
ON THE H-TYPE DEVIATION OF STEP TWO CARNOT GROUPS

LUCA NALON AND JEREMY T. TYSON

Abstract. The H-type deviation of a step two Carnot group quantifies the extent to which the
group deviates from the geometrically and algebraically tractable class of Heisenberg-type (H-
type) groups. In an earlier paper, the second author defined this notion and used it to provide
new analytic characterizations for the class of H-type groups. In this paper, we elucidate further
properties of the H-type deviation. We investigate the behavior of the H-type deviation under
Carnot group morphisms and show that the step two and rank m free Carnot group maximizes
the H-type deviation among all step two and rank m groups. We relate the value of the H-type
deviation to the size of the abnormal set, via the concept of the Métivier order of a step two
stratified Lie algebra. In this context we observe the distinguished role played by the so-called
Métivier Carnot groups. We establish a rigidity theorem for the H-type deviation: for each
m ≥ 3 there exists δ0(m) > 0 so that any step two and rank m Carnot group with H-type
deviation less than δ0(m) must be a Métivier group. We use the optimality of the free step two
group to conclude that each step two Carnot group admits a vertical metric which realizes the
value of the H-type deviation. Finally, we compute the H-type deviation of direct products of
step two Carnot groups.
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1. Introduction

This paper is a sequel to [17], which introduced the H-type deviation δ(G) of a step two
Carnot group G. The H-type deviation quantifies the extent to which G deviates from the
class of Heisenberg-type groups. Heisenberg-type (or H-type) groups, introduced by Kaplan in
[10], are a geometrically and algebraically well-behaved family of groups distinguished by the
validity of a host of explicit formulas for well-known analytic quantities such as the fundamental
solution for the Folland sub-Laplacian and, more generally, the corresponding quasilinear sub-
p-Laplacian. H-type groups have featured prominently in numerous papers exploring analysis
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and geometry in sub-Riemannian Carnot groups. A partial (and woefully incomplete) list of
references is [6], [16], [13], [9], [8], [3], and [2].

Motivation for the concept of H-type deviation arose from efforts to characterize the class of
polarizable Carnot groups. Introduced by the second author and Balogh in [1], this class was
defined by assuming the existence of an explicit one-parameter family of fundamental solutions
for the p-Laplacian operators in terms of Folland’s fundamental solution. All H-type groups
are polarizable, and conjecturally no other polarizable groups exist. Each polarizable group
carries an essential foliation by horizontal curves which allows for the computation of Haar
integrals via a radial-spherical decomposition with horizontal radial curves. Such horizontal
polar coordinate decomposition was used in [1] to compute explicit formulas for moduli of
ring domains and explicit constants in several geometric functional inequalities. The recent
paper [18] establishes that the validity of a horizontal polar coordinate integration formula
characterizes the class of polarizable Carnot groups.

In [17], a quantitative conjecture was formulated relating the H-type deviation of a step two
Carnot group G to the behavior of the ∞-Laplacian of Folland’s fundamental solution for the
2-Laplacian. An affirmative answer to this conjecture would imply that all step two polarizable
groups are of Heisenberg type. Among the results in [17] was a verification of this conjecture
on a certain class of anistropic Heisenberg groups.

This paper advances the study of the H-type deviation with several new results. We first
investigate the behavior of δ(G) under Carnot group morphisms. In particular, we prove the
following result relating the H-type deviation of an arbitrary step two group of rank m with its
free group counterpart.
Theorem 1.1. Let F2,m be the step two free Carnot group of rank m, with Lie algebra f2,m =
Rm ⊕ ∧2Rm. Then, for every step two Carnot group G of rank m, we have δ(F2,m) ≥ δ(G).

Theorem 1.1 is a special case of a more general result comparing the H-type deviations of
a pair of step two groups related by a Carnot group epimorphism, see Proposition 3.1. As a
corollary of Theorem 1.1, and in view of the value δ(F2,m) =

√
(m− 2)/m computed in [17,

Example 3.6], we obtain the sharp upper bound for the H-type deviation of step two rank m
groups.
Corollary 1.2. Let G be a step two Carnot group of rank m. Then

(1.1) 0 ≤ δ(G) ≤
√
m− 2
m

.

When considering the H-type deviation, a distinguished role is played by the so-called Mé-
tivier Carnot groups. This class of groups (see Definition 2.3) includes all groups of Heisenberg
type. We establish the following rigidity theorem for the H-type deviation.
Theorem 1.3. Let G be a step two and rank m Carnot group.

(a) If m is even and δ(G) <
√

2/m, then G is a Métivier group.
(b) If m is odd, then δ(G) ≥

√
1/m.

The value
√

2/m is best possible in part (a), cf. Example 4.1. Note that there exist Métivier
groups which are not groups of Heisenberg type. The dichotomy between even and odd rank
is natural here, since all Métivier groups have even rank. Coupling Corollary 1.2 and Theorem
1.3(b), we conclude that δ(G) = 1/

√
3 for each step two and rank three Carnot group G. An

example of such a group is the free step two and rank three group.
To further indicate the connection between Métivier groups and the H-type deviation, we

introduce the concept of Métivier order of a step two Lie algebra g. This quantity, denoted
order(g), is defined as the minimal rank of Kaplan operators associated to nonzero elements in
the dual space of the second layer of g. It is straightforward to observe that a Carnot group G is
a Métevier group if and only if its Métivier order is equal to its rank. At the opposite extreme
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lie those step two Carnot groups of Métivier order two. We observe that the latter class of
groups consists precisely of those groups which realize the upper bound in Corollary 1.2.

Corollary 1.4. Let G be a step two Carnot group of rank m, with Lie algebra g. Then

δ(G) =
√
m− 2
m

if and only if the Métivier order of g is equal to two.

Finally, we calculate the H-type deviation of direct products of step two Carnot groups.
Specifically, we prove the following theorem.

Theorem 1.5. Let G1, . . . ,G` be step two Carnot groups. Then

(1.2) δ(G1 × · · · ×G`) =

√√√√1− min { rank(Gi)(1− δ2(Gi)) : i = 1, . . . , ` }
rank(G1 × · · · ×G`)

.

Moreover,

(1.3) δ(G1 × · · · ×G` × Rν) =

√√√√1− min { rank(Gi)(1− δ2(Gi)) : i = 1, . . . , ` }
rank(G1 × · · · ×G` × Rν) .

In (1.3) the Euclidean factor Rν is viewed as a component of the first (horizontal) layer of
the product Carnot group, see Remark 3.4 for further details.

We conclude this introduction with an outline of the paper.
Section 2 contains background information and preliminary definitions. In section 3 we study

the morphism properties of the H-type deviation and prove Theorem 1.1 and Corollaries 1.2
and 1.4. In section 4 we prove the rigidity result Theorem 1.3 and comment further on the
structure of groups with small H-type deviation. In section 5 we show that the infimum in the
definition of the H-type deviation δ(G) is always attained by some particular vertical metric.
Such a conclusion was claimed in [17] in the case δ(G) = 0, where it played a role in the
proof that groups of vanishing H-type deviation are (nascent) H-type groups. Our discussion
in section 5 clarifies one unclear point in that previous argument, specifically, why the limiting
semimetric defined on the second layer is actually a metric. We illustrate the subtle nature of
this observation with an in-depth consideration of the first quaternionic Heisenberg group.

Finally, section 6 contains the proof of Theorem 1.5. As an example, we compute the H-
type deviation of arbitrary products of (isotropic and anisotropic) Heisenberg groups and some
related examples.
Acknowledgements. The second author expresses thanks to Nicola Garofalo for an informa-
tive conversation on the subject of this paper, and for helpful comments regarding the potential
relevance of Métivier groups. Both authors wish to thank Enrico Le Donne for valuable com-
ments, especially for useful information regarding the abnormal sets problem and the structure
of Métivier groups. The authors also wish to thank the referees for helpful remarks.

An earlier version of some results in this paper, written by the second author alone, was
released in December 2023 (arxiv.org/abs/2312.06076). The current paper supersedes and
replaces arxiv.org/abs/2312.06076. Several results are proved in stronger form than stated
there, new and streamlined proofs are presented for several conclusions, and some new results
are also obtained.

2. Background and preliminary definitions

2.1. Step two Carnot groups. Let g be an algebra, we say that a direct sum decomposition
g = V1 ⊕ V2 is a step two stratification if
(2.1) [V1, V1] = V2,
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[V1, V2] = 0, and V2 6= 0. A Lie algebra g equipped with a step two stratification is called step
two stratified, this implies that g is nilpotent of step two. Conversely, every step two nilpotent
Lie algebra admits a stratification, which is unique up to a Lie algebra automorphism. Given
a step two stratified Lie algebra g = V1 ⊕ V2, we refer to dim(V1) as the rank of g and denote
it by rank(g). A step two stratified group is a connected, simply connected Lie group whose
associated Lie algebra g = Lie(G) is step two stratified.

An inner product gh defined in the first layer V1 of a step two stratified Lie algebra is called
a horizontal metric on g. It is well known that such a choice of metric on the Lie algebra of a
step two stratified group G equips it with a left-invariant sub-Riemannian structure. We refer
to such groups equipped with a distinguished sub-Riemannian structure as step two Carnot
groups.

2.2. Kaplan’s operator and the Métivier order of a step two algebra. If V is a vector
space, we denote by Skew(V ) the set of skew-symmetric bi-linear forms on V . Given a step two
stratified Lie algebra g = V1 ⊕ V2, with Lie bracket [·, ·], we define the Kaplan’s operator J as
(2.2) J : V ∗2 → Skew(V1), µ 7→ Jµ,
where Jµ(v,w) := µ([v,w]). We recall that the map J is injective.

Remark 2.1. Let g = V1 ⊕ V2 be a step two stratified Lie algebra as above. Then V2 may be
identified with a quotient of ∧2(V1):

(2.3) g ' V1 ⊕
∧2(V1)

w
,

for a suitable ideal w ⊂ ∧2(V1). The Lie bracket relation on the right hand side of (2.3) is
given by [v1 ⊕w1 + w,v2 ⊕w2 + w] = 0⊕ v1 ∧ v2 + w. Under this identification, the Kaplan
operator becomes the canonical correspondence between the dual of ∧2(V1) and Skew(V1):

J : (∧2(V1))∗ → Skew(V1), Jµ(v,w) = µ(v ∧w).
For a subspace w as above, we identify ∧2(V1)/w with the orthocomplement w⊥ ⊂ (∧2(V1))∗.

Definition 2.2. Let g be a step two stratified Lie algebra. We define the Métivier order of g,
denoted order(g), to be the number

order(g) := min { rank(Jµ) : µ ∈ V ∗2 \ { 0 } } .

Definition 2.3. A step two stratified Lie algebra g = V1 ⊕ V2 is called Métivier if the map
adv : V1 → V2, w 7→ [v,w]

is surjective for every nonzero v ∈ V1. A Métivier group is a step two stratified group whose
Lie algebra is Métivier.

We remark that the Métivier order of a step two stratified Lie algebra g is always an even
number between two and the rank of g. Moreover, rank(g) = order(g) precisely when the Lie
algebra is Métivier. We stress that the Métivier order of a step two stratified Lie algebra is
invariant under the choice of stratification. Moreover, it is precisely the double of the invariant
k̃ appearing in [4, Theorem 1.1]. We can then state the following corollary of [4, Theorem 1.1].

Corollary 2.4. Let G be a step two stratified group, with algebra g of Métivier order 2k. Then
the abnormal set of G is contained in an algebraic variety of co-dimension at least 2k + 1.

2.3. H-type deviation. We consider an horizontal metric gh defined on a step two stratified
Lie algebra g = V1 ⊕ V2. The inner product gh and the Kaplan’s operator induce a map
(2.4) J[gh] : V ∗2 → End(V1), µ 7→ J[gh]

µ ,

where End(V1) denotes the space of linear self-maps of V1 and J[gh] is defined by gh(J[gh]
µ (v),w) =

Jµ(v,w), for every v,w ∈ V1.



ON THE H-TYPE DEVIATION OF STEP TWO CARNOT GROUPS 5

Definition 2.5. Let G be a step two Carnot group with stratified Lie algebra g = V1 ⊕ V2
and horizontal metric gh. We say that G is an H-type (Heisenberg-type) group if there exists an
inner product gv on V ∗2 such that J[gh]

µ is an orthogonal self-map of (V1, gh) for every µ ∈ V ∗2
such that gv(µ, µ) = 1.

Although the notion of H-type group is formulated using a fixed inner product gv on the
(dual of the) second layer, it can be verified for a given step two Carnot group solely in terms
of the horizontal metric gh. The following result may be known to experts in the area, however,
we include the statement and a short proof here for the convenience of the reader.

Proposition 2.6. A step two Carnot group G is an H-type group if and only if the map J[gh]
µ is

a conformal self-map of (V1, gh) for every 0 6= µ ∈ V ∗2 , i.e., J[gh]
µ = λµAµ for some orthogonal

self-map Aµ of (V1, gh) and some λµ > 0.

Proof. The ‘only if’ assertion is trivial. Towards the converse assertion, fix a step two Carnot
group G with stratified Lie algebra g = V1⊕V2 and horizontal metric gh. We emphasize that we
do not fix an inner product in the second layer V ∗2 . Assume that J[gh]

µ is a conformal self-map of
(V1, gh) for every 0 6= µ ∈ V ∗2 . By (2.2), J[gh]

µ is also skew-symmetric, hence (J[gh]
µ )2 is a negative

scalar multiple of the identity for every such µ. We deduce that

J[gh]
µ J[gh]

ν + J[gh]
ν J[gh]

µ =
[(

J[gh]
µ+ν

)2
−
(
J[gh]
µ

)2
−
(
J[gh]
ν

)2
]

is also a scalar multiple of the identity I ∈ End(V1) for every µ, ν ∈ V ∗2 . We define gv(µ, ν)
such that J[gh]

µ J[gh]
ν + J[gh]

ν J[gh]
µ = −2gv(µ, ν)I, for every µ, ν ∈ V ∗2 . It is clear that gv is a

positive-definite symmetric bi-linear form on V ∗2 , and that J[gh]
µ is an orthogonal map whenever

gv(µ, µ) = 1. Therefore gv equips G with the structure of an H-type group. �

We stress that, for a step two Carnot group, the Métivier condition is necessary for the group
to be of H-type. However, there exist Métivier groups that fail to be of H-type for any choice
of horizontal metric (cf. the appendix in [15]).

Definition 2.7. Let G be a step two Carnot group with stratified Lie algebra g = V1 ⊕ V2 of
rank m and with horizontal metric gh. For a given inner product gv on V ∗2 we define

(2.5) δ(G, gv) := 1√
m

sup
{ ∥∥∥∥(J[gh]

µ

)2
+ I

∥∥∥∥
HS

: µ ∈ V ∗2 , |µ|v = 1
}
.

Here and henceforth we write |µ|v :=
√
gv(µ, µ) for the norm induced by the inner product gv.

We also used the Hilbert–Schmidt norm ||A||HS := trace(ATA)1/2.
We define the H-type deviation of G to be the number

δ(G) := inf
gv
δ(G, gv),

where the infimum is taken over all inner products gv on V ∗2 .

Remark 2.8. We have introduced the notion of H-type deviation slightly differently here than
was done in [17], considering Kaplan’s operator and vertical metrics on the dual space V ∗2 rather
than on V2 itself. A standard duality argument shows that the two concepts agree.

Proposition 2.9. Let G be a step two Carnot group with stratified Lie algebra g = V1 ⊕ V2 of
rank m, Métivier order 2k, and with horizontal metric gh. Then

(2.6) δ(G) ≥
√
m− 2k
m

.

Proof. Fix an inner product gv on V ∗2 . Consider µ ∈ V ∗2 such that rank(Jµ) = 2k. Since
Jµ is a skew-symmetric bi-linear form, then the map (J[gh]

µ )2 is symmetric with respect to gh.
Moreover rank(J[gh]

µ )2 = 2k as well. We consider an orthonormal basis of V1 for which (J[gh]
µ )2
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is diagonal. With respect to this basis, the map (J[gh]
µ )2 + I is again diagonal and its eigenspace

corresponding to the eigenvalue 1 has dimension m− 2k. Therefore, we can infer that∥∥∥∥(J[gh]
µ

)2
+ I

∥∥∥∥
HS
≥
√
m− 2k,

and hence δ(G, gv) ≥
√

m−2k
m

. Infimizing over all metrics gv on V ∗2 and using (2.5) completes
the proof. �

Example 2.10 (Anisotropic Heisenberg groups). Recall that the anisotropic Heisenberg group
Hn(b), where b = (b1, . . . , bn) is a vector of positive real numbers, is the step two Carnot group
of rank 2n and one-dimensional center for which

• the horizontal layer V1 is spanned by a gh-orthonormal basis X1, Y1, . . . , Xn, Yn,
• the vertical layer V2 is spanned by a single vector T , and
• for each j = 1, . . . , n, we have [Xj, Yj] = bj T .

The case b = (1, . . . , 1) is the (isotropic) nth Heisenberg group, which we denote by Hn. For
each choice of b the group Hn(b) is isomorphic, as a step two stratified Lie group, to Hn. On
the other hand, two such groups Hn(b) and Hn(b′) are isometric as Carnot groups if and only
if b and b′ are projectively equivalent, i.e., there exists λ0 so that b′ = λ0 b. Recall that in
this paper we use the term ‘Carnot group’ to denote a stratified Lie group equipped with a
fixed and distinguished sub-Riemannian metric in the horizontal layer. In particular, Hn(b)
is isometric as a (sub-Riemannian) Carnot group to the isotropic Heisenberg group Hn if and
only if b is a constant vector.

In [17, Example 3.4] we computed the H-type deviation of Hn(b), obtaining

δ(Hn(b)) =

√√√√1−
(
||b||2
||b||4

)4

.

Here ||b||p :=
(
n−1∑n

j=1 b
p
j

)1/p
is the normalized `p norm of the vector b ∈ Rn.

3. Morphism properties of the H-type deviation

We consider morphisms ϕ : g → g̃ of step two stratified Lie algebras g = V1 ⊕ V2 and
g̃ = Ṽ1⊕ Ṽ2, equipped with horizontal metrics gh and g̃h respectively. If we assume that ϕ|V1 is
an isometry from (V1, gh) to (Ṽ1, g̃h), then ϕ is surjective and ϕ(V2) = Ṽ2, indeed

ϕ(V2) = ϕ ([V1, V1]) = [(ϕ(V1)) , (ϕ(V1))] = [Ṽ1, Ṽ1] = Ṽ2.

Therefore the dual map ϕ∗|V2
defines an inclusion

(3.1) ϕ∗|V2 : Ṽ ∗2 ↪−→ V ∗2 .

We denote by J and J̃ the Kaplan’s operators of g and g̃, respectively. Moreover, we denote
by J[gh] and J̃[g̃h] the maps defined as in (2.4), respectively. We observe that, for every ν ∈ Ṽ ∗2 ,
the maps J[gh]

ϕ∗ν and J̃[g̃h]
ν are conjugated through ϕ, more precisely

ϕ ◦ J[gh]
ϕ∗ν = J̃[g̃h]

ν ◦ ϕ.
Indeed, for every v,w ∈ V1, on the one hand

g̃h
(
ϕ
(
J[gh]
ϕ∗ν(v)

)
, ϕ(w)

)
= gh

(
J[gh]
ϕ∗ν(v),w

)
= Jϕ∗ν(v,w) = ϕ∗ν ([v,w]) = ν(ϕ[v,w]),

where we used that ϕ|V1 is an isometry and the definition of dual map. On the other hand

g̃h
(
J̃[g̃h]
ν (ϕ(v)) , ϕ(w)

)
= J̃ν (ϕ(v), ϕ(w)) = µ ([ϕ(v), ϕ(w)]) = µ(ϕ[v,w]),

where we used that ϕ is a Lie algebra morphism. Thus, since they are conjugate via an isometry,
the maps J[gh]

ϕ∗ν and J̃[g̃h]
ν have the same Hilbert-Schmidt norm.
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Proposition 3.1. Let G and G̃ be step two Carnot groups with horizontal metrics gh and g̃h
and stratified Lie algebras g = V1 ⊕ V2 and g̃ = Ṽ1 ⊕ Ṽ2, respectively. Assume that there exists
a Lie algebra morphism ϕ : g→ g̃ such that ϕ|V1 is an isometry from (V1, gh) to (Ṽ1, g̃h). Then
δ(G) ≥ δ(G̃).

Proof of Proposition 3.1. Fix an inner product gv on V ∗2 . The map (3.1) defines, by restriction,
an inner product g̃v on Ṽ ∗2 . Therefore

δ(G, gv) = sup
{ ∥∥∥∥(J[gh]

µ

)2
+ I

∥∥∥∥
HS

: µ ∈ V ∗2 , |µ|v = 1
}

≥ sup
{ ∥∥∥∥(J[gh]

ϕ∗ν

)2
+ I

∥∥∥∥
HS

: ν ∈ Ṽ ∗2 , |ν|v = 1
}

= sup
{ ∥∥∥∥(J̃[g̃h]

ν

)2
+ I

∥∥∥∥
HS

: ν ∈ Ṽ ∗2 , |ν|v = 1
}

= δ(G̃, g̃v),

where we used that ‖(J[gh]
ϕ∗ν)2 + I‖HS = ‖(J̃[g̃h]

ν )2 + I‖HS, since J[gh]
ϕ∗ν and J̃[g̃h]

ν have the same
Hilbert-Schmidt norm. By taking the infimum over all possible metrics, we get the result. �

We define the step two free nilpotent Lie algebra of rank m as the Lie algebra
(3.2) f2,m := Rm ⊕ ∧2Rm,

with Lie bracket [v1 +ω1, v2 +ω2] = v1 ∧ v2 for every v1, v2 ∈ Rm and ω1, ω2 ∈
∧2Rm. We stress

that (3.2) is a stratification of the Lie algebra f2,m. We say that a Carnot group G is a step two
free Carnot group of rank m if its Lie algebra is isomorphic to f2,m.

It is well known that the step two free nilpotent Lie algebra of rank m has the following
universal property:

Lemma 3.2. Let g = V1⊕ V2 be a step two stratified Lie algebra of rank m. Then every linear
isomorphism ϕ : Rm → V1 uniquely extends to a surjective Lie algebra morphism

ϕ̃ : f2,m = Rm ⊕ ∧2Rm → g.

Proof of Theorem 1.1. Let g = V1 ⊕ V2 be the step two stratified Lie algebra of G. Denote by
gh, respectively, g̃h, the horizontal metric of F2,m and G. Fix an isometry ϕ between (Rm, gh)
and (V1, g̃h); such isometry exists since dim(V1) = m. By (3.2), the map ϕ extends to a Lie
algebra morphism ϕ̃ : f2,m → g. The map ϕ̃ satisfies the hypotheses of Proposition 3.1, whence
δ(F2,m) ≥ δ(G). �

Corollary 1.2 follows from Theorem 1.1 and the exact value for δ(F2,m), see [17, Example
3.6]. We take this opportunity to provide an alternate proof for Corollary 1.2.

Second proof of Corollary 1.2. We introduce a canonical metric on V ∗2 via pullback of the
Hilbert–Schmidt metric on so(V1, gh). Define g◦v on V ∗2 × V ∗2 by

(3.3) g◦v(µ, ν) := 1
2〈J

[gh]
µ ,J[gh]

ν 〉HS.

Then

δ(G) ≤ δ(G, g◦v) = 1√
m

sup
µ:||µ||g◦

v
=1
||(J[gh]

µ )2 + I||HS

= 1√
m

sup
µ:||Jµ||HS=

√
2
||J2

µ + I||HS

= 1√
m

sup
µ:||Jµ||HS=

√
2

√
||J2

µ||2HS + 2〈J2
µ, I〉HS +m

= 1√
m

sup
µ:||Jµ||HS=

√
2

√
||J2

µ||2HS − 2||Jµ||2HS +m
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Using the inequality ||A2||HS ≤ 1√
2 ||A||

2
HS, valid for all skew-symmetric matrices A (see e.g.

[17, (2.3)]), we conclude that δ(G) ≤
√

(m− 2)/m as desired. �

Next, we prove Corollary 1.4, which characterizes those step two and rank m Carnot groups
which realize the upper bound in (1.1).

Proof of Corollary 1.4. Let G be a step two and rank m Carnot group whose Lie algebra has
Métivier order two. Proposition 2.9 and Corollary 1.2 immediately imply that the H-type
deviation of G is equal to

√
(m− 2)/m.

For the converse direction, assume that δ(G) =
√

m−2
m

. Then δ(G, g◦v) =
√

m−2
m

for the metric
g◦v considered in (3.3). Considering the second proof of Corollary 1.2 given above, we see that

1√
m

sup
µ:||Jµ||HS=

√
2

√
m− 4 + ||J2

µ||2HS =
√

m−2
m
.

This in turn implies that there exists µ ∈ V ∗2 so that ||Jµ||HS =
√

2 and ||J2
µ||2HS = 2, and in

particular,
||J2

µ||2HS = 1
2 ||Jµ||

4
HS.

Appealing to a standard block diagonal representation for skew-symmetric matrices (see, for
instance, the proof of the estimates in [17, (2.2)]), choose a gh-orthonormal basis X1, . . . , Xm

for V1 so that µ([X1, X2]) > 0 and µ([Xi, Xj]) = 0 whenever i+ j > 3. Then rank(Jµ) = 2 and
consequently g has Métivier order two. �

Examples of rank m groups G with Métivier order two include the free Carnot group of step
two and rank m as well as any product Carnot group of the form G = K × H1, where K is a
step two Carnot group and H1 is the first Heisenberg group. See Proposition 6.2 for further
detail on the latter example.

Remark 3.3. One may ask whether the metric g◦v defined in (3.3) always realizes the value of
the H-type deviation, or alternatively always realizes the upper bound in Corollary 1.2. Note
that when G = F2,m, then √

m−2
m

= δ(G) ≤ δ(G, g◦v) ≤
√

m−2
m

and hence equality holds throughout.
However, neither coincidence holds in general. We illustrate this by discussing anisotropic

Heisenberg groups. Let G = Hn(b) with n ≥ 2 and for some n-vector b. Let T span the
second layer V2, and let µ ∈ V ∗2 be dual to T . Recall [17] that vertical metrics gλv on V ∗2 are
parameterized by a positive real parameter λ via the condition that λ−1µ is gλv -unit. Moreover,

δ(Hn(b)) = δ(Hn(b), gλ0
v ) =

√√√√1−
(
||b||2
||b||4

)4

where
λ0 = ||b||2/||b||24.

More generally,

(3.4) δ(Hn(b), gλv ) =
√

1− 2λ2||b||22 + λ4||b||44.

The metric g◦v in (3.3) is equal to gλ1
v for some λ1 > 0 which we will shortly determine. In fact,

we have gh(J[gh]
µ (Xj), Yj) = µ(bjT ) = bjλ

2
1 for all j. Hence ||Jµ||HS =

√
2n||b||2 and

λ1 = ||µ||g◦
v

= 1√
2 ||Jµ||HS =

√
n||b||2λ2

1

whence we obtain
λ1 = (

√
n||b||2)−1.
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The values λ0 and λ1 do not agree in general. In fact, if λ0 = λ1 then ||b||24 =
√
n||b||22, i.e.

(3.5) (
n∑
j=1

b2
j)2 =

n∑
j=1

b4
j .

Since bj > 0 for each j = 1, . . . , n, (3.5) holds if and only if n = 1.

Remark 3.4. We conclude this section by discussing the behavior of the rank, Métivier order,
and H-type deviation of a step two Carnot group with respect to the addition of horizontal
abelian factors.

For any Carnot group G and any integer ν, the product group G×Rν is again equipped with
the structure of a Carnot group. The Lie algebra of G×Rν is Lie(G×Rν) = W1 ⊕W2, where
W1 = V1 ⊕ Rν and W2 = V2 and Lie(G) = V1 ⊕ V2. In other words, the Euclidean factor Rν is
viewed as part of the horizontal layer of the product group. Hence

rank(G× Rν) = rank(G) + ν.

Assume now that G has step two. Then G× Rν also has step two and

(3.6) JG×Rν
µ =

(
JG
µ O

O O

)
, µ ∈ W ∗

2 = V ∗2 .

Consequently,
(3.7) order(Lie(G× Rν)) = order(Lie(G)).
Equation (3.6) implies that

||(JG×Rν
µ )2 + I||2HS = ||(JG

µ )2 + I||2HS ∀µ ∈ V ∗2 .
Hence, for a fixed metric gv on V ∗2 ,

δ(G× Rν , gv)2 = sup
µ:|µ|v=1

||(JG×Rν
µ )2 + I||2HS

rank(G× Rν)

=
supµ:|µ|v=1 ||(JG

µ )2 + I||2HS + ν

rank(G) + ν
= rank(G)δ(G, gv)2 + ν

rank(G) + ν

Infimizing over all vertical metrics gv yields

(3.8) δ(G× Rν) =

√√√√rank(G)δ2(G) + ν

rank(G) + ν
.

Observe from (3.8) and (1.1) that δ(G× Rν) > δ(G) whenever ν ≥ 1. Hence the inequality
in (2.6) is consistent with the identity in (3.7).

In section 6 we compute in full generality the H-type deviation of arbitrary products of step
two Carnot groups, including groups with horizontal abelian factors.

4. Step two groups with small H-type deviation are Métivier groups

The notion of Métivier group originates from the study of analytic hypoellipticity of the sub-
Laplacian in stratified groups. In [14] it is proved that, in those groups, every homogeneous
left-invariant hypoelliptic operator is analytically hypoelliptic. In the context of sub-Finsler
geometry, Métivier groups can be characterized as those Carnot groups with no non-trivial
singular length-minimizers, see [12, Appendix A]. More information on this class of groups can
be found in [5, section 3.7] (where the terminology H-group in the sense of Métivier is used).

This section is devoted to the proof of Theorem 1.3, which asserts that step two groups
with sufficiently small H-type deviation are Métivier groups. We also refine the conclusion
of the theorem by showing that step two groups with an even smaller value of the H-type
deviation satisfy a quantitative version of the Métivier condition, which interpolates between
that condition and the H-type condition.
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Proof of Theorem 1.3. Let G be a step two Carnot group of rankm with Lie algebra g. Towards
the conclusion of part (a), assume first that m is even and that δ(G) <

√
2/m. Proposition 2.9

implies that
m− order(g)

m
<

2
m

and hence order(g) > m− 2. Since both order(g) and m are even, we must have order(g) = m.
Then g, and hence also G, is Métivier.

We now turn to the proof of part (b). Arguing towards a contradiction, assume that m is
odd and that δ(G) <

√
1/m. Arguing as above we find that

m− order(g)
m

<
1
m

and hence order(g) > m− 1. However, since m is odd and order(g) is even we necessarily have
order(g) ≤ m − 1. Thus no step two group with odd rank m and H-type deviation less than√

1/m can exist. �

Example 4.1. For each even m ≥ 4 there exists a step two Carnot group G of rank m with
δ(G) =

√
2/m and such that G is not Métivier. For a concrete example, let G be the product

Carnot group G = Hn × R2. Since m = rank(G) = 2n + 2 and Hn is an H-type group, the
stated value for δ(G) follows from the product formula (3.8).

We conclude this section by describing some more refined properties of step two groups with
small H-type deviation. Specifically, we show that if such a group G has δ(G) sufficiently
close to zero, then G satisfies a quantitative and strengthened metric version of the Métivier
condition. See Theorem 4.3 below.

Recall that a step two stratified Lie algebra g = V1 ⊕ V2 is Métivier if the adjoint map adv :
V1 → V2, adv(w) = [v,w], is surjective for each nonzero v ∈ V1. The following characterization
of groups of Heisenberg type is well known, see e.g. [10, p. 148, condition (H)] or [7, p. 3].1 Let
us note that if gv is a fixed vertical metric on V ∗2 , then gv induces by duality a canonical metric
on V2. For simplicity, by an abuse of notation, we also denote the dual metric on V2 by gv.

Proposition 4.2 (Kaplan, Cowling–Dooley–Korányi–Ricci). Let G be a step two Carnot group
equipped with horizontal metric gh and vertical metric gv. Then the following are equivalent:

(a) G is an H-type group.
(b) For each v ∈ V1 with |v|h = 1, adv : (Ker(adv)⊥, gh)→ (V2, gv) is an isometric isomor-

phism.

Here and in what follows, the orthocomplement Ker(adv)⊥ is computed with respect to the
horizontal metric gh.

Theorem 4.3. Let G be a step two and rank m Carnot group, and assume that

(4.1) δ(G, gv) < δ0 <
1√
m
.

for some vertical metric gv. Then for each v ∈ V1 with |v|h = 1 and for all w ∈ Ker(adv)⊥,
A|w|h ≤ | adv(w)|v ≤ B|w|h.

Here A = (1−
√
mδ0)1/2 and B = (1 +

√
mδ0)1/2.

Proof of Theorem 4.3. Assume that δ(G, gv) < δ0. Then
||(J[gh]

µ )2 + |µ|2v I||HS <
√
m|µ|2vδ0

for all nonzero µ ∈ V ∗2 (see e.g. [17, (3.2)]).
1Indeed, Kaplan [10] defined the class of H-type groups using condition (b) in Proposition 4.2.
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Let v,w ∈ V1 and let µ ∈ V ∗2 be nonzero. Then∣∣∣|µ|2v gh(v,w)− gh(J[gh]
µ (v),J[gh]

µ (w))
∣∣∣ =

∣∣∣gh(((J[gv ]
µ )2 + |µ|2v I)(v),w)

∣∣∣
≤ ||(J[gh]

µ )2 + |µ|2v I||op |v|h |w|h
≤ ||(J[gh]

µ )2 + |µ|2v I||HS |v|h |w|h
<
√
m|µ|2v|v|h|w|hδ0.

In particular,
(4.2)

∣∣∣|µ|2v |v|2h − |J[gh]
µ (v)|2h

∣∣∣ < √m|µ|2v|v|2hδ0.

If v ∈ V1, |v|h = 1, and w ∈ Ker(adv)⊥, then
| adv(w)|v = sup {gv(adv(w), µ) : µ ∈ V ∗2 , |µ|v = 1}

= sup
{
gh(J[gh]

µ (v),w) : µ ∈ V ∗2 , |µ|v = 1
}

≤ |w|h sup
{
|J[gh]
µ (v)|h : µ ∈ V ∗2 , |µ|v = 1

}
≤ (1 +

√
mδ0)1/2|w|h

by (4.2).
For the other inequality, recall the identity Ker(adv)⊥ = JV ∗

2
(v) := {J[gh]

µ (v) : µ ∈ V ∗2 },
which holds in any step two Carnot group G (see, e.g., [7, page 3]). Hence, for fixed v ∈ V1
and w ∈ Ker(adv)⊥ as above,

adv(w) = sup{gh(J[gh]
µ (v),w) : µ ∈ V ∗2 , |µ|v = 1}.

For fixed v ∈ V1 with |v|h = 1 and w ∈ Ker(adv)⊥, choose a dual vector µ0 ∈ V ∗2 so that
J[gh]
µ0 (v) = w. Without loss of generality we may assume that w is nonzero; in this case we also

have that µ0 is nonzero. Set
µ := µ0

|µ0|v
.

Then |µ|v = 1 and hence

| adv(w)|v ≥ gh(J[gh]
µ (v),w) = 1

|µ0|v
gh(J[gh]

µ0 (v),w)

=
|J[gh]
µ0 (v)|2h
|µ0|v

>
|J[gh]
µ0 (v)|h
|µ0|v

(1−
√
mδ0)1/2|µ0|v

by (4.2)
= (1−

√
mδ0)1/2|w|h.

This completes the proof of Theorem 4.3. �

5. Vertical metrics realizing the H-type deviation

The main result of this section is the following theorem.
Theorem 5.1. Let G be a step two Carnot group with Lie algebra g = V1 ⊕ V2. Then the
infimum over vertical metrics in the definition of δ(G) is attained, i.e., there exists a metric
gv,∞ on V ∗2 so that

δ(G) = δ(G, gv,∞).
In [17] this result was stated and proved in the special case δ(G) = 0. However, one step

in that proof was not explained in sufficient detail. To wit, it was left unexplained why the
limiting inner product gv,∞ was in fact a metric rather than only a semimetric.

Here we provide a different proof for the fact that H-type deviation is realized by some
vertical metric, which handles all possible values for δ(G) and avoids the above issue regard-
ing the limiting object gv,∞. The key new ingredient is our improved upper bound δ(G) ≤
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1− 2/rank(G) < 1 (Corollary 1.2), which yields a compactness condition which in turn en-

sures that the limiting object is in fact a metric.
We comment further on the distinction between metrics and semimetrics in relation to the

H-type deviation in Example 5.2.

Proof of Theorem 5.1. Let G be a Carnot group of step two and rank m, and let (gv,j) be a
sequence of vertical metrics so that

δ(G, gv,j) ≤ δ(G) + 1
j
.

In view of Corollary 1.2 we can assume without loss of generality that

(5.1) δ(G, gv,j) <
√
m− 1
m

< 1

for all j. We define the set

K :=
{
µ ∈ V ∗2

∣∣∣ ‖J2
µ + Id‖HS ≤

√
m− 1

}
.

The set K is compact and does not contain 0 ∈ V ∗2 . Moreover, (5.1) implies that the unit gv,j
sphere, Sgv,j , satisfies

(5.2) Sgv,j ⊆ K ∀ j ∈ N.

Fix j ∈ N. For each 0 6= µ ∈ V ∗2 we have (rjµ)−1µ ∈ Sgv,j where rjµ = |µ|v,j. Since µ 7→ |µ|v,j is
continuous, the map µ 7→ (rjµ)−1µ from V ∗2 \ {0} to Sgv,j is a continuous retraction. Thus Sgv,j
is a topological and codimension one sphere in V ∗2 which separates 0 from ∞. Letting j →∞
and appealing to a standard diagonalization and separability argument, we obtain a continuous
map µ 7→ r∞µ from V ∗2 \ {0} to (0,∞). Observe that (5.2) ensures that 0 < r∞µ < ∞ for each
nonzero µ, since K is compactly contained in V ∗2 \ {0}.

It now follows that |µ|v,∞ := r∞µ is a norm on V ∗2 which in turn induces a metric gv,∞ by
polarization. To conclude the proof, choose µ ∈ V ∗2 with |µ|v,∞ = 1 and define µj := (rjµ)−1µ

for each j ∈ N. Then µj → µ and

||J2
µ + I||HS = lim

j→∞
||J2

µj + I||HS

≤ lim
j→∞

δ(G, gv,j) = δ(G).

Hence
δ(G, gv,∞) ≤ δ(G)

and the proof is complete. �

In the following example, we illustrate the subtle issues related to the distinction between
vertical metrics and vertical semimetrics in the definition of the H-type deviation. Recall that
a semimetric on a vector space V is a symmetric bilinear form g which generates a seminorm
|| · ||g = g(·, ·)1/2. That is, || · ||g satisfies all of the hypotheses of a norm, except that it may
vanish on nonzero elements.

It is natural to inquire whether the notion of H-type deviation remains the same if the
infimum is expanded to range over all vertical semimetrics. For a vertical semimetric gv on V ∗2
we set

(5.3) δ(G, gv) = 1√
dim V1

sup
µ∈V ∗

2
||µ||v=1

||(Jµ)2 + Id ||HS ,

where the supremum is taken over the lower-dimensional sphere in V ∗2 consisting of all dual
vectors µ for which gv(µ, µ) = 1.
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Example 5.2. We focus attention on the first quaternionic Heisenberg group G = H1
K. Fol-

lowing the presentation in [11], we fix a gh-orthonormal basis {X, Y, Z,W} for the first layer
V1 of the Lie algebra g, and a spanning set {S, T, U} for the second layer V2 of g satisfying the
following nontrivial bracket relations:

[X, Y ] = S, [Z,W ] = S, [X,Z] = T, [Y,W ] = −T, [X,W ] = U, and [Y, Z] = U.

The group G so defined is a step two Carnot group of rank four and dimension seven.
Let us denote by µS, µT , µU the basis for V ∗2 which is canonically dual to the basis S, T, U

for V2. For convenience, we restrict our attention to vertical metrics gv on V ∗2 for which µS,
µT , and µU are orthogonal; let us call such a metric diagonal. Vertical diagonal metrics are
in one-to-one correspondence with triples (a, b, c) of positive real numbers via the relations
gv(µS, µS) = a, gv(µT , µT ) = b, and gv(µU , µU) = c. We compute the Kaplan operator in the
basis {X,Z, Y,W}:

JµS =


0 a 0 0
−a 0 0 0
0 0 0 a
0 0 −a 0

 , JµT =


0 0 b 0
0 0 0 −b
−b 0 0 0
0 b 0 0

 , JµU =


0 0 0 c
0 0 c 0
0 −c 0 0
−c 0 0 0

 .
Hence J2

µS
= −a2 Id, J2

µT
= −b2 Id, and JµU = −c2 Id, and the matrices JµS , JµT and JµU

anti-commute. Consequently, for any triple s, t, u,
Jµ = −(s2a2 + t2b2 + u2c2) Id, µ := s µS + t µT + uµU .

We calculate

δ(H1
K, gv) = 1

2 sup
µ
||J2

µ + Id ||HS

= sup
(s,t,u)

s2+t2+u2=1

|1− (s2a2 + t2b2 + u2c2)|

= sup
(s,t,u)

s2+t2+u2=1

|(1− a2)s2 + (1− b2)t2 + (1− c2)u2|

= max{|1− a2|, |1− b2|, |1− c2|}.

(5.4)

Note that δ(H1
K, gv) = 0 if and only if a = b = c = 1: this choice of vertical metric equips H1

K
with the structure of a (nascent) H-type group.

The preceding discussion shows that the H-type deviation parameter δ(H1
K, gv) is positive for

any choice of a, b, c > 0 such that (a, b, c) 6= (1, 1, 1). However, the situation is more nuanced
if we allow some of the parameters a, b, c to degenerate to zero, i.e., if we widen our view from
vertical metrics to vertical semimetrics. Consider the vertical diagonal semimetric gv,0 on V2
for which a = b = 1 and c = 0. Thus µS and µT are gv,0-unit vectors and µU is gv,0-null. An
easy exercise shows that δ(G, gv,0) = 0, where δ(G, gv,0) is defined as in (5.3).

It is natural to ask why this conclusion does not violate [17, Proposition 3.2]. Indeed, gv,0 is
a vertical semimetric with vanishing H-type deviation which does not impose H-type structure
on the Lie algebra.

The resolution of this apparent contradiction lies in the fact that this particular semimetric
does not arise as the limit of a degenerating sequence of vertical metrics gv,j with H-type
deviation tending to zero. For convenience we restrict attention to diagonal metrics. We appeal
to the formula (5.4) for the H-type deviation of a general vertical diagonal metric. Assume that
gv,j is a sequence of vertical diagonal metrics such that gv,j → gv,0 as j → ∞. If we identify
gv,j with a triple (aj, bj, cj) as before, this convergence corresponds to the assumptions aj → 1,
bj → 1, and cj → 0. Then

δ(H1
K, gv,j) = max{|1− a2

j |, |1− b2
j |, |1− c2

j |} → 1 6= 0 = δ(H1
K, gv,0).

A similar phenomenon was identified in Example 3.7 of [17].
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Example 5.3. In contrast with the preceding example, consider the group G of rank four and
dimension six, whose horizontal layer V1 admits the same gh-orthonormal basis {X, Y, Z,W},
and whose vertical layer V2 admits the basis {S, T}. The bracket relations are assumed to be
the same ones as before, i.e., [X, Y ] = S, [Z,W ] = S, [X,Z] = T , and [Y,W ] = T . In this
example, the vertical diagonal metric gv which makes the pair µS, µT orthonormal realizes the
H-type deviation, which in this case is equal to zero. In fact, this particular group is an H-type
group. Compare [4, Example 3.6].

Example 5.4. In an earlier version of this paper (arxiv.org/abs/2312.06076), the existence
of a vertical metric realizing the value of the H-type deviation was obtained, in the special case
δ(G) = 0, by a different method. To wit, pointwise bounds were established for a sequence of
vertical metrics which achieve the infimum in the definition of δ(G); these pointwise bounds in
turn imply the existence of a limiting semimetric. After that, Theorem 4.3 was used to conclude
that the limiting object gv,∞ satisfied condition (b) in Proposition 4.2. The H-type property
of G follows in turn from that proposition. As noted above, we provide here an alternative
argument which bypasses the need to consider semimetrics and directly establishes the existing
of the limiting metric via a compactness condition originating from our improved upper bound
on the values of the H-type deviation for rank m groups.

6. H-type deviation of direct products of step two Carnot groups

In this section we establish (1.2) and (1.3). In Example 6.1, we illustrate this formula by
stating the value of δ(G) whenever G = G1 × · · · ×G` × Rν is a product of Heisenberg groups
(including anisotropic Heisenberg groups) and with possible horizontal abelian factors.

The identity (1.3) follows from (1.2) and Remark 3.4. Hence we focus our attention on (1.2),
which we restate here for the convenience of the reader:

(6.1) δ(G1 × · · · ×G`) =

√√√√1− mini { rank(Gi)(1− δ2(Gi)) }
rank(G1 × · · · ×G`)

.

The following reformulation of (6.1) illustrates the connection to the Métivier order of the Lie
algebras of the product and factor groups:

rank(G) (1− δ2(G)) = min
i

rank(Gi) (1− δ2(Gi)) , G = G1 × · · · ×G`.

Observe that rank(G) (1− δ2(G)) ≤ order(G) for any step two group G, cf. Proposition 2.9.
Proof of Theorem 1.5. We first observe that the claim is consistent with the associativity rule
δ(G1 ×G2 ×G3) = δ((G1 ×G2)×G3). It thus suffices to prove the result for ` = 2.

Fix vertical metrics g1
v and g2

v on G1 and G2 respectively. We define m1 = rank(G1) and
m2 = rank(G2) and δ1 = δ(G1, g

1
v) and δ2 = δ(G2, g

2
v). We now estimate δ := δ(G1×G2, g

1
v⊗g2

v).

δ = 1√
m1 +m2

sup
s2

1+s2
2=1

∥∥∥J2
s1µ1+s2µ2 + I

∥∥∥
HS

= sup
s2

1+s2
2=1

√√√√√∥∥∥J2
s1µ1 + IV1

∥∥∥2

HS
+
∥∥∥J2

s2µ2 + IV2

∥∥∥2

HS

m1 +m2

= sup
s2

1+s2
2=1

√√√√√∥∥∥s2
1J2

µ1 + s2
1IV1 + s2

2IV1

∥∥∥2

HS
+
∥∥∥s2

2J2
µ1 + s2

2IV2 + s2
1IV2

∥∥∥2

HS

m1 +m2

≤ sup
s2

1+s2
2=1

√
s4

1m1δ2
1 + s4

2m1 + 2s2
1s

2
2m1δ1 + s4

2m2δ2 + s4
1m2 + 2s2

1s
2
2m2δ2

m1 +m2

λ:=s2
1= sup

0≤λ≤1

√
λ2(m1δ2

1 +m2) + (1− λ)2(m2δ2
2 +m1) + 2λ(1− λ)(m1δ1 +m2δ2)

m1 +m2
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It is immediate to check that the numerator inside the root is a convex expression in λ, hence
obtains its supremum on the boundary λ ∈ { 0, 1 }. Thus

δ ≤
√

max {m1δ2
1 +m2,m2δ2

2 +m1 }
m1 +m2

=
√
m1 +m2 + max {m1δ2

1 −m1,m2δ2
2 −m2 }

m1 +m2

=
√
m1 +m2 −min {m1(1− δ2

1),m2(1− δ2
2) }

m1 +m2
=
√

1− min {m1(1− δ2
1),m2(1− δ2

2) }
m1 +m2

.

This completes the proof that δ(G) is bounded above by the expression on the right hand side
of (6.1).

We now turn to the proof of the other inequality. Fix a vertical norm gv for G1 × G2. We
define g1

v and g2
v to be the restrictions of gv on G1 and G2, respectively. For µ in the dual of

the second layer of G1 × G2, we write µ = µ1 + µ2, with µ1 and µ2 in the dual of the vertical
layer of G1 and G2, respectively. Then

δ(G1 ×G2, gv) = 1√
m1 +m2

sup
|µ1+µ2|v=1

‖J2
µ1+µ2 + I‖HS

≥ 1√
m1 +m2

sup
|µ1|v=1

‖J2
µ1 + I‖HS

≥ sup
|µ1|v=1

√√√√‖J2
µ1 + IV1‖2

HS + ‖IV2‖2
HS

m1 +m2

≥
√
m1δ2(G1) +m2

m1 +m2
.

With a similar argument we prove that

δ(G1 ×G2, gv) ≥
√
m2δ2(G2) +m1

m1 +m2
.

Therefore

δ(G1 ×G2, gv) ≥
√

max {m1δ2(G1) +m2,m2δ2(G2) +m1 }
m1 +m2

=
√

1− min {m1(1− δ2(G1)),m2(1− δ2(G2)) }
m1 +m2

.

Since the estimate holds for every vertical norm, the proof is complete. �

Example 6.1. Using the formula for the H-type deviation of the anisotropic Heisenberg group
Hn(b) in Example 2.10, we derive the value of H-type deviation for products of such groups
along with possible horizontal abelian factors.

Let k1, . . . , k` be positive integers with k1 + · · ·+ k` = n, and let b1, . . . ,b` be a collection of
vectors of positive real numbers. Assume without loss of generality that the pairs (ki,bi) are
ordered so that

(6.2) k1

(
||b1||2
||b1||4

)4

≤ · · · ≤ k`

(
||b`||2
||b`||4

)4

.

Then

(6.3) δ(Hk1(b1)× · · · ×Hk`(b`)) =

√√√√1− k1

n

(
||b1||2
||b1||4

)4

.

In particular, when Hn(b) is an isotropic Heisenberg group, b is a constant vector and the
norms ||b||p are constant in p. Thus if 1 ≤ k1 ≤ · · · ≤ k` and n = k1 + · · ·+ k`, then

(6.4) δ(Hk1 × · · · ×Hk`) =
√

1− k1

n
.
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Similarly,

(6.5) δ(Hk1(b1)× · · · ×Hk`(b`)× Rν) =

√√√√1− 2k1

2n+ ν

(
||b1||2
||b1||4

)4

.

and

(6.6) δ(Hk1 × · · · ×Hk` × Rν) =
√

1− 2k1

2n+ ν
.

We conclude this paper by commenting further on the case when δ(G) is maximal among
groups with a given rank.

Proposition 6.2. Let G = G1 × · · · × G` be a product of step two Carnot groups, with m =
rank(G) and mi = rank(Gi) for each i.

Then δ(G) =
√

(m− 2)/m if and only if δ(Gi) =
√

(mi − 2)/mi for some i.
In particular, any such group of the form G = K×H1 satisfies δ(G) =

√
(m− 2)/m.

Proposition 6.2 is an easy consequence of the product formula (6.1). Alternatively, it follows
from the optimality criterion Corollary 1.4 and the elementary observation that order(Lie(G)) =
2 if and only if order(Lie(Gi)) = 2 for some i. We state a simple corollary.

Corollary 6.3. Let G be a product of anisotropic Heisenberg groups, and assume that G has
rank m. Then δ(G) =

√
(m− 2)/m if and only if one of the factor groups is the first isotropic

Heisenberg group H1.

In view of Proposition 6.2 and Corollary 1.4, it suffices to observe that an anisotropic Heisen-
berg group G = Hn(b) has Métivier order two if and only if n = 1. Moreover, the groups H1(b),
b > 0, are all mutually isometric as Carnot groups, and in particular are all isometric to the
isotropic group H1.
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