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ABSTRACT. We introduce a practical criterion that justifies the propagation and appearance of L?-
norms for the solutions to the spatially homogeneous Boltzmann equation with very soft potentials
without cutoff. Such criterion also provides a new conditional stability result for classical solutions
to the equation. All results are quantitative. Our approach is inspired by a recent analogous
result for the Landau equation derived in [8] and generalises existing conditional results related to
higher integrability properties and stability of solutions to the Boltzmann equation with very soft
potentials.
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1. INTRODUCTION

1.1. The spatially homogeneous Boltzmann equation. The Boltzmann equation describes
the evolution of the density f = f(¢,v) > 0 of gas at time ¢ > 0 with particle velocity v € R%. It
is given by

atf(tvv) = Q(f(t7 ')7 f(t7 ))(U)7 > 07 v E Rd7 d> 27 (113)
supplemented with the initial condition
ft=0,v) = fin(v), veER™ (1.1b)

The integral operator Q denotes the Boltzmann collision operator which is given by

0. N0 = [ do. [ (301w =010 ) Blo—vesorda. @2

Here above, o € S%~! is the scattering direction after a particle-particle collision with velocities
v and v, € RZ The post collisional particle velocities v’ and v/, are given by

/ - / . L uzxlulo . u
vV=v—u , Ve =V +U , U=V — Vg, U = —71), U= —.

2

In this document we work with a collisional kernel B(u, o) that take the form
B(u,0) = |u|"b(u - o) = |u|"b(cos §), cos@=7-0, ueR? ocesit,
Moreover, in the present contribution, we consider the so-called without cutoff assumption
sin?=2(0)b(cos ) ~ by 1725, as 60~0, (1.3a)
for some by > 0 in the regime of very soft potentials
v+ 2s <0, s € (0,1), v > max{—4, —d}. (1.3b)

For this range the existence of H-weak solutions and the linear-in-time propagation of statistical
moments is guaranteed, see [14]. Such kernels are derived from long-range potentials obeying
inverse power law U (1) = 77" with 2 < p < oo for the physical three dimensional case. In this
case,
—3<7=B<1, 0<8:L<1.
p—1 p—1

Notice that, 7 = (p — 5)s, and v + 2s = (p — 3)s, so that we are assuming 2 < p < 3. It is well
known that due to the large forward scattering of collision, that is for small scattering angles

0 ~ 0, a diffusion-like regularisation effect is expected in this case.

We notice that in the case of hard or moderately soft potentials, that is v + 2s > 0, it is
known that global smooth solutions exist [24]. However, for the case (1.3b) addressed in this work
smoothness and uniqueness of solutions to (1.1) is an open problem. Working in this direction,
our objective is to provide a conditional result aiming to:
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1) showing the appearance of LP-integrability of solutions to (1.1) as well as the propagation of
such integrability if initially assumed.

2) proving the stability of solutions to (1.1) in suitable weighted L?-spaces and, thus, implying
the uniqueness of solutions in such spaces.

The precise statement of these results is in Theorem 1.1 below. Let us introduce some useful
notation used in the sequel.

1.2. Notations. For k € R and p > 1, we define the Lebesgue space L} = Lz(]Rd) through the
norm

1fllze == (/Rd | f ()] <v>’“dv>”, LR(RY) = {f RY =R | fllpp < oo},

where (v) := /1 + |v|2. In the particular case k = 0, we simply denote || - || .» the LP-norm. For
any « > 0, we define the homogeneous Sobolev spaces H® through the norm

ol = | [ 8O leae| . g = [ ewp(in-9goin, B @

and the Sobolev space H* through the norm || - ||#a = |- [|2,, + || - [|32. We refer to [10] for more
details about Sobolev spaces. We will repeatedly use the fact that, for k; > ko > 0, it holds

1) 2 gllue < Ol gllma, @ >0

for some positive constant C' > 0 depending only on d, cv, k1 — k2. Notice that such an estimate
is not true for the norm associated to the homogeneous space H®. Given k € Rand f € Li(Rd),
we also define the statistical moments as

my(f) = [ fv)(v)Fd.
Rd

Given mass ¢ > 0, energy £ > 0, and entropy bounds H > 0, we introduce the subclass
Y(o, E, H) of L}(R%) N Llog L(R?) as

Vo, B, H) = {g € LY(RY); g > 05 mo(g) > 0, ma(g) < E

/Rd g(v)log g(v)dv < H} . (1.5)

This class is a natural space for solutions of the Boltzmann equation. In the sequel, we will fix
oin > 0, By, > 0, Hiy > 0 and will use the shorthand notation
yin = y(@ina Ein7 Hin) .

The initial datum f;,, associated to (1.1) is always assumed to belong to YViy.

Finally, for a measurable mapping b : (—1,1) — R™, we identify the function b to a function
defined over the unit sphere S?~! through the identification o € S~! - cosf € (—1,1) and
write

||b\L1(Sd1):/ b(a-a)da:}sd—2\/ b(cosf)(sin@)?2d9  Vaue st
Sd-1 0
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1.3. Main results and related literature. In the context of the spatially homogeneous Boltz-
mann equation without cutoff, the question of the regularity and well-posedness of solutions is
well understood in the case of hard potentials corresponding to v > 0 [24, 6] and moderately
soft potentials v + 2s > 0 [24]. Global existence of classical smooth solutions is known when
v+ 25 > 0, see for example [15, 22, 24]. Additionally, measure-valued solutions are known to
exist globally when v > —2, see [27, 28], whereas a very weak notion of solution, based on the
entropy dissipation functional, have been constructed in [31] under the name of H-solutions;
these solutions exist for a large range of potentials and propagate statistical moments, namely
v > —4and 0 < s < 1 as proven in [14]. A new functional inequality for the entropy production
derived in [12] has shown that H-solutions are in fact weak solution for v + 2s > —2.

This work is aimed to discuss the delicate case of very soft potentials for which v+ 2s < 0 with
v > max{—4, —d} and 0 < s < 1. For such negative values of -, the singularities of the collision
kernel B(v — vy, 0) in (1.2) are severe and constrain solutions to possess a minimal threshold of
integrability and smoothness to be meaningful, at least in a weak sense. Currently, such minimal
threshold has not been proven in an unconditional manner. It is the aim of this document to
provide a conditional integrability condition on solutions that allows higher integrability which,
in turn, results in an stability theorem for weak solutions. Interestingly, for suitable modification
of the Boltzmann equation, introduced recently in [30], higher integrability conditions have been
unconditionally established yielding a satisfactory well-posedness theory for such a “isotropic”
Boltzmann model.

For the very soft potentials case, the conditional regularity of solutions to the Boltzmann
equation without cutoff has been introduced in the work [29] where it is shown that if the
solution lies in L>([0, T]; L} (R?)) for p and k sufficiently large, then it is bounded. In addition, a
suitable rate of appearance of pointwise bounds is provided. More precisely, for a suitable solution

f:(0,7)xRY = Rto(l.1)and p € (m, ﬁ) and k£ > 0 large enough,

F(t) € 20, 1) RRY) = IOl <C (1+¢777) (16)

for some C' > 0 explicitly depending on supc(o 77 | £ () -

Attacking the problem from a different angle, as far as regularity of solutions is concerned,
a recent result of [18] provides a bound on the Hausdorff dimension of the times in which the
solution could be singular. Such a result is the analogue of the celebrated [11] result for the
Navier-Stokes equation that has been recently adapted also to the Landau equation, see Section
1.4 for details.

Let us state the first theorem that establishes a new conditional criteria ensuring the appearance
or propagation of LP-norms which, arguably, generalises the one in (1.6). Such criterion follows
the spirit of the well-known Prodi-Serrin criteria that guarantees the uniqueness of solutions to
the Navier-Stokes equation, see the recent result for the Landau equation [8]. The theorem is
stated for classical solutions, in the sense that we work with solutions where all computations
can be carry on meaningfully, and must be understood in the context of a priori estimates.

Theorem 1.1. Let fi, € Viy be given and let f = f(t,v) be a classical solution to Eq. (1.1) with
B(u,0) = |u|"b(cos §)



where b(-) satisfies (1.3a)—(1.3b). Assume that the solution f satisfies

2s d

(Wl f e Lr([o,7]; LYRY) mm4;+5:45+d+7 (1.7)
where r € (1,00) and q € (max (1,%) ,oo). Then, given p € (1,00), the following
integrability properties hold:

(a) (Propagation of Lebesgue norm) If f;,, € LP(R?) then

C T
swp 1701 <o { S [T (110 OI) e Linlr 19)

te[0,7)

for some explicit constant Cy depending onp, q, s,7, d and gin, Ein, Hi, but not onT or || fin||Lr-

(b) (Appearance of Lebesgue norm) If moments for fi, are assumed, that is

1 (mpd _ _ hild 1
fineLmo(]R )7 77p—77p(57’>’) _E <1_p )

then, the solution f = f(t,v) satisfies the following estimate fort € (0, T]

1

_d 1
Ol < Kppar 5073 sup my (7). 19)
T7€[0,T

T
where K, o 7 is explicitly depending on / (£ (@)|[54dt and also on p, q, s,~, d and oin,
0
Ein, Hin.

We do not elaborate on the appearance of pointwise bounds in the present contribution,
however, the appearance of LP-bounds for sufficiently large p > 1 provides an alternative
criterion to the result of [29] recalled in (1.6). Indeed, as long as solutions possess such higher
integrity, it is possible to adapt the method used in [6] based on the solution’s level sets and deduce
the appearance of L°-bounds for solutions to Boltzmann equation. The method is reminiscent of
the De Giorgi’s L — L®° argument and has been applied in the study of the homogeneous Landau
equation in [7, 17] and would imply, for the Boltzmann equation, that if a solution f = f(t,v)
to (1.12) satisfies (1.7) and suitable L!-moments estimates then for any ¢, € (0, T) there exists
K(t.,T) > 0 such that

sup |[[f(t )l < K (e, T).
tets,T)

In addition to the appearance of pointwise bounds, the relevance of the Theorem 1.1 lies also
on the fact that it is central to deduce stability of weak solutions to the Boltzmann equation (1.1).
This was observed in [16] in a result that can be roughly summarized as follows. Finite energy
solutions to (1.1) lying in

» d
Ll([O,T]; L (Rd))v p> m

are unique, see [16, Corollary 1.5]. The following theorem shows that the condition f €
LY([0,T], LP(R%)) can be replaced with the Prodi-Serrin criterion (1.7).
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Theorem 1.2. Assume d = 3 and let hiy, gin € YVin be given. Let h = h(t,v),g = g(t,v) two
classical solutions to Eq. (1.1) associated with initial data h(0) = hin, g(0) = gin with
B(u,0) = |u|"b(cos §)
where b(-) satisfies (1.3) and —% < v+ 2s < 0. Assume that
hin, gin € L%+2|7|(Rd) N Ly(RY)

for some k > 11 + 4s and ¢ > k + || and that both solutions satisfy the Prodi-Serrin condition:

2 d
(Wln (Wlg e L7 ([0, 1] ; LYRY)) with 7‘9 to= 25 +d+ 7y (1.10)
wherer € (1,00),q € (m, oo) . Then, there exists C(hin, gin) > 0 depending ond,~, T, k.,
”hinHL}j HginHL}{, H (hin), H(gin), and the Prodi-Serrin norm ‘ <'>MhHL;‘L2 ) (-)Mg‘ Ly such
that
IB(E) ~ g)I2 < Crllhn — g, Vi€ [0.7) (111)

In particular, if hin = gin, then h(t) = g(t) forallt € [0,T].

We stress that the main Theorems 1.1 and 1.2 must be interpreted as practical criteria to get a
priori estimates for solutions to the Boltzmann equation in an explicit and quantitative way. The
computations provided are formal, certainty the ones requiring smoothness. For this reason, we
are stating the results in the framework of classical solutions. The rigorous justification of such
estimates is a delicate issue, however, it is likely that at least in some regimes (such as smallness
of the initial data) or under reasonable restrictions (such as a Prodi-Serrin like criteria) can be
carry on, with no condition, for weak solutions. Evidence of this can be found for example in
[18, 17].

We point out that the Prodi-Serrin like criterion of Theorem 1.2 and Theorem 1.1 are the same,
even if the former deals with a weighted L?-norm. Effort has been made to provide a unique
criterion at the price of adding an assumption on the initial data hiy,, gin. We also point out that the
stability estimate (1.11) is likely untrue for unweighted norms L?. For this reason, the cornerstone
of Theorem 1.2’s proof is the propagation of weighted LP-norm under the criterion (1.7).

1.4. Link with the Landau equation and strategy of proof. The Boltzmann equation (1.1)
and the Landau equation (1.12) have been studied in a parallel fashion, with developments in one
helping the theory for the other. The Landau equation can be seen as a limiting equation derived
from the Boltzmann equation in the regime of grazing collision. In such a limiting procedure
inherently the angular singularity s — 1. Rigorous work of this limiting procedure can be found,
for example, in [5]. A recent and interesting new point of view can be found in [32].

The Landau equation is given by

0 (t.0) = QuNE) == Vo [ Jo—u Mo =0 {97 = /97 o, (12

with commonly used shorthands f := f(v), fi := f(v.) and where II(2) = (|2/?Id — 2 ® z).
We refer the reader to the introduction of [8] for an extensive description of the existing results,
both conditional and unconditional, relevant for the study of (1.12). We mention here that a
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recent contribution [21] has shown that strong solution to the (1.12) do not blow-up. The special
structure of the equation leads the Fisher information functional to decrease along the flow of
solutions to (1.12), refer to [17] for consequences of this result for weak solutions. It is an open
question to see if an analogous result holds for the spatially homogeneous Boltzmann equation
considered in the present contribution.

The present contribution’s approach is reminiscent of [8] for the Landau equation. In fact, we
point out that the statements in Theorem 1.1 and 1.2 become for s = 1 exactly the corresponding
main results in [8]. An interesting problem is to check rigorously whether the results of this paper
recover those of [8] in the grazing collision limit (in particular, when s — 1).

Let us discuss now similarities and difficulties when implementing the strategy to the Boltz-
mann case. We notice that the Landau equation can be written as a nonlinear parabolic equation

Ohf =Tr (Af]ID?f) + car ey [f11, (1.13)

where D? f is the Hessian matrix of f, A[f] is a suitable positive definite diffusion matrix, cqgny >0
a positive constant, and

c,lfl = /Rd [0 — v |7 f(vs)dun, Vv € RY.

Due to coercive properties of the diffusion matrix A[f], the Landau equation exhibits a regularisa-
tion effect corresponding to a gain of one full derivative with the immediate appearance of the H
norm, up to some algebraic weight. Similarly, the Boltzmann operator Q provides a regularisation
of fractional order with immediate appearance of H* norm, with an algebraic weight <>% and with
s € (0,1) directly related to the angular scattering singularity s in (1.3). Such gain of regularity
has been first rigorously proven, with appearance of local H*-norm, in [1] and latter extended in
[2] to give a suitable coercivity estimate for Q, see Lemma 2.3. Such fact can also be seen clearly
thanks to the decomposition, derived in [29], of the collision operator Q as

o) = QN +aur el = [ (1) = F0) Kylv.v)an.,

for some suitable kernel Kf(v, v), depending on f and analogous to A[f] in (1.13), which has a
regularisation effect similar to the fractional Laplacian of order s € (0, 1)

Kp(v,0.) ~ Cp(v) v — v, | 7472, v,v. € R x RY,

For the well-posedness of (1.13), the competition between the helping action of the diffusion
associated to A[f] and the singular drift term ¢, [f] is a crucial point to be addressed, hence,
the conditional criterion given in [8] (which is essentially (1.7) with s = 1). Similarly, for the
Boltzmann equation the key point in to control the singular drift term c,, [ f] with the helping action
of the fractional diffusion term Q1 (f). The quantification of such action is obtained by generalising
the so-called e-Poincaré inequality, derived in [20, 8], to address fractional regularisation, see
Proposition 2.7.
Roughly speaking, the main steps to prove Theorems 1.1 and 1.2 are the following:

i) A control of the singular term ¢, [f] in terms of suitable higher norm ||(-)1"! |7, with ¢, r
appearing in (1.7).
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This is done thanks to a new fractional e-Poincaré inequality which accounts for the fractional
diffusion term ||(-)2 f || in Proposition 2.7. With such a e-Poincaré inequality, the proof of
Theorem 1.1 is deduced in a direct fashion from the evolution of the LP-norm for solution to (1.1).

ii) A generalisation of Theorem 1.1 addressing weighted LP-norm of solutions to (1.1) and,
therefore, a weighted version of the e-Poincaré inequality.

Controlling weighted norms of || f (¢)|| L to derive the stability estimate in Theorem 1.2 is a non
trivial matter, especially if one wishes to keep an “unweighted” Prodi-Serrin criterion (1.7), that is,
to provide a unified criterion for the control of any weighted norm || - || rr» k= 0. We address this
issue by imposing an additional assumption only on the initial datum to ensure the propagation or
appearance of such norm, see Theorem 3.7. A new weighted version of the e-Poincaré inequality
is also presented in the proof of such result, see Proposition 3.4. Relative to the Landau equation,
the proof is more challenging because of the distribution of weights <>§ due to the fully nonlocal
nature of the operator Q; (f). Details on this are given in Section 3.

iii) A careful study of the evolution of the Lz norm of solutions to (1.1) and combine it with a
Gronwall argument.

This step is delicate and resorts to several fine properties of the collision operator, some of
them scattered in the literature. We use in particular several sharp estimates from [23] and [3].
In particular, the nonlocal nature of the collision operator Q presents challenges that require
commutator estimates of the type

(Q(f, ()79), ()20) 12 — (Q(f, 9), (Vo) 1

where (-, -) ;2 denote standard the inner product in L?, see [9, 13] and [23] for fine versions of
such commutator estimates. New commutators estimates valid for very soft potentials and of

k
2

independent interest are provided along the contribution, see for example Proposition 4.3.

1.5. Organization of the paper. Section 2 provides a proof for Theorem 1.1 as well as the
fractional e-Poincaré inequality. We deal with the extension to these results to LP-spaces with
weights in Section 3 and provide the main stability result yielding to Theorem 1.2 in Section 4.
We collect in Appendix A several estimates related to moments estimates and useful properties of
the collision operator Q. We in particular extend a fundamental result of [9, Prop. 4.1] to very
soft-potentials in Appendix A.1.
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Note added to the paper. Since the submission of this work for publication, an important con-
tribution [25] has appeared as a preprint, demonstrating that the Fisher information is monotone
decreasing in time along solutions to (1.1). This finding, which aligns with the results in [21]
concerning the Landau equation, in particular establishes the global existence of smooth solutions
to (1.1). Furthermore, it implies that the Prodi-Serrin criteria discussed herein are automatically
satisfied if the initial datum fulfills certain regularity conditions. Nonetheless, we believe that the
tools and techniques developed in this paper remain of significant interest for further studies of
the Boltzmann equation, especially for (very) soft potentials.

2. PRODI-SERRIN LIKE CRITERIA FOR LP-APPEARANCE AND PROPAGATION

2.1. General properties of the Boltzmann operator. We collect here several fundamental
properties of the Boltzmann collision operator that will be used throughout the sequel. We begin
with the following Cancellation Lemma obtained in [1, Section 3].

Lemma 2.1 (Cancellation Lemma). Given a collision kernel B(u, o) = B(|u|, cos @), for almost
every vy € R% and any smooth F', one has

/Rd dv s B(u,0) [F(v') = F(v)] do = (F = SB) (vs) (2.1)

where

Sp(z) = 8977 /02 sin?~2(9) [cosdl(e)B (colzge) : COSH) — B(|z], cosﬁ)] de.
2 2

Remark 2.2. For B(|ul,cos6) = |u|7b(cos 0), one sees that

Sp(z) = |27s42 / ? sin=2(0)b(cos 0)d0
0

where

b(cos ) = [(cos (g))i'yfd - 1] b(cos ), VRS [0, g] .
Notice that, under the assumption (1.3a) one has

bo(’y + d) 01728

sin=2(0)b(cos ) ~ 3 6~0,
so that b is integrable for any s € (0,1) and
Su@) = [ Bluoyo = |21 [ 3z 0)da = (Bl
Sd-1 Sd-1

is well-defined.

We also recall the following coercivity estimate related to the collision operator, taken from
the proof of [4, Eq. (2.9)] (we also refer to [19, Theorem 1] for an equivalent formulation):

Lemma 2.3 (Coercivity estimate). Let

B(u,0) = |u|"b(cos ) ,
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where b satisfies (1.3a) and v + 2s < 0. For any suitable G € Yy, and F € S(R?), define

96, F = / dv / dv, / B(u,0)G(v.) [F(v') — F(v)]? do. 2.2)
R4 R4 Sd—1
Then, there exist ¢y, Cy > 0 (depending only on d,~, 0o, Eo, Ho) such that
52 52
21G,F) 2 e |[()3F||, —Co||t)3F]

holds true for any G € Vi, and F € S(RY).

Remark 2.4. For B(u, o) = |u|"b(cos 0) satisfying (1.3a), we simply write Z|G, F] for the afore-
mentioned functional. To enlighten the role of the parameter vy in the above definition, we will also
use the notation Q. (g, f) for the collision operator associated to B(u, o) = |u|"b(cos §) and denote
with 9.,|G, F] the associated coercivity functional, see, e.g. Proposition 4.2.

Introduce the notation
e [f](v) = /R o= v, f(o)dv., 4 <0. 2.3)

The analysis of this term requires then the specific use of the Hardy-Littlewood-Sobolev inequality
which we recall here for the sake of clarity.

Proposition 2.5 (Hardy-Littlewood-Sobolev inequality). Letd € N, d > 1,1 < m,p < o0
and 0 < A < d with

Then, there exists Cyrs > 0 (depending on d, p, \) such that forc g, h : R* - R
[, ot@)la = sl hia)dady < Cins gl 1] 49

We finally recall the weak form of the collision operator Q(g, f) (see [31]), for any smooth
test function ¢ = ¢(v)

/ g, f)édu = / B(v — ., 0)g(0)f(0) [6()) — 6(v)] dvdundo . (25)
R4 R xR xS§d—1

2.2. Evolution of LP-norm. We investigate in details the evolution of LP-norms for solutions
to the Boltzmann equation (1.1). We use in the sequel the notation, for ¥ € R and p € (1, 00),
o112
2

Hs

Mip(t) = [ S0P @tde, Dagl) = 05708, (2.6)

where s € (0,1). We adopt also the following short-hand notation
M, (t) = Mo, (1) and  Dyp(t) = Dy p(1).

One has then the following proposition.
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Proposition 2.6. Let fi, € Vi, be given and let f(t,-) be a classical solution to (1.1) and let p > 1.
Then, there exists Cyp, ¢, > 0 depending only on p, || fin| 1y and H(fin) as well as Cp > 0 depending
on the collision kernel B such that

d
M0+ 6Duylt) < (0= 1 [ e [FOI0)(E 0o+ OG0, (@)
foranyt > 0.

Proof. We multiply (1.1) by fP~1(¢,v) and integrate over R? to deduce that

L = [ oot = [ o
_ / B(u,0)f(t,v.) f(t,0) [f(@W' P! — f(©)P] dvdv,do.
R xRdxSd—1
Therefore, applying (A.1) with X = f(v') and Y = f(v) one sees that

E]Mp(t) SLlf ()] = Za[f(1)]

dt
with
_ b "\p P
B =5 [ i) [ = 0] Bl ojdv.dedo
and
Llft) = m /Rmxgdl f(t, vs) [f(t,v')g - f(t,v)g]zB(u,a)dv*dvda.

According to the Cancellation Lemma 2.1, and with the notations of Remark 2.2,

Lf(t)] = ]Z/wagdl f(t,v,) fP(t, ) B(u, 0)dv,dvdo, B(u,0) = |u|"b(cos8),

and, using again Remark 2.2,
p ~
O] < Sl /R f( ) 70— v dudo,.

Moreover, applying the coercivity estimate in Lemma 2.3 with G = f(t, ) € Yipand F = f 3 (t,-)
shows that there exists ¢, Cj > 0 depending only on || fin||£1, H(fin) and p such that

To[f(t)] = cpDgp(t) — CpIM, o (2).
Putting these estimates together gives the result. O

One sees from the previous estimates that, to study the evolution and appearance of LP-norms,
we need to understand the contribution of the term

[ s v
Rd

This is done by the following fractional e-Poincaré, inspired by the work [20]. The following
proof is extracted from [8] where the result is proven for s = 1. Refer also to Proposition 3.4 for a
generalisation including suitable weights.
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Proposition 2.7 (Fractional c-Poincaré). Assume thatd € N, d > 2, and consider s € (0, 1]
and —d < v+ 2s < 0, and

< g < —.

d+2s+7 1S d+4
Then, there exists Cy > 0 depending only ond,~y, s, q such that, for any e > 0 and suitable functions
¢ andg > 0,

2 v =
de;lgldv <= (o] +Co <|rg||p +e 5 ||l ) [ #era. e
Rd Hs La Rd
wherev € (0, s) is given by v = %;M.

Proof. For a given g, ¢ > 0, we define
Ag.o)i= [ Fweld@do= [ o= L)) dud..
Rd R4 x R4

For any v, v, € RY, if [v — v,| < $(v), then (v) < 2(v.). We deduce from this, see [4, Eq. (2.5)],
that

— Y — (Y oy — . |V
v — w7 <277 (v) (1{|vv*><;>} + (vs) TV — vy 1{|vv*|<<;>}> :
Therefore,

Alg, ¢] < 277 (Ailg, ¢] + Az2[g, ¢]) , (2.9)
where A, [g, ¢|, A2[g, ] denote respectively the “regular” and “singular” parts of Alg, ¢],

Algsol = [ @ [ gled.,

and Aslg, ¢ == (v*>_vg(v*)dv*/ v — v, (0)? (v)dw.
R? [o—va| <5 (v)

5

Introduce G (v) = (v)"g(v) and ¥ (v) = (v)2 p(v). Clearly,
Al[.g> (Z)] < HgHLl ”Wﬁ'ﬂ 5

while
Az[g, 8] < / v — v [YG(v,)2p? (v)dvdu, .
R xRd
We estimate then As[g, ¢| thanks to Hardy-Littlewood-Sobolev inequality (2.4) to get

1 1
Aslg, ¢ < Cus |Gl La [[9?|m = Cuws |Gllza [[9]|72m, — = 2—q—g‘

where Crg depends only on v, d, g. We apply this with % <g< ﬁ and s € (0,1], and
thus write for some v € (0, s)

(1 <g,m < 00),

4 d (2.10)
= m = . .

= g ryra d— 2w

Notice that 2m = dz—gy and according for example to Theorem 1.38 of [10], H” is continuously

embedded in L?™(R%), that is, for a constant C' > 0 depending on d, v, 7, g,
Azlg, ¢] < O Gllzall¥ |1, -
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Moreover, since

[l < 0llg, 121125,
see for example [10, Proposition 1.32], one has that
20 25—20
Azlg, ¢] < CIGLall¥llg, 1Nl -

Thanks to Young’s inequality, given § > 0, one deduces that

s S v

277 Ao[g, ) < S ||[9)|%, + O |Gl ;5" 67 |3 (2.11)

Plugging this inequality into the estimate for A [g, ¢] we see that

Alg, ¢ <8 |lZ + Co (gl + 0777 IGIE" ) I3,

for some positive constant Cy depending on s, v, 7, q. This proves the result recalling the definition
of G and . O

2.3. Appearance and propagation of L”-norms. With the estimates established in the previ-
ous sections, we can prove the main result about appearance and propagation of L”-norms for
solutions to the Boltzmann equation (1.1), providing the proof of Theorem 1.1 in the Introduction.

Proof of Theorem 1.1. We assume f satisfies the Prodi-Serrin criterion (1.7) with some fixed ¢ >

v € [0, s] so that r = = satisfies

d : : d
max (1, m) . We write, as In (210), q = m,

d 2s
-+ —=d+v+2s.
q r

Starting from (2.7) and applying the above fractional e-Poincaré inequality with ¢ as in (1.7),
g= f(t,v) and ¢ = f%(t, v), we deduce that, for any € > 0,

d
SML(1) + 6Dup(t) < o(p — DCEDyy (1)

+ (0= DCRC [IF Ol + e FFNOMFOIE ] + Cp) Mo (),

with v = %ZJW). Choosing then ¢ so that e(p — 1)Cp = % and noticing that || f(¢)||1 =

| finll 1, we deduce that there exists Cy depending on B, p, q,d, H(fin) and || fin|| 1 such that

d s
M) + T (0) < 1 (14167 O ) DL (). (212)

Recalling r = -, we deduce that the mapping

v

AW = C1 (14 O PN ) = €1 (1+ 16 F@)%) € L([0,7])
falls under the Prodi-Serrin condition (1.7). Since IM, ,,(¢) < IM,,(¢), the inequality (2.12) implies
that

g Me() SAMDOM,(E), Mp(0) = [IfinllT < o0,
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where we recall that f;,, € L?(R?). Then, Gronwall lemma implies that

T
sup M, (t) < exp (/ A(t)dt> M,(0),
te[0,7 0

which is nothing but (1.8). In order to show the appearance of LP-norms, we need to exploit the
coercive term in the right-hand side of (2.12). We begin with recalling the Sobolev embedding of

H* (RY) — L% (R%) with sharp constant Csop, ¢
loll e < Csonalallse. Vo € HI(EY),
which implies

Y .p

2
(y2f2(t)

X p Y 2
| e = 022 24 < s .. - (213)
As in [8], we resort to standard Holder interpolation inequality with weights,
1) gllzro < 1) gl g 1) gl 1 (2.14)
with To,T1,72 21, ap, a1, a2 € R)
1 A
—=—+ ) a0:9a1—|—(1—9)a2, 96(0,1).
To 1 T2
Applying such an inequality with the choice g = f(¢) and
0 v ] dp P 2s
ap =0, aj:= ag = — ro:=mp, =1, ry:= ==
0 ’ 1 Tlps 2 pa 0 b, sy 12 d—28’ d(p—1)+28’
we get, with (2.13), that
ol p(lfe) _ Y P 2(1*9)
My () < g (07 ()7 £G20)|| ap < o (0P CE2 |0 PE )|

holds for any ¢ > 0. Reformulating this inequality as
-2 __2sp 1+L
IDSvp(t) 2 C1Sob sy (t) R Mp(t) d(p=1) )

and plugging this into (2.12) we deduce that

d Cp

2s 2s
M () + =gy, (£) T DM, ()T T < A (M)
de CSob s g

Defining y,(t) = IM,,(¢) exp (— fot A(T)dT), one sees then that

d Cp

S plt) < — =2y (1) T D g (1) T
dtyp h C'SZOb,s K o

which, after integration, yields

d(p—1
25p _d(p—1)

— 2s
2sc de=1)
0 < |—22 a0 t
i d(p - 1)C§0b,s 7€[0,17] K
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1 1 [
Recalling that || f(¢)||zr = yp(t); exp < / A(T)d7'> and setting
Db Jo
_d(p—1)

Ky 1 = [d(2] T e (S [ (110 0l) )

b 1)C§0b,s

gives the result. g

2.4. Endpoint estimate for » = 1. In the aforementioned result the case » = 1 has been
excluded. We can provide a criterion similar to (1.7) in this case. Notice that » = 1 corresponds
toqg = ﬁ and, for such a result, no additional moment <->M is needed in (2.15). However, the

criterion only covers the range 1 < p < %.

Proposition 2.8. Let fi, € Vi, be given and let f = f(t,v) be a classical solution to Eq. (1.1) with
B(u,0) = |u|"b(cos ) ,

where b(-) satisfies (1.3a)—(1.3b). Assume that the solution f satisfies
FeLN([0,1]; LT (RY). (2.15)

Then, foranyp € (1, ﬁ) the following integrability properties hold:

(a) If fin € LP(R?) then
sup [[f(#)[zr < exp (CO /T LF @] ddt> [ finllze , (2.16)
te[0,7] P Jo Lty

for some explicit constant Cyy depending on p, d, B and gin, Ein, Hiy but not onT or || fin|| Lr-
() If fin € L%p(Rd) with 1, defined in Theorem 1.1 (1 < p < ﬁ), then, the solution
f = f(t,v) satisfies the following estimate fort € (0, T

1

_d(1_
1 @)lee < Ky 3 (073) sy, (7). (217)
7€(0,T

T
where K, g 7 is explicitly depending on / Il f(t) HL# dt and also on p, B, d and oin, Fin,
0 Y
Hi,.

Proof. Starting from Proposition 2.6 one observes from (2.7) that only the term

[ el o
Rd

needs to be estimated. Notice that under (2.15), the e-Poincaré inequality and the regularisation
effect induced are not needed. Indeed, as in [8], one can deduce directly from the Hardy-Littlewood-

Sobolev inequality (2.4) that
d d
/Rd ey [f(0))(0) [Pt v)dv < Cappll f ()l Lo [ f @) llzr, 0 = m; I1<p< m )
for some constant depending only on d, v and p. This and (2.7) give that
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with

Ao(t) = Caqp(p = DCBIf ()l Lo + Cp € L'([0,T))
according to (2.15). This proves the propagation of the LP-norms for 1 < p < %. The proof of
the appearance follows then the lines of the Theorem 1.1. g

Remark 2.9. It is possible, as in [8, Proposition | to derive a criterion in the endpoint estimate

T =00,q= 7d+$+25 as well. Such a case requires a smallness assumption on the norm
1l
su
s OO,

Details are left to the reader.

3. ADDING MOMENTS

We focus in this section on the evolution of weighted-LP norms of f(t,v) as defined in (2.6)
adapting the strategy of the previous section in order to incorporate weights.

3.1. Evolution of weighted L”-norms. Let fi, € Vi, be given andlet f = f(¢,v) be a classical
solution to Eq. (1.1) with

B(u,0) = |u|"b(cos §)
where b(-) satisfies (1.3a) and v 4+ 2s < 0. We recall the notation (2.6) and compute the evolution
of My, ,,(t), for k > 0. To do so, we introduce the additional notation

F(t.v) = (W) f(t.0).
so that My, ,,(t) = || F'(¢)||} - One has that

1d
mmk,p@) S / Q(f. fYF(t,v){v) rdv,

that is,

;jt]Mk,p(t) = /R oo JE0T ) [P0 05 — PP 0) )] Blw 0)dodvdo.

We follow [6, Section 2.2] to compute f(t, v) [Fp_l(t, v’)(v’)g — Fr=1(¢, v)(vﬁ} Write

;jtmk,p(t) = AW+ A0+ 50,

with
Af@)] = /R i f(t,v)F(tv) [FPY(t, o) — FPY(t,v)] B(u,0)dodv,dv,

k

Lalf(t)] = /R%xsdl ft,v) f(t,0)FP7L(t,v) [(v'ﬁ - <U>ﬂ B(u,o0)dodv,.dv,
and

A3l ()] = /R s BV D) [FP=L(t,0") — FP7L(t,0))]

x [@/)5 - <fu>ﬂ B(u, 0)dodv,dv.
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The estimates of the various terms _Z;[f(t)] are given in a series of lemmata.

Lemma 3.1. Let fi, € Viy be given and let f(t,-) be a classical solution to (1.1) associated to
B(u,0) = |u|"b(cos 0) ,
where b(-) satisfies (1.3a) and v + 2s < 0. Given p > 1, one has that

1 el < MBlueey [
AUOL+ s [10. P8 0] < TEED | el e, )

where b(-) has been defined in Remark 2.2 and 9 is defined in (2.2).

Proof. The proof follows exactly the lines of the proof of Proposition 2.6. Notice that

O] < A1alf (O] = Fra2lf ()],

with
Jialft)] = 1// f(t,ve) [Fp(t, V') — FP(t, U)] B(u,0)dodv,.dv,
P JRr2dxsd-1
Solf(t)] = W /R o F(t,v,) [F%(t,v') — Fi(t, v)r B(u,0)dodv,dv.

The computations in Proposition 2.6 shows that

Aaln0) < EED [ o o1, vae,

while #12[/ ()] = sy 2 [ F(0, FE ()], 0
For the second term _#5[f(¢)] one has the following lemma.
Lemma 3.2. Let fi, € Viy be given and let f(t,-) be a classical solution to (1.1) associated to
B(u,0) = |u|"b(cos ) ,

where b(-) satisfies (1.3a) and v + 2s < 0. Givenp > 1 and k > 2p there exists ¢, ,(B) > 0
depending only on p, k and on the collision kernel B such that

AAIO) < 1y [ e [0 50] 0P (0010, 62)
where we recall that c.,42 is defined through (2.3).
Proof. Since
/07r b(cos ) sin? 8df = C, < o0,

under assumption (1.3a), one can use (A.4) with ¢ = % > 2 and o = s to deduce that there exists
C > 0 depending on k, p, s, b such that

[, beos0) (007 = (5 ) o < Clo— w2 (0572 4 () 5)
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Therefore,

k

Bf(t)] = /IR s TE02) F(t,0)FP=L(t, ) [<u’>5 - <v>%} B(u, 0)dodv,dv
< C/ |v — v VT2 f(t, v,) f (£, 0) FP7L(E, v)(v)g_%dvdv*
R2d

+2s k_9g p—1
+C [v — |7 () p T f (s f(E,0) FPT (8, v)dodo,.
R2d

k
Observing that (-)» fFP~! = FP we get that

S2f(t)] < C max /R LGt [<->ﬂ—25 f(t)] (v) (<u>—ﬂFp(t, u)) dv,

,3:25,5
which gives the result. 0
The most delicate term is _#3[f ()] addressed in the following lemma.
Lemma 3.3. Let fi, € Viy be given and let f(t,-) be a classical solution to (1.1) associated to
B(u,0) = |u|"b(cos0) ,

where b(-) satisfies (1.3a) and v + 2s < 0. Letp > 1 and k > 2p be given. For any § > 0 there
exists Cs(B) > 0 depending only on p, k and on the collision kernel B such that

A) <67 [10.F50] + Oo(B) [ Pt ve e [0 0)] v, 63

Rd
where 9[-, -] is defined in Lemma 2.3.

Proof. Omit here the dependence of ¢t > 0 for clarity and recall that

A= |

R2d xS§d—1

k

o= |7 f(vi) f(0) [FP71 () — FP~ (v)] [(v’ﬂ — (v)%] bs(cos 0)dodv,dv

k
where F' = (-)» f and write by instead of b to emphasise the strength of the singularity in (1.3a).
Estimating the difference of weights thanks to (A.3), with ¢ = % and a = s € (0,1), induces the
control

A3f]1 < Cr (F31(f1+ F32(f])

E
p’
where, for b(cos f) = sin () b(cos),
I3alf] = / [ — v, [7F5b(cos 0) f (vs) (V) "5 F (v) |Fp_1(vl) - Fp_l(v)‘ dodv,dv,
R2dxS§d—1
and where the most delicate term to manage is
F30lf] = / lv — v [7F5b(cos Q)F(U*)<U*>_S<U>_§F(U) ‘Fp_l(v') — Fp_l(v)‘ dodv,dv.
R2d xSd—1
Using the inequality (A.2) gives that

F(v) |[FP~() — FP~l ()| < (F (W) — F (v)‘ [F (v')+F%(v)} , (3.4)



19

where, we observe, if p = 2 there is no need for the second term F2 (v) = F(v), one simply
keeps the estimate F' |F'(v') — F'(v)|. Moreover,

b(cos 0) = /b(cos b \/sm b(cos B) = \/bs(cos 0)bs_1(cos b)),

where b1 (cos ) ~ bo#' 25 = bpf~1 2= 1) satisfies (1.3a) with s replaced by s— 1 (in particular,
b~ bs_%). Thus

B2 /RZd " 1\/ (cos9) ’F2 — %(v)‘ lv—v,|2
X

X \/bs_1(cos®) {F%(v’) + F%(v)] v — v.]2F5dpy,

with dpy = f(vs)(v)~*dodv,dv. Using Young’s inequality, it follows that, for § > 0,

Fsalf) <215, FE) 4 o (BE F) 4 Bolf, FP1p0),

where, for suitable functions g and h, one introduces
Bilg, h] = / [v — v [ 77251 (cos 0) g(vs) (v) "2 h(v')dodv.du,
R2d xS§d—1
and
Ba[g, h| = / [0 — v [ 77251 (cos ) g(vs) (v) 2 h(v)dodv.do.
R2d xS§d—1

Recall that, for p = 2, one does not use (3.4) and the term Bs[f, F?] is not required. In the same
way

F32[f] /R?d Sdl\/ (cos9) ’F2 Fi(v ‘\fu—v*|2x
X

D
2

% \/bs—1(cos ) [F (') + F%(v)} ()7 (W) 7F Ju — v 3 Fdpy,

and Young’s inequality shows now that
2k _9g 2k_ 9o
Fsalfl <02 [1,FE] 4 o (B [0F 2 ] 4 B [0 F 25 1 1)

Since bs_1 € L} (Sdil), we use the regular change of variables (v, v.) — (v, v4), see for instance
[1, Proof of Lemma 1] or [13, Proposition 2.3, equation (2.5)], for estimating BB1. Thus, there exists
Cp > 0 depending only on b such that, for nonnegative functions g and h,

Bilg, ] + Balg, h] < C / o= wg(0,) hu)dv.do = C / eraslgl)h()de.
R R

Gathering these estimates, we obtain that for any § > 0 there exists Cs > 0 depending on 6, k, p
such that

AlN<29 [P +C 3 [ el )P @,

B= 0,,s

which gives the result after keeping the leading term and diminishing J to 5. g
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3.2. Weighted fractional e-Poincaré inequality. The estimates for #1[f], #»[f] and #3[f]
are of different nature. Indeed, _#;(f] involve c,|f] (with the parameter v and without weight
on f) whereas #;[f] (for i = 2,3) involve c,12[(-)* f], that is, a term with milder singularity
C+2 but with weights acting on f. In order to compare the various terms in an unified way, we
need a version of the e-Poincaré inequality (2.8) which handles weights and the milder parameter
v + 2. The milder singular term allows to compensate the action of the weights using the same
parameter ¢ at the price of adding suitable L'-moments.

Proposition 3.4 (Weighted fractional c-Poincaré). Assume thatd € N, d > 2, s € (0,1] and
—d <v+2s<0,and
— < g < —. 3.5
d+2s+y =3 + (3.5)
Forany f > 0,a > 8+ |v|, and ¢ > 0, there exist a positive constant C. > 0 depending on
B,s,v,d,a and e > 0 such that

[ P ers [()g] (0)dv < 030 ACe (1079l + 10957 ) 19132, 39)
holds for any g > 0 and ¢ sufficiency smooth.

Remark 3.5. Observe that the last term in the weighted e-Poincaré inequality (3.6) is ||¢||3. and
differs from (2.8) which involves ||(-)2 ¢|| 2. This comes from the estimate of I, hereafter and, likely,
can be improved.

Remark 3.6. Although the parameter involved in ¢y isy + 2s > v, the parameter q in (3.5) is
the one associated to the parameter . We reconcile such disparity by purposely raising the singularity
of the term ¢ 25[()°] to a term ¢ o [(-)Pg] for a € (0, 25) sufficiently small.

Proof. Let the functions ¢ and g > 0 be fixed. We set Gy = (-)¢g for any £ > 0 and introduce

7= /d $* () €ypas (Gl dv = Ty + T,
R
with

v :/ [v—v. |75 ¢% (v) Gg(vi)dvdvs,  To :/ [v—0.| 725 ¢%(v) G 5 (vs ) dvdo,.
lv—v.|<1 \

V—vx|>1
Using that v 4+ 2s < 0, it holds
To < ||Ggllzr ¢l7--

Now, for some suitable o € (0, 2s) to be determined we observe that
T, < / 62 (0)]0 — 0. G g, dvado.
|[v—vy|<1

Since on the region |v — v,| < 1 it holds (v,) ~ (v), there is C, > 0 such that
Gig(02) = Galv:) (0 (0)% < Calv) ™ Gigsa(vs),

and, therefore,

i< Co | W0)esalGaraldv, () = () F6(0),
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Then, use the e-Poincaré inequality (2.8) corresponding to the parameter v 4+ « and some

_— <<,
d+2s+v+a o d+v+ o

from which we deduce that for any € > 0 there exists C; > 0 depending only on d, 7, a, s, qq

d—qo (d+v+0)
s— Va)/ wQ "H—adv

29a >
S—va ol 2
Lm)mwwﬂ

Let us choose g as in (3.5) so that, similar to (2.10), we can write

d d
d+~y+2v’ qa_d—&—*y—i—a—i—an’

with v and v, € [0, s|. Now, 1t is possible for a suitable choice of o and g, (or equivalently v,)

such that, for v, =

7 <[5 u], +  (WGisalls + 016

=< 3], + - (MGimsalls + 3 lGise

q:

_Ss
s—v

to estimate H ‘7+Q‘G5+a zq;’ with H and suitable moments of g. Indeed, using the

interpolation (2.14) and recalling that Gg1, = < NB+e g we deduce that

|beteirag] <yl ||
with
1 0
?:1—9+5, v+ al+B8+a=a(l—0)+|y]6. (3.7)
(e
In other words,
_ s s(1—6) _s6
Aol v Va ‘ AN ][
[rlag a7 < il i ([0

Moreover, we can pick a € (0, 2) sufficiently small so that ngy

_ Yt at 2, _1+a+2(1/a—y)

v+ 2v v+ 2v
where we notice that v + 2v < 0. Therefore,

9

0e€(0,1) <= 2v<a+2y, <y

One can choose, for example, v, = vandget0 < 6 =1 +5 5, <1lwitha <|y+2v| Sucha
choice of 0 ensures that
s(1-6)

<62glli [

thanks to Young’s inequality. Notice that (3.7) yields, with such choice of 6,

B+ |yl

-
s—v

La

S [ S
Ah+al s=val v —0) ||\ 57” Al
|6+ iGasal? <=0l +ol|oM

v+ 2y
o e}

The optimal choice of o corresponds to |7+ d

arbitrary a@ > 8 + |7|. This choice is 1ndependent of both v and v, and so is gq. U

arbitrarily close to 1 which justifies the choice of
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3.3. Appearance and propagation of weighted LP-estimates. Gathering the results of the
two previous sections, we deduce the following theorem.

Theorem 3.7. Let fi, € Viy be given and let f = f(t,v) be a classical solution to Eq. (1.1) with
B(u,0) = |u|"b(cos0) ,

where b(-) satisfies (1.3a) and v + 2s < 0. Given p € (1,00) and k > 0 assume that

(Wl ferr ([o,T]; Lq(Rd)) with % + Z =2s+d+7, (3.8)

for someT > 0, wherer € (1,00), q € (%, oo) Then, the following statements hold.
(a) (Propagation of weighted Lebesgue norm) If

k
fin € LP(RY) N L{(RY) for 0> 25 + |9l

then

ya
2

2
e dr < C (T, my(fin)) Hfin”iz (3.9)

P Yl
7@+ [ 6= 7
T T
for a explicit constant C (T, mq( fin)) depending on / H (W) HL dr as well as T, k,
0 q

P ¢ 57> d; my(fin), but not on || finl| r-
(b) (Appearance of weighted Lebesgue norm) For f;,, with sufficient statistical moments,

1 d _ hild 1 k
fin € Ly, ((RY),  tppp =5 = <1—p +-
then, the solution f = f(t,v) satisfies the estimate, fort € (0,77,

1

_4d(1
1Ol < Kppart #0750 sup ma, (7). (3.10)
7€[0,7T

T
for a explicit constant K, g , 7 depending on / (P F@) |5 odt as well as p, q, 5,7, d,
0
Oin, Eina H(fm)
Proof. Recalling that My, ,(t) = || ()", and
k

LMt = AL+ A0+ Al
we deduce from (3.1)—(3.2)—(3.3) that, for any § > 0,
1d 1 . 1 ,
S M)+ s [0, FE 0] < [ e lf0)0) P
tenn(B) [ evvae [0 00] 0o+ 9 [0, PR o)
+Co(B) [ epian [0 10] P (1 o),
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where F(t,v) = <v>§f(t,v). Choose § = 0y = m.
there exists Cj, , > 0 depending on p, k, B such that

Since %k — 25 > % — 2s, notice that

d b P v
7 Me(t) + Tmax(pp) [f(t), £ (t)} <(p-1) /Rd ey [F(1)](v) FP(t,v)dv
+ Chp /]Rd FP(t,v)cy 126 [(')25_28]”@)} (v)dv.
Recalling that

and  F=()r},

J 4P 2
Doribnt) = [(VFFED)
we deduce from Lemma 2.3 that there exists ¢,, C}, > 0 such that

p

m9 [f (®), Fg(t)} > D yhip(t) — CpDMgq p(t).

Therefore,

d
E]Mk,p(t) + Cp]Ds,kJr%p(t) < CpMkJr%p(t) + (P - 1) /

¢ [f(O)](v) FP (2, v)dv
Rd

+ Chp /Rd FP(t,v)cy 425 [(-)25_21"(75)} (v)dv. (3.11)

The integral involving ¢, is estimated using (2.8) with the choices ¢ = F % and g = f, so that,
for all € > 0 there is a constant C; > 0 such that

| e lf O 0)de < Dergl®) + - (1@ + | PO ) Basr)
R

where we recall 7 = —*—, as in the proof of Theorem 1.1. Similarly, we can use Proposition 3.4
with § = 2% anda = ¢ > 2% + ||, with the same choice of g, 7, to deduce that for all £ > 0,
there is a constant C; > 0 such that

L Pt e [0 0] @ < eDugpiptCe ([P FO -+ me) M0

Choosing € > 0 sufficiency small, we deduce that

d c
aMk,p(t) + gp]Ds,k-i-%p(t) < A(t)Mk,p(t)v

with

A =6 (14 o7 +ma).

Recall that under assumption fi, € Lj (R?) one has that supyepo,r] Me(t) < Crand A € LY(0,7)
under the Prodi-Serrin condition (3.8). Setting

¢ @it =ew{ [ Atrar},
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we deduces the propagation result. In order to prove the appearance of L}-norm, copycat the
k

proof of Theorem 1.1 where all estimates are computed for F'(t,v) = (-)» f(t, v) instead of f(¢,v).

The estimates in the proof of Theorem 1.1 show then

2sp

_ 1+ 2s __2sp 2s
2 - - —2 T I+ 22—
Dy fgy,p(t) 2 CSOb,SHF(t)HL}:p M, = G m, 1 () @M () D,

This proves the result as in Theorem 1.1, since 7, ,, = 71, + %. O

4. STABILITY AND UNIQUENESS OF SOLUTIONS

In this section we work in the physical dimension d = 3.

4.1. Useful estimates. To prove the stability of solutions to the Boltzmann equation, we first
derive suitable estimates for Q and establish an alternative to Proposition 2.7 in order to estimate
¢, | f]. We begin with the following lemma.

Lemma 4.1. Consider o € (—3,1], s € (0,1), and —3 < a + 25 < 0. Forany { > 3 + (a + 2s)
and 8 € R, we have that

[, cabdu?au < ol e (16 F 0l + 10080l . @)

for an explicit constant Cg o > 0 depending on d, «, s, 8 and £. Furthermore, if o + 25 > 0 we
obtain that

[, cald?do < Gl Hixln (10T 0l + IO B0IE) . 62

Proof. Writing
[ eabavtav= [ xdv [ o v u @),
R3 R3 R3

we can divide the internal integral in small and large relative velocities as

/ [v — v,|*1p? (v, )dv, = / v — vy|*1p? (v, )dvy + / |v — v,] %12 (v, )dvy .
R3 [v—vs|<1

[v—vy |21

Using then Peetre’s inequality in the form 1 < (0)!*/(0,)® (v — v,)®, we deduce that
[o=olrvteadn s @l ([ aeeteades [ jo- o) w)d
R3 [v—vs|>1 [v—vs|<1

(o)l <||<'>3¢||%+/ v—v*lo‘@*)o‘wQ(v*)dU*) :
|[v—vy|<1
Therefore, observing that (v) ~ (v,) whenever [v — v,| < 1

[, el ar S IOPNIOFoB+ [ oo ) R ) )" wde.do.

|[v—vy|<1
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For —% < a+ 2s < 0, we use the Hardy-Littlewood-Sobolev inequality with the choice % =
1+ %25 and % =1- % to deduce that

/Rs ey 9?do S 10Xl 1) B2 + 10X 1) 52 ) e

Observing that p < 2 and choosing ¢ > 3 + o + 2s one has that L3,(R%) — LP(R3). We
also recall the embedding H* < L?"(R?), see [10, Theorem 1.66], to obtain (4.1). In the case of
moderately soft potentials, that is a + 2s > 0, the result is obvious if & > 0, so we focus in the
case o < (. Using Holder’s inequality

/| o) ) )1 )

_ a=B
<Nl 1 17 <l g 10077 @l
with % =1- % and thus, once again, we deduce (4.2). This concludes the proof. O

Let us revisit and extend estimates in [9, Proposition 3.1] to the soft potential case. The proof
of the result is postponed to Appendix A.1.

Proposition 4.2. Given 0 < s < 1, v+ 2s < 0 and ¢/ > max (6, %T'Y + 23), there exists a
constant kg, > 0 depending only on £ and b(-) such that

/ b(cosB)|v — v,|7 ((v’>£ — <v>€> feg W dvdv,do
R6xS?

1

< ([ e 0l @) ([ e (0l o)

wrea ([ e [0 0©H2000) ([ e (671 @)

e/ 212 0111, G ([ enteisnta)”

for all smooth f, g, h where 95 is defined in Remark 2.4.

A consequence of this inequality is the following commutator estimate. Define,

E
2

Rk(fvgaw) = <Q(f> <>§g)’ <> w>L2 - <Q(f7 g)a¢>L% ) k>0. (4.3)
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Proposition 4.3 (Commutator estimate). Lets € (0,1) and—3 < y+2s < 0 andk > 11+4s.
There exists a constant C, > 0, depending on k,~y, s, such that

Ruttg.| < QulFIE 105 gl ([ Ol o)

+ C Z </Rg ey [() "] (U)<v>kb2(v)dv); (/

a,be{|f],lgl}
a#b

Furthermore, for anye > 0

X
2

[RiF, 6, 0)] + [Res (9, ()3 0)|

+k

<e (1 FISE+ ngLi> | ]+ (Alr + Aclal) Il

for any smooth f, g and 1. Here, for any smooth function ¢,

1 X 2 _s_
Al =C- (1 ; H5 ’ 3, ’ 2
o : ( " H(pHL}wams) <H(p“L‘11+W |02 Hs * H(PHLg(HIvD *3)
for some positive C; > 0 depending on k, s,y andv = —73227.

Proof. Observing that

Ri(f,9,¢) = —/

b(cos B)|v — v.|" (<U’>§ _ @)%) Fog ()59 dudu,do
R6 xS2

k
we can apply Proposition 4.2 with ¢ = % and h = (-) 2 to deduce that there exists a constant
C = K¢ such that,

Ru(F,0.9)] < O/ Zraa L0171, G ([ eI a0 )

+Ce Y ( /R &[] (v)<v>kb2(v)dv>

a,be{lf] |91}
a#b

1

(/R3 cy [(-)4 al (v)<v>k1/’2(v)dv> 5 |

2

(4.6)

with
k_ _ k
G(v) = (0) 5 2g(v) = (0) 2 () Fg(v))
We estimate the term 2,42 [(-)| f|, G| by comparing it to Q.2 (recall the notations introduced
in Remark 2.4). Using the the weak form (2.5) together with the notations of Lemma 2.3

1

(Qyr2 (W], G), G) = =5 Dy42 [()If], G Jer/Rs 2 [()1 1) G2 (v)dv
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where we wrote G(v') — G(v) = § [(G(v)? — G(v)?] = [G(v') — G(v))? and used also Lemma
2.1 and Remark 2.2. On the one hand, noticing that v + 2 4 2s > 0, we deduce from [23, Theorem
1.1, Eq. (1.14)], as well as [23, Remark 1.5] since 7 + 2 > —%, that

(Qy2(OISL G OIS N F g 1 Gllma [ ()2 Gl

where a + b =2sand w; +wy =y +2+2s,a =7+ 2+ 25+ (—w1)" + (—w3z)". Choosing
a=b=sand w1 = wy :%—l-l-l-s,wededucethat

( Q2 (OIS G, O SNz, 035G R S £l

where, we observe, since s € (0,1)

X
[ FFG s = (Y720 gliEe S ICYF gl
On the other hand, using (4.2) and the fact that (7 + 2) + 2s > 1, we have similarly

/R3 ey [V GP)dv S Ifllr,  IOFPGIE S Iz, 167 gl

1+[24+~] 142+
These estimates yield

atk o
Y+3+2s +3+2SH<'> 2 gl »

Dy (NG S AN, 1075 gl

We deduce from this and (4.6) the general commutator estimate (4.4).

~v+3+2s

We now turn to the case f = ¢ and then g = . For g = 1, the sum in (4.4) is equal to
S = 51+ Sz with

S1=C [ e [0 1] )t0) v (0)ae

and

ﬁzq(@%ﬂymhmwﬂ@mf(@qRVWHMWW@wf

Using (4.1) with 8 = 0 and k& > 2( ), thatis k& > 11 + 4s, and Young’s inequality, there
exists a constant C}, > 0 such that

S5 < Gl 12 ()75 s 1) 5 46

< el vl + Bl 10 g

for all € > 0. Now, according to Proposition 2.7 and since v + 2s > — ensures that 2 > "

3
v+2s°
we can deduce !

&<waM&+%Qfm+g;,wwﬂ

RIS

ie. ’y < —3, one can apply directly Prop. 2.7. On the contrary, if 2 > -=—, then one

1
Notice that if 2 < 3+7, 3+W

applies Prop. 2.7 with some 5—"—- - +2S <q < < 2 and use a simple interpolation

I £l < (1= 9)\|<->'”‘+4|J‘HIL1 O T Al 0=2- % ’

to conclude.
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which gives, for all ¢ > 0,

s<2e 0ol - Cc (W, + | oL, 1157 ) 1ol

4+|y]

for some C, > 0and v = —%. The second term in (4.4) is given by

Soi=Cullf I, 195 ol ([ 0l v2a0)

and the integral is estimated using again the e-Poincaré inequality, Proposition 2.7, to deduce
that for all § > 0,

(/}RS cv[<->|f|]<v>k¢2dv>§

Ytk v
<@m%¢m+@0mm+6w

<.>M+1f

R ICETA)

1 Ytk 1 v = 2 k
< VIS bl + %Ovm+5S”CWWfB> 1 o

Thus,

C : xtk
So < SVOIAIG L I0 = Wil
v+3+2s

(s _> 1) Fll 2l e

L2
3 akk o 5 3 - R 2
So<elfly, I ol + il (Ul + 57 1A ) i,

1 1 _ v
+5VGlslE, L (Wl +5
Y+3+2s

Choosing § = 2C, 1¢2 and using Young’s inequality, we deduce that

Gathering the estimates for S and Sy, we deduce that

2
Rl <e (Lo kel + Az,

where

4417l

adfi=cc (1eimmhy ) (W, + |2 o vz, )

for some positive C. > 0 depending on k, s,y and v = —%.

We proceed in the same way to estimate |R (1), g,)|. In this case, the sum S’ = S| + S} in
(4.4) is given by

%=@<@wmwwWw%y<é (gl )

%:%<@%ﬂwwwﬂw@f<4 Ol %0;
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The two integrals composing S} are estimated using (4.1) with 5 = —v and /3 = 0 respectively,
which yields

%<CWVMW%MQMsz+MWY0w¥w@+W@Y
< el e + el + S (100 gl + gl ) 11y

Now, the first integral in S} is estimated using (4.1) with 8 = —v while the second is estimated
thanks to Proposition 2.7. We deduce that

1 1
. Ftk 2
S < Cull6y 2l 2, (160 iR + 1l )

1

L))

(hl+g

< (o]0l + o (ol + o755
which, using Young’s inequality, yields for any € > 0,
r om0 4+2|y|+€
S1< Gk Z+el) gllz2 ) 1605wl

+ G (1620 gl 2 + gl +6777 [P

)Wm%

Taking § = £2, we therefore have, for k > 11 + 4s, that

s' <G (14 lgllz) 0759

2
 (lolsg ol , + %ol + 100z ) ol

The third term in (4.4) is given by

1
1 § 3
So=Cill¥liz; ()2 gllms (/ Cv[<‘>|¢|}<v>k¢2dv>
v+3+2s
We estimate this integral thanks to (4.1) with 3 = 0 to deduce that

1 k 1 Jtk
S0 S WHQ%HSHC)ZQHHSH('WHJF%szH(')W? Yllas S 19l l1{: V2 gllme 1) F ¥l

as soon as k > 5 + 4s + max{0,4 + 2v}. Then, using Young’s inequality yields

Rico (9, (030 < 2 (1 gl ) || 05w + Aclid 1012,

The result is proved since the worst constraint is k > 11 4 4s. U
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4.2. Stability of solutions — Proof of Theorem 1.2. We are now in position to prove the main
stability result for solutions to (1.1) under the Prodi-Serrin condition as stated in the Introduction.

Proof of Theorem 1.2. We consider two solutions h, g with initial data h(0) = hi, and g(0) = gin,
and write f = g — h. We notice first that, since hi,, gin € Li+|,y|(Rd) NL} (R9), estimate (3.9)
implies that

hoge L (10,T); gy (®RD)  and ()b, ()3 g € L2([0,7]; HY).
Since we also assumed k > 11 4+ 4s > 8 + |y

A.[h] € LY([0,7]) and A.[g] € L*([0,T]), e>0. (4.7)

, one checks easily with the definition (4.5) that

We are interested in the evolution of
A0 = ) =gy = [ 1700) (0o,

It follows that

S O = i)+ 500,
where
M(t) = RdQ(g(t),f(t))f(t7v)<v>kdv, a(t) = RdQ(f(t),h(t))(v)f(ff,v)<v>kdv-
Setting

one has from (4.3)

M(t) = (Qg(1), [(1), F{)) 2 = (Qg(1), F(2)) , F()) 2 + Rue(g(2), [ (1), F(1)),

k

and
.

A5(t) = (QUF(E), ()2 H(1)), (V2 F(8)) 12 + Ra— (£(£), h(1), ()2 £ (1))
We estimate the first term in .45(t) using [3, Eq. (2.1)] and [3, Proposition 2.1], both with
m = ¢ = 0, so that

(QUf (1), () 2H(1)), ()2 F(1)) 12
< Chon (I @)y + 1F @)1 z2) 167 P e 1) ™% H () e
A suitable use of Young’s inequality allows to deduce that there is a constant C' > 0 such that

~

(QUF (1), () THE), (3 POz < IO + S IO H ) B

for any ¢ > 0 and ¢ € [0,7]. Together with the control of Ry_~(f(t),h(t), (2 f(t)) and
Ri(g(t), f(t), f(t)) in Corollary 4.3 gives

A0+ Rl (1), £0), FO)] < = 2+ 00 | ()3 F @)

+ (Alp(t)] + Aclg®)] + C=7H () TFHOIE ) 1P,
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where C1 = maxco 7] , /™M k1340, (t). It remains only to estimate the term

(Qg(t), F(t)), F(t))r2 = /R2dxsd1 B(u,0)g(t, vi)F(t,v) [F(t,v") — F(t,v)] dvdv.do
_1 u, o v v')? — v)?| dodvdv
_ z/Rmxgd_lB( L 0)g(t,v) [F(t,0)? — F(t,v)?] dodvdu,

1

- / B(u,0)g(t, vs) [F(t,0") — F(t, v)]Q dodvdu, .
2 R2d xSd—1

Using the Cancellation Lemma 2.1 and the coercivity estimate Lemma 2.3, we deduce that

2 2

(Qg(t), F(1), Ft)pe < =5 (V3 F@)| +Co |3 Fe)]

H L2

1 -

+ Bl [ Peoelso)e,

2 R4

where we also used that
X X X
=12 F@)IF. = =102 F@) s + 1¢) 2 F@)I172

to obtain a bound involving the full H® norm. Thanks to e-Poincaré inequality (2.8), we deduce
for any € > 0 that there exists a constant C. > 0 such that

| Fte sl < |0 Fo)
R

+ 0. (ol + @] 77) [ Peoeran

Gathering all these estimates and choosing € = ¢ > 0 sufficiently small, we observe that
2

s 0+ § [oirol,

<O Fe)|

)

L2
where

o) = C (1 + Aca [B] + Acglg(8)] + 1) T RO + [[ ()P g0)

S
=
La ’

with C' > 0 depending explicitly on

sup_(|I()]l

te[0,T] T2

1O+ lo®llz L) -

~+3+2s v+3+2s

By assumption (1.10), recall that 7 = —*—, and thanks to (4.7) we conclude that © € L!([0,T7]).

s—v’
Gronwall Lemma gives the conclusion. U

APPENDIX A. TECHNICAL RESULTS
The following elementary inequality can be found in [6].

Lemma A.1. Forany X,Y > 0 and anyp > 1, one has

1 1

Y [prl o Ypfl] <= [Xp _ Yp] B — [X% — Y%:|2_ (Al)
I max(p, p')
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Moreover,

v [xrloyrl] < x5 - v [Xg + Yg} . (A2)
Proof. Observe that, see for example [6, Lemma 1],

1
2 2
—(z"—-1) - ————(z—1)7, -+—==1,
( ) Inax(p,p’)( ) p p

2 P
holds for any x > 0. Observing then Y [Xp_l — Yp_l] =YP [acV - 1} , with x = (%)g one

2
deduces the result. Moreover, since |z? — 1| < |22 — 1| for any = > 0, it follows that

2 2
Xg I XB
Y|Xp—1_Yp—llzyp < 2) —1l<Yy? < ;) -1 :|AXI7_Y'P|7

Y3 Y5
which gives (A.2). O

We end this section with an estimate for difference of ¢(v") — (v) for polynomially growing
mappings ¢.

Lemma A.2. Assume thatd € N, d > 2. Forany{ > 0 and o € (0, 1], there exists Cy > 0
depending only on ¢, d, o such that, for any v, v, € R?, o € S41,

|() = )| < Cuasin (§) Io = vl (@) + (@) | (A3)

where we recall that cos 0 = |5:Z*| - 0. Moreover, for{ > 2,

/Sd_l ()" - ") bleosb)do

< Cylv — v, ]2 (@)Ha + <v*>’f*2a) / b(cos 0)sin? fdo  (A.4)
0

holds for any nonnegative and measurableb : [—1,1] — R™T.

Proof. The first estimate is essentially established in [2, Lemma 2.3]. Indeed, as shown therein,
(@) = ()] < Csin (§) Jo = v ()" 4+ (0))

and, since (v) < /()2 + (v,)2 < 3(v) + 3 (v.), this gives (A.3) for « = 1. For o < 1, we easily
deduce the result from

[v — vi| < |v — ve]* max ((v)l_o‘, (v*)l_a)-

For the second estimate, we use a suitable parametrisation of S?~! given in [14] where, given
V—Ux

u =
|[v—vx|

(for v # v,) one writes o € S¥ ! as

o=cosfu+sinfw, w € ST2(u), 0 €[0,n],
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where Sd_2(u) = {w € §a-1 , WU = O}. Then, using [14, Lemma 2.1], see also [6, Lemma 4],
for any smooth ¢

/Sd_Q( : (p(v) — (@) dw| < |ST2(u)| sup |0%0(x)||v—v.|?sin?0 VO € [0, 7]

|z[</[v[*+v]?

With () = ()¢, £ > 2, since [0%p(x)| < £2(x)!~2, one deduces that there is a constant Cy > 0
depending on ¢ and d only such that

/S e ({0} = (@)") dw

This gives (A.4) for a = 2 after additional integration over 6 since do = sin?~2 #dfdw. One goes
then from o« = 2 to any « € (0, 2] as in the proof of (A.3). O

<Gy ((7))(72 + (v*)Z*Q) |v — v,|? sin? @ Vo € [0, 7].

We give here the a proof of Prop. 4.2 adapted from [9, Prop. 3.1]. Recall the following lemma
established in [9, Lemma 2.5].

Lemma A.3. Let (v, v4,0) € R3 xR3 x S? be fixed and let (v',v".) be the associated post-collisional
velocities. Given { > 6, one has that

WY — () = 0w) 7 o — v (v w) cos"! (§) sin § + (v,) sin’ (&)

(A.5)
+ 7+ 1473+ (V) (cose (g) - 1> ,
where
oc—(oc-u)u v —
W= —————"7"—"—"=<=<> U=—"7,
o= (o) al r—
and there exists Cp > 0 such that
Pl < Colv) () sint2 (§) , [ra] < Co(v) 2 (v.)2sin? (§) (A6)
P3| < Colv)=*(w,)* sin? (%) .

A.1. Proof of Proposition 4.2. With the notations introduced earlier, we can prove Prop. 4.2.

Proof of Proposition 4.2. With the decomposition of (v} — (v)¢ in (A.5), and with dy = dvdv.do,
one has that

6
[ peosolo = (1) = (o)) fgnau = 3.1

with
Iy :=¢ b(cos 0)|v — v, TH W) 2 (v - w) cos’ 1 (%) sin gf*g K dp,
RO xS2
/ b(cos B)|v — v,|7(v,)¢ sin® (%) fghdu,
R6xS?
Toyp = / b(cos 0)|v — vi|Yrp fegh'dp,  k=1,2,3,

6% S2

and

g = / b(cos 0)|v — v,|” <cose (8) - 1) (W) fog h'dp.
R6 xS?
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Using Cauchy-Schwarz inequality, one has that, for o + 5 = 2/,

N

< ([ beostlu = w2 f2sin® (4) ol
R6xS2

=

2

</ b(cos B)|v — v,|" sin® (%) 9] \h’]Zd,u>
R6xS?

Using now the singular change of variable (see [1])

/ b(cos 0)|v — v.[Yp(v)dodv, = / |v — v,|b(cos B) sin 377 (%) o(vy)dodu,,
R3 xS? R3xS?

(A7)

and choosinga =p38—-3 —vy=/(— ?’—FTW, we deduce that

1

. o3+t 2
< ([ beostlo— waf e 25 (4) gl
RO xS

=

2

. 3t
(/ , bleos v — v |7 sin = (3) Ig \Wdu)
X

Using Cauchy-Schwarz inequality yields

Il < ( JRCUESSO do) ( [ =P |g|dv*dv)
S R

1
2
</]R6 |v — vi|7]g] |h*\2dv*dv> .
¢— 3ty

b(cosf)sin"™ 2 (g) do = Cy(b) < o0,
S2

Assuming ¢ > 3+77 -+ 2s, one has that

and

ITa] < Caulh) ( [, ellale) (<v>ff<v>)2dv> § ( |, exlallo) hz(““”) 5

In the same way, using (A.6),

IT's| < Cg/ b(cos B)|v — .| (v) (v,) L sint 3 (g) | fegh'|dp
R6xS?

=

<Gy </R6 o b(cosO)[v — v[” gint— 53~ (£) (v) |g] <<U*>Z_1f*)2dﬂ>

1
2

.9ty
</RG . lv — vy |"b(cos §) sin’~ =z (%) (v) |g] h*|2du>
X

With ¢ > %TW + 2s, one has that

g9ty

/ b(cos0) sin’" 2 (&) do = C3,(b) < o0,
S2
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and

-1 ,\? 3 2 :
ral < uew) ([ e 00la) (0711) a0)” ([ e 16 1al #2a0) "
R3 R3
For Iy, using the bound for |3 in (A.6), it holds that
T4 < G / b(cos 8) sin? (£) [v — va " (va)2] £ (0)~2\g] || s,
R6xS2
so that

T4l < Co </RGX§2 (vs)?| f|b(cos 0) sin? (&) |v — v,|” <<v>£_2g(v)>2d,u> ’

1

</ (U*>2]f*\b(cos 6) sin? (g) |v — v, |7 (h(’u/))2 du)
R6 xS2

Notice that
/ b(cos ) sin® (4) do = C(b) < oo,
S2

from which we conclude that

[ w2 bteos0ysin? (3) o = va (0 29(0)) "
R6 xS2
<o) [ e (07111 (0 2) au.

In the same way, using the regular change of variable (see [1])

/ b(cos ) v — v Yp(v)dodv = / v — v,|7b(cos B) cos 377 (g) p(v)dodv, (A.8)
R3xS2 R3xS2

and since

/S2 b(cos 6) sin? (g) cos 377 (g) do < C(b) < o0,

we deduce that

where, with Cy ¢(b) = C,C(b), it holds

il < ) ([ e (0711 (020) a0) ([ e 1621 )

The exact same computations show that

sl < Coett) (e (04111 (<'>“{q)2dv)é ([ e 0151 2av)

The term ['g is estimated similarily since

/ b(cos 0) ‘1 — cos’ (g) ‘ do < Cg(b),
S2
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<00 ([ e (619)" )" ([ esirman)

The estimate for I'; is more delicate and one splits, as in [9, Proposition 3.1],

'=TI11+T2

consequently,

where
=4 b(cos B)|v — v, 7T (W) 72 (v, - @) cos’ (g) sin g fegh'dp,
R6 xS?
/ —
o= 5/ b(cos 0)|v — v, TTH ) 72 (v, - D70 ) cost (%) sin? (%) fegh'du,
’ R6 xS v — ]

with & = |z To estimate I'y 2, one first notices that

—v[’

12| < E/Rﬁ - b(cos 0) cos’ ™ (g) sin? (g) v — v [T (02| i ()L g B |d s
X

Then, observing that
¢ | b(cos ) cos 1 (g) sin? (g) do = Cy(b) < o0
S2
a simple use of Cauchy-Schwarz inequality and the regular change of variable (A.8) give

HM‘QMK@MWW@%@%Q%@WWWﬁﬂé

Now, as in [9, Proposition 3.1], one has that
Fip=4 o b(cos ) |v — v |7 (vs - @) cos’ (§) sin$ £, [G — G'] Wd,
X
where G = (-)¢~2g so that
ISR b(cos B) v — v, [T sin 5 O (W) f+]) |G — G| |W|dp.
R6xS?

Using again Cauchy-Schwarz inequality

ol

ISRIE </ b(cos ) v — v "*2 ((v)| £]) |G — G"Qdu)
R6xS2

N[

(Awywm@W—WWwP<MwMﬁmmw@

Using the regular change of variables (A.8) in the last integral and the fact that

/ b(cos 0) sin? (g) do < C(b),
SQ

we deduce, with the notations introduced in Remark 2.4, that

ual < VW22 (0111, 61 [ el a0
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Combining these estimates, identifying the largest terms in the various estimates, yield the
result. U
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