DUALS OF LIMITING INTERPOLATION SPACES

MANVI GROVER AND BOHUMIR OPIC

ABSTRACT. The aim of the paper is to establish duals of the limiting real interpolation K-
and J-spaces (Xo, X1)0,q,0:x and (Xo, X1)o,q,0;7, where (Xo, X1) is a compatible couple of
Banach spaces, 1 < g < 0o, v is a slowly varying function on the interval (0, c0), and the
symbols K and J stand for the Peetre K- and J-functionals. In the case of the classical
real interpolation method (Xo, X1)e,q, where 0 € (0,1) and 1 < g < oo, this problem was
solved by Lions and Peetre.

1. INTRODUCTION

Dual spaces play a very important role in numerous parts of mathematics. The same
can be said about spaces which appear in the real interpolation (cf., e.g., monographs [9],
[4], [60], [47], [3], [8], [50]).

In this paper our goal is to describe duals of the limiting real interpolation K- and J-
spaces (Xo, X1)0,q0:x and (Xo, X1)0,q,0.7, where (Xo, X1) is a compatible couple of Banach
spaces, 1 < ¢ < oo, v is a slowly varying function on the interval (0, 00), and the symbols
K and J stand for the Peetre K- and .J-functionals. Note that we express these duals both
in terms of K-spaces and J-spaces.

In the case § € (0,1), 1 < ¢ < oo, and when the slowly varying function v satisfies
v(t) = 1 for all ¢t € (0,00), we obtain the classical real interpolation spaces (Xo, X1)g,q,
which are independent on the fact whether the K- or J-functional is used to define them
(see, e.g., [3, Chapter 5, Theorem 2.8 (Equivalence theorem)]). Duals of these spaces
have been described by Lions and Peetre in their fundamental paper [49] (see also [48]).
It has been proved there that (Xo, X1)y, = (X, X7)g,q/ (With equivalent norms), where
1/g+1/q' =1.

However, some problems in mathematical analysis have motivated the investigation of
the real interpolation with the limiting values # = 0 or § = 1. Nowadays, there is a lot of
works, where the limiting real interpolation is studied or applied (see, e.g., [45], [53], [28],
1361, 37), 441, [20], [22], [1], [38], [35], [39], [13], [24], [21], [40], [15], [17], [29], [41], [18], [2]
[5], [55], [56], [32], [19], [57], and the references given there).

In order that the spaces (X, X1)p,, are meaningful also with limiting values § = 0 or
0 = 1 in a general case, one has to extend the given interpolation functor by a convenient
weight v. This weight v usually belongs to the class SV (0, 00) of slowly varying functions on
the interval (0,00). If 6 € (0, 1), then the corresponding space (Xo, X1)g,q.» is a particular
case of an interpolation space with a function parameter and, by [46, Theorem 2.2], this
space is again independent on the fact whether the K- or J-functional is used to define it.
However, if 6 =0 or § = 1, then the corresponding space depends on the fact whether the
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K- or J- functional is used; accordingly, the resulting space is denoted by (Xo, X1)6,q,0:K
or by (Xo, X1)6,4,v;7-

Now a natural question arises: Given 6 € {0,1},¢ € [1,00] and v € SV(0,00), can
we describe the space (Xo, X1)gqv:x as a (Xo, X1)s,q,w; space with a convenient w €
SV (0,00)?

If the weight function v is of logarithmic form, then the answer is given in [23] for the
case that a pair (Xo, X;) of Banach spaces Xy and X; is ordered, and in [24] and [5] for
a general pair (Xo, X;1) of Banach spaces Xy and X;. In [56] we have establish conditions
under which the limiting K-space (Xo, X1)o,q5:x, involving a slowly varying function b,
can be described by means of the J-space (Xo, X1)0,q,q;, With a convenient slowly varying
function a, and we have also solved the reverse problem. It has been shown that if these
conditions are not satisfied that the given problem may not have a solution. Moreover, in
[57] it is assumed that these conditions are not fulfilled and then it is proved that

(X0, X1)0,g,0:56 = (X0, Xo + X1)0,g,4.0 = Xo + (Xo, X1)0,q,4:7

and
(X0, X1)0,g,0:0 = (Xo, Xo N X1)0,4,8,; = Xo N (X0, X1)0,4,B:k,

where A and B are convenient weights. In [57] also equivalent norms in the mentioned
spaces have been determined.

These resuls play important role in our calculation of duals of spaces (Xo, X1)g,q.0:x and
(X(],Xl)e,q,v;J with 6 € {0, 1}.

Note also that it is sufficient to describe duals of these spaces only if § = 0 since the
answer for § = 1 follows from the solution with # = 0 and from the equality (Xo, X1)0,g,0:x =
(XlaXO)l,q,u;Ka or (X(), Xl)O,q,U;J = (XlaXO)l,q,u;Ja where U(t) = U(l/t) forallt >0 (Wthh
is a consequence of the fact that K(f,t; Xo, X1) = tK(f,t71; X1, Xo) if f € Xo + X1 and
t >0, or J(f,t; Xo,X1) = tJ(f,t71; X1, Xo) if f € XoN X1 and ¢ > 0, and a change of
variables).

If 6 € (0,1), g € [1,00], and v € SV(0,00), then, as was already mentioned above, the
spaces (Xo, X1)o,q,0:5, (X0, X1)0,4,0:7 coincides and they are particular cases of interpolation
spaces with a function parameter. Consequently, if ¢ € [1,00), then duals of these spaces
are described in [59, Theorem 2.4]. Note that it follows from this theorem that if 6 € (0, 1),

q € [1,00), and v € SV(0,00), then (Xo, X1)y ., = (X¢, X1)gqz (With equivalent norms),
where 1/¢+1/q" =1 and 0(t) := ﬁ for all t > 0.

If 6 € {0,1}, ¢ € [1,00), and the weight v is of logarithmic form, then the duals of the
spaces (Xo, X1)g,q,0:x have been determined in [24].

The paper is organized as follows: Section 2 contains notation, definitions and prelim-
inaries. In Section 3 we present our main results. In Section 4 we collect some auxiliary
assertions. Sections 5-11 are devoted to proofs of the main results. In Section 12 we
mention another method which can be used to prove some of our main assertions.

2. NOTATION, DEFINITIONS AND PRELIMINARIES

For two non-negative expressions (i.e. functions or functionals) A, B, the symbol A < B
(or A 2 B) means that A < ¢B (or ¢.A > B), where c is a positive constant independent
of significant quantities involved in A4 and B. If A < B and A 2 B, we write A ~ B and
say that A and B are equivalent. Throughout the paper we use the abbreviation LHS(x)
(RHS(%)) for the left- (right-) hand side of relation (x). We adopt the convention that
a/(00) =0, a/0 = o0 and (00)® = oo for all a € (0,00). If ¢ € [1,00], the conjugate number
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q' is given by 1/¢+1/q’ = 1. In the whole paper ||.||4:(c.a), ¢ € [1,00], denotes the usual
Lg-norm on the interval (c,d) C IR.

The symbol M™(0,00) stands for the class of all (Lebesgue-) measurable functions on
the interval (0,00), which are non-negative almost everywhere on (0,00). We will admit
only positive, finite weights, and thus we put

W(0,00) := {w € MT(0,00) : w < 0o a.e. on (0,00)}.

The symbol AC(0,00) is used to denote the set of all absolutely continuous functions on
the interval (0, c0).
If f is a monotone function on the interval (0, 00), then we put

FO)= lim f()  and  f(o0) = Jim f(0).

We say that a positive, finite and Lebesgue-measurable function b is slowly varying on
(0,00), and write b € SV(0, 00), if, for each € > 0, t°b(t) is equivalent to a non-decreasing
function on (0, 00) and t7°b(¢) is equivalent to a non-increasing function on (0,00). Here
we follow the definition of SV (0, 00) given in [44]; for other definitions see, for example, [7],
[33], [34], and [54]. The family SV (0,00) includes not only powers of iterated logarithms
and the broken logarithmic functions of [36] but also such functions as t — exp (|logt|”),
a € (0,1). (The last mentioned function has the interesting property that it tends to infinity
more quickly than any positive power of the logarithmic function).

We mention some properties of slowly varying functions.

Lemma 2.1. ([56, Lemma 2.1]) Let b, by, by € SV(0,00) and let d(t) := b(1/t) for allt > 0.
(i) Then biba,d € SV(0,00) and b" € SV (0,00) for each r € R.
(ii) If € and Kk are positive numbers, then there are positive constants c. and Cy

such that

cemin{k™ %, k°}b(t) < b(kt) < Cemax{k®, k" °}b(t) for every t > 0.
(iii) If a > 0 and q € (0, 00|, then, for allt > 0,
||7_o<—1/qb(7_)||q7(07t) ~ tab(t) and HT_a_l/qb(T)Hq,(t,oo) ~ t_ab(t).
(iv) If q € (0,00], and
Bo(t) == 77 %(7) 409, Boolt) := 77 9(7)llgt,0)> t >0,
then
(2.1) b(t) < Bo(t), b(t) S Boo(t), forall t>0.

Moreover, if B;(1) < oo, then B; belongs to SV (0,00), i = 0, 00.
(v) If ¢ € (0,00), then

(2.2) i sup 1T POl s 70 Olaon _
' t—04 b(t) ’ o0 b(t) )
HT_I/qb(T) Hq (t,00) HT_I/qb(T) Hq (t,00)
2.3 1' LA — 1' s\ —
@8 Mmge T S M T =

Remark 2.2. Note that, by Lemma 2.1 (iii), the function b € SV (0,00) is equivalent
to b € SV(0,00) N AC(0,0) given by b(t) := 1 fg b(s)ds, t > 0. Consequently, any
b e SV (0,00) is equivalent to a continuous function on the interval (0, c0).
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More properties and examples of slowly varying functions can be found in [62, Chapter V,
p. 186], [7], [52], [54], [44] and [42].

Let X and Y be two Banach spaces. We say that X coincides with Y (and write X =Y")
if X and Y are equal in the algebraic and topological sense (their norms are equivalent).
Moreover, we say that X and Y are identical (and write X = Y) provided that X and
Y are equal in the algebraic sense and || - ||x = || - ||y. The symbol X < Y means that
X C Y and the natural embedding of X in Y is continuous. The norm of this embedding is
denoted by |[Id ||x—y. By X’ we denote the space of all linear and continuous functionals
on the space X.

A pair (Xp,X;1) of Banach spaces Xy and X is called a compatible couple if there
is a Hausdorff topological vector space X in which each of Xy and X; is continuously
embedded.

If (Xo, X1) is a compatible couple, then a Banach space X is said to be an intermediate
space between Xy and X7 if Xg N X7 — X — X+ X7.

Definition 2.3. Let (Xg, X1) be a compatible couple.
(i) The Peetre K-functional is defined for each f € Xo+ X1 and t > 0 by
K(.ﬂt?XOaXl) = inf{”fOHXo +t”f1HX1 cf=Jfo+ fl}v

where the infimum extends over all representations f = fo + f1 of f with fo € Xo and
f1 € X1. Sometimes, we denote K(f,t; Xo, X1) simply by K(f,t).
(ii) The Peetre J-functional is defined for each f € XoN Xy and t > 0 by
J(f s t; Xo, X1) = max{|| fll x, . £ [/l x, }-
Sometimes, we denote J(f,t; Xo, X1) simply by J(f,t).
(iii) For0<60<1,1<qg <00, and v € W(0,), we put
(2.4) (X0, X1)o,q,05 = {f € Xo+ X1 : [|[fllo,gv;x < 00},

where
25) I logosre = 1705100 1= 1707000 Kt X0 X)|

(iv) Let 0<0<1,1<qg <00, and let v e W(0,00). The space (Xo, X1)6,q,0:5 consists
of all f € Xo+ X1 for which there is a strongly measurable function u : (0,00) — XN X3
such that

(2.6) f= /OO u(s) % (convergence in Xo+ X1)

and for which the functionalo

@) Wllogns = 10ty = [0V 70(0) Jle), 6 X0, X0 |
is finite (the infimum extends over all representations (2.6) of f).

We refer to Lemmas 4.1 and 4.2 mentioned below for properties of the K-functional and
the J-functional.

Theorem 2.4. ([56, Theorem 2.3]) Let (Xo,X1) be a compatible couple, 0 < 6 < 1,
1< q<o0, and let v e W(0,0).
A If

(2.8) Htfefl/q v(t) min{:’t}Hq,(o,oo) < 00,



then:
(i) The space (Xo, X1)o,q,0:k @5 an intermediate space between Xo and X1, that is,

XoNX; — (X07X1>9’q71,;]( — X+ X1.

(ii) The space (Xo, X1)o,qu:k s a Banach space.
B. If condition (2.8) is not satisfied, then (Xo, X1)g,q.0.x = {0}.

Note that assertion A of Theorem 2.4 also follows from [8, Proposition 3.3.1, p. 338].

Theorem 2.5. ([56, Theorem 2.4]) Let (Xo,X1) be a compatible couple, 0 < 6 < 1,
1 <q<o0, and let v € W(0,0).

A. If
1 1
t9=1/a" —_min {1, }
v(t) t
then:

(i) The space (Xo, X1)0,q0:5 @5 an intermediate space between Xo and X1, that is,

XoN X1 — (XO,Xl)Q’qm;J — Xo + X1.

< 090,
q,(0,00)

(2.9)

(ii) The space (Xo, X1)p,q,0:7 s a Banach space.

B. If condition (2.9) is not satisfied, then the functional |.||g .5 vanishes on XoN Xy and
thus it is not a norm provided that Xo N X1 # {0}.

Sometimes K-spaces or J-spaces coincide with their modifications, which we now intro-
duce: Let (Xg, X1) be a compatible couple, 0 < 0 < 1,1 < ¢ < oo, and let v € W(0, 00).
Assuming that

either (a,b) =(0,1), or (a,b)=(1,00),
we put
(2'10) (Xﬂle)G,q,v;K;(a,b) = {f € Xo+ X1 ||f||9,q,v;K;(a,b) < OO},
where
(211) Hf |9,q,v;K;(a,b) = ||f||(X07X1)Q,q,'u;K;(a,b) = Ht_g_l/qv(t) K(fat;XOaXl)H .

,(a,b)

Similarly, the space (Xo, X1)g,q,v;7:(a,0) consists of all f € Xo + X; for which there is
a strongly measurable function u : (a,b) — Xo N X; such that

b
(2.12) f= / u(s) ds (convergence in Xy + X1)
a s

and for which the functional

213) [ Flogorston = 11060500 gy = 08 [0 7000) Sult). 6. X0 x0) |

is finite (the infimum extends over all representations (2.12) of f).
To calculate duals of interpolation spaces, first note that given a compatible couple
(X0, X1), then the assumption
XoN X is dense in Xy and X;

ensures that the dual couple (X{, X]) is compatible as well.
‘We shall also use the assertions mentioned in the next remark.
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Remark 2.6. Let Xo N X is dense in Xy and X;.
(i) Then (cf. [4, p. 53])

/
2.14) K(f',t;X},X])= sup LA ] for all f/ € X} + X7 and ¢t > 0,
(214) (f 0 X1) fexonx, J(f,t71 Xo, X1) f 0 !
and
!
(2.15)  J(f',t; X, X)) = sup REEVIN for all f € X{;N X] and t > 0,

feXo+X1 K(f7 t_l; X07 Xl)
where (-, -) denotes the duality between XoNX; and X)+X] in (2.14), and between X+ X,
and X N X] in (2.15).
(ii) Since K(-,1; Xy, X1) is the norm on Xy + X; and J(-,1; Xo, X;) is the norm on
Xo N X, it follows from part (i) that
(216) (XoﬂXl),:X(l)—i-Xi and (Xo—i-Xl)/:X(/)ﬂXi
(which is the result mentioned in [4, Theorem 2.7.1, p. 32]).

In the following definition we introduce some weighted variant of the small Lebesgue
space {y(Z).

Definition 2.7 (the space Agg.). Let 0 <0 < 1,1 < g < oo, and let w € W(0,00). The
space Ag.qw consists of all sequences of real numbers {oum, tmez satisfying
[{am}HIxg 40 = {ammezllng,... < oo,
where
1/q
< > (2_m9w(2m)|am|)q> if 1 <q< o0,
mEeZ

sup 27w (2™)| | if ¢ = o0.
meZ

|| {am}meZ ||/\(9,q,w =

The next remark is a consequence of duality results for ¢,(Z) spaces.

Remark 2.8. Let 0 < 0 <1 and w € W(0,00). If 1 < ¢ < oo, then the space A\j_g ;7,1
is the dual space of A\g 4., via the duality > 727" B .

If n € IN and 1 < p < oo, then the symbol L, := L,(IR"™) denotes the Lebesgue space on
IR"™ equipped with the usual Lebesgue norm || - ||,. Moreover, if k& € IN, then the Sobolev
space Wf = W;f (IR™) consists of those functions f on IR™ for which all the distributional
derivatives of f of order at most k belong to L,(IR™) and the functional

1flhwg == 3 UD¥fllpe £ € WE,

lv|<k

is the norm in this space. We put WZ? = Ly.

The symbol § = S(IR") is used to denote the Schwartz space of rapidly decreasing C'*°-
functions on IR" endowed with the usual topology. Let &’ = S’(IR") be the collection of
all tempered distributions on IR", i.e., the topological dual of S, equipped with the strong
topology. Note that if 1 < p < oo, then § is a dense subspace of L,,.

If o €S, then

Fola) = @n) "2 [ o ds, vem,

n
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denotes the Fourier transform F of ¢ (here x§ = Z?Zl x;€; is the scalar product in IR" of

=[xy, 7, €R" and & = [&1,- -+, &) € R™). The inverse Fourier transform F~1 of
 is given by

n

f1¢@%:@ﬂ“ﬂ/‘éﬁﬂ@da z e R".

Note that F and F~! are extended from S to S’ in the usual way. (For example, the
Fourier transform F of f € &’ is defined by (Ff)(¢) = f(Fe) for all ¢ € S.) Both F and
F~! are isomorphic mappings from S onto itself and from S’ onto itself.

If s € IR and 1 < p < oo, then the fractional Sobolev (or Bessel potential) space H, :=
H;(IR") is the collections of all f € S’ satisfying

1f 1Lz = IF QA+ [P ) < oo

The space H, equipped with the norm || - || 5 is a Banach space (cf. [61, Remark 1, p. 11])
and the sets C§° := C§°(IR") and S are dense in H (this is a consequence of [60, Section
2.3.2, p. 172] and [61, Remark 3, p. 18]). It is well known that if £ € INp := INU {0} and
1 < p < 0o, then

k k
(2.17) Hy =W,
Let s € IR and let the operator I be given by
(2.18) Lf = F Y+ z|)¥?Ff) if feS.

If s,c € R and 1 < p < oo, then I is a lift which maps H, isomorphically onto H,~* (cf.
[61, p. 12]). Consequently,

(2.19) I(H))=H;".

Moreover (cf. [60, p. 198]), if s € IR and 1 < p < oo, then
s\/ __ -8

(2.20) (H) = H,°.

Let p € [1,+00). The modulus of continuity of a function f in L,(IR") is given by

wi(f,t)p = sup ||Apfll, forall ¢>0.
|h|<t

Definition 2.9. Letn € IN, 1 <p < oo, 1 < g < o0 and let b € SV(0,00) be such that
(2.21) 179 0(0) g0y = 00 and |79 b(t)lgy(1,00) < 00

The Besov space Byy := Bybo(IR™) consists of all f € L,(IR™) for which the norm
(222) £l 503 = £l + £ 260 (£, )]

is finite.

4;(0,00)

Note that spaces ngg(IR") are particular cases of Besov spaces with generalized smooth-
ness. Besov spaces ngg (IR™) with a logarithmic smoothness b have already appeared in [27]

in a connection with the weak-type interpolation. During the recent years spaces Bg;g (R™)
have attracted an increasing attention (see [10], [12], [43], [25], [14], [15], [17], [30], [31], [6],
[16], [32], etc.)
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Remark 2.10. (i) An equivalent norm on ngg (IR™) is given by the functional

1 gon = 171l + /b0 (f, Dl

We refer to [11, Remark 2.5 (iii)] for more details.

(ii) The assumption Ht_l/qb(t)Hq;(l’oo) < 00 is natural. Otherwise the space Bob(IR™) is
trivial (that is, it consists only of the zero element). We again refer to [11, Remark 2.5
(iii)] for more details.

(iii) Note also that only the case when Ht_l/qb(t)Hq;(O’l) = oo is of interest. Otherwise
Byg(IR") = Ly(IR").

(iv) If the modulus of continuity wi(f,-), in (2.22) is replaced by the k-th order modulus
of continuity wg(f,-)p, for k € {2,3,4,...}, we obtain an equivalent norm on the space
BYP(R™), cf. [11, Remark 2.5 (ii)].

3. MAIN RESULTS

Theorem 3.1 (1.duality theorem for K-spaces and 6 = 0). Let (Xo, X1) be a compatible
couple, 1 < q < 00, and let Xo N X1 be dense in Xog and X;. If b € SV (0,00) satisfies

(3.1) /OO t7(t)dt < 0o for all x>0, /OOO t~1p9(t) dt = oo,
and a € SV (0,00) is defined by

(3.2) a(z) == b~ () / ” tR(t) dt  for all x> 0,

then

(3.3) (Xo0: X1)0,00:5 = (X05 X1) 0,450 = (X0: X1)o,g/6:K

where b(z) = 5 end a(z) = ﬁ for all z > 0.

(The proof of this theorem is in Section 5.)
There are the following two counterparts of Theorem 3.1.

Theorem 3.2 (1. duality theorem for J-spaces and 6 = 0). Let (Xo, X1) be a compatible
couple, 1 < q < 00, and let Xo N X1 be dense in Xo and X;. If a € SV(0,00) satisfies

(3.4) / t7'a~ 0 (1) dt < 00 for all x>0, / t7 '™ (t) dt = oo,
0 0
and b € SV (0,00) is defined by
/ z / -1
(3.5) b(x):=a1 M(w)(/ t~ a7 (t) dt) for all x>0,
0
then
(3'6) (XO,Xl)E),q,a;J - (X{)’Xi)O,Qf&;K = (X(/in)O,q(B;J?

where a(x) = a(%/x) and b(x) = 17(171/@ for all x > 0.

(The proof of this theorem is in Section 6.)
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Theorem 3.3 (2. duality theorem for J-spaces and 6 = 0). Let (X0, X1) be a compatible
couple and let Xo N X1 be dense in Xo and X1. Assume that a € SV (0,00) N AC(0, 00)
satisfies

(3.7) a 1is strictly decreasing, a(0) = o0, a(c0)=0.
If b e SV(0,00) and

(3.8) b(z) = —za'(x) for a.a x>0,

then

(3.9) (X0 X1)0,1,0:7 = (X0s X1o,00,8:6 = (X0 X1)0 00 5070

where a(x) := ﬁ and b(x) = 17(171/;1;) for all z > 0.

(The proof of this theorem is in Section 7.)
There is the following variant of Theorem 3.1.

Theorem 3.4 (2.duality theorem for K-spaces and 0 = 0). Let (X¢, X1) be a compatible
couple, 1 < q < 0o, and let Xo N X7 be dense in Xy and X;1. If b € SV (0,00) satisfies

(3.10) /OOO t7109(t) dt < oo,

the function B € SV (0,00) is given by

(3.11) B(z):=b(z) ifxe€[l,0) and B(x)= B(z) ifz € (0,1),
where € SV (0,00) is such that

(3.12) /OO t7189(t) dt < oo for all x > 0, /Oo t=189(t) dt = oo,
and ’ :

(3.13) A(z) := B~ (z) / h t~'BI(t)dt for all z >0,

then '

(3.14) (X0, X1)0,g.0:5 =(X0: X104 5.7

:(Xé,X(/) N X{)qugé;(} = (X(l)aX(l) N Xi)o,q;A;K
:X(l) N (X{)?Xi)O,q:B,J = X(/J N (X67X1)07q:‘A~,K7

where b(z) == -~ B(z) := ﬁ/z), and A(z) = m for all x > 0.

o(1/2)°

Remark 3.5. Under the assumptions of Theorem 3.4,

(3.15) (X0, X1)o,g,65 = (X5 X1)0,4,b:5(1,00)
(3.16) (X0, X1)o.g5:7 = (X0 X1)0,415:.7:(0,1):

(3.17) (X(, XN X{)()’qu;J = (X5, XN XDO,qﬁB;J;(O,l)’
(3.18) (X0, Xp N X{)o,q:A;K = (X0, XN Xi)O,qiﬁ;K;(Ovl)'

(The proofs of Theorem 3.4 and Remark 3.5 are in Section 8.)

There is the following variant of Theorem 3.2.
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Theorem 3.6 (3. duality theorem for J-spaces and 6 = 0). Let (X0, X1) be a compatible
couple, 1 < q < 00, and let Xo N X1 be dense in Xo and X;. If a € SV(0,00) satisfies

(3.19) / t™ra"9 () dt < oo,
0

the function A € SV (0,00) is given by
(3.20) A(z) :=a(z) if =€ (0,1], Alx) ~ az) if xe€(1,00),
where the function o € SV (0,00) is such that

(3.21) / t7la~ () dt < oo for all x>0, / t~la~9 (t) dt = oo,
0 0

and
/ x ! _1
(3.22) B(z) := A7979(z) (/ tLATT (1) dt> for all x>0,
0
then
(3.23) (X0, X1)0,4,0,0 =(X0, X1)o.qta:x

:X(/) + (X(I)’X{)o,qu;K = Xé + (X(/)>X{)o,qu;J>

where a(x) := ﬁ,A(az) = m, and B(z) := ﬁ for all z > 0.

Remark 3.7. Under the assumptions of Theorem 3.6,

(3.24) (X0, X1)0,g.0:7 = (X0, X1)0,g,a37:(0.1)»

(3.25) (X0s X1)o,q1a:5 = (X0 X1)0,q18:K:(1,00):
(3.26) (X0, Xp + Xi)O,q{fl;K = (X0, Xo + Xi)O,qifi;K;(LOO)’
(3.27) (X0, X0 + X1 415 = (X0, X0+ X104 152 (1.00)

(The proofs of Theorem 3.6 and Remark 3.7 are Section 9.)

The next assertion is a variant of Theorem 3.3.

Theorem 3.8 (4. duality theorem for J-spaces and 6 = 0). Let (Xo, X1) be a compatible
couple and let Xo N X1 be dense in Xo and X;1. Assume that a € SV (0,00) N AC(0, 00)

satisfies

(3.28) a is strictly decreasing, a(0) = oo, a(oo) > 0,

the function A € SV (0,00) be given by

(3.29) A(z) :=a(z) if =€ (0,1], A(z) :==ca(x) if =€ (1,00),
where a € SV(0,00) N AC(0,00) is such that

(3.30) a is strictly decreasing, a(0) = oo, a(oo) =0,

and ¢ is a positive constant chosen in such a way that A € AC(0,00). If B € SV(0,00)
and

(3.31) B(z):= -2 A'(z) for a.a. x>0,
10



then
(3.32) (X0, X1)0,1.0:7 = (X0, X1)0,00,:
= (X0, X+ Xi)o,ooA;K = (X0, Xg + X{)o,oo,B;J
= X+ (X0, X1)g 00 4 = X0+ (X0, X1)g 00,5,
A 1

where a(x) := ﬁ,A(a:) "= A7y and B(z) := ﬁ for all x > 0.

Remark 3.9. Under the assumptions of Theorem 3.8,

(333) (XOle)Ogl,a;J = (X0>X1)O,1,a;J;(O,1)7
(334) (X(/)7X{)0700,(~1§K = (Xg]?Xi)O,oo,fl;K;(l,oo)a
(335) (X[/)7 X(’) + X:{)O,OO7A;K = (X(/]7 X(/) + Xi)07oo,A;K;(17oo)'

Moreover, if |]B(t)||oo7(1’e) < 00, then also
(3.36) (X0, X + Xi)O,oo,B;J = (X0, Xo + Xi)O,oo,E;J;(LOO)'
(The proofs of Theorem 3.8 and Remark 3.9 are in Section 10.)

Remark 3.10. In Theorem 3.3 we assume that a € SV(0,00)NAC(0,00). By Remark 2.2,
any function a € SV(0,00) is equvivalent to the function @ € SV(0,00) N AC(0, c0) given
by a(z) := 2~ [ a(t)dt, x > 0. Moreover, one can prove that if the function a satisfies
(3.7), then (3.7) also holds with a replaced by @. Thus, Theorem 3.3 remains true if the
assumption a € SV(0,00) N AC(0, 00) is replaced only by a € SV(0,00) provided that in
(3.8) we write @’ instead of a'.

Similar remark can be made about Theorem 3.8.

Duality theorems mentioned above, together with particular choices of compatible cou-
ples (Xo, X1), give duality results for different spaces. For example, we can obtain the

following assertion for the Besov space ngg(IR”) involving the zero classical smoothness
and a slowly varying smoothness b.

Theorem 3.11 (dual of the space Bg;Z(IR”)). Letne N, 1 <p<oo, 1 <g<oo, and let
b e SV(0,00) be such that

(3.37) 179 b() |00y = 00 and [T b(t)]]4:(1,00) < 00

Ifa € SV (0,00) is defined by

a(x) == b_q/q,(x)/ t () dt  for all z > 0,

T

then (Bg:g(]R”))' is the set of all functions f € Hp_,l(]R") which satisfy

(3.35) L e S

q,(0,1)

where the operator 1_; is defined by (2.18). Moreover,
(3.39) 1l gooy, = N(f)  forall fe (Byg).
(The proof of Theorem 3.11 is in Section 11.)

Remark 3.12. On taking b(z) = (1+ |Inz|)? if 2 > 0, where 3 > —1/¢, in Theorem 3.11,
one obtains the result corresponding to [14, Theorem 4.3].
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4. AUXILIARY ASSERTIONS

In the next two lemmas some basic properties of the K- and J- functionals are summa-
rized.

Lemma 4.1. (cf. [3, Proposition 1.2, p. 294]) If (Xo, X1) is a compatible couple, then, for
each f € Xo + X1, the K-functional K(f,t; Xo, X1) is a nonnegative concave function of
t>0, and

(4.1) K(f,t; X0, X1) =t K(f,t7 % X1, X0) forall t>0.
In particular, K(f,t; Xo,X1) is non-decreasing on (0,00) and K(f,t; Xo, X1)/t is non-
increasing on (0, 00).

Lemma 4.2. (cf. [4, Lemma 3.2.1, p. 42]) If (Xo,X1) is a compatible couple, then, for
each f € Xo N Xy, the J- functional J(f,t; Xo, X1) is a nonnegative convez function of
t>0, and

(4.2) J(f,t; X0, X1) =t J(f,t7 1 X1, Xo) for all t>0,
(4.3) J(f,t; Xo, X1) <max{1,t/s} J(f,s; Xo,X1) forall t,s>0,
(4.4) K(f,t; Xo,X1) <min{l,t/s} J(f,s; Xo,X1) forall t,s>0.

In particular, J(f,t; Xo,X1) is non-decreasing on (0,00) and J(f,t; Xo,X1)/t is non-
increasing on (0, 00).

The following result describes when the K-space (Xo, X1)g,4p:x with the limiting value
= 0 and b € SV(0,00) coincides with the J-space (Xo, X1)g,4,a;:; With a convenient
a € SV(0,00).

Theorem 4.3. (cf. [56, Theorem 3.1]) Let (Xo, X1) be a compatible couple and 1 < q < cc.
If b € SV(0,00) satisfies

(4.5) /OO t709(t)dt < 0o for all x>0, /Ootlbq(t) dt = oo,
and a € SV (0, zo) is such that :

(4.6) a(z) ~ b~ (z) /OO t~b9(t)dt for a.a. x >0,

then ’

(4.7) (X0, X1)o,q.6:5 = (X0, X1)0,g,057-

Theorem 4.4. (cf. [56, Theorem 3.2]) Let (Xo, X1) be a compatible couple and 1 < q < oo.
If b€ SV(0,00) satisfies (4.5), then the space Xo N X1 is dense in (Xo, X1)0,q,b:K -
There are the following counterparts of the previous two assertions.

Theorem 4.5. (cf. [56, Theorem 3.3]) Let (Xo, X1) be a compatible couple and 1 < q < co.
If a € SV(0,00) satisfies

(4.8) / t7'a~ 0 () dt < 0o for all x>0, / t7 10~ (t) dt = oo,
0 0
and b € SV (0,00) is such that
/ r 1 / -1
(4.9) b(x) = a9 /q(a:)(/ t™a 7 (t) dt) for a.a. >0,
0
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then
(4.10) (X0, X1)o,g.0;7 = (X0, X1)0,q.b:K -
Theorem 4.6. (cf. [56, Theorem 3.4]) Let (Xo, X1) be a compatible couple and 1 < q < co.
If a € SV(0,00) satisfies (4.8), then the space XoN X1 is dense in (Xo, X1)0,g,0:7-
The next two assertions are complements of Theorems 4.3 and 4.5.

Theorem 4.7. ([56, Theorem 9.1]) Let (Xo, X1) be a compatible couple. If b € SV (0,00)N
AC(0,00) satisfies

(4.11) b is strictly decreasing, b(0) =00, b(c0) =0,
and if
b?(x)
(412) a(.f[]) = m fO?“ a.a. Tr > 0,
then
(4.13) <X0>X1)0,oo,b;K = (X():XI)O,OO,‘I%J'

Theorem 4.8. ([56, Theorem 10.1]) Let (Xo, X1) be a compatible couple. If a € SV (0,00)N
AC(0,00) satisfies

(4.14) a is strictly decreasing, a(0) = o0, a(o0) =0,
and if

(4.15) b(z) = —za'(x) fora.a x>0,

then

(4.16) (X0, X1)o,1,0;7 = (X0, X1)0,1,0:K -

Theorem 4.9. ([56, Theorem 10.3]) Let (Xo, X1) be a compatible couple. If the function
a satisfies the assumptions of Theorem 4.8, then Xo N Xy is dense in (Xo, X1)0,1,0:7-

Another complement of Theorem 4.3 is the next result.

Theorem 4.10. ([57, Theorem 1.11]) Let (Xo, X1) be a compatible couple and 1 < g < co.
If b € SV (0,00) satisfies

(4.17) /OO t71p9(t) dt < oo,

the function B € SV (0,00) is givenoby

(4.18) B(z) :=b(x) if z € [1,00), B(z) =~ B(z) ifxz € (0,1),
where € SV(0,00) is such that

(4.19) /OO t=139(t)dt < 0o for all x > 0, /OO t=139(t) dt = oo,
and ’ ’

(4.20) A(z) := B9 (2) / h tIBIU(t)dt  for all x> 0,

then '

(4.21) (X0, X1)o,g.6:6 = (X0, Xo + X1)0,¢,8,6 = (X0, Xo + X1)0,q,4;-

13



Remark 4.11. ([57, Remark 1.13]) Under the assumptions of Theorem 4.10,

(4.22) (X0, X1)o,g.0:5 = (Xo, X1)0,9,6:3(1,00) 5

(4.23) (Xo, Xo + X1)o,4,8,x = (X0, Xo + X1)0,4,B;K:(1,00)5

(4.24) (Xo, Xo + X1)o,g,4,0 = (Xo, Xo + X1)0,4,4:7(1,00)-
Corollary 4.12. ([57, Corollary 1.14]) Under the assumptions of Theorem 4.10,
(4.25) (Xo, X1)o,g,6:5 = Xo + (X0, X1)0,4,8:6 = Xo + (X0, X1)0,4,4;7-

Further complement of Theorem 4.5 reads as follows.

Theorem 4.13. ([57, Theorem 1.15]) Let (Xo, X1) be a compatible couple and 1 < g < co.
If a € SV(0,00) satisfies

(4.26) / t~1a= (t) dt < oo,
0

the function A € SV (0,00) is given by
(4.27) A(z) :=a(z) if =€ (0,1], A(z) = a(x) if =€ (1,00),
where the function a € SV (0,00) is such that

T e}
(4.28) / t7ra~? (t)dt < 0o for all x>0, / t~ra~ () dt = oo,
0 0

and

/ x / _1
(4.29) B(x) :== A~179(g) (/ t~1ATI(1) dt> for all x>0,

0

then
(4.30) (X0, X1)0,q,0;7 = (Xo, Xo N X1)0,q,4,5 = (X0, Xo N X1)0,4,B;K-
Remark 4.14. ([57, Remark 1.17]) Note that, under the assumptions of Theorem 4.13,
(4.31) (XOaXl)O,q,a;J = (X07X1)0,q,a;t]§(071)’
(4.32) (Xo, Xo N X1)o,q,4;.0 = (Xo, Xo N X1)o,4,4:750,1)
(4.33) (X0, Xo N X1)o,q,B:5 = (X0, X0 N X1)0,4,B:k:(0,1)-
Corollary 4.15. ([57, Corollary 1.18]) Under the assumptions of Theorem 4.13,
(4.34) (Xo, X1)o,q,a:0 = Xo N (Xo, X1)0,¢,4,5 = Xo N (Xo, X1)0,q,B; k-

The following result is a complement of Theorem 4.8.

Theorem 4.16. ([57, Theorem 1.22]) Let (Xo, X1) be a compatible couple and let a €
SV (0,00) NAC(0,00) satisfy

(4.35) a is strictly decreasing, a(0) =00, a(oco) > 0.
Assume that the function A € SV (0,00) is given by

(4.36) A(z) :=a(z) if x € (0,1], Az) :=ca(z) if x € (1,00),
where a € SV (0,00) N AC(0,00) is such that

(4.37) a is strictly decreasing, «(0) =00, a(oo) =0,
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and c s a positive constant chosen in such a way that A € AC(0,00). If

(4.38) B(x) := —z A'(x) for a.a. x>0,
then
(4.39) (X0, X1)o,1,0;:5 = (Xo, Xo N X1)o,1,4;7 = (X0, Xo N X1)0,1,B:K-

Theorem 4.17. ([57, Theorem 1.23]) Let (Xo, X1) be a compatible couple. If the function a
satisfies the assumptions of Theorem 4.16, then Xo N X is dense in (Xo, X1)0,1,a;7-

Remark 4.18. ([57, Remark 1.24]) Note that, under the assumptions of Theorem 4.16,

(4.40) (X0, X1)0,1,0;0 = (Xo, X1)0,1,a:7:(0,1)5
(4.41) (X0, Xo N X1)o,1,4;,7 = (Xo, Xo N X1)o,1,4:75(0,1)
(442) (X(), XoN X1)07173;K = (X(), XoN Xl)O,l,B;K;(O,l)'

Corollary 4.19. ([57, Corollary 1.25]) Under the assumptions of Theorem 4.16,
(4.43) (X0, X1)0,1,0:7 = Xo N (Xo, X1)o,1,4:5 = Xo N (Xo, X1)0,1,B;K -
There is the following counterpart of Theorem 4.16.

Theorem 4.20 ([57, Theorem 1.19]). Let (Xo,X1) be a compatible couple and let b €
SV (0,00) N AC(0,00) satisfy

(4.44) b is strictly decreasing, b(0) < oo, b(c0) = 0.
Assume that the function B € SV (0,00) is given by

(4.45) B(z):=b(x) ifx € [l,00), B(x) :=c¢pB(z) ifx € (0,1),
where € SV (0,00) N AC(0,0) is such that

(4.46) B is strictly decreasing, [(0) = o0, [(oc0) =0,

and c s a positive constant chosen in such a way that B € AC(0,00). If
(4.47) A(z) == :U(i(/x(l)) for a.a. x>0,

then

(4.48) (X0, X1)0,00,6:5 = (X0, X0 + X1)0,00,B;5 = (X0, X0 + X1)0,00,4;.7-

Remark 4.21. ([57, Remark 1.20]) Note that, under the assumptions of Theorem 4.20,

(4.49) (Xo, X1)0,00,b: = (X0 X1)0,00,6:K5(1,00)
(4.50) (X0, Xo + X1)0,00,B;5 = (X0, Xo + X1)0,00,B:K:(1,00)
Moreover, if [|A(t)]|oo,(1,e) < 00, then also

(4.51) (Xo, Xo + X1)0,00,4;7 = (X0, X0 + X1)0,00,4;.5(1,00)-

We shall also need the next two lemmas.
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Lemma 4.22. If (Xo, X1) is a compatible couple, 6 € [0,1], 1 < g < oo, and w € W(0, c0),
then

(4.52) (Xo, X1)0,q0;k = (X1, X0)1-0,g,01:K

where w1 € W(0,00) is given by

(4.53) wi(z) :==w(l/x) for all z > 0.

Proor. If f € Xo+ X1, then

(4.54) 11l X0, X 0)0gc = I1E07 9w () K (f, £ X0, X1)g,(0,00)-

Making use of (4.1) and a change of variables, we obtain that
RHS(4.54) = [t" "7 (t) K (£, X1, X0) |l (0.00)
= [~y () K (f, 55 X1, X0)lg,(0.00)
= £l (x1.X0)1 0,410y 1
and the result follows. O

Lemma 4.23. If (X, X1) is a compatible couple, 0 € [0,1], 1 < g < oo, and w € W(0, o0),
then

(4.55) (X0, X1)0,q,w:0 = (X1, X0)1-6,g,01:7
where w1 € W(0,00) is given by
(4.56) wy(x) :=w(l/z) for all z > 0.
Proor. If f € Xg+ X7 and
o dt
(4.57) f= / u(t) v (convergence in Xy + X1),
0

with u(t) € Xo N X; for every ¢ > 0, then also

o0 d
f= / ui(s) % with ui(s) = u(1/s) for every s > 0.
0

S

Furthermore,

(4.58) XX 00,000 = E (8707900 (8) T (ult), £ Xo. X1)

q’(07m) )

where the infimum extends over all representation (4.57) of f. Making use of (4.2) and
a change of variables, we get

16707 ()T (u(t), 85 Xo, X1) g 0,00) = 18707 To(t) T (u(t), 74 X1, Xo)llg,(0,00)
= [|s= D" 0wy (5)T (ur(s), 83 X1, X0) |l (0,00
which, together with (4.58), implies that
11 X0,X 000,000 = 11 (X1,X0)1 0,000
Consequently, (4.55) holds. O

A description when the K-space (Xo, X1)g,q B;x with the limiting value # = 1 and
B € SV(0,00) coincides with the J-space (Xo, X1)g,q,4;7 With a convenient A € SV(0, c0)
is given in the following assertion.
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Theorem 4.24. Let (Xo, X1) be a compatible couple and 1 < q < co. If B € SV(0,00)
satisfies

(4.59) /Ow t1BY(t)dt < oo for all x>0, /000 t71BY(t) dt = oo,
and A € SV (0,00) is such that

(4.60) A(z) =~ B~ (z) /w tIBUt)dt  for a.a. x>0,

then :

(4.61) (X0, X1)1,6,8;6 = (X0, X1)1,6,437-

ProoOF. By Lemma 4.22,

(4.62) (X0, X1)1,,8; = (X1, X0)0,,B15K »

with B; given by Bj(z) := B(1/x) for all z > 0.
Using assumptions (4.59) and a change of variables, we can see that

oo oo
/ tT'Bl(t)dt < 0o for all x >0, / t1Bl(t)dt = .
T 0
Thus, we can apply Theorem 4.3 to arrive at
(4.63) (X1, X0)o,g.B1:6 = (XlaXO)o,q,A;w

with A € SV(0, 00) satisfying

(4.64) A(z) ~ BV (2) / h t~1B(t) dt

, 1/x
= B~9/4 (1/x)/ t1BI(t)dt fora.a. x>0.
0

Consequently, by Lemma 4.23,
(4.65) (X1, X0)g,4. 4. = (X0, X1)1.6,45,

with A € SV(0,00) given by A(z) = A(1/z) for all z > 0. Together with (4.64), this implies
that the function A satisfies (4.60).
On using (4.62), (4.63), and (4.65), we also obtain (4.61). O

There is the following counterpart of the previous result.

Theorem 4.25. Let (Xo, X1) be a compatible couple and 1 < q < oo. If A € SV(0,00)
satisfies

(4.66) / t7TATI () dt < 0o for all z > 0, / t7TA™Y () dt = oo,
x 0
and B € SV(0,00) is such that
o -1
(4.67) B(z) ~ A7179(z) / t7 AT (t) dt for a.a. x>0,
then
(4.68) (X0, X1)1,g,4;7 = (X0, X1)1,4,B:K -
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PrRoOOF. By Lemma 4.23,

(4.69) (Xo, X1)1,9,4;.0 = (X1, X0)0,0,41:

with A; given by A;(z) := A(1/x) for all z > 0.
Using assumptions (4.66) and a change of variables, we can see that

/ t AT () dt < 0o for all x>0, / LAY (1) dt = oo
0 0

Thus, applying Theorem 4.5, we arrive at

(4.70) (X1, X0)o,g.41,0 = (Xl?XO)O,q,B;K’
with B € SV (0, 00) satisfying
~ _ // T 7 —1
(4.71) B(z) = A7 q(a:)( / 1A (1) dt)
0
’ o0 , —1
=A"1 /q(l/x)(/ AT (1) dt) fora.a. x>0.
1/z

Consequently, by Lemma 4.22,
(4.72) (XbXO)o,q,B;K = (Xo, X1)1,4,B;K

with B € SV(0,00) given by B(z) = B(1/x) for all z > 0. Together with (4.71), this
implies that the function B satisfies (4.67).
On using (4.69), (4.70), and (4.72), we also obtain (4.68). O

We continue with discrete characterizations of spaces (Xo, X1)g,q.0:x and (Xo, X1)g,q.6:7-
To this end we shall use the following assertion.

Lemma 4.26. If0 € [0,1], and b € SV (0,00), then there are positive constants c1,co such
that
C1
20
PROOF. Since the function ¢ — tb(t), ¢t € (0, 00), is equivalent to a non-decreasing function,
there is a positive constant kq such that
2Mb(2™) < kytb(t) for all m € Z and t € [2™, 2™ 1),

which implies that

27m0p(2M) < t70(t) < 2 27™H(2™)  for all 6 €[0,1], m € Z and t € [2™,2™F).

b(2™) _ th(t) _ 2mtip(t
(4.73) (k1 ) < 2;) < 2m( ) _ 2b(t) for all m € Z and t € [2™,2™T1).
Analogously, since the function ¢ — @, t € (0,00), is equivalent to a non-increasing
function, there is a positive constant k9 such that
b(t b(2™ 2m+l
b(t) = t(t) <tk (2m ) < ko o b(2™) = 2ko b(2™) for all m € Z and t € [2™,2" 1),
which, together with (4.73), implies that
b(2m) m m om+1
(4.74) ok < b(t) <2k b(2™) for all m € Z and ¢ € [2™,2™7).
1
Moreover, the function ¢ — t=%, t € (0, 00), with @ € [0, 1], is non-increasing. Consequently,
(4.75) 2™ <0< (277 forall meZand te[27,27).
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Using estimates (4.74) and (4.75), we arrive at

—o b(2™ _
(2m*) o (%) <t %(t) < (2™) 9 9kyb(2™) forall 6 €[0,1], m € Zand t € [2™, 21,
1
and the result follows (with ¢; = 1/(2k;1) and co = 2k2). O

Lemma 4.27. If (Xo, X1) is a compatible couple, 6 € [0,1],1 < g < 0o, and b € SV (0, 00),
then there are positive constants cq,co such that

Cl m m
(4.76) 25 2)Y7{E(f,2")bmezllng o0 < [ fllognr < 2e2(0 )V |{E(F, 2" mezlng

forall f € Xo+ X1, 0 €]0,1], and 1 < g < 0.

In particular, given f € Xo+X1, then f € (Xo, X1)a,g0:x if and only if {K(f,2™)}mez €
Ao,q,p and
(4.77) [ fllo.gb:x = HE(f,2™) }mezllng 40

for all f € (Xo,X1)o,gb:, 6 €[0,1], and 1 < g < o0,

PRrOOF. Let f € X+ X;. Using properties of the K-functional (cf. Lemma 4.1), we obtain
K(f,2™) < K(f,t) <2K(f,2™) forallm € Z and t € [2™,2™+1).

Together with Lemma 4.26, this implies that

(4.78) % 27 2MVK (f,2™) < t7b(t) K (f,t) < 2¢2 27 ™0b(2™) K (f,2™)

for all @ € [0,1], m € Z and t € [2™,2™F1).
Hence, if 1 < g < oo, then
Cl 5—mb m my )¢ 2 —0 th
(4.79) (? 2-mOp(2M) K (f, 2 )) In2 < (- BOK (£.0)"

2m
< (2c2 2= mIp(2M K (f, 2m))q In?2,

which implies that

% (In2)V/a ( S (2 bEmK (). Qm))q> 1/q
meZ
< ”f”@,q,b;K
<22 (X @ emK(r2m))
meZ

i.e,
C1
55 W2V I{E (2" mez v, < I flloguae < 200 2)Y7{E(F,2") bmezll g,

for all f € Xo+ X1,0€[0,1] and 1 < g < 0o, which is (4.76) with 1 < ¢ < oo.
Furthermore, if ¢ = oo, then using (4.78), we obtain

% 27MIp(2™MVK (f,2™) < esssup t () K(f,t) < 2¢p 27™B(2™) K (f,2™) for all m € Z,
te[2m 2m+1)

which immediately gives

C1
20 LK (f, 27 ) bmezling o0 < I fllo.qsre < 262l {E(f, 27 b mezllng,q,0
for all f € X+ X1, 6 €[0,1], and g = oo, which is (4.76) with ¢ = co. O
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Lemma 4.28. Let (Xo,X1) be a compatible couple, § € [0,1],1 < ¢ < o0, and b €
SV (0,00). Then f € (Xo, X1)g,qp.5 if and only if there exist u,, € XoN Xy for allm € Z
such that

(4.80) f= Z U, (convergence in Xo + X1)
meZ

and

(4.81) {J(um, Qm)}mez S )\G,q,b‘

Moreover, there are positive constants ci,co such that

. 20 ,
0@@#’Slan{J(um»2mJ}mezHAambSQE[UHQV/qHfHamMJ

@s2) ooV |f

for all f € (Xo,X1)0,4.7, 0 € [0,1], and 1 < g < oo, where the infimum is extended over
all sequences {um tmez satisfying (4.80) and (4.81).

PROOF. Let f € (X(),Xl 0,q,b;J and

(4.83) f= / (convergence in Xy + X1),

2m+1

where u : (0,00) = XoNX; is a strongly measurable function. Putting u,, = [5,,  w(t)dt/t

for all m € Z, we see that (4.80) holds. Since

2m+1 2m+1

gm+1
“(t)%ﬂm) S/ J(u(t), 27”)% </ J(u(t),t)@

m m t

(4.84) J(upm, 2™) = J(/

for all m € Z and t € [2™,2™1) we get

m

2m+1 dt
@) ezl < | [ .07
meZ Xo,q,b
If 1 < ¢ < o0, then, by Lemma, 4.26,
gm+1 ar )\’ 1/q
(4.86) RHS(4.85) = (Z <2m9b(2m) / J(u(t),t)) )
gm t
meZ
m 1/q
29 om+1 . dt q
<= t7(t) J(u(t), t)— .
_<mZZ</m ()T (u(t), 1)

Moreover, by the Jensen inequality,

</ . t—eb(t)J(u(t),t)tlder> : /;Mlu-%(t)J(u(t),t))q g foralmes

m m tin?2

Together with (4.86) and (4.85), this gives

m 20 "N —0—
I{T (i, 2™) mezling o0 < a(mz)l/q £ 9b(t)T (u(t), 1) g,(0,00)

which implies (4.81). Thus, taking the infimum over all sequences {u, } mez satisfying (4.80)
and (4.81), we get the second inequality in (4.82) for all f € (Xo, X1)g,4.:7, 0 € [0,1], and
1<q < oo
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If ¢ = oo, then, using (4.85) and Lemma 4.26, we obtain

2'm+1 dt 29 27n+1 dt
RHS(4.85) = sup 2—m9b(2m)/ J(u(t),t)— < = sup / t=0b(t)J (u(t), t)—.
meZ m t Cl meZ t

Since (cf. [58, Lemma 5.5, p. 47])

t70(t) J(u(t),t) < esssup s %b(s)J(u(s),s) for all m € Z and for a.a. t € 2™, 2+,
se[2m,2m+1)

we arrive at
2m+1
(4.87) RHS(4.85) = sup 2-™0b(2™) / Tl
meZ 2m
20 o
< —(In2) sup esssup s "b(s)J(u(s),s)
C1 meZ se<2m 2m+l)

20 e
25(1112) B l/qb(S)J(u(S)aS)Hq,((),oo)'

Together with (4.85), this gives
m 29 —6—
H{J(um,Q )}mez”Ae,q,b < a(ln 2) HS ? l/qb(s)J(u(s)75)”(1,(0,00)7
which implies that the second inequality in (4.82) holds for all f € X, X1)g,4.4.7, 0 € [0,1],

and g = o0
Conversely, assume that

(4.88) f= Z U (convergence in Xo + X1),
meZ
where u,, € Xo N Xy for all m € Z, and
(4.89) {1 (um; 2™) Ymez € Mg ,gb-
Putting
(4.90) u(t) = 1“—”; if 2m<t<2mand mez,
n
we get u : (0,00) = Xo N X1 and
gm+1 [e'e)
U, dt dt
= == t)—.
= Zu Z/ log2 t /Ou()t
meZ meZ
Thus,
(4.91) 1F No.qss < ¢~ 9b() T (u(t), )]l 4,(0,00)-
If 1 < ¢ < oo, then using (4.90), we obtain
2m+1 1/q
U q dt
HS (491 07 (551) 7
RHS(4.9 (Z/ gt t)
meZ
2m+1 1/q
qdt
"2 (Z/ (“m’t)> t) ‘
Together with the estimate
(4.92) Tty t) < 2J(um,2™) for all m € Z and t € [2™, 2™ 1),
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and Lemma 4.26, this implies that

2m+1 1/(]
)

(4.93) RHS(4.91) < - o (
meZ

1/q
- % ca (In2)1/ (Z (2—m9b(2m)J(um,2m))q>

MEZ
= 2c5(I02) ™V |[{T (ttn, 27) ezl ng .-

Combining estimates (4.91) and (4.93), we arrive at

1 :
@(1112)1/‘] [ llo.q.b.r < IH{J (wm, 2™) ymezllng .00

and taking the infimum over all sequences {um, }mez satisfying (4.88) and (4.89), we get
the first inequality in (4.82).
If ¢ = oo, then, by (4.90),

RHS(4.91) = sup esssup s “b(s)J(u(s),s)

mez sezm 2am+1)

1
— sup esssup s 7b(s)J (upm, s).
1112 meZ 86[27” 2m+1)

Using estimate (4.92) and Lemma 4.26, we obtain

2
(4.94) RHS(4.91) < ——¢y sup  esssup 27 "™b(2™)J (uy,, 2™)
ln meZ s€[2m72m+1)

2
= 2—m0p(2m) J om
= o S (2™)J (tm,2™)

2 m
= 52 I (s 2™ ezl

Combining estimates (4.91) and (4.94), we arrive at

1
26, 22 [ fllo.gps < {7 (s 27) mezllng .00

and taking the infimum over all sequences {u,, }mez satisfying (4.88) and (4.89), we get
the first inequality in (4.82). O

Remark 4.29. Note that the constants ¢; and ¢y in Lemmas 4.27 and 4.28 are the same
as those in Lemma 4.26 and thus they depend only on the function b € SV (0, c0).

We shall also need the following assertion.

Lemma 4.30. Let 0 € [0,1], 1 < g < o0, and a € SV(0,00). Then

(4.95) Htefl/ql a”'(t) min {1,

< 00,
if and only if

(496) {mln{l, 2m}}m€Z c )\1_97q/7a—1 .
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Proor. Note that
1 1
(4.97) 3 min{l,¢} < 3 min{1,2™"} < min{1,2™} < min{1,t}

for all m € Z and t € [2™,2mF1).
If 1 < ¢ < oo, then, using Lemma 4.26 and (4.97), we obtain

H{mm{lem}}mez‘ — (Z (2_m(1—9)a—1(2m) min{172m})q’>1/(1/
Mg, meZ
m1 ,
~ (mzezz@m(l@)a1(2m)min{1,2m})q//i ?)Uq
m41 /
~ (X /i (0001 (1) min{1,t})Q"it)1/q
meZ

— (/OOO GE ) min{l,t_l})q/it)l/ql

= Htefl/q,afl(t) min{1,¢'}|

q',(0,00)’
and the result follows.
Assume now that ¢ = 1. Then, by Lemma 4.26 and (4.97),

H{min{l, 2m}}mez‘ \ = sup 270794712 min{1,2™}

1—6,q",a=1 mEZ

~sup esssup ¢ 7Da7(¢) minf1, ¢}
meZ SG[Q’VVL’2"L+1)

= ([t Da" () min{1, ¢} o/, (0,50)
= Htefl/q/afl(t) min{1, ¢ '}|

q . (0700) 9
and the result follows. O

Theorem 4.31. Let (Xo, X1) be a compatible couple, 6 € [0,1], 1 < g < 00, and let XoNX;
be dense in Xo and Xi. If a € SV (0,00) satisfies condition (4.95), then
(4'98) (X07X1>/9,q,a;J - (X{7X(/))1—9,q’,a*1;K~

ProoOF. By Theorem 2.5, condition (4.95) guarantees that the space (Xo, X1)g,q,q;7 is a Ba-
nach space, which is an intermediate space between X and X;. In particular,

(4.99) XoN X1 (Xo, X1)0.g.0.7-
Moreover, by (2.16),

(4.100) (XoN X1) = X+ X1.
Let 0 # f' € (X0, X1) 4,07+ By (4.99) and (4.100),
(4.101) e X+ X1.

Since K (f',2™; X{;, X]) is the equivalent norm on X, + X{ for every m € Z, from (4.101)
we see that

(4.102) 0< K(f,2™: X}, X}) < .
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Given € > 0 and m € Z. Then (2.14) implies that there is w,, € Xy N X such that

!/
(4.103) K(f,27™ X}, X!) — emin {1,27™} < M
Choose a sequence of numbers 7 := {7y, }mez € Mg g4, and put
(4.104) fr= Z Um (convergence in Xy + X1),
meZ
where
(4.105) U = "0 XN X for all m € Z
’ T T (wi, 2M) 0 b ’
Then
T W 0\ /1
m _ —mb m mWm m
Gt 2"zl = (g}z (2ot (s om)) )
q\ /4
= (Z (rm%(gm)TmJ(w zm)> )
meZ J(wm’ 2m)

= [{mmtmezllrg 4.0 < o0
Thus, by Lemma 4.28,
(4.106) fre (X0, X1)ogas  and  |[frllogas S IH{mmbmezlrg,.. -
Consequently,
(4.107) [ < M o xyy oy 16,0000

S N xo,xyy oy I 7m b mezling .o
Moreover, by (4.104), (4.105), and (4.103),

f wm>
4.1 3 .
(4.108) (flofy = 7 Ton o)
meZ
> ZTm (f,27™; X}, X]) — emin{1,27™}).
meZ

Together with (4.107), (4.106), and the fact that
K(f,27™ X3, X1) =2""K(f',2™; X1, X{),
this implies that

S 2 (K (27 X0, XG) — emin {1,27)) S [ lxoxryy, o H{Tmbmezllng, .
meZ

ie.,
(4.109) Do 2K (27 X1, X0) S U ko xay, ., IHTm bmezling. .o
meEZ
+e) 277, min {1,27}.
meEZ
By Remark 2.8,
S 27 min {1,27) < {7 dmezling,, Hmin {1, 2" ezl , . -

meZ
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Since, by our assumption (4.95) and Lemma 4.30,
c:= H{min{l,Zm}}mezH,\lie!q,’ail < 0.
we get from (4.109) that
Do 27K (275 X5, X0) S (1 N ixo.xyy, oy +¢8) HTmbmezllng g -
meZ

for all positive ¢, all sequences 7 := {7y }mez € No,q,o and all f’ € (Xo, Xl)lH,q,a;J‘ Together
with Remark 2.8, this implies that

(4110)  [KE(f 2™ X1, X0 A,y e S I o, x0
By Lemma 4.27,

all f/ S (XO-;Xl)g’q’a;J-

a;J

LHS(4.110) % 1/l (x7.x0), o101 -
This estimate and (4.110) show that embedding (4.98) holds. O

Theorem 4.32. Let (Xo, X1) be a compatible couple, 6 € [0,1], 1 < g < o0, and let XoNX;
be dense in Xo and X1. If b € SV (0,00) satisfies

4111 =04 ap(e) min {1,471} < 0o,
(4.111) (ymin {1 L] ) <
then

(4.112) (X0, XD1-0,7-155 = (X1, X0)f g pixc-

Proor. By Theorem 2.5, condition (4.111) guarantees that the space (Xg, X1)1_g47p-1.7
is a Banach space (which is intermediate between spaces X{, and X7).
Since
tmin{1,t 7'} = min{1,¢} for all ¢t >0,
it is clear that condition (4.111) is equivalent to

Ht 0=1/ap(t) min {1, t}H < 00.
q7 )
Consequently, by Theorem 2.4, the space (Xl,Xo)97q,b; K is also a Banach, space (which is
intermediate between spaces Xy and X7).
Let f" € (Xg, X{)1-0,475-1,7- By Lemma 4.28, there are u;, € XN X for all m € Z
such that

(4.113) = Z ur, (convergence in X, + X7),
meZ
(4'114) H{J(u/rm 2™, X(/h Xi)}mGZH)\I_G’q/’b—l < o0,
and
(4.115) HfIH(X(’),X{)liqu,,b,l;J ~ inf ||{J(u),,, 2m)}m€ZH)\179’qab717

where the infimum extends over all sequences {u), }mez satisfying (4.113) and (4.114).
By (2.15), for any f € (X17XO)9,q,b;K7

(4.116) (A< T, 27™ X, X0) K (f,2™; X1, Xo)
meZ
= > 27 (u,, 2™ X4, X1 K (f,2™; X1, Xo).
meZ
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Since, cf. Remark 2.8, A\g 4 and A\;_g ,/;-1 are dual spaces via the duality » 27" au,[m,
we get et
RHS(4.116) < [[{ (1, 27 Xps X bmezlln, s K (.27 X1, Xo) bmezng 0
Now, by Lemma 4.27,
ILE(f, 2™ X1, Xo) bmezllng o0 = 1 l(x1,X0)0 g0 Tor all f € (X1, Xo)o,q:5¢-
Together with (4.116), this implies that
1 ooy e S M (0 27 X0, XD Ymezln,_, e for all £ € (X5 XD)1-g 000 1

Thus, using (4.115) and taking the infimum over all sequences {u, }mez satisfying (4.113)
and (4.114), we arrive at

”f/H(X1,X0)9 bR ™ ||f H X4 X/)1 0,417 for all f/ € (X(,bX{)l—G,q’,b*l;Ja
which means that embedding (4.112) holds. O

Lemma 4.33. ([56, Lemma 11.2]) Assume that 1 < ¢ < co.
(i) Let b € SV(0,00) be such that

(4.117) / t709(t)dt < 0o for all x>0 and / t~1p9(t) dt = oo
0

If

(4.118) a(x) := b_q/q,(x)/ t=1p(t)dt  for all x>0,

then a € SV (0, 00),
(4.119) / tYa~ (t)dt < 00 for all x>0 and / t~ a9 (t) dt = .
0 0

Moreover,

(4.120) b(x) ~ a_q//q(a:)</0m t~ a7 (1) dt)i1 fora.a. x>0

and

z , 1/q’ oo 1/q 1 1/q’

-1 _—q —13q —
(4.121) (/0 t™a™ 9 (t) dt) (/x tb4(t) dt) <q’ — 1) for all x> 0.
(ii) Let a € SV(0,00) be such that (4.119) holds. If

(4.122) b(x) := a_q//q(x)</ox t~ a7 (1) dt)i1 for all x>0,
then b € SV (0,00) and (4.117) is satisfied. Moreover,

(4.123) a(z) = b~ (z) /OO t~19(t)dt for a.a. x>0,
and ’

(4.124) (/m tta=' (1) dt)l/q/(/oo t~1b9(t) dt)l/q = (qll)l/q for all x> 0.
0 T -

Lemma 4.34. If (X, X1) is a compatible couple and XoN X, is dense in Xo and X1, then
Xo N Xj is also dense in Xog + X7.
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PROOF. Let f € Xg+ X7 and f = fo + f1, where f; € X;,7 = 1,2, and let € > 0. Since
XpN X is dense in Xy and X7, there are g; € Xg N X, satisfying

lfi —gill <e/2, i=1,2.
Putting g := gg + g1, we see that g € Xy N X1, and
1 = gllixo+x: = mf{{lhollxe + [1hallxy = f =g = ho+ M},
where the infimum extends over all representation f — g = hg + hy of f — g with h; € X;,
i=1,2.
Since f — g = (fo—g0) + (/1 = g91), fi — gi € Xi, i=1,2, we get
1f = gllxo+x: < [lfo = gollxo + 11 —g1llx, <e/2+e/2=e.

Consequently, Xg N X7 is dense in Xy + X7. O

Theorem 4.35 (cf. [3, Chap. V, Theorem 4.12, p. 339]). If 1 < p < oo, then
K(f,t; Ly(R™), Wy (R")) = min{1, ¢}|[ f ]|, + w1 (f, ),
for all f € Ly(IR™) and all t € (0,00).

5. PROOF OoF THEOREM 3.1
We claim that condition (4.95) of Lemma 4.30 is satisfied with 6 = 0. Indeed,
[t a7 (#) min{ 1, e Hlgr000) < 1Y@ ) lgr0,0) + 1Y a7 () llg 1,00
=11 + Is.

Note that I3 < oo by Lemma 2.1 (i) and (iii). If 1 < ¢ < oo, then I} < oo by Lemma 4.33 (i).
If ¢ =1, then

(5.1) a(x) = / t~'b(t)dt for all = > 0.

Thus,
1 o0 1 -1
B =10 Ollwgon = ([ b0d) " <o,

and our claim follows.
Applying Theorem 4.31 with § = 0, we obtain

(5'2) (X07X1)6,q,a;J — (Xi’X(/])l,q’,a—l;K'
Now we claim that also condition (4.111) of Theorem 4.32 with 6 = 0 is satisfied. Indeed,
(5-3) £ =40 (t) min{L, ¢ Hig 0,.00) < 167900 g, 0,1) + 17 90(0) 1g,(1,00)-

The first term on RHS(5.3) is finite by Lemma 2.1 (iii), while the second one by (3.1).
Using Theorem 4.32 with § = 0, we arrive at

(5.4) (XLX(I))l,q’,b*l;J — (X07X1)6,q,b;K'

Further, by Theorem 4.3,

(5.5) RHS(5.4) = (XO,Xl)f),q,b;K = (X0, X1)0,g.0.7 = LHS(5.2).
Now we are going to show that RHS(5.2)=LHS(5.4), i.e.,

(5.6) (Xia X(,))l,q’,a—l;K = (X{7 X(/))l,q’,b_l;J'

To verify (5.6), we consider two cases:
27



Let 1 < ¢ < co. Then we apply Theorem 4.24 with B :=a~!, A := b~!, with ¢ replaced
by ¢’, and with (Xo, X1) replaced by (X{, X()). Note that then (4.59) reads as (4.119), and
(4.60) reads as(4.120). But (4.119) and (4.120) hold by Lemma 4.33 (i). Thus, (5.6) is true
by Theorem 4.24.

If ¢ = 1, then ¢/ = oo and the function a is given by (5.1). Now we make use of
Theorem 4.25 with A := b=1, B := a~!, with ¢ = oo and with (X, X;) replaced by
(X1, X{). Note that then (4.66) holds by our assumption (3.1), while (4.67) follows from
(5.1). Thus, (5.6) holds by Theorem 4.25.

Using (5.5), (5.2), (5.6), and (5.4), we obtain

(X07X1)6,q,b;K = (X07X1)6,q,a;J — (Xiv X(/))l,q’,a—l;K
= (Xiv X(/))l,q’,b—l;J — (XOv Xl)/O,q,b;K'
Consequently,
(5.7) (Xoy X0 gire = (X1, X0 1.0m0-120 = (X0, Xb) 1970110
Furthermore, by Lemmas 4.23 and 4.22,
(Xi’X(/J)Lqu‘I;J - (X(/)’X{)O,q’,E;J and (Xi’X(/J)LqCa‘l;K = (X0, X1)o,qtaik-

Together with (5.7), this gives (3.3). O

6. PROOF OF THEOREM 3.2

Since 1 < ¢ < 0o and a € SV(0, 00) satisfies

(6.1) /Ox t7ta~ (1) dt < 0o for all x>0, /000 t~ta= (t) dt = oo,
we can apply Theorem 4.5 to get

(6.2) (X0, X1)0.g.0:0 = (X0, X1)0,9.0: ¢

where

(6.3) b(x) = aql/q(:n)</oz t~ta= (1) dt>_1 for all > 0.
Moreover, by Lemma 4.33 (ii),

(6.4) /oo t719(t) dt < co for all x>0, /OOO t71p9(t) dt = oo,
and

a(x) ~ b_‘Z/q/(x)/ t~1p9(t)dt, for a.a. x> 0.

xT

Thus, by Theorem 3.1,

(6'5) (XO’ Xl)é),q,b;K = (X(/)7 Xi)O,q',B;J = (X(/)’ X{)O,q’,&;K’
where where a(x) := m and b(z) := ﬁ for all z > 0. Now (6.2) and (6.5) imply that

(X07X1)6,q,a;J = (X(/NXDO,Q',&;K = (X(/)’Xi)o,q’,l;;J’
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7. PROOF OF THEOREM 3.3

Let the function a satisfy the assumption of Theorem 3.3 and let b € SV (0, 00) be given
by (3.8). Then, by Theorem 4.8,

(7.1) (Xo, X1)o0,1,0;5 = (Xo, X1)0,1,0: -

Solving differential equation (3.8) and using the condition a(co) = 0, we arrive at
o0
(7.2) a(x) == / t~1b(t)dt for all z > 0.
xT

Moreover, condition (3.7) implies that the function b satisfies condition (3.1) with ¢ = 1 of
Theorem 3.1. Thus, on using this theorem, we arrive at

(73) (X07 Xl)z],l,b;K = (X(l)a X{)(),oojj;J = (X(/b X{)O,oo,?z;Ka

where b(z) := ﬁ and a(x) := m for all z > 0. Now, by (7.1) and (7.3),
(X(]le)/O,l,a;J = (X67X1)07007d;K = (X67X{)0,OO,B;J7

and the proof is complete. O

Remark 7.1. In the proof of Theorem 3.3 one can apply Theorem 4.3 instead of Theo-
rem 4.8. Indeed, making use of (7.2) and the fact that condition (3.7) implies that the
function b satisfies condition (4.5) with ¢ = 1 of Theorem 4.3, one can get (7.1) from
Theorem 4.3.

8. PROOFS OF THEOREM 3.4 AND REMARK 3.5
I. Proof of Theorem 3.4. By Theorem 4.10,

(8.1) (Xo, X1)0,0.6:5 = (X0, Xo + X1)0,¢,B;K-
The function B satisfies (cf. (3.11), (3.10), and (3.12))

oo oo
(8.2) / tT'BI(t)dt < 0o for all x >0, / t71BY(t) dt = .

T 0
Thus, using (8.1), Lemma 4.34, Theorem 3.1 (with (Xo, X1) replaced by (Xo, Xo+ X1) and
with B, A instead of b,a), and (2.16), we arrive at
(8.3) (X0, X1)0,0.0:x = (X0, Xo + X1)0,4.5:
= (X0, X0 N X1) g g18:0 = (X0, Xo N X114k
Moreover, by Corollary 4.12,
(8.4) (X0, X1)o.g.5:5 = Xo + (X0, X1)o,,8:5 = Xo + (X0, X1)o,g,457-
By Theorem 2.4 (i),
XoN X1 — (Xo, X1)0,4,B:K-

Thus,
(85) XoNXy—= XoN (XO,Xl)O,q,B;K-

By our assumption, Xy N X; is dense in Xy, and, by Theorem 4.4 (with b replaced by
B), Xo N X; is dense in (X, X1)0,4,B:x. Together with embedding (8.5), this shows that
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Xo N (Xo,X1)o,4,B;Kk is dense in X and in (Xo, X1)o,q,8:x. Therefore, we can apply (2.16)
(with Xo, X; replaced by Xo, (Xo, X1)o,4,B:Kx) to get that

(8.6) (Xo + (X0, X1)o.q.8:6)" = X0 N (X0, X1)0,4,5,5-
Moreover, by Theorem 3.1 (with B and A instead of b and a),

(8.7) (X0, X1)0.0.8: = (Xll)in)O,q{B;J'

Using (8.4), (8.6), and (8.7), we arrive at

(8-8) (Xo, Xl)g),q,b;K = X(,) n (X(/)»X{)o,qu;J-

Let 1 < g < co. Then the function A satisfies
z ! o0 /
(8.9) / 147 () dt < 00 for all T > 0, / 1A= (1) di = oo,
0 0

which follows from Lemma 4.33 (i) (with b and a replaced by B and A). By Theorem 2.5 (i),
XoN X1 = (Xo,X1)o0,g,4:7-

Thus,

(8.10) XoN X1 = XoN (Xo, X1)0,q,4:7-

By our assumption, Xy N X is dense in Xy, and, by Theorem 4.6 (with A instead of a),
Xo N X is dense in (Xo, X1)0,9,4;7. Together with embedding (8.10), this shows that Xy N
(X0, X1)0,g,4;7 is dense both in X and in (X, X1)o4,4.7. Therefore, we can apply (2.16)
(with Xo, X7 replaced by Xo, (X0, X1)0,4,4:7) to get that

(8.11) (Xo + (X0, X1)o,,4.7)" = Xo N (X0, X1),4,4,-
Moreover, by Theorem 3.2 (with A and B instead of a and b),
(8.12) (X0, X1)0,9,4.0 = (X0, X1 g 14
Using (8.4), (8.11), and (8.12), we arrive at

(8.13) (X0, X1)o,g0:5 = X0 N (X0, X1)g g1 dxc-

Let ¢ =1. Then ¢/ = oo and
A(z) = / t71B(t)dt for all z > 0.

Hence, A € SV (0,00) N AC(0, 00) satisfies
A is strictly decreasing, A(0) = o0, A(cc) =0,

and
B(x) := -z A'(z) fora.a. z>0.

Consequently, by Theorem 4.9 (with A instead of a), Xo N X; is dense in (Xo, X1)0,1,4,7-
Therefore, as in the case that 1 < ¢ < oo, we obtain that (8.11) holds with ¢ = 1. Moreover,
Theorem 3.3 (with A, and B instead of a, and b) implies that (8.12) holds with ¢ = 1. Thus,
on using (8.4), (8.11), and (8.12), we see that (8.13) remains true if ¢ = 1.
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Applying Theorem 4.13 (with X, X replaced by X|), X{ and with ¢, a, o, and A replaced
by ¢’,b, 3, and B, respectively 1), we obtain
(X(l)a Xi)[)g{l};] = (X(/)vX(/) N Xi)qq;B;J = (X(,)yX(l) N Xi)(),q;A;K;
which, together with (8.3), (8.8) and (8.13), implies that (3.14) holds. O
II. Proof of Remark 3.5. Equality (3.15) holds by (4.22), while (3.16)-(3.18) follow from

Remark 4.14 (used with X}, X} instead of Xg, X and with ¢/b, B, and A instead of ¢, a, A,
and B, respectively). O

9. PROOFS OF THEOREM 3.6 AND REMARK 3.7
I. Proof of Theorem 3.6. By Theorem 4.13,

(9.1) (X0, X1)o,q,a57 = (Xo, Xo N X1)0,q,4;7-
The function A satisfies (cf. (3.20), (3.19), and (3.21))
(9.2) /Ozt—lA—fI'(t) dt < oo forall z >0, /OOO t7TATY (1) dt = .
Thus, using (9.1), Theorem 3.2 (with (X, X1) replaced by (X, Xo N X1) and with A, B
instead of a,b), and (2.16), we arrive at
(9.3) (X0, X1)0,g,0:0 = (X0, X0 N X1)0,g,4,7
= (X0, (Xo N X1))g grix = (X0, (Xo N X1))g 4155
= (X0, X0 + X1)o 140 = (X0, X0 + X1)g 15,7 -
Moreover, by Corollary 4.15,
(9.4) (Xo, X1)0,g,a:0 = Xo N (X0, X1)0,,4,0 = Xo N (Xo, X1)0,¢,B;K-
As in the proof of Theorem 3.4, one can show that XN (X, X1)o,4,4.7 is dense both in Xy
and in (Xo, X1)0,4,4:7. Therefore, applying (2.16) (with X, X; replaced by Xo, (Xo, X1)0,4,4:7),
we arrive at
(9.5) (Xo N (X0, X1)o,q,4.)" = Xo + (X0, X1)0,.4.-
Moreover, by Theorem 3.2 (with A and B instead of a and b), (8.12) holds. Using (9.4),
(9.5), and (8.12), we arrive at
(9.6) (Xo, Xl)i),q,a;J = X(/) + (Xév Xi)o,qu;K-

Making use of (9.2), (3.22), and Lemma 4.33 (ii) (with a and b replaced by A and B),
we obtain that (8.2) holds. As in the proof of Theorem 3.4, one can show that Xy N
(X0, X1)0,g,B:k is dense both in Xy and in (Xo, X1)o,q,8;x. Therefore, applying (2.16)
(with X, X7 replaced by Xo, (Xo, X1)0,4,B:x), We get

(9.7) (Xo N (Xo, X1)o,4,8:5)" = Xg + (X0, X1)0,4,8,-
Moreover, by Theorem 3.1 (with B and A instead of b and a), (8.7) holds. Relations (9.4),
(9.7), and (8.7) imply that
(9'8) (XU’ Xl)B,q,a;J = X(/) + (X(l)’ Xi)(),q{é;] :
1 Note that (3.13) implies

-1

A(z) == (B)" 7 () </O tYB) () dt> for all >0,

which is (4.29) with the above mentioned replacement in Theorem 4.13.
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Applying Theorem 4.10 (with Xo, X; replaced by X{, X{ and with ¢,b, 8, and B replaced
by q’,a,a, and A, respectively 2), we obtain
(X(S,Xi)O,q{&;K = (X(/)aX(/) + X{)O7q:A~;K = (X(/%Xé + Xi)o,qgé;w
which, together with (9.3), (9.6), and (9.8) shows that (3.23) holds. O
II. Proof of Remark 3.7. Equality (3.24) holds by (4.31), while (3.25)-(3.27) follow from
Remark 4.11 (used with X, X{ instead of Xy, X and with ¢!a, A, and B instead of ¢, b, B,
and A, respectively). O

10. PROOF OF THEOREM 3.8 AND AND REMARK 3.9
I. Proof of Theorem 3.8. By Theorem 4.16,

(10.1) (Xo, X1)0,1,0;5 = (X0, Xo N X1)o,1,4;7-
The function A € SV(0,00) N AC(0, 00) satisfies
(10.2) A is strictly decreasing, A(0) = oo, A(c0) = 0.

Thus, using (10.1), Theorem 3.3 with (Xo, X;) replaced by (Xo, Xo N X;) and with A, B
instead of a,b), and (2.16), we arrive at

(10.3) (X0, X1)0,1,0.0 = (X0, Xo N X1)01,4,
= (X0, (Xo N X1))g 00,4k = (X05 (X0 N X1) )0 00,57
= (X0, X + Xi)o,OO,A;K = (X0, X + Xi)O,oo,B;J‘
Moreover, by Corollary 4.19,
(10.4) (X0, X1)o0,1,a:0 = Xo N (X0, X1)o,1,4;0 = Xo N (X0, X1)0,1,B:K-
By Theorem 2.5 (i),
XoN Xy — (Xo, X1)o0,1,4.7-
Thus,
(10.5) XoNX; — XoN(Xo, X1)0,1,4,7-

By our assumption, Xy N X is dense in Xy, and, by Theorem 4.9 (with A instead of a),
Xo N X is dense in (Xo, X1)0,4,4;7. Together with embedding (10.5), this shows that Xy N
(Xo0,X1)0,1,4;7 is dense both in Xy and in (X, X1)0,1,4;7. Therefore, we can apply (2.16)
(with Xo, X7 replaced by Xo, (Xo, X1)0,4,4:7) to get that

(10.6) (Xo N (X0, X1)o1,4:)" = Xg + (X0, X1)p,1,4,-
Moreover, by Theorem 3.3 (with A and B instead of a and b),
(10.7) (X0, X1)0,1,4,0 = (X, X1)
Using (10.4), (10.6), and (10.7), we arrive at

(10.8) (X0, X1)0,1,4,0 = X + (X0, X1)g 00, 4

0,00,A;K'

2 Note that (3.22) implies

B(z) == (A)~(z) /OO YA (t)dt for all z > 0,

which is (4.20) with the above mentioned replacement in Theorem 4.10.
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Solving differential equation (3.31) and using the condition A(co) = 0, we obtain that
o0
(10.9) A(z) == / t1B(t)dt for all 2 > 0,
x

which, together with the condition A(0) = oo, implies that

oo oo
(10.10) / t7'B(t)dt < 0o for all x>0, / t'B(t) dt = cc.

x 0
By Theorem 2.4 (i),
XoN X1 = (Xo,X1)o0,1,B:K-

Thus,

(10.11) XoNX1— XpN (X(), Xl)O,l,B;K-

By our assumption, Xy N X is dense in Xy, and, by Theorem 4.4 (with B instead of b),
Xo N Xy is dense in (Xo, X1)o,1,B;x- Together with embedding (10.11), this shows that
Xo N (Xo,X1)o,1,B:k is dense both in X and in (Xo, X1)o,1,B;x. Therefore, we can apply
(2.16) (with Xo, X1 replaced by Xo, (X0, X1)o,1,B;x) to get that

(10.12) (Xo N (X0, X1)o,1,55)" = Xg + (Xo, X1)0,1,B:-
Moreover, by Theorem 3.1 (with B and A instead of b and a),
(10.13) (X0, X1)01..c = (X(/]vX{)O,oo,B;J'
Using (10.4), (10.12), and (10.13), we arrive at
(10.14) (X0, X1)0,1,0:0 = X0+ (X05 X1)g 00,5,
Applying Theorem 4.20 (with X, X replaced by X{,, X{ and with b, 8, B, and A replaced
by @, @, A, and B, respectively ),
(Xé, X{)O,oo,&;K = (X(,)a X(,) + Xi)(]}gq/i;}( = (X(,)v X(/) + Xi)o,oo,B;Ja
which, together with (10.3), (10.8), and (10.14), shows that (3.32) holds. O
IT. Proof of Remark 3.9. Equality (3.33) holds by (4.40), while (3.34)-(3.36) follow from

Remark 4.21 (with X, X; replaced by X{, X{ and with b, 3, B, and A replaced by a, &, A,
and B, respectively). O

11. PROOFS OF THEOREM 3.11
Assume that all the assumptions of Theorem 3.11 are satisfied. Let
(11.1) X = (Lp, Wy )oK

By Theorem 4.35,
K(fv t, LP? Wpl) ~ min{]-a t}”f”p + wl(fv t)p
for all f € L, and all t € (0,00). Thus, for all f € L,

(11.2) 1l = e (t) min{ L, 311l gs0,00) + 17900 w1 (F, Dpllgs0,00)
=: N1 + Ns.
3 Note that (3.31) implies
Ble) i _(A@)
B(z) = (A (@) for a.a. x > 0,

which is (4.47) with the above mentioned replacement in Theorem 4.20.
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Moreover, N1 ~ N1 + N2, where, by Lemma 2.1 (iii),
Ny = ”f”p : Htl_l/qb(t)Hq;(O,l) ~ Hf”p;
and, by (3.37),

Nz = [ fllp - 19| gs(1,00) = 11£ ]1p-
Therefore,

(11.3) N & || fllp-
Together with (11.2) and (11.3), this shows that the norm of the space X is equivalent to
1 llp + 11E79b(E) w1.(-, D)pl g5(0,00)-
This and (2.22) imply that X = Bg;g, which, together with (11.1), shows that
(Lp, W;)O,q,b;K - BS:Z'
Consequently,
(114) (B]g:g)/ = (va Wpl)é),q,b;K'

Note that conditions (3.37) and (3.1) are equivalent. Thus, on using Theorem 3.1, (2.17),
(2.20), we arrive at

(Bg,’g)/ = (LP'7 Hz;l)o,q’,&;Kv
where the function a(z) = m for all x > 0 and a is given by (3.2).
Since the lift operator s with s = —1 satisfies (cf. (2.17), (2.19))
0 1 -1 0
1Ly =1 Hy=Hy=Wy and [ H/ =H)=Ly,
and, together with its inverse, it is bounded, we get that
K(fit; Ly, Hy') ~ K(I1 f,t; Wy, Ly)
for all f € HZ;I and all ¢ > 0. Moreover, by (4.1) and Theorem 4.35, we obtain
K(I1f, t; Wy, Ly) =t K(I_1f,1/t; Ly, W)
~ ¢ (min{1, 1/ [Ty flly + wr(I-1f, 1/))
= min{t, V[I1 flly + twr(l-1f, 1/t)y
for all f € H,' and all ¢ > 0. Therefore,

P

1ty = 1Dty 3 = I GOR G Ly 0
~ [t a () mindt, BT flly Nl 0.00) + 1877 () twr (T f, 1/8)plly 0.00)
=V +W.

Let 1 < ¢ < 0co. By Lemma 4.33,
x oo
(11.5) / t7'a™ (t)dt < 0o for all z >0 and / t~ 10~ (t) dt = co.
0 0

Making use of (11.5), one can easily verify that

1 o)
(11.6) / tad (t) dt = / a7 (1) dr = 0
0 1
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and

00 1
(11.7) / 1169 (1) dt = / a7 () dr < 0.
1 0
Applying properties of slowly varying functions and (11.7), we get
(1L8)  Vim [tV a) g o1 fly + 1Y@ 1,00 -1l = -1 f o,

(119)  Vem [tV a(twi(T-1f, 1/l 01 + 17 a( w1 £, 1/l 1,00

=: Vo1 + Voo,
(11.10) Var < ||t1_1/qlt~l(t)Hq’,(0,1)||Iflf||p/ ~ HIflpr’-
Using the change of variable ¢ = 1/7 and the fact that a(t) = ;7 for allt > 0, we obtain
swr (- :
(11.11) Vag = HT—l/q wafrly |
Ta(T) q/7(071)

If ¢ =1, then ¢’ = co. Thus, by (3.2), a(z) = [7°t~'b(t)dt for all > 0. This implies
that the function a is decreasing on (0,00). Hence, the function a is decreasing on (0, 00)
as well. Therefore,

1E a8 g7, (1,00) = 138 loo,(1,00) = @(1) < o0,
and one can easily verify that (11.8)-(11.11) remain true.
Consequently, for all g € [1, 00),

~—1/d wi(I-1f, )y
Ta(T)

Ul oo, ~ [Tl + H

and the result follows. O

12. CONCLUDING REMARKS

Note that in [26] discrete versions of K- and J-spaces are defined and then in [26,
Theorems 3.1 and 3.2] duals of these spaces are described. Thus, there is another way how
to prove some results mentioned in Section 3 of our paper. For example, to prove the first
equality mentioned in (3.3) of Theorem 3.1, one can proceed as follows:

1) Use Lemma 4.27 to rewrite the given space (Xo, X1)o,¢,5;x in the discrete form.

2) Apply results [26, Theorems 3.1] to determine the dual of the given discrete K-space.
(Note that the dual is expressed as a discrete J-space.)

3) Use Lemma 4.28 to rewrite this discrete J-space in the continuous form.

Note that such a method was used in [24, Theorem 5.6], where the particular case of
Theorem 3.1, with b of a logarithmic form, was proved.
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