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Abstract. We introduce a practical criterion that justi�es the propagation and appearance of Lp-

norms for the solutions to the spatially homogeneous Boltzmann equation with very soft potentials

without cuto�. Such criterion also provides a new conditional stability result for classical solutions

to the equation. All results are quantitative. Our approach is inspired by a recent analogous

result for the Landau equation derived in [8] and generalises existing conditional results related to

higher integrability properties and stability of solutions to the Boltzmann equation with very soft

potentials.
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1. Introduction

1.1. The spatially homogeneous Boltzmann equation. The Boltzmann equation describes

the evolution of the density f = f(t, v) > 0 of gas at time t > 0 with particle velocity v ∈ Rd. It

is given by

∂tf(t, v) = Q(f(t, ·), f(t, ·))(v), t > 0, v ∈ Rd, d > 2, (1.1a)

supplemented with the initial condition

f(t = 0, v) = fin(v), v ∈ Rd. (1.1b)

The integral operator Q denotes the Boltzmann collision operator which is given by

Q(g, f)(v) :=

∫
Rd

dv∗

∫
Sd−1

(
g(v′∗)f(v′)− g(v∗)f(v)

)
B(v − v∗, σ)dσ . (1.2)

Here above, σ ∈ Sd−1 is the scattering direction after a particle-particle collision with velocities

v and v∗ ∈ Rd. The post collisional particle velocities v′ and v′∗ are given by

v′ = v − u−, v′∗ = v∗ + u−, u = v − v∗, u± =
u± |u|σ

2
, û =

u

|u|
.

In this document we work with a collisional kernel B(u, σ) that take the form

B(u, σ) = |u|γb(û · σ) = |u|γb(cos θ), cos θ = û · σ , u ∈ Rd, σ ∈ Sd−1 .

Moreover, in the present contribution, we consider the so-called without cuto� assumption

sind−2(θ)b(cos θ) ∼ b0 θ−1−2s, as θ ∼ 0 , (1.3a)

for some b0 > 0 in the regime of very soft potentials

γ + 2s < 0, s ∈ (0, 1), γ > max{−4,−d}. (1.3b)

For this range the existence of H-weak solutions and the linear-in-time propagation of statistical

moments is guaranteed, see [14]. Such kernels are derived from long-range potentials obeying

inverse power law U(r) = r1−p with 2 < p <∞ for the physical three dimensional case. In this

case,

−3 < γ =
p− 5

p− 1
< 1, 0 < s =

1

p− 1
< 1.

Notice that, γ = (p− 5)s, and γ + 2s = (p− 3)s, so that we are assuming 2 < p < 3. It is well

known that due to the large forward scattering of collision, that is for small scattering angles

θ ∼ 0, a di�usion-like regularisation e�ect is expected in this case.

We notice that in the case of hard or moderately soft potentials, that is γ + 2s > 0, it is

known that global smooth solutions exist [24]. However, for the case (1.3b) addressed in this work

smoothness and uniqueness of solutions to (1.1) is an open problem. Working in this direction,

our objective is to provide a conditional result aiming to:
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1) showing the appearance of Lp-integrability of solutions to (1.1) as well as the propagation of

such integrability if initially assumed.

2) proving the stability of solutions to (1.1) in suitable weighted L2
-spaces and, thus, implying

the uniqueness of solutions in such spaces.

The precise statement of these results is in Theorem 1.1 below. Let us introduce some useful

notation used in the sequel.

1.2. Notations. For k ∈ R and p > 1, we de�ne the Lebesgue space Lpk = Lpk(R
d) through the

norm

‖f‖Lpk :=

(∫
Rd

∣∣f(v)
∣∣p 〈v〉k dv

) 1
p

, Lpk(R
d) :=

{
f : Rd → R ; ‖f‖Lpk <∞

}
,

where 〈v〉 :=
√

1 + |v|2. In the particular case k = 0, we simply denote ‖ · ‖Lp the Lp-norm. For

any α > 0, we de�ne the homogeneous Sobolev spaces Ḣα
through the norm

‖g‖Ḣα =

[∫
Rd
|ĝ(ξ)|2 |ξ|2αdξ

] 1
2

, ĝ(ξ) =

∫
Rd

exp (−ix · ξ) g(x)dx, ξ ∈ Rd. (1.4)

and the Sobolev space Hα
through the norm ‖ · ‖2Hα = ‖ · ‖2Ḣα + ‖ · ‖2L2 . We refer to [10] for more

details about Sobolev spaces. We will repeatedly use the fact that, for k1 > k2 > 0, it holds

‖〈·〉k2g‖Hα 6 C‖〈·〉k1g‖Hα , α > 0

for some positive constant C > 0 depending only on d, α, k1 − k2. Notice that such an estimate

is not true for the norm associated to the homogeneous space Ḣα. Given k ∈ R and f ∈ L1
k(Rd),

we also de�ne the statistical moments as

mk(f) =

∫
Rd
f(v)〈v〉kdv .

Given mass % > 0, energy E > 0, and entropy bounds H > 0, we introduce the subclass

Y(%,E,H) of L1
2(Rd) ∩ L logL(Rd) as

Y(%,E,H) =
{
g ∈ L1

2(Rd) ; g > 0 ; m0(g) > %, m2(g) 6 E∫
Rd
g(v) log g(v)dv 6 H

}
. (1.5)

This class is a natural space for solutions of the Boltzmann equation. In the sequel, we will �x
%in > 0, Ein > 0, Hin > 0 and will use the shorthand notation

Yin = Y(%in, Ein, Hin) .

The initial datum fin associated to (1.1) is always assumed to belong to Yin.

Finally, for a measurable mapping b : (−1, 1)→ R+
, we identify the function b to a function

de�ned over the unit sphere Sd−1 through the identi�cation σ ∈ Sd−1 7→ cos θ ∈ (−1, 1) and

write

‖b‖L1(Sd−1) =

∫
Sd−1

b(û · σ)dσ =
∣∣Sd−2∣∣ ∫ π

0
b(cos θ)(sin θ)d−2dθ ∀ û ∈ Sd−1.
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1.3. Main results and related literature. In the context of the spatially homogeneous Boltz-

mann equation without cuto�, the question of the regularity and well-posedness of solutions is

well understood in the case of hard potentials corresponding to γ > 0 [24, 6] and moderately

soft potentials γ + 2s > 0 [24]. Global existence of classical smooth solutions is known when

γ + 2s > 0, see for example [15, 22, 24]. Additionally, measure-valued solutions are known to

exist globally when γ > −2, see [27, 28], whereas a very weak notion of solution, based on the

entropy dissipation functional, have been constructed in [31] under the name of H-solutions;

these solutions exist for a large range of potentials and propagate statistical moments, namely

γ > −4 and 0 < s < 1 as proven in [14]. A new functional inequality for the entropy production

derived in [12] has shown that H-solutions are in fact weak solution for γ + 2s > −2.

This work is aimed to discuss the delicate case of very soft potentials for which γ+2s < 0 with

γ > max{−4,−d} and 0 < s < 1. For such negative values of γ, the singularities of the collision

kernel B(v − v∗, σ) in (1.2) are severe and constrain solutions to possess a minimal threshold of

integrability and smoothness to be meaningful, at least in a weak sense. Currently, such minimal

threshold has not been proven in an unconditional manner. It is the aim of this document to

provide a conditional integrability condition on solutions that allows higher integrability which,

in turn, results in an stability theorem for weak solutions. Interestingly, for suitable modi�cation

of the Boltzmann equation, introduced recently in [30], higher integrability conditions have been

unconditionally established yielding a satisfactory well-posedness theory for such a “isotropic”

Boltzmann model.

For the very soft potentials case, the conditional regularity of solutions to the Boltzmann

equation without cuto� has been introduced in the work [29] where it is shown that if the

solution lies in L∞([0, T ];Lpk(R
3)) for p and k su�ciently large, then it is bounded. In addition, a

suitable rate of appearance of pointwise bounds is provided. More precisely, for a suitable solution

f : (0, T )× Rd → R to (1.1) and p ∈
(

d
d+γ+2s ,

d
d+γ

)
and k > 0 large enough,

f(t) ∈ L∞((0, T );Lpk(R
d)) =⇒ ‖f(t)‖∞ 6 C

(
1 + t

− d
2sp

)
(1.6)

for some C > 0 explicitly depending on supt∈[0,T ] ‖f(t)‖Lp .

Attacking the problem from a di�erent angle, as far as regularity of solutions is concerned,

a recent result of [18] provides a bound on the Hausdor� dimension of the times in which the

solution could be singular. Such a result is the analogue of the celebrated [11] result for the

Navier-Stokes equation that has been recently adapted also to the Landau equation, see Section

1.4 for details.

Let us state the �rst theorem that establishes a new conditional criteria ensuring the appearance

or propagation of Lp-norms which, arguably, generalises the one in (1.6). Such criterion follows

the spirit of the well-known Prodi-Serrin criteria that guarantees the uniqueness of solutions to

the Navier-Stokes equation, see the recent result for the Landau equation [8]. The theorem is

stated for classical solutions, in the sense that we work with solutions where all computations

can be carry on meaningfully, and must be understood in the context of a priori estimates.

Theorem 1.1. Let fin ∈ Yin be given and let f = f(t, v) be a classical solution to Eq. (1.1) with

B(u, σ) = |u|γb(cos θ)
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where b(·) satis�es (1.3a)–(1.3b). Assume that the solution f satis�es

〈·〉|γ| f ∈ Lr
(
[0, T ] ; Lq(Rd)

)
with

2s

r
+
d

q
= 2s+ d+ γ (1.7)

where r ∈ (1,∞) and q ∈
(

max
(

1, d
d+γ+2s

)
,∞
)
. Then, given p ∈ (1,∞), the following

integrability properties hold:

(a) (Propagation of Lebesgue norm) If fin ∈ Lp(Rd) then

sup
t∈[0,T ]

‖f(t)‖Lp 6 exp

{
C1

p

∫ T

0

(
1 + ‖〈·〉|γ|f(t)‖rLq

)
dt

}
‖fin‖Lp (1.8)

for some explicit constantC1 depending on p, q, s, γ, d and %in, Ein, Hin but not on T or ‖fin‖Lp .

(b) (Appearance of Lebesgue norm) If moments for fin are assumed, that is

fin ∈ L1
ηp(R

d), ηp = ηp(s, γ) :=
|γ|d
2s

(
1− 1

p

)
,

then, the solution f = f(t, v) satis�es the following estimate for t ∈ (0, T ]

‖f(t)‖Lp 6Kp,B,q,T t
− d

2s

(
1− 1

p

)
sup

τ∈[0,T ]
mηp(τ), (1.9)

where Kp,B,q,T is explicitly depending on
∫ T

0
‖〈·〉|γ|f(t)‖rLqdt and also on p, q, s, γ, d and %in,

Ein, Hin.

We do not elaborate on the appearance of pointwise bounds in the present contribution,

however, the appearance of Lp-bounds for su�ciently large p > 1 provides an alternative

criterion to the result of [29] recalled in (1.6). Indeed, as long as solutions possess such higher

integrity, it is possible to adapt the method used in [6] based on the solution’s level sets and deduce

the appearance of L∞-bounds for solutions to Boltzmann equation. The method is reminiscent of

the De Giorgi’s Lp−L∞ argument and has been applied in the study of the homogeneous Landau

equation in [7, 17] and would imply, for the Boltzmann equation, that if a solution f = f(t, v)

to (1.12) satis�es (1.7) and suitable L1
-moments estimates then for any t? ∈ (0, T ) there exists

K(t?, T ) > 0 such that

sup
t∈[t∗,T ]

‖f(t, ·)‖∞ 6 K(t∗, T ) .

In addition to the appearance of pointwise bounds, the relevance of the Theorem 1.1 lies also

on the fact that it is central to deduce stability of weak solutions to the Boltzmann equation (1.1).

This was observed in [16] in a result that can be roughly summarized as follows. Finite energy

solutions to (1.1) lying in

L1([0, T ] ; Lp(Rd)), p >
d

d+ γ

are unique, see [16, Corollary 1.5]. The following theorem shows that the condition f ∈
L1([0, T ], Lp(Rd)) can be replaced with the Prodi-Serrin criterion (1.7).
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Theorem 1.2. Assume d = 3 and let hin, gin ∈ Yin be given. Let h = h(t, v), g = g(t, v) two
classical solutions to Eq. (1.1) associated with initial data h(0) = hin, g(0) = gin with

B(u, σ) = |u|γb(cos θ)

where b(·) satis�es (1.3) and −3
2 < γ + 2s < 0. Assume that

hin, gin ∈ L2
k+2|γ|(R

d) ∩ L1
` (Rd)

for some k > 11 + 4s and ` > k + |γ| and that both solutions satisfy the Prodi-Serrin condition:

〈·〉|γ|h , 〈·〉|γ|g ∈ Lr([0, T ] ; Lq(Rd)) with
2s

r
+
d

q
= 2s+ d+ γ (1.10)

where r ∈ (1,∞), q ∈
(

d
d+γ+2s ,∞

)
. Then, there existsCT (hin, gin) > 0 depending on d, γ, T, k,,

‖hin‖L1
`
, ‖gin‖L1

`
, H(hin), H(gin), and the Prodi-Serrin norm

∥∥〈·〉|γ|h∥∥
LrtL

q
v
,
∥∥〈·〉|γ|g∥∥

LrtL
q
v
such

that
‖h(t)− g(t)‖2L2

k
6 CT ‖hin − gin‖2L2

k
∀t ∈ [0, T ]. (1.11)

In particular, if hin = gin, then h(t) = g(t) for all t ∈ [0, T ].

We stress that the main Theorems 1.1 and 1.2 must be interpreted as practical criteria to get a
priori estimates for solutions to the Boltzmann equation in an explicit and quantitative way. The

computations provided are formal, certainty the ones requiring smoothness. For this reason, we

are stating the results in the framework of classical solutions. The rigorous justi�cation of such

estimates is a delicate issue, however, it is likely that at least in some regimes (such as smallness

of the initial data) or under reasonable restrictions (such as a Prodi-Serrin like criteria) can be

carry on, with no condition, for weak solutions. Evidence of this can be found for example in

[18, 17].

We point out that the Prodi-Serrin like criterion of Theorem 1.2 and Theorem 1.1 are the same,

even if the former deals with a weighted L2
-norm. E�ort has been made to provide a unique

criterion at the price of adding an assumption on the initial data hin, gin. We also point out that the

stability estimate (1.11) is likely untrue for unweighted norms L2
. For this reason, the cornerstone

of Theorem 1.2’s proof is the propagation of weighted Lp-norm under the criterion (1.7).

1.4. Link with the Landau equation and strategy of proof. The Boltzmann equation (1.1)

and the Landau equation (1.12) have been studied in a parallel fashion, with developments in one

helping the theory for the other. The Landau equation can be seen as a limiting equation derived

from the Boltzmann equation in the regime of grazing collision. In such a limiting procedure

inherently the angular singularity s→ 1. Rigorous work of this limiting procedure can be found,

for example, in [5]. A recent and interesting new point of view can be found in [32].

The Landau equation is given by

∂tf(t, v) = QL(f)(v) := ∇v ·
∫
Rd
|v − v∗|γ Π(v − v∗)

{
f∗∇f − f∇f∗

}
dv∗ , (1.12)

with commonly used shorthands f := f(v), f∗ := f(v∗) and where Π(z) =
(
|z|2Id− z ⊗ z

)
.

We refer the reader to the introduction of [8] for an extensive description of the existing results,

both conditional and unconditional, relevant for the study of (1.12). We mention here that a
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recent contribution [21] has shown that strong solution to the (1.12) do not blow-up. The special

structure of the equation leads the Fisher information functional to decrease along the �ow of

solutions to (1.12), refer to [17] for consequences of this result for weak solutions. It is an open

question to see if an analogous result holds for the spatially homogeneous Boltzmann equation

considered in the present contribution.

The present contribution’s approach is reminiscent of [8] for the Landau equation. In fact, we

point out that the statements in Theorem 1.1 and 1.2 become for s = 1 exactly the corresponding

main results in [8]. An interesting problem is to check rigorously whether the results of this paper

recover those of [8] in the grazing collision limit (in particular, when s→ 1).

Let us discuss now similarities and di�culties when implementing the strategy to the Boltz-

mann case. We notice that the Landau equation can be written as a nonlinear parabolic equation

∂tf = Tr
(
A[f ]D2f

)
+ cd,γ cγ [f ]f, (1.13)

whereD2f is the Hessian matrix of f ,A[f ] is a suitable positive de�nite di�usion matrix, cd,γ > 0

a positive constant, and

cγ [f ] =

∫
Rd
|v − v∗|γf(v∗)dv∗, ∀v ∈ Rd.

Due to coercive properties of the di�usion matrixA[f ], the Landau equation exhibits a regularisa-

tion e�ect corresponding to a gain of one full derivative with the immediate appearance of the Ḣ1

norm, up to some algebraic weight. Similarly, the Boltzmann operatorQ provides a regularisation

of fractional order with immediate appearance of Ḣs
norm, with an algebraic weight 〈·〉

γ
2 and with

s ∈ (0, 1) directly related to the angular scattering singularity s in (1.3). Such gain of regularity

has been �rst rigorously proven, with appearance of local Ḣs
-norm, in [1] and latter extended in

[2] to give a suitable coercivity estimate for Q, see Lemma 2.3. Such fact can also be seen clearly

thanks to the decomposition, derived in [29], of the collision operator Q as

Q(f) = Q1(f) + c̃d,γ cγ [f ] f, Q1(f) =

∫
Rd

(f(v∗)− f(v))Kf (v, v∗)dv∗ ,

for some suitable kernel Kf (v, v∗), depending on f and analogous to A[f ] in (1.13), which has a

regularisation e�ect similar to the fractional Laplacian of order s ∈ (0, 1)

Kf (v, v∗) ∼ Cf (v) |v − v∗|−d−2s , v, v∗ ∈ Rd × Rd.

For the well-posedness of (1.13), the competition between the helping action of the di�usion

associated to A[f ] and the singular drift term cγ [f ] is a crucial point to be addressed, hence,

the conditional criterion given in [8] (which is essentially (1.7) with s = 1). Similarly, for the

Boltzmann equation the key point in to control the singular drift term cγ [f ] with the helping action

of the fractional di�usion termQ1(f). The quanti�cation of such action is obtained by generalising

the so-called ε-Poincaré inequality, derived in [20, 8], to address fractional regularisation, see

Proposition 2.7.

Roughly speaking, the main steps to prove Theorems 1.1 and 1.2 are the following:

i) A control of the singular term cγ [f ] in terms of suitable higher norm ‖〈·〉|γ|f‖rLq with q, r

appearing in (1.7).
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This is done thanks to a new fractional ε-Poincaré inequality which accounts for the fractional

di�usion term ‖〈·〉
γ
2 f‖Ḣs in Proposition 2.7. With such a ε-Poincaré inequality, the proof of

Theorem 1.1 is deduced in a direct fashion from the evolution of the Lp-norm for solution to (1.1).

ii) A generalisation of Theorem 1.1 addressing weighted Lp-norm of solutions to (1.1) and,

therefore, a weighted version of the ε-Poincaré inequality.

Controlling weighted norms of ‖f(t)‖Lpk to derive the stability estimate in Theorem 1.2 is a non

trivial matter, especially if one wishes to keep an “unweighted” Prodi-Serrin criterion (1.7), that is,

to provide a uni�ed criterion for the control of any weighted norm ‖ · ‖Lpk , k > 0. We address this

issue by imposing an additional assumption only on the initial datum to ensure the propagation or

appearance of such norm, see Theorem 3.7. A new weighted version of the ε-Poincaré inequality

is also presented in the proof of such result, see Proposition 3.4. Relative to the Landau equation,

the proof is more challenging because of the distribution of weights 〈·〉
k
2 due to the fully nonlocal

nature of the operator Q1(f). Details on this are given in Section 3.

iii) A careful study of the evolution of the L2
k norm of solutions to (1.1) and combine it with a

Gronwall argument.

This step is delicate and resorts to several �ne properties of the collision operator, some of

them scattered in the literature. We use in particular several sharp estimates from [23] and [3].

In particular, the nonlocal nature of the collision operator Q presents challenges that require

commutator estimates of the type

〈Q(f, 〈·〉
k
2 g), 〈·〉

k
2ψ〉L2 − 〈Q(f, g), 〈·〉kψ〉L2

where 〈·, ·〉L2 denote standard the inner product in L2
, see [9, 13] and [23] for �ne versions of

such commutator estimates. New commutators estimates valid for very soft potentials and of

independent interest are provided along the contribution, see for example Proposition 4.3.

1.5. Organization of the paper. Section 2 provides a proof for Theorem 1.1 as well as the

fractional ε-Poincaré inequality. We deal with the extension to these results to Lp-spaces with

weights in Section 3 and provide the main stability result yielding to Theorem 1.2 in Section 4.

We collect in Appendix A several estimates related to moments estimates and useful properties of

the collision operator Q. We in particular extend a fundamental result of [9, Prop. 4.1] to very

soft-potentials in Appendix A.1.
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Note added to the paper. Since the submission of this work for publication, an important con-

tribution [25] has appeared as a preprint, demonstrating that the Fisher information is monotone

decreasing in time along solutions to (1.1). This �nding, which aligns with the results in [21]

concerning the Landau equation, in particular establishes the global existence of smooth solutions

to (1.1). Furthermore, it implies that the Prodi-Serrin criteria discussed herein are automatically

satis�ed if the initial datum ful�lls certain regularity conditions. Nonetheless, we believe that the

tools and techniques developed in this paper remain of signi�cant interest for further studies of

the Boltzmann equation, especially for (very) soft potentials.

2. Prodi-Serrin like criteria for Lp-appearance and propagation

2.1. General properties of the Boltzmann operator. We collect here several fundamental

properties of the Boltzmann collision operator that will be used throughout the sequel. We begin

with the following Cancellation Lemma obtained in [1, Section 3].

Lemma 2.1 (Cancellation Lemma). Given a collision kernel B(u, σ) = B(|u|, cos θ), for almost
every v∗ ∈ Rd and any smooth F , one has∫

Rd
dv

∫
Sd−1

B(u, σ)
[
F (v′)− F (v)

]
dσ = (F ∗ SB) (v∗) (2.1)

where

SB(z) = |Sd−2|
∫ π

2

0
sind−2(θ)

[
1

cosd
(
θ
2

)B( |z|
cos
(
θ
2

) , cos θ

)
−B(|z| , cos θ)

]
dθ.

Remark 2.2. For B(|u|, cos θ) = |u|γb(cos θ), one sees that

SB(z) = |z|γ |Sd−2|
∫ π

2

0
sind−2(θ)b̃(cos θ)dθ

where
b̃(cos θ) =

[(
cos
(
θ
2

))−γ−d − 1
]
b(cos θ), θ ∈

[
0,
π

2

]
.

Notice that, under the assumption (1.3a) one has

sind−2(θ)b̃(cos θ) ∼ b0(γ + d)

8
θ1−2s, θ ∼ 0 ,

so that b̃ is integrable for any s ∈ (0, 1) and

SB(z) =

∫
Sd−1

B̃(u, σ)dσ = |z|γ
∫
Sd−1

b̃(ẑ · σ)dσ = ‖b̃‖L1 |z|γ

is well-de�ned.

We also recall the following coercivity estimate related to the collision operator, taken from

the proof of [4, Eq. (2.9)] (we also refer to [19, Theorem 1] for an equivalent formulation):

Lemma 2.3 (Coercivity estimate). Let

B(u, σ) = |u|γb(cos θ) ,
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where b satis�es (1.3a) and γ + 2s 6 0. For any suitable G ∈ Yin and F ∈ S(Rd), de�ne

D [G,F ] =

∫
Rd

dv

∫
Rd

dv∗

∫
Sd−1

B(u, σ)G(v∗)
[
F (v′)− F (v)

]2
dσ. (2.2)

Then, there exist c0, C0 > 0 (depending only on d, γ, %0, E0, H0) such that

D [G,F ] > c0
∥∥∥〈·〉 γ2F∥∥∥2

Ḣs
− C0

∥∥∥〈·〉 γ2F∥∥∥2
L2

holds true for any G ∈ Yin and F ∈ S(Rd).

Remark 2.4. For B(u, σ) = |u|γb(cos θ) satisfying (1.3a), we simply write D [G,F ] for the afore-
mentioned functional. To enlighten the role of the parameter γ in the above de�nition, we will also
use the notationQγ(g, f) for the collision operator associated to B(u, σ) = |u|γb(cos θ) and denote
with Dγ [G,F ] the associated coercivity functional, see, e.g. Proposition 4.2.

Introduce the notation

cγ [f ](v) =

∫
Rd
|v − v∗|γf(v∗)dv∗, γ < 0 . (2.3)

The analysis of this term requires then the speci�c use of the Hardy-Littlewood-Sobolev inequality

which we recall here for the sake of clarity.

Proposition 2.5 (Hardy-Li�lewood-Sobolev inequality). Let d ∈ N, d > 1, 1 < m, p < ∞
and 0 < λ < d with

1

p
+
λ

d
+

1

m
= 2.

Then, there exists CHLS > 0 (depending on d, p, λ) such that for c g, h : Rd → R∫
R2d

g(x)|x− y|−λh(y)dxdy 6 CHLS ‖g‖Lp ‖h‖Lm . (2.4)

We �nally recall the weak form of the collision operator Q(g, f) (see [31]), for any smooth

test function φ = φ(v)∫
Rd
Q(g, f)φdv =

∫
Rd×Rd×Sd−1

B(v − v∗, σ)g(v∗)f(v)
[
φ(v′)− φ(v)

]
dvdv∗dσ . (2.5)

2.2. Evolution of Lp-norm. We investigate in details the evolution of Lp-norms for solutions

to the Boltzmann equation (1.1). We use in the sequel the notation, for k ∈ R and p ∈ (1,∞),

Mk,p(t) :=

∫
Rd
f(t, v)p〈v〉kdv, Ds,k,p(t) :=

∥∥∥〈·〉 k2 f(t)
p
2

∥∥∥2
Ḣs

, (2.6)

where s ∈ (0, 1). We adopt also the following short-hand notation

Mp(t) = M0,p(t) and Ds,p(t) = Ds,γ,p(t).

One has then the following proposition.
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Proposition 2.6. Let fin ∈ Yin be given and let f(t, ·) be a classical solution to (1.1) and let p > 1.
Then, there existsCp, cp > 0 depending only on p, ‖fin‖L1

2
andH(fin) as well asCB > 0 depending

on the collision kernel B such that
d

dt
Mp(t) + cpDs,p(t) 6 (p− 1)CB

∫
Rd

cγ [f(t)](v)fp(t, v)dv + CpMγ,p(t) , (2.7)

for any t > 0.

Proof. We multiply (1.1) by fp−1(t, v) and integrate over Rd to deduce that

1

p

d

dt
Mp(t) =

∫
Rd
∂tf(t, v)fp−1(t, v)dv =

∫
Rd
fp−1(t, v)Q(f, f)dv

=

∫
Rd×Rd×Sd−1

B(u , σ)f(t, v∗)f(t, v)
[
f(v′)p−1 − f(v)p−1

]
dvdv∗dσ.

Therefore, applying (A.1) with X = f(v′) and Y = f(v) one sees that

d

dt
Mp(t) 6 I1[f(t)]− I2[f(t)] ,

with

I1[f(t)] =
p

p′

∫
R2d×Sd−1

f(t, v∗)
[
f(t, v′)p − f(t, v)p

]
B(u, σ)dv∗dvdσ ,

and

I2[f(t)] =
p

max(p, p′)

∫
R2d×Sd−1

f(t, v∗)
[
f(t, v′)

p
2 − f(t, v)

p
2

]2
B(u, σ)dv∗dvdσ.

According to the Cancellation Lemma 2.1, and with the notations of Remark 2.2,

I1[f(t)] =
p

p′

∫
R2d×Sd−1

f(t, v∗)f
p(t, v)B̃(u, σ)dv∗dvdσ, B̃(u, σ) = |u|γ b̃(cos θ),

and, using again Remark 2.2,

I1[f(t)] 6
p

p′
‖b̃‖L1(Sd−1)

∫
R2d

f(t, v∗)f
p(t, v)|v − v∗|γdvdv∗.

Moreover, applying the coercivity estimate in Lemma 2.3 withG = f(t, ·) ∈ Yin and F = f
p
2 (t, ·)

shows that there exists cp, Cp > 0 depending only on ‖fin‖L1
2
, H(fin) and p such that

I2[f(t)] > cpDs,p(t)− CpMγ,p(t).

Putting these estimates together gives the result. �

One sees from the previous estimates that, to study the evolution and appearance of Lp-norms,

we need to understand the contribution of the term∫
Rd

cγ [f(t)](v)fp(t, v)dv.

This is done by the following fractional ε-Poincaré, inspired by the work [20]. The following

proof is extracted from [8] where the result is proven for s = 1. Refer also to Proposition 3.4 for a

generalisation including suitable weights.
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Proposition 2.7 (Fractional ε-Poincaré). Assume that d ∈ N, d > 2, and consider s ∈ (0, 1]

and −d < γ + 2s 6 0, and
d

d+ 2s+ γ
< q <

d

d+ γ
.

Then, there exists C0 > 0 depending only on d, γ, s, q such that, for any ε > 0 and suitable functions
φ and g > 0,∫

Rd
φ2cγ [g]dv 6 ε

∥∥∥〈·〉 γ2 φ∥∥∥2
Ḣs

+ C0

(
‖g‖L1 + ε−

ν
s−ν

∥∥∥〈·〉|γ|g∥∥∥ s
s−ν

Lq

)∫
Rd
φ2〈v〉γdv, (2.8)

where ν ∈ (0, s) is given by ν = d−q(d+γ)
2q .

Proof. For a given g, φ > 0, we de�ne

A[g, φ] :=

∫
Rd
φ2(v)cγ [g](v)dv =

∫
Rd×Rd

|v − v∗|γφ2(v)g(v∗)dvdv∗ .

For any v, v∗ ∈ Rd, if |v − v∗| < 1
2〈v〉, then 〈v〉 6 2〈v∗〉. We deduce from this, see [4, Eq. (2.5)],

that

|v − v∗|γ 6 2−γ〈v〉γ
(

1{|v−v∗|> 〈v〉2 } + 〈v∗〉−γ |v − v∗|γ1{|v−v∗|< 〈v〉2 }
)
.

Therefore,

A[g, φ] 6 2−γ (A1[g, φ] +A2[g, φ]) , (2.9)

where A1[g, φ],A2[g, φ] denote respectively the “regular” and “singular” parts of A[g, φ],

A1[g, φ] :=

∫
Rd
〈v〉γφ2(v)dv

∫
|v−v∗|> 〈v〉2

g(v∗)dv∗ ,

and A2[g, φ] :=

∫
Rd
〈v∗〉−γg(v∗)dv∗

∫
|v−v∗|< 1

2
〈v〉
|v − v∗|γ〈v〉γφ2(v)dv.

Introduce G(v) = 〈v〉|γ|g(v) and ψ(v) = 〈v〉
γ
2 φ(v) . Clearly,

A1[g, φ] 6 ‖g‖L1‖ψ‖2L2 ,

while

A2[g, φ] 6
∫
Rd×Rd

|v − v∗|γG(v∗)ψ
2(v)dvdv∗ .

We estimate then A2[g, φ] thanks to Hardy-Littlewood-Sobolev inequality (2.4) to get

A2[g, φ] 6 CHLS ‖G‖Lq ‖ψ2‖Lm = CHLS ‖G‖Lq ‖ψ‖2L2m ,
1

m
= 2−1

q
−|γ|
d

(1 < q,m <∞),

where CHLS depends only on γ, d, q. We apply this with
d

d+2s+γ < q < d
d+γ and s ∈ (0, 1], and

thus write for some ν ∈ (0, s)

q =
d

d+ γ + 2ν
, m =

d

d− 2ν
. (2.10)

Notice that 2m = 2d
d−2ν and according for example to Theorem 1.38 of [10], Ḣν

is continuously

embedded in L2m(Rd), that is, for a constant C > 0 depending on d, ν, γ, q,

A2[g, φ] 6 C‖G‖Lq‖ψ‖2Ḣν .
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Moreover, since

‖ψ‖Ḣν 6 ‖ψ‖
ν
s

Ḣs
‖ψ‖

s−ν
s

L2 ,

see for example [10, Proposition 1.32], one has that

A2[g, φ] 6 C‖G‖Lq‖ψ‖
2ν
s

Ḣs
‖ψ‖

2s−2ν
s

L2 .

Thanks to Young’s inequality, given δ > 0, one deduces that

2−γA2[g, φ] 6 δ ‖ψ‖2Ḣs + C
s

s−ν ‖G‖
s

s−ν
Lq δ−

ν
s−ν ‖ψ‖2L2 . (2.11)

Plugging this inequality into the estimate for A1[g, φ] we see that

A[g, φ] 6 δ ‖ψ‖2Ḣs + C0

(
‖g‖L1 + δ−

ν
s−ν ‖G‖

s
s−ν
Lq

)
‖ψ‖2L2 ,

for some positive constantC0 depending on s, ν, γ, q. This proves the result recalling the de�nition

of G and ψ. �

2.3. Appearance and propagation of Lp-norms. With the estimates established in the previ-

ous sections, we can prove the main result about appearance and propagation of Lp-norms for

solutions to the Boltzmann equation (1.1), providing the proof of Theorem 1.1 in the Introduction.

Proof of Theorem 1.1. We assume f satis�es the Prodi-Serrin criterion (1.7) with some �xed q >

max
(

1, d
d+γ+2s

)
. We write, as in (2.10), q = d

d+γ+2ν , ν ∈ [0, s] so that r = s
s−ν satis�es

d

q
+

2s

r
= d+ γ + 2s.

Starting from (2.7) and applying the above fractional ε-Poincaré inequality with q as in (1.7),

g = f(t, v) and φ = f
p
2 (t, v), we deduce that, for any ε > 0,

d

dt
Mp(t) + cpDs,p(t) 6 ε(p− 1)CBDs,p(t)

+
(

(p− 1)CBC0

[
‖f(t)‖L1 + ε−

ν
s−ν ‖〈·〉|γ|f(t)‖

s
s−ν
Lq

]
+ Cp

)
Mγ,p(t) ,

with ν = d−q(d+γ)
2q . Choosing then ε so that ε(p − 1)CB =

cp
2 and noticing that ‖f(t)‖L1 =

‖fin‖L1 , we deduce that there exists C1 depending on B, p, q, d, H(fin) and ‖fin‖L1
2

such that

d

dt
Mp(t) +

cp
2
Ds,p(t) 6 C1

(
1 + ‖〈·〉|γ|f(t)‖

s
s−ν
Lq

)
Mγ,p(t). (2.12)

Recalling r = s
s−ν , we deduce that the mapping

Λ(t) = C1

(
1 + ‖〈·〉|γ|f(t)‖

s
s−ν
Lq

)
= C1

(
1 + ‖〈·〉|γ|f(t)‖rLq

)
∈ L1([0, T ])

falls under the Prodi-Serrin condition (1.7). Since Mγ,p(t) 6Mp(t), the inequality (2.12) implies

that

d

dt
Mp(t) 6 Λ(t)Mp(t), Mp(0) = ‖fin‖pLp <∞ ,
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where we recall that fin ∈ Lp(Rd). Then, Gronwall lemma implies that

sup
t∈[0,T ]

Mp(t) 6 exp

(∫ T

0
Λ(t)dt

)
Mp(0) ,

which is nothing but (1.8). In order to show the appearance of Lp-norms, we need to exploit the

coercive term in the right-hand side of (2.12). We begin with recalling the Sobolev embedding of

Ḣs(Rd) ↪→ L
2d
d−2s (Rd) with sharp constant CSob,s

‖g‖
L

2d
d−2s

6 CSob,s‖g‖Ḣs , ∀g ∈ Ḣs(Rd) ,

which implies ∥∥∥〈·〉 γp f(t)
∥∥∥p
L

pd
d−2s

=
∥∥∥〈·〉 γ2 f p2 (t)

∥∥∥2
L

2d
d−2s

6 C2
Sob,s

∥∥∥〈·〉 γ2 f p2 (t)
∥∥∥2
Ḣs

. (2.13)

As in [8], we resort to standard Hölder interpolation inequality with weights,

‖〈·〉a0g‖Lr0 6 ‖〈·〉a1g‖θLr1 ‖〈·〉a2g‖1−θLr2 , (2.14)

with r0, r1, r2 > 1, a0, a1, a2 ∈ R,

1

r0
=

θ

r1
+

1− θ
r2

, a0 = θ a1 + (1− θ)a2, θ ∈ (0, 1).

Applying such an inequality with the choice g = f(t) and

a0 := 0, a1 := ηp, a2 :=
γ

p
, r0 := p, r1 := 1, r2 :=

dp

d− 2s
, θ :=

2s

d(p− 1) + 2s
,

we get, with (2.13), that

Mp(t) 6mηp(t)
pθ
∥∥∥〈·〉 γp f(t, ·)

∥∥∥p(1−θ)
L

dp
d−2s

6mηp(t)
pθC2−2θ

Sob,s

∥∥∥〈·〉 γ2 f p2 (t)
∥∥∥2(1−θ)
Ḣs

,

holds for any t > 0. Reformulating this inequality as

Ds,p(t) > C
−2
Sob,smηp(t)

− 2sp
d(p−1)Mp(t)

1+ 2s
d(p−1) ,

and plugging this into (2.12) we deduce that

d

dt
Mp(t) +

cp
C2
Sob,s

mηp(t)
− 2sp
d(p−1)Mp(t)

1+ 2s
d(p−1) 6 Λ(t)Mp(t).

De�ning yp(t) = Mp(t) exp
(
−
∫ t
0 Λ(τ)dτ

)
, one sees then that

d

dt
yp(t) 6 −

cp
C2
Sob,s

mηp(t)
− 2sp
d(p−1) yp(t)

1+ 2s
d(p−1)

which, after integration, yields

yp(t) 6

 2scp
d(p− 1)C2

Sob,s

(
sup

τ∈[0,T ]
mηp(t)

)− 2sp
d(p−1)

t

−
d(p−1)

2s

.
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Recalling that ‖f(t)‖Lp = yp(t)
1
p exp

(
1

p

∫ t

0
Λ(τ)dτ

)
and setting

Kp,B,q,T =

[
2scp

d(p− 1)C2
Sob,s

]− d(p−1)
2sp

exp

(
C1

p

∫ t

0

(
1 + ‖〈·〉|γ|f(t)‖rLq

)
dt

)
gives the result. �

2.4. Endpoint estimate for r = 1. In the aforementioned result the case r = 1 has been

excluded. We can provide a criterion similar to (1.7) in this case. Notice that r = 1 corresponds

to q = d
d+γ and, for such a result, no additional moment 〈·〉|γ| is needed in (2.15). However, the

criterion only covers the range 1 < p < d
d+γ .

Proposition 2.8. Let fin ∈ Yin be given and let f = f(t, v) be a classical solution to Eq. (1.1) with

B(u, σ) = |u|γb(cos θ) ,

where b(·) satis�es (1.3a)–(1.3b). Assume that the solution f satis�es

f ∈ L1
(
[0, T ] ; L

d
d+γ (Rd)

)
. (2.15)

Then, for any p ∈ (1, d
d+γ ) the following integrability properties hold:

(a) If fin ∈ Lp(Rd) then

sup
t∈[0,T ]

‖f(t)‖Lp 6 exp

(
C0

p

∫ T

0
‖f(t)‖

L
d

d+γ
dt

)
‖fin‖Lp , (2.16)

for some explicit constantC0 depending on p, d,B and %in,Ein,Hin but not on T or ‖fin‖Lp .
(b) If fin ∈ L1

ηp(R
d) with ηp de�ned in Theorem 1.1 (1 < p < d

d+γ ), then, the solution
f = f(t, v) satis�es the following estimate for t ∈ (0, T ]

‖f(t)‖Lp 6Kp,B,T t
− d

2s

(
1− 1

p

)
sup

τ∈[0,T ]
mηp(τ), (2.17)

whereKp,B,T is explicitly depending on
∫ T

0
‖f(t)‖

L
d

d+γ
dt and also on p,B, d and %in, Ein,

Hin.

Proof. Starting from Proposition 2.6 one observes from (2.7) that only the term∫
Rd

cγ [f(t)](v)fp(t, v)dv

needs to be estimated. Notice that under (2.15), the ε-Poincaré inequality and the regularisation

e�ect induced are not needed. Indeed, as in [8], one can deduce directly from the Hardy-Littlewood-

Sobolev inequality (2.4) that∫
Rd

cγ [f(t)](v)fp(t, v)dv 6 Cd,γ,p‖f(t)‖Lq0‖f(t)‖Lp , q0 =
d

d+ γ
, 1 < p <

d

d+ γ
,

for some constant depending only on d, γ and p. This and (2.7) give that

d

dt
Mp(t) + cpDs,p(t) 6 Λ0(t)Mp(t) ,
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with

Λ0(t) = Cd,γ,p(p− 1)CB‖f(t)‖Lq0 + Cp ∈ L1([0, T ])

according to (2.15). This proves the propagation of the Lp-norms for 1 < p < d
d+γ . The proof of

the appearance follows then the lines of the Theorem 1.1. �

Remark 2.9. It is possible, as in [8, Proposition ] to derive a criterion in the endpoint estimate
r =∞, q = d

d+γ+2s as well. Such a case requires a smallness assumption on the norm

sup
t∈[0,T ]

‖〈·〉|γ|f(t)‖
L

d
d+γ+2s

.

Details are left to the reader.

3. Adding moments

We focus in this section on the evolution of weighted-Lp norms of f(t, v) as de�ned in (2.6)

adapting the strategy of the previous section in order to incorporate weights.

3.1. Evolution of weighted Lp-norms. Let fin ∈ Yin be given and let f = f(t, v) be a classical

solution to Eq. (1.1) with

B(u, σ) = |u|γb(cos θ)

where b(·) satis�es (1.3a) and γ + 2s < 0. We recall the notation (2.6) and compute the evolution

of Mk,p(t), for k > 0. To do so, we introduce the additional notation

F (t, v) = 〈v〉
k
p f(t, v) ,

so that Mk,p(t) = ‖F (t)‖pLp . One has that

1

p

d

dt
Mk,p(t) =

1

p

d

dt
‖F (t)‖pLp =

∫
Rd
Q(f, f)F p−1(t, v)〈v〉

k
pdv,

that is,

1

p

d

dt
Mk,p(t) =

∫
R2d×Sd−1

f(t, v∗)f(t, v)
[
F p−1(t, v′)〈v′〉

k
p − F p−1(t, v)〈v〉

k
p

]
B(u, σ)dσdv∗dv.

We follow [6, Section 2.2] to compute f(t, v)
[
F p−1(t, v′)〈v′〉

k
p − F p−1(t, v)〈v〉

k
p

]
. Write

1

p

d

dt
Mk,p(t) = J1[f(t)] + J2[f(t)] + J3[f(t)] ,

with

J1[f(t)] =

∫
R2d×Sd−1

f(t, v∗)F (t, v)
[
F p−1(t, v′)− F p−1(t, v)

]
B(u, σ)dσdv∗dv ,

J2[f(t)] =

∫
R2d×Sd−1

f(t, v∗)f(t, v)F p−1(t, v)
[
〈v′〉

k
p − 〈v〉

k
p

]
B(u, σ)dσdv∗dv ,

and

J3[f(t)] =

∫
R2d×Sd−1

f(t, v∗)f(t, v)
[
F p−1(t, v′)− F p−1(t, v)

]
×
[
〈v′〉

k
p − 〈v〉

k
p

]
B(u, σ)dσdv∗dv .
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The estimates of the various terms Ji[f(t)] are given in a series of lemmata.

Lemma 3.1. Let fin ∈ Yin be given and let f(t, ·) be a classical solution to (1.1) associated to

B(u, σ) = |u|γb(cos θ) ,

where b(·) satis�es (1.3a) and γ + 2s < 0. Given p > 1, one has that

J1[f(t)] +
1

max(p, p′)
D
[
f(t), F

p
2 (t)

]
6
‖b̃‖L1(Sd−1)

p′

∫
Rd

cγ [f(t)]F p(t, v)dv , (3.1)

where b̃(·) has been de�ned in Remark 2.2 and D is de�ned in (2.2).

Proof. The proof follows exactly the lines of the proof of Proposition 2.6. Notice that

J1[f(t)] 6J1,1[f(t)]−J1,2[f(t)] ,

with

J1,1[f(t)] =
1

p′

∫
R2d×Sd−1

f(t, v∗)
[
F p(t, v′)− F p(t, v)

]
B(u, σ)dσdv∗dv,

J1,2[f(t)] =
1

max(p, p′)

∫
R2d×Sd−1

f(t, v∗)
[
F
p
2 (t, v′)− F

p
2 (t, v)

]2
B(u, σ)dσdv∗dv.

The computations in Proposition 2.6 shows that

J1,1[f(t)] 6
‖b̃‖L1(Sd−1)

p′

∫
Rd

cγ [f(t)]F p(t, v)dv ,

while J1,2[f(t)] = 1
max(p,p′)D

[
f(t), F

p
2 (t)

]
. �

For the second term J2[f(t)] one has the following lemma.

Lemma 3.2. Let fin ∈ Yin be given and let f(t, ·) be a classical solution to (1.1) associated to

B(u, σ) = |u|γb(cos θ) ,

where b(·) satis�es (1.3a) and γ + 2s < 0. Given p > 1 and k > 2p there exists ck,p(B) > 0

depending only on p, k and on the collision kernel B such that

J2[f(t)] 6 ck,p(B)

∫
Rd

cγ+2s

[
〈·〉

k
p
−2s

f(t)
]

(v)F p(t, v)dv , (3.2)

where we recall that cγ+2s is de�ned through (2.3).

Proof. Since ∫ π

0
b(cos θ) sind θdθ = Cb <∞ ,

under assumption (1.3a), one can use (A.4) with ` = k
p > 2 and α = s to deduce that there exists

C > 0 depending on k, p, s, b such that∫
Sd−1

b(cos θ)
(
〈v′〉

k
p − 〈v〉

k
p

)
dσ 6 C|v − v∗|2s

(
〈v〉

k
p
−2s

+ 〈v∗〉
k
p
−2s
)
.
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Therefore,

J2[f(t)] =

∫
R2d×Sd−1

f(t, v∗)f(t, v)F p−1(t, v)
[
〈v′〉

k
p − 〈v〉

k
p

]
B(u, σ)dσdv∗dv

6 C
∫
R2d

|v − v∗|γ+2sf(t, v∗)f(t, v)F p−1(t, v)〈v〉
k
p
−2s

dvdv∗

+ C

∫
R2d

|v − v∗|γ+2s〈v∗〉
k
p
−2s

f(t, v∗)f(t, v)F p−1(t, v)dvdv∗.

Observing that 〈·〉
k
p fF p−1 = F p we get that

J2[f(t)] 6 C max
β=2s, k

p

∫
Rd

cγ+2s

[
〈·〉β−2sf(t)

]
(v)
(
〈v〉−βF p(t, v)

)
dv ,

which gives the result. �

The most delicate term is J3[f(t)] addressed in the following lemma.

Lemma 3.3. Let fin ∈ Yin be given and let f(t, ·) be a classical solution to (1.1) associated to

B(u, σ) = |u|γb(cos θ) ,

where b(·) satis�es (1.3a) and γ + 2s < 0. Let p > 1 and k > 2p be given. For any δ > 0 there
exists Cδ(B) > 0 depending only on p, k and on the collision kernel B such that

J3[f(t)] 6 δD
[
f(t), F

p
2 (t)

]
+ Cδ(B)

∫
Rd
F p(t, v)cγ+2s

[
〈·〉2

k
p
−2s

f(t)
]

(v)dv , (3.3)

where D [·, ·] is de�ned in Lemma 2.3.

Proof. Omit here the dependence of t > 0 for clarity and recall that

J3[f ] =

∫
R2d×Sd−1

|v−v∗|γf(v∗)f(v)
[
F p−1(v′)− F p−1(v)

] [
〈v′〉

k
p − 〈v〉

k
p

]
bs(cos θ)dσdv∗dv

where F = 〈·〉
k
p f and write bs instead of b to emphasise the strength of the singularity in (1.3a).

Estimating the di�erence of weights thanks to (A.3), with ` = k
p and α = s ∈ (0, 1), induces the

control

J3[f ] 6 C k
p
,s (J3,1[f ] + J3,2[f ]) ,

where, for b̃(cos θ) = sin
(
θ
2

)
b(cos θ),

J3,1[f ] :=

∫
R2d×Sd−1

|v − v∗|γ+sb̃(cos θ)f(v∗)〈v〉−sF (v)
∣∣F p−1(v′)− F p−1(v)

∣∣ dσdv∗dv ,

and where the most delicate term to manage is

J3,2[f ] :=

∫
R2d×Sd−1

|v − v∗|γ+sb̃(cos θ)F (v∗)〈v∗〉−s〈v〉−
k
pF (v)

∣∣F p−1(v′)− F p−1(v)
∣∣ dσdv∗dv.

Using the inequality (A.2) gives that

F (v)
∣∣F p−1(v′)− F p−1(v)

∣∣ 6 ∣∣∣F p
2 (v′)− F

p
2 (v)

∣∣∣ [F p
2 (v′) + F

p
2 (v)

]
, (3.4)
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where, we observe, if p = 2 there is no need for the second term F
p
2 (v) = F (v), one simply

keeps the estimate F |F (v′)− F (v)|. Moreover,

b̃(cos θ) =
√
b(cos θ)

√
sin2

(
θ
2

)
b(cos θ) =

√
bs(cos θ)bs−1(cos θ) ,

where bs−1(cos θ) ∼ b0θ1−2s = b0θ
−1−2(s−1)

satis�es (1.3a) with s replaced by s−1 (in particular,

b̃ ∼ bs− 1
2
). Thus

J3,1[f ] 6
∫
R2d×Sd−1

√
bs(cos θ)

∣∣∣F p
2 (v′)− F

p
2 (v)

∣∣∣ |v − v∗| γ2
×
√
bs−1(cos θ)

[
F
p
2 (v′) + F

p
2 (v)

]
|v − v∗|

γ
2
+sdµf ,

with dµf = f(v∗)〈v〉−sdσdv∗dv. Using Young’s inequality, it follows that, for δ > 0,

J3,1[f ] 6 δD [f, F
p
2 ] +

1

2δ

(
B1[f, F p] + B2[f, F p]1p 6=2

)
,

where, for suitable functions g and h, one introduces

B1[g, h] =

∫
R2d×Sd−1

|v − v∗|γ+2sbs−1(cos θ)g(v∗)〈v〉−2sh(v′)dσdv∗dv,

and

B2[g, h] =

∫
R2d×Sd−1

|v − v∗|γ+2sbs−1(cos θ)g(v∗)〈v〉−2sh(v)dσdv∗dv.

Recall that, for p = 2, one does not use (3.4) and the term B2[f, F p] is not required. In the same

way

J3,2[f ] 6
∫
R2d×Sd−1

√
bs(cos θ)

∣∣∣F p
2 (v′)− F

p
2 (v)

∣∣∣ |v − v∗| γ2×
×
√
bs−1(cos θ)

[
F
p
2 (v′) + F

p
2 (v)

]
〈v∗〉

k
p
−s〈v〉s−

k
p |v − v∗|

γ
2
+sdµf ,

and Young’s inequality shows now that

J3,2[f ] 6 δD
[
f, F

p
2

]
+

1

2δ

(
B1
[
〈·〉

2k
p
−2s

f, F p
]

+ B2
[
〈·〉

2k
p
−2s

f, F p
]

1p6=2

)
.

Since bs−1 ∈ L1
(
Sd−1

)
, we use the regular change of variables (v′, v∗)→ (v, v∗), see for instance

[1, Proof of Lemma 1] or [13, Proposition 2.3, equation (2.5)], for estimating B1. Thus, there exists

Cb > 0 depending only on b such that, for nonnegative functions g and h,

B1[g, h] + B2[g, h] 6 Cb

∫
R2d

|v − v∗|γ+2sg(v∗)h(v)dv∗dv = Cb

∫
Rd

cγ+2s[g](v)h(v)dv.

Gathering these estimates, we obtain that for any δ > 0 there exists Cδ > 0 depending on δ, k, p

such that

J3[f ] 6 2δD
[
f, F

p
2

]
+ Cδ

∑
β=0, k

p
−s

∫
R3

cγ+2s[〈·〉2βf ](v)F p(v)dv,

which gives the result after keeping the leading term and diminishing δ to
δ
2 . �
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3.2. Weighted fractional ε-Poincaré inequality. The estimates for J1[f ],J2[f ] and J3[f ]

are of di�erent nature. Indeed, J1[f ] involve cγ [f ] (with the parameter γ and without weight

on f ) whereas Ji[f ] (for i = 2, 3) involve cγ+2[〈·〉`f ], that is, a term with milder singularity

cγ+2 but with weights acting on f . In order to compare the various terms in an uni�ed way, we

need a version of the ε-Poincaré inequality (2.8) which handles weights and the milder parameter

γ + 2. The milder singular term allows to compensate the action of the weights using the same

parameter q at the price of adding suitable L1
-moments.

Proposition 3.4 (Weighted fractional ε-Poincaré). Assume that d ∈ N, d > 2, s ∈ (0, 1] and
−d < γ + 2s < 0, and

d

d+ 2s+ γ
< q <

d

d+ γ
. (3.5)

For any β > 0, a > β + |γ|, and ε > 0, there exist a positive constant Cε > 0 depending on
β, s, ν, d,a and ε > 0 such that∫

Rd
φ2(v) cγ+2s

[
〈·〉βg

]
(v)dv 6 ε ‖〈·〉

γ
2 φ‖2Ḣs+Cε

(
‖〈·〉ag‖L1 + ‖〈·〉|γ|g‖

s
s−ν
Lq

)
‖φ‖2L2 , (3.6)

holds for any g > 0 and φ su�ciency smooth.

Remark 3.5. Observe that the last term in the weighted ε-Poincaré inequality (3.6) is ‖φ‖2L2 and
di�ers from (2.8) which involves ‖〈·〉

γ
2 φ‖L2 . This comes from the estimate of I2 hereafter and, likely,

can be improved.

Remark 3.6. Although the parameter involved in cγ+2s is γ + 2s > γ, the parameter q in (3.5) is
the one associated to the parameter γ. We reconcile such disparity by purposely raising the singularity
of the term cγ+2s[〈·〉β] to a term cγ+α[〈·〉βg] for α ∈ (0, 2s) su�ciently small.

Proof. Let the functions φ and g > 0 be �xed. We set G` = 〈·〉`g for any ` > 0 and introduce

I =

∫
Rd
φ2(v) cγ+2s [Gβ] dv = I1 + I2,

with

I1 =

∫
|v−v∗|61

|v−v∗|γ+2sφ2(v)Gβ(v∗)dvdv∗ , I2 =

∫
|v−v∗|>1

|v−v∗|γ+2sφ2(v)Gβ(v∗)dvdv∗.

Using that γ + 2s < 0, it holds

I2 6 ‖Gβ‖L1 ‖φ‖2L2 .

Now, for some suitable α ∈ (0, 2s) to be determined we observe that

I1 6
∫
|v−v∗|61

φ2(v)|v − v∗|γ+αGβ(v∗)dv∗dv.

Since on the region |v − v∗| 6 1 it holds 〈v∗〉 ' 〈v〉, there is Cα > 0 such that

Gβ(v∗) = Gβ(v∗)〈v∗〉−α〈v∗〉α 6 Cα〈v〉−αGβ+α(v∗),

and, therefore,

I1 6 Cα
∫
Rd
ψ2(v)cγ+α[Gβ+α]dv , ψ(v) = 〈v〉−

α
2 φ(v).
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Then, use the ε-Poincaré inequality (2.8) corresponding to the parameter γ + α and some

d

d+ 2s+ γ + α
< qα <

d

d+ γ + α
,

from which we deduce that for any ε > 0 there exists Cε > 0 depending only on d, γ, α, s, qα
such that, for να = d−qα(d+γ+α)

2qα
,

I1 6 ε
∥∥∥〈·〉 γ+α2 ψ

∥∥∥2
Ḣs

+ Cε

(
‖Gβ+α‖L1 +

∥∥∥〈·〉|γ+α|Gβ+α∥∥∥ s
s−να

Lqα

)∫
Rd
ψ2(v)〈v〉γ+αdv

= ε
∥∥∥〈·〉 γ2 φ∥∥∥2

Ḣs
+ Cε

(
‖Gβ+α‖L1 +

∥∥∥〈·〉|γ+α|Gβ+α∥∥∥ s
s−να

Lqα

)
‖〈·〉

γ
2 φ‖2L2 .

Let us choose q as in (3.5) so that, similar to (2.10), we can write

q =
d

d+ γ + 2ν
, qα =

d

d+ γ + α+ 2να
,

with ν and να ∈ [0, s]. Now, it is possible for a suitable choice of α and qα (or equivalently να)

to estimate

∥∥〈·〉|γ+α|Gβ+α∥∥ s
s−να
Lqα with

∥∥〈·〉|γ|g∥∥ s
s−ν
Lq and suitable moments of g. Indeed, using the

interpolation (2.14) and recalling that Gβ+α = 〈·〉β+αg we deduce that∥∥∥〈·〉|γ+α|+β+αg∥∥∥
Lqα
6 ‖〈·〉ag‖1−θL1

∥∥∥〈·〉|γ|g∥∥∥θ
Lq
,

with

1

qα
= 1− θ +

θ

q
, |γ + α|+ β + α = a(1− θ) + |γ|θ. (3.7)

In other words, ∥∥∥〈·〉|γ+α|Gβ+α∥∥∥ s
s−να

Lqα
6 ‖〈·〉ag‖

s(1−θ)
s−να
L1

∥∥∥〈·〉|γ|g∥∥∥ sθ
s−να

Lq
.

Moreover, we can pick α ∈ (0, 2) su�ciently small so that
sθ

s−να <
s

s−ν . From (3.7) one deduces

θ =
γ + α+ 2να
γ + 2ν

= 1 +
α+ 2(να − ν)

γ + 2ν
,

where we notice that γ + 2ν < 0. Therefore,

θ ∈ (0, 1) ⇐⇒ 2ν < α+ 2να < |γ|.

One can choose, for example, να = ν and get 0 < θ = 1 + α
γ+2ν < 1 with α < |γ + 2ν|. Such a

choice of θ ensures that∥∥∥〈·〉|γ+α|Gβ+α∥∥∥ s
s−να

Lqα
6 ‖〈·〉ag‖

s(1−θ)
s−ν

L1

∥∥∥〈·〉|γ|g∥∥∥ sθ
s−ν

Lq
6 (1− θ) ‖〈·〉ag‖

s
s−ν
L1 + θ

∥∥∥〈·〉|γ|g∥∥∥ s
s−ν

Lq

thanks to Young’s inequality. Notice that (3.7) yields, with such choice of θ,

a =
|γ + 2ν|

α
β + |γ|.

The optimal choice of α corresponds to
|γ+2ν|
α arbitrarily close to 1 which justi�es the choice of

arbitrary a > β + |γ|. This choice is independent of both γ and ν, and so is q. �
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3.3. Appearance and propagation of weighted Lp-estimates. Gathering the results of the

two previous sections, we deduce the following theorem.

Theorem 3.7. Let fin ∈ Yin be given and let f = f(t, v) be a classical solution to Eq. (1.1) with

B(u, σ) = |u|γb(cos θ) ,

where b(·) satis�es (1.3a) and γ + 2s < 0. Given p ∈ (1,∞) and k > 0 assume that

〈·〉|γ| f ∈ Lr
(

[0, T ] ; Lq(Rd)
)

with
2s

r
+
d

q
= 2s+ d+ γ , (3.8)

for some T > 0, where r ∈ (1,∞), q ∈
(

d
2s+d+γ ,∞

)
. Then, the following statements hold.

(a) (Propagation of weighted Lebesgue norm) If

fin ∈ Lpk(R
d) ∩ L1

` (Rd) for ` > 2
k

p
+ |γ|

then

‖f(t)‖p
Lpk

+

∫ t

0

∥∥∥〈·〉 k+γ2 f(τ)
p
2

∥∥∥2
Ḣs

dτ 6 C (T,m`(fin)) ‖fin‖pLpk (3.9)

for a explicit constant C (T,ma(fin)) depending on
∫ T

0

∥∥∥〈·〉|γ|f(τ)
∥∥∥r
Lq

dτ as well as T , k,

p, q, s, γ, d,m`(fin), but not on ‖fin‖Lpk .
(b) (Appearance of weighted Lebesgue norm) For fin with su�cient statistical moments,

fin ∈ L1
ηp,k

(Rd), ηp,k :=
|γ|d
2s

(
1− 1

p

)
+
k

p
,

then, the solution f = f(t, v) satis�es the estimate, for t ∈ (0, T ],

‖f(t)‖Lpk 6Kp,B,q,T t
− d

2s

(
1− 1

p

)
sup

τ∈[0,T ]
mηp,k(τ), (3.10)

for a explicit constant Kp,B,q,T depending on
∫ T

0
‖〈·〉|γ|f(t)‖rLqdt as well as p, q, s, γ, d,

%in, Ein, H(fin).

Proof. Recalling that Mk,p(t) = ‖f(t)‖p
Lpk

and

1

p

d

dt
Mk,p(t) = J1[f(t)] + J2[f(t)] + J3[f(t)],

we deduce from (3.1)–(3.2)–(3.3) that, for any δ > 0,

1

p

d

dt
Mk,p(t) +

1

max(p, p′)
D
[
f(t), F

p
2 (t)

]
6

1

p′

∫
Rd

cγ [f(t)](v)F p(t, v)dv

+ ck,p(B)

∫
Rd

cγ+2s

[
〈·〉

k
p
−2s

f(t)
]
F p(t, v)dv + δD

[
f(t), F

p
2 (t)

]
+ Cδ(B)

∫
Rd

cγ+2s

[
〈·〉2

k
p
−2s

f(t)
]

(v)F p(t, v)dv,
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where F (t, v) = 〈v〉
k
p f(t, v). Choose δ = δ0 = 1

2max(p,p′) . Since
2k
p − 2s > k

p − 2s, notice that

there exists Ck,p > 0 depending on p, k,B such that

d

dt
Mk,p(t) +

p

2 max(p, p′)
D
[
f(t), F

p
2 (t)

]
6 (p− 1)

∫
Rd

cγ [f(t)](v)F p(t, v)dv

+ Ck,p

∫
Rd
F p(t, v)cγ+2s

[
〈·〉2

k
p
−2s

f(t)
]

(v)dv.

Recalling that

Ds,γ+k,p(t) =
∥∥∥〈·〉 γ2F p

2 (t)
∥∥∥2
Ḣs

and F = 〈·〉
k
p f,

we deduce from Lemma 2.3 that there exists cp, Cp > 0 such that

p

2 max(p, p′)
D
[
f(t), F

p
2 (t)

]
> cpDs,γ+k,p(t)− CpMk+γ,p(t).

Therefore,

d

dt
Mk,p(t) + cpDs,k+γ,p(t) 6 CpMk+γ,p(t) + (p− 1)

∫
Rd

cγ [f(t)](v)F p(t, v)dv

+ Ck,p

∫
Rd
F p(t, v)cγ+2s

[
〈·〉2

k
p
−2
f(t)

]
(v)dv. (3.11)

The integral involving cγ is estimated using (2.8) with the choices φ = F
p
2 and g = f , so that,

for all ε > 0 there is a constant Cε > 0 such that∫
Rd

cγ [f(t)](v)F p(t, v)dv 6 εDs,γ+k,p(t) + Cε

(
‖f(t)‖L1 +

∥∥∥〈·〉|γ|f(t)
∥∥∥r
Lq

)
Mk+γ,p(t),

where we recall r = s
s−ν , as in the proof of Theorem 1.1. Similarly, we can use Proposition 3.4

with β = 2kp and a = ` > 2kp + |γ|, with the same choice of q, r, to deduce that for all ε > 0,

there is a constant Cε > 0 such that∫
Rd
F p(t, v)cγ+2s

[
〈·〉2

k
p f(t)

]
(v)dv 6 εDs,γ+k,p(t)+Cε

(∥∥∥〈·〉|γ|f(t)
∥∥∥r
Lq

+ m`(t)
)
Mk,p(t).

Choosing ε > 0 su�ciency small, we deduce that

d

dt
Mk,p(t) +

cp
2
Ds,k+γ,p(t) 6 Λ(t)Mk,p(t),

with

Λ(t) = C1

(
1 +

∥∥∥〈·〉|γ|f(t)
∥∥∥ s
s−ν

Lq
+ m`(t)

)
.

Recall that under assumption fin ∈ L1
` (Rd) one has that supt∈[0,T ]m`(t) 6 CT and Λ ∈ L1(0, T )

under the Prodi-Serrin condition (3.8). Setting

C (T,m`(fin)) = exp

{∫ T

0
Λ(τ)dτ

}
,
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we deduces the propagation result. In order to prove the appearance of Lpk-norm, copycat the

proof of Theorem 1.1 where all estimates are computed for F (t, v) = 〈·〉
k
p f(t, v) instead of f(t, v).

The estimates in the proof of Theorem 1.1 show then

Ds,k+γ,p(t) > C
−2
Sob,s‖F (t)‖

− 2sp
d(p−1)

L1
ηp

M
1+ 2s

d(p−1)

k,p = C−2Sob,smηp+
k
p
(t)
− 2sp
d(p−1)Mp(t)

1+ 2s
d(p−1) .

This proves the result as in Theorem 1.1, since ηk,p = ηp + k
p . �

4. Stability and uniqeness of solutions

In this section we work in the physical dimension d = 3.

4.1. Useful estimates. To prove the stability of solutions to the Boltzmann equation, we �rst

derive suitable estimates for Q and establish an alternative to Proposition 2.7 in order to estimate

cγ [f ]. We begin with the following lemma.

Lemma 4.1. Consider α ∈ (−3, 1], s ∈ (0, 1), and −3
2 < α+ 2s < 0. For any ` > 3

2 + (α+ 2s)

and β ∈ R, we have that∫
R3

cα[χ]ψ2dv 6 Cβ,`‖〈·〉|α|+β+`χ‖L2

(
‖〈·〉

α−β
2 ψ‖2Hs + ‖〈·〉

α
2 ψ‖2L2

)
, (4.1)

for an explicit constant Cβ,` > 0 depending on d, α, s, β and `. Furthermore, if α + 2s > 0 we
obtain that ∫

R3

cα[χ]ψ2dv 6 Cβ,`‖〈·〉|α|+βχ‖L1

(
‖〈·〉

α−β
2 ψ‖2Hs + ‖〈·〉

α
2 ψ‖2L2

)
. (4.2)

Proof. Writing ∫
R3

cα[χ]ψ2dv =

∫
R3

χ(v)dv

∫
R3

|v − v∗|αψ2(v∗)dv∗ ,

we can divide the internal integral in small and large relative velocities as∫
R3

|v − v∗|αψ2(v∗)dv∗ =

∫
|v−v∗|61

|v − v∗|αψ2(v∗)dv∗ +

∫
|v−v∗|>1

|v − v∗|αψ2(v∗)dv∗ .

Using then Peetre’s inequality in the form 1 . 〈v〉|α|〈v∗〉α〈v − v∗〉α, we deduce that∫
R3

|v − v∗|αψ2(v∗)dv∗ . 〈v〉|α|
(∫
|v−v∗|>1

〈v∗〉αψ2(v∗)dv∗ +

∫
|v−v∗|61

|v − v∗|α〈v∗〉αψ2(v∗)dv∗

)

.〈v〉|α|
(
‖〈·〉

α
2 ψ‖22 +

∫
|v−v∗|61

|v − v∗|α〈v∗〉αψ2(v∗)dv∗

)
.

Therefore, observing that 〈v〉 ≈ 〈v∗〉 whenever |v − v∗| 6 1∫
R3

cγ [χ]ψ2dv . ‖〈·〉|α|χ‖L1‖〈·〉
α
2 ψ‖22 +

∫
|v−v∗|61

|v− v∗|α〈v∗〉α−βψ2(v∗)〈v〉|α|+βχ(v)dv∗dv .
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For −3
2 < α + 2s < 0, we use the Hardy-Littlewood-Sobolev inequality with the choice

1
p =

1 + α+2s
3 and

1
r = 1− 2s

3 to deduce that

∫
R3

cγ [χ]ψ2dv . ‖〈·〉|α|χ‖L1‖〈·〉
α
2 ψ‖2L2 + ‖〈·〉|α|+βχ‖Lp‖〈·〉

α−β
2 ψ‖2L2r .

Observing that p < 2 and choosing ` > 3
2 + α + 2s one has that L2

2`(R3) ↪→ Lp(R3). We

also recall the embedding Hs ↪→ L2r(R3), see [10, Theorem 1.66], to obtain (4.1). In the case of

moderately soft potentials, that is α+ 2s > 0, the result is obvious if α > 0, so we focus in the

case α < 0. Using Hölder’s inequality

∫
|v−v∗|61

|v − v∗|α〈v∗〉α−βψ2(v∗)〈v〉|α|+βχ(v)dv∗dv

6 ‖〈·〉|α|+βχ‖L1

∥∥| · |−α1|·|61
∥∥
L

3
2s
‖〈·〉

α−β
2 ψ‖2L2r ,

with
1
r = 1− 2s

3 and thus, once again, we deduce (4.2). This concludes the proof. �

Let us revisit and extend estimates in [9, Proposition 3.1] to the soft potential case. The proof

of the result is postponed to Appendix A.1.

Proposition 4.2. Given 0 < s < 1, γ + 2s < 0 and ` > max
(

6, 9+γ2 + 2s
)
, there exists a

constant κ`,b > 0 depending only on ` and b(·) such that

∫
R6×S2

b(cos θ)|v − v∗|γ
(
〈v′〉` − 〈v〉`

)
f∗g h

′dvdv∗dσ

6 κ`,b

(∫
R3

cγ [〈·〉 |g|] (v)〈v〉2`f2(v)dv

) 1
2
(∫

R3

cγ [〈·〉 |g|] (v)h2(v)dv

) 1
2

+ κ`,b

(∫
R3

cγ
[
〈·〉4 |f |

]
(v)〈v〉2`g2(v)dv

) 1
2
(∫

R3

cγ
[
〈·〉4 |f |

]
(v)h2(v)dv

) 1
2

+ κ`,b

√
Dγ+2 [〈·〉|f | , 〈·〉`−2g]

(∫
R3

cγ [〈·〉|f |]h2dv
) 1

2

,

for all smooth f, g, h where Dγ+2 is de�ned in Remark 2.4.

A consequence of this inequality is the following commutator estimate. De�ne,

Rk(f, g, ψ) = 〈Q(f, 〈·〉
k
2 g), 〈·〉

k
2ψ〉L2 − 〈Q(f, g), ψ〉L2

k
, k > 0 . (4.3)
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Proposition 4.3 (Commutator estimate). Let s ∈ (0, 1) and−3
2 < γ+2s < 0 and k > 11+4s.

There exists a constant Ck > 0, depending on k, γ, s, such that

∣∣∣Rk(f, g, ψ)
∣∣∣ 6 Ck‖f‖ 1

2

L1
γ+3+2s

‖〈·〉
γ+k
2 g‖Hs

(∫
cγ [〈·〉|f |]〈v〉kψ2dv

) 1
2

+ Ck
∑

a,b∈{|f |,|g|}
a6=b

(∫
R3

cγ
[
〈·〉4 a

]
(v)〈v〉kb2(v)dv

) 1
2
(∫

R3

cγ
[
〈·〉4 a

]
(v)〈v〉kψ2(v)dv

) 1
2

.

(4.4)

Furthermore, for any ε > 0∣∣∣Rk(f, ψ, ψ)
∣∣∣+
∣∣∣Rk−γ(ψ, g, 〈·〉

γ
2ψ)

∣∣∣
6 ε

(
1 + ‖f‖

1
2

L1
γ+3+2s

+ ‖g‖L2
k

)∥∥∥〈·〉 γ+k2 ψ
∥∥∥2
Hs

+
(
Λε[f ] + Λε[g]

)
‖ψ‖2L2

k
,

for any smooth f , g and ψ. Here, for any smooth function ϕ,

Λε[ϕ] = Cε

(
1 + ‖ϕ‖

1
2

L1
γ+3+2s

)(
‖ϕ‖L1

4+|γ|
+
∥∥∥〈·〉 k2ϕ∥∥∥2

Hs
+ ‖ϕ‖

s
s−ν
L2
2(4+|γ|)

)
, (4.5)

for some positive Cε > 0 depending on k, s, γ and ν = −3+2γ
4 .

Proof. Observing that

Rk(f, g, ψ) = −
∫
R6×S2

b(cos θ)|v − v∗|γ
(
〈v′〉

k
2 − 〈v〉

k
2

)
f∗g 〈v′〉

k
2ψ′dvdv∗dσ ,

we can apply Proposition 4.2 with ` = k
2 and h = 〈·〉

k
2ψ to deduce that there exists a constant

Ck = κ`,b such that,

|Rk(f, g, ψ)| 6 Ck
√

Dγ+2 [〈·〉|f | , G]

(∫
R3

cγ [〈·〉|f |]〈v〉kψ2(v)dv

) 1
2

+ Ck
∑

a,b∈{|f |,|g|}
a6=b

(∫
R3

cγ
[
〈·〉4 a

]
(v)〈v〉kb2(v)dv

) 1
2
(∫

R3

cγ
[
〈·〉4 a

]
(v)〈v〉kψ2(v)dv

) 1
2

,

(4.6)

with

G(v) = 〈v〉
k
2
−2g(v) = 〈v〉−2

(
〈v〉

k
2 g(v)

)
.

We estimate the term Dγ+2

[
〈·〉|f |, G

]
by comparing it to Qγ+2 (recall the notations introduced

in Remark 2.4). Using the the weak form (2.5) together with the notations of Lemma 2.3

〈Qγ+2 (〈v〉|f |, G) , G〉 = −1

2
Dγ+2 [〈·〉|f |, G] + Cb

∫
R3

cγ+2 [〈·〉|f |]G2(v)dv
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where we wroteG(v′)−G(v) = 1
2

[
(G(v′)2 −G(v)2

]
− 1

2 [G(v′)−G(v)]2 and used also Lemma

2.1 and Remark 2.2. On the one hand, noticing that γ+ 2 + 2s > 0, we deduce from [23, Theorem

1.1, Eq. (1.14)], as well as [23, Remark 1.5] since γ + 2 > −3
2 , that

|〈Qγ+2(〈·〉|f |, G), G〉| . ‖〈·〉f‖L1
α
‖〈·〉w1G‖Ha‖〈·〉w2G‖Hb ,

where a+ b = 2s and w1 + w2 = γ + 2 + 2s, α = γ + 2 + 2s+ (−w1)
+ + (−w2)

+. Choosing

a = b = s and w1 = w2 = γ
2 + 1 + s, we deduce that

|〈Qγ+2(〈·〉|f |, G), G〉| . ‖f‖L1
γ+3+2s

‖〈·〉
γ
2
+1+sG‖2Hs . ‖f‖L1

γ+3+2s
‖〈·〉

γ+k
2 g‖2Hs ,

where, we observe, since s ∈ (0, 1)

‖〈·〉
γ
2
+1+sG‖Hs = ‖〈·〉1+s−2〈·〉

γ+k
2 g‖2Hs . ‖〈·〉

γ+k
2 g‖2Hs .

On the other hand, using (4.2) and the fact that (γ + 2) + 2s > 1, we have similarly∫
R3

cγ+2 [〈·〉 |f |]G2(v)dv . ‖f‖L1
1+|2+γ|

‖〈·〉
γ
2
+1G‖2Hs . ‖f‖L1

1+|2+γ|
‖〈·〉

γ+k
2 g‖2Hs .

These estimates yield

Dγ+2 [〈·〉|f |, G] . ‖f‖L1
γ+3+2s

‖〈·〉
γ+k
2 g‖2Hs .

We deduce from this and (4.6) the general commutator estimate (4.4).

We now turn to the case f = ψ and then g = ψ. For g = ψ, the sum in (4.4) is equal to

S = S1 + S2 with

S1 = Ck

∫
R3

cγ
[
〈·〉4 |f |

]
(v)〈v〉kψ2(v)dv ,

and

S2 = Ck

(∫
R3

cγ
[
〈·〉4 |ψ|

]
(v)〈v〉kf2(v)dv

) 1
2
(∫

R3

cγ
[
〈·〉4 |ψ|

]
(v)〈v〉kψ2(v)dv

) 1
2

.

Using (4.1) with β = 0 and k > 2(4 + `+ |γ|), that is k > 11 + 4s, and Young’s inequality, there

exists a constant C ′k > 0 such that

S2 6 C
′
k‖〈·〉4+`+|γ|ψ‖L2‖〈·〉

γ+k
2 f‖Hs‖〈·〉

γ+k
2 ψ‖Hs

6 ε‖〈·〉
γ+k
2 ψ‖2Hs +

(C ′k)
2

4ε
‖ψ‖2L2

k
‖〈·〉

γ+k
2 f‖2Hs

for all ε > 0. Now, according to Proposition 2.7 and since γ + 2s > −3
2 ensures that 2 > 3

3+γ+2s ,

we can deduce
1

S1 6 ε
∥∥∥〈·〉 γ+k2 ψ

∥∥∥2
Hs

+ C0

(
‖f‖L1

4
+ ε−

ν
s−ν

∥∥∥〈·〉|γ|+4f
∥∥∥ s
s−ν

L2

)
‖〈·〉

k
2ψ‖2L2 ,

1
Notice that if 2 < 3

3+γ
, i.e. γ < − 3

2
, one can apply directly Prop. 2.7. On the contrary, if 2 > 3

3+γ
, then one

applies Prop. 2.7 with some
3

2+γ+2s
< q < 3

3+γ
6 2 and use a simple interpolation

‖〈·〉|γ|+4|f |‖Lq 6 (1− θ)‖〈·〉|γ|+4|f |‖L1 + θ‖〈·〉|γ|+4|f |‖L2 , θ = 2− 2

q
,

to conclude.
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which gives, for all ε > 0,

S 6 2ε
∥∥∥〈·〉 γ+k2 ψ

∥∥∥2
Hs

+ Cε

(
‖f‖L1

4+|γ|
+
∥∥∥〈·〉 γ+k2 f

∥∥∥2
Hs

+ ‖f‖
s

s−ν
L2
2(4+|γ|)

)
‖ψ‖2L2

k

for some Cε > 0 and ν = −3+2γ
4 . The second term in (4.4) is given by

S0 := Ck‖f‖
1
2

L1
γ+3+2s

‖〈·〉
k+γ
2 ψ‖Hs

(∫
R3

cγ [〈·〉|f |]〈v〉kψ2dv

) 1
2

,

and the integral is estimated using again the ε-Poincaré inequality, Proposition 2.7, to deduce

that for all δ > 0,(∫
R3

cγ [〈·〉|f |]〈v〉kψ2dv

) 1
2

6

(
δ‖〈·〉

γ+k
2 ψ‖2Hs + C0

(
‖f‖L1

1
+ δ−

ν
s−ν

∥∥∥〈·〉|γ|+1f
∥∥∥ s
s−ν

L2

)
‖〈·〉

k
2ψ‖2L2

) 1
2

6
1

2

√
δ‖〈·〉

γ+k
2 ψ‖Hs +

1

2

√
C0

(
‖f‖L1

1
+ δ−

ν
s−ν

∥∥∥〈·〉|γ|+1f
∥∥∥ s
s−ν

L2

) 1
2

‖〈·〉
k
2ψ‖L2 .

Thus,

S0 6
Ck
2

√
δ ‖f‖

1
2

L1
γ+3+2s

‖〈·〉
γ+k
2 ψ‖2Hs

+
1

2

√
C0‖f‖

1
2

L1
γ+3+2s

(
‖f‖L1

1
+ δ−

ν
s−ν

∥∥∥〈·〉|γ|+1f
∥∥∥ s
s−ν

L2

) 1
2

‖〈·〉
k
2ψ‖L2‖〈·〉

γ+k
2 ψ‖Hs .

Choosing δ = 2C−1k ε2 and using Young’s inequality, we deduce that

S0 6 ε‖f‖
1
2

L1
γ+3+2s

‖〈·〉
γ+k
2 ψ‖2Hs + C̃ε‖f‖

1
2

L1
γ+3+2s

(
‖f‖L1

1
+ δ−

ν
s−ν ‖f‖

s
s−ν
L2
2(|γ|+1)

)
‖ψ‖2L2

k
.

Gathering the estimates for S and S0, we deduce that

|Rk(f, ψ, ψ)| 6 ε
(

1 + ‖f‖
1
2

L1
γ+3+2s

)∥∥∥〈·〉 γ2ψ∥∥∥2
Hsk

+ Λε[f ] ‖ψ‖2L2
k
,

where

Λε[f ] = Cε

(
1 + ‖f‖

1
2

L1
γ+3+2s

)(
‖f‖L1

4+|γ|
+
∥∥∥〈·〉 γ+k2 f

∥∥∥2
Hs

+ ‖f‖
s

s−ν
L2
2(4+|γ|)

)
,

for some positive Cε > 0 depending on k, s, γ and ν = −3+2γ
4 .

We proceed in the same way to estimate |Rk(ψ, g, ψ)|. In this case, the sum S′ = S′1 + S′2 in

(4.4) is given by

S′1 = Ck

(∫
R3

cγ [〈·〉4|g|]〈v〉k−γψ2dv

) 1
2
(∫

R3

cγ [〈·〉4|g|]〈v〉kψ2dv

) 1
2

,

S′2 = Ck

(∫
R3

cγ [〈·〉4|ψ|]〈v〉k−γg2dv
) 1

2
(∫

R3

cγ [〈·〉4|ψ|]〈v〉kψ2dv

) 1
2

.
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The two integrals composing S′2 are estimated using (4.1) with β = −γ and β = 0 respectively,

which yields

S′2 6 Ck‖〈·〉4+2|γ|+`ψ‖L2

(
‖〈·〉

γ+k
2 g‖2Hs + ‖g‖2L2

k

) 1
2
(
‖〈·〉

γ+k
2 ψ‖2Hs + ‖ψ‖2L2

k

) 1
2

6 ε‖〈·〉
γ+k
2 ψ‖2Hs + ε‖ψ‖2L2

k
+
C2
k

4ε

(
‖〈·〉

γ+k
2 g‖2Hs + ‖g‖2L2

k

)
‖ψ‖2L2

k
.

Now, the �rst integral in S′1 is estimated using (4.1) with β = −γ while the second is estimated

thanks to Proposition 2.7. We deduce that

S′1 6 Ck‖〈·〉4+2|γ|+`g‖
1
2

L2

(
‖〈·〉

γ+k
2 ψ‖2Hs + ‖ψ‖2L2

k

) 1
2

×
(
δ
∥∥∥〈·〉 γ+k2 ψ

∥∥∥2
Hs

+ C0

(
‖g‖L1

4
+ δ−

ν
s−ν

∥∥∥〈·〉|γ|+4g
∥∥∥ s
s−ν

L2

)
‖〈·〉

γ+k
2 ψ‖2L2

) 1
2

,

which, using Young’s inequality, yields for any ε > 0,

S′1 6 C̃k

(
δ

ε
+ ε‖〈·〉4+2|γ|+`g‖L2

)
‖〈·〉

γ+k
2 ψ‖2Hs

+ C̃k,ε

(
‖〈·〉4+2|γ|+`g‖L2 + ‖g‖L1

4
+ δ−

ν
s−ν

∥∥∥〈·〉|γ|+4g
∥∥∥ s
s−ν

L2

)
‖ψ‖2L2

k
.

Taking δ = ε2, we therefore have, for k > 11 + 4s, that

S′ 6 ε C̃k
(

1 + ‖g‖L2
k

)∥∥∥〈·〉 γ+k2 ψ
∥∥∥2
Hs

+ Cε

(
‖g‖L2

k
+‖g‖L1

4+|γ|
+
∥∥∥〈·〉 γ+k2 g

∥∥∥2
Hs

+ ‖g‖
s

s−ν
L2
2(4+|γ|)

)
‖ψ‖2L2

k
.

The third term in (4.4) is given by

S′0 := Ck‖ψ‖
1
2

L1
γ+3+2s

‖〈·〉
k
2 g‖Hs

(∫
cγ [〈·〉|ψ|]〈v〉kψ2dv

) 1
2

.

We estimate this integral thanks to (4.1) with β = 0 to deduce that

S′0 . ‖ψ‖
1
2

L1
γ+3+2s

‖〈·〉
k
2 g‖Hs‖〈·〉|γ|+1+`ψ‖

1
2

L2‖〈·〉
γ+k
2 ψ‖Hs . ‖ψ‖L2

k
‖〈·〉

k
2 g‖Hs‖〈·〉

γ+k
2 ψ‖Hs ,

as soon as k > 5 + 4s+ max{0, 4 + 2γ}. Then, using Young’s inequality yields

|Rk−γ(ψ, g, 〈·〉
γ
2ψ)| 6 ε

(
1 + ‖g‖L2

k

)∥∥∥〈·〉 γ+k2 ψ
∥∥∥2
Hs

+ Λε[g] ‖ψ‖2L2
k
.

The result is proved since the worst constraint is k > 11 + 4s. �
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4.2. Stability of solutions – Proof of Theorem 1.2. We are now in position to prove the main

stability result for solutions to (1.1) under the Prodi-Serrin condition as stated in the Introduction.

Proof of Theorem 1.2. We consider two solutions h, g with initial data h(0) = hin and g(0) = gin,

and write f = g − h. We notice �rst that, since hin, gin ∈ L2
k+|γ|(R

d) ∩ L1
` (Rd), estimate (3.9)

implies that

h, g ∈ L∞
(

[0, T ] ; L2
k+2|γ|(R

d)
)

and 〈·〉
k−γ
2 h, 〈·〉

k−γ
2 g ∈ L2 ([0, T ] ; Hs) .

Since we also assumed k > 11 + 4s > 8 + |γ|, one checks easily with the de�nition (4.5) that

Λε[h] ∈ L1([0, T ]) and Λε[g] ∈ L1([0, T ]), ε > 0. (4.7)

We are interested in the evolution of

N (t) = ‖h(t)− g(t)‖2L2
k

=

∫
Rd
|f(t, v)|2 〈v〉kdv.

It follows that

1

2

d

dt
N (t) = N1(t) + N2(t) ,

where

N1(t) =

∫
Rd
Q (g(t), f(t)) f(t, v)〈v〉kdv, N2(t) =

∫
Rd
Q (f(t), h(t)) (v)f(t, v)〈v〉kdv.

Setting

F (t, v) = 〈v〉
k
2 f(t, v) and H(t, v) = 〈v〉

k
2 h(t, v) ,

one has from (4.3)

N1(t) = 〈Q(g(t), f(t)), f(t)〉L2
k

= 〈Q(g(t), F (t)) , F (t)〉L2 +Rk(g(t), f(t), f(t)) ,

and

N2(t) = 〈Q(f(t), 〈·〉−
γ
2H(t)), 〈·〉

γ
2F (t)〉L2 +Rk−γ(f(t), h(t), 〈·〉

γ
2 f(t)) .

We estimate the �rst term in N2(t) using [3, Eq. (2.1)] and [3, Proposition 2.1], both with

m = ` = 0, so that

〈Q(f(t), 〈·〉−
γ
2H(t)), 〈·〉

γ
2F (t)〉L2

6 Cγ,s,b (‖f(t)‖L1 + ‖f(t)‖L2) ‖〈·〉
γ
2F (t)‖Hs‖〈·〉−

γ
2H(t)‖Hs .

A suitable use of Young’s inequality allows to deduce that there is a constant C > 0 such that

〈Q(f(t), 〈·〉−
γ
2H(t)), 〈·〉

γ
2F (t)〉L2 6 ε‖〈·〉

γ
2F (t)‖2Hs +

C

ε
‖F (t)‖2L2‖〈·〉−

γ
2H(t)‖2Hs

for any ε > 0 and t ∈ [0, T ]. Together with the control of Rk−γ(f(t), h(t), 〈·〉
γ
2 f(t)) and

Rk(g(t), f(t), f(t)) in Corollary 4.3 gives

|N2(t)|+ |Rk(g(t), f(t), f(t))| 6 ε (2 + C1)
∥∥∥〈·〉 γ2F (t)

∥∥∥2
Hs

+
(
Λε[h(t)] + Λε[g(t)] + Cε−1‖〈·〉−

γ
2H(t)‖2Hs

)
‖F (t)‖2L2 ,
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where C1 = maxt∈[0,T ]
√
m k

2
+3+2s(t). It remains only to estimate the term

〈Q(g(t), F (t)), F (t)〉L2 =

∫
R2d×Sd−1

B(u, σ)g(t, v∗)F (t, v)
[
F (t, v′)− F (t, v)

]
dvdv∗dσ

=
1

2

∫
R2d×Sd−1

B(u, σ)g(t, v∗)
[
F (t, v′)2 − F (t, v)2

]
dσdvdv∗

− 1

2

∫
R2d×Sd−1

B(u, σ)g(t, v∗)
[
F (t, v′)− F (t, v)

]2
dσdvdv∗ .

Using the Cancellation Lemma 2.1 and the coercivity estimate Lemma 2.3, we deduce that

〈Q(g(t), F (t)), F (t)〉L2 6 −
c0
2

∥∥∥〈·〉 γ2F (t)
∥∥∥2
Hs

+ C0

∥∥∥〈·〉 γ2F (t)
∥∥∥2
L2

+
1

2
‖b̃‖L1(Sd−1)

∫
Rd
F 2(t, v)cγ [g(t)](v)dv ,

where we also used that

−‖〈·〉
γ
2F (t)‖2Ḣs = −‖〈·〉

γ
2F (t)‖2Hs + ‖〈·〉

γ
2F (t)‖2L2

to obtain a bound involving the full Hs
norm. Thanks to ε-Poincaré inequality (2.8), we deduce

for any ε > 0 that there exists a constant Cε > 0 such that∫
Rd
F 2(t, v)cγ [g(t)](v)dv 6 ε

∥∥∥〈·〉 γ2F (t)
∥∥∥2
Hs

+ Cε

(
‖g(t)‖L1 +

∥∥∥〈·〉|γ|g(t)
∥∥∥ s
s−ν

Lq

)∫
Rd
F 2(t, v)〈v〉γdv .

Gathering all these estimates and choosing ε = ε0 > 0 su�ciently small, we observe that

1

2

d

dt
N (t) +

c0
4

∥∥∥〈·〉 γ2F (t)
∥∥∥2
Hs
6 Θ(t)

∥∥∥〈·〉 γ2F (t)
∥∥∥2
L2
,

where

Θ(t) = C

(
1 + Λε0 [h(t)] + Λε0 [g(t)] + ‖〈·〉

k−γ
2 h(t)‖2Hs +

∥∥∥〈·〉|γ|g(t)
∥∥∥ s
s−ν

Lq

)
,

with C > 0 depending explicitly on

sup
t∈[0,T ]

(
‖h(t)‖L1

γ+3+2s
+ ‖f(t)‖L1

γ+3+2s
+ ‖g(t)‖L1

γ+3+2s

)
.

By assumption (1.10), recall that r = s
s−ν , and thanks to (4.7) we conclude that Θ ∈ L1([0, T ]).

Gronwall Lemma gives the conclusion. �

Appendix A. Technical results

The following elementary inequality can be found in [6].

Lemma A.1. For any X,Y > 0 and any p > 1, one has

Y
[
Xp−1 − Y p−1] 6 1

p′
[Xp − Y p]− 1

max(p, p′)

[
X

p
2 − Y

p
2

]2
. (A.1)
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Moreover,

Y
∣∣Xp−1 − Y p−1] 6 |X p

2 − Y
p
2 |
[
X

p
2 + Y

p
2

]
. (A.2)

Proof. Observe that, see for example [6, Lemma 1],

x
2
p′ − 1 6

1

p′
(x2 − 1)− 1

max(p, p′)
(x− 1)2,

1

p
+

1

p′
= 1 ,

holds for any x > 0. Observing then Y
[
Xp−1 − Y p−1] = Y p

[
x

2
p′ − 1

]
, with x =

(
X
Y

) p
2

one

deduces the result. Moreover, since |x
2
p′ − 1| 6 |x2 − 1| for any x > 0, it follows that

Y
∣∣Xp−1 − Y p−1∣∣ = Y p

∣∣∣∣∣∣
(
X

p
2

Y
p
2

) 2
p′

− 1

∣∣∣∣∣∣ 6 Y p

∣∣∣∣∣∣
(
X

p
2

Y
p
2

)2

− 1

∣∣∣∣∣∣ = |Xp − Y p| ,

which gives (A.2). �

We end this section with an estimate for di�erence of ϕ(v′)− ϕ(v) for polynomially growing

mappings ϕ.

Lemma A.2. Assume that d ∈ N, d > 2. For any ` > 0 and α ∈ (0, 1], there exists C`,α > 0

depending only on `, d, α such that, for any v, v∗ ∈ Rd, σ ∈ Sd−1,∣∣∣〈v〉` − 〈v′〉`∣∣∣ 6 C`,α sin
(
θ
2

)
|v − v∗|α

(
〈v〉`−α + 〈v∗〉`−α

)
, (A.3)

where we recall that cos θ = v−v∗
|v−v∗| · σ. Moreover, for ` > 2,∣∣∣∣∫

Sd−1

(
〈v〉` − 〈v′〉`

)
b(cos θ)dσ

∣∣∣∣
6 C`|v − v∗|2α

(
〈v〉`−2α + 〈v∗〉`−2α

)∫ π

0
b(cos θ) sind θdσ (A.4)

holds for any nonnegative and measurable b : [−1, 1]→ R+.

Proof. The �rst estimate is essentially established in [2, Lemma 2.3]. Indeed, as shown therein,

|〈v〉` − 〈v′〉`| 6 C sin
(
θ
2

)
|v − v∗|

(
〈v〉`−1 + 〈v′〉`−1

)
and, since 〈v′〉 6

√
〈v〉2 + 〈v∗〉2 6 1

2〈v〉+
1
2〈v∗〉, this gives (A.3) for α = 1. For α < 1, we easily

deduce the result from

|v − v∗| 6 |v − v∗|α max
(
〈v〉1−α, 〈v∗〉1−α

)
.

For the second estimate, we use a suitable parametrisation of Sd−1 given in [14] where, given

u = v−v∗
|v−v∗| (for v 6= v∗) one writes σ ∈ Sd−1 as

σ = cos θu + sin θ ω, ω ∈ Sd−2(u), θ ∈ [0, π] ,
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where Sd−2(u) =
{
ω ∈ Sd−1 , ω · u = 0

}
. Then, using [14, Lemma 2.1], see also [6, Lemma 4],

for any smooth ϕ∣∣∣∣∣
∫
Sd−2(u)

(
ϕ(v)− ϕ(v′)

)
dω

∣∣∣∣∣ 6 |Sd−2(u)| sup
|x|6
√
|v|2+|v∗|2

|∂2ϕ(x)||v−v∗|2 sin2 θ ∀θ ∈ [0, π].

With ϕ(x) = 〈x〉`, ` > 2, since |∂2ϕ(x)| 6 `2〈x〉`−2, one deduces that there is a constant C` > 0

depending on ` and d only such that∣∣∣∣∣
∫
Sd−2(u)

(
〈v〉` − 〈v′〉`

)
dω

∣∣∣∣∣ 6 C` (〈v〉`−2 + 〈v∗〉`−2
)
|v − v∗|2 sin2 θ ∀θ ∈ [0, π].

This gives (A.4) for α = 2 after additional integration over θ since dσ = sind−2 θdθdω. One goes

then from α = 2 to any α ∈ (0, 2] as in the proof of (A.3). �

We give here the a proof of Prop. 4.2 adapted from [9, Prop. 3.1]. Recall the following lemma

established in [9, Lemma 2.5].

LemmaA.3. Let (v, v∗, σ) ∈ R3×R3×S2 be �xed and let (v′, v′∗) be the associated post-collisional
velocities. Given ` > 6, one has that

〈v′〉` − 〈v〉` = `〈v〉`−2 |v − v∗| (v · ω) cos`−1
(
θ
2

)
sin θ

2 + 〈v∗〉` sin`
(
θ
2

)
+ r1 + r2 + r3 + 〈v〉`

(
cos`

(
θ
2

)
− 1
)
,

(A.5)

where

ω =
σ − (σ · û)u

|σ − (σ · û) û|
, û =

v − v∗
|v − v∗|

,

and there exists C` > 0 such that{
|r1| 6 C`〈v〉 〈v∗〉`−1 sin`−3

(
θ
2

)
, |r2| 6 C`〈v〉`−2〈v∗〉2 sin2

(
θ
2

)
,

|r3| 6 C`〈v〉`−4〈v∗〉4 sin2
(
θ
2

)
.

(A.6)

A.1. Proof of Proposition 4.2. With the notations introduced earlier, we can prove Prop. 4.2.

Proof of Proposition 4.2. With the decomposition of 〈v′〉`−〈v〉` in (A.5), and with dµ = dvdv∗dσ,

one has that ∫
R6×S2

b(cos θ)|v − v∗|γ
(
〈v′〉` − 〈v〉`

)
f∗g h

′dµ =
6∑
j=1

Γj ,

with

Γ1 := `

∫
R6×S2

b(cos θ)|v − v∗|γ+1〈v〉`−2 (v · ω) cos`−1
(
θ
2

)
sin θ

2f∗g h
′dµ,

Γ2 =

∫
R6×S2

b(cos θ)|v − v∗|γ〈v∗〉` sin`
(
θ
2

)
f∗g h

′dµ ,

Γ2+k =

∫
R6×S2

b(cos θ)|v − v∗|γrkf∗gh′dµ, k = 1, 2, 3,

and

Γ6 =

∫
R6×S2

b(cos θ)|v − v∗|γ
(

cos`
(
θ
2

)
− 1
)
〈v〉`f∗g h′dµ.
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Using Cauchy-Schwarz inequality, one has that, for α+ β = 2`,

|Γ2| 6
(∫

R6×S2
b(cos θ)|v − v∗|γ〈v∗〉2`f2∗ sinα

(
θ
2

)
|g|dµ

) 1
2

(∫
R6×S2

b(cos θ)|v − v∗|γ sinβ
(
θ
2

)
|g| |h′|2dµ

) 1
2

.

Using now the singular change of variable (see [1])∫
R3×S2

b(cos θ)|v − v∗|γϕ(v′)dσdv∗ =

∫
R3×S2

|v − v∗|γb(cos θ) sin−3−γ
(
θ
2

)
ϕ(v∗)dσdv∗,

(A.7)

and choosing α = β − 3− γ = `− 3+γ
2 , we deduce that

|Γ2| 6
(∫

R6×S2
b(cos θ)|v − v∗|γ〈v∗〉2`f2∗ sin`−

3+γ
2
(
θ
2

)
|g|dµ

) 1
2

(∫
R6×S2

b(cos θ)|v − v∗|γ sin`−
3+γ
2
(
θ
2

)
|g| |h∗|2dµ

) 1
2

.

Using Cauchy-Schwarz inequality yields

|Γ2| 6
(∫

S2
b(cos θ) sin`−

3+γ
2
(
θ
2

)
dσ

)(∫
R6

|v − v∗|γ〈v∗〉2`f2∗ |g|dv∗dv
) 1

2

(∫
R6

|v − v∗|γ |g| |h∗|2dv∗dv
) 1

2

.

Assuming ` > 3+γ
2 + 2s, one has that∫

S2
b(cos θ) sin`−

3+γ
2
(
θ
2

)
dσ = C2,`(b) <∞ ,

and

|Γ2| 6 C2,`(b)

(∫
R3

cγ [|g|](v)
(
〈v〉`f(v)

)2
dv

) 1
2
(∫

R3

cγ [|g|](v)h2(v)dv

) 1
2

.

In the same way, using (A.6),

|Γ3| 6 C`
∫
R6×S2

b(cos θ)|v − v∗|γ〈v〉 〈v∗〉`−1 sin`−3
(
θ
2

)
|f∗gh′|dµ

6 C`

(∫
R6×S2

b(cos θ)|v − v∗|γ sin`−
9+γ
2
(
θ
2

)
〈v〉 |g|

(
〈v∗〉`−1f∗

)2
dµ

) 1
2

(∫
R6×S2

|v − v∗|γb(cos θ) sin`−
9+γ
2
(
θ
2

)
〈v〉 |g| |h∗|2dµ

) 1
2

.

With ` > 9+γ
2 + 2s, one has that∫

S2
b(cos θ) sin`−

9+γ
2
(
θ
2

)
dσ = C3,`(b) <∞ ,
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and

|Γ3| 6 C3,`(b)

(∫
R3

cγ [〈·〉 |g|]
(
〈·〉`−1f

)2
dv

) 1
2
(∫

R3

cγ [〈·〉 |g|] h2dv
) 1

2

.

For Γ4, using the bound for |r2| in (A.6), it holds that

|Γ4| 6 C`
∫
R6×S2

b(cos θ) sin2
(
θ
2

)
|v − v∗|γ〈v∗〉2|f∗|〈v〉`−2|g| |h′|dµ ,

so that

|Γ4| 6 C`
(∫

R6×S2
〈v∗〉2|f∗|b(cos θ) sin2

(
θ
2

)
|v − v∗|γ

(
〈v〉`−2g(v)

)2
dµ

) 1
2

(∫
R6×S2

〈v∗〉2|f∗|b(cos θ) sin2
(
θ
2

)
|v − v∗|γ

(
h(v′)

)2
dµ

) 1
2

.

Notice that ∫
S2
b(cos θ) sin2

(
θ
2

)
dσ = C(b) <∞ ,

from which we conclude that∫
R6×S2

〈v∗〉2|f∗|b(cos θ) sin2
(
θ
2

)
|v − v∗|γ

(
〈v〉`−2g(v)

)2
dµ

6 C(b)

∫
R3

cγ
[
〈·〉2|f |

] (
〈·〉`−2g

)2
dv.

In the same way, using the regular change of variable (see [1])∫
R3×S2

b(cos θ)|v − v∗|γϕ(v′)dσdv =

∫
R3×S2

|v − v∗|γb(cos θ) cos−3−γ
(
θ
2

)
ϕ(v)dσdv , (A.8)

and since ∫
S2
b(cos θ) sin2

(
θ
2

)
cos−3−γ

(
θ
2

)
dσ 6 C(b) <∞ ,

we deduce that∫
R6×S2

〈v∗〉2|f∗|b(cos θ) sin2
(
θ
2

)
|v − v∗|γ

(
h(v′)

)2
dµ 6 C̃(b)

∫
R3

cγ
[
〈·〉2|f |

]
h2dv ,

where, with C4,`(b) = C`C(b), it holds

|Γ4| 6 C4,`(b)

(∫
R3

cγ
[
〈·〉2|f |

] (
〈·〉`−2g

)2
dv

) 1
2
(∫

R3

cγ
[
〈·〉2|f |

]
h2dv

) 1
2

.

The exact same computations show that

|Γ5| 6 C5,`(b)

(∫
R3

cγ
[
〈·〉4|f |

] (
〈·〉`−4g

)2
dv

) 1
2
(∫

R3

cγ
[
〈·〉4|f |

]
h2dv

) 1
2

.

The term Γ6 is estimated similarily since∫
S2
b(cos θ)

∣∣∣1− cos`
(
θ
2

)∣∣∣ dσ 6 C6,`(b),
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consequently,

|Γ6| 6 C6,`(b)

(∫
R3

cγ [|f |]
(
〈·〉`g

)2
dv

) 1
2
(∫

R3

cγ [|f |]h2dv
) 1

2

.

The estimate for Γ1 is more delicate and one splits, as in [9, Proposition 3.1],

Γ1 = Γ1,1 + Γ1,2

where

Γ1,1 = `

∫
R6×S2

b(cos θ)|v − v∗|γ+1〈v〉`−2 (v∗ · ω̃) cos`
(
θ
2

)
sin θ

2 f∗gh
′dµ,

Γ1,2 = `

∫
R6×S2

b(cos θ)|v − v∗|γ+1〈v〉`−2
(
v∗ ·

v′ − v∗
|v′ − v∗|

)
cos`−1

(
θ
2

)
sin2

(
θ
2

)
f∗gh

′dµ,

with ω̃ = v′−v
|v′−v| . To estimate Γ1,2, one �rst notices that

|Γ1,2| 6 `
∫
R6×S2

b(cos θ) cos`−1
(
θ
2

)
sin2

(
θ
2

)
|v − v∗|γ〈v∗〉2|f∗|〈v〉`−1|g| |h′|dµ.

Then, observing that

`

∫
S2
b(cos θ) cos`−1

(
θ
2

)
sin2

(
θ
2

)
dσ = C1,`(b) <∞,

a simple use of Cauchy-Schwarz inequality and the regular change of variable (A.8) give

|Γ1,2| 6 C1,`(b)

(∫
R3

cγ [〈·〉2|f |]
(
〈v〉`−1g

)2
dv

) 1
2
(∫

R3

cγ [〈·〉2|f |]h2dv
) 1

2

.

Now, as in [9, Proposition 3.1], one has that

Γ1,1 = `

∫
R6×S2

b(cos θ)|v − v∗|γ+1 (v∗ · ω̃) cos`
(
θ
2

)
sin θ

2 f∗
[
G−G′

]
h′dµ,

where G = 〈·〉`−2g so that

|Γ1,1| 6 `
∫
R6×S2

b(cos θ)|v − v∗|γ+1 sin θ
2 (〈v∗〉|f∗|)

∣∣G−G′∣∣ |h′|dµ.
Using again Cauchy-Schwarz inequality

|Γ1,1| 6 `
(∫

R6×S2
b(cos θ)|v − v∗|γ+2 (〈v∗〉|f∗|)

∣∣G−G′∣∣2 dµ

) 1
2

(∫
R6×S2

b(cos θ)|v − v∗|γ sin2
(
θ
2

)
(〈v∗〉|f∗|) |h′|2dµ

) 1
2

.

Using the regular change of variables (A.8) in the last integral and the fact that∫
S2
b(cos θ) sin2

(
θ
2

)
dσ 6 C(b),

we deduce, with the notations introduced in Remark 2.4, that

|Γ1,1| 6 `
√
C(b)

√
Dγ+2 [〈·〉|f | , G]

(∫
R3

cγ [〈·〉 |f |]h2dv
) 1

2

.
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Combining these estimates, identifying the largest terms in the various estimates, yield the

result. �
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