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Abstract. We introduce the concept of evolutionary semigroups on path

spaces, generalizing the notion of transition semigroups to possibly non-Mar-

kovian stochastic processes. We study the basic properties of evolutionary
semigroups and, in particular, prove that they always arise as the composition

of the shift semigroup and a single operator called the expectation operator of

the semigroup. We also prove that the transition semigroup of a Markov pro-
cess can always be extended to an evolutionary semigroup on the path space

whenever the Markov process can be realized with the appropriate path regular-
ity. As first examples of evolutionary semigroups associated to non-Markovian

processes, we discuss deterministic evolution equations and stochastic delay

equations.

1. Introduction

An important object in the study of a Markov process (say with a Polish state
space X) is its transition semigroup. Indeed, encoded in the transition semigroup
are the transition probabilities of the process and, together with the initial distri-
bution, these determine the finite dimensional marginals and thus the distribution
of the process as a random variable with values in the space of all X-valued func-
tions on [0,∞). In particular, in view of Kolmogorov’s extension theorem, we can
construct a Markov process with a prescribed transition semigroup. Depending on
the Markov process in question, it is sometimes possible to replace the space of
all X-valued functions on [0,∞) with a space of more regular functions. The most
important examples are the space C([0,∞);X) of all continuous X-valued functions
and D([0,∞);X), the space of all càdlàg X-valued functions. But in all cases we
can say that all information about the stochastic process is encoded in the transition
semigroup and vice versa.

In this article, we introduce the concept of evolutionary semigroups on path spaces
to extend the notion of transition semigroups to possibly non-Markovian stochastic
processes. Our main guidelines in establishing this concept are two statements
which may be considered ‘mathematical folk wisdom’ – not proven facts but rather
an intuitive understanding on how a sensible theory should look like. These are as
follows:

If we enlarge the state space appropriately, every stochastic process becomes Mar-
kovian. This suggests that we should incorporate enough ‘history’ of the stochas-
tic process into the state space to make it Markovian. Consequently, as an ‘ulti-
mate state space’, we should consider a space of X-valued functions on the interval
(−∞, 0], where we consider the value at time t = 0 as the present state of the
process and the value at time t < 0 as the position of the process at the past time
t < 0. Thus, if we seek to describe a stochastic process with continuous paths
(and we will assume this throughout this introduction; however our general setup
also allows for different ‘path spaces’, in particular for càdlàg paths), we should
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use X − = C((−∞, 0];X)) as state space. This strategy of ‘incorporating the past’
into the state space is rather standard in the semigroup approach to (deterministic)
delay equations, see [3] and the references therein, but it was also used for stochas-
tic delay equations, see [43]. We should point out that often (in particular in the
references just mentioned) only the history in a finite time horizon is considered,
i.e. one uses C([−h, 0];X) instead of C((−∞, 0];X).

However, there is a fundamental difference between semigroup theory for deter-
ministic delay equations and the theory that we want to develop here. In the former,
X itself is a Banach space and one constructs a semigroup on the space C([−h, 0];X)
(or a similar space such as Lp([−h, 0];X)) that describes the evolution of the solution
of the delay equation. On the other hand, in this article, X is not a vector space in
general and (similar to [43]) we want to use the ‘path space’ X − = C((−∞, 0];X)
as state space of a then Markovian process. Thus, the transition semigroup acts
on the space Cb(X −) = Cb

(
C((−∞, 0];X)). In a sense, the semigroup we seek to

construct acts on a function space that is ‘one level higher’ than that considered in
the classical theory. This is similar to considering the Koopman operator (or, in the
time continuous setting, Koopman semigroups) in the study of dynamical systems,
see [17]. Typically, the Koopman operator/semigroup acts either on an Lp-space or
(closer to our situation) on the space C(K) of continuous functions on a compact
space K. Only recently, there was a generalization of this theory to the setting of
completely regular spaces in [22].

As a second guideline we require that, as time passes, the past of the process is
merely shifted in time. While this guideline does not need additional explanation,
it raises an important question. What should happen with the past once it is
shifted into the future? In the semigroup approach to delay equations mentioned
above, this question is answered at an infinitesimal level. The generator of the
shift semigroup is (roughly speaking) the first derivative. To obtain a semigroup
governing the evolution of a delay equation, one considers a realization of the first
derivative, defined on a subspace of C1([−h, 0];X), where the delay equation itself
enters the domain of the generator as a (Neumann-type) boundary condition at
time t = 0. In our situation, the shift semigroup is a rather delicate object (see
Remark 3.10) and this approach does not seem to work.

Therefore, in this article we follow a different approach. Setting X = C(R;X),
we identify the space Cb(X −) with a subspace of Cb(X ) as follows: Given x ∈ X
and F̃ ∈ Cb(X −), we can extend F̃ to a function F ∈ Cb(X ), by setting F (x) =

F̃ (x|(−∞,0]). Note that F (x) = F (y) for any x, y ∈ X with x(t) = y(t) for all
t ≤ 0 and this property actually characterizes functions that appear as extension of
functions in Cb(X −). As it turns out (see Lemma 2.5) this property is equivalent to
F being measurable with respect to the σ-algebra F0 that is generated by the point
evaluations (πt)t≤0. Similarly, functions F ∈ Cb(X ) whose value only depends on
x|(−∞,t] are exactly those that are measurable with respect to Ft := σ(πs : s ≤ t).
Let us write Cb(X ,Ft) for the space of bounded continuous functions F : X → R

that are Ft-measurable. With this identification at hand, we can work throughout
on the space Cb(X ) and, in particular, avoid the central question posed above. If
we shift a function F ∈ Cb(X ,F0) (say by the time lapse t > 0), we again obtain
a function in Cb(X ), which is Ft-measurable rather than F0-measurable.

After this preparation, we now define an evolutionary semigroup as a semigroup
(T(t))t≥0 on Cb(X ,F0) such that for 0 ≤ s ≤ t and F ∈ Cb(X ,F−t) it holds
T(s)F = ΘsF , where (Θt)t≥0 is the shift semigroup on Cb(X ), see Section 3. This
requirement is a rephrasement of our second guiding principle. In our first main
result, Theorem 4.5, we prove that a semigroup on Cb(X ,F0) is evolutionary if
and only if it is given as T(t) = EΘt for some bounded linear operator E on Cb(X )
that takes values in Cb(X ,F0) and satisfies EF = F for all F ∈ Cb(X ,F0). This
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operator E determines the semigroup (T(t))t≥0 uniquely and is called the expectation
operator of the semigroup. Proposition 4.1 shows that E indeed has properties that
are characteristic for expectations. The expectation operator also connects (various
notions of) the generator of T to that of the shift semigroup, see Propositions
4.10, 5.4 and 5.9. We point out that the expectation operator now settles the
central question posed above: Once the shift operator Θt transports information
into the future (i.e. producing a function that is not F0-measurable any more) the
expectation operator E transforms this into an F0-measurable function (and thus
into a function that we might view as a function on X −).

Let us now discuss some examples.

Delay equations. Our first example concerns deterministic delay equations. We
fix d ∈ N, h > 0 and define

Ch := C([−h, 0];Rd).

As usual, for a function y ∈ C([−h,∞);Rd) and t ≥ 0, we define yt ∈ Ch, the past
at time t, by setting yt(s) = y(t + s) for s ∈ [−h, 0]. Now, given a Lipschitz map
b : Ch → Rd and an ‘initial history’ ξ ∈ Ch, we may consider the delay equation

(1.1)

{
y′(t) = b(yt), for t ≥ 0,

y0 = ξ.

As b is assumed to be Lipschitz continuous, an argument based on the Banach
fixed point theorem shows that (1.1) has a unique solution yξ, see [4, Theorem
II.4.3.1]. In Section 6.1, we will see that, setting X = Rd and X = C(R;Rd) as
above, we can associated an evolutionary semigroup T on Cb(X ,F0) with such
equations. To describe the expectation operator, given x ∈ X , we define the
function x− ∈ X − = C((−∞, 0];Rd) as the restriction x|(−∞,0]. Note that x0 ∈ Ch

so that (1.1) has a unique solution yx0 for ξ = x0. We set

[x− ⊗0 y
x0 ](t) :=

{
x(t), if t ≤ 0,

yx0(t), if t > 0.

Then x− ⊗0 y
x0 ∈ X and we define for F ∈ Cb(X ),

(1.2) [EF ](x) := F (x− ⊗0 y
x0).

We will see in Section 6.1, that this is indeed an expectation operator that induces
an evolutionary semigroup by setting T(t) := EΘt.

We point out that there are several semigroup approaches to delay equations to
be found in the literature, see, for example, [15], [3], [19, Section VI.6] or [4, Section
II.4]. Typically, in these semigroup approaches, the map b is assumed to be linear
and nonlinear maps can be handled via the variation of constants formula. On the
other hand, we obtain an evolutionary semigroup T also for nonlinear b without
relying on the variation of constants formula. The semigroup T can be seen as a
Koopman approach to delay equations or as an extension of the results from [22]
to equations that depend on the past.

Stochastic differential equations. Next, let (B(t))t≥0 be an m-dimensional
Brownian motion, defined on a probability space (Ω,Σ,P). Given functions b :
Rd → Rd and σ : Rd → Rm×d, we can consider the stochastic differential equation

(1.3)

{
dY (t) = b(Y (t)) dt+ σ(Y (t))dB(t), for t ≥ 0,

Y (0) = y.

Under suitable assumptions on the coefficients b and σ, it is well known that for
every initial datum y ∈ Rd, Equation (1.3) has a unique solution (Y y(t))≥0. It
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turns out that also to this equation we can associate an evolutionary semigroup on
the path space X = C(R,Rd). Motivated by (1.2), we set for F ∈ Cb(X ),

[EF ](x) := E
[
F (x− ⊗0 Y

x(0))
]
,

where E refers to expectation with respect to the measure P. Using the fact that
the solutions to (1.3) are Markov processes, we prove in Section 6.2 that E is an
expectation operator that induces an evolutionary semigroup. As a matter of fact,
this is true not only for solutions of stochastic differential equations, but for all
Markov processes that can be realized with continuous paths. Switching to the
path space of càdlàg paths, the same result also applies to Markovian processes with
càdlàg paths. In Theorem 6.7, we give a complete characterization of evolutionary
semigroups that arise in this way.

Stochastic delay equations. For our last example, consider stochastic delay
equations of the form

(1.4)

{
dY (t) = b(Yt)dt+ σ(Yt)dB(t), for t ≥ 0,

Y0 = ξ.

Here, once again, (B(t))t≥0 is an m-dimensional Brownian motion on the probabil-
ity space (Ω,Σ,P). However, compared to (1.3), the domain of the maps b and σ
changes from Rd to the function space Ch. Nevertheless, under Lipschitz assump-
tions on the coefficients, it is known that for any ξ ∈ Ch, Equation (1.4) has a
unique solution Y ξ and we may define

[EF ](x) := E
[
F (x− ⊗0 Y

x0)
]
.

We point out that the solutions Y ξ are no longer Markov processes on Rd, but they
turn out to be Markov processes on the space Ch. Using this fact, we prove in
Section 6.3 that E is indeed the expectation operator of an evolutionary semigroup
on the space X = C(R,Rd). In Section 6.4, we discuss some related results in the
càdlàg setting.

Organization of this article. In Section 2, we introduce the abstract concept
of a ‘path space’ and establish some preliminary measurability results. Our main
examples of path spaces are C(R;X) and D(R;X), as we will prove in Appendix B.
In Section 3, we introduce the shift semigroup and present some results concerning
its full generator and its Cb-generator. We should point out that the semigroups
considered in this article are not strongly continuous, whence a different semigroup
theory is used throughout. The main definitions and results of this theory are
collected in Appendix A, where also references to the literature may be found. In
Section 4, we take up our main line of study and introduce the central concepts of
‘evolutionary semigroup’ and ‘expectation operator’. In Section 4 we do not work
in Cb(X ) but rather in Bb(X ), the space of all bounded measurable functions on
the path space X . Continuity properties of evolutionary semigroups are discussed
in Section 5. The choice of the path space plays an important role here. The case
where X = C(R;X) is the easier and all of the expected results hold true. The
general case is much more involved and we actually impose additional assumptions
on the ‘path space’ (which, however, are satisfied in the case of càdlàg paths). The
basic problem in the case of càdlàg paths is that point evaluations are not continuous
functions. Nevertheless, most results from the continuous case generalize. In the
concluding Section 6, we present our examples.

Acknowledgement. We are grateful to Rainer Nagel for helpful comments.
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2. Path spaces

Definition 2.1. Let (X, d) be a complete separable metric space. A path space
(with state space X) is a pair ((X , d), τ) consisting of a complete separable metric
space (X , d) of right-continuous functions x : R → X and a map τ : X → X , such
that the following conditions are satisfied:

(P1) The evaluation maps πt : X → X, πt(x) = x(t) are Borel measurable and
the Borel σ-algebra B(X ) is generated by these maps, i.e. B(X ) = σ(πt :
t ∈ R). Every x ∈ X is continuous at almost every t ∈ R. Moroever, if
xn → x and x is continuous at t, then πt(xn) → πt(x).

We define some additional σ-algebras. Given an interval I ⊂ R, we set

F (I) := σ(πt : t ∈ I).

Of particular importance is the case where I = (−∞, t) or I = (−∞, t] for
some t ∈ R. We define Ft− := F ((−∞, t)) and Ft := F ((−∞, t]).

(P2) The stopping map τ : X → X is F0−-measurable and τ−1(A) = A for
every A ∈ F0−. Moreover, τ(x) is continuous at 0 for every x ∈ X and
the image X − := τ(X ) is Polish, i.e. there exists a complete metric d− on
X − that induces the same topology as d on X −.

(P3) For every t ∈ R, the shift ϑt, defined by [ϑtx](s) := x(t + s), maps X to
itself and the map (t, x) 7→ ϑtx is continuous from R× X → X .

Throughout, elements of the path space X will be denoted by lower case black-
board letters x, y, z whereas elements of the state space X will be denoted by lower
case roman letters x, y, z. Likewise, scalar-valued functions on X will be denoted
by upper case roman letters F,G,H, whereas scalar-valued functions on X will be
denoted by lower case roman letters f, g, h.

Example 2.2. Our basic examples of path spaces are XC := C(R;X), the space of
all continuous paths from R to X, endowed with the metric that topologizes uniform
convergence on compact subsets of R and XD := D(R;X), the space of all càdlàg
paths from R to X, endowed with Skorohod’s J1-metric. We point out that the
stopping map is defined slightly different in these two examples: for XC, we define
[τC(x)](t) = x(0) for t ≥ 0, whereas for càdlàg paths XD we put [τD(x)](t) = x(0−)
for t ≥ 0.

As our main results only use the abstract assumptions of Definition 2.1, we
postpone the details and proofs to Appendix B.

Example 2.3. In the context of continuous paths, we can also consider the spaces

XC,ℓ := {x ∈ C(R;X) : lim
t→−∞

x(t) exists} = C([−∞,∞);X)

and, if X is additionally a vector space,

XC,0 := {x ∈ C(R;X) : lim
x→−∞

x(t) = 0}

Both are path spaces with respect to the metric

d(x, y) =

∞∑
n=1

2−n
[
1 ∧ sup

t∈(−∞,n]

d(x(t), y(t))
]
.

This choice of path spaces is helpful, for example, in the context of delay equations
with infinite delay, see Equation (3.2) on page 240 of [4].

Example 2.4. Another possible choice for a path space is motivated by adding a
cemetary state to the space X. This is a standard procedure to turn a non-honest
Markov process into an honest one. This construction can be replicated on the
level of the path space. Indeed, given a locally compact X, we denote its one-point
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compactification of X by X†, where the added point † is used as a cemetery state.
As X is a complete separable metric space, so is X†. Now set

XC,† := {x ∈ C(R;X†) : x(t0) = † implies x(t) = † for all t ≥ t0}.

We also introduce the following notation. Given an interval I ⊂ R, we put

Bb(X ,F (I)) := {F ∈ Bb(X ) : F is F (I)-measurable}

and Cb(X ,F (I)) := Bb(X ,F (I)) ∩ Cb(X ). We often write Bb(X ,Ft−) and
Cb(X ,Ft−) instead of Bb(X ,F ((−∞, t))) and Cb(X ,F ((−∞, t))). If F : X →
R is Ft−-measurable, we will say that it is determined before t, if F is F ([t,∞))-
measurable, we will say that it is determined after t. Thus, Bb(X ,F ([t1, t2))) refers
to the space of bounded, measurable functions that are determined before t2 and
after t1. Endowed with the supremum norm ‖ · ‖∞, all of these spaces are Banach
spaces.

Let us note some easy consequences concerning measurability.

Lemma 2.5. Let ((X , d), τ) be a path space and S be a Polish space with Borel
σ-algebra B(S).

(a) For every t ∈ R and interval I ⊂ R, the map ϑt is F (I + t)/F (I)-measurable.
(b) For t ∈ R, the map τt := ϑ−t ◦ τ ◦ ϑt is Ft−-measurable and (τt)

−1(A) = A for
all A ∈ Ft−.

(c) A measurable function Φ : X → S is Ft−-measurable if and only if Φ = Φ ◦ τt.
(d) It holds τ2 = τ . Moreover, x ∈ X − if and only if x = τ(x).
(e) It holds x(t) = [τ(x)](t) for all t < 0 and x ∈ X .

Proof. (a). This follows directly from the identity πr ◦ ϑt = πr+t for all r ∈ R.

(b). If A ∈ B(X ), then B := τ−1((ϑ−t)
−1(A)) ∈ F0− by (P2), so that

(ϑt)
−1(B) ∈ Ft− by (a), proving the Ft−-measurability of τt. If A ∈ Ft−, then

(ϑ−t)
−1(A) ∈ F0− by (a) so that B = (ϑ−t)

−1(A) by (P2). At this point, (a) yields
A = (ϑt)

−1(B) = (τt)
−1(A).

(c). If Φ = Φ ◦ τt, then Φ is Ft−-measurable as τt is. Conversely, if Φ is Ft−-
measurable, then for A ∈ Σ, Φ−1(A) ∈ Ft− so that Φ−1(A) = (τt)

−1(Φ−1(A)) by
(b). As A was arbitrary, it follows that Φ = Φ ◦ τt.

(d). Applying (c) to Φ = τ yields τ2 = τ . If x = τ(x) then x ∈ X −. Conversely,
assume that x = τ(y) ∈ X −. Then τ(x) = τ2(y) = τ(y) = x.

(e). Let A := {x ∈ X : x(t) = [τ(x)](t) for all t < 0}. Then A ∈ F0−
and thus A = τ−1(A) by (P2). On the other hand, τ−1(A) = {x : [τ(x)](t) =
[τ2(x)](t) for all t < 0} = X by (d). �

As a consequence of Lemma 2.5(c), an F0−-measurable function F ∈ Bb(X ) is
uniquely determined by its values on X −. We may thus use the map τ to identify
functions on X − with functions on X by means of the extension map Φ 7→ Φ̂,
defined by Φ̂ = Φ ◦ τ . Concerning measurability, we have the following result.

Lemma 2.6. Let ((X , d), τ) be a path space, S be a Polish space with Borel σ-
algebra B(S) and Φ : X → S.

(a) The Borel σ-algebra B(X −) is the trace σ-algebra of F0− on X −.

(b) Then the function Φ is B(X −)-measurable if and only if Φ̂ is F0−-measurable.

Proof. (a). By [6, Lemma 6.2.4], B(X −) is the trace of B(X ) on X −, i.e. A ∈
B(X −) if and only if there exits B ∈ B(X ) with A = B∩X −. For A of this form,
it follows from Lemma 2.5(d) that τ(A) = A which, by (P2), implies A ∈ F0−. This
shows that B(X −) ⊂ F0− and thus B(X −) is contained in the trace of F0− on
X −. The converse inclusion follows from considering B ∈ F0−.
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(b). Assume that Φ is B(X −)-measurable. By (a), for every A ∈ Σ it is

B := Φ−1(A) ∈ B(X −) ⊂ F0−. By (P2), Φ̂−1(A) = τ−1(Φ−1(A)) = τ−1(B) = B,

proving that Φ̂ is F0−-measurable.

Conversely assume that Φ̂ is F0−-measurable. Then for every A ∈ Σ we have

B := Φ̂−1(A) ∈ F0−, whence τ−1(B) = B. This implies τ(B) = B and thus
B ⊂ X − in view of Lemma 2.5(d). In particular, B = B ∩ X − ∈ B(X −).
It follows that τ−1(Φ−1(A)) = τ−1(B) and thus Φ−1(A) = B proving that Φ is
B(X −)-measurable. �

3. The shift semigroup

Throughout, ((X , d), τ) is a path space. We next introduce the shift group
(Θt)t∈R ⊂ L (Bb(X ), σ) by setting

(ΘtF )(x) := F (ϑtx)

for t ∈ R and F ∈ Bb(X ). Here, L (Bb(X ), σ) refers to the space of bounded
kernel operators, see Section A.1 and, in particular, Lemma A.1.

Lemma 2.5(a) immediately yields

Corollary 3.1. Let I ⊂ R be an interval and t ∈ R. If F ∈ Bb(X ,F (I)), then
ΘtF ∈ Bb(X ,F (I + t)).

Let us briefly recall some notions concerning semigroups. A Cb-semigroup is a
family S = (St)t≥0 of Markovian kernel operators on X that leave the space Cb(X )
invariant and such that the orbit of every bounded, continuous function is jointly
continuous in t and x. The Cb-generator A of a Cb-semigroup S is defined as follows.
We have F ∈ D(A) and AF = G if and only if supt∈(0,1) t

−1‖S(t)F − F‖∞ < ∞
and t−1(S(t)F (x) − F (x)) → G(x) for all x ∈ X as t → 0. See Theorem A.12 for
equivalent descriptions of the Cb-generator.

Proposition 3.2. Given (P1) and (P2), condition (P3) is fulfilled if and only if
(Θt)t∈R is a Cb-group. In this case, the Cb-generator of (Θt)t∈R is denoted by D

and the following hold true:

(a) D is a derivation, i.e. for F,G ∈ D(D) also the product FG ∈ D(D) and
D(FG) = (DF )G+ F (DG);

(b) If F ∈ D(D) is determined before (after) time t, then so is DF .

Proof. If (P3) is satisfied then for every F ∈ Cb(X ) the map (t, x) 7→ (ΘtF )(x) =
F (ϑtx) is continuous which shows that (Θt)t∈R is a Cb-group.

To see the converse, assume that there exist sequences tn → t and xn → x such
that d(ϑtnxn, ϑtx) ≥ ε > 0 for all n ∈ N. As X is a metric space, we find a
bounded continuous function F on X such that F (ϑtx) = 1 whereas F (y) = 0
whenever d(y, ϑtx) ≥ ε. For this function F we have

0 ≡ (ΘtnF )(xn) 6→ (ΘtF )(x) = 1.

Thus, for this particular F the map (t, x) 7→ [ΘtF ](x) is not continuous, whence
(Θt)t∈R is not a Cb-group.

(a). Let F,G ∈ D(D). Using the characterization of the Cb-generator from
Theorem A.12(iv), we find

Θt(FG)− FG

t
(x) = (ΘtF )(x)

(ΘtG)(x)−G(x)

t
+

(ΘtF )(x)− F (x)

t
G(x)

which is uniformly bounded and converges to F (x)[DG](x) + [DF ](x)G(x) as t→ 0.

(b). Let F ∈ D(D) be Ft−-measurable. By Corollary 3.1 Θ−sF is Ft−-
measurable for every s ≥ 0. Thus, for every s > 0 the difference quotient (Θ−sF −
F )/(−s) is Ft−-measurable hence so is the (pointwise) limit DF .



8 ROBERT DENK, MARKUS KUNZE, AND MICHAEL KUPPER

In the case where F is determined after time t we can proceed similarly, consid-
ering the difference quotients (ΘsF − F )/s for s > 0 instead. �

Besides the Cb-generator D also the full generator Dfull of (Θt)t∈R is of interest.
This operator is typically multivalued and is defined via the Laplace transform of
the semigroup on Bb(X ). Consequently, it may contain functions that are not
continous, which will be important in what follows. For more information about
the full generator, we refer to Section A.2.

Corollary 3.3. The full generator Dfull of (Θt)t∈R is a derivation in the sense that
if (Fj , Gj) ∈ Dfull for j = 1, 2, then also (F1F2, F1G2 + F2G1) ∈ Dfull.

Proof. Using the characterization of the full generator from Proposition A.4(iii),
this follows from the multiplicativity of (Θt)t∈R and the product rule for Sobolev
functions. �

Next, we introduce some specific elements of Dfull. Given f ∈ Bb(X) and a < b
and t ∈ R, we define F b

a(f) and Ft(f) by setting

[F b
a(f)](x) :=

∫ b

a

f(x(s)) ds and(3.1)

[Ft(f)](x) := f(x(t))(3.2)

for every x ∈ X . Obviously, F b
a(f) and Ft(f) are bounded measurable functions

and F b
a(f) ∈ Bb(X ,F ([a, b))). On the other hand, in general Ft(f) is not Ft−-

measurable. As this leads to technical problems in what follows, we will often
replace Ft(f) by the function F ⋆

t (f), defined by

(3.3) [F ⋆
t (f)](x) := lim sup

n→∞
n

∫ t−1/n

t−2/n

f(x(s)) ds.

In the case where X ∈ {XC,XD}, we set

t⋆ :=

{
t, if X = XC,

t−, if X = XD.

For future reference, we collect some easy properties of F ⋆
t (f).

Lemma 3.4. Given t ∈ R and f ∈ Bb(X), the following hold true:

(a) F ⋆
t (f) is Ft−-measurable;

(b) If f ∈ Cb(X) and t is a continuity point of x, then [F ⋆
t (f)](x) = [Ft(f)](x);

(c) If X ∈ {XC,XD}, then F ⋆
t (f) = Ft⋆(f) for all t ∈ R and f ∈ Cb(X);

(d) For s ∈ R, it is ΘsF
⋆
t (f) = F ⋆

t+s(f).

Lemma 3.5. Let f ∈ Cb(X) and a < b then (F b
a(f), F

⋆
b (f)− F ⋆

a (f)) ∈ Dfull.

Proof. For t > 0, we have

[ΘtF
b
a(f)− F b

a(f)](x) =

∫ b

a

f(x(t+ s)) ds−
∫ b

a

f(x(s)) ds

=

∫ b+t

b

f(x(s)) ds−
∫ a+t

a

f(x(s)) ds

=

∫ t

0

f(x(b+ s)) ds−
∫ t

0

f(x(a+ s)) ds

=

∫ t

0

[Θs(Fb(f)− Fa(f))](x) ds

=

∫ t

0

[Θs(F
⋆
b (f)− F ⋆

a (f))](x) ds.
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Here, we have used Lemma 3.4(b) and the continuity assumption in (P1) in the last
equality. Now Proposition A.4 yields (F b

a(f), F
⋆
b (f)− F ⋆

a (f)) ∈ Dfull. �

Definition 3.6. We define the operator D0 as follows: D(D0) is the algebra gener-
ated by all functions of the form F b

a(f), where a < b and f ∈ Cb(X) and

D0

n∏
j=1

F bj
aj
(fj) =

n∑
k=1

(F ⋆
bk
(fk)− F ⋆

ak
(fk))

∏
j ̸=k

F bj
aj
(fj).

Then D0 is a slice (see Definition A.7) of Dfull by Lemma 3.5 and Proposition 3.2(b).

Remark 3.7. (a) If f ∈ Cb(X), then F b
a(f) ∈ Cb(X ) as a consequence of the conti-

nuity requirement in (P1). Note, however, that in general Fb(f) − Fa(f) 6∈
Cb(X ). However, if X = XC, see Section B.1, then F b

a(f) ∈ D(D) for
f ∈ Cb(X) and it follows that D(D0) ⊂ D(D), i.e. it is a subset of the do-
main of the Cb-generator D.

(b) In the general case, there are several choices of functions G ∈ Bb(X ) such that
(F b

a(f), G) ∈ Dfull. For the slice D0, we choose G = F ⋆
b (f)−F ⋆

a (f) and the latter
is Fb−-measurable. Thus, Proposition 3.2(b) generalizes to the slice D0. The
proof of Lemma 3.5 shows that another possible choice is G = Fb(f) − Fa(f)
which is general not Fb−-measurable.

If X = XD, see Subsection B.2, then for every λ ∈ [0, 1] we may choose

G(x) = λf(x(b)) + (1− λ)f(x(b−))− [λf(x(a)) + (1− λ)f(x(a−))].

Recall that a sequence (Fn)n∈N ⊂ Bb(X ) bp-converges to F ∈ Bb(X ) if it is
uniformly bounded and and converges pointwise to F . Kernel operators are well-
behaved with respect to bp-convergence, see Lemma A.1. A subset M ⊂ Bb(X ) is
called bp-closed if for every sequence (Fn)n∈N ⊂M that bp-converges to F it follows
that F ∈ M . The bp-closure of a set is the smallest bp-closed set that contains it.
If the bp-closure of a set is all of Bb(X ), it is called bp-dense in Bb(X ).

Lemma 3.8. D(D0) is bp-dense in Bb(X ).

Proof. Denote byM the bp-closure of the algebraD(D0). Standard arguments show
that M is also an algebra. By the right-continuity of the paths in X it follows that

for every f ∈ Cb(X), it is nF
t+1/n
t (f) → Ft(f) pointwise. Consequently, Ft(f) ∈M

for all f ∈ Cb(X) and t ∈ R. Using that Cb(X) is bp-dense in Bb(X), it follows
that Ft(f) ∈M for all f ∈ Bb(X) and t ∈ R. As M is an algebra, for all choices of
t1 < . . . < tn ∈ R and A1, . . . , An ∈ B(X) we have

1{x ∈ X : x(tj) ∈ Aj for j = 1, . . . , n} =

n∏
j=1

Ftj (1Aj
) ∈M,

i.e. indicator functions of cylinder sets belong to M . As the cylinder sets form a
generator of the Borel σ-algebra that is stable under intersections, measure theoretic
induction yields M = Bb(X ). �

We end this section by establishing that the shift group is uniquely determined
by the slice D0. This is done by generalizing the concept of a core of an operator,
see [19, Definition II.1.6]. As we are using both the concept of the Cb-generator
and the concept of the full generator, there are two different concepts of a core. For
the former, the appropriate concept is that of a β0-core (see Lemma A.14), for the
latter the notion of a bp-core (see Lemma A.6) is used instead.

Corollary 3.9. D(D0) a bp-core for Dfull. If X = XC, then D(D0) is a β0-core
for D.
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Proof. This follows from Corollary A.8. Indeed, noting that ΘtF
b
a(f) = F b+t

a+t(f)
and ΘtFs(f) = Ft+s(f) condition (i) is satisfied, whereas (ii) follows from Lemma
3.8. Condition (iii) is an immediate consequence of the fact that for f ∈ Cb(X) the
map t 7→ f ◦ πt is continuous in almost every point as a consequence of (P1).

Now consider the case of continuous paths. As D(D0) is an algebra that separates
the points of X , the Stone–Weierstraß Theorem, see [26, Theorem 11], yields that
D(D0) is dense in Cb(X ) with respect to β0. As ΘtD(D0) ⊂ D(D0) for all t ∈ R,
it follows from Lemma A.14 that D(D0) is a β0-core for D. �

Remark 3.10. Even in the case where X = XC, we cannot expect any function of
the form F0(f) (or, more generally, Ft(f)) which is not constant to belong to D(D).
To see this, we consider the case X = Rd. Assume that F0(f) belongs to D(D).
Fixing x0, v ∈ Rd, we consider x(t) = x0 + |t|v. It follows that

[DF0(f)](x) = lim
t↓0

f(x0 + tv)− f(x0)

t
= lim

t↑0

f(x0 − tv)− f(x0)

t
= −[DF0(f)](x).

This implies that f has in the point x0 directional derivative 0 in direction v. As
x0 and v were arbitrary, f must be constant.

4. Evolutionary semigroups on spaces of measurable functions

We are now prepared to introduce the central notions of this article, namely evo-
lutionary semigroups and their associated expectation operators. We start with the
latter and first prove that several possible defining properties are in fact equivalent.
Throughout this section ((X , d), τ) is a path space.

Proposition 4.1. Let E ∈ L (Bb(X ), σ) be a Markovian kernel operator with
associated kernel k. The following are equivalent:

(i) For every F ∈ Bb(X ), the function EF is F0−-measurable and if F is F0−-
measurable, then EF = F .

(ii) For every F ∈ Cb(X ), the function EF is F0−-measurable and if F is F0−-
measurable, then EF = F .

(iii) Given A− ∈ F0−, A ∈ B(X ) and x ∈ X ,

k(x, A− ∩A) = δτ(x)(A−)k(τ(x), A).

(iv) For every F ∈ Bb(X ), the function EF is F0−-measurable. Moreover,

E(FG) = FEG,

for all F,G ∈ Bb(X ) where F is F0−-measurable.

Proof. (i) ⇒ (ii). This is trivial.

(ii) ⇒ (i). Set

M = {F ∈ Bb(X ) : EF is F0−-measurable}.
By (ii), Cb(X ) ⊂ M . Moreover, using that E is σ-continuous (see Lemma A.1), it
is easy to see that if (Fn)n∈N is a bounded sequence in M that converges pointwise
to F , then also F ∈ M . This proves that M is bp-closed. As X is Polish, Cb(X )
is bp-dense in Bb(X ) (see [20, Proposition 3.4.2]) whence M = Bb(X ).

Similarly, one also sees that the second property extends to Bb(X ).

(i) ⇒ (iii). As EF is always F0−-measurable it follows from Lemma 2.5 that

k(x, A) = (E1A)(x) = (E1A)(τ(x)) = k(τ(x), A)

for all A ∈ B(X ) and x ∈ X .
Now let A− ∈ F0−, A ∈ B(X ) and x ∈ X be given. By (i), k(x, A−) =

E1A−(x) = 1A−(x). It follow that for x 6∈ A−

0 ≤ k(x, A− ∩A) ≤ k(x, A−) = 0.



EVOLUTIONARY SEMIGROUPS ON PATH SPACES 11

On the other hand, if x ∈ A−, the same argument shows k(x, Ac
− ∩ A) = 0 and we

obtain

k(x, A) = k(x, A− ∩A) + k(x, Ac
− ∩A) = k(x, A− ∩A).

Altogether,

k(x, A− ∩A) = k(τ(x), A− ∩A) = δτ(x)(A−)k(τ(x), A).

(iii) ⇒ (iv). Condition (iii) yields E(FG) = FEG whenever F = 1A− for some
A− ∈ F0− and G = 1A for some A ∈ B(X ). Using measure theoretic induction
twice, this easily extends to arbitrary functions.

(iv) ⇒ (i). Let F ∈ Bb(X ) be F0−-measurable. As 1 is B(X )-measurable and
E1 = 1 by Markovianity, (iv) yields EF = E(F1) = FE1 = F1 = F . �

Note that condition (iv) of Proposition 4.1 implies that E is local in the sense
that E(1AG) = 1AEG for all A ∈ F0− and G ∈ Bb(X ), and can therefore be
viewed as a conditional function/expectation, see [16] and the references therein.

Definition 4.2. An operator E satisfying the equivalent conditions of Proposition
4.1 is called expectation operator. Given an expectation operator E, we define Et :=
ΘtEΘ−t for t ≥ 0. We say that E is homogeneous if E = EEt for all t ≥ 0.

Remark 4.3. In the case of continuous paths, i.e. ((X , d), τ) = ((XC, dC), τC), we
give an alternative representation of E that follows from Proposition 4.1(iii). To that
end, we identify X − := τ(X ) with C((−∞, 0];X) and define X + := C([0,∞);X).
Then the map

X − × X + → X , (x−, x+) 7→ x− ⊗0 x+

with

(x− ⊗0 x+)(t) :=

{
x−(t), if t ≤ 0,

x+(t)− x+(0) + x−(0), if t ≥ 0,

is well-defined, and its restriction to the closed subspace of all compatible pairs

Xcomp := {(x−, x+) ∈ X − × X + : x−(0) = x+(0)}

is an isomorphism. Let E ∈ L (Bb(X ), σ) be a Markovian kernel operator with
associated kernel k. Identifying X and Xcomp, Proposition 4.1(iii) yields

(4.1) k((x−, x+), A− ×A+) = δx−(A−)k+(x−, A+)

for (x−, x+) ∈ Xcomp and A± ∈ B(X ±), where we define

k+(x−, A+) := k
(
x−,

{
x− ⊗0 y+ : y+ ∈ A+, x−(0) = y+(0)

})
= k

(
x−, ({x−} ×A+) ∩ Xcomp

)
.

Note that by (4.1), the measure k(x, ·) is extended by zero to (X −×X +)\Xcomp.
For F ∈ Bb(X ), (4.1) and a Fubini argument yield

(4.2)

(EF )(x) =

∫
X

F (y)k(x, dy) =

∫
X −×X +

F (y− ⊗0 y+)k((x−, x+), d(y−, y+))

=

∫
X −

∫
X +

F (y− ⊗0 y+)k+(x−, dy+)δx−(dy−)

=

∫
X +

F (x− ⊗0 y+)k+(x−, dy+).

If we want to extend this construction to càdlàg paths, it is a natural question
how to glue two functions from D([0,∞);X) and D((−∞, 0];X) together at 0, i.e.
if there might be a jump at 0 or not. If the evolutionary semigroup induced by E is
a Cb-semigroup, then Corollary 5.11 below yields that

Px({y : y is continuous at 0}) = 1,
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which suggests that we should glue paths x− ∈ D((−∞, 0];X) and x+ ∈ D([0,∞);X)
continuously together in 0. Thus, mutatis mutandis, the same construction as above
can be extended to càdlàg paths in this situation.

The above description of E will be used for stochastic (delay) differential equa-
tions below, where we specify k+ in terms of the unique solution of the equation,
see Section 6 for details.

Lemma 4.4. Let E be an expectation operator with associated kernel k. The fol-
lowing are equivalent:

(i) E is homogeneous.
(ii) For every x ∈ X , t ≥ 0 and A ∈ B(X ),∫

X

k(ϑty, ϑtA)k(x, dy) = k(x, A).

Proof. Let F ∈ Bb(X ). Note that

(EΘ−tF )(x) =

∫
X

F (ϑ−ty)k(x, dy) =

∫
X

F (z)k(x, dz ◦ (ϑ−t)
−1),

where we write k(x, dz ◦ (ϑ−t)
−1) for the push-forward measure of k(x, ·) under the

map ϑ−t. Therefore

(EtF )(x) = (ΘtEΘ−tF )(x) = (EΘ−tF )(ϑtx) =

∫
X

F (z)k(ϑtx, dz ◦ (ϑ−t)
−1).

It follows that

(EEtF )(x) =

∫
X

(EtF )(y)k(x, dy)

=

∫
X

∫
X

F (z)k(ϑty, dz ◦ (ϑ−t)
−1)k(x, dy)

=

∫
X

F (z)

∫
X

k(ϑty, dz ◦ (ϑ−t)
−1)k(x, dy).

This is the same as (EF )(x) for all F ∈ Bb(X ) if and only if∫
X

1A(z)

∫
X

k(ϑty, dz ◦ (ϑ−t)
−1)k(x, dy) =

∫
X

k(ϑty, ϑtA)k(x, dy) = k(x, A)

for all x ∈ X and A ∈ B(X ). �

Theorem 4.5. Let (T(t))t≥0 be a semigroup of Markovian kernel operators on
Bb(X ,F0−). The following are equivalent:

(i) For every F ∈ Bb(X ,F0−) and t ≥ 0, it is T(t)Θ−tF = F . In particular, if
F is determined before −t0 < 0, then T(t)F = ΘtF for all 0 ≤ t ≤ t0.

(ii) There exists a homogeneous expectation operator E such that

(4.3) T(t) = EΘt for all t ≥ 0.

Conversely, if E is a homogeneous expectation operator, then Equation (4.3) de-
fines a semigroup of Markovian kernel operators on Bb(X ,F0−), which satisfies
condition (i).

Proof. (i) ⇒ (ii). Fix s ≥ 0. If F is determined before s, Lemma 2.5 implies that
Θ−sF is determined before 0. Thus, the expression T(s)Θ−sF is well-defined and
F 7→ T(s)Θ−sF defines a σ-continuous mapping from Bb(X ,Fs−) to Bb(X ,F0−).
Consequently, we find a kernel ks such that

T(s)Θ−sF (x) =

∫
X

F (y)ks(x, dy)
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for all F ∈ Bb(X ,Fs−). It follows from Lemma 2.5 that for F ∈ Bb(X ,Fs−)
the function Θ−(r+s)F is determined before −r < 0. Consequently, (i) implies that
ΘrΘ−(r+s)F = T(r)Θ−(r+s)F and thus

T(s)Θ−sF = T(s)ΘrΘ−(r+s)F = T(s)T(r)Θ−(r+s)F = T(s+ r)Θ−(r+s)F.

This shows that ks(x, A) = ks+r(x, A) for all r ≥ 0 and A ∈ Fs−. We may thus
define

k(x, A) := ks(x, A)

whenever A ∈ Fs−. In this way, k(x, ·) defines a finitely additive measure on
D =

⋃
s≥0 Fs−.

Note that ks(x, ·) is even σ-additive on Fs− and thus can be viewed as a Radon
measure on the Polish space Xs = τs(X ). Consequently, given ε > 0 and A ∈ Fs−,
we find a compact subset K ⊂ Xs such that ks(x, A \K) ≤ ε. Note that K is also
a compact subset of X . This shows that given A ∈ D and ε > 0 we find a compact
subset K of X that also belongs to D such that k(x, A \K) ≤ ε. At this point [6,
Theorem 1.4.3] implies that k(x, ·) is σ-additive on D , whence it can be extended to
a measure on B(X ) by means of the Carathéodory theorem (see [6, Cor. 1.11.9]).

We note that the map x 7→ k(x, A) is measurable whenever A ∈ D . By a
monotone class argument, this extends to arbitrary A ∈ B(X ), proving that k is a
kernel. We may thus define

[EF ](x) :=

∫
X

F (y)k(x, dy)

for all F ∈ Bb(X ). By construction, EF = T(s)Θ−sF whenever F is determined
before s ≥ 0. Applying this to F = ΘsG for some G ∈ Bb(X ,F0−) yields T(s)G =
EΘsG for all G ∈ Bb(X ,F0−). In particular, EG = G for G ∈ Bb(X ,F0−).

On the other hand, as T(s)Θ−sF is F0−-measurable for all F ∈ Bb(X ,Fs) it
follows that ks(x, ·) = ks(τ(x), ·). As s is arbitrary, k(x, A) = k(τ(x), A) whenever
A ∈ D . A monotone class argument extends this to A ∈ B(X ) and it follows that
EF is F0−-measurable for all F ∈ Bb(X ). Thus, condition (i) of Proposition 4.1 is
satisfied, proving that E is an expectation operator.

It remains to prove that E is homogeneous. To that end, note that if F ∈
Bb(X ,F0−), then

EΘtEΘsF = T(t)T(s)F = T(t+ s)F = EΘtΘsF

for all t, s ≥ 0. Putting G = ΘsF , it follows from Lemma 2.5 that G is determined
before s and that any G determined before s can be written in this form. This
implies that EΘtEG = EΘtG for every G that is determined before some time
s ≥ 0 and thus EΘtE1A = EΘt1A for every A ∈ D :=

⋃
s>0 Fs−. As this is a

generator for B(X ), measure theoretic induction yields EΘtE = EΘt proving that
E is homogeneous.

(ii) ⇒ (i). If T(t) is defined by Equation (4.3), then for F ∈ Bb(X ,F0−)

T(t)Θ−tF = EΘtΘ−tF = EF = F

since E is an expectation operator. This proves (i). For the addendum observe that
if T is not a priori assumed to be a semigroup but given by Equation (4.3), then
the semigroup law follows from the homogeneity of E. Indeed, as E is homogeneous,
EΘtE = EΘt for every t ≥ 0 and hence

T(t)T(s) = EΘtEΘs = EΘtΘs = EΘt+s = T(t+ s)

for all t, s ≥ 0. �
Definition 4.6. A semigroup T of Markovian kernel operators on Bb(X ,F0−) is
called evolutionary if it satisfies the equivalent conditions of Theorem 4.5. In this
case, the operator E is called the associated expectation operator of T.
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We next show that the operator Et can be interpreted as ‘conditional expectations
given Ft−’. Moreover, we obtain a property similar to the Markov property for
evolutionary semigroups.

Proposition 4.7. Let (T(t))t≥0 be an evolutionary semigroup with expectation op-
erator E. We denote the kernel of E by k and write Px for the probability measure
k(x, ·) and Ex for the (conditional) expectation with respect to Px.

(a) For every F ∈ Bb(X ) and t ≥ 0, it is[
Ex[F |Ft−]

]
(y) = [EtF ](y) for Px-a.e. y.

(b) For every s, t ≥ 0, F ∈ Bb(X ,F0−) and x ∈ X , we have[
Ex[Θt+sF

∣∣Ft−]
]
(y) =

[
T(s)F

]
(ϑty) for Px-a.e. y.

Proof. (a). Fix F ∈ Bb(X ) and t ≥ 0. If A ∈ Ft−, then 1A ∈ Bb(X ,Ft−) and
thus Θ−t1A ∈ Bb(X ,F0−). By Proposition 4.1(iv), we have

E[Θ−t1AF ] = E[(Θ−t1A)(Θ−tF )] = (Θ−t1A)E[Θ−tF ].

Applying Θt on both sides, it follows that Et(1AF ) = 1AEtF . Using this, we see
that for x ∈ X

Ex[1AF ] = [E(1AF )](x) = [EEt(1AF )](x) = E[1AEtF ](x) = Ex[1AEtF ].

Here, we have used homogenity of E in the second equality. As A ∈ Ft− was
arbitrary, (a) is proved.

(b). Fix s, t ≥ 0 and F ∈ Bb(X ,F0−). It follows from (a) that for Px-a.e. y,[
Ex[Θt+sF |Ft−]

]
(y) = [Et(Θt+sF )](y) = [ΘtEΘsF ](y) = [T(s)F ](ϑty). �

As already mentioned in the introduction, in (stochastic) delay equations the
case of finite delay h > 0 is of particular interest and in this case, one often uses
a space of functions on the interval [−h, 0] as a state space. In our more general
framework we identify functions on the interval [−h, 0] with functions on X − that
are measurable with respect to F ([−h, 0)).

Lemma 4.8. Let T be an evolutionary semigroup with expectation operator E and
h > 0. The following are equivalent:

(i) T(t)Bb(X ,F ([−h, 0))) ⊂ Bb(X ,F ([−h, 0))) for all t > 0.
(ii) EBb(X ,F ([0,∞))) ⊂ Bb(X ,F ([−h, 0))).

Proof. (i) ⇒ (ii). We prove EF ∈ Bb(X ,F ([−h, 0))) for F ∈ Bb(X ,F ([0,∞))) in
several steps.

Step 1. We prove the assertion for F = Ft(f) with t ≥ 0 and f ∈ Cb(X).
To that end, fix t ≥ 0 and f ∈ Cb(X). For every s > 0 we have

EF ⋆
t+s(f) = EΘt+sF

⋆
0 (f) = T(t+ s)F ⋆

0 (f) ∈ Bb(X ,F ([−h, 0)))

by (i), as F ⋆
0 f ∈ Bb(X ,F ([−h, 0))). For every x ∈ X it is [F ⋆

t+s(f)](x) =
[Ft+s(f)](x) for almost every s > 0. By right continuity of the paths, F ⋆

t+s(f) con-
verges pointwise to Ft(f) as s→ 0. Since E is bp-continuous and Bb(X ,F ([−h, 0)))
is bp-closed, it follows that EFt(f) ∈ Bb(X ,F ([−h, 0))) as claimed. Note that this
shows in particular that F ⋆

0 (f) = EF ⋆
0 (f) = EF0(f).

Step 2. We prove the assertion for F =
∏n

j=1 Ftj (f) with 0 ≤ t1 < . . . < tn and

f1, . . . , fn ∈ Cb(X).
This is proved by induction over n. The case n = 1 is exactly Step 1. Assuming

the claim to be proved for the product of n functions, let 0 ≤ t1 < . . . < tn <
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tn+1 and f1, . . . fn+1 ∈ Cb(X) be given. We put G =
∏n+1

j=2 Ftj (fj), so that F =∏n+1
j=1 Ftj (fj) = Ft1(f1)G. It follows that

EF = EFt1(f1)G = EΘt1F0(f1)Θ−t1G = EΘt1EF0(f1)Θ−t1G

= EΘt1EF
⋆
0 (f1)Θ−t1G = EΘt1F

⋆
0 (f1)EΘ−t1G

= T(t1)
[
F ⋆
0 (f1)EΘ−t1G

]
∈ Bb(X ,F ([−h, 0))).

In the above calculation, the third equality uses that E is homogeneous (whence
EΘt1E = EΘt1), the fourth follows from Step 1 and the fifth from Lemma 4.4(iv). By
induction hypothesis, EΘ−t1G ∈ Bb(X ,F ([−h, 0))) so that also F ⋆

0 (f1)EΘ−t1G ∈
Bb(X ,F ([−h, 0))). Using our assumption (i) again, it follows that indeed EF ∈
Bb(X ,F ([−h, 0))).

Step 3. We prove the general case.
By a bp-closedness argument, it follows that the assertion of Step 2 is still valid

for f1, . . . , fn ∈ Bb(X). In particular, EF ∈ Bb(X ,F ([−h, 0))) whenever F = 1A

where A is a cylinder set of the form

A = {x : x(tj) ∈ Aj for j = 1, . . . , n}
for some 0 ≤ t1 < . . . < tn and A1, . . . , An ∈ B(X). As these sets are a generator
of F ([0,∞)) which is stable under intersections, another bp-closedness argument
shows that E1A ∈ Bb(X ,F ([−h, 0))) for all A ∈ F ([0,∞)) and the general case
follows from linearity and yet another bp-closedness argument.

(ii) ⇒ (i). Let F =
∏n

j=1 Ftj (fj) where −r ≤ t1 < . . . < tn < 0 and f1, . . . fn ∈
Bb(X). Note that ΘtF =

∏n
j=1 Ftj+t(fj). We pick the index k such that tk + t <

0 ≤ tk+1 + t. It follows that

T(t)F = EΘtF = E

n∏
j=1

Ftj+t(f) =

k∏
j=1

Ftj+t(f)E

n∏
j=k+1

Ftj+t(f)

by Proposition 4.1(iv). At this point, (ii) implies T(t)F ∈ Bb(X ,F ([−r, 0))). As
F ([−h, 0)) = σ(πt : −h ≤ t < 0), measure theoretic induction shows T(t)F ∈
Bb(X ,F ([−h, 0))) for all F ∈ Bb(X ,F ([−h, 0))). �

So far, we have not imposed any measurability assumption on the orbits of an
evolutionary semigroup. As it turns out, it is automatically satisfied.

Lemma 4.9. Let T be an evolutionary semigroup with expectation operator E. Then
for every F ∈ Bb(X ,F0−), the map (t, x) 7→ [T(t)F ](x) is measurable.

Proof. First consider F ∈ Cb(X ,F0−). As (Θt)t≥0 is a Cb-semigroup by Propo-
sition 3.2, if tn → t, then ΘtnF → ΘtF pointwise. As E is a kernel operator, it
follows that

[T(tn)F ](x) = [EΘtnF ](x) → [EΘtF ](x) = [T(t)F ](x)

for every x ∈ X . This shows that for fixed x ∈ X the map t 7→ ψ(t, x) := [T(t)F ](x)
is continuous. At the same time, for fixed t ∈ [0,∞), the map x 7→ ψ(t, x) is
measurable. These two facts imply that ψ is product measurable. Indeed, setting

ψn(t, x) =

n2n∑
j=0

1[ j
2n , j+1

2n )(t)ψ
( j

2n
, x
)
,

we see that ψn is product measurable and converges pointwise to ψ.

Next, consider the set

M := {F ∈ Bb(X ) : (t, x) 7→ [T(t)(F ◦ τ)](x) is measurable }.
By the above, Cb(X ) ⊂ M . A moments thought shows that M is bp-closed. As
Cb(X ) is bp-dense in Bb(X ) (see [20, Proposition 3.4.2]), it follows that M =
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Bb(X ). As F ◦ τ ∈ Bb(X ,F0−) for every F ∈ Bb(X ) and every element of
Bb(X ,F0−) is of this form (by Lemma 2.5), the claim follows. �

It follows from Lemma 4.9 that we are very close to the notion of transition
semigroup, see Definition A.3. However, our setting is slightly different from that
considered there, as F0− is not the Borel σ-algebra of X . It is also clear, at least
on an intuitive level, that Bb(X ,F0−) does not separate the points in M (X ), the
space of all bounded measures on X . Note that the duality between measurable
functions and measures lies at the heart of the theory of transition semigroups.
Thus, at first glance, we cannot use the theory presented in the appendix.

However, by means of the extension map F 7→ F̂ = F ◦ τ , we can identify
Bb(X ,F0−) with the space Bb(X −,B(X −)), see Lemma 2.6. By means of this
identification, we are in the situation considered in the appendix, namely we work on
the norming dual pair (Bb(X −),M (X −)). To switch from X to X −, we formally
also have to change the semigroup. To wit, if T is an evolutionary semigroup, we
define

(4.4) [T−(t)F ](x) := [T(t)F̂ ](x) for all F ∈ Bb(X
−) and x ∈ X −.

It then follows, that T− defines a transition semigroup on Bb(X −) and we may
talk of its Laplace transform, its full generator, continuity properties etc. However,
in order not to overburden notation, we will not distinguish between the semigroup
T and the modified semigroup T−.

We may now describe the full generator Afull of an evolutionary semigroup in
terms of the expectation operator E and the full generator Dfull of the shift semi-
group. It turns out that Afull is already uniquely determined by the expectation
operator E and the slice D0 from Definition 3.6. We use the following notation:

D−(D0) = D(D0) ∩Bb(X ,F0−) and D+(D0) = D(D0) ∩Bb(X ,F ([0,∞))).

Proposition 4.10. Let T be an evolutionary semigroup with expectation operator
E and full generator Afull. As usual, we denote the full generator of the shift group
by Dfull. Then:

(a) It is (F,G) ∈ Afull if and only if there exits (U, V ) ∈ Dfull with F = EU and
G = EV .

(b) Define A0 by

D(A0) :=
{ n∑

j=1

UjEVj : n ∈ N, Uj ∈ D−(D0), Vj ∈ D+(D0) for j = 1, . . . , n
}

and

A0

n∑
j=1

UjEVj =

n∑
j=1

[
(D0Uj)EVj + UjED0Vj

]
.

Then A0 is a slice of Afull and D(A0) is a bp-core for Afull.
(c) D(A0) (and thus D(Afull)) is bp-dense in Bb(X ,F0−). In view of Lemma A.5,

T is uniquely determined by Afull.

Proof. (a) As E is homogeneous, it is EΘt = EΘtE for all t ≥ 0. By Proposition
A.4, we have (U, V ) ∈ Dfull if and only if

ΘtU − U =

∫ t

0

ΘsV ds

for all t ≥ 0. Applying E to this equality and using the homogeneity yields

EΘtEU − EU = T(t)EU − EU =

∫ t

0

EΘsEV ds =

∫ t

0

T(t)EV ds.

By Proposition A.4, this shows that (F,G) = (EU,EV ) ∈ Afull.
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To see the converse, first observe that the resolvents of Afull and Dfull are related
via

R(λ,Afull)F =

∫ ∞

0

e−λtEΘtF dt = E

∫ ∞

0

e−λtΘtF dt = ER(λ,Dfull)F.

Consequently, (F,G) ∈ Afull if and only if

F = R(λ,Afull)(λF −G) = ER(λ,Dfull)(λF −G) = EU,

for U = R(λ,Dfull)(λF −G) ∈ D(Dfull). Note that in this case for V = λU −λF +G
we have (U, V ) ∈ Dfull. Moreover, EV = G as EF = E2U = EU by construction and
EG = G since G is F0−-measurable.

(b) Noting that if a < 0 < c, then F b
a(f) = F 0

a (f) + F b
0 (f), where F 0

a (f) is
F0-measurable and F b

0 (f) is T0-measurable, it is easy to see that any element U
of D(D0) can be written in the form U =

∑n
j=1 UjVj , where Uj ∈ D−(D0) and

Vj ∈ D+(D0) for j = 1, . . . , n. Using part (a) and Proposition 4.1 (taking Remark
3.7 into account), it follows that A0 is a slice of Afull.

Using that D(D0) is a bp-core for Dfull by Corollary 3.9, it follows from part (a)
and the σ-continuity of E that A0 is a bp-core for A.

(c) It follows from (b) that D−(D0) ⊂ D(A0). The proof now follows along the
lines of that of Lemma 3.8. �

5. Continuity properties of evolutionary semigroups

In this section, we study the question, whether an evolutionary semigroup actu-
ally is a Cb-semigroup. The answer depends on the path space X . The case where
X = XC is significantly easier than the general case and also yields better results.
This is due to the fact that both the evaluation maps πt and the stopping map τ
are continuous in this case. The former yields that the operator D0 from Definition
3.6 is not only a slice of Dfull, but actually a restriction of the Cb-generator D, since
in this case D0F

b
a(f) = Fb(f) − Fa(f) ∈ Cb(X ) whenever f ∈ Cb(X). That τ

is continuous implies that the extension map F 7→ F̂ does not only establish an
isomorphism between Bb(X −) and Bb(X ,F0−), but also an isomorphism between
Cb(X −) and Cb(X ,F0−).

In the case X = XD of càdlàg paths, functions of the form F = Ft(f) for
f ∈ Cb(X) are not continuous on X , whence D0 is not a restriction of the Cb-
generator in this case. Moreover, for t = 0 the function F = F0(f) belongs to

Cb(X −) but its extension F̂ is not continuous. To overcome this problem, we will
impose additional assumptions on the path space (which are satisfied for càdlàg
paths in the J1-topology) which allow us to generalize at least part of our results.

5.1. The case of continuous paths. Throughout this subsection, we consider
the case ((X , d), τ) = ((XC, dC), τC) from Subsection B.1. However, in order to
not overburden notation, we will use our generic notation. Note that in this case
Ft− = σ(πs : s < t) = σ(πs : s ≤ t) = Ft.

Before stating and proving our first result, we need a little preparation. Let
us briefly recall the notion of a convergence determining set, see, e.g. [20, p. 112].
If (S, d) is a metric space, and µn, µ are Borel measures on S, then µn converges
weakly to µ if

∫
S
f dµn →

∫
S
f dµ for every f ∈ Cb(S); we write µn ⇀ µ in

this case. A subset M ⊂ Cb(S) is called convergence determining if convergence∫
S
f dµn →

∫
S
f dµ for all f ∈M implies µn ⇀ µ.

A set M ⊂ Cb(S) is said to strongly separate points in S if, given x ∈ S and
δ > 0, there exist {f1, . . . , fn} ⊂M such that

inf
y:d(x,y)≥δ

max
k=1,...,n

|fk(x)− fk(y)| > 0.
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It follows from [20, Theorem 3.4.5] that any algebra that strongly separates points
in S is convergence determining.

Lemma 5.1. The sets

D :=
⋃
t>0

Cb(X ,Ft)

and

P :=
{ n∑

j=1

FjGj : n ∈ N, Fj ∈ Cb(X ,F0), Gj ∈ Cb(X ,F ([0,∞)))
}
.

are convergence determining for X .

Proof. Fix x ∈ X and δ > 0. Pick n0 so large, that 2−n0 < δ/2 and put

F (y) := sup
t∈[−n0,n0]

d(x(t), y(t)).

Obviously, F ∈ Cb(X ,Fn0
) ⊂ D and F (x) = 0. On the other hand, if d(x, y) > δ,

we must have F (y) ≥ δ/2 as otherwise d(x, y) < δ by choice of n0. This shows that
D strongly separates points. As D is also an algebra, [20, Theorem 3.4.5] yields the
claim. The proof for P is similar, considering the functions

F (y) := sup
t∈[−n0,0]

d(x(t), y(t)) and G(y) := sup
t∈[0,n0]

d(x(t), y(t)). �

We are now ready to present the main result of this subsection. In its formulation
(and also in the rest of this subsection), we once again do not distinguish between
an evolutionary semigroup T and its modification T− on Bb(X −) defined by (4.4).
This in particular concerns parts (a) and (b) of the theorem.

Theorem 5.2. Let T be an evolutionary semigroup with expectation operator E and
Cb-generator A. The following are equivalent:

(i) T(t)Cb(X ,F0) ⊂ Cb(X ,F0) for all t > 0;
(ii) ECb(X ) ⊂ Cb(X ,F0);
(iii) ECb(X ,F ([0,∞))) ⊂ Cb(X ,F0).

If these equivalent conditions are satisfied, the following hold:

(a) T induces (in the sense of (4.4)) a Cb-semigroup on Cb(X −);
(b) The operator A0 from Proposition 4.10 is a restriction of A. Moreover, D(A0)

is a β0-core for A.

Proof. Throughout the proof, we denote the kernel of E by k and write Px for the
probability measure k(x, ·).

(i) ⇒ (ii). As EF = T(t)Θ−tF whenever F is determined before t, it follows from
(i) that EF ∈ Cb(X ,F0) whenever F belongs to the set D from Lemma 5.1. This
means that if (xn) ⊂ X − converges to x ∈ X −, then

(5.1)

∫
X

F (y)Pxn(dy) = [EF ](xn) → [EF ](x) =

∫
X

F (y)Px(dy)

for every F ∈ D . As D is convergence determining by Lemma 5.1, Equation (5.1)
holds true for every F ∈ Cb(X ), i.e. EF is continuous on X − for every F ∈ Cb(X ).
As τ is a continuous map taking values in X − and [EF ](x) = [EF ](τ(x)) for all
x ∈ X , (ii) follows.

(ii) ⇒ (iii). This implication is trivial.

(iii) ⇒ (i). If F ∈ Cb(X ,F0) and G ∈ Cb(X ,F ([0,∞)), then it follows from
Proposition 4.1, that E(FG) = FEG and (iii) shows that E(FG) ∈ Cb(X ,F0). It
follows that EH ∈ Cb(X ,F0) for every Element H in the set P from Lemma 5.1.
As this set is convergence determining, similar arguments as in the proof of (i) ⇒
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(ii) show that EF ∈ Cb(X ,F0) for every F ∈ Cb(X ), i.e. (ii) holds true. That (ii)
implies (i) follows immediately from the representation T(t)F = EΘtF .

Now assume that the equivalent conditions are satisfied.
(a). Let F ∈ Cb(X ,F0), (tn) ⊂ [0,∞) converge to t and (xn) ⊂ X − converge

to x. By Proposition 3.2 and Theorem A.10, Θ−tnF → Θ−tF with respect to β0.
By (ii), Pxn → Px with respect to σ(M (X ), Cb(X )). It follows that

[T(tn)F ](xn) =

∫
X

[Θ−tnF ](y)P
xn(dy) →

∫
X

[Θ−tF ](y)P
x(dy) = [T(t)F ](x).

(b). Note that, in the case of continuous paths, we actually have D0 ⊂ D.
By the construction in Proposition 4.10 this fact together with (ii) shows that
D(A0) ⊂ Cb(X ,F0) and A0F ∈ Cb(X ,F0) for every F ∈ D(A0). Consequently,
A0 ⊂ A.

To prove that D(A0) is a β0-core for A, let F ∈ D(A) be given. By Proposition
4.10(a), there is some (U, V ) ∈ D(Dfull) with F = EU and AF = EV . Inspecting
the proof of that proposition and noting that R(λ,Dfull) maps Cb(X ) to itself, we
see that we may choose continuous U, V . This implies U ∈ D(D) and V = DU . By
the above, there is a net (Uα) ⊂ D(D0) with Uα → U and DUα → DU = V with
respect to β0. It follows from (ii) that E is β0-continuous and thus Fα := EUα → F
and AFα = EDUα → EV = AF with respect to β0. �
Definition 5.3. An evolutionary Cb-semigroup is an evolutionary semigroup that
satisfies the equivalent conditions of Theorem 5.2.

Proposition 5.4. Let X = XC and (T(t))t≥0 be a Cb-semigroup on Cb(X −) with
Cb-generator A. Then T is induced by an evolutionary semigroup if and only if
D−(D0) ⊂ D(A) and AU = DU for U ∈ D−(D0).

Proof. Assume that D−(D0) ⊂ D(A) and AU = DU for U ∈ D−(D0). Fix U ∈
D−(D0). As D(D0) is invariant under the shift semigroup, Θ−tU ∈ D−(D0) ⊂ D(A)
for all t > 0. Define φ : [0,∞) → Cb(X −) by setting φ(t) = T(t)Θ−tU .

Now, fix t ≥ 0 and note that

φ(t+ h)− φ(t)

h
= T(t+ h)

Θ−(t+h)U −Θ−tU

h
+
T(t+ h)− T(t)

h
Θ−tU.

Since Θ−tU ∈ D(A) the last term β0-converges to T(t)AΘ−tU = T(t)DΘ−tU as
h→ 0.

Next, observe that

∆hU :=
Θ−(t+h)U −Θ−tU

h
→ −DΘ−tU

with respect to β0. Now, let µ ∈ M (X −) be given. As the map r 7→ T(r)′µ is
σ(M (X −), Cb(X −))-continuous, the set

S := {T(r)′µ : r ∈ [t− 1, t+ 1] ∩ [0,∞)}
is σ(M (X −), Cb(X −))-compact. By Theorems 5.8 and 5.4 of [50], β0 is not only
the Mackey topology of the dual pair (Cb(X −),M (X −)) but also the topology
of uniform convergence on the σ(M (X −), Cb(X −))-compact subsets of M (X −).
Thus, pS(F ) := supν∈S |〈F, ν〉| is a β0-continuous seminorm. It follows that for
|h| < max{t, 1}

|〈T(t+ h)(∆hU + DΘ−tU), µ〉| = |〈∆hU + DΘ−tU,T(t+ h)′µ〉|
≤ pS(∆hU + DΘ−tU) → 0

as h → 0. Noting that T(t + h)DΘ−tU → T(t)DΘ−tU as h → 0 by the continuity
of T, it follows that altogether〈

φ(t+ h)− φ(t)

h
, µ

〉
→ 0− 〈T(t)DΘ−tU, µ〉+ 〈T(t)DΘ−tU, µ〉 = 0.
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This implies that the map t 7→ 〈φ(t), µ〉 is constant, whence 〈T(t)Θ−tU, µ〉 = 〈U, µ〉
for all t ≥ 0 and µ ∈ M (X −). As µ was arbitrary, the Hahn–Banach theorem
implies T(t)Θ−tU = U for all t ≥ 0.

We note that D−(D0) is an algebra that separates the points in X − and is thus
dense in Cb(X −) by the Stone–Weierstraß Theorem, see [26, Theorem 11]. It
follows that, given F ∈ Cb(X −), we find a net (Uα)α ⊂ D−(D0) that converges to
F with respect to β0. By the continuity properties of T(t) and Θ−t, it follows that
the equality T(t)Θ−tUα = Uα implies T(t)Θ−tF = F . By a bp-closure argument,
this equality extends to arbitrary F ∈ Bb(X ,F0), proving that T is induced by an
evolutionary semigroup.

The converse implication follows immediately from Theorem 5.2. �

5.2. The general case. We now turn to more general path spaces, where our
main interest lies in the space of all càdlàg paths. If X = XD then for f ∈ Cb(X)
the function Ft(f) is not a continuous function on XD. More precisely, Ft(f) is
continuous at the point x ∈ XD if and only if x is continuous at t. On the other
hand, F0(f) is continuous on X −

D , as every x ∈ X −
D is continuous at 0. This is an

example of a function F ∈ Cb(X
−
D ) whose extension F̂ is not continuous on X .

To study the subtle interaction of the extension map with continuous functions,
we introduce the following spaces:

Ĉb(X
−) := {F̂ : F ∈ Cb(X

−)} = {F ∈ Bb(X ,F0−) : F |X − is continuous }

is the space of all extensions to X of continuous functions on X −.

Cb,ext(X
−) := {F ∈ Cb(X

−) : F̂ ∈ Cb(X ,F0−)} = {F |X − : F ∈ Cb(X ,F0−)}

is the space of all continuous functions on X − whose extensions are continuous on
all of X .

To ensure that these spaces are rich enough, we impose some additional assump-
tions on path spaces.

Definition 5.5. Let ((X , d), τ) be a path space. We say that ((X , d), τ) is proper
if

(P4) If xn → x, then τ(ϑtxn) → τ(ϑtx) in X for almost every t ∈ R.
(P5) Given a compact subset K ⊂ X − and ε > 0, there exists δ > 0 such that

d(x, τ(ϑ−tx)) ≤ ε

for all 0 ≤ t ≤ δ and x ∈ K.
(P6) There is a constant c ∈ (0, 1) such that given δ > 0 we find t0 > 0 such that

d(τt0(x), τt0(y)) ≥ cδ for all x, y ∈ X with d(x, y) ≥ δ.

In Section B.3, we will prove that XD is a proper path space, so that all results
of this subsection are applicable in this case.

Proposition 5.6. Let ((X , d), τ) be a proper path space.

(a) Given F ∈ Ĉb(X −) and r > 0 we define

Fr(x) :=
1

r

∫ r

0

F (ϑ−tx) dt.

Then Fr ∈ Cb(X ,F0−) and Fr(x) → F (x) as r → 0 for every x ∈ X −,
uniformly on compact subsets of X −.

(b) Given x ∈ X − and δ > 0 there is F ∈ Cb,ext(X −) with

inf{|F (x)− F (y)| : y ∈ X −, d(x, y) ≥ δ} > 0

In other words, Cb,ext(X −) strongly separates the points in X −.
(c) Cb,ext(X −) is convergence determining for X −.
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Proof. (a). First observe that as F is determined before 0, F ◦ ϑ−t is determined
before −t and thus also before 0. Integrating, it follows that Fr is F0−-measurable.
Now let xn → x. As F is F0−-measurable, F (ϑ−txn) = F (τ(ϑ−txn)) for all t > 0
and n ∈ N by Lemma 2.5(c). It follows from (P4) that τ(ϑ−txn) → τ(ϑ−tx) for
almost all t ∈ (0, r). By continuity of F on X −, F (τ(ϑ−txn)) → F (τ(ϑ−tx)) for
almost all t ∈ (0, r) and the dominated convergence theorem yields Fr(xn) → Fr(x),
proving that Fr ∈ Cb(X ,F0−).

Now let K ⊂ X − be compact and ε > 0. As F is uniformly continuous on K
we find δ > 0 such that |F (x)−F (y)| ≤ ε for all x, y ∈ K with d(x, y) ≤ δ. By (P5),
there is ρ > 0 such that d(x, τ(ϑ−tx)) ≤ δ for all x ∈ K and 0 ≤ t ≤ ρ. It follows
for 0 < r < ρ and x ∈ K that

|F (x)− Fr(x)| ≤
1

r

∫ r

0

|F (x)− F (τ(ϑ−tx))| dr ≤ ε.

(b). Given x ∈ X − and δ > 0, pick r0 such that d(x, τ(ϑ−tx)) ≤ δ/4 for all
0 ≤ t ≤ r0. This is possible by (P5). As X − is a metric space, we find F ∈ Cb(X −)
with 0 ≤ F ≤ 1 such that F (y) = 0 for all y ∈ X − ∩B(x, δ/4) and F (y) = 1 for all
y ∈ X − \B(x, δ/2).

Consider the function Fr0 defined as in part (a). Then Fr0 ∈ Cb(X ,F0−) and
F (x) = 0. If y ∈ X − satisfies d(x, y) ≥ δ, we find by (P5) 0 < ε < r0 such that
d(y, τ(−ϑ−ty)) ≤ δ/4 for all 0 ≤ t ≤ ε. It follows that d(x, τ(ϑ−ty)) ≥ δ/2 for all
0 ≤ t ≤ ε and thus

|F (x)− F (y)| = F (y) =
1

r0

∫ r0

0

F (τ(ϑ−ty) dt ≥
1

r0

∫ ε

0

1 dt =
ε

r0
> 0.

(c). This follows from part (b) and [20, Theorem 3.4.5]. �

Corollary 5.7. Let ((X , d), τ) be a proper path space. Define

D :=
⋃
t∈R

Cb(X ,Ft−)

and

P :=
{ n∑

j=1

FjGj : n ∈ N, Fj ∈ Cb(X ,F0−), Gj ∈ Cb(X ,F ([0,∞)))
}
.

Then both D and P are convergence determining for X and β0-dense in Cb(X ).

Proof. We note that X − is homeomorphic to X t := τt(X ) via the map ϑ−t. Thus,
it follows from from Proposition 5.6(b) that Cb(X ,Ft−) strongly separates points
in X t. Using condition (P6) it follows that D strongly separates the points in X .
As D is an algebra, [20, Theorem 3.4.5] yields that D is convergence determining
and the Stone–Weierstraß Theorem [26, Theorem 11] yields the density.

The proof for P is similar. We note that to prove that P strongly separates
points, we can consider a product FG, where F ∈ Cb(X ,F0−), i.e. F is an extension
of an element of Cb,ext(X −), and G is of the form G(y) = dt0(y, x) (cf. Equation
(B.1)) for suitably chosen t and x. �

We can now generalize Theorem 5.2:

Theorem 5.8. Let ((X , d), τ) be a proper path space and (T(t))t≥0 be an evolu-
tionary semigroup with expectation operator E. The following are equivalent:

(i) T(t)Cb(X ,F0−) ⊂ Ĉb(X −) for all t ≥ 0;

(ii) T(t)Ĉb(X −) ⊂ Ĉb(X −) for all t ≥ 0;

(iii) ECb(X ) ⊂ Ĉb(X −);

(iv) ECb(X ,F ([0,∞))) ⊂ Ĉb(X −).
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If these equivalent conditions are satisfied, T induces (in the sense of (4.4)) a Cb-
semigroup on Cb(X −).

Proof. Assume condition (i) and fix a sequence (xn) ⊂ X − converging to x ∈ X −.
We denote by pt the kernel of T(t) and define the measures µn on X − by setting
µn(A) := pt(xn, τ

−1(A)) and µ similarly, replacing xn by x. Condition (i) implies
that

(5.2)

∫
X −

F (y) dµn(y) = [T(t)F̂ ](xn) → [T(t)F̂ ](x) =

∫
X −

F (y) dµ(y)

for every F ∈ Cb,ext(X −). As this set is convergence determining by Proposition
5.6(c) , the convergence in (5.2) still holds true for all F ∈ Cb(X −) and this means

precisely that T(t)Ĉb(X −) ⊂ Ĉb(X −). This proves the implication (i) ⇒ (ii), the
converse implication (ii) ⇒ (i) is trivial.

To prove (i) ⇒ (iii), let F ∈ Cb(X ,Ft−) for some t > 0. Then EF = T(t)Θ−tF
is continuous on X − by (i). As t > 0 was arbitrary, it follows for all F in the set
D from Corollary 5.7 that EF is continuous on X −. As this set is convergence
determining by Corollary 5.7, (iii) follows by a similar argument as above.

The implication (iii) ⇒ (i) follows immediately from the identity T(t)F = EΘtF .

The remaining equivalenct (iii) ⇔ (iv) follows as in the proof of Theorem 5.2,
using the set P from Corollary 5.7.

Let us now assume that (i) – (iv) are satisfied. We fix a sequence (xn) ⊂ X −

converging to x ∈ X −. Denoting the kernel of E by k, it follows from (iii) that
k(xn, ·) ⇀ k(x, ·). Given a sequence (tn) ⊂ [0,∞) converging to t and F ∈
Cb(X ,F0−), note that Θ−tnF → Θ−tF with respect to β0 as a consequence of
Proposition 3.2. It follows that

[T(tn)F ](xn) =

∫
X

Θ−tnF (y)k(xn, dy) →
∫

X

Θ−tF (y)k(x, dy) = [T(tn)F ](x).

Using that Cb,ext(X −) is convergence determining for X −, the same convergence

result holds true for F ∈ Ĉb(X −), proving the addendum. �
Similarly to the case of continuous paths, we call an evolutionary semigroup T

on a proper path space an evolutionary Cb-semigroup if it satisfies the equivalent
conditions of Theorem 5.8.

A characterization of evolutionary semigroups through the generator in the spirit
of Proposition 5.4 is also possible in the general case. However, as D−(D0) is not
contained in the domain of the Cb-generator (as DF

b
a(f) 6∈ Cb(X )), we have to use

a suitable substitute. We put

D−(D) := D(D) ∩ Cb(X ,F0−).

Proposition 5.9. Let ((X , d), τ) be a proper path space and T be a Cb-semigroup
on Cb(X −) with Cb-generator A. Then T is induced by an evolutionary semigroup
if and only if D−(D) ⊂ D(A) and AU = DU for all U ∈ D−(D).

Proof. The proof is identical to that of Proposition 5.4 with D−(D0) replaced by
D−(D). We only need to know that D−(D) is β0-dense in Cb(X −). But this follows
from Proposition 5.6(a), noting that the function Fr defined there belongs to D(D)
by Proposition A.4. �

We end this section with some results in the case where X = XD (or X = XC,
where they hold trivially). We recall that t⋆ = t− in this case and we have F ⋆

t (f) =
Ft⋆(f) whenever f ∈ Cb(X) by Lemma 3.4.

Lemma 5.10. Let X = XD and T be an evolutionary Cb-semigroup with expecta-
tion operator E. Then

T(t)F0⋆(f) = EFt(f) = EFt⋆(f)
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for all f ∈ Bb(X) and t ≥ 0. In particular, EF0(f) = F0⋆(f) for all f ∈ Bb(X).

Proof. Fix f ∈ Cb(X) and t ≥ 0. From the relation of T and E it follows that for
s > 0

T(t+ s)F0⋆(f) = EΘt+sF0⋆(f) = EF(t+s)⋆(f).

As F0⋆(f) ∈ Cb(X −), upon s ↓ 0, the left-hand side converges pointwise to
T(t)F0⋆(f) by continuity of the semigroup. As for the right-hand side, note that
F(t+s)⋆(f) → Ft(f) as s ↓ 0 by right-continuity of the paths. Using dominated
convergence, T(t)F0⋆(f) = EFt(f) follows. By a bp-closure argument, this equality
extends to f ∈ Bb(X). �

Corollary 5.11. In the situation of Lemma 5.10, let k denote the kernel of the
expectation operator E and write Px for the measure k(x, ·). Given x ∈ XD, define

Cx = {y : y(0) = y(0⋆) = x(0⋆)} = {y : y is continuous at 0 and y(0) = x(0⋆)}.
Then Px(Cx) = 1 for every x ∈ X .

Proof. It is A− := {y : y(0⋆) 6= x(0⋆)} ∈ F0−. It follows from Proposition 4.1(iii)
that k(x, A−) = δx(A−) = 0, proving that k(x, {y : y(0⋆) = x(0⋆)}) = 1. Now let
n ∈ N and define fn(x) := 1 ∧ nd(x, x(0⋆)). Then fn ∈ Cb(X) and Lemma 5.10
yields

k(x, {y : d(y(0), x(0⋆)) ≥ n−1}) ≤ [EF0(fn)](x) = [F0⋆(fn)](x) = 0

for every n ∈ N. This shows k(x, {y : y(0) 6= x(0⋆)}) = 0 and yields the claim. �

6. Examples

6.1. Deterministic evolutions. In this subsection, we are interested in the situ-
ation where the expectation operator E is deterministic, i.e. for every x ∈ X there
is a unique φ(x) such that [EF ](x) = F (φ(x)). We note that if E is of this form,
then E is multiplicative, i.e. E(FG) = (EF )(EG). It is well-known, see [10, Theorem
II.2.3], that any multiplicative E is of this form. Throughout, we will work on the
path space ((X , d), τ) = ((XC, dC), τC) of continuous paths as these seem more
appropriate for our purposes, see Remark 6.3 below.

Definition 6.1. An evolution map is a continuous mapping φ : X → X such that

(i) φ(x) = φ(τ(x)) for all x ∈ X ;
(ii) τ(φ(x)) = τ(x);
(iii) φ(ϑtφ(x)) = ϑtφ(x) for all x ∈ X and t ≥ 0.

Proposition 6.2. Let T be an evolutionary Cb-semigroup with expectation operator
E. We denote the Cb-generator of T by A. The following are equivalent:

(i) A is a derivation;
(ii) T(t) is multiplicative for every t ≥ 0;
(iii) E is multiplicative;
(iv) There is an evolution map φ such that [EF ](x) = F (φ(x)) for all x ∈ X .

Proof. (i) ⇔ (ii). This follows from [22, Theorem 3.4].
(ii) ⇔ (iii). If T is multiplicative and F,G are determined before s > 0 then

E(FG) = T(s)Θ−s(FG) = T(s)(Θ−sF )(Θ−sG)

= [T(s)Θ−sF ][T(s)Θ−sG] = [EF ][EG].

Thus, E is multiplicative for all functions from the set D of Corollary 5.7. As this
set is β0-dense in Cb(X ), the above equality extends to arbitrary F,G ∈ Cb(X ).

If we conversely assume that E is multiplicative, then for F,G ∈ Cb(X ,F0), we
have

T(t)(FG) = EΘt(FG) = E(ΘtF )(ΘtG) = [EΘtF ][EΘtG] = [T(t)F ][T(t)G].
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(iii) ⇔ (iv). If E is multiplicative, it follows from [10, Theorem II.2.3] that there
exists a continuous φ such that [EF ](x) = F (φ(x)). As EF = EF ◦ τ by Proposition
4.1 and Lemma 2.5, we must have φ = φ◦τ and thus (i) in Definition 6.1. Moroever,
EF = F for all F ∈ Cb(X ,F0). Thus, for F ∈ Cb(X ,F0),

(EF )(x) = F (φ(x)) = F (τ(φ(x))) = F (τ(x)) = F (x).

As F was arbitrary, τ ◦ φ = τ follows. Last, as E is homogeneous, Lemma 4.4 with
k(x, ·) = δφ(x) yields

1A(φ(x)) = k(x, A) = k(ϑtφ(x), ϑt(A)) = 1ϑtA(φ(ϑtφ(x))) = 1A(ϑ−t(φ(ϑtφ(x)))).

This proves φ(x) = ϑ−t(φ(ϑtφ(x))) which is equivalent with φ(ϑtφ(x)) = ϑtφ(x).
Thus, φ is an evolution map. The converse is trivial. �

Remark 6.3. Let us consider for a moment the case of càdlàg paths, i.e. X = XD.
In view of Corollary 5.11, for every evolution map φ that induces an evolutionary
Cb-semigroup, φ(x) is necessarily continuous at 0 for every x ∈ X . But then
condition (iii) of Definition 6.1 implies that φ(x) is continuous at every t ≥ 0.

With the help of Theorem 5.2(b), we can now determine a β0-core for the Cb-
generator of a semigroup T that satisfies the equivalent conditions of Proposition 6.2.
In what follows, we write φ(t, x) shorthand for [φ(x)](t). We recall that D0F

b
a(f) =

Fb(f)− Fa(f). Applying E, we obtain for 0 ≤ a < b and f ∈ Cb(X),

[EF b
a(f)](x) =

∫ b

a

f(φ(s, x)) ds ∈ D(A) and

[AEF b
a(f)](x) = [E(Fb(f)− Fa(f))](x) = f(φ(b, x))− f(φ(a, x)).

Via approximation, we obtain more elements of D(A). Compare the follow-
ing Proposition with [22, Proposition 2.12] which concerns deterministic equations
without delay.

Proposition 6.4. Let T be an evolutionary semigroup satisfying the equivalent
conditions of Proposition 6.2. Denote its Cb-generator by A and its evolution map
by φ. For f ∈ Cb(X) and G ∈ Cb(X ,F0) the following are equivalent:

(i) F0(f) ∈ D(A) and AF0(f) = G;
(ii) For every x ∈ X we have

lim
t→0

f(φ(t, x))− f(x(0))

t
= G(x).

Proof. (i) ⇒ (ii). Condition (i) is equivalent with

f(φ(t, x))− f(x(0)) = [T(t)F0(f)− F0(f)](x) =

∫ t

0

[T(s)G](x) ds,

for all x ∈ X and h > 0. Dividing by t and taking the limit as t → 0, using the
continuity of the integrand on the right, (ii) follows.

(ii) ⇒ (i). We have t−1F t
0(f) ∈ D(D) and t−1F t

0(f) → F0(f) pointwise as t→ 0.
Moreover, Dt−1F t

0(f) = t−1(Ft(f)− F0(f)). Applying the evolution operator E, it
follows from Proposition 5.4 that

Ut := Et−1F t
0(f) ∈ D(A) and Ut(x) → [F0(f)](x)

as t→ 0 for all x ∈ X . Moreover,

[AUt](x) = [Et−1(Ft(f)− F0(f))](x) =
f(φ(t, x))− f(x(0))

t
→ G(x)

by (ii). The closedness of A yields (i). �
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A class of examples that falls into the situation described in this section concerns
delay differential equations. Let us discuss this example in more detail. We limit
ourselves to a finite time horizon here. A treatment of an infinite time horizon is
also possible but in that case it is more appropriate to consider a slightly different
path space, see Example 2.3. Thus, fix h ∈ (0,∞) and d ∈ N and define

Ch := C([−h, 0];Rd),

which is endowed with the supremum norm.
Given a continuous function y : [−h,∞) → R and t ∈ [0,∞), we define yt ∈ Ch

by setting yt(s) := y(t+ s). Then yt is the past at time t. Given a continuous map
b : Ch → Rd and ξ ∈ Ch, we consider the following delay differential equation:

(6.1)

{
y′(t) = b(yt) for t ≥ 0,

y0 = ξ.

A solution of (6.1) is a continuously differentiable function y : [−h,∞) → Rd,
such that (6.1) is satisfied. It follows from [4, Theorem II.4.3.1], that if b is Lipschitz
continuous, then for every ξ ∈ Ch, the delay differential equation (6.1) has a unique
solution yξ. The proof of [4, Theorem II.4.3.1], which is based on Banach’s fixed
point theorem, immediately yields continuity of the map ξ 7→ yξ.

Setting X := Rd and X := C(R;X), we now construct an evolutionary Cb-
semigroup T associated to (6.1). To that end, define the map φ : X → X by
setting

(6.2) [φ(x)](t) :=

{
x(t), if t ≤ 0,

yx0(t), if t > 0.

As ξ 7→ yξ is continuous, it follows that φ is continuous. That φ satisfies condi-
tions (i) and (ii) in Definition 6.1 is obvious and condition (iii) follows from unique-
ness of solutions to (6.1). Thus, φ is an evolution map and it follows from Propo-
sition 6.2 that [EF ](x) := F (φ(x)) is the expectation operator of a multiplicative
evolutionary semigroup T. We also note that t 7→ φ(t, x) is differentiable on [0,∞).

Proposition 6.5. Let b : Ch → Rd be Lipschitz continuous, define φ by (6.2) and
set [EF ](x) = F (φ(x)). We also define the semigroup T by setting T(t) = EΘt and
denote its Cb-generator by A.

(a) For every t > 0, it is T(t)Bb(X ,F ([−h, 0])) ⊂ Bb(X ,F ([−h, 0])).
(b) For every f ∈ C1

c (R
d), it is F0(f) ∈ D(A) and

(6.3) [AF0(f)](x) = (∇f)(x(0)) · b(x0).
(c) T is uniquely determined by (b) in the following sense. If S is a multiplicative

evolutionary semigroup with generator B, and for every f ∈ C1
c (R

d), it holds
F0(f) ∈ D(B) with BF0(f) = AF0(f) as given by (6.3), then S = T.

Proof. (a). Clearly, φ(x)|[0,∞) is F ([−h, 0])-measurable. Thus, (a) follows from
Lemma 4.8.

(b). As [0,∞) 3 t 7→ φ(t, x) solves (6.1), the chainrule shows that t 7→ f(φ(t, x))
is differentiable with derivative (∇f)(φ(t, x)) · b(φ(x)t). In particular, the derivative
at 0 is given by (∇f)(x(0)) · b(x0). Note that the latter is a bounded function,
as b is Lipschitz continuous and f has compact support. Thus, (b) follows from
Proposition 6.4.

(c). Let S and B as in the statement. By Proposition 6.2, the expectation
operator of S is induced by an evolution map ψ. We only have to prove that
ψ = φ. By assumption, F0(f) ∈ D(B) with [BF0(f)](x) = (∇f)(x(0)) · b(x0) for all
f ∈ C1

c (R
d). Applying this for functions f satisfying f(x) = xj on [−n, n]d for some

n ∈ N and j = 1, . . . , d, the characterization of the Cb-generator in (iv) of Theorem
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A.12 implies that for every x ∈ X , the map t 7→ ψ(t, x) is differentiable from the
right in 0 with derivative b(ψ(x)0). Now, fix t > 0 and set y = ϑtψ(x). Note that
y(0) = ψ(x, t) = ϑtψ(x, 0). By Condition (iii) in Definition 6.1, it is

ψ(t+ ε, x)− ψ(t, x)

ε
=
ϑt+εψ(0, x)− ϑtψ(0, x)

ε

=
ϑε(0, ψ(ϑtψ(x))− ψ(0, ϑtψ(x))

ε
=
ψ(ε, y)− ψ(0, y)

ε
,

for all ε > 0. Letting ε → 0, it follows that t 7→ ψ(t, x) is differentiable from the
right at every point t ≥ 0 with derivative b(ψ(x)t). This shows that t 7→ ψ(t, x) is a

W 1,∞
loc -solution of (6.1) with ξ = x0. Thus [4, Theorem II.4.3.1] (which works also

for this weaker type of solutions) yields ψ(x) = φ(x). �

Remark 6.6. It is worth to point out that D(A)\D−(D) also contains elements that
are not measurable with respect to F ({0}). For example, arguing similar to the
proof of (ii) ⇒ (i) in Proposition 6.4, one can show that for every f ∈ C1

c (R
d) and

t > 0, the function Fφ,t(f) : x 7→ f(φ(t, x)) belongs to D(A) and

[AFφ,t(f)](x) = (∇f)(φ(t, x)) · b(φ(x)t).
Then Fφ,t is F ([−h, 0])-measurable, but not, in general, F ({0})-measurable.

Let us compare the evolutionary semigroup T constructed above with other semi-
group approaches to the delay differential equation (6.1). We first consider the
situation where the map b in (6.1) is linear.

Following [3] (see also [19, Section VI.6]), there is a semigroup on the space Ch

whose generator is given by

(6.4) Au = u′ for u ∈ D(A) = {v ∈ C1([−h, 0];Rd) : v′(0) = b(v)}.
Note that for D(A) to be a linear space, it is essential that b is linear. We can
identify Cb(Ch) with Cb(X ,F ([−h, 0])) as follows. We define the extension map
ρ : Ch → X = C(R;Rd) by

[ρ(x)](t) =


x(−r), if t ≤ r,

x(t), if t ∈ (−r, 0),
x(0), if t ≥ 0.

The map F 7→ F̃ := F ◦ρ is a homeomorphism between Ch and Cb(X ,F ([−h, 0])).
Note that the latter is invariant under T by Proposition 6.5. Using [19, Corollary
VI.6.3], we see that the relationship between T and T is given by

(T(t)F̃ )(ρ(x)) = F (T (t)x) for all x ∈ Ch.

In [4, Theorem II.4.2], a semigroup is constructed on the product space

Mp := Rd × Lp((−h, 0);Rd)

for 1 ≤ p < ∞. Thus, an element u of Mp has two components u1 ∈ Rd and
u2 ∈ Lp((−h, 0);Rd). Note that u2 need not have a trace in 0, but one should think
of u1 as a replacement for that trace. The generator of this semigroup is given by

(6.5)

{
A(u1, u2) = (b(u2), u

′
2)

D(A) = {v ∈Mp : u2 ∈W 1,p((−h, 0);Rd) and u1 = u2(0)}.

Again, linearity of b is necessary for the linearity of A.
In the case where b is nonlinear, one can describe solutions of (6.1) in terms of

the semigroup for b = 0 by means of the variation of constants formula. This was
done, for example, in [24], see in particular Section 3 therein for the definition of the
generator. In [24], the representation of the solution via the variation of constants
formula was used to establish regularity of viscosity solutions for the associated
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HJB equation. In our approach, which may be regarded as a Koopman approach
to such equations, even for nonlinear b, we obtain a semigroup directly describing
the solutions, without relying on the variation of constants formula.

We note that in both semigroup approaches, the time derivative plays an impor-
tant role. In (6.4), the generator A itself is a realization of the derivative, whereas in
(6.5), it is the second component of the generator. It is well-known that the genera-
tor of (various versions of) the shift semigroup on C([−h, 0];Rd) or Lp((−h, 0);Rd)
is a suitable realization of this time derivative. Thus, in our setting, the appropriate
generalization of the time derivative is the operator D, which enters the generator
A of T through the requirement D−(D0) ⊂ D(A) and AF = DF for F ∈ D−(D0),
see Proposition 5.4. On the other hand, the delay differential equation (6.1) only
appears ‘at the point 0’. In (6.4) via the boundary condition in the generator, in
(6.5) as the first component of A and in A via Proposition 6.5(b).

6.2. Markov Processes. In this section, we show how the concept of a classical
Markov process (with continuous or càdlàg paths) fits into our general framework.
Throughout this subsection, we consider X ∈ {XC,XD}. We recall that 0⋆ = 0 if
X = XC and 0⋆ = 0− if X = XD. We note that

σ(π0⋆) =
⋂
ε>0

F ([−ε, 0)).

With slight abuse of notation, we put F ({0⋆}) = σ(π0⋆). Note that a function
F ∈ Bb(X ) is F ({0⋆})-measurable if and only if it is of the form F0⋆(f) for some
f ∈ Bb(X).

Theorem 6.7. Let T be an evolutionary Cb-semigroup with expectation operator E.
Then the following are equivalent:

(i) T(t)F0⋆(f) is F ({0⋆})-measurable for all t ≥ 0 and f ∈ Bb(X);
(ii) T(t)F0⋆(f) is F ({0⋆})-measurable for all t ≥ 0 and f ∈ Cb(X);
(iii) EF is F ({0⋆})-measurable for all F ∈ Bb(X ,F ([0,∞)));
(iv) EF is F ({0⋆})-measurable for all F ∈ Cb(X ,F ([0,∞))).

If these equivalent conditions are satisfied, the following hold true:

(a) T induces a Cb-semigroup T on Cb(X) in the sense that T(t)F0⋆(f) = F0⋆(T (t)f)
for all t > 0 and f ∈ Cb(X).

(b) Denote the kernel associated to E by k and write Px for the probability measure
k(x, ·). For every x ∈ X , under the measure Px, the canonical process (Zt)t≥0

given by Zt(x) := x(t) is a Markov process with transition semigroup T starting
at x(0⋆).

Proof. The implication (i) ⇒ (ii) is trivial, while the implication (ii) ⇒ (i) follows
from a bp-closedness argument. Taking Lemma 5.10 into account, the equivalence
(ii) ⇒ (iii) follows similar to the proof of Lemma 4.8. As T is assumed to be an

evolutionary Cb-semigroup either Theorem 5.2 or Theorem 5.8 yields EF ∈ Ĉb(X −)
for all F ∈ Cb(X ). Taking this into account the implication (iii) ⇒ (iv) is trivial
and the converse implication follows, once again, by a bp-closedness argument.

Now assume that the equivalent conditions are satisfied.
(a). By assumption, given t > 0 for every f ∈ Cb(X), there exists a unique

element T (t)f ∈ Cb(X) such that T(t)F0⋆(f) = F0⋆(T (t)f). As T(t)F0⋆(f) =
EΘtF0⋆(f), the fact that E is a kernel operator implies that T (t) is a kernel operator
and from the semigroup property of T one easily deduces the semigroup property
of T . Next, let ι : X → X be defined by [ι(x)](t) ≡ x. Then ι is continuous and
T (t)f(x) = [T(t)F0⋆(f)](ι(x)). Thus, the continuity of the map (t, x) 7→ T (t)f(x)
follows from that of (t, x) 7→ [T(t)F0⋆(f)](x). This proves (a).
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(b). Applying Proposition 4.7 to F = F0⋆(f) for some f ∈ Cb(X), it follows from
Lemma 5.10 that for every s, t ≥ 0,[
Ex[f(Zt+s)|Ft]

]
(y) =

[
Ex[Θt+sF0(f)|Ft]

]
(y) = [T(s)F0⋆(f)](ϑty) = (T (s)f)(Zt(y))

for Px-almost all y ∈ X . �

It is a natural question, if every Markovian Cb-semigroup T on Cb(X) can be
lifted to an evolutionary semigroup T. For this, it is certainly necessary (by Theorem
6.7(b)) that the associated Markovian process can be realized with continuous, resp.
càdlàg paths. We will prove next that this condition is also sufficient. To that end,
we put X + := C([0,∞);X) if X = XC and X + := D([0,∞);X) if X = XD.
Let T = (T (t))t≥0 be a Markovian Cb-semigroup on X and denote by pt the kernel
associated to T (t).

Definition 6.8. Let T be a Cb-semigroup on Cb(X). We say that the associated
Markov process can be realized with paths in X + if

(i) for every x ∈ X we find a measure Px on X + such that, under this measure,
the canonical process is a Markov process with transition semigroup T starting
at x;

(ii) the map x 7→ Px is weakly continuous.

Remark 6.9. Assume that X is locally compact and that T is a Feller semigroup,
i.e. it leaves the space C0(X) of continuous functions vanishing at infinity invariant
and is a strongly continuous semigroup on that space. Then the associated Markov
process can be realized with paths in X + = D([0,∞);X). Indeed, the existence
of the measure Px follows from [20, Theorem 4.2.7] and the continuity of the map
x 7→ Px follows from [20, Theorem 4.2.5].

Theorem 6.10. Let T = (T (t))t≥0 be a Markovian Cb-semigroup such that the
associated Markov process can be realized with paths in X +. Then there exists an
evolutionary Cb-semigroup T = (T(t))t≥0 such that T(t)F0(f) = F0(T (t)f) for all
f ∈ Cb(X).

Proof. We denote by (Px)x∈X the family of probability measures on X + such that
under these measures the canonical process on X + is a Markov process with tran-
sition semigroup T starting at x. Motivated by Remark 4.3, we want to construct
a kernel k with k+(x, ·) = Px(0⋆). To that end, we let A− ∈ F ((−∞, 0)) and
A+ ∈ F ([0,∞)). Note that we can (and shall) identify these with elements of
B(X −) and B(X +) respectively. Given x ∈ X , we set

k(x, A− ∩A+) := δx(A−)P
x(0⋆)(A+).

Note that, in particular, every cylinder set can be written as an intersection A− ∩
A+ with A−, A+ as above. Arguing as in the proof of Fubini’s theorem (see [6,
Theorem 3.3.1]), k(x, ·) can be extended to a measure on all of B(X ). Also, it is
straightforward to show that x 7→ k(x, A) is measurable for every A ∈ B(X ), so k

is a kernel.
We prove that k satisfies Proposition 4.1(iii). To that end, let A−, B− ∈ F0−

and B+ ∈ F ([0,∞)). Setting A = B− ∩B+, it follows that

k(x, A− ∩A) = k(x, (A− ∩B−) ∩B+) = δx(A− ∩B−)P
x(0⋆)(B+)

= δx(A−)δx(B−)P
x(0⋆)(B+)

= δτ(x)(A−)δτ(x)(B−)P
(τ(x))(0⋆)(B+)

= δτ(x)(A−)k(τ(x), A).

By a monotone class argument, this equality generalizes to arbitrary A ∈ B(X ).
Thus, by Proposition 4.1, k is the kernel of an expectation operator. To conclude
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that E is the expectation operator of an evolutionary semigroup, it remains to
verify that E is homogeneous. This is easily verified using Lemma 4.4 (note that it
suffices to consider a cylinder set A in that Lemma) and the Chapman–Kolmogorov
equations for the transition kernels pt of T (t). In the case of càdlàg paths, one
additionally uses the observation that under Px the measure of a cylinder set does
not change, if a condition at a time t > 0 is instead imposed at time t⋆ = t−.
That the evolutionary semigroup associated to the expectation operator E is a Cb-
semigroup follows from Theorem 5.2 in case of continuous paths and from Theorem
5.8 in case of càdlàg paths. Indeed for F ∈ Cb(X ,F ([0,∞))) ' Cb(X +), we have

[EF ](x) =

∫
X +

F (y)Px(0−)(dy)

and the latter depends continuously on x(0−). �

Example 6.11. An example that fits into the setting described in Theorem 6.10 is
given by stochastic differential equations. Consider the equation

(6.6)

{
dY (t) = b(Y (t))dt+ σ(Y (t))dB(t), for t ≥ 0,

Y (0) = y.

Here, (B(t))t≥0 is anm-dimensional Brownian motion, defined on a fixed probability
space (Ω,Σ,P) and the functions b : Rd → Rd and σ : Rd → Rd×m are globally
Lipschitz continuous.

Under this assumption it is well-known (see, e.g., [42, Theorem 5.2.1]) that for
every y ∈ Rd, there exists a unique strong solution (Y y(t))t≥0 of (6.6) which is
adapted to the filtration (Gt)t∈[0,T ] generated by {B(s) : s ≤ t}. The process
(Y y(t))t≥0 is called a (time-homogeneous) Itô diffusion process.

It follows from [42, Theorem 7.1.2], that (Y y(t))t≥0 is Markovian. Defining for
each y ∈ Rd the measure Py on X + := C([0,∞);Rd) by Py(A+) := P(Y y ∈ A+),
[42, Lemma 8.1.4] implies weak continuity of the map y 7→ Py. Thus, by Theorem
6.10, we can construct an evolutionary Cb-semigroup from the measures (Py)y∈Rd .
To describe the evolution operator E, we use the representation from Remark 4.3
with k+(x, ·) = Px(0). By Equation (4.2), we have

(6.7) (EF )(x) =

∫
X +

F (x− ⊗0 y+)P
x(0)(dy+) = EF

(
x− ⊗0 Y

x(0)
)
.

Note that the integrals are well-defined as the process (Y y(t))t≥0 has P-almost
surely continuous paths.

For the rest of this subsection, let T be an evolutionary Cb-semigroup satisfying
the equivalent conditions of Theorem 6.7 and denote by T = (T (t))t≥0 the induced
semigroup on Cb(X). It is a rather natural question, how the Cb-generator A of T
and the Cb-generator A of T are related. To study this question, we introduce the
following notation. Denote the transition kernels of (T (t))t≥0 by (pt)t≥0. Given
f1, . . . fn ∈ Cb(X), we put

F (s1, . . . , sn, x) =

∫
Xn

ps1(x, dy1)

n∏
j=2

psj (yj , dyj−1)

n∏
k=1

fk(yk).

Moreover, for n ∈ N and 0 ≤ a < b <∞, we put

Dn(a, b) := {(s1, . . . , sn) ∈ [0,∞)n : a ≤ s1 ≤ s2 ≤ · · · ≤ sn ≤ b}.

Lemma 6.12. With the above notation, the function

x 7→
∫
Dn(a,b)

F (s1, . . . , sn;x)
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belongs to the domain of the generator A of T and

A

∫
Dn(a,b)

F (s1, . . . , sn)

=

∫
Dn−1(a,b)

F (s1, . . . , sn−1, b)−
∫
Dn−1(a,b)

F (a, s2, . . . , sn).

Proof. Making use of the semigroup law and substitution, we see that

T (h)

∫
Dn(a,b)

F (s1, . . . , sn) =

∫
Dn(a,b)

F (s1 + h, s2, . . . , sn)

=

∫
Dn(a+h,b+h)

F (s1, . . . , sn).

We now define the sets Dn and Dn by

Dn(a, b, h) := {(s1, . . . , sn) : a ≤ s1 ≤ · · · ≤ sn−1 ≤ b ≤ sn ≤ b+ h}
Dn(a, b, h) := {(s1, . . . , sn) : a ≤ s1 ≤ a+ h, s1 ≤ s2 · · · ≤ sn ≤ b}.

Using these, we see that

(T (h)− I)

∫
Dn(a,b)

=

∫
Dn(a+h,b+h)

−
∫
Dn(a,b)

=

∫
Dn(a+h,b+h)

−
∫
Dn(a+h,b)

−
∫
Dn(a,b,h)

=

∫
Dn(a,b,h)

−
∫
Dn(a,b,h)

+o(h).

Using dominated convergence, it is easy to see that

1

h

∫
Dn(a,b,h)

F (s1, . . . , sn) →
∫
Dn−1(a,b)

F (s1, . . . , sn−1, b)

and
1

h

∫
Dn(a,b,h)

F (s1, . . . , sn) →
∫
Dn−1(a,b)

F (a, s2, . . . , sn).

Combining this with the above, the claim follows. �

Theorem 6.13. Let T be an evolutionary Cb-semigroup satisfying the equivalent
conditions of Theorem 6.7. We denote by A the Cb-generator of T and by A the
Cb-generator of the induced semigroup T on Cb(X).

(a) For every u ∈ D(A), we have F0⋆(u) ∈ D(A) and AF0⋆(u) = F0⋆(Au).
(b) Functions of the form

(6.8) U =

n∑
j=1

UjF0⋆(uj)

where U1, . . . , Un ∈ D−(D) and u1, . . . , un ∈ D(A) form
(i) a β0-core for A in the case X = XC;
(ii) a bp-core for Afull in the case X = XD.

Proof. (a). Let u ∈ D(A) with Au = f . By Proposition A.4, this is equivalent with

T (t)u− u = φt :=
∫ t

0
T (s)f ds. Consequently,

T(t)F0⋆(u)− F0⋆(u) = F0⋆(T (t)u)− F0⋆(u) = F0⋆(φt)

= E

∫ t

0

Fs⋆(f) ds =

∫ t

0

EFs⋆(f) ds =

∫ t

0

T(s)F0⋆(f) ds.

By Proposition A.4 for T, it follows that F0⋆(u) ∈ D(A) and AF0⋆(u) = F0⋆(Au).
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(b). Here, we make use of Theorem 5.2(b) (in the case X = XC) and Proposition
4.10(b) (in the case X = XD). In both cases, it suffices to show that every function
in D(A0) is of the form in (6.8). To that end, it suffices to compute EV and EDV
for V ∈ D+(D0), i.e. when V is a product of functions of the form F b

a(f) (see
Proposition 3.2). Note that any such V can be written as the sum of integrals of
the form

I(x) =

∫
[a,b]n

n∏
k=1

fk(x(sk)),

where the parameters n ∈ N and 0 ≤ a < b may vary from summand to summand.
By linearity, it suffices to consider a single integral I. By Proposition 3.2,

DI(x) =

n∑
k=1

(fk(x(b))− fk(x(a)))

∫
[a,b]n−1

∏
j ̸=k

fj(x(sj)) =

n∑
k=1

Wk(x).

To compute EI and EDI, the order of the variables s1, . . . , sn has to be taken into
account. To that end, we make use of the symmetric group Sn and decompose

I(x) =
∑
σ∈Sn

∫
Dn(a,b)

n∏
k=1

fk(x(sσ(k))).

It follows that

EI(x) =
∑
σ∈Sn

∫
Dn(a,b)

F (sσ(1), . . . , sσ(n); x(0
⋆)).

It is a consequence of Lemma 6.12 that, as a function of x(0⋆), this is an element
of D(A) and

(AEI)(x(0⋆)) =
∑
σ∈Sn

∫
Dn−1(a,b)

F (sσ(1), . . . , sσ(n−1), b; x(0
⋆))

−
∫
Dn−1(a,b)

F (a, sσ(2), . . . , sσ(n); x(0
⋆))

=

n∑
k=1

∑
σ∈Sn

σ(n)=k

∫
Dn−1(a,b)

F (sσ(1), . . . , sσ(n−1), b; x(0
⋆))

−
∑
σ∈Sn

σ(1)=k

∫
Dn−1(a,b)

F (a, sσ(2), . . . , sσ(n); x(0
⋆))

=

n∑
k=1

EWk = EDI.

Here we have used in the last line that as σ runs trough all of Sn with either the first
or the last entry fixed, we run through all of Sn−1 in the remaining entries. Thus,
decomposing the integral in Wk as the integral in I above, the equality follows. �

Example 6.14. In the situation of Example 6.11, the generator of the semigroup T
on Cb(R

d) related to the Itô diffusion Y y is given by

(Au)(y) = b(y) · ∇u(y) + 1

2
tr
(
(σσ⊤)(y)D2u(y)

)
for y ∈ Rd,

for sufficiently smooth u, e.g. for u ∈ C2
c (R

d) (see [42, Theorem 7.3.3]). Theorems
6.7 and 6.13 relate the ‘classical’ semigroup T and its generator A to the evolutionary
semigroup T and its Cb-generator A as follows:

T(t)F0(f) = F0(T (t)f) for t > 0 and f ∈ Cb(X),

AF0(u) = F0(Au) for u ∈ D(A).
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Remark 6.15. Although the underlying dynamics are Markovian, the extension of
the transition semigroup to the path space allows to consider path-dependent func-
tions and their evolutions. For example, in finance, this enables the dynamic pricing
of financial derivatives, whose payoffs depend not only on the final value of the un-
derlying asset but also on its entire historical trajectory.

Indeed, if the risk-neutral dynamics (Zt)t≥0 are Markovian, then the fair price
of a derivative f(Zτ ) with maturity τ ≥ 0 at time 0 ≤ t ≤ τ is given by

u(t, Zt(y)) =
[
Ex[f(Zτ (y)) | Ft]

]
(Zt(y))

for Px-almost all y ∈ X . Under appropriate assumptions, the value function u
satisfies the final value problem{

∂tu(t, x) = −Au(t, x),
u(τ, x) = f(x),

for all 0 ≤ t ≤ τ and x ∈ X. In particular, the value function is given by u(t, ·) =
T (τ − t)f , where T denotes the associated transition semigroup with generator A.

Using the extension T on X + from Theorem 6.10, the value function

ΘtU(t) = Ex[F | Ft]

corresponding to the fair price of a path-dependent derivative F ∈ Bb(X ,Fτ ) is
given by U(t) = T(τ − t)F . For further details, we refer to our forthcoming article
[14], where we provide a detailed analysis of the connection between such value
functions, martingales, final value problems, and path-dependent PDEs.

Path-dependent functions also play an important role in control theory, where
path-dependent stochastic optimization problems are usually formulated by means
of backward stochastic differential equations [44]. If the controlled function is path-
dependent, then the value function satisfies a semi-linear path-dependent parabolic
equation. For a detailed survey on path-dependent PDEs we refer to [46], in par-
ticular to [45] for Sobolev solutions and [11, 18] for viscosity solutions.

6.3. Stochastic delay equations. In this section, we show that stochastic delay
equations give rise to evolutionary Cb-semigroups on the path space ((X , d), τ) =
((XC, dC), τC) of continuous functions. We fix h ∈ (0,∞) and use the space Ch :=
C([−h, 0];Rd) introduced in Section 6.1. Also, for a stochastic process (Y (t))t≥−h,
we denote the history at time t by Yt ∈ Ch.

Given an m-dimensional Brownian motion (B(t))t≥0 on the probability space
(Ω,Σ,P), consider the stochastic delay equation

(6.9)

{
dY (t) = b(Yt)dt+ σ(Yt)dB(t), for t ≥ 0,

Y0 = ξ,

where ξ ∈ Ch is given and b : Ch → Rd and σ : Ch → Rd×m are Lipschitz contin-
uous. Again, it is well-known that for every ξ ∈ Ch, the stochastic delay equation
(6.9) has a unique strong solution (Y ξ(t))t≥0 which is adapted to the filtration
(Gt)t≥0 generated by (B(t))t≥0 and has almost surely continuous paths (see, e.g.,
[41, Chapter 5, Theorem 2.2]).

In the notation of Remark 4.3, we define

Pξ(A+) := P(Y ξ ∈ A+)

for ξ ∈ Ch and A+ ∈ B(X +) as well as (analogously to Equation (6.7))

(EF )(x) := Ex0
[
F (x− ⊗0 ·)

]
=

∫
X +

F (x− ⊗0 y+)P
x0(dy+) = EF (x− ⊗0 Y

x0).

Obviously, E is a Markovian kernel operator satisfying condition (ii) of Proposi-
tion 4.1 and therefore an expectation operator.
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To prove that E is homogeneous, we impose an additional non-degeneracy con-
dition: For every ξ ∈ Ch, the matrix σ(ξ) is invertible and supξ∈Ch

‖σ(ξ)−1‖ < ∞.
Under this assumption, it is proved in [8] that the stochastic delay equation (6.9)
induces a Markov process on the state space Ch. We can use this to establish the
homogeneity of E. To that end, we introduce the following notation: For ξ ∈ Ch

and t ≥ 0, let Y t,ξ be the unique strong solution of

(6.10)

Y
t,ξ(s) = ξ(0) +

∫ s

t

b(Y t,ξ
r )dr +

∫ s

t

σ(Y t,ξ
r )dB(r), for s ≥ t,

Y t,ξ
t = ξ.

We also set (
x⊗t Y

t,xt
)
(ω, s) :=

{
x(s), if s ≤ t,

Y t,xt(ω, s), if s ≥ t.

With this notation, we have (EF )(x) = EF (x⊗0 Y
0,x0). Also, for t ≥ 0, we have

(EtF )(x) = EF
[
ϑ−t(ϑtx⊗0 Y

0,(ϑtx)0)
]
= EF (x⊗t Y

t,xt).

The second equality holds due to the uniquenss of the solution of (6.10) and the
fact that B(t+ ·)−B(t) and B(·) have the same distribution. Using this, we obtain

(EEtF )(x) = E
[
EF (y⊗t Y

t,yt)
∣∣∣
y=x⊗0Y 0,x0

]
.

It was shown in [8, Proof of Proposition 4.1] that

EF (y⊗t Y
t,yt)

∣∣∣
y=x⊗0Y 0,x0

= E
[
F (x⊗0 Y

0,xt)
∣∣∣Gt

]
P-a.s.

From this, we obtain

(EEtF )(x) = E
[
E
[
F (x⊗0 Y

0,x0)|Gt

]]
= EF (x⊗0 Y

0,x0) = (EF )(x)

by the tower property. Hence, E is homogeneous and therefore generates an evolu-
tionary semigroup on Cb(X ).

Similar to the case of of deterministic delay equations (see the discussion at
the end of Subsection 6.1), a stochastic variation of constants formula can be used
to describe the solution of the above SDDE by means of the shift semigroup. In
the product space M2 = Rd × L2((−h, 0);Rd), where the generator of the shift
semigroup is given by (6.5) with b ≡ 0, this approach was used, e.g., in [30], [13],
[49]. Working in M2 allows us to use results from [12] on abstract SDEs in Hilbert
spaces. However, working in a Hilbert space is not always natural from the point
of view of applications, as the coefficients b and σ are ill-adapted to this setting. In
this situations, it is preferable to work on spaces of continuous functions (or even
càdlàg functions) which, however, poses other problems. We refer the reader to [27],
[23], [25] for recent developments in this directions.

We point out that, similar to the deterministic equation, the semigroup used in
the stochastic variation of constants formula corresponds to an equation with linear
coefficients. Once again, the evolutionary semigroup in our appropach serves as a
Koopman semigroup and yields a direct description of solutions even for nonlinear
coefficients.

6.4. Stochastic flows driven by Lévy processes. In this subsection, we consider
a generalization of the deterministic equations considered in Section 6.1, where the
evolution of our system is influenced by a random parameter which lives in an
external probability space. We will work on the càdlàg path space ((X , d), τ) =
((XD, dJ1

), τD) endowed with the J1-topology with values in a complete separable
metric space X.
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Definition 6.16. Let Ω := D([0,∞);Rd) be the space of all càdlàg functions
ω : [0,∞) → Rd endowed with the σ-algebra G := σ(ω(s) : s ∈ [0,∞)) and the
filtration Gt := σ(ω(s) : s ∈ [0, t]), t ∈ [0,∞). A random evolution map is a mea-
surable function ϕ : Ω × X → X such that for fixed ω ∈ Ω, the map x 7→ ϕ(ω, x)
is continuous on X − and for every ω ∈ Ω and x ∈ X , the following conditions are
satisfied:

(i) ϕ(ω, x) = ϕ(ω, τ(x));
(ii) τ(ϕ(ω, x)) = τ(x);
(iii) ϕ(ω, x) = ϕ(ω + c, x) for all c ∈ Rd;
(iv) ω 7→ τtϕ(ω, x) is Gt-measurable for all t ∈ [0,∞);
(v) ϕ(ϑtω, ϑtϕ(ω, x)) = ϑtϕ(ω, x) for all t ∈ [0,∞).

Proposition 6.17. Let ϕ be a random evolution map and P be a probability measure
on (Ω,G ) such that the canonical process Zt(ω) := ω(t) is a Lévy process starting
at 0. Then, the operator E : Bb(X ) → Bb(X ), given by [EF ](x) := E [F (ϕ(Z, x))],
is a homogeneous expectation operator. The induced evolutionary semigroup is a
Cb-semigroup.

Proof. First, we show that EF is F0−-measurable for all F ∈ Bb(X ). Indeed,
condition (i) implies [EF ](x) = E [F (ϕ(Z, x))] = E [F (ϕ(Z, τ(x)))] = [EF ](τ(x)) for
all x ∈ X , and the claim follows directly from Lemma 2.5(c).

Second, we note that EF = F whenever F ∈ Bb(X ,F0−). Indeed, since F =
F ◦ τ , it follows from condition (ii) that for every x ∈ X ,

[EF ](x) = E [F (τ(ϕ(Z, x)))] = E [F (τ(x))] = F (τ(x)) = F (x).

Third, we verify that E is homogeneous. Let F ∈ Bb(X ). By definition of Et,
we have

[EtF ](x) = [ΘtEΘ−tF ](x) = E [F (ϑ−tϕ(Z, ϑtx))]

and therefore

[EEtF ](x) = E
[
Ẽ
[
F
(
ϑ−tϕ

(
Z̃, ϑtϕ(Z, x)

))]]
,

where Z̃ is an independent copy of Z. Moreover, using first the tower property of
conditional expectation, then condition (v) and then condition (i), it follows that

[EF ](x) = E [F (ϕ(Z, x))]

= E
[
E[F (ϕ(Z, x)) | Gt]

]
= E

[
E
[
F
(
ϑ−tϕ(Zt+·, ϑtϕ(Z, x))

)
| Gt

]]
= E

[
E
[
F
(
ϑ−tϕ(Zt+· − Zt + Zt, ϑtτtϕ(Z, x))

)
| Gt

]]
= E

[
Ẽ
[
F
(
ϑ−tϕ

(
Z̃ + Zt, ϑtτtϕ(Z, x)

))]]
= E

[
Ẽ
[
F
(
ϑ−tϕ

(
Z̃, ϑtϕ(Z, x)

))]]
= [EEtF ](x),

where Z̃ is an independent copy of Z. Here, in the fifth equality, we used that
the mapping ω 7→ ϑtτtϕ(Z(ω), x) is Gt-measurable due to condition (iv) and that
Zt+· − Zt is independent of Gt. The sixth equality is valid due to condition (iii).

To verify that the induced evolutionary semigroup is a Cb-semigroup, we use
Theorem 5.8. If (xn)n∈N is a sequence in X − converging to x ∈ X −, then by
assumption, we have ϕ(ω, xn) → ϕ(ω, x). Given F ∈ Cb(X ), it follows from the
dominated convergence theorem that

[EF ](xn) = E[F (ϕ(Z, xn))] → E[F (ϕ(Z, x))] = [EF ](x). �
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As an application, we consider a stochastic delay equation, driven by additive
Lévy noise. To that end, let

Dh := D((−h, 0);Rd).

For fixed ω ∈ Ω and ξ ∈ Dh, we consider the (deterministic) delay equation

(6.11)

{
dy(t) = b(yt)dt+ dω(t), for t ≥ 0,

y0 = ξ.

We interpret this as an integral equation and require the solution to be continuous
at 0. Thus, (6.11) is equivalent to y(t) = ξ(t) for t ≤ 0 and

(6.12) y(t) = ξ(0−) +

∫ t

0

b(ys) ds+ ω(t)− ω(0)

for all t > 0. If b is Lipschitz continuous, then, arguing similar as in [4, Theorem
II.4.3.1], we see that (6.11) has a unique solution yξ(ω) ∈ D((−h,∞);Rd). Given
ω ∈ Ω and x ∈ X , we define

[ϕ(ω, x)](t) :=

{
x(t), if t < 0,

yx0 , if t ≥ 0.

We claim that ϕ is a random evolution map in the sense of Definition 6.16. Here
conditions (i) – (iv) can be directly verified. To prove (v), we fix t > 0 and set
y = ϑtϕ(ω, x). Then we have y(s) = [ϕ(ω, x)](t+ s). It follows that

y(s) = x(0−) +

∫ t+s

0

b(ϕ(ω, x)r) dr + ω(t+ s)− ω(0)

= x(0−) +

∫ t

0

b(ϕ(ω, x)r) dr +

∫ t+s

t

b(ϕ(ω, x)r) dr + ω(t+ s)− ω(0)

= [ϕ(ω, x)](t−) +

∫ s

0

b(ϕ(ω, x)t+r) dr + ω(t+ s)− ω(t)

= y(0−) +

∫ s

0

b(yr) dr + (ϑtω)(s)− (ϑtω)(0).(6.13)

By uniqueness, ϕ(ϑtω, y) = y, which is exactly (v).

Example 6.18. Let X = Rd and b : Rd → Rd be a bounded, continuous function.
For fixed ω ∈ Ω and x ∈ X , consider the delay equation

(6.14) dy(t) = b(y(t− 1))dt+ dω(t), y0 = x0.

Of course, we interpret this equation as an integral equation and require the solution
to be continuous at 0 (see Remark 6.3). Thus, (6.14) is equivalent to y(t) = x(t) for
t ≤ 0 and

y(t) = x(0−) +

∫ t

0

b(y(s− 1)) ds+ ω(t)− ω(0)

for all t > 0.
This equation can be solved iteratively, yielding the following random evolution

map:

ϕ(ω, x, t) =


x(t), if t < 0,

x(0−) +
∫ t

0
b(x(s− 1)) ds+ ω(t)− ω(0), if t ∈ [0, 1),

ϕ(ω, x, 1−) +
∫ t

1
b(ϕ(ω, x, s− 1)) ds+ ω(t)− ω(0), if t ∈ [1, 2),

. . .

This is indeed a random evolution map. Conditions (i) – (iv) can be directly verified
and for (v) one can argue as in Equation (6.13).
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Now, let P be a measure on (Ω,G ) such that the coordinate process Zt(ω) := ω(t)
is a Lévy process starting at 0. We denote by (S(t))t≥0 the transition semigroup of
this process on Bb(R

d). It is well known, that S is a Cb-semigroup (it is actually
Feller, in the sense that it restricts to a strongly continuous semigroup on C0(R

d))
and we denote its Cb-generator by A. Moreover, we denote the expectation operator
associated to ϕ and P via Proposition 6.17 by E and the induced evolutionary
semigroup by T.

We also define the map φ : X → X by setting φ(x, t) := x(t) for t < 0 and

φ(x, t) := x(0−)+
∫ t

0
b(x(s−1)) ds for t ∈ [0, 1). Afterwards, we define φ recursively,

setting φ(x, t) := φ(x, n−) +
∫ t

n
b(φ(x, s− 1)) ds for t ∈ [n, n+ 1).

It follows for t ∈ (0, 1) and x ∈ X that ϕ(Z, x, t) = φ(x, t) + Zt P-almost surely,
so that for any f ∈ Bb(R

d),

T(t)F0⋆(f)(x) = E[f(ϕ(Z, x, t))] = Ef(φ(x, t) + Zt) = (S(t)f)(φ(x, t)).

Note that t 7→ φ(x, t) is differentiable with derivative b(φ(x, t − 1)) at any point
where x is continuous. If f ∈ C∞

c (Rd), then t 7→ S(t)f is differentiable with respect
to ‖ · ‖∞ and the derivative is S(t)Af . With the chain rule, it follows that

∂tT(t)F0⋆(f)(x) = S(t)Af(φ(x, t)) + S(t)
[
∇f(φ(x, t)) · b(φ(x, t− 1))

]
= T(t)

[
F0⋆(Af) +

d∑
j=1

F0⋆(∂jf)F−1(bj)
]
(x)

for all but finitely many t ∈ (0, 1). Proceeding recursively, one can prove the same
result for almost all t > 0. Now Proposition A.4 shows that

[F0⋆(f), F0⋆(Af) +

d∑
j=1

F0⋆(∂jf)F−1(bj)
]
∈ Afull,

where Afull denotes the full generator of T.

Remark 6.19. The stochastic delay equation from Example 6.18 is a special case of
the equations considered in [48], namely we here only consider additive Lévy noise
whereas the authors of [48] also allow a multiplicative noise term depending on the
past. In [48], the authors construct the transition semigroup of the solution on the
state space X[−h,0] = D([−h, 0]) of càdlàg paths on [−h, 0]. As they discuss on page
1416, their semigroup is not a Cb-semigroup. In fact, it neither leaves the space
Cb(X[−h,0]) invariant nor does it satisfy the continuity condition from Definition
A.9. Inspecting their argument, one sees that the problem is that the function
π−h, which is continuous on X[−h,0] because of the special role of the point −h, is
mapped by the shift semigroup to the non-continous function π−h+t. In our setting,
this problem does not occur as π−h is not continuous on X −. Indeed, Proposition
6.17 shows that we obtain a Cb-semigroup and using Lemma 4.8 one can easily see
that it leaves Cb(X ,F ([−h, 0))) invariant.

Appendix A. Transition semigroups

In many cases, the concept of a strongly continuous semigroup, see for example
[19], is too strong to study transition semigroups of Markovian processes. Over the
years, several suggestions have been made for alternative semigroup theories that
can be used instead but, so far, no single theory has prevailed. We mention weakly
integrable semigroups [33], weakly continuous semigroups [9], π-semigroups [47], bi-
continuous semigroups [36, 21] and sequentially equicontinuous semigroups [34]. Let
us also mention [28, 29] where transition semigroups of certain stochastic processes
were studied; here the so-called strict or mixed topology plays an important role.

In this article, we use a very flexible semigroup theory, that can be seen as
a special case of the theory of ‘semigroups on norming dual pairs’ introduced in
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[37, 38]. On the other hand, we have also opportunity to make use of the ‘full
generator’ of a semigroup that goes back to the book of Ethier and Kurtz [20,
Section 1.5]. As there is no single reference available where all needed results can
be found, we introduce in this appendix the relevant notions and state the results
that are used in the main part; there are also some new results.

Throughout this appendix, X is a Polish space and B(X) denotes its Borel σ-
algebra. The spaces of bounded real valued Borel measurable functions and bounded
continuous functions on X are denoted by Bb(X) and Cb(X) respectively. Both are
Banach spaces with respect to the supremum norm ‖ · ‖∞. The space of bounded
signed measures is denoted by M (X). We note that M (X) can be isometrically
identified with a closed subspace of the norm dual Bb(X)∗ and also a closed subspace
of Cb(X)∗ by means of the identification

〈f, µ〉 :=
∫
X

f(x)dµ(x).

A.1. Kernel operators and bp-convergence. A kernel on X is a map k : X ×
B(X) → R such that

(i) the map x 7→ k(x,A) is measurable for every A ∈ B(X);
(ii) k(x, ·) is a signed measure for every x ∈ X;
(iii) supx |k|(x,X) <∞ where |k|(x, ·) refers to the total variation of k(x, ·).
A kernel k is called positive (Markovian) if every measure k(x, ·) is a positive mea-
sure (a probability measure).

Given a kernel k on X, we can define a bounded linear operator K on Bb(X) by
setting

(A.1) [Kf ](x) :=

∫
X

f(y)k(x, dy) for f ∈ Bb(X) and x ∈ X.

We call an operator of this form a kernel operator and k the kernel associated to K
and, conversely, K the operator associated to k.

It may happen, that in (A.1) the functionKf is continuous, whenever f ∈ Cb(X).
In fact, this is the case if and only if the map x 7→ k(x, ·) is continuous with respect
to the weak topology σ(Cb(X),M (X)). In this case, K defines a bounded linear
operator on Cb(X). We call such an operator kernel operator on Cb(X). We note
that any kernel operator on Cb(X) can be extended to a kernel operator on Bb(X)
(by merely using (A.1) for general f ∈ Bb(X) instead of f ∈ Cb(X)). We will
not distinguish between kernel operators on Cb(X) and their (unique) extension to
Bb(X).

We now treat the cases Cb(X) and Bb(X) simultaneously and let V denote either
of these spaces. It turns out that a bounded linear operator on V is a kernel operator
if and only if it is continuous with respect to the weak topology σ := σ(V,M (X)),
see e.g. [38, Proposition 3.5]. We write L (V, σ) for the space of σ-continuous linear
operators on V . For sequences, σ-convergence is nothing else than bp-convergence
(bp is short for bounded and pointwise). Indeed, by dominated convergence, bp-
convergence implies σ-convergence and the converse follows by testing against Dirac
measures and using the uniform boundedness principle.

Lemma A.1. Let V ∈ {Cb(X), Bb(X)} and K ∈ L (V ). The following are equiv-
alent:

(i) K is a kernel operator.
(ii) K is σ-continuous, i.e. K ∈ L (V, σ).
(iii) K is bp-continuous, i.e. if (fn)n∈N ⊂ V is a sequences that bp-converges to

f ∈ V , then Kfn bp-converges to Kf .
(iv) the norm-adjoint K∗ leaves the space M (X) invariant.

In this case, the σ-adjoint of K is given by K ′ := K∗|M (X).
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Proof. The equivalence of (ii) and (iv) (as well as the addendum) follow from [38,
Proposition 3.1] applied to the norming dual pair (V,M (X)). As already mentioned,
the equivalence of (ii) and (i) is [38, Proposition 3.5]. For the equivalence of (i) and
(iii), see [7, Lemma A.1] in the case V = Cb(X) and [2, Lemma 5.1] in the case
V = Bb(X). �

Remark A.2. In the case V = Bb(X), the statements of Lemma A.1 remain valid
also for general measurable spaces.

Let us also briefly recall the notion of bp-closure, see [20, Section 3.4]. A subset
M ⊂ Bb(X) is called bp-closed if whenever (fn)n∈N ⊂ M bp-converges to f ∈
Bb(X), it follows that f ∈ M . The bp-closure of a set S ⊂ Bb(X) is the smallest
bp-closed set that contains S. If the bp-closue of S is all of Bb(X), we say that S
is bp-dense in Bb(X). By [20, Proposition 3.4.2], Cb(X) is bp-dense in Bb(X).

These notions help overcome a weakness of working with the weak topology σ.
As Cb(X) is σ-dense in Bb(X), for every f ∈ Bb(X) there is a net (fα) ⊂ Cb(X)
converging to f with respect to σ. However, there need not be a sequence (fn)n∈N ⊂
Cb(X) that bp-converges (i.e. σ-converges) to f . Using bp-density and bp-closures
allows us to work only with sequences nevertheless.

A.2. The full generator of a transition semigroup.

Definition A.3. A transition semigroup on X is a family of Markovian kernel
operators T = (T (t))t≥0 ⊂ L (Bb(X), σ) such that

(i) T (t+ s) = T (t)T (s) for all t, s ≥ 0 and T (0) = I;
(ii) For every f ∈ X the map (t, x) 7→ [T (t)f ](x) is jointly measurable.

If the same is true for a family T = (T (t))t∈R ⊂ L (Bb(X), σ) with index set R, we
call T a transition group.

If T is a transition semigroup, then for every f ∈ Bb(X) and µ ∈ M (X) the
map t 7→ 〈T (t)f, µ〉 is measurable and, given λ > 0, there exists an operator R(λ) ∈
L (Bb(X), σ) such that

(A.2) 〈R(λ)f, µ〉 =
∫ ∞

0

e−λt〈T (t)f, µ〉dt for f ∈ Bb(X) and µ ∈ M (X).

This shows that, in the terms of [38, Definition 5.1], a transition semigroup is an
integrable semigroup on the norming dual pair (Bb(X),M (X)). By [38, Proposition
5.2], the family (R(λ))λ>0 is a pseudo-resolvent, i.e. it satisfies the resolvent identity

R(λ)−R(µ) = (µ− λ)R(λ)R(µ) for λ, µ > 0.

For more information on pseudo-resolvents we refer to [19, Section III.4.a].
In general, the operators (R(λ))Reλ>0 are not injective and hence are not the

resolvent of a single-valued operator. However, there is a multi-valued operator
Lfull (called the full generator) such that (λ − Lfull)

−1 = R(λ) for λ > 0, see [31,
Appendix A] (also for more information about multi-valued operators). The domain
of Lfull is given by D(Lfull) := {f ∈ Bb(X) : (f, g) ∈ Lfull for some g ∈ Bb(X)}.

Proposition A.4. Let T be a transition semigroup with full generator Lfull and
f, g ∈ Bb(X). The following are equivalent:

(i) (f, g) ∈ Lfull.
(ii) For all t > 0 and x ∈ X it is

T (t)f(x)− f(x) =

∫ t

0

(T (s)g)(x) ds.

(iii) For all x ∈ X the map t 7→ T (t)f(x) belongs to W 1,∞
loc ([0,∞)) and ∂tT (t)f(x)

= T (t)g(x) for almost every t.
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Proof. The equivalence of (i) and (ii) is proved in [38, Proposition 5.7]. Note that
this shows that our terminology is consistent with that used in the book of Ethier–
Kurtz [20, Section 1.5] who use (ii) for the definition. In view of the fundamental
theorem of calculus for Sobolev functions, (iii) is merely a reformulation of (ii). �
Lemma A.5. Let T be a transition semigroup with full generator Lfull. The follow-
ing hold true:

(a) Lfull is bp-closed, i.e. if ((fn, gn))n∈N ⊂ Lfull bp-converges to (f, g) ∈ Bb(X) ×
Bb(X), then (f, g) ∈ Lfull;

(b) If D(Lfull) is bp-dense in Bb(X), then T is uniquely determined by Lfull.

Proof. (a). Let ((fn, gn))n∈N ⊂ Lfull. By Proposition A.4, this is equivalent to

(A.3) T (t)fn(x)− fn(x) =

∫ t

0

(T (s)gn)(x) ds

for all t > 0 and x ∈ X. If (fn, gn) bp-converges to (f, g) then the bp-continuity of
the operators T (t) imply that the left hand side of (A.3) converges to T (t)f(x)−f(x)
and the right-hand side to

∫ t

0
T (s)g(x) ds. Using Proposition A.4 again, (a) follows.

(b). It follows from Proposition A.4 that ‖T (t)f − T (s)f‖∞ ≤ |t − s|‖g‖∞ for
(f, g) ∈ Lfull and t, s > 0. This implies that, for f ∈ D(Lfull) the orbit t 7→ T (t)f is
‖ · ‖∞-continuous and thus in particular pointwise continuous. Now let T1 and T2
be transition semigroups with the same full generator Lfull and fix f ∈ D(Lfull). It
follows that∫ ∞

0

e−λt(T1(t)f)(x) dt =

∫ ∞

0

e−λt(T2(t)f)(x) dt = (λ− Lfull)
−1f(x)

for all λ > 0 and x ∈ X. By the uniqueness theorem for the Laplace transform [1,
Theorem 1.7.3], (T1(t)f)(x) = (T2(t)f)(x) for almost every t > 0. By continuity,
T1(t)f(x) = T2(t)f(x) for all t > 0. Thus, for every t > 0, the operators T1(t) and
T2(t) coincide on the set D(Lfull). Now fix t > 0. As the operators T1(t), T2(t) are
bp-continuous, the set of f for which T1(t)f = T2(t)f is bp-closed. Since D(Lfull) is
bp-dense in Bb(X) , T1(t) = T2(t) follows. �

Following [35], we say that a subset C ⊂ Lfull is a bp-core, if Lfull is the bp-closure
of C. We next give a criterion for a bp-core.

Lemma A.6. Let (T (t))t≥0 be a transition semigroup with full generator Lfull.
Moreover, let C ⊂ Lfull be a subspace with the following properties:

(i) If (f, g) ∈ C then (T (t)f, T (t)g) ∈ C for all t > 0;
(ii) The set S := {f ∈ Bb(X) : (f, g) ∈ C for some g ∈ Bb(X)} is bp-dense in

Bb(X);
(iii) For every x ∈ X and g ∈ Bb(X) such that (f, g) ∈ C for some f ∈ Bb(X),

the map t 7→ T (t)g(x) is continuous at almost every point in (0,∞).

Then C is a bp-core for Lfull.

Proof. We denote the bp-closure of C by M . Since C is a vector space, so is M .
Moreover, Lfull is bp-closed by Lemma A.5(a), so M ⊂ Lfull. We thus only need to
prove that Lfull ⊂M .

Fix (f, g) ∈ C and t0 > 0. We claim that for every λ > 0(∫ t0

0

e−λtT (t)f dt,

∫ t0

0

e−λtT (t)g dt
)
∈M.

To see this, let x ∈ X and define the functions φ(t) := 1(0,t0)(t)e
−λt[T (t)f ](x) and

φn(t) :=
∑n

k=1 1[ k−1
n t0,

k
n t0)

(t)e−λ k−1
n

[
T (k−1

n t0)g
]
(x) and the functions ψ and ψn

similarly, replacing f with g. It is a consequence of condition (i) and the fact that

M is a vector space that (
∫ t0
0
φn(t) dt,

∫ t0
0
ψn(t) dt) ∈ M . Since f ∈ D(Lfull), the
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orbit t 7→ T (t)f is ‖·‖-continuous (see the proof of Lemma A.5(b)) and hence point-

wise continuous. It follows that φ is Riemann-integrable and
∫ t0
0
φn(t) dt, which is

nothing else than Riemannian sums for the integral of φ converge to
∫ t0
0
φ(t) dt. It

is a consequence of condition (iii), that also the function ψ is Riemann integrable
and thus the integrals of ψn converge to that of ψ, proving the claim.

Next note that since (f, g) ∈ Lfull, we have∫ t0

0

e−λtT (t)g dt = λ

∫ t0

0

e−λtT (t)f dt− f + e−λt0T (t0)f,

see, e.g., [38, Proof of Proposition 5.7]. For t0 → ∞, the last term tends (in norm)
to 0 and it follows that

(R(λ,Lfull)f, λR(λ,Lfull)f − f) ∈M

for every f ∈ S. Since S is bp-dense in Bb(X) by (ii), the same is true for arbitrary
f ∈ Bb(X). Now let (f0, g0) ∈ Lfull. Note that R(λ,Lfull)(λf0 − g0) = f0. Thus,
applying the above to f = λf0 − g0, it follows that (f0, g0) ∈ M , finishing the
proof. �

Sometimes, it is more convenient to work with single-valued operators. To that
end, we introduce the following terminology:

Definition A.7. Let L be a (potentially) multi-valued operator on Bb(X). A slice
of L is a single-valued operator L0 : D(L0) → Bb(X) such that (f, L0f) ∈ L for
every f ∈ D(L).

From Lemma A.6, we immediately obtain:

Corollary A.8. Let (T (t))t≥0 be a transition semigroup with full generator Lfull

and L0 be a slice of Lfull such that:

(i) For every t > 0 and f ∈ D(L) it is T (t)f ∈ D(L0) and L0T (t)f = T (t)L0f ;
(ii) D(L0) is bp-dense in Bb(X);
(iii) for every f ∈ D(L0)and x ∈ X the map t 7→ T (t)L0f(x) is continuous at

almost every point in (0,∞).

Then {(f, L0f) : f ∈ D(L0)} is a bp-core for Lfull. By slight abuse of notation, we
will say that D(L0) is a bp-core for Lfull.

A.3. Cb-semigroups and the Cb-generator.

Definition A.9. A transition semigroup T is called Cb-semigroup if

(i) for every t ≥ 0 the operator T (t) leaves the space Cb(X) invariant;
(ii) for every f ∈ Cb(X) the map (t, x) 7→ [T (t)f ](x) is continuous on [0,∞)×X.

A transition group T is called Cb-group if the above hold true for every t ∈ R.

Note that the continuity assumption in Definition A.9 implies via a bp-closedness
argument the measurability assumption in Definition A.3.

We can give an equivalent description of Cb-semigroups using an additional lo-
cally convex topology on Cb(X), the so-called strict topology β0. This topology is
defined as follows: We denote by F0(X) the space of all functions φ : X → R

that vanish at infinity, i.e. given ε > 0 we find a compact subset K of X such that
|φ(x)| ≤ ε for all x ∈ X \K. The strict topology β0 is generated by the seminorms
{pφ : φ ∈ F0(X)}, where pφ(f) = ‖φf‖∞. This topology is consistent with the
duality (Cb(X),M (X)), i.e. the dual space (Cb(X), β0)

′ is M (X), see [32, Theorem
7.6.3]. In fact, it is the Mackey topology of the dual pair (Cb(X),M (X)), i.e. the
finest locally convex topology on Cb(X) which yields M (X) as a dual space. This is
a consequence of Theorems 4.5 and 5.8 of [50]. Consequently, a kernel operator on
Cb(X) (i.e. a σ-continuous operator by Lemma A.1) is automatically β0-continuous.
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By [32, Theorem 2.10.4] β0 coincides on ‖ · ‖∞-bounded sets with the topology of
uniform convergence on compact subsets of X.

We recall the following characterization from [37, Theorem 4.4].

Theorem A.10. Let T be a transition semigroup such that every operator T (t)
leaves Cb(X) invariant. The following are equivalent:

(i) T is a Cb-semigroup, i.e. the map (t, x) 7→ [T (t)f ](x) is continuous on [0,∞)×
X for every f ∈ Cb(X).

(ii) T is β0-continuous on Cb(X), i.e. for every f ∈ Cb(X), the orbit t 7→ T (t)f
is β0-continuous on [0,∞).

(iii) T is β0-continuous on Cb(X) and locally β0-equicontinuous.

We note that many transition semigroups are in fact Cb-semigroups, see, e.g.,
the references [29, 2, 35, 7] for concrete examples.

Using the dominated convergence theorem, it is easy to see that if T is a tran-
sition semigroup such that every T (t) leaves the space Cb(X) invariant, then also
its Laplace transform R(λ) leaves the space Cb(X) invariant. If additionally the
continuity assumption in Definition A.9(ii) is satisfied, R(λ)|Cb(X) is injective and
thus the resolvent of a unique (single-valued) operator.

Definition A.11. Let T be a Cb-semigroup and (R(λ))Reλ>0 be its Laplace trans-
form. The Cb-generator of T is the unique single-valued operator L such that
(λ− L)−1 = R(λ)|Cb(X) for all Reλ > 0.

As the resolvent of L is merely the restriction of that of Lfull to Cb(X), the Cb-
generator L is the part of Lfull in Cb(X), i.e. f ∈ D(L) and Lf = g if and only if
(f, g) ∈ Lfull and f, g ∈ Cb(X). We give some alternative characterizations of the
Cb-generator.

Theorem A.12. Let T be a Cb-semigroup with Cb-generator L. For f, g ∈ Cb(X)
the following are equivalent:

(i) f ∈ D(L) and Af = g;
(ii) t−1(T (t)f − f) → g with respect to σ as t→ 0;
(iii) t−1(T (t)f − f) → g with respect to β0 as t→ 0;
(iv) supt∈(0,1) ‖t−1(T (t)f − f)‖∞ < ∞ and t−1(T (t)f(x) − f(x)) → g(x) for all

x ∈ X.

Proof. See [7, Theorem A.5]. �
The full generator can be reconstructed from the Cb-generator. In fact, we have:

Corollary A.13. Let (T (t))t≥0 be a Cb-semigroup with Cb-generator L and full
generator Lfull. Then D(L) is a bp-core for Lfull.

Proof. If f ∈ D(L) and x ∈ X, then Lf ∈ Cb(X) and the map t 7→ [T (t)Lf ](x) is
continuous on all of (0,∞) proving (iii) in Corollary A.8. Condition (i) can easily
be obtained from [38, Proposition 5.7]. It remains to prove condition (ii). To that
end, note that for every f ∈ Cb(X), it holds λR(λ,L)f ∈ D(L) and λR(λ,L)f → f
pointwise as λ → ∞, see [37, Theorem 2.10]. This proves that the bp-closure of
D(L) contains Cb(X) and hence Bb(X). Now Corollary A.8 yields the claim. �

Note that the concept of bp-core is only appropriate on the space Bb(X). We also
introduce a suitable concept of a core for the Cb-generator. If T is a Cb-semigroup
with Cb-generator L and D ⊂ D(L), we say that D is a β0-core for L if for every
f ∈ D(L) there is a net (fα) ⊂ D such that fα → f and Lfα → Lf with respect to
β0.

Lemma A.14. Let T be a Cb-semigroup with Cb-generator L and D ⊂ D(L) be
such that
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(i) D is dense in Cb(X) with respect to β0 and
(ii) T (t)D ⊂ D for all t > 0.

Then D is a β0-core for L.

Proof. This follows along the lines of [39, Proposition 2.3] which is concerned with
the full generator. �

Appendix B. Examples of path spaces

B.1. Continuous paths. Let (X, d) be a separable, complete metric space and
put XC := C(R;X), the set of all continuous functions from R to X, and

dC(x, y) :=

∞∑
n=1

2−n
[
1 ∧ sup

t∈[−n,n]

d(x(t), y(t))
]
.

We also set

[τC(x)](t) :=

{
x(t), if t < 0,

x(0), if t ≥ 0.

Proposition B.1. The pair ((XC, dC), τC) is a path space. Moreover, in this case
the map τC and every evaluation map πt, for t ∈ R, is continuous.

Proof. The evaluation maps πt are clearly continuous from XC to X and it is well
known that they generate the Borel σ-algebra, proving (P1). We point out that,
by the continuity of the paths, we have Ft = Ft− in this case. In what follows, we
work with Ft instead of Ft− whenever X = XC.

Note that τC is continuous and thus certainly measurable. Moreover, as X −
C is

closed in XC, it is complete with respect to the original metric dC. To finish the
proof of (P2), it remains to prove the measurability requirement. To that end, let
t1 < t2 < . . . < tk ≤ 0 < tk+1 < . . . < tn and Aj ∈ B(X) for j = 1, . . . , n. Consider
the cylinder set

A = {x : x(tj) ∈ Aj for j = 1, . . . , n} ∈ B(XC).

Then

(τC)
−1(A) =

{
x : x(tj) ∈ Aj for j = 1, . . . , k and x(0) ∈

n⋂
j=k+1

Aj

}
∈ F0.

As the cylinder sets generate B(XC), it follows that τC is F0-measurable. Note
that in the above situation, the cylinder set A belongs to F0 if and only if k = n.
In that case τ−1

C (A) = A. Once again, cylinder sets of this form generate F0 so
that (τC)

−1(A) = A for all A ∈ F0, proving (P2).

To prove (P3), let tn → t∞ and xn → x∞. Given ε > 0, pick N0 so large that∑
n≥N0

2−n ≤ ε and then N1 so large that t+ tn ∈ [−N1, N1] for all t ∈ [−N0, N0]

and n ∈ N ∪ {∞}.
As the set {xn : n ∈ N ∪ {∞}} is compact, it follows from the Arzelà–Ascoli

Theorem that we find δ > 0 such that d(xn(t), xn(s)) ≤ ε for all n ∈ N ∪ {∞} and
t, s ∈ [−N1, N1] with |t − s| ≤ δ. Next pick n0 so large, that |tn − t∞| ≤ δ and
supt∈[−N1,N1] d(xn(t), x∞(t)) ≤ ε for all n ≥ n0. Then for n ≥ n0

d((ϑtnxn)(t),(ϑt∞x∞)(t)) = d(xn(t+ tn), x∞(t+ t∞))

≤ d(xn(t+ tn), xn(t+ t∞)) + d(xn(t+ t∞), x∞(t+ t∞)) ≤ 2ε

for all t ∈ [−N0, N0]. Altogether, it follows that dC(ϑtnxn, ϑt∞x∞) ≤ 3ε for n ≥ n0.
This proves that (t, x) 7→ ϑtx is continuous and thus (P3). �
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B.2. Càdlàg paths in the J1-topology. Let (X, d) be a complete, separable
metric space. Without loss of generality, we assume that d(x, y) ≤ 1 for all x, y ∈ X.
We consider the set XD = D(R;X) of all càdlàg functions x : R → X, i.e. for every
t ∈ R, we have

x(t) = lim
s↓t

x(s) and x(t−) := lim
s↑t

x(s) exists.

As is well known (see e.g. [20, Lemma 3.5.1]), any x ∈ XD has at most countably
many discontinuities. There are several ways to extend Skorohod’s J1-topology,
originally defined for càdlàg functions on [0, 1], to unbounded time intervals. Billings-
ley [5] and Lindvall [40] use, similar to the case of continuous functions, a series
over the distance of restrictions of the functions to compact time intervals. We note
that in the J1-topology, convergence of a càdlàg function on a compact time interval
[a, b] implies convergence of the values at the endpoints a and b. In the approach of
Billingsley and Lindvall, the restrictions to the compact time intervals have to be
slightly modified so that convergence with respect to the metric on the unbounded
time interval does not entail convergence of the values in these (technically chosen)
endpoints.

On the other hand, Whitt [51] and Ethier and Kurtz [20] use an integral instead of
a series and no such alteration is needed. We will here follow this second approach.
We should also point out that [51] is one of the few references where also the time
interval R (instead of [0,∞)) is considered.

Given −∞ < a < b <∞, we denote by Λb
a the collection of all strictly increasing,

bijective and Lipschitz continuous functions λ from [a, b] to [a, b] so that

‖λ‖L := sup
a≤s<t≤b

∣∣∣ log λ(t)− λ(s)

t− s

∣∣∣ <∞.

On D([a, b], X), the space of X-valued càdlàg functions on the interval [a, b], we
define the metric

(B.1) dba(x, y) = inf
λ∈Λb

a

[
‖λ‖L ∨ sup

t∈[a,b]

d(x(t), y(λ(t)))
}
.

This is a complete metric that induces Skorohod’s J1-topology on D([a, b], X), see
[5, Sect. 12]. We note that dba(x, y) ≤ 1, as d(x, y) ≤ 1 for all x, y ∈ X and the
choice λ(t) = t yields ‖λ‖L = 0.

Given x, y ∈ D(R;X), we denote their restrictions to [a, b] by x|ba and y|ba respec-
tively and define

dJ1(x, y) :=

∫ 0

−∞

∫ ∞

0

es−tdts(x|ts, y|ts) dt ds.

This integral is well defined by [51, Lemma 2.4]. By [51, Theorem 2.6] (XD, dD) is a
complete separable metric space (see [20, Theorem 3.5.6]) which induces Skorohod’s
J1-topology on D(R;X) in the sense that xn → x in (XD, dD) if and only if xn|ba →
x|ba in D([a, b], X) whenever a and b are continuity points of x, see [51, Theorem
2.5].

To simplify notation, we will not distinguish between a function x ∈ XD and its
restriction to some compact interval [a, b] in what follows. It will be clear from the
context what the domain of definition is.

On XD, we define the stopping map τD by

[τD(x)](t) =

{
x(t), if t < 0,

x(0−), if t ≥ 0.
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To prove that also the càdlàg functions form a path space, we make use of the
following ‘modulus of continuity ’:

ω′(x, δ, T ) := inf
(t0,...,tn)

max
j=1,...,n

sup
s,t∈[tj−1,tj)

d(x(s), x(t)),

where the infimum is taken over all partitions −T = t0 < t1 < . . . < tn = T
satisfying minj(tj − tj−1) ≥ δ. Similar to the Arzelà–Ascoli theorem, this modulus
of continuity can be used to characterize compact subsets of XD (see [20, Theorem
3.6.3]).

In order to prove that ((XD, dJ1), τD) is a path space, we first establish a Lemma.

Lemma B.2. Let x ∈ D(R;X) be a piecewise constant function with finitely many
jumps, i.e.

x(t) = x01(−∞,r0)(t) +

n∑
j=1

xj1[rj−1,rj)(t) + xn+11[rn,∞)(t),

where −∞ < r0 < r1 < . . . < rn < ∞ satisfies minj(rj − rj−1) ≥ δ > 0 and
x0, . . . , xn+1 ∈ X. For |t| < δ we put

fδ(t) := max
{
log

δ

δ − |t|
, log

(
1 +

|t|
δ

)}
.

Then for |t| < δ/2 we have dJ1
(x, ϑtx) ≤ fδ(t). In particular, ϑtx → x as t→ 0.

Proof. Fix real numbers a < b and put

{t0, . . . , tk} := ({r0, . . . , rn} ∩ [a, b]) ∪ {a, b},

so that a = t0 < t1 < · · · < tk = b. Now, let |t| < δ/2. Then, for every j =
2, . . . , k − 2 we have tj − t ∈ (tj−1, tj+1) but if t > 0 it is possible that t1 − t < t0
and in the case where t < 0 it is possible that tk−1 − t > tk. Define s0 < . . . < sk
by setting s0 = t0 = a and sk = tk = b and

sj =



t1 − t, if j = 1 and t1 − t > t0,

t1, if j = 1 and t1 − t ≤ t0,

tj − t, if j = 2, . . . , k − 2,

tk−1 − t, if j = k − 1 and tk−1 − t < tk,

tk−1, if j = 1 and tt−1 − t ≥ tk.

Now define λt ∈ Λb
a in such a way, that λt(sj) = tj and λt is piecewise linear, i.e.

λt(s) = tj +
tj − tj−1

sj − sj−1
(s− sj−1) = tj + dj(t)(s− sj−1)

for s ∈ [sj−1, sj ] We note that λ′t(s) = dj(t) for s ∈ (sj−1, sj) and dj(t) ≡ 1 for
j = 2, . . . , k − 2. Also in cases j = 1 and j = k − 1 it is possible that dj(t) = 1 and
this is the case when sj = tj . However, a brief computation shows that in any case
| log dj(t)| ≤ fδ(t) for j = 1 and k − 1 so that ‖λ‖L ≤ fδ(t).

Noting that ϑt1[tj−1,tj) = 1[tj−1−t,tj−t) one sees that (ϑtx)(λt(s)) = x(s) for all

s ∈ [a, b] so that dba(ϑtx, x) ≤ ‖λt‖L ≤ fδ(t). As a, b were arbitrary, the claim follows
from the definition of dJ1

. �

We are now ready to prove:

Proposition B.3. The pair ((XD, dJ1
), τD) is a path space.

Proof. If xn → x, then πt(xn) → πt(x) whenever t is a continuity point of x ([20,
Proposition 3.5.2]). The fact that the Borel σ-algebra is generated by the evaluation
maps πt follows from [20, Proposition 3.7.1]. The measurability requirements in (P2)
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can be proved in the same way as in Proposition B.1. To see that X −
D is Polish,

define for x, y ∈ X −
D

d−J1
(x, y) :=

∫ ∞

0

e−td0−t(x, y) dt.

As every x ∈ X −
D is continuous at 0, it follows from the results of [51, Sect. 2]

already used above that d−J1
defines a complete metric on X −

D such that xn → x if
and only if the restrictions to [a, 0] converge in D([a, 0], X) for every a < 0 that is
a continuity point of x. Noting that every element of X −

D is constant on [0, b] for
every b > 0 it is easy to see that xn → x in D([a, 0], X) if and only if xn → x in
D([a, b], X) for all b > 0; to see that convergence in D([a, b], X) implies convergence
in D([a, 0];X) use the continuity of x in 0 and [51, Lemma 2.2]. This proves that a
sequence (xn) ⊂ X −

D converges to some x ∈ X −
D with respect to d−J1

if and only if

it converges with respect dJ1
. Consequently, d−J1

induces the same topology on X −
D

as dJ1 the proof of (P2) is finished.

To prove (P3), we show that for any compact subset K of XD it is ϑtx → ϑsx as
t → s uniformly for x ∈ K. We may assume without loss of generality that s = 0.
Given ε > 0, pick T > 0 such that

∫∞
T−1

e−t dt ≤ ε. As K is compact, there is δ > 0

such that ω′(x, δ, T ) ≤ ε for all x ∈ K, see [20, Theorem 3.6.3]. For fixed x ∈ K we
find a partition π = π(x) of [−T, T ], say π = (−T = t0 < t1 < . . . < tn = T ), with
minj(tj − tj−1) ≥ δ and maxj supt,s∈[tj−1,tj) d(x(t), x(s)) ≤ 2ε. Define xπ by setting

xπ(s) = x(t0−)1(−∞,t0)(s) +

n∑
j=1

x(tj−1)1[tj−1,tj)(s) + x(tn)1[tn,∞).

Then d(xπ(s), x(s)) ≤ 2ε for every s ∈ [−(T − 1), T − 1] and, using λ(s) = s, it
follows that dba(xπ(s), x(s)) ≤ 2ε for all −(T − 1) ≤ a < 0 < b ≤ T − 1 and thus
altogether dJ1(xπ, x) ≤ 2ε.

Basically the same calculation shows dJ1(ϑtxπ, ϑtx) ≤ 2ε whenever |t| ≤ 1. Tak-
ing Lemma B.2 into account, it follows that

dJ1
(ϑtx, x) ≤ dJ1

(ϑtx, ϑtxπ) + dJ1
(ϑtxπ, xπ) + dJ1

(xπ, x) ≤ 6ε+ fδ(t)

for all |t| ≤ δ/2. Picking |t| so small that fδ(t) ≤ ε (note that this only depends on
δ and may thus be done indepently of the particular x ∈ K), dJ1

(ϑtx, x) ≤ 7ε. As
ε > 0 was arbitrary, (P3) is proved. �

B.3. Càdlàg paths as proper path space. We now verify that XD, the space
of all càdlàg paths endowed with the J1-topology is indeed a proper path space so
that the results of Section 5.2 apply. We start with a Lemma.

Lemma B.4. Let K ⊂ X −
D be compact. Then, for any ε > 0 there exists δ > 0

such that d(x(t), x(0)) ≤ ε for all t ∈ [−δ, 0] and x ∈ K.

Proof. If the conclusion is wrong, we find ε0 > 0, a sequence (xn) ⊂ K and a
sequence tn ↑ 0 with d(xn(tn), x(0)) ≥ ε0 for all n ∈ N. As K is compact, passing
to a subsequence, we may and shall assume that xn converges to some x ∈ K. In
particular, x is continuous at 0 so that xn(0) → x(0) by [20, Proposition 3.5.2]. But
then [20, Proposition 3.6.5] implies xn(tn) → x(0) which yields xn(tn) → x(0). This
is a contradiction. �

Proposition B.5. The space ((XD, dJ1
), τD) is a proper path space.

Proof. Let xn → x. By (P3) ϑtxn → ϑtx for all t ∈ R. Note that ϑtx is continuous
at 0 for almost all t ∈ R. Using [20, Proposition 3.6.5], it is easy to see that
τ(ϑtxn) → τ(ϑx) whenever ϑtx is continuous at 0. This proves (P4).

The proof of (P5) is similar to that of (P3). Given ε > 0 and K ⊂ X −
D , Lemma

B.4 allows us to pick δ > 0 so that d(x(t), x(0)) ≤ ε for all t ∈ [−δ, 0] and x ∈ K.
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Next, choose T > 0 so large that
∫∞
T−1

e−t dt ≤ ε. Picking a smaller δ if necessary,

we may and shall assume that ω′(x, 2δ, T ) ≤ ε for all x ∈ K.
Now, fix x ∈ K and pick a partition π = (t0 < . . . < tn) of [−T, T ] such

that minj(tj − tj−1) ≥ 2δ and maxj supt,s∈[tj−1,tj) d(x(t), x(s)) ≤ 2ε. As x(t) =

x(0) = x(0−) for all x ∈ X −
D we may and shall assume that tn−1 ≤ 0 so that

the only partition point larger than 0 is tn = T . Next, π is modified to π̃ as
follows. If |tn−1| < δ, we replace tn−1 by t̃n−1 := −δ whereas all other partition
points are unchanged. This results in a partition π̃ satisfying minj(t̃j − t̃j−1) ≥ δ
and maxj supt,s∈[t̃j−1,t̃j)

d(x(t), x(s)) ≤ 2ε. Repeating the arguments from above,

dD(xπ̃, x) ≤ 3ε.
Now let 0 ≤ t ≤ δ/2. Note that (ϑ−txπ̃)(s) = xπ̃(s − t) = x(t̃n−1) for all

s ≥ t̃n−1+t and thus, in particular, for all s ≥ 0. It follows that τD(ϑ−txπ̃) = ϑ−txπ̃
and Lemma B.2 yields dD(xπ̃, τD(ϑ−txπ̃)) ≤ fδ(t).

Finally, we estimate dD(τD(ϑ−txπ̃), τD(ϑ−tx)). If −T < s < 0 it is τD(ϑ−tx)(s) =
x(s − t) and thus d(τD(ϑ−txπ̃)(s), τD(ϑ−tx)(s)) = d(xπ̃(s − t), x(s − t)) ≤ 2ε by
the above. On the other hand, for s ≥ 0 it is d(τD(ϑ−txπ̃)(s), τD(ϑ−tx)(s)) =
d(x(t̃n−1), x(−t−)) ≤ ε by the initial choice of δ. Thus dD(τD(ϑ−txπ̃), τD(ϑ−tx)) ≤
3ε. Altogether,

dD(x, τD(ϑ−tx)) ≤ 6ε+ fδ(t)

whenever x ∈ K and 0 ≤ t ≤ δ/2. This implies (P5).

Finally, we prove (P6). As dba and thus dJ1
is bounded by 1 we find t⋆ > 0 such

that

dt⋆(x, y) :=

∫ 0

−∞

∫ t⋆

0

et−sdts(x, y) dt ds ≥
1

2
dJ1

(x, y)

for all x, y ∈ X . For t0 > t⋆, Lemma 2.5(e) yields dt∗(τt0(x), τt0(y)) = dt⋆(x, y) and
thus

d(τt0(x), τt0(y)) ≥ dt⋆(x, y) ≥
1

2
dJ1

(x, y).

This finishes the proof. �
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