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Abstract: The fully parabolic Keller-Segel system

du=Au—V- (u(l+u)"*Vv), (z,t) € Q x (0,00),
0w = Av — v + u, (z,t) € Q2 x (0, 00)

is examined within a bounded domain Q@ C RY with smooth boundary dQ (N > 3). Unlike much of the

existing literature that focus on the no-flux/no-flux boundary value problem for chemotaxis systems, we
impose a homogeneous/inhomogeneous Dirichlet signal boundary condition:

vz, t) = vy, (z,t) € 99 x (0, 00).
Here, v, is a nonnegative constant, aligning with suggestions from modeling literature. We establish that
for suitably regular initial data, the associated no-flux/Dirichlet initial-boundary value problem possesses a
2
globally bounded classical solution if @« > 1 — —. Conversely, we construct a finite-time blow-up solution
2 2
in the radially symmetric setting when 0 < o < 1 — N Our findings underscore a, := 1 — N asa critical

exponent in our model, distinguishing between global solvability and finite-time blow-up singularity.
MSC: 35K55; 35Q92; 92C17

Keywords: Keller-Segel system; Dirichlet boundary condition; Boundedness; Finite-time blow-up

*E-mail: dyyd1208@163.com
fCorresponding author. E-mail: wangyulan-math@163.com
fE-mail: zxiang@uestc.edu.cn



1 Introduction

Chemotaxis is a biological phenomenon where cells or species move towards a more favorable
chemical environment. A prominent mathematical model describing the spatial dynamics of this
effect is the Keller-Segel (KS) system:

Owu = Au — V - (uVwv),
{ ' (uVv) (1.1)

o =Av — v+ u.

Here, u = u(x,t) represents the density of a cell population, and v = v(x,t) denotes the concentra-
tion of a chemical signal attracting cells. Since Keller and Segel’s seminal work in the 1970s [20, 21],
numerous studies have contributed significantly to understanding this system (see [1, 12, 14] for
surveys). Research in this field has focused on excluding (e.g., [26, 28, 42]) or detecting [25, 43]
finite-time blow-up phenomena and exploring additional qualitative properties (e.g., [29, 47]) within
system (1.1) and related variants, including simplified parabolic-elliptic versions [26, 11, 18, 27, 32].

Blow-up detecting and excluding for KS system with no-flux/no-flux boundary con-
ditions. The Keller-Segel (KS) system (1.1), when posed in bounded domains, is typically accom-
panied by no-flux boundary conditions:

Vu-n=Vv-n=0, (x,t) € 02 x (0,00), (1.2)

where n represents the unit outward normal vector field on 0f2. It is well-established that system
(1.1)-(1.2) in bounded planar domains admits globally bounded solutions provided the initial data
(u(-,0),v(-,0)) are suitably regular and satisfy [,u(-,0) =: m < 47 ([26]). However, for each
m € (4m,00) \ {4kn|k € N}, there exist initial data such that [, u(-,0) = m, leading to unbounded
solutions either in finite or infinite time ([15]). In the three-dimensional case, no mass threshold
phenomenon occurs. Specifically, when the spatial domain € is a ball in RV with N > 3, it is proven
that for any prescribed m > 0, there exist radially symmetric positive initial data (u(-,0),v(-,0))
with fQ u(+,0) = m such that the corresponding solution blows up in finite time [43]. Furthermore,
an essentially explicit blow-up criterion demonstrates that within the space of all radial functions,
the set of such initial data enforcing blow-up is indeed large in an appropriate sense.

Given biological contexts where unbounded population densities are deemed unrealistic, significant
efforts have been directed towards devising modified variants that preemptively prevent explosive
behaviors. One frequently explored refinement involves altering cell motility to depend differently on
population density, particularly at high densities, leading to saturation effects in the cross-diffusion
term, as exemplified in the KS variant:

{atu = Au— V- (uS(u)Vv), (1.3)

o = Av — v+ u.

Here, S(u) is a nonnegative function, possibly diminishing at large u, such as S(u) < (1+u)~* with

a > 0. For the associated no-flux/no-flux boundary-value problem in smoothly bounded domains
Q c RN(N > 2), it is established that if

S(u) < C(1+u)~™ forallu>0, (1.4)

with some C > 0 and o > 1 — %, then global bounded classical solutions exist for all suitably
smooth initial data [16, 19]. Conversely, if there exist C' >0 and o < 1 — % satisfying

S(u)>C(1+wu)"* forall u>0, (1.5)

then some solutions may become unbounded for N > 3 [5, 7] and N > 2 [6, 16, 41].



The saturation effect at high cell densities also enhances the global solvability of the KS system
when coupled with an additional Stokes or Navier-Stokes fluid model, which accounts for chemotactic
movement in a fluid environment. Specifically, it has been demonstrated that if the chemotactic
sensitivity S(u) satisfies (1.4), the no-flux/no-flux/Dirichlet boundary-value problem of the two-
dimensional Keller-Segel-(Navier-)Stokes system yields a unique global bounded classical solution
for arbitrarily large initial data whenever o > % [35, 37]. In the three-dimensional case, global
weak solutions can be constructed for the Keller-Segel-Navier-Stokes system [24, 34|, while global

classical solutions are obtained for the Keller-Segel-Stokes version [45] provided a > %

Dirichlet boundary conditions for the signal in chemotaxis system. While homogeneous
Neumann boundary conditions are often used for their mathematical tractability in chemotaxis sys-
tems, recent studies have underscored the relevance of alternative boundary conditions. Notably,
there is a suggestion to adopt more realistic boundary conditions for the chemical signal, as oxy-
gen, for instance, diffuses significantly faster in air than in water. In studies like [3, 4, 8, 9, 33|,
it is proposed to maintain a fixed oxygen concentration on relevant boundary parts. Assuming,
for simplicity, that the entire fluid is surrounded by air, recent works have explored chemotaxis-
consumption models where prescribed signal concentrations on the boundary necessitate coupling
the chemotaxis systems with the boundaries:

(Vu —uVv) - n=0, v=u,, (x,t) € 9 x (0,00), (1.6)

where v, is a given nonnegative constant or a function dependent on x and ¢ (see [23, 2, 38, 39, 40]).
This modification in boundary conditions leads to the loss of the global energy structure crucial for
the development of existence theories and asymptotic behavior in chemotaxis(-fluid) systems. In
the context of the 3D chemotaxis-Stokes system with prescribed signal on the boundary, only global
generalized solutions are constructed via local energy estimates [38]. Global classical solvability is
derived under smallness assumptions on initial data in two-dimensional bounded domains [39]. For
the fluid-free chemotaxis-consumption system, in radially symmetric settings, global existence of
bounded classical solutions is established for N = 2, while global weak solutions are constructed for
N € {3,4,5} [23].

In the context of the chemotaxis model with signal production akin to the KS system (1.1), the
inclusion of Dirichlet signal boundary coupling can also capture realistic phenomena in biology or
physics [30, 9]. However, it may correspond to significantly different mathematical features. For
example, by replacing the second equation in (1.1) with 0 = Awv + w and considering boundary
conditions (1.6) with v, = 0 in two-dimensional bounded domains, Suzuki [30] demonstrated that
the solution exhibits a collapse in infinite time when the initial total mass is 87 and the domain
is close to a disc. Notably, the solution to such a problem remains bounded near the boundary,
indicating that the blowup set consists of a finite number of interior points. In [9], the parabolic-
elliptic simplification version of (1.1):

{&uzAu—V- (uVv), (L.7)

0=Av—v+u

augmented with boundary conditions (1.6) with v, = 0 is investigated. The authors unveiled a
further dynamical facet linked to the presence of a secondary mass threshold: in the case of N > 3,
there exists M* := M*(2) > 0 such that all nontrivial solutions blow up whenever the initial
mass [, u(-,0) > M*. This scenario differs from the corresponding no-flux/no-flux boundary-
value problem of the parabolic-elliptic KS system with the second equation in (1.7) replaced by
0=Av— ﬁ fﬂ u+ u. While a similar secondary critical mass also exists in this alternative setting,
blow-up can only be triggered by initial data that are radially symmetric and, in a specifically
defined sense, more concentrated than the associated spatially homogeneous equilibrium [46].

Main results. Motivated by previous works, this study delves into the fully parabolic KS system
with power-type nonlinear chemotaxis sensitivity, incorporating no-flux boundary conditions for



u and Dirichlet boundary conditions for v. Specifically, we consider the initial-boundary value
problem:

Ou=Au—V - (uS(u)Vv), (x,t) € Q x (0,00),
0w = Av — v + u, (x,t) € Q x (0,00), (18)
(Vu—uS(u)Vv) -n=0, v=u,, (x,t) € 09 x (0,00), '

u(z,0) = up(z), v(z,0)=1vo(z), x €,

where Q C RY is a bounded domain with a smooth boundary 052, v, is a nonnegative constant,
and the chemotaxis sensitivity function S € C?([0,00)) satisfies

‘S(s)} < Kg(1+s)™@ forall s>0, (1.9)

where Kg and « are positive constants. Our objective is to explore how the value of « influences
the global well-posedness of the KS system in this setting involving a Dirichlet boundary condition
for signal. Particularly, we aim to identify a critical value for « that distinguishes global existence
from finite-time blowup for system (1.8) with S(s) = (1 +s)™“.

To ensure coherent interpretation of our findings, we specify that the initial data adhere to

{(UO,U()) S Co(ﬁ) X WI’OO(Q),

- . : (1.10)
ug > 01n ©Q, vy > v, in Q with vy = v, on O0N.

Then, for suitably large «, system (1.8) sustains global bounded classical solutions. Precisely, we
have

Theorem 1.1 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Suppose that

(1.9) holds with o > 1 — % Then for any (uo,vo) fulfilling (1.10), there exists a unique nonnegative

classical solution (u,v) to system (1.8), which is global and uniformly bounded in the sense that
Hu('vt)HLoo(Q) + HU('at)le,oo(Q) < C, te (07 OO)
for some positive constant C.

Next, we aim to identify solutions that blow up at finite time for system (1.8) with a chemotaxis
sensitivity S € C?([0,0)) given by

S(s) = Kg(1+s)™ ¢, $>0, (1.11)

where a > 0 and Kg > 0. To achieve this, we concentrate on the radial symmetry setting, consid-
ering  := Bp C RY (N > 3) with R > 0. Inspired by [13, 14], we introduce the functionals

1 1
Flu,v) = 2/ |Vo|? + 2/ v? —/ uv + G(u) (1.12)
Br Br Br Br

and

2

(1.13)

Vu
D(u,v ::/ Av—v+u2+/ ——— — VuS(u)Vo
w0y, s Y
for suitable u and v, where

01
G(s) :/1/1 %dnla, 5> 0. (1.14)

To state our result, we further introduce the set

B(m, M, v,) = {(uo,vo) € C°(Br) x WhH>(Bg) } up and vy are radially symmetric and
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positive in Bgr, vg > v« in Bgr, vy = v on 0Bpg, and satisfy

HUUHLl(BR) =m, ||U0HWL2(BR) <M, and
__2N44
F(up,v0) < —K(M N +1) for some K = K(m,v*)}.

Then we have the following blow-up result.

Theorem 1.2 Suppose that (1.11) holds with 0 < av < 1 — % and N > 3. For any given positive
constants m and M, and v, > 0, there exist two positive constants K(m,vs) and T(m, M,v.) such
that for any (ug,vo) € B(m, M, v.), the corresponding solution (u,v) to system (1.8) blows up at
some finite time Tyax € (0,00), i.e.

lim sup [[u(-, t)|| oo (BR) = 00,
t—Tmax

and the mazimal time of evistence satisfies Tax < T'(m, M, vy).

Remark 1.1 For any m > 0 and v, > 0, we can follow the proof of Theorem 1.2 in [5] to find
M > 0 such that the set B(m, M, v,) is nonempty (see also Lemma 6.1 in [43]).

Remark 1.2 Theorem 1.1 and Theorem 1.2 imply that in the radial setting a. :==1— % will be the
critical blow-up exponent for system (1.8) with S(s) = Kg(1+ s)~% for some a > 0 and Kg > 0.

Remark 1.3 In the two-dimensional setting, we can establish that o > 0 is sufficient to ensure the
global ezistence and boundedness of solutions to system (1.8) by following a similar proof strategy as
in Section 3. However, the proof presented in Section 4 is not valid for the case a < 0 (see Lemma
4.5). Consequently, it remains an open question whether a. = 1 — % =0 for N = 2 serves as a
critical blow-up exponent for system (1.8), even within the radial framework.

Main idea and some plans of the paper. In the scenario where @ > 1 — %, we first devise

an approximating problem for system (1.8) (see (3.2) below) and then establish the existence of a
globally bounded approximate solution (u.,ve) via an iteration argument. Our pivotal focus lies
in a coupled estimate for the time evolution of u. and Vv, (Lemma 3.3 - Lemma 3.5). The global
existence of bounded solutions to the original system (1.8) will be secured under additional a priori
estimates along with a limit process.

On the other hand, for 0 < a < 1 — % in a radial setting, we will adapt methods from [43, 5] to
construct finite-time blowup solutions. We first establish that the functional F(u,v) defined as in
(1.12) serves as a Lyapunov functional for (1.8) with a dissipation rate D (Lemma 4.1), meaning

%}"(u(-,t),v(-,t)) = —D(u(-,t),v(-,t)) for all t € (0, Trnax)-

The subsequent technical approach relies on estimating the dissipation rate D in terms of F (Lemma
4.8). After establishing an ODI for —F (Lemma 4.9), we directly obtain the desired blow-up result.

2 Preliminaries

In this section, we state some basic preliminaries and establish the local solvability of system
(1.8). We begin with recalling two trace theorems.

Lemma 2.1 (Lemma 2.3 in [17]) Let N > 2 and Q C RY be a bounded domain with smooth
boundary and let r € (0,00). Then

WT2(0Q) — L*(09Q)

18 a compact embedding.



Lemma 2.2 (Lemma 2.4 in [17]) Let N > 2 and Q C RY be a bounded domain with smooth
boundary. If r > 0, then there exists a linear and bounded map from WT+%’2(Q) onto W2(082).

Then we present the following pointwise inequality for normal derivatives, which will be used to
estimate the boundary integrals appearing in Lemma 3.3.

Lemma 2.3 (Lemma 3.4 in [2]) Let N > 2 and Q C RY be a bounded domain with boundary of
class C?, and let K € R denote the mazimum of the curvatures on OS2 . Then whenever w € C%(Q)
and wy, € R are such that w = w, on OS2,

V|Vw]? - n < 2AwVw - n + 2K|Vw - n|? on 0f.
The following lemma gives the local well-posedness of system (1.8).

Lemma 2.4 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Then for
each (ug,vo) fulfilling (1.10), there exist a mazimal time of existence Tmax € (0,00] and a uniquely
determined (u,v) of functions such that

(u,v) € C(Q % [0, Trmax)) N C*H(Q x (0, Tinax)) x C(Q x [0, Trnax)) N C*1 (2 x (0, Tnax)),

that (u,v) solves system (1.8) in the classical sense in % (0, Tiax), and that w > 0 in Q x (0, Tinax),
v >0 in QX (0, Thax) and v > vy in Q X (0, Tinax). If Tmax < 00, then

lim  (Jlu(, )] o) + 00 ) lwree o)) = oc.

t/‘Tmax

Furthermore, we have

/Qu(-,t) = /Quo for all t € (0, Trax)- (2.1)

Proof. The proof is based on a straightforward modification of the arguments in Proposition 2.1 of
Fuhrmann-Lankeit-Winkler [9] after homogenizing the boundary conditions. For this purpose, we
first set

v(z,t) == v(z,t) — vk

and rewrite system (1.8) as its equivalent form
du=Au—V- (uS(u)VD), (z,t) € Q x (0,00),
00 = AV — U — vy + u, (z,t) € Q x (0,00),
(Vu —uS(u)Vv) - n=v=0, (x,t) € 9Q x (0,00),
u(z,0) = up(x), v(z,0) =vo(x) —vs, €N

(2.2)

Then the statements concerning local existence, uniqueness and regularity of solution (u,v) to
system (2.2) as well as extensibility criterion can be proved by a standard contraction argument
established in [9]. Therefore, transferring back to the variable v = v+w,, we obtain the corresponding
properties for system (1.8).

The positivity of v and v as well as its comparison with v, follows from an application of the
strong maximum principle to system (1.8) due to v, > 0.

Finally, the mass conservation (2.1) can be deduced from upon integrating the first equation in
(1.8) over €. O

We end this section by stating a quite basic but important property of the second component v.

Lemma 2.5 Let N > 3 and Q C RY be a bounded domain with smooth boundary. If the initial
data (ug,vo) fulfills (1.10) and v, > 0 is a constant, then the classical solution (u,v) satisfies that

/v(.,t) <M := max{/vo, / uo} for all ¢t € (0, Timax,)- (2.3)
Q Q Q

6



Proof. The fact v(z,t) = v, on 92 X (0,Thmax) and v(z,t) > v, in Q x (0, Tmax) imply that
Vv = —|Vu|n on 92 x (0, Tiyax) and thus Vo -n = —|Vo|. Then by integrating the second equation
n (1.8) over 2, we obtain

d 1)— an—/v—i—/u— /\VU\ /v+/u< /v+/uo
dt 0 o0

for all t € (0,Tmax). Therefore, we can employ a direct comparison argument to conclude that
indeed (2.3) holds. O
3 Global existence and uniform boundedness

This section investigates the global existence and uniform boundedness of solutions to system
(1.8). The establishment of the main result will be based on a series of a priori estimates of
approximate solutions to a suitable regularized system.

3.1 Construction of regularized solutions

Let {775}5 co.1) C C§°(2) be a family of standard cut-off functions fulfilling 0 < 7. <1 in Q for all
g€ (0,1) and . 1 in Q pointwisely as € \, 0, and define

Se(u) = n-(x)S(u), (x,u) € Q x [0,00)
for each € € (0,1). Then we see that S vanishes on €2 and satisfies
’Sg(u)| < Kg(14+u)™@ (3.1)

due to (1.9). In order to construct global solutions to system (1.8), we simplify its boundary
conditions via the above cur-off functions and consider the regularized system

Oyue = Aue — V - (ueS:(ue) V1), (x,t) € Q x (0,00),

O = AUz — Uz — vy + U, (x,t) € Q x (0,00), (3.2)
Vue‘n:fua:O, (x,t) € 90 x (0,00),

ue(2,0) = up(z), vs(x,0) =wvo(x) —vs, €.

Then for each € € (0, 1), the following local solvability will be a direct consequence of Lemma 2.4.

Lemma 3.1 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Suppose that
(up,vo) satisfies (1.10), and that (3.1) holds with some a > 0. Then for each fized ¢ € (0,1), there
exist Trnax,e € (0,00] and functions

ue € C(Q % [0, Tiax.e)) N C*(Q x (0, Thnaxe)).
UEEC(QX[O maxg))mczl(gx(o maxa))

such that uz > 0 and Uz + vy > 0 in QX (0, Trax,c), that (ug,v:) solves system (3.2) in Qx (0, Tinax.c)
in the classical sense, and that if Thaxe < 00, then

A (HUE('J)HLMQ) + ”@s("t)”Wm@)) = oo

Furthermore, the following mass conservation for u. holds:

/ ’U,E(',t) = / Uug for all t e (O,Tmax,s)- (33)
Q Q



3.2 A priori estimates to the regularized problems

In this subsection, we will devote ourselves to deriving some a priori estimates for system (3.2),
which will eventually result in the global existence and uniform boundedness of (uc,7.). We begin
with showing an estimate for U, from a supposedly present appropriate boundedness property of u..

Lemma 3.2 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Assume that
(ue, Ve) is a solution to system (3.2) in  x (0, Tmax,e). If

e ()| o) < L for all ¢ € (0, Timax,c)

for some p > 1 and positive constant L, then for all ¢ > 1 satisfying

Np
| 7> if p<N
qe [ Ny if p<N,
q € [1, 0] if p>N,
there exists a positive constant C = C(p,q, L) such that
[0e(5 )llwray < C for all ¢ € (0, Tmax,)- (3.4)

Proof. Due to

1+N(1 1)<1
2 2\p ¢ ’

we can apply the gradient estimate of the Dirichlet heat semigroup (see, e.g., Lemma 2.4 in [10]) to
the second equation in (3.2) to find some positive constant C fulfilling

IV (-, )| ooy < 01(1 + s s — e (-, s)||Lp(Q)) <Cy (1+v,+L) forall te (0 Taxe).
se (0,

Since 1. = 0 on 912, we can also infer from the Poincaré inequality that
[V )| (o) < Col| VU ()| Lag) < C1C2 (1 + vs + L)

with some Cy > 0. Combining the above two inequalities, we obtain (3.4) immediately. O

We next derive a coupled estimate involving the time evolution of ||us||z» and ||VUg||z2¢. The
coupled estimate of this type has been widely used in establishing the global existence of the pure
no-flux initial-boundary value problem of KS system (see e.g. [31, 35, 36]). In our current setting,
we need some new tricks to deal with additional integrals on the boundary arising from the Dirichlet
signal boundary.

Lemma 3.3 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Assume that
(ue, Ue) is a solution to system (3.2) in Q x (0, Tynaxe). Then for any p > 1 and g > 1, there exists
some positive constant C' such that

([ /\w ope) + XD [ g+ L

<C/up (. )|V (- r2+c/ DIV (- 1) 2+c/|w5 ,>|2q+5

for allt € (0, Tmax,s)'

Proof. Noting that S:(u.) = 0 on 92 x (0,00) due to n. € C3°(2), we can test the first equation
in (3.2) by 42! and then use the Young inequality to obtain that

1d

o= [P = -1 [ S Va. - v
pdt Jo Q Q
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p—1 - .
<P [Vl + - 1) [ arlsiw)P|vaf
Q Q

for all t € (0, Thmax,c), which implies that

d 3(p—1 B R
/ P+ (p)/ ’Vug ’2 <plp-— 1)K§/ ul ™|V, |2 (3.6)
dt p Q Q

for all t € (0, Tnax,c) thanks to (3.1).
On the other hand, by applying V to the second equation of (3.2) and multiplying the resulting
equation by 2V7, on both sides, we have

O (|VT|?) = 2V, - VAT, — 2|VT.|* + 2V - Ve,
which together with the identity 2V, - VAD, = A|V7.|? — 2|D?*0.|? yields that
O (IV0:[?) + 2| D*0.|* + 2| Vo[> = A|VD:|* + 2V - Vu. (3.7)

for all t € (0, Trpax.c).- We then test (3.7) by |V0.|??"2 and integrate by parts over Q to deduce that

/ VB2 4 1)/ V0.4V Ve + 2/ V5.2 D252 + 2/ V52

qdt Q 0 Q

— [ VaPEVaL a2 [ (954295 V.
o9 Q

= / VT[22V |VD.|? - n + 2/ ue| V. |* 72V, - n
o9 o9
— 2/ u: | V0|2 AT, — 2(q — 1)/ ue | V|21V, - V|V, |2 (3.8)

Q Q

for all ¢t € (0, Tiaxe). For the last two terms on the right hand side of (3.8), it follows from the
Young inequality and the pointwise inequality |Av.|? < N|D?v.|? that

—2/ng|vag|2q2A@—2(q—1)/ﬁu5|vagy2q4Vﬁa-V|vag|2
< ;f/Q\V@E\Qq*m&y?+N/Qu§yva312q—2+4(q_1)/ng\vag\2q—2
+q_1/ LIS (3.9)
< [ VA PrDHE £ (g 1)+ ) [adva e+ S [ va e vva e

We now deal with the boundary integrals on the right hand side of (3.8). Due to the homogeneous
Dirichlet boundary condition for 7., we have

AV, = 00z + Vs + Vs — Ue = Vs — Us on 09 x (0, Tmax,e),
which together with Lemma 2.3 entails that
V|V * - n < 2A5.V7. - n + 2K|V5, - n|? = 2(v, — u.) V0. - n 4 2K|VD, - n|?

and thus that

[ IVaPrviva R a2 [ ul9aive.

o0 o0
< m/ VoL Pl 2/c/ VoL e (3.10)
o0 a0

gCI/ Va2 4+C on 99 x (0, Toaes)
o0

9



with some positive constant C;. Noticing that Lemma 2.1 and Lemma 2.2 yields

1
/ V82 < Co[ Va7, gy < g [VIVELL2s ) + [V (3.11)

W4 () — HL2 HLQ(Q)

with some positive constants Cy and C3, we can substitute (3.9)-(3.11) into (3.8) to find some
positive constant Cy such that

-1
/|V |2q 9 /|V|V@s|q|2+2/ |v{)\€|2q§04/UEIVﬁE2q_2+C4/ |Vﬁs‘2q+04
th q Q Q Q Q

for all t € (0, Timax,c). This inequality together with (3.6) yields (3.5). O

To close the estimate in Lemma 3.3, we need to choose some parameters appropriately.

Lemma 3.4 Let N >3, a>1— %, p>1and q > 2. Then there exist parameters p > max {ﬁ, N},
q>q, 1§s<%,re (1,%) andb>% such that

p>2a+1, (3.12)
N N
7(] P , (3.13)
Ng—Nt2° (N—2)(p—2a)
Ngq Np
_— .14
g+ N2 "oy (3:.14)
and
p—2a—1 2 141 2
+ — < — (3.15)
N N N )
1-Z+28 1-5 452 N
as well as
2 — l 2(‘1_1) 1 _|_ 1 2
NN NN <N (3.16)
Proof. Let N
b
= f > 1.

We first fix r € (1, %) and b > % Then we can find some large p > max {p, N} satisfying

and
p>2a+1
such that
Nqo(p) Np
<r< 3.18
N -N+2 = S =2 —20) (315)
and
Ngo(p) Np
— < b < . 3.19
2q0(p) + N — 2 2(N —2) ( )
Indeed, thanks to r < ;= and b being fixed, we have
Np Np
— 2
r<(N—2)(p—2a) and b<2(N—2) (3.20)

10



N
. q0(p)

for all sufficiently large p. According to the definition of gy(p), it is clear that go(p) — oo as p — oo,
which combined with » > 1 and b > % yields that

b Nqo(p)
>
Ngo(p) — N +2 2q0(p) + N —2

(3.21)
for all sufficiently large p. It then follows from (3.20) and (3.21) that (3.18) and (3.19) are valid for
sufficiently large p.

On the other hand, we define

2 1
12 g4l N
= r § z for (¢,s) € [2,+00) % [1,7}
~ Nyl NN N—1
and 2q-1)
9_1 A=) g4l N
ha(q, s) == N § N ———x b for (q,s) € [2,+00) X [1,7}
1*§+p7 1*74’?(1 N -1
It follows from o > 1 — % that
h( ) N p—2a—%1 1-241 p-_2a4+1-% p-1+% 2
1{4q0P), — )Z N N N N N N N N - N
N-Ud—g+by 1-5+h  1-5+5 1-5+5 N
By a continuity argument and (3.17), we can choose ¢ close enough to ¢o(p) such that
7<q<qo(p) (3.22)
and

N 2
(s N - 1) SN
and that both (3.13) and (3.14) hold thanks to (3.18) and (3.19).

(3.23)
By using a continuity argument again, we can also see from (3.23) that for s € [1, %) but
closing enough to %, it holds that

2
hl(qa S) < N? (324)
which implies that (3.15) is valid.
Finally, the facts
o (a0() N) 2-3  p-3+F+3 _ ptx-1l 2
N-U -9+ 1-5+5%  1-5+% N
and
2(N—1 N 2(N=1)(g—1 1
8h2< N >_ (N )(1_7+<N—1)Q)_<( 1\;((1 ) 1+E>(N_1)
o \"N=1) 7 (= T+ (V- 1)gp
N-1)2-1
= (N I b) >0 for q€[2,+00)
(1-5+ (N =1)q)?
imply that

11



In particular, for ¢ determined by (3.22) and (3.23), it also holds that

L ( N ) < 2
2PN SN
Thus for s determined by (3.24), it holds that
hZ(Qa S) < N7
which implies that (3.16) holds. This completes the proof of Lemma 3.4. O

With Lemma 3.4 at hand, we can now choose appropriate parameters to close the coupled esti-
mates in Lemma 3.3.

Lemma 3.5 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Assume that
(ue, D) is a solution to system (3.2) in Q x (0, Tmax,c). Let (3.1) hold with some o > 1 — %. Then
for all (p,q) € [1,4+00) x [1,+00), there exists some positive constant C' such that

Jue (-, )l ey < C for all ¢ € (0, Tmax.) (3.25)
and
VO (-, )| 20 () < C for all ¢ € (0, Tmax,)- (3.26)

Proof. For any py > 1 and qp > 2, we claim that there exist p > py and g > ¢p such that

||u€(‘,t)||Lp(Q) <y for all t € (0, Tinax.e) (3.27)
and
||Vﬁ€(-,t)||L2q(Q) < (4 for all t € (0, Tinax.e) (3.28)

for some positive constant C7. Indeed, to achieve this, we let

D = po, q = qo,

and thenfixp>p>1,¢g>¢q> 2, 1§3<%,r>1andb>1asprovidedbyLemma3.4.
For the first and second integral on the right-hand side of (3.5), we apply the Holder inequality

to obtain that
Jazewa < ([ o)
Q Q

( )
/QQWU 20-2 < /% /|w€y““’ (3.30)

By using the Gagliardo-Nirenberg inequality and the mass conservation (3.3), we see

1 p 2(p—2a)
—2 T 5
([ = o
Q F A S (9)
2(p—2a)

2.8 L1-p z
S e e PP

-B

(3.29)

and

2(p—2a)
p

) p
Y "u0||21(g)>

2(p— 2a)

(Hm\ By t1) 7

= (|72 |73 0 ol 5y

12



p ﬁ1(P 200)

<OVl || oy +1) (3.31)

with some positive constants C; and Cs, where

PN — 7”(ppf]\;a)
= n—n+e €OV
due to (p — 2a)r > 1 from r > 1 and (3.12), and r < % from (3.13). Similarly, we have
i 4
(/ u?) = Hua H 4b
Q L7 (Q)

4

p 1-8 =

< (19 23 B + 1o 3,)°

4

p

—B2) 5
= s (||l | 3 g ol £y + Iwolls )
<(%(HVUEMp +1> (3.32)
for some positive constants C3 and Cy, where

pN —
= —-"—¢c (0,1
P2 pN — N + 2 €(©.1)
due to b > 1 and the fact b < 2( ) from (3.14).
Next, we estimate the terms involving V. on the right-hand side of (3.29) and (3.30). From
Lemma 3.2 and the mass conservation (3.3), we know that there exists a positive constant Cs such
that

[Vellwrs) < Cs (3.33)

forany 1 <s < % < 2 and thus we can employ the Gagliardo-Nirenberg inequality to find some
positive constants Cg and C7 such that

([rvar)" = — Vel . N
< o[V 22 IR 52, + 19507 )
< Co (G| VIV 17|75, +c5)
__c»(HvaaquZiQy+1), (3.34)
where Nq(f B ;1)
B3 = TN €(0,1)

due tor > 1,1 < s < 2 and the fact r > m from (3.13). Similarly, we have

__2(g=1)b 2(g=1)
([road =)™ = vad) s,
Q L a(b— 1) (Q)

< Cy (|| VIV 17| 5 g V11

2(g—1)
q

i+ e,

1(Q)
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2(g—1)

< Gy (G5 [V VoI P30y + C5)
2(g—1)By

< o (|VIVa g, +1)

for some positive constants Cg and Cy, where

(3.35)

Na(s ~ aa-iy)

54 = € (Oa 1)
o

duetob>1,1<s<2, q>q>2andthefactb>2+N from (3.14).

Collecting the estimates (3.29)-(3.35), and then using the Young inequality, we can find positive
constants C1g and Cy; such that

/)g?ﬂva2+:/ugvaﬁq2
Q Q

o+ 1) (V1950 gy + 1)

< (| Vel +
1)B

" 1)(va€\quﬁ 1)

B1(p—2c) (g—1)By
< Cuof [ Ivafi?) (/Q\VW@!"I +ou( [ vaP) /!vwver‘? OBk

» B1(p—2a) B3 132
212 P ~1q|2\ ¢
+ClO</§2‘VU<€2| ) +C10(/Q‘V|Vv€|q‘ ) —I—Cm(/ ’VUE‘ )
9 (g=1)By
+C'10</Q’V\Vﬁs\q‘ ) Y 4+ Cio

1 p 1 ~
gpA,/JV@F+q~/ﬂwv%wf+cn
pC Ja 2¢2C Jo

with C as fixed in (3

a9l g,

(3.36)
.5). Here we used the facts that

ﬁl(p—ga)+/33:z\r<p—2a—1 §—1+},><1
p ¢ 2\1-S42¥ N0
and
2752+w_ﬂ< 2-3 D 1+i)<1
p q 2\1- & 2f — N4 N

due to (3.15) and (3.16).
Combining (3.5) and (3.36), we can find positive constant Cj2 such that
d 1 . 2(p—1) 2o qg—1 12 ~
= P 2q 2 9% < 2q
dt(/gueJrq /Q V0, | )+ . /Q}Vug >+ 302 /Q}vwm < 012/Q V5.2 +C1y (3.37)
for all t € (0, Tmax,)-

By the Gagliardo-Nirenberg inequality, (3.3) and the Young inequality, we
have

[ = ey < Con (0 g 1P + 25 )

(Q) L%(Q)
_ ClB(HVUE HL25 || OHP (1—- 55 + Huo”Ll(Q )

< OVl [ + 1)
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—1 P
< P/ [Vu2 > + Cis (3.38)
P Ja

for some positive constants C13, C14 and Cy5, where

Bs - (p—1)N

= poN € (0,1)

due to p > p > 1. Similarly, we can use (3.33) to find positive constants Cig, C17 and Cig such that

Ciz [ 17921 = CualI V8132 0y < oo (V1T gy 17l 25 200+ 192210 5 )

Li(Q)
< Cur (VIV}, + 1)

1
<4 p / IV|Vo. |92 + Chs, (3.39)
Q

- 8
where
2Nq

Be = 9 N1 €(0,1)

S

duetoq>q>2ands<%<2.
Substituting (3.38) and (3.39) into (3.37) and letting

1 ~
y(t) :== / ul(-,t) + / |VUE(‘,t)’2q forall € (OvaaXﬁ)’
Q qJ0
we can find positive constants C1g9 and Ca such that
y’(t) + Clgy(t) < Cyy forall te (0, Tmax,e)'

Then an ODE comparison argument implies that

C
y(t) < maux{/gu%7 + /Q |Vo|?, C—?z} for all t € (0, Tinaxe)s

which entails (3.27) and (3.28) for some (p, q) satisfying p > py and ¢ > qo.
For general (p,q) € [1,+00) X [1,+00), (3.27) and (3.28) can be deduced from the arbitrariness
and the Holder inequality. This completes the proof of Lemma 3.5. ([

Based on the coupled estimates at hand, we can establish the key L°°-estimate of the component
Ue.

Lemma 3.6 Let N > 3 and Q C RY be a bounded domain with smooth boundary. Assume that
(ue,0:) is a solution to system (3.2) in Q x (0, Tinax,c). Let (3.1) hold with some o > 1 — Z. Then
there exists a positive constant C such that

e (s )l oo (@) + 10 ) lro () < C for all ¢ € (0, Tmax,e)-

Proof. In view of Lemma 3.5, we can first fix a p > N and find some positive constant C7 such
that

ue(- )|l r@) < C1 for all t € (0, Tinaxe)s (3.40)
which combined with Lemma 3.2 implies that
Hij\g(',t)HWl,oo(Q) <Oy forall te (07Tmax,s) (3.41)

for some positive constant Cs.
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Then applying the variation-of-constants formula to u. and using the smoothing estimate for the
Neumann heat semigroup in €2 (see e.g. Lemma 1.3 in [42]), we can find some positive constant Cs
such that

[[e (-, )| Loe )

t
tA (t—T)Ax7 . . . (-
< e gy + [ 5V (DS IVEL ) e

t
< Jluol () + Cs /0 (14 (¢ =m)7272 ) e MO, 7)Se(w) (1) VB )| o dr - (3:42)

for all ¢ € (0, Tiax.e), where Aj is the first non-zero eigenvalue of —A in © under the homogeneous
Neumann boundary conditions. Noticing (3.1), (3.40) and (3.41) imply that

HUE (UE Vo, < KSHuEVUEHLP < KSHUEHLP(Q)HVUEHLOO () < KsCy

@)

for some positive constant Cy, we see from the fact p > N that

/ot<1+(t—7')%£>€)‘1(tﬂ“us('ﬂ')5( )V oy

1

t N
< KSC4/ (1 + (t— T)*E*Tzo)e*Al(t*T)dr
< Cs 0
for some positive constant C5. Therefore, we can conclude from (3.42) that
e (-, 8) [ Lo (o) < Cis for all  t € (0, Tax.c)

for some positive constant Cg. This together with (3.41) completes the proof of this lemma. O

We now end this subsection by stating the global existence and uniform boundedness of classical
solutions to system (3.2), which is a direct consequence of the boundedness in Lemma 3.6 together
with the blow-up criterion in Lemma 3.1.

Proposition 3.1 Let N > 3 and Q C RN be a bounded domain with smooth boundary and (3.1)

hold for some a > 1 — % Then for any (uo,vo) fulfilling (1.10), system (3.2) admits a global

classical solution (ue,ve), which is unique and uniformly bounded in the sense that
e (s )|l o) + 0=, D)oo @) < C for all ¢ € (0,00) (3.43)

for some C >0 and any € € (0,1).

3.3 Passing to the limit: Proof of Theorem 1.1.

In this section, we use an approximate procedure to construct the global bounded solution to
system (1.8). For this purpose, we first combine the uniform bounds in (3.43) and the standard
parabolic regularity theory to establish the estimates in Lemma 3.7-Lemma 3.9 below.

Lemma 3.7 Suppose that the assumptions of Theorem 1.1 hold. Then for all T > 0, there exists a
positive constant C(T) such that for all € € (0,1), we have

/T/ V(- t)]> < C(T). (3.44)
0 Q
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Proof. Multiplying the first equation in (3.2) by u,., integrating by parts over €2, and then using
(3.1), we obtain

th/u +/ ]Vu5\2<KS/ | V5: [ Vue] < 2 /\WEP /ugva

for all ¢ € (0, 00), which together with (3.43) entails that

7 u +/ |Vu.|? < C for all ¢ € (0,00)

for all e € (0,1). By integratlng the above inequality from 0 to 7', we obtain (3.44). O

Lemma 3.8 Suppose that the assumptions of Theorem 1.1 hold. Then there exists a positive con-
stant C' such that for all € € (0,1), we have

|0 (-, 1) || (we@)” <C for all t € (0,00). (3.45)

Proof. For any given ¢ € Wg 2(€2), we deduce from the first equation in (3.2) that

/Q Bytie = /Q Vi - Vo + /Q (45 () V) - Vi = /Q UG+ /Q (4= (u) V) - Vo

for all t € (0,00) and ¢ € (0, 1). By using the Holder inequality and (3.43), we obtain
/ Orucg
Q

with some positive constants C; and Cs for all ¢t € (0, 00), which implies (3.45). O

< uell oo 1Al L1 (@) + Kslluell oo @) VUl oo () IVl L1 ()

< 1| Al r2(0) + C1l VAl 12(0) < C2H¢HWO22(Q)

Lemma 3.9 Suppose that the assumptions of Theorem 1.1 hold. Then there exist some constants
C >0 and § € (0,1) such that for all e € (0,1), we have

19O 6.8 @ esny < € for all ¢ > 0. (3.46)

Moreover, for each to > 0, we can find C(to) > 0 such that

VoL (-, )Hcé § @xiterl)) = < C(to) for all t > tp. (3.47)

Proof. Re-interpreting the second equation in (3.2) as
O = AUz — Uz — s + ue =: AU + he(x,t), re,t>0.

Since h, is bounded in L (Q x (0, oo)) by (3.43), we can draw on the standard parabolic regularity
theory to obtain (3.46) and (3.47). O

Based on the estimates proved so far, we can now pass to the limit by a standard subsequence
extraction procedure.

Lemma 3.10 Suppose that the assumptions of Theorem 1.1 hold. Then there exists a pair of
function (u,v) and a subsequence {€;}jen C (0,1) with €; \, 0 as j — oo such that

Ue — U in L (2 x [0,00)), (3.48)
Vu. —=Vu  in L (2 x [0,00)), (3.49)
Ue — U a.e. in 2 x (0,00), (3.50)
V. =0 in Cloe(Q % [0,00)), (3.51)
Vi. = Vo in Clee(Q x [0,00)), (3.52)
Vo. —» Vo weak™ in L®(Q x (0,00)) (3.53)

as e =¢e; \0.
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Proof. In view of Lemma 3.9, the Arzela-Ascoli theorem along with a standard extraction procedure
yields a sequence {e;}jen C (0,1) with £; \, 0 as j — oo such that (3.51) and (3.52) hold with some
limit function ¥ belonging to the indicated spaces. The estimate (3.43) shows that (3.53) holds
along a further subsequence.

The estimate (3.44) in Lemma 3.7 implies that (3.49) holds for some limit function u belonging
to the indicated spaces after a further extraction of an adequate subsequence. Since {uc}.c(0,1)
is bounded in L?((0,7); W'?(Q)), we can use Lemma 3.8 and the Aubin-Lions lemma to obtain
the strong precompactness (3.48) of {uc}.c(o,1) in LE. (Q x [0, oo)), which combined with Egorov’s
theorem entails (3.50). This completes the proof of Lemma 3.10. O

Proof of Theorem 1.1. We aim to show that solutions to the regularized problems (3.2) will
approach a classical solution of system (2.2) as ¢ — 0. To this end, we only need to show that the
limit function pair (u,v) obtained in Lemma 3.10 is a weak solution of system (2.2) in a natural weak
sense by relying on Lemma 3.10. Indeed, testing the first equation in (3.2) by ¢ € C§° (ﬁ x [0, oo)),

we obtain
—/ /usaﬂp:/uogo / /Vu6 V(p—i—/ /uE (ue)Vo. - Vi
0o Jo

for all € € (0,1). Thanks to (3.48) and (3.49), we have

/ /U53t<P—>/ /Uat%
/ /VuE-V¢—>/ /Vu-VqJ
0o Ja 0o Ja

as € = ¢; \, 0, where ¢, is as provided by Lemma 3.10. Since S. € C*([0,0)), we have S (uz) —
S(u) ae. in Qx (0,T) due to (3.50). In view of S. € C?([0,00)) satisfying condition (1.9) and
uz > 0, we obtain the boundedness of S:(u:) in L> (€2 x (0,00)). Then by continuity of S, the
strong precompactness of u. in L (€2 x [0,00)) and a well-known argument (Lemma A.4 in [44]),
we conclude that

UeSe(ug) — wS(u) in L?(Q x (0,7)).

as € = €5 \( 0, which combined with (3.52) ensures that

/ / UeSe(ue) Ve - Vo — / / uS(u)Vo - Vo
0 Jo o Ja

as € = £; \( 0. These results of convergence imply that

—/ /u@tgp:/uo@ / /Vu Vg0+/ /uS )WVov - V.
o Jao

Taking a similar procedure to the second equation in (3.2), we can see

—/ /5&@:/%@—/ /Vﬁ'Vgo—/ /(@—i—v*—u)go
0o Ja Q 0o Ja 0o Ja

Next according to the standard parabolic regularity theory ( see chapter IV in [22]), we can prove
the higher regularity of solutions (u, v). By combining the uniform bound estimate (3.43) with the
convergence results of the solutions of the approximating system (3.2), we can conclude that (u, )
is a global bounded classical solution of system (2.2).

Finally, transforming back via v := ¥ + v, we can establish the boundedness of the classical
solution of system (1.8). This completes the proof of Theorem 1.1. O
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4 Finite-time blowup

The purpose of this section is to address the blow-up problem for system (1.8) in the radially
symmetric framework. Throughout the sequel, we assume Q@ = B C RY (N > 3), and the
chemotaxis sensitivity function S € CQ([O, oo)) satisfies (1.11), i.e.,

S(s) = Ks(1+5)™®,  s>0

for some positive constants Kg and «. Let the initial data ug € C°(Bg) and vg € WH°(Bg) be
positive and radially symmetric. According to Lemma 2.4, we know that for such an initial data,
there exists a positive classical solution (u,v) in Br X (0, Tax). Indeed, such a solution is radially
symmetric.

4.1 The Lyapunov functional

To establish the finite-time blow-up result, we shall first show that the functional F(u,v) defined
by (1.12) is actually a Lyapunov functional for (1.8) with dissipation rate D defined by (1.13).

Lemma 4.1 Assume that (u,v) is a classical solution to system (1.8) in Br X (0, Tmax). Then we
have

%;(u(.jt)’v(.,t)) = —D(u(- 1), v(~ 1)) for all ¢ € (0, Tinax): (4.1)

where F and D are as defined in (1.12) and (1.13), respectively.

Proof. It follows from (1.8) and the definition of G in (1.14) that

/BR %(Gt) = /BR </1u 751(7)>8t“ = /BR (/1u 751(7)>V (Y — uS(u)Vo)

1
= — /BR MVU‘ (Vu — uS(u) Vo)

2
= —/ [Vl + Vu - Vo
Br US(U) Br

for all t € (0, Tinax)- Then differentiating (1.12) with regard to ¢ directly and using (1.8) again, we
integrate by parts to obtain that

i]: = Vv - Vow + / VOV — / vOu — / uopv + O (G(u))
— [ Vo.-vow+ / (v — u)yv — / (Au—V - @S@V))+ | 8(Gw)
Br Br Br Br
[Vul®
= Vv - Vo + / (Av — Op)0pw + / (Vu —uS(u)Vv) - Vo + Vu- Vo — /
Br Br Br Br Bgr uS(u)
2
= Vv - Vo — VU-V@tv—/ Opv|* + 2 VU-VU—/ wS (u)|Vu|? —/ [Vl
Br Br Br Br Br By wS(u)
Vu 2
— _ 2 _ _
_ /BR 10,0 /BRuS(u)|uS(u) vyl
= —D(u,v) for all ¢ € (0, Tmax),

where we used the fact that v, is a constant and thus that dyv = Oyv, = 0 on 0Bg X (0, Tinax). This
completes the proof of Lemma 4.1. O
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4.2 Estimates for the Lyapunov functional

The main idea to derive finite-time blow-up result is to prove that —F(u,v) satisfies an ODI
with nonlinear growth from (4.1). To this end, we devote ourselves to some estimates for the
Lyapunov functional. The main step towards this will be provided by some upper estimate for
fQ uv. To establish the latter estimate, we first show a pointwise upper bound for the second
solution component v of system (1.8).

Lemma 4.2 Let k > N — 2. Then there exists a positive constant C = C(k) such that for all
radially symmetric and positive functions ug € C(Br) and vo € WH°(BR) satisfying vo > vs in
Bpgr and vg = vx on OBR, the corresponding solution (u,v) to system (1.8) satisfies

o(r.1) < ) (J[woll 3 () + vel Bl + ollcr ) + V0028 )" (42)
for some positive constant C(k) and all (r,t) € (0, R) x (0, Tinax)-

Proof. We first represent v by using the variation-of-constants formula as follows
¢
(-, t) = A Vg, — / A=Y (g, — (7)) dr for all ¢ € (0, Tmax)-
0

According to the decay estimate of the Dirichlet heat semigroup (e*~P )t>0 in Bp (see e.g. Lemma 2.1
in [48]), the Poincaré inequality and (2.1), we can find positive constants C7, Co and C3 depending
only on p such that

VO )l e ()

t
< HVet(A—l)GOHLP(BR) ~|—/0 Hve(t—r)(A_l)(U* _ u("T))HLP(BR)dT
t
< Cill Vs + €1 [ (14 =1 EOR )~ ) s dr
0

~ ¢ _1_Npn_1 _ _r
< CZHV'UUHLQ(BR) + CZ(HU*HLl(BR) + ||U0HL1(BR)) /0 (1 + (t — 7') 7—2 (1 p))e Aot )dT
< C3([IVToll L2y + llvxllLr () + lluollLi(Br)) for all ¢ € (0, Tiax),

where A9 is the first eigenvalue of —A in B under the homogeneous Dirichlet boundary conditions,
while p € (1, %) entailing % + % (1 — %) < 1 is to be determined. Thus,
IVl o) = IVl Lo(Br) < C3(IIVO0ll L2(,) + 10sll L1 () + w0l Lr () -

Then thanks to Lemma 2.5, we can directly repeat the proof of Lemma 3.2 in [43] to confirm that

_N-p

0(r,t) < Ca(p) (ol (5) + 1042y + Io0ll 25y + V20 225, )77 (4.3)

for some positive constant Cy(p) and all (r,t) € (0, R) x (0, Tmax). Due to kK > N — 2, we can fix
pE (1, %) such that p > 2= which implies that % < k and thus that

K+17
_(N-p) o N=p) _
rr <RV P "< Ck)r" for all r € (0, R],
which together with (4.3) entails (4.2). O

Lemma 4.2 tells that for kK > N — 2, there exists B > 0 depending only on ug,vg, v, R and &
such that

v(z,t) < Blz|™" for all (x,t) € Br x (0, Tiax)- (4.4)
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This together with (2.1) and (2.3) inspires us to introduce the space
S(m, M, B, k,v,) := {(u,v) eC? (373) x C? (373) ‘ u and v are positive and radially symmetric in Bg,
and satisfy that |[lullpi(p,) =m and |[v]|p1(p,) < M,

and that v(z) < B|z|™" in BR\{0} and v =wv, on OBR}. (4.5)

We now devote ourselves to establishing the inequality

F(u,v)

W__C(m7MaBaK/7v*)7 (u7v)68(m7M,B,K/7'U*)

for some 6 € (0,1) and positive constant C(m, M, B, k,v,), where F and D are defined by (1.12)
and (1.13), respectively. Our main ideas are inspired by [43] and [7], in which the blow-up solutions
are constructed for the homogeneous Neumann boundary value problem. Of course, we need some
new trick due to the different boundary conditions. Note that in the subsequent Lemmata, say,
Lemma 4.3-Lemma 4.8, the symbol (u,v) does not necessarily denote the solution to system (1.8).
We just do some estimates of F(u,v) for (u,v) € S(m, M, B, k,vy).

Lemma 4.3 Assume that (u,v) € S(m, M, B, k,v,) with K > N —2. Then for anyn € (0,1), there
exists a positive constant C(n, m,v.) such that

+4
/ w < (14 77)HVU||2L2(BR) + C(n,m,v,) (M? +1) <HAU v+ uH N+4 o T 1). (4.6)
Br
Proof. For convenience, we set

f=—Av+v—u (4.7)

for (u,v) € S(m, M, B, k,v,). Multiplying (4.7) by v and integrating by parts over Br, we have

/ uv = —/ U*V’U-n—l-/ ]Vv|2+/ ”U’z—/ fu. (48)
Bgr dBR Br Br Br

Noticing that the radial symmetry of u and v entails
(TN*IUT)T = N7y — N7 g Ny (4.9)

we deduce from (4.9) and (4.5) that

R
—/ v, Vv -n= —U*UT(R)RN_le_l = —v*wN_l/ (rN_lvr)rdr
dBr 0

R R R
:U*wN_1</ TN_ludr+/ ?”N_lfdr—/ V- 1’Ud7")
0 0 0

< U*(HUHLl(BR) + 1l By + ||UHL1(BR))
< vl fllzi gy + ve(m + M), (4.10)

where wy_1 is the surface area of 9B(0,1). On the other hand, by the Gagliardo-Nirenberg inequal-
ity, the Holder inequality and (4.5), we can find a positive constant C; such that

/ ot [ g
Br
2

<01(HVv|rg;gBR)||vungR 100y ) + € (17011 0Ty + ol ) ) 12
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< O (V01 M 4+ 222) 4 Co (V0] 5 M5 + 34 21 (4.11)

Combining (4.8), (4.10) and (4.11), we can apply the Young inequality to show that
w0 < 0l lona + vl + 30 + [ el
R

+ O (190, M5 + 102) + O (Il oy M5 + 20 [ £l 2

< .| BRI2 || 2(pg) + valm + M) + (1 + n)!!Vvlle(BR) + Ca(n)M?
2N+4

+ Co(n) M w51 1A 25 + CLMIfll2(Br)

2 ON44
< (1+ n)HVvHLz(BR) + C3(n, m, vy) (M? + )<||f||ng?§ )

for any n € (0,1). This completes the proof of (4.6). O

To appropriately estimate || Vv||? 12(B appeared in the right hand side of (4.6), we split it into an

integral over a suitable small inner ball B,, and a corresponding outer annulus Br\By,. We begin
with the outer case.

Lemma 4.4 Assume that (u,v) € S(m, M, B, k,vs) with K > N —2. Then for any o € (0, R) and
€ (0,1), there exists a positive constant C(n,m, K,v,) such that
|V <l + 2l Vel
R

2N+4

Ntz — 2w N+4
+C’(17,m,/<;,v*)<M N 4+ BN +1><r0 —I—HAv—iju“LzB)—l—l)

Proof. For (u,v) € S(m, M, B, k,v,), we multiply
f=—-Av+v—u,

by v3 and integrate by parts over {2 to obtain

1 1 1 _1 2 3 1
fvr = — v2Vo-n+ = v 2|Vl 4+ V2 — uvz,
Bgr O0BRr 2 Br Br Bgr

which together with the boundary condition and a similar estimate as (4.10) implies that

1 1
/ U_;|VU|2+/ v2 =02 Vv-n—l—/ uvé( t)+ fo2
2 Br Br aBR Br Br
1 1
<2 (IfllLr (g +m+ M) —|—/ w? + foz. (4.12)
Br Br

The first term on the left hand side will provide a gradient estimate for v in the annulus. Indeed,
in view of the fact (4.4), we have

_1 2
v 2|Vl >
Bgr Bgr\Br

which combined with (4.12) yields

1
U_%’VUF > B_érgﬁ/ |Vv|?,

0 BRr\Brq

9 101 —1g 1 —1g 1 1 —1g 1
[Vol? <202 B2y 27 (|| fll 11 By +m+ M) +2B2r uv? +2Bzr, fuz. (4.13)
BRr\Br Bgr Br
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We only need to further estimate the right hand side of (4.13). For any n > 0, we can use the
Holder inequality and the Young inequality to find positive constants Cy, Cs, - - -, C5 depending on
n, m, M, B, k and v, such that

1 _1
202 Bary 2" (| fll 115y +m + M)

1 4 _1 1
< 202B2ry 2" (|| fllz2(p)| BrlZ +m + M)
2N +4 2N+4

< CiB> (r‘¥ +IF 5 ) + Co(M +1)B3 (r_ Ny 1)
= 0 L2(Bg 2 0

1/ _2N+4, 2N+4
<CM+1B (rg ¥ "+ IFI 5, +1), (4.14)
and
_1, B
QB%TO 2 / uv% — Bé/ (uv)%(ra“u)% < 77/ uv + Ton/ U
BR BR BR TI BR
B 2N+4
Sn/ w+ Sy TN PRI, (4.15)
Br n
and that

1 1

1, 11,
280 ¥ [ pob <oBt e [ (iebis
Bgr Br

s/BR|frv+Bro“/BR|f|

_ 1
<[ fllz2Bllvli2(BR) + Bro H|BR|2 I fllz2(Bg)
~ _ 1
< Cull o) (V05 05 + 0l ) + B Bl Lo

< O3l 2y (1701 oy M5 + M) + Brg " Bl 1l 2 )

2 e a N f
< IVollfagy + Co(M+B+1)(rg "+l 3k, +1)- (4.16)
Substituting (4.14)-(4.16) into (4.13), we complete the proof of Lemma 4.4. [
To perform the L? estimate of Vv in the inner ball B,,, the assumptions N > 3and 0 < o < 1— %

will be crucially needed.

Lemma 4.5 Let (1.11) hold with 0 < a < 1 — %. Assume that (u,v) € S(m, M, B, r,v.) with
k> N — 2. Then there exist u € (1,2) and positive constant C(m) such that

2
- uS(u)Vv‘ 2B

\Y%
/ |Vo]? < C(m (roHAv v —i—uHiQ(B ) +r0H - +[oll72 gz, + 1>

Bry B uS(u)
+“HG<“)HL1(BR)

for all rg € (0, R), where G is defined by (1.14).

Proof. Noticing that (% - 2)a € (0,2) due to « € (0, 1-— %), we can pick m € (0, 2]\;{2)
small enough such that

p = (4(]5__21)6’711% — 2>a € (0,2).

Then by letting 79 := 2;51 (0, %), we have

1
pi=meR 4+ =145 € (1,2). (4.17)
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As before, we set

fi=—Av+v—u and

g:= (W \/7Vv> Tl x # 0. (4.18)

Since both u and v are radially symmetric, we rewrite the above two equalities to

N-1 N-1 N-1 N-1 Ur g
r vp) = —r u—r +r v and vy = —
( )r f US(U) uS(u)

)

respectively. Then the Young inequality entails that

1
5((7”N7121r)2)r N2y N2 2N

1 1
< _yp2N-2 Ur 4 p2N-2 lglu m, N—1 2, - J2N-202 , T ON-2(,2
- 5(u) uS(u) 2 () / &

for all » € (0, R). Then by setting
y(r) := r2N 7202 (1), r € [0, R,

we have ] .

aN—2 Ur oN-—2 |9t IN—2 ¢2 2N—-2/ 2
- + = e & fo+r v
S(u) uS(u) m (v")

for all r € (0, R). By integrating the above inequality from 0 to r and using y(0) = 0, we obtain

—my < —2r

T

TQN—%E(T) =y(r) < _2/ em(r—p)p2N—2uP(p))dp+ 2/ em(r_p)f)%f_gmdp
0 0

S (ulp) u(p)S (u(p))
1 r B B T — 3
o em(r=p) p2N sz(p)der/O =0 pPN=2 (0%(p)) dp
=L +L+Is+1; forall re(0,R). (4.19)

Before estimating the integrals on the right-hand side of (4.19), we first claim that

1+ 20 2a+1
1 @ — — f 11 > 0. 4.20
o)™ - Kea® ™ Ksala+ 1) oratl 5= (4.20)

G) 2 Foala 1)

Indeed, in the case of s > 1, we see from the definition of G(s) and (1.11) that

// d7d5>// dd5
KS 1+T 1—|—T

1
(14 st - 2 "

Ksa®  Ksala+1)

Kga(a +1)

while in the case of 0 < s < 1, we also have

// d7d5>// A+ s
KS 1—|—7‘ 1+7

7(1 + s)tto — 2" s — 2! :
Kga(a+1) Ksa Kga(a+1)
This confirms our claim. On the other hand, by letting
5 do
H(s) := —_—, s >0,
W= ), 50
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we will have
1 1

s 1
H(s) = +0)°df = ——(14s) o —— > > 0. :
(s) S/o (L+9)%dé Ksa 1)( s) Ksla t1) 0 forall s>0. (4.21)

We now estimate the integrals on the right-hand side of (4.19) one by one. For I, it follows from
the definition of H and the integration by parts that

h= =2 [ DN (H ) dp
0
_ —2r2N—2H(u(r)) +4(N — 1)/ em(r_p)pzN_SH(u(p))dp _ 2771/ em(r—p)pQN—zH(u(p))dp
0 0
< —27“2N_2H(u(7“)) +4(N — l)emR/ p2N_3H(u(p))dp for all r € (0, R).
0

For I, we can first utilize the Holder inequality and (1.11) to deduce that

o [ ) ([ )’

17 3 ’ 2
< 2(]{/ pN—l(u(p) n l)Hadp) 2 (62771RT2N_2/ pN_lgz(p)dp> 2
S Jo 0
267]1R
< — 7
wn-1V Ks
2
~ wy1Ksa(a+1)

1
N—lH(u + l)l—l—aHzl(BR)HgHLz(BR)

2R
| (u D 1y + alat )t

N-1 2
) o " 191122 ()

for all r € (0, R). Then by
(s + ) < Kga(a +1)G(s) +2%(a+1)s +2°T1  forall s> 0,

which follows from (4.20), we obtain

1 2m R
2 N—l( 2¢ 2°"| Bg] ) ala+1)e N—1j.112
<2 G
2 < P (16 ) + g Vil + o) + SN g
afa+ Denf

< BN (G ) g + Ca(m) ) +

N=1) 112
v (A ]| Py for all r € (0, R)

N2WN -1

with some constant Cy(m) > 0. For I3 and Iy, a direct calculation yields that

[T N emb
rNl / PN P (p)dp = ———rN T fl G2 for all r € (0, R)
0 MWN-1

and

Iy = 7“2N721)2(7“) — / ((2N — 2)p2N*3 — mpZN*Q) e"l(T*p)UQ(p)dp < 7“2N*21)2(7“) forall r € (0, R),
0

where we used (2N — 2)p?N =3 > 1 p?N =2 in the last inequality due to n; < 2]\%72.
Substituting the above estimates into (4.19), we can find a positive constant Co = C2(m) such

that

_ _ 1 " _
P R) < 2N () + AN - e [ Y S (ul)dp + |G

o WN-1
02 CQ 2 C2 ) N1 o
WN-1 * WN-1 HgHLQ(BR) + WN_1 ||f||L2(BR) +r v (7“)
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for all » € (0, R). Then a direct integration entails that

ro
/ |Vo|? :wN_l/ rN L2 (r)dr
B 0

o
0 0 r
< —2wN_1/ erlH(u(r))dT + 4(N — 1)emeN_1/ TlN/ pZN*?’H(u(p))dpdr
0 0 0

+ 1270 ||G(w) || 1 (8, + Caro + Corollglliz s, + Coroll fII72(5,
)

—i—wN_l/ erle(r)dr
0

70 To
< -2 H(u)+4(N — )e"lRwN_l/ p*N 3 H (u(p)) </ rl_Ndr> dp
B"'O 0 P
+mR|G (W) L) + Coro(L+ 911725, + 1 F172(85)) + 1017255 (4.22)
for all ry € (0, R), where we used the Fubini’s theorem in the last inequality. Noticing that

T0 To
-2 H(u) 4+ 4(N — 1)emBuy_4 / p2N_3H(u(p)) (/ rl_Ndr) dp
B, 0 P

=2 H M mR "0 2-N _ ,2-N\ 2N-3 11 d
= () + =" wova [ (p o )P (u(p))dp
Bry - 0
4N -1 ro
<2 [ H@+ W Denry, / PN TUH (u(p))dp
BTO N =2 0

(3 0

we can deduce from (4.21) and (4.20) that
70 To
-2 H(u) +4(N — 1)emBuy_y / p2N_3H(u(p)) </ Tl_NdT> dp
By, 0 P

4(N B 1) . 2 206+1
< (ﬁe _ 2) (a”G(u)HLl(BR) + ?S|’u‘|L1(BR) + m\BR‘)

4(N -1
= ((]\;_2)€an - 2)0<||G(U)”L1(BR) +C3 = 1 ||G(u)ll 1By + Cs (4.23)

for some positive constant C3 = C3(m). By substituting (4.23) into (4.22), we obtain
IVullZas,,) < pIG@ L1 Bg) + Coro(1+ gl Z2a,) + 1f172(8,) + I0l72s,) + Cs
due to (4.17). This completes the proof of Lemma 4.5. O
We further fix a suitable small ro such that ro(]|f||% 128y T lglI? 12(Bn )) essentially becomes a
suitable subquadratic power of ||fHL2 (B T HgHL2 By) for f and g defined by (4.18).

Lemma 4.6 Let (1.11) hold with 0 < o < 1 — %. Assume that (u,v) € S(m, M, B, k,v,) with
k> N —2. Then for any n € (0, %), there exist positive constants C(n, m, k,v,) and

k(2N +4) (N—|—2 1) <1 1)
2N +4)k+N AN+ 4’ 2" )

(4.24)

such that

2N+4 N+

/ (Vo2 < Clnm, o) (MR + BH 4 1) ([|av - v+ ul35
Br

20
uS(u)Vv‘

\%
+ H \/q%(u) a L%(BR)

where p € (1,2) is determined by Lemma 4.5.

K n
t 1) R G| 1y + EHWHD(BR),
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Proof. As before, we set
f=—-Av+v—u and g::(i

Define R -
ro = min { T, (Ifllz2mg) + l9ll2m) P07 | € (0, R).

Then for any fixed n € (0, %), in view of Lemma 4.4 and Lemma 4.5, we can find positive constants
Cy = C1(n,m, k,vy) and Cy = Ca(m) such that

M ON+4
(=) [ 1Vo < 0 (M + B 1)1 5 + Coro1 s + ol
R
_ 2N+44
+C (M”iv“ + B 4 1)y 7 4 Callol ey

2N+4 N+2
+ UG 1y + Ml sy + L (MR + B 1)
Since the Gagliardo-Nirenberg inequality, (4.5) and the Young inequality entail that
2
Callol2s,) < Cs (90| ;“BR)H ol + ol )
< 203(\%” nie M M2)

gn/ yvv\2+c4M2
Br

for some positive constants C5 = C3(m) and Cy = C4(n, m), we have

2N+4
(—20) [ Ve <0 (35 + B 4 0)I515, + Coro 1By + oo
R
2N+4
+C1<M21¥V+4 —|—B —l—l)ro N

2N+4 Ni2
+pl| G| 1 gy + lluvll a2y +C5(M N+ BN +1> (4.25)

for some positive constant C5 = C5(n, m, k, vy).
(2N+4)s+N
[ fllz2Br) + 19ll2(r) < (2) 2, then ro = £. In this case, it is clear that

2N-+4 N2 21<,V++44
oy (M 4 B +1)|er o+ Coro (71323 + 19132 2,)

2N+4

+01(M N+ BN +1>r0 N

2N 44 N+2 2 7(2N2%\);K+N'721<;VI44 2 7<2N+§;>N+N
s o ) (3)F ()
R R
_2N+44
e (M21\]fv+4 +BN]¢2 +1> (%) B m,

which together with (4.25) implies that there exist a positive constant Cs = Cg(n, m, k, vs) such
that

2 N4 N2 p Ui
[ 19l < G (M B 1) ¢ 0wl e + g Il

2N+4 N+2
N

< co(m 1) (171855, + 191355, + 1)
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+

H n
e (<L PP U ot (4.26)

(2N+4)s+N

for any 6 > 0. On the other hand, if || f||z2(p,,) + l9llL2(BR) > (3) 2, thenry = (Lf I L2 +

___aN
”g”LQ(B‘R)) CN+s+N - In this case, we can first find a positive constant C7 = C7(n, m, k,v,) such
that

2N 14 Siey 2 2
Oy (M*F + B D)1f1 505 + Coro(1F 1320 + 1911323,)
2N +4

+01( M*% + B~ +1)r0 N

2N+4 N 2N+4 o AN
<O (M4 B L)1, + Oz + o) oy
2N +4 N+2 _2r(2N+4)
+ Cl (M N + BT —l— 1) (||f||L2(BR) —|— ||g||L2(BR)) (2N+4)k+N
Nid N N+ 2k(2N+4) 2m(2N44)
< (M B I3 + Cr (M 4 B 1) (G + ol )

Then thanks to kK > N —2 and N > 3, we can take 0 as (4.24) and further use the Young inequality

to obtain
2N 4

2N+
C1 (M ) NH y C'27“0(||f||L2 Br) T ||9||L2 (Br) )
2N+4
+01( 54 B +1)7"0 v

2N+4
e (MzNN+4 —i—B% + 1)”f”LA2](+§ + C7<M2 i
< (O + COr) (M

which implies that

M
+ B 4 1) (111 + 19035 )

Ni2
+ B 1) (113 5 + 1913 5 + 1)

2N+4 N+
|1 < Ca(M 4 B 1) (1118 + DBy +1)
R
[ U
+ T G o + g ol + G (.27

for some positive constant Cs = Cg(n, m, K, vy).
Combining (4.26) and (4.27), and fixing 6 by (4.24), we end the proof of Lemma 4.6. O

The final step is to control ||uv||;1(p,) appeared in Lemma 4.6.

Lemma 4.7 Let (1.11) hold with 0 < o < 1 — % and 0 := %. Assume that (u,v) €

S(m, M, B, k,v,) with K > N — 2. Then there ezists a positive constant C(m, k,vs) such that

/ uv < C(m,fi,’l)*)(M
Br

2N+4

+ BN —|—1> (HAv—v—i—uHL2 (BR)

260
uS(u)VU‘

L?(Br

Vu 1 2
+ Hm - ) + 1) + ”G(U)HLl(BR) + §||VU||L2(BR). (4.28)
Proof. As before, we still set

\Y
f=—-Av+v—u and g:= (i—\/uS(u)Vv)-i, x#0
VuS(u) ||
for simplicity and let u € (1,2) be the constant determined by Lemma 4.5. Then we can first pick a
constant n; € ( ) fulfilling (1 —n1)p < 1 and then use a continuity argument to find 7y € (0 )
small enough such that

1-2 1 1-—
m—2m) 1 (L—m +n2)p

1=3m+mn—n3 2 1 —3n +mmne — 03

<1. (4.29)
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Thus, we can use Lemma 4.3 to find a positive constant C; = C1(m,v,) such that

2N+4
luvllaay < MUV + (1 =m0+ m) Vol + Cr (M2 4+ 1) (IFI 55, 1), (4:30)

and similarly, use Lemma 4.6 to find positive constants Cy = Co(m, k,v,) and 0 = % such
that
2N +4 M
nvm@%&azcacw * B )Qumﬂ&{+nmu%&{+1)
1z 27]2 |G 1 + 7= 2772 ]| 1,

Substituting the above inequality into the second term on the right hand side of (4.30), we can
obtain

2 —m+n
(1 O s

— 2m
< mlIVOlZa gy + (U= +m)Co (M 4 B 1) (1A% 5, + 191 5, )
(L—m +m)p 2 Sy
T o, 1G@| 1y + Cr(M* + 1)IIF ]| (5,

+ (= m+m)C (MW + B 1) + 0 (M2 + 1)),

which together with (4.29) implies that there exists positive constants C5 = C3(m, k,v,) and Cy =
C4(m, k,vy) such that

(1 —2m2) 2N44 N
luvllerion) < T—gr oIVl e + Co(MN B 1) (1718, + 1917
(1_771+772 2 Nir44
1*37727”71772* 2HG HLI(BR)+03(M )HfHL2 (Br)
+C'3(M N +BT+1>
1 2N+4 Nt
giww;%+@@fw+3 + 1) (171 5y + 191 5
2N+4
+ (1G] 1 5,y + C3(M? + D)1 £ 514, + Cs (MR + B +1
LY(BR) Bgr)
1 N+2
Sﬂwmmm+@@fN+BN 1) (113 5 + 1913 3y + 1) + |G | 1 15

N+2

N+ 1) and the Young inequality. This completes

Here in the last inequality, we used the fact 6 € (
the proof of Lemma 4.7. O

We are now in the position to estimate F(u,v) in terms of some sublinear power of D(u,v).

Lemma 4.8 Let (1.11) hold with 0 < o < 1 — % and 0 := %. Assume that (u,v) €

S(m, M, B, k,v,) with K > N — 2. Then there exist a positive constant C(m, Kk, v.) such that

F(u,v) > —C(m, ,'-1,1J*)<M2]\17\7Jr4 + B~ + 1) (Da(u,v) + 1),
where F and D are given by (1.12) and (1.13), respectively.

Proof. By (4.28), we can find two positive constants C; = Ci(m, k,v,) and 0 = (27\%% such
that

z

2N+4 N+2 20
luv][L1(Bry < 01<M N +B +1) (HAU—UJF“HL%B )
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e = VST [ 1) IG5 19
VS (u) L2(Bp) (Br) ™ 5 L?(Bg)

Then by the definitions of F and D, we deduce that

1 2
Fu,v) 2 SIVollpe(py — luvllp sy + HG(U)HLl(BR)

N+2

> —Cy (M5 4+ B 1) (J|av - v+l

Vu
125 * HW -

uS(u)Vv‘

20

+ 1)
L2(BR)
ON+4

> _02(M 4B +1) (D"(u,v)ﬂ)

for some positive constant Co = Cy(m, K, v,). This completes the proof of Lemma 4.8. O

4.3 Blowup in finite time: Proof of Theorem 1.2

In view of Lemma 4.8 and Lemma 4.1, we can prove the existence of solution (u,v) blowing up
in finite time. We denote by

B(m, M, K,v,) = {(uo,vo) € C%(Bg) x Wh(BRg) | uo and vy are radially symmetric and
positive in Br, vy > v, in Br, vy = v, on dBR, and satisfy

lwoll1(5a) = ms llvollwa(sgy < M, and Fluo,vo) < ~K .

Lemma 4.9 Let (1.11) hold with 0 < o < 1 — % and k > N — 2. For any given positive constants

—_— —__2N+4
m and M, and v, > 0, there exist a positive constants K = K(m, K, v*)(M N4 1) such that for
any (ug,vo) € g(m,ﬂ, K, v,), the corresponding solution (u,v) of system (1.8) fulfills

Flu,v) < M for all ¢ € (0, Timax), (4.31)
(1-Ct)T=2
)
where 0 = (2(2]\]7*_4)'{]\7 and C = C(k, K)(— F (uo,v0)) T with some constant C(k, K) depending on

N+4)k+
k and K.

Proof. Recalling Lemma 4.2, we see that there exists a positive constant C; = C1(k) such that the
second solution component v of system (1.8) satisfies

v(@,t) < C1 (Iluollzr (5,) + el Brl + 1ol () + V00l 23 ) 121~
< C1 (Jluoll () + vel Brl + 0ol 2, Brl? + V00l )lol " (432)
for all (z,t) € BR\{0} x (0, Tiax). Thus if we set
m = |luollp1(8r)s M = max{m, M|Bg|?}, B:=Ci(m+v.|Bg|+ M|Bg|? + M),
then we see from (2.1), (2.3) and (4.32) that
(u(-,t),v(-,t)) € S(m, M, B, k,v.) for all t € (0, Tiax)
due to kK > N — 2, and that
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for some positive constant Cy = Ca(m, k,v,). Thanks to Lemma 4.8, the assumption (1.11) with
0<a<l— % entails that

—F(u-,t),v(-,1)) —F(ul-,t),v(-,t))

De U(',f),’l)(,t) = _12 -1
( ) o <M21\1’V+4 T B% + 1) 4 (MQNN+4 N 1)
for some positive constants Cs = Cs(m, k,v,) and Cy = Cy(m, k,v,) and all t € (0, Tinax), where
g— CNtOE g
= @NFDr+N - Oetung

2N+4

 ON44
K:2C’4(M N +1) = K(m,n,v*)(M N +1)

and noticing that —F (u(-,t),v(-,t)) is nondecreasing with respect to time ¢ due to (4.1) and thus
that
—F(U(~, t)a U('? t)) > _F(UO; UO)v

D (u(-,1),0(-, 1)) > —F (uf ,It(),v( ) (—}'(u( ,It{),v( ) )
_‘F(u( 1), v( 7t)) —f(u , U )
> I +< KO 0 _1)
_}—(u( 7t)7v('7t)) K
§ K +(x% Y
—f(u( 1), u( ,t))

_ ' ' for all ¢ € (0, Tinax)-

It then follows from (4.1) that

(- 01000) =) 2 (T

A direct calculation shows that

for all t € (0, Tinax)-

F(u(-,1),v(-, 1)) < F (uo, vo) (1 - 19[_(5 ( - f(Uo,Uo))leé)J—ﬁg

for all t € (0, Tiax). This confirms (4.31). O

Proof of Theorem 1.2. We first fix an arbitrary constant £ > N — 2 and then let K(m,v,) :=
— 1-60\ —1
K(m, k,v,) and T(m, M,v,) = (C(/{,K)( - }"(uo,vo)) o ) with K (m, k,vs) and C(k, K) de-

termined by Lemma 4.9. Therefore, Lemma 4.9 implies that the solution (u,v) will blow up before
the finite time T'(m, M, v,). This completes the proof of Theorem 1.2. O
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