HARMONIC ANALYSIS FOR A MULTIDIMENSIONAL
DISCRETE LAPLACIAN

OSCAR CIAURRI

ABSTRACT. In this paper we analyze some classical operators in harmonic
analysis associated to the multidimensional discrete Laplacian

N

Anf(n) =3 (f(n+e)—2f(n)+f(n—e)), nez

i=1
We deal with the heat and Poisson semigroups, the fractional integrals, the
Riesz transforms, the fractional powers of the Laplacian, and the gg-square
functions.
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1. INTRODUCTION

Our target is to analyze mapping properties of some operators related to the
multidimensional discrete Laplacian

N
Anf(n) = Z Anp,if(n),

where

Anif(n) = f(n+e;) —2f(n) + f(n —e),
with {e;}i=1,.. .~ being N-dimensional vectors each of whose components are all
zero, except the i-th that equals one. This operator is the natural extension to
higher dimensions of the one-dimensional discrete Laplacian studied in [7] and [8].
We have to observe that

(1) An,if(n) =6, 6, f(n)
with
5 fn)=f(n+e)—f(n) and 4 f(n)=f(n)- f(n—e).
Note that §; 5? = 5i+ 0; . When we consider sequences of one variable we write
5t f(n) = f(n+1) — f(n) and similarly for 6~ f and Af.

We will focus in this paper on the study of the heat and Poisson semigroups, the
fractional integrals, the Riesz transforms, the fractional powers of the Laplacian,
and the gg-square functions related to A .

The heat semigroup W, = e!2~ is the solution of the N-dimensional heat equa-
tion

Anu(n,t) = iu(n t)
N ) - dt sy Y )

u(n, t) = f(n),
and it is given by (see [12] for the one-dimensional case)
(2) Wif(m) = Y Gin(n—k)f(k),
kezZN

where, for n = (nq,...,ny),

N

Giv(m) = [T (e L, (20)),
k=1

with I, being the modified Bessel function of first kind and order a. This semigroup
will be the main tool to analyze our discrete multidimensional operators.

M. Riesz initiated the study of discrete operators in harmonic analysis in [21],
where he proved the boundedness of the Hilbert transform in LP(R) and its dis-
crete analogue in ¢P(Z). Later, in [5] A. P. Calderén and A. Zygmund obtained
the boundedness in ¢P(Z") of the discrete analogues of the singular integrals from
his result in LP(RY). Weighted inequalities for the discrete Hilbert and discrete
maximal operator in the one-dimensional case were proved by R. Hunt, B. Mucken-
houpt, and R. Wheeden in [13]. In the last few decades, several discrete analogues
of continuous operators have been analyzed; some significative contributions are
due to I. Arkhipov and K. I. Oskolkov [3], J. Bourgain [4], and E. M. Stein and
S. Wainger [26, 27]. In [13], we can find a brief history and a nice exposition on
discrete analogues of classical operators in harmonic analysis.
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In general, along the paper will work on weighted Lebesgue spaces of sequences
on Z~. More precisely, we define

Kp(Zn’w) = {f = {f(n)}nEZN : Hf”@P(ZN,w) < OO} ’ 1 <p< oo,

where the weight w = {w(n)},ez~ is a sequence of positive numbers and

1/p
ﬂm@mm<§jLﬂmmeO ,  l<p<oo,
neZN
and
£ 1o 2wy = sup{|f(n)| : n € Z"}.
When w(n) =1 for all n € ZV we will write £7(Z") only.

The paper is organized as follows. In the next section we present the main tools
to deal with the kernel G . Section 3 will be focused on the analysis of the
heat and Poisson semigroups. Section 4 contains our results about the fractional
integrals and the Riesz transforms. In Section 5 we present some results on the
fractional powers of Ay. Finally, in Section 6 we analyze the mapping properties
of the gi-square functions.

2. SOME FACTS ABOUT THE MODIFIED BESSEL FUNCTIONS OF FIRST KIND

The modified Bessel function of first kind and order a, with a € R, is given by

L(z) = fj e (g)%*“, x>0,
k=0

where
1

ke Platkt1)
understanding that for a < —1
(a+k+1)--(a+[—a])
I'(a+[—a]+1) ’
In this section we compile some relevant inequalities for the modified Bessel func-
tions of first kind. They will be the main tools to obtain our results.

Chya = 0<Ek<|—al

2.1. An AM-GM type inequality for the modified Bessel functions of first
kind. In [28], we find the identity

(3) I(z)Iy(z) = i (a + kar 2k> - (g)2k+a+b |

k=0

which can be proved by applying the Cauchy product of two absolutely convergent
series. From this fact, we can obtain the next inequalities for the modified Bessel
functions.

Proposition 1. Foraj,...,a, > —1 and x > 0 the inequalities
(4)
(0 (2t 4 1))"
I(a;+1)---T(a, + 1) (
hold.

]w(x))n < Iy () Ig,(z) < (Im (l’))n

n n
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Proof. We will provide an a la Cauchy proof of this AM-GM type inequality, ob-
taining the cases n = 2™ first and extending the result for general n. To prove the
case n = 2 we are going to check that

(5) CO,alcO,a22 < Ck,alck,a22 g 1
(Co’a1;a2 ) (Ck,GI;GZ )
From the Weierstrass’ product formula for the Gamma function

e %7

T(z) = ﬁ ((Hz)lez/"), 2eC\{0,~1,-2,...},

z

n=1

ChiaiChoas  _ ﬁ (ntai+k+1)(n+ax+k+1)
(cperzea)” o (n+ ooz g y1)®
Then, by using that
(n+a;+1)(n+ax+1) < (n+ar+k+1)(n+ay+k+1)
(n+ @te 1 1)* 7 (n+@te 4 g4 1)°

the inequalities in (5) follow.
Now, from (3), (5) and the identity

€0,a;C0,a0 (F (% + 1))2

(CO ajtag )2 F(al + 1) F(O’Q =+ 1)7
» T3

<1

we have
(D (252 +1))% ((ar +a2)/2 + (a1 +a2)/2 + 2% )
I(a; +1)T(az + 1) ( k ) (ck %)

2% 2 2+ 2k

and

airaz 2

With an elementary induction process, it can be deduced (4) for n = 2™. When n
is not a power of two, we can find m such that n < 2™. Taking the values b; = a4,
.oy bp = ay,, and

bk:w’ n41<k<2m

from (4) with n = 2™, we have
2m
byt--fbym
(r (g 1))
(b1 4+ 1) T(bom +1)

< Dy @)y (2) L () ()T (@) < (T (@)

Finally, applying that

byt +bm  art-+a,

2m n
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and
2™ —n
Iy (@) Ty (@) = (Teysion ()
the general case of (4) follows. O

The result in the previous proposition is a particular case of [29, Theorem 2.7].
We have included this new proof because it is elementary and to do this paper
self-contained.

Taking the normalized modified Bessel functions of the first kind

T(0) = 2O 1y,

that verify Z,(0) = 1, the left inequality in (4) reads
(Lﬁ.y..m (x)) <To(2)- T (2).

2.2. Some inequalities for the difference of modified Bessel functions of
first kind. It is easy to check that the modified Bessel functions decrease with the
order; i.e., I,(x) < I(x) when —1 < b < a and = > 0 (note that ¢, < ¢ p in this
case). We will use this fact sometimes along the paper without explicit mention to
it.

In our next result we analyze the difference of two consecutive modified Bessel
functions of first kind.

Lemma 2. For a > —1 and x > 0 the inequalities
2(a+1)

(6) 0 < Luw) = Lo () < 0

Ia(z)
hold.

Proof. The lower bound is a consequence of the monotonicity respect to the order
of the functions I,(z). To obtain the upper bound, we use the inequalities [24,
Theorem 2] (see also [2] and [18])

7) for(a) < 0@ @),
where

fal) = ———
“ a+ Va2 + a2
and the upper bound holds for ¢ > —1/2 and the lower one for @ > —1. Then, it is
clear that

© usiya(o) < 1= ) < g ),

with )
@
o) =1— folx) =
9a () fal) a+z+ Vo2 +a?
and now the upper bound holds for a > —1 and the lower one for a > —1/2. Then,
by using the upper bound in (8), for a > —1, we have

@)~ L) = (1= 525 10) < gu@lalo) <

2(a+1)
a+1+zx

I, (z). O
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Lemma 3. Fora > —1/2 and x > 0 the inequality

O 1olo) - 2ans(o) + Losa(o)] < (o4 DEDOED 1)
holds.

Proof. We estimate

Ia 1(1’) Ia 2(1’)
2w L@ |

To do this we use the obvious identity
Topi(z) | Lago(2)

1-2 =
To(2) + T.(2) 51+ So

with

S, = Ia+2(x Ia-i-l(m)
Tor(0)  Ta(a)

_(1_ Ia+1(x)) ( _ Ia+2(x)>
s (- 507) (- 250):
By using (7) and that f.(x) < fg(z) when S < «, for a > —1/2 we have

|S1] < max{foy1(7) = fayss2(x), fatr1/2(%) = far2(®)} = fatr1/2(2) — faya(w).
Now, with the bound

fa(®) = fatp(z) =

2p
10) < -2 >0,
(10) =2 P
we have |S1| < 3/(1 + x).

For S5 we use (8) to obtain that

) _
)

and

2px
(a+Va?+22)(p+ Va2 + 22+ /(a+p)* +1?)

4(a+1)(a+2) 4(a+1)(a+2)
a+1l+z)(a+2+x) (a+1+x)2
and the proof is finished. O

82 < gat1(T)ga2(z) < (

Finally, we estimate an alternating sum of four consecutive modified Bessel func-
tions of first kind.

Lemma 4. Fora > —1/2 and x > 0 the inequality
(11)  [La(2) = 3lat1(x) + 3lata(z) = Lags(z)] <

a+2 (a+1)(a+2)(a+3)
((a+1+x)(1+x)+ (a+1+z)3 )Ia(x)

holds.

Proof. As in the previous proof, we focus on an appropriate bound for

1 31a+1(95) n 3Ia+2(55)  Jays(z)
I () I () I ()
In this time, we have
Loy (2) Topo(x)  lays(x)

1-3

3 — =T T: T:
L@ L@ | L@ TR
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with
Layi1(2) + 2Ia+2(x) _ Tats(z)

Ia(x) Ia-&-l(x) Ia+2(m)’

ne () (250 )

c (1) (s - B

= (- B (- ) (- 2)

We are going to estimate |T1| by using continued fractions. Let

Ty = -

and

1
§:=(q,q1,92,---) =qo + PTI —
(0 q2+

_1
Gt

be a continued fraction. If

P,
<QO7q17 o 7Qn> = @7
it is known [15, Ch. 2, Theorem 9] that
P, 1
12 E— 1l < —F n > 0.
( ) ’ Qn QnQn—‘rl
In [19, 10.33.1], we find the expansion
1 T
) (o) () (o)) 220 a1
with go(a,z) = 0 and gqx(a,x) = 2(a + k)/z for k > 1. Then, taking n = 2 in (12),
1 2 1
Ty

< Q2(a, z)Q3(a, z) - Q2(a+1,2)Q3(a+ 1,2) + Q2(a+2,2)Qs(a + 2, )
PQ(O'?I) PQ(G’+1"I) PZ(a+2az)

Q2(a, ) Q2(a+1,z)  Q2(a+2,2)|

By using that
Qs2(a,z) = 4(a+1)(a+2) +2? and Qs(a,x) = 4(a+2)(2(a+1)(a+3) +2?)
and applying the inequalities
(a+1)* + 22 < Qa(a,r) < Qa(a+1,1)
and
4(a+2)((a+1)* +2%) < Q3(a,2) < Qs(a+1,2),

for a > —1 and =z > 0, we have

1 2 1

Q2(@ )@@ 1) | Qalat Lo)Qs(at La) | Qalat 2,0)Qs(at 2,2)
1

< .
T (a+2)((a+1)? +22)?
Moreover, due to Pa(a,x) = 2(a + 2)z, for a > —1/2

(13)
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Py(a,z) 2P2(a+ 1,2) n Py(a+2,x)

Q2(a,7)  Q2(a+1,2)  Q2a+2,7)
_ 16z(4(a+2)(a+ 3)(a+4) — 22(8 + 3a))
B Q2(a7x)Q2(a+ 1,1‘)@2(&4-2,:1:)

Py(a,x) Pya+1,2)  Pyla+2,2)
2 +

Q2(a,z) Q2(a+1l,z) Q2a+2,2)
ﬂa+$“a+%@+4%ﬂﬁ)< C

((a+1)2+a2)3 “(a+1)2+ 2%
In this way, from (13) and (14), we obtain that
B
(a+1)2+ 22’
Now, from (7) and (8), it is clear that

IT>| < 9a+1(9€)(fa+3/2($) — fay3()) + ga+2($)(fa+1/2($) — fay3(z))
and applying (10) we have

<C

7| < a>—1/2.

a+2
(a+1+2z)(1+x)

C
|To| < m(gaﬂ(ib) + gaso(x)) < C

Finally, from (8), the bound

8(a+1)(a+2)(a+3)
(a+1+x)3

T3 < gat+1(®)gat2(®)gat3(x) <
can be deduced and the proof of (11) is completed. O

2.3. A uniform bound for the modified Bessel functions of first kind. Now,
we present a uniform bound respect to the order for the function I,(x). It will be
fundamental all along the paper.

Lemma 5. For a > —1/2, let a be a real number such that —1/2 < a < a. Then
the inequality

(15) =% "I, () < CEEES

holds with a constant C' independent of a.

Proof. From the identity [19, 10.32.2]

a 1
X
I, - —ws (] _ g2)a—1/2 4 ~1/92

@)= JT et i) /,16 (1=5) s a>-1/2

by using the change of variable (1 + s) = 2w, we can deduce that

a,,.—a—1/2 T a—1/2
xfaefa:la(x) — 21’7/ 6*2wwa71/2 (1 7 g) dw

9a z Cow a1 (W a+1/2 w\ e—1/2
[ e () 0,
Val(a+1/2) J, x x
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We start with the case ¢ > 1/2. Analyzing the maximum of the function zP(1—z)9,
we deduce the inequality

q
2P(1—2)2< P ,

(p+ q)rte
where in the cases p =0, ¢ = 0, and p = ¢ = 0 the bound has to be understood as

one, and we have
w a+1/2 wy\ e—1/2 C
() (-2 T <mm
T T aa+l/2

with C' depending on a but not on a. In this way,
24 k
-, — < —2w, ,a—1—«
z ™% Ia(m)_cf(a+1/2)aa+1/2/oe w dw
c > —ra—l—a
" d
I'(a+ 1/2)aa+1/2 /0 e r T
I'le — ) < C
F(a + 1/2)aa+1/2 - q2at+l )
where in the last step we have applied that I'(r + p)/T'(r 4+ q) ~ r?~%, and this is
enough for our purpose.
For —1/2 < a < 1/2 we have to prove that x=%e~%I,(z) < C. We consider the
decomposition

p,q=20, 0<z<I,

2a
Val(a+1/2)

([ e T ey ).

The first integral can be controlled easily. In fact,

z/2 +1/2 —1/2
/ e 2wyelma (E)a (1 — E)a dw
0 X X

1 /I/2 e—waa—l—a dw < F(a — Oé) )

% "l (x) =

<
— 2a+a 22(1

For the second integral, with the change of variable w = z(1 — r), we have

T +1/2 —-1/2
/ e 2WyaTlza (g)@ (1 — g)a dw
22/2 xr xr

—1— —-1/2
<))
z/2 4
Lo 1/2
— 2a717a/ €—2x(1—r)Ta—1/2 dr
0

— 1/2 _ —a,—a+
< e e ¢ ,r_afl/Z dr < (a a)a ‘e a’
2a—1l—a 0 2a—l—a(a + 1/2)

where in the last step we have applied that 2°e=% < bbe~? for z,b > 0. Then, using
that 0 <a—a<1

%t 2¢ F(a — Oé) (a — a)a*aefarl»a
@) = 019 ( P T e Te(a 1 1/2) ) <cC
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and the proof is finished. O

2.4. Further properties of the modified Bessel functions of first kind. In
this subsection we collect some known properties of the modified Bessel functions
which will be used in this paper.

For each k € Z, it is verified that (see [19, 10.27.1])

(16) I_i(t) = I(t).
Moreover, from its definition it is clear that Iy (t) > 0 for ¢ > 0,
(17) L(0)=0,  k#0,
and Ip(0) = 1.
We have the generating function (see [19, 10.35.1])
(18) e X ¥ (1)
keZ

and it implies, taking u = 1,
(19) > e () = 1.
keZ

Another easy consequence of the given generating function is the Neumann’s iden-
tity (see [11, Chapter II, 7.10] or [19, 10.44.3])

(20) Ln(ty +t2) = > Ie(t1) Ink(t2).
kEZ

It can be obtained from (18) by using the Cauchy product of two series.
The asymptotic expansion for large order and ¢ fix (see [19, 10.41.1])

(1) Lo~ —— ()

will be used in some points.

3. THE HEAT SEMIGROUP AND BEYOND

Basic properties of the operator (2) can be deduced easily. First, by using (19),
we have

(22) Z Gin(k) =1
kezZN

and, due to the positivity of G; v,

(Wef@)] < flle=zny > Gen(m—K) < [|£lle(z)-

kezZN

So W; is well defined for any sequence in £>°(Z"). Moreover, from (17) and (20),
we deduce the properties

WOf(n) = f(n) and th Wtz f(n) = Wt1+t2 f(n)

and the family of operators W; is a semigroup. By using again the positive of the
heat kernel, we obtain that W; is a positive operator (it is positive for positive
sequences) and from (19) it is possible to prove that it is Markovian; i. e.,

Wil(n) = 1(n),

where 1(n) is the sequence having one in all its entries.
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Defining the convolution on Z by
frgm)=>" fn-k)g(k),
kezZN
we can observe that
Wif(n) = Gi,n + f(n).
Then, by Young’s inequality

(23) I1f * gllerzvy < 1 fleaznylgller zny,s
with 1/¢+1/r =1+1/p and 1 < p,q,r < 0o, we obtain that
(24) Wi fllerzvy S NGeNller @yl fllerzvy < N fller @y 1<p< o

where in the last step we have applied (22).
For a sequence f € ¢}(Z"), its Fourier transform is given by

Ff(x)= Y feme0, wel-1/2,1/2"V.

kezZN

It is well known that F can be extended as an isometry from the space ¢2(Z") into
L?([-1/2,1/2]") with inverse

F1f(n) = / F@)e 20 gn e 12([-1/2,1/2Y).
[1/2,1/2)%

Moreover, the Parseval’s identity

IFfll2=1/2,1/207) = [ flle2 @y

holds.
Now, from the integral representation [19, 10.32.3]
1 T
(25) I,(t) = f/ e' % cos(nf) db), n € Z,
T Jo
we get
1/2
e_tln(t) _ / e—2t sin2(7r0)e—27rim9 do.
—1/2
and
(26) Gin(n) = / e~ 4 Xy sin® (man) o —2milnz) g
’ [-1/2,1/21¥
Then

]:(Gt,N)(x) — 6741& chvzl sinQ(rrmk).
Hence, using
F(f=g)=Ff-Fy,
we deduce that

. I —4t JY, sin? (rx
o [IWef = fllezawy = Jim [ (e3¢ 8o — ) 7]

L2([-1/2,1/2]N)

and we have the convergence in ¢?(Z") of the heat semigroup. Moreover, due to
the structure of the spaces ¢?(Z"), we have the pointwise convergence

Wif(n) — f(n), nez",

because

Wef(m) = f)| < [Wef = fllez@zm)-



12 O. CIAURRI

Note that, by using the inequality 1 — e™® < s with s > 0, it is verified that
(27) Wi f(n) — f(n)] < Ct| fll2(zn)-

3.1. Decay of the heat semigroup. Now we focus on the study of the decay of
the heat semigroup in time. This is a natural question when we are dealing with
this operator. We start with a ¢4 — ¢? estimate. The analogous for R can be
seen, for example, in [6, Ch. 3, p. 44]. Our discrete result can be found in [14] but
we include here it to do this paper self-contained and to provide a new and simple
proof.

Theorem 6. For 1 < q < p < oo, the inequality

(28) [Wefllerzny < CtN2AETLPD|| £ )

holds.

Proof. From the Young’s inequality for the convolution, it is enough to prove that
(29) Gt ller@zvy < Ct~N/20=1/m)

and to do that we use Littlewood’s inequality

(30) I llerzny < Il an I F gy 1S T <00,

the identity (22) and the bound Gy n(n) < Ct~N/2. This last estimate can be
deduced from (4) and (15) with & = —1/2. Indeed, using the notations ny =
(Inal,...,|Inn]) and |n| = |n1| + - - - + |nn| and taking into account that G; y(n) =

Gy n(ny), it is verified that
N
(31) Gyn(m) < (e 2T n(20)" =2 (t1/2e_2tl|n‘/N(2t)) <ot N2 g

Remark 1. (a) By using (4) and (15) with « = 0, it is easy to check that

(32) Gin(m) <C(1+n)™N <.
Then, for 0 < ¢t < T, with T finite, we deduce the bound
(33) 1GeNlerzny < C

and the estimate
[Wefllerzny < Cllflleaizny-
Moreover, combining (28) and (33), it is possible to obtain the inequality
IWefllenzy < Cmin{l, ¢~ N2V DY flgn), 1< g<p<oo.
(b) From the previous theorem it is possible to prove that for ¢ > 1
(34) ||Gt}N||e7‘(ZN) ~ t_N/Z(l_l/T)7 1 S r S 2.

The upper bound is given in (29). To prove the lower one, we consider the sequence
f(k) = Gy n(k) to obtain
Wef(m) = ) Gin(&)Gry(n —k) = Garn(n),
kezZN

where in the las step we have applied (20). Then, from (28), we deduce that

|IGat nllez(zvy < CENPAT=DGy Nl grzny,  1<r <2
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In this way, proving that
(35) ||G2t,N||gz(ZN) > Cct—N/A

the proof of the lower bound in (34) will be completed. From (26) and Parseval’s
identity

N
L, 1/2 L,
||G2t,N||§2(ZN) :/ =8 Tkl sin® (mzk) g — / e~ 8tsin™(ms) g
[(-1/2,1/2]N —1/2

1/(2vA) N
> / 678t sin?(7s) ds > thN/2’
-1/(2vt)

where we have used that e=8t50°("™$) > K for s € [~1/(2v/%),1/(2v1)], and the
proof of (35) is finished.

The next result contains the main novelty of this subsection. For the classical
heat equation in RY, with an initial data having polynomial decay at infinity, in
[9] the authors study how the mass of the solution is distributed for large value of
t. In fact, it is proved the inequality

s ([ roa)e

< VRNV £ g
Lr(RN)

RN)»

where H, is the solution of the heat equation, Gy its kernel (the Gaussian function),
1<qg<p<o0,1<qg<N/(N-1), feL}RY), and |- |f € LIY(RY). Remember
that the mass of the solution H; is a conservative quantity; i.e.,

Hf@)de= | f()ds
RN RN

Note that (22) implies that
kezZN kezZN

so in the discrete setting the mass of the solution of the heat equation is conservative
also. The discrete analogous of this result is given in [14] only in the case ¢ = 1,
with 1 < p < 0o, and the case 1 < ¢ < p is left as an open problem. Our next result
closes this problem completely.

Theorem 7. Let N>1,1<¢g<p<o0, 1<qg<N/(N—1), and |-|f € t4(Z").
Then the inequality

W f - ( > f(k)> Gin

kezZN

(36) < Ct=VEENRUEUD | fl o

ZNY)

o7 (ZN)
holds.

To prove our result we need some preliminary lemmas.

Lemma 8. Let N > 1, n,m € Z" such that |n| > 2|n — m|, and
z

T G (@)Y, 20

(37) Hyn(z) =
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Then the inequality

(38) (G () = Gy (m)] < Cln— m|H <lnl+lml>

K
holds with constants C' and K > 1 independent of n and m.
Proof. Without lost of generality we suppose that n; # m; fori =1,..., N. In the
opposite case the situation can be obviously reduced to this one easily. Indeed, let
us suppose that n; = m; for j values of ¢ with 0 < j < N, then we consider the
decompositions

n=n; Uny and m =n; Umy,

where n; are the common values of n and m and ns and my are the other compo-
nents. Then, if we suppose that the result has been proved for different values, we
have

|G, n(n) — Gy n(m)| = Gy j(n1)|Gy n—j(n2) — Gy v j(mg2)]

np| + |m

K
<Cln— L B e B I
<Cln mHt,N( KN

To check the last inequality in the previous chain we use (4) to have

Gt,j(m) (GM <|112|4[r(mz>>zva
< (Gt’1 ((N — 7)(Inz| + [ma|)/K + |n1|)>1\r7

N

then the inequality follows applying the monotonicity of the functions I, and the
estimate
(N — j)(Ina| + |my|)
K

(N = ) (Inz| + |ma) + |0y |
K
o 2|+ |mo| + 20| _ |n| + |m|
- 2K 2K
From (16), it is clear that G; nv(n) = Gy, n(n4). Moreover, we have to observe
that G,y (n) is invariant under permutations of n. With these previous reductions,

+ ny| >

we can consider n = (ng,...,ny) and m = (mq,-+ ,my) with
(39) 0<ni<na<---<ny and 0<my <my_1<---<my.
An important tool in the proof will be the identity
N i1 N
(40) Gin(n) = Gew(m) =Y (Gualng) = Gea(mi) [T Gealmy) JT Gealnn),
i=1 j=1 k=it+1

where the empty products has to be understood as one. The proof of this relation
we can done by induction on N. To do that we consider n = (n,ny4+1) and
m = (m, my41) and we apply the identity
Gin+1(D) — Gy nii(m) = (G n(n) — Gy y(m))Gy 1 (ny41)
+ G (m)(Gra(nny1) — Gea(my)).
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For n; < m;, applying the monotonicity of the modified Bessel with respect to

order and the bound )
jt1

+ N\ < .
07Gea(j) = O —I—th’l(])’
which is deduced by (6), we have
mi—1
|Gra(ni) — Gra(mi)] < Z 07G11(5)]
J=ni
m,;*l

< . .

ST 2 (U +DGeal)

S C(ml — m)(ml —+ n; + 1)Gt71(ni).

1+t
Then, in general, we obtain the bound
1+t

(41) |Gra(ni) — Gea(my)| < C max{Gy1(ni),Ge1(mi)}
and, from (40),

—ni|(mi +n; + 1)

N
(42) [Gon(n)— Gon(m) <3 1T
=1

1+¢
i1 N
x max{Gy1(n;), Ga(mi)} H Gi1(m;) H Gia(n).
j=1 k=i+1
Now, applying (4), we deduce the estimate
i1 N
max{Gy1(n:), Gea(mi)} [[ Gra(my) [ Gealne)
j=1 k=i+1
< (m1+"'+mi—1+min{mi,ni}+m+1+"'+7lN)>N
< Gea N

From the condition |n| > 2|n—m)|, we can deduce that [n|/2 < |m| < 3|n|/2. Then
if ny <mq

_ 2
min{my,ni} +ng +---+ny = n| > g(|n| + [ml),

and if my < mnq, by our supposition (39), we can prove easily that

: n| + [m|
> T
min{my,n1} +na+---+ny > Nl
Similarly, for ¢ = 2,..., N — 1, by applying again (39), we have
m1+...+mi_l+min{mi nl}+nl+1++n1\[ > M
’ - N+1
Moreover, for ny < mpy it is verified that
. n| + [m|
> PR
my +mo + -+ min{my,ny} > Nl
and for my < ny

| + |m|

my +mo+ -+ min{my,ny} = |m| > 3
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As conclusion,

my + -+ mi—1 +min{m;,n;} + njp1 + -+ nn < [n| + |m]|

N - K
with K > 1. In this way
(G0, Goa () [ Geatomy) [T Gontm) < G (“*'m'))N
max Gy 1(ng ), Ge,1(My; i t,1\1; o1 t,1\Nk) = t,1 K
and by (42) the proof is completed. a

Remark 2. (a) From our proof of (38) it is clear that it holds for |n| ~ |m| also.
(b) From (41) and (42), using (15) with o = —1/2, it is easy to deduce that

(43)  |Gen(n) = Gen(m)| < Clm —n|(jn| + m[)t~ Y271 nym ez,

(¢) Moreover, we can check that for |n| > B|m)|, for some positive constant B,
the inequality

W Gt Gt < oD (6, ()T

holds for some constant K.
The following estimate will be useful in the proof of Theorem 7.

Lemma 9. The inequality

(45) Gt,N(f|1) - zt,N(kﬂ < Ot=1/2-N/2
-

holds

Proof. From (26) we have
‘6—27ri<n—k,a:) _ 1|

d
In— K| v

|Gt,N(n) - Gt,N(kﬂ < / 6—4t Ef\le sin? (7))
n — K| IR VEEVE

<C 67415 SN | sin®(wx;)
I S VR VAL

x| dx,
where we have applied that |(e™%* — 1)/z| < C for z € R. Now, with the estimates

1/2 L, 1/2 L2
/ ef4tsm (mz) dx < Ct71/2 and / ef4ts1n (wx)‘x| dr < Ot*l
~1/2 -1/2

the result is obtained. O

The function Hy n, see (37), in Lemma 8 will appear in convolution with a
specific sequence in the proof of Theorem 7, so we need the size of its norm.

Lemma 10. For N > 1 and 1 < r < oo, it is verified that

w ()

with the constant C' being independent of t.

< Ot~ 1/2-N/20-1/7)
er(ZN)
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Proof. From (15) with o = —1/2+ 1/(2N), we have

N
(47) ‘thv <|K|)‘ < Ct_N/2_1/2|n| <t1/2_1/(2N)Gt,1 <|Ir;|)> < ot=N/2-12

e ()

Now, we are going to prove that

0| c
Hoy (2 < =%
o (K = (] + D
and to do that we distinguish two cases. First, by applying again (15) with « = 1/N,
for |n|/K > 1/N we deduce that

How (20| < cpnf (176, (2 . ¢
MK )| = K)) =(n[+ DNt

In the case |n|/K < 1/N, we use the estimate

Gt,1(|;|> G1(0) < C

n| n| C
< < .
HtN(K —C1+t—(\n\+1)N+1

Then, from (48), for 0 < ¢t < T with T < 100, for example, it is obtained that

| -]
U S

pam ne (
For t > T we consider the decomposition
o (%)

n
HfN<|K|)‘ and 52:2

In|>n,

< Ct—N/Q—l/Q’
£2°(ZN)

(48)

to obtain that

:SI+S27

L1(zZN)
where

)

Si= Y.

[n[<n

n
Hew <|K|>
where n; = | /1] (this notation will be used in some points along the paper without
explicit mention to it). For Sy, applying (47), we have

Sl S Ct*N/271/2 Z 1 S Ot*N/Q*l/Q Z(m—Fl)N*l S Ot*l/Q'

In|<n, m=0

Now, by using (48), for Sy we obtain the estimate

S <C > |N+1_CZ —<C’t 12,

\n\>m m=ng

‘ ’ | —-1/2
H; N < < Ct2
e (%)

and the result follows from (30). O

In this way
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In some points we will need the weighted estimate of the heat kernel in the
following lemma.

Lemma 11. For N >1,1<r < oo, and N(1 —r) <~ < N, it is verified that

(5

with the constant C' being independent of t.

(49) < O 12N /14N)

(@ (|Jn]+1)=7)

Proof. From the bound (31) the result for = oo is clear, so we analyze the estimate
for 1 <r < oo. From (15) with & = —1/2 and a = 0, we get

(e ()]

(@ (|n]+1)=7)

<Ot NN (In[+ 1)+ >0 (In[+ 1)

In|<n [n|>n,
ng [e's)

<C <t—Nr/2 Z (m + 1)—'y+N—1 + Z (m + 1)—'y—Nr+N—1)
m=0 m=ng

< Ct71/2(77N+NT)
finishing the proof. t

The proof of our main result will be divided in the cases N =1 and N > 1 and
to deal with the first one we will apply the next estimate.

Lemma 12. For 1 <r < oo, the inequality
(50) 16T G allerz) < CtH/2A71m/2
holds.

Proof. As usual, we prove the inequality for r = 1 and r = oo and the result follows
from (30). From (6) and (15) with a = 0, we have

167Gea(n)| < CtH(In| + 1)Gra(n) < Ct1
and this is enough for r = co. For r = 1 we use (6) and decompose the sum
167 Giallerz) < Ct™H(Bi + Ba),
where

By = Z (In] + 1)Ge1(n) and By = Z (In] + 1)Ge1(n).
[n|<ny [n|>n
To treat By, by using (15) with a = —1/2, we deduce that
1By <732 N (Inf+1) < 2
[n|<nq

and this is enough for our purpose. The factor Bs can be analyzed with the estimate
(15) taking o = 1 (note that we can assume |n| > 1). Indeed,

1
—1 j: —1/2

In|>n
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and the proof is complete. ([

Proof of the Theorem 7. From the restriction 1 < ¢ < N/(N — 1), applying Holder
inequality, we have
1 fllexzvy < Ol flleaczny,
so, in particular f € ¢*(Z") and the left hand side of (36) is finite.
We start showing the inequality (36) for N = 1. In [1, Theorem 6.1] we find
(with our notation) the identity

<Z f(n ) Gia(n) = (0TG1) * F(n),

nez
where
n—1 9]
= Z f(G), forn <0, and F(n):—Zf(j), for n > 1.
j=—00 j=n

Then, by using Young’s inequality (23) and (50), we have

- (Z f(k)> Gua
kEZ

Finally, applying the well known inequality

DD <€ Inf(n)e,  1<q <o,
n=1|j=n n=1

which is a consequence of the classical Hardy’s inequality for ¢ > 1 and for ¢ = 1
is obvious, the result follows in this case because
q q
o0

1Pl < 3 ({0l + [ X 106)

n=1

< I 120D 2 .

e (z)

<O nl(f(=n)|* +1f()|?) = Clll - [flIfay-
n=1

Now, we consider N > 1. Firstly, we are going to prove the inequality

(51) - ( > f(k)> Gi.N < G2 A fllew @y
kezZN 07 (ZN)
for 1 < p < N/(N —1). To do that, for a fix n € Z", we consider the sets

A1 ={keZV: |k < |n\/2} Ay ={k € Z" : |n|/2 < |k| < 2|n|}, and A3 = {k €
: |k| > 2|n|}. With them we do the decomposition

(Zf >Gm n)

kezZN

< P f(n)+ P> f(n) + P3f(n),

with

> xa (k) f(n —k)(Gin (k) — Grn(n)) i=1,2,3,

kezZN

)

where y 4, denotes the characteristic function of the set A,.
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From (4), in A; it is verified that |Gy n(k) — G¢.n(n)| < C(G1(k|/N))YN and

(52) Pif)<C Y7 |fn=R)|(Gea(kl/N)Y
[k|<|n[/2
(Gra(kl/N)Y

Then, by Minkowski integral inequality and Lemma 11 (with » = v = 1), we obtain
that

(Gea(kl/N)N

a1 <O e

1P fllenzny < CII- 1 fllewzny D

keZN
For P, f, by using that |k| ~ |n|, we can apply Remark 2 (a) to get
Py(n) <C Y |n—k|[f(n—k)|H, n(k) = CF  Hy n(n),

kezZN

where F(n) = |n||f(n)|. Then, by applying (46) and the Young inequality (23) for
the convolution, we have

1P2Sfllgogzny < CE2N1 - £ llew vy

Finally, we treat Ps3f. First, we have to observe that for p < N/(N — 1), by
Hoélder’s inequality, we obtain that

> o=l <l leen Y m

e ESY
<O fllerzvy(In| + N/ -1

Then, by using that in Az it is satisfied the estimate |G¢n(n) — Gy n(k)| <
C(Gen(In|/N))N,

(53) Pyf(n) < C(Gea(Inl/N)N (] + DN Fllen zm)-
In this way, applying Lemma 11 (with » = p and v = p(1 — N/p’)) the inequality
1P3fllnzny < CEV2I1 - llen gy

is attained and the proof of (51) is completed.
Now, we are going to check that

Wif — ( Z f(k)> GiN

kezZN

1/p'

(54) < Gt NCDY || fll gazmy

£2°(ZN)
for 1 < g < N/(N —1). We consider the same decomposition that in the previous
case. To analyze P;, we consider the decomposition
|1P1fllgee(znvy = Pii+ Pro
where

P 1= sup |Pif(n)] and Pio= sup |Pf(n)|
[n|/2<n; In|/2>n.
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So, from (43) and Holder’s inequality, it is verified that

Py <Ct N2 sup |n| Y In—k[[f(n—Kk)|
Inl/2sme i <in) /2

1/q
<CNPEY - fleazyy sup ) Z 1
nlf2sne K< nl/2
< ct= N2 | fllga@zry sup I HN/e < o 2EN/ QO || | fllea(zny
[n|/2<n,

and this is enough. Now, to deal with P; > we split the sum defining P, f in two
pieces: one for k| < n;, denoted P] 5, and another one for n; < |k| < [n|/2, with
the notation P;’, for this one. Then, from (45) and using Hélder’s inequality, we
get,
Pl,<Ct ' N2 sup N In—k||f(n— k)]
[n|/2>n; k| <n,
1/q
< CtVPNEY fllga gz Z 1 < Ot PNICOY L fllgazny.
[k|<nq

Now, proceeding as in the proof of (52), we deduce that

(Gra(lk|/N)™Y

Pla<C s 3 K

Inl/2>nt 1, << /2
, 1/q'
Z (Gea([k|/N))TN
(k| + 1)

SO 1 flleagzmy
ny<|k|

Finally, the required estimate is obtained by using that G 1(|k|/N) < C/(|k| + 1),
which is obtained by (15) with @ = 0. Indeed,

1/¢
1
2
P1,2 < CH' : |f||£q(ZN) Z (‘k| + 1)q’(N+1)
|k|>n,
< Ct=2NICD | £l oy
To obtain the estimate
P2 ] goe (zvy < Ct= 12N/ | fllea gz

we proceed as in the proof of (51), so we omit the details.
Finally, we have to bound Psf and to do this we take the decomposition

Psf(n) < P31+ P59,

with

P;1= sup |Psf(n)] and P; 5= sup |Psf(n)|
2|n|<n; 2|n|>ny

For Pj 5, proceeding as in (53) and using the bound (31), we deduce that
Pya < C|l| - flleazny sup (Gea(|nl/N)N (| + 1)V

2In|>ny
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< otV/EN/CY) ). | flleaczy-

Now, to treat P3; we decompose the sum defining P3 f in two pieces, P; ; and Py'y,

where 2|n| < k| < n; and n; < [k|, respectively. For Pj; the required bound can

be obtained as for P/ , and we omit the details. To conclude the result for Py we

observe that, due to the restriction g < N/(N-1),
1/q
1
Z |fm=K)[ < I - [flleazn) Z W
[k[>n. [k|>n:

< Ot—1/2+N/(2q’)H| . |f||eq(ZN)-
Then, applying (31),
Py, < 7 EENICO| | fllpazry sup (Gra(lnl/N)Y

2In|<ny
< CtHENICD| L £l o)

and the proof of (54) is completed.
The proof of the theorem will be finished interpolating between (51) and (54). O

Remark 3. By using (33) and Minkowski integral inequality, for 0 < t < T (with
T > 100 for example) and 1 < ¢ < N/(N — 1) we obtain

Hwtf - ( > f(k)> Gin
kezZN 07 (ZN)

< £l (p 1Ge - = 1) oy + ||Gt,N||@p(ZN)) < Cll- |f -
S

Then, combining this fact with (36) and with the hypotheses of Theorem 7, we get

(55)
— ( > f(k)> Gin

kezZN

< Cmin{1, ¢~ 1/2 RO/ £ ga g0y,

2 (ZN)

3.2. Maximal operators for the heat and the Poisson semigroups. From
the well known identity

_ —t2 4
L /w et 267 g, _ [ g dv
Vo Vu f Vv v

we can define by subordination the Poisson semigroup

e8It —

t o0 o —t?/(4v) dv
f/ Vi Nl A

It is an easy exercise to show that P, satisfies the Laplace type equation

th Pf(n) + AxPof(n) = 0.

In this part of the paper we are interested in the maximal operators

W*f(n) = sup [W: f(n)]|
>0

(56)  Fif(n

Wt2/(4u f( )du =
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and
P*f(n) =sup |P; f(n)].
>0

In fact, we want analyze weighted inequalities for these operators with weights in
the Muckenhoupt class. We say that a positive sequence w is a weight in Ap(ZN )
for 1 < p < oo when

p—1
1 1
LS wm) | [ S )| <c
W@ 2 W@ 2
where @ is any cube in ZY and p(A4) = >
belongs to A;(Z") when

nea l for any A C ZN. The weight w

1
Q)

To obtain our result, we will use the Calderén-Zygmund theory adapts to our
setting. We say that K, defined on Z" \ {0} and taking values in a Banach space
A, is a standard kernel when

Z w(n) | sup {(wn)™':nezZV} <C.
neqQ

C
(57) [K(m)[a < TN
and
m
(58) )~ K+ m)lla < O, ol > 2l

Let T be an operator bounded from ¢9(Z") to ¢4 (Z") (where we understand that
f € 4(ZN) when ||f|la € €4(ZN)) for some 1 < g < oo and for f € ¢9(ZN) with
compact support
Tf(n)=K=*f(n),  n¢suppf,

where K is a standard kernel taking values in A, we say that 7" is Calderén-Zygmund
operator.

A Calderén-Zygmung operator 7'f is bounded from ¢7(ZY ,w) into ¢4 (Z"N , w) for
1 <p<ooandw € A,(ZY), and from ¢*(ZN,w) into Ei{oo(ZN,w) for w € A1 (ZN)
(see [22, 23]). As usual the space (1:°°(ZY w) is defined as the space of sequences
such that || f[[s1,0c z~ ) < 00, where

1oo(ZN ) = SUp | A w(n
[ £ller.o0 2 ) /\>13< > ())

ncAy
and
Ay={neZ" :|f(n)| > \}.
Theorem 13. For T equal W* or P* and w € A,(Z"), the inequalities
1T fller @ wy < I fller @ ) 1 <p<oo, CZN) NP (2N w),
and
1T fller.00 28wy < 1 fller @ ) IS VANNRVAIVARTIE
hold.
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Proof. We focus on W* because the result for P* follows from its definition by
subordination (56) (note that it is clear that P*f < W* f). By using that

W f(n) = [Wef(m)]| L= ((0,00))

we prove that W* is a Calderén-Zygmund operator taking values in L*((0, c0)).
From (24), applying Stein’s Maximal Theorem of diffusion semigroups (see [25,
Chapter 111, Section 3, p. 73]), we have

W fllerzny < Cll fller @y 1<p<oo.
In particular we have the case p = 2. To conclude it is enough to check the estimates
C
59 Ginm)||noc((0.00)) < ——c
(59) |Gt N ()] Lo ((0,00)) < T+ ¥
and
m|

(60) |Ge.n(n) =G ny(n+m)|Le(0,00)) < C(|n| ryE———— n| > 2/m]|.

The bound (59) has been already proved in (32).
Now, from (38), we deduce that for |n| > 2|m| it is verified that

|G.n(n) — Gy n(n+m)| < C\m|(\n\ + n+my) <th1 <n|+|n+m>>N

1+t K
In the case (Jn| 4+ |[n+m|)/K > 1/N, applying (15) with « = 1/N, we have

N
(Giov () = Go v (n+m)| < Clm|(Jn| + n + m)) <t-1/NGt,1 <|n|”;;+m|)>

|m|
<’ .
~ (In[+ n+m|)¥+
When (|n| + |n+m|)/K < 1/N, it is clear that

Go <|n|+ln+ml) <Ga(0)<C

K
and
m(|n] + n + mj) m|
G -G <C < .
|G, n(n) t.nv(m+m)| < 111 = (o[ + n+ m|)N+1
Then, the proof of (60) is completed. O

4. THE FRACTIONAL INTEGRALS AND THE RIESZ TRANSFORMS
From the identity

1 1 > —Atygo—1
—_ == to bt
N r(cf)/o ‘ ’

we define the fractional integrals (or negative powers of the Laplacian Ay) by the
relation

1 oo
A —0o - = o—1 .
(AN = s [ W
By using that (see [16] or take o = —1/2 in (15))
e T (t) ~ 712, t — o0,

it is clear that the powers (—Apn)~7 are well defined for 0 < 20 < N.
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Having these operators, for N > 2 we can define the Riesz transforms as
Rif(n) =6/ (=AN)""?f(n), i=1,...,N.
In [7] the Riesz transform for N = 1 was analyzed defining it as a limit. In fact, it
was defined as

Rf(n) = 0_>1(ilr1/12)7 ST (=A1)77 f(n). n € Z.

From this, the identity

_ f(n)
Rf(n)_énkarl/Q

was obtained; i.e., it matches with the discrete Hilbert transform.

In this section, firstly, we show some basic properties of the fractional integrals
and we provide a Hardy-Littlewood-Sobolev inequality in our setting and an ex-
tension of it. We continue with the study of multidimensional discrete Schauder
inequalities for (—Ax)~7. To conclude we analyze the mapping properties of the
Riesz transforms on the Holder classes and on ¢P(ZY, w)

4.1. Basic properties of the fractional integrals. In this part, we provide
some properties of the fractional integrals, we prove a Hardy-Littlewood-Sobolev
inequality for them and an extension of it.

In some points a long the paper we will consider the spaces

(61) Lo (ZN) = (2N w,)
with we(n) = (1 + [n|)?>~~. Moreover, we will denote || flle, z~) = [1flle2 @ w,)-

Theorem 14. Let 0 < 0 < N/2 and f € {,(ZN). We have the pointwise formula

(62) (AN)7fm) = D fln—Lk)K, (k)
kezZN
where
Ko(n) = ﬁ /0 Gy (n)t " dt
and it verifies that
(63) 0 < K,(n) < (Inl+%N20

Proof. First we are going to check that the heat operator is well defined for f €
0,(ZN). Indeed, for each L > 0 with ¢ fixed, by using (4) and the asymptotic (21),

kl/N N\ N
> Gin®)|f(n—Kk)| < Ce 2NINN/Z KT (%) |f(n— k)|

|k|>L |k|>L

(Net)¥(1 + |n — k)N -2
|k |IKI+N/2

< O flle, @vye 2N NN/2 sup
|k|>L

< Cllflle, @)y,

where the last constant depends on ¢, N, L, n, and o but not on f.
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Let us prove (62). To do it we can suppose that f is a non negative sequence
because in other case we can consider its decomposition in positive and negative
parts. Then, applying Tonelli’s theorem, we have

(—Ax)=7 f(n) (/ S f(n— k)G x (k)7L dt

kezZN

an k/GtN k)" tdt =Y f(n—k)K,(k).
0

kezN kezZN

1
" T(0)

Now, let us go with the proof of (63). The positivity of K, is a simple conse-
quence of the positivity of G; n. Now, to obtain the upper bound for the kernel,
we consider the decomposition

Ko (Il) = Il —|— IQ
with
I Lo Gy n(m)t°Lat d I L Gy n(m)totdt
1= t,N (1 an 2= = t,N (I .
L'(o) Jo (o) Jinp

We consider n # 0, because the bound K,(0) < C'is clear. For I; we use (32) to

have nl?
c [ C
B ), =

and for I we apply the bound in (31) to obtain that
o dt C
I =< C/nl2 tN/2+1=0 ~ |p|N-27" O

To prove our next theorem we need the following result that we can see in [10,
Theorem 1.6].

Theorem 15. Let be
k
Toof(n) = E |f(), 0<20 <N,

n— kln—2a
kez™
k#n
and (n) = (1 + |n|?)Y/2. Taking 1 < p,q < o0, s,t € R and the sets of conditions

s <t
20 1 s 1 t
(Cl) W—i—max 5+N,0 SmaX g‘i‘N,O,
20+1+s<1
N p N7
s<t=20—-N,q=1,
(Ca) 1+5<0
N )
and
s <t,
20 1 s 1t
(Ca) N p "N ¢ N
1<1 O<1+s 1+t<1
P q p N’ N 7
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it is verified that
1) Tao fllerzay < 1) flleaqzmy
if and only if (p,q, s,t) satisfies one of the conditions C1, Ca, and Cs.

Remark 4. The previous theorem in its full version includes the case p, ¢ = oo but
the definition of the Lebesgue spaces for such value in [10] is different from ours
one, so we omit this particular value from the theorem.

Now, we can present the weighted Hardy-Littlewood-Sobolev for the fractional
powers (—An)7°.

Theorem 16. Let 0 < 20 < N, 1 < p,q < oo and s,t € R. If (q,p, s,t) verify one
of the conditions C1, Co, and Cs, then

1) (=AN) " fller@ny < NC) Flleagamy-
Proof. The result is immediate from the previous theorem because, by (63), it is

verified that
I(=AN)"7 f()] < C(|T26 f()[ + [f(m)]). O

Taking ¢t = s = 0 in the previous theorem, we recover the classical Hardy-
Littlewood-Sobolev inequality in our setting. However, we can go further.

Corollary 17. Let 0 <20 < N, 1 < g<p<oo with 1/p <1/q—20/N, then the
inequality
I[(=AN)" fller@vy < Cllflleaczny
holds.
Moreover, for 1 < q < p < 2 the Hardy-Littlewood-Sobolev implies 1/p < 1/q —
20/N.

Proof. We have to proof the second part of the result. To do this, we consider the
sequence f(n) = G y(n) with ¢ > 1. In this way,

oo

0
From the integral representation [19, 5.10.22]

tv !
IL{t)= —————— (1 — 222 gz, t>0 v>-1/2,
() ﬁ2”F(V—|—1/2) /_16 ( z ) z v /

we can deduce that
Giys,n(n) > Gan(n), t/2 <s<t.

In this way,
t

(=An)"7f(n) = Gat,n(n) // 57 L ds > CGay n(n)t7.
t/2

Then, by the Hardy-Littlewood-Sobolev, we have
tNGar N llerzvy < ClGe N lleaczmy

and, applying (34), it becomes t7~N/2(1/a=1/P) < ' and this implies 1/p < 1/q —
20/N. O
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To finish this subsection we show a new inequality extending the classical Hardy-
Littlewood-Sobolev one.

Theorem 18. Let 0 < 20 < N, 1 < ¢g<p < oo withl < qg< N/(N —1) and
1/p<1/q— (20 —1)/N, and | - |f € ¢4(Z"), then the inequality

| (~AN)"7f - ( > f(k)> K,

keZN
Proof. The result follows from Minkowski integral inequality and (55). Indeed,

H(—AN)—Uf - ( > f(k)> K,

kezZN

<Ol | flleagzmy
o (ZN)

holds.

£p(ZN)

“twl

< C’||| . \fH@(ZN)/ min{Lt*l/ZfN/Z(l/qfl/P)}tafl dt
0

<O - [ fllgaczny-

Wif = > f(k)Gen o1 dt

kezZN

er(ZN)

O

4.2. Discrete Schauder estimates for the fractional integrals. Now, we
prove multidimensional discrete Schauder estimates for the fractional integrals and
to do that we need to define the Holder spaces. Given a sequence f = {f(k)}xezn
and 0 < a < 1, we say that f belongs to the Holder space C%*(Z") when

[f]COvQ(ZN) = sup w<o&
n,me7Z |Il m|

For a natural number k such that k > 1 we say that f € C**(ZN) when it is
verified that

[floka@ny = > LE)™(E)™2 - (55)™ ooz < oo
mi+--+my=k
It is easy to check that ¢>°(ZV) c C%«(zZN) c Ch(zZN) c C*>~(ZN) C ---.
Sometimes it is common write the definition of Holder classes combining 5?‘
and 6; but such definitions are equivalents to the our one due to the relation

0; f(n) = 5j'f(nfei).

The next result is the multidimensional version of [8, Theorem 1.6].
Theorem 19. Letk>0,0<a<1,0<0<1/2 and f € £, (ZN).
a) If f € CF(ZN) and 20 + a < 1 then (—A)~7 f € CF29+(ZN) and
[(=A)77 floraerazny < Clflora@n).-
b) If f € CH*(ZN) and 20 + a > 1 then (—A)~° f € Ck+12ota=L(7ZN) gnd
(=) flow+rzova-1zny < C[f]ora(zn).
c) If f € £>°(ZN) then (—A)=° f € CO27(ZN) and
[(=A)77 fleoze@ny < C| flles(zm)y.



MULTIDIMENSIONAL DISCRETE HARMONIC ANALYSIS 29

Before starting with the proof of the Schauder estimates, we need the four fol-
lowing lemmas.

Lemma 20. For N >1,nc€Z", and 0 < 0 < 1/2, we have
Z (Ka(n - k) - Ka(k)) =0.
kezZN
Proof. From the obvious identity
> (Gin(n—k) - Gy n(K) =0,
kezZN
we deduce that
/ S (Gon(n— k) — Gy (k)7 dt =0,
0 kezN

Let us see now that, for 0 < o < 1/2, we can apply Fubini theorem. From (22), it
is clear that
In|

In|?
/ Z |Gy n(n— k) — Gy n(k)[t7H dt < 2/ t7tdt < Cn|* < oo,
0 0

kezZN

so we have to focus on the integral in the interval (|n|?, 00). To do that we consider

I = > IGin(n—k)— Gy n (k)7 dt
% k| <2|n|
and
I, = > |Gin(m—k) = Gy (K)[t7 dt.
21 |k |>2/n]

For I we use the bound (43) and the restriction |k| < 2|n| to obtain that

I gC\n|2/ dooafeNEa
|

2
nl* \ [k|<2/n|

o
< C\n|2+N/ 7 N2=2 gt < On* < .
[n]?

To analyze Iy we apply the identity G; y(n —k) = G; y(k—n), (38) and (46) with
r =1 to deduce the estimate

o0

k
IQ S C’|n| Z Ht,N <|[(|> t"'*l dt

2
n® \ jk/>2/n|

oo
< C|n| 7732 dt < Cn)?? < .

[n|?
In this way,
kezZ:N(Ka(n —k) - K,(k)) = ﬁ /OOO kEXZ:N(Gt,N(n —k) - Gy (k)7 Hdt =0

and the proof is complete. [
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Lemma 21. Let N > 1, n,m € Z" such that |n| > 2ln —m)|, and 0 < 20 < N.
Then the inequality

Cn — m|
(Inf + [m[)N+1=20

holds with a constant C' independent of n and m.

(64) Ko (n) — Ko(m)| <

Proof. Tt is clear that

[(0)|K,(n) — K, (m)| < /OOO Gen(0) — Gy (m) [t~ dt = Jy + Ja,

where
(In|+|m])? X
J1 :/ \Gt,N(n) — Gt,N(m)|t"7 dt
0
and -
Jy = / ‘Gt,]v(n) — GtﬁN(m)ﬁa_l dt.
(In]+|m[)2

To estimate J; we apply Lemma 8 to have

Gy (1) — Gopo(m)| < ¢ ml(Inl + |m]) (G <n|+|m|>)N

1+t K

As we did in the proof of Theorem 13, we analyze separately the cases (|n| +
|lm|)/K > 1/N, where we can use (15) with & = 1/N, and (|n|+ |m|)/K <1/N to
deduce that | |
n—m
G -G <O
| t,N(n) t,N(m)l = (‘n‘ T |m|)N+1

In this way

_ (In]+|m|)? _
< Ch-m / g < Cn-—m
0

(In| + [m[)~¥+t (In| 4 fm[)N =27

The bound for .J; is obtained from (43) in the following way

C _
J2 < |n — m](jn| + jm]) / g2 gy o Cn—ml

. O
(Inl+|m]) (In] + [m[)N+1=20

Lemma 22. Let N > 1, n,m € Z" such that |n| > 2|n — m|, and

Hon(2) = < 1 22

N
1+t+(1+t)2>(Gt’l(z)) » 2>0
Then the inequality

+ .
(65) |07 (Gen(n) — Gy (m))| < Cln— m|H; <|“|K|m> ., i=1,...,N,

holds with constants C' and K > 1 independent of n and m.

Proof. We consider ¢ = 1 because the other cases can be done in the same way.
We can prove the result for n; # m; for i = 1, ..., N because this situation implies
the general case. In fact, to deduce the general case from this one, as in Lemma
8, let us suppose that n; = m,; for j values of i, with 1 < 7 < N and consider the
decompositions

n=n; Uny and m=n; Umsy,
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where n; are the common values of n and m and ny; and my are the other compo-
nents. Now, we have to distinguish two possibilities n; € n; and n; ¢ n;. In the
first situation, by using (6) and Lemma 8, we have

|n1|—|-1
1+1¢

(In1] + 1)(jn2| 4 jmy|) Ina| + [\ \ ¥
< Clny — my| (ETE Gt,j(ny) | Gea —

=Cnom (1 ot (|IE|1T312|)2> Grj(m) (Gt,l (W))N_j

and we conclude as in Lemma 8. When n; ¢ ny, if we consider proved the case
with different components, it is verified that

0/ (Gi.n(n) — Gy vy (m))| = Gy j(m1)|67 (Gr v j(n2) — G n—j(my))]
In2| + m2>

|67 (Gy,n(n) — Gy n(m))| < C

Gtj(n1)|Gy N—j(n2) — Gy y—j(m2)]

< CGyj(n1)ng — mo|He v < i

and the proof of this case is finished again as in Lemma 8.

Now, we assume the restrictions (39) on n and m as in the proof of Lemma 8.
Then, using (40), we get

N
(66) 1 (Giv(n) = Gey(m)) = 67 (Gra(m) = Gea(ma)) [ ] Gra(nn)

k=2
N i1 N
+ 5+Gt,1(m1) Z(Gt,l(ni) — Gi1(my)) H Gt,1(my) H Gi1(ng).
i=2 j=2 k=i+1

Proceeding as in Lemma 8 and using (6), we have

(67) |07 G1(m1)(Gra(ni) — Gia(mi))|

(my + 1)|ng — my|(m; +m; + 1)
(141)2

Now, taking n; < mq, it is obtained that

<C

Gt,l (m1) maX{Gm (nl), Gt,l (ml)}

mi—1
0 (Gra(m) = Gra(my)) = = Y (07 Gra(k+1) — 67 Gea(k))
k=n1
mi—1
== > (Gialk+2) = 2Gi1(k+ 1)+ Gra(k))

k:nl

and, applying (9),

mﬂ( 1 (k+1)(k+2)

57 (Geatm) = Gealm) <€ 32 (55 + gy )Gt

1 (m1 +n1)2
1+t (1+t)2

< C(my —my) ( ) Gy1(m).

In general,

(68) 0% (Gra(n1) — Gra(my))
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1 (m1 + n1)2
< Clmy —m| (1 i (1+1)? max{Gy,1(n1), Gr,1(m1)}-
With (66), (67), and (68) the result can be concluded as in Lemma 8. O

Remark 5. Again, following the proof of the previous lemma, it is easy to check
that
(69)

1 (| +[m])?Y _
oF - < Cln— t=N/2 zN.
57 o o) — G (m)] < Cla—maf (1 + P20 nme
Lemma 23. Let N > 1, n,m € Z" such that |n| > 2ln — m|, and 0 < 20 < N.
Then the inequality

Cn — m]|
(In] + m[)N+2=2e

holds with a constant C' independent of n and m.

(70) 16 (Ko(n) — Ko (m))]| < i—1. N,

Proof. Tt is clear that
L(0)]6; (Ko (n) — Ko(m))| < / 67 (Gi,n(n) = Gy v (m))[t7 71 dt = Q1 + Q2
0
with
(In|+|m|)* )
o=/ 57 (G () — G ()17 di
0

and

0y = / N 165 (G n(n) — Gy (m)) |~ dt.
(In|+|ml])2

To obtain the required bound for ()1 we start proving that
n — m|

(71) 0 (Ge,n(n) — G, v (m))| < CW'

First, we consider Lemma 22 to have

16/ (Ge.v(n) = Grv(m))]

<o L) (o (L3

In the case (|n| + |m|)/K > 2/N, applying (15) with o = 1/N and « = 2/N , (71)
follows immediately. Indeed,

167 (Gy.n(n) — Gy y(m))| < C|ln — m| <<t1/1\7Gt71 (|n|+m|)>N

K

+ (In| + |m])? <t2/NGt,1 <|n|+K|m|) ) N)

n — m|
<Cri—/—F—v5-
= (| + [m[)N+2

In the case (|Jn| 4+ |m|)/K < 2/N, taking into account that

Gea <|n|;|m> < Gi1(0) <C,
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it is obtained that

1 (| + |m])? n—m|
) =

0, (Gr,y(n) — Gy y(m))| < Cln —m| (1 7 (412 (] + m) N2

and the proof of (71) is concluded. Then, applying (71), we have

In—m| (nl+mD? C|n —m|
———s 7 dt < .
(In|+ |m\)N+2/o = (Inf+ [m[)N+2=2e

Q1 <C

The estimate for Q2 can be deduced from (69) in the following way

Q:<n—m ( J A e R IR A dt)
(In|+|m])? (Inl+|m)?
Cln —
n—m| .

=l + ]y V22
Proof of Theorem 19. a) By using that
(6 (=AN) "7 f(n) = (=AN)(5)" f(n),
it is enough to prove the result for £ = 0. Now, from Lemma 20 we have

Y (Ko(n—k) - K,(m—k))= Y (K,(n—k)— K,(k—m))

kezN kezZN

and it is verified that

(—AN) 7 f(n) = (AN) 7 f(m) = Y (Ko(n—k) — Ko(m —k))(f(k) — f(n)).

kezZN

Now, we split the sum on 0 < |n — k| < 2|n — m| and its complementary. By using
(63) we get

S K- K)f(k) ~ fn)

0<|n—k|<2/n—m|

n —k[*
< Clfleoe@yy > KN
0<|n—k|<2|n—ml]|

<Clflgvo@yy Y, lil*roN
0<|j|<2[n—m|
< Cf]go.a(zyyln — m[*T27.

For the other term in the first part of the decomposition, by using that |n — k| <
2|n — m| implies |m — k| < 3|n — m| and (63), we have

Ko(m —K)[f(k) — f(n)]

0<|n—k|<2|n—m|
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n — k|®
< C[flco.e(zn) Z | |

m — k| +1)N-2¢0
m—k/<Bn—m| | I+1)

n — m|*
< C[f]CUﬂ(ZN) Z (|m7k| +1)N72a
|m—k|<3|n—m)|

+ Z (\m—k| + 1)a+2a—N
|m—k|<3|n—m|

< O[f]co.a(zyyn — m[*+27.

Finally, applying (64), we have
> |K,(n—k)— K,(m—K)||f(k) — f(n)]

In—k|>2[n—m|

ln — k|
< C[flco.a(zryln — m| Z W
In—k|>2|n—m|

< C[f]co.e(zyyn — m|*H27

and we have concluded this part.
b) Again, we can reduce the proof to the case k = 0. Now, from Lemma 20, for
any ¢ = 1,...,n we have

8 (An)"7f(n) = (~An)~7 f(m))
= > 5 (Ky(n—k) - Ko(m —k))(f(k) — f(n))).
kezZN

Splitting the sum as in a), the proof follows the same steps but using in the region
In — k| < 2|n — m]| the bounds (deduced from (64))

K,(n+e —-k)— K,(n—-k)| <Cn— o n, ke
| Ko ( k) ( k)| <C| k|2o-N-1 JkeZ,
and
s(m 4 e — — K,(m — <(Cm — T m,k €
| K, ( k) — K, ( k)| < C| k[2o-N-L keZ,

and in the region |n — k| > 2|n — m| the estimate (70).
¢) The proof of this part can be done as in a) but changing the bound |f(n) —
f&)| < Clflcoa@znyn —k[* by |f(n) — f(k)| < 2[[f[le= @) a

4.3. The Riesz transforms. As we have said at the beginning of this section the
Riesz transform are well defined, because the kernel

/ 5FG n(m)t~ 2 at
0

is absolutely convergent.
Of course the Riesz transforms can be written for N > 2 as

R;f(n) = R; * f(n),
with ) -
Ri(w) = = /0 55 Gy (m)t~ 2 dt.

To present our results about the Riesz transforms we need two preliminary lemmas.
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Lemma 24. Let N > 2, then the inequalities

C
(72) |’Rz(n)\ < W
and
(73) Rim) — Ry(m)| < 02— n| > 2ln — ml,

(In] + fm[)N+17
hold.

Proof. To prove (72) we consider n # 0 because the bound |R;(0)| < C is obvious.
Now, from (6) and (4), it is deduced that

N
|5,'+Gt,N(n)‘ < CW%IGt,N(n) < C% (Gt,l <|]I\1]|)> .

Then, using (15) with & = 1/N and a = —1/2, we deduce that

1 In|? oo C
J(n)] < =12 gt / N2 g ) <
R <n>_0|n|<|n|N+2 / v <5

n|?

Now, we decompose the difference in (73) in the following way

(In]+|m|)*
[Ri(n) — Ri(m)| < / 16,7 (G () — G, (m) ¢~ 1/2 dt
0 (o)
+ / 167 (Gon () — Gon (m))|t~ /2 dt = Ly + L.
(In[+|m[)?
To analyze Ly we use (71) to obtain that
2
in— m| /<n|+m> e n— m|
Ih<Cr—F— t dt < Cr————rcr—.
(In| 4 [m[)N+2 J, (In| 4 [m[)N+1
From (69), we have
Ly < C|n — m| (/ t=N/2732 ¢ 4 (In| + |m|)2/
(

[n|+|ml[)? (In[+[m[)?

oo

+—N/2-5/2 dt)
In —m|
= (In|+ [m[)¥+1

and the proof is finished. O
Lemma 25. For N > 2 it is verified that

(74) > Ri(k) =0, i=1,...,N,
kezZN

and, for a fiz value ¢ € N,

(75) Y Rik)|<C,  i=1,..,N.
Ik|>¢
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Proof. To prove the result we focus on ¢ = 1 because the other cases are similar.
We consider M € N big enough and the partial sums

Sy =Y Rk

k| <M
Now, we observe that
(76) Ri(=k) = —-Ri(k —eq).
Indeed, it is clear that
N

57 Gin(—k) = (Gra(—k1 + 1) = Gea(—k1)) [] Gra(—k;))
j—2
—(Ga(k1) — Gea(ki — 1) H Gia(kj) = =67 Gy n(k —eq)

and (76) follows immediately. With (76) we have

2Su = Y Rik)+ Y Ri(-k

K|<M k| <M
Y R Y Rk s Y R Y R
k| <M k| <M k| <M kter |<M

Then, applying (72) we get

sul<c Y Ri9I< g

M-1<|k|<M+1

and
> Ri(k) = lim Sy =0
M —o00
keZN
proving (74).
To analyze (75), we have to note that

C
, < =
Y Rik)| =D Ri(k) — S =15l < 5=
[k|>¢ kezZN
and the result follows for ¢ > 1. The case ¢ = 1 is obvious. O

First, we present the behaviour of the Riesz transforms on the Holder classes.

Theorem 26. Let N >2,0< a <1, and f € CO*(ZN). Then for 1 <i < N the
inequality

[Riflco.a@ny < Clflco@n)
holds.

Proof. By using Lemma 25, for n,m € Z" it is easy to check that

Rif(n)—Rif(m) = Y (f(k) = fm)Ri(n—k)— > (f(k)— f(m))R;(m—k)

kezZN kezZN
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= > ((f(k) = f())Ri(n — k) — (f(k) - f(m))Ri(m — k))

0<|n—k|<2|n—ml]|

+ > (k) = f()Ri(n — k) = (f(k) — f(m))Ri(m - k)
In—k|>2|n—m)|
= Sl + 527
For Sy, by using that |n — k| < 2|n — m| implies |m — k| < 3|n — m| and the
estimate (72), it is verified that

151] < >, (1) = F)[[Ri(n = k)| + [f(k) — f(m)|[Ri(m — Kk)[)

0<|n—k|<2|n—m)]|

< Clfleva @) oo k-n* ¥+ Y k-mfY

0<|n—k|<2|n—m| 0<|m—k|<3|n—m]|
< Clflonmyln — mi°.

To treat Sy we add the term £ f(m)R;(n — k) and apply (73) and (75) to have
1Sol < Y 1f(k) = fm)[|Ri(n — k) = Ri(m — k)|

In—k|>2|n—m|

+ [f(n) = f(m)] >, Riln—k)

In—k|>2|n—m|

< Clfloa(zny | Im—m] > n—k[* V!4 |n—m|*
|n—k|>2|n—m|
< C[f]co.a(znyln — m|*
and this concludes the proof. O

It would be possible to define another Riesz transform by mean
Rif(n) = 6; (~An)"/?f(n).
The identity §; f(n) = §; f(n — e;) proves the following result.

Corollary 27. Let N >2,0<a < 1, and f € CY*(ZN). Then for 1 <i < N the
inequality
[Rif]co.azny < Clflco.e@zy)
holds.
To finish this section we give a result about the boundedness with weights of the
Riesz transforms.

Theorem 28. Let N > 2, w € Ap(ZN), and 1 <1 < N. Then the inequalities
IRifllerzn )y < CNfllerzn ) 1 <p< oo, feP@M)ne iz, w),

and
| R flleroe @z wy < Cllfllerzn w)s IS VANIVA VAR
hold.
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Proof. We will prove that each R; is a Calderén-Zygmund operator.
First, we check that R; is bounded from ¢2(Z") into itself. For f € (?(ZN), we
have

]:((Slf)(l') — Z f(l’l + ei)€27ri(n,x) _ Z f(n)e%ri(n,z) _ (e—2m'aci _ 1)ff($)
nezZN neZN

and

1 o N o2
‘F((_AN)fl/Qf)(x) — 7/ e*‘“(Zk:l sin (ﬂzk))]:f(x)tfl/2 dt

™ Jo

N —1/2
= <4Zsin2(7mck)> Ff(x).
k=1

With this we deduce that J; and (=An)~'/? can be seen as multipliers of the

‘ —1/2
functions e~ 27® —1 and (4 Zivzl sinQ(ka)) , respectively. Then, the operator
R; is associated with the multiplier

e—27ri:ci —1

(4 Z,ivzl sin2(7r33k)) 17z

ie.,
—2mix; __
FRif)(a) = —— LS
(4 S sin? (mck))

—ie™%i gin(mx;

= Ff i1=1,...,N.
1/2 ) ) )
(Z;ﬁ—l Sin2(”k)>

In this way, using the bound

| sin(mz;)|

<1,

iz =
(Zi\;l sinz(ﬂxk))
by Plancherel identity we have
|Ri flle2zny = I F(Ri )l L2 (=1/2,1/21%) < CNF fll2=1/2,1/21%) = 1 fllezzvy-

Finally, the estimates (57) and (58) can be deduced from (72) and (73) and we have
concluded. g

For the Riesz transforms R; we have the next result.
Corollary 29. Let N > 2, w € AP(ZN), and 1 < i < N. Then the inequalities
|‘Eif‘|ép(zrz7w) S C||f‘|eP(Zn7w)7 1< p < o0, f S £2<ZN) N £p<ZN, 'LU)7

and
Hﬁif”ﬂ»‘”(ln,w) < C”f”él(Z",w)v f € 62(ZN) N 41 (ZN,’U}),
hold.
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5. FRACTIONAL POWERS OF THE LAPLACIAN

From the identity

1 o dt
A= M1 0 1
F(fs)/o (e ) 7o <s<l,

we define the fractional powers (in fact, positive powers) of —Ay by

01 AP = s [ v - e e e,
By using (22), it is clear that

(78) W, f(n = ) Gin(m—Kk)(f(k) - f(n)).

kezZN

Moreover, we can prove that the operators (—Ax)® are well defined in ¢2(Z") by
(77). Indeed, we consider the decomposition

| imes) - sl < A E

0
where

dt
R= [ 1w - o

and F, is the integral on [1,00) of the same function. For Fy, applying (27), w
have

1
By < Clflan) [ €%t < Ol
0
Now, from Theorem 6 with p = oo and ¢ = 2, we deduce that
(Wi f () = f(m)] < CEN* +1)|| fll e @)
and -
F, < C||f||é2(ZN)/ E N+ 1) dE < O fllee -
1
In this section we will focus on the study of some aspects of the operators
(—=Ap)®. Firstly, we will show some basic properties of the fractional powers of

the Laplacian, including a maximum principle. In the last part of the section we
will deal with the mapping properties of (—Ax)® on the Holder classes.

5.1. Basic properties of the fractional powers of the Laplacian. In this
section we present some elementary properties of the fractional powers (—Ay)*.
They are collected in the next theorem.

Theorem 30. Let N >1 and 0 < s < 1.
i) For f € (_4(ZN), it is verified that

(AN fm) = Y Ki(n-k)(f(n) - f(k)),

kezN
k#n

where
(79) Ko = iy [ G no
and KC5(0) =
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i) Forn # 0, the inequalities
C 1 1 2
80 0 < Ky(n) <
(80) <K < e ey (s o)

hold with a constant C' independent of s and n.
iii) For f € £o(ZN), it is verified that

lim (-=Ay)*f(n) = f(n).

s—0+
iv) For f € £°>°(Z"N), it is verified that
Sliq{(*AN)sf(n) = —-Anf(n).

Proof. First, we observe that W;f is well defined on the spaces ¢_ (Z") for 0 <
s < 1. Effectively, for M > 0 big enough, with ¢ fix, we have

> Gin(f(n=1) <Cllflle_,@v) sup Grn()(1+[n— Kk,
[k|>M (k| >
From (4) and the asymptotic expansion (21), we deduce that
sup Gy n(k)(1+ [n— Kk[)NF2s
|k|>M

(Net) ™ (1 + [nf + [k V2
|k|‘k|+N/2 S Ct,M,|n|,s,N

< Ce 2NENN/2 qup
|k|>M

and we conclude.
To prove i) we use (78) to get

(ot = g [ X Gentn = 19700 — fm) 5

where Ky is given by (79). The proof will be completed justifying the application
of Fubini theorem in the second identity. To do this we need the upper bound in
ii), so we proceed with its proof.

From (4) and (15) with o = 1/N, we obtain that

c
-1
GtJV(n)t S W

Then, with (31), we deduce that

c 1 Inl* —5 > —N/2—s—-1
Kal) < =5 (n]m/o t dt+/|n2t /2771 g

. C 1 1 N 2
~ nNt2s |T(=s)| \1—-s N+2s/)°
The positivity of the kernel Ky is clear.

Let us justify the interchange of the sum and the integral. First, we apply (80)
and Tonelli’s theorem in the term

[ Guxtn-10170915

0 xsn
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to have that it is bounded by
|/ ()]
OZ In — k|N+2s
k#n
and this term is finite for each n because f € £_4(Z"). Similarly for the term
dt
) / >~ ot~z

we obtain the bound

C‘f Z k|N+25

k;én
and this last sum is finite.
To prove iii) we check that
lim Ny =1 and lim No=0
s—0t s—0t

where

Ny =) Kin-k) and Ny =Y Kin-Kk)f(K).

k#n k#n
We start with No. From (80), we have

¢ 1 2 1/ (k)]
N2 = IT(—s)] <1—5 N+23)Z|D|N+23'

Now, using that f € £o(Z"), applying dominated convergence, we deduce that for
each n it is verified that

Z k|N+25 = C”fHEg(ZN)
k;ﬁn

and then lim,_,o+ No = 0. To treat Nj, we consider the decomposition N; =
N171 + NLQ Where

N _12/1G (n— k)2
LSOl T

and Nj 2 is the same sum but with the integral on the interval [1,00). To analyze
N; 1 we apply (4) and (15) with & = 1/(2N) and we consider 0 < s < 1/2. In this
way,

c 1 ! C
Nig < / L —
IT(—s)| 1; n — kN, IT(=s)|(1 — 2s)

and limg ,o+ N1,; = 0. Now, using that

Z Gt,N(n — k) =1- Gt,N(O),
k#n

1 1 e dt
Nig=——|(=-— — ).
(=) ( / G@N“’)wl)

With the bound (31) we get

Oo N/2—s—1 c
t 5T hdt =
/ Gin (0 t5+1*0/1 N +2s

we obtain that
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and, with the identity |T'(—s)|s = T'(1 — s) we conclude that lim, ,o+ Ny 2 = 1.
To prove iv) we start observing

N
(—AN)*f(n) =Y (Ks(er)(f(m) = f(n —ex)) + Ko(—ex))(f(n) — f(n+ex)))

k=1

+ Y K®(f(n) - f(n—k)) = M, + M.

kezN
k¢{0,:te1,...,:teN}

Taking into account that Ks(—n) = K4(n), we have

N
Ml = — Zlcs(ek)AN,kf(n)a

k=1

where Ay is defined in (1). Now, using that for any continuous and bounded
function on [0, c0),

, 1 oLt
Jm iy ) 0% =0

(the identity is clear for polynomials and with the hypotheses on f the general
result is obtained), taking the function

we deduce that

lim K,(e;) = lim 1)/00 o—2Nt I, (21) (10(20)]\,71@

s—1- so>1- (1 —s t ts
. (2N)s! /°° _ w dw
— 1 — w _— ) — = =1.
dmora—y ) (N) v~ 1O

Then,
lim M] = —ANf(l’l).

s—1—

Finally, let us check that lim,_,;~ My = 0. By using that G y(n)t=3/2 < C|n|~N—3
for |n| > 1 (which can be deduced from (4) and (15) with @ = 3/(2N)) and
proceeding as in the proof of (80), we can obtain the bound

Ks(n) < ¢ ! ! + ! .
[n|N+2s T'(—s)| \3—2s N +2s

C 1 C
Tl < 1l
[L(=s)] )El ez = 0(=s) e

and lim,_,;- My = 0. (]

Then
My <

To conclude this section, we present maximum and comparison principles for the
fractional powers which are obvious consequences of the positivity of the kernel KCs.

Theorem 31. Let N > 1 and 0 < s < 1.
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i) (Maximum principle) Let f € £2(ZN) be such that f > 0 and f(ng) = 0 for
some ng € ZN. Then
(=An)*f(ng) <0.
Moreover, (—An)®f(ng) =0 only if f(n) =0 for alln € ZV.
ii) (Comparison principle) Let f,g € £?(ZN) be such that f > g and f(ng) =
g(ng) for some ng € ZN. Then
(—An)*f(mo) < (—An)*g(no).
Moreover, (—An)*f(ng) = (—An)%g(ng) only if f(n) = g(n) for alln €
VAR
5.2. The fractional powers of the Laplacian on the Hoélder classes. The
target of this subsection is the analysis of the behaviour of (—Ax)® in the Holder
classes and it is contained in the next result.
Theorem 32. Let N >1,k>0,0<s<1, and f € (_,(ZN).
i) If f € CF(ZN), 0 < a < 1, and 25 < a then (—AN)Sf € Cko=25(7N)
and
[(=AN)* flera—2ezvy < C[flokazny-
i) If f € C*L(ZN), 0 < a < 1, and o < 25 < a + 1 then (—AN)*f €
Ck,a72s+1(ZN) and
[(—AN)*flora-zst1zny < Cflor+ia@y).
Proof. We will prove both results for k& = 0 because the other cases can be deduced
by using that 8 (—Ay)® = (—An)*6;.
To prove i), we consider the identity
[(=AN)*f(m) = (=An)*f(m)| = |B1 + Ba|,
where
Bi= ) (fm) = fln+k)~ f(m)+ f(m+k)K,(k)

kezZN
1<]k|[<|n—m|

and By is the sum on |k| > |n — m|. First, from the estimate
|f(n) = f(n+k) = f(m) + f(m + k)| < |f(n) = f(n+ k)| +[f(m) - f(m + k)|
< Ol fllcose(znylk|®
and (80), we get

By < C[flco.azny Z k|*N725 < C[f]co.a(zyy|n — m|* 2

kezN
1<|k[<[n—m|

and this is appropriate for our purpose. To treat By, we use that
|f(n) = f(n+k) - f(m) + f(m+ k)| < [f(n) = f(m)| + [f(n + k) — f(m + k)|
< Cllfllico.eznyln — m|*
and the bound (80), to get
By < Clflcoa@mn—m|* >~ |k[7N7* < O[f]gonzy)n - m|* 7

kezN
|k[>|n—m)]
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and the proof of i) is completed.
Now, we prove ii) for N > 2 because the case N = 1 can be found in [8, Theorem
1.5]. We consider the identity

(—AN)T = (=AN)TV2(=AN) TV (=AN) = (AN (- 1/ 25 57

N
= (~AN) Y Ry
=1

and we distinguish two cases. For s—1/2 > 0 it is verified that 0 < a—2(s—1/2) < 1
and, applying i) and Corollary 27, we deduce that

N
[(—AN)*fleoa-2erizyy < C D [Ridf flooa(zy)

=1
N

< CD (6 fleoa@ny < Clflcra@ny.

i=1
In the case s—1/2 < 0 we have 0 < a+2(—s+1/2) and we can apply a) in Theorem
19 and Corollary 27 to conclude

N
[(_AN)Sf]CO.a—25+1(ZN) = [(— —s+1/2) ZR ;r CO a—2s+1(ZN)

< C) [Rid] floo.ezny

"MZ

h
Il
—

Mz

[0, fleoa@yy < Clfleta@ny.

Il
-

[

For s = 1/2 the result is a direct consequence of Corollary 27. O

6. THE DISCRETE SQUARE FUNCTIONS

In this section we will prove weighted inequalities for the discrete Littlewood-
Paley-Stein gi-square functions associated to the heat semigroup and for the gg-
square functions associated to the Poisson semigroup. Moreover, we conclude with
a result about Laplace type multipliers.

6.1. The gig-square functions associated to the heat semigroup. The dis-
crete gg-square functions associated to the heat semigroup are defined by

oo 2 1/2
gk(f)(n)=</o U dt) . k=1,2,....

Note that taking the Banach space By, = L2((0, 00), t2*~1 dt), we have
grf(n) = || P . f(n)]|g,

oF

S Wf(n)

with
Pif(n) = Y f(k)Pir(n—k)

kezZN
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and
dt d o—4t S, sin® (ma;) ,—2ri(@m)
Pusln) = SepGov(a) = 4 [ L s () 2 gy
! dtk ! % Ji_1jpygn €
[~1/2,1/2)%
being

k
e <Zsm - ) et T i (),

Our main result about the gi-square functions is the following one.

Theorem 33. Let N > 1, 1 < p < oo, w € Ay(ZN), and k € N. Then the
inequalities
(81)

Cillfller@zn wy < N9k (Oller @ )y < Coll fller@n ) feP@V)ne N, w),
hold.

To obtain the proof of the equivalence in the previous theorem, we start proving
the boundedness of the gy-square functions from ¢2(Z%) into itself.

Lemma 34. For N > 1 and k € N, it is verified that

I'(2k
(82) lgr (M@ = %HfHP(ZN)'

Proof. For each sequence in ¢?(ZY), we have
Pof = F H(FunFf).

Then
2

lgx (Nlfezry = Y I1Prf W, =

kezZN
By applying Parseval’s identity,

S (Paf00F = [ (Rl FSE)

kezN

Z (P f(k))?

kezN

B

and

oMy = [ [ Bal) @)

_ / (Ff(2))? / T (F L (2) dt da
[~1/2,1/2]N 0

_ D2k ) I'(2Kk)
92 /[1/2’1/2]]\](]:]0(1:)) dx = 92k ||f||£2(ZN O

Now, we proceed with two reductions to simplify the proof of Theorem 33.
Lemma 35. Let N > 1,1 <p<oo, w € A,(Z"N), and k € N. Then the inequality
(83) lgs(Nllev @ wy < CllFller@n )y | € @) N LP(ZN 0)
implies
(84) £ llerzn wy < Cllgr(Nller@n )y f € CEY) NI w).
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Proof. Polarising the identity (82), we have

S s0nt0 = 2o 3 [T (Spwasio) (zwinag ) a

kezZN kezZN

and

S k)| < C

kezZN

S g (F) ()i (h) (k).

keZN

Taking h(k) = w'/?(k)h; (k) with h; € coo, the space of sequences having a finite
number of non-null terms, we deduce that

> fRw!/(k <C Y gl (w"Phy) (k)
keZN keZN
=C Y (NP (w 7 (k) gp(w!Phy) (k)
kezZN

< C||9k(f)||ZP(ZN,w)||9k(w1/ph1)||zp’(ZN,wf),
where w’ = w1 ®=1) and p’ is the conjugate exponent of p. It is clear that (83)
implies
gk (N e 2 oy < CllFlow v gy f € @Y (2N 0.
Then,
||9k(w1/ph1)|\ep’(zfv,w/) < Cle/pthzp’(zN,wf) = ||h1H£p’(ZN)
and

Z F(K)w'P (k) fi (k)| < Cllgr(Hller@n wyll f1llgrr zny < 00

kezZN

and taking the supremum over all hy € co such that ||hq ], @~y < 1 the inequality
(84) is proved. O

Lemma 36. Let N > 1,1 < p < oo, and w € A,(ZN). Then the inequality
91(F)ller@zn wy < Cllf ler @ w)s f e @z™)neah, w),
implies
gk (F)ler @y wy < Cllf ler @ ) k>1, fe@)yne(zh w).

Proof. We use an induction argument to prove the result. Let us suppose that
the operator P, is bounded from ¢°(Z",w) into g, (ZN ,w). Taking k = 1 and
applying Krivine’s theorem (see [17, Theorem 1.f.14]), we deduce that the operator
Py 0y (ZNw) — € 5 (ZN,w), given by

{fs(n)}s>0 — {Pi1fs}e.s>0,

is bounded. Moreover, P;q o Py is a bounded operator from 2(ZN ,w) into
& g (ZN,w). With the Chapman-Kolmogorov type identity
k 1

Y Gin(K)Gon(n—k) = Grion(n),

kezZN
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which can be deduced from Neumann’s identity (20) and corresponds to the semi-
group property, we obtain that

B ok ok+1
i (% (5¥1)) = gt

)

u=s+t
and using this we have
PoroPorf|? o = [ [ e | 2y ds dt
[Prao S»kakamal_ A o JuF+1 wf . o
) 00 ok 1 6k+1 2
:/O /t =0 S Waf| | dre
S L LR
= W.f /t(r—t) “dtdr
/(; a?"kJrl 0
2
1 o'} k41 6k+1
= W.fl d
(2k+1)(2k)/0 T g Wi | dr
_ (grs1(f))?
(2k + 1)(2k)
and the proof is finished. O

After the reductions in the previous lemmas, Theorem 33 will be a consequence
of the following result.

Theorem 37. Let N > 1 and w € A,. Then the inequalities
91 (H)ller @z wy < Cllf lerzn w)s l<p<oo,  ZN)N(ZN, w)
and
||gl(f)||21‘°°(Z”,w) < O”fHEl(Z",w)a EQ(ZN) N El(ZNaw)u
hold.

To prove this theorem we check that ¢; is a Calderén-Zygmund operator. With
Lemma 34 and the estimates in the following lemma this fact will be clear.

Lemma 38. Let N > 1, then inequalities

C
< -
(85) ||,Pt,1(n)||1531 = (|1’1| +1)N
and
(86)  [Pran) - Pos(m)]s, < O 2 n| > 2n —m

= (In| + [m[)N+?
hold.
Before proving the previous lemma, we need another one.

Lemma 39. Let N > 1, n,m € Z" such that |n| > 2|n — m|, and

z 253 N
Hun(z) = + 5 | (Gea(2)7, z > 0.
Then the inequality

(1+t)2  (1+1)
(87) AN, i(Ge,n(n) — Gy nv(m))| < Cln—m|H n <n;|m|> , i=1,...,N,
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holds with constants C' and K > 1 independent of n and m.

Proof. Again, it is enough to analyze the case i = 1 because the other ones work

similarly.
By using the ideas in Lemma 8 and Lemma 22, we can reduce the proof to the
case where n; # m; for i = 1,..., N. Moreover, the assumptions (39) on n and m

in the proof of Lemma 8 can be considered also.

We can assume that m; > 1 because, due to (39) and |n| > 2|n—m)|, in the case
my = 0 it is verified that n = m = 0 and this is not possible.

From (40) we deduce that

N
An1(Gin(n) — Gy y(m)) = A(Gy1(n1) — G i(ma)) H Gia1(ng)
N i1 k]-V:2
+ Z AG 1 (m1)(Gei(ng) — Gea(my)) H Gia(mj) H Gia(ng) == Y1 + Ya.
=2 j=2 k=i+1

We can control Gy 1(n;) — Gy1(m;) as in (41) and, applying (9), we have
(88) |AG:1(m1)(Gea(n) — Gea(my))|

|n; —mg|(m; +n; + 1) 1 m?
+
1+t T+t (L+1)?2
X Gy1(my — 1) max{Gy 1(n;), Ge1(mi)}

<C

Then.
n| +m[ (jn] +[m])?
Y, < —
Y2 < Cln — m| < (1+1)2 (1+1)3
N . N
mi —1+---+min{n;,m;} +---+ny
Z Gia N

i=2
and to obtain the estimate
m; —1+---+min{n;,m;} +---+n n| + m
o (2 {nm;) ¥) <.y (LI,

N K

for j =2,..., N, we proceed as in the proof of Lemma 8 analyzing separately the
cases m; = 1, where the study is elementary, and m; > 2, where we can change
my — 1 by m1/2 to obtain the result because

(m1—1+-~~+min{ni,mj}—|—---—|—nN>
Gia N

24 ... in{n;,m;} + -
> Go (ml/ + +m1n§\7fz m;}+ +nN>

For n; < mq, we can obtain that

A(Gra(n1) = Galmi)) == > A(Gealk+1) — Ga(k)))
k:’ﬂl
= - §j (Gea(k+3) —3Gi1(k+2) +3Gi1(k+1) — Gpa(k))
k:’ﬂl—l
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and, applying (11),

3@ = Gatm <€ 3 (s + ) Gl
<ot (g + 2520t
More generally,
[A(Gra(n1) = Gra(ma))
< Clmy —n (7(n11++t7)l21 7(711%:157)15) max{Gy,1(n1), Gr,1(m1)}

and

3
il < Clo - (2LEE | ol

(1+1¢)? (1+1)3
. N
R + +...+
" (Gt,l (m1n{m1 ny} Nng nN)>

Now, the estimate for this term can be concluded as in Lemma 8 again. [l

Remark 6. From the proof of the previous result, it is clear that

n m n m 3
(89) 18Goay() ~ G| < Cln — | (L (RLLBEDEY e

for n,m € ZV.

Proof of Lemma 38. First, it is easy to check that
9 2

gt v ()

IPea ()], = H

N
= |ANGen ()l <D 1ANGen (), -
i=1

1

Now, for |n| > 1, by using (9), we have

sz g ) (o (5

We consider the decomposition

IANGen ()5, < C(D1 + Da),

ML mP Y ml = 1)\
Dy = —
= (i) () e

and Do the integral of the same function on [|n|?,00). Applying (15) with a =
3/(2N) we deduce that

(it <1|i|i>2>2 (e (My 1))2N

_ n —1 N t + |n|?)2
<ot P2 (r Ve, (B)) <ot

where
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for (ln| — 1)/N > 3/(2N). By using that

nl—1
Gea <||N> < Gi1(0) <C,
we obtain the same estimate for (|n| —1)/N < 3/(2N). In this way,

C n|? - C

For Dy, using the bound (Gy1((|n| — 1)/N))N¥ < Ct~N/2| we obtain the estimate

Dy §C</ t—N—ldt+|n|4/ t—N—3dt> = |nT;N'
|2 In|2

The case |n| = 0 is clear and the proof of (85) is completed.
To obtain (86), it is enough to prove that

n — m|

(90)  [[ANi(Gen(n) — Gy n(m))||s, < OW’

[n| > 2|n — m|.

To do this we consider the decomposition
[AN,i(Grn(n) = Gen(m))[E, = Br + Ea,
with

(In[+|m[)?
E, = / t(AnN,i(Ge,n(n) — Gt,N(m)))2 dt
0

and Fy equals to the integral of the same function on [(|n| + |m/)?, o0). By using
(87), we have

E; < Cln—m]?

[ ) (o ()

and applying (15) with o = 5/(2N) and (|n|+|m|)/K > 5/(2N) it is deduced that

|n — m|? (In|+|m])? N
B<C I, )
1 < (|n|+|m‘)2N+10/0 (t(|ln| + [m|) + (|n| + [m|)?)
o — mP

<Cr—
= (In[+ [m[)zV+2

To analyze the case (|n|+ |m|)/K < 5/(2N) we proceed as we did for D;. Finally,
to estimate Eo we use (89) to obtain the required bound. Indeed,

Fy < Cln—ml|?

X ((n + Iml)2/(oo t_N‘3dt+(|n|+|m\)6/oo N dt)

[n|+|m])> (In|+[ml)?
n —m|®
= (| + [m])2V+2

and the proof of (90) is finished. O
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6.2. The gi-square functions associated to the Poisson semigroup. It is
very common to define some square functions in terms of the Poisson semigroup
instead of the heat semigroup. In our case such gj-square functions are given by

o 2 1/2
gk(f)(n)—</0 Ui dt) . k=1,2,....

By using that

ok
o P(m)

Ptf Zf Qtn k)

kezZN
with

3

Qt(n) — / 672t\/2§\]:1 Sin2(7TIi)€727T’L-<1?,1’1> dr
[(-1/2,1/2]

it is clear that

(91) 9x(f)(m) = [[Zei f(n)|g,
where

Ztkf Z f thn k)

kezZN
being

d* |
di —1/2,1/20

and

k)2
St x(x (Z sin Mz) e~ 2V XLy sin?(wai)

For this family of square functions we have the following result.

Theorem 40. Let N > 1, 1 < p < oo, w € Ay(ZN), and k € N. Then the
inequalities

Cill fller v wy < N8k (Oller @ w) < Coll fller @ ) fe@Nyne(zZN, w),
hold.
To prove the previous result we need the two next lemmas.
Lemma 41. For N > 1 and k € N, it is verified that

T'(2k
(92) k(I Ea) = o gy

The proof of this lemma can be done exactly as the proof of Lemma 34 but using
(91) so we omit the details.

Lemma 42. Let N > 1,1 <p< oo, wE AP(ZN), and k € N. Then the inequality
19k (F)ller @z wy < Cllfler @ ) fel@yne@h, w),
implies

1 £llerzn wy < Cllge(F)ller @z w)s feP@Nyne(zh, w).



52 O. CIAURRI

In this case, the proof of this lemma can be obtained polarising the identity (92)
and using duality. Again we omit the details.
Finally, to conclude the proof of Theorem 40 we will use the estimate

lgx (ller@zn ) < Cllfller @™ w)s feP(@N)ne iz, w)
and the next result.

Lemma 43. Let k € N, then
Lk/2]

n) < Z Ak,jge—;(f)(m),
=0

where Ay ; are some positive constants and |-] denotes the floor function.

Proof. First, we observe that for a function h with k derivatives it is verified that
ak t2 (k/2] ak,]
—h|— | = Br; ——h —_—

for some constants By, ;. Then, from (56), we have

ak [k/2] 00 ak j
PT ZB’”/ T | g Wef )|

and, by Minkowski’s integral inequality,

[k/2]

< 2 BrSi(

. 2
L * a1 [ O
=— _ t J — W dt du.
7 ), v ) 0= T '

Now, by using an appropriate change of variables, we have

S;(n) = \/12?/000 % (/Ooo $2k—2j-1 (aakk_jjw f(n ))2 ds> - du

- %gkﬂ»(f)(n)

and the result follows. O

6.3. The Laplace type multipliers. Given a bounded function M defined on
[0,4N], the multiplier associated with M is the operator, initially defined on ¢?(N),
given by the identity

N
TMf(n) = / M (4251112(7(1‘1)) ]:f(x)e_27ri<mvn> d.’L'
[~1/2,1/2)N Pt
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We say that T); is a Laplace type multiplier when

M(z)==x /000 e "a(t) dt,

with a being a bounded function.

The Laplace type multipliers were introduced by Stein in [25, Ch. 2]. There, it
is observed that they verify |z*M®)(z)| < C}, for k = 0,1,..., and then form a
subclass of Marcinkiewicz multipliers. For the operators Tj; we have the following
result.

Theorem 44. Let 1 <p < oo and w € A,(ZN). Then,
T fller @ wy < Clfllerzy oy, f € CEZN) NN w),
where C' is a constant independent of f.

From the identity

T oo
"= Tt R
! F(l—iv)/o ‘ CoTER

we deduce the following corollary.
Corollary 45. Let 1 <p < oo, v € R, and w € A,(ZN). Then,
(AN Fller@n ) < Cllflev@n wys € CEZN) N P(EZN w),

where C' is a constant independent of f.
Proof of Theorem 44. We only need prove that
(93) g1(Tm f)(n) < Cga(f)(n),
since by Theorem 33 we get that

1Tar fller 2z oy < Cllgr(Tar )ller @z oy < Cllg2(F)ller@n wy < Cllf ller @z w)-

Moreover, it is enough to prove (93) for sequences in cqo, the space of sequences
having a finite number of non-null terms. First, we have

T o) = [ als) W p ) s,

which is an elementary consequence of the relation

N
M| 4 sin?(rx;) | e 2@ gy
‘/[\_1/271/2]]\7 < Z1 ( )>

1=

oo N
:/ a(s) / 43 sin? (ma;)e s Tk s (700 o =2mi@n) g
0 [—1/2,1/2]N
)

i=1

— _/ a(s)i 6—45 >N, sin2(7rwi)e—27ri(a;,n) dr ds
0 0s [—1/2,1/2]N

- —/oo a(5) 2 G, () ds

- 0 88 5N '

Then, applying the semigroup property of W; we obtain

0

WilTie ) = = [ alo) 5 Wi () s
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and hence,
0 o 0 0 o 0?
ST m) = = [ als) 5 S Wese oy ds = = [ als) 5 W) ds
In this way,
0 ds
5, We(Tur f)(n <C/ Wf( )| =
3 o) 32 2 1/2
<Ct1/? /t 2 @st(n) ds
Finally,
e} 2
(T Hw)? = [ ;’;WATMf)( wsc [~ [ Lo dsa
—c [" | )| ds = oy
and the proof of (93) is completed. O
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