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ABSTRACT. In this article we study the extendability of a smooth projective variety by degenerating it to
a ribbon. We apply the techniques to study extendability of Calabi-Yau threefolds X; that are general de-

formations of Calabi-Yau double covers of Fano threefolds of Picard rank 1. The Calabi-Yau threefolds
1A
Xt u» PN, with [ > J, where A; is the generator of Pic(X;) and j is the least positive integer such that [A;

is very ample, are general elements of a unique irreducible component Jfly of the Hilbert scheme which
contains embedded Calabi-Yau ribbons on Y as a special locus. For [ = j, using the classification of Mukai
varieties, we show that the general Calabi-Yau threefold parameterized by ijy is as many times smoothly ex-
tendable as Y itself. On the other hand, we find for each deformation type Y, an effective integer ly such that
for [ = ly, the general Calabi-Yau threefold parameterized by Jﬁly is not extendable. These results provide
a contrast and a parallel with the lower dimensional analogues; namely, K3 surfaces and canonical curves
(9], [10], [11]) which stems from the following result we prove: for I = ly, the general hyperplane sections
of elements of Jz"IY fill out an entire irreducible component Ly’ly of the Hilbert scheme of canonical surfaces

which are precisely 1- extendable with Jfly being the unique component dominating SﬁlY. The contrast lies
in the fact that for polarized K3 surfaces of large degree, the canonical curve sections do not fill out an entire
component while the parallel is in the fact that the canonical curve sections are exactly one-extendable.

1. INTRODUCTION

Definition 1.1. Let X c PV be an irreducible nondegenerate variety of codimension at least 1. Let k = 1
be an integer. We say that X is k— extendable if there exists a variety W < PN** different from a cone,
with dim W = dim X + k and having X as a section by a N— dimensional linear space such that W is
smooth along X = W nP"N. We say that X is precisely k— extendable if it is k— extendable but not (k+1)—
extendable. The variety W is called a k-extension of X. We say that X is extendable if it is 1 - extendable.

The extendability of a projective variety is a natural and fundamental question in projective geometry.
This classical question has been the topic of intense research for decades and has revealed deep connec-
tions between the geometry of the embedding, Gaussian map of curve sections, deformations of cones
over the hyperplane sections etc. We refer to [32] for an excellent recent survey of this topic. The purpose
of this article is to introduce techniques to study extendability of smooth projective varieties via degener-
ation to ribbons. In particular we show two different themes, one to show extendability and the other to
show non-extendability of the general member of a one parameter family that projectively degenerates
to aribbon in the central fiber. We apply them to study extendability of Calabi-Yau threefolds, where not
much is known. It is interesting to note that ribbons have appeared in the context of extendability of
canonical curves and K3 surfaces in [7], [46], but in a way that is completely different from this article.
We will now recall the definition of a ribbon

Definition 1.2. A ribbon Y on a reduced connected scheme Y is an everywhere non-reduced scheme
with Yeq = Y such that
(1) The ideal sheaf .#,,3 of Y inside Y satisfies .# s y=0and
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(2) Fy,7 as an Oy module is a locally free sheaf L of rank one also called the conormal bundle of the
ribbon.

1.1. Extendability of the general member of a component of the Hilbert scheme containing ribbons.
We now explain how one can use ribbon degenerations to derive information on the extendability of
a general member of a Hilbert component. Suppose one has an irreducible component of the Hilbert
scheme .# of PN which parameterizes smooth varieties in general and ribbons Y on Y with conormal
bundle L as a special locus which represents smooth points of #. Now suppose that we have the knowl-
edge of extendability of the induced embedding of the reduced part Y c PM (M < N), i.e, W c PM*¥isa
smooth k— step extension of ¥ = PM. Then we can derive knowledge of the extendability of the general
elements of #. We start by showing that the smooth members in a certain special locus in A# are k—
extendable as follows :

(1) Extend the ribbon Y c PV to a ribbon W c PN*k, This eventually boils down to showing exis-
tence of ribbons supported on W in PN*¥ extending the embedding W c PM** c PN+k which is
parameterized by nowhere vanishing sections of H(Ny, pr+ ® ) where £ is a line bundle on
W whose restriction to Y is L.

(2) Show that the extended ribbon W < PV*¥ is smoothable. Thus we have shown the k— step ex-
tendability of some smooth special members of # containing the ribbons in their closure.

(3) Finally we conclude by the showing that the corresponding non-empty flag Hilbert scheme dom-
inates /.

We remark that the abstract variety Y or the embedding of Y = PM is usually a cohomologically sim-
pler variety with a much better understood embedding than X c P where X is a general member of 7.
So it is reasonable to expect that we will have better knowledge about its extendability. In the context of
this article, we show the extendability of general smoothings of Calabi-Yau ribbons on anticanonically
embedded Fano-threefolds of Picard rank one. Guided by the metaprinciple 2.1, we accomplish this by
showing the existence of very specific Fano ribbon structures on Mukai varieties, which are extensions of
the three dimensional Calabi Yau ribbons, and then by smoothing them.

1.2. Non-extendability of the general member of a component of the Hilbert scheme containing rib-
bons. To show non-extendability, we apply Zak-L¥ovsky’s criterion on the ribbon ¥ < PV. We recall the
definition of the invariant a(X) and two results by Zak and Lvovsky ([33], [48], see also [2], [32, Theorem
1.3D).

Definition 1.3. For X c P a smooth irreducible nondegenerate variety of codimension at least 1 with
normal bundle Ny p~, we set a(X) = hO(NX,PN(—l)) -N-1

Theorem 1.4. (33], [48]) Let X < PV be a smooth irreducible nondegenerate variety of codimension at
least 1 and suppose X is not a quadric. If a(X) <0, then X is not extendable. Further, given an integer k = 2,
suppose that either:

(1) a(X)< N or
2) H(Ny,pn(-2)) =0,

Ifa(X) < k-1, then X is not k— extendable.

By results in [4], [17], [22], [19], [20], it is known that under sufficiently general conditions, as an em-
bedding degenerates to a double cover, the embedded models degenerate to a ribbon over the base of
the double cover. Since the ribbon is a local complete intersection, by a series of short exact sequences,
it is shown that computing the cohomology of the twists of the normal bundle Ny v of a embedded
ribbon Y on Y < PV eventually boils down to computing the cohomology of the twists of the normal
bundle Ny ,p~v (see equations 2.1, 2.2, 2.3) which are easier to handle than the normal bundle of a general
member X c PV in the family, about which we know very little.
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In this paper we study the extendability of Calabi-Yau threefolds X < PV by degenerating them to
Calabi-Yau ribbons on Fano-threefolds Y of Picard rank one, embedded by the complete linear series
of —IH where H is the generator of Pic(Y). For / equal to the index of Y, we show that the Calabi-
Yau threefolds are at least as many times smoothly extendable as the Fano threefold Y. For higher
values of [, we show non-extendability of X. Fano threefolds of Picard rank 1 are classified into 17
different deformation types by the classification of Iskovskih-Mori-Mukai ([25], [26], [37]). We use the
explicit description of each of the families which are either complete intersections in weighted projec-
tive spaces or regular sections of homogeneous vector bundles on Grassmannians (see [13], [5], https:
//www . fanography.info/.). The computations boil down to Borel-Bott-Weil theorems. We now state
our results. First we state a Proposition describing the Calabi-Yau threefolds we work with and their
Hilbert schemes.

Proposition 1.5. (see Proposition 3.1, Remark 3.2) Let Y be a smooth, projective Fano threefold of Picard
rank 1. Let i(Y) denote the index of Y. Let n: X — Y denote a Calabi-Yau double cover branched along a
smooth divisor B € | —2Ky|. Let H denote the generator of Pic (Y). Let j = i(Y) be the least positive integer
such that j H is very ample. Then

(1) Pic (X) = Z. If A denotes the generator of Pic (X), then for any polarized deformation (X;, A;) of
(X, A) along a one parameter family T the line bundle A; generates Pic (Xy).

@) Forl=j, h°(1A;) = h°(IH) + h°((1 - i(Y))H). We set N;+ 1= h°(LH) + h°((1 - i(Y) H).

(3) Letl = j. If Y belongs to family 1.11, further assume |l = 4. Then for a general polarized defor-
mation (X, Ay) of (X, A) along a one parameter family T, lA; is very ample. Further there ex-
ists a unique irreducible component JL”IY of the Hilbert scheme of P! with Hilbert polynomial
pz) = WO(lzH)+h°((1z—i(Y))H) that parameterizes linearly normal Calabi-Yau varieties X; pNi
such that (X;,0x,(1)) can be deformed to (X, 1 A) along an irreducible one parameter family.

(4) The component Jfly contains linearly normal embedded Calabi-Yau ribbons Y < PN' on Y such
that Oy (1)|y = lH. The embedded ribbons form an irreducible family, and they represent smooth
points ofifly. Consequently, any linearly normal embedded Calabi-Yau ribbon Y c PN on Y such
thatOy(1)|y = IH is contained in Jﬁly

(5) IfY isnotof type 1.1, LAy is not very ample for 1 < j.

With the notation as above, we now state our main result on the extendability of general Calabi-Yau
threefolds in Jt”ly :

Theorem 1.6. (see Theorem 4.1, Theorem 4.3)

(1) The extendability for a general smooth Calabi-Yau threefold of the Hilbert component Jt’ly (=7j)
(in the notation of Proposition 3.1) is listed in the fourth columns of tables 1, 2. The tables show
that out of the 17 different deformation types of Y,

(a) Excepting for families 1.1 and 1.11, when | = j, a smooth Calabi-Yau threefold X, c P! for a
general t in ijy is at least as much extendable as the anticanonically embedded Fano Y .

(b) For each family, we give an effective value ly, such that for | = ly, a smooth Calabi-Yau three-
fold X, c PNt for a general t in Jfly has a(X;) = 0 and is hence not extendable. Consequently,
the cone over X; in PN'*1 is not smoothable in PN1*1.

(2) For each deformation type Y and | = ly, the general canonical surface sections S; < PV=1 of the
general Calabi-Yau threefolds X, < PN! of Jfly have a(S;) = 1, are exactly 1— extendable and fill
out a unique irreducible component of the Hilbert scheme le with a dominant map Jf’ly — le_

(3) Forl=ly, %ZY is the only irreducible component of the Hilbert scheme parameterizing linearly
normal Calabi-Yau threefolds that dominate the component %Y by taking hyperplane sections.
For a general canonical surface S, c PN~ € le, the Calabi-Yau threefolds in P™' containing S, as
a hyperplane section forms an irreducible family.
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It is interesting to compare the results of this article with the results on extendability of K3 surfaces
and canonical curvesin [9], [10] and [11] (see also [8]). Let #, ¢ denote the Hilbert scheme of K3 surfaces
embedded by the r— th veronese map of a primitive very ample line bundle of sectional genus g. By
studying Gaussian maps of canonical curve sections of such K3 surfaces, it was proven that for (r=1,g =
13),(r=2,g27),(r=3,g=5),(r=4,g=4),(r 25,8 =3) (see [11, Table 2.14] for the precise and slightly
stronger results), the general curve section of the general K3 surfaces in ./ ¢ has corank one Gaussian
map which in particular means that the general K3 surfaces are not extendable and the general curve
sections are exactly one extendable. The results Theorem 1.6, (1), (3) are analogues of the above results.
However, there is a contrast for Calabi-Yau threefolds; the hyperplane sections of ]ﬁly for [ = Iy fillout an
entire irreducible component of the Hilbert scheme of canonical surfaces, while curves on a K3 surface
are non-general curves of the corresponding component of the Hilbert scheme. We plot the invariants of
the surface sections in subsection 4.3.

Acknowledgements. We thank Professor Ciro Ciliberto for his encouragement. We thank the anonymous
referee for carefully reading our paper. The referee’s comments and suggestions, helped us revise some
computations and improve the clarity and exposition of the paper.

2. MAIN RESULT ON EXTENDABILITY OF PROJECTIVE VARIETIES

The following general metaprinciple forms the basis to show extendability of general embedded smooth-
ings of ribbons using the knowledge of extendability of the reduced part of the ribbon. By a one-parameter
family we mean a flat projective morphism & — T where T is a smooth irreducible curve.

Metaprinciple 2.1. (1) Let Y < PM be an embedding of a smooth projective variety. Let W c PM*¥ pe
a smooth extension of Y < PM. Suppose that there exists ribbons W < PN** with conormal bundle
L such that L|y = L, extending the embedding W c PM** c PN*K yyhere the second embedding
is an embedding of linear spaces. Assume further that W is smoothable inside PN** along a one-
parameter family T. Then by taking a codimension k linear section of the smoothing family, we see
that there exist embedded ribbons Y = WNPN c PN extending Y < PM with conormal bundle L
which are smoothable along a one-parameter family T. Further for a general t € T, the smoothing
fiber V; c PN*K of W c PN*K s q k— step extension of the smoothing fiber X; c PN of Y c PV,

(2) Consequently, in a situation where we are interested in the extendability of a general element of
an irreducible component 7 of the Hilbert scheme in PN which contains ribbons Y on Y with
conormal bundle L, such that the ribbons represent smooth points of /€, we can use part one to
deduce the extendability of at least a special locus parameterizing smooth varieties in J¢.

(3) RibbonsY < PN on Y with conormal bundle L extending a given (possibly degenerate) embedding
Y c PV are parameterized by the nowhere vanishing sections of H*(Ny ;px ® L) (see [22, Proposition
2.10).

_ In the following theorem, we show how to compute an upper bound to a(Y) of an embedded ribbon
Y c PN in terms of the cohomology of the twists of the normal bundle and eventually that of the tangent
bundle of its reduced structure Y.

We introduce the following notation that will be used in the subsequent sections.
Notation:

(@) Let V is a vector bundle on the ribbon Y and L is a line bundle on Y. Then L has the structure
of an Oy module due to the homomorphism 0y — Oy that defines the ribbon Y. We define
V():=Veg, L.

(b) By Iy and Iy, we mean the ideal sheaf of Y and Y in PV respectively.

Theorem 2.2. Let Y be a ribbon over a smooth projective variety Y of dimension d > 1 with conormal
bundle L. Let Y — PN be an embedding of Y induced by the complete linear series of a very ample line
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bundle H. Let H = H|y and assume H (-H+ L) = 0. Let
B=h'(Ty(-H+L)+h"(Ty(-H) - h°(Ty(-H)) + h' (-H- L) + h°(- H - 2L)
Then
a(Y)=h’(Nypv(-H)-N-1<p

(1) If < N and Y is smoothable inside PN into smooth fibers X, c PN, then a general X, is not f + 1
extendable.

(2) If further, B = 0, then a(Y) <0 (or hO(Nf,,PN(—ﬁ)) < N +1). Consequently, if? is smoothable
inside PN into smooth fibers X; c PN, then, a(X;) = 0 and a general X; is not extendable. In
this case, H(Ny, ;pv(=2)) = 0 and if H'(Ox,) = 0 (which is true if H' (Oy) = H'(L) = 0), we have
cork(CD@C[(l),KCt) = d —1 for a general curve section C; of X;.

Proof. We have the following exact sequences (see [18, Lemma 4.2])

2.1) 0— Ny pn (L) = Ny ;py — Ny ;py ® Oy — 0
2.2) 0— Aom(Iy/1%,0y) — Ny py ® Oy — Oy(=2L) — 0
(2.3) 0— Oy (~L) — Ny pv — Fom(Iy/T,0y) — 0

Tensoring equation 2.1 by Oy (—H), we have that

(2.4) R (N pn (= H)) < h®(Ng pr (= H + L)) + h° (N o (- H))
We compute hO(Ny/PN (—H + L)). Tensoring equation 2.2 by Oy (— H + L) we have

0— Jc”om(ly/lz ,Oy)(=H+ L) — Ny,pn(-H+ L) > Oy(-H-L) —0
Hence

(2.5) R (Ng o (-H + L)) < h°(#om(Iy ! I5,0y) (- H+ L)) + h°(@y (- H - L))
Tensoring equation 2.3, by Oy (— H + L) we have

0—Oy(-H)— Ny,pn(-H+L) — Jfom(lyllé,@’y)(—H+ L)—0
Since H' (- H) = 0, by Kodaira vanishing theorem, and h°(— H) = 0, we have that
Yy g

(2.6) B (A om(Iy/12,0y)(—H + L)) = h®(Nypx (- H + L))
We now compute hO(Ng ,p~ (—H)). Tensoring equation 2.2 by Oy (- H) we have

0— Aom(Iy/1%,0y)(— H) — Ny pn (= H) — Oy (~H - 2L) — 0
Hence

2.7) R (Ng pn (- H)) < iO(Hom(I31I5,0y) (- H)) + h°(@y (- H - 2L))

Tensoring equation 2.3, by Oy (— H) we have

0— Oy (~H - L) — Nypx (- H) — #Hom(I3/I%,6y)(-H) — 0
Then we have that

(2.8) K (A#om(I311%,0y) (- H)) < h°(Nypv (- H)) + k' (-H - L) - h°(-H - L)
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Hence we have that

h° (Ng jpn (= H)) < h° (= H=L)+ h° (Ny jpn (= H+ L)+ h° (Ny jpv (- D)+ h' (- H-L) - h° (- H- L)+ h° (@y (- H-2L))

2.9) h° (Ng pn (= H)) < B (Ny jpv (= H + L)) + h®(Ny jpr (= H)) + ' (= H - L) + h° @y (- H - 2LL))
We now compute h°(Ny pv (— H)). We have

(2.10) 0— Ty — Tpnly — Ny pv — 0
Tensoring equation 2.10 by Oy (- H), we have

0 — H°(Ty(~H)) — H*(Tpn|y (—H)) — H°(Ny pn(—H)) — H (Ty (- H))
Hence

R (Ny jpr (- H)) < h%(Tpn |y (- HD) + h' (Ty (- H)) — h®(Ty (- H))
Consider the Euler exact sequence restricted to Y

(2.11) 0— Oy — Oy ()N — Tpn|y — 0
Tensoring equation 2.11 by Oy (— H), we have

0— H@y)N*! — H(Tpnly (-H)) — 0

so we have

(2.12) hO(Tpnly (~H)) = N +1

This implies

(2.13) h°(Ny pv(—H)) < N+ 1+ h'(Ty (- H)) - h°(Ty (- H))

We now compute h®(Ny pv (- H + L)). Tensoring equation 2.11 by @y (- H + L), we have

H°@y (L)N*! — HY(Tpn|y (~H + L)) — H Oy (-H + L))

Since —L has a section, we have that H’(Gy (L)) = 0 and by assumption H L@y (—H + L)) = 0 and hence
H(Tpn|y (~H+ L)) =0.
Tensoring equation 2.10 by Oy (- H + L), we have

H°(Tpnly (~H+ L)) = H*(Ny pn(—H + L)) — H (Ty (= H + L))
Since H?(Tpn|y (—H + L)) =0,

(2.14) h°(Ny pn (—H + L)) < h* (Ty (-H + L))
Plugging everything back into equation 2.9, we have

(2.15) h°(Nypn (—H)) < N+1+h'(Ty (-H+ L))+ h' (Ty (- H)) - h°(Ty (- H)) + h' (- H - L)+ h®(- H-2L)

[ ]
In the following lemma, we find out the vanishing condition to ensure that for a hyperplane section
ZcPN71 of X <PV, we have a(Z) = a(X) +1.
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Lemma 2.3. Let X < PV be a smooth irreducible nondegenerate variety of dimensiond = 2. Let Z < PN™1
be a smooth hyperplane section. Let Ox (1) and G z(1) denote the hyperplane of X and Z repectively. Then

(1) If H*(Nx,pv(=2)) =0, a(Z) = a(X) + 1. Consequently
@) If H*(Nyx,pv(=2)) = 0 and H' (Ny,pn (=2)) — H' (Ny,pn (—1)) is injective, then a(Z) = a(X) +1

Proof. First note that Ny ,p~|z = N, ,pn-1. Then for any i we have the exact sequence
0 i NX/“:DN(_i - 1) and NX/PN(_i) — NZ/PN_I (—i) — 0

Then for i = 1, we have a(X) = h®(Ny,prn(—=1)) = N—1 < h®(N,pv-1)(=1) = N - 1 = a(Z) — 1. Further
from the same exact sequence, we have the equality under the added hypothesis of (2). [

With X ¢ PV and Z c PN~! a hyperplane section of X, the following lemma gives a sufficient condition
for the component of the Hilbert scheme containing X to have a dominant map to the component of the
Hilbert scheme containing Z.

Lemma 2.4. Let X c PV be a smooth projective variety and Z < PN~ denote a smooth hyperplane section.
If X is unobstructed inside PN and H* (Nx,pn(=1)) = 0, then Z is unobstructed inside PN-1 and there is
a dominant map from the unique component of the Hilbert scheme in PV that contains X to the unique
component of the Hilbert scheme of PN~1 that contains Z which sends X to Z.

Proof. Let the unique component of the Hilbert scheme containing X be denoted by #x. Let H be the
hyperplane such that X n H = Z. Now consider the universal family #x c PN x #x over #x and look at
ZFxn(HxHy), the intersection being the scheme theoretic intersection inside PV x.#x. This intersection
gives a flat family of subschemes with the same Hilbert polynomial as Z < PN~! parameterized by an
open set %x of #’x. Hence we get a map from %x to the unique component of the Hilbert scheme
A€z containing Z. We show that this map is dominant. For that it is enough to show that the map at
the level of tangent spaces is surjective and the map at the level of obstruction spaces is injective (see
[44, Proposition 2.2.5 (iii), Proposition 2.3.6]). This simultaneously shows that Z is unobstructed in PV~!
using the fact that X is unobstructed in PV (see [44, Proposition 2.2.5 (iii), Proposition 2.3.6]) We have
the following exact sequence:

0 i Nx/[p)N(—l) i NX/[FDN i NZ”FDN—I i 0
Taking cohomology we have that
H (N pv) — HY (N jpn-1) — H (Nx pv (=1)) — H' (Nx/pv) — H' (N pn-1)
Now the vanishing of H'(Ny,p~(—1)) proves our result since the leftmost map is the map of tangent
spaces and the rightmost map is the map at the level of obstruction spaces. |

With X c PV and Z < PV~! a hyperplane section of X, the following lemma gives a sufficient condition
for smoothness of the Hilbert point of the projective cone C(Z) c PV,

Lemma 2.5. Suppose that X < PN be a smooth projective variety and Z < PN~ be a general hyperplane
section which is assumed to be projectively normal. Assume

(1) X is unobstructed inside PN

@) a(X)=0anda(Z)=1

(3) H (Ny,pn(—k)) =0 fork=1,2,3.
Then the projective cone C(Z) < PN is a smooth point of both the Hilbert scheme containing C(Z) and the
fiber over Z of the the flag Hilbert scheme containing the pair (X c PN, Z c pN=1),

Proof. The dimension of the tangent space to the Hilbert scheme at the point C(Z) is given by Z ;>0 h° (N, pv-1) (= k).
We have the exact sequence

0 i Nx/[p)N(—].) i Nx/[p)N i NZ/U:DN—I i 0
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Since a(X) = 0, we have that hO(NX,pN(—Z)) =0 (see [32, Proof of Theorem 1.3, Claim 2.3]). Combined
with the fact that h!(Ny,p~v(=3)) = 0, we have that h°(N,pv-1)(=2) = 0. Now h®(N,pv-1)(=1) = N =
a(Z). Hence the dimension of the tangent space to the Hilbert scheme at the point C(Z) is given by
hO (N pyv-1) + a(Z) + N = h°(Nypn-1) + a(X) + N+ 1= h°(N,pn-1) + hO(Nypn (—1)).

Now once again from the previous exact sequence, using 1! (Ny pv (—1)) = 0, we have that h°(Ny pv (—1)) =
h%(Ny,pn) — h°(N, prn-1). Then the dimension of the tangent space to the Hilbert scheme at the point
C(Z) is h®(Ny,p~) which is the dimension of the Hilbert scheme since X is unobstructed inside P*.

The dimension of the tangent space to the fiber of the flag Hilbert scheme at the point (C(2), 2) is
given by X5 Ko (N ;pn-1)(—k). This dimension by the above computation is hO(NZ/ﬂ:DN—I )(-1) = hO(NX,pN) (-1
using the fact that h®(Ny,pn (=2)) = b (Ny,pn (—2)) = 0. But now H'(Ny,pv(—1)) is the obstruction space
to deformations of X inside PV keeping Z fixed, or in other words the vanishing of H N0 /ey (—1)) im-
plies that (X, Z) is a smooth point of the fiber over Z of the flag Hilbert scheme with dimension of tangent
space at the point (X, Z) being h°(Ny,p~ (~1)). This shows that the point (C(Z), Z) is also a smooth point
of the fiber. |

For lemmas 2.3, 2.4, 2.5, to hold true one requires the condition H'(Ny,p~(=k)) = 0 for k = 1,2,3. To
show this vanishing for a general X in an irreducible component of a Hilbert scheme, we will degenerate
X to a suitable ribbon Y inside PV and prove the vanishing of H! (Nypn (=K)). The following theorem
shows how to reduce the vanishing of H' (N3 pn (—=k)) to vanishings of the cohomology of certain twists
of the tangent bundle on the reduced part Y of the ribbon Y.

Proposition 2.6. Let Y be a ribbon over a smooth projective variety Y of dimension d with conormal
bundle L. Let Y — PV be an embedding of Y induced by the complete linear series of a very ample line
bundle H. Let H = H|y. If the following conditions are satisfied

(1) H'(@y(-L- kH)) = H (Oy(-2L - kH)) = H*(©y(-kH)) = H*(©y (-L—- kH)) =
H'(©Oy(L-(k-1)H) = H (Gy(-(k-1)H) = H*(©y(L- kH) = H*(@y(-kH) =0
(2) H*(Ty(L—- kH)) = H*(Ty(-kH)) =0

then, H'(Ny jpn(—kH)) =0 for1 < k <3.

Proof. The idea of the proof is to reduce the needed vanishing on ¥ to relevant cohomology vanishings
on Y. To carry this out, we use the following exact sequences:

(2.16) 0 — Ny pv (L) = Ny pn — Ny ;pn ® Oy — 0
(2.17) 0 — Hom(I3/12,0y) — Ny px ® Oy — Oy (~2L) — 0
(2.18) 0 — Oy (~L) — Ny pv — Hom(I3/1%,0y) — 0

It is enough to show the vanishings of H'! (Nypn (L= kH)) = H! (Ny,pnv(=kH)) =0 for 1 <k <3. We
show how to derive the conditions for the first vanishing. From the exact sequence 2.17, it is enough
to show H! (Hom(lf,/l2 ,Oy)(L-kH)) = H (Gy(~L - kH)) = 0. From the exact sequence 2.18, to show
the first vanishing, it is enough to show H' (Ny pv (L — kH)) = H?(@y (-kH)) = 0. To show the first of the
vanishings, using the exact sequence

0— TY - TPNIY - NY/PN -0

it is enough to show H 1 (Tpny, (L= kH)) = H*(Ty (L - kH)) = 0. To show the first of the vanishings, using
the Euler sequence it is enough to show H L@y (L-(k-1)H) = H*(@y(L-kH) = 0. The second vanishing,
namely H 1 (Nypnv (—kH)) = 0 follows from a similar procedure as above, and we leave it to the reader.
This completes the proof. ]
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3. CALABI-YAU RIBBONS ON FANO THREEFOLDS AND DEFORMATIONS OF CALABI-YAU DOUBLE COVERS OF
FANO THREEFOLDS

A ribbon Y is a Calabi-Yau ribbon on Y if and onlyif L = Oy (Ky). Let Y be a smooth, projective Fano
threefold of Picard rank 1. Let H denote the generator of Pic (Y). Let j be the least positive integer such
that j is greater than or equal to the index of Y and jH is very ample. Let i(Y) denote the index of the
fano threefold Y. In the following proposition we show that for each deformation type of a Fano threefold
Y and a positive integer [ = j, there exist a unique component ifly of the Hilbert scheme parameterizing
smooth Calabi-Yau threefolds in general and contains Calabi-Yau ribbons as a special locus.

Proposition 3.1. Let Y be a smooth, projective Fano threefold of Picard rank 1. Letmw: X — Y denote a
Calabi-Yau double cover branched along a smooth divisor B € | —2Ky|. Let H denote the generator of Pic
(Y). Let j = i(Y) be the least positive integer such that j H is very ample. Then

(1) Pic (X) = Z. If A denotes the generator of Pic (X), then for any polarized deformation (X;, A;) of
(X, A) along a one parameter family T the line bundle A; generates Pic (Xy).

@) Forl=j, h°(1A;) = h°(IH) + h°((1 - i(Y))H). We set N;+ 1= h°(LH) + h°((1 - i(Y) H).

(3) Letl = j. If Y belongs to family 1.11, further assume |l = 4. Then for a general polarized defor-
mation (X, Ay) of (X, A) along a one parameter family T, lA; is very ample. Further there ex-
ists a unique irreducible component Jfly of the Hilbert scheme of P! with Hilbert polynomial
pz) = WO(lzH)+hO((1z—i(Y))H) that parameterizes linearly normal Calabi-Yau varieties X; pNi
such that (X;,0x,(1) = lA,) can be deformed to (X, | A) along an irreducible one parameter family.

(4) The component Jfly contains linearly normal embedded Calabi-Yau ribbons Y < PNt on Y such
that O3 (1)|y = IH. The embedded ribbons form an irreducible family, and they represent smooth
points ofJle. Consequently, any linearly normal embedded Calabi-Yau ribbon Y c PNt on Y such
thatOy(1)|y = IH is contained in %"IY

The following lemma shows optimality of the above proposition, and gives precise numbers on the
very ampleness of [A; unless Y is of type 1.1 and [ = 2. When Y is of type 1.1 and ! = 2, then 2 A; is very
ample on X; but there does not exist a Calabi-Yau ribbon supported on Y in szy.

Lemma 3.2. Let the notation be as in Proposition 3.1. Assume if Y is of type 1.1, then | +2. Then lA; is
very ample on X; if and only ifl = j. The j are as follows for various families.

(1) For family1.1, j =3.

(2) For families1.2—1.10, j = 1. For families 1.2 — 1.4, the general elements ofjfly are complete inter-

sections.

(3) For family1.11, j =3.

(4) For family1.12—-1.15, j =2.

(5) For family1.16, j = 3.

(6) For family1.17, j =4.
Moreover, whenever 1 A; is very ample the embedding of X; by |l A;|, degenerates to a Calabi-Yau ribbon on
Y.

Proof. Let us first show the values of j. For families 1.2 - 1.10, 1.12 —1.17, this is clear by [5] since —Ky is
very ample. For 1.1, H = —Ky. Y is a double cover of P3 branched along a sextic. We have ho(-2Ky) =
ho (Ops3(2)) and hence the morphism induced by | —2Ky| is 2 : 1 onto the second Veronese embedding of
P3. Further one can check that —3Ky is in fact projectively normal and hence j = 3. For 1.11, by [5], j = 3.
Now by [38, Theorem 0.2], [ H is very ample on Y for [/ = 3, which implies j = 3.

Now we show that if / < j, then [ A; is not very ample. For family 1.1, I = 1, if A; is very ample, then
it embeds X, as a degree 4 Calabi-Yau threefold inside P*. This gives a contradiction. For family 1.11,
I =1, A; is not very ample since h°(A;) =3. For I =2, if |2A,] is very ample, then X; is an aCM Calabi-
Yau threefold of degree 16 inside P5. But such a Calabi-Yau does not exist due to [27, Theorem 3.2].
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For family 1.12-1.15, j = 2. For Il = 1, A; is not very ample. To see this first note that Kh(Ap) = KO(H).
Now for 1.12, h°(A;) = 4 and the morphism given by |A;| is 4 : 1 onto P3. For 1.13—1.14, if A; is very
ample, then | A;| embeds X; inside P>, By [3, Remark 11], all Calabi-Yau threefolds inside P> are complete
intersections of either two cubics or a quadric and a quartic or a quintic and a hyperplane. For 1.13,
A3 =6, which cannot be the degree of a Calabi-Yau inside P°. For 1.14, A3 = 8, so X, has to be the complete
intersection of a quadric and a quartic. But then this is not possible by comparing h?(X,) with h"? of
the complete intersection. For 1.15, if A, is very ample then | A;| embeds X; as a degree 10, aCM Calabi-
Yau threefold inside P®. By [27, Theorem 3.2, Section 6], such a Calabi-Yau threefold cannot exist. For
family 1.16, j = 3. For [ = 1,2, L A; is not very ample. Note first that H' (Ty ® Ky) = H"?(Y) = 0. Now since
h°(1A) = h°(1H), the morphism given by |A| on the double cover X factors through a 2 : 1 map onto Y
followed by Y embedded by |/H|. This together with the fact that H' (Gx) = 0, implies by [47, Corollary
1.1] and arguments similar to [21, Theorem 1.7] the morphism by |/ A;| factors as a double cover of Y
as well. For family 1.17, j = 4. For [ = 1,2,3, the map given by | A;| is not very ample by exactly same
arguments as in part (5). The last statement follows by combining Lemma 3.2 and Proposition 3.1. [

Proof of Proposition 3.1. We first prove part (1). Consider the Calabi-Yau double cover 7 : X — Y branched
along B € | - 2Ky|. By [39], Lemma 4.2, we have H'(Q}) = H' (7.Q3}) = H'(Qy) ® H' (Qy (log(B)) ® Ky).
Now using the exact sequence

0—Qy®Ky — Qy(log(B)) ® Ky — Kylp— 0

we have
H'(Qy ®Ky) — H' (Qy (log(B)) ® Ky) — H' (Kyp)
The leftmost term is zero due to Nakano vanishing theorem. We have

0—3Ky - Ky = Kylp—0

and hence we see that H' (Ky|g) = 0. This implies H! (Qy (log(B))®Ky) = 0. Now since H'(@Gy) = H (@) =
0, the pullback map between n* : Pic(Y) — Pic(X) is induced by the map

H' (Qy) — H'(Qy)P H' (Qy (log(B)) ® Ky)

Therefore H* (Qy (log(B)) ® Ky) = 0 implies 7* is an isomorphism, hb1(X) =1 and Pic(X) = Z. Let A de-
note the generator. We have that for X;, a general deformation of X, hY1(X,) = 1. On the other hand, by
[12, Corollary 4.18] and [29, Theorem 0.1], Y is simply connected, so, by the Lefschetz theorem for homo-
topy groups (see [31, Theorem 3.1.21]), so is B, where B is the ample branch divisor of the double cover X.
Now if R ¢ X denotes the ramification divisor, R = B and hence R is simply connected. Since R is ample,
once again by the Lefschetz theorem for homotopy groups, so is X. Therefore X is simply connected and
hence so is X;. Therefore, Pic(X;) = Z. Again since divisibility of a line bundle remains constant along
a smooth family, we have that for any polarized deformation (X;, A;) of (X, A), A; generates the Picard
group of X;.

We now prove part (2). We have by part (1), h°(1A) = h®(z* (IH)) = h°(IH) + h°(1H) ® Ky) = h°(IH) +
KhO((I - i(Y))H). Now since by Kodaira vanishing Theorem, H L(1A) = 0, we have that for a general polar-
ized deformation (X;, A;) of (X, A), along a one -parameter family T, hO(1A) = hP(LH) + hO((1-i(Y) H).

We now prove part (3) and (4). To do that, we first show that there is a unique irreducible component
Jfly of the Hilbert scheme inside PV which contains all linearly normal Calabi-Yau ribbons ¥ < PN
such that O3 (1)ly = [H. Let Y c PN be the embedding given by the complete linear series of [H. By
[22, Proposition 2.1], Calabi-Yau ribbons ¥ c PV extending the embedding ¥ < PV are parameterized by
nowhere vanishing sections of H’(Ny pv ® Ky). We have the exact sequence

0— Ky — (I—i(Y)H "' — Tpnly ® Ky — 0

Since we have [ = j and if Y belongs to family 1.11, I = 4, we have using the values of j from Lemma 3.2
and [5], that (I - i(Y))H is base point free. Hence Tpnr|y ® Ky is base point free. Now from the exact
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sequence
0—-Ty®Ky — T[leY@KY — NY/”:(:N ® Ky

we conclude that Ny,py ® Ky is base point free. Now the rank of Ny ,pv ® Ky which is the codimension
of Y inside P¥ is greater than the dimension of Y, which is 3. Therefore the vector bundle must have a
no-where vanishing section. This corresponds to a ribbon Y c PN with conormal bundle Ky, extending
the embedding Y < PN. The embedding Y c PV is induced by some sublinear series of a very ample
line bundle H on Y such that H|y = [H. Re-embedding Y be the complete linear series of H gives an
embedding Y c PN’ (such that the reduced part Y is now embedded degenerately inside a PV c PN'). All
ribbons ¥ c PV on Y, with conormal bundle Ky, extending the degenerate embedding ¥ < PV forms
an irreducible family in PV . This is due to the fact that all such ribbons ¥ c PN’ are parameterized by
an open subset of P(HO (Ny,pv ® Ky), given by no-where vanishing sections. Let us show N =N; =
hO(IH) + h°((1 - i(Y)) H). We have an exact sequence

0—Ky -0y —0y—0
which after tensoring with H and taking cohomology yields
0— H(IH® Ky) — H°(H) — H°(IH) =0
Noting that H*(IH ® Ky) = H((1 - i(Y))H) and H'((1-i(Y))H) = 0, we have N’ +1 = h°(H) = h°(1H) +
hO((1-i(Y))H) = N; + 1. Now we show that all such ribbons ¥ < P™ represent smooth points of the

Hilbert scheme. This can be checked using [6, Lemma 2.14]. The only non-trivial vanishings are those of
H'(Ny pv) and H(Ny py, ® Ky). We use the exact sequence

0_’ TY_’ TPNlly _’NY“PNI _’0

Using Kodaira vanishing theorem, and the Euler exact sequence of PN restricted to Y, we have that
H! (TPNlly) = H! (TPNIIY ® L) = 0. Now note that by Nakano-vanishing theorem, H?(Ty)=H'(Qy®Ky)* =
0. This implies that H' (Ny,p~;) = 0. To show the vanishing of H 1 (Ny,pn ® Ky), first note that the vanish-
ings so far yield an exact sequence

0— H'(Ny pv, ® Ky) — H*(Ty ® Ky) ER H*(Tpn,, ® Ky)

We show that f is injective. The homomorphism f can be identified, via Serre duality, with the dual of
the homomorphism

H' Qpxyly) = H' (Qy).
Composing g with the natural map H'(Qpx,) — H (Qpyy), we get a homomorphism

H' (Qpy) = H' (Qy).

which induces, by restriction, a homomorphism between the Neron-Severi groups of PV and Y, which,
in our situation, is a homomorphism & between the Picard groups of PV and Y, because Y, being Fano,
is a regular variety. The homomorphism / sends a line bundle on P™ to its restriction on Y, so it is
nonzero. Then, so is & and, consequently, so is g. Therefore, f is also nonzero. Since, by Serre duality,
h?(Ty ® wy) = h'(Qy) and, by assumption, h"1(Y) = 1, the homomorphism f is injective as desired (in
fact, it is an isomorphism). This finishes the proof of the smoothness of the Hilbert point of Y.

Thus so far we have shown the existence of a unique component Jfly of the Hilbert scheme of P,
with Hilbert polynomial p(z) = h°(IzH) + h°((Iz — i(Y)) H), containing any linearly normal embedded
Calabi-Yau ribbon Y < PM on Y such that 65 (1)|y = IH.

Now we show that for ¢ € Jé’ly general, the varieties X; ¢ PV are smooth linearly normal Calabi-Yau
varieties such that (X;,0x, (1)) is a polarized deformation (X, [A). As we have shown before, the embed-
ding ¥ c PV induces a degenerate embedding ¥ < PM. Composing with the map 7 : X — Y we have a
diagram
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X
N
Y «—— pN

We show that the morphism ¢ can be deformed to an embedding ¢; along a one-parameter family
t € T. To see this note that this diagram has an associated exact sequence

0_)N7T—>N(p—>ﬂ*NY/[PNI _’O

Taking cohomology and noting that H'(N,;) = H'(B|3) = 0 (see for example [19, Lemma 2.5]), we have a
surjection
H°(Ny) — H*(Nypr;) ® H(Ny pn, ® Ky) — 0

So one can pick a first order deformation of ¢ that maps to a surjective homomorphism in H?(Ny px, ®
Ky) which corresponds to a class of ribbon Y < P, Further we have

0— H'(Ny) — H'(Ny) — H'(Ny ;pv,) ® H' (Ny py, ® Ky)

As before since Y is Fano and using Nakano-Vanishing theorem, one can check that both flanking
terms of the previous exact sequence vanishes. This implies that H' (N,)) = 0 and deformations of ¢ are
unobstructed. This implies by [20, Proposition 1.4], that there is a one parameter family Oy X — [F’N
such that ®y = ¢ while ®; = @, : Xy = Xt — PN js an embedding. Further (Im ®)y = Y < PN while for
t#0, Im ®); = X; < PV, Note that since Y < PV is linearly normal, we have that X; c P is also linearly
normal. Further we have (CID*}@P?/, (1))o = ¢*Opn; (1) = ¥ (LH) = 1 A, and hence (@’}@’Pf;z, 1) =0x,(1)=1A;

is deformation of A.

We end the proof by showing that if there is a Calabi-Yau threefold X; PN such that the pair (X;,0x, (1))
can be deformed to (X, [A) along an irredicible curve T, then X; c pN belongs to the irreducible compo-
nent Jé’ly. Suppose that there are two such irreducible components. Pick X, P from one component
and X! < PN from the other. Now consider the deformations of the polarized pair (X,!A). We have the
Atiyah extension of [ A given by

0—0x —&a— Tx—0

Taking cohomology of the sequence we have that

H' (&) — H(Tx) — H*(@x) — H*(&14) — H*(Tx)

Since H?(0x) = 0, we have that the map H 1(&1) — H'(Tx) between the first order deformations of
the polarized pair (X, [ A) and the first order deformations of X is surjective while the respective maps of
obstruction spaces is injective. So we have that the forgetful map between the functor of deformations
of the polarized pair to the functor of deformations of X is smooth. By the T!- lifting criterion by [42],
X is unobstructed and hence (X, [A) is unobstructed as well. So the pair (X, [ A) is contained in a unique
irreducible component of the moduli space of smooth polarized Calabi-Yau threefolds. Since both of the
pairs (X;,0x, (1)) and (X @X’ (1)) can be deformed to (X, [ A) along an irreducble curve, both of them are
contained the same component of smooth polarized Calabi-Yau threefolds. So there is a one parame-
ter family (¥, @’g;(l)) where f: & — T is a scheme over T, such that (¥},0, (1)) = (X;,0%,(1)) while
(s, 09,(1)) = (X @’Xr(l)) But now since H' (@o,g (1)) for i > 0 for any p € T, we have that ho(@% 1)
is constant for p E T. Therefore f, (O (1)) is locally free of rank N;+1 and & — P(f. (O« (1)) isa T—
morphism for T irreducible such that at ¢ € T we get the embedding X; c PV while at s € T, we get the
embedding X! c PV, Therefore the X; c P and X c P! belong to the same irreducible component of
the Hilbert scheme. [
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4. APPLICATIONS TO EXTENDABILITY OF CALABI-YAU THREEFOLDS AND CANONICAL SURFACES

4.1. Extendability of general elements of Jle where [/ = j and j equals the index of Y. When j equals
the index i(Y) of Y, i.e, when —Ky is very ample, we use the classification of Mukai varieties, to show
that the ribbons Y in ijy in Proposition 3.1, (4), are at least as much extendable as the underlying Fano

variety Y and eventually conclude the same for the general smoothing of Y. The metaprinciple 2.1 will
guide us in the proof of the following theorem.

Theorem 4.1. When j = i(Y), the general Calabi-Yau threefolds in ijy are at least as many times smoothly
extendable as the Fano threefold Y in its anticanonical embedding. Using notation as in Proposition 3.1
and the numbering of the families of Fano-threefolds as in https://www.fanography.info/, the ex-
tendability of the general Calabi-Yau threefolds in /¢ jY is summarized in the following table

Def . k-extendability of
etormation type Value of | ageneral Calabi-Yau
of Fano threefold .
v I=j threefold X;
in ijy
_ infinitely many times
l2-14 =1 smoothly extendable
1.5 [=1 | smoothly 3- extendable
1.6 =1 | smoothly 7- extendable
1.7 I=1 | smoothly 5- extendable
1.8 [=1 | smoothly 3- extendable
1.9 I=1 | smoothly 2- extendable
1.14 [=2 | smoothly 2- extendable
TABLE 1

Proof. First of all, note that by [35], [36] or [11] or [5], the only families of Fano varieties that are smoothly-
extendable are the ones listed in the table. In the case, 1.2—-1.4, the general elements of Jfly are complete
intersections and hence the result follows. We concentrate on 1.5 —1.9 and 1.14. We first show that in
each case, a special locus in ijy is k— extendable for k as mentioned in the table. In each of the cases

1Oy ()

the k— th step of the respective embedding Y - PM is a Fano variety G — PM*¥ as described in [35],

[36] or [11] or [5].

If O (1) be the line bundle giving the embedding of G and Oy (1) denote its pullback to Y, then Ky =
Oy (—1). We first show that there exists polarized ribbons G, 0O(1)) on G with conormal bundle G (1)
such that Oz(1) is very ample and Gz (1)|g = O(1). For this consider the embedding G PM+K induced
by the complete linear series of O (1). We have the twisted exact sequence of tangent bundles

0— TG(_l) - T|]1>M+k|G(_1) - NG/pMHc(—l) —0
Again by twisting the pullback of the Euler exact sequence to G by O (—1) we have

0—Og(-1) — OEM* — Tpyr) (-1) — 0
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This implies that Tj py+k), (—1) is base point free and hence Ngpu+x(—1) is base point free. Further the
rank of Ng,pm+(—1) which is M — 3 is greater than 3. Hence there exists a nowhere vanishing section of
HO (Ng,pm+x(—1)) which corresponds to an embedded ribbon G c PM+¥ on G c PM*%. Hence we geta
very ample polarization G (1) which restricts to Gg(1) on G. Note that H° Oz(1) = H%(@(1)) +1 and
hence the embedding G c PM* is actually induced by a sublinear series of O (1) of codimension 1. Now
embed G c PM*k+1 by the complete linear series of Og(1). To show that G has an embedded smoothing
in PM +k+1, we work as in Proposition 3.1. By [6, Proposition 2.16] (which uses [20, Proposition 1.4]) we
need to show that |G;(2)| has a smooth member and prove the vanishing of H LGs2), HY (Ng/pm(—1))
and H! (Ng/pm). Since O¢(1) is very ample, the linear system of |G (2)| has a smooth member by Bertini’s
theorem. The first one of the vanishings follows from Kodaira vanishing theorem. From the above two
exact sequences, for the other two vanishings, one needs to show the vanishing of H I(Tlec(—i)) and
H?(T(—1)) for i = 0,1. The first one boils down to the vanishings of HY (@ (i)) for i =0,1 and H?(@g(-1))
for i = 0,1, both of which are true since G is Fano. Finally H?(Tg(—i)) = H*?(Q¢ ® Kg ® Og(—i)) = 0
(where d is the dimension of G) by Nakano vanishing theorem since K ® Og(—1i) is negative ample for
i=0,1.

We now show that if some X € J‘ﬁly is k— extendable, then a general X; € Jfly element is k-extendable.
Let Xi+1 2 Xk 2 ... © X = X be the chain of extensions. Since X is a prime polarized Calabi-Yau three-
fold, X is an anticanonically embedded Fano fourfold, X3 is 1/2— anticanonically embedded Fano and
in general X; is a 1/(i — 1)— anticanonically embedded Fano (i + 2)— fold. Since such polarized varieties
are smooth points of their respective Hilbert schemes, we have a chain #y,1 — # — ... = A1 = Jf}, of
non-empty irreducible components of the Hilbert schemes containing the extensions where the maps
are given by taking hyperplane sections that send Xj.; to X;. We show that the map #; — #;_; is
surjective for 2 < i < k+ 1. Denote by G = Yi,1 © Yz ©...> Y1 = Y, the chain of extensions of Y and recall
that X; is obtained as a general member of a one parameter family of smoothings of ribbons Y; € #;
on Y; with conormal bundle Oy, (-1). By standard deformation theory arguments (for example see [9,
Section 5.4]), it is enough to show that the map H'(Ty,) — H!(Tx,|x, ,) is surjective. Hence it is enough
to show that H?(Ty, (—1)) = 0. Now H?(Tx,(—1)) = H (Qyx, (Kx, ® Ox.(1)) = 0 for i > 3 by Nakano vanishing
theorem since Kx, ® Ox, (1) = (i —2/i — 1)Ky, and is hence negative ample for i = 3. For i = 2, we need to
show that H?(Q x,) = 0. Now X is obtained as a smoothing of a ribbon over Y, with conormal bundle
Oy, (-1) since the composition of the map ¢ as below

Wa
I
T
Y2 |c@y2(1; I]:DM+1

deforms to an embedding, where 7 is a double cover branched along a smooth member of |0y, (2)|.
Note such a smooth member exists by Bertini’s theorem as |0y, (2)| is very ample. Hence X is a de-
formation of W, and hence it is enough to show that H2(QW2) = 0. By [39], we need to show that
H?(Qy,) = H*(Qy, (log(B) ® Oy, (-1)) = 0. Since Y> is a Fano fourfold which is a linear section of a Mukai
variety, we have by Lefschetz theorem on Hodge numbers, that h'?(Y>) = 0. The latter vanishing amounts
to showing H? (Qy, ® Oy, (-1) = H? (Oy,(=1)|p) = 0. The former is once again zero due to Nakano vanish-
ing theorem. For the latter we need to show that H? (Oy,(-1)) = H3 (Oy,(-1)® Oy, (- B)) = 0, both of which
follows from Kodaira vanishing theorem. [

Remark 4.2. For the rest of the families, i.e, 1.10,1.12,1.13 — 1.15, the anticanonical embedding of the
corresponding Fano-varieties are not smoothly extendable. But some of them are extendable to singular
arithmetically Gorenstein normal varieties (see [11], [7]). To apply the above method, one therefore must
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have a theory of existence and smoothing of embedded ribbons on singular arithmetically Gorenstein
normal varieties.

4.2. Non-extendability of general elements of Jfly for higher values of / and their canonical surface
sections. In this section we study the non-extendability of the general members of Jfly for higher values
of I. We state and prove the following theorem, which is our second main result on the extendability of
general Calabi-Yau threefolds of Jfly and their canonical surface sections.

Theorem 4.3. Let the notation be as in Proposition 3.1

(1) Then the extendability for a general smooth Calabi-Yau threefold of the Hilbert component Jfly is
listed in the fourth column of table 2. In particular for each of the 17 different deformation types
of Y, we give an effective value ly, such that for | = ly, a smooth Calabi-Yau threefold X, < PN! for
a general t in Jfly has a(X;) = 0 and is hence not extendable. Consequently, the cone over X; in
PN+ is not smoothable in PN +!,

(2) ForanyY andl = ly, the cohomology groups H! (NX[/le)(_k) =0fork=landte Jz,”ly general.

(3) Consequently for each deformation type Y and | = ly, the general canonical surface sections S;
PNi=1 of the general Calabi-Yau threefolds X, c P! ofifly have a(S;) =1, is exactly 1— extendable
and form a unique irreducible component of the Hilbert scheme LS”lY with a dominant map Jt”ly —
#.

(4) Forl=ly, Jﬁly is the only irreducible component of the Hilbert scheme parameterizing linearly
normal Calabi-Yau threefolds that dominates the component yf/ by taking hyperplane sections.
For a general canonical surface S, c PN~ € 5”IY, the Calabi-Yau threefolds in P™' containing S, as
a hyperplane section form an irreducible family.

Remark 4.4. Applying [28, Remark 3.1], where the authors apply Zak-Lvovsky’s theorem for veronese
embeddings induced by multiples of a very ample line bundle, one can deduce the following weaker
bounds for Iy as follows:

(M) 1.1,1y =15

@) 1.2,1y =5

3) 1.3-1.10,1y =5
@) 1.11,ly =15

(5) 1.12—1.15,1y = 10
6) 1.16,1y =15

(7) 1.17,1y =20

In the following table, recall that by Proposition 3.1 and Remark 3.2, j is the least positive integer such
that [ A, is very ample. It is to be noted that apart from the stronger bounds, we also show the canonical
surface sections are 1— extendable and the uniqueness of the component of the Hilbert scheme of Calabi-
Yau threefolds containing the surfaces as their hyperplane sections. We also remark that the gap between
the starting value of / in the table and j +1 is due to the fact that the upper bound g for a(X;) in Theorem
2.2 satisfies § = N; and consequently the bound is inconclusive to determine the non-extendability of
X; cPM,
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Deformation type extendability of extendabili
8 YPE | Vialue of | Value of | a general Calabi-Yau abliity .
of Fano threefold | ' ) Sroefold X asmoothsurface | H!(Ny, v (~1)
Y J ey section S; of X;
in 7]
_ alx)=1
L 3 =8 | hence not 2-extendable
_ as)=1
11 3 127 alXo =0 and hence extendable 0
hence not extendable
but not 2-extendable
_ alX) <1
12 ! =4 | hence not 2-extendable
_ as)=1
12 1 125 | o ‘;U'(’ )X; (:1 dable | @nd hence extendable 0
encenotextendable | putnot 2-extendable
_ alX)=1
13 ! =3 | hence not 2-extendable
_ as)=1
13 1 1z4 atXn) =0 and hence extendable 0
hence not extendable ¢
but not 2-extendable
_ a(X)<4
L4 ! =2 | hence not 5-extendable
_ as)=1
14 1 =3 X =0 and hence extendable 0
hence not extendable
but not 2-extendable
B . alX) =<2
15 ! =2 | hence not 3-extendable
- a(S)=1
15 1 =3 alX) =0 and hence extendable 0
hence not extendable
but not 2-extendable
. . alX)=1
16-1.10 ! =2 | hence not 2-extendable
_ as)=1
1.6-1.10 1 123 atke) =0 and hence extendable 0
hence not extendable
but not 2-extendable
_ alX) =12
L1 3 =4 | hence not 13-extendable
- 5 a(X)<3
: hence not 4-extendable
_ a(X)=1
11 3 =6 | hence not 2-extendable
- a(S)=1
L1 3 127 alx) =0 and hence extendable 0
hence not extendable
but not 2-extendable
, . alX) <8
112 2 =3 | hence not 9-extendable
_ a(X)<2
112 2 =4 | hence not 3-extendable
_ as)=1
112 hence = able | @nd hence extendable 0
encenotextendable | putnot 2-extendable
_ a(X)<6
113-1.14 2 =3 | hence not 7-extendable
_ alX) =1
113-1.14 2 =4 | hence not 2-extendable
- as)=1
113- 114 2 I>5 alX) =0 and hence extendable 0
hence not extendable
but not 2-extendable
. a(X) <6
115 2 =3 | hence not 7-extendable
- _ alX)=1
115 2 =4 | hence not 2-extendable
_ as)=1
115 2 125 |, “”‘(”;0 dable | @nd hence extendable 0
hence notextendable | b, not 2-extendable
_ a(X)<20
116 3 =4 | hence not 21-extendable
a(X)<5
116 3 hence not 6-extendable
_ as)=1
116 3 16 alX) =0 and hence extendable 0
hence not extendable
but not 2-extendable
e . aXn) =
: hence not 36-extendable
. aX)<15
117 4 =6 | hence not 16-extendable
= alX)=4
117 4 =7 | hence not 5-extendable
_ a(X)<1
117 4 =8 | hence not 2-extendable
_ as)=1
117 4 129 alx) =0 and hence extendable 0
hence not extendable
but not 2-extendable

TABLE 2

Proof of Theorem 4.3. We briefly indicate the strategy of how we prove (1) — (4) in the statement of the
theorem and show that it eventually boils down to computing upper bounds for i’ (Ty (- k)) for k = [ and

i=1,2:
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(1) To prove statement (1), we need to compute a(X;) for t € Jfly general. By Proposition 3.1, (4),

we calculate a(Y) for the Calabi-Yau ribbons ¥ < PV embedded by O (1) where 63 (1)|y = IH.
So we apply Theorem 2.2 with G (1) = H. Note that since Y is a Calabi-Yau ribbon, we have that
L =Ky =—jH. Theorem 2.2 is effective when [ > j where j is the index of the Fano threefold.
Note that if

(@) j<I<2j,wehave < h'(Ty(~(l+ j))+h (Ty(=D)) - h(Ty(-D) + K@y (-1 +2)))

(b) I=2j,wehave < h'(Ty(—(+ j) +h (Ty(=1) - h°(Ty (~1)) +1

(c) 1>2j,wehave < h'(Ty(—(+ ) +h'(Ty(=1) - ho(Ty(=1))
So we are down to computing H' (Ty (=1)) for I > j for the 17 different deformation classes and
for each family we will find an [y > j such that the above cohomology group vanishes for [ = Iy.

(2) To prove statement (2), in the case [ = Iy, we need to show the vanishing of H' (N x,pN) (= k)y=0
for k = I and r € 7, general. We prove the vanishing of H'(Ny,py,)(—kH) with H|y = [H, as
before, and apply Proposition 2.6. Now note that all the conditions of part (1) of Proposition 2.6
are satisfied since intermediate cohomologies of any ample line bundle or the structure sheaf of
a Fano variety vanishes. So we need to show that HY(Ty (—(kl+ )= H?(Ty(—kD)=0forl=ly
and 1 < k < 3. Note that from the proof of part (1) we already know HY(Ty (—(kl + j))) = 0 since
k=1and j = 1. For the second vanishing we will show that H?(Ty(-1))=0for 1= ly.

(3) Part (3) now follows from Lemma 2.4.

(4) We first show that a general Calabi-Yau in J‘fly and hence a general canonical surface section in
(S”lY for [ = ly is projectively normal. By [23, Corollary 1.1], for a Calabi-Yau threefold X and an
ample and base point free line bundle B on X, [B is projectively normal for / = 4. For a general
X € J‘fly, the generator A; of the Picard group is base point free and from the tables 1, 2, we see
that [y = 4 for all deformation type Y other than 1.4—1.10. Now once again, by [23, Theorem 1], for
a Calabi-Yau threefold X and an ample and base point free line bundle B on X, B is projectively
normal for [ = 3, unless the morphism by |B| maps X, 2 : 1 onto P3. In our case therefore for
families 1.4 —1.10, h°(lA;) > 4 by Proposition 3.1, part (2) and hence are projectively normal for
I = 3. By [41, remark 7.6 (iii)], the cone C(Z) c P™ over a general hyperplane section Z c PNi—1
lies in every irreducible component of the Hilbert scheme in PV that dominates ,ZY. But now by
Lemma 2.5 the Hilbert point of such a cone is smooth. Hence part (4) now follows.

For the rest of the proof, as noted towards the end of (1) and (2) above, we need to estimate hi (Ty(—k))
for i = 1,2 for each of the 17 deformation types of Fano-threefolds Y and compute a(X) according to
formulas (a), (b), (c) in (1) above. To compute the cohomology, we use the Borel-Weil-Bott theorem (see
for example [30, Section 2.6]) and some established vanishing theorems on the cohomology of twisted
holomorphic forms on Grassmannians in [43] (see also [15, Theorem 3.6]). We further use Pieri’s rule as
stated in [40] or [1, Theorem 2.3]. In the computations to follow, we assume i = 1,2.

We prove for Y in family 1.7. Let G, denote the Grassmannian Gr(2,n + 2) so that we have Gr (2,6)
is denoted by G4. Gy is a Fano variety of dimension 8 and index 6 (see for ex [34], Section (2)) while
its Picard group is generated by the line bundle &g, (1) corresponding to the Plucker embedding. Hence
Kg, = 0g,(—6). On the other hand Y is the intersection of G4 in its Plucker embedding by a codimension 5
subspace. Therefore, Ky = Oy (—1) where Oy (1) is the restriction of G, (1) to Y. Let us show Hi (Ty(=D) =
0 for I = 2. Noting that the normal bundle of Y inside Gy is Oy (1)®® we have the exact sequence

0— Ty — Tg,ly — Oy ()® — 0
Tensoring by Oy (—1) we have for i = 1,2

H™Y 0y -1)®° — H (Ty(=1) — H (Tg,ly (=1)
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For [ = 2, we have that Hi_l(@y(l — 1)) = 0. Now let .#y be the ideal sheaf of Y inside G4. Then we have
that
0— Sy —0g, —0Oy—0
Tensoring by T, (—/) and taking cohomology we have
H'(Tg,(-1) — H'(Tg,ly (1) — H*}(Tg, (- 1) ® Fy)

Recall that by Borel-Bott-Weil theorem, H"(QG4(t)) =0 for (q,1) # (1,0) and g = 1. Then Hi(TG4(—l)) =
H®(Qg,(1-6)) =0 for i = 1,2. Now if W is the five dimensional vector space generated by s,..s4 , the
sections of G, (1) that cuts out Y, then the ideal sheaf .#y has a Koszul resolution

5 2
0— A\We0g,(-5) — .- \We0Og,(-2) - We0g,(-1) — Fy — 0

So if we show H*k*1(Tg, (=1 - k—1)) for i = 1,2 and k = 0,...,4, then we are done. This amounts to
showing the vanishing of H7_’_k(QG4 (I+k-5)=0fori=1,2and k =0,...,4. But this once again follows
from Borel-Bott-Weil theorem. Therefore our result now follows.

The proof for family 1.5 follows along the same lines as 1.7. In this case, Y is cut out inside the plucker
embedding of Gz by two hyperplanes and a quadric. We have K¢, = 0g,(-5) and Ky = Oy(-1). Noting
that the normal bundle of Y inside G3 is Gy (1)®? @ Gy (2) we have the exact sequence

0— Ty — Tg,ly — Oy (D)**@P 6y (2) —0
Tensoring by Gy (- 1) and taking cohomology we have for i = 1,2
H oy1-)*@H T Oy2-1)— H (Ty(-D) — H (Tg,ly (- 1)

For [ > 3, we have that H'"'(@y(1 - 1)) = H"}(@y(2 - 1)) = 0 while for [ = 2, H*@y(1-1)) = 0 and
H°Gy@2-1)) =1. Now let .#y be the ideal sheaf of Y inside Gs. Then we have that

0— Sy —-0g, — 0Oy —0
Tensoring by Tg, (—1) and taking cohomology we have

H' (Tg, (1) — H'(Tg,ly (=) = H' (Tg, (=) ® )

Then H!(Tg,(-1)) = H>/(Qg, (I - 5)) = 0 by Borel-Bott-Weil theorem. Now the ideal sheaf .#y has a reso-
lution

0— O, (—4) — O, (-2)* P, (-3) — Og,(-1)** PO, (-2) — Fy — 0
Then it is enough to show show H'*}(Tg, (-1-1)) = H'*\(Tg, (-=2-1)) = H*?(Tg,(-2-1)) = H'*?(Tg, (-3~
D) = H”?’(TG3 (-4-10)) =0 for [ = 1 and this follows by Borel-Bott-Weil theorem. So we have that
hi(Ty(IKy)) =0for 1 =3,i=1,2and h!(Ty(IKy)) <1 for I = 2. Hence our result follows.

The proof for family 1.15 follows along the same lines as 1.5. In this case, Y is cut out inside the Plucker
embedding of G3 by three hyperplanes. We have K¢, = G, (—5) and Ky = Oy (-2). Noting that the normal
bundle of Y inside G3 is @y (1)®3 we have the exact sequence

0— Ty — Tg,ly — Oy ()® — 0
Tensoring by Oy (—1) with I = 2 and taking cohomology we have fori = 1,2,
H Oy (1-1)® — H(Ty(-1) — H (Tg,ly (-1)

For [ = 2, we have that H"1(@y (1 - )) = 0. Now let .%y be the ideal sheaf of Y inside G3. Then we have
that

0— Sy —-0g, — 0Oy —0
Tensoring by T, (—21) and taking cohomology we have

H'(Tg,(~1)) — H' (Tg,ly (=D)) = H™ (Tg, (1) ® Fy)
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Then H' (Tg,(=D) = Hb1 (Qg, (I -5)) = 0 by Borel-Bott-Weil theorem. Now the ideal sheaf .#y has a reso-
lution

0— 0, (-3) = Og,(-2)** — 06, (-1)* — Iy — 0
As before, it is enough to show H'*(Tg, (-1 - 1)) = H*2(Tg,(-2 - 1)) = H*3(Tg,(-3 - 1)) = 0 and this
follows for any [ by Borel-Bott-Weil theorem. So we have that hi(Ty(—l)) =0for/=2andi=1,2 and
hence our result follows.
The proof for family 1.6. In this case we use the description that Y is the zero locus of a section of
the vector bundle E := %* (1) ® G, (1) where % is the tautological rank two vector bundle of Gs. Recall
that Kg, = Og,(-5) and Ny, = %, (1) ® Oy(1) = Ey where %y is the restriction of % to Y. Therefore,
by adjunction we have that Ky = K¢, ® det(%;)(S). Recall that det(%*) = Og,(1). Hence Ky = Oy(-1).
Twisting the sequence

0— Ty — Tgly = %y(1)®0Oy(1) — 0

by Oy (—1) and taking cohomology, we have for i = 1,2
H™ Uy -De H '@y (1 - 1) — H (Ty(-1) — H (Tg,ly (=)

We first show the vanishing of H'"!(%;(1- )@ H' "1 (Oy (1-1))). Clearly, H' "' (@y (1-1))) =0 for [ = 2 and
i =1,2. Now note that there exist an exact sequence

0—%—0F —2—0

where 2 is the tautological quotient bundle. Restricting to Y, dualizing, tensoring by Oy (1 1) and taking
cohomology we have that

H™ Y6y -10)®° - H Y1 - 1) — H (250 - 1)

Clearly for I = 2, we have that H =1 (@y (1-1) = 0. Tensoring the defining exact sequence of Gy by 2* (1-1)
and taking cohomology we have that

H'(@*0-D)—H(@;1-D) - HN2 esy1-1D)

We have that HI(2*(1 - 1) = H* (@I -6) = HSIEEH0gy ¢ 3000g) =
H5(zU-61-6g* g 500~V g*)y = HI(L; 61 600-1))- Setting @ = (I-6,1-6,0,0,—1) and
p = (5,4,3,2,1), we have that a + p = (I-1,1-2,3,2,0). For any 2 < [ < 5, the entries of a + p are
not distinct while if / = 6, the entries are in strictly decreasing order and consequently the permuta-
tion that arranges the sequence in strictly decreasing order is identity whose length is zero. Hence
H5-1 (L(1-6,1-6,0,0—1)) = 0 by the Borel-Weil-Bott theorem (see [30, Section 2.6]). Now consider the Koszul
resolution of the ideal sheaf .#y

2
0 — det(%)(-3) — \E* — %(-1) ®0O,(~1) — Iy — 0

Tensoring with 2*(1 — [), we have

2
0-2°(-3-)->2*0A-DeN\NE*" - 2" %(-1)8 2" (-) >~ 2" 8 Fy(1-1) -0

We have that H*1(2*(-1)) = H>(2(1-5)) = HI(ZU5Dy* @ 2100 g) = go-i(zl-5bgy* g
200D g*y = H5~I(L;_5; 5001)) = 0 for I = 2 by the Borel-Bott-Weil theorem as above.

Hi+l(Q* ® U(-1) = Hs_i(%*(l -5 92) = H5—i((z(l—4,l—5)%* ® 2(1,0,0)9)) — HS—i((Z(l—4,l—5)%* ®
200-D g*y) = Hs_"(L(l,4,l,5,0,0,,1)) = 0 for [ = 2 by the Borel-Bott-Weil theorem.

Hi+3(9* (-3— l)) — H3—l(9(l_2)) — H3—i((z(l—2,l—2)%* ®z(l,0,0)9)) — H3—i((z(l—2,l—2)%* ®Z(0’O'_1)Q*)) —
H37H(L_2,1-2,0,0,-1)) = 0 for [ > 2 by the Borel-Bott-Weil theorem.

Now consider H*2(2*(1 - 1) ® A2 E*). Recall that E* = 2 (1) ®0g,(—1). We have

0—-%(-1)—E*—0g,(-1)—0
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and hence
2 2

0— A\@&(-1)— N\E"—%(-2)—0
Now A2(2(-1)) = det(%)(-2) = Og,(-3). So tensoring the above sequence by 2* (1 - /) and taking coho-
mology, we have

, : 2 :
H*(@*(-2-1)— H™@*1-D)e \E") — H**(Q* % (-1-1)

We have H'*?(2*(-2-1)) = H* (21 -3)) = H* /(U3 2100 9)) = g (20319 9%* ¢
$00-Dg*)) = H4(L_3,1-300.-1)) = 0 for [ = 2 by the Borel-Bott-Weil theorem.
Consider H*(2* @ %(-1- 1) = H "1 -4 e 2) = H /(E3 % ¢ 21009)) =
HYH(3 -y @ 300D %)) = H* (L 37 400,-1) = 0 for I = 2 by the Borel-Bott-Weil theo-
rem.. This proves that H'**(2*(1-)® A*E*) =0 for [ = 2 and i = 1,2. Therefore H'*!(2* & %y (1-1)) =0
and hence H' (27 (1 - 1)) = 0. This implies H'™! (%y (1 —1)) = 0 for [ = 2 which in turn gives us the exact
sequence
0— H'(Ty(-0) — H'(Tg,ly(-1)

for / = 2. Once again consider the exact sequence
Taking cohomology, we have

H' (T, (=1) — H' (Tg,ly (-1)) — H ' (Tg, ® Fy (D)

We have that H' (Tg, (—1)) = H%71(Qg, (1-5)) = 0. To show that H*1 (T, ® %y (= 1)) = 0, we have once again
using the Koszul resolution of the ideal sheaf .#y

2
0— TG3(_4_ ) — TG3 ®/\E*(—l) — TG3 ®YU(—-1- l) 53] TG3(—1 - l) — TG3 ®fy(—l) —0

We have H*!(Tg,(-1-1) = HYY%* @ 2(-1-1)) = B> /(U ® 2*(1 - 4)) = H 741Dy~ ¢
100 g*y = g5-i (L(1-4,1-5,1,0,0)) = 0 for [ = 2 by the Borel-Bott-Weil theorem.

Consider H"“(TG3 ® % (-1-1)). Note that Tg, = %* ® 2 and hence TG, @ % (-1-1) = U* @ U(-1 -
1) ® 2. Since % is a rank two vector bundle we have that % = %*(~1). Hence H'*!(Tg, ® % (-1 - 1)) =
HYY U 9U(-1-1)2)=H (U U*(1-4)02") = H ' (U* 9U* (1 -5 ® 2*). Now by Pieri’s rule,
U @U* =309 @ 21Dy * Therefore H ! (%* @ U *(1-5) ® 2%) = H I (ZU-31D9* g 3100 g*) g
H i (zU-41-9q* @ 2(1L0.0 9*) Both of the terms are zero for [ > 2 by the Borel-Bott-Weil theorem.
Consider H'*2(Tg,® A> E* (—1)). We have A2 E* (1) = Og,(-3- 1) % (-2-1). We have H!*?(T,(-3-1)) =
H*"1(Qg,(1-2)) = 0for [ = 2. The other summand is H'*?(Tg, ® % (-2 1)) = H2 (U @ U* (-2— 1) ® D) =
H* U oU*(1-3)®2%) = H* {(U* 9 U*(l - 4) ® 2*). The above has two summands, Similarly
HAi(zU-2- 0 3100 g*) g =i (z-31-39* (109 9*) = ¢ for | = 2 by the Borel-Bott-Weil theo-
rem.

Finally , we have H'*3(Tq,(—4—-1)) = H 3 (¥ *®2(-4-1)) = H* ' (%9 2*(1-1)) = H> /(U *®2*(1-2)) =
H3 L2 g 3100 9%) =0 for [ = 2

We prove for family 1.9. In this case , Y is the zero locus of a section of the vector bundle E = 2*(1) @
©(1)®? on Gs. We have that K¢, = O, (—7) while Ny,g, = 271 e Oy (1)®2. Consequently Ky = K¢, ®
det(2y)* (5) ® Oy (2). Considering det(2y)* = Oy (—1), we have that Ky = Oy (—1). Twisting the sequence

0— Ty — Tg,ly — 25 (1) @Gy (1)%* — 0
by Oy (-1) and taking cohomology, we have for i = 1,2
H™'@;0-he H '@y -1)*) — H (Ty(-1)) — H' (Tg,ly (=)
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We first show the vanishing of H"1(2} (1 - 1) @ H"1(Gy (1 - 1))*?). Clearly, H' "} (@y(1-1)) =0 for [ = 2.
For i =1, dualizing the Euler exact sequence, twisting by Oy (1 — [) and taking cohomology, we have that

0—H(Q;1-0)—H©@y(1-1)*

Since H°(@y (1-1)) =0 for [ = 2, we have that H°(2;(1-1)) =0for [ = 2.
We now show that H! (251 -D) =0for [ = 3. Dualizing the exact sequence

0—%—0F —2—0

restricting to Y and tensoring with Oy (1 — [) we have

0—H@y1-1)—H(2;1-1)—0

since H(@y(1- 1)) = H'(Oy(1 - 1)) = 0. So it is enough to prove that H°(%(1 - )) = 0. As before, we
consider the exact sequence

0—U* @ Iy(1-1)— U (1-1)— U 1-1) =0

Taking cohomology, we see that it is enough to show the vanishing of H*(%*(1-1)) and H'(%* ® .9y (1 -
D).

We have HO(* (1 - 1)) = H° (2@ b1-D9/*) = 0 for I = 3. To show the second vanishing, we tensor the
Koszul resolution of the ideal sheaf .#y by 2 * (1 - [) to have

7 6 5 4 3 2
0— N\E*e%*(1-1)— \E*eu*(1-1) > NE* %" (1-1) - NE*o%*(1-1) — \E*e%*(1-1) - \E*e%* (1-1])
—E'9% (1-)—U" eIy 1-1))—0

We need to show that H*(AF E* @ %* (1 — 1)) = 0 for 1 < k < 7. We have

k k k-1 k-2
NE =A@ ke (@ (-(k-1) ® 0, (-1)% 8 (/\ (@)(-(k-2)®0g,(-2))

We look at the terms HF@*(1 - 1) ® AF(@2)(=k), HF@*(1 - 1) & A¥"1(2)(~(k - 1)) ® O, (1)) and
HY@*(1-1) © N*2(2) (- (k - 2)) ® O, (~2)). We first look at H*(%* (1 - 1) ® A¥(2) (- k).
We have,

k k
HYU* (1-1) e N(@)(-k) = H\@U* (~k-1+1) 8 \.2)
1,..,1,00,.)
= gk k-2 k=l g ®ZT 2)
0,0,.0—1,..,—1)
= gF(pk-l2-k-l+D g g 5 Y 2%

_ 77k
=H (L(—k—l+2,—k—l+1,0,..0,—1,..,—1)))
~———

k

One can now check as before that this is zero for 1 < k < 7, and / = 3. In fact it is enough to check this
termforl <k <5.
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Now we look at H*(@#*(1- 1) ® /\k_1 (2)(=(k—-1)) ®Og, (—1)). Once again we have, that
k-1 k-1
H@*1-De N\ (@) (-(k-1) 806, (-1)) = H'@* (k- 1+ 1) \ 2)
(1,..,1,00,)
= grzCk-lr2 k14D g, ®Z",jjl" 2)
0,0,..0,—1,..,—1)
— Hk(z(*k*l+2,*k7l+l)%* Y \-——;:—-—-J Q*)

_ 17k
=H (L(—k—l+2,—k—l+1,o,..o,—1,..,—1))
———
k-1
One can now check that the above is zero for 1 < k < 7, and ! = 3. In fact it is enough to check this term

forl<k<é6.
We look at H*(@* (1 - 1) ® AF=2(2) (= (k - 2)) ® G, (-2)). Once again we have, that

k-2 k-2
H @ 1-De \ (@) (-(k-2)®06,(-2)) = H'@* (k- 1+ 1) \ 2)
1,..,1,00,.)
= HR (k12 k= L4 gy ¢ ®Z‘?;;’ 2)
0,0,..,—1,..,—1

———
— Hk(z(—k—l‘i'z,—k—l-l-l)%* Y k-2 Q*)

_ 17k
=H (L(fkfl+2,fkfl+1,0,..o,—1,..,—1))
————

k-2

One can now check as before that both factors are zero for 1 < k <7, and [ = 2. This concludes proof for
HY(2;0-D)=0.
Hence we have

0— H'(Ty(=D) — H'(Tg,ly (= 1)

for [ = 2. As before, we have
0— TG, ® Iy (=) = T, (=) = Tg,ly (=) = 0
Taking cohomology, we have
H' (Tg, (1) — H'(Tg,ly (=) = H' (Tg, ® Sy (=D))

We have that H! (Tg, (-1)) = H'*~/(Qg, (I - 7)) = 0. To show that H*!(Tg, ® #y (~1)) = 0, using the Koszul
resolution of the ideal sheaf .#y, we have

7 6 5 4 3 2
0— N\E"®Tg,(-) > NE*®Tg,(-1) = NE*®Tg,(-1) = NE*®Tg,(-1) = NE*®Tg, (1) = \E*®Tg, (1)
— E*® TG, (-1) — Tg, ® Fy (=) — 0

We need to show that H**{(A\FE* & TG, (=) =0for1=<k=7. Wehave

k k k-1 k-2
NE* = \N@)(-k) & (\ (2)(-(k-1)® O, (-1))** & ( ]\ (2)(~(k—2)) ® G, (~2))

We look at the terms H*(Tg, (-1) ® AF(2)(=k)), H*(Tg, (=D @ A¥"1(@)(~(k - 1)) ® Og,(—1)) and
H (T (1) ® AF2(2) (- (k- 2)) ® O, (=2)). We first look at H** (Tg (-1) ® AF(2)(=k)).
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We have by Pieri’s rule,

H (T, (- e A(@) (k) = H (" (k- e 20 \2)
1,..,1,0,.) 2,..,1,00,)
] ~———r . ———r
— Hk+l(z(—k—l+l,—k—l)%* ®3F ki1 2) @Hk+l(z(_k_l+1'_k_l)%* ®Y F 2)
©0,0,.,—1,..,=1 ©00,.,—2,..,~1
— Hk+i(z(—k—l+l,—k—l)%* Q3 1 Q*) ® Hk+i(z(—k—l+l,—k—l)%* R k Q*)
k+i ki
=H +l(L(—k—l+1,—k—l,0,0,..,—1,..,—1))®H H(L(—k—l+1v—k—l»0v0v-,—2r~~»—1))
k+1 k

One can now check as before that both factors are zero for 1 < k<7,i=1,2 and / = 2. In fact it is enough
to check this term fo_r 1<k=<5.
Now we look at H*+? (Tg,(-D e /\k_1 (2)(—=(k-1)) ® O, (—1)). Once again we have by Pieri’s rule, that

k-1 k-1

H* (T, (D e \ (2)(-(k-1)®0s,(-1) = H* (U* (~k- e 2 \ 2)
(1,..,1,00,. 2,..,1,00,.)
— Hk+i(z(—k—l+l,—k—l)%* ®2T 9) ® Hk+i(z(—k—l+1,—k—l)%* ®Z\k~rl-/ Q)
0,0,..,—1,..,—1) 0,0,..,—2,..,—1)

= grH gkl k=D g s Y 9%) o g+ (zCk-1+l-k-Dg* o 5 — 2%

_ prk+i k+i
= H""' (L j_ph1,-k-1,0,0,, 1, .., - 1) ® H' (L Cg_141,-k-1,00,.,~2, .., - 1))
k k-1
One can now check as before that both factors are zero for 1 < k<7,i=1,2 and [ = 2. In fact it is enough

to check this term forl<k<6.
We look at H**? (T, (=D e /\k_Z(Q) (—=(k—2)) ® Og,(—2)). Once again we have by Pieri’s rule, that

HY (Tg, (—1) ®'7\2(Q)(_(k_2)) ®0c,(-2)) = H*" ' (U* (-k- ) 8 2 @k/\zsz))
1,..,1,00,.) 2,..,1,00,)
= grHi(gCk-lHl-k=Dgy* o Z\.’?:J 9)e grtixk-l+L-k-Dg,* g z‘/?f;/ )
©0,.,—1,..,—1 0,0,.,—2,..,—1
_ gtk k-Dgy g s — 9% o HFHi (xR I+ k-Dg o5 i 2%

_ rrk+i k+i
=H"" (L _g_p41,-k-1,00,,—1,..,- 1)) @ H " (L_g_111,-k-1,00,.,—2,..,— 1))
k-1 k-2

One can now check as before that both factors are zerofor1 < k<7,i =1,2 and [ = 2. This concludes our
proof for family 1.9.

The proof for family 1.8. In this case, we have that Y is the zero locus of a section of the vector bundle E =
N> U* & Gg(1)®3 on the Grassmannian G = Gr(3,6). We have K; = Gg(—6). Note that 2/* has rank 3 and
hence \>%* =% @ det(%*) =% (1). We have that Ny, = E|y = %y (1) @Gy (1)®3 and hence det(Ny,¢) =
Oy (5). Hence Ky = Oy (—1). Twisting the sequence

0— Ty — Tgly — %y(1) @ Oy (1) — 0
Twisting by Oy (- 1) and taking cohomology, we have for i = 1,2

H™ Y uy(1-De H ' GyQ-1)®) — H (Ty (D) — H (Tgly (-1)
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Clearly, H@Gy1-0)=0forl=2. Dualizing the Euler exact sequence, twisting by Oy (1 — ) and taking
cohomology, we have that

0— H'(%uy(1-1)— H @Gy -1)%°

Considering that H*(@y (1 - )) = 0, we have that H*(%y (1 -1)) = 0.
Let us now show H!(%y (1 — 1)) = 0. Note that using the Euler exact sequence, we have

H'@y(1-1)% - H'@y(1-D)— H (@Uy(1-1)— H @y1-1))®°

Considering that both the flanking terms are zero we are left to show the vanishing of H*(2y (1-1)). Now
as before using the defining exact sequence of Y inside the Grassmannian, we it is enough to show the
vanishing of H*(2(1-1)) and H' (2 ®.#y (1-1)). The former can be checked by Borel-Weil-Bott vanishing
theorem for [ = 3. For the latter we use the resolution of the ideal sheaf and tensor by 2 (1 —[) to get

6 5 4 3 2
0-AE"®920-D-A\E"220-)—- \E*'e2(1-)— A\E*e21-)— \E'e2(1-1)
—E'0201-)—-29y(1-1))—0

It is enough to show that H@0-1) ®/\kE*) =0for 1< k=<6. Wehave

k k k-1 k-2 i-3
/\E* = A(%*)(—k)®(A (%*)(—(k—l))®@’c(—1))®3®(/\ (%*)(—(k—2))®@’c(—2))®3€9(/\(%*)(—(k—3))®@c(—3))
We first look at H*(2(1 - 1) ® AK(@*) (= k)). We have

k k
H*@20-De N*) (k)= HY N\ @) (-k-1+1) 2 2)
(k=1+2,.,-k-1+2-k-1+1,.,—-k-1+1]
= H' = X A w* & 100 g)
(—k—1+2,.,—k-1+2-k-1+1,.,-k-I+1)

v~

= I‘Ik(zk I 3-k Y* & Z(O’O'_I)Q*)

One can now check that this is zero for 1 < k < 6 for [ = 3 (Actually it is enough to check this for 1 < k < 3).
Now we look at H*(2(1 - 1) ® AF=1 (% *)(—k)). We have

k-1 k-1
H*20-De \ @) (k) =H' N\ @) (~k-1+1)22)

(-k-1+2,..,-k-1+2—-k-1+1,.,-k-1+1)

= Hk(ZL 1 o U* @ 100 9
(-k-1+2,.,—k—-1+2-k-1+1,..,—-k-1+1)
= H* = K he * ©300-D g¥)

One can now check that this is zero for 1 < k < 6 for [ = 3 (It is enough to check this for 1 < k < 4).
Now we look at H*(2(1 — ) ® AK"1 (@ *)(~k)). We have
k-2 k-2
H*20-De \ @) (k) =H N\ @) (~k-1+1)22)
(—k=1+2,.,—k-1+2-k-1+1,..,-k-1+1)
=H*= 2 ok u* ez 00 g)
(—k=1+2,.,—k=1+2—k—1+1,.,—k—1+1)
= H= 2 B A+ ®300-D g%

One can now check that this is zero for 1 < k < 6 for [ = 3 (It is enough to check this for 2 < k < 5).
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Finally we look at Hf@20 -1 e ANF3@*)(~k)). We have
k-2

k-3
H*@20-De \ @) (k) =H N\ @) (~k-1+1)22)
(—k—1+2,.,—k-1+2-k-1+1,.,-k-1+1

= HF (2 D e u* o 300 9)
(=k=1+2,.,—k=1+2~-k-1+1,.,-k-1+1)
=H*= i3 ok wu* ez 0D g%

One can now check that this is zero for 1 < k < 6 for / = 3 (It is enough to check this for 3 < k < 6).
Hence we have fori =1, 2,

0— H'(Ty(-D) — H (Tgly (-D)

for/=2andi=1,2.
We have

0—Tee Iy (-1)— Tg(-1) = Tgly (=) =0
Taking cohomology, we have
H'(Tg(-D) — H (Tly (=) — H* (T ® Sy (-1)
We have that H (Tg(-1)) = H“/(Qg(1 - 6)) = 0. To show that H*!(T; ® .#y (~1)) = 0, using the Koszul
resolution of the ideal sheaf .#y we have
6 5 4 3 2
0 N\NE"®To(-1) > NE*®Tg(-)) = NE*®Tg(-1) = \E* & To(-1) = \E* ® Tg(-1])

—E*®Tg(-1) — Te®Fy(-1) —0
We need to show that Hk”(/\kE* ® Tg(—=1))=0for1 < k <6. We have
k k k-1 k-2 i-3
NE* = N (ke \ @*)(-(k-1)806(-1) P ( )\ (U*) (- (k-2))80(—-2))* & ( \ (% *) (- (k—3))®0G(-3))

We first look at Hk”(Tc;(—l) ® N*@*)(~k)). We have by Pieri’s rule

. k ) k
H* (Te(-De N*)(~k) = H @@ e NU* (~k-D e 2)
(—k=1+1,.,~k—-I+1-k-1,.,~k-]

— HI(H'I(ZL k‘:l 2vk %* ® 2(1,0,0)9)
(~k-1+2—k—-1+1,..,—-k—-1+1-k-1,..,.—k-1]
(—k-1+1,.,-k-1+1—-k-1,..,—k-1
(—k-t+2,—k—=1+1,.,—k-1+1-k-1,.,—k-1]
® H*'(z ) o w* o300V g%

One can check that both the terms are equal to zero for 1 < k < 6 (Actually it is enough to check the first
term for 1 < k <2 and the second term for 1 < k< 3) for [ = 2.
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Now we look at Hk”(T(;(—l) ®/\k_1(%*)(—k)). We have by Pieri’s rule
, k-1 , k-1
H* (To(-De \ @*) (k) =H" U e N U (~k-De2)

E—k— I+1,..,—k-1+ {,:k— l,..,—k—é)

- HFi(s Y G w* & 100 )

(—k—l+2,:k—l+ 1,..,—k-1 +£,:k— l,..,—k—f)
o HFi(x > & U* & 3100 )
(k=1+1,.,—k-1+1-k-1.,-k-1]
= HFi(s Y " w* & $00D g*
(~k-1+2,—k—=1+1,.,—k—-1+1—k-1,.,—k-1]
o HF(z ~ e U* @ x00-D g*)

One can check that both the terms are equal to zero for 1 < k < 6 (It is enough to check the first term for
1 < k<3 andthe secpnd termfor2<k<4)forl=2.
Next we look at H**(Tg(=1) ® A¥=2(@*) (- k)). We have by Pieri’s rule
. k-2 . k-2
HY (Te(-De \ @*) (k) =H" U e N U (~k-D)e2)
(-k-1+1,..,.-k-1+1-k-1,.,—k-D
(~k-1+2,—-k-=1+1,.,—-k—-1+1-k-1,.,-k-1
(-k-1+1,..,-k-1+1-k-1,.,—-k-1
— Hk+i(2 ;’1 Zrk %* ®z(0,0,—1)2*)
(—k-1+2,—k-1+1,.,—-k—-1+1-k-1,..,—k-1

One can check that both the terms are equal to zero for 1 < k < 6 (It is enough to check the first term for
1<k <4 and the second term for3 < k<5) for [ = 2.

Finally, we look at Hk+i (Tg(=DH® /\k_3 (% *)(—k)). We have by Pieri’s rule
. k-3 ) k-3
HY (To(-De \ @*) (k) =H" U e N U (~k-D)e2)
(-k-1+1,..,.-k-1+1-k-1,.,—-k-D
(~k-1+2,—k-1+1,.,—k-1+1-k—-1,...—k—-1
o H(z K1 6k u* @ x100 g)
(-k-1+1,..,-k-1+1-k-1,.,—-k-1

-

_ gktics > ne "t 300D g%
(—k-l+2—k—-1+1,..,—-k-1+1-k-1I,...—k-1]
o H* i (z K o w* ©x 00V 2%)

One can check that both the terms are equal to zero for 1 < k < 5 (It is enough to check the first term for
2 < k <5 and the second term for 4 < k <6) for [ = 2.
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The proof for family 1.10. In this case, we have that Y is the zero locus of a section of the vector bundle
E = (A>*)®3 on the Grassmannian G = Gr(3,7). We have K; = O¢(-7). Note that 2* has rank 3 and
hence \2%* =% @ det(%*) = %(1). We have that Ny, = Ely = %y (1)®3 and hence det(Ny,g) = Oy (6).
Hence Ky = 0y (-1). Twisting the sequence
0— Ty — Tgly — %y ()** -0

Twisting by Oy (—1) and taking cohomology, we have

H ™ Uy (1- D% — H (Ty (-1) — H (Tgly (=1))
Dualizing the Euler exact sequence, twisting by @y (1 — [) and taking cohomology, we have that

0— H(Uy(1-1))— H @y 1 - 1)*

Considering that H°(@Gy (1 -1)) =0for I =2, we have that H*(%y (1-1)) =0. The vanishing of HOUy (1 -
1)) = 0 follows as in the proof of family 1.8. Hence we have

0— H'(Ty (D)) = H' (Tgly (=)
for [ = 2. As before, we have
0—-Tee Iy (=)= Te(-D) — Tgly (=) =0
Taking cohomology, we have
H'(Tg(=D) = H'(Tgly (1)) = H*(Tg & Sy (=)

We have that H!(Tg,(-1)) = H'(Qg, (I — 7)) = 0. To show that H?(Tg, ® #y (1)) = 0, using the Koszul
resolution of the ideal sheaf .#y, we have

9
0— N\E*®Tg,(-) == E*®Tg,(-1) — Tg, ® Sy (-1)) = 0

We need to show that H' "1 (A’ E* ® T, (~1)) =0 for 1 < i <9. Note that E* = %*(~1)®3. Hence

i m n k m n k
NE'= @ ANx'EEmeANw e A\Nw -1)= @ Nx es\u e \u)-i)
iy it iy

So we need to check the vanishing of HY @ (-l-DeN"U* s N'U* s NfU* 9 2) for1 <i <9,
m+n+k=1and 0 < m,n,k < 3. We have to show the vanishing for the tuples (i,m,n, k) =
“,3,3,3),(,3,3,2),(,3,3,1),(7,3,2,2),(6,3,3,0), (6,3,2,1),(6,2,2,2), (5,3,2,0), 5,3,1,1),(5,2,2,1),(4,3,1,0), (4,2,2,0),
4,2,1,1),(3,3,0,0),(3,2,1,0),(3,1,1,1),(2,2,0,0),(2,1,1,0),(1,1,0,0). We work outthecasei =6,m=2,n=

2,k = 2. The rest of the cases are easier and follow either as this case or as one of the cases worked out

before. We have by Pieri’s rule
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H7(02/*(—l—6)®(/2\021*)®3®9) =H (U*(-1-3)eU%** ®2)
=H @*(-1-3)ex® V% e 2)**PH U*(-1-3) 823 % 8 9)
PH U (-1-3) eV VU 0 2)
=H @*(-1-3)ez0 v Yy* e P H (U*(-1-3) 0200V Y* 2 9)
PH U (-1-3) 0z P Dy* 8 9)
— H7(Z(1'_1'_2)02[*(—l—3) ®Q)®2®H7(Z(O,O,—2)%*(_l_3) ®2)€B2
@H7(Z(O'_1'_1)%*(—l -3) ®Q)$2®H7(z(1,0.—3)%*(_l ~3)89)
DH U (-1-3) e )P H O VU (-1-3) 0 2)
— H7(2(_l_2’_l_4’_l_5)@/* ®Q)EBZ®H7(z(—l—3,—l—3,—l—5)%* ®9)€B2
®H7(Z(_l_3'_l_4'_l_4)%* ®Q)®H7(Z(_l_2'_l_3'_l_6)%* ®9)
@H7(Z(_l_3’_l_3'_l_5)%* ®Q)@H7(Z(_l_3'_l_4’_l_4)%* ®9)
— H7(Z(_l_2'_l_4'_l_5)%* ® Z(O,O,—I)Q*)GBZ@H7(Z(—l—3,—l—3,—l—5)%* ®2(0,0,—1)Q*)€B2
®H7(Z(_l_3'_1_4'_l_4)02[* ® Z(O'O'_I)Q*) ®H7(Z(_l_2’_l_3’_l_6)@l* ® Z(O’O'_I)Q*)
@H7(z(7173,7173,7l75)%* ® 2(0,0,71)9*) ®H7(Z(7173,7174,7174)%* ® 2(0,0,71)‘9*)

Each of the last six terms can be checked to be equal to zero for [ = 2.

The proof for family 1.1 and 1.12 are very much same. We only prove for family 1.12. Y is a double cover
of P3 branched along a smooth quartic B. Let 7 : Y — P3 denote the double cover. Then Ky = n* (Gps (—2)).
Considering the exact sequence

0— Ty — " Tps — Ny — 0

Tensoring with 7* (Ops (—1)) and taking cohomology we have for i = 1,2

H™Y (N, @ 1% (Ops (—1) — H (Ty ® n* (Ops (—1))) — H' (1" Tps ® 1* (Ops (—1)))
Note that by pushing forward, we have that Hi-1 (Ny @™ (Ops (1)) = Hi-1 (Ops(4—1D)|p) (see [19, Lemma
25]).Fori=1, this‘is equal to ho(@’[ps(l)) =4 for =3, 1forl=4 and 0 for [ = 5. For i = 2, this is equal to
0. Now note that H (n* Tps ® 1* (Ops (= 1)) = H' (Tps ® (Ops (—1))) & H! (Tps ® (Ops (=1 —2)))
Tensoring the Euler sequence
0 — Ops — Ops (1)®* — Tps — 0
by Gps (— k) and taking cohomology we have that

H' (0ps(1- k) — H' (Tps ® (Ops (—k))) — H' (Ops (—k)) — H ! (Gps (1 - k))*
Fork=2,i=1, Hl(T[p3 ® (Ops(—k))) = 0. For i = 2, note that the right flanking map is
H?(Ops (— k) — H*(Ops (1 - k) ® H® (Ops (1))
which by Serre-duality is the dual of the map
H®(Ops (k- 5)) ® H(Ops (1) — H® (Ops (k- 4))

which is surjective for k = 5 and hence the dual map is injective. So for k = 5, HZ(T[ps ® (Ops(—k))) =0.
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The proof for families 1.13, 1.14, 1.16 and 1.17 are very similar. We only prove for family 1.13. In this
case, Y is a hypersurface of degree 3 in P*. Ky = Gy (—2) where Gy (1) is the class of a hyperplane section.
Then tensoring the sequence

0— Ty — Tpily = Oy (3) —0
by Oy (—1) and taking cohomology, we have that for i = 1,2,

H Y0y (B3-1) — H(Ty(-1)) = H (Tps |y (= 1))

We have h°(@y (3 —-1)) =1 for [ =3 and 0 if I = 4. Further h' (@Gy (3 - 1)) = 0 for any [. Now tensoring the
pullback of the Euler sequence to Y by Oy (-1), we have

H'@y(1-1)® — H (Tpsly (=1) — H* @y (-1))
Since for [ = 3 and i = 1, both flanking terms are zero, we have that hY(Ty(-1)) <1for =3 and 0 for [ = 4.
On the other hand for i = 2, the last long exact sequence is

0 — H*(Tpsly (1)) = H* @y (=D) = H* @y (1 - D)) ® H’(@p: (1))
The right flanking map is the dual of the map

H°(@y(1-3))® H(Ops (1)) — H*(@y (1-2))

which is surjective for I = 3. Hence the right flanking map is injective. for [ > 3. Hence H?(Ty (-1)) = 0 for
I=3.

The proof for families 1.2, 1.3 and 1.4 are very similar. In each of these cases Y is a complete intersection
in PV for some N and Ky =0y (-1). We have the sequence

0—’ TY_>TIF’N|Y_’NY/[PN_’0

Tensoring with Gy (—1) and taking cohomology, we have that for i = 1,2,

H' ™ (Nypn (=) = H (Ty (D) — H' (Tpn |y (= 1))
In each case one can see that H!(Ny,p~ (—1)) = 0 and using the pullback of the Euler sequence to Y one
can see that HI(TPle(_l)) =0for/=2.Incasel.2, HO(Ny/PN(_l)) = H%(@y (4 - 1)) and hence we have
that HO(@y(@4—1)) = 1if I =4 and 0 if [ = 5. In case 1.3, H*(Ny pv (1) = H* @y (2 - 1)) ® H (@y (3 - 1))
which is 1if / =3 and 0 if / < 4. In case 1.4, H*(Ny pv(—1)) = H*(@y (2 - 1))®3 which is 3 if [ = 2 and 0 if
I < 3. Finally the vanishing of H?(Tp~|y (—1)) for [ = 2 follows from the projective normality of complete
intersections as before.

Let us prove for family 1.11. In this case, Y is a degree 6 hypersurface inside P(1,1,1,2,3) = P. Ky =
Oy (—2). We have as usual, after tensoring by Oy (—1), the sequence

0—Ty(=) = Tply(-) —=0Oy(6-1)—0
We have that for [ = 4, h°@y (6 - 1)) = h°@y(2)) =11, for [ =5, h°@y (6- 1) = h° @y (1)) =3, for [ =6,
@y (6-1)) = h°(@y) = 1, whileif | = 7, h®(@y (6—1)) = 0. Further for any value of , h' (Oy (6—1)) = 0. Now
note that if ﬁp denotes the sheaf of regular differential forms as defined in [14, Section (2)], then Tp = 5;.
To see this, further note that if i : Py, — P denotes the inclusion of smooth locus, then i, (Tp, ) = Tp since
both are reflexive sheaves that agree on the smooth locus which has codimension at least 2. Further it is
shown in [14, 2.2.4], that i, (Qp_ ) = Q_[p. We have i, (Q;,sm) =i,(Qp,,)" because both are reflexive sheaves
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that agree on the smooth locus which has codimension at least 2. So finally Tp = i+ (Tp,,) = i*(Q;,sm) =

i(Qp, )" = 5;,. Now we dualize the Euler sequence

0— Qp—Op(-1)*)00p(—2) ® Op(-3) — Op — 0
to get

0—0p—Op(1)* 00p(2) ®0p(3) — Tp — 0

Now restricting to Y, tensoring by Oy(-I) and taking cohomology we have by [14, 1.4], that
HY (Tp(-Dly) = 0 for any /. Now we show that H?(Tp(-D|y) = 0 for I = 6. To see this first note that by
restricting the Euler exact sequence to Y, twisting by Oy (-!) and taking the cohomology, we have the
exact sequence

0 — H2(Tply (1) — H3@y (1- 1) 0 H3 @y (2 - 1) H3 @y (3 - 1) 2 H3 @y (-1)

So the result follows if we show that the map A is injective or equivalently the dual 1* is surjective. Note
that by Serre-duality A* is the map between,

H@y (1-3)% & H Gy (1-4) & H @y (1-5) 2 HO @y (1-2))

We show that the map H°(@y (I - 3))®3 — H°(@y (I - 2)) is already surjective. Note that H(@y (I —3))®3 =
H°(@y (1-3))® H(Gp(1)) (from the construction of the Euler sequence). Now the fact that the above map
is surjective follows from the fact that the map H@p(l1-3)® H (Op(1)) — H(@Op(l1-2)) is surjective( see
[38]) and the fact that the maps of global sections H(@p(l-3)) — H'(@y(l-3)) and H'(@p(l -2)) —
H°(@y (I -2)) are both surjective. [ |

4.3. Invariants of the Hilbert components of precisely 1- extendable canonical surfaces. The relative
position of the invariants invariants (y,K?) of the Hilbert components of the precisely 1— extendable
canonical surfaces that we obtain with respect to the fundamental inequalities in the geography of sur-
faces of general type is shown as follows.

uuuuu
uuuuu
aaaaa
nnnnn
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nnnnn
uuuuu

nnnnn

More specifically, the invariants are as follows :

(1) For families 1.1 —1.10, i.e, when Y is of index 1, a surface in .ZY has

(. K?) = (%(—Kf})lg + (é(—@) +4)1,2I8(-K3))
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For families 1.11 - 1.17, i.e, when Y is of index j, a surface in S”IY has

1 -1 1
(1, K% = (§H313 + ]TH3l2+ (gH3 +2)1+1,2H313)

where H is the generator of the Picard group of Y.
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