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1. INTRODUCTION.

The number of moduli of a germ of curve in the complex plane. A germ of
curve C' in the complex plane is the zero locus of a germ of analytical reduced function

f(z,y) € Clz,y}
C={f(z,y)=0}.

Hereafter, its multiplicity is denoted by v (C): it is the minimum degree of the monomial
terms in the Taylor expansion of f.

Such a curve can be classified up to continuous or analytic conjugacies of the ambient
space ((Cz, 0). The quotient of its equisingularity class Top (C') up to analytic conjugacies
can be endowed with a structure of complex variety, yet not Hausdorff [4, 8] , and the
dimension of this variety is precisely what we refer to as the number of moduli of C.

The problem of the determination of the number of moduli of a germ of complex plane
curve goes back to the work of S. Ebey in 1965 [4] who computed the number of moduli
for a particular equisingularity class of curve, namely, the one given by the equation
y® = 2. A few years after in 1973, O. Zariski in his seminal notes [30] focused on
the case of a curve with only one irreducible component. The topological classification
of an irreducible curve is well known and relies on a semi-group of integers extensively
studied by Zariski himself in the 70s. Zariski proposed various approaches to obtain the
number of moduli for irreducible curves beyond the case treated by Ebey. He introduced
most of the concepts on which the forthcoming works relied. However, at this time, the
analytical classification was a widely open question, even in the irreducible case. In 1978,
C. Delorme [3] studied extensively the case of an irreducible curve with one Puiseux pair
and established some formulas to compute the number of moduli. In 1979, M. Granger [12]
and later, in 1988, J. Briancon, Granger and Ph. Maisonobe [1] produced an algorithm
to compute the number of moduli for a non irreducible quasi-homogeneous curve defined
by =™ 4 y™ = 0 first, for m and n relatively prime, and then in the general case. The
common denominator of the two previous works is the algorithmic approach based upon
arithmetic properties of the continuous fraction expansion associated to the pair (m,n).
In 1988, O.A. Laudal, B. Martin and G. Pfister in [19], improved the work of Delorme and
gave an explicit description of a universal family for curves with one Puiseux pair and a
stratification of their moduli space. Finally, in 1998, R. Peraire exhibited an algorithm in
[26] to compute the Tjurina number of a curve in its generic component, which is linked to
the dimension of the number of moduli. Up to our knowledge, the initial question of the
analytic classification can be today considered as mostly solved by a combination of the
1
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works of A. Hefez and M.E. Hernandes [14, 15, 16] in 2010 who adressed the irreducible
case and very recently of M.E. Hernandes and M.E. Rodrigues Hernandes [17] for the
general case : these works provide a normal form type result for a given equisingularity
class of curve. Nevertheless, the extraction of the sole number of moduli from their very
fine constructions can be quite involved, as it can be seen in the last example of [17]. From
the algorithmic point of view, the approaches are based upon Grébner basis like routine,
which are known to be in general of high complexity.

In 2010 and 2011, in [9, 10], with E. Paul, we described the moduli space of a topologically
quasi-homogeneous curve C' as the spaces of leaves of an algebraic foliation defined on the
moduli space of a foliation whose analytic invariant curve is precisely C. These works
initiated an approach based upon the theory of foliations to study moduli of curves. In
2022, in [6], we gave an explicit formula for the number of moduli for an irreducible curve
: this formula involves only very elementary topological invariants of the curve, such as,
the topological class of its desingularization. In [7], we studied the reducible case and
constructed an algorithm to compute the number of moduli of a curve and proved that
this algorithm yields the desired number under the assumption that this curve is a union
of smooth curves.

The goal of the current article is to prove that the algorithm mentioned above provides
the expected number of moduli in any case. The complexity of this algorithm is linear in
the length of the desingularization of the curve.

The algorithm. Let C be a curve and E : (@5, D) — (C?,0) be its desingularization :

it is a composition E = Ej o --- o En of elementary blowing-ups of points. According to
[22], if C is any curve generic in its equisingularity class, its number of moduli, denoted
by M€, is equal to the dimension of the cohomological space

M€ = dimc H' (D, ©)

where © is the sheaf of germs of vector fields on C2 tangent to the total transform E~* (C).
Indeed, the first group of cohomology of the sheaf © can be identified as the tangent space
to the space of parameters of any miniversal deformation of C for the topologically trivial
deformations.! This dimension can be inductively computed along the desingularization
of C following the result below.

Theorem ([6, 7]). Let {Ck},_, .. 5, be the connected components of EFH(C\{0}). IfC
is generic in its equisingularity class then so are the curves Cy U D1 where D1 = ET* (0).
Moreover, the number of moduli M is written

MC = dime H' (D1, 0], ) + > MO
k

where G\Dl is the sheaf of germs of vector fields on the total space of F1 tangent to
B ().

The algorithm which provides the number of moduli is based upon the following remark
: we can compute the dimension dim¢ H' (Dl, @|D1) using a study of the Saito module

of C, denoted by Der (log C), that is the set of vector fields tangent to C. More precisely,
this dimension can be expressed using mainly the Saito number sc of C defined by

c= min v (X)
X eDer(log C)

!The number MC is smaller than the Tjurina number 7 of C' which is the dimension of the
base space of a miniversal deformation of C for the general deformations of C.
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where v (+) is the standard valuation and an optimal vector field X for C, that is, a vector
field reaching the minimum above. As an illustration, we mention the following result
adapted from [8, Proposition 3.15]

Proposition ([8]). If C is generic in its equisingularity class and E7* (X) leaves gener-
ically invariant D1 where X 1s an optimal vector field for C, then

. 1 [ (s¢—1)(sc—2) ifv(C)iseven
dime H (Dl’ @|D1) B { (sc — 1)2 if not.

Saito vector field. In fact, for a given curve C' there are many optimal vector fields
with very different topologies. In order to choose one of them, we will require, beyond its
optimality, that for any k, E; ' (X) is optimal for Cy U D; and, finally, that this property
of optimality propagates along the whole desingularisation process of C. Such a vector
field will be called Saito for C. Not only is there a priori no reason for such a vector field
to be exceptional among the optimal vector fields, but there is also no reason for such a
vector field to exist.

The main goal of this article is to prove that a curve C, generic in its equisingularity class,
always admits a Saito vector field, and that some topological data of this vector field are
unique. More precisely, we will prove the following result

Theorem. Let C' be a curve generic in its equisingularity class. Then C admits a Saito
vector field X. Moreover, let A be the dual tree of the desingularization process E of C. We
number a vertex s of A by the number of tangency point between the irreducible component
D of the exceptional divisor of E corresponding to s and the pull-back vector field E~" (X).
Besides, we color a vertex s in white if Dy is invariant by E~* (X), otherwise we color it
in black. Then, the colored numbered tree A does not depend on X.

The article is divided in three sections. The first can be read independently : it focuses
on a technical combinatorial result on trees. This result is a key element to describe
some topological data of the Saito vector field of C. More precisely, the result of the
first section provides a guide to apply a recipe developed by A. Lins-Neto in [20] in order
to build singular vector fields or foliations from local data in a blowing-up process. We
partially control the topology of the of the resulting vector field and, in particular, its
valuations along the initial desingularization of C, which ensures the Saito property. It
remains to guarantee that the invariant curve of the obtained vector field is indeed generic
in its equisingularity class : it is achieved by considering a deformation of the Saito vector
field toward a vector field tangent to a curve that is actually generic in its equisingularity
class. This last approach derives from technics established by X. Gomez-Mont in [11].

The final section focuses on examples : the Saito vector field of the double cusp, the number
of moduli of a certain non irreducible curve and an application to the computation of the
generic Tjurina number of a curve. As an illustration, we obtained the following

Proposition. Let C,, be the curve defined by the equation y™" + "D = 0. Then the
generic number of moduli of Cyr s equal to

2,2 2_ . .
W—i—i’) if 7 is even

2.2 2 . . .
nZritnro=8min 1 9 if r is odd and n is even

1
2,2 2_ . . .
% if r is odd and n is odd.

Acknowledgments. The author would like to thank the anonymous referees who pro-
vided useful and detailed comments on an initial version of the manuscript.
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FI1GURE 2.1. Inductive construction of the partial order < on A.

2. ADMISSIBLE DICRITICITY OF AN ORDERED NUMBERED TREE.

Let A be a tree. We can endow A with a partial order < defined following an inductive
description of A : starting from a single vertex r, if (A, <) is defined, one can add a vertex
to A following one of the two next rules

(1) a vertex s and an edge from s to a single vertex c are added to A. The order <
is extended to A U {s} setting s > c.

(2) a vertex s is added to A deleting an egde from c to ¢’ and adding two edges from
s to ¢ and from s to ¢’. The order is extended setting s > c and s > ¢'.

The vertex r is the minimal element of (A, <) and is called the root of A. In the sequel,
in general, we will make no distinction between A and the set of vertices of A.

We will denote by n = (n.),., a numbering of the vertices of A by non negative integers.

We will also consider an element A = (A.),, in {0, 1}*. The latter is called a dicriticity
for A. It induces a coloring of the tree A: if A, = 1 the vertex c is colored in white, if not,
it is colored in black.

stands for the the following :

a | a ifciseven
b | b else

Definition 1. In what follows, ¢ stands for a vertex of A.

b

c

Finally, the notation L “

(1) We denote by p. the set of parents of c that is the set of predecessors of ¢ for the
partial order <. Notice that p,, = () ; in any other cases, p. contains one or two
elements.

(2) Following [28], fixing a indexing {1,..., N} of the vertices such that i € p; =
i < j, we consider the proximity matrix P of (A, <) defined by

Pi; =1
]P’i,]' :—11f’L€p] .
P;; =0 else.

It is an upper triangular invertible matrix.
(3) If n is numbering of A, then c- n is the numbering defined by
(c-n).,=nc+1

and (c-n), =n if ¢ #c.
(4) In what follows, v. denotes the set of neighbours of ¢ in A, that is the set of
vertices of A connected to c.
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(5) We call the multiplicity of ¢ in A the positive integer, denoted by p. obtained
inductively as follows : p, = 1, and if ¢ # r then

Pc = j{: Pe’ -
c’€pe
(6) We denote by J. the number of parents ¢’ of ¢ such that A, = 1. In particular,
this number depends not only on A but also on a dicriticity A.
(7) We call the valuation of ¢ the number denoted by v and defined by the matrix
relation
(V?)ceA = ]P_l (nc)cEA .
In particular, from [28], it follows that
=Y e
ceA
(8) The square indez of c¢ is defined by

(9) If c and ¢’ belong to A, we defined the access tree from c to ¢’ as the maximal
subset {co,c1,...,cq} of A such that 2

czcogclg---gcq:c'.
It is denoted by
A
If ¢ = r is the root of A, then it is simply denoted by
A
If po» = 1 then the access tree A_ is a totally ordered linear chain of vertices
whose multiplicities are equal to 1. The proximity matrix of this sub-graph is
written
1 -1
1 -1
-1
1
(10) We denote by € = (ec),.c, the family of number defined by the following matrix
relation
1 n V;l - 60 Ac
(@een =P (3 00cn— @0es) =2+ | E5 24 | 4
vl —3dc
N— —_—
€z ceA

This tuple of integers is called the configuration associated to the dicriticity A.

Remark 2. In the second part of the article, we will construct germ of singular foliations
tangent to a given curve C. Definition 1 introduces some primitive material to perform
this construction. The tree A will play the role of the dual tree of the desingularization
process of C. The integer n. in the numbering (n.),, of A will be the number of irreducible
components of the desingularization of C' attached to c. The dicriticity A will encode the

2Tt is not easy to spot the access tree from c to ¢/ in A as it may have mutiple connected
components. However, in the oriented Enriques diagram associated to A, it is the geodesic from
c to '[28] .
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F1GURE 2.2. An ordered tree, its numbering and its dicriticity.

relative position of the foliation to be constructed with respect to the components of
A : actually, if A. = 0, the foliation must be generically transverse to the component
¢, otherwise it must leave it invariant. Finally, the configuration (e.).., will determine
the number of invariant curves of the foliation that meet the component ¢, whether c is
invariant or not.

Example 3. Let us consider the tree represented in Figure 2.2.

In this example, the proximity matrix is written

1 -1 -1
0 0
1 -1
0 1

1 —

0 1
F= 0 O
0 O

The numbering is n = (0,2, 1,2) and is represented in Figure (2.2) by dots attached to
the vertices. We have

PlZ(Z), pQ:{l}’ p3:{1}7 p4:{173}
v ={2,4}, va = {1}, va = {1,3}, v3 = {4}.

The partial order induced on A by the rules of construction is

1<2,1<3<4.

The multiplicities are

pl:lv p2:17 P3:17 P4:2

Given the numbering n, the valuations are

n 0 111 2 0 7
v | _paf2|_|0 100 2| | 2
vy | T 1]~ 10011 1|7 3
va 2 00 0 1 2 2

Now, assuming the dicriticity is A = (1,0,1,0) as in the figure, we obtain

01 =0, 02=1, dg=1, §4 =2

and

1 0

o=t 3 b mmd-| g o
2 2
7—-0 2—-1
1 0

S e i e R
2 2

2

w
|
-
|
M)
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Finally, the configuration € is computed as follows

€1 0 1 -1 -1 -1 -1 1
e | 1| 2 0 1 0 0 |1
es | 2] 1 0 0 1 -1 -2 2
€4 2 0 0 0 1 1 0

As it can be seen in the previous example, from any dicriticity A, one can compute a
configuration ¢ following Definition 1 (10). However, adding some constraints yields a
unicity type result.

Theorem 4. Consider a numbering n of A.

(Main) There erists a unique dicriticity, denoted by A™ = (A7) ., such that the associ-
ated configuration €" satisfies the following relations
(a) if AT =0, then e} >2—3. AV
(b) if AT =1, then €7 > ne.
Such a dicriticity is called the admissible dicriticity of A numbered by n. The exponent

n appearing on any data in the sequel will mean that these data are associated to the
admissible dicriticity for a given numbering n.

c’€v,

Moreover, the following properties hold
(A) We define by 702 the following invariant
Rt =3 (@r+00m).
SEA,
If pc =1 then we obtain
|A|
2

where |x| denotes the number of vertices in the subtree x.
(B) Let co,c1 € A. We define by K@S;Cl and 7OL . the following invariants

(2.1) el = —A7 -

co,c1
n602 _ I:ln DCI'CO‘"
ANcq,c1 — ( s + s )
seAcl
n11 _ con crn
Aeco,cl - § (Ds + DS ) .
sEACl

If co and c1 satisfy both pcy, = pe, = 1 then we have

n 02 1 n ‘Ac ‘
(22) AeCchl == :ti — Acl _— 21
(2.3) hOL = 5 — AL - 21

(C) Let ¢ be a vertex of A such that p. = 1. We say that the access tree A. starts
with a mixed branch if there ezists a vertex m. € A. mazimal for the following
property : for any s € A, one has

AT+ AT =1,

It may happen that m. = c. If not, let us denote by mT the vertex of A which
succeeds mc in A.. Depending on the type of the mized branch, Table (1) presents
some properties of the valuations v;' and l/zﬁ. In this table, a picture such as

® OO represents the two admissible dicriticities along A. respectively,
above for the numbering n and below for the numbering c-n. Besides, if m. = c,
Table (2) presents properties on the valuations v;' depending also on the type of
what 1s called in that case a pure mized branch.



NUMBER OF MODULI OF A GERM OF COMPLEX PLANE CURVE. 8

n n n
vy l/m+ vy |2

odd even odd odd

even odd even even

Soihsiboibos
na

even even even odd
odd odd odd even
TABLE 1. The valuations v]* and "y along a mixed branch.

[Ac] > 1 vy

@ O

O @ odd Al =1 uf

OO o

o O even O odd

0@ O

® O impossible [ even

® o

OO impossible

TABLE 2. The valuation v;' along a pure mixed branch.

(D) Finally, for each connected component K of the sub-graph A\ {c € A| A7 =0},
there exists ¢ € K with € > 0.

Remark 5. The conditions (a) and (b) are necessary conditions for the configuration
(€2).ca to lead to the foliation mentioned in Remark 2. If A7 = 1, the expected foli-
ation must leave invariant the component ¢ and at least, n. regular curves transverse to
c. However, if A =1, the integer € is exactly the number of invariant transverse curves
of the foliation. This implies that € > n. which is the inequality (a). If A7 = 0, the
foliation is generically transverse to c¢. According to [18], the number of tangency point
between the foliation and ¢ counted with multiplicities is € —2+ > ,., A. It must be
non-negative, which is the inequality (2). What is remarkable is that these two necessary
conditions ensure the existence and the uniqueness of the admissible dicriticity. Finally,
Property (D) is also a necessary condition for the foliation to exist as established in [24].

The main statement of Theorem 4 has already been proved in [7] for the particular case
of a tree A for which p. = 1 for any c € A.

Example 6. Let us consider the cusp tree, that is the tree with three vertices numbered
by n1 = n2 = 0 and ng = 1. The order is defined by the relations 1 < 2 and 1 < 3.
The proximity matrix is
1 -1 -1
P=1 0 1 -1
0 O 1
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A: (A1,A2,A3) € = (61,62,63)

0,0,0 (—1y,0,1
0,0,1 (—1),0,1
0,1,0 0),1,1
0,1,1 (—1y,0,1
1,0,0 2,(0y,0
1,0,1 2,(0, 1
11,0 11,0

L1 1,1, (0)

TABLE 3. Dicriticities and configurations for the cusp tree num-
bered by (0,0,1).

v ) ® (0,0
&89 e (0,1
S e ® (1,0)
© oo o (1,1)
o ® 9
0O @ @

ny

F1GURE 2.3. Unique admissible choice of A = (Aq, Ag).

Table 3 shows the various configurations obtained from the 8 = 2% possible dicriticities on
A. For each configuration, we highlight by the notation (-) a part of the configuration that
violates one of the admissibility conditions. At the end, the unique and thus admissible
dicriticity that satisfies all the three admissibility conditions is (1,1,0) for which
a=1>0 A =1
e2=1>0, Ay=1
632022*A17A2, A3:0.

Notice that, 1 and 2 are two components of A \ {3} for which ¢1 > 0 and e2 > 0, as
predicted by the property (D) of Theorem 4.

Example 7. Suppose that A is a tree reduced to two vertices. Its proximity matrix is

p=(5 1)

Figure 2.3 presents the admissible dicriticity A = (x,%) € {0,1}* depending on the values
n1 and no.

Let ¢ € A. Along the row associated to c¢ in the matrix P, any occurrence of a coefficient
—1 corresponds to a vertex that belongs to the access tree from r to v for some v in the
neighborhood v.. This remark leads to the following expression of €. that is going to be
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used extensively in the sequel,

:%fDﬁZ > .

veve s€ A, \{c}

¢ 0c Ac ds A,
9 s A AR S O S iy

vn s, vEve s€ A \{c} v s,

10

Proof of Theorem 4. The proof is, as a whole, an induction on the number N of vertices

in A - except for the property D. The structure of the proof is the following

(1) (Mam) (A)l: ( )1, (C) and (D )1

(2) (Maln)N 1+( )n—1 = (Main) y,

(3) (Main)y + (A)y_, ( Iv = (A)y

(4) (Main)y + (A)y_ 1+( In-1 = (B)y

(5) Main)y +(A)y_; + B)y_; +(C)y_, = (C)y
(6) (Main),, = (D),

Below, the proof is splited in consecutive steps following the above description.

Part 1: (Main), , (A),, (B);, (C); and (D),

Suppose that |A| = 1. The proximity matrix is P = (1) and the numbering n = (n,). In

view of (2.4), we get

Ny Ny Or A,
L= g =
T 2 2 {%

vt —§,

&+ A,
= %

since 6, = 0 and ;' = n,. Suppose n,, = 0,1 or 2. Then it can be seen that A, = 0 is not
admissible, since it would impose that €, > 2, which is not true. However, if A, = 1, for
n, = 0,1 or 2, we have respectively ¢, = 1, 1 and 2 that always satisfies ¢, > n,.. Thus for
n, = 0,1 or 2, the admissible dicriticity is defined by Al'" = 1. To the contrary, if n, > 3

then
€r§%+1<nr

thus A, =1 is not an admissible dicriticity. However, Al'" = 0 is admissible since

which concludes the proof of the main property of Theorem 4 for |A| = 1.

Now consider property (A) and the invariant "g@?l. By specifying the definition, we

obtain
iey =0r+opn
o { AR 6a" { AT

T2 F T 1

v —3n vl —g§n
Notice that 6, =4, =0, v’ =n, and v;. " = n, + 1. Consequently, this gives
n 01 AT AT 1 AV
Aer - - 1 - 1 - _5 - A'r-n
2 2 "

Ny ny+1 Ny
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If n, =0or 1 then A = Al"™ =1 and thus the invariant is written

n ~01 3 ‘AT‘ n
=——=— — A7
Aer 2 2 T
If n, > 3 then A7 = A" = 0 which induces
n 01 1 ‘AT‘ n
=—-=—-——-A/
Ae'r 2 2 T
Finally, if n, = 2 then A =1 and A]’™ = 0 and hence { XAJ}L = 1. Therefore, it follows
n 01 _ 3 _ ‘AT‘ n
10, = 5 = 3 A7
Consequently, formula (2.1) is true for |A| = 1. Now, the invariant X@?.,QT is written
S I S
2 2
Ny ny+2 Ny
If n,. = 0 then it reduces to
A 4+ AT 1 ]A,] n
_ T r =-2=——-"T_ A"
{ 1 27 2 v
If n, = 1,2 then we obtain
AT+ AT 1 ]A,] n
— =—-1==-- — A7
{ 1 27 2 "
Finally, if n, > 3, then we get
AT+ AT 0 1 JA, "
_L L _{1 “FaT o
My Ny

thus formula (2.2) holds. We continue in this fashion obtaining the invariant X@,{}T.,

207"
1

ne+1

n 11 TN TN
Aer,r = Dr + Dr = -

If n, =0,1,2 then i% _ el Al = —2 or — 1. This implies (2.3). If n, > 3, then we

2
get

n
_\‘QAT :_\‘0 :i1—|A"|—Af,
1 1 2 2
nr+1 nr+1
which completes the proof of formula (2.3). For |A| = 1, there are only pure mixed

branches of length one. It is enough to refer to the computations above to obtain the
following correspondance : for A = {r}, we get

n=Mm;) 0 1 2 >3
A7 1 11 0 °
which ensures the properties in Table (2). To conclude the case |A| = 1,we observe that
Property (D) follows from the computations of € for n, = 0,1 and 2.

Part 2: (Main)y_, + (A)y_, = (Main)

Now, we are going to prove inductively the main property from the main property itself
and Property (A). Let us consider the |v,| graphs obtained as the connected components
of A\ {r}. We index these graphs by v, itself by denoting each connected component A°
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for ¢ € v,.. Each tree A° inherits an order from the one of A. Let us consider two different
numberings of each component A°, ¢ € v,. In the sequel, we refer to these two different
numbered trees by the notation A*” with x =0 or 1.

o % = 0, A% = A° numbered by the integer n” = (n2)_ _,,. with nJ = n, for

s € A%°,
e =1, Ab® = A° but numbered by the integer n' = (n;)
c#sec A and nl =n.+ 1.

seat.e With nl = ng for

Note that by construction the tree A is obtained by gluing the family of trees (A™)
with * = 0 or 1 along the vertex r adding an edge between each vertex ¢ and the root
r. Each vertex s belongs exactly to one of the trees A*°. Applying inductively (Main)
to each numbered tree A*°, we obtain two dicriticities A*°, that consists in the unique
admissible dicriticities of the numbered trees A*°. As a result, we can define two new
distinct dicriticities on the whole tree A induced by the A*¢, ¢ € v, the following way :

o A' Al =1 and for any s #r Al = Abcif s € ALe.
o A’ A% =0 and for any s # r A} = AV° if s € AD“.

We claim that both dicriticities A® or A! satisfy the admissibility conditions for the
vertices s € A\ {r}. Indeed, let us denote x*° the combinatorial data resulting from
Theorem 4 applied to each numbered tree A*°. We also denote simply by +° °* ! the
combinatorial data associated respectively to the dicriticities A® or A®.

Let us focus first on the dicriticity A'. For ¢ € v, and s € A"®, AL® being by definition
the access tree from the root of A to ¢, we get

TR Y

(25) ifseAle, yhe—plp1, sle=gl o1

Note that in any case, v2*® — §1° and v} — 6% have the same parity. If s ¢ Al°, relations
(2.5) combined with the construction of A' ensures that €*® = et.

If s € AY° and s # ¢ then we obtain

1,c

M‘E

= Y N b

veEvs ue A \{s}

=S-me+me+ Yy, Y o

veELs uFce A \{s}

ne —1+0: Al 146 Al Le

_ns  —1+68 s 110 e Uy

5 o+ { . +— 1 DY u
vEvs uFce A \{s}

Jlie_slie Jle_slie
1 1 1 1
ns O Ag O Ag 1
_ _ 9 Ze O
2 2 + { % + 2 % + Z Z u
1 s1 L1 sl vELs uFce A, \{s}
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If s = ¢, it follows from the numbering of A*° that

de=leXlopley S ob

vEve u€ A, \{s}

c+1 gbe ALe .
:”2 —2+{% +>0 > O

vEve ue A, \{c}

—58
ne+1 —1+51 1
=5 > O
1/1 (51 UEUC u€ A, \{c}
:ei—}—l.

Since the configuration (el’c)s is admissible for A", e} satifies the admissibility conditions
for s # c. For s = ¢, if ALl =1 then we get the following inequality

eh=e—1>n.+1—1>nl,

and if Al = 0 then the relation becomes

e=e—1>(2- > Ay -1

s€vc\{c}
> o)
sevc\{c}
>2- > AL
SEv.

Thus, in any case, the configuration €' is admissible for s # r. Using much the same
computations, we can prove that €® is also admissible for s # 7.

However, we are going to prove that exactly one dicriticity among A° and A' satisfies the
admissibility condition for s = r. Indeed, we have

Cra="-m+ (Y Y |+ oo+ (Y Y o

vELr s€A,\{r} vEve s€ A, \{c}
0 1

=t |V A1+ > oo
2 2 vEvr s€h, \{r}

—nr+1+z Z a9 +Os.

VEV, SEA \{r}

Now, if v € v, and s € .A, \ {r} one has
0 0 1 1
e {AS +5—5—{Als
2
v0—59 vl-sl

The construction of A* and the relations (2.5) force

0% +0; = % +00° +0y°
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which leads to

1
Gtea=n+1l+> > §+D2’S+D§’S
vevr seh,\{r})

A n
=n,+1+ Y wh\o,veﬂl

VEV

Notice that in the tree A% the vertex v is of multiplicity 1. Inductively applied to each
tree A%, Property (A) gives the relation

Ao,ﬁ@gl = —7|A” \2{T}| —AY.

and, thus, the sum €® + €} reduces to
eg—i—el:nr—i—l— ZAS.
VEL,
Finally, the above equality ensures that one of the two conditions
€L > ny or 6222—ZA2
VEL,
holds but not both. As a consequence, either A' or A is admissible for s = r, but not
both. That concludes the proof of the main property of Theorem 4 for the tree A.
Part 3: (Main)y + (A)y_; +(C)y = (A)

Now, we are going to prove property (A) from (Main) and (C) and inductively from (A).
Suppose first that the admissible dicricities respectively associated to n and c-n start with

8 , then the invariant 7% is written
RO = Ov+Og”
sEA,
=0Or+07"+ > Or+0s”
s€EA,, s#r

1 1 [P N ory o oer n cn

- _ _ r [ _ [ [a O O

{% {%+2+2 SaRacal R DR G-

v v T S€he, s

1
_ 1 (&"- ﬁf) + 0y Or+oe

2 2 2 8 s

sEA,, s#T

where r* is the successor of 7 in the branch A.. Consider the tree A" connected com-
posent of r* in A\ {r}. The inherited order of A" makes of 7t its root. Let so be the
vertex in the neighbobrhood v, of  in A such that so > r™. Note that from the unicity
statement of Theorem 4 inductively applied to A’"Jr, the dicriticity of A" inherited from
the admissible dicriticity of A numbered by n is the admissible dicriticity of A" numbered
by the numbering inherited from the so - n. Applying inductively property (A) to the tree
Ar+, we get

(i) ¥ memre ¥ ooereoe
sEA,, s#r

seart |
__ spo'n 01
_-Aﬁ’@c
— _ |Ac| -1

— AT
2
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Combining the two above relations, we are lead to

1 JA -1 . [A,|
n®21:_7_c7_Ai0n:_7c_AZ
A 2 2 2 ’
which is property (A). Now, if the admissible dicricities associated to n and c - n start
with : , then the invariant 70%" becomes
RO =) Oy +ocm
sEA,
N S e
s€A,, s#T
0 0 e TR 4
—_ _ _ T T _ T [a D: Dg n
{% {%+2+2 )t D -
v vn41 — SEA,, s#T
T T =0
=—5 |5 +—= >+ oy + 05"
2 2 2 s€EA,, s#T

As above, applying inductively property (A) yields

5:+ :f n cn n cn
—(2 - 2>+ Y, m+mt= ) 0P+

sEA,, s#T s€A"+c,
_ n 01
= .t O. .
A—-1
= _[Ae[=1 C|2 — A7,
As before, the two above relations lead to
1 JA -1 [A,|
n601:_7_07_An:_An_ c
AVYe 2 2 c c 2 ’

which is the desired property. We now turn to the case in which the admissible dicricities

associated to n and c - n start with 9 . Hence, we are in the presence of the starting
of mixed or pure mixed branch. Suppose first that ¢ = r, that is |A.| = 1. In that case,
the branch is pure and the invariant 7©°" reduces to

n A7 AL 1 0
Ae(cn:*{ 1 *{ 1 :*{; *{1-
2 2 2 2
v v v v +1
From Property (C) and Table (C), we get
n 01 1 |AC| n
=1l == — A7
Aec 2 2 c

Suppose now that [A.] > 2. In that case, along the mixed component of the branch,
the nature of the square index allows us to simplify the expression of the invariant 7©2!.
Suppose that s and s’ are consecutive vertices s < s’ in A, with

(2.6) AT+ A =1, x=3, 5.

Then, evaluating the square indeces at s’ yields

n/ c;n n Ac-n

. ’ ’

Ot =S T | T
2 2 i i

n n c-n c-n
v —§ ve,m—45
S/ S/ S/ S,
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Now, according to the relations (2.6) one has §7, + 05" = 1, hence we obtain
T c'n 1 Z/ 1 - ZI 1
(27) s’ + s’ = 5 - { 1 - 1 =75
2 2
v 8T, 18T, -1
Let us focus nows on a mixed branch is of type @ QO . Let m. be the last vertex

Q. .—é)
of the branch A. where the mixing property (2.6) holds. Using the simplification (2.7),
we obtain the following expression

pedt= >y Or+oen

s€EA.
=00 +07"+ ) Oo+0m+0n +00%+ > O0+08"
s€EAm \{r} s>'mj, s€EA.
0 {1 [Am.] -1 1 {1 {1 501 01
== 1 - ] 5 1 +1+ 70760
{ 3 3 2 2 3 3 amd e
v v +1 V:lJrfl V:LJr«l»l

where A™ is the subtree of A whose root is my and so is the vertex in v, such that
s0 > mJ. Following Table 1, we are lead to

1 Am =1 1

1921:—5—1— 5— 5 1+1+§;§@21
o 1 |Am(_| sg-n 01
T2 2 +Am360 :

Applying inductively Property (A) to Amj, we obtain

|A| n
= 5 - Aca
2
which is Property (A).

Suppose now the mixed branch is pure of type . Then the invariant 70°% is
written

OO
® 0

RO =) Or+0" =07 +07" + > or 4ot

s€EA. s€EAm \{7}
o { 1 { 0 |Amc‘ -1
= — 1 = T - .
2 2 2
vt v +1

According to Table 1, 1" is even. Thus we obtain

n Amc n Amc
o - 1 lml __pp_ Jhm
which is still Property (A). Any other type of mixed or pure mixed branch can be treated

exactly the same way.

Part 4: (Main)N + (B)N—l + (A)Nfl = (B)N

Now, we will prove property (B) from property (Main) and inductively from properties
(A) and (B). In the branch A.,, we denote by r* the successor of r. Moreover, we denote
by d € v, such that d > r*. Depending on how starts the admissible dicriticity of A
numbered respectively by n and co - ¢ n, we expand below the expression of the invariant
710% ... Below, properties (A) or (B) are inductively applied to the tree A™" on the
penultimate line of each computation.
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3

@
o
]
I

_ D:} + Dio.cl.n + Z D: + Dgo.cl.n
seho \r}

1 1 n cy-d-n
-1 -]+ X omeope
2 2
O
- 1 1 11 angot
O - {% L% MRt
v w42
-3 |Acy |
= \‘ l2 — ATCLI 1
2
v
B0%.e, =0+ O™+ 37 O+ OPaT
s€hg \{r}
1 0 . -
|1 -]+ X oimeon
: vi nte  s€he Mr)
— 1 0 1 n 11
o =g oL d e e
v vnt2
1 Ao
_ il an_ A
2 . 2
XGgﬁ,ul —Or Ot 4 Z 07 4+ Ocoerm
s€hc \{r}
0 0 .
:_l p _{ T D D
. """"" 0 0 n 501
=- - e
. ......... [ 3 { 3 Tt Ca
v vn+2
1 A,
:\‘721 7Ac17{21|
2
v
02 cg-er- e -
Xeco,cl = D:‘L + Dro e + Z D: + DEO in
sEACl\{r}
2o+ x mempe

N

n ~02
+ ot Odie

I
|
—_—
<
33 O
|
<
33
Lol =
M
+
N

>
K]

j:l A’VL
3 fa

[v)

That concludes the proof of Property (B) for the invariant 7©% The case of the

€p,C1°
11

€0,C1

invariant ;1 © is obtained much the same way.

Part 5: (Main) y, + (A)y_; +(B)y_; + (C)y_; = (O)»

To prove inductively property (C) as a consequence of all previous properties, we consider
a mixed branch of any type as in Figure 2.4. In the sequel, the vertex is designated by its
position k in the branch k = 1,---. The N*® is the first for which the mixing property
does not hold.
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1 k—1 k k+1 N

FIGURE 2.4. Mixed branch stopping from being mixed at the N vertex.

Let us denote by €f, * = n, ¢-n the configuration of the k" vertices of the branch. Since the
configuration is admissible, summing the two inequalities associated to the admissibility
conditions of Theorem 4, we get

e Zng+2- Y AT

s€vy,

where oy, = n if A} =0, else ok,, = ¢ n. Therefore,

N-1 N—1 N—1
@8) S a2V - Y e Y S AT
k=1 k=1 k=1 s€vy

Now, we want to estimate the expression in the left of the above inequality. Suppose first
that k = 2,--- N — 2. Notice that in this situation d; = Aj_;, hence

n cn _ Nk AZ—l AZ n
arar=g-S2 e [y oo
s€op ue, A \{k}

n_An
v =By

n AL" AG™ .
e e M
Gn_Aen  SEVRu€ ANk}
Vi k—1

:nk+%+z > oh+oet

sevp ue, A N\{k}

Let us denote by k= and k™ the vertices in v, such that k= > (k—1), k= # k — 1 and
kT > (k + 1) for the order < on the tree. Notice that £~ may not exists and k™ may be
equal to k + 1.

From the previous expressions we obtain,
n cn 1 n cn
€ + € :nk—’_i—’_ Z Z U, +
seuk\{k—,k‘*}“EkAs\{k}
+ 0y On+Ogt+ DD On+og
u€ h, _\{k} u€h  \{k}

For s € v \ {kf, k*} , we are lead to

n cn __ |kAs\{k}‘ n s.n
> o=kl S g
EkAS\{k} uekAS\{k}
kA \{K}H | ngor
= B el

Hence, applying inductively Property (A) to the tree A* = A, \ {k} yields

Y Oi+Oim=-akn.
u€, A N\{k}
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In the same way, we find

Ly LA VB > ooi+m

o + e” —
u€p A, _\{k} u€p A, \{k}
1y A\ {k} +{ AZG%?_ or
2 2 Ak k,k—
where { }
o nk-km o0} eny _ f (0,0) or (1,1)
{a,b} = { {k-n,k™-n} if (Ak-1, AkZ1) = { (0,1) or (1,0)
Thus, applying Property (A) to A* ensures that
n cn 1 1 Ok,n
> On+0O; =55 -4
quAk_\{k}
In the same way, one can prove that
. 1 Tk,n
EIZ+IZIZ"::I:§ =AD"
u€ph , \{k}
Finally, for k € {2,--- , N — 2}, we are led to the relation
A 1,1 L+l if bk exists o
n cn = = 2 2 _ k,n
(2.9) € + € —le+2i2—|—{ 0 else ZAg
s€uy
For k = 1 the computation is slightly different but we obtain the equality
n cn 1 An 1 O1l,n
(210) €1 +€1 :n1+§+\‘ A;n ii—ZAsL .
n s€y
Y1

Finally for k = N — 1, we can write

NN-1 Ao
2 2

Jr

cn cn
n cn NN-1 AN*Q N-1
EN—1F+EN_1 = — — — +t

n
A1
1 + 1
3 2 2 3
VA%, Vg - Agn

+ > > I

SEON_1 u€ Ny A N{N-1}

_ 1 n cn
_nN71+§+ Z U, + 0
w€(n_1hy_py+ MO}

+ > > o +0og"

s€oy_1,sAN-1)FT uey 1 AN{N-1}

Now, we focus on a term of the above sum : we have

. ’ﬂ_ C'Ti An cn
DZ—&-Di:Zlﬁ-gl—{f—{f
w€n 1A gy MV -1} u;\;ffgfl u]‘\j'"fiy\}ﬁl
N N
Tt
AT]i] A?V" n cn
- = 4+ —— O 0, "
( 5+ >+ > w+O;

“Ew -t (vt
w#N,N—1

19
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Since AN, = AY", vy = vy" —1and Ay _; + AYY; =1, we are led to the expression

n cn 1 Ar]if O(N—-1),n
2 Hu . 757{1—A” ~ Aoyt
ueN*IA(Nflﬁ\{N_l} —AN

Finally, we find the relation

n cn An
(211) EN71+EN71:nN_1+1— \\ 1_X%
N_Axlfl
1,1 — o
=+ if (N—1) exists ON_1.
2 2 n
* { 0 else Z As
SGD
Summing the equations (2.9), (2.10) and (2.11) yields
N-1 N-1 N-1
n cn An An U' n
Zek"_ﬁk = oln - _N'n + () + k
AY 1- A% ~——
k=1 k=1 k=1 s€vy
g VJ7\177A7J(//'—1 at most 2N —3

Combining with the inequality (2.8), we obtain

A} A%
{Af’" _{17A§§, 2 1.

n n _AMN
LS VN —AN1

This inequality induces all the properties presented in Table 1.

To prove the statements in Table 2, as a technical trick, we add one white component at
the end of each pure mixed branches, providing thus standard mixed branches. Numbering
the vertices of these branches 1,--- , N, N+1, the N+1*} being the added one and setting
ny+1 = 0, we obtain two mixed branches numbered respectively by n and (N + 1)-n whose
dicricities are admissible. Thus, the computations performed for mixed branches yield

AT 1
— > 1.
{Ai‘" {0 21

n AT
vy 0—ATY,

Thus if A% = 0 the above inequality is impossible ; that excludes the two last cases of
n

. . A S
Table 2. If Ay = 1, then the inequality reduces to \‘ AC}” > 1, which implies the two
1
28

first cases of Table 2. Finally, suppose that the mixed branch is reduced to a single couple
. . [ ] . .
of vertices and starts with O. Assume that v, is even. We can write,

e?=%+{2 + > 0w

VEL.

N

n
Yy

Hence, we deduce that

e?+1:m2+ H Z = {8 +> 0,
vED 2

vir+1 v vELe

Since, €" is the configuration of the admissible dicriticity for the numbering n, we get
g y g g
e >2- Y A7
SEV,

and consequently, € +1 > 2 — ZSEDT AY. Therefore, the dicriticity A™ keeps on being
admissible for the tree A numbered by r-n. Since, this dicriticity is unique, we get A7 =1
which contradicts the hypothesis of a mixed branch. Finally, v;' has to be odd. In the
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same way, suppose the mixed

21

branch is reduced to ® and v, is odd. The arguments are

the same as above and from the following computations

€r

e +1

we get a contradiction. Hence,

Part 6: (Main),,, = (D)5

Ny 1
el v Xoze
v VEVe
S+ 1 1
"; Jﬂ; +) Oy >ne+1
2

prem vEve
~

v is even. This concludes the proof of Property (C).

It remains to prove Property (D). Let K be the connected component of 7 in the sub-graph

A\{ce AJA? =0}. TK =0,
that there exists s € K such th
ensures that €7 > ns > 0 whic

the property is proved by induction on |A|. If not, suppose
at ns > 0. Then, since Ay = 1, the admissibility condition
h is the property. Finally, we suppose that for any s € K,

ns = 0. Assume also that for any s € K, €7 = 0. For any s € v,., we consider ks € A, the

minimal vertex such that , A,

(2.12)

n
0=¢,

|

v

REINIE=Y

is in K. Now, one can write

I D =

vevr seh \{r}

FY Y oY Yoo

verr A _y\{r} vevy AN}
v

Now, extracting the intermediary sum in the expression above yields

> oo

A1\

- ¥

Ao\

>

A oM

n
ﬂ_f_

5,
2

+

where 7T is the successor of r i

95 { AL
2 | 1
r} 2 *2
o5 { AL
- > |4
r} A My s 2
52 A7
> 5% |4
Ak—l\{T‘T+} Akgl\{r} .
57y { AL { AT,
A Z\{r} A Z\{r} : :
k;Q k;2 * *

n A,, k,* the predecessor of k, ‘*1. Since A" =1, o =1

and 074 =1+ A7. Hence, we obtain

(2.13) oo

A\

1 An71 17A:‘
-1 = |2
2 PA o\ {r} 2
* ky *
A >0

Now, since k, € K, we get 0 = ¢ and thus,

Oh= > >

vEDL, Sek,,Av\{kv}

o



NUMBER OF MODULI OF A GERM OF COMPLEX PLANE CURVE. 22

If AZ;I = 0 then, in expression (2.13) A = ; — { kfl > 0. If AZ;I = 1, then by

2
*

construction of k,, k! ¢ vg,. In the latter case, there exists s € vy, and ¢ € ,, A, with
pe = {kv,ky'}. Thus

1 1
Se= >+
2+2

which comes to compensate the fact that in relation (2.13), A might be equal to %1
Finally, if s € , A, \ {r}, s # k. then as before,

Or=> > O
vEvs ue A \{s}

Doing so step by step, from (2.12), we are lead to an expression of the form

|

v,

e

RIS

which is impossible. That concludes the proof of Property (D) and, at the same time, the
proof of Theorem 4. O

3. SAITO FOLIATIONS OF A GERM OF CURVE AND ITS DEFORMATION.

The O(Cz 0
Cc ((CQ7 0) has been introduced as a particular case of a far more general object by K.
Saito in [27]. We are interesting in the valuations of the vector fields in this module, for

the standard valuation v defined by
v (ady + b0y) = min (v (a),v (b)), a,b € C{z,y},

)—module Der (log C) of germs of vector fields tangent to a germ of curve

where
v aimij = min {7+ 7}.
(ZJ: j y) min {i + 5}
In particular, we define the number of Saito of C by
v(X)

A vector field tangent to C' is said optimal if its valuation is equal to the Saito number of

C.

Let 7 be the blowing-up of the singular point of C. At any singular point s of the total
transform 7! (C), the strict transform X™ of X leaves invariant the strict transfotm C™
and maybe the exceptional divisor of w. When the latter occurs, X is said non dicritical.
Otherwise, it is said dicritical. The vector field X™ may not be optimal for the germ of
C™ at s although X is optimal for C. When the optimality property is preserved along the
desingularization process of C, we said that X is Saito for C. More precisely, we consider
the following inductive definition :

50 = min
X eDer(log C)

Definition 8. X is Saito for C' when X is optimal for C' and when X7 is Saito for each
germ of dU C™ at any of its singular points where

e d=7""(0)if X is not dicritical,

e d = (), otherwise.

To initiate the definition, we require that if C is regular, then v (X) = 0 and if C is the
union of two transversal regular curves, then v (X) = 1.

The goal of the current section is to prove the existence of a curve C’ equisingular to C
that admits a Saito foliation. To do so, we are going to construct a foliation using gluing
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techniques of [20]. The elementary pieces of this gluing are semi-local models for Saito
foliations introduced just below. The results of the first section will provide a global data
prescribing the gluing. The obtained foliation will be studied from the point of view of
deformations and the curve C’ will be found as an invariant curve of a generic deformation
of the constructed foliation.

3.1. Semi-local models for Saito foliations. First, let us describe the two families of
semi-local models for Saito foliations. These models are said to be semi-local because they
are defined in the neighborhood of a compact divisor embedded in a surface.

Let M, be the germ of neighborhood of the divisor, given locally by 1 = 0 and y» = 0,
in the 2—dimensional manifold defined by the disjont union of two charts

(C2, (@1, 90) [ (C?, (22, 92))

with the identification y» = yfz1 z2 = i, p > 0. The divisor {z1 = y2 = 0} is a regular

rational compact curve embedded in M, with negative self-intersection equal to —p.

3.1.1. The dicritical model. The manifold M, can be foliated by the foliation R, v given
in coordinates (z1,y1) by the 1—form

(3.1) de1 + [ [ (= i) dyn.

=1
This foliation is transverse to the compact divisor except at the points given in coordi-
nates (z1,y1) by (0,7), ¢ =1,..., N where it is tangent at order 1. Using the changes of
coordinates from (z1,y1) to (x2,y2), we can see that the foliation is regular and transverse
to the compact divisor at y1 = oo or x2 = 0. Note that we have

Z Tan (RPJ\“{xl :0},(]) =N
qe{x1=0}

where Tan is an index introduced in particular in [18].

3.1.2. The non dicritical model. The manifold M, can also be foliated by a foliation given
by the 1—form G, na, A = (A1,...,An) written in the coordinates (z1,y1)

dx ol dy
3.2 Rt T D V.. £
(32) RN

with the following condition, known as the Camacho-Sad relation [2],
N

(33) S a=p.
i—1

This foliation leaves invariant the divisor 1 = 0 and the relation above ensure that it is
regular at +oo. By construction, for any i, we get

CS (Gp,w.a, {z1 = 0},1) = Ai.
where CS is the so-called Camacho-Sad index [2]. Moreover, it follows that
Z Ind (gp,N,A7{x1 :0},(]) =N
g€{z1=0}
where Ind is the second index introduced in [18].

Figure 3.1 presents the topology of the invariant curves by R, n and G, n,a that meet the
compact divisor.
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F1GURE 3.1. Local models for Saito foliations.

3.2. Gluing local models. Let E be the process of desingularization of C. Let A be the
dual tree of the exceptional divisor E~* (0). The map F is a composition of elementary
blowing-ups that we denote

E = senks.
Here E; is the elementary blowing-up whose exceptional divisor is the component s. For
any ¢, the notation 2 will refer to the germ at the point leading to the component ¢ of
the strict transform of x by the sub-process Osea \{c} £s Where A. is the access tree from

r to ¢, as defined in the previous section.

For a germ at 0 € (C?,0) of vector field X (or its associated germ of foliation F) and
s € A, we will set AY ©°7) = 1 if XF is non dicritical, otherwise, AX = 0. It defines a
dicriticity on A. For any s € A, 6% stand for the number of parents of s which are invariant

by XE.
Proposition 9. There ezists C' equisingular to C such that there exists X € Der (logC")
satisfying the following : for any s € A
E v (CSE) + 55( 1-— Af
 (m) = VGV E
2 2
v(CE)+5X
Proof. The process E of desingularization of C' induces an numbered ordered tree A as
defined in the previous section. The tree A is the dual tree of the exceptional divisor of E
; the order is the one induced by the process it-self ; the numbering n is setting as follows :
ns is equal to the number of component of the strict transform CF attached to s. Consider
the associated admissible dicriticity A™ and configuration €¢” given by Theorem 4.
Using a result of A.-L. Neto [20] of construction of singular foliations in dimension 2 from
elementary elements, we are going to construct a foliation from the data of A™ and €™ by
gluing semi-local models. The matrix P being the proximity matrix of A it is known that
—P ' P is the intersection matrix I of E~! (0) embedded in its neighborhood [28].
To s € A with A} = 1, we associate the semi-local model QIS sent|{eevs,an=1}] A, where

The only obstruction for such a semi-local construction is the Camacho-Sad relation

(3.4) Z Xi + S di=—Is
i=1

iE{CGUS7AZ=1}
To s € A with A} = 0, we associate the semi-local model

Rigoen—245 ey, A2

Since A™ is the admissible dicriticity, the admissibility condition yields the inequality
d =2+ Y A0,
cEvg

so that, the definition of the model does make sense.
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From [20], all these semi-local models can be glued together by gluing maps following
the edges of A provided that at any intersection point of two components s and s’ with
AT = A}, =1, the following relation is satisfied

(3.5) Ao - Aws = 1.

Using the tree structure of K, we are going to solve the system induced by the relations
(3.4) and (3.5), namely,

(S): Z:S:I Ai + Zie{ceus,Ag:1} Asi = —Lss , s€K
>\s,s">\s’,s = 1 s Sﬁsl;'é@

If K is a single vertex sop then the system (S) reduces to the equation

en

Z)‘i = 7150,80'

=1
According to property (D), €5, > 0 and, thus, this equation has solutions - that can be
chosen as non vanishing rational numbers.

Suppose now that |K| > 1. Assume first that for any s € K, € = 0 except for a unique
vertex c. Since K is a tree, there exists so # c of valence 1 in K. Locally at so the system
can be written,

Aso,s1 = —Is,s1
(S) : Asg,s1 * Asy,so = 1 , soMs1# 0,

which can be solved. Now, K\ {s¢} is still a connected tree and we can inductively solving
the whole system (S) following a numerotation of K by a bijection

o:{0, -, K| -2} = K\ {c}

such that o (¢) is of valence 1 in K\ o ({0,1,---,4—1}). Suppose that at some point
j €{0,---,|K| — 2} this procedure fails. This would imply that

Ao(5),0(+1) = 0.

Consider the following numbered colored tree A : A has the same vertices as A ; all vertices
are black except the vertices in the connected component of o () in K\ o (j+1) ; all
vertices are numbered by 0. Since (S) has been solved up to the index j, according to [20],
there exists a foliation whose numbered colored tree is exactly A. By construction, along
the white components, the obtained foliation is singular only at the singular points of its
invariant exceptional divisor : such a property contradicts the refined version of Camacho-
Sad theorem proved in [24]. Therefore, following the procedure above, the system (S) can
be solved up to the final vertex c. Finally, if for some component s, one has ¢ > 0, then
it will only introduce some free variables in the system (S), whose generic values won'’t
produce any contradiction in the process described before.

Now, the mentioned gluing leads to a foliation defined in a neighborhood of a compact
divisor D, union of |A| regular rational curves, with same intersection matrix as the one
of the exceptional divisor of E. According to a classical result of H. Grauert [13], the
neighborhood of D is analytically equivalent to the neighborhood of the exceptional divisor
of some blowing-up process E’ with same dual graph as E. The latter neighborhood is
foliated by a foliation F' that can be contracted by E’ in a foliation F.

For any component s € A, either A? = 0 and F’ is generically transverse to s. Then, we
choose arbitraly ns regular and transverse invariant curves attached to s. Or A} =1 and
F' locally given by (3.2) leaves invariant at least ns regular and transverse curves attached
to s: indeed, A" being admissible, we have €, > ns. The union of all these curves yields a
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curve C' whose desingularization process has for associated numbered dual tree the tree
A itself. Thus, C’ and C are equisingular [29]. According to |18, Theorem 3|, we have

{ —Heevs, AL =1} + X . Ind (F¥,s,p) ifAL =1

VFVFI=D 0 X\ g (e eon A = 1) 1 S Tan (FF,5p) if AT =0

sEA pEs

In our construction, the definition of the semi-local models induces the relations

(3.6) ZInd (]-'E,&p) =€, + |{c€vs, A7 =1}
pEs
ZTan(]-"E757p) = — 24 |{cev,, Al =1}].
pEs

Moreover, by construction for any s € A, we find
n F n F
A=Ay, 6 =65 .

Thus, since the configuration €” satisfies the system (10) of Definition 1, the valuation of
F can be expressed as follows

v(F) =) psei = %—

sEA

2

{1—&? v (C) {1—&?
- 1

REINIEN

v

v(C’)

where r is the root of A. Doing the same remark along the whole process of blowing-ups
of C’, we obtain, for any s € A,

(3.7) V(ff)_”((c')g)%_{l—x

v((CHE)+sT

O

If a foliation F leaves invariant C’ and satisfies the relations (3.7), then the proof above
highlights that the dicriticity A” together with the configuration e defined by the relations
(3.6) provide an admissible dicriticity for the numbered tree associated to C’. Theorem 4
ensures the unicity of this dicriticity.

3.3. Deformation of F. In the previous section, we obtained a foliation F leaving invari-
ant a curve C’ whose valuations satisfy the relations described in Proposition 9. However,
we still cannot claim that a vector field X defining F is optimal or Saito, since the curve C’
could be special in its equisingularity and could admit a tangent vector field with smaller
valuation. In order to overcome this difficulty, we are going to prove that F can be put
in a weakly equisingular deformation that follows a deformation of C’ towards generic
elements of the equisingularity class of C’, for which lower bound for Saito numbers is
known. To implement this strategy, we will gather material from [6, 8, 5, 11].

Theorem 10. There exists C” equisingular to C' such that C"' admits a Saito vector field
X which furthermore satisfies for any s € A

1\ E X
I/(XE) . V((O )5)+5S _ { 1-Af
s - 2 1
2
v((C"E) 46X
Proof. In the sequel, for the sake of simplicity, we denote C’ simple by C. Let E be the
desingularization process of C'. Denote by €2 the volume form

Q= FE"(dz Ady).
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Let X be the global vector field X = E* (%) where X is a vector field defining F and

f is a balanced equation of the separatricies of X, as introduced in [5, Definition 1.2].
Following [6, Proposition 18], we associate to X the following divisor

(3.8) Dx=2((f=0)"~(f=x)") ~C*+D

defined in the total space of E. Here, D is the union of components of D invariant by X.
Let us consider F the sheaf based upon D of O—modules of vector fields tangent to the
foliation given by X and © the sheaf based on D of vector fields tangent to E~* (C). In
[11, Theorem 1.6], Gomez-Mont exhibits the existence of an exact sequence in cohomology
written

(3.9) H' (D,F) — H' (D,©) — H' (D, Hom (IF, %)) .

The space H' (D, F) is identified with the space of infinitemisal deformations of F; the
space H* (D, ©) is identified with the space of infinitesimal deformations of C. Now, the
sheaf I is locally free of rank 1. Thus, a section a of Hom (IE‘, %) is completely determined
by the image of E*X or, equivalently by the image of X. By contruction, F is of second
kind as defined in [5]. The relations established in [5, Lemme 2.1] are written in our
context

1 if s is invariant by E*X

s‘* Q:sE*
va (ipex$t) = vs ( f)+{0 if not

where i stands for the inner product. It can be seen that, as a consequence, the morphism
of sheaves defined by

Hom (F, %) - Q2 (Dz), a— ia(;{)Q NixQ)

is an isomorphism of sheaves : here, Q7 (Dx) is the sheaf over D of 2—forms 7 for which
the divisor (n) = (n = 0) — (n = co) satisfies
(n) 2 —Dx.
Moreover, in [6, Proposition 18], it is proved that, provided that the relations (3.7) are
satisfied, we have
H' (D,Q*(Dx)) =0.
Thus, the exact sequence (3.9) reduces to

(3.10) H' (D, F) — H'(D,0) - 0.

Now, let (Ci)te(cN,o) be a versal deformation of C. In (C",0) the generic component
in the sense of [8, Theorem 2.8] is the complement of an analytical subset X. Therefore,
we can set a direction ¢; such that %—iﬁ € H'(D,0) is transverse to ¥. According
to 3.10 and [11, Theorem 3.3] there exists a deformation (F2)

of 2Zt| € H'(D,F) in 3.10 is &t
t=0

te(C,0) of F such the image

}t:O o1 The deformation (F¢),cc ) being locally

equisingular, it leaves invariant a curve C; equisingular to C that does not belong to ¥
for t # 0. Moreover, the valuations are invariant, and we get
v (CF)+o7 1- AT
vie (@), v ((F)F) =v(FF) = ( 2) _{ A7
2

U(CSE)-HS‘-SF

Since C{ is generic in its equisingularity class then, according to [8, Theorem 4], for any
X in Der (log C}'), the following lower bound holds

Vs e A, v (XSE) >v ((]—'t)f) .
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Algorithm 1 Algorithm to compute the number of moduli of C.
INPUT : C a curve

Compute the numbered tree (A, n) of C.
Compute the admissible dicriticity of (A, n).

Using the associated configuration, compute o (C) = dim H* (Dl, @|D1).
For Cj, connected component of E;* (C'\ {0}), compute inductively Mx“P1,

FIGURE 4.1. Admissible dicriticities of the double cusp.

Thus, for any ¢ # 0, the foliation (‘Ft)tEC - or a vector field X; defining F; - leaves invariant
a curve C} equisingular to C, is optimal for C;’ and keeps on being optimal along the
desingularization process of C;’, that means precisely, is Saito for C}’. O

3.4. Number of moduli of C. According to [22, Theorem 4.2], the number of moduli
MC of C is equal to dimH' (D, ©) when C is chosen generic in its equisingularity class.
The results of this section and those of [8] ensure that this dimension can be computed
from the topological data associated to a Saito foliation. In [7], a precise description of an
algorithm is given to compute this topological data when C is an union of regular curve.
This article implies that the exact same algorithm, presented briefly here, still provides
this topological data in the general case, and as a product the number of moduli of the
initial curve.

We implemented, among other procedures this algorithm on Sage 9.* - or Python 3 -. See
the routine Courbes.Planes following the link

https://perso.math.univ-toulouse.fr/genzmer/

4. EXAMPLES

Example 11 (The Saito foliation of the double cusp). The double cusp is the curve C
defined by

(y* +2°) (2® +y°) = 0.
It is a curve with no moduli and its Saito number is 2. Its desingularization E consists in
five elementary blowing-ups

E= O?:oEi-

The admissible dicriticity of C is given in Figure 4.1. The number on each vertex allows
us to identify the order on the tree defined by

0<1,0<2 1<4, 2<3.

The dots in Figure 4.1 encode the configuration. Here, the configuration associated to the
admissible dicriticity is

e0=¢€1=€e2=1, e3 =€4 =0.
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It can be seen, by computing its desingularization, that the vector field X defined by
X = <§x3y — 22y - %mQ + my) Oz

6 3 3 953 6 2
+ (gﬂczyz — Eaey‘3 — 61:3 Y + §y2> Oy

is Saito for the double cusp. Indeed, it is tangent to C' and non dicritical. Its valuation

satifies
v (C) 1-Ap 4 1-1
T R

2 =

2
v(C)

After one blowing-up, it has three singularities along the exceptional divisor given in the
coordinates (y = y1,z = y1x1) by

2
4

s1=1(0,0), s3= (0,—%) and s2 = (0,00).

The singularity ss is reduced : the quotient of the eigenvalues of F5X at s is actually
equal to 5. At s; and s3, EjX is of valuation 1 which satisfies

v(C5) +1 {171 v(Cs) +1 {171
s W/ S i VAL
2 : 2

2

2

2

After blowing-up si, the vector field (Eo o El)* X has two singularities along the new
exceptional divisor. One is reduced with positive and rational quotient of the eigenvalues.
The other is radial, that is, its linear part is locally in coordinates written x0, + ydy. The
same occurs at s3. At the radial singularities s5 and sg which are dicritical, one has

v (C53 or s6) +2 { 1-0
- - — 1 .

1=
2

2

As a consequence, X is indeed Saito for C.

Example 12 (Number of moduli of the union of r cusps equisingular to y*> +z* = 0). In
[17], the authors give a formula for the number of moduli of the curve

c - {H (v + aia®) :0}

i=1
where a; # a; # 0 for i # j. When r is even, this dimension happens to be equal to
(r—1)@Br—5)+1

5 .

Let us illustrate how our algorithm works in this situation. The proximity matrix of the
Cris

(4.1)

1 -1 -1
0o 1 -1
0 O 1

). The admissible dicriticity is equal to (1,1,0) and the

and the numbering of A is (0,0,
1 ) . After one blowing-up, according to [8, Proposition 4],

associated configuration is (2, ,
we get

r
r
2

dim H' (D1,0) = (T_l)Q(T_Q) + (T_l)Q(T_Z) =(r—1)(r-2).

Now, after one blowing-up the curve Dy UCZ* is given in local coordinates y = y;z1 by

T

1 H (yf + aiml) =0.

=1
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The proximity matrix of the desingularization of the latter curve is now

(o 3)

and the numbering (0, 7 + 1) . The admissible dicriticity is equal to (1,0) and the associated
configuration is (1, %) . Thus, we obtain

gim i (D, 0) = 20 (G=2) 5 1)

Finally, after one more blowing-up the curve D; U Dy U CF? is given by

T2Y2 H (y2 + aiz2) .
i=1
The proximity matrix reduces to (1) and the numbering to (r + 2) . The admissible dicrit-

icity is just (0) and the configuration (4 + 1) . Thus, still following [8, Proposition 4], one
has

dim I (Ds, ©) — (5-1) (-2 +§(§—1) Yo,

Adding the above dimensions leads to

dim H' (D,0)  (r— 1) (r— 2) + 1)2(5—2) +%(%2— 1)
+(%—1)2(%— )+%(%2—1)+T_1
_(r=1)Br-5+1
_ d .

Example 13 (Number of moduli of a union of r cusps equisingular to y™ + "' = 0).
Consider the curve C, ,, defined by

(y" +arz"™) (y" + aza™t ) - (y" 4 arz" ) =0, a; # a; #0.

The Saito vector field of C,., is non dicritical of valuation [%]. Therefore, we get

(rn=2)(rn=4) ‘e o or 1 is eve
dim H' (D1,0) = (§n73)2 Bnor TS even
= else
After the first blowing-up, the curve Cf}L U Dy is a union of r 4+ 1 regular curves tangent

at order n. Its Saito vector field is non dicritical of valuation [“5'] and thus

(r—1)(r—3) . .
dim H' (D3, 0) = 7(1_2)2 if r is odd
5 else

The next n—2 blowing-ups produce curves which, at each step, are a union of 41 regular

curves tangent as a whole and a transverse curve. Its Saito vector field is non dicritical of
valuation [%] + 1. Therefore, we find

=2 ifris eve

dimH' (D;,0) =4 H. " ET oo o
5 else

Finally, the n** blowing-up yields a curve union of r+ 2 transverse curves. Its Saito vector

field is dicritical and

T2 . .
dim H' (Dnl,@)—{ Y if r is even

2
—1
) else
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Finally, adding the contributions above, we find
n2rlinr’_8rn 4 3 f ; js even

1
Crs 2,2, 2% e .
M- = nZrignr —8rntn 4 9 if y is odd and n is even

1
2.2 2 . . .
%*8””"*9 if r is odd and n is odd.

Example 14 (Generic Tjurina number of a curve). The algorithm defined above allows
us to provide immediately a computation of the generic Tjurina number, that is, the
dimension of the quotient of C {z,y} by the Tjurina ideal of C, i.e (f, 0 f, 9y f) where f is
an equation of C. Let E be the desingularization process of C. On the exceptional divisor
D of E, we consider the sheaves Ty and © of vector fields tangent respectively to the
foliation E*df and E~! (ff1 (0)) The following sequence of sheaves

O%Tdf%@ﬁ(—.)—)(foE)(’)D%O

is exact [23]. The associated long exact sequence in cohomology is written
0— H°(D,Ty) — H° (D,0) = H° (D, (f o E) Op)
— H' (D, Ty) — H" (D,0) =0
since H' (D, (f o E) Op) = 0. Now, we can identify the global sections of the above sheaves

H"(D,(f o E)Op) = (f)
H°(D,©) = { X vector field| X - f € (f)}

Therefore, the following sequence is exact

() 1 1
0= {X - f| X tangent to f =0} — H (D, Ty) - H (D,©) — 0.

Now, it can be seen that

(f) . (f,Jacf)
{X - f| X tangent to f =0} ~— Jacf

The previous short exact sequence ensures that

dime H' (D, ©) — dime H' (D, Tyy) + dime (fJ‘;ij;f) -0

which can also be written
7(C) = pu(C) - 6(C) +dime H' (D, ©)
where 1 (C) is the Milnor number of C and 6 (C) its modularity [21]. Now, if C is chosen

generic, we obtain
(4.2) Taen (C) = 1 (C) = 6 (C) + M.

Since the Milnor number and the modularity can be computed from the numbered tree of
C, the formula above yields an algorithm to compute the generic Tjurina number of C -
which happens to be also the minimal Tjurina number.

As an example, the curve given by the following parametrization C' = (t97t12 + t”) has
been studied by Peraire [25] and she found
Tgen (C) = &0.
It can be seen that
1 (C) =198 and § (C) = 29.

Table 4 presents the four first steps of the inductive algorithm : beyond, no new contribu-
tion in the number of moduli appears. Thus, it provides the number of moduli of C' and
we find
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Saito vector field of V(C) s Contribution to
the successive blown-up curves ©  the moduli

O--@( D@
0) 9 4 9

(O )-@B)6)®-( 4 2 0
Oz 260202 20, 5 9 |
@ OG@® 5 9 1

TABLE 4. Algorithm for Peraire’s example.

MY =9+4+04+1+1=11,

which confirms the result of Peraire in view of (4.2).
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