ON THE GEOMETRY OF SINGULAR EPW CUBES

FRANCESCA RIZZO

ABSTRACT. EPW cubes form a locally complete family of smooth projective hyper-Kéhler va-
rieties of dimension 6, constructed by Iliev—Kapustka—Kapustka—Ranestad. Their construction
and behavior share a lot of similarities with the double EPW sextics constructed by O’Grady.
Adapting the methods of O’Grady, we construct a projective smooth small resolution of sin-
gular EPW cubes.

Contents

1. INTRODUCTION

Very few geometric constructions of locally complete families of smooth projective hyper-
Kahler varieties are known. One of these families is that of so-called EPW cubes, constructed
by Hiev—Kapustka—Kapustka—Ranestad in [?]. Their construction goes as follows.

Let Vi be a 6-dimensional complex vector space. We endow A?Vy with the conformal
symplectic structure given by wedge product and we denote by LG(A?Vs) the Lagrangian
Grassmannian that parametrizes Lagrangian subspaces A C A*V;. For any [A] € LG(A3Vg)
and nonnegative integer k, the authors of [?] define the degeneracy loci

75" = {[Us] € Gr(3,Vg) | dim(A N (N2Us A Vg)) >k},  Z4 = Z5% 23+
in the Grassmannian Gr(3, V;).

When A has no decomposable vectors (this means that the intersection P(A)NGr(3, Vg),
inside P(A*V;), is empty, and happens exactly when [A] is outside an irreducible divisor
Y € LG(A*Vg)), the scheme Z3” is an integral normal sixfold whose singular locus is the

threefold Zf‘?’. Moreover, the locus 234 is finite, and it is empty for [A] outside another irre-
ducible divisor I' € LG(A*Vg).

In [?, Theorem 5.7], when [A] ¢ ¥ (so that A has no decomposable vectors), the authors
constructed a double cover

(1) 9: 5 — 77

branched over Z5*. When moreover [A] ¢ T' (namely when Z7! = @), the authors of [?] prove

that the scheme 252 is a smooth hyper-Kdihler variety of K3B!-type with a polarization of square
4 and diwvisibility 2, called an EPW cube. This is an important result because, as explained
above, there are very few explicit constructions of this type. It justifies a more extensive study
of this construction.
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The aim of this paper is to study the singular sixfold 2512 when [A] € T'\X. Adapting the
methods of [?] (where the author worked with double EPW sextics), we show the following:

(a) The scheme Zfl4 ={z1,..., 2.} is finite and smooth, and equals Z%; moreover, if [A] is
general in T, then Z} is a singleton (r = 1).

(b) The singular set of the sixfold 232 is equal to g HZY) = {97 (z1),...,97(2,)}. For each
i € {1,...,r}, the tangent cone to Z5> at the point g—'(z;) is isomorphic to the (affine)
cone over the incidence variety I C P3x (P?)V. Therefore, the exceptional divisor of the
blowup X 4 — Z52 along g~*(Z%) is the disjoint union of smooth divisors E, . .., E,, all
isomorphic to I and with normal bundles &g, (—1, —1). For any choice € = (ey,...,¢,) of
contractions of each F; onto either P? or (P?)¥, we obtain an (analytic) small resolution
X4y — Z? with exceptional locus a disjoint union of r copies of P3.

(c) There exists a choice of & such that X5 is a projective smooth quasi-polarized hyper-

Kabhler sixfold with a projective contraction X% — ZiQ of r copies of P3.

Concerning Item (a), the finiteness and smoothness of Z5* are proved in Theorem ??
by generalizing the argument of [?, Lemma 2.8]. In Section ??, following [?, Section 2.1], we
show that ZA?LL consists of a single point for [A] general in I'. Regarding Item (b), we show in
Proposition ?? and Lemma ?7? that, analytically, the singularity of ZEZ at a point of Z% is the
cone over a general hyperplane section, in the space of (4 x 4)-matrices, of the subscheme .75
of symmetric matrices of rank < 2. By the uniqueness of the double covers of degeneracy loci
constructed in [?, Theorem 3.1], the singularity of Z5* at a point of g~'(Z%) is the singularity
of the “universal double cover” of this general hyperplane section of .#<,, studied in details in
Section ?? (in other words, it is the cone over the incidence variety I mentioned above).

The construction of the small analytic resolutions X% — 232 is analogous to the one in [?,
Sections 3.1 and 3.2]. We do it in Section ??.

The most subtle part of our results is Item (c), that is, proving that there exists a small
projective resolution of Z? (as in the double EPW sextic case, if Z% has more than one point, we
do not expect the small resolutions X5 — ZiQ to be all projective — that is, Kéhler). For double
EPW sextics, this was done by O’Grady by explicitly constructing a projective K3 surface Sy
and (under a mild generality hypothesis) an isomorphism between the Hilbert square Sf] and
one of these analytic resolutions. We cannot hope for an analogous construction in our case,
because there are no associated K3 surfaces, and Y, cannot be realized, even birationally, as
a moduli space of sheaves over a K3 surface (we prove this in Proposition ?7).

However, using the properties of the period map for EPW cubes and the surjectivity of
the period map for hyper-Kéahler sixfolds, we produce in Proposition 7?7 a smooth projective
hyper-Kéahler sixfold Y, with a big and nef line bundle H that induces a small contraction
Y4 — Z77; the pair (Y4, H) is a deformation of standard (smooth) EPW cubes. Finally, using
results from [?], we show in Theorem ?? that Y, is actually a divisorial contraction of the

blowup X4, hence one of the small analytic resolutions X%.
In Appendix ??, we describe the Heegner divisors in the period domain of hyper-Kahler

varieties of K3P-type with polarization of square 4 and divisibility 2, and show that the divisors
I' and ¥ of LG(A3V;s) map onto distinct Heegner divisors.
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2. THE DEGENERACY LOCI Z5"

The following description of the degeneracy loci Zik C Gr(3,Vs) associated with a
Lagrangian subspace A C A?Vs with no decomposable vectors, namely vectors of the form
v A vy A vg, is stated in [?, Theorem 5.6].

Theorem 2.1. If a Lagrangian subspace A C N3V has no decomposable vectors, the following
properties hold.

(a) Z3' is an integral normal quartic hypersurface in Gr(3, Vg).

(b) ZiQ is the singular locus of Zfl; it is an integral normal Cohen—Macaulay sixfold of

degree 480.
(c) Zi?’ s the singular locus of fo; it 1s an integral normal Cohen—Macaulay threefold of
degree 4944.
(d) Z§4 1s the singular locus of Zig’; it is finite and smooth, and is empty for A general.
(e) Z7° is empty.

However, in the reference given in [?] for this result ([?, Proposition 2.6 and Corol-
lary 2.10]), the smoothness of Z% is only studied for k& € {1,2,3}, so (d) and (e) need to be
proven. This is the aim of this section.

We fix some notation. Let [Uy] be a point of Gr(3, V). We set
(2) TUO = /\2U0 VAN ‘/6

This is a (10-dimensional) Lagrangian subspace of A3V; and the projective tangent space
to Gr(3,Vs) at [Ug] is P(Ty,) € P(A*Ve). If we choose a subspace U,, C Vi complementary
to Uy, then Ty, decomposes as A\*Uy @ Hom(Uy, Uy, ) and the Zariski tangent space to Gr(3, V)
at [Up] is isomorphic to Hom(Up, Us).
We also set
Cv, = P(Ty,) N Gr(3,Vs),

the intersection of P(Ty,) with the space of decomposable vectors of LG(A?Vs). This is a
5-dimensional cone with vertex [A\?>Up| over the smooth Segre fourfold

My ~P(UY) x P(Us) € P(Hom(Uy, Us))

of morphisms of rank 1.

Proof (of Theorem ??(e)). This is very easy to prove. Assume [Up] is in Z5°, so that A N Ty,
has dimension at least 5. Then, P(A N Ty,) has dimension at least 4, hence must meet the
fivefold 67, in P(Ty,) = P?, which contradicts the fact that A has no decomposable vectors.
Therefore, 255 is empty.

It remains to prove Theorem ?7(d). This will be done in Section ??. Before that, we
prove general preliminary results that will also be used later on in this paper. O
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2.1. Tangent space to Gr(3, ;). In this section, we study the map T': Gr(3,Vs) — LG(A3Vs)
that takes a point [U] to the Lagrangian subspace [Ty].

Proposition 2.2. The tangent map to T at a point [Uy] gives an identification
O: TGr(B,Vﬁ),[Uo} — HO(P(TUO)v ]%UO (2))

of 9-dimensional vector spaces, where I, is the ideal sheaf of the subscheme €y, C P(Ty,).

Proof. Consider the affine open subsets
% ={[U] € Gr(3,V5) | UNUx =0} C Gr(3,V5),
neighborhood of [Uy], and
¥ = {[A] € LG(NVe) | AN Tor, = 0} C LG(AVR).

We get identifications Hom(Uy, Uy,) ~ % and SmeTﬁ’o ~ ¥ by sending a morphism to its
graph and a quadratic form on Ty, viewed as a symmetric morphism Ty, — 17y, to the graph
of the composition of this morphism with the inverse of the isomorphism Ty, = Tjy, given by
the symplectic form.

The morphism 7|y : % — ¥ then corresponds to a morphism
Hom(Uy, Us,) — Sym*(T7},)
[U] — [QU]a

where ¢y is described in [?, Lemma 2.7] as a polynomial in the entries of the matrix (b;;)1<; j<3
representing U in fixed bases of Uy and Uy. In particular, if we write an element of Ty, =
N*Uo @ Hom(Up, Uso) as (m, M), the linear part in the b; of gy (m, M) is given by Y. b; ; M*7,
where M% is the determinant of the 2 x 2 submatrix of M in which we remove the column i
and the row j.

Therefore, the image of the tangent space 1% ,) by Te [y, is generated by the cofac-
tors M™, namely, this image is, in Sym*(Ty},) = H°(P(Ty,), 0(2)), the linear subsystem of
quadrics in P (7, ) that vanish on the set of matrices of rank 1. O

2.2. The restriction map rg. Let A C A*V;s be a Lagrangian subspace and let [Uy] be a
point of Z¥, so that K := A N Ty, has dimension k. The restriction map

3) ric: HOP(Tiy), Iy, (2)) — HOP(K), 0(2) = Sym*K
will play a very important role for us. The following proposition is crucial for our argument.

Proposition 2.3. Let A C \*Vs be a Lagrangian subspace with no decomposable vectors and
let [Uo] be a point of Z%, with k € {1,2,3,4}. With the notation above,

(a) when k € {1,2,3}, the map r is surjective with kernel of dimension 9 — k(k +1)/2,
(b) when k = 4, the map rx is injective with image a general hyperplane in H*(P(K), 0(2)).

The meaning of “general” in Item (b) is the following: a hyperplane in H*(P(K), 0(2)) ~
Sym2K"Y is defined by a nonzero element of Sym*K and we want the corresponding tensor to
be of maximal rank k£ = 4.

The proof will show that the proposition is true more generally for any linear subspace
K C Ty, of dimension k < 4 with no decomposable vectors.
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Proof. Recall that %y, is the cone with vertex v := [A3Up] over the smooth fourfold .#; C
P(Hom(Up, Us)) of morphisms of rank 1. Since the latter is not contained in any hyperplane,
so is 67, hence its projective Zariski tangent space at v is the whole space P?. Any quadric
containing %y, is therefore a cone with vertex v.

Since A contains no decomposable vectors, P(K) is disjoint from %p,. In particular,
v ¢ P(K), so we may, upon projecting from v, consider P(K) as a linear subspace of
P(Hom(Uy, Uy)) (as above, Uy, C Vg is a subspace complementary to Up). All in all, this
proves that rx identifies with the restriction morphism

ric: HY(P(Hom(Us, Ux)), L (2)) — H'(P(K), 0(2)),
where P(K) N4, = 2.

That being said, Item (a) is actually [?, Lemma 2.8], so we may assume k = 4 and we
need to prove that r} is injective with general image. Suppose by contradiction that there
exists a nonzero element in the kernel of 7. Its zero-locus @) C P(Hom(Uy, Uy )) is a quadric
that contains the disjoint P(K) = P3 and .#,. This contradicts the following lemma and
proves the injectivity of 7.

Lemma 2.4. Let .#, C P(Hom(Uy,Uy)) = P8 be the smooth Segre fourfold of morphisms of
rank 1 and let Qo C P® be a quadric containing #,. Any P3 C Qo meets M.

Proof. The space of quadrics in P® containing .#; is the P® = P(A?Uy @ A?UY,) spanned
by the 9 maximal minors of elements of Hom(Uy, Uy,). The group G = GL(Up) x GL(Ux)
acts on it, and under the isomorphisms AUy ~ Uy and A\?U.,, ~ UY,, the action of G on P?®
corresponds to the action of GL(Uy) x GL(Us) on P(Hom(Uy, Us,)). Therefore, the are only
three orbits, given by:

(a) quadrics of (maximal) rank 9, represented for example by M + M?2 + M33;
(b) quadrics of rank 6, represented for example by M?%? + M33:
(c) quadrics of rank 4, represented for example by M?33,

where M* is the (4, j)-minor of an element M = (z;)1<; j<3 of Hom(Up, Us) (in each case, it
is enough to find one quadric containing .#) of the correct rank).

Since the action of GL(Uy) x GL(U,,) fixes .47, we can suppose that the quadric Q) is
of one in the previous list.

In case (a), the Lefschetz hyperplane theorem shows that H?(Qq, Z) ~ H*(P8,Z) = Zh',
where h C P?® is a hyperplane section, for each ¢ < 3. Therefore, [#] = mh?|g, € H®(Qo, Z)
for some m € Zy. Thus, for each P? C @, we have

[P - 4] = m(hlps)? = m £ 0.
Hence, each P3 C Qy meets ..
In case (b), the quadric
Qo = M?>? + M?? = 211 (Ta2 + ¥33) — T12To1 — T13T31
has rank 6, hence is a cone over a smooth quadric

11 T12 T13
Ql C P5 = P To21 T92 0
31 0 0
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with vertex
pP? = ($11 = T9g + X33 = T12 = To1 = T13 = T31 = 0)-
One sees that .#; N P? is the smooth conic 3, + To3w32 = 0 and that .#; N Q; contains the
planes
P = P(I11,I12,$13) and P = P($11,$21,$31)
that intersect at one point.

The Hilbert scheme F5»(Q1) of planes contained in (); has 2 connected components, and
two planes are in different components if and only if they intersect at one point (see [?, p. 35]).
Therefore, P; and P, are in two different components of F5(Q1).

Consider now our P3 C @ disjoint from .. Its intersection with the vertex P? does not
meet the conic .#; NP? hence is finite. Since the smooth quadric (; contains no 3 dimensional
linear spaces, the projection of P? from the vertex P? to P®, which is contained in Q, is
a plane contained in ();. Therefore, it intersects nontrivially the P; that is not in the same
component of F5(Q;). Since P; is contained in .#}, we obtain that P? meets ..

In case (c), the quadric
33 _
Qo =M™ = 211229 — 12T

is a cone over a smooth quadric Q; C P3(x11, T12, T21, To2) with vertex P*4. Hence, the projection
from P* to P? of any linear subspace P? C ) is contained in a line on @, say defined by
Z1a = T9o = 0. The preimage in P® of this line is

Z11 0 x3
P'=P T 0 w3 |,
xr31 T32 T33

whose intersection with .#; has dimension 3. Therefore, P? C P® C )y must meet .. O

To finish the proof of the proposition, we need to prove that (still in the case k = 4), the
image of ' is a general hyperplane. This follows from the next lemma. U
Lemma 2.5. In the above setting, the point p € P(Sym®K) defined by the hyperplane Im(r.) C
H°(P(K),O(2)) has mazimal rank.

Proof. We follow the proof of [?, Proposition 2.5] and consider the rational morphism

¢: P® ~ P(Hom(Up, Us)) --» |Lp(2)]Y ~ P8

1,1 1,2 1,3

(4) 11 X122 T13 M M M
M = | 291 Too x93 — Mt M?2 0 MP3
T31 X32 I33 M3’1 M3’2 M3’3

induced by the linear system |14, (2)] C H°(P%, 0(2)).

Using that det(M) can be expressed as a linear combination of minors of M, one sees
that the (7, j)-minor of ®(M) is equal to

@(M)i’j = det(M) c i

It follows that ® is a birational involution which is regular on P® \. .#; and an isomorphism
on P8\ . #,, while .#, ~. .#, is contracted onto ..

We show that @ restricted to P(K) C P® \ . is an embedding.
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First, we note that the fibers of ®: .#>~.#, — .#, are complements of quadric surfaces in
their span P2. Indeed, the group GL(Up) x GL(U,,) acts on I 4, (2) (see the proof of Theorem ?7)
and transitively on .#;. Therefore, all fibers of ® are conjugate under this action. Now, the

100
preimage of [0 0 0] via ®: 45 ~ .4, — # is, in the set of matrices M all of whose
000
minors but M'?! are 0, which is equal to
0 0 0
PP=P [0 zo 23],
0 w32 33

the set of those of rank exactly 2. It is defined in this P3 by 292233 — 293730 # 0.

The morphism ®|p(k) is an embedding outside .#5 and, at points of .4, \ ., its fiber is
the linear space P(K) NP3, which must be contained in the complement of a quadric surface,
so it is also one reduced point. This proves our claim that ®|p(x) is an embedding. But this
restriction can be identified with the composition

P(K) < P(Sym®K) --» P(Im(r)"),

where 15 is the second Veronese embedding and the second map is the projection from the
point p of P(Sym®K) defined by the hyperplane Im(r%) C Sym*K". The fact that it is an
embedding means that p is not in the second secant variety of v5(P(K)) and leaves only two
possibilities:

(a) rank(p) = 3;
(b) rank(p) = 4 (the hyperplane Im(r’) is general).

We prove that case (a) cannot happen. Since any rank 3 symmetric matrix can be written
as the sum of three rank 1 symmetric matrices, this case happens if and only if there exist
three distinct points z,y, 2 € P(K) such that p = v5(z) + 1a(y) + 1.(2), or equivalently, such
that the points ®(x), ®(y), and ®(z) are distinct and lie on a line ¢.

We show that in this case, we have ¢ = ®(C) for some curve C' contained in P(K). This
leads to a contradiction, since ® is a regular embedding on P(K) which is defined by quadrics,
hence the image of any curve in P(K') has even degree.

We first consider the case ¢ C .#;. Note that every line in .#, is contained in a P? C .4,
that is given by matrices with the same 2-dimensional kernel or the same 1-dimensional image.
y1 0 0
Up to change of basis and transposition, we can suppose P2 =P [y, 0 0| and ¢ C P? is
ys 00
defined by the equation y3 = 0. Hence, the preimage of this P? via ®|ps._,, is the complement
in
0 212 w13
P5 =P1|0 Too T23 C %2
0 x32 w33

of the subvariety .#; NP?, and the preimage of /¢ is defined by the quadratic equation x;2293 —
T99m13 = 0. Note that P(K)NP® is a linear space that contains the three distinct points z, y, z
but does not meet the codimension 2 subvariety .#; N P°. Therefore, P(K)NP? is a line and,
since it meets the quadric ®~1(¢) in three distinct points, it is contained in it. In particular, ¢
is the image of this line contained in P(K), as wanted.
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We now consider the case ¢ ¢ .. In this case, ! defines a rational morphism on ¢
whose image C'is an irreducible curve. Recall that, outside .#5, the composition ®~! o ® is the
identity. Moreover, since ® is an automorphism of P8 \ .#5, we have inclusions

O(P(K)) N My = D(P(K) N M) C D(My~ M) = M.

In particular, ®(P(K)) N .4y = ®(P(K)) N.#; and ®~'®(w) = w for some w € P(K) if and
only if ®(w) ¢ .#,. We consider the points ®(z), ®(y) and $(z) of £ and distinguish four cases.

e The three points are all in .#,. This case cannot actually happen: since .#) is an
intersection of quadrics, each line is either contained in .#; or meets it in at most 2
points.

e None of the three points are in .#, hence the curve C' contains z, y and z. Since the
morphism ®~! is defined by quadrics, C' is a line or a conic that meets the linear space
P(K) in z, y, z. Since all conics are planar, it follows that C' is contained in P(K) and,
of course, ¢ = &(C).

e Exactly one of these points, say ®(x), is contained in .#;. Hence, all quadric polynomials
that define ®~! vanish on ®(x), therefore the curve C is a line that meets the linear
space P(K) in the two distinct point y and z, thus it is contained in it.

e Exactly two of these points are contained in .. In this case, all quadric polynomials
that define ®~! vanish at two points of ¢, hence ® is constant on ¢, which is absurd.

Therefore, ¢ = ®(C) for some curve C' as wanted, and we obtain a contradiction, as explained
above. O

2.3. Local description of Z% and proof of Theorem ??(d). We are now ready to give a
local description of the analytic germ of Z¥ at a point [Up] of Z4 (with ¢ > k) and to prove
Theorem ?7?(d). Actually, we will prove, following [?, Claim 3.8], a more general result that
will be needed later on.

Keeping the notation (??), we define the families
Z=" = {([A], [U]) € LG(N’V5) x Gr(3, Vo) | dim(AN Tiy) > k}
of degeneracy loci Zik and we define 2°% analogously.

As in [?, Claim 3.8], we study the local structure of 2°=* at a point ([Ag], [Us]) of Z* for
(> k.

Proposition 2.6. Let Ay C A\*V; be a Lagrangian subspace with no decomposable vectors and
let ([Ao], [Uo]) be a point of Z¢, with ¢ € {0,...,4}. Set K = AgNTy, and let S<; C Sym*K"
be the subscheme of quadratic forms of rank < i.

For any k € {0,...,¢}, the analytic germ of the scheme 2= at the point ([Ao], [Us]) is
isomorphic to the product of a smooth germ (M,0) and the germ (F<¢—,0).

Under this isomorphism, the germ of Zi’f C Z=F at [Uy] corresponds to the germ of
M'x (Im(rg)NF<o—x) at (0,0), where the morphism rx is defined in (?7) and (M',0) C (M,0)
is smooth of dimension max(0,9 —£(¢+1)/2).

In particular, for [Ag] € T'\ 3, the germ of Zii at a point of Z3 is the germ of Im(rg) N
yﬁg at 0.

Proof. Choose a 3-dimensional subspace U, of Vi complementary to Uy and such that Ty is
complementary to Ay (and also to Ty, ). As in the proof of Proposition 7?7, we consider affine
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open neighborhoods % C Gr(3,Vg) of [Ug] and ¥ C LG(A3V;) of [Ag], with identifications
Hom(Uy, Us) >~ % and Sym*Ty), ~ V.

If ([A],[U]) € ¥ x %, we denote by qu and g4 the quadratic forms on Ty, associated
with the Lagrangian subspaces Ty and A (which are elements of #') respectively.

Consider the smooth morphism
U: ¥V XU —> SmeTI\J/0

sending ([A], [U]) to the quadratic form gy — ga. It is then easy to check (see for example the
beginning of the proof of [?, Lemma 2.9]) that the intersection 22 N (¥ x %) is equal to
U—1(3y), where 3, C SmeleO is the corank k degeneracy locus.

Fix a subspace J C Ty, such that K @& J = Ty,. The quadratic form W([A], [Uo]) is
nondegenerate on J. Consider the vector bundle K — ¥ x % whose fiber

Kapy =A{w € Ty, | Vo€ J ¥([A], [U])(w, a) = 0} C Ty,
over ([A], [U]) is the orthogonal complement of J with respect to the quadratic form W ([A4], [U]).

Upon shrinking ¥ and %, we can suppose that K is trivial over ¥ x % (with fiber K)
and that W([A], [U]) is nondegenerate on J for all [A] € ¥, [U] € % . Hence, the corank of

W([A], [U]) is equal to the corank of the restriction of W([A], [U]) to K(ay,v)) ~ K. Therefore,
the degeneracy loci of W are equal to the degeneracy loci of the smooth morphism

Ue: ¥ X U s Sym?Ty, 5 Sym?K Y,

where 7 is the restriction morphism.

In particular, Z2* N (¥ x %) = V' (L<¢_). This implies the first claim. Analogously,
the scheme Zif is the preimage of .<,_j, via the morphism

Ui ([Ao],-): % — Sym*K".

Note that the morphism W([Ao],): Z — Sym®T}/, is induced by the morphism 7" from Sec-
tion ?7, whose tangent map induces the isomorphism © from Proposition ??. Therefore,
the tangent map to W ([Ao],-) at [Up] is the morphism rx of (??). Hence, analytically lo-
cally around [Uy] € Z%, the image of the subscheme Zif C 22 can be identified with
Im(TK) N ygz_k C ygg_k.

This proves that the germ of Zi’f at [Up] is the product of the germ Im(rx) N.L<,_x at 0
with a smooth germ whose dimension can be computed using the fact, proved in Proposition 77,
that, since A contains no decomposable vectors, rx has maximal rank. [l

The following corollary proves in particular Item (d) of Theorem ?7?.

Corollary 2.7. Let A C N*Vi be a Lagrangian subspace with no decomposable vectors and let
[Uo] € Z¥. The scheme Z¥ is smooth at [Uy], of dimension 9 — @ when k € {0,1,2,3}, and
of dimension 0 when k = 4.

Proof. This is just the case k = ¢ of the proposition. 0J
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3. DIVISORS IN THE LAGRANGIAN GRASSMANNIAN LG(A3Vg)

3.1. The divisors ', 3, and A in LG(A?Vs). O’Grady introduced in [?, Section 1] the

divisors
Y = {[A] € LG(A*Vs) | A contains a decomposable vector},

A = {[A] € LGIN'Vs) | Y7 # 2}
in LG(/\*V;) and proved in [?, Proposition 3.1] and [?, Proposition 2.2] that they are irreducible
and distinct. Here Y7° is the third stratum of the EPW sextic stratification constructed in [?].

In [?, Lemmas 3.6 and 3.7], it is proven that
(5) = {[A] e LG(A*V;) | Z5" # @}

is a divisor in LG(/\?*Vs) which is distinct from O’Grady’s irreducible divisor A. We prove here
a stronger version this result.

Proposition 3.1. The lociT', 3, and A are mutually distinct irreducible divisors in LG(N\?Vs).

Proof. Consider the closed subvariety
T = {([4], (U], [B]) € LG(A*Vs) x Gr(3, Vg) x Gr(4, A*Vs) | B C AN Ty},
where Ty was defined in (?7), and the chain of morphisms

I % Gr(4,T,) — Gr(3,Vp)
(AL W], [B]) — (UL[B]) +— [U].

where Gr(4, Ty ) is the Gr(4, 10)-bundle over Gr(3, V) whose fiber at [U] is equal to Gr(4, Ty ).

The fiber of ¢ over B C Ty is isomorphic to the set of Lagrangian subspaces A such
that B C A. Since B C Ty is totally isotropic, this fiber is isomorphic to the Lagrangian
Grassmannian LG(B*/B), smooth irreducible of dimension 21.

Since Gr(4,Ty ) is smooth irreducible of dimension 33, it follows that I is also smooth
irreducible, of dimension 54. Projecting I' to LG(A?Vs), we obtain that its image I is also
irreducible.

For the fact that I', 3, and A are mutually distinct, we refer to Proposition ?? (proved
independently of the rest of the paper, of course). O

3.2. The divisor I': parameter count. Following [?, Section 2.1], we show that for [A] € T
general, fo consists of a single point.

Lemma 3.2. The subvariety
Py = {[A] e LGN*Wg) | 23" > 1}

of LG(A*Vi) has codimension at least 2. Therefore, for [A] € T general, the scheme Z5'
consists of a single smooth point, which is the only singular point of the scheme 232, defined

in Equation (?7).
Proof. Consider the locally closed subvariety
Ty = {([A], [, [U2]) | [U0] # [Ua], dim(ANTy,) = dim(AN Ty,) = 4}

of LG(A*Vs) x Gr(3, Vs)?. It follows from Theorem ?7(e) that I'y is contained in the union of
' NY and the image of the first projection m,: 'y — LG(A?Vs). Since I' and X are distinct
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irreducible divisors by Proposition 77, it is therefore enough to show that f+ has dimension
at most 53, .

We consider the morphism
n: Ty — Gr(4, AVe)? x Gr(3, V)2
([AL [h], [Us]) /= (AN Tin ], [A N T, ], [U1], [Us]).
Since A is a Lagrangian subspace, the image of 7 is contained in
[Uh] # [Us], [Ki) € Gr(4,Ty,), [K2] € Gr(4,TU2),}
Ki L K>, KiNTy, = KiNKy =Ko N Ty, |-
Observe that the fiber of an element ([K}], [K3], [Ui], [Us]) of N is isomorphic to
{[A] e LG(N*Vs) | K1 = ANTy,, Ko = ANTy,},
which, since K + K is totally isotropic, is contained in LG((K; + K3)*/(K; + K3)). Therefore,
the fiber = ([K1], [K2], [U1], [Uz]) has dimension at most w, where k = dim(K; N Ks).
We stratify N according to k = dim(K; N K3) and ¢ = dim(U; N Us), and denote by
Nio = {([K1], [K2], [U1],[U2]) € N | £ = dim(U; N Us), k = dim(K; N K»)}

the stratum corresponding to k£ and ¢. Clearly we have the inclusion K; N Ky C Ty, N 1y,
where the dimension d(¢) of Ty, N Ty, is 0 for £ = 0, and 2(¢ + 1) for ¢ € {1,2}. Moreover, the
morphism 7 has equidimensional fibers over Ny ,. Thus, the dimension of I'y is the maximum
of dim(n™'(Ny)) for 0 < k < d(¢) and 0 < ¢ < 2, namely

~ 24+ k)(3+k)

(6) dim(T,) = 0513;(@ 5 + dim (N ).

N = {([Kﬂ, (K], [Uh], [Ua))

We count parameters to determine the dimension of Ny .. The space of pairs ([Ui], [Us]) €
Gr(3,Vs)? whose intersection has dimension ¢ is a Schubert cell of dimension 18 — ¢?. Having
fixed such a pair ([Ui], [Us]), the quadruple ([K], [K2], [Ui], [Us]) is in Ny if and only if K107y,
has dimension k& and

KiNTy, CKy, CKiNTy,, KyNTy, = K NTy,.

Hence, given [K| = [KyNTy,] in Gr(k, Ty, N1y, ), and [K;] in Gr(4 —k, Ty, /K), the point [K5)]
lies in Gr(4 —k, (Ki- NTy,)/K). Note that, since K3 N7y, has dimension k, the space Ki-NTy,
has dimension 6 + k. Putting all together, we obtain

dim(Ny ) <18 — 2 + k(d(0) — k) +6(4 — k) + (4 — k) (2 + k)
=50 — 2(k + 2)k + d(0)k — .

Hence, the dimension of n~*(Ny,) is at most 53 — 2 — 3k(k — %), whose maximum for

0 < k < max{d({),4} and 0 < ¢ < 2 is 53. Therefore, I'; has dimension at most 53, as
wanted. N

4. THE DOUBLE COVER Z3° — Z7°

In [?, Theorem 5.7(2)], the authors construct, for each [A] € LG(A?Vs) with no decom-
posable vectors, a canonical double cover

g: 32— 73
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branched over Zf?’. The variety ,232 is integral, normal, and smooth away from g=1(Z%).

When moreover [A] ¢ T', this double cover coincides with the EPW cube of [?] (see [?,
Lemma 5.8]); it is therefore a smooth hyper-Kéhler variety of K3Pl-type with a polarization H 4

of square 4 and divisibility 2. In this section, we study the singular sixfold Zfz when [A] € T\ X
and describe its blowup along its singular locus and some smooth hyper-Kéahler resolutions.

We will study these double covers and the desingularization of Ziz in families. So we
start with the families

Fzk LG( /\3‘/6)
defined in Section ?7.

Let [Ag) € TN X and let ¥ C LG(A3V5) \ & be a (sufficiently small classical) open
neighborhood of [Ag]. We set 27" .= 272% N (¥ x Gr(3,V)). As in the case of EPW sextics
(see the proof of [?, Theorem 5.2]), there exists a unique double cover

fr: &y — 277
branched along 7%, whose restriction over Z3” is the morphism g: Z%Q — 777

Given [Up] € Zi4, we constructed in the proof of Proposition 77 a smooth morphism
U: 220 (V X U) — Lo,
where 7% is a neighborhood of [Uy] in Gr(3,V;), and %<5 is the scheme of (4 x 4)-matrices of
rank < 2. We prove that the double cover fy is the pullback by Wy of a certain “universal
double cover” of .7~y — <5 studied in Section ??. In particular, we obtain a description of

the blowup of =2 along its singular locus f;l(o@f;4), from which we deduce a description of
the blowup of fo.

4.1. Local model of double cover. In this section, we consider a “canonical example” of
double cover. Let V' be a vector space of dimension n and consider the universal quadratic
form

q: V ® ﬁsym2v\/ —>VV ® ﬁsme‘/\/.
Denote by .<; C Sym®V' the rank i degeneracy locus of ¢, so that

e <o is the affine cone over the secant variety to the second Veronese embedding
P(VV) Cc P(Sym*V"),

e .7 is the affine cone over the same embedding P(V") C P(Sym?V"),

[ 5@0 - {O}

In this situation, [?, Theorem 3.1] provides a canonical double cover ]7: 5/’22 — S<o.

Lemma 4.1. The affine variety (VY @ VY); = {p € V¥V @ VY | rk(n) < 1} is the cone over
the Segre variety P(VY) x P(VY). The map

gs: (Vv ®Vv)1 — ygg
poo— o (p),

where v is the involution that exchanges the two factors, is the canonical double cover f: 579 —
S<o. In particular, the unique singular point of the variety S<o s 0.
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Proof. We follow the proof of [?, Lemma 3.4]. Note that f is a double cover because it is the

quotient for the action of the involution ¢ on (V¥ ® V'V)y; it is moreover étale over Ygg. Thus,

since (VY ® VV); is normal, in order to show that go and f are isomorphic, it is enough to
show that their associated reflexive sheaves are the same.

Let R be the ring of functions of the affine variety (VY ®@V");. If we denote by S*(V&V)
the symmetric algebra of V' ® V', we can identify R with the quotient S*(V ® V')/I, where I is
the ideal generated by {(v @ w)(V' @ w') — (v @ W' )(V @ w) | v,w,v’,w" € V}. Note that there
is an isomorphism

(7) R~ é SHV)® SY(V)

that sends the class of a monomial (v; ®@w;) -+ (v;@w;) € SH(VRV) to (vy -+ v;) @ (wy - - - w;).
Given a subset P of S*(V ® V), we denote by [P] its image in S*(V ® V)/I.

The action of Z/2Z on (VY ® V), induces an action on R given by the involution ¢ that
sends [v ® w] to [w @ v]. We have a decomposition

(8) R:R+EBR_,

where R, is the invariant part and R_ is the antiinvariant part with respect to this action.
Under the isomorphism (?7), their graded part are given by

R, =@ S*(SV) and R_=EHA*SV).
=0 1=0

Note that R_ is the vector space generated by [a — ()], for all monomials a in S*(V @ V).
Any monomial a in S7(V ® V') can be written as a = (v ®@w) 3, where 8 € S}V ® V). Thus,
by induction on j using the equality

20 —(a)) =(vew—-wav)(B+B)) +(vedw+wev)(B—up))),
we see that R_ is generated by [A?V] as an R -module.

Then .“<5 = Spec(R;.), the direct sum (??) provides the decomposition of gs,O(vvgy vy,
into invariant and antiinvariant parts, and the reflexive sheaf associated to gy is the sheaf
associated with the module R_.

The restriction of ¢ to .#<3 is induced by the morphism
¢ VR, — VY®R,=Hom(V®R, Ry)
v®1 — (Wl vRw+we )

of free R,-modules. Set . = <5 \ .%<1. We show that the sheaf det(Im(q|s,)) (which is,

by the construction of f in [?, Theorem 3.1], the reflexive sheaf associated to f) is the sheaf
associated to the R,-module R_. Indeed, over .%5, the image of ¢ is locally free of rank 2, thus

det(Im(q| ) = A2 Im(q|.») = Im(/\QQ‘%)-

The morphism
Na: NV @ Ry — Hom(A?V ® R+, Ry)
sends an element (v; Avy) ® 1 € A’V ® R, to the dual form defined by

(w1 A wz) ® 1 q(vr, w1)q(va, wa) — q(vr, w2)q(ve, wy).
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By developing the latter expression, we obtain that A?q factors (up to a constant) as

/\2V®R+ — R_ — Hom(/\2V®R+,R+)
(VAL)®1 — v Avy — (w1 Aws) @1 —(wi Aws)(v1 Awa)),

where we identify A?V with (R_);.

Note that the first morphism is surjective, since R_ is generated by A?V as an R,-
module, while the second morphism is injective. Thus Im(/\2q| y2) is the sheaf associated
to R_, as wanted. [l

Let p: T — 5’22 be the blowup of the unique singular point 0 of 5’22 and let H C Sym?V
be a general hyperplane.

Proposition 4.2. The exceptional divisor E of p is isomorphic to P(VY) x P(VY), and the
normal bundle of E in T is isomorphic to Oppvyxpv)(—1, —1).

Moreover, the intersection of the strict transform of gy *(H) with E is a general hyperplane
section of E.

Proof. The description in Lemma ?7 of 922 as the cone over the Segre variety P(VY) x P(V'")
implies the description of the exceptional divisor £ and its normal bundle.

If we choose coordinates (z;)i1<i<, on V'V, which induce coordinates (s;;)1<i<j<n OR
Sym? V'V, then g, '(H) can be identified with the cone over the preimage of the hyperplane
S11 4+ ++ + Spp = 0 via the morphism

P(VY) x P(VY) — P(F<) C P(Sym*VY)
(@), [(wy)]) — [(@ay; + yjz)hi<ii<n,

which is given by the equation z,y; + - -+ + 2y, = 0. Thus, the strict transform of g, '(H)
intersects the exceptional divisor P(V"Y) x P(VV) as a general hyperplane section. OJ

4.2. Singularities of Z%Q for [A] in '\ ¥ and simultaneous resolution. We now go back
to the double cover -

%, Iy Ly
branched along 27 mentioned at the beginning of Section ?? (recall that ¥ C LG(A*Vs)\ %
is a sufficiently small classical open neighborhood of a given point [Ag] € T' \ X). The next

theorem explains the geometry of %; note that the situation is completely analogous (in
dimension 6 instead of 4) to the situation for double EPW sextics described in [?, Claim 3.8].

Theorem 4.3. With notation as previously, we have the following.
(a) The singular locus of Py is FHZ7Y and it is finite over V.
(b) The blowup
py: Xy — Zy
of {, (27" in Zy is smooth.
(¢) The morphism fy o py restricted to the exceptional divisor Ey of py induces a locally

trivial fibration
E«y — fg‘ﬁ;él

with fibers P3 x P3, and the restriction of the normal bundle to Ey in 3/&\”;/ to each fiber
is O(—1,—1).
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(d) For any [A] € ¥ NT, the strict transform X4 of Ziz C %y is smooth and intersects Ey
in a general hyperplane section of P3 x P3.

Proof. For any ([A], [U]) € 2, consider an open neighborhood ¥’ x % C ¥ x Gr(3,Vs) of
([A], [U]) such that 2 24N (V' x %) = @. By uniqueness of the double cover constructed in

7], the variety 2 N (¥’ x %) is the double cover of 222N (¥’ x %), hence is smooth by [?,
Corollary 4.8]. Therefore, the singular locus of % is contained in f *1(2@24).

Let us work now around a point ([Ao], [Uy]) of Z7*. By Proposition ?? (with & = 2 and
¢ =4), the analytic germ of ,,@@/22 at that point is the product of a smooth germ and the germ
of .7~y at 0, where .<5 C Sme(Ao NTy,)" is the subscheme of quadratic forms of rank < 2.
In particular, locally, we have a diagram

«é’zf//—>§;2

sl

>2 Uk
fzf,/— —)ygg,

where Wy is smooth and go is the canonical double cover of .#<5 (see Lemma ?7?). Moreover,

the variety 222 is the product of a smooth germ with g;'(Im(rg) N F<s), where Im(rg) C
Sym?(Ag N Ty,)" is a general hyperplane (Lemma ?7?).

Therefore, it is enough to show (a), (b), (c¢), and (d) for the scheme 5732 described
in Lemma ??7) and the preimage of a general hyperplane section of .#<5. This was done in
Section ?77. 0

Given [Ap] € I'\ 3 with Zf;l ={z1,..., 2}, we have shown that the blowup of Z%g along
it singular locus Zfﬁ is
T Xag — 252,
with exceptional divisor £ = F; U --- U FE,, the disjoint union of r copies of the incidence
variety I C P3 x (P3)V (this is a general hyperplane section), and 0(E)|g, = Og,(—1,—1).

The situation is therefore exactly as in [?, Section 3.2], which we follow without repeating
the proofs. For each i € {1,...,7}, choose a projection E; — P3. We call that a choice of
projections e for Zf‘g.

Proposition 4.4. Let [Ag] € T \ X and let € be a choice of P3-fibrations for Zf‘g. Then, there
exists a classical open neighborhood ¥ of [Ao] in LG(A*Vs) \ X such that

(a) There is a factorization
pr: Xy L X5 =y ¥
where X is a complex manifold and d. induces on each E; C )AiAO C %, the chosen
projection E; — P3,
(b) The composition
oy Xf " 7V
1s smooth and

— the fiber of [A] € ¥ \ T is the EPW cube 252,
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— the fiber X5 of [A] € ¥ NT is a small resolution of the singular EPW cube ,vaf,
with exceptional locus a disjoint union of P® (one for each singular point of ZiQ).

Given another choice ¢ of P3-fibrations, there exists a commutative diagram

X4,
N
e N Xs’
Ao Ao
x o
>2
722,

where the horizontal dashed arrow is a birational morphism which is the Mukai flop of the
exceptional P3 for which ¢; # ¢/. Note that we do not claim that X , is projective. In Section 77,
we will show that at least one X4 (for a suitable choice of €) is indeed projective.

5. PROJECTIVE RESOLUTIONS OF Z7°

Given a Lagrangian [A] € '\ ¥, we described in Section ?? the blowup 7: X4 — Z%Q of
the singular locus of the EPW cube Z§2 and, in the analytic category, some small resolutions
he: X5 — Z3° together with factorizations

C

g de e Ce  F>2
T Xg — X — 75"

The aim of this section is to show that there exists € such that the contraction c. is
projective. We do so by constructing a smooth projective hyper-Kahler variety Y, with a
small contraction Y, — ZEQ and then showing that the blowup map 7 factors though it. Our
construction will use properties of the period map for EPW cubes which we now explain.

5.1. Period maps for EPW cubes and double EPW sextics. Smooth EPW cubes are
hyper-Kahler sixfolds of K3P-type with a polarization of Beauville-Bogomolov square 4 and

divisibility 2. There is a 19-dimensional quasi-projective irreducible coarse moduli space [*! ///4(2)
for these polarized sixfolds (see [?, Theorem 3.5]), hence a moduli morphism

s LG(AVE) ~ (TUY) — BlLgz®

that sends a Lagrangian [A] ¢ T'U X to the point of the moduli space corresponding to the
smooth EPW cube Z7* with its canonical polarization.

There is also a 19-dimensional quasi-projective period domain [ @f) and a period map
(see Section 77 for more details) which is injective by the Torelli theorem ([?, 7, 7]).

The situation for double EPW sextics is completely analogous and we describe it only
briefly. Given a Lagrangian subspace A C A3Vg not in AUY (see Section ?? for the definition
of the divisors A and ¥), O’Grady constructed in [?] a smooth double cover of a certain
sextic hypersurface in P(V5). This double cover is a hyper-Kéhler fourfold with a canonical
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polarization of Beauville-Bogomolov square 2 and divisibility 1. So, as above, we have a moduli
morphism

20 LG(A3Vs) ~ (AU S) — Bz
and an injective period map
po: PV —s B,
O’Grady proved in [?, Proposition 4.8] that the composition @y o us extends to a regular
morphism
(9) By LGNV N & — B,
where ¥/ ¢ ¥ is a proper closed subset.

There is a degree-2 finite map
p: 2 92(1) — m@f)
defined in Equation (??) and the main theorem of [?, Corollary 6.1] says that

(10) PO (20 g = O3 O U3

on LG(A?Vs) ~ (AUT UZX). This implies that the composition g3 o uz extends to a regular
morphism

(11) Bs = pop,: LGN V) N X — Bl

5.2. Projective resolutions of singular EPW cubes. We show here that one of the ana-
lytic contractions c. of Proposition ?? is projective.

Proposition 5.1. Let [A] € '\ X. There ezists a smooth quasi-polarized projective hyper-
Kihler variety (Y,H) such that the big and nef line bundle H defines a small contraction

c:Y A — 222
Proof. We use the following lemma, whose proof goes as the proof of [?, Theorem 6.1].

Lemma 5.2. Given a point z € P 5@52), there exists a smooth projective hyper-Kdhler sixfold Y
with a big and nef line bundle H of square 4 and divisibility 2 with period .

Let (Y4, H) be the quasi-polarized hyper-Kéhler sixfold associated to the period point
x = P3([A]) given by the lemma.

Consider the local universal deformation f: (#/,.7) — (B,0) of the pair (Y4, H). For b
general in B, the line bundle /% is ample on %}, and the pair (%, .74, defines an element of

the moduli space [3],///4(2). Up to shrinking B to a smooth curve containing 0, we can suppose
that for each b € B, the point p3([%4]) is contained in the image of {; and is, for all b # 0, the
period of a (smooth) EPW cube.

Since the line bundle 57 is f-big and f-nef, the relative Kawamata—Viehweg vanishing
theorem ([?, Theorem 1-2-5 and Remark 1-2-6]) implies R>°f,# = 0. Furthermore, by the
relative Kawamata base-point-free theorem ([?, Theorem 3-1-1 and Remark 3-1-2]), the O-
algebra @, o f+.#™ is finitely generated and there is a B-morphism ¢: % — 27 to its
projective spectrum such that the line bundle . is the pullback of a relatively ample line
bundle on Z’. The morphism ¢ then induces isomorphisms %, = 2 for b € B \ {0}, and a
projective contraction Y4 — Z' on central fibres.
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Consider the families

0525/322 o
(12)
N

where the morphism f}’?z — B, with central fiber Z%Q, is obtained by lifting the curve B to

LG(/A3Vg) using the period map @3 as in [?], and comes with a relatively ample line bundle
(which is the pullback of the hyperplane section of Z5* C Gr(3, Vi) on each fiber).

Over each point of B \ {0}, the fibers of the two morphisms in the diagram (??) are
isomorphic polarized hyper-Kéahler manifolds with the same period map hence, by the Torelli
theorem, there exists an isomorphism between the two families that respects the polarizations.
By separatedness of the moduli space of polarized varieties with trivial canonical bundle (see for

example [?, Theorem 2.1]), the central fibers Ziz and Z’ of these two morphisms are isomorphic.

Therefore, we have a projective birational contraction c: Y4 — 21%2, defined by the
sections of a sufficiently large multiple mH of H. Taking the top self-intersections of both
sides of the equality ¢*H4 = mH, we obtain m = 1, so in fact, H defines c.

In particular, Z%Q is isomorphic outside a closed subset of codimension > 2 to an open

subset of Y 4, which has trivial canonical bundle. It follows that its smooth locus (252)3111 also
has trivial canonical bundle.

It remains to show that c is small. For that, we first show that the image of the exceptional
locus of ¢ is the singular locus of Z5>. Consider the restriction

¢ () — (Z)em

of ¢ to the preimage of the smooth locus of Z?. It is a birational morphism between smooth
varieties, hence

K

H(ZF)sm)

=K

lin

+ Exc(d).

(Z5%)sm

Since the canonical divisors chl((?% ) and K (722, are trivial, we obtain that ¢’ is an iso-
A Jsm A Jsm

morphism. Therefore, ¢ is an isomorphism over (Zfﬁ)sm. This implies that the image of the

exceptional locus of ¢ is the finite set of singular points of 222, and therefore the contraction

is small by [?, Proposition (1.4)]. O
Given [A] € T'\ X, we now prove that the blowup 7: X4 — AZEQ of ”z'ff along its finite
singular locus Z% factors through the small contraction ¢ constructed above.

Theorem 5.3. Let [A] € T\X be a Lagrangian subspace of \>Vs. The resolution T: X4 — 2;2
obtained by blowing up the finite singular locus of the EPW cube 232 factors through the small
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contraction ¢ constructed in Proposition 77:

YA/ T
Ny

g
Z3

The morphism d: XA — Y4 contracts each component E; C P3 x P3 of the exceptional locus
of T to a copy of P3 and the small contraction c: Y, — ZA contracts each such P3 to a

singular point of ZAQ.

Moreover, there exists another projective variety Y'y and a diagram

where Y 4 --+ Yy is the flop of every P3 in the exceptional locus of c.

We will need the following lemma.

Lemma 5.4. Let D be a divisor on X4 such that the line bundle Og,(D|g,) has nonzero

sections for each component E; of E. For any sufficiently ample divisor H on Z , the line
bundle 6"~A(D + 7*H) 1is generated by its global sections.

Proof. Consider the divisor 7, D on Z%z. For H sufficiently ample, 7, D+ H is globally generated

on Z7%. Write 7*(1.D) = D + D', where the support of D’ is contained in E. For H sufficiently

ample, we may also suppose that the linear system |7*H — D’| has no base points outside of E.

__ The first condition on H implies that, for any x ¢ F, there exists an effective divisor F

on Z>2 linearly equivalent to 7.D + H, whose support does not contain 7(z). We then have

T*F =D+ D'+ 7°H, hence D + ZT*H T*F +7*H — D'. The second condition on H implies
that z is not in the base locus of D + QT*H

It remains to show that D+ 27*H has no base-points on E. The divisor (D +27*H)|g, =

D|p, is effective by hypothesis hence is globally generated on E; (like every effective divisor

on ;). Therefore, it is enough to show that we can lift the sections of (D + 27*H)|g to X4.
For that, the vanishing

H'(Xa,D +27°H — E) =0

is enough. Using the Leray spectral sequence, it is enough to show that

H'(Z3?, (.03 (D — E))(2H)) = H*(Z3*, (R'7.0% (D — E))(2H)) = 0.
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The vanishing of the H' holds for H sufficiently ample ([?, Proposition 5.3]). For the vanishing
of the H°, we need to show R'7,0% (D — E) = 0. This follows from the theorem on formal
functions ([?, Theorem 11.1]), noticing that H'(E,D — mE) = 0 for all m > 0 (because
E|g, = 0(—1,—1) and, again, D|g, is effective). O

Proof of the theorem. By [?, Corollary A.2], small normal partial resolutions of 232 correspond
to nontrivial classes in Cl(iiz) / Pic(if) modulo multiplication by positive integers. In par-
ticular, the existence of ¢ implies that there exists a Weil divisor class [D] on Z%Q which is not
Cartier at any singular point (and such that Y 4 is the blowup of [D]).

As before, we denote by z1,...,z, the points of Z%4 and by E; the component of the
exceptional divisor E of 7 over the point z;.

Construction of a divisor L on X4 whose restriction to each E; is of the form Og,(a;,b;) with
a; # b;. The blowup 7 induces an isomorphism Cl(i?) ~ Pic(X,)/ D, ZE;. Let L be a divisor
on X, whose class corresponds to the nontrivial Weil divisor class [D] € Cl(iiz) and whose
support does not contain any F;.

Choose a neighborhood Z; C 2%2 of g7%(z;) that contains no other singular points and
set X; = X4 X522 Z; and Y; := Y4 X522 Z;. Then, X; — Z; is the blowup of the unique singular
A
point g~ 1(z;) of Z; and ¢;: Y; — Z; is a small projective resolution.

Again by [?, Corollary A.2], the contraction ¢; corresponds to the nontrivial class of the
Weil divisor D; == D N Z; in CI(Z;)/ Pic(Z;). As in [?, Equation (1.1)], there is an injection

ji: CUZ;)/ Pic(Z;) — Pic(E;)/Z(Ei|g,) ~ Z,

where the last isomorphism follows from the Lefschetz hyperplane theorem.

Therefore, C1(Z;)/ Pic(Z;) ~ Z has rank 1 and is generated by the class of D;. Since j; is
injective, the divisor class j;([D;]) = [L|g,] is not a multiple of [F;|g,] ~ €(—1, —1), hence is
of the form Og,(a;,b;) with a; # b;.

Construction of smooth projective varieties Y, and Y_ and divisorial contractions d.: X A —
Y.. Let L be the divisor constructed above. There exist integers p; and ¢; such that L + p; E;
and —L + ¢; E; restrict on E; to Og,(¢;,0) and O, (0, ¢;), with ¢; > 0.

Weset Ly = L+p1 By +---+p.E, and Ly = —L+ ¢ E1 + -+ + q.E,. These divisors
restrict to positive multiples of ¢'(1,0) and £'(0,1) on each E;. By Lemma ??, after adding
to L and Lo the pullback of a sufficiently ample divisor on Z%z, we can suppose that they
are globally generated. Therefore, by [?, Theorem 1 and Corollary 2|, they define morphisms
de: Xa — Yo, with Y. smooth projective, that map each E; C P3 x P? to either one of the

two P? and fit into factorizations
~ d ~
T Xy — Yy — 77,
where ¢, and c_ are small projective contractions that are not isomorphic over each Z;.

End of the proof. Because of the isomorphism Cl(Z;)/ Pic(Z;) ~ Z, the results of [?, Appen-
dix A] imply that Z; has exactly two projective small resolutions, namely Y;” = Blp,(Z;) and
Y, = Bli_p,(Z;), and Y; is one of those. Over each Z;, the contractions c, and c_ are two
distinct normal small projective resolutions of Z;, hence they must coincide with Y;" and Y; .
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Since Y; is one of those, we have a morphism X; — Y;. In this way, we extend the rational map
d=clor: XA --» Y4 to each X;, hence to XA, as a regular morphism.

Finally, Y4 is the blowup of, say, [D], and [?, Corollary A.4.] shows that the blowup Y’

of [—=D] is the flop of Y4, and the same argument shows that there exists a morphism d': X4 —
Y. O

6. NO ASSOCIATED K3 SURFACE

As mentioned earlier, O’Grady obtained in [?] results similar to our Theorem 7?7, but for
double EPW sextics: when [A] € A \ X, the double EPW sextic associated to A is singular
with small projective resolutions. In addition, he constructs a smooth K3 surface S4, C P% and

proves that the double EPW sextic is birationally isomorphic to the Hilbert square SE]

In our case, we prove below that, on the contrary, when [A] € I' \ ¥ is very general, the
singular EPW cube Z%Q is mot birationally isomorphic to any smooth moduli space of stable
sheaves on a K3 surface. For this, we use the determination of the image by the period map of
the divisor I' obtained in Proposition ?? and results from [?].

Proposition 6.1. When [A] € T' \ X is very general, the singular EPW cube Z%Q 1S5 not
birationally isomorphic to any smooth moduli space of stable sheaves on a K3 surface.

Proof. By [?, Theorem 3.7], a smooth hyper-Kéhler variety X of K3Bltype is birationally
isomorphic to a smooth moduli space M, (S, H) for some K3 surface S if and only if X and S
have Hodge isometric transcendental lattices. We will determine these lattices when X is a
smooth model of a very general singular EPW cube ZiQ as in the proposition and when S is
a (necessarily very general) polarized K3 surface, and prove that they cannot be isomorphic.

As shown in Proposition 7?7, when [A] € T'\ X is very general, the singular EPW cube ,vaf
is birationally isomorphic to a smooth quasi-polarized projective hyper-Kéhler variety (Y 4, H)
of K3Bl-type.

Let Aygim = Aks @ Z(—4) be the lattice associated with hyper-Kéahler manifolds of K3l
type and let h be a vector of square 4 and divisibility 2 in Ay4. By Proposition 77, the period
point of Y, is a very general point of the Heegner divisor %! @fl)z, hence the transcendental
lattice of Y4 is isometric to K+ C A, where K C A is a discriminant 12 lattice that contains h.

As explained in the proof of Proposition ??, the lattice h* is of the form M & Zk & Z¢,
where M = N @ U is unimodular and k and ¢ have square —2, and the lattice K+ is equal
to B+ C ht for some vector 3 € ht of square 12, divisibility 2 and class 8, = (1,1) € A,
(up to isometries of O(h'), this vector is unique by [?, Satz 10.4]). Therefore, we can take
f =2m+ k41 with m = u — v, where (u,v) is a basis of U C M. The transcendental lattice
of X is equal to

2 0 1
T=Na|0o -4 —2]|,
1 -2 -2

where a basis of the nonunimodular part is given by (u + v,k — ;v + k).

The transcendental lattice of a very general polarized K3 surface of degree 2e is isomorphic
to N @ U @ Z(—2e). We show that the lattice T" defined above is not of this form by proving
that there exist no vectors w € T of divisibility 1 and square 0 orthogonal to N. Such a vector
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w would be of the form x(u + v) + y(k — £) + z(v + k). We compute its divisibility and square
in terms of x,y, 2:
div(w) = 2z + 2z, —4y — 2z, — 2y — 2z)
and
w? =227 — 4y? — 22° 4+ 222 — dyz = 2(2* — 22 + 12 — 2(y° +y2)).
We now impose w? = 0 and div(w) = 1. The first condition implies

2 — 2wz -2y +yz) =0.

In particular, 2? + 22 4+ zz is even, hence x and z are both even, which is absurd since w has
divisibility 1. O
Remark 6.2. More generally, [?, Corollary 4.4] shows that for [A] € T' \\ X very general, the

singular EPW cube Ziz is not birationally isomorphic to any moduli space of twisted sheaves
on a K3 surface.

APPENDIX A. DIVISORS IN THE PERIOD DOMAIN [l i@f)

In this appendix, we define Heegner divisors in period domains and prove some of their
properties in cases that concern us. We then analyze the images in the period domains of the
divisors A, I'; and Y defined in Section 7?7 and prove that they are Heegner divisors.

A.1. Heegner divisors in the period domains 2 2{" and B 2{”. We start by introducing
some notation, following [?, Sections 3.9 and 3.10].

Let Agsm be the lattice associated to hyper-Kéhler manifolds of K3 _type, and let 7
be a polarization type, namely the O(A gsm)-orbit of a vector h € Agqmi. The period domain
of polarized hyper-Kahler manifolds of K3™-type and polarization type 7 is the quotient

"B = D [O(A g ),
where 2,. C P(h* @ C) is the open set of z € P(h*t ® C) such that > = 0 and z -7 > 0,
and O(Agsimi, h) is the group of isometries of A4 that fix the vector h and act as £id on
the discriminant group of A ygim.

When the divisibility div(h) of h is equal to 1 or 2, the polarization type 7 of h is
uniquely determined by h? and div(h) (see [?, Remark 3.23]). Therefore, we denote by [2/2{"
the period space of polarized hyper-Kéahler manifolds of K32-type with polarization of square
2 and divisibility 1, and by ! @f) the period space of polarized hyper-Kahler manifolds of
K3Bltype with polarization of square 4 and divisibility 2.

There exists a finite degree 2 map
(13) p: B 92(1) — [3]@?).

Indeed, the period spaces e@g(l) and 1% Bzf) are obtained as quotients of the same domain
by two groups of isometries I'y and I's, such that I'y has index 2 in I'; ([?, Proposition 6.3]).

Definition A.1 (Heegner divisors). Let K C Agsm be a rank-2 lattice of real signature (1, 1)
that contains h. The Heegner divisor ™9, ;¢ of M &2 is the image of the hyperplane section
P(K+ ® C)N Z,. in the quotient D1 /O(Agsmm, h). Moreover, for d > 0, we set

[m} @T,d = U [m} @T,K7

K, disc(K1)=—d
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where K runs over the rank-2 sublattices of Aysm with real signature (1,1) that contain h.
Note that the Heegner divisor [™ 9, i only depends on 8+, where 3 is any nonzero vector in
KN ht.

Following the notation of [?], we denote by [ .@2(}[1) the Heegner divisors in the period

space 22" and by B Qfd) the Heegner divisors in the period space ¥122%). We compare
these Heegner divisors using the double cover p: 12 3”2(1) — B @f) defined in (77?).

Heegner divisors in 222{" are described in [?, Proposition 3.29]: the divisor [2].@2(2 is
nonempty if and only d = 2¢ and e # 3 (mod 4). Moreover, if e is even, the divisor [ 92(}2)6
is irreducible, while it has 2 components for e = 1 (mod 4). We give a similar description of
Heegner divisors in 18122

Proposition A.2. Let d be a positive integer. The Heegner divisor %! _@ﬁg c Bl @f) 18 nonempty
if and only if d is an even number 2e such that e # 3 (mod 4). When this is the case, [3].932)6
15 wrreducible and is the tmage by p of the Heegner divisor [2]@2(712)6 c b @él).

Proof. Recall that [l ng) =D/ 6(AK3[3] ,h), where h € Ay has square 4 and divisibility 2.
As remarked in [?, Section 6.1], the lattice h* decomposes as

(14) ht =M ® Zk & Z¢,

where k and ¢ are vectors of square —2 and M is a unimodularAlattice. The discriminant
group A1 is isomorphic to Z/2Z x Z/2Z. Moreover the group O(Aggms1,h) is equal to the
whole group of isometries O(h't). Finally, the group O(h*) is generated by its subgroup O(h')
of isometries that acts trivially on the discriminant group A;., and the reflection r with respect
to k + ¢, which exchanges k and ¢ and is the identity on M.

Let K be a rank-2 sublattice of A4 of signature (1,1) that contains h, and denote by /3
a primitive generator of K N ht. We determine when the Heegner divisor defined by K is
contained in [ .@4(’262. Since 3 is in ht, we can write, with respect to the decomposition (?7),
B =am + bk + ¢/,
where m € M is a primitive vector and (a,b,c) = 1. Let 2t := m?. We compute 3*> =

2ta* — 2b* — 2¢% and div(8) = (a,2b,2¢) = (a,2). In particular, 8 has divisibility 2 if and only
if 2 | @, and in this case, either b or ¢ must be odd.

Using [?, Lemma 7.2], we compute the discriminant

, — 3% disc(h?t) 4 5 o o
15 disc(84) = = 22(—ta® + b
of the lattice S+ C ht, where we used disc(h') = 4. Since div(f) | 2, it follows that disc(5~)
is equal to —3% when 2 | a, and to —4/3% when 2 { a. In particular, since 32 is even, disc(+)
is an even number 2e.

Moreover, e cannot be equal to 3 modulo 4. Indeed, if disc(3+) = 6 (mod 8), then a
must be even and disc(8+) = —3? = —2ta® + b? + ¢?, which is never equal to 6 modulo 8.

Conversely, we now show that for any e # 3 (mod 4), there exists a unique O(h')-orbit
in ht of vectors 3 such that 4+ has discriminant 2e. Using [?, Lemma 3.3], this implies that

13 .@fg)e is irreducible.
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We start by studying the orbit of a primitive vector 3 € h' of square 3% and class
Be =B/ div(B)] = (x,y) in Ay = Z/2Z x Z/2Z. 1t is equal to

O(h*)B = O(h*)B U O(h* )r(B).

By Eichler’s Lemma, the orbit O(ht)3 is the set of vectors v in h* of square 82 and class
v, € Ayt equal to B.. Hence, since r acts on A,1 by exchanging the components, the orbit
O(ht)B is the set of primitive vectors v € h* with square 5% and class v, € A1 equal to (x, )
or (y,x). Therefore, there are at most three O(ht)-orbits of primitive vectors of given square,
respectively of class (0,0), (0,1) or (1,0), and (1, 1), in the discriminant group.
We compute the discriminant of 5+ in each case, using Equation (?7):
(a) div(B8) = 1 hence B, = (0,0); in this case, disc(3+) = —48% = 2¢ for some ¢ = 0
(mod 4).
(b) div(f) = 2 and B, € {(0,1),(1,0)}; in this case, a is even and exactly one among b
and c is odd. Therefore, disc(8t) = —3% = 2¢ for e = —ta® + V> + 2 =1 (mod 4).
(c) div(8) = 2 and B, = (1,1); in this case, a is even, and b and ¢ are odd, hence disc(8+) =
—f% = 2e for e = —ta®> + b* + ¢* =2 (mod 4).

In particular, disc(8+) determines 32 and 3, € Z/2Z x Z/27Z up to coordinates swap, hence
the O(ht)-orbit of 3.

Finally, to compare Heegner divisors of 2 3”2(1) and B! @f), recall from [?, Proposition 6.3]
that [2 322(1) = 9. /O(h') and the morphism p is induced by the action of the reflection 7 on
212 Hence, 1l -@Ez)e is the image of 2 .@2(}2)6 by p. O
Remark A.3. The previous proof also shows that the primitive vectors 8 € h* associated to a
Heegner divisor P! Qfg)e (where e # 3 (mod 4)) satisfy the following:

e if e =0 (mod 4), the vectors 8 have divisibility 1 and square e/2;

e if e =1,2 (mod 4), the vectors 5 have divisibility 2 and square 2e.

A.2. Image by p; of the divisors A, I', and ¥. In this section, we prove that the images
of the divisors A, I', and ¥ defined in Section ?? by the period map
Bs: LG(A3VG) N & —» Bl

defined in (?7?) are distinct Heegner divisors. For this, we will use Gushel-Mukai varieties and
their periods (for definitions, the reader may consult [?]).

Proposition A.4. One has
@3(A ~ E/) = [3]-%&,21)0 ) @3(F ~ El) = [3]-@45,21)2 ) @3(E ~ E/) = [3]%&,28)-
In particular, the divisors A, I, and % are mutually distinct.

Proof. The images of these divisors in 3”2(1) by the period map P, were determined in [?,
Remark 5.29] and they are Heegner divisors:

P(ANY) = [ @;'(110) = {periods of GM 4folds containing a o-plane}
= {periods of GM sixfolds containing a P3},
P(CNY) = [ .@2(711)2 = {periods of GM 4folds containing a 7-plane},

P(XNY) = [ _@2(718) = {periods of nodal GM 4folds}
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(where 2! .@;/(110) is one of the components of the reducible Heegner divisor [2! .@2(}1)0). To conclude,
it is then enough to apply Proposition ??, the relation (??), and the fact that the Heegner

divisors ! Qfl)o, 3] .@fl)Q, and P! .@fg) are mutually distinct. O
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