induce a connection
(4.4) D=0, + 05+ ¢+ ",

where 0, + 0% preserves the metric h and ¢* is adjoint to ¢ with respect to the metric h. Denote by
Fp the curvature of D. In conclusion, with respect to the metric h, we obtain a tuple (E, D, D" h).
The discussion above introduces the concept of G-connections as follows:

Definition 4.5. An analytic G-connection on Xp is a pair (E, D), where

e F is a G-bundle on Xp,
e D is an integrable connection on F.

If we equip E with a metric h, then we say that (E, D, h) is a metrized G-connection.

Given a metrized G-connection (E, D,h), then Fp = 0 by definition. Also, given the above data,
we can define the operator D" := 0" + ¢. If we want to obtain an analytic G-Higgs bundle, we need to
add the extra condition that the pseudo-curvature Fp is trivial. Under this condition, one can follow
the calculation in and induce a metrized G-Higgs bundle. Before we state the correspondence, we
first introduce the following definition.

Definition 4.6. A harmonic G-Higgs bundle is a metrized G-Higgs bundle such that its induced
connection D as in is flat. Omn the other hand, a harmonic G-connection is a metrized G-
connection such that its induced pseudo-curvature Fp» is trivial. The corresponding metric inducing
these conditions in either case will be called a harmonic metric.

Given the definitions above and the calculations from we have the following:

Lemma 4.7. The category of harmonic G-Higgs bundles is equivalent to the category of harmonic
G-connections.
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Given a harmonic G-connection (E, D, h), the Dx-module structure is induced from the flat con-
nection D, which decomposes to its (1,0)-part d’ and (0,1)-part d”, as

D=d +d".

Therefore, the (0,1)-type operator d” equips the G-bundle E with a holomorphic structure and the
induced holomorphic G-bundle (E,d"”) will be denoted by V. Furthermore, the (1, 0)-operator is holo-
morphic with respect to the holomorphic structure d”. Therefore, we get a holomorphic G-connection
(V,d’), which is a more algebraic description of the G-connection.

4.3. Degree. Let (E,0%,¢,h) be a metrized G-Higgs bundle on Xp. Let 0 : Xp — E/P be a
holomorphic reduction of structure group and let x : P — C* be a character. Similar to we
first define the induced metrized P-Higgs bundle E,. Since the induced metric h, and holomorphic
structure 8};6 is already given in we only have to consider the Higgs field.

Given an arbitrary reduction of structure group o, the Higgs field ¢ may not be lifted to a Higgs
field on E,. We introduce the following;:

Definition 4.8. Let (E,J%,¢) be an analytic G-Higgs bundle on Xp. A holomorphic reduction
of structure group o : Xp — E/P is said to be ¢-compatible, if there exists a lifting ¢, : Xp —
E,(p) ® Kxp, such that the following diagram commutes

Es(p) ® Kx,,
bo 7 \[
Xp — E(9) ® Kxp.
If there is no ambiguity, we shall simply say compatible holomorphic reductions of structure group.

Here is an alternative way to understand the condition of compatibility. By taking the adjoint
representation, we have the following Cartesian diagram for the adjoint bundles

Es(p) — E(9)
J J
XD L} E(u_)7

where u™ is the Lie algebra of the unipotent group U~ C G, which is defined by the set of roots R\R p
(see the notation in §3.2); here we use the same notation o for the induced section of E(u~). Now, let
us consider the following diagram

Ey(p) @ Kx, — E(g) ® Kx,,

| !

Xp —% & B(u).

id

Then, ¢, exists if the diagram commutes, that is, ¢|,- = o. From the point of view of Higgs bundles,
this condition pertains to the existence of subbundles preserved by the Higgs field.
For analytic G-connections, we have a similar definition:

Definition 4.9. Let (E, D) be an analytic G-connection on Xp. A holomorphic reduction of structure
group o : Xp — E/P is said to be D-compatible, if there exists a lifting D, : T, — At(E,), such
that the following diagram commutes
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At(E,)

5

TXD *> At(E)

where At(E,) is the Atiyah algebroid of E,. If there is no ambiguity, we shall simply say compatible
holomorphic reductions of structure group.

We remind the reader that the holomorphic reduction of the structure group depends on the holomor-
phic structure. More precisely, given an analytic G-Higgs bundle (E, 9%, ¢), a reduction of structure
group o is holomorphic with respect to 9%. Similarly, given an analytic G-connection (V,d'), o is
holomorphic with respect to d”.

Remark 4.10. Let E be the trivial G-bundle. Then, a connection D is equivalent to an element in
A (E(g)) (see Appendix . Thus, the compatibility condition for connections can be stated in the
same way as for Higgs fields:

E, (P) ® Kxp,
D, .. I \[
XD L> E(g) ®KXD'
For a general analytic G-connection, this statement holds locally.
Definition 4.11. Let (E, %, ¢, h) be a metrized G-Higgs bundle, let 0 : Xp — E/P be a compatible

reduction of structure group, and let x : P — C* be a character. We define the analytic degree of

(B, 0%, ¢, h) as
v-1

Xp

X+Fe,,

where @ = h, D, D". If o is the trivial reduction of structure group, we define

V-1

*FO;
2 Xp X

deg™ E(e,x) =
where ¢ = h, D, D”. Given an analytic metrized G-connection (E, D, h), one similarly defines a notion
of degree.

For a metrized G-connection (E, D, h), the operator 9’ + 9" preserves the metric h and this implies
that Fy, =8 09" + 9" 0 &', thus

FD:Fh+2FD”+[¢7¢*]'

Since D is an integrable connection, for an arbitrary character y, we have

V=1

deg™ E(D,x) = — x«Fp = 0.
2'/T Xp
Thus,
0= / X«Fp = / X« (Fn + 2Fpr + [, ¢*]).

Xp Xp

Note that
| xelo.sr)=
Xp

therefore,

an \4 -1 vV
deg E(h7X) = ot X*Fh =-2x

Xp ﬂ- XD

X+Fpr = =2deg™ E(D", x).
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On the other hand, given a metrized G-Higgs bundle (E, 9%, ¢, h), we have
2Fpn = Fp — Fy — [¢, ¢"].

Since Fpr is trivial, we get

deg™ E(D, x) = XeFp = —— X+ Fn = deg™ E(h, x).
XD m XD

The above discussion gives us the following lemma.

! V1
2w

Lemma 4.12. Given a harmonic G-Higgs bundle (E, 9%, ¢, h), we have
deg®" E(h,x) = deg™ E(D, x) = deg® E(D",x) = 0,

for any character x : G — C*.
Similarly, given a harmonic G-connection (E, D, h), we have

deg™ E(h, x) = deg™ E(D, x) = deg™ E(D",x) =0

for any character x : G — C*.
Furthermore, harmonic G-Higgs bundles and harmonic G-connections are of degree zero in the sense

of §70

4.4. Tameness. In this subsection, we introduce the tameness condition for analytic G-Higgs bundles
and analytic G-connections.

Definition 4.13. Let (E, 0%, ¢) be an analytic G-Higgs bundle. For each puncture x € D, let e be
a local trivialization such that 0% = 9y on a neighborhood of  with local coordinate z, where 9y is
the (0, 1)-part of the standard connection on Ox. The tuple (E, 8%, ¢) is a tame 0-adapted G-Higgs
bundle, if for each puncture x € D, we have

2% . (2¢(2)) - 2% is bounded as z approaches zero.

A tame metrized 0-adapted G-Higgs bundle is a tame @-adapted G-Higgs bundle equipped with a
metric h. Furthermore, a tame harmonic 0-adapted G-Higgs bundle is a tame metrized 0-adapted
G-Higgs bundle such that the induced connection D is flat.

Remark 4.14. In the case of GL,(C) (that is, for vector bundles), the tameness condition is exactly
the same as Simpson considered in [37, §2]. Let 6 be a weight of GL,,(C), and denote by GLgy(K)
the corresponding parahoric group. Since any weight of GL,(C) is equivalent to a small weight, the
parahoric group GLg(K) can be regarded as a subgroup of GL,,(R) under conjugation. Therefore, in
local charts, a Higgs field ¢ is an element in g["iK) dzC ‘"Z(R) dz, and then, the eigenvalues of ¢ have
poles at most one, which matches the definition of a tame Higgs field given by Simpson.

We next move on to analytic G-connections. Let (E,D) be an analytic G-connection, and let
D=d+d. In we gave an alternative definition, and equipped E with a new holomorphic
structure d’ together with a holomorphic connection d’. Then, we can use a similar approach as we
did in the case of Higgs bundles. For each puncture z, we can take a local coordinate and a good
trivialization of E such that d” = 9 around the puncture z. Since we work on local charts, we can
suppose that the induced connection d’ is an E(g)-valued one form. With respect to this trivialization,
we give the definition of tameness for G-connections.

Definition 4.15. Let (E, D) be an analytic G-connection. For each puncture z, let e be a local
trivialization such that 9% = 9 on a neighborhood of . Then, the tuple (E, D) is a tame 6-adapted
G-connection, if for each puncture z € D, we have

2% . (2d') - z7% is bounded as z approaches zero.

A tame metrized @-adapted G-connection is a tame @-adapted G-connection equipped with a metric
h. Moreover, a tame harmonic 0-adapted G-connection is a tame metrized 0-adapted G-connection
such that the induced pseudo-curvature Fp- is trivial.
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Remark 4.16. In the above definition, since both the Higgs field ¢ and the operator d’ of type (1,0)
are holomorphic, we use the coordinate z to define boundedness. More generally, we can rewrite this

condition by applying the polar coordinate r = |z|, and for example, the boundedness condition for d’
will be

r% . (rd') - 7=% is bounded as r approaches zero.
This is a more workable definition when dealing with local calculations.

Remark 4.17. Note that the terminology 6@-adapted in Definitions and is not for the metric,
but for Higgs fields and connections. In this paper, the metric h of a tame harmonic #-adapted Higgs
bundle (E,d%,¢,h) is also B-adapted, but the metric of a tame harmonic @-adapted G-connection
(V,d) is usually not 8-adapted. We will study this relation locally in the next subsection.

4.5. Local Study. Analogously to Simpson’s description of model metrics in the case of filtered
(GL,,(C)-)Higgs bundles (|37, §5]), we construct in this section a class of model metrics hg locally
around a puncture in D and consider the relation between Higgs bundles (Dolbeault side), connections
(de Rham side) and representations (Betti side). More precisely, we complete the following table

Dolbeault | de Rham | Betti
weights @ B8 y
residues \ monodromies Pa d,/B M,

The weights «, 3, are considered as the jump values of the metric hg with respect to distinct choices
of trivializations. For the “residues \ monodromies”, we mean the Levi factor ¢, of the residue of the
Higgs field ¢, the Levi factor d’ﬁ of the residue of the connection d’ at a fixed puncture, and the Levi
factor M., of the monodromy of the representation around the puncture. The model metric needed for
this complete description is chosen in the same way as the one in the work of Biquard—-Garcia-Prada—
Mundet i Riera [5], where parabolic G-Higgs bundles for real reductive groups were studied, which
also includes the case when the group G is complex.

This detailed description of the local data will help us later on to establish the correspondence
between tame harmonic a-adapted G-Higgs bundles and tame harmonic 3-adapted G-connections.
Moreover, we will construct harmonic metrics with the desired local behavior and the local models
here allow us to understand the behavior of the nonabelian Hodge correspondence in terms of the
parahoric weights.

Let x € D be a point in the divisor, and denote by D* a punctured disc around x with local
coordinate z. Let o be a weight. By Lemma [2.5] a tame a-adapted Higgs field ¢ is regarded as an
element in ga(K)df. In this subsection, we suppose that

dz
(ZS = (]Saf,
z
where ¢, € p, C g is the residue of the Higgs field ¢ at x. Applying Jordan decomposition, we have
¢o¢ = Sq + You

where s, is the semisimple part and Y, is the nilpotent part. Since G is a complex reductive group,
we can suppose that the semisimple part s, is an element in t. The element Y, can be completed into
a natural sly-triple (X, Hq, Yy) called a normal triple or a Kostant—Rallis triple (see [22], Proposition
4]) such that X, is the “hermitian dual” of Y,, and H, = [X,,Y,] lies in t.

We consider similarly to [5] the model metric

(4.18) ho = |2|*(=In|z[*)"= 2.

Remark 4.19. Note that the model metric considered in [5, Formula (5.8)] is given for the case of a
real group G by

6o
ho = || (= In |z[?) 24D Ha g,
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Compared to the metric we are considering above, the reason why the term Ad(e®®) is not apparent
is that in the complex group case we always have Ad(ewo‘)Ha = H,.

For the model metric kg as in (4.18)), we have

H, \d H, \d
6;7,0:6(/)—’_(0[—’_ )ZZ’ D02d0+<a+ )Z’

In |z|? In|z]2 /) 2

where dy = 9}, + 9. Take
Hq
go = |z[7*(=In|2*) "=,
and define the trivialization eq = egg. Then, hg(eg, e9) = 1. Under the gauge action of gg, we have
1 H dz 1 H dz
8’ — 8/ = o -~ a/l — /- o haiad
ho 0+2<a+ln|z|2) 2 Mo 0 2(a+1n|z|2> z’

where we use the same notation for operators 8,’10, 8;{0.
For the Higgs field ¢, we calculate Ad(go_l)(,b and Ad(go_l)gb*. Note that

Ad(go)Ya = Ad(e 2 110y,
= Ya67 ln(7 In |Z|2)
_ Yo
Yk

where we used the formula Ad(e¥X)Y = e2d(X)Y in the second equality. Therefore, under the trivial-
ization eg, the Higgs field and its adjoint are given by

Yo \dz . (. X, \ dz
¢=\sa—7T7 3| = ¢ =[(5- 5 | —
In |z z In |z z
where we also use the same notation for convenience.
With respect to the above description, the connection D (see (4.4)) is given as

D=0, +0,,+o+0¢"

i (tass 4 $Ho — Yo\ dz
0 2 In |z|? z

g T Sa In |z|?

=
Next, we take another trivialization e; = egg;, where

g1 = 2] 70050 (= I ) XY,
Note that

ho(er,e1) = ‘Z|_2(Sa+§o¢)(_ In |Z‘2)(X04+Ya).

Under the trivialization eq, the connection D becomes

1 1 1 1
do + <20¢ + 550~ §§a - §(Ha + Xa — Ya))

| & e | &

1 1 1 1
— | Za+ =8y — =54 — ~(H, + X, — Y,
<2a+25a 5 5a 2( o+ Xa a))
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where we applied the formulas

1 1
Ad((—ln |Z\2)_§(X“+Ya)) <2Ha - Ya)

1 1
= §(Ha + Xo = Yo)(—In|z?) - i(Xa +Y,);
1
Ad((—ln Iz\Z)‘%‘X“”&)) (—2Ha —~ Xa)
1 o 1
= —§(Ha + Xo = Yo)(—In|z]?) — §(Xa +Y,).

Now we consider the connection D in the following two ways:
(1) In the Betti side, recall the formula
1.d dz
ido = = (2 - 5y,

2"z z
We write the formula about the connection D in polar coordinates:
do +i(a+ 8o — 80 — (Ho + Xo — Yy))do.
Therefore, the weight is given by
v =—(5a + 5a),
and the monodromy is given by
exp (—2mi(a + So — Sq)) exp (2mi(Hy + X0 — Ya)) -
(2) On the de Rham side, let e; = e1ga, where
go = |Z|a+sa—§a—(HQ+Xa—Ya).

Under the trivialization es, the connection D becomes

do+ (@ + 8a — 50 — (Ho + X4 —Ya))%.
Furthermore,
ho(es, e2) = |Z‘2a—2(sa+§a)—2(HQ+XQ—YQ) ) (_1n|2|2>(Xa+Ya)
_ |Z‘2a72(sa+§a)‘Z|72(HQ+XQ—YQ) ) (—ln\z|2)(X“+Ya).

Note that H, + X, — Y, is a nilpotent element, and under some good choice of basis, it can
be regarded as the matrix

1 1

-1 -1)°

2 o (1)) mga) )
(10 11 Ly
= (0 1) + (_1 _1) “In 2|77

Therefore, this term does not contribute to the jump value. Summing up, the weight is

5:a_(sa+§oz)»

Thus,

and the residue is

dy = a+ (Sa = 5a) = (Ha + Xo — Ya).
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In conclusion, we have the following table:

Dolbeault de Rham Betti
weights @ a—(So+ 3q) | —(Sa + 5a)
residues \ monodromies | s, + Y, d’ﬂ M,
where
dy =+ (50 —5a) = (Ho + Xo — Ya)
and

M, =exp (—2mi(a+ So — 5a)) exp 2mi(Hy + Xo — Ya)) .

Note that the data in the Dolbeault and Betti parts of this table is the same as [5, Table 1] describing
the weights and monodromies in the correspondence between parabolic G-Higgs bundles and parabolic
G-local systems.

Remark 4.20. If the Higgs field ¢ does not have the nilpotent part, i.e.

dz dz

¢ = ¢a* = Sa—,

z z

|2a

the model metric we choose is hg = |z|*®. With the same calculation as above, we have the following

table for the semisimple case:

Dolbeault de Rham Betti
weights a o — (Sq + 3a) —(Sa + 8a)
residues \ monodromies Sa a+ (So — 8a) | exp(—2mi(a+ (8o — 54)))

The data in this table agrees with the data appearing in the table in [7] §6].

4.6. The Correspondence. From Lemma[4.7] a metrized G-Higgs bundle corresponds to a metrized
G-connection under harmonicity. Now we are going to give a more precise description of this corre-
spondence under the condition of tameness. Let o = {a,, © € D} and B = {f;, = € D} be two
collections of weights.

Proposition 4.21. Let h be an a-adapted metric. A tame harmonic a-adapted G-Higgs bundle
(E,0%, ¢, h), with

¢az = Say, + Yaz
the Levi factor of the residue of the Higgs field ¢ around each puncture x, corresponds to a tame
harmonic B-adapted G-connection (V,d'), where

B = az — (Sa, + 3a,),
with
d’ﬁz =y + (8a, — 5a,) — (Ho, + Xo, — Ya,)
the Levi factor of the residue of the connection d' around each puncture x. The correspondence also

holds in the other direction.

Proof. We only give the proof for the case that the residue of the Higgs field is semisimple, and the
general case is treated similarly to the local study in §.5] Also, it is enough to work around a puncture
x € D with the help of Lemma Given a tame harmonic a-adapted G-Higgs bundle (E, 8%, ¢, h),
suppose that we have 9% = 9{ around the puncture x with a good choice of trivialization eg. Then,
we have

d=0+¢, d =+,
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where 0;, = 9 + a%. To simplify the notation in the proof, we omit the subscript x in the notation
for convenience. The jump value of h with respect to this trivialization e is « and, without loss of
generality, suppose that h(e,e) = |z|**. Moreover, when we say “residue”, it actually means the Levi
factor of the residue.
Step 0: Take ey = ego, where go = |z|~“. Under the trivialization eg, the operators become
dz 1 dz

1 *
86+§Oé7+¢0, a(/)l—ia?‘i‘(ﬁo,

where
do = Ad(go)d, &5 = Ad(go)d"
Then, h(eg,e0) ~ 1 and the limit lir% r¢(r) is bounded.
r—r
Step 1: We can find a complex gauge transformation g; such that
_ 1 1 .
o191t = —5Ad(g1)¢0 — 5Ad(g1) 93

L1 T .
Hgr-g7" = —§Ad(91)¢0 - iAd(g1)¢o-

In fact, these two equations are equivalent to

gt B = 500 + G5
g1 B =500+ )
and it is clear that the element g; exists. Under the trivialization e; = epg1, we have the operators
+ b1, 9 — 7,
where
¢ = %Ad(gl) (adzz + P — ¢3) OES %Ad(gl) (Oéd; + o — ¢3> .
As we studied in §4.5] we have
h(er,er) ~ r2sat5a)
the limit }5% Ad(r®e*5sa)(r¢y(r)) is bounded and the residue of ¢; is 2 (a + so — 54).
Step 2: We can find a second complex gauge transformation g such that
Dg2 - g3+ = —Ad(g2)¢7,
0592 95" = —Ad(g2)¢7.

Under the trivialization es = e1g2, the (0, 1)-type operator becomes trivial and the (1, 0)-type operator
is

Ay + 2 — b3,
where
¢2 = Ad(g2)p1, @5 = Ad(g2)07-
Furthermore,
h(eg, 62) ~ Tzafz(sa%a)’
the limit

lim Ad(ro‘_(s‘*+§5“)) (7”(¢2(7“) — 5 (T)))

r—0

is bounded and the residue of ¢9 is a + s4 — 5q.
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In conclusion, we obtain a holomorphic connection 9} + ¢ — ¢35 with weight o — (s4 + 54) and
residue a + s, — S, which is exactly the data stated in the proposition. Thus, given a tame harmonic
a-adapted G-Higgs bundle, we obtain a tame harmonic 3-adapted G-connection with the desired data.

The other direction can be proved similarly. This finishes the proof of this proposition. O

4.7. Stability Condition.

Definition 4.22. A tame metrized #-adapted G-Higgs bundle (E, 0%, ¢, h) is called Ry, -stable (resp.
Ry, -semistable), if for

e any proper parabolic group P C G,

e any compatible 8-adapted holomorphic reduction of structure group o : Xp — E/P,

e any nontrivial anti-dominant character y : P — G,,, which is trivial on the center of P,

one has
deg™ E(h,o,x) >0, (resp. >0).

Definition 4.23. A tame metrized 8-adapted G-connection (V,d’,h) is called Ry,-stable (vesp. Ry,-
semistable), if for

e any proper parabolic group P C G,

e any compatible #-adapted holomorphic reduction of structure group o : Xp — V/P,

e any nontrivial anti-dominant character y : P — G,,, which is trivial on the center of P,
one has

deg™ V(h,o,x) >0, (resp. >0).

The definitions of polystability for tame metrized G-Higgs bundles and GG-connections are analogous
to Definition by adding the compatibility condition of reductions of structure group, thus we skip
the definition here.

Lemma 4.24. Given an a-adapted metric h, there is a one-to-one correspondence between compat-
ible ac-adapted reductions of structure group of (E,d%, ¢, h) and compatible B-adapted reductions of
structure group of (V,d', h).

Proof. The proof of this lemma is exactly the same as that of Proposition The idea is that we
start with a compatible a-adapted holomorphic reduction of structure group o, and the corresponding
P-Higgs bundle is (E,, ¢,). Applying the gauge actions given in Proposition to o, we obtain a
B-adapted holomorphic reduction of structure group with respect to the holomorphic structure d”,
and the compatibility follows directly from the construction of d’. 0

We introduce the following notions:
e Cpoi(Xp, G, o, dy,): the category of Rj-stable tame harmonic a-adapted G-Higgs bundles of
degree zero on X p, and the Levi factors of residues of the Higgs field are ¢, at punctures;
e Car(Xp, G, B, d’ﬂ): the category of Rp-stable tame harmonic 3-adapted G-connections of de-
gree zero on X p, and the Levi factors of residues of the connection are db at punctures,

where
b = {Pa,,r € D} and dg:={ds ,r € D}

are collections of elements in g. We would like to explain the terminology here. In the classical case, the
Kobayashi—Hitchin correspondence shows that harmonicity is equivalent to the polystability condition.
We denote the category by including both harmonicity and stability at this point because a version of
Kobayashi—Hitchin correspondence has not been proved yet; this will be proven later on in

Theorem 4.25. Fiz an a-adapted metric h. Let (E,0%, ¢, h) be a tame harmonic oc-adapted G-Higgs
bundle, and let (V,d', h) be the corresponding tame harmonic 3-adapted G-connection. The tame har-
monic G-Higgs bundle (E, 0%, ¢,h) is Ry-stable (resp. Rp-polystable) if and only if the corresponding



TAME PARAHORIC NONABELIAN HODGE CORRESPONDENCE 31

tame harmonic G-connection (V,d',h) is Ry-stable (resp. Rp-polystable). Furthermore, the categories
Cpol(XD, G, o, 9) and CdR(XD,G,ﬂ,d,’@) are equivalent.

Proof. By Lemma if o is a compatible a-adapted reduction of structure group of (E, %, ¢, h),
then and only then it is a compatible B-adapted reduction of structure group of (V,d’, h). Based on
Proposition the correspondence follows directly. O

5. LoGAHORIC HI1GGS TORSORS AND LOGAHORIC CONNECTIONS

In this section, we extend the functor = studied in to categories of Higgs bundles and connec-
tions. Let X be a smooth algebraic curve, and denote by Kx the canonical bundle on X. A parahoric
Ge-torsor £ on X can be understood from its local charts (F, E,), where F is a G-bundle on Xp
and F, is a Gy -torsor on D,. By taking adjoint representations, the adjoint bundles E(g) on Xp
and E,(g) on D, are defined in a natural way. Under a trivialization around z, sections of E,(g) are
regarded as go, (K) (see §2|for the notation). Patching them together via the same transition functions
as £, we get an adjoint bundle on X which is denoted by £(g).

Definition 5.1. A logahoric Gg-Higgs torsor on a smooth algebraic curve X is a pair (£, @), where
e £ is a parahoric Gg-torsor on X;
o pc H'(X,E(g) ® Kx (D)) is a section.

The section ¢ is called a logarithmic Higgs field.

We would like to repeat at this point Remark [3.1} namely, the definition above is a purely algebraic
one, therefore we do not use the term holomorphic section. Similarly to parahoric torsors (cf. , one
naturally defines equivalence classes of logahoric Higgs torsors. Next, we define logahoric connections.
We only give the key definition and refer the reader to Appendix [A] for more details.

Definition 5.2. Let £ be a parahoric Gg-torsor. A logarithmic connection on £ is a C-linear map
V:0¢ = Og @ Kx (D) such that

(1) V satisfies the Leibniz rule;
(2) the diagram commutes,

O¢ v O£®KX(D)

J{a la@l
VR1I+1V
Of ® Ogy ————28 (0g @ Og,) @ Kx (D)

where a : Og = Og ® Og, is the co-action map and Vg, is the canonical integrable connection
on Gg.

A logarithmic connection V corresponds to a section of £(g) ® K x (D) locally, which is regarded as
the connection form of V.

Definition 5.3. A logahoric Gg-connection on X is a pair (£,V), where £ is a parahoric Gg-torsor
and V is a logarithmic connection on £.

In §3| we have seen that there is a correspondence between #-adapted G-bundles on Xp and

parahoric Gg-torsors on X. In the sequel, we include the additional information given by Higgs fields
(resp. connections) to get a correspondence between tame metrized 0-adapted G-Higgs bundles (resp.
G-connections) on Xp and logahoric Gg-Higgs torsors (resp. logahoric Gg-connections) on X.

A tame 6-adapted metrized G-Higgs bundle (E, 0%, ¢, h) corresponds to a parahoric Gg-torsor £.
Note that around each puncture z € D, the Higgs field ¢ satisfies the tameness condition that 2% -
(24(2)) - 7% is bounded as z approaches zero (see Definition . By Lemma the Higgs field
¢ naturally extends to a logarithmic Higgs field ¢ : X — £(g) ® Kx (D) . Therefore, we associate
(E, 9%, ¢, h) with a logahoric Gg-Higgs torsor (£, ), and thus establish the functor

EHiggs : CHiggs(XD; Ga 9) — CHiggs (X7 g@)v
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where Chiges(XD,G,0) is the category of tame metrized #-adapted G-Higgs bundles on Xp and
Chiges (X, Gg) is the category of logahoric Go-Higgs torsors (€, ¢) on X.

The argument for connections is similar. Given a tame metrized 8-adapted G-connection (V,d’, h),
the holomorphic bundle V' can be extended to a parahoric Gg-torsor V under the functor =. Under the
tameness condition for d’, the connection d’ corresponds to a logarithmic connection on V and denote
by V the corresponding connection. Therefore, we have the functor

ECom} : CConn(XD7 G7 6) — CConn (X, g@),

where Cconn (XD, G, 0) is the category of tame metrized #-adapted G-connections on X p, and similarly,
Coonn (X, Go) is the category of logahoric Gg-connections on X.

After establishing the correspondence for Higgs bundles and connections, we move to stability
conditions. We first consider the stability condition for logahoric Go-Higgs torsors on X. Let (&, ¢)
be a parahoric Gg-Higgs torsor on X. A reduction of structure group ¢ : X — £/Py is said to be
p-compatible (or compatible in short), if there is a lifting ¢ : X — & (p) ® Kx (D) such that the
following diagram commutes

&(p) © Kx(D)

R
Pe \[

X ¥ £(g) @ Kx(D).

Definition 5.4. A logahoric Gg-Higgs torsor (£, ) is called R-stable (resp. R-semistable), if for
e any proper parabolic group P C G,
e any compatible reduction of structure group ¢ : X — £/Pa,
e any nontrivial anti-dominant character x : P9 — G,,,, which is trivial on the center of Py,

one has
parhdeg&(s, k) >0, (resp. >0).

For a logahoric Gg-connection (V, V), a reduction of structure group ¢ : X — V/Pg is V-compatible
(or compatible in short), if there is a lifting V¢ : Oy — Oy_® Kx (D) such that the following diagram
commutes

Oy —~ Oy ® Kx (D)

! |

Oy, 5y Oy, ® Kx (D).

<

Definition 5.5. A logahoric Gg-connection (V, V) is called R-stable (resp. R-semistable), if for
e any proper parabolic group P C G,
e any compatible reduction of structure group ¢ : X — V/Pg,
e any nontrivial anti-dominant character x : P9 — G,,,, which is trivial on the center of Py,

one has
parhdegV(s,k) >0, (resp. >0).

Lemma gives a one-to-one correspondence between @-adapted holomorphic reductions of group
structure of F and reductions of group structure of £. This result can be extended to include Higgs
fields and connections.

Lemma 5.6. Let (E, 0%, ¢, h) (resp. (V,d',h)) be a tame metrized 8-adapted G-Higgs bundle (resp. G-
connection) on Xp. Denote by (£, ) (resp. (V,V)) the corresponding logahoric Gg-Higgs torsor (resp.
logahoric Gg-connection). Given a 0-adapted holomorphic reduction of structure group o : Xp — E/P,
it is compatible with ¢ (resp. d') if and only if the corresponding reduction of structure group < is
compatible with ¢ (resp. V).
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Proof. The proof of this lemma is similar to the one for Lemma O

Proposition 5.7. A tame metrized 0-adapted G-Higgs bundle is Ry-stable (resp. Ry,-semistable) if and
only if the corresponding logahoric Gg-Higgs torsor is R-stable (resp. R-semistable). Similarly, a tame
metrized 0-adapted G-connection is Ry-stable (resp. Ry-semistable) if and only if the corresponding
logahoric Gg-connection is R-stable (resp. R-semistable).

Proof. This proposition is a direct result of Lemma [5.6] and Propositions O
Let
909:{@917*%61)}7 VGZ{VexvﬁeD}

be two collections of elements (as residues) in g indexed by punctures. We introduce the following
notions:

e Cpoi(X, g, pe): the category of R-stable logahoric Gg-Higgs torsors of degree zero on X, and
the Levi factors of residues of the Higgs field are pg at punctures;

e Car(X,Gg,Veg): the category of R-stable logahoric Gg-connections of degree zero on X and
the Levi factors of residues of the connection are Vg at punctures.

Proposition shows that the functor Zgniges (resp. Zconn) induces a well-defined one
Epol : Cpol(X D, G, 0, d9) = Cpoi(X,Ge,e) (resp. Ear : Car(Xp, G, 0,dy) = Car(X, Go, Vo))

between the Dolbeault categories (resp. de Rham categories), where ¢g = @g (resp. dy = V).

6. TAME PARAHORIC NONABELIAN HODGE CORRESPONDENCE: CATEGORY

We are now ready to establish the tame parahoric nonabelian Hodge correspondence at the level
of categories. The first step is a Kobayashi—Hitchin correspondence relating Rp-polystability with the
existence of a 8-adapted harmonic metric h on a tame metrized 0-adapted G-Higgs bundle (E, 9%, ¢) of
degree zero on Xp (Theorem. Here, by a harmonic metric h, we mean one that solves the Hermite—
Einstein equation and such a solution then induces a flat connection D as in ; this explains the
slight abuse of notation for harmonicity that appeared in Definition Given the Kobayashi-Hitchin
correspondence, we obtain a bijection between objects in the Dolbeault and the de Rham categories
(Theorem . The next step involves a Riemann—Hilbert correspondence describing a bijection be-
tween objects in the de Rham and Betti categories. In we profit from the local behavior of the
correspondence studied by Boalch in [7] and show how the tame harmonic G-connections introduced
here align with that work. The outcome will be a complete diagram describing the correspondences
at the level of categories as follows:

CDO](-XD7 G, (& ¢a) —_— CdR(XDa Gv ﬁv d,/@)

Cpol(X, Ga; o) == Car(X,Gp,Vg) == C(XD,G,, M,),
for the terms introduced in and ¢q = Ya, db =Vg.
6.1. Kobayashi-Hitchin Correspondence. Let (E, 0%, ¢) be a tame #-adapted G-Higgs bundle on
Xp. The purpose of this section is to prove a Kobayashi—Hitchin correspondence relating the polysta-

bility condition for the triple (E, 9%, ¢) with the existence of a hermitian metric h on E satisfying the
Hermite—Einstein equation

(6.1) Fp+ 10,07 =0,

where F}, is the curvature of the Chern connection associated to the metric h and the holomorphic
structure 0%, while ¢* is the adjoint section of type (0,1) defined by

(") = Ad(h)o.
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Note that a metric h satisfying the above equation also implies that the induced connection D is flat,
and therefore h is exactly a harmonic metric as considered in Definition

The strategy of the proof of the correspondence has so far been applied in a large variety of similar
situations. Among those, we single out pioneering works for the correspondence on noncompact Kéhler
manifolds. Mehta and Seshadri [28] first provided the analog of the classical Narasimhan—Seshadri
correspondence in the context of punctured Riemann surfaces. Later on, Simpson [37] developed the
geometric analytic tools to study Hermite-Einstein metrics over noncompact curves for the group
GL,(C), while the higher dimensional generalization to obtain a complete correspondence between
parabolic Higgs bundles and logarithmic integrable connections was due to Biquard for the case of
smooth divisors [4], and Mochizuki for normal crossing divisors [29] B0]. We give below the proof of
the correspondence for our parahoric situation modeled on the one given in [5], which in turn follows
the one in [4]. Since the context is very similar to that of [B, §5], we only exhibit here how the key
steps of the proof adapt for our triples (E, 0%, ¢).

Theorem 6.2 (Kobayashi-Hitchin Correspondence for G-Higgs Bundles). Let (E, 9%, ¢) be a tame
0-adapted G-Higgs bundle of degree zero equipped with a 0-adapted metric hg. Then, (E, 0%, ¢) admits
a 0-adapted harmonic metric h which is quasi-isometric to ho if and only if it is Rp,-polystable.
Moreover, this metric is unique up to automorphisms of Higgs bundles.

Proof. We first prove that the polystability condition is necessary. Suppose that there exists a harmonic
metric h on (E, 9%, ¢). Since h is quasi-isometric to hg, the Rjp-stability condition is equivalent to the
Rp,-stability condition. Therefore, we only have to show that the G-Higgs bundle is Rj-polystable.
Let o be a compatible 8-adapted holomorphic reduction of group structure. With a similar calculation
as in §1.2] we derive

Fy, = Fp, — 2Fpy — [¢o, 93],

where D, := 0*D, D!/ := ¢*D" and the other terms are the same as in and Since the
reduction o : Xp — E/P is holomorphic, the pseudo-curvature Fp, = (DJ)* = 0 is trivial. Now we
consider the term Fp_ . With a similar calculation as we did in Lemma [3.10, we get

Fp, =oc*Fp+ 2h(D" (o), D"(0)),

where h(-,-) denotes the hermitian metric on the bundle E(g) ® T#X (sections of this bundle are
1-forms on E(g)) induced from the hermitian metric h on E(g) (see Remark and o is regarded as
a section Xp — E(u™) (see §4.3). Since 9% (o) = 0, we have

Fp, =" Fp +2h([¢, 0], [¢, 0]),
and since h is a harmonic metric, we have Fp = 0, thus

Fho‘ = 2h([¢,0], [¢7J]) - [¢7 ¢*]

Note that the second term [¢, $*] does not contribute to the degree, and therefore, we have the analytic
degree deg™ E(h,o,x) > 0 for an arbitrary nontrivial antidominant character x. Therefore, the tame
6-adapted G-Higgs bundle is Rj-semistable. The analytic degree is zero if and only if [¢,0] = 0. In
this case, we have a natural lifting ¢, : X — E,, () ® Kx, and obtain a well-defined semistable
L-Higgs bundle (E,,, ¢, ) of degree zero. If (E,,, ¢,, ) is stable, then (E, 9%, ¢, h) is Ry-polystable.
If not, we iterate the arguments above and stop at a stable one.

For the converse statement, assume that the triple (E, 0%, ¢) is Rp,-polystable of degree zero for
a B-adapted harmonic metric hg. We want to show that Ry -polystability provides the existence of a
solution to the Hermite—Einstein equation in the space of metrics

H={h=hoe’, s€ Jiﬁ’p(E(Im(G)))},

for a small positive § and a large positive p, where j;g,p denotes the weighted Sobolev space (see [5])
and Im(g) denotes the imaginary part of the Lie algebra g. Note that a metric h € H is 6-adapted by
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definition. For a pair of metrics hg, hge® € H, we consider a Donaldson functional analogous to the
one considered by Simpson in [36]:

M (hg, hoe®) = /

Xp

(VTAFn, s + / ((5) (D" (5)), D"(5))no,

Xp
where AFj, is the contraction of Fj, with respect to the Kéhler form on X, (-,-)p, and (-,-), are
explained in Remark We are extending the function 9 (t) = et_tﬁ_l to sections of E(g). Evidently,
the critical points of M are Hermite—Einstein metrics. Following the scheme of the analogous proof
in [5 §5.6], we first remark that we can reduce to the case when the tuple (E, 9%, ¢) is Rp,-stable of
degree zero and that the solution we seek is of the form h = hge® for a section s in the semisimple part
of g.

Now one needs to show that the Donaldson functional M (hg,h) minimizes for h € H under the
constraint ||F(h)||L§p < B, for some large constant B. Fix a constant B and define

5(B) = {s € C5* (E(Im(g))) , | F(hoe) 2 < B}

In the proof of [4, Theorem 8.1], Biquard shows how the existence of a solution h reduces to the
following proposition. A similar argument is also given in [36], Proposition 5.3].

Proposition 6.3. Let (E,0%,¢) be a tame 0-adapted G-Higgs bundle over Xp equipped with o 6-
adapted metric hg which is stable of degree zero. Then there exist constants C and C' such that

(6.4) sup|s| < C + C'M(hg, hoe®),

for any section s € S® (B).

Proof. We will show using the method of Uhlenbeck—Yau [44] that if there are no constants satisfying
(6.4]) then stability of the tuple (E, 0%, ¢) is violated. From [4, Lemma 8.4] it follows that under this
assumption there do not exist constants C, C’ such that

||SHL1 S c =+ O/M(h07 hoes)a
for any section s € S°(B). Let C; be real constants with lim C; = co. Then, there is a sequence of
1—00
sections {s;} C S°°(B) such that ||s;||;. — oo and [|s;||;1 > C; M (ho, hoe).
Set I; := ||si||;1 and define u; := I;'s;, so ||ui||;» = 1. Then, after passing to a subsequence, the
sections u; converge weakly and locally in L'2 to a section us of E(Im(g))|xp. This construction of
Uso gives the inequality

M(ho, ho@u“’) = /

Xp

(VTN Pyt + [ (5(a) (D" (1)), D" (g <0

Xp

Furthermore, from [36, Section 5], the L?-norm of D" u., is finite and the projection on eigenspaces of
ad(uw) corresponding to nonnegative eigenvalues of ad(us) is zero. This section ue, is holomorphic
with respect to 0% [5l Lemma 5.4].

For any point « € Xp, let s = ux(x) € Im(g). The element s defines a parabolic subgroup P; C G
together with a strictly anti-dominant character xo : Ps — C* (see [5] §2.3]). Furthermore, the section
Uso gives a holomorphic reduction of structure group oo : Xp — E/Ps. By [B, Lemma 2.10], we have

/ <V —1AF}L0, uoo>h0 =V -1 (Xoo)*(aoo)*Fho =27 degan E(h07aoo7Xoo)'
XD XD

‘We now see that

27Tdegan E(h070007XOO) :/ <V _1AFhovuoo>h0
Xp

< / (VTIAFhy, oo — ((t1n0) (D" (1100 ), D (1100 o
Xp
< M(h07 hoeuoo) < 07
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where @ : R — R is the function with @ (0) = 0 and w(t) = t~! for ¢t # 0. The second inequality
above holds because the function (t) in the Donaldson functional has the same convergence as the
function —w(t) when the terms I;, for all ¢, go to infinity. In conclusion, we find a particular reduction
of structure group o, and a nontrivial antidominant character yo, such that the analytic degree is
not positive, thus violating the stability of (E, %, ¢). O

The last step in the proof of Theorem [6.2] is to show that the harmonic metric A is unique up
to Higgs bundle automorphisms. Indeed, if h and A’ are two such metrics in H, then we may write
h' = he® for some s € L?’p(E(Im(g))). Then, M (h, he'®) is a constant function of ¢. In fact, this is a
convex function of ¢, and for any metrics h, h', " € H, it satisfies the relations:

M(h, 0"y = M(h,h') + M (', h")
d

fM(h,hets)lt:() = / <\/—1AFh,S>h.
dt b

From these relations we get that D”s = 0, and then the element e® stabilizes the Higgs field ¢.
Therefore, the element induces an automorphism of the Higgs bundle. This finishes the proof of the
theorem. g

Remark 6.5. It is important to point out that the result above does, in fact, reduce to the main
theorem of Simpson [37] for the case G = GL,(C) by taking a faithful representation. Indeed, in [25]
Section 5] it was shown how the notion of R-stability as considered in the proof of Theorem in this
article coincides with the stability condition for parabolic Higgs bundles as considered in [37]. Note
that in [5l §5.2], the authors remark the difficulty in reducing the Kobayashi-Hitchin correspondence
they developed to the theorem of Simpson for the stability condition used in that work.

From Proposition a tame a-adapted G-Higgs bundle (E, 0%, ¢) equipped with an a-adapted
harmonic metric A and with residue of the Higgs field ¢,, around each puncture x, corresponds to
a tame harmonic B-adapted G-connection (V,d’) with residue dj; equipped with the same a-adapted
metric h. The proof of Theorem readily adapts to relate the harmonicity of a metric on a G-
connection (V,d', h) with the Rp-polystability condition:

Theorem 6.6 (Kobayashi-Hitchin Correspondence for G-connections). Let (V,d') be a tame (-
adapted G-connection of degree zero equipped with an «-adapted metric hg. Then, (V,d') admits
an oc-adapted harmonic metric h which is quasi-isometric to hy if and only if it is Ry, -polystable.

6.2. Equivalence between the Dolbeault and de Rham categories. Now we are ready to prove
that the functors =p, and Z4r induce an equivalence of categories.

Lemma 6.7. The functors
Epol : Cpol(XD, G, 0, ¢0) = Cpol(X,G0,90) and  Ear :Car(Xp, G, 0,dy) — Car(X,Ge, Vo)
induce equivalences of categories, where ¢pg = g and dy = Vg.

Proof. We only give the proof for the functor Zp,, and the proof for Z4g is similar. By the uniqueness
of the harmonic metric (Theorem , the functor Zp, is injective on the objects. Now we consider
the surjectivity. Take a logahoric Go-Higgs torsor (£, ) in the category Cpoi(X,Ge, ve). Restricting
this object on X p, we obtain a tame 0-adapted G-Higgs bundle (E, 9%, ¢). By the construction of the
metric in we obtain a #-adapted metric hg on E (by partition of unity). In total, we construct an
element (E, 0%, ¢, ho) in the category Criges(Xp, G, 0, ¢g), which corresponds to the given parahoric
Higgs torsor (£, ) under the functor Epjggs. From Propositions and the tuple (E, 0%, ¢, ho) is
Ry,-stable of degree zero. By Theorem again, we obtain a harmonic metric A on F, and therefore
an element (E, 0%, ¢, h) in the category Cpol(Xp, G, 0, ¢g). This finishes the proof of this lemma. [

With the same notation as in §4 and §5] we have:

Theorem 6.8. The categories Cpoi(X, Ga, va) and Car(X,Gg, Vg) are equivalent.
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Proof. The theorem follows directly by chasing the diagram below

Cpoi(Xp, G, @, ¢o) TheoremlL Car(Xp, G, B, dg)

J{Lemma J{Lemma 61
CDOI(X7 gaa(pa) < ’ CdR(ngﬂav,B)v
where ¢ = po and d,/s = Vg. O

6.3. Riemann—Hilbert Correspondence. Let m1(Xp) be the fundamental group of Xp, i.e.

g

7T1(XD) = (ai,bj,cm | H[ai,bi] H Cy = 1>,
i=1 reD
where the generator ¢, corresponds to a loop around the puncture x. A G-local system £ is a G-
bundle on Xp with parallel transport. Equivalently, fixing a base point x € X, a G-local system
corresponds to a pair (%, p.), where %, is the stalk and p, : m1(Xp) — G is a representation of the
fundamental group. Although this correspondence depends on the choice of the base point x, we can
apply the same argument as in [40, §6 The Betti moduli spaces| and identify categories of pairs (%, px)
obtained from distinct choices of base point. Then, a G-local system is regarded as a representation
of the fundamental group.

Now we consider the relation between G-local systems and connections on G-bundles with regular
singularities on Xp. The key point is to study the correspondence locally around each puncture z € D.
We first review the result for G = GL,,(C). An arbitrary connection d + A(z)% is gauge equivalent to
a connection in the form d + a%* [19, Theorem 5.1.4], where A(z) € gl,,(R) and a € gl,,(C). Based on
this result, the corresponding monodromy around the puncture is given by e~27¢, and we can define
a representation p such that p(c,) = e~2™. Thus, there is a well-defined correspondence between
GL,,(C)-local systems and connections on vector bundles with regular singularities.

However, for a general complex reductive group G, the property above does not hold anymore. The
main problem is that, given an arbitrary connection d + A(2)“, where A(z) € g(R), it may not be
gauge equivalent to one in the form d + a%, where a € g. Note that here the gauge action is given
by G rather than GL,. Therefore, a local correspondence between equivalence classes of monodromy
data and equivalence classes of connections needs to be studied in detail.

To address this problem, Boalch introduced the parahoric language and established a version of
Riemann—Hilbert correspondence, which is called the tame parahoric Riemann—Hilbert correspondence.
We follow the same notation as in and review his result:

Theorem 6.9. [7, Theorem D] There is a canonical bijection between Gg(K)-orbits of logahoric
connections with residue d% and conjugacy classes of pairs (M, P), where P is a parabolic subgroup of
G conjugate to P, and M € P, such that the Levi factor of M is conjugate to M., .

Although the above theorem only gives a local correspondence around punctures, it can be extended
to a global one naturally. Before we state the result, we introduce the following notions. Let v =
{72,z € D} be a set of weights labelled by punctures in D. Let P, be the parabolic subgroup of G
defined by the weight +,, and denote by L., the Levi subgroup of P, . Given a collection of elements

My ={M,, | M,, € L, },
define Hom(m (Xp),G,~, M) to be set of representations p : m(Xp) — G such that there exists
g € G, and we have
e gp(cy)gt € P, for every x € D;
e the Levi component of gp(c;)g~t is M,,.
Under the natural G-action on Hom(m (Xp), G, ~, M), denote by Croc(Xp, G, 7, M) the correspond-
ing category. An object in Croc(Xp, G, 7y, My) is called a vy-filtered G-local system (with monodromies
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M., ) on Xp, where the filtered structure comes from the parabolic subgroup P, around each puncture
z € D. Let Coonn(X,Ga, V) be the category of logahoric Gg-connections on X. As a corollary, we
obtain the global version of the tame parahoric Riemann—Hilbert correspondence:

Corollary 6.10. The categories Croc(Xp, G, 7, My) and Coonn(X,Gg, Vg) are equivalent.

6.4. Nonabelian Hodge Correspondence. In this subsection, we define a stability condition on
filtered G-local systems and prove a correspondence between stable filtered G-local systems on Xp
and R-stable logahoric connections of degree zero on X. Together with results in previous sections,
we establish the tame parahoric nonabelian Hodge correspondence at the level of categories.

Let .Z be a v-filtered G-local system with monodromies M,. Let 7 : Xp — .Z/P be a reduction
of structure group, where P is a parabolic subgroup of G. We say that 7 is compatible, if the pullback
%,

Zz. y L

|

Xp —7 ,,?/P
is a P-local system. Given a character x of P, the degree of the ~-filtered G-local system £ (with
respect to 7 and ) is defined as

deg'*.Z(1,x) = (7, X).

Note that as a local system, the degree of the line bundle x..%; is always zero. Therefore, we omit the
term x..%; in the definition of the degree of filtered local system.

Now given a y-filtered G-local system ¢ with monodromies M., denote by (V, V) the corresponding
logahoric Gg-connection in Cconn (X, Gg, Vg). By Corollary there is a one-to-one correspondence
between compatible reductions of (V, V) and compatible reductions of .#. Furthermore, if (V,d’, h) is
a tame metrized B-adapted G-connection corresponding to (V, V), then the one-to-one correspondence
also holds for compatible B-adapted holomorphic reductions o of (V,d’, h) by Lemma With respect
to the discussion above, we have the following lemma:

Lemma 6.11. Let £ be a ~vy-filtered G-local system in Croc(Xp,G,y, My), and let (V,V) be the
corresponding logahoric Gg-connection in Cconn (X, G, V). Given a compatible reduction T of £ and
a character x of P, we have

deg'® 2 (7, x) = parhdeg V(s k),
where s is the compatible reduction of V (corresponding to T) and k is the character of Pg (correspond-
ing to x) by Lemma|[3.7
Proof. With the help of Proposition [3.15] the proof is the same as that of [37, Lemma 6.5]. O

Definition 6.12. A ~-filtered G-local system % is R-stable (resp. R-semistable), if for

e any proper parabolic group P C G,
e any compatible reduction of structure group 7: Xp — £/P,
e any nontrivial anti-dominant character y : P — C*, which is trivial on the center of P,

one has
deg® Z(,x) >0, (resp. >0).

Corollary 6.13. A ~-filtered G-local system is R-stable (resp. R-semistable) if and only if the cor-
responding logahoric Gg-connection is R-stable (resp. R-semistable).

Proof. The corollary follows directly from the correspondence of compatible reductions of structure
group and the equivalence of degrees. O
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Let
CB (XDv Gv v, M'y) g CLOC(XD7 Gv v, M'y)

be the subcategory including all R-stable ~-filtered G-local systems of degree zero, where the subscript
B is for Betti. Here is an informal geometric interpretation of the category Cg(Xp, G,~, My). As we
discussed above, the category Croc(Xp,G,~, M) is exactly the set of points on the underlying space
of the quotient Hom(m (Xp),G,, My)/G. By adding the stability condition of local systems, let

HOIIl(ﬂ'l (XD)7 Ga g M’)’)S g HOHl(7T1 (XD)7 G7 v M’Y)

be the subset of all representations, which correspond to stable ~-filtered local systems. Then,
the category Cg(Xp,G,~, M) can be understood as the set of points on the underlying space of
Hom(ﬂ'l (XD)7 G7 v, M’Y)S/G

Remark 6.14. Note that a stable filtered G-local system may not correspond to an irreducible repre-
sentation of the fundamental group and this is not even true for parabolic bundles (that is, even in the
case when G = GL,,(C)). Therefore, the quotient Hom(m(Xp), G,~, M)*/G cannot be taken as the
GIT quotient (in the sense of [34]) because it is well-known that a (stable) point in Hom(m (Xp), G) /G
corresponds to an irreducible representation [34) Lemma 4.1]. Tt would be interesting to give a GIT
construction of this moduli space Hom(m(Xp),G,~y, M)?/G directly. We are grateful to Carlos
Simpson for pointing out this important remark to us.

Theorem 6.15. The categories are equivalent
CDol(Xa gaa Spa) = CdR(Xv gﬁa VB) = CB(XDa G777 M’Y)

Proof. The equivalence of the first two categories follows from Theorem [6.8] and the second one follows
from Corollary [6.13] O

Remark 6.16. The nonabelian Hodge correspondence established in this article is considered for the
categories involving a general complex reductive group G. For dealing with real groups, one would
need to construct well-defined initial 8-adapted model metrics hg on a tame analytic G-Higgs bundle
that give an approximate solution to the Hermite-Einstein equation near the punctures. In [B §5.1],
the authors provide such models subject to a certain condition on the nilpotent part of the graded
pieces of the residue of the Higgs field. A similar condition could also be applied in our parahoric
setting and for our notion of stability to provide a special Kobayashi—Hitchin correspondence for real
groups, however, since it was not clear to us how to get past this condition and establish the analytic
part of the correspondence in general, we did not deal with the real group case here (cf. Remark.

7. TAME PARAHORIC NONABELIAN HODGE CORRESPONDENCE: MODULI SPACE

We show that the nonabelian Hodge correspondence holds not only at the level of categories, but
also for the corresponding moduli spaces, which are constructed in [25]. In this section, all weights are
considered to be rational because the moduli space construction from [25] is done for rational weights
only.

7.1. Betti Moduli Problem. In this subsection, we give the definition of the moduli problem of
~-filtered G-local systems, of which the Levi factors of monodromies are M. around punctures. Let

Ms(Xp,G, 7, My) : (Sch/C)°P — Sets,
be a functor where (Sch/C)°P is the (opposite) category of schemes over C with respect to the étale
topology. For each C-scheme S, the set Mg (XD, G, vy, My)(S) is defined as isomorphism classes of
S-flat families .2 of ~-filtered G-local systems on X with M., the Levi factors of monodromies around
punctures such that for each point s € S, the fiber .£|, is R-stable. This moduli problem is called the
Betti moduli problem.

In this paper, we do not construct a moduli space for this moduli problem, the detailed construction
was recently given in [20] through the techniques of quiver GIT. Later on, we will prove that this moduli



40 PENGFEI HUANG, GEORGIOS KYDONAKIS, HAO SUN AND LUTIAN ZHAO

problem is equivalent to the moduli problem for the de Rham moduli space, and therefore, the de Rham
moduli space represents both moduli functors by the universal property. Although we do not give the
construction for the Betti moduli space directly, we still introduce the notation Mg (Xp, G, ~, M)
for the corresponding moduli space.

7.2. Dolbeault Moduli Space. Fixing a topological invariant p (see §3.7), the moduli problem of
R-stable logahoric Gg-Higgs torsors of type u on X

MVHiggS(X, Go, 1) : (Sch/C)°® — Sets

is defined as follows. For each C-scheme S, the set Mvﬂiggs(X ,Go, 1) (S) is defined as the collection of
isomorphism classes of pairs (&, ¢) such that
e & is an S-flat family of parahoric Gg-torsors on X;
o o is a section of £(g) ® 7% Kx (D), where mx : Xg — X is the natural projection;
e for each point s € S, the fiber (£]xxs, ¥|xxs) is an R-stable logahoric Gg-Higgs torsor of type
pwon X.

The authors prove the following result for this moduli problem:

Theorem 7.1. [25, Theorem 6.1] There exists a quasi-projective scheme Muiges(X,Go, 1) as the
moduli space of the moduli problem Muiges(X, Go, 1t).

As a special case, we define the moduli problem Mvpol(X ,Ga,ve) for R-stable logahoric Gg-Higgs
torsors of degree zero with additional residue data g around punctures. We want to remind the reader
that whenever the parahoric degree is zero, then p is the trivial element. As a result of Theorem
we have:

Corollary 7.2. There exists a quasi-projective scheme Mpol(X,Ge, pg) as the moduli space of the
moduli problem Mpo (X, Ge, ve)-

The moduli space Mpoi(X, Gg, pe) is called the Dolbeault moduli space.

7.3. De Rham Moduli Space. Define the moduli problem of R-stable logahoric Gg-connections of
type p on X

Mconn (X, Go, 1) : (Sch/C)°P — Sets

as follows. For each C-scheme S, the set MVCOI,H(X ,Ga, 1) (S) is defined as a collection of pairs (£, V)
up to isomorphism such that
e & is an S-flat family of parahoric Gg-torsors on X;
e V is a connection on &;
e for each point s € S, the fiber (£|x s, |xxs) is an R-stable logahoric Gg-connections of type
pon X.

Similar to the case of logahoric Higgs torsors, we have the following result:

Theorem 7.3. There exists a quasi-projective scheme Moonn(X, Go, 1) as the moduli space of the
moduli problem Mconn(X, Go, 11).

Proof. Both connections and Higgs bundles can be understood as special cases of A-modules (see
[39, [42] for instance). Therefore, the construction of the moduli space for logahoric connections is
similar to that of parahoric Higgs torsors (see [25, Remark 6.11]). O

Similarly, we can define the moduli problem MvdR(X ,Ga, V) for R-stable logahoric Gg-connections
of degree zero with additional residue data Vg around punctures. The corresponding moduli space
Mar(X, G, V) is called the de Rham moduli space.

Corollary 7.4. There exists a quasi-projective scheme Mar(X, G, Ve) as the moduli space of the
moduli problem Mar (X, Ge, Va).
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7.4. Identification of the Moduli Spaces. We first introduce some notation. A moduli problem
M: (Sch/C)°? — Sets is defined as a contravariant functor. Now we substitute the category Sch/C by
the category of complex analytic spaces, and denote by M (@) the new moduli problem. Let M) be
the moduli space (as a complex analytic space) that co-represents Man) Finally, denote by M (top)
the topological space underlying M@ All of the moduli problems considered in this section can be
defined naturally on the category of complex analytic spaces, and the corresponding moduli spaces
also exist. Now we can state the main theorem.

Theorem 7.5. There is an isomorphism of complex analytic spaces
MGV (XD, Gy, My) = MR (X,Gp, V),
and we also have a homeomorphism of topological spaces
to ~ to
Mpel (X, Ga, pa) = M (X, Gp, V).

Before proving the main theorem, we first extend some categorical equivalences studied in previous
sections to a family version. In we define the functor E : C(Xp,G,0) — C(X,Gp). The given
collection of weights € is key data to define the functor. Moreover, this construction also works for
families. We only give the description over complex analytic spaces, and refer the reader to [46, §4.2
for more details. Let S be a complex analytic space. Denote by C(Xp, G, 0)(S) the category of S-flat
families of metrized @-adapted G-bundles on Xg, and denote by C(X,Gg)(S) the category of S-flat
families of parahoric Gg-torsors on Xg. With the same construction as above, we have a natural functor

:C(Xp,G,0)(S) = C(X,G)(S).

Similarly, the functors Eniges and Econn (see §5)) are also well-defined for families (over complex analytic
spaces). We will use the notation Co(Xp, G, 0)(S) and Ce(X, Gg)(S) for the corresponding categories
of families over S, where ¢ = Higgs or Conn. A family version of Proposition is given as follows:

(1]

Lemma 7.6. Let S be a complex analytic space. We have
CDO](XD7 G> «, (yba)(s) = CDol(Xa ga; Qﬁa)(S),
CdR(XDa Ga /37 d,/G)(S) = CdR(Xa gﬁa vﬂ)(s)

Proof. We only consider the Dolbeault case. Under the functor Epiges, & family (E, ¢) of Ry,-stable
tame harmonic G-Higgs bundles on (Xp)g will be sent to a family (€, ) of logahoric Gg-Higgs torsors
on Xg. For each s € S, the fiber (Ej, ¢5) corresponds to a logahoric Gg-Higgs torsor on X, which is
R-stable by Proposition and of degree zero by Proposition Therefore, (£, ) is a S-flat family
of R-stable logahoric Gg-torsors on Xg. Consider the other direction. Given an S-flat family (€, ¢)
of R-stable logahoric Gg-Higgs torsors on Xg, we obtain a S-flat family of tame metrized 8-adapted
G-Higgs bundles on Xp by taking the restriction (E, ¢) := (€, ¢)|xpxs. With the help of Proposition
and again, each fiber of (E, ¢) is an Rj-stable tame harmonic G-Higgs bundles on Xp. This
finishes the proof of the proposition. O

The tame parahoric Riemann-Hilbert correspondence (Theorem also has a family version. We
first review the idea of the proof of Theorem Let A be an element in gg(K), and denote by ag
the residue of A%. Let ag = sg + ng be the Jordan decomposition of ag, and furthermore, we write
so = Vg + 03, where Vg is the real part of sy and o3 is the imaginary part. The key part of the
proof (see [7, Proof of Theorem 6]) is that given such an element A € gg(K), we can find an element
g € Gg(K) such that

d d
BT = Ad(9)AZ +dg- g7,
z z
where B =%, b;iz%, bp = Vg + 05 and
[VQJ)Z] = sz, [Ug,bz] :0
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Now let S be an affine complex variety. Let Gz(Og) be the parahoric group with coefficient in
Os ®c K, and denote by gg(Og) its parahoric Lie algebra. Proving a family version of Theorem is
equivalent to proving the following lemma, and a similar statement in characteristic p is given in [26]
Lemma 4.3]:

Lemma 7.7. Let S be an affine complex analytic space. Let A € gg(Og) be such that the residue
ap € g and the semisimple part of ag is Vg + 0g. Then, there exists an element g € Gg(Og) such that

d d
BZ = Ad(9)AZ +dg- g7,
z z
where B =Y",_,biz", by =V + 03 and
[Vﬂ, b,] = ’ibi, [O’ﬁ7 bl] = 0.

Proof. The proof of this lemma is the same as the first part of the proof of [7, Theorem 7.9], and the
only difference is that the coefficient is taken from Og rather than C. We omit the proof here. g

Thus, a family version of Theorem and Corollary follows directly.
Lemma 7.8. The categories Croc(Xp, G,v, My)(S) and Cconn(X, Gg, Vg)(S) are equivalent.
As a conclusion, we have:

Lemma 7.9. There is an equivalence of categories
Car(X, G5, Vp)(S) = Cs(XD, G, v, My)(S).

Proof. With the same idea as in the proof of Theorem this lemma follows from Lemma, and
s O

Now we are ready to prove the main Theorem [7.5] The proof is similar to that in [40, §7]. Instead
of following the proof step by step, we only give the key ideas.

Proof of the first statement. Since the moduli space /\/l((ﬁ{l)(X, Ga, V) only parameterizes stable loga-

1 7 (an)

horic Gg-connections, it represents the moduli problem M ;" (X, Gg, V). Thus, it is enough to prove

that the moduli problems le(gan) (Xp,G,~, M) and /f\/lv((ial{l)(X, Ga, V) are equivalent. More precisely,
for each complex analytic space .S, we have to show

Mg (XD, Gy, My) () = MR (X, G, Vp)(S).
The equivalence is already given in Lemma and this finishes the proof of the first statement. [

Proof of the second statement. Under the equivalence of Theorem and Theorem it is enough
to show that the equivalence of categories Cpo1(Xp, G, &, ¢¢) and Car(Xp, G, B, d’ﬁ) induces a home-
omorphism of the corresponding topological spaces. Note that the equivalence of categories is es-
tablished under the existence of harmonic metrics. Therefore, we only have to show that given a
sequence {(V;, h;) }ier of harmonic bundles, there is a harmonic bundle (V] i), to which a subsequence
(Vir, hyr)ire converges. This is a direct result of [41, Lemma 8.1]. O
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APPENDIX A. CONNECTIONS AND LIE ALGEBROIDS

In this appendix, we discuss the notion of connection on principal bundles and torsors in the
viewpoint of the Lie algebroid of infinitesimal symmetries. There are many good references about the
topic and we refer the reader to [II, 12, [15] 27, [43] for more details.

A.1. Connections on Principal Bundles — Analytically. Let X be a complex manifold, for each
p, denote by QX the p-th exterior cotangent bundle A?(T%). Let G be a connected complex reductive
group, and let E be a holomorphic G-bundle on X; here holomorphic means the immersion map
7w : F — X is holomorphic, equivalently, all transition functions of E are holomorphic. Like in the
vector bundle case, we will denote the holomorphic structure as a (0, 1)-type operator 0. Sometimes
we would use the pair (F, d%,) to denote such a holomorphic bundle when specifying the holomorphic
structure. Connections on principal bundles can be described via Lie algebroids.
Let T'x be the tangent bundle. Denote by At(F) the Atiyah algebroid of E. A section of At(E) is

a pair (v,v'), where v € Ty and v’ € T, such that

(1) the restriction of v’ to X is v;

(2) v is G-invariant.
In other words, for any open subset U C X, the space of holomorphic sections of At(F) on U, which
is denoted by Q°(U, At(E)), consists of G-invariant holomorphic vector fields on 7=1(U). Let At"(E)
be the subbundle so that the space Q°(U, At"(E)) consists of vertical G-invariant vector fields, then
there is an identification of vector bundles

At (E) & E(g).
We have a short exact sequence for At(E)
0— E(g) — At(E) 25 Tx — 0,
where pr : At(E) — Tx is the projection map.

Definition A.1. A holomorphic connection on E is a holomorphic map (= bundle homomorphism)
V : Tx — At(E) such that pr oV = id. It is integrable if the map V is a homomorphism of Lie
algebroids, namely, the curvature Fy (u,v) := [V(u), V(v)] — V([u, v]) vanishes identically.

Denote by Q%(X, E(g)) the space of holomorphic 2-forms with values in the adjoint bundle E(g),
equivalently, the space of holomorphic sections of E(g) ® Q%, then the curvature Fy belongs to
0%(X, E(g)). When X is of dimension one, then any holomorphic connection on E is automatically
integrable. The space of holomorphic connections on F is an affine space modeled on the vector space
QY(X, E(g)) (the space of holomorphic sections of F(g) ® Q). Indeed, let V1, V3 be two holomorphic
connections, then 6 := Vi — V, € Q1(X, E(g)). Conversely, if V is a holomorphic connection, and
0 € Q1(X, E(g)), then V + 6 is also a holomorphic connection.

In the sequel, we consider the following sheaves

e /P sheaf of C*° p-forms;
o/P(e): sheaf of C*° e-valued p-forms;
&/P9: sheaf of C* forms of type (p, q);
/P4 (e): sheaf of C* e-valued forms of type (p, q),
where e represents a vector bundle or a G-bundle on X. We use the notation 2 for closed forms.
Denote by d = 9 + 0 the usual exterior differential operator.

Remark A.2. The following two descriptions of connections are equivalent:
(1) A holomorphic connection on E, defined as a holomorphic splitting V : Tx — At(E) (i.e.,
proV =idr,).
(2) A collection of local g-valued holomorphic 1-forms {Ay} (connection forms) which, on any
trivializing open set U C X, defines a connection by setting

V)l = (v, Au(v))
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under the canonical isomorphism
AL(E)|ly 2Ty @ (U x g).

Moreover, the integrability (flatness) condition for the connection is equivalent to the vanishing of the
curvature form (i.e. dAy + 3[Ay, Ay] = 0) on each trivialization.

In any local trivialization E|y = U x G, the Atiyah sequence splits as
At(E)|ly =Ty @ (U x g),

so that a holomorphic connection—i.e. a holomorphic splitting V : Tx — At(E) satisfying pr oV =
idp,—is equivalent to specifying a holomorphic g-valued 1-form Ay via V(v) = (v, Ay(v)), with
the usual gauge transformations ensuring compatibility on overlaps, and the integrability (flatness)
condition for V is equivalent to the vanishing of the curvature dAy + %[AU, Ayl = 0; hence, the two
definitions are equivalent. This will recover the connection 1-form in the usual sense.

We can also define connections in the C'*° category.

Definition A.3. A C™ connection on E is ais a C*° map (= bundle homomorphism) D : Tx — At(E)
such that pr o D =1id. It is integrable if the map D is a homomorphism of Lie algebroids.

Over E, integrable holomorphic connections are equivalent to integrable C°° connections. Indeed,
given an integrable holomorphic connection V, D := V+ 8%, defines an integrable C*° connection. And
conversely, given an integrable C* connection D, its (0,1)-part 9% := (D)%! defines a holomorphic
structure on E its (1,0)-part V := (D)"° defines an integrable holomorphic connection on (E, 9%).

Example A.4. Definition is very useful for understanding the structure of connections on G-
bundles locally. We first consider the trivial G-bundle £ = G x X. Then, the sheaf of connections
on E is isomorphic to the sheaf «/*(E(g)) via D + D — d, where d is the usual exterior differential
operator. For integrable connections, it is isomorphic to 2*(E(g)). Under this isomorphism, the
corresponding element of a connection in .&/*(FE(g)) is called the connection form in this paper.

Now we consider a general G-bundle E. The example above actually shows that for any connection
D on E, it can be regarded as an element of <71 (FE(g)) locally. More precisely, let U C X be an open
subset such that F|y is the trivial G-bundle. Then, the restriction D[y corresponds to an element in
/(E(g))(U). Furthermore, given an element ¢ in «/*(E(g)), we obtain a connection on E by gluing
local data D|y + ¢y, and this connection is denoted by D + ¢.

A.2. Connections on Torsors — Algebraically. Let X be a smooth projective variety over C.
Denote by Tx (resp. {x) the tangent sheaf (resp. cotangent sheaf). Let G be an affine smooth
group scheme on X equipped with an integrable connection Vg : Og — Og ® Q0x compatible with the
structure of G. We first review the construction for connections on G-torsors and we refer the reader
to [12] Appendix] for more details.

Let £ be a G-torsor. An (integrable) connection on € is an (integrable) connection V : Og — O ®@Qx
such that the diagram

O¢ A O ® Qx

la J{a@l
O ® Og Y22V (0. 0 0g) @ Qx

commutes, where a : Og = Og ® Og is the co-action map.

Similar to the analytic case, we have an equivalent definition from the point of view of Lie algebroids.
Denote by At(€) the Lie algebroid of infinitesimal symmetry of £, of which the sections are pairs (v, v'),
where v € T'x and v’ € T¢, such that

(1) the restriction of v’ to Ox is equal to v;
(2) v is G-invariant.
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Then, there exists a short exact sequence
0—E&(g) = At(E) - Tx — 0.

Then, a connection on & is a splitting V : Tx — At(E) of this exact sequence.
Now we generalize the construction above to logarithmic connections [43}, §3]. Let D be a smooth
divisor on X.

Definition A.5. A logarithmic connection (with poles along D) on £ is defined as a C-linear map
V:0g = O ® Qx(logD) such that

(1) V satisfies the Leibniz rule;
(2) the diagram

Og v 05 ® Qx (lOgD)

la la@l
Or ® Og Y28V (0. @ Og) @ Qx (logD)
commutes.

A connection V is integrable if VoV = 0.

We define a Lie algebroid At(€)p, of which the sections are pairs (v,v’), where v € Tx(—logD)
and v' € Te(—logD), such that

(1) the restriction of v’ to Ox is equal to v;
(2) v is G-invariant.
Then, we obtain a short exact sequence
0—&(g) = At(E)p — Tx(~logD) — 0.

Definition A.6. A logarithmic connection on £ is a splitting V : Tx (—logD) — At(£)p of the exact
sequence. If V is a homomorphism of Lie algebroids, it is an integrable connection.

Similar to the discussion in Example[A4] a logarithmic connection on € can be regarded as a section
of £(g) ® Nx (logD) locally.

In this paper, we are considering parahoric group schemes. Let X be a smooth projective curve.
Fixing a parahoric group scheme Gg on X, it is an affine smooth group scheme on X together with a
canonical connection Vg, on Gg. Thus, the above construction applies directly to parahoric Gg-torsors.
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