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ABSTRACT. In this article we study the extendability of a smooth projective variety by degenerating it to
a ribbon. We apply the techniques to study extendability of Calabi-Yau threefolds Xt that are general de-
formations of Calabi-Yau double covers of Fano threefolds of Picard rank 1. The Calabi-Yau threefolds

Xt
|l At |
,−−−→PNl , with l ≥ j , where At is the generator of Pic(Xt ) and j is the least positive integer such that l At

is very ample, are general elements of a unique irreducible component H Y
l of the Hilbert scheme which

contains embedded Calabi-Yau ribbons on Y as a special locus. For l = j , using the classification of Mukai
varieties, we show that the general Calabi-Yau threefold parameterized by H Y

j is as many times smoothly ex-

tendable as Y itself. On the other hand, we find for each deformation type Y , an effective integer lY such that
for l ≥ lY , the general Calabi-Yau threefold parameterized by H Y

l is not extendable. These results provide
a contrast and a parallel with the lower dimensional analogues; namely, K 3 surfaces and canonical curves
([9], [10], [11]) which stems from the following result we prove: for l ≥ lY , the general hyperplane sections
of elements of H Y

l fill out an entire irreducible component S Y
l of the Hilbert scheme of canonical surfaces

which are precisely 1− extendable with H Y
l being the unique component dominating S Y

l . The contrast lies
in the fact that for polarized K 3 surfaces of large degree, the canonical curve sections do not fill out an entire
component while the parallel is in the fact that the canonical curve sections are exactly one-extendable.

1. INTRODUCTION

Definition 1.1. Let X ⊂ PN be an irreducible nondegenerate variety of codimension at least 1. Let k ≥ 1
be an integer. We say that X is k− extendable if there exists a variety W ⊂ PN+k different from a cone,
with dim W = dim X + k and having X as a section by a N− dimensional linear space such that W is
smooth along X =W ∩PN . We say that X is precisely k− extendable if it is k− extendable but not (k+1)−
extendable. The variety W is called a k-extension of X . We say that X is extendable if it is 1− extendable.

The extendability of a projective variety is a natural and fundamental question in projective geometry.
This classical question has been the topic of intense research for decades and has revealed deep connec-
tions between the geometry of the embedding, Gaussian map of curve sections, deformations of cones
over the hyperplane sections etc. We refer to [32] for an excellent recent survey of this topic. The purpose
of this article is to introduce techniques to study extendability of smooth projective varieties via degener-
ation to ribbons. In particular we show two different themes, one to show extendability and the other to
show non-extendability of the general member of a one parameter family that projectively degenerates
to a ribbon in the central fiber. We apply them to study extendability of Calabi-Yau threefolds, where not
much is known. It is interesting to note that ribbons have appeared in the context of extendability of
canonical curves and K 3 surfaces in [7], [46], but in a way that is completely different from this article.
We will now recall the definition of a ribbon

Definition 1.2. A ribbon Ỹ on a reduced connected scheme Y is an everywhere non-reduced scheme
with Ỹred = Y such that

(1) The ideal sheaf IY /Ỹ of Y inside Ỹ satisfies I 2
Y /Ỹ

= (0) and
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(2) IY /Ỹ as an OY module is a locally free sheaf L of rank one also called the conormal bundle of the
ribbon.

1.1. Extendability of the general member of a component of the Hilbert scheme containing ribbons.
We now explain how one can use ribbon degenerations to derive information on the extendability of
a general member of a Hilbert component. Suppose one has an irreducible component of the Hilbert
scheme H of PN which parameterizes smooth varieties in general and ribbons Ỹ on Y with conormal
bundle L as a special locus which represents smooth points of H . Now suppose that we have the knowl-
edge of extendability of the induced embedding of the reduced part Y ⊂ PM (M ≤ N ), i.e, W ⊂ PM+k is a
smooth k− step extension of Y ⊂ PM . Then we can derive knowledge of the extendability of the general
elements of H . We start by showing that the smooth members in a certain special locus in H are k−
extendable as follows :

(1) Extend the ribbon Ỹ ⊂ PN to a ribbon W̃ ⊂ PN+k . This eventually boils down to showing exis-
tence of ribbons supported on W in PN+k extending the embedding W ⊂ PM+k ⊂ PN+k which is
parameterized by nowhere vanishing sections of H 0(NW /PN+k ⊗L ) where L is a line bundle on
W whose restriction to Y is L.

(2) Show that the extended ribbon W̃ ⊂ PN+k is smoothable. Thus we have shown the k− step ex-
tendability of some smooth special members of H containing the ribbons in their closure.

(3) Finally we conclude by the showing that the corresponding non-empty flag Hilbert scheme dom-
inates H .

We remark that the abstract variety Y or the embedding of Y ⊂ PM is usually a cohomologically sim-
pler variety with a much better understood embedding than X ⊂PN where X is a general member of H .
So it is reasonable to expect that we will have better knowledge about its extendability. In the context of
this article, we show the extendability of general smoothings of Calabi-Yau ribbons on anticanonically
embedded Fano-threefolds of Picard rank one. Guided by the metaprinciple 2.1, we accomplish this by
showing the existence of very specific Fano ribbon structures on Mukai varieties, which are extensions of
the three dimensional Calabi Yau ribbons, and then by smoothing them.

1.2. Non-extendability of the general member of a component of the Hilbert scheme containing rib-
bons. To show non-extendability, we apply Zak-Lv́ovsky’s criterion on the ribbon Ỹ ⊂ PN . We recall the
definition of the invariant α(X ) and two results by Zak and Lv́ovsky ([33], [48], see also [2], [32, Theorem
1.3]).

Definition 1.3. For X ⊂ PN a smooth irreducible nondegenerate variety of codimension at least 1 with
normal bundle NX /PN , we set α(X ) = h0(NX /PN (−1))−N −1

Theorem 1.4. ([33], [48]) Let X ⊂ PN be a smooth irreducible nondegenerate variety of codimension at
least 1 and suppose X is not a quadric. Ifα(X ) ≤ 0, then X is not extendable. Further, given an integer k ≥ 2,
suppose that either:

(1) α(X ) < N or
(2) H 0(NX /PN (−2)) = 0,

If α(X ) ≤ k −1, then X is not k− extendable.

By results in [4], [17], [22], [19], [20], it is known that under sufficiently general conditions, as an em-
bedding degenerates to a double cover, the embedded models degenerate to a ribbon over the base of
the double cover. Since the ribbon is a local complete intersection, by a series of short exact sequences,
it is shown that computing the cohomology of the twists of the normal bundle NỸ /PN of a embedded
ribbon Ỹ on Y ⊂ PN eventually boils down to computing the cohomology of the twists of the normal
bundle NY /PN (see equations 2.1, 2.2, 2.3) which are easier to handle than the normal bundle of a general
member X ⊂PN in the family, about which we know very little.
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In this paper we study the extendability of Calabi-Yau threefolds X ⊂ PN by degenerating them to
Calabi-Yau ribbons on Fano-threefolds Y of Picard rank one, embedded by the complete linear series
of −l H where H is the generator of Pic(Y ). For l equal to the index of Y , we show that the Calabi-
Yau threefolds are at least as many times smoothly extendable as the Fano threefold Y . For higher
values of l , we show non-extendability of X . Fano threefolds of Picard rank 1 are classified into 17
different deformation types by the classification of Iskovskih-Mori-Mukai ([25], [26], [37]). We use the
explicit description of each of the families which are either complete intersections in weighted projec-
tive spaces or regular sections of homogeneous vector bundles on Grassmannians (see [13], [5], https:
//www.fanography.info/.). The computations boil down to Borel-Bott-Weil theorems. We now state
our results. First we state a Proposition describing the Calabi-Yau threefolds we work with and their
Hilbert schemes.

Proposition 1.5. (see Proposition 3.1, Remark 3.2) Let Y be a smooth, projective Fano threefold of Picard
rank 1. Let i (Y ) denote the index of Y . Let π : X → Y denote a Calabi-Yau double cover branched along a
smooth divisor B ∈ |−2KY |. Let H denote the generator of Pic (Y ). Let j ≥ i (Y ) be the least positive integer
such that j H is very ample.Then

(1) Pic (X ) = Z. If A denotes the generator of Pic (X ), then for any polarized deformation (X t , At ) of
(X , A) along a one parameter family T the line bundle At generates Pic (X t ).

(2) For l ≥ j , h0(l At ) = h0(l H)+h0((l − i (Y ))H). We set Nl +1 = h0(l H)+h0((l − i (Y )H).
(3) Let l ≥ j . If Y belongs to family 1.11, further assume l ≥ 4. Then for a general polarized defor-

mation (X t , At ) of (X , A) along a one parameter family T , l At is very ample. Further there ex-
ists a unique irreducible component H Y

l of the Hilbert scheme of PNl with Hilbert polynomial

p(z) = h0(l zH)+h0((l z−i (Y ))H) that parameterizes linearly normal Calabi-Yau varieties X t ⊂PNl

such that (X t ,OX t (1)) can be deformed to (X , l A) along an irreducible one parameter family.
(4) The component H Y

l contains linearly normal embedded Calabi-Yau ribbons Ỹ ⊂ PNl on Y such
that OỸ (1)|Y = l H. The embedded ribbons form an irreducible family, and they represent smooth
points of H Y

l . Consequently, any linearly normal embedded Calabi-Yau ribbon Ỹ ⊂PNl on Y such

that OỸ (1)|Y = l H is contained in H Y
l

(5) If Y is not of type 1.1, l At is not very ample for l < j .

With the notation as above, we now state our main result on the extendability of general Calabi-Yau
threefolds in H Y

l :

Theorem 1.6. (see Theorem 4.1, Theorem 4.3)

(1) The extendability for a general smooth Calabi-Yau threefold of the Hilbert component H Y
l (l ≥ j )

(in the notation of Proposition 3.1) is listed in the fourth columns of tables 1, 2. The tables show
that out of the 17 different deformation types of Y ,
(a) Excepting for families 1.1 and 1.11, when l = j , a smooth Calabi-Yau threefold X t ⊂ PNl for a

general t in H Y
j is at least as much extendable as the anticanonically embedded Fano Y .

(b) For each family, we give an effective value lY , such that for l ≥ lY , a smooth Calabi-Yau three-
fold X t ⊂PNl for a general t in H Y

l has α(X t ) = 0 and is hence not extendable. Consequently,

the cone over X t in PNl+1 is not smoothable in PNl+1.
(2) For each deformation type Y and l ≥ lY , the general canonical surface sections St ⊂ PNl−1 of the

general Calabi-Yau threefolds X t ⊂ PNl of H Y
l have α(St ) = 1, are exactly 1− extendable and fill

out a unique irreducible component of the Hilbert scheme S Y
l with a dominant map H Y

l →S Y
l .

(3) For l ≥ lY , H Y
l is the only irreducible component of the Hilbert scheme parameterizing linearly

normal Calabi-Yau threefolds that dominate the component S Y
l by taking hyperplane sections.

For a general canonical surface St ⊂PNl−1 ∈S Y
l , the Calabi-Yau threefolds in PNl containing St as

a hyperplane section forms an irreducible family.

https://www.fanography.info/.
https://www.fanography.info/.
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It is interesting to compare the results of this article with the results on extendability of K 3 surfaces
and canonical curves in [9], [10] and [11] (see also [8]). Let Hr,g denote the Hilbert scheme of K 3 surfaces
embedded by the r− th veronese map of a primitive very ample line bundle of sectional genus g . By
studying Gaussian maps of canonical curve sections of such K 3 surfaces, it was proven that for (r = 1, g ≥
13), (r = 2, g ≥ 7), (r = 3, g ≥ 5), (r = 4, g ≥ 4), (r ≥ 5, g ≥ 3) (see [11, Table 2.14] for the precise and slightly
stronger results), the general curve section of the general K 3 surfaces in Hr,g has corank one Gaussian
map which in particular means that the general K 3 surfaces are not extendable and the general curve
sections are exactly one extendable. The results Theorem 1.6, (1), (3) are analogues of the above results.
However, there is a contrast for Calabi-Yau threefolds; the hyperplane sections of H Y

l for l ≥ lY fill out an
entire irreducible component of the Hilbert scheme of canonical surfaces, while curves on a K 3 surface
are non-general curves of the corresponding component of the Hilbert scheme. We plot the invariants of
the surface sections in subsection 4.3.
Acknowledgements. We thank Professor Ciro Ciliberto for his encouragement. We thank the anonymous
referee for carefully reading our paper. The referee’s comments and suggestions, helped us revise some
computations and improve the clarity and exposition of the paper.

2. MAIN RESULT ON EXTENDABILITY OF PROJECTIVE VARIETIES

The following general metaprinciple forms the basis to show extendability of general embedded smooth-
ings of ribbons using the knowledge of extendability of the reduced part of the ribbon. By a one-parameter
family we mean a flat projective morphism X → T where T is a smooth irreducible curve.

Metaprinciple 2.1. (1) Let Y ⊂ PM be an embedding of a smooth projective variety. Let W ⊂ PM+k be
a smooth extension of Y ⊂PM . Suppose that there exists ribbons W̃ ⊂PN+k with conormal bundle
L̃ such that L̃|Y = L, extending the embedding W ⊂ PM+k ⊂ PN+k , where the second embedding
is an embedding of linear spaces. Assume further that W̃ is smoothable inside PN+k along a one-
parameter family T . Then by taking a codimension k linear section of the smoothing family, we see
that there exist embedded ribbons Ỹ = W̃

⋂
PN ⊂ PN extending Y ⊂ PM with conormal bundle L

which are smoothable along a one-parameter family T . Further for a general t ∈ T , the smoothing
fiber Vt ⊂PN+k of W̃ ⊂PN+k is a k− step extension of the smoothing fiber X t ⊂PN of Ỹ ⊂PN .

(2) Consequently, in a situation where we are interested in the extendability of a general element of
an irreducible component H of the Hilbert scheme in PN which contains ribbons Ỹ on Y with
conormal bundle L, such that the ribbons represent smooth points of H , we can use part one to
deduce the extendability of at least a special locus parameterizing smooth varieties in H .

(3) Ribbons Ỹ ⊂PN on Y with conormal bundle L extending a given (possibly degenerate) embedding
Y ⊂PN are parameterized by the nowhere vanishing sections of H 0(NY /PN ⊗L) (see [22, Proposition
2.1]).

In the following theorem, we show how to compute an upper bound to α(Ỹ ) of an embedded ribbon
Ỹ ⊂PN in terms of the cohomology of the twists of the normal bundle and eventually that of the tangent
bundle of its reduced structure Y .

We introduce the following notation that will be used in the subsequent sections.

Notation:

(a) Let Ṽ is a vector bundle on the ribbon Ỹ and L is a line bundle on Y . Then L has the structure
of an OỸ module due to the homomorphism OỸ → OY that defines the ribbon Ỹ . We define
Ṽ (L) := Ṽ ⊗OỸ

L.
(b) By IỸ and IY , we mean the ideal sheaf of Ỹ and Y in PN respectively.

Theorem 2.2. Let Ỹ be a ribbon over a smooth projective variety Y of dimension d > 1 with conormal
bundle L. Let Ỹ ,→ PN be an embedding of Ỹ induced by the complete linear series of a very ample line



EXTENDABILITY OF PROJECTIVE VARIETIES VIA DEGENERATION TO RIBBONS 5

bundle H̃ . Let H = H̃ |Y and assume H 1(−H +L) = 0. Let

β= h1(TY (−H +L))+h1(TY (−H))−h0(TY (−H))+h1(−H −L)+h0(−H −2L)

Then
α(Ỹ ) = h0(NỸ /PN (−H̃))−N −1 ≤β

(1) If β< N and Ỹ is smoothable inside PN into smooth fibers X t ⊂ PN , then a general X t is not β+1
extendable.

(2) If further, β = 0, then α(Ỹ ) ≤ 0 (or h0(NỸ /PN (−H̃)) ≤ N + 1). Consequently, if Ỹ is smoothable
inside PN into smooth fibers X t ⊂ PN , then, α(X t ) = 0 and a general X t is not extendable. In
this case, H 0(NX t /PN (−2)) = 0 and if H 1(OX t ) = 0 (which is true if H 1(OY ) = H 1(L) = 0), we have
cork(ΦOCt (1),KCt

) ≥ d −1 for a general curve section Ct of X t .

Proof. We have the following exact sequences (see [18, Lemma 4.2])

(2.1) 0 → NỸ /PN (L) → NỸ /PN → NỸ /PN ⊗OY → 0

(2.2) 0 →H om(IỸ /I 2
Y ,OY ) → NỸ /PN ⊗OY →OY (−2L) → 0

(2.3) 0 →OY (−L) → NY /PN →H om(IỸ /I 2
Y ,OY ) → 0

Tensoring equation 2.1 by OỸ (−H̃), we have that

(2.4) h0(NỸ /PN (−H̃)) ≤ h0(NỸ /PN (−H +L))+h0(NỸ /PN (−H))

We compute h0(NỸ /PN (−H +L)). Tensoring equation 2.2 by OY (−H +L) we have

0 →H om(IỸ /I 2
Y ,OY )(−H +L) → NỸ /PN (−H +L) →OY (−H −L) → 0

Hence

(2.5) h0(NỸ /PN (−H +L)) ≤ h0(H om(IỸ /I 2
Y ,OY )(−H +L))+h0(OY (−H −L))

Tensoring equation 2.3, by OY (−H +L) we have

0 →OY (−H) → NY /PN (−H +L) →H om(IỸ /I 2
Y ,OY )(−H +L) → 0

Since H 1(−H) = 0, by Kodaira vanishing theorem, and h0(−H) = 0, we have that

(2.6) h0(H om(IỸ /I 2
Y ,OY )(−H +L)) = h0(NY /PN (−H +L))

We now compute h0(NỸ /PN (−H)). Tensoring equation 2.2 by OY (−H) we have

0 →H om(IỸ /I 2
Y ,OY )(−H) → NỸ /PN (−H) →OY (−H −2L) → 0

Hence

(2.7) h0(NỸ /PN (−H)) ≤ h0(H om(IỸ /I 2
Y ,OY )(−H))+h0(OY (−H −2L))

Tensoring equation 2.3, by OY (−H) we have

0 →OY (−H −L) → NY /PN (−H) →H om(IỸ /I 2
Y ,OY )(−H) → 0

Then we have that

(2.8) h0(H om(IỸ /I 2
Y ,OY )(−H)) ≤ h0(NY /PN (−H))+h1(−H −L)−h0(−H −L)
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Hence we have that

h0(NỸ /PN (−H̃)) ≤ h0(−H−L)+h0(NY /PN (−H+L))+h0(NY /PN (−H))+h1(−H−L)−h0(−H−L)+h0(OY (−H−2L))

(2.9) h0(NỸ /PN (−H̃)) ≤ h0(NY /PN (−H +L))+h0(NY /PN (−H))+h1(−H −L)+h0(OY (−H −2L))

We now compute h0(NY /PN (−H)). We have

(2.10) 0 → TY → TPN |Y → NY /PN → 0

Tensoring equation 2.10 by OY (−H), we have

0 → H 0(TY (−H)) → H 0(TPN |Y (−H)) → H 0(NY /PN (−H)) → H 1(TY (−H))

Hence

h0(NY /PN (−H)) ≤ h0(TPN |Y (−H))+h1(TY (−H))−h0(TY (−H))

Consider the Euler exact sequence restricted to Y

(2.11) 0 →OY →OY (H)N+1 → TPN |Y → 0

Tensoring equation 2.11 by OY (−H), we have

0 → H 0(OY )N+1 → H 0(TPN |Y (−H)) → 0

so we have

(2.12) h0(TPN |Y (−H)) = N +1

This implies

(2.13) h0(NY /PN (−H)) ≤ N +1+h1(TY (−H))−h0(TY (−H))

We now compute h0(NY /PN (−H +L)). Tensoring equation 2.11 by OY (−H +L), we have

H 0(OY (L))N+1 → H 0(TPN |Y (−H +L)) → H 1(OY (−H +L))

Since −L has a section, we have that H 0(OY (L)) = 0 and by assumption H 1(OY (−H +L)) = 0 and hence
H 0(TPN |Y (−H +L)) = 0.

Tensoring equation 2.10 by OY (−H +L), we have

H 0(TPN |Y (−H +L)) → H 0(NY /PN (−H +L)) → H 1(TY (−H +L))

Since H 0(TPN |Y (−H +L)) = 0,

(2.14) h0(NY /PN (−H +L)) ≤ h1(TY (−H +L))

Plugging everything back into equation 2.9, we have

(2.15) h0(NỸ /PN (−H̃)) ≤ N +1+h1(TY (−H +L))+h1(TY (−H))−h0(TY (−H))+h1(−H −L)+h0(−H −2L)

■
In the following lemma, we find out the vanishing condition to ensure that for a hyperplane section

Z ⊂PN−1, of X ⊂PN , we have α(Z ) =α(X )+1.
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Lemma 2.3. Let X ⊂ PN be a smooth irreducible nondegenerate variety of dimension d ≥ 2. Let Z ⊂ PN−1

be a smooth hyperplane section. Let OX (1) and OZ (1) denote the hyperplane of X and Z repectively. Then

(1) If H 0(NX /PN (−2)) = 0, α(Z ) ≥α(X )+1. Consequently
(2) If H 0(NX /PN (−2)) = 0 and H 1(NX /PN (−2)) → H 1(NX /PN (−1)) is injective, then α(Z ) =α(X )+1

Proof. First note that NX /PN |Z = NZ /PN−1 . Then for any i we have the exact sequence

0 → NX /PN (−i −1) → NX /PN (−i ) → NZ /PN−1 (−i ) → 0

Then for i = 1, we have α(X ) = h0(NX /PN (−1))−N −1 ≤ h0(NZ /PN−1 )(−1)−N −1 = α(Z )−1. Further
from the same exact sequence, we have the equality under the added hypothesis of (2). ■

With X ⊂PN and Z ⊂PN−1 a hyperplane section of X , the following lemma gives a sufficient condition
for the component of the Hilbert scheme containing X to have a dominant map to the component of the
Hilbert scheme containing Z .

Lemma 2.4. Let X ⊂PN be a smooth projective variety and Z ⊂PN−1 denote a smooth hyperplane section.
If X is unobstructed inside PN and H 1(NX /PN (−1)) = 0, then Z is unobstructed inside PN−1 and there is
a dominant map from the unique component of the Hilbert scheme in PN that contains X to the unique
component of the Hilbert scheme of PN−1 that contains Z which sends X to Z .

Proof. Let the unique component of the Hilbert scheme containing X be denoted by HX . Let H be the
hyperplane such that X ∩H = Z . Now consider the universal family FX ⊂PN ×HX over HX and look at
FX ∩(H×HX ), the intersection being the scheme theoretic intersection insidePN×HX . This intersection
gives a flat family of subschemes with the same Hilbert polynomial as Z ⊂ PN−1 parameterized by an
open set UX of HX . Hence we get a map from UX to the unique component of the Hilbert scheme
HZ containing Z . We show that this map is dominant. For that it is enough to show that the map at
the level of tangent spaces is surjective and the map at the level of obstruction spaces is injective (see
[44, Proposition 2.2.5 (iii), Proposition 2.3.6]). This simultaneously shows that Z is unobstructed in PN−1

using the fact that X is unobstructed in PN (see [44, Proposition 2.2.5 (iii), Proposition 2.3.6]) We have
the following exact sequence:

0 → NX /PN (−1) → NX /PN → NZ /PN−1 → 0

Taking cohomology we have that

H 0(NX /PN ) → H 0(NZ /PN−1 ) → H 1(NX /PN (−1)) → H 1(NX /PN ) → H 1(NZ /PN−1 )

Now the vanishing of H 1(NX /PN (−1)) proves our result since the leftmost map is the map of tangent
spaces and the rightmost map is the map at the level of obstruction spaces. ■

With X ⊂PN and Z ⊂PN−1 a hyperplane section of X , the following lemma gives a sufficient condition
for smoothness of the Hilbert point of the projective cone C (Z ) ⊂PN .

Lemma 2.5. Suppose that X ⊂ PN be a smooth projective variety and Z ⊂ PN−1 be a general hyperplane
section which is assumed to be projectively normal. Assume

(1) X is unobstructed inside PN

(2) α(X ) = 0 and α(Z ) = 1
(3) H 1(NX /PN (−k)) = 0 for k = 1,2,3.

Then the projective cone C (Z ) ⊂PN is a smooth point of both the Hilbert scheme containing C (Z ) and the
fiber over Z of the the flag Hilbert scheme containing the pair (X ⊂PN , Z ⊂PN−1).

Proof. The dimension of the tangent space to the Hilbert scheme at the point C (Z ) is given byΣk≥0h0(NZ /PN−1 )(−k).
We have the exact sequence

0 → NX /PN (−1) → NX /PN → NZ /PN−1 → 0
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Since α(X ) = 0, we have that h0(NX /PN (−2)) = 0 (see [32, Proof of Theorem 1.3, Claim 2.3]). Combined
with the fact that h1(NX /PN (−3)) = 0, we have that h0(NZ /PN−1 )(−2) = 0. Now h0(NZ /PN−1 )(−1) − N =
α(Z ). Hence the dimension of the tangent space to the Hilbert scheme at the point C (Z ) is given by
h0(NZ /PN−1 )+α(Z )+N = h0(NZ /PN−1 )+α(X )+N +1 = h0(NZ /PN−1 )+h0(NX /PN (−1)).

Now once again from the previous exact sequence, using h1(NX /PN (−1)) = 0, we have that h0(NX /PN (−1)) =
h0(NX /PN )−h0(NZ /PN−1 ). Then the dimension of the tangent space to the Hilbert scheme at the point
C (Z ) is h0(NX /PN ) which is the dimension of the Hilbert scheme since X is unobstructed inside PN .

The dimension of the tangent space to the fiber of the flag Hilbert scheme at the point (C (Z ), Z ) is
given byΣk≥1h0(NZ /PN−1 )(−k). This dimension by the above computation is h0(NZ /PN−1 )(−1) = h0(NX /PN )(−1)
using the fact that h0(NX /PN (−2)) = h1(NX /PN (−2)) = 0. But now H 1(NX /PN (−1)) is the obstruction space
to deformations of X inside PN keeping Z fixed, or in other words the vanishing of H 1(NX /PN (−1)) im-
plies that (X , Z ) is a smooth point of the fiber over Z of the flag Hilbert scheme with dimension of tangent
space at the point (X , Z ) being h0(NX /PN (−1)). This shows that the point (C (Z ), Z ) is also a smooth point
of the fiber. ■

For lemmas 2.3, 2.4, 2.5, to hold true one requires the condition H 1(NX /PN (−k)) = 0 for k = 1,2,3. To
show this vanishing for a general X in an irreducible component of a Hilbert scheme, we will degenerate
X to a suitable ribbon Ỹ inside PN and prove the vanishing of H 1(NỸ /PN (−k)). The following theorem
shows how to reduce the vanishing of H 1(NỸ /PN (−k)) to vanishings of the cohomology of certain twists
of the tangent bundle on the reduced part Y of the ribbon Ỹ .

Proposition 2.6. Let Ỹ be a ribbon over a smooth projective variety Y of dimension d with conormal
bundle L. Let Ỹ ,→ PN be an embedding of Ỹ induced by the complete linear series of a very ample line
bundle H̃ . Let H = H̃ |Y . If the following conditions are satisfied

(1) H 1(OY (−L−kH)) = H 1(OY (−2L−kH)) = H 2(OY (−kH)) = H 2(OY (−L−kH)) =
H 1(OY (L− (k −1)H) = H 1(OY (−(k −1)H) = H 2(OY (L−kH) = H 2(OY (−kH) = 0

(2) H 2(TY (L−kH)) = H 2(TY (−kH)) = 0

then, H 1(NỸ /PN (−kH̃)) = 0 for 1 ≤ k ≤ 3.

Proof. The idea of the proof is to reduce the needed vanishing on Ỹ to relevant cohomology vanishings
on Y . To carry this out, we use the following exact sequences:

(2.16) 0 → NỸ /PN (L) → NỸ /PN → NỸ /PN ⊗OY → 0

(2.17) 0 → Hom(IỸ /I 2
Y ,OY ) → NỸ /PN ⊗OY →OY (−2L) → 0

(2.18) 0 →OY (−L) → NY /PN → Hom(IỸ /I 2
Y ,OY ) → 0

It is enough to show the vanishings of H 1(NỸ /PN (L − kH)) = H 1(NỸ /PN (−kH)) = 0 for 1 ≤ k ≤ 3. We
show how to derive the conditions for the first vanishing. From the exact sequence 2.17, it is enough
to show H 1(Hom(IỸ /I 2

Y ,OY )(L −kH)) = H 1(OY (−L −kH)) = 0. From the exact sequence 2.18, to show
the first vanishing, it is enough to show H 1(NY /PN (L −kH)) = H 2(OY (−kH)) = 0. To show the first of the
vanishings, using the exact sequence

0 → TY → TPN |Y → NY /PN → 0

it is enough to show H 1(TPN |Y (L −kH)) = H 2(TY (L −kH)) = 0. To show the first of the vanishings, using
the Euler sequence it is enough to show H 1(OY (L−(k−1)H) = H 2(OY (L−kH) = 0. The second vanishing,
namely H 1(NỸ /PN (−kH)) = 0 follows from a similar procedure as above, and we leave it to the reader.
This completes the proof. ■



EXTENDABILITY OF PROJECTIVE VARIETIES VIA DEGENERATION TO RIBBONS 9

3. CALABI-YAU RIBBONS ON FANO THREEFOLDS AND DEFORMATIONS OF CALABI-YAU DOUBLE COVERS OF

FANO THREEFOLDS

A ribbon Ỹ is a Calabi-Yau ribbon on Y if and only if L =OY (KY ). Let Y be a smooth, projective Fano
threefold of Picard rank 1. Let H denote the generator of Pic (Y ). Let j be the least positive integer such
that j is greater than or equal to the index of Y and j H is very ample. Let i (Y ) denote the index of the
fano threefold Y . In the following proposition we show that for each deformation type of a Fano threefold
Y and a positive integer l ≥ j , there exist a unique component H Y

l of the Hilbert scheme parameterizing
smooth Calabi-Yau threefolds in general and contains Calabi-Yau ribbons as a special locus.

Proposition 3.1. Let Y be a smooth, projective Fano threefold of Picard rank 1. Let π : X → Y denote a
Calabi-Yau double cover branched along a smooth divisor B ∈ |−2KY |. Let H denote the generator of Pic
(Y ). Let j ≥ i (Y ) be the least positive integer such that j H is very ample. Then

(1) Pic (X ) = Z. If A denotes the generator of Pic (X ), then for any polarized deformation (X t , At ) of
(X , A) along a one parameter family T the line bundle At generates Pic (X t ).

(2) For l ≥ j , h0(l At ) = h0(l H)+h0((l − i (Y ))H). We set Nl +1 = h0(l H)+h0((l − i (Y )H).
(3) Let l ≥ j . If Y belongs to family 1.11, further assume l ≥ 4. Then for a general polarized defor-

mation (X t , At ) of (X , A) along a one parameter family T , l At is very ample. Further there ex-
ists a unique irreducible component H Y

l of the Hilbert scheme of PNl with Hilbert polynomial

p(z) = h0(l zH)+h0((l z−i (Y ))H) that parameterizes linearly normal Calabi-Yau varieties X t ⊂PNl

such that (X t ,OX t (1) = l At ) can be deformed to (X , l A) along an irreducible one parameter family.
(4) The component H Y

l contains linearly normal embedded Calabi-Yau ribbons Ỹ ⊂ PNl on Y such
that OỸ (1)|Y = l H. The embedded ribbons form an irreducible family, and they represent smooth
points of H Y

l . Consequently, any linearly normal embedded Calabi-Yau ribbon Ỹ ⊂PNl on Y such

that OỸ (1)|Y = l H is contained in H Y
l

The following lemma shows optimality of the above proposition, and gives precise numbers on the
very ampleness of l At unless Y is of type 1.1 and l = 2. When Y is of type 1.1 and l = 2, then 2At is very
ample on X t but there does not exist a Calabi-Yau ribbon supported on Y in H Y

2 .

Lemma 3.2. Let the notation be as in Proposition 3.1. Assume if Y is of type 1.1, then l , 2. Then l At is
very ample on X t if and only if l ≥ j . The j are as follows for various families.

(1) For family 1.1, j = 3.
(2) For families 1.2−1.10, j = 1. For families 1.2−1.4, the general elements of H Y

1 are complete inter-
sections.

(3) For family 1.11, j = 3.
(4) For family 1.12−1.15, j = 2.
(5) For family 1.16, j = 3.
(6) For family 1.17, j = 4.

Moreover, whenever l At is very ample the embedding of X t by |l At |, degenerates to a Calabi-Yau ribbon on
Y .

Proof. Let us first show the values of j . For families 1.2−1.10, 1.12−1.17, this is clear by [5] since −KY is
very ample. For 1.1, H = −KY . Y is a double cover of P3 branched along a sextic. We have h0(−2KY ) =
h0(OP3 (2)) and hence the morphism induced by |−2KY | is 2 : 1 onto the second Veronese embedding of
P3. Further one can check that −3KY is in fact projectively normal and hence j = 3. For 1.11, by [5], j ≥ 3.
Now by [38, Theorem 0.2], l H is very ample on Y for l ≥ 3, which implies j = 3.

Now we show that if l < j , then l At is not very ample. For family 1.1, l = 1, if At is very ample, then
it embeds X t as a degree 4 Calabi-Yau threefold inside P4. This gives a contradiction. For family 1.11,
l = 1, At is not very ample since h0(At ) = 3. For l = 2, if |2At | is very ample, then X t is an aCM Calabi-
Yau threefold of degree 16 inside P6. But such a Calabi-Yau does not exist due to [27, Theorem 3.2].
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For family 1.12− 1.15, j = 2. For l = 1, At is not very ample. To see this first note that h0(At ) = h0(H).
Now for 1.12, h0(At ) = 4 and the morphism given by |At | is 4 : 1 onto P3. For 1.13− 1.14, if At is very
ample, then |At | embeds X t inside P5. By [3, Remark 11], all Calabi-Yau threefolds inside P5 are complete
intersections of either two cubics or a quadric and a quartic or a quintic and a hyperplane. For 1.13,
A3

t = 6, which cannot be the degree of a Calabi-Yau insideP5. For 1.14, A3
t = 8, so X t has to be the complete

intersection of a quadric and a quartic. But then this is not possible by comparing h1,2(X t ) with h1,2 of
the complete intersection. For 1.15, if At is very ample then |At | embeds X t as a degree 10, aCM Calabi-
Yau threefold inside P6. By [27, Theorem 3.2, Section 6], such a Calabi-Yau threefold cannot exist. For
family 1.16, j = 3. For l = 1,2, l At is not very ample. Note first that H 1(TY ⊗KY ) = H 1,2(Y ) = 0. Now since
h0(l A) = h0(l H), the morphism given by |A| on the double cover X factors through a 2 : 1 map onto Y
followed by Y embedded by |l H |. This together with the fact that H 1(OX ) = 0, implies by [47, Corollary
1.1] and arguments similar to [21, Theorem 1.7] the morphism by |l At | factors as a double cover of Y
as well. For family 1.17, j = 4. For l = 1,2,3, the map given by |At | is not very ample by exactly same
arguments as in part (5). The last statement follows by combining Lemma 3.2 and Proposition 3.1. ■
Proof of Proposition 3.1. We first prove part (1). Consider the Calabi-Yau double coverπ : X → Y branched
along B ∈ |−2KY |. By [39], Lemma 4.2, we have H 1(Ω1

X ) = H 1(π∗Ω1
X ) = H 1(ΩY )

⊕
H 1(ΩY (log(B))⊗KY ).

Now using the exact sequence

0 →ΩY ⊗KY →ΩY (log(B))⊗KY → KY |B → 0

we have
H 1(ΩY ⊗KY ) → H 1(ΩY (log(B))⊗KY ) → H 1(KY |B )

The leftmost term is zero due to Nakano vanishing theorem. We have

0 → 3KY → KY → KY |B → 0

and hence we see that H 1(KY |B ) = 0. This implies H 1(ΩY (log(B))⊗KY ) = 0. Now since H 1(OY ) = H 1(OX ) =
0, the pullback map between π∗ : Pic(Y ) → Pic(X ) is induced by the map

H 1(ΩY ) → H 1(ΩY )
⊕

H 1(ΩY (log(B))⊗KY )

Therefore H 1(ΩY (log(B))⊗KY ) = 0 implies π∗ is an isomorphism, h1,1(X ) = 1 and Pic(X ) = Z. Let A de-
note the generator. We have that for X t , a general deformation of X , h1,1(X t ) = 1. On the other hand, by
[12, Corollary 4.18] and [29, Theorem 0.1], Y is simply connected, so, by the Lefschetz theorem for homo-
topy groups (see [31, Theorem 3.1.21]), so is B , where B is the ample branch divisor of the double cover X .
Now if R ⊂ X denotes the ramification divisor, R � B and hence R is simply connected. Since R is ample,
once again by the Lefschetz theorem for homotopy groups, so is X . Therefore X is simply connected and
hence so is X t . Therefore, Pic(X t ) = Z. Again since divisibility of a line bundle remains constant along
a smooth family, we have that for any polarized deformation (X t , At ) of (X , A), At generates the Picard
group of X t .

We now prove part (2). We have by part (1), h0(l A) = h0(π∗(l H)) = h0(l H)+h0((l H)⊗KY ) = h0(l H)+
h0((l − i (Y ))H). Now since by Kodaira vanishing Theorem, H 1(l A) = 0, we have that for a general polar-
ized deformation (X t , At ) of (X , A), along a one -parameter family T , h0(l At ) = h0(l H)+h0((l − i (Y ))H).

We now prove part (3) and (4). To do that, we first show that there is a unique irreducible component
H Y

l of the Hilbert scheme inside PNl which contains all linearly normal Calabi-Yau ribbons Ỹ ⊂ PNl

such that OỸ (1)|Y = l H . Let Y ⊂ PN be the embedding given by the complete linear series of l H . By
[22, Proposition 2.1], Calabi-Yau ribbons Ỹ ⊂PN extending the embedding Y ⊂PN are parameterized by
nowhere vanishing sections of H 0(NY /PN ⊗KY ). We have the exact sequence

0 → KY → (l − i (Y ))H N+1 → TPN |Y ⊗KY → 0

Since we have l ≥ j and if Y belongs to family 1.11, l ≥ 4, we have using the values of j from Lemma 3.2
and [5], that (l − i (Y ))H is base point free. Hence TPN |Y ⊗KY is base point free. Now from the exact
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sequence
0 → TY ⊗KY → TPN |Y ⊗KY → NY /PN ⊗KY

we conclude that NY /PN ⊗KY is base point free. Now the rank of NY /PN ⊗KY which is the codimension
of Y inside PN is greater than the dimension of Y , which is 3. Therefore the vector bundle must have a
no-where vanishing section. This corresponds to a ribbon Ỹ ⊂ PN with conormal bundle KY , extending
the embedding Y ⊂ PN . The embedding Ỹ ⊂ PN is induced by some sublinear series of a very ample
line bundle H̃ on Ỹ such that H̃ |Y = l H . Re-embedding Ỹ be the complete linear series of H̃ gives an
embedding Ỹ ⊂PN ′

(such that the reduced part Y is now embedded degenerately inside a PN ⊂PN ′
). All

ribbons Ỹ ⊂ PN ′
on Y , with conormal bundle KY , extending the degenerate embedding Y ⊂ PN ′

forms
an irreducible family in PN ′

. This is due to the fact that all such ribbons Ỹ ⊂ PN ′
are parameterized by

an open subset of P(H 0(NY /PN ′ ⊗ KY ), given by no-where vanishing sections. Let us show N ′ = Nl =
h0(l H)+h0((l − i (Y ))H). We have an exact sequence

0 → KY →OỸ →OY → 0

which after tensoring with H̃ and taking cohomology yields

0 → H 0(l H ⊗KY ) → H 0(H̃) → H 0(l H) → 0

Noting that H 0(l H ⊗KY ) = H 0((l − i (Y ))H) and H 1((l − i (Y ))H) = 0, we have N ′+1 = h0(H̃) = h0(l H)+
h0((l − i (Y ))H) = Nl + 1. Now we show that all such ribbons Ỹ ⊂ PNl represent smooth points of the
Hilbert scheme. This can be checked using [6, Lemma 2.14]. The only non-trivial vanishings are those of
H 1(NY /PNl ) and H 1(NY /PNl ⊗KY ). We use the exact sequence

0 → TY → TPNl |Y → NY /PNl → 0

Using Kodaira vanishing theorem, and the Euler exact sequence of PNl restricted to Y , we have that
H 1(TPNl |Y ) = H 1(TPNl |Y ⊗L) = 0. Now note that by Nakano-vanishing theorem, H 2(TY ) = H 1(ΩY ⊗KY )∗ =
0. This implies that H 1(NY /PNl ) = 0. To show the vanishing of H 1(NY /PNl ⊗KY ), first note that the vanish-
ings so far yield an exact sequence

0 → H 1(NY /PNl ⊗KY ) → H 2(TY ⊗KY )
f−→ H 2(TPNl |Y ⊗KY )

We show that f is injective. The homomorphism f can be identified, via Serre duality, with the dual of
the homomorphism

H 1(ΩPNl |Y )
g−→ H 1(ΩY ).

Composing g with the natural map H 1(ΩPNl ) → H 1(ΩPNl |Y ), we get a homomorphism

H 1(ΩPNl )
ĝ−→ H 1(ΩY ).

which induces, by restriction, a homomorphism between the Neron-Severi groups of PNl and Y , which,
in our situation, is a homomorphism h between the Picard groups of PNl and Y , because Y , being Fano,
is a regular variety. The homomorphism h sends a line bundle on PNl to its restriction on Y , so it is
nonzero. Then, so is ĝ and, consequently, so is g . Therefore, f is also nonzero. Since, by Serre duality,
h2(TY ⊗ωY ) = h1(ΩY ) and, by assumption, h1,1(Y ) = 1, the homomorphism f is injective as desired (in
fact, it is an isomorphism). This finishes the proof of the smoothness of the Hilbert point of Ỹ .

Thus so far we have shown the existence of a unique component H Y
l of the Hilbert scheme of PNl ,

with Hilbert polynomial p(z) = h0(l zH)+h0((l z − i (Y ))H), containing any linearly normal embedded
Calabi-Yau ribbon Ỹ ⊂PNl on Y such that OỸ (1)|Y = l H .

Now we show that for t ∈ H Y
l general, the varieties X t ⊂ PNl are smooth linearly normal Calabi-Yau

varieties such that (X t ,OX t (1)) is a polarized deformation (X , l A). As we have shown before, the embed-
ding Ỹ ⊂ PNl induces a degenerate embedding Y ⊂ PNl . Composing with the map π : X → Y we have a
diagram
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X

Y PNl

ϕ
π

We show that the morphism ϕ can be deformed to an embedding ϕt along a one-parameter family
t ∈ T . To see this note that this diagram has an associated exact sequence

0 → Nπ→ Nϕ→π∗NY /PNl → 0

Taking cohomology and noting that H 1(Nπ) = H 1(B |B ) = 0 (see for example [19, Lemma 2.5]), we have a
surjection

H 0(Nϕ) → H 0(NY /PNl )⊕H 0(NY /PNl ⊗KY ) → 0

So one can pick a first order deformation ofϕ that maps to a surjective homomorphism in H 0(NY /PNl ⊗
KY ) which corresponds to a class of ribbon Ỹ ⊂PNl . Further we have

0 → H 1(Nπ) → H 1(Nϕ) → H 1(NY /PNl )⊕H 1(NY /PNl ⊗KY )

As before since Y is Fano and using Nakano-Vanishing theorem, one can check that both flanking
terms of the previous exact sequence vanishes. This implies that H 1(Nϕ) = 0 and deformations of ϕ are

unobstructed. This implies by [20, Proposition 1.4], that there is a one parameter family ΦT : X → P
Nl
T

such that Φ0 = ϕ while Φt = ϕt : Xt = X t → PNl is an embedding. Further (Im Φ)0 = Ỹ ⊂ PNl while for
t , 0, (Im Φ)t = X t ⊂PNl . Note that since Ỹ ⊂PNl is linearly normal, we have that X t ⊂PNl is also linearly
normal. Further we have (Φ∗

T O
P

Nl
T

(1))0 =ϕ∗OPNl (1) =π∗(l H) = l A, and hence (Φ∗
T O

P
Nl
T

(1))t =OX t (1) = l At

is deformation of A.
We end the proof by showing that if there is a Calabi-Yau threefold X t ⊂PNl such that the pair (X t ,OX t (1))

can be deformed to (X , l A) along an irredicible curve T , then X t ⊂PNl belongs to the irreducible compo-
nent H Y

l . Suppose that there are two such irreducible components. Pick X t ⊂PNl from one component

and X ′
s ⊂ PNl from the other. Now consider the deformations of the polarized pair (X , l A). We have the

Atiyah extension of l A given by

0 →OX → El A → TX → 0

Taking cohomology of the sequence we have that

H 1(El A) → H 1(TX ) → H 2(OX ) → H 2(El A) → H 2(TX )

Since H 2(OX ) = 0, we have that the map H 1(EL) → H 1(TX ) between the first order deformations of
the polarized pair (X , l A) and the first order deformations of X is surjective while the respective maps of
obstruction spaces is injective. So we have that the forgetful map between the functor of deformations
of the polarized pair to the functor of deformations of X is smooth. By the T 1− lifting criterion by [42],
X is unobstructed and hence (X , l A) is unobstructed as well. So the pair (X , l A) is contained in a unique
irreducible component of the moduli space of smooth polarized Calabi-Yau threefolds. Since both of the
pairs (X t ,OX t (1)) and (X ′

s ,OX ′
s
(1)) can be deformed to (X , l A) along an irreducble curve, both of them are

contained the same component of smooth polarized Calabi-Yau threefolds. So there is a one parame-
ter family (X ,OX (1)) where f : X → T is a scheme over T , such that (Xt ,OXt (1)) = (X t ,OX t (1)) while
(Xs ,OXs (1)) = (X ′

s ,OX ′
s
(1)). But now since H i (OXp (1)) for i > 0 for any p ∈ T , we have that h0(OXp (1))

is constant for p ∈ T . Therefore f∗(OX (1)) is locally free of rank Nl + 1 and X → P( f∗(OX (1))) is a T−
morphism for T irreducible such that at t ∈ T we get the embedding X t ⊂ PNl while at s ∈ T , we get the
embedding X ′

s ⊂ PNl . Therefore the X t ⊂ PNl and X ′
s ⊂ PNl belong to the same irreducible component of

the Hilbert scheme. ■
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4. APPLICATIONS TO EXTENDABILITY OF CALABI-YAU THREEFOLDS AND CANONICAL SURFACES

4.1. Extendability of general elements of H Y
l where l = j and j equals the index of Y . When j equals

the index i (Y ) of Y , i.e, when −KY is very ample, we use the classification of Mukai varieties, to show
that the ribbons Ỹ in H Y

j in Proposition 3.1, (4), are at least as much extendable as the underlying Fano

variety Y and eventually conclude the same for the general smoothing of Ỹ . The metaprinciple 2.1 will
guide us in the proof of the following theorem.

Theorem 4.1. When j = i (Y ), the general Calabi-Yau threefolds in H Y
j are at least as many times smoothly

extendable as the Fano threefold Y in its anticanonical embedding. Using notation as in Proposition 3.1
and the numbering of the families of Fano-threefolds as in https://www.fanography.info/ , the ex-
tendability of the general Calabi-Yau threefolds in H Y

j is summarized in the following table

Deformation type
of Fano threefold

Y

Value of
l = j

k-extendability of
a general Calabi-Yau

threefold X t

in H Y
j

1.2−1.4 l = 1
infinitely many times
smoothly extendable

1.5 l = 1 smoothly 3- extendable

1.6 l = 1 smoothly 7- extendable

1.7 l = 1 smoothly 5- extendable

1.8 l = 1 smoothly 3- extendable

1.9 l = 1 smoothly 2- extendable

1.14 l = 2 smoothly 2- extendable

TABLE 1

Proof. First of all, note that by [35], [36] or [11] or [5], the only families of Fano varieties that are smoothly-
extendable are the ones listed in the table. In the case, 1.2−1.4, the general elements of H Y

1 are complete
intersections and hence the result follows. We concentrate on 1.5− 1.9 and 1.14. We first show that in
each case, a special locus in H Y

j is k− extendable for k as mentioned in the table. In each of the cases

the k− th step of the respective embedding Y
|OY ( j )|
,−−−−→PM is a Fano variety G ,→PM+k as described in [35],

[36] or [11] or [5].

If OG (1) be the line bundle giving the embedding of G and OY (1) denote its pullback to Y , then KY =
OY (−1). We first show that there exists polarized ribbons (G̃ ,OG̃ (1)) on G with conormal bundle OG (−1)
such that OG̃ (1) is very ample and OG̃ (1)|G = OG (1). For this consider the embedding G ⊂ PM+k induced
by the complete linear series of OG (1). We have the twisted exact sequence of tangent bundles

0 → TG (−1) → TPM+k |G (−1) → NG/PM+k (−1) → 0

Again by twisting the pullback of the Euler exact sequence to G by OG (−1) we have

0 →OG (−1) →O⊕M+k
G → TPM+k |G (−1) → 0

https://www.fanography.info/
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This implies that TPM+k |G (−1) is base point free and hence NG/PM+k (−1) is base point free. Further the
rank of NG/PM+k (−1) which is M −3 is greater than 3. Hence there exists a nowhere vanishing section of
H 0(NG/PM+k (−1)) which corresponds to an embedded ribbon G̃ ⊂ PM+k on G ⊂ PM+k . Hence we get a
very ample polarization OG̃ (1) which restricts to OG (1) on G . Note that H 0(OG̃ (1)) = H 0(OG (1))+ 1 and
hence the embedding G̃ ⊂PM+k is actually induced by a sublinear series of OG̃ (1) of codimension 1. Now
embed G̃ ⊂ PM+k+1 by the complete linear series of OG̃ (1). To show that G̃ has an embedded smoothing
in PM+k+1, we work as in Proposition 3.1. By [6, Proposition 2.16] (which uses [20, Proposition 1.4]) we
need to show that |OG (2)| has a smooth member and prove the vanishing of H 1(OG (2)), H 1(NG/PM (−1))
and H 1(NG/PM ). Since OG (1) is very ample, the linear system of |OG (2)| has a smooth member by Bertini’s
theorem. The first one of the vanishings follows from Kodaira vanishing theorem. From the above two
exact sequences, for the other two vanishings, one needs to show the vanishing of H 1(TPM |G (−i )) and
H 2(TG (−i )) for i = 0,1. The first one boils down to the vanishings of H 1(OG (i )) for i = 0,1 and H 2(OG (−i ))
for i = 0,1, both of which are true since G is Fano. Finally H 2(TG (−i )) = H d−2(ΩG ⊗KG ⊗OG (−i )) = 0
(where d is the dimension of G) by Nakano vanishing theorem since KG ⊗OG (−i ) is negative ample for
i = 0,1.

We now show that if some X ∈ H Y
1 is k− extendable, then a general X t ∈ H Y

1 element is k-extendable.
Let Xk+1 ⊃ Xk ⊃ ... ⊃ X1 = X be the chain of extensions. Since X1 is a prime polarized Calabi-Yau three-
fold, X2 is an anticanonically embedded Fano fourfold, X3 is 1/2− anticanonically embedded Fano and
in general Xi is a 1/(i −1)− anticanonically embedded Fano (i +2)− fold. Since such polarized varieties
are smooth points of their respective Hilbert schemes, we have a chain Hk+1 →Hk → ... →H1 =H 1

Y of
non-empty irreducible components of the Hilbert schemes containing the extensions where the maps
are given by taking hyperplane sections that send Xk+1 to Xk . We show that the map H i → H i−1 is
surjective for 2 ≤ i ≤ k +1. Denote by G = Yk+1 ⊃ Yk ⊃ ... ⊃ Y1 = Y , the chain of extensions of Y and recall
that Xi is obtained as a general member of a one parameter family of smoothings of ribbons Ỹi ∈ H i

on Yi with conormal bundle OYi (−1). By standard deformation theory arguments (for example see [9,
Section 5.4]), it is enough to show that the map H 1(TXi ) → H 1(TXi |Xi−1 ) is surjective. Hence it is enough
to show that H 2(TXi (−1)) = 0. Now H 2(TXi (−1)) = H i (ΩXi (KXi ⊗OXi (1)) = 0 for i ≥ 3 by Nakano vanishing
theorem since KXi ⊗OXi (1) = (i −2/i −1)KXi and is hence negative ample for i ≥ 3. For i = 2, we need to
show that H 2(ΩX2 ) = 0. Now X2 is obtained as a smoothing of a ribbon over Y2 with conormal bundle
OY2 (−1) since the composition of the map ϕ as below

W2

Y2 PM+1

ϕ
π

|OY2 (1)|

deforms to an embedding, where π is a double cover branched along a smooth member of |OY2 (2)|.
Note such a smooth member exists by Bertini’s theorem as |OY2 (2)| is very ample. Hence X2 is a de-
formation of W2 and hence it is enough to show that H 2(ΩW2 ) = 0. By [39], we need to show that
H 2(ΩY2 ) = H 2(ΩY2 (log(B)⊗OY2 (−1)) = 0. Since Y2 is a Fano fourfold which is a linear section of a Mukai
variety, we have by Lefschetz theorem on Hodge numbers, that h1,2(Y2) = 0. The latter vanishing amounts
to showing H 2(ΩY2 ⊗OY2 (−1) = H 2(OY2 (−1)|B ) = 0. The former is once again zero due to Nakano vanish-
ing theorem. For the latter we need to show that H 2(OY2 (−1)) = H 3(OY2 (−1)⊗OY2 (−B)) = 0, both of which
follows from Kodaira vanishing theorem. ■

Remark 4.2. For the rest of the families, i.e, 1.10,1.12,1.13− 1.15, the anticanonical embedding of the
corresponding Fano-varieties are not smoothly extendable. But some of them are extendable to singular
arithmetically Gorenstein normal varieties (see [11], [7]). To apply the above method, one therefore must
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have a theory of existence and smoothing of embedded ribbons on singular arithmetically Gorenstein
normal varieties.

4.2. Non-extendability of general elements of H Y
l for higher values of l and their canonical surface

sections. In this section we study the non-extendability of the general members of H Y
l for higher values

of l . We state and prove the following theorem, which is our second main result on the extendability of
general Calabi-Yau threefolds of H Y

l and their canonical surface sections.

Theorem 4.3. Let the notation be as in Proposition 3.1

(1) Then the extendability for a general smooth Calabi-Yau threefold of the Hilbert component H Y
l is

listed in the fourth column of table 2. In particular for each of the 17 different deformation types
of Y , we give an effective value lY , such that for l ≥ lY , a smooth Calabi-Yau threefold X t ⊂PNl for
a general t in H Y

l has α(X t ) = 0 and is hence not extendable. Consequently, the cone over X t in

PNl+1 is not smoothable in PNl+1.
(2) For any Y and l ≥ lY , the cohomology groups H 1(NX t /PNl )(−k) = 0 for k ≥ l and t ∈H Y

l general.
(3) Consequently for each deformation type Y and l ≥ lY , the general canonical surface sections St ⊂

PNl−1 of the general Calabi-Yau threefolds X t ⊂PNl of H Y
l have α(St ) = 1, is exactly 1− extendable

and form a unique irreducible component of the Hilbert scheme S Y
l with a dominant map H Y

l →
S Y

l .

(4) For l ≥ lY , H Y
l is the only irreducible component of the Hilbert scheme parameterizing linearly

normal Calabi-Yau threefolds that dominates the component S Y
l by taking hyperplane sections.

For a general canonical surface St ⊂PNl−1 ∈S Y
l , the Calabi-Yau threefolds in PNl containing St as

a hyperplane section form an irreducible family.

Remark 4.4. Applying [28, Remark 3.1], where the authors apply Zak-Lv́ovsky’s theorem for veronese
embeddings induced by multiples of a very ample line bundle, one can deduce the following weaker
bounds for lY as follows:

(1) 1.1, lY ≥ 15
(2) 1.2, lY ≥ 5
(3) 1.3−1.10, lY ≥ 5
(4) 1.11, lY ≥ 15
(5) 1.12−1.15, lY ≥ 10
(6) 1.16, lY ≥ 15
(7) 1.17, lY ≥ 20

In the following table, recall that by Proposition 3.1 and Remark 3.2, j is the least positive integer such
that l At is very ample. It is to be noted that apart from the stronger bounds, we also show the canonical
surface sections are 1− extendable and the uniqueness of the component of the Hilbert scheme of Calabi-
Yau threefolds containing the surfaces as their hyperplane sections. We also remark that the gap between
the starting value of l in the table and j +1 is due to the fact that the upper bound β forα(X t ) in Theorem
2.2 satisfies β ≥ Nl and consequently the bound is inconclusive to determine the non-extendability of
X t ⊂PNl .
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Deformation type
of Fano threefold

Y

Value of
j

Value of
l

extendability of
a general Calabi-Yau

threefold X t

in H Y
l

extendability of
a smooth surface
section St of X t

H 1(NX t /PNl (−l ))

1.1 3 l = 6
α(X t ) ≤ 1

hence not 2-extendable

1.1 3 l ≥ 7
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.2 1 l = 4
α(X t ) ≤ 1

hence not 2-extendable

1.2 1 l ≥ 5
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.3 1 l = 3
α(X t ) ≤ 1

hence not 2-extendable

1.3 1 l ≥ 4
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.4 1 l = 2
α(X t ) ≤ 4

hence not 5-extendable

1.4 1 l ≥ 3
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.5 1 l = 2
α(X t ) ≤ 2

hence not 3-extendable

1.5 1 l ≥ 3
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.6−1.10 1 l = 2
α(X t ) ≤ 1

hence not 2-extendable

1.6−1.10 1 l ≥ 3
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.11 3 l = 4
α(X t ) ≤ 12

hence not 13-extendable

1.11 3 l = 5
α(X t ) ≤ 3

hence not 4-extendable

1.11 3 l = 6
α(X t ) ≤ 1

hence not 2-extendable

1.11 3 l ≥ 7
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.12 2 l = 3
α(X t ) ≤ 8

hence not 9-extendable

1.12 2 l = 4
α(X t ) ≤ 2

hence not 3-extendable

1.12 2 l ≥ 5
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.13−1.14 2 l = 3
α(X t ) ≤ 6

hence not 7-extendable

1.13−1.14 2 l = 4
α(X t ) ≤ 1

hence not 2-extendable

1.13−1.14 2 l ≥ 5
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.15 2 l = 3
α(X t ) ≤ 6

hence not 7-extendable

1.15 2 l = 4
α(X t ) ≤ 1

hence not 2-extendable

1.15 2 l ≥ 5
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.16 3 l = 4
α(X t ) ≤ 20

hence not 21-extendable

1.16 3 l = 5
α(X t ) ≤ 5

hence not 6-extendable

1.16 3 l ≥ 6
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

1.17 4 l = 5
α(X t ) ≤ 35

hence not 36-extendable

1.17 4 l = 6
α(X t ) ≤ 15

hence not 16-extendable

1.17 4 l = 7
α(X t ) ≤ 4

hence not 5-extendable

1.17 4 l = 8
α(X t ) ≤ 1

hence not 2-extendable

1.17 4 l ≥ 9
α(X t ) = 0

hence not extendable

α(St ) = 1
and hence extendable
but not 2-extendable

0

TABLE 2

Proof of Theorem 4.3. We briefly indicate the strategy of how we prove (1)− (4) in the statement of the
theorem and show that it eventually boils down to computing upper bounds for hi (TY (−k)) for k ≥ l and
i = 1,2:
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(1) To prove statement (1), we need to compute α(X t ) for t ∈ H Y
l general. By Proposition 3.1, (4),

we calculate α(Ỹ ) for the Calabi-Yau ribbons Ỹ ⊂ PNl embedded by OỸ (1) where OỸ (1)|Y = l H .
So we apply Theorem 2.2 with OỸ (1) = H̃ . Note that since Ỹ is a Calabi-Yau ribbon, we have that
L = KY = − j H . Theorem 2.2 is effective when l > j where j is the index of the Fano threefold.
Note that if
(a) j < l < 2 j , we have β≤ h1(TY (−(l + j ))+h1(TY (−l ))−h0(TY (−l ))+h0(OY (−l +2 j ))
(b) l = 2 j , we have β≤ h1(TY (−(l + j ))+h1(TY (−l ))−h0(TY (−l ))+1
(c) l > 2 j , we have β≤ h1(TY (−(l + j ))+h1(TY (−l ))−h0(TY (−l ))

So we are down to computing H 1(TY (−l )) for l > j for the 17 different deformation classes and
for each family we will find an lY > j such that the above cohomology group vanishes for l ≥ lY .

(2) To prove statement (2), in the case l ≥ lY , we need to show the vanishing of H 1(NX t /PNl )(−k) = 0

for k ≥ l and t ∈ H Y
l general. We prove the vanishing of H 1(NỸ /PNl )(−kH̃) with H̃ |Y = l H , as

before, and apply Proposition 2.6. Now note that all the conditions of part (1) of Proposition 2.6
are satisfied since intermediate cohomologies of any ample line bundle or the structure sheaf of
a Fano variety vanishes. So we need to show that H 1(TY (−(kl + j ))) = H 2(TY (−kl )) = 0 for l ≥ lY

and 1 ≤ k ≤ 3. Note that from the proof of part (1) we already know H 1(TY (−(kl + j ))) = 0 since
k ≥ 1 and j ≥ 1. For the second vanishing we will show that H 2(TY (−l )) = 0 for l ≥ lY .

(3) Part (3) now follows from Lemma 2.4.

(4) We first show that a general Calabi-Yau in H Y
l and hence a general canonical surface section in

S Y
l for l ≥ lY is projectively normal. By [23, Corollary 1.1], for a Calabi-Yau threefold X and an

ample and base point free line bundle B on X , lB is projectively normal for l ≥ 4. For a general
X t ∈ H Y

l , the generator At of the Picard group is base point free and from the tables 1, 2, we see
that lY ≥ 4 for all deformation type Y other than 1.4−1.10. Now once again, by [23, Theorem 1], for
a Calabi-Yau threefold X and an ample and base point free line bundle B on X , lB is projectively
normal for l ≥ 3, unless the morphism by |B | maps X , 2 : 1 onto P3. In our case therefore for
families 1.4−1.10, h0(l At ) > 4 by Proposition 3.1, part (2) and hence are projectively normal for
l ≥ 3. By [41, remark 7.6 (iii)], the cone C (Z ) ⊂ PNl over a general hyperplane section Z ⊂ PNl−1

lies in every irreducible component of the Hilbert scheme in PN that dominates S Y
l . But now by

Lemma 2.5 the Hilbert point of such a cone is smooth. Hence part (4) now follows.

For the rest of the proof, as noted towards the end of (1) and (2) above, we need to estimate hi (TY (−k))
for i = 1,2 for each of the 17 deformation types of Fano-threefolds Y and compute α(X ) according to
formulas (a), (b), (c) in (1) above. To compute the cohomology, we use the Borel-Weil-Bott theorem (see
for example [30, Section 2.6]) and some established vanishing theorems on the cohomology of twisted
holomorphic forms on Grassmannians in [43] (see also [15, Theorem 3.6]). We further use Pieri’s rule as
stated in [40] or [1, Theorem 2.3]. In the computations to follow, we assume i = 1,2.

We prove for Y in family 1.7. Let Gn denote the Grassmannian Gr(2,n + 2) so that we have Gr (2,6)
is denoted by G4. G4 is a Fano variety of dimension 8 and index 6 (see for ex [34], Section (2)) while
its Picard group is generated by the line bundle OG4 (1) corresponding to the Plucker embedding. Hence
KG4 =OG4 (−6). On the other hand Y is the intersection of G4 in its Plucker embedding by a codimension 5
subspace. Therefore, KY =OY (−1) where OY (1) is the restriction of OG4 (1) to Y . Let us show H i (TY (−l )) =
0 for l ≥ 2. Noting that the normal bundle of Y inside G4 is OY (1)⊕5 we have the exact sequence

0 → TY → TG4 |Y →OY (1)⊕5 → 0

Tensoring by OY (−l ) we have for i = 1,2

H i−1(OY (1− l ))⊕5 → H i (TY (−l )) → H i (TG4 |Y (−l ))
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For l ≥ 2, we have that H i−1(OY (1− l )) = 0. Now let IY be the ideal sheaf of Y inside G4. Then we have
that

0 →IY →OG4 →OY → 0

Tensoring by TG4 (−l ) and taking cohomology we have

H i (TG4 (−l )) → H i (TG4 |Y (−l )) → H i+1(TG4 (−l )⊗IY )

Recall that by Borel-Bott-Weil theorem, H q (ΩG4 (t )) = 0 for (q, t ) , (1,0) and q ≥ 1. Then H i (TG4 (−l )) =
H 8−i (ΩG4 (l −6)) = 0 for i = 1,2. Now if W is the five dimensional vector space generated by s0, ..s4 , the
sections of OG4 (1) that cuts out Y , then the ideal sheaf IY has a Koszul resolution

0 →
5∧

W ⊗OG4 (−5) → ... →
2∧

W ⊗OG4 (−2) →W ⊗OG4 (−1) →IY → 0

So if we show H i+k+1(TG4 (−l − k − 1)) for i = 1,2 and k = 0, ...,4, then we are done. This amounts to
showing the vanishing of H 7−i−k (ΩG4 (l +k −5)) = 0 for i = 1,2 and k = 0, ...,4. But this once again follows
from Borel-Bott-Weil theorem. Therefore our result now follows.

The proof for family 1.5 follows along the same lines as 1.7. In this case, Y is cut out inside the plucker
embedding of G3 by two hyperplanes and a quadric. We have KG3 = OG3 (−5) and KY = OY (−1). Noting
that the normal bundle of Y inside G3 is OY (1)⊕2 ⊕

OY (2) we have the exact sequence

0 → TY → TG3 |Y →OY (1)⊕2
⊕

OY (2) → 0

Tensoring by OY (−l ) and taking cohomology we have for i = 1,2

H i−1(OY (1− l ))⊕2
⊕

H i−1(OY (2− l )) → H i (TY (−l )) → H i (TG3 |Y (−l ))

For l ≥ 3, we have that H i−1(OY (1 − l )) = H i−1(OY (2 − l )) = 0 while for l = 2, H 0(OY (1 − l )) = 0 and
H 0(OY (2− l )) = 1 . Now let IY be the ideal sheaf of Y inside G3. Then we have that

0 →IY →OG3 →OY → 0

Tensoring by TG3 (−l ) and taking cohomology we have

H i (TG3 (−l )) → H i (TG3 |Y (−l )) → H i+1(TG3 (−l )⊗IY )

Then H i (TG3 (−l )) = H 5−i (ΩG3 (l −5)) = 0 by Borel-Bott-Weil theorem. Now the ideal sheaf IY has a reso-
lution

0 →OG3 (−4) →OG3 (−2)⊕2
⊕

OG3 (−3) →OG3 (−1)⊕2
⊕

OG3 (−2) →IY → 0

Then it is enough to show show H i+1(TG3 (−1−l )) = H i+1(TG3 (−2−l )) = H i+2(TG3 (−2−l )) = H i+2(TG3 (−3−
l )) = H i+3(TG3 (−4 − l )) = 0 for l ≥ 1 and this follows by Borel-Bott-Weil theorem. So we have that
hi (TY (lKY )) = 0 for l ≥ 3, i = 1,2 and h1(TY (lKY )) ≤ 1 for l = 2. Hence our result follows.

The proof for family 1.15 follows along the same lines as 1.5. In this case, Y is cut out inside the Plucker
embedding of G3 by three hyperplanes. We have KG3 =OG3 (−5) and KY =OY (−2). Noting that the normal
bundle of Y inside G3 is OY (1)⊕3 we have the exact sequence

0 → TY → TG3 |Y →OY (1)⊕3 → 0

Tensoring by OY (−l ) with l ≥ 2 and taking cohomology we have for i = 1,2,

H i−1(OY (1− l ))⊕3 → H i (TY (−l )) → H i (TG3 |Y (−l ))

For l ≥ 2, we have that H i−1(OY (1− l )) = 0. Now let IY be the ideal sheaf of Y inside G3. Then we have
that

0 →IY →OG3 →OY → 0

Tensoring by TG3 (−2l ) and taking cohomology we have

H i (TG3 (−l )) → H i (TG3 |Y (−l )) → H i+1(TG3 (−l )⊗IY )
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Then H i (TG3 (−l )) = H 6−i (ΩG3 (l −5)) = 0 by Borel-Bott-Weil theorem. Now the ideal sheaf IY has a reso-
lution

0 →OG3 (−3) →OG3 (−2)⊕3 →OG3 (−1)⊕3 →IY → 0

As before, it is enough to show H i+1(TG3 (−1− l )) = H i+2(TG3 (−2− l )) = H i+3(TG3 (−3− l )) = 0 and this
follows for any l by Borel-Bott-Weil theorem. So we have that hi (TY (−l )) = 0 for l ≥ 2 and i = 1,2 and
hence our result follows.
The proof for family 1.6. In this case we use the description that Y is the zero locus of a section of
the vector bundle E := U ∗(1)⊕OG3 (1) where U is the tautological rank two vector bundle of G3. Recall
that KG3 = OG3 (−5) and NY /G3 = U ∗

Y (1)⊕OY (1) = EY where UY is the restriction of U to Y . Therefore,
by adjunction we have that KY = KG3 ⊗det(U ∗

Y )(3). Recall that det(U ∗) = OG3 (1). Hence KY = OY (−1).
Twisting the sequence

0 → TY → TG3 |Y →U ∗
Y (1)⊕OY (1) → 0

by OY (−l ) and taking cohomology, we have for i = 1,2

H i−1(U ∗
Y (1− l )⊕H i−1(OY (1− l ))) → H i (TY (−l )) → H i (TG3 |Y (−l ))

We first show the vanishing of H i−1(U ∗
Y (1−l )⊕H i−1(OY (1−l ))). Clearly, H i−1(OY (1−l ))) = 0 for l ≥ 2 and

i = 1,2. Now note that there exist an exact sequence

0 →U →O⊕5
G3

→Q → 0

where Q is the tautological quotient bundle. Restricting to Y , dualizing, tensoring by OY (1−l ) and taking
cohomology we have that

H i−1(OY (1− l ))⊕5 → H i−1(U ∗
Y (1− l )) → H i (Q∗

Y (1− l ))

Clearly for l ≥ 2, we have that H i−1(OY (1−l ) = 0. Tensoring the defining exact sequence of OY by Q∗(1−l )
and taking cohomology we have that

H i (Q∗(1− l )) → H i (Q∗
Y (1− l )) → H i+1(Q∗⊗IY (1− l ))

We have that H i (Q∗(1 − l )) = H 6−i (Q(l − 6)) = H 6−i (Σ(l−6,l−6)U ∗ ⊗ Σ(1,0,0)Q) =
H 6−i (Σ(l−6,l−6)U ∗⊗Σ(0,0,−1)Q∗) = H 6−i (L(l−6,l−6,0,0,−1)). Setting α = (l −6, l −6,0,0,−1) and
ρ = (5,4,3,2,1), we have that α+ ρ = (l −1, l −2,3,2,0). For any 2 ≤ l ≤ 5, the entries of α+ ρ are
not distinct while if l ≥ 6, the entries are in strictly decreasing order and consequently the permuta-
tion that arranges the sequence in strictly decreasing order is identity whose length is zero. Hence
H 6−i (L(l−6,l−6,0,0,−1)) = 0 by the Borel-Weil-Bott theorem (see [30, Section 2.6]). Now consider the Koszul
resolution of the ideal sheaf IY

0 → det(U )(−3) →
2∧

E∗ →U (−1)⊕OG3 (−1) →IY → 0

Tensoring with Q∗(1− l ), we have

0 →Q∗(−3− l ) →Q∗(1− l )⊗
2∧

E∗ →Q∗⊗U (−l )⊕Q∗(−l ) →Q∗⊗IY (1− l ) → 0

We have that H i+1(Q∗(−l )) = H 5−i (Q(l − 5)) = H 5−i (Σ(l−5,l−5)U ∗ ⊗ Σ(1,0,0)Q) = H 5−i (Σ(l−5,l−5)U ∗ ⊗
Σ(0,0,−1)Q∗) = H 5−i (L(l−5,l−5,0,0,−1)) = 0 for l ≥ 2 by the Borel-Bott-Weil theorem as above.
H i+1(Q∗ ⊗ U (−l )) = H 5−i (U ∗(l − 5) ⊗ Q) = H 5−i ((Σ(l−4,l−5)U ∗ ⊗ Σ(1,0,0)Q)) = H 5−i ((Σ(l−4,l−5)U ∗ ⊗
Σ(0,0,−1)Q∗)) = H 5−i (L(l−4,l−5,0,0,−1)) = 0 for l ≥ 2 by the Borel-Bott-Weil theorem.
H i+3(Q∗(−3−l )) = H 3−i (Q(l−2)) = H 3−i ((Σ(l−2,l−2)U ∗⊗Σ(1,0,0)Q)) = H 3−i ((Σ(l−2,l−2)U ∗⊗Σ(0,0,−1)Q∗)) =
H 3−i (L(l−2,l−2,0,0,−1)) = 0 for l ≥ 2 by the Borel-Bott-Weil theorem.
Now consider H i+2(Q∗(1− l )⊗∧2 E∗). Recall that E∗ =U (−1)⊕OG3 (−1). We have

0 →U (−1) → E∗ →OG3 (−1) → 0
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and hence

0 →
2∧

(U (−1)) →
2∧

E∗ →U (−2) → 0

Now
∧2(U (−1)) = det(U )(−2) =OG3 (−3). So tensoring the above sequence by Q∗(1− l ) and taking coho-

mology, we have

H i+2(Q∗(−2− l )) → H i+2(Q∗(1− l )⊗
2∧

E∗) → H i+2(Q∗⊗U (−1− l ))

We have H i+2(Q∗(−2 − l )) = H 4−i (Q(l − 3)) = H 4−i ((Σ(l−3,l−3)U ∗ ⊗ Σ(1,0,0)Q)) = H 4−i ((Σ(l−3,l−3)U ∗ ⊗
Σ(0,0,−1)Q∗)) = H 4−i (L(l−3,l−3,0,0,−1)) = 0 for l ≥ 2 by the Borel-Bott-Weil theorem.
Consider H i+2(Q∗ ⊗ U (−1 − l )) = H 4−i (U ∗(l − 4) ⊗ Q) = H 4−i ((Σ(l−3,l−4)U ∗ ⊗ Σ(1,0,0)Q)) =
H 4−i ((Σ(l−3,l−4)U ∗ ⊗ Σ(0,0,−1)Q∗)) = H 4−i (L(l−3,l−4,0,0,−1)) = 0 for l ≥ 2 by the Borel-Bott-Weil theo-
rem.. This proves that H i+2(Q∗(1−l )⊗∧2 E∗) = 0 for l ≥ 2 and i = 1,2. Therefore H i+1(Q∗⊗IY (1−l )) = 0
and hence H i (Q∗

Y (1− l )) = 0. This implies H i−1(U ∗
Y (1− l )) = 0 for l ≥ 2 which in turn gives us the exact

sequence

0 → H i (TY (−l )) → H i (TG3 |Y (−l ))

for l ≥ 2. Once again consider the exact sequence

0 → TG3 ⊗IY (−l ) → TG3 (−l ) → TG3 |Y (−l ) → 0

Taking cohomology, we have

H i (TG3 (−l )) → H i (TG3 |Y (−l )) → H i+1(TG3 ⊗IY (−l ))

We have that H i (TG3 (−l )) = H 6−i (ΩG3 (l−5)) = 0. To show that H i+1(TG3⊗IY (−l )) = 0, we have once again
using the Koszul resolution of the ideal sheaf IY

0 → TG3 (−4− l ) → TG3 ⊗
2∧

E∗(−l ) → TG3 ⊗U (−1− l )⊕TG3 (−1− l ) → TG3 ⊗IY (−l ) → 0

We have H i+1(TG3 (−1 − l )) = H i+1(U ∗ ⊗ Q(−1 − l )) = H 5−i (U ⊗ Q∗(l − 4)) = H 5−i (Σ(l−4,l−5)U ∗ ⊗
Σ(1,0,0)Q∗) = H 5−i (L(l−4,l−5,1,0,0)) = 0 for l ≥ 2 by the Borel-Bott-Weil theorem.

Consider H i+1(TG3 ⊗U (−1 − l )). Note that TG3 = U ∗ ⊗Q and hence TG3 ⊗U (−1 − l ) = U ∗ ⊗U (−1 −
l )⊗Q. Since U is a rank two vector bundle we have that U = U ∗(−1). Hence H i+1(TG3 ⊗U (−1− l )) =
H i+1(U ∗⊗U (−1− l )⊗Q) = H 5−i (U ⊗U ∗(l −4)⊗Q∗) = H 5−i (U ∗⊗U ∗(l −5)⊗Q∗). Now by Pieri’s rule,
U ∗⊗U ∗ =Σ(2,0)U ∗⊕Σ(1,1)U ∗. Therefore H 5−i (U ∗⊗U ∗(l −5)⊗Q∗) = H 5−i (Σ(l−3,l−5)U ∗⊗Σ(1,0,0)Q∗)⊕
H 5−i (Σ(l−4,l−4)U ∗⊗Σ(1,0,0)Q∗). Both of the terms are zero for l ≥ 2 by the Borel-Bott-Weil theorem.

Consider H i+2(TG3⊗
∧2 E∗(−l )). We have

∧2 E∗(−l ) =OG3 (−3−l )⊕U (−2−l ). We have H i+2(TG3 (−3−l )) =
H 4−i (ΩG3 (l −2)) = 0 for l ≥ 2. The other summand is H i+2(TG3 ⊗U (−2− l )) = H i+2(U ⊗U ∗(−2− l )⊗Q) =
H 4−i (U ⊗ U ∗(l − 3) ⊗ Q∗) = H 4−i (U ∗ ⊗ U ∗(l − 4) ⊗ Q∗). The above has two summands, Similarly
H 4−i (Σ(l−2,l−4)U ∗⊗Σ(1,0,0)Q∗)⊕H 4−i (Σ(l−3,l−3)U ∗⊗Σ(1,0,0)Q∗) = 0 for l ≥ 2 by the Borel-Bott-Weil theo-
rem.

Finally , we have H i+3(TG3 (−4−l )) = H i+3(U ∗⊗Q(−4−l )) = H 3−i (U ⊗Q∗(l−1)) = H 3−i (U ∗⊗Q∗(l−2)) =
H 3−i (Σ(l−1,l−2)U ∗⊗Σ(1,0,0)Q∗) = 0 for l ≥ 2

We prove for family 1.9. In this case , Y is the zero locus of a section of the vector bundle E = Q∗(1)⊕
O (1)⊕2 on G5. We have that KG5 = OG5 (−7) while NY /G5 = Q∗

Y (1)⊕OY (1)⊕2. Consequently KY = KG5 ⊗
det(QY )∗(5)⊗OY (2). Considering det(QY )∗ =OY (−1), we have that KY =OY (−1). Twisting the sequence

0 → TY → TG5 |Y →Q∗
Y (1)⊕OY (1)⊕2 → 0

by OY (−l ) and taking cohomology, we have for i = 1,2

H i−1(Q∗
Y (1− l )⊕H i−1(OY (1− l ))⊕2) → H i (TY (−l )) → H i (TG5 |Y (−l ))
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We first show the vanishing of H i−1(Q∗
Y (1− l )⊕H i−1(OY (1− l ))⊕2). Clearly, H i−1(OY (1− l )) = 0 for l ≥ 2.

For i = 1, dualizing the Euler exact sequence, twisting by OY (1− l ) and taking cohomology, we have that

0 → H 0(Q∗
Y (1− l )) → H 0(OY (1− l ))⊕7

Since H 0(OY (1− l )) = 0 for l ≥ 2, we have that H 0(Q∗
Y (1− l )) = 0 for l ≥ 2.

We now show that H 1(Q∗
Y (1− l )) = 0 for l ≥ 3. Dualizing the exact sequence

0 →U →O⊕7
G5

→Q → 0

restricting to Y and tensoring with OY (1− l ) we have

0 → H 0(U ∗
Y (1− l )) → H 1(Q∗

Y (1− l )) → 0

since H 0(OY (1− l )) = H 1(OY (1− l )) = 0. So it is enough to prove that H 0(U ∗
Y (1− l )) = 0. As before, we

consider the exact sequence

0 →U ∗⊗IY (1− l ) →U ∗(1− l ) →U ∗
Y (1− l ) → 0

Taking cohomology, we see that it is enough to show the vanishing of H 0(U ∗(1− l )) and H 1(U ∗⊗IY (1−
l )).
We have H 0(U ∗(1− l )) = H 0(Σ(2−l ,1−l )U ∗) = 0 for l ≥ 3. To show the second vanishing, we tensor the
Koszul resolution of the ideal sheaf IY by U ∗(1− l ) to have

0 →
7∧

E∗⊗U ∗(1−l ) →
6∧

E∗⊗U ∗(1−l ) →
5∧

E∗⊗U ∗(1−l ) →
4∧

E∗⊗U ∗(1−l ) →
3∧

E∗⊗U ∗(1−l ) →
2∧

E∗⊗U ∗(1−l )

→ E∗⊗U ∗(1− l ) →U ∗⊗IY (1− l )) → 0

We need to show that H k (
∧k E∗⊗U ∗(1− l )) = 0 for 1 ≤ k ≤ 7. We have

k∧
E∗ =

k∧
(Q)(−k)⊕ (

k−1∧
(Q)(−(k −1))⊗OG5 (−1))⊕2 ⊕ (

k−2∧
(Q)(−(k −2))⊗OG5 (−2))

We look at the terms H k (U ∗(1 − l ) ⊗ ∧k (Q)(−k)), H k (U ∗(1 − l ) ⊗ ∧k−1(Q)(−(k − 1)) ⊗ OG5 (−1)) and
H k (U ∗(1− l )⊗∧k−2(Q)(−(k −2))⊗OG5 (−2)). We first look at H k (U ∗(1− l )⊗∧k (Q)(−k)).
We have,

H k (U ∗(1− l )⊗
k∧

(Q)(−k)) = H k (U ∗(−k − l +1)⊗
k∧

Q)

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k

,0,0,..)

Q)

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
(0,0,..0,−1, ..,−1︸      ︷︷      ︸

k

)

Q∗)

= H k (L(−k−l+2,−k−l+1,0,..0,−1, ..,−1︸      ︷︷      ︸
k

)))

One can now check as before that this is zero for 1 ≤ k ≤ 7, and l ≥ 3. In fact it is enough to check this
term for 1 ≤ k ≤ 5.
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Now we look at H k (U ∗(1− l )⊗∧k−1(Q)(−(k −1))⊗OG5 (−1)). Once again we have, that

H k (U ∗(1− l )⊗
k−1∧

(Q)(−(k −1))⊗OG5 (−1)) = H k (U ∗(−k − l +1)⊗
k−1∧

Q))

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k −1

,0,0,..)

Q)

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
(0,0,..0,−1, ..,−1︸      ︷︷      ︸

k −1

)

Q∗)

= H k (L(−k−l+2,−k−l+1,0,..0,−1, ..,−1︸      ︷︷      ︸
k −1

))

One can now check that the above is zero for 1 ≤ k ≤ 7, and l ≥ 3. In fact it is enough to check this term
for 1 ≤ k ≤ 6.
We look at H k (U ∗(1− l )⊗∧k−2(Q)(−(k −2))⊗OG5 (−2)). Once again we have, that

H k (U ∗(1− l )⊗
k−2∧

(Q)(−(k −2))⊗OG5 (−2)) = H k (U ∗(−k − l +1)⊗
k−2∧

Q))

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k −2

,0,0,..)

Q)

= H k (Σ(−k−l+2,−k−l+1)U ∗⊗Σ
0,0,..,−1, ..,−1︸      ︷︷      ︸

k −2

)

Q∗)

= H k (L(−k−l+2,−k−l+1,0,..0,−1, ..,−1︸      ︷︷      ︸
k −2

))

One can now check as before that both factors are zero for 1 ≤ k ≤ 7, and l ≥ 2. This concludes proof for
H 1(Q∗

Y (1− l )) = 0.
Hence we have

0 → H i (TY (−l )) → H i (TG5 |Y (−l ))

for l ≥ 2. As before, we have

0 → TG5 ⊗IY (−l ) → TG5 (−l ) → TG5 |Y (−l ) → 0

Taking cohomology, we have

H i (TG5 (−l )) → H i (TG5 |Y (−l )) → H i+1(TG5 ⊗IY (−l ))

We have that H i (TG5 (−l )) = H 10−i (ΩG5 (l −7)) = 0. To show that H i+1(TG3 ⊗IY (−l )) = 0, using the Koszul
resolution of the ideal sheaf IY , we have

0 →
7∧

E∗⊗TG5 (−l ) →
6∧

E∗⊗TG5 (−l ) →
5∧

E∗⊗TG5 (−l ) →
4∧

E∗⊗TG5 (−l ) →
3∧

E∗⊗TG5 (−l ) →
2∧

E∗⊗TG5 (−l )

→ E∗⊗TG5 (−l ) → TG5 ⊗IY (−l )) → 0

We need to show that H k+i (
∧k E∗⊗TG5 (−l )) = 0 for 1 ≤ k ≤ 7. We have

k∧
E∗ =

k∧
(Q)(−k)⊕ (

k−1∧
(Q)(−(k −1))⊗OG5 (−1))⊕2 ⊕ (

k−2∧
(Q)(−(k −2))⊗OG5 (−2))

We look at the terms H k+i (TG5 (−l ) ⊗ ∧k (Q)(−k)), H k+i (TG5 (−l ) ⊗ ∧k−1(Q)(−(k − 1)) ⊗ OG5 (−1)) and
H k+i (TG5 (−l )⊗∧k−2(Q)(−(k −2))⊗OG5 (−2)). We first look at H k+i (TG5 (−l )⊗∧k (Q)(−k)).
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We have by Pieri’s rule,

H k+i (TG5 (−l )⊗
k∧

(Q)(−k)) = H k+i (U ∗(−k − l )⊗Q⊗
k∧

Q)

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k +1

,0,0,..)

Q)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(2, ..,1︸   ︷︷   ︸

k

,0,0,..)

Q)

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(0,0,..,−1, ..,−1︸      ︷︷      ︸

k +1

)

Q∗)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(0,0,..,−2, ..,−1︸      ︷︷      ︸

k

)

Q∗)

= H k+i (L(−k−l+1,−k−l ,0,0,..,−1, ..,−1︸      ︷︷      ︸
k +1

))⊕H k+i (L(−k−l+1,−k−l ,0,0,..,−2, ..,−1︸      ︷︷      ︸
k

))

One can now check as before that both factors are zero for 1 ≤ k ≤ 7, i = 1,2 and l ≥ 2. In fact it is enough
to check this term for 1 ≤ k ≤ 5.
Now we look at H k+i (TG5 (−l )⊗∧k−1(Q)(−(k −1))⊗OG5 (−1)). Once again we have by Pieri’s rule, that

H k+i (TG5 (−l )⊗
k−1∧

(Q)(−(k −1))⊗OG5 (−1)) = H k+i (U ∗(−k − l )⊗Q⊗
k−1∧

Q))

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k

,0,0,..)

Q)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(2, ..,1︸   ︷︷   ︸

k −1

,0,0,..)

Q)

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(0,0,..,−1, ..,−1︸      ︷︷      ︸

k

)

Q∗)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
0,0,..,−2, ..,−1︸      ︷︷      ︸

k −1

)

Q∗)

= H k+i (L(−k−l+1,−k−l ,0,0,..,−1, ..,−1︸      ︷︷      ︸
k

))⊕H k+i (L(−k−l+1,−k−l ,0,0,..,−2, ..,−1︸      ︷︷      ︸
k −1

))

One can now check as before that both factors are zero for 1 ≤ k ≤ 7, i = 1,2 and l ≥ 2. In fact it is enough
to check this term for 1 ≤ k ≤ 6.
We look at H k+i (TG5 (−l )⊗∧k−2(Q)(−(k −2))⊗OG5 (−2)). Once again we have by Pieri’s rule, that

H k+i (TG5 (−l )⊗
k−2∧

(Q)(−(k −2))⊗OG5 (−2)) = H k+i (U ∗(−k − l )⊗Q⊗
k−2∧

Q))

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(1, ..,1︸   ︷︷   ︸

k −1

,0,0,..)

Q)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(2, ..,1︸   ︷︷   ︸

k −2

,0,0,..)

Q)

= H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(0,0,..,−1, ..,−1︸      ︷︷      ︸

k −1

)

Q∗)⊕H k+i (Σ(−k−l+1,−k−l )U ∗⊗Σ
(0,0,..,−2, ..,−1︸      ︷︷      ︸

k −2

)

Q∗)

= H k+i (L(−k−l+1,−k−l ,0,0,..,−1, ..,−1︸      ︷︷      ︸
k −1

))⊕H k+i (L(−k−l+1,−k−l ,0,0,..,−2, ..,−1︸      ︷︷      ︸
k −2

))

One can now check as before that both factors are zero for 1 ≤ k ≤ 7, i = 1,2 and l ≥ 2. This concludes our
proof for family 1.9.
The proof for family 1.8. In this case, we have that Y is the zero locus of a section of the vector bundle E =∧2 U ∗⊕OG (1)⊕3 on the Grassmannian G = Gr(3,6). We have KG = OG (−6). Note that U ∗ has rank 3 and
hence

∧2 U ∗ =U ⊗det(U ∗) =U (1). We have that NY /G = E |Y =UY (1)⊕OY (1)⊕3 and hence det(NY /G ) =
OY (5). Hence KY =OY (−1). Twisting the sequence

0 → TY → TG |Y →UY (1)⊕OY (1)⊕3 → 0

Twisting by OY (−l ) and taking cohomology, we have for i = 1,2

H i−1(UY (1− l )⊕H i−1(OY (1− l ))⊕3) → H i (TY (−l )) → H i (TG |Y (−l ))
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Clearly, H 0(OY (1− l )) = 0 for l ≥ 2. Dualizing the Euler exact sequence, twisting by OY (1− l ) and taking
cohomology, we have that

0 → H 0(UY (1− l )) → H 0(OY (1− l ))⊕6

Considering that H 0(OY (1− l )) = 0, we have that H 0(UY (1− l )) = 0.
Let us now show H 1(UY (1− l )) = 0. Note that using the Euler exact sequence, we have

H 0(OY (1− l ))⊕6 → H 0(QY (1− l )) → H 1(UY (1− l )) → H 1(OY (1− l ))⊕6

Considering that both the flanking terms are zero we are left to show the vanishing of H 0(QY (1−l )). Now
as before using the defining exact sequence of Y inside the Grassmannian, we it is enough to show the
vanishing of H 0(Q(1−l )) and H 1(Q⊗IY (1−l )). The former can be checked by Borel-Weil-Bott vanishing
theorem for l ≥ 3. For the latter we use the resolution of the ideal sheaf and tensor by Q(1− l ) to get

0 →
6∧

E∗⊗Q(1− l ) →
5∧

E∗⊗Q(1− l ) →
4∧

E∗⊗Q(1− l ) →
3∧

E∗⊗Q(1− l ) →
2∧

E∗⊗Q(1− l )

→ E∗⊗Q(1− l ) →Q⊗IY (1− l )) → 0

It is enough to show that H k (Q(1− l )⊗∧k E∗) = 0 for 1 ≤ k ≤ 6. We have

k∧
E∗ =

k∧
(U ∗)(−k)⊕(

k−1∧
(U ∗)(−(k−1))⊗OG (−1))⊕3⊕(

k−2∧
(U ∗)(−(k−2))⊗OG (−2))⊕3⊕(

i−3∧
(U ∗)(−(k−3))⊗OG (−3))

We first look at H k (Q(1− l )⊗∧k (U ∗)(−k)). We have

H k (Q(1− l )⊗
k∧

(U ∗)(−k)) = H k (
k∧

(U ∗)(−k − l +1)⊗Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
3-k

)

U ∗⊗Σ(1,0,0)Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
3-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can now check that this is zero for 1 ≤ k ≤ 6 for l ≥ 3 (Actually it is enough to check this for 1 ≤ k ≤ 3).
Now we look at H k (Q(1− l )⊗∧k−1(U ∗)(−k)). We have

H k (Q(1− l )⊗
k−1∧

(U ∗)(−k)) = H k (
k−1∧

(U ∗)(−k − l +1)⊗Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-1

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
4-k

)

U ∗⊗Σ(1,0,0)Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-1

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
4-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can now check that this is zero for 1 ≤ k ≤ 6 for l ≥ 3 (It is enough to check this for 1 ≤ k ≤ 4).
Now we look at H k (Q(1− l )⊗∧k−1(U ∗)(−k)). We have

H k (Q(1− l )⊗
k−2∧

(U ∗)(−k)) = H k (
k−2∧

(U ∗)(−k − l +1)⊗Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-2

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
5-k

)

U ∗⊗Σ(1,0,0)Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-2

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
5-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can now check that this is zero for 1 ≤ k ≤ 6 for l ≥ 3 (It is enough to check this for 2 ≤ k ≤ 5).
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Finally we look at H k (Q(1− l )⊗∧k−3(U ∗)(−k)). We have

H k (Q(1− l )⊗
k−2∧

(U ∗)(−k)) = H k (
k−3∧

(U ∗)(−k − l +1)⊗Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-3

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
6-k

)

U ∗⊗Σ(1,0,0)Q)

= H k (Σ

(−k − l +2, ..,−k − l +2︸                          ︷︷                          ︸
k-3

,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
6-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can now check that this is zero for 1 ≤ k ≤ 6 for l ≥ 3 (It is enough to check this for 3 ≤ k ≤ 6).
Hence we have for i = 1,2,

0 → H i (TY (−l )) → H i (TG |Y (−l ))

for l ≥ 2 and i = 1,2.
We have

0 → TG ⊗IY (−l ) → TG (−l ) → TG |Y (−l ) → 0

Taking cohomology, we have

H i (TG (−l )) → H i (TG |Y (−l )) → H i+1(TG ⊗IY (−l ))

We have that H i (TG (−l )) = H 9−i (ΩG (l − 6)) = 0. To show that H i+1(TG ⊗IY (−l )) = 0, using the Koszul
resolution of the ideal sheaf IY we have

0 →
6∧

E∗⊗TG (−l ) →
5∧

E∗⊗TG (−l ) →
4∧

E∗⊗TG (−l ) →
3∧

E∗⊗TG (−l ) →
2∧

E∗⊗TG (−l )

→ E∗⊗TG (−l ) → TG ⊗IY (−l )) → 0

We need to show that H k+i (
∧k E∗⊗TG (−l )) = 0 for 1 ≤ k ≤ 6. We have

k∧
E∗ =

k∧
(U ∗)(−k)⊕(

k−1∧
(U ∗)(−(k−1))⊗OG (−1))⊕3⊕(

k−2∧
(U ∗)(−(k−2))⊗OG (−2))⊕3⊕(

i−3∧
(U ∗)(−(k−3))⊗OG (−3))

We first look at H k+i (TG (−l )⊗∧k (U ∗)(−k)). We have by Pieri’s rule

H k+i (TG (−l )⊗
k∧

(U ∗)(−k)) = H k+i (U ∗⊗
k∧

U ∗(−k − l )⊗Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k+1

,−k − l , ..,−k − l︸               ︷︷               ︸
2-k

)

U ∗⊗Σ(1,0,0)Q)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-1

,−k − l , ..,−k − l︸               ︷︷               ︸
3-k

)

U ∗⊗Σ(1,0,0)Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k+1

,−k − l , ..,−k − l︸               ︷︷               ︸
2-k

)

U ∗⊗Σ(0,0,−1)Q∗)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-1

,−k − l , ..,−k − l︸               ︷︷               ︸
3-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can check that both the terms are equal to zero for 1 ≤ k ≤ 6 (Actually it is enough to check the first
term for 1 ≤ k ≤ 2 and the second term for 1 ≤ k ≤ 3) for l ≥ 2.
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Now we look at H k+i (TG (−l )⊗∧k−1(U ∗)(−k)). We have by Pieri’s rule

H k+i (TG (−l )⊗
k−1∧

(U ∗)(−k)) = H k+i (U ∗⊗
k−1∧

U ∗(−k − l )⊗Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k

,−k − l , ..,−k − l︸               ︷︷               ︸
3-k

)

U ∗⊗Σ(1,0,0)Q)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-2

,−k − l , ..,−k − l︸               ︷︷               ︸
4-k

)

U ∗⊗Σ(1,0,0)Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k

,−k − l , ..,−k − l︸               ︷︷               ︸
3-k

)

U ∗⊗Σ(0,0,−1)Q∗)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-2

,−k − l , ..,−k − l︸               ︷︷               ︸
4-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can check that both the terms are equal to zero for 1 ≤ k ≤ 6 (It is enough to check the first term for
1 ≤ k ≤ 3 and the second term for 2 ≤ k ≤ 4) for l ≥ 2.
Next we look at H k+i (TG (−l )⊗∧k−2(U ∗)(−k)). We have by Pieri’s rule

H k+i (TG (−l )⊗
k−2∧

(U ∗)(−k)) = H k+i (U ∗⊗
k−2∧

U ∗(−k − l )⊗Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k-1

,−k − l , ..,−k − l︸               ︷︷               ︸
4-k

)

U ∗⊗Σ(1,0,0)Q)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-3

,−k − l , ..,−k − l︸               ︷︷               ︸
5-k

)

U ∗⊗Σ(1,0,0)Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k-1

,−k − l , ..,−k − l︸               ︷︷               ︸
4-k

)

U ∗⊗Σ(0,0,−1)Q∗)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-3

,−k − l , ..,−k − l︸               ︷︷               ︸
5-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can check that both the terms are equal to zero for 1 ≤ k ≤ 6 (It is enough to check the first term for
1 ≤ k ≤ 4 and the second term for 3 ≤ k ≤ 5) for l ≥ 2.

Finally, we look at H k+i (TG (−l )⊗∧k−3(U ∗)(−k)). We have by Pieri’s rule

H k+i (TG (−l )⊗
k−3∧

(U ∗)(−k)) = H k+i (U ∗⊗
k−3∧

U ∗(−k − l )⊗Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k-2

,−k − l , ..,−k − l︸               ︷︷               ︸
5-k

)

U ∗⊗Σ(1,0,0)Q)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-4

,−k − l , ..,−k − l︸               ︷︷               ︸
6-k

)

U ∗⊗Σ(1,0,0)Q)

= H k+i (Σ

(−k − l +1, ..,−k − l +1︸                          ︷︷                          ︸
k-2

,−k − l , ..,−k − l︸               ︷︷               ︸
5-k

)

U ∗⊗Σ(0,0,−1)Q∗)

⊕H k+i (Σ

(−k−l+2,−k − l +1, ..,−k − l +1︸                        ︷︷                        ︸
k-4

,−k − l , ..,−k − l︸               ︷︷               ︸
6-k

)

U ∗⊗Σ(0,0,−1)Q∗)

One can check that both the terms are equal to zero for 1 ≤ k ≤ 5 (It is enough to check the first term for
2 ≤ k ≤ 5 and the second term for 4 ≤ k ≤ 6) for l ≥ 2.
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The proof for family 1.10. In this case, we have that Y is the zero locus of a section of the vector bundle
E = (

∧2 U ∗)⊕3 on the Grassmannian G = Gr(3,7). We have KG = OG (−7). Note that U ∗ has rank 3 and
hence

∧2 U ∗ =U ⊗det(U ∗) =U (1). We have that NY /G = E |Y =UY (1)⊕3 and hence det(NY /G ) = OY (6).
Hence KY =OY (−1). Twisting the sequence

0 → TY → TG |Y →UY (1)⊕3 → 0

Twisting by OY (−l ) and taking cohomology, we have

H i−1(UY (1− l )⊕3 → H i (TY (−l )) → H i (TG |Y (−l ))

Dualizing the Euler exact sequence, twisting by OY (1− l ) and taking cohomology, we have that

0 → H 0(UY (1− l )) → H 0(OY (1− l ))⊕7

Considering that H 0(OY (1− l )) = 0 for l ≥ 2, we have that H 0(UY (1− l )) = 0. The vanishing of H 0(UY (1−
l )) = 0 follows as in the proof of family 1.8. Hence we have

0 → H 1(TY (−l )) → H 1(TG |Y (−l ))

for l ≥ 2. As before, we have

0 → TG ⊗IY (−l ) → TG (−l ) → TG |Y (−l ) → 0

Taking cohomology, we have

H 1(TG (−l )) → H 1(TG |Y (−l )) → H 2(TG ⊗IY (−l ))

We have that H 1(TG5 (−l )) = H 11(ΩG5 (l − 7)) = 0. To show that H 2(TG3 ⊗IY (−l )) = 0, using the Koszul
resolution of the ideal sheaf IY , we have

0 →
9∧

E∗⊗TG5 (−l ) →·· ·→ E∗⊗TG5 (−l ) → TG5 ⊗IY (−l )) → 0

We need to show that H i+1(
∧i E∗⊗TG5 (−l )) = 0 for 1 ≤ i ≤ 9. Note that E∗ =U ∗(−1)⊕3. Hence

i∧
E∗ = ⊕

m+n+k=i
0≤m,n,k≤3

m∧
(U ∗(−1))⊗

n∧
(U ∗(−1))⊗

k∧
(U ∗(−1)) = ⊕

m+n+k=i
0≤m,n,k≤3

(
m∧

U ∗⊗
n∧

U ∗⊗
k∧

U ∗)(−i )

So we need to check the vanishing of H i+1(U ∗(−l − i ) ⊗∧m U ∗ ⊗∧n U ∗ ⊗∧k U ∗ ⊗Q) for 1 ≤ i ≤ 9,
m + n + k = i and 0 ≤ m,n,k ≤ 3. We have to show the vanishing for the tuples (i ,m,n,k) =
(9,3,3,3), (8,3,3,2), (7,3,3,1), (7,3,2,2), (6,3,3,0), (6,3,2,1), (6,2,2,2), (5,3,2,0), (5,3,1,1), (5,2,2,1), (4,3,1,0), (4,2,2,0),
(4,2,1,1), (3,3,0,0), (3,2,1,0), (3,1,1,1), (2,2,0,0), (2,1,1,0), (1,1,0,0). We work out the case i = 6,m = 2,n =
2,k = 2. The rest of the cases are easier and follow either as this case or as one of the cases worked out
before. We have by Pieri’s rule
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H 7(U ∗(−l −6)⊗ (
2∧

U ∗)⊗3 ⊗Q) = H 7(U ∗(−l −3)⊗U ⊗3 ⊗Q)

= H 7(U ∗(−l −3)⊗Σ(2,1,0)U ⊗Q)⊕2
⊕

H 7(U ∗(−l −3)⊗Σ(3,0,0)U ⊗Q)⊕
H 7(U ∗(−l −3)⊗Σ(1,1,1)U ⊗Q)

= H 7(U ∗(−l −3)⊗Σ(0,−1,−2)U ∗⊗Q)⊕2
⊕

H 7(U ∗(−l −3)⊗Σ(0,0,−3)U ∗⊗Q)⊕
H 7(U ∗(−l −3)⊗Σ(−1,−1,−1)U ∗⊗Q)

= H 7(Σ(1,−1,−2)U ∗(−l −3)⊗Q)⊕2
⊕

H 7(Σ(0,0,−2)U ∗(−l −3)⊗Q)⊕2⊕
H 7(Σ(0,−1,−1)U ∗(−l −3)⊗Q)⊕2

⊕
H 7(Σ(1,0,−3)U ∗(−l −3)⊗Q)⊕

H 7(Σ(0,0,−2)U ∗(−l −3)⊗Q)
⊕

H 7(Σ(0,−1,−1)U ∗(−l −3)⊗Q)

= H 7(Σ(−l−2,−l−4,−l−5)U ∗⊗Q)⊕2
⊕

H 7(Σ(−l−3,−l−3,−l−5)U ∗⊗Q)⊕2⊕
H 7(Σ(−l−3,−l−4,−l−4)U ∗⊗Q)

⊕
H 7(Σ(−l−2,−l−3,−l−6)U ∗⊗Q)⊕

H 7(Σ(−l−3,−l−3,−l−5)U ∗⊗Q)
⊕

H 7(Σ(−l−3,−l−4,−l−4)U ∗⊗Q)

= H 7(Σ(−l−2,−l−4,−l−5)U ∗⊗Σ(0,0,−1)Q∗)⊕2
⊕

H 7(Σ(−l−3,−l−3,−l−5)U ∗⊗Σ(0,0,−1)Q∗)⊕2⊕
H 7(Σ(−l−3,−l−4,−l−4)U ∗⊗Σ(0,0,−1)Q∗)

⊕
H 7(Σ(−l−2,−l−3,−l−6)U ∗⊗Σ(0,0,−1)Q∗)⊕

H 7(Σ(−l−3,−l−3,−l−5)U ∗⊗Σ(0,0,−1)Q∗)
⊕

H 7(Σ(−l−3,−l−4,−l−4)U ∗⊗Σ(0,0,−1)Q∗)

Each of the last six terms can be checked to be equal to zero for l ≥ 2.

The proof for family 1.1 and 1.12 are very much same. We only prove for family 1.12. Y is a double cover
ofP3 branched along a smooth quartic B . Letπ : Y →P3 denote the double cover. Then KY =π∗(OP3 (−2)).
Considering the exact sequence

0 → TY →π∗TP3 → Nπ→ 0

Tensoring with π∗(OP3 (−l )) and taking cohomology we have for i = 1,2

H i−1(Nπ⊗π∗(OP3 (−l )) → H i (TY ⊗π∗(OP3 (−l ))) → H i (π∗TP3 ⊗π∗(OP3 (−l )))

Note that by pushing forward, we have that H i−1(Nπ⊗π∗(OP3 (−l )) = H i−1(OP3 (4− l )|B ) (see [19, Lemma
2.5]). For i = 1, this is equal to h0(OP3 (1)) = 4 for l = 3, 1 for l = 4 and 0 for l ≥ 5. For i = 2, this is equal to
0. Now note that H i (π∗TP3 ⊗π∗(OP3 (−l )) = H i (TP3 ⊗ (OP3 (−l )))⊕H i (TP3 ⊗ (OP3 (−l −2)))
Tensoring the Euler sequence

0 →OP3 →OP3 (1)⊕4 → TP3 → 0

by OP3 (−k) and taking cohomology we have that

H i (OP3 (1−k)) → H i (TP3 ⊗ (OP3 (−k))) → H i+1(OP3 (−k)) → H i+1(OP3 (1−k))4

For k ≥ 2, i = 1, H 1(TP3 ⊗ (OP3 (−k))) = 0. For i = 2, note that the right flanking map is

H 3(OP3 (−k)) → H 3(OP3 (1−k))⊗H 0(OP3 (1))

which by Serre-duality is the dual of the map

H 0(OP3 (k −5))⊗H 0(OP3 (1)) → H 0(OP3 (k −4))

which is surjective for k ≥ 5 and hence the dual map is injective. So for k ≥ 5, H 2(TP3 ⊗ (OP3 (−k))) = 0.
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The proof for families 1.13, 1.14, 1.16 and 1.17 are very similar. We only prove for family 1.13. In this
case, Y is a hypersurface of degree 3 in P4. KY =OY (−2) where OY (1) is the class of a hyperplane section.
Then tensoring the sequence

0 → TY → TP4 |Y →OY (3) → 0

by OY (−l ) and taking cohomology, we have that for i = 1,2,

H i−1(OY (3− l )) → H i (TY (−l )) → H i (TP4 |Y (−l ))

We have h0(OY (3− l )) = 1 for l = 3 and 0 if l ≥ 4. Further h1(OY (3− l )) = 0 for any l . Now tensoring the
pullback of the Euler sequence to Y by OY (−l ), we have

H i (OY (1− l ))⊕5 → H i (TP4 |Y (−l )) → H i+1(OY (−l ))

Since for l ≥ 3 and i = 1, both flanking terms are zero, we have that h1(TY (−l )) ≤ 1 for l = 3 and 0 for l ≥ 4.
On the other hand for i = 2, the last long exact sequence is

0 → H 2(TP4 |Y (−l )) → H 3(OY (−l )) → H 3(OY (1− l ))⊗H 0(OP4 (1))

The right flanking map is the dual of the map

H 0(OY (l −3))⊗H 0(OP4 (1)) → H 0(OY (l −2))

which is surjective for l ≥ 3. Hence the right flanking map is injective. for l ≥ 3. Hence H 2(TY (−l )) = 0 for
l ≥ 3.

The proof for families 1.2, 1.3 and 1.4 are very similar. In each of these cases Y is a complete intersection
in PN for some N and KY =OY (−1). We have the sequence

0 → TY → TPN |Y → NY /PN → 0

Tensoring with OY (−l ) and taking cohomology, we have that for i = 1,2,

H i−1(NY /PN (−l )) → H i (TY (−l )) → H i (TPN |Y (−l ))

In each case one can see that H 1(NY /PN (−l )) = 0 and using the pullback of the Euler sequence to Y one
can see that H 1(TPN |Y (−l )) = 0 for l ≥ 2. In case 1.2, H 0(NY /PN (−l )) = H 0(OY (4− l )) and hence we have
that H 0(OY (4− l )) = 1 if l = 4 and 0 if l ≥ 5. In case 1.3, H 0(NY /PN (−l )) = H 0(OY (2− l ))⊕ H 0(OY (3− l ))
which is 1 if l = 3 and 0 if l ≤ 4. In case 1.4, H 0(NY /PN (−l )) = H 0(OY (2− l ))⊕3 which is 3 if l = 2 and 0 if
l ≤ 3. Finally the vanishing of H 2(TPN |Y (−l )) for l ≥ 2 follows from the projective normality of complete
intersections as before.

Let us prove for family 1.11. In this case, Y is a degree 6 hypersurface inside P(1,1,1,2,3) = P. KY =
OY (−2). We have as usual, after tensoring by OY (−l ), the sequence

0 → TY (−l ) → TP|Y (−l ) →OY (6− l ) → 0

We have that for l = 4, h0(OY (6− l )) = h0(OY (2)) = 11, for l = 5, h0(OY (6− l )) = h0(OY (1)) = 3, for l = 6,
h0(OY (6−l )) = h0(OY ) = 1, while if l ≥ 7, h0(OY (6−l )) = 0. Further for any value of l , h1(OY (6−l )) = 0. Now
note that ifΩP denotes the sheaf of regular differential forms as defined in [14, Section (2)], then TP =Ω∗

P.
To see this, further note that if i :Psm ,→P denotes the inclusion of smooth locus, then i∗(TPsm ) = TP since
both are reflexive sheaves that agree on the smooth locus which has codimension at least 2. Further it is
shown in [14, 2.2.4], that i∗(ΩPsm ) =ΩP. We have i∗(Ω∗

Psm
) = i∗(ΩPsm )∗ because both are reflexive sheaves
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that agree on the smooth locus which has codimension at least 2. So finally TP = i∗(TPsm ) = i∗(Ω∗
Psm

) =
i∗(ΩPsm )∗ =Ω∗

P. Now we dualize the Euler sequence

0 →ΩP→OP(−1)⊕3 ⊕OP(−2)⊕OP(−3) →OP→ 0

to get

0 →OP→OP(1)⊕3 ⊕OP(2)⊕OP(3) → TP→ 0

Now restricting to Y , tensoring by OY (−l ) and taking cohomology we have by [14, 1.4], that
H 1(TP(−l )|Y ) = 0 for any l . Now we show that H 2(TP(−l )|Y ) = 0 for l ≥ 6. To see this first note that by
restricting the Euler exact sequence to Y , twisting by OY (−l ) and taking the cohomology, we have the
exact sequence

0 → H 2(TP|Y (−l )) → H 3(OY (1− l ))⊕3 ⊕H 3(OY (2− l ))⊕H 3(OY (3− l ))
λ−→ H 3(OY (−l ))

So the result follows if we show that the map λ is injective or equivalently the dual λ∗ is surjective. Note
that by Serre-duality λ∗ is the map between,

H 0(OY (l −3))⊕3 ⊕H 0(OY (l −4))⊕H 0(OY (l −5))
λ∗
−→ H 0(OY (l −2))

We show that the map H 0(OY (l −3))⊕3 → H 0(OY (l −2)) is already surjective. Note that H 0(OY (l −3))⊕3 =
H 0(OY (l−3))⊗H 0(OP(1)) (from the construction of the Euler sequence). Now the fact that the above map
is surjective follows from the fact that the map H 0(OP(l −3))⊗H 0(OP(1)) → H 0(OP(l −2)) is surjective( see
[38]) and the fact that the maps of global sections H 0(OP(l − 3)) → H 0(OY (l − 3)) and H 0(OP(l − 2)) →
H 0(OY (l −2)) are both surjective. ■

4.3. Invariants of the Hilbert components of precisely 1− extendable canonical surfaces. The relative
position of the invariants invariants (χ,K 2) of the Hilbert components of the precisely 1− extendable
canonical surfaces that we obtain with respect to the fundamental inequalities in the geography of sur-
faces of general type is shown as follows.

More specifically, the invariants are as follows :

(1) For families 1.1−1.10, i.e, when Y is of index 1, a surface in S Y
l has

(χ,K 2) = (
1

3
(−K 3

Y )l 3 + (
1

6
(−K 3

Y )+4)l ,2l 3(−K 3
Y ))
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(2) For families 1.11−1.17, i.e, when Y is of index j , a surface in S Y
l has

(χ,K 2) = (
1

3
H 3l 3 + j −1

2
H 3l 2 + (

1

6
H 3 +2)l +1,2H 3l 3)

where H is the generator of the Picard group of Y .
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