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Abstract. We are interested in expansions of the form x =
∑

cntn with digits cn
of zeros and ones, where (tn) is a given sequence of positive real numbers. Kakeya
gave a classical theorem ensuring that under a natural condition on the sequence every
x ∈ [0,

∑
tn] has at least one expansion. We give two stronger conditions ensuring

that every x ∈ (0,
∑

tn) has 2ℵ0 expansions. One of them leads to significantly shorter
proofs of the existence of 2ℵ0 expansions where (1/tn) is a certain Fibonacci or Lucas
type sequence, recently proved by a quasi-ergodic approach. We prove analogous results
for non-integer base expansions on arbitrary ternary alphabets.

1. Introduction

In integer bases every real number has at most two expansions. In non-integer bases
the situation is completely different. For example (see [10]), if 1 < q < φ, where φ :=
(1 +

√
5)/2 denotes the Golden ratio, then every real number

0 < x <
∞∑
i=1

1

qi

has 2ℵ0 different expansions of the form

x =
∞∑
i=1

ci
qi
, (ci) ∈ {0, 1}N .

This is no more true for q = φ, because then x = 1 has “only” ℵ0 expansions (see [8]),
but the property holds for the closely related expansions of the form

x =
∞∑
i=1

ci
Fi

, (ci) ∈ {0, 1}N ,

where (Fi) = 1, 1, 2, 3, 5, . . . is the sequence of Fibonacci numbers (see [1]); observe that
Fi+1/Fi → φ.

The first two results were extended by Baker [2] to more general alphabets {0, 1, . . . ,M}
where M is an arbitrary positive integer. The third one was extended in [17] to all odd
values of M by adapting a bifurcation principle of Sidorov [23, 24] and Baker [2].

In this paper we apply a different approach for the study of this type of questions. It
leads to significantly shorter proofs of the above results, and it also allows us to prove
some new theorems for non-regular alphabets.

We adopt the following definitions:

Definitions. By a Kakeya sequence we mean a sequence (tn) of positive numbers, satisfying
the relations

tn → 0 as n → ∞,(1.1)
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and

tn ≤
∞∑

i=n+1

ti for every n(1.2)

If (tn) is a Kakeya sequence, then by a Kakeya expansion of a number x we mean a
representation of the form

(1.3) x =
∞∑
i=1

citi with (ci) ∈ {0, 1}N .

Examples 1.1.
(i) (q−n)∞n=1 is a Kakeya sequence for every real number q ∈ (1, 2].
(ii) (1/Fn)

∞
n=1 is a Kakeya sequence by [1, Lemma 3.1].

(iii) The sequence (1/np)∞n=1 is a Kakeya sequence if and only if 0 < p ≤ p0, where
p0 ≈ 1.728647 is the real solution of the equation ζ(p) = 2.

First we observe that (1.1) is satisfied if and only if p > 0. For 0 < p ≤ 1 (1.2) is
also satisfied because the series

∑
1/np) is divergent. For p > 1 the condition (1.2)

for n = 1 is equivalent to ζ(p) ≥ 2, and this is satisfied if and only if p ≤ p0. Since
p0 ∈ (1, 2), we complete the proof by showing that (1.2) is satisfied for every n ≥ 2
and p ∈ (1, 2]. Indeed, if p ∈ (1, 2], then(
∞∑

i=n+1

1

ip

)
− 1

np
>

∫ ∞

n+1

1

xp
dx− 1

np
=

(n+ 1)1−p

p− 1
− 1

np

=
1

(n+ 1)p

(
n+ 1

p− 1
−
(
1 +

1

n

)p)
for every positive integer n, and, since n ≥ 2 and p ≤ 2,

n+ 1

p− 1
−
(
1 +

1

n

)p

≥ 3

p− 1
−
(
1 +

1

2

)p

≥ 3−
(
1 +

1

2

)2

=
3

4
> 0.

The usefulness of “Kakeya sequences” comes from the following classical theorem:

Theorem 1.2 (Kakeya [13, 14]). If (tn) is a Kakeya sequence, then every x ∈ [0,
∑∞

n=1 tn]
has at least one expansion of the form (1.3).

Kakeya stated his theorem under the stronger assumption
∑

tn < ∞ instead of tn → 0;
the present, more general result was proved in [16, Proposition 1.1]. For the convenience
of the reader we present a short proof of Theorem 1.2 in Section 2.

Let us briefly consider the divergent case. If
∑

tn = ∞, then the condition (1.2) is
obviously satisfied, so that the Kakeya conditions reduce to the following three assump-
tions:

(1.4) tn > 0 for every n, tn → 0, and
∞∑
n=1

tn = ∞.

In this case Theorem 1.2 may be strengthened:

Proposition 1.3. Assume (1.4). Then every x ∈ (0,∞] has 2ℵ0 Kakeya expansions of
the form (1.3).

Example 1.4. The sequence (1/np)∞n=1 satisfies the assumptions of Proposition 1.3 if 0 <
p ≤ 1.
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It is obvious that x = 0 has only the trivial Kakeya expansion 0∞ for every Kakeya
sequence. Under the assumptions (1.4), by Proposition 1.3 they are the only unique
Kakeya expansions. We recall a recent characterization of unique expansions Kakeya’s
original framework:
Theorem 1.5 (Lai, Loreti [20]). Let (tn) be a Kakeya sequence satisfying

∑
tn < ∞.

An expansion of the form (1.3) is the unique Kakeya expansion of x if and only if the
following two conditions are satisfied:

∞∑
i=n+1

citi < tn whenever cn = 0,(1.5)

∞∑
i=n+1

(1− ci)ti < tn whenever cn = 1.(1.6)

See also [5] for a related theorem and [11] for a topological description of the set of
numbers having unique Kakeya expansions.
Examples 1.6.

(i) It is well-known that all but countably many x ∈ [0, 1] have unique binary expan-
sions. This may also be deduced from Theorem 1.5 as follows. If (tn) = (2−n),
then the conditions (1.5) and (1.6) are satisfied for every sequence (ci) containing
both infinitely many zeros digits and infinitely many one digits. This holds for the
expansions of x ∈ [0, 1] that are not binary rationals, hence these numbers have
unique expansions.

(ii) The number

x :=
∞∑
i=1

1

q2i−1

has a unique expansion in a base q > 1 if and only if q > φ. Indeed, applying
Theorem 1.5 with tn := q−n, all conditions (1.5) and (1.6) are equivalent to

∞∑
i=1

1

q2i−1
< 1,

i.e., to q > φ.
Concerning the possible number of Kakeya expansions we extend two earlier theorems

of Sidorov [23, 24] and Baker [3, Theorem 4.1] on non-integer base expansions:
Theorem 1.7. Let (tn) be a Kakeya sequence.

(i) If none of the numbers x ∈ (0,
∑

ti) has a unique expansion, then every x ∈ (0,
∑

ti)
has infinitely many Kakeya expansions of the form (1.3).

(ii) The number of Kakeya expansions of a given real number x is a nonnegative integer,
ℵ0 or 2ℵ0.

Example 1.8. Consider the Kakeya sequences (q−n) for q ∈ (1, 2]. We have already
mentioned that x = 1 has 2ℵ0 expansions if q ∈ (1, φ), and ℵ0 expansions if q = φ. A
special case of a theorem in [9] states that if N be an arbitrary positive integer, and q > 1
is defined by the equation

∞∑
i=1

ai
qi

= 1 with (ai) := 19(081)N(041)∞,

then x = 1 has exactly N expansions in base q.
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In the sequel we are mostly investigating the possible existence of 2ℵ0 expansions. Our
first general result is the following:

Theorem 1.9. Let (tn) be a sequence of positive numbers satisfying
∑

tn < ∞.
(i) If

(1.7) tn ≤
∞∑

i=n+2

ti for all n ≥ 1,

then 0∞ and 1∞ are the only unique expansions of the form

(1.8) x =
∞∑
i=1

citi, (ci) ∈ {0, 1}N .

(ii) If

(1.9) tn <
∞∑

i=n+2

ti for all n ≥ 1,

then every x ∈ (0,
∑∞

i=1 ti) has 2ℵ0 expansions of the form (1.8).

Examples 1.10.
(i) For tn := 1/qn the conditions (1.7) and (1.9) are equivalent to 1 < q ≤ φ and

1 < q < φ, respectively; in this way we recover two well-known results on q-
expansions.

(ii) For tn := 1/np the conditions (1.7) and (1.9) are equivalent to 1 < p ≤ p1 and
1 < p < p1, respectively, where p1 ≈ 1.58 is defined by ζ(p1) = 2 + 2−p1 .

Indeed,
∑

1/np is convergent for every p > 1, and the conditions (1.7) and (1.9)
are equivalent to

1

np
≤

∞∑
i=n+2

1

ip
for all n ≥ 1, and 1

np
<

∞∑
i=n+2

1

ip
for all n ≥ 1,

respectively. For n = 1 they are equivalent to ζ(p) ≥ 2 + 1
2p

and to ζ(p) > 2 + 1
2p

,
while they are satisfied for every n ≥ 2. Indeed,(
∞∑

i=n+2

1

ip

)
− 1

np
>

∫ ∞

n+2

1

xp
dx− 1

np
=

(n+ 2)1−p

p− 1
− 1

np

=
1

(n+ 2)p

(
n+ 2

p− 1
−
(
1 +

2

n

)p)
for every positive integer n ≥ 1. Furthermore, the last expression is positive if n ≥ 2
and p ≤ 2, because

n+ 2

p− 1
−
(
1 +

2

n

)p

≥ 4

p− 1
−
(
1 +

2

2

)p

≥ 4− 22 = 0.

The next theorem allows us to consider q-expansions with more than two digits:

Theorem 1.11. Let M be a positive integer, and (pn) a sequence of positive numbers,
converging to zero. Assume that

(1.10) pn ≤ (M + 1)pn+1 for every n,
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and that

(1.11) pn <

[
M − 1

2

]
pn+1 +

∞∑
i=n+2

Mpi

for infinitely many indices n, where [a] denotes the (lower) integer part of a. Then every

x ∈

(
0,M

∞∑
i=1

pi

)
has 2ℵ0 expansions of the form

x =
∞∑
i=1

cipi, (ci) ∈ {0, 1, . . . ,M}N .

For M = 1 Theorem 1.11 essentially reduces to [1, Theorem 1.4].

Example 1.12. We rephrase in our setting a short proof of a theorem of Baker, given in
[7, Example 4.4 (ii)]. We define

φM :=

{
(µ+

√
µ2 + 4µ)/2 if M = 2µ− 1 is odd,

µ+ 1 if M = 2µ is even,
µ = 1, 2, . . . ,

and we observe that

(1.12) 1 =
µ− 1

φM

+
∞∑
i=2

M

φi
M

.

Indeed, the right hand side is equal to
µ− 1

φM

+
M

φM(φM − 1)
=

(µ− 1)(φM − 1) +M

φM(φM − 1)
,

and it remains to show that the numerator is equal to the denominator in the last fraction,
or equivalently that

φ2
M = µφM + (M + 1− µ).

The last equality is obvious if M = 2µ and φM = µ+1. If M = 2µ− 1, then the relation
takes the form φ2

M − µφM − µ = 0, and φM is clearly a solution of this second-order
equation.

Now we show that the sequence pn := q−n satisfies the conditions of Theorem 1.11 for
every fixed 1 < q < φM . Indeed, pn → 0 because q > 1, and pn ≤ (M + 1)pn+1 for every
n because

pn
pn+1

= q < φM ,

and φM ≤ µ+1 ≤ M +1 from the definition of φM . Finally, the crucial condition (1.11)
follows from (1.12) for every n because

[
M−1
2

]
= µ− 1 and 1 < q < φM .

Applying Theorem 1.11 we conclude that every 0 < x < M
q−1

has 2ℵ0 expansions of the
form

x =
∞∑
i=1

ci
qi
, (ci) ∈ {0, 1, . . . ,M}N

for every base 1 < q < φM .
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Example 1.13. Let µ be a positive integer, M = 2µ − 1, and introduce a sequence of
integers Fi by the formulas

F0 = 0, F1 = 1, and Fn = µ(Fn−1 + Fn−2) for n = 2, 3, . . . .

Then the sequence pn := 1/Fn satisfies the conditions of Theorem 1.11. Indeed, pn → 0
because Fn ≥ n − 1 for every n by an easy induction, and pn ≤ (M + 1)pn+1 because
Fn+1 ≤ (µ+ 1)Fn for every n ≥ 1 by an easy induction, and hence

pn
pn+1

=
Fn+1

Fn

≤ µ+ 1 ≤ M + 1

for all n ≥ 1. Finally, the crucial relation (1.11) holds because

1

Fn

<
µ− 1

Fn+1

+
∞∑

i=n+2

M

Fi

for every odd index n by [17, Lemma 2.1]. This yields a new, shorter proof of [17, Theorem
1.1]: every 0 < x <

∑∞
i=1

M
Fi

has 2ℵ0 expansions of the form

x =
∞∑
i=1

ci
Fi

, (ci) ∈ {0, 1, . . . ,M}N .

We recall from [17] that Fn+1/Fn → φM , so that the last expansions are close to the
expansions in base φM , excluded in Example 1.12.

Remark 1.14. Let M be a positive integer, q ∈ (1, φM) and λ > 0 two real numbers, and
let Fn denote the closest integer to λqn. Then there exists a positive integer N such that
the sequence pn := 1/Fn+N satisfies the assumptions of Theorem 1.11. Indeed, if k → ∞,
then

Fk > λqk → ∞,

Fk+1

Fk

<
λqk+1 + 1

λqk − 1
→ q < φM < M + 1,

and [
M − 1

2

]
Fk

Fk+1

+
∞∑

i=n+2

MFk

Fi

→
[
M − 1

2

]
1

q
+

∞∑
j=2

M

qj

>

[
M − 1

2

]
1

φM

+
∞∑
j=2

M

φj
M

= 1,

so that pn → 0, and (1.10)–(1.11) are satisfied if N is sufficiently large.
We do not know whether this remains true for q = φM ; this would generalize Exam-

ple 1.13.

Now we study analogous problems for arbitrary three-letter alphabets [15, 4, 18, 25].
By an elementary normalization argument it is sufficient to consider alphabets {0, 1,m}
either with real numbers m ≥ 2, or with real numbers m ∈ (1, 2].

The following variants of Theorem 1.9 and Theorem 1.11 hold:

Theorem 1.15. Let (pn) be a sequence of positive numbers, converging to zero, and
m ∈ (1, 2] a real number. If

pn <
∞∑

i=n+2

pi for every n ≥ 1,
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then every x ∈ (0,
∑∞

i=1 mpi) has 2ℵ0 expansions x =
∑∞

i=1 cipi with ci ∈ {0, 1,m}.

Theorem 1.16. Let (pn) be a sequence of positive numbers, converging to zero, and
m ∈ (1, 2] a real number. Assume that

pn ≤ (m+ 1)pn+1 for every n ≥ 1,

and

pn < m

∞∑
i=n+2

pi for infinitely many n.

Then every x ∈ (0,
∑∞

i=1 mpi) has 2ℵ0 expansions x =
∑∞

i=1 cipi with ci ∈ {0, 1,m}.

Example 1.17. Given m ∈ (1, 2] and q > 1, we consider expansions of the form

(1.13) x =
∞∑
i=1

ci
qi
, (ci) ∈ {0, 1,m}N .

It follows from [21, Proposition 2.1] that if 1 < q ≤ 1+m, then every x ∈
[
0, m

q−1

]
has at

least one expansion. Theorem 1.15 and Theorem 1.16 imply that every x ∈
(
0, m

q−1

)
has

2ℵ0 expansions if 1 < q < 2 and 1 < q < 1+
√
1+4m
2

, respectively.

The last theorem of this paper improves the results of Example 1.17. We recall that for
each m > 1 there exists a critical base Gm such that for 1 < q < Gm only the endpoints
of
[
0, m

q−1

]
have unique expansions of the form (1.13), while for q > Gm there are other

unique expansions as well. These bases Gm have been determined in [15], and then in [4]
by a different proof.

Theorem 1.18. If m > 1 and 1 < q < Gm, then every x ∈
(
0, m

q−1

)
has 2ℵ0 expansions

of the form (1.13).

A slightly weaker result was proved in the first version of this paper; see Remark 4.1
below.

The rest of the paper is organized as follows. In Section 2 we recall a short proof
of Theorem 1.2 for the reader’s convenience, and we prove Proposition 1.3 and Theo-
rem 1.7. Theorem 1.9 and Theorem 1.11 are proved in Section 3. Finally, Theorem 1.15,
Theorem 1.16 and Theorem 1.18 are proved in Section 4.

Acknowledgments. We thank the anonymous referees for their valuable suggestions
and for highlighting Theorem 1.15 and Theorem 1.18, and M. de Vries for fruitful discus-
sions on the subject of this paper. The first author is grateful to the Roma Tre University
for its hospitality during his visits in May 2023 and February 2024, and acknowledges
support from NSFC (No. 11871348), CAPES (No. 88881.520205/2020-01) and MATH
AMSUD (21-MATH-03). The last author, M. Pedicini, acknowledges support from GN-
SAGA of INdAM.

2. Proof of Theorem 1.2, Proposition 1.3 and Theorem 1.7

Proof of Theorem 1.2. Using the greedy algorithm, we may construct the lexicographi-
cally largest sequence (ci) ∈ {0, 1}N satisfying

n∑
i=1

citi ≤ x for every n ≥ 1.
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We observe that (ci) cannot end with 01∞ because if tn = 0, and ti = 1 for all i > n,
then tn > tn+1 + tn+2 + · · · by the lexicographic maximality, contradicting the condition
(1.2).

If tn = 0 for infinitely many n, then we conclude by letting n → ∞ in the corresponding
inequalities (

n−1∑
i=1

citi

)
≤ x <

(
n−1∑
i=1

citi

)
+ tn.

In the only remaining case we have (ci) = 1∞, and our choice x ≤
∑

ti implies that
∞∑
i=1

citi ≤ x ≤
∞∑
i=1

ti =
∞∑
i=1

citi. □

Proof of Proposition 1.3. We adapt the proof of [10, Theorem 3]. Given any x ∈ (0,∞],
using the assumption tn → 0 we may remove from (tn) a subsequence (tnj

) such that
∞∑
j=1

tnj
< x,

and the remaining sequence (pn) is still infinite. Then (pn) still satisfies the condi-
tions (1.4). Therefore, for each sequence (cnj

) ∈ {0, 1}N, thanks to the inequality
x−

∑∞
j=1 cnj

tnj
> 0 there exists a Kakeya expansion

x−
∞∑
j=1

cnj
tnj

=
∞∑
n=1

c′npn.

This may be rewritten in the form (1.3), and each of the 2ℵ0 sequences (cnj
) leads to

a different Kakeya expansion of x. There cannot be more because there are “only” 2ℵ0

sequences (ci) ∈ {0, 1}N. □
Proof of Theorem 1.7. By Proposition 1.3 we may assume that

∑
tn < ∞.

(i) Similarly to the proof of Proposition 1.3, it suffices to show that x has at least 2ℵ0

expansions. We apply Sidorov’s bifurcation method [23, 24], illustrated by Figure 1. We
use the notation

πn(c1 · · · ck) :=
k∑

i=1

citn−1+i.

It follows from the non-uniqueness assumption that for each n ≥ 1, if y ∈ (0,
∑∞

i=n ti),
then there exist two expansions of y of the form

(2.1)
∞∑
i=n

citi with (ci) ∈ {0, 1}N ,

starting with different words w0(n, y) and w1(n, y) of the same length. By choosing these
words long enough, we may also assume that πn(w0(n, y)) and πn(w1(n, y)) are larger
than y

2
if y < ∞, and they are larger than one if y = ∞. (The latter case occurs only if∑∞

i=1 ti = +∞.)
Now given an arbitrary point x ∈ (0,

∑∞
i=1 ti), for each sequence (aj) ∈ {0, 1}∞ we

construct an expansion x =
∑∞

i=1 citi of the form
c1c2 . . . = wa1(n1, x1)wa2(n2, x2)wa3(n3, x3) . . . .

where the parameters n1 < n2 < · · · and x1 > x2 > · · · are defined recursively as follows.
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First we define n1 := 1 and x1 := x. If wa1(1, x) . . . waj(nj, xj) has already been defined
for some j ≥ 1, then let nj+1 denote the length of the word wa1(n1, x1) . . . waj(nj, xj),
and set

xj+1 = x− π(wa1(n1, x1) . . . waj(nj, xj)).

Then, since waj(nj, xj) is the beginning of an expansion of the form (2.1) with n = nj,
xj+1 ∈

(
0,
∑∞

i=nj+1
citi

)
, and therefore waj+1

(nj+1, xj+1) is well defined. It follows from
the choice of the length of the words w0(n, y) and w1(n, y) that x =

∑∞
i=n citi.

We conclude by observing that different sequences (aj) lead to different expansions of
x, so that x has at least 2ℵ0 expansions.

x

· · ·

· · ·

· · ·

· · ·

c1c2 · · · cn1

cn1+1cn1+2 · · · cn2

c′n1+1c
′
n1+2 · · · c′n′

2

Figure 1. Sidorov’s bifurcation method

(ii) We adapt the proof of [6, Theorem 2.3.1] given for expansions in non-integer bases.
If x /∈ [0,

∑
ti], then x has no expansion. If x ∈ [0,

∑
ti], then x has at least one

expansion. It remains to show that if x has uncountably many expansions, then it has
necessarily 2ℵ0 expansions.

Consider the discrete topology on {0, 1}, and endow the set {0, 1}N with the Tychonoff
product topology. One easily verifies that the set E(x) of Kakeya expansions of x is a
closed subset of the Polish space {0, 1}N, and hence E(x) is a Polish space, too. The asser-
tion follows from the well-known fact that uncountable Polish spaces have the cardinality
of the continuum. □

3. Proof of Theorem 1.9 and Theorem 1.11

Proof of Theorem 1.9. (i) Let (ci) be a unique expansion. If cn = 0 and cn+1 = 1 for
some n, then we infer from Theorem 1.5 that

∞∑
i=n+1

citi < tn and
∞∑

i=n+2

(1− ci)ti < tn+1.

Adding them and using the equality cn+1 = 1 we obtain that
∞∑

i=n+2

ti < tn,
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contradicting (1.7). Similarly, if cn = 1 and cn+1 = 0 for some n, then we infer from
Theorem 1.5 that

∞∑
i=n+1

(1− ci)ti < tn and
∞∑

i=n+2

citi < tn+1,

and they lead to the same contradiction.
(ii) As in the proof of Theorem 1.7 (i), it suffices to show that for each x ∈ (0,

∑∞
i=1 ti)

there exist an integer n ≥ 1 and c1, . . . , cn−1 ∈ {0, 1} such that

x−
n−1∑
i=1

citi ∈

(
tn,

∞∑
i=n+1

ti

)
.

It follows from (1.9) that
∞⋃
n=1

(
tn,

∞∑
i=n+1

ti

)
=

(
0,

∞∑
i=2

ti

)
,

∞⋃
n=1

(
n∑

i=1

ti,

n−1∑
i=1

ti +
∞∑

i=n+1

ti

)
=

(
t1,

∞∑
i=1

ti

)
and (

0,
∞∑
i=2

ti

)⋃(
t1,

∞∑
i=1

ti

)
=

(
0,

∞∑
i=1

ti

)
.

Therefore for each x ∈ (0,
∑∞

i=1 ti) there exists an n ≥ 1 such that

x ∈

(
tn,

∞∑
i=n+1

ti

)
or x ∈

(
n∑

i=1

ti,
n−1∑
i=1

ti +
∞∑

i=n+1

ti

)
;

our claim follows with c1 = · · · = cn−1 = 0 in the first case, and with c1 = · · · = cn−1 = 1
in the second case. □
Proof of Theorem 1.11. Let us write m :=

[
M+1
2

]
for brevity; then 2m− 1 ≤ M , and the

condition (1.11) takes the form

(3.1) pn < (m− 1)pn+1 +
∞∑

i=n+2

Mpi

for infinitely many n.
First step. Given an arbitrarily small ε > 0, using the relation pn → 0 and the

condition (3.1), we may construct by induction an increasing sequence (nj) of indices
such that

∑
pnj

< ε, and

(3.2) pnj
< (m− 1)pnj+1 +M

nj+1∑
i=nj+2

pi

for every j ≥ 1.
Repeating m− 1 times each pi with i = nj + 1, and M times each remaining element

pi, we obtain a sequence (ti) of the form
p1 · · · p1 p2 · · · p2 p3 · · · p3 p4 · · ·

with consecutive blocks of m− 1 or M identical elements.
10



We claim that (ti) satisfies the hypotheses of Theorem 1.2. The property ti → 0 being
obvious, it remains to show that

tk ≤
∞∑

i=k+1

ti

for every k ≥ 1. This is also obvious if tk ≤ tk+1, hence it suffices to consider the indices
k for which tk > tk+1; then tk is the last element of a block of consecutive equal elements.
If tk = pnj

for some j, then the condition follows from (3.2):

tk = pnj
< (m− 1)pnj+1 +M

nj+1∑
i=nj+2

pi =

k+(m−1)+M(nj+1−nj−1)∑
i=k+1

ti <

∞∑
i=k+1

ti.

Since nj → +∞, using a backward induction it remains to show that if the inequality
holds for the last element tn of a block of length M , then it also holds for tn−M . This
follows from our assumption (1.10):

tn−M ≤ (M + 1)tn−M+1 =

(
n∑

i=n−M+1

ti

)
+ tn ≤

∞∑
i=n−M+1

ti.

Second step. Fix 0 < x < M
∑∞

i=1 pi arbitrarily, and take the Kakeya sequence (ti) of
the first step with

ε := min

{
x

M
,
M(
∑

pi)− x

M + 1−m

}
;

then we have

m
∞∑
j=1

pnj
< x < M

∞∑
i=1

pi − (M + 1−m)
∞∑
j=1

pnj
=

∞∑
i=1

ti.

Now choose an arbitrary sequence (δnj
)∞j=1 ∈ {0,m}N. Then we infer from the last

inequalities the relations

0 < x−
∞∑

j=N

δnj
pnj

<
∞∑
i=1

ti,

and hence, applying Theorem 1.2, the existence of a sequence (εi) satisfying the equality

x−
∞∑

j=N

δnj
pnj

=
∞∑
i=1

εipi,

and the extra conditions

εnj
∈ {0, . . . ,m− 1} for all j, and εi ∈ {0, . . . ,M} otherwise.

Setting

ci :=

{
δnj

+ εnj
if i = nj for some j,

εi otherwise

we obtain a sequence (ci) ∈ {0, 1, . . . , 2m− 1}N ⊂ {0, 1, . . . ,M}N such that
∞∑
i=1

cipi = x.

11



Since there are 2ℵ0 sequences (δnj
) ∈ {0,m}N, we complete the proof by observing that

the map (δnj
) 7→ (ci) is one-to-one. Indeed,

δnj
= 0 =⇒ cnj

∈ {0, . . . ,m− 1} and δnj
= m =⇒ cnj

∈ {m, . . . , 2m− 1} ;

hence δnj
= m

[cnj

m

]
for every j, so that the sequence (δnj

) is uniquely determined by
(ci). □

4. Proof of Theorem 1.15, Theorem 1.16 and Theorem 1.18

Since the proofs of Theorem 1.15 and Theorem 1.16 are simple adaptations of the
proofs of Theorem 1.9 and Theorem 1.11, we only sketch them.
Sketch of proof of Theorem 1.15. As in the proof of Theorem 1.7 (i), it suffices to show
that for each x ∈ (0,

∑∞
i=1 mpi) there exist c1, . . . , cn and c′n in {0, 1,m} such that cn < c′n,

and

x−
n∑

i=1

cipi ∈

(
0,

∞∑
i=n+1

mpi

)
, x−

n−1∑
i=1

cipi − c′npn ∈

(
0,

∞∑
i=n+1

mpi

)
.

They are equivalent to the existence of n ≥ 1 and c1, . . . , cn−1 ∈ {0, 1,m} such that

x−
n−1∑
i=1

cipi ∈

(
pn, pn +

∞∑
i=n+1

mpi

)
.

We may assume without loss of generality that pn ≥ pn+1 for all n ≥ 1. (Note that
reordering the sequence does not change the cardinality of the expansions, and exchanging
pn and pn+1 when pn < pn+1 preserves the condition that pk <

∑∞
i=k+1 pi for all k.) Then

for each x ∈ (0,
∑∞

i=1 mpi) there exists an n ≥ 1 such that

x ∈

(
pn, pn +

∞∑
i=n+1

mpi

)
or x ∈

(
n−1∑
i=1

mpi + pn,
n−1∑
i=1

mpi + pn +
∞∑

i=n+1

mpi

)
;

our claim follows with c1 = · · · = cn−1 = 0 in the first case, and with c1 = · · · = cn−1 = 1
in the second case. □
Sketch of proof of Theorem 1.16. Using the assumptions we may construct a sequence
n1 < n2 < · · · of positive integers such that

pnj
< m

nj+1∑
i=nj+2

pi

for every j, and

m
∞∑
j=1

pnj
< x < m

∞∑
i=1

pi −m

∞∑
j=1

pnj
.

Let (ti) denote the sequence obtained from (pi) by removing the elements pnj+1; then

tn ≤ m
∞∑

i=n+1

ti for every n ≥ 1.

Given any sequence (δnj
) ∈ {0, 1,m}N, there exists a lexicographically largest sequence

(ci) satisfying
∞∑
i=1

citi ≤ x−
∞∑
j=1

δnj
pnj

.

12



Similarly to the proof of Theorem 1.2, it may be shown that we have equality here,
yielding an expansion of x of the form

∑∞
j=1 cjpj, and different sequences (δnj

) lead to
different expansions of x. □
Proof of Theorem 1.18. We may assume that m ∈ (1, 2]; then m ≤ 2 ≤ Gm < 1 +

√
m

and 1 < q < Gm by [15] and [4]. Furthermore, G2 = 2, and m < Gm otherwise.
We observe that

(4.1) 1

q
<

m

q(q − 1)
and m

q
<

1

q
+

m

q(q − 1)
.

Indeed, the inequalities are equivalent to q < 1 +m and q < 1 + m
m−1

, respectively, and
both follow from the inequality q < 1 +

√
m.

By Sidorov’s bifurcation method it suffices to show that for every x ∈ (0, m
q−1

) there
exist c1, . . . , cn−1 ∈ {0, 1,m} such that

(4.2) qn

(
x−

n−1∑
i=1

ci
qi

)
− cn ∈

(
0,

m

q − 1

)
for at least two choices of cn ∈ {0, 1,m}. This is possible if and only if

qn

(
x−

n−1∑
i=1

ci
qi

)
∈
(
1

q
,

m

q(q − 1)

)
∪
(
m

q
,
1

q
+

m

q(q − 1)

)
.

Suppose that this is not true for some x ∈ (0, m
q−1

). Then every expansion x =
∑∞

i=1
ci
qi

satisfies the condition

(4.3)
∞∑
i=1

cn−1+i

qi
∈
[
0,

1

q

]
∪
[

m

q(q − 1)
,
m

q

]
∪
[
1

q
+

m

q(q − 1)
,

m

q − 1

]
for all n ≥ 1.

(The three intervals are disjoint by (4.1), and the middle interval is empty if q < 2.)
We may assume that x =

∑∞
i=1

ci
qi

with

(4.4) cn =


0 if

∑∞
i=1

cn−1+i

qi
∈
[
0, 1

q

]
,

1 if
∑∞

i=1
cn−1+i

qi
∈
[

m
q(q−1)

, m
q

]
,

m if
∑∞

i=1
cn−1+i

qi
∈
[
1
q
+ m

q(q−1)
, m
q−1

]
.

If q ≥ 2, then using (4.1) and proceeding by induction on n, we may change cn = 1 to

cn =

{
0 if

∑∞
i=1

cn−1+i

qi
= 1

q
,

m if
∑∞

i=1
cn−1+i

qi
= 1

q
+ m

q(q−1)
.

Then we obtain a new expansion of x satisfying (4.4), and still satisfying (4.3) by our
indirect assumption.

Observe that (ci) does not contain the words 0m and 1m. Indeed, if cn = 0 and
cn+1 = m for some n, then

∞∑
i=1

cn−1+i

qi
≤ 1

q
and

∞∑
i=1

cn+i

qi
≥ 1

q
+

m

q(q − 1)
,

whence
1

q
+

m

q(q − 1)
≤

∞∑
i=1

cn+i

qi
= q

∞∑
i=1

cn−1+i

qi
≤ 1.
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This is, however, impossible because the relations 1 < q < 1 +
√
m imply (q − 1)2 < m,

and the latter is equivalent to

(4.5) 1 <
1

q
+

m

q(q − 1)
.

Next, if cn = 1 and cn+1 = m for some n, then
∞∑
i=1

cn−1+i

qi
≤ m

q
and

∞∑
i=1

cn+i

qi
≥ 1

q
+

m

q(q − 1)
,

whence
1

q
+

m

q(q − 1)
≤

∞∑
i=1

cn+i

qi
= q

∞∑
i=1

cn−1+i

qi
− 1 ≤ m− 1.

Since m− 1 ≤ 1, this contradicts (4.5) again.
There exists a positive integer k such that (ci) does not contain the blocks m0k and

10k. Indeed the existence of such a block would imply
1

q
+

m

q(q − 1)
≤ m

q
+

m

qk+1(q − 1)
or m

q(q − 1)
≤ 1

q
+

m

qk+1(q − 1)

by (4.4), and none of these inequalities holds large values of k by (4.1). Since x > 0, it
follows from the above considerations that (ci) does not end with 0∞.

We claim that

(4.6) inf
n : cn=1

∞∑
i=1

cn−1+i

Gi
m

≤ m

Gm(Gm − 1)
or sup

n : cn=1

∞∑
i=1

cn−1+i

Gi
m

≥ m

Gm

.

This obviously holds if m = 2, because then Gm = 2, so that the right sides of the two
inequalities in (4.6) coincide.

Assume on the contrary that (4.6) fails. Then 1 < m < 2, whence m < Gm, and

(4.7) m

q(q − 1)
< inf

n : cn=1

∞∑
i=1

cn−1+i

qi
≤ sup

n : cn=1

∞∑
i=1

cn−1+i

qi
<

m

q

if m < q < Gm is sufficiently close to Gm. This follows from the estimates

sup
n : cn=1

∣∣∣∣∣
∞∑
i=1

cn−1+i

Gi
m

−
∞∑
i=1

cn−1+i

qi

∣∣∣∣∣ ≤
∞∑
i=1

m

∣∣∣∣ 1qi − 1

Gi
m

∣∣∣∣ = m

q − 1
− m

Gm − 1
→ 0

as q ↗ Gm. We infer from (4.7) that

(4.8)
∞∑
i=1

cn−1+i

qi
<

1

q
whenever cn = 0.

Indeed, there exists an ℓ ≥ 1 such that cn = · · · cn+ℓ−1 = 0 and cn+ℓ = 1, and then
∞∑
i=1

cn−1+i

qi
=

1

qℓ

∞∑
i=1

cn+k−1+i

qi
<

1

qℓ
· m
q

≤ m

q2
<

1

q
.

We deduce from (4.7) and (4.8) that (ci) is a unique expansion. This is, however, a
contradiction because in the bases < Gm the only unique expansions are 0∞ and m∞.

Let us rewrite (4.6) in the form

sup
n : cn=1

∞∑
i=1

m− cn+i

Gi
m

≥ 1 or sup
n : cn=1

∞∑
i=1

cn+i

Gi
m

≥ m− 1.
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Since q < Gm and therefore
∞∑
i=1

m− cn+i

qi
−

∞∑
i=1

m− cn+i

Gi
m

=
∞∑
i=1

(m− cn+i)

(
1

qi
− 1

Gi
m

)
≥ (m− 1)

(
1

q
− 1

Gm

)
> 0

and (using the relation cn = 1)
∞∑
i=1

cn+i

qi
−

∞∑
i=1

cn+i

Gi
m

=
∞∑
i=1

cn+i

(
1

qi
− 1

Gi
m

)
≥ min

1≤ℓ≤k

(
1

qℓ
− 1

Gℓ
m

)
> 0,

it follows that

sup
n : cn=1

∞∑
i=1

m− cn+i

qi
> 1 or sup

n : cn=1

∞∑
i=1

cn+i

qi
> m− 1.

They are equivalent to

inf
n : cn=1

∞∑
i=1

cn−1+i

qi
<

m

q(q − 1)
or sup

n : cn=1

∞∑
i=1

cn−1+i

qi
>

m

q
,

and both inequalities contradict (4.4). □
Remark 4.1. In the first version of this paper the following weaker version of Theorem 1.18
was proved: If m ≥ 2 and 1 < q < Gm, then there exists a countable set Cm,q such that
every x ∈

(
0, m

q−1

)
\Cm,q has 2ℵ0 expansions. If, moreover, q is transcendental and m is

algebraic, then every x ∈
(
0, m

q−1

)
has 2ℵ0 expansions.

Let us recall the original short proofs. We recall that if 1 < q < Gm, then every internal
point has an expansion, and none of them is unique. Using this, applying Sidorov’s
bifurcation argument [23, 24] we obtain that if x has no expansion ending with 0∞ or
m∞, then x has 2ℵ0 expansions, because the orbit of x stays in the open interval

(
0, m

q−1

)
.

To prove the last statement of the theorem we argue like Sidorov in the proof of [24,
Theorem 2.1]. If x does not have 2ℵ0 expansions, then it has two expansions of the form

x =
k∑

i=1

ai
qi

+
r1

qk(q − 1)
=

k∑
i=1

bi
qi

+
r2

qk(q − 1)

where k is a positive integer,
ai, bi ∈ {0, 1,m} , a1 · · · ak 6= b1 · · · bk and r1, r2 ∈ {0,m} .

Then

(q − 1)

(
k∑

i=1

(ai − bi)q
k−i

)
+ (r1 − r2) = 0.

But this is impossible because the left side is a nonzero polynomial with algebraic coeffi-
cients (because m is algebraic) and q is transcendental.
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