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Abstract. We consider a model of cell motion with boundary signal production which
describes some aspects of eukaryotic cell migration. Generic polarity markers located in the
cell are transported by actin which they help to polymerize, i.e. the actin velocity depends
on the asymmetry of the marker concentration profile. This leads to a problem whose
mathematical novelty is the nonlinear and nonlocal destabilizing term in the boundary
condition. This model is a more rigorous version of a toy model first introduced in [49].

We provide a detailed study of the qualitative properties of this model, namely local and
global existence, convergence and blow-up of solutions. We start with a complete analysis
of local existence-uniqueness in Lebesgue spaces. This turns out to be particularly relevant,
in view of the mass conservation property and of the existence of Lp Liapunov functionals,
also obtained in this paper. The optimal Lp space of our local theory agrees with the scale
invariance of the problem.

With the help of this local theory, we next study the global existence and convergence
of solutions. In particular, in the case of quadratic nonlinearity, for any space dimension,
we find an explicit, sharp mass threshold for global existence vs. finite time blow-up of
solutions. The proof is delicate, based on the possiblity to control the solution by means
of the entropy function via an ε-regularity type argument. This critical mass phenomenon
is somehow reminiscent of the well-known situation for the 2d Keller-Segel system. For
nonlinearitities with general power growth, under a suitable smallness condition on the
initial data, we show that solutions exist globally and converge exponentially to a constant.

As for the possibility of blow-up for large initial data, it turns out to occur only for
nonlinearities with quadratic or superquadratic growth, whereas all solutions are shown to
be global and bounded in the subquadratic case, thus revealing the existence of a sharp
critical exponent for blow-up. Finally, we analyse some aspects of the blow-up asymptotics
of solutions in time and space.

1. Introduction

1.1. Motivations and aims of the paper. Cell migration is a fundamental process that
is involved in many physiological and pathological functions (immune response, morphogen-
esis, cancer metastasis, etc). Therefore, understanding its key features despite the variety
of cellular behaviors is a challenging task. Recently, a biophysical approach has shown
that even though different migration modes coexist, cell migration follows a very general
principle.

Following the first World Cell Race in 2011 [50], it was possible to perform and then
analyze extensive biological experiments in [49]. A directional correlation of the trajectories,
exponentially correlated to the velocity of the cells, was then brought to light. The fastest
cells have a more directional migration. This coupling was called UCSP (Universal Coupling
between cell Speed and Persistence), see [49]. Other experiments suggest that it relies on
actin fluxes, which exist in all cell types.
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Actin filaments are essential components of the cytoskeleton of eukaryotic cells. These
filaments are polar. They polymerize and grow at one end, and retract by depolymerizing at
the other end. In migrating cells, the polymerizing ends are located near the cell membrane,
which resists filament growth. Therefore, in the cell’s frame of reference, actin filaments
move away from the membrane, forming what are called retrograde actin flows.

Large, fast actin flows enhance cell polarity, and thus typical cell persistence time.
Biological experiments suggest that this results from the advection of polarity signals, i.e.
molecules involved in the regulation of cytoskeleton activity.

We consider here the case when the cell is a fixed bounded domain Ω of Rn and we are
led to the equation (see Section 2 for more details):

∂tc = ∇ ·
(
∇c− c

∫
∂Ω
f(c)ν dσ

)
, x ∈ Ω, t > 0,(1.1a)

0 =
(
∇c− c

∫
∂Ω
f(c)ν dσ

)
· ν, x ∈ ∂Ω, t > 0,(1.1b)

c(x, 0) = c0(x), x ∈ Ω,(1.1c)

where f : R → R and c denotes the concentration of some solute located in the cell,
which might be any cytoplasmic protein controlling the active force-generation/adhesion
machinery of the cell.

Note that the no-flux condition ensures the conservation of the total amount of solute,
its mass, which will be noted

M :=

∫
Ω
c0(x) dx.

The convective vector field will be denoted by

A(t) = A(c(t)) :=

∫
∂Ω
f(c)ν dσ

(the variable c being dropped when no confusion may arise).

The model (1.1) describes the feedback loop between actin fluxes A(t) and a molecular
species, c: molecules are advected by actin fluxes and can be activated at the cell mem-
brane. Activated molecules affect the speed of actin flow: the higher their concentration
gradient across the cell, the faster the actin flow; see Section 2 for more details on the model
derivation. The model (1.1) is more realistic than the model initially introduced in [49].
Indeed, in this latter model the molecular dynamics is one-dimensional and in the chosen
time scale the molecular dynamics is at equilibrium.

Throughout this paper, unless otherwise mentioned, Ω is either a smoothly bounded
domain of Rn (n ≥ 1), or a finite cylinder

(1.2) Ω = (0, L)×B′
R,

where L,R > 0 and B′
R = BR(O) ⊂ Rn−1 (n ≥ 2) is the ball of radius R centered at O. In

all cases, we denote by Γ the regular part of ∂Ω, namely:

Γ =

{
∂Ω if Ω is smooth,

∂Ω \ ({0, L} × ∂B′
R) if Ω is a cylinder (1.2).

Also ν denotes the outward unit normal and, in case (1.2), the boundary conditions in (1.1)
are understood only on Γ.

In this model, the diffusion competes with the aggregating velocity,
∫
∂Ω f(c)ν dσ, and

we address here the question whether or not this advection-diffusion equation could lead to
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concentration and possibly finite time blow-up, should the diffusion not be strong enough
to balance the attractive velocity. More precisely, our main purpose here is to investigate
the influence of the nonlinearity f on the global or nonglobal solvability of problem (1.1).
To this end we will consider functions which typically grow like a power for large values of
c, namely

f(c) ∼ cm as c→ ∞, for some m > 0,

and will highlight phenomena of convergence, critical mass and finite time blow-up with
concentration on the boundary, depending on the values of m. In a forthcoming paper
[51], we will study the existence and properties of traveling waves for bounded increasing
nonlinearities involving saturation effects, typically of the form f(c) = Lc/(c + α) with
L,α > 0.

Let us briefly comment on the existing literature related with (1.1). Non-linear and
non-local convection-diffusion problems have raised many interesting and challenging math-
ematical issues, see [59] e.g. for a partial, recent review. One of the most famous examples is
the celebrated Keller-Segel model, which was introduced in the early 70’s by E.F. Keller and
L.A. Segel in order to describe self-organization of amoebae and bacteria colonies [40, 41]
(see [32, 33, 10] for modelling and analysis reviews). One of the most intensively studied
Keller-Segel type models, from the mathematical point of view, is the parabolic-elliptic
cross-diffusive system

(1.3)


∂tu = ∇ ·

(
∇u− u∇v

)
, x ∈ Ω, t > 0,

0 = ∆v − kv + u, x ∈ Ω, t > 0,

∂νu = ∂νv = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

where k ≥ 0 is a constant. Observe that the coupled PDE’s in (1.3) can be rewritten as the
nonlocal, advection-diffusion scalar equation

∂tu = ∇ ·
(
∇u− (∇G) ∗ u

)
,

where G is the Neumann Green kernel for −∆+ k. As a key difference with (1.3), we note
that the nonlocal feature in (1.1) affects both the PDE and the boundary conditions, and
is caused by an action at the boundary (polymerization), rather than inside the domain. In
models such as (1.3), cells randomly diffuse and are attracted by a chemical signal which is
secreted by the cells themselves (u and v respectively denote the concentrations of cells and
of chemical signal, and the term −kv represents the degradation of the chemical signal).
In the recent work [29], the system (1.3) with the modified, mixed Neumann/Dirichlet
boundary conditions ∂νu − u∂νv = u = 0, was studied in a different context, namely as
a model for a single crawling keratocyte. The unknown v now stands for the mechanical
stress in the cytoskeleton and u is the density of myosin motor proteins, which actively
generate stress by binding to and pulling on the actin filaments constituting the cytoskeleton
meshwork. As for the term −kv, it models the dissipation of stress via traction with the
substrate to which the actin gel is linked by adhesion molecules. The authors show that,
in any space dimension n ≥ 2, this change in boundary conditions is accompanied by a
substantial, k-depending change in the potential of the model to support the emergence of
singular structures such as finite time concentration.

In the context of polarization and motility of eukaryotic cells on substrates, other
convection-diffusion 2d models were designed in [7, 54, 8, 44, 60, 61, 21, 26, 57], but either
they were mathematically studied in the 1d case in [20, 16, 17, 45, 25, 46], or they were only
partially studied in the 2d case [8, 2, 21] (traveling wave solutions). In a different context,
the work [24] studies a related 1d nonlocal and nonlinear electroreaction-diffusion model.
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Let us mention connections with some other problems. First note that, by the diver-
gence theorem, the nonlinearity in (1.1) can be rewritten as

∇ ·
(
c

∫
∂Ω
f(c)ν dσ

)
= ∇c ·

∫
Ω
f ′(c)∇cdx.

We thus see that the equation has a quadratic growth with respect to the gradient. There
is a very large literature on such problems, with so-called natural growth, but with local
nonlinearities (see, e.g., [12, 11, 9, 1, 6]). On the other hand, there is a large literature
on semilinear parabolic equations with nonlocal nonlinearities, but the structure of (1.1) is
peculiar and quite different from that in previously studied problems. In particular, being
of conservative convective form, problem (1.1) enjoys the mass conservation property. Let
us mention some examples which nevertheless share some features with (1.1). For nonlocal
Neumann problems with zero order nonlinearities, of the form

(1.4)


ut −∆u = f1(u)

∫
Ω
f2(u) dx, x ∈ Ω, t > 0,

uν = g1(u)

∫
Ω
g2(u) dx, x ∈ ∂Ω, t > 0,

results on blow-up and global existence can be found in, e.g., [58, 48, 31] and the references
therein. Equations with nonlocal gradient terms, of the form

ut − um∆u = up
∫
Ω
|∇u|2 dx

(and homogenous boundary conditions) have been studied in [23, 62, 39, 37, 43]. The case
m = p = 1 arises in a model of replicator dynamics. Regarding nonlocal problems with
mass conservation, let us mention the equation

ut −∆u = up − |Ω|−1

∫
Ω
up dx

(with homogeneous Neumann conditions), which has been studied in [35, 63, 34, 15]. As
another nonlocal problem with mass control, the equation

ut −∆u =
λeu∫

Ω e
u dx

which arises, i.a., in connection with the Keller-Segel system, has also received a lot of
attention (see [38, 66, 39]).

1.2. Main results.

1.2.1. Local and global existence and convergence results. By standard theory [42, 28, 3, 47],
if f ∈ C1, c0 is sufficiently smooth, say c0 ∈ C1(Ω), and Ω is smooth, then problem (1.1)
admits a unique maximal, classical solution. Our first concern is the solvability for low
regularity initial data, especially in Lebesgue spaces. This question is natural in view
of the mass conservation property and, besides its own interest, this will turn out to be
relevant for the study of the global behavior. For (local) problems with so-called natural
growth with respect to the gradient (see the previous subsection), existence for positive
L1 data holds provided the nonlinear term has a “good” sign, i.e. acts as an absorption
(see, e.g., [12, 11, 9, 6]), whereas it fails when it acts as a source (see [1, 6]). Here, in
addition to the nonlocal feature, the convection term does not have clear sign and the
techniques in the above-mentioned papers cannot be used. Our approach is different, relying
on semigroup techniques originating from [64] (see also [4] and the references therein),
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combined with suitable trace theorems and fractional Sobolev spaces, and exploiting the
conservative structure of the problem.

Before stating our main results, we note that, in the case when Ω is a cylindrical
domain (cf. (1.2)), C2,1 regularity up to the corner points of the boundary is not expected
(see related counter-examples in Remark 9.2). Therefore, some care is needed regarding the
definition of classical solution, which we make precise in the following:

Definition 1.1. For given τ ∈ (0,∞], we set

(1.5) Eτ :=

{
C2,1(Ω× (0, τ)) if Ω is smooth,

C2,1((Ω ∪ Γ)× (0, τ)) ∩ C1,0(Ω× (0, τ)) if Ω is a cylinder (1.2).

For p ∈ [1,∞) and c0 ∈ Lp(Ω), by a classical solution of (1.1) on [0, τ), we mean a function
u ∈ Eτ ∩C([0, τ);Lp(Ω)) with c(·, 0) = c0, which solves, in the pointwise sense, the PDE in
Ω× (0, τ) and the boundary conditions on Γ× (0, τ).

We begin with the range m ≥ 1. We note that the case m = 1 corresponds to a
quadratic growth of the nonlinear part of the equation. It will turn out from the results
below that this value plays a critical role in the problem.

Theorem 1. Let 1 ≤ m ≤ p <∞ and assume f(c) = |c|m−1c and c0 ∈ Lp(Ω).

(i) Problem (1.1) admits a unique maximal classical solution

c ∈ ET ∗ ∩ C([0, T ∗);Lp(Ω)).

(ii) If c0 ≥ 0, c0 ̸≡ 0, then c > 0 in (Ω ∪ Γ)× (0, T ∗).

(iii) If p > m and T ∗ <∞, then limt→T ∗ ∥c(t)∥p = ∞.

Remark 1.1. Although it remains an open problem whether local existence may fail when
1 ≤ p < m, our results exhibit the critical role played by the Lm norm. Indeed, the con-
tinuation property (iii) fails for 1 ≤ p < m, since the Lp norms may remain bounded as
t→ T ∗ <∞, as a consequence of Theorem 7(ii) below. It also fails for p = m = 1, in view
of the mass conservation property (cf. (3.24) below). However, interestingly, for m = 1 and
positive solutions, the entropy blows up whenever T ∗ <∞, namely

lim
t→T ∗

∫
Ω
(c log c)(t) dx = ∞

(this follows from the proof of Theorem 3 below).

The condition p ≥ m in Theorem 1 is actually also natural in view of the scaling
properties of the problem (see subsection 2.2 and cf., e.g., [59, pp.158-159] and [18] for
similar situations in other evolution PDE’s, such as the Fujita, the nonlinear Schrödinger
and the Navier-Stokes equations).

It is also worth noting from Theorem 1 that the L1 scaling critical case belongs to the
local existence range, unlike for the Fujita equation (see [14, 19]).

We next consider the lower rangem < 1 for the growth of f at infinity. This corresponds
to a subquadratic growth of the nonlinear part of the equation. It turns out that, in this case,
local and global existence holds for any nonnegative L1 initial data. Moreover, exponential
stabilization to a constant steady state also occurs for small mass.
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Let c̄0 =
1
|Ω|

∫
Ω c0 dx denote the average of c0.

Theorem 2. Let f ∈ C1([0,∞)) satisfy

(1.6) 0 ≤ f(s) ≤ Csm, s ≥ 0, for some m ∈ (0, 1)

with some C > 0, and also assume that f is globally Lipschitz continuous. Let c0 ∈ L1(Ω),
with c0 ≥ 0.

(i) Problem (1.1) admits a unique global, nonnegative classical solution

(1.7) c ∈ E∞ ∩ C([0,∞);L1(Ω)).

Moreover, we have

(1.8) sup
t≥ε

∥c(t)∥∞ <∞, for each ε > 0.

Also, if c0 ̸≡ 0, then c > 0 in (Ω ∪ Γ)× (0,∞).

(ii) There exist η0, λ > 0 such that if ∥c0∥1 ≤ η0, then

(1.9) ∥c(t)− c̄0∥∞ ≤ Ce−λt, t ≥ 1

for some constant C > 0.

We shall next give conditions which determine the global existence or nonexistence of
solutions for m ≥ 1. This will complete the picture in terms of the criticality of the value
m = 1. We begin with the case m = 1.

Theorem 3. Let f(c) = c, c0 ∈ L1(Ω), c0 ≥ 0 and set M = ∥c0∥1.
(i) If M ≤ 1, then T ∗ = ∞ and c satisfies (1.8).

(ii) Morever, if M < 1, then

(1.10) lim
t→∞

∥c(t)− c̄0∥∞ = 0,

It follows from Theorems 3 and 5 below that for f(c) = c, problem (1.1) exhibits a
critical mass phenomenon, with sharp threshold M = 1. Namely, all initial data with mass
M ≤ 1 yield global bounded solutions whereas, for any mass M > 1, finite time blow-
up occurs for a large class of initial data in suitable domains. This is reminiscent of the
well-known situation for the 2d Keller-Segel system. A main difference is however that the
critical mass phenomenon is dimension-independent in case of problem (1.1). Also, solutions
with critical mass remain bounded, unlike in the critical mass case for the 2d Keller-Segel
system.

The proof of Theorem 3 is delicate. Starting from the observation that the entropy
stays bounded whenM ≤ 1, it is based on the possiblity to control Lp norms of the solution
by means of the entropy, refining on semigroup arguments and smoothing effects from the
proof of Theorem 1. In this process, an important step is a kind of ε-regularity property.
Namely (see Proposition 6.1), we establish a uniform lower bound on the classical existence
time of the solution when the initial data is decomposed as the sum of a suitably small L1

part and of a bounded part.

Our next theorem partially extends Theorem 3 to all m ≥ 1, with an additional expo-
nential stabilization property, the mass being now replaced with the Lm norm. However we
do not have an explicit sharp smallness condition in general.

Theorem 4. Let m ≥ 1 and f(c) = cm. There exists η0 > 0 such that, if c0 ∈ Lm(Ω),
c0 ≥ 0 satisfies ∥c0∥m ≤ η0, then T

∗ = ∞. Moreover, c satisfies the exponential stabilization
property (1.9).
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Remark 1.2. (i) The small data assumptions for convergence to the constant steady-
state in Theorem 2(ii) and Theorem 4 are necessary. Indeed, considering problem
(1.1) with n = 1 and Ω = (0, 1), this a consequence of the following results (see [51]),
where S denotes the set of nonconstant steady-states and SM = S ∩ {∥c∥1 =M}.

• Let f(s) = cm with m ≥ 1. Then S ≠ ∅ and any c ∈ S satisfies ∥c∥m = N0 :=

m−1/m. Moreover, for m > 1, we have SM ̸= ∅ if and only if M ∈ (0, N0).

• Let f be such that f(s) = sm for s large and some m ∈ (0, 1), with f ∈
C1([0,∞)), f concave and f ′ bounded. Then there exists M0 > 0 such that SM = ∅
for M ∈ (0,M0), and #SM ≥ 2 for M > M0.

(ii) The global Lipschitz assumption on f in Theorem 2 (which, in view of (1.6), does not
significantly restrict the behavior of f at infinity), is only used to prove uniqueness
in L1. Actually, by suitable modifications of the proof of Theorem 2, one can show
that, except for the uniqueness statement, the result remains valid for f(c) = cm

with m ∈ (0, 1).

(iii) A result related to Theorem 3 was obtained in [17] for the analogous problem on
the half-line I = (0,∞), i.e. ct = (cx − c(0, t)c)x with zero flux condition at x = 0.
Namely, under the assumptions 0 < c0 ∈ L1(I, (1 + x)dx), c0 log c0 ∈ L1(I) and
M ≤ 1, the existence of a global, suitable weak solution was proved (the classical
regularity of the solution was not established). Note that, although entropy is also
used in [17], our proof is quite different from the proof in [17], which does not use
semigroup techniques nor smoothing effects and depends to some rather large extent
on the one-dimensional nature of the problem.

1.2.2. Blow-up. We now provide sharp conditions under which blow-up occurs. To this end
we specialize to the case of the domains

(1.11) Ω = (0, L)×B′
R ⊂ Rn if n ≥ 2, or Ω = (0, L) if n = 1,

with B′
R = BR(0) ⊂ Rn−1 and L,R > 0. As for the initial data we shall assume

(1.12) c0 ∈ C1(Ω), c0 ≥ 0 is axisymmetric with respect to e1 (if n ≥ 2),

(1.13) ∂x1c0 ≤ 0 and ∂x1c0 ̸≡ 0.

Theorem 5. Assume m ≥ 1, f(c) = cm and (1.11)-(1.13).

(i) Let m = 1. If M > 1, then the solution of (1.1) blows up in finite time.

(ii) Let m > 1 and M > 0. Assume that

(1.14)

∫
Ω
x1c0 dx ≤ K :=

{
C1M min

{
L,LR1−n(M/M0), R

1−nMm/(m−1)
}
, if n ≥ 2

C1M min
{
L,Mm/(m−1)

}
, if n = 1

where C1 = C1(n) > 0 and M0 =
∥∥∫ L

0 c0(x1, ·)dx1
∥∥
L∞(B′

R)
. Then the solution of

(1.1) blows up in finite time.

Remark 1.3. (i) Condition (1.14) is satisfied for a large class of initial data c0 which
verify (1.12)-(1.13) and are sufficiently concentrated near ∂Ω ∩ {x1 = 0}. For
instance, for any compactly supported, nontrivial g ∈ C1([0,∞)) with g′ ≤ 0,

and any radially symmetric h ∈ C1(B
′
R), it suffices to consider the initial data

c0(x) = kg(kx1)h(x
′) with k > 0 sufficiently large, depending only on ψ (note that

M = ∥g∥1∥h∥1 is independent of k).
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(ii) The blow-up condition M > 1 is optimal for m = 1 in view of Theorem 3. The case
m > 1 is strikingly different, since blow-up solutions are shown to exist for arbitrary
positive mass. As a partial result in the direction of Theorem 5(i), it was shown
in [17] that if m = n = 1, M > 1 and (1.13) holds, then blow-up occurs under

the additional assumption
∫ L
0 xc0(x)dx < M/4. As in [17], the proof of Theorem 5

relies on the first moment ϕ(t) =
∫
Ω x1c(t) dx of the solution. Here, by a more refined

analysis of its time variation, we can remove the additional assumption ϕ(0) < M/4,
as well as extend the result to higher dimensions and to m > 1.

(iii) Assumptions (1.11)-(1.13) guarantee that ∂x1c ≤ 0 and that the advective vector field
is colinear to e1, properties which are needed in our proof of blow-up. Regarding
the second part of (1.13) we note that, if ∂x1c0 ≡ 0, then c exists globally under
assumptions (1.11)-(1.12). Indeed it is easy to check that ∂x1c(·, t) ≡ 0 and that c
just solves the heat equation in B′

R with homogeneous Neumann boundary conditions.

(iv) We are so far unable to prove blow-up in more general bounded domains. The
main difficulty is to establish suitable spatial monotonicity of the solution, in view
of the nonlocal, nonlinear nature of the convection term and Neumann boundary
conditions.

To conclude this subsection, we observe that the occurence of blow-up is also conditioned
by the sign of the convection term. Indeed, the following result shows that no blow-up can
occur for f(c) = −cm with m ≥ 1.

Theorem 6. Let 1 ≤ m ≤ p <∞ and assume f(c) = −cm. Let c0 ∈ Lp(Ω), c0 ≥ 0, c0 ̸≡ 0.
Then problem (1.1) admits a unique, global classical solution

c ∈ E∞ ∩ C([0,∞);Lp(Ω)),

with c > 0 in (Ω ∪ Γ) × (0,∞). Moreover, we have sup
t≥ε

∥c(t)∥∞ < ∞ for each ε > 0 and

limt→∞ ∥c(t)− c̄0∥∞ = 0.

1.2.3. Asymptotic behavior of blow-up solutions. For general solutions, it is easy to see that

lim sup
t→T ∗

∣∣∣∫
∂Ω
f(c)ν dσ

∣∣∣ = ∞

(otherwise, the solution could be extended by means of linear estimates). Since the mass
is preserved, it is to be expected that blow-up singularities should occur only near the
boundary, i.e. the solution remains bounded away from the boundary. Under assumptions
(1.11)-(1.13), we can rigorously confim this, along with upper estimates of the spatial blow-
up profile.

Theorem 7. Assume m ≥ 1, f(c) = cm and (1.11)-(1.13).

(i) Assume n ≥ 2. Then we have

(1.15) c(x, t) ≤M0x
−1
1 in Ω× (0, T ∗).

In particular, if T ∗ <∞ then the blow-up set is a subset of ∂Ω ∩ {x1 = 0}.

(ii) Assume n = 1. Then we have

(1.16) c(x, t) ≤ (mx)−1/m +K0, in (0, L]× (0, T ∗).

for some constant K0 = K0(c0) > 0. In particular, if T ∗ < ∞ then 0 is the only
blow-up point.
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Remark 1.4. (i) Estimate (1.16) is optimal in some sense: one cannot replace x−1/m

by x−α with α < 1/m (since the Lp norm with p > m must blow up as t→ T ∗). We
do not know whether the exponent in estimate (1.15) can be improved to 1/m. The
precise spatial shape of the solution at t = T ∗ is also an open problem.

(ii) Under assumptions (1.11)-(1.13), if moreover c0 is decreasing with respect to ρ =
|x′|, then it is not difficult to show that this remains true for the solution c. It follows
that c(·, t) has a unique maximum at the origin, so that in particular the origin is
a blow-up point. It is an open question whether there are solutions blowing up only
at the origin. Similarly, if c0 is increasing with respect to ρ = |x′|, then so is c and
c(·, t) takes its maximum at every point of the edge x1 = 0, ρ = R (and only there).

Regarding the time rate of blow-up, we have the following lower estimates in general
domains.

Theorem 8. Let f(c) = cm with m ≥ 1. Let c0 be as in Theorem 1 and assume T ∗ < ∞.
Then we have the lower blow-up estimate:

(1.17) ∥c(t)∥∞ ≥ C1(T
∗ − t)−1/2m, 0 < t < T ∗,

for some constant C1(Ω,m, a) > 0. Moreover, we have

(1.18)

∫ T ∗

0

∣∣∣∫
∂Ω
cmν dσ

∣∣∣2 dt = ∞.

Remark 1.5. (i) The upper time rate estimate is a (possibly difficult) open problem.

(ii) Under the assumptions of Theorem 1(ii), for the Lp norms, we also have the lower
blow-up estimate

∥c(t)∥p ≥ Cε(T
∗ − t)

− p−m
2pm

−ε
, t→ T ∗,

for any ε > 0. In the critical case p = m ≥ 1, we do not know whether the Lp norm
blows up at T ∗ (except for m = 1 for which it stays bounded). See [14, 53, 52] and
the references therein for studies on this question for the Fujita equation. However,
the proof of Theorem 1 shows that a blow-up solution cannot stay in a compact set
of Lm. More precisely, this follows from the property:

(1.19)
for any compact set K of Lm(Ω), there is a uniform time T = T (K)

such that, for any c0 ∈ K, the solution of (1.1) exists on [0, T ].

1.3. Contributions of this work. After a nondimensionalization of the model, see Sec-
tion 2, we obtain equation (1.1). To be rich enough to describe the different migratory
behaviors of the cells, the model (1.1) must give rise to different behaviors depending on
the function f and the mass M . In this work, we investigate whether both static and
moving solutions can be observed. Roughly speaking, the static (resp., moving) solution
describes the average behavior of Brownian (resp., ballistic) cells. Theorems 2 and 4 show
that the function f and the mass M play an important role. Indeed, when m ∈ (0, 1) and
if M is small enough, the cell velocity converges to zero. This corresponds to a Brownian
behavior. It is the same when m ≥ 1 and ∥c0∥m is small enough. Note that this latter
condition implies in particular that M is small enough. Moreover, the stabilization prop-
erty (1.9) gives information about the characteristics of the persistence. On the other hand
Theorem 5 shows that if m = 1 and M > 1 then the cell velocity becomes infinite in a finite
time for a toy cell described as a cylinder. This type of behavior corresponds to a persistent
trajectory. These conclusions give a rigorous justification to the UCSP first introduced in
[49] since the model we study here is the full model (1.1) and not only the one at steady
state.
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In a forthcoming paper [51], we study the situation of bounded increasing nonlinearities
f involving saturation effects, typically of the form f(c) = Lc/(c + α) with L,α > 0. In
such a case one can prove the existence of traveling wave solutions. This will complete the
picture and validate the interest of this model to describe the different migratory modes of
the cells.

1.4. Outline. This work is organized as follows. We give some biological justification and
present some basic properties of problem (1.1) in Section 2. Section 3 contains preliminar-
ies that will be used in the proofs. Sections 4 and 5 contain, respectively, the proofs of
Theorem 1 and of Theorems 2, 4 and 6. Theorem 3 is proved in Section 6. The blow-up
is studied in Section 7, where Theorem 5 is proved, and in Section 8, where the results on
blow-up asymptotics are established (Theorems 7 and 8). Finally we state and prove in
Appendix some auxiliary results on the solvability and regularity of linear and nonlinear
inhomogeneous Neumann problems in the case of nonsmooth (cylindrical) domains, which
are important for many of our results and for which we have been unable to find a suitable
reference. We note that the regularity results there are specific to the case of cylindrical
domains and fail in general Lipschitz domains.

Acknowledgement. The second author is partially supported by the Labex Inflamex
(ANR project 10-LABX-0017). The authors are grateful to the referees for careful reading
and very useful comments.

2. Model construction and first properties

In this section we justify, from a biological point of view, the interest of (1.1) and we
derive some properties.

2.1. Biological justification - Model construction. Cell motility is a prime example of
self-propulsion and one of the simplest example of active system. Here we fix the geometry
of the cell described by Ω(t) with

(2.1) Ω(t) = Ω +

∫ t

0
u(s) ds,

where Ω is a smoothly bounded domain of Rn, and u(t) is the cell velocity, given by

(2.2) u(t) = − χ

|Ω|

∫
∂Ω(t)

f(c)ν dσ,

where χ > 0 and ν denotes the outward unit normal of ∂Ω(t).

One of the main ingredients of the model relies on the key assumption that the value
v(t) of the actin flow is governed by the asymmetry of the cue concentration profile on the
cell membrane:

(2.3) v(t) =

∫
∂Ω(t)

f(c)ν dσ,

where f is a function that controls the intensity of the coupling between the actin flow and
the asymmetry of the cue concentration profile.

The phenomenological coupling (2.3) covers the cases where actin flows are generated
by asymmetric distributions of either actin polymerization regulators (such as Arpin) or
activators of contractility (such as Myosin II or a Myosin II activator), which are the main
two scenarios that were proposed in [49]. We here do not aim at describing in details the
biochemical steps involved in the process.
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We recognize that (2.2) represents the external force balance on Ω(t). Hence, the
parameter χ > 0 describes how the internal solute affects the cell dynamics, namely its
velocity.

We describe now the internal solute dynamics and its coupling with the actin flow. The
internal solute transport problem is formulated as follows:

∂tc(x, t) = div (∇c(x, t) + (a− 1)c(x, t)u(t)) in Ω(t),(2.4)

(∇c(x, t) + ac(x, t)u(t)) · ν = 0 on ∂Ω(t),(2.5)

where a ∈ [0, 1].

In the bulk of the cell, Ω(t), fast adsorption on an adhered cortex is assumed. With
rapid on and off rates, the transport dynamics are given by (2.4)-(2.5) where a is the steady
fraction of adsorbed molecules not convected by the average actin flow and the effective
diffusion coefficient is assumed to be 1.

If we consider the equation in the moving frame of the cell rather than the fixed frame
of the lab, we obtain

∂tc = div
(
∇c− aχ

|Ω|c
∫
∂Ω f(c)ν dσ

)
in Ω,(2.6) (

∇c− aχ
|Ω|c

∫
∂Ω f(c)ν dσ

)
· ν = 0 on ∂Ω.(2.7)

Note that problem (2.6)-(2.7) is a rigid version of an hydrodynamic model of polarization,
migration and deformation of a living cell confined between two parallel surfaces first in-
troduced in [44]. In this latter model, the cell cytoplasm is an out of equilibrium system
thanks to the active forces generated in the cytoskeleton. The cytoplasm is described as a
passive viscous droplet in the Hele-Shaw flow regime. Here, we consider the situation where
the surface tension goes to infinity. Informally, this amounts to fixing the geometry of the
cell and considering only one condition at the boundary in the model of [44]. Problem (1.1)
corresponds to a nondimensionalised version of (2.6)-(2.7).

2.2. Conservation of the marker content, nondimensionalization and scaling. Let
M(t) denote the mass of molecular content:

M(t) =

∫
Ω(t)

c(x, t) dx.

On the boundary (2.5) we impose no-flux condition so that

d

dt
M(t) =

∫
Ω
∂tcdx = 0.

Thus, in (2.4)-(2.5), we formally have conservation of molecular content:

(2.8) M(t) =M(0) =M.

Problem (2.6)-(2.7) with (2.8) has the following parameters a > 0, χ > 0, |Ω|, M > 0.

In the case where f(c) = cm, considering c = λc̃ with λm = |Ω|
aχ , we obtain that c̃ is solution

of (1.1) with the only parameter M̃ =
∫
Ω c̃dx.

Finally it is useful to identify the scale invariance of the problem and the scale invariant
norm. For k ∈ R, consider the scaling transformation

(2.9) cλ(x, t) = λkc(λx, λ2t), λ > 0.

Note that this definition of course requires scale invariant spatial domains, i.e., cones. (How-
ever the effect of scaling on the problem is expected to be significant even in the bounded
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domain case.) Thus consider the simplest half-space case H = {x ∈ Rn; xn > 0}. Assuming
that the integral is well defined, we have

∂tcλ −∆cλ = −λk+2
[
∇c(λx, λ2t)·

(∫
∂H

cm(y, λ2t)en dσy

)]
.

Since∫
∂H

cm(y, λ2t)en dσy = λn−1

∫
∂H

cm(λz, λ2t)en dσz = λn−1−km

∫
∂H

cmλ (z, t)en dσz,

we obtain

∂tcλ −∆cλ = −λn−km∇cλ·
(∫

∂H
cmλ (z, t)en dσz

)
.

Therefore, the PDE in (1.1) with f(c) = ±cm is invariant by the transformation (2.9) with
k = n/m. We also observe that the Lq-norm is invariant by this transformation (only) for
q = m, namely:

∥cλ(·, 0)∥Lm(H) ≡ ∥c(·, 0)∥Lm(H), λ > 0.

3. Preliminaries to the existence-uniqueness proofs

In this section we gather a number of semigroup and regularity properties that will be
useful in the proofs of Theorems 1, 2 and 4. Denote by S(t) the Neumann heat semigroup
of Ω, by G(x, y, t) the Neumann heat kernel, and define the differentiated semigroup

(3.1) [K∇(t)ψ](x) =

∫
Ω
∇yG(x, y, t) · ψ(y) dy, t > 0, ψ ∈ (L1(Ω))n.

For q ∈ [1,∞) and k ∈ [0,∞), denote by ∥ · ∥k,q the norm of the Sobolev-Slobodecki space

W k,q(Ω). We shall frequently use the trace embedding

(3.2) W k,q(Ω) ⊂ Lq(∂Ω), 1 ≤ q <∞,

with k = q = 1 or k > 1/q if q > 1 (valid in bounded Lipschitz domains, see [36] for q > 1
and, e.g., [5] for q = 1). Our first lemma provides the basic linear smoothing estimates.

Lemma 3.1. Let T ∈ (0,∞).

(i) (Gaussian heat kernel estimates) For i, j ∈ {0, 1}, G satisfies

(3.3) |Di
xD

j
yG(x, y, t)| ≤ C(T )t−(n+i+j)/2e−C2|x−y|2/t, x, y ∈ Ω, 0 < t < T.

(ii) Let 1 ≤ q ≤ r ≤ ∞ and k ∈ [0, 1]. For all ϕ ∈ Lq(Ω), we have

(3.4) ∥S(t)ϕ∥k,r ≤ C(T )t
− k

2
−n

2
( 1
q
− 1

r
)∥ϕ∥q, 0 < t < T

and, for all ψ ∈ (Lq(Ω))n,

(3.5) ∥K∇(t)ψ∥r ≤ C(T )t
− 1

2
−n

2
( 1
q
− 1

r
)∥ψ∥q, 0 < t < T.

(iii) Let q ∈ [1,∞], ℓ ∈ [0, 1q ] and k ∈ [ℓ, 1]. We have

(3.6) ∥K∇(t)ψ∥k,q ≤ C(T )t−(1+k−ℓ)/2∥ψ∥ℓ,q, 0 < t < T, ψ ∈ (W ℓ,q(Ω))n,

as well as

(3.7) ∥K∇(t)ψ∥1,q ≤ C(T )t
− 1

2
−n

2
(1− 1

q
)∥ψ∥1,1, 0 < t < T, ψ ∈ (W 1,1(Ω))n.
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Proof. (i) First consider the case when Ω is smooth. The case j = 0 of (3.3) is classical,
see e.g. [56, Section 2] and the references therein. The case i = 0, j = 1 follows from the
case i = 1, j = 0 and the fact that ∂xk

G(ξ, ζ, t) = ∂ykG(ζ, ξ, t), for all k ∈ {1, . . . , n} and
ξ, ζ ∈ Ω (owing to G(ξ, ζ, t) = G(ζ, ξ, t)). To check the case i = j = 1, using the semigroup
property G(x, y, t) =

∫
ΩG(x, z, t/2)G(z, y, t/2)dz and differentiating, we write

∂xk
∂yℓG(x, y, t) =

∫
Ω
∂xk

G(x, z, t/2)∂yℓG(z, y, t/2) dz.

Applying the estimates for ∂xk
G, ∂yℓG and next the convolution properties of Gaussians,

we thus obtain

|∂xk
∂yℓG(x, y, t)| ≤ C1t

−1

∫
Ω
t−n/2e−C|x−z|2/tt−n/2e−C|y−z|2/t dz ≤ C2t

−(n/2)−1e−C|x−y|2/t.

Now consider the case of a finite cylinder Ω = (0, L)×B′
R. It is well known that

(3.8) G(x, y, t) = G1(x1, y1, t)G2(x
′, y′, t),

where x = (x1, x
′) and G1 and G2 denote the respective kernels of (0, L) and B′

R. The
estimate then immediately follows from the estimates for G1, G2.

(ii) Estimate (3.4) for k ∈ {0, 1} is a direct consequence of (3.3) with j = 0 and the
Young convolution convolution inequality. The general case follows by interpolation. As
for (3.5), it is a direct consequence of (3.3) with i = 0, j = 1 and the Young convolution
convolution inequality.

(iii) We start with the case ℓ = 0. By (3.3) with j = 1 and i = 0 (resp., i = 1), we have∣∣[DiK∇(t)ψ](x)
∣∣ ≤ ∫

Ω
|Di

xDyG(x, y, t)| |ψ(y)| dy ≤ C

∫
Ω

∫
Ω
t−(n+i)/2e−C1|x−y|2/t |ψ(y)| dy

and using the Young convolution inequality, we obtain (3.6) with ℓ = 0 and k = 0 (resp.,
k = 1), and the case ℓ = 0, k ∈ [0, 1] follows by interpolation.

We next establish the case q = k = ℓ = 1. Integrating by parts, we have

(3.9) [K∇(t)ψ](x) =

∫
∂Ω
G(x, y, t)ψ(y)·ν dσ−

∫
Ω
G(x, y, t)∇y ·ψ(y) dy ≡ L1(x, t)+L2(x, t).

Applying (3.3) with i ∈ {0, 1} and j = 0 and using Fubini’s theorem, we have

∥DiL2(·, t)∥1 ≤
∫
Ω

∫
Ω
|Di

xG(x, y, t)| |∇y · ψ(y)| dy dx

≤
∫
Ω

∫
Ω
t−(n+i)/2e−C1|x−y|2/t |∇y · ψ(y)| dy dx

≤ Ct−i/2

∫
Ω

(∫
Ω
t−n/2e−C1|x−y|2/tdx

)
|∇y · ψ(y)|dy ≤ Ct−i/2∥ψ∥1,1,

and

∥DiL1(·, t)∥1 ≤
∫
Ω

∫
∂Ω

|Di
xG(x, y, t)| |ψ(y)| dσ dx ≤

∫
Ω

∫
∂Ω
t−(n+i)/2e−C1|x−y|2/t |ψ(y)|dσ dx

≤ Ct−i/2

∫
∂Ω

(∫
Ω
t−n/2e−C1|x−y|2/tdx

)
|ψ(y)|dσ

≤ Ct−i/2

∫
∂Ω

|ψ(y)| dσ = Ct−i/2∥ψ∥L1(∂Ω) ≤ Ct−i/2∥ψ∥1,1,

where we also used the trace inequality in the last step. This guarantees (3.6) for q = k =
ℓ = 1.
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The case q ∈ (1,∞), ℓ ∈ (0, 1q ], k ∈ [ℓ, 1] follows by interpolation between the above

two cases. Namely, choosing s = k−ℓ
1−ℓ ∈ [0, 1] and p = 1−ℓ

(1/q)−ℓ ∈ (1,∞] and observing that

k = ℓ · 1 + (1− ℓ)s and 1/q = ℓ+ (1− ℓ)/p, we write

∥K∇(t)∥L(W ℓ,q ,Wk,q) ≤ ∥K∇(t)∥ℓL(W 1,1,W 1,1)∥K∇(t)∥1−ℓ
L(Lp,W s,p)

≤ Ct−ℓ/2t−(1+s)(1−ℓ)/2 = Ct−(1+k−ℓ)/2.

Finally, (3.7) with q = ∞ is a direct consequence of (3.3) with i = 1, j = 0, (3.9), and
the trace inequality. The general case follows by interpolating between q = 1 i.e., (3.6) with
q = k = ℓ = 1) and q = ∞. □

Remark 3.1. By minor modifications of the above proof, estimates (3.3)-(3.7) can be made
independent of T , upon replacing the factors of the form C(T )t−α by C1(1 + t−α), with
C1 = C1(Ω) > 0.

Recall the notation

(3.10) A(t) =

∫
∂Ω
f(c(·, t))ν dσ.

Our next lemma provides a convenient representation formula for problem (1.1) in terms of
the operator K∇.

Lemma 3.2. Assume f continuous and

(3.11) |f(s)| ≤ C|s|m, s ∈ R,

for some m,C > 0. Let max(m, 1) ≤ p <∞,

(3.12)

{
1/p < γ < 2/m, if p > 1,

γ = 1, if p = 1.

Let T > 0, c0 ∈ Lp(Ω) and let c be a classical solution of (1.1), with

(3.13) c ∈ ET ∩ C([0, T );Lp(Ω)), sup
t∈(0,T )

tγ/2∥c(t)∥γ,p <∞.

Then we have

(3.14) c(t) = S(t)c0 +

∫ t

0
K∇(t− s)[A(s)c(·, s)] ds, 0 < t < T,

where the integral in (3.14) is absolutely convergent in Lp(Ω).

Proof. First rewrite (1.1) as

∂tc−∆c = −A(t) · ∇c, x ∈ Ω, 0 < t < T,

∇c · ν = (A(t) · ν)c, x ∈ ∂Ω, 0 < t < T,

c(x, 0) = c0(x), x ∈ Ω.

For fixed τ ∈ (0, T ), setting cτ (t) = c(t + τ), Aτ (t) = A(t + τ), the standard Green
representation formula guarantees that

cτ (x, t) =

∫
Ω
G(x, y, t)c(y, τ) dy −

∫ t

0

∫
Ω
G(x, y, t− s)

(
Aτ (s) · ∇cτ (y, s)

)
dy ds

+

∫ t

0

∫
∂Ω
G(x, y, t− s)(Aτ (s) · ν)cτ (y, s) dσy ds, x ∈ Ω, 0 < t < T − τ.
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Next, using A(s) · ∇c(y, s) = ∇ ·
(
c(y, s)A(s)

)
and the divergence theorem, we get∫

∂Ω
G(x, y, t− s)cτ (y, s)Aτ (s) · ν dσy =

∫
Ω
∇y ·

(
G(x, y, t− s)cτ (y, s)Aτ (s)

)
dy.

It follows that

cτ (x, t) =

∫
Ω
G(x, y, t)c(y, τ) dy +

∫ t

0

∫
Ω
∇yG(x, y, t− s) ·

(
cτ (y, s)Aτ (s)

)
dy ds,

i.e.,

(3.15) cτ (t) = S(t)c(τ) +

∫ t

0
K∇(t− s)[Aτ (s)cτ (s)] ds, 0 < t < T − τ.

Now fix t ∈ (0, T ). In view of (3.13), the first term of the RHS of (3.15) converges to S(t)c0
in Lp(Ω) as τ → 0, and the integrand in the second term converges to K∇(t− s)[A(s)c(s)]
in Lp(Ω) for each s ∈ (0, t). Moreover, by the trace embedding (3.2), assumption (3.11) and
Hölder’s inequality, we have

(3.16) |Aτ (s)| ≤ C∥|cτ (s)|m∥L1(∂Ω) ≤ C∥cτ (s)∥mLp(∂Ω) ≤ C∥cτ (s)∥mγ,p, s+ τ < t.

Consequently, for all τ ∈ (0, (T − t)/2) and s ∈ (0, t), we deduce from (3.5), (3.12) and
(3.13) that

∥K∇(t− s)[Aτ (s)cτ (s)]
∥∥
p
≤ C(t− s)−1/2|Aτ (s)|

∥∥cτ (s)∥∥p
≤ C(t− s)−1/2∥c(τ + s)∥mγ,p ≤ C(t− s)−1/2s−mγ/2 ∈ L1(0, t).

By dominated convergence, it follows that we may pass to the limit in Lp(Ω) as τ → 0 in
(3.15), which yields (3.14). □

For the critical case p = m we shall also need the following lemma, which is a variant
of [14, Lemma 8] (see also [64]).

Lemma 3.3. Let p ∈ [1,∞) and k ∈ (0, 1]. Let K be a compact subset of Lp(Ω). Set

(3.17) δ(T ) = δk,p,K(T ) := sup
ϕ∈K, t∈(0,T )

tk/2∥S(t)ϕ∥k,p.

Then limT→0 δ(T ) = 0.

Proof. We first claim that (3.17) holds when K is a singleton. Let thus fix ϕ ∈ Lp(Ω), and
pick ϕj ∈ C∞

0 (Ω) such that ϕj → ϕ in Lp(Ω). It is known that

(3.18) ∥S(t)ψ∥1,p ≤ C∥ψ∥1,p, 0 < t ≤ 1, ψ ∈W 1,p(Ω),

where C = C(n, k, p) > 0 (for Ω smooth see, e.g., [59, Theorem 51.1(iv) and Example
51.4(ii)] and the references therein, and cf. Lemma 9.4 if Ω is a cylinder (1.2)). Fix ε > 0
and choose j large enough so that ∥ϕ− ϕj∥p ≤ ε. It follows from (3.4) and (3.18) that, for
all t ∈ (0, 1),

tk/2∥S(t)ϕ∥k,p ≤ tk/2∥S(t)(ϕ− ϕj)∥k,p + tk/2∥S(t)ϕj∥k,p
≤ C∥ϕ− ϕj∥p + Ctk/2∥S(t)ϕj∥1,p ≤ Cε+ Ctk/2∥ϕj∥1,p.

Consequently, for any T ∈ (0, 1), we have δk,p,{ϕ}(T ) ≤ Cε + CT k/2∥ϕj∥1,p. Therefore,
lim sup
T→0

δk,p,{ϕ}(T ) ≤ Cε, which proves the claim.

Next let K be a compact subset of Lp(Ω) and assume for contradiction that (3.17) fails.

Then there exist η > 0 and sequences ϕi ∈ K, ti → 0 such that t
k/2
i ∥S(ti)ϕi∥k,p ≥ η. By
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compactness we may assume (passing to a subsequence) that ϕi → ϕ for some ϕ ∈ Lp.
Using (3.4), we then have

η ≤ t
k/2
i ∥S(ti)ϕi∥k,p ≤ t

k/2
i ∥S(ti)ϕ∥k,p+t

k/2
i ∥S(ti)(ϕi−ϕ)∥k,p ≤ δk,p,{ϕ}(ti)+C∥ϕi−ϕ∥p → 0

as i→ ∞ by the above claim: a contradiction. □

Our last lemma provides a useful Schauder regularity estimate for problem (1.1).

Lemma 3.4. Let f be continuous and satisfy (3.11) for some m,C > 0. Let max(m, 1) ≤
p < ∞, q > n and γ satisfy (3.12). Let T0, N > 0, T ∈ (0,min(T0, T

∗)), ε ∈ (0, T ) and let
c be a classical solution of (1.1) on [0, T ] such that

(3.19) ∥c(t)∥q + ∥c(t)∥γ,p ≤ N, t ∈ [0, T ].

There exists α = α(n) ∈ (0, 1) such that, if Ω is smooth then

(3.20) ∥c(t)∥C2+α,1+(α/2)(Ω×[ε,T ]) ≤ C(N, ε, T0)

and, if Ω is a cylinder (1.2) then, for any any compact subset Σ ⊂ Ω ∪ Γ,

(3.21) ∥c∥C2+α,1+α/2(Σ×[ε,T ]) ≤ C(N, ε, T0,Σ), ∥c∥C1+α,α/2(Ω×[ε,T ]) ≤ C(N, ε, T0).

Proof. We first establish an L∞ estimate away from t = 0. Similarly as (3.16), recalling the
notation (3.10), we have

(3.22) |A(t)| ≤ CNm.

Using (3.5) and (3.14), we get

∥c(t)∥∞ ≤ ∥S(t)c0∥∞ +

∫ t

0
|A(s)|∥K∇(t− s)c(s)∥∞ ds

≤ Ct−n/2q∥c0∥q + CNm

∫ t

0
(t− s)

− 1
2
− n

2q ∥c(s)∥q ds,

hence

∥c(t)∥∞ ≤ CNt−n/2q + CNm+1t
1
2
(1−n

q
)
.

This guarantees that

(3.23) ∥c∥L∞(Ω×[ε,T ]) ≤ C(N, ε, T0).

Assume that Ω is smooth. In this case we can apply parabolic Schauder regularity
theory for the Neumann problem. Fix any ε ∈ (0, T ). Next setting c̃ε(x, t) = t c(x, ε + t),
we see that c̃ε satisfies the problem

Lc̃ε := ∂tc̃ε −∆c̃ε + b1,ε · ∇c̃ε = b3,ε in QT−ε, ∇c̃ε · ν = b2,εc̃ε on ST−ε,

with zero initial data, where

b1,ε(t) = A(ε+ t), b2,ε(t) = A(ε+ t) · ν, b3,ε(x, t) = c(x, ε+ t).

Since |bi,ε| ≤ C(N, ε) owing to (3.22), (3.23), it follows from [47, Theorem 6.44] that, for
some α = α(n) ∈ (0, 1), ∥c̃ε∥Cα,α/2(Ω×[0,T−ε]) ≤ C(N, ε, T0), hence

∥c∥Cα,α/2(Ω×[ε,T ]) ≤ C(N, ε, T0).

Since now the bi,ε satisfy Hölder bounds (depending on N, ε, T0), it follows from [47, Theo-
rems 4.30] that ∥∇c̃ε∥Cα,α/2(Ω×[0,T−ε]) ≤ C(N, ε), hence

∥∇c∥Cα,α/2(Ω×[ε,T ]) ≤ C(N, ε).

Estimate (3.20) then follows similarly from [47, Theorem 4.31].
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Next consider the case when Ω is a cylinder (1.2). We cannot apply the above and
rely instead on the estimates in Proposition 9.1(vi) from the Appendix. Namely, viewing
c as the unique classical solution c̃, given by Proposition 9.1, of the initial boundary value
problem starting at initial time ε/2, (3.21) follows from estimates (9.7) applied to c̃ (with
ε replaced by ε/2), along with (3.23). □

Remark 3.2. As formally observed above, for any classical solution c ∈ ET∩C([0, T );L1(Ω))
of (1.1), we have the conservation property

(3.24)

∫
Ω
c(x, t) dx =

∫
Ω
c0(x) dx, 0 < t < T,

as a consequence of d
dt

∫
Ω c(x, t) dx = 0 on (0, T ). If Ω is smooth, this immediately follows by

integrating the equation in space and using the boundary conditions. If Ω is a cylinder (1.2),
we have

(3.25) c ∈ L2
loc((0, T );H

2(Ω)) ∩H1
loc((0, T );L

2(Ω))

by Proposition 9.1 (applied at each initial time ε ∈ (0, T ∗)), so that the above remains valid.

4. Proof of Theorem 1

In view of eventually establishing Theorems 2 and 4, we shall prove Theorem 1 jointly
with the following proposition.

Proposition 4.1. (i) Let m ∈ (0, 1) and let f be globally Lipschitz continuous on R and
satisfy

(4.1) 0 ≤ f(s) ≤ C|s|m, s ∈ R,
for some C > 0. Let c0 ∈ L1(Ω). Problem (1.1) admits a unique, maximal classical solution

c ∈ ET ∗ ∩ C([0, T ∗);L1(Ω)),

which also satisfies c > 0 in (Ω∪Γ)×(0, T ∗) if c0 ≥ 0, c0 ̸≡ 0. Moreover, setting q = n/(n−1)
(any finite q if n = 1), we have T ∗ > 1 and

(4.2) t1/2∥c(t)∥q ≤ C(Ω)∥c0∥1, 0 < t < 1.

Furthermore, if T ∗ <∞, then limt→T ∗ ∥c(t)∥1 = ∞.

(ii) Let m ≥ 1 and f(s) = sm. Let c0 ∈ Lm(Ω) and assume that ∥c0∥m ≤ η0, where η0
is from (4.13). Problem (1.1) admits a unique classical solution c ∈ E1 ∩ C([0, 1);Lm(Ω)).
Moreover, setting q = nm/(n− 1) (any finite q if n = 1), we have

(4.3) t1/2m∥c(t)∥q ≤ C(Ω,m)∥c0∥m, 0 < t < 1.

4.1. Proof of Theorem 1 and Proposition 4.1: existence. Step 1. Approximating
problem. In the subcritical case p > m (including p = 1 > m for Proposition 4.1), we fix
M ≥ 1, pick c0 ∈ Lp with ∥c0∥p ≤M , and we select a sequence of initial data c0,i ∈ C∞

0 (Ω)
such that c0,i → c0 in Lp(Ω) and ∥c0,i∥p ≤ 2∥c0∥p. If c0 ≥ 0, we may assume that the c0,i
are nonnegative.

In the critical case p = m ≥ 1, in view of proving also property (1.19) (this property
will be useful also for the uniqueness part), we fix a compact set K of Lm(Ω). Since K can
be covered by finitely many balls of given radius, one can construct a sequence of functions
ϕj ∈ C∞

0 (Ω) such that, for each given c0 ∈ K, there exists a subsequence c0,i of ϕj which
converges to c0 in Lm(Ω). Moreover,

(4.4) K̃ = {ϕj , j ∈ N}Lm
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is also compact in Lm. If K consists of nonnegative functions, we may furthermore assume
that the ϕj are nonnegative.

Problem (1.1) with initial data c0,i admits a unique, maximal classical solution

(4.5) ci ∈ ETi ∩ C([0, Ti);Wq) for all q ∈ [1,∞),

with Wq =W 2,q(Ω) if Ω is smooth and Wq =W 1,q(Ω) if Ω is a cylinder (1.2). Moreover, if
its maximal existence time Ti is finite, then limt→Ti ∥ci(t)∥∞ = ∞. When Ω is smooth, this
follows, e.g., from (a minor modification of the proof of) [3, Theorem 6.1], noting that the
required compatibility condition ∂νc0 = (A(0) · ν)c0 (= 0) on ∂Ω is in particular satisfied.
See also [42, 28, 47] for more classical approaches. In the case of nonsmooth (cylindrical)
domains, for which we have been unable to find a suitable reference, this is proved in
Proposition 9.1 of the Appendix.

Step 2. Auxiliary norm estimates. Let 0 < T < min(1, Ti). We need to distinguish
several cases according to whether p is larger or equal to m or to 1. To this end we fix
γ, θ, a such that

(4.6)

{
1
p < γ < min(1, 1

m), θ = 0, if p > max(m, 1),

γ = 1, θ = 1
2p , if p = max(m, 1),

a =

m, if p > m,

1, if p = m

(note that γa ≤ 1) and, for µ ∈ {0, θ}, we set

(4.7) Mi,T = sup
t∈(0,T )

∥ci(t)∥p, Ni,T = sup
t∈(0,T )

tγ/2∥ci(t)∥γ,p, Lµ,i,T = Na+µ
i,T Mm+1−a−µ

i,T .

We claim that

(4.8) Mi,T ≤ C0∥c0∥p + C0L0,i,TT
1
2
(1−γa),

and

(4.9) Ni,T ≤ sup
t∈(0,T )

tγ/2∥S(t)ci,0∥γ,p + C0Lθ,i,TT
1
2
(1−γa)

with some C0 = C0(Ω,m, p, γ) > 1.

Let k ∈ [0, 1) and 0 < t < T < min(1, Ti). Set

Ai(t) =

∫
∂Ω
f(ci(·, t))ν dσ.

By (3.6) with ℓ = 0 and (3.14), we have

(4.10) ∥ci(t)− S(t)c0,i∥k,p ≤ C

∫ t

0
(t− s)−(k+1)/2|Ai(s)|∥ci(s)∥p ds.

Here and below, C denotes a generic positive constant depending only on Ω,m, p, γ, k. On
the other hand, we observe that

(4.11) |Ai(t)| ≤ C∥|ci(t)|m∥L1(∂Ω) ≤ C∥ci(t)∥m−a
p ∥ci(t)∥aγ,p.

Indeed, by the trace embedding (3.2), Hölder’s inequality and the boundedness of ∂Ω, if p >
m = a then we have ∥|ci(t)|m∥L1(∂Ω) ≤ C∥ci(t)∥mLp(∂Ω) ≤ C∥ci(t)∥mγ,p. Whereas, if p = m,

hence a = γ = 1 then, using (3.2) and ∥∇|ci|m∥1 = m∥|ci|m−1∇ci∥1 ≤ m∥ci∥m−1
m ∥∇ci∥m,

we get

|Ai(t)| ≤ C∥|ci(t)|m∥L1(∂Ω) ≤ C∥|ci(t)|m∥1,1 ≤ C∥ci(t)∥m−1
m ∥ci(t)∥1,m.
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It follows from (4.10) and (4.11) that

tk/2∥ci(t)− S(t)c0,i∥k,p ≤ CL0,i,T t
k/2

∫ t

0
(t− s)−(k+1)/2s−γa/2 ds

≤ CL0,i,T t
1
2
(1−γa)

∫ 1

0
(1− τ)−(k+1)/2τ−γa/2 dτ,

where the integrals are convergent, owing to k < 1 and γa ≤ 1. Consequently,

(4.12) tk/2∥ci(t)− S(t)c0,i∥k,p ≤ CL0,i,TT
1
2
(1−γa), k ∈ [0, 1), 0 < t < T.

Taking k = 0 and using (3.4) we get (4.8), and, taking k = γ, we deduce (4.9) for p >
max(m, 1). . Next consider (4.9) in the case p = max(m, 1), hence γ = 1, θ = 1

2p . To

overcome the divergence of the integral in (4.10) for k = 1, we instead use (3.6) with
ℓ = 1/2p, k = 1, q = p and (3.14), to write

∥ci(t)− S(t)c0,i∥1,p ≤ C

∫ t

0
(t− s)

−1+ 1
4p |Ai(s)|∥ci(s)∥1/2p,p ds.

Since ∥ci(s)∥1/2p,p ≤ ∥ci(s)∥1/2p1,p ∥ci(s)∥1−(1/2p)
p by interpolation, (4.11) yields

|Ai(s)|∥ci(s)∥1/2p,p ≤ C∥ci(t)∥
a+ 1

2p

1,p ∥ci(t)∥
m−a+1− 1

2p
p ≤ Lθ,i,T s

−a
2
− 1

4p .

We then have

t1/2∥ci(t)− S(t)c0,i∥1,p ≤ CLθ,i,T t
1/2

∫ t

0
(t− s)

−1+ 1
4p s

−a
2
− 1

4p ds ≤ CLθ,i,TT
1
2
(1−a),

owing to a ≤ 1, hence (4.9) for p = max(m, 1).

We next consider the following two cases separately: supercritical or small data critical,
and general critical case.

Step 3. Supercritical and small data critical cases. Set η0 := (2C0)
−(m+1)/m, where

C0 is from (4.8)-(4.9). Assume either

(4.13)


p > m

or

p = m, ∥c0∥p < η0,

and set T0 :=


[1 + (2C0)

m+1∥c0∥mp ]
− 2

1−γa

1

(in the first case we have γa < 1 by (4.6), and the second case corresponds to Proposi-
tion 4.1(ii)).

We first claim that

(4.14) Mi,T +Ni,T < 2C0∥c0∥p for all T ≤ T̃i := min(T0, Ti).

Indeed, by (4.8), (4.9) and (3.4), we have

(4.15) Mi,T +Ni,T ≤ C0∥c0∥p + C0(Mi,T +Ni,T )
m+1T

1
2
(1−γa), 0 < T < min(1, Ti).

Moreover, for each i, by (4.5) we have

(4.16) lim sup
T→0

(Mi,T +Ni,T ) ≤ ∥c0,i∥p ≤ C0∥c0∥p.

Therefore, if (4.14) fails then, by (4.15) and continuity there exist i and a minimal T <
min(T0, Ti) such that

Mi,T +Ni,T = 2C0∥c0∥p ≤ C0∥c0∥p + C0(2C0∥c0∥p)m+1T
1
2
(1−γa),
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hence (supposing c0 ̸≡ 0 without loss of generality) 1 ≤ (2C0)
m+1∥c0∥mp T

1
2
(1−γa)

0 : a contra-
diction.

In this paragraph we consider the consider when Ω is smooth. We show by a bootstrap
argument that, for each ε > 0, the solutions ci enjoy the uniform higher regularity estimate:

(4.17) sup
i

∥ci∥C2+α,1+(α/2)(Ω×[ε,T̃i))
≤ C(M, ε).

To this end, setting p̃ = np/(n−1) (or any finite p̃ if n = 1) and using the Sobolev inequality,
(4.14) and γ ≥ 1/p guarantees that, for any ε > 0,

(4.18) ∥ci(t)∥p̃ ≤ C∥ci(t)∥1/p,p ≤ C(M, ε) for all t ∈ [ε, T̃i).

On the other hand, by the argument leading to (4.14), applied with p̃ instead of p, with t0
as initial time and ci(t0) as initial data, it follows that (t− t0)

1/2p̃∥ci(t)∥1/p̃,p̃ ≤ C̃0∥ci(t0)∥p̃
for all t, t0 such that ε ≤ t0 < t < T̃i and t− t0 ≤ s0 := [1 + (2C̃0)

m+1∥ci(t0)∥mp̃ ]
− 2

1−γa , with

C̃0 = C̃0(p,m,Ω, γ) > 0. By (4.18) we have s0 ≥ s̄0(ε,M) > 0. For any t ∈ [2ε, T̃i), choosing

t0 = t−min(ε, s̄0(ε,M)) ≥ ε, we deduce that ∥ci(t)∥1/p̃,p̃ ≤ C(M, ε)min(ε, s̄0(ε,M))−1/2p̃ =

C̃(M, ε). Repeating iteratively the argument, we obtain, for any finite q ∈ [p,∞),

∥ci(t)∥1/q,q ≤ C(M, ε, q) for all t ∈ [ε, T̃i).

Property (4.17) is then a consequence of Lemma 3.4. It follows in particular from (4.17)

that Ti > T̃i, i.e. Ti > T0, where T0 is defined by (4.13). We may then pass to the limit to

show that (some subsequence of) ci converges in C
2,1
loc (Ω× (0, T0)) to a classical solution of

the PDE and of the boundary conditions in (1.1) on (0, T0). Owing to (4.14), c moreover
satisfies

(4.19) sup
t∈(0,T0)

tγ/2∥c(t)∥γ,p ≤ C∥c0∥p,

and

(4.20) ∥c∥C2+α,1+(α/2)(Ω×[ε,T0])
≤ C(M, ε), 0 < ε < T0.

Now, if Ω is a cylinder (1.2), by the above arguments and (3.21) in Lemma 3.4, we obtain

the convergence, in the space C2,1
loc ((Ω∪Γ)× (0, T0))∩C1,0

loc (Ω× (0, T0)), of a subsequence ci
to a classical solution c ∈ ET0 . As for estimate (4.20), it becomes

(4.21) ∥c∥C2+α,1+α/2(Σ×[ε,T ]) ≤ C(M, ε,Σ), ∥c∥C1+α,α/2(Ω×[ε,T ]) ≤ C(M, ε),

for any compact subset Σ ⊂ Ω ∪ Γ.

Step 4. Critical case p = m ≥ 1. In this case we need to treat the quantities Mi,T and
Ni,T separately and make use of Lemma 3.3. Recalling (4.4), by Lemma 3.3, we have

(4.22) δ(T ) = δ1,p,K̃(T ) := sup
ϕ∈K̃, t∈(0,T )

t1/2∥S(t)ϕ∥1,p → 0, as T → 0.

We claim that there exists T0 = T0(K) ∈ (0, 1) such that

(4.23) Mi,T ≤ 2C0∥c0∥p and Ni,T ≤ 2δ(T ), for all T < min(Ti, T0).

By (4.8), (4.9), with γ = a = 1 and θ = 1
2p , we have

(4.24) Mi,T ≤ C0∥c0∥p + C0M
p
i,TNi,T and Ni,T ≤ δ(T ) + C0M

p−θ
i,T N1+θ

i,T , 0 < T < Ti.

By (4.22) there exists T0 = T0(K) ∈ (0, 1) such that

δ(T0) ≤ η := min
{
(2p+2Cp

0∥c0∥
p−1
p )−1,

(
2p+2Cp+1−θ

0 ∥c0∥p−θ
p

)−1/θ}
.
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Let T̃i := min(Ti, T0) and T
′
i = sup

{
T ∈ (0, T̃i); Mi,T ≤ 2C0∥c0∥p and Ni,T ≤ 2δ(T0)

}
> 0.

By the first part of (4.24), we have

Mi,T ≤ C0∥c0∥p + 2C0δ(T0)(2C0∥c0∥p)p ≤ 3
2C0∥c0∥p, 0 < T < T ′

i .

Next, by the second part of (4.24), we deduce that

Ni,T ≤ δ(T ) + C0(2C0∥c0∥p)p−θ(2δ(T0))
θNi,T ≤ δ(T ) + 1

4Ni,T , 0 < T < T ′
i ,

hence Ni,T ≤ 4
3δ(T ) ≤ 4

3δ(T0) for all T < T ′
i . Consequently, T ′

i = T̃i since otherwise, by

continuity, Mi,T = 2C0∥c0∥p or Ni,T = 2δ(T0) for T = T ′
i < T̃i, a contradiction. Claim

(4.23) follows.

Next, again first considering the consider when Ω is smooth, we establish the uniform
higher regularity

(4.25) sup
i

∥ci∥C2+α,1+(α/2)(Ω×[ε,T̃i))
<∞, ε > 0.

To this end, a little more care is needed than in the supercritical case, because the existence
time just obtained is uniform on compact subsets of initial data (but not on merely bounded
subsets). Thus starting from (4.23) and using the compactness of the imbeddingW 1,p(Ω) ⊂
Lp̂(Ω) where p̂ = 2np/(2n− p) (or any finite p̂ if p ≥ 2n), we see that, for each ε > 0,

K̂ε := {ci(t), t ∈ [ε, Ti), i ∈ N}Lp̂

is a compact subset of Lp̂(Ω). By the argument leading to (4.23), applied with p̂ instead

of p, with any t0 ∈ [ε, T̃i) as initial time and initial data ci(t0) ∈ K̂ε, there exists T̂0 =

T̂0(K̂ε) ∈ (0, 1) such that,

sup
{
s1/2∥ci(t0 + s)∥1,p̂; t0 ≥ ε, 0 < s < min(T̂0, T̃i − t0), i ∈ N

}
<∞,

hence

sup
{
∥ci(t)∥1,p̂; 2ε ≤ t < T̃i, i ∈ N

}
<∞.

It follows that ∥ci(t)∥1,p̂ ≤ C(K, ε) for all t ∈ [ε, T̃i). Repeating iteratively the argument,
we obtain, for any finite q ∈ [p,∞),

sup
{
∥ci(t)∥1,q; ε ≤ t < T̃i, i ∈ N

}
<∞.

Property (4.25) is then a consequence of Lemma 3.4. It follows in particular from (4.25)

that Ti > T̃i, i.e. Ti > T0. We may then pass to the limit to show that (some subsequence

of) ci converges in C
2,1
loc (Ω× (0, T0)) to a classical solution of the PDE and of the boundary

conditions in (1.1) on (0, T0). Owing to (4.23), it moreover satisfies

(4.26) sup
t∈(0,T )

t1/2∥c(t)∥1,p ≤ 2δ(T ), 0 < T < T0, where T0 = T0(K) > 0.

Now, if Ω is a cylinder (1.2), the above remains true with the same changes as in the last
paragraph of Step 3.

Step 5. Continuity in Lp(Ω) at t = 0. From (4.12) with k = 0 and the fact that
Ti > T0, we obtain

(4.27) ∥ci(t)− S(t)c0,i∥p ≤ C0L0,i,TT
1
2
(1−γa) 0 < t < T < T0.

In the case p > m (hence γa < 1 by (4.6)), this along with (4.14) yields

∥ci(t)− S(t)c0,i∥p ≤ C∥c0∥m+1
p t

1
2
(1−γa), i ∈ N, 0 < t < T0.
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Letting i→ ∞, we get

∥c(t)− S(t)c0∥p ≤ C∥c0∥m+1
p t

1
2
(1−γa), 0 < t < T0,

and since ∥c0 − S(t)c0∥p → 0 as t→ 0, the property follows.

In the case p = m, (4.27) along with (4.23), yields

∥ci(t)− S(t)c0,i∥p ≤ C∥c0∥ppδ(t), i ∈ N, 0 < t < T0

and we conclude similarly by using (4.22). □

We note that, at this stage (cf. Steps 3 and 4), we have in particular obtained the
following:

Lemma 4.2. Under the assumptions of Theorem 1 or Proposition 4.1(i), there exist T0 ∈
(0, T ∗), a sequence c0,i ∈ C∞

0 (Ω) and solutions c, ci of (1.1) with initial data c0, c0,i, respec-

tively, such that ci ∈ ET0 ∩C(QT0
) and ci converges to c in C

2,1
loc ((Ω∪Γ)×(0, T0))∩C1,0

loc (Ω×
(0, T0)). If p > m, then we may take, for any ε > 0

T0 := [1 + Cε∥c0∥mp ]
− 2p

p−m
−ε
.

If c0 ≥ 0, we may assume that the c0,i are nonnegative.

4.2. Proof of Theorem 1 and Proposition 4.1: uniqueness. We shall more precisely
prove the following proposition, which immediately implies the uniqueness part of Theo-
rem 1 and Proposition 4.1.

Proposition 4.3. Assume either m ≥ 1, f(s) = cm, and set p = m, or m ∈ (0, 1), f as in
Proposition 4.1(i), and set p = 1. Let c0 ∈ Lp(Ω), T > 0 and c̃, ĉ ∈ C([0, T ];Lp(Ω)) ∩ ET

be solutions of (1.1). Then c̃ ≡ ĉ on [0, T ].

In view of the proof, for p ≥ 1 and T > 0, we define

Xp,T =
{
z ∈ C([0, T ];Lp(Ω)) ∩ C(0, T ;W 1,p(Ω)); sup

t∈(0,T )
t1/2∥z(t)∥1,p <∞

}
and, for z ∈ Xp,T , we set

MT (z) = sup
t∈(0,T )

∥z(t)∥p, NT (z) = sup
t∈(0,T )

t1/2∥z(t)∥1,p.

We start with the following lemma.

Lemma 4.4. Let f,m, p be as in Proposition 4.3. Let T ∈ (0, 1), c0 ∈ Lp(Ω) and c1, c2 ∈
Xp,T ∩ ET be classical solutions of (1.1) on (0, T ). There exists ε0(p, f,Ω, ∥c0∥p) > 0 such
that, if

(4.28) N̄T := max(NT (c1), NT (c2)) ≤ ε0,

then c1 = c2 on (0, T ).

Proof. Set M̄T := max(MT (c1),MT (c2)) and Aj(t) =
∫
∂Ω f(cj(·, t))ν dσ for j ∈ {1, 2}. Note

that our assumptions guarantee that |f(c1)−f(c2)| ≤ C(|c1|p−1+ |c2|p−1)|c1− c2|, and that
(3.2) implies

∥c∥pLp(∂Ω) = ∥|c|p∥L1(∂Ω) ≤ C
(
∥|c|p∥1 + ∥∇|c|p∥1

)
≤ C∥c∥p−1

p ∥c∥1,p.

Using Hölder’s inequality, it follows (omitting the variable s for conciseness) that

(4.29)
|A1 −A2| ≤ C

(
∥c1∥p−1

Lp(∂Ω) + ∥c2∥p−1
Lp(∂Ω))∥c1 − c2∥Lp(∂Ω)

≤ C
(
∥c1∥p−1

p ∥c1∥1,p + ∥c2∥p−1
p ∥c2∥1,p

) p−1
p
(
∥c1 − c2∥p−1

p ∥c1 − c2∥1,p
) 1

p .
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Setting MT =MT (c1 − c2), NT = NT (c1 − c2), we deduce that

(4.30) |A1(s)−A2(s)| ≤ Cs−1/2
(
N̄T M̄

p−1
T

) p−1
p N

1
p

T M
p−1
p

T , |Aj(s)| ≤ Cs−1/2N̄T M̄
p−1
T

(replacing c1 or c2 with 0 in (4.29) for the latter). Consequently, by (3.6) and (3.14),

∥cj(t)∥p ≤ ∥S(t)c0∥p + C

∫ t

0
(t− s)−1/2|Aj(s)|∥cj(s)∥p ds ≤ ∥c0∥p + CIN̄T M̄

p
T

where I =
∫ t
0 (t− s)−1/2s−1/2 ds = C. Therefore, M̄T ≤ ∥c0∥p +CN̄T M̄

p
T and, by (4.28) we

deduce

(4.31) M̄T ≤ 2∥c0∥p.

On the other hand, by (3.6), for ℓ ∈ [0, 1p ] and k ∈ [ℓ, 1], we have

(4.32) t
k
2 ∥[c1−c2](t)∥k,p ≤ Ct

k
2

∫ t

0
(t−s)−

1+k−ℓ
2 ϕℓ(s) ds, ϕℓ(s) :=

∥∥(A2c2−A1c1)(s)
∥∥
ℓ,p
.

Writing

ϕℓ(s) =
∥∥A1(s)(c1(s)− c2(s)) + (A1(s)−A2(s))c2(s)

∥∥
ℓ,p

≤ |A1(s)| ∥c1(s)− c2(s)∥ℓ,p + |A1(s)−A2(s)| ∥c2(s)∥ℓ,p
and using (4.30) and the interpolation inequality

∥c∥ℓ,p ≤ ∥c∥ℓ1,p∥c∥1−ℓ
p ≤ N ℓ

T (c)M
1−ℓ
T (c)t−ℓ/2

for c = ci and c = c1 − c2, it follows that

(4.33) ϕℓ(s) ≤ Cs−
1+ℓ
2

{
N̄T M̄

p−1
T N ℓ

TM1−ℓ
T +

(
N̄T M̄

p−1
T

) p−1
p N̄ ℓ

T M̄
1−ℓ
T N

1
p

T M
p−1
p

T

}
.

Now, applying (4.32), (4.33) with k = ℓ = 0, we obtain

∥[c1 − c2](t)∥p ≤ CI1

{
N̄T M̄

p−1
T MT +

(
N̄T M̄

p−1
T

) p−1
p M̄TN

1
p

T M
p−1
p

T

}
,

where I1 =
∫ t
0 (t− s)−1/2s−1/2 ds = C, hence

MT ≤ C
{
N̄T M̄

p−1
T MT +

(
N̄T M̄

p−1
T

) p−1
p M̄TN

1
p

T M
p−1
p

T

}
.

Using assumption (4.28) and Young’s inequality, this implies

(4.34) MT ≤ KNT , K = C
(
N̄T M̄

p−1
T

)p−1
M̄p

T .

Then setting ℓ = 1/2p and applying (4.32), (4.33) with k = 1, we obtain

t
1
2 ∥[c1 − c2](t)∥1,p ≤ CI2

{
N̄T M̄

p−1
T N ℓ

TM1−ℓ
T +

(
N̄T M̄

p−1
T

) p−1
p N̄ ℓ

T M̄
1−ℓ
T N

1
p

T M
p−1
p

T

}
,

where I2 = t
1
2

∫ t
0 (t− s)

−1+ 1
4p s

− 1
2
− 1

4p ds = C. Combining with (4.34), we deduce

NT ≤ C
{
N̄T M̄

p−1
T K1−ℓ +

(
N̄T M̄

p−1
T

) p−1
p N̄ ℓ

T M̄
1−ℓ
T K

p−1
p

}
NT .

Using assumption (4.28) again, it follows that NT ≤ NT /2, hence c1 ≡ c2. □
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Proof of Proposition 4.3. We make use of an argument from [13, 14]. We only consider the
case m = p ≥ 1, the case m < p = 1 being easier. First note that K := c̃([0, T ]) ∪ ĉ([0, T ])
is a compact subset of Lp(Ω). Set M = supt∈[0,T ]

(
∥c̃(t)∥p+ ∥ĉ(t)∥p

)
, and let δ(t) = δ1,p,K(t)

be defined by (3.17).

Fix any τ ∈ (0, T ). By the existence part of Theorem 1 and property (1.19), there exist
T0 > 0 independent of τ and a solution cτ of (1.1) on (0, T0) with initial data c̃(τ) and such
that, for all t ∈ (0, T0),

(4.35) Nt(cτ ) = sup
s∈(0,t)

s1/2∥cτ (s)∥1,p ≤ Cδ(t) → 0, t→ 0.

Set c̃τ (t) = c̃(τ + t) and

Nt(c̃τ ) = sup
s∈(0,t)

s1/2∥c̃τ (s)∥1,p.

Since c̃ ∈ ET , we have limt→0Nt(c̃τ ) = 0 (where the convergence need not be uniform in
τ). It thus follows from Lemma 4.4 and (4.35) that cτ (t) = c̃τ (t) for t > 0 small (depending
on τ). We claim that

(4.36) cτ (t) = c̃τ (t) for all t ∈ (0, Tτ ), with Tτ := min(T0, T − τ).

Indeed, otherwise, letting t0 := sup
{
s ∈ (0, Tτ ); cτ = c̃τ on [0, s]

}
, we would have 0 < t0 <

Tτ and, since cτ , c̃τ ∈ ETτ , the above argument would yield cτ (t) = c̃τ (t) for t − t0 > 0
small: a contradiction.

Now, from (4.35) and (4.36), we have in particular,

s1/2∥c̃(τ + s)∥1,p ≤ Cδ(t), 0 < s < t < min(T0, T − τ).

For any t ∈ (0,min(T0, T )), letting τ → 0, we obtain

s1/2∥c̃(s)∥1,p ≤ Cδ(t), 0 < s < t < min(T0, T )

and this obviously remains true for ĉ. Applying Lemma 4.4 again, we deduce that c̃ = ĉ for
t > 0 small. Then arguing as in the proof of (4.36), we conclude that c̃ = ĉ on [0, T ]. □

4.3. Proof of Theorem 1 and Proposition 4.1(i): positivity and continuation. In
view of the positivity proof, we start with a maximum principle for smooth solutions.

Lemma 4.5. Let f be continuous on [0,∞), c0 ∈ C(Ω), T > 0, and let c ∈ ET ∩C(QT ) be
a classical solution of (1.1) on [0, T ].

(i) If c0 ≥ 0, then c ≥ 0.

(ii) If in addition c0 ̸≡ 0, then c > 0 in (Ω ∪ Γ)× (0, T ).

Proof. (i) We use a Stampacchia type argument similarly as in, e.g., [59, Proposition 52.8
and Remark 52.9]. Recalling the notation (3.10), we note that A(t) is bounded on [0, T ]
owing to our assumptions. Set c− = max(−c, 0). Multiplying the PDE in (1.1) by −c−,
integrating by parts and using the boundary conditions, we obtain, for a.e. t ∈ (0, T ),

1

2

d

dt

∫
Ω
(c−)

2(t) dx = −
∫
Ω
(∆c)c− dx+A(t) ·

∫
Ω
c−∇cdx

= −
∫
Ω
|∇c−|2 dx+

∫
Γ
(A(t) · ν)(c−)2 dσ −A(t) ·

∫
Ω
c−∇c− dx

≤ −
∫
Ω
|∇c−|2 dx+

1

2

∫
Ω
|∇c−|2 dx+ C1

(∫
Γ
(c−)

2 dσ +

∫
Ω
c2− dx

)
.
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We note that this calculation is allowed also when Ω is a cylinder (1.2) owing to (3.25).
Applying the trace inequality

∫
Γ v

2dσ ≤ ε
∫
Ω |∇v|2 dx + C2(ε)

∫
Ω v

2 dx with v = c− and

ε = (2C1)
−1, it follows that

1

2

d

dt

∫
Ω
(c−)

2(t) dx ≤ C1(1 + C2(ε))

∫
Ω
c2− dx.

Since c−(·, 0) = 0 by assumption, the assertion follows by integration.

(ii) Since c ≥ 0, c ̸≡ 0 solves an equation of the form ct − ∆c = b(t) · ∇c with b ∈
C([0, T ];Rn), we have c > 0 in Ω × (0, T ] by the strong maximum principle. On the other
hand, we cannot have c(x0, t0) = 0 with t0 > 0 and x0 ∈ Γ (a regular boundary point),
because the boundary conditions then imply ν · ∇c(x0, t0) = 0, contradicting the Hopf
lemma. □

Completion of proof of the positivity part of Theorem 1 and Proposition 4.1(i). By Lemma
4.2, there exist T0 ∈ (0, T ∗), c0,i ∈ C∞

0 (Ω), c0,i ≥ 0, and solutions ci of (1.1) with initial

data c0,i, such that ci ∈ ET0 ∩ C(QT0
) and ci converges to c in C2,1

loc ((Ω ∪ Γ) × (0, T0)). It

follows from Lemma 4.5(i) that, for each i ∈ N, ci ≥ 0 in Ω× [0, T0], hence c ≥ 0 on [0, T0].
Since c is a classical solution on [T0, T

∗), Lemma 4.5(i) guarantees that c ≥ 0 on [0, T ∗).

Finally assume for contradiction that u(x0, t0) = 0 for some (x0, t0) ∈ (Ω∪Γ)× (0, T ∗).
Since c is a classical solution on (0, T ∗), Lemma 4.5(ii) implies c = 0 on (0, t0]. Since
c(t) → c0 ̸≡ 0 in Lp as t→ 0, this is a contradiction. □

Completion of proof of the continuation part of Theorem 1 and Proposition 4.1(i). For p >
m ≥ 1 or p = 1 > m, by Lemma 4.2, the maximal classical solution c of (1.1) exists on

a time interval of length T0 := [1 + Cε∥c0∥mp ]
− 2p

p−m
−ε

, with any ε > 0. By a time shift, it
follows that

T ∗ − t ≥ [1 + Cε∥c(t)∥mp ]
− 2p

p−m
−ε
, 0 < t < T ∗.

If T ∗ <∞, we thus have

∥c(t)∥p ≥ Cε(T
∗ − t)

− p−m
2pm

+ε
, t→ T ∗,

which in particular implies the assertion. □

Remark 4.1. All the conclusions of Theorem 1 remain valid when f(c) = −|c|m−1c for
m ≥ 1, as well as (3.25) with T = T ∗ if Ω is a cylinder (1.2). Moreover, property (4.20)
with p > m and T0 given by (4.13) remains true. Indeed the proofs in this section made no
use of the sign of the nonlinear term.

5. Proof of Theorems 2, 4 and 6

Proof of Theorem 2(i). By Proposition 4.1(i), problem (1.1) admits a unique, maximal clas-
sical solution c ∈ ET ∗ ∩ C([0, T ∗);L1(Ω)). Moreover, since c0 ≥ 0, we have c ≥ 0, hence
∥c(t)∥1 ≡ ∥c0∥1 by (3.24). The last part of Proposition 4.1(i) then guarantees that T ∗ = ∞
and property (4.20) ensures (1.8). □

We next compute the evolution of the entropy and of the Lp norms, for classical solutions
of problems of the form (5.1).
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Lemma 5.1. Let T > 0 and b ∈ C(0, T ;Rn). Let v ∈ ET , with also v ∈ L2
loc((0, T );H

2(Ω))∩
H1

loc((0, T );L
2(Ω)) if Ω is a cylinder (1.2). Assume v is a classical solution of

∂tv = ∇ ·
(
∇v + b(t)v

)
, x ∈ Ω, 0 < t < T,(5.1a)

0 =
(
∇v + b(t)v

)
· ν, x ∈ ∂Ω, 0 < t < T.(5.1b)

(i) Assume

(5.2) v > 0 in Ω× (0, T )

and set ϕ(t) =
∫
Ω v log v dx. Then ϕ ∈W 1,1

loc (0, T ),
∫
Ω v

−1|∇v|2 dx ∈ L1
loc(0, T ) and

ϕ′(t) = −
∫
Ω
v−1|∇v|2 dx− b(t) ·

∫
Ω
∇v dx, a.e. t ∈ (0, T ).

(ii) Assume that either p > 1 and (5.2) holds, or that p is an even integer. Then
ϕ(t) :=

∫
Ω v

p dx ∈ H1
loc(0, T ),

∫
Ω v

p−2|∇v|2 dx ∈ L∞
loc(0, T ) and

ϕ′(t) = −p(p− 1)

{∫
Ω
vp−2|∇v|2 dx+ b(t) ·

∫
Ω
vp−1∇v dx

}
, a.e. t ∈ (0, T ).

Proof. (i) Fix ε > 0. For all t ∈ (0, T ), multiplying the PDE in (5.1) by log(v+ε) and using
the boundary conditions, we get

d

dt

∫
Ω
v log(v + ε) dx =

∫
Ω
vt

(
log(v + ε) +

v

v + ε

)
dx

=

∫
Ω

(
log(v + ε) +

v

v + ε

)
∇ ·

(
∇v + b(t)v

)
dx

= −
∫
Ω

∇v
v + ε

(
1 +

ε

v + ε

)
·
(
∇v + b(t)v

)
dx.

Integrating in time, we get, for all 0 < t1 < t2 < T ,∫ t2

t1

∫
Ω

|∇v|2

v + ε

(
1 +

ε

v + ε

)
dx dt

= −
[∫

Ω
v log(v + ε) dx

]t2
t1
−
∫ t2

t1

b(t) ·
∫
Ω

v

v + ε

(
1 +

ε

v + ε

)
∇v dx dt.

We may then pass to the limit ε → 0 via monotone (resp., dominated) convergence in the
LHS (resp., RHS). It follows that∫ t2

t1

∫
Ω

|∇v|2

v
dx dt = −

[∫
Ω
v log v dx

]t2
t1
−
∫ t2

t1

b(t) ·
∫
Ω
∇v dx dt, 0 < t1 < t2 < T.

This in particular implies the finiteness of the LHS and readily yields the assertion.

(ii) We consider the case (5.2) with p > 1, the other being similar (and easier, ε = 0
being sufficient). Fix ε > 0. For a.e. t ∈ (0, T ), multiplying the PDE in (5.1) by (v + ε)p−1

and using the boundary conditions, we get∫
Ω
vt(v + ε)p−1 dx =

∫
Ω
(v + ε)p−1 ∇ ·

(
∇v + b(t)v

)
dx

= −(p− 1)

∫
Ω
(v + ε)p−2∇v ·

(
∇v + b(t)v

)
dx,

hence

(p− 1)

∫
Ω
(v + ε)p−2|∇v|2 dx = −

∫
Ω
vt(v + ε)p−1 dx− (p− 1)b(t) ·

∫
Ω
v(v + ε)p−2∇v dx.
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We may then pass to the limit ε → 0 via monotone (resp., dominated) convergence in the
LHS (resp., RHS), so that

(p− 1)

∫
Ω
vp−2|∇v|2 dx = −

∫
Ω
vtv

p−1 dx− (p− 1)b(t) ·
∫
Ω
vp−1∇v dx.

This in particular guarantees that the LHS is finite for a.e. t ∈ (0, T ) and locally bounded.
Since ϕ ∈ H1

loc(0, T ), owing to the regularity of v, and ϕ′(t) = p
∫
Ω vtv

p−1 dx, the assertion
follows. □

In view of the proof of Theorems 2(ii) and 4, by means of Lemma 5.1, we establish the
following a priori estimate.

Proposition 5.2. Assume that f(c) = cm, with m ≥ 1 and let p > 1 satisfy m ≤ p < 2m.
Let c0 ∈ Lp(Ω), c0 ≥ 0, c0 ̸≡ 0.

(i) We have

d

dt
∥c(t)∥pp ≤

4(p− 1)

p

{
K0∥c∥mp − 1

}∫
Ω
|∇cp/2|2 dx, a.e. t ∈ (0, T ∗),

where K0 =
m
p−1 |Ω|

(p−m)/p.

(ii) In particular, if ∥c0∥p < K
−1/m
0 , then ∥c(t)∥p is nonincreasing for t ∈ (0, T ∗).

Proof. (i) We know that c > 0 in Ω× (0, T ), so that Lemma 5.1(ii) gives

d

dt
∥c(t)∥pp = −4(p− 1)

p

∫
Ω
|∇cp/2|2 dx+ (p− 1)A(t) ·

∫
Ω
∇cp dx.

On the other hand, by the Cauchy-Schwarz and the Hölder inequalities, we have∣∣∣∣∫
Ω
∇cp dx

∣∣∣∣ ≤ 2

(∫
Ω
cp dx

)1/2(∫
Ω
|∇cp/2|2 dx

)1/2

and, using the divergence theorem and recalling the notation (3.10) and m ≤ p < 2m,

|A(t)| =
∣∣∣∣∫

∂Ω
cmν dσ

∣∣∣∣ = ∣∣∣∣∫
Ω
∇cm dx

∣∣∣∣
≤ 2m

p

(∫
Ω
c2m−p dx

)1/2(∫
Ω
|∇cp/2|2 dx

)1/2

≤ 2m

p
|Ω|(p−m)/p

(∫
Ω
cp dx

)(2m−p)/2p(∫
Ω
|∇cp/2|2 dx

)1/2

.

Consequently,

d

dt
∥c(t)∥pLp ≤ −4(p− 1)

p

∫
Ω
|∇cp/2|2 dx+

4m

p
|Ω|(p−m)/p

(∫
Ω
cp dx

)m/p ∫
Ω
|∇cp/2|2 dx

≤ 4(p− 1)

p

{
−1 +

m

p− 1
|Ω|(p−m)/p∥c∥mp

}∫
Ω
|∇cp/2|2 dx,

which proves the proposition.

(ii) This is a direct consequence of (i). □

We shall also use the following exponential convergence lemma.



28 MEUNIER AND SOUPLET

Lemma 5.3. Let f : R → R be locally Lipschitz. There exist η2 = η2(f,Ω) > 0 and
λ = λ(Ω) > 0 with the following property. If c ∈ E∞ ∩C([0,∞);L1(Ω)) is a global classical
solution of (1.1) such that |c̄0| ≤ η2 and

(5.3) lim
t→∞

∥c(t)− c̄0∥∞ = 0,

where c̄0 = 1
|Ω|

∫
Ω c0(x) dx, then the exponential convergence property (1.9) holds for some

C > 0.

Proof. In this proof, K,K1 will denote generic positive constants depending only on f,Ω
and C a generic positive constant possibly depending on the solution c. Assume |c̄0| ≤ 1.
By assumption (5.3), there exists T0 > 0 such that

(5.4) sup
t≥T0

∥c(t)∥∞ ≤ 2.

Recalling the notation (3.10) and using also the continuity of f , we have

(5.5) lim
t→∞

A(t) =

∫
∂Ω
f(c̄0)ν dσ = f(c̄0)

∫
∂Ω
ν dσ = 0.

Set w := c− c̄0. By (5.4) and the local Lipschitz continuity of f , we get, for all t ≥ T0,

|A(t)| =
∣∣∣∫

∂Ω
f(c)ν dσ

∣∣∣ = ∣∣∣∫
∂Ω

(
f(c)− f(c̄0)

)
ν dσ

∣∣∣ ≤ ∫
∂Ω

∣∣f(c)− f(c̄0)
∣∣ dσ ≤ K

∫
∂Ω

|w|dσ.

Since
∫
Ωw(t) dx = 0, it follows from the trace and the Poincaré-Wirtinger inequalities that

(5.6) |A(t)| ≤ K∥w∥H1 ≤ K
(∫

Ω
|∇w|2 dx

)1/2
, t ≥ T0.

Next, the function w satisfies

(5.7)
∂tw = ∇ ·

(
∇w −A(t)w

)
, x ∈ Ω, t > 0,

∂νw = (A(t) · ν)c, x ∈ ∂Ω, t > 0.

Multiplying the PDE in (5.7) by w (recalling (3.25) if Ω is a cylinder (1.2)), integrating by
parts and using the boundary conditions, we obtain, for a.e. t > 0,

1

2

d

dt
∥w(t)∥22 =

∫
Ω
wwt dx =

∫
Ω
w∇ ·

(
∇w −A(t)w

)
dx

= −
∫
Ω
|∇w|2 dx+A(t) ·

∫
Ω
w∇w dx+

∫
∂Ω
w
(
∂νw − (A(t) · ν)w

)
dσ

= −
∫
Ω
|∇w|2 dx+A(t) ·

∫
Ω
w∇w dx+ c̄0A(t) ·

∫
∂Ω
wν dσ

= −
∫
Ω
|∇w|2 dx+A(t) ·

∫
Ω

(
w + c̄0

)
∇w dx.

By the Cauchy-Schwarz and the Poincaré-Wirtinger inequalities, we have∫
Ω
|w||∇w|dx ≤

(∫
Ω
|∇w|2 dx

)1/2(∫
Ω
w2 dx

)1/2
≤ K

∫
Ω
|∇w|2 dx.

This along with (5.6) yields

1

2

d

dt
∥w(t)∥22 ≤

{
−1 +K

(
|A(t)|+ |c̄0|

)}∫
Ω
|∇w|2 dx, a.e. t ≥ T0.
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Take η2 = min(1, (4K)−1) and T1 > T0 sufficiently large so that supt≥T1
|A(t)| ≤ η2. Using

again the Poincaré-Wirtinger inequality, we get

d

dt
∥w(t)∥22 ≤ −

∫
Ω
|∇w|2 dx ≤ −K1∥w(t)∥22, a.e. t ≥ T1.

By integration, we get

∥w(t)∥22 ≤ Ce−K1t, t ≥ T1

and, by (5.4) and interpolation, it follows that for all q ∈ [2,∞),

∥w(t)∥q ≤ Ce
−K1

q
t
, t ≥ T1.

On the other hand, by (5.4) and parabolic regularity (or Proposition 9.1(vi) if Ω is a cylin-
der (1.2)), we have supt≥T0

∥c(t)∥C1 < ∞. Choosing some q > 2n, a further interpolation
and Sobolev inequality yield

∥w(t)∥∞ ≤ K∥w(t)∥1/2,q ≤ K∥w(t)∥1/21,q ∥w(t)∥
1/2
q ≤ Ce

−K1
2q

t
, t ≥ T1,

which proves the lemma. □

Proof of Theorem 4. Let K0, η0 be given by Propositions 5.2 and 4.1(ii), respectively. As-

sume that ∥c0∥m ≤ η0 if m = 1 or that ∥c0∥m ≤ min((2K0)
−1/m, η0) if m > 1. By

Proposition 5.2(ii) (or by mass conservation if m = 1),

(5.8) t 7→ ∥c(t)∥m is nonincreasing and ≤ η0 for t ∈ (0, T ∗).

Setting q = nm/(n− 1) > m (or any finite q > m if n = 1), it follows from (4.3) and a time
shift that lim supt→T ∗ ∥u(t)∥q <∞. Theorem 1(iii) then guarantees that T ∗ = ∞. Also, by
(4.20) or (4.21), we have

(5.9) ∥c∥C1+α,α/2(Ω×[1,∞)) <∞.

To show the uniform convergence to c̄0, the idea is to use the Liapunov functional given by
Proposition 5.2 for small initial data, along with the conservation of the L1 norm. To this
end, let us first consider the case m > 1. In view of (5.8), we may set ℓ := limt→∞ ∥c(t)∥m ∈
[0,∞). Putting c̃j = c(x, t + j) for j ∈ N, we see that each c̃j(x, t) is a solution of (1.1),

with initial data c(·, j). By (5.9), the sequence (c̃j) is precompact in Cloc(Ω× [0,∞)). For
any τ > 0, by Proposition 5.2(i) with p = m, we have

(5.10)

2(m− 1)

m

∫ τ

0

∫
Ω
|∇c̃m/2

j |2 dx =
2(m− 1)

m

∫ j+τ

j

∫
Ω
|∇cm/2|2 dx

≤ ∥c(j)∥mm − ∥c(j + τ)∥mm → ℓ− ℓ = 0, j → ∞.

Let c̃ be a cluster point of (c̃j), i.e. c̃jk → c̃ in Cloc(Ω× [0,∞)) for some subsequence jk. It
follows from (5.10) that c̃(x, t) = c̃(t). Since ∥c(t)∥1 = ∥c0∥1 for all t ≥ 1, we deduce that
c̃ ≡ 1

|Ω|∥c0∥1. We have thus proved that limt→∞ ∥c(t)− c̄0∥∞ = 0 in the case m > 1. In the

case m = 1, we note from (4.3) that ∥c(1/2)∥q ≤ C(Ω)∥c0∥1, with q = n/(n−1) > 1 (or any
finite q > 1 if n = 1). Assuming ∥c0∥1 possibly smaller, we may thus apply Proposition 5.2
with some p ∈ (1, 2) and the above argument works exactly as before.

Finally, to check the exponential decay assertion, it suffices to apply Lemma 5.3, ob-
serving that |c̄0| < η2 for ∥c0∥m small. □

Proof of Theorem 2(ii). It is completely similar to the proof of Theorem 4 in the case m =
1. □
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For the proof of Theorem 6 we need the following lemma (which will be also used in
the proof of Theorem 8).

Lemma 5.4. Let T ∈ (0,∞], b ∈ C(0, T ;Rn) and v ∈ ET , with also v ∈ L2
loc((0, T );H

2(Ω))∩
H1

loc((0, T );L
2(Ω)) if Ω is a cylinder (1.2). Assume that v is a classical solution of

vt = ∇ ·
(
∇v + b(t)v

)
, x ∈ Ω, 0 < t < T,

0 =
(
∇v + b(t)v

)
· ν, x ∈ ∂Ω, 0 < t < T.

If, for some t0 ∈ (0, T ), b ∈ L2(t0, T ;Rn) then, for each p ∈ [1,∞), we have v ∈ L∞(t0, T ;L
p(Ω)).

Proof. Assume without loss of generality that p is an even integer. By Lemma 5.1(ii), we
have

(5.11)
1

p(p− 1)

d

dt
∥v(t)∥pp = −

∫
Ω
vp−2|∇v|2 dx− b(t) ·

∫
Ω
vp−1∇v dx, a.e. t ∈ (0, T ).

Since, by the Cauchy-Schwarz inequality,∣∣∣b(t) · ∫
Ω
vp−1∇v dx

∣∣∣ ≤ |b(t)|
(∫

Ω
vp−2|∇v|2 dx

)1/2(∫
Ω
vp dx

)1/2

≤ |b(t)|2
∫
Ω
vp dx+

∫
Ω
vp−2|∇v|2 dx,

it follows that d
dt∥v(t)∥

p
p ≤ p(p− 1)|b(t)|2∥v(t)∥pp. By integration in time, we get

∥v(t)∥pp ≤ ∥v(t0)∥pp exp
{
p(p− 1)

∫ T

t0

|b(t)|2 dt
}
<∞, t0 < t < T,

which proves the lemma. □

Proof of Theorem 6. Local existence-uniqueness and positivity are guaranteed by Remark 4.1.

Let us show global existence. First assume m > 1 and set ϕ(t) = ∥c(t)∥mm. By
Lemma 5.1(ii) with p = m and b(t) =

∫
∂Ω c

mν dσ =
∫
Ω∇cm dx, we have

ϕ′(t) = −m(m− 1)

∫
Ω
cm−2|∇c|2 dx−m(m− 1)b(t) ·

∫
Ω
cm−1∇cdy

= −4(m− 1)

m

∫
Ω
|∇cm/2|2 dx− (m− 1)

(∫
Ω
∇cm dx

)2

≤ 0.

Next consider the case m = 1 and set ϕ(t) =
∫
Ω(c log c+ 1) dx ≥ 0 (since s log s+ 1 > 0 for

s > 0). By Lemma 5.1(i), we have

ϕ′(t) = −
∫
Ω
c−1|∇c|2 dx− b(t) ·

∫
Ω
∇cdy = −4

∫
Ω
|∇c1/2|2 dx−

(∫
Ω
∇cdx

)2

≤ 0.

In either case, fixing some t0 ∈ (0,min(1, T ∗)), it follows that

(5.12)

∫ T ∗

t0

∫
Ω
|∇cm/2|2 dx dt+

∫ T ∗

t0

(∫
Ω
∇cm dx

)2

dt ≤ Cϕ(t0) <∞,

hence in particular b ∈ L2(t0, T
∗). It follows from Lemma 5.4 that, for each p ∈ [1,∞),

c ∈ L∞(t0, T
∗;Lp(Ω)). By Remark 4.1 we deduce that T ∗ = ∞ and that c ∈ E∞.

Finally, since ϕ′ ≤ 0, there exists ℓ := limt→∞ ϕ(t) ∈ [0,∞) and using (5.12) and arguing
similarly as in the proof of Theorem 4, we conclude that limt→∞ ∥c(t)− c̄0∥∞ = 0. □
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6. Proof of Theorem 3

The proof relies on entropy and on a refined version of the smoothing effects in Section 4
(cf. (4.19)). The latter, which is formulated in Proposition 6.1 hereafter, is based on a
decomposition of the solution between a small L1 part and a bounded part. To this end we
need some notation. For given τ > 0, we denote

Xτ =
{
v ∈ L∞(0, τ ;L1(Ω)) ∩ L∞

loc((0, τ ]);W
1,1(Ω)); Mτ (v) <∞

}
,

(6.1) Mτ (v) = ess sup
t∈(0,τ)

t1/2∥v(t)∥1,1, Yτ = L∞(0, τ ;C(Ω)),

and, for all (v1, v2) ∈ Xτ × Yτ ,

(6.2) Hτ (v1, v2) = ess sup
t∈(0,τ)

(
∥v1(t)∥1 + t1/2∥v1(t)∥1,1 + τ1/2∥v2(t)∥∞

)
.

We then introduce the (Xτ + Yτ )-norm, defined for v ∈ Xτ + Yτ by

Nτ (v) = inf
{
Hτ (v1, v2); (v1, v2) ∈ Eτ (v)

}
,

where
Eτ (v) =

{
(v1, v2) ∈ Xτ × Yτ ; v(t) = v1(t) + v2(t) for a.e. t ∈ (0, τ)

}
.

Proposition 6.1. Let f(c) = c. There exist constants ε0, C0 > 0 (depending only on Ω)
with the following property. Let T,R > 0 and let c ∈ ET be a classical solution of (1.1) on
[0, T ] such that, for some (c0,1, c0,2) ∈ L1(Ω)× C(Ω), c0 := c(·, 0) can be decomposed as

c0 = c0,1 + c0,2, with ∥c0,1∥1 ≤ ε0, ∥c0,2∥∞ ≤ R.

Then we have

(6.3) Nτ (c) ≤ C0, 0 < τ < min(ε0R
−2, T ).

In particular, for p = n/(n− 1) (any finite p if n = 1), we have

(6.4) ∥c(t)∥p ≤ C̄0t
−1/2, 0 < t < min(ε0R

−2, T ),

with C̄0 = C̄0(Ω, a) > 0.

For the proof of Proposition 6.1, we first need some basic properties of Nτ (v) as a
function of τ when v is sufficiently regular.

Lemma 6.2. Let v ∈ C([0, T );W 1,1(Ω)) ∩ L∞
loc([0, T );C(Ω)) and set h(τ) = Nτ (v) for

τ ∈ (0, T ). Then:

(i) h is nondecreasing;

(ii) h is continuous;

(iii) limτ→0 h(τ) = 0.

Proof. (i) Let 0 < τ1 < τ2 < T . For all (v1, v2) ∈ Eτ2(v), we have (v1, v2)|(0,τ1) ∈ Eτ1(v) and
Hτ1

(
(v1, v2)|(0,τ1)

)
≤ Hτ2(v1, v2) by (6.2), hence h(τ1) ≤ h(τ2).

(ii) Let τ ∈ (0, T ). We first check the continuity on the left. Set ℓ = limt→τ− h(t) and
take any ε > 0. Choose an increasing sequence (τj)j≥0 such that τ0 = 0, τ1 ≥ (1+ε)−2τ and

lim τj = τ . For each j ≥ 1, there exists (vj1, v
j
2) ∈ Eτj (v) such that Hτj (v

j
1, v

j
2) ≤ h(τj) + ε ≤

ℓ + ε. For i ∈ {1, 2}, we may define v̄i on [0, τ) by v̄i := vji on [τj−1, τj) for each j ≥ 1.

Using (6.2) and τ1/2 ≤ (1 + ε)τ
1/2
j , we then have

Hτ (v̄1, v̄2) ≤ (1 + ε) sup
j≥1

Hτj (v
j
1, v

j
2) ≤ (1 + ε)(ℓ+ ε),
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so that in particular (v̄1, v̄2) ∈ Eτ (v). Consequently, ℓ ≤ h(τ) ≤ Hτ (v̄1, v̄2) ≤ (1 + ε)(ℓ+ ε),
hence h(τ) = limt→τ− h(t).

We next check the continuity on the right. Let ε > 0. Take (v1, v2) ∈ Eτ (v) such that
Hτ (v1, v2) ≤ h(τ) + ε and fix a representative of (v1, v2), still denoted by (v1, v2). By the
regularity of v, there exists η > 0 such that

∥v(t)− v(s)∥1 + (τ + η)1/2∥v(t)− v(s)∥1,1 ≤ ε for all t, s ∈ (τ − η, τ + η)

and we may also assume
( τ+η
τ−η

)1/2 ≤ 1 + ε. Next, by the definition of Eτ (v) and Hτ (v1, v2),

we may select τ̂ ∈ (τ − η, τ) such that v(τ̂) = v1(τ̂) + v2(τ̂) and

∥v1(τ̂)∥1 + τ̂1/2∥v1(τ̂)∥1,1 + τ1/2∥v2(τ̂)∥∞ ≤ Hτ (v1, v2).

We then define (v̂1, v̂2) ∈ Eτ+η by (v̂1, v̂2) = (v1, v2) on [0, τ ] and (v̂1, v̂2) = (v−v2(τ̂), v2(τ̂))
on (τ, τ + η). For t ∈ (τ, τ + η), we have

∥v̂1(t)∥1 = ∥v(t)− v2(τ̂)∥1 = ∥v(t)− v(τ̂) + v1(τ̂)∥1 ≤ ∥v1(τ̂)∥1 + ε,

t1/2∥v̂1(t)∥1,1 = t1/2∥v(t)− v2(τ̂)∥1,1 = t1/2∥v(t)− v(τ̂) + v1(τ̂)∥1,1

≤
( τ+η
τ−η

)1/2
τ̂1/2∥v1(τ̂)∥1,1 + ε ≤ (1 + ε)τ̂1/2∥v1(τ̂)∥1,1 + ε,

(τ + η)1/2∥v̂2(t)∥∞ = (τ + η)1/2∥v2(τ̂)∥∞ ≤ (1 + ε)τ1/2∥v2(τ̂)∥∞,

hence

h(τ + η) ≤ Hτ+η(v̂1, v̂2) ≤ (1 + ε)Hτ (v1, v2) + 2ε.

Consequently, h(τ + η) ≤ (1 + ε)h(τ) + 2ε. Since h is nondecreasing and ε > 0 is arbitrary,
we conclude that limt→τ+ h(t) = h(τ).

(iii) Set K = ∥v∥L∞((0,T/2);C(Ω)). Then h(τ) ≤ Hτ (0, v) ≤ Kτ1/2 → 0 as τ → 0. □

Proof of Proposition 6.1. Let c satisfy the assumptions of the proposition, where ε0 > 0
will be determined below. In this proof C will denote a generic constant depending only
on Ω. Also, we shall abbreviate

Eτ = Eτ (c) ≡ {(c1, c2) ∈ Xτ × Yτ ; c(t) = c1(t) + c2(t) for a.e. t ∈ (0, τ)}.

Fix τ ∈ (0, T ) and pick any (c1, c2) ∈ Eτ . Using (3.14), we may decompose the solution
c of (1.1) as c = c̃1 + c̃2, where

c̃i(t) = S(t)c0,i +

∫ t

0
A(s) ·K∇(t− s)ci(·, s) ds, 0 < t < τ, i ∈ {1, 2}.

By (3.5), (3.6), for t ∈ (0, τ), we have

(6.5)

∥c̃1(t)∥1 ≤ ∥c0,1∥1 + C

∫ t

0
(t− s)−1/2|A(s)|∥c1(s)∥1 ds,

t1/2∥c̃1(t)∥1,1 ≤ C∥c0,1∥1 + Ct1/2
∫ t

0
(t− s)−3/4|A(s)|∥c1(s)∥1/2,1 ds,

∥c̃2(t)∥∞ ≤ ∥c0,2∥∞ + C

∫ t

0
(t− s)−1/2|A(s)|∥c2(s)∥∞ ds

(and Lemma 3.1 also guarantees that c̃2(t) ∈ C(Ω) for all t ∈ (0, τ)). On the other hand,
since

A(t) =

∫
∂Ω

(c1 + c2)(t)ν dσ =

∫
Ω
∇c1(t) dx+

∫
∂Ω
c2(t)ν dσ, a.e. t ∈ (0, τ),
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(where the last boundary integral is well defined, owing to c2 ∈ L∞(0, τ ;C(Ω))), we have

(6.6) |A(s)| ≤ C∥c1(s)∥1,1 + C∥c2(s)∥∞, s ∈ (0, τ).

Next recall the definition of Mτ , Hτ in (6.1), (6.2) and also set

Lτ (c1) = sup
t∈(0,τ)

∥c1(t)∥1, Pτ (c2) = sup
t∈(0,τ)

∥c2(t)∥∞.

Using (6.5), (6.6) and ∥c1(s)∥1/2,1 ≤ ∥c1(s)∥1/21 ∥c1(s)∥1/21,1 , we obtain

∥c̃1(t)∥1 ≤ ε0 + CLτ (c1) sup
t∈(0,τ)

∫ t

0
(t− s)−1/2

(
s−1/2Mτ (c1) + Pτ (c2)

)
ds

≤ ε0 + CLτ (c1)
[
Mτ (c1) + τ1/2Pτ (c2)

]
≤ ε0 + CH2

τ (c1, c2),

t1/2∥c̃1(t)∥1,1 ≤ Cε0 + CL1/2
τ (c1)M

1/2
τ (c1)

sup
t∈(0,τ)

t1/2
∫ t

0
(t− s)−3/4

(
s−1/2Mτ (c1) + Pτ (c2)

)
s−1/4 ds,

≤ Cε0 + C
(
Lτ (c1) +Mτ (c1)

)[
Mτ (c1) + τ1/2Pτ (c2)

]
≤ Cε0 + CH2

τ (c1, c2),

τ1/2∥c̃2(t)∥∞ ≤ Rτ1/2 + Cτ1/2Pτ (c2) sup
t∈(0,τ)

∫ t

0
(t− s)−1/2

(
s−1/2Mτ (c1) + Pτ (c2)

)
ds

≤ Rτ1/2 + Cτ1/2Pτ (c2)
[
Mτ (c1) + τ1/2Pτ (c2)

]
≤ Rτ1/2 + CH2

τ (c1, c2).

If follows in particular that (c̃1, c̃2) ∈ Xτ × Yτ , hence (c̃1, c̃2) ∈ Eτ and, adding up, we get

h(τ) := Nτ (c) ≤ Hτ (c̃1, c̃2) ≤ Cε0 +Rτ1/2 + CH2
τ (c1, c2).

Taking infimum over (c1, c2) ∈ Eτ , we get, for some C1 = C1(Ω, a) > 0,

(6.7) h(τ) ≤ C1ε0 + C1h
2(τ), 0 < τ < min(T, τ0), where τ0 = ε0R

−2.

Let now J = {τ ∈ (0, T ); h(τ) ≤ 2C1ε0}. Owing to the regularity of c, the assumptions
of Lemma 6.2 are satisfied by v = c. By properties (i)(iii) in that lemma, J is a nonempty
interval with left endpoint 0. Now choose ε0 = (10C2

1 )
−1 and assume for contradiction

that τ̄ := sup J < τ0. Then, by (6.7) and the continuity of h (cf. Lemma 6.2(ii)), we have
h(τ̄) = 2C1ε0 ≤ C1ε0 + 4C3

1ε
2
0 hence 1 ≤ 4C2

1ε0 = 1/2: a contradiction. Thus (6.3) is
proved.

Finally, to deduce property (6.4) from (6.3), for any τ < min(ε0R
−2, T ), we pick (c1, c2)

such that Nτ (c) ≤ 2Hτ (c1, c2). By Sobolev imbedding and Hölder’s inequality, we then have

∥c(t)∥p ≤ ∥c1(t)∥p + ∥c2(t)∥p ≤ C(∥c1(t)∥1,1 + ∥c2(t)∥∞
)
≤ CC0t

−1/2, 0 < t < τ.

□

Proof of Theorem 3. Consider the entropy function ϕ(t) :=
∫
Ω(c log c + 1) dx > 0. For

a.e. t ∈ (0, T ∗), using Lemma 5.1(i), the Cauchy-Schwarz inequality and M ≤ 1, we have

(6.8)
ϕ′(t) = −

∫
Ω
c−1|∇c|2 dx+

∣∣∣∣∫
Ω
∇c dx

∣∣∣∣2
≤ −

∫
Ω
c−1|∇c|2 dx+

∫
Ω
cdx

∫
Ω
c−1|∇c|2 dx = (M − 1)

∫
Ω
c−1|∇c|2 dx ≤ 0.

Fix some T0 ∈ (0, T ∗). Since c is a classical solution for t ∈ (0, T ∗), we deduce that∫
Ω
(1 + c log c)(t) ≤ K := ϕ(T0) <∞, T0 ≤ t < T ∗.
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Next, in view of applying Proposition 6.1, we decompose c = c1+c2, with c1 = cχ{c>R},
c2 = cχ{c≤R}, where R > 1 will be determined below. For each t0 ∈ [T0, T

∗), we have

(c1(t0), c2(t0)) ∈ L1(Ω)× C(Ω), with ∥c2(t0)∥∞ ≤ R and

∥c1(t0)∥1 ≤
1

logR

∫
{c(·,t0)>R}

(c log c)(t0) dx ≤ 1

logR

∫
Ω
(1 + c log c)(t0) dx ≤ K

logR
.

Now we choose R > eK/ε0 , where ε0 is given by Proposition 6.1. Applying Proposition 6.1
(after a time shift, taking t0 as new time origin), it follows that

∥c(t0 + s)∥p ≤ C̄0s
−1/2, 0 < s < min(ε0R

−2, T ∗ − t0), T0 ≤ t0 < T ∗.

Let s0 =
1
2 min(ε0R

−2, T ∗ − T0) and T1 = T0 + s0 < T ∗. For any t ∈ [T1, T
∗), applying this

with t0 := t− s0 yields

∥c(t)∥p ≤ C̄0s
−1/2
0 , T0 ≤ t < T ∗.

We deduce from Theorem 1(iii) that T ∗ = ∞. Also, by (4.20) or (4.21), we have

∥c∥C1+α,α/2(Ω×[1,∞)) <∞.

Finally, if M < 1, then (6.8) guarantees that
∫∞
T1

∫
Ω |∇c1/2|2 dx dt < ∞ and (1.10) follows

similarly as in the proof of Theorem 4 or 6. □

7. Proof of Theorem 5

We prove the result for n ≥ 2 (the case n = 1 is easier and can be handled by very
minor changes). We split the (regular part of the) boundary of the cylinder Ω = (0, L)×B′

R
in three pieces, denoting

Σ1 = ∂Ω ∩ {x1 = 0}, Σ2 = ∂Ω ∩ {x1 = L}, Σ3 = ∂Ω ∩ {0 < x1 < L}.
Recalling

(7.1) A(t) =

∫
∂Ω
cmν dσ =

∫
Ω
∇cm dx,

we denote

(7.2) a(t) = e1 ·A(t) =
∫
Ω
(cm)x1 dx =

∫
Σ2

cm dσ −
∫
Σ1

cm dσ.

We shall use the following monotonicity property.

Proposition 7.1. Assume m ≥ 1, f(c) = cm and (1.11)-(1.13).

(i) Let n ≥ 2. For each t ∈ (0, T ∗), c(·, t) is axisymmetric with respect to e1.

(ii) If c0,x1 ≤ 0 and c0,x1 ̸≡ 0, then cx1 < 0 in Ω× (0, T ∗).

Proof. (i) This is an immediate consequence of the uniqueness of the maximal solution.

(ii) We prove the result for n ≥ 2. We shall show that cx1 ≤ 0. To this end we need
only consider the case when

(7.3) min
Ω
c0 > 0.

Indeed, then considering c0,j = c0 + j−1 and passing to the limit via the continuous depen-
dence property in Proposition 9.1(ii), it will follow that c is nonincreasing in the direction x1.

As a consequence of (i), we have
∫
Ω ∂xic

m dx = 0 for each i ∈ {2, . . . , n}, hence

(7.4) A(t) = e1

∫
Ω
∂x1c

m dx.
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Consider the auxiliary problem

∂tĉ = ∇ ·
(
∇ĉ+

∣∣∣∫
Ω
∂x1 ĉ

m dx
∣∣∣ ĉ e1), x ∈ Ω, t > 0,(7.5a)

0 =
(
∇ĉ+

∣∣∣∫
Ω
∂x1 ĉ

m dx
∣∣∣ ĉ e1) · ν, x ∈ ∂Ω, t > 0,(7.5b)

ĉ(x, 0) = c0(x), x ∈ Ω.(7.5c)

By Proposition 9.1 and Remark 9.1, problem (7.5) has a unique maximal classical solution

ĉ ∈ C(Ω× [0, T̂ )) such that

(7.6) ĉ ∈ C
2+α,1+α/2
loc ((Ω ∪ Γ)× (0, T̂ )) ∩ C1+α,α/2

loc (Ω× (0, T̂ )) ∩ Cα,α/2
loc (Ω× (0, T̂ ))

for some α ∈ (0, 1), where T̂ denotes its existence time. Now set z = ∂x1 ĉ. We have

(7.7) z ∈ C
1+α,α/2
loc ((Ω ∪ Γ)× (0, T̂ )) ∩ Cα,α/2

loc (Ω× (0, T̂ )),

owing to (7.6). By (7.5a), (7.6) and interior parabolic regularity, we get z ∈ C2,1(Ω×(0, T̂ ))
and z satisfies

(7.8) zt −∆z = b(t)∂x1z in Ω× (0, T̂ ), where b(t) =
∣∣∣∫

Ω
∂x1 ĉ

m dx
∣∣∣.

We shall show z ≤ 0 by the Stampacchia maximum principle argument.

On the flat boundary parts, we have:

(7.9) z = −b(t)ĉ on (Σ1 ∪ Σ2)× (0, T̂ ).

As for the boundary part Σ3 × (0, T̂ ), where ν = (0, R−1x′) ⊥ e1, we have ĉν(x1, x
′, t) =

(0, R−1x′) · ∇ĉ(x1, x′, t) = 0, hence zν(x1, x
′, t) = (0, R−1x′) · ∇(∂x1)ĉ(x1, x

′, t) = 0, so that

(7.10) zν = 0 on Σ3 × (0, T̂ ).

In particular, by (7.8) and interior-boundary parabolic regularity (outside of the nonsmooth
part of ∂Ω), it follows that

(7.11) z ∈ C2,1((Ω ∪ Σ3)× (0, T̂ )).

Since (7.11) does not guarantee the integrability of ∆z in Ω, we shall integrate on
Ωη := (η, L− η)×B′

R for η > 0. Denote Σ′
η = {η, L− η} ×B′

R and Σ′′
η = (η, L− η)× ∂B′

R.

Fix 0 < ε < T < T̂ . Since ĉ > 0 in Ω× [0, T̂ ) by (7.3) and Proposition 9.1, it follows from
(7.7) and (7.9) that, for all η > 0 sufficiently small, z ≤ 0 on Σ′

η × (ε, T ). Now multiplying
(7.8) by z+, integrating by parts and using (7.10), we have, for a.e. t ∈ (ε, T ),

1

2

d

dt

∫
Ωη

z2+(t) dx =

∫
Ωη

(∆z)z+ dx+ b(t)

∫
Ωη

(∂x1z)z+ dx

= −
∫
Ωη

|∇z+|2 dx+

∫
Σ′

η

zνz+ dσ +

∫
Σ′′

η

zνz+ dσ + b(t)

∫
Ωη

(∂x1z+)z+ dx

≤ −
∫
Ωη

|∇z+|2 dx+

∫
Ωη

|∂x1z+|2 dx+ b2(t)

∫
Ωη

z2+ dx ≤ b2(t)

∫
Ωη

z2+ dx.

Observe that z ∈ C([0, T̂ );L2(Ω)) by (9.3), z(·, 0) ≤ 0 by assumption, and B := supt∈(0,T ) |b|
<∞. Integrating in time, we get

∫
Ωη
z2+(t)dx ≤ e2BT 2 ∫

Ωη
z2+(ε)dx. Letting η → 0 and then

ε→ 0, we deduce that z ≤ 0 in Ω× (0, T̂ ).

It follows in particular that, for all t ∈ (0, T̃ ), b(t) = −
∫
Ω ∂x1 ĉ

m dx so that, recalling

(7.1) and (7.4), ĉ solves the original problem (1.1) on (0, T̂ ), hence T̂ ≤ T ∗ and ĉ = c
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on (0, T̂ ) by uniqueness. Finally, we cannot have T̂ < T ∗, since otherwise T̂ < ∞ and
lim supt→T̂ ∥ĉ(t)∥∞ = lim supt→T̂ ∥c(t)∥∞ <∞: a contradiction. We have thus proved that
cx1 = z ≤ 0 on (0, T ∗). In view of (7.8), the assertion then follows from the strong maximum
principle. □

Proof of Theorem 5. Step 1. Auxiliary functional. For t ∈ (0, T ∗), we set

ϕ(t) =

∫
Ω
x1cdx ≥ 0.

Using
∫
Ω c =M and (∇c−A(t)c) · ν = 0 a.e. on the boundary, we have

(7.12)

ϕ′ =

∫
Ω
x1ct =

∫
Ω
x1∇ · (∇c−A(t)c) dx

= −
∫
Ω
e1 · (∇c−A(t)c) dx = −

∫
Ω
cx1 dx+Ma(t).

Step 2. Case m = 1. Since cx1 ≤ 0, we note that

(7.13)

∫
Σ1

c(t)dσ ≥ L−1

∫ L

0

(∫
|x′|<R

c(x1, x
′, t) dx′

)
dx1 = L−1

∫
Ω
c dx =ML−1

and

(7.14)

∫
Σ2

c(t)dσ = 2L−2

∫ L

0
x1

(∫
Σ2

c(t)dσ
)
dx1

≤ 2L−2

∫ L

0
x1

(∫
|x′|<R

c(x1, x
′, t) dx′

)
dx1 ≤ 2L−2ϕ(t),

hence, by (7.2),

(7.15) −a(t) ≥ L−1(M − 2L−1ϕ(t)).

Since M > 1, (7.12) and (7.15) yield

(7.16) ϕ′ = (M − 1)a(t) ≤ −L−1(M − 1)[M − 2L−1ϕ(t)].

If

(7.17) ϕ(0) < ML/2,

then (7.16) implies that ϕ is nonincreasing in time, hence

ϕ′ ≤ −L−1(M − 1)[M − 2L−1ϕ(0)] < 0, 0 < t < T ∗.

But since ϕ ≥ 0, the latter necessarily implies

T ∗ ≤ ϕ(0)

L−1(M − 1)[M − 2L−1ϕ(0)]
<∞.

To complete the proof in the case m = 1 it thus suffices to check that (7.17) holds under
our assumptions on c0. To this end, using the change of variable z = (x1/L)

2, we observe
that

(7.18)

ϕ(0) =

∫ L

0
x1

(∫
|x′|<R

c0(x1, x
′) dx′

)
dx1 =

L2

2

∫ 1

0

(∫
|x′|<R

c0(L
√
z, x′) dx′

)
dz

≤ L2

2

∫ 1

0

(∫
|x′|<R

c0(Lz, x
′) dx′

)
dz

=
L

2

∫ L

0

(∫
|x′|<R

c0(x1, x
′) dx′

)
dx1 =

ML

2
,
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since c0 is nonincreasing w.r.t. x1. We claim that the inequality in (7.18) is strict. Indeed,
otherwise, since c0 is nonincreasing w.r.t. x1, we have c0(Lz, x

′) = c0(L
√
z, x′) for all z ∈

[0, 1] and x′ ∈ B′
R. It follows that c0(x1, x

′) = c0(Lρ
2i , x′) for all x1 ∈ [Lρ2

i
, Lρ], x′ ∈ B′

R,
ρ ∈ (0, 1) and i ≥ 0 integer. Letting i → ∞, we get c0(x1, x

′) ≡ c0(0, x
′) on [0, Lρ] for all

ρ ∈ (0, 1), hence ∂x1c0 ≡ 0: a contradiction with our assumption.

Step 3. Case m > 1. In this case, (7.12) yields

ϕ′ =

∫
Σ1

c(t)dσ +M

∫
Σ2

cm(t)dσ −
∫
Σ2

c(t)dσ −M

∫
Σ1

cm(t)dσ.

To control the second term, we use estimate (1.15) from Theorem 7, that we will prove
independently below (note that (1.15) holds without assuming T ∗ < ∞). Dropping the
third term and using Hölder’s inequality for the last term, it follows that

(7.19) ϕ′ ≤
∫
Σ1

c(t)dσ +M(M0L
−1)m|B′

R| −M |B′
R|1−m

(∫
Σ1

c(t)dσ
)m

.

Pick ℓ ∈ (0, L/2] to be fixed later. Take t ∈ (0, T ∗). If ϕ(t) ≤ ℓM/2, then we have∫
Σ1

c(t)dσ ≥ ℓ−1

∫ ℓ

0

(∫
|x′|<R

c(x1, x
′, t) dx′

)
dx1

= ℓ−1
{
M − ℓ−1

∫ L

ℓ
x1

(∫
|x′|<R

c(x1, x
′, t) dx′

)
dx1

}
≥ ℓ−1(M − ℓ−1ϕ(t)),

hence

(7.20)

∫
Σ1

c(t)dσ ≥Mℓ−1/2.

Assume ℓ ≤ (4|B′
R|)−1ML/M0. If ϕ(t) ≤ ℓM/2 then

∫
Σ1
c(t)dσ ≥Mℓ−1/2 ≥ 21/m(M0L

−1)|B′
R|,

hence

M |B′
R|1−m

(∫
Σ1

c(t)dσ
)m

≥ 2M(M0L
−1)m|B′

R|,

so that (7.19) implies

(7.21)

ϕ′(t) ≤
∫
Σ1

c(t)dσ − M

2
|B′

R|1−m
(∫

Σ1

c(t)dσ
)m

= −
{
M

2
|B′

R|1−m
(∫

Σ1

c(t)dσ
)m−1

− 1

}∫
Σ1

c(t)dσ.

Now choose

ℓ = min

{
L

2
, (4|B′

R|M0)
−1ML, 2−(m+1)/(m−1)|B′

R|−1Mm/(m−1)

}
,

hence in particular (M/2)m ≥ 2(|B′
R|ℓ)m−1. Setting K := ℓM/2, it follows from (7.20),

(7.21) that, for all t ∈ (0, T ∗),

ϕ(t) ≤ K =⇒ ϕ′(t) ≤ −
{
(M/2)m(|B′

R|ℓ)1−m − 1
}
Mℓ−1/2 ≤ −Mℓ−1/2 < 0.

Since ϕ ≥ 0 (and ϕ is continuous at t = 0), we thus have T ∗ <∞ whenever ϕ(0) < K. □
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8. Proof of results on blow-up asymptotics

Proof of Theorem 7. (i) Set

µ(x′, t) =

∫ L

0
c(x1, x

′, t) dx1, (x, t) ∈ (0, T ∗)×B′
R.

Denote ∆x′ =
∑n

i=2 ∂
2
xi
. For (x′, t) ∈ (0, T ∗)×B′

R, we have

µt −∆x′µ =

∫ L

0

(
ct −∆x′

)
(x1, x

′, t) dx1 =

∫ L

0

(
∂2x1

c− (A(t) · e1)∂x1c
)
(x1, x

′, t) dx1

=
[(
∂x1c− (A(t) · e1)c

)
(x1, x

′, t)
]x1=L

x1=0
= e1 ·

[(
∇c−A(t)c

)
(x1, x

′, t)
]x1=L

x1=0
= 0.

On the other hand, pick any (x′, t) ∈ ∂B′
R×(0, T ∗) and denote by ν ′ the outer normal vector

to ∂B′
R at x′. For each x1 ∈ (0, L), the outer normal vector ν to ∂Ω at (x1, x

′) satisfies
ν = (0, ν ′) ⊥ e1, hence cν(x1, x

′, t) = (e1 · ν)A(t)c(x1, x′, t) = 0. Therefore, ν ′ · ∇x′µ(x′, t) =∫ L
0 ν · ∇c(x1, x′, t)dx1 = 0. Consequently, µ solves the heat equation with homogeneous
Neumann boundary conditions. It follows from the maximum principle that

µ(x′, t) ≤ ∥µ(·, 0)∥L∞(B′
R) =

∥∥∥∫ L

0
c0(x1, ·) dx1

∥∥∥
L∞(B′

R)
=M0.

Since cx1 ≤ 0, we deduce that

x1c(x1, x
′, t) ≤

∫ x1

0
c(y, x′, t) dy ≤ µ(x′, t) ≤M0,

hence the assertion.

(ii) Since c ≥ 0 and cx ≤ 0 by Proposition 7.1, we first note that

(8.1) xc(x, t) ≤
∫ x

0
c(y, t) dy ≤ ∥c(t)∥1 = ∥c0∥1.

Next we introduce the auxiliary functional

ϕ := cx + cm+1 −Nc, N = (L−1∥c0∥1)m.

We have (cx −Nc)t − (cx −Nc)xx = −a(t)(cx −Nc)x and

(cm+1)t − (cm+1)xx = (m+ 1)cm(ct − cxx)−m(m+ 1)cm−1(cx)
2 ≤ −a(t)(cm+1)x

hence

ϕt − ϕxx ≤ −a(t)ϕx,

with

ϕ = a(t)c+ cm+1 −Nc = [cm − cm(0, t) + cm(L, t)−N ]c ≤ 0 on {0, L} × (0, T ∗),

owing to (8.1). By the maximum principle, we deduce that ϕ ≤ C1 := max[0,L] ϕ+(0, x),
hence

(8.2) cx + cm+1 ≤ Nc+ C1 x ∈ (0, L), t ∈ (0, T ∗).
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By direct computation, if the constant λ is sufficiently large, then ψ(x) := (mx)−1/m + λ
satisfies

ψx + ψm+1 = −(mx)−(m+1)/m + (mx)−(m+1)/m
[
1 + λ(mx)1/m

]m+1

≥ −(mx)−(m+1)/m + (mx)−(m+1)/m
[
1 + (m+ 1)λ(mx)

1
m + m(m+1)

2 λ2(mx)
2
m

]
= (m+ 1)λ

[
(mx)−1 + m

2 λ(mx)
(1−m)/m

]
≥ (m+ 1)λ

[
(mx)−1 + 1

2λm
1/mL(1−m)/m

]
≥ N [(mx)−1/m + λ] + C1 = Nψ + C1

on [0, L], hence ψ is a supersolution of (8.2), which tends to ∞ as x → 0. The conclusion
follows. □

Proof of Theorem 8. We modify an argument from [65] (see also [27] for a related problem
with local nonlinear boundary conditions). Let t0 ∈ (0, T ∗). By (3.14) and (3.6), for all
t ∈ (0, T ∗), we have

∥c(t0 + t)∥∞ ≤ ∥c(t0)∥∞ + C

∫ t

0
(t− s)−1/2|A(t0 + s)|∥c(t0 + s)∥∞ ds

≤ ∥c(t0)∥∞ + C

∫ t

0
(t− s)−1/2∥c(t0 + s)∥m+1

∞ ds,

where C = C(Ω,m) > 0. Since T ∗ <∞ (hence c(t0) ̸≡ 0), we may set

T = inf
{
σ ∈ (t0, T

∗); ∥c(σ)∥∞ ≥ 2∥c(t0)∥∞
}
∈ (t0, T

∗).

Then

2∥c(t0)∥∞ = ∥c(T )∥∞ ≤ ∥c(t0)∥∞ + C(2∥c(t0)∥∞)m+1

∫ T−t0

0
(T − t0 − s)−1/2 ds

≤ ∥c(t0)∥∞ + C(T − t0)
1/2∥c(t0)∥m+1

∞ ,

hence 1 ≤ C(T ∗−t0)1/2∥c(t0)∥m∞, i.e. (1.17). As for property (1.18), it is a direct consequence
of Lemma 5.4 and of Theorem 1(iii). □

9. Appendix: local theory for regular initial data in the case of cylinder.

We here provide the necessary auxiliary results on the solvability and regularity of linear
and nonlinear problems with inhomogeneous Neumann boundary conditions in the case of
nonsmooth (cylindrical) domains. Recall that the space Eτ and the notion of classical
solution are defined in (1.5). In what follows, for c0 ∈ C(Ω), by a mild solution of (1.1) on
[0, T ), we mean a function c ∈ C(Ω× [0, T )) such that

(9.1) c(t) = S(t)c0 +

∫ t

0
K∇(t− s)[A(s)c(·, s)] ds, 0 < t < T,

where K∇, A are respectively defined in (3.1), (3.10), and the integral in (9.1) is absolutely
convergent in C(Ω).

We shall prove:
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Proposition 9.1. Let Ω be given by (1.2), f be locally Lipschitz continuous on R and
c0 ∈ C(Ω).

(i) (Existence-uniqueness) Problem (1.1) admits a unique, maximally defined, mild
solution c ∈ C(Ω× [0, T ∗)). We have c ∈ ET ∗ and c is a classical solution of (1.1)
on [0, T ∗).

(ii) (Positivity) If c0 ≥ 0, then c ≥ 0 in Ω × [0, T ∗). If minΩ c0 > 0, then c > 0

in Ω× [0, T ∗).

(iii) (Additional Sobolev regularity) The solution c satisfies

(9.2) c ∈ L2
loc((0, T

∗);H2(Ω)) ∩H1
loc((0, T

∗);L2(Ω))

and we have the implications

(9.3) c0 ∈ H1(Ω) =⇒ c ∈ C([0, T ∗);H1(Ω))

and, for any p ∈ [1,∞),

(9.4) c0 ∈W 1,p(Ω) =⇒ c ∈ L∞
loc([0, T

∗);W 1,p(Ω)).

(iv) (Continuous dependence) In addition, if c0,j → c0 in C(Ω) and T < T ∗(c0),
then we have T ∗(c0,j) > T and supt∈[0,T ] ∥cj − c∥∞ → 0 as j → ∞.

(v) (Extended uniqueness and continuation) Let T > 0. If a function in the class

ẼT := C(Ω× [0, T )) ∩ET is a classical solution of (1.1), then it is a mild solution.

Consequently uniqueness holds also in the class of classical solutions in ẼT . In
addition, we have the implication

(9.5) T ∗ <∞ =⇒ lim
t→T ∗

∥c(t)∥∞ = ∞.

(vi) (Schauder estimates) Let α ∈ (0, 1), β ∈ (0, 1/4), T0, N0 > 0, T ∈ (0,min(T0, T
∗)),

ε ∈ (0, T ) and assume that

(9.6) sup
t∈[0,T ]

∥c(t)∥∞ ≤ N0.

For any compact subset Σ ⊂ Ω ∪ Γ, we have

(9.7) ∥c∥C2+β,1+β/2(Σ×[ε,T ]) + ∥∇c∥Cβ(Ω×[ε,T ]) + ∥c∥Cα,α/2(Ω×[ε,T ]) ≤ C(N0, ε,Σ, T0).

Remark 9.1. By exactly the same proof, Proposition 9.1 remains valid if A(c(t)) is replaced
by A(c(t)) = Φ

(∫
∂Ω f(c)ν dσ

)
, where Φ : R → R is, for instance, any globally Lipschitz

continuous function.

Remark 9.2. (i) The need for the results in this appendix is motivated by the fact that
global C2,1 regularity up to the boundary is not expected in general for inhomogeneous Neu-
mann problems in a cylinder, as shown by the following simple counter-example for n = 2:
Consider the heat equation ut − ∆u = 0 (or even the Laplace equation ∆u = 0) in the
square Ω = (0, 1)2 with the C∞, time independent Neumann condition ∂νu = y − x. On
the boundary part {x = 1, 0 < y < 1}, we have ux = uν = y − 1 hence uyx = 1, and on
{y = 1, 0 < x < 1}, we have uy = uν = 1−x hence uxy = −1. Therefore u cannot be C2 in
space at the corner (1, 1). This phenomenon (which is in fact independent of the PDE) is
a consequence of the fact that the normal vector field is discontinuous at the corner points.

(ii) The regularity proof in Proposition 9.1 will take advantage of the possibility to
write Ω as a product of smooth domains, and its Neumann heat kernel as a product of
the corresponding kernels. This is an essential feature and the above regularity properties
are rather specific to the case of cylindrical domains. Indeed it is well known that, e.g., C1

regularity up to the boundary is not true in general Lipschitz domains. Consider for instance
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the case of the plane sectorial domain (in polar coordinates) Ω = {(r, θ); r > 0, 0 < θ < λπ}
with λ ∈ (1, 2), for which the (time independent) function u = u(r, θ) = rk cos(kθ) with
k = 1/λ satisfies u ∈ C2(Ω \ {O}) ∩ C(Ω) with ∆u = 0 in Ω and uν = 0 on ∂Ω \ {O}, but
u is not C1 at the origin.

We shall use the following basic solvability result for the inhomogeneous linear Neumann
problem:

∂tu = ∆u+ h, x ∈ Ω, t > 0,(9.8a)

∂νu = g, x ∈ ∂Ω, t > 0,(9.8b)

u(x, 0) = u0(x), x ∈ Ω.(9.8c)

Proposition 9.2. Let Ω be given by (1.2), T > 0 and set QT := Ω×(0, T ). Let u0 ∈ H1(Ω),

h ∈ L2(QT ) and g ∈ L2(0, T ;H1/2(∂Ω)) ∩H1/4(0, T ;L2(∂Ω)).

(i) There exists a unique

(9.9) u ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)) ∩ C([0, T );H1(Ω))

which is a strong solution of (9.8), i.e. u solves the PDE a.e. in QT and the boundary
conditions in the sense of traces. Moreover, u is given by the representation formula in QT :

(9.10)

u(x, t) =

∫
Ω
G(x, y, t)u0(y) dy +

∫ t

0

∫
Ω
G(x, y, t− s)h(x, s) dy ds

+

∫ t

0

∫
∂Ω
G(x, y, t− s)g(y, s) dσy ds.

(ii) Let α ∈ (0, 1), ε ∈ (0, T ), M > 0 and assume in addition that g ∈ Cα,α/2(∂Ω ×
[ε/2, T ]), u, h ∈ L∞(Ω× (ε/2, T )), with

∥g∥Cα,α/2(Ω×[ε/2,T ]) + ∥u∥L∞(Ω×(ε/2,T )) + ∥h∥L∞(Ω×(ε/2,T )) ≤M.

Then, for all β ∈ (0, α/4), we have u ∈ C1+β,β(Ω× [ε, T ]) and

(9.11) ∥u∥C1+β,β(Ω×[ε,T ]) ≤ C(M, ε, β, α).

Remark 9.3. The trace operator is continuous H1(Ω) → H1/2(∂Ω) (this fact is valid in
bounded Lipschitz domains; cf. [30]). For u satisfying (9.9), we have ∇u ∈ L2

loc(0, τ ;H
1(Ω)),

hence ∂νu is well defined as an element of L2
loc(0, τ ;H

1/2(Ω)).

Whereas Proposition 9.2 is well known for smooth domains or for the homogeneous
Neumann case g = 0, this doesn’t seem to be the case for the full problem (9.8) in cylindrical
domains. We thus provide a proof. To this end we need the following lemma, which provides
a suitable lifting of the Neumann trace operator.

Lemma 9.3. Let Ω be given by (1.2). For any g ∈ L2(0, τ ;H1/2(∂Ω))∩H1/4(0, τ ;L2(∂Ω)),
there exists a function v ∈ L2(0, τ ;H2(Ω)) ∩H1(0, τ ;L2(Ω)) such that vν = g on Σ× (0, τ)
in the sense of traces, and v ∈ C([0, τ ];L2(Ω)) with v(0) = 0. Moreover, the map g 7→ v is
linear continuous on the above spaces.

Proof of Lemma 9.3. The regular part of ∂Ω can be split into the 3 pieces Σ1 = (0, L)×∂B′
R,

Σ2 = {0} × B′
R and Σ3 = {L} × B′

R. We consider only the part Σ1, the other two can be
treated similarly (and are slightly simpler actually).

Let (ψp)p∈N with ψp = ψp(ω) be a Hilbert basis of L2(Σ1) made of eigenfunctions
of the Laplace-Beltrami operator on Σ1 with homogeneous Neumann boundary conditions
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at x1 = 0, L and λp ≥ 0 the corresponding eigenvalues (note that (ψp) can be obtained
by tensorizing a Hilbert basis of L2(∂B′

R) made of eigenfunctions of the Laplace-Beltrami

operator on ∂B′
R with the functions (cos(jπx1/L))j∈N). Set ϕm =

√
2/τ sin(mπt/τ) for

m ∈ N. Let ḡ = g|Σ1×(0,τ). Observing that the set {ϕm(t)ψp(ω)}m,p forms a Hilbert basis

of L2(Σ1 × (0, τ)), we can expand ḡ as

ḡ(ω, t) =
∑
m,p

am,pϕm(t)ψp(ω), with ∥ḡ∥2L2(Σ1×(0,τ)) =
∑
m,p

a2m,p.

Set ρ = |x′| and fix a smooth function θ(s) ≥ 0 such that θ(0) = 1, θ′(0) = −1 and θ(s) = 0
for s ≥ R/2. We then define

(9.12) v(x, t) = v(ω, ρ, t) =
∑
m,p

am,p

km,p
θ(km,p(R− ρ))ϕm(t)ψp(ω), km,p = 2 +

√
λp +m.

Direct computation yields

∥vt∥2L2(Qτ )
= C

∑
m,p

m2a2m,p

k2m,p

∫ R

0
θ2(km,p(R− ρ))ρn−2dρ ≤ C

∑
m,p

m2a2m,p

k3m,p

,

∥D2
ρv∥2L2(Qτ )

= C
∑
m,p

k2m,pa
2
m,p

∫ R

0
(θ′′)2(km,p(R− ρ))ρn−2dρ ≤ C

∑
m,p

km,pa
2
m,p,

∥D2
ωv∥2L2(Qτ )

≤ C∥v∥2L2(Qτ )
+ C∥∆Σv∥2L2(Qτ )

≤ C
∑
m,p

a2m,p(1 + λ2p)

k2m,p

∫ R

0
θ2(km,p(R− ρ))ρn−2dρ = C

∑
m,p

a2m,p(1 + λ2p)

k3m,p

and

∥g∥2
L2(0,τ ;H1/2(Σ))

= C
∑
m,p

(1 +
√
λp)a

2
m,p, ∥g∥2

H1/4(0,τ ;L2(Σ))
= C

∑
m,p

(1 +
√
m)a2m,p.

In view of the definition of km,p, we have

m2 + 1 + λ2p
k3m,p

+ km,p ≤ C(1 +
√
λp +

√
m).

It follows that v ∈ L2(0, τ ;H2(Ω)) (using the cylindrical parametrization (ρ, ω) ∈ (0, R)×Σ1

for Ω), as well as v ∈ H1(0, τ ;L2(Ω)) ⊂ C([0, τ ];L2(Ω)), and v satisfies the corresponding
linear estimates. Moreover, by (9.12), we see that vν = vρ(ω,R, t) = ḡ(ω, t) on Σ1 × (0, τ)
and vν = ±vx1 = 0 on (Σ2 ∪ Σ3)× (0, τ) (in the sense of traces), as well as v(·, 0) = 0. □

Proof of Proposition 9.2. (i) Let v be given by Lemma 9.3 and set ũ = u−v. Then problem
(9.8) is equivalent to the same problem for ũ with g replaced by the homogeneous boundary

conditions g̃ = 0 and h replaced by h̃ = h − vt +∆v ∈ L2(QT ). The existence of a strong
solution of the latter is well known. This is for instance a consequence of the maximal
regularity results in [22] (for cylindrical domains) or in [55] and the references therein
(for general Lipschitz bounded domains), combined with the fact that the domain of the
Neumann Laplacian over L2(Ω) coincides with H2(Ω) (which follows easily by noting that
a Hilbert basis of eigenfunctions L2(Ω) can be obtained by tensorizing Hilbert bases of
eigenfunctions on L2(0, L) and on L2(B′

R)).

Uniqueness follows from the usual energy property. As for (9.10), let us recall the
standard argument of the proof for completeness: Fixing ε ∈ (0, t) and integrating by parts
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in time and space the expression
∫ t−ε
0

∫
ΩG(x, y, t− s)(ut −∆u)(y, s) dy ds, we obtain∫

Ω
G(x, y, ε)u(y, t− ε) dy −

∫
Ω
G(x, y, t)u0(y) dy =

∫ t−ε

0

∫
Ω
G(x, y, t− s)h(y, s) dy ds

−
∫ t−ε

0

∫
∂Ω
G(x, y, t− s)g(y, s) dσy ds

and it then suffices to pass to the limit ε→ 0.

(ii) The proof of this assertion is somewhat technical and is split in several parts.

Step 1. Preparations and notation. Pick a function η ∈ C∞(R) such that η = 1 on
[ε,∞) and η = 0 on (−∞, ε2 ]. Then ũ := η(t)u(x, t) is a strong solution of (9.8) in QT with

u0 = 0 and h, g replaced by h̄ := ηh+η′u and ḡ := ηg, hence ũ is given by the representation
formula in QT :

(9.13) ũ(x, t) =

∫ t

0

∫
∂Ω
G(x, y, t−s)ḡ(y, s) dσy ds+

∫ t

0

∫
Ω
G(x, y, t−s)h̄(x, s) dy ds ≡ v+V.

Note that

(9.14) ∥ḡ∥Cα,α/2(∂Ω×[0,T ]) + ∥h̄∥L∞(QT ) ≤ C(M, ε)

and that, by interior Lp parabolic regularity and standard imbeddings, v, V ∈ C1,0(QT ).
Most of the work is required by the boundary term v. The volume term V will be handled
by simpler arguments (see Step 4 of the proof). We shall estimate the Hölder quotients of
Dxv uniformly over QT , which will in particular imply that v is a C1,0 function in QT .

Writing x = (x1, x2) with x1 ∈ Ω1 = (0, L) and x2 ∈ Ω2 = B′
R, we shall take advantage

of the factorisation property G(x, y, t) = G1(x1, y1, t)× G2(x2, y2, t) of the Neumann heat
kernel G of Ω = Ω1 ×Ω2. We have ∂Ω = (∂Ω1 ×Ω2)∪ (Ω1 × ∂Ω2)∪ C, where C denotes the
set of the corner points. Since the latter has zero surface measure, it does not contribute.
We will consider the contribution v1 of Ω1 × ∂Ω2, the other one being similar (and slightly
simpler). Denote

Qi,T = Ωi × (0, T ), ΣT := ∂Ω2 × (0, T ), J = {(t, s); 0 < s < t < T}, Q̃ = Ω1 × ∂Ω2 × J.

For (x, t) ∈ QT , by Fubini’s theorem, we can write:

v1(x1, x2, t) =

∫ t

0

∫
∂Ω2

G2(x2, y2, t− s)w(x1, y2, t, s)dσy2ds =: T2(t)w(x1, y2, t, s)

where the partial function w is defined on Q̃ by

w(x1, y2, t, s) =

∫
Ω1

G1(x1, y1, t− s)ḡ(y1, y2, s)dy1 =: S1(t− s)ḡ(y1, y2, s).

Here, the underlined variables act as parameters, and (S1(τ))τ≥0, (T2(t))t≥0 respectively
correspond to the Neumann heat semigroup on Ω1 and to the Neumann boundary heat
operator on Ω2. Namely, T2(t) is the solution operator ψ 7→ v(·, t) of the problem vt−∆v = 0
in Q2,T , with v = ψ on ΣT and v(·, 0) = 0.

For a function ϕ = ϕ(z, ξ) of the variables (z, ξ) ∈ D and α, β ∈ (0, 1], we will use the
following notation for Hölder brackets and norms with respect to z (uniform in ξ):

[ϕ]Cα
z (D) = sup

(ẑ,ξ),(z̄,ξ)∈D,
ẑ ̸=z̄

∣∣[ϕ(z, ξ)]ẑz̄∣∣
|ẑ − z̄|α

, ∥ϕ∥Cα
z (D) = [ϕ]Cα

z (D) + ∥ϕ∥L∞(D),
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where [ϕ(z, ξ)]ẑz̄ := ϕ(ẑ, ξ)− ϕ(z̄, ξ), as well as

∥ϕ∥
Cα,β

z,ξ (D)
= [ϕ]Cα

z (D) + [ϕ]
Cβ

ξ (D)
+ ∥ϕ∥L∞(D)

(and similarly for functions of more than two variables). We record the following useful
property on Hölder norm of functions that are themselves defined by a Hölder quotient:
setting D′ :=

{
(ẑ, z̄, ξ); (ẑ, ξ) ∈ D, (z̄, ξ) ∈ D, ẑ ̸= z̄

}
, we have, for any γ, β ∈ (0, 1),

(9.15)

[
[ϕ(z, ξ)]ẑz̄
|ẑ − z̄|γ/2

]
C

β/2
ξ (D′)

≤ 2[ϕ]
Cγ,β

z,ξ (D)
, ϕ ∈ Cγ,β

z,ξ (D).

To see this, putting M = [ϕ]
Cγ,β

z,ξ (D)
, it suffices to write[

ϕ(ẑ, ξ)− ϕ(z̄, ξ)
]ξ̂
ξ̄
=

[
ϕ(ẑ, ξ)

]ξ̂
ξ̄
−
[
ϕ(z̄, ξ)

]ξ̂
ξ̄
=

[
ϕ(z, ξ̂)

]ẑ
z̄
−
[
ϕ(z, ξ̄)

]ẑ
z̄
,

hence
∣∣[ϕ(ẑ, ξ)− ϕ(z̄, ξ)]ξ̂

ξ̄

∣∣ ≤ 2M min(|ẑ − z̄|γ , |ξ̂ − ξ̄|β) ≤ 2M |ẑ − z̄|γ/2|ξ̂ − ξ̄|β/2.

In the rest of the proof, C,C1, C2 will denote generic positive constants depending only
on Ω, T and on the various Hölder exponents. By (3.8) and standard heat kernel estimates
for G1, G2 in the regular domains Ω1,Ω2 (see, e.g., [56, Section 2]), we have, for ℓ ∈ {0, 1, 2},

(9.16) |DtD
i
yGℓ(x, y, t)| ≤ C1t

−1−(n+i)/2e−C2|x−y|2/t, x, y ∈ Ωℓ, 0 < t < T, i ∈ {0, 1},
where G0 = G and Ω0 = Ω. Also, we have the estimates (see [56, Theorem 2.3] and [47,
Theorem 4.30]):

(9.17) ∥S1(τ)ϕ∥Cα,α/2
x1,τ

(Q1,T )
≤ C∥ϕ∥Cα

x1
(Ω1), ϕ ∈ Cα(Ω1),

(9.18) ∥Dx2T2(t)ψ∥Cα,α/2
x2,t

(Q2,T )
≤ C∥ψ∥

C
α,α/2
x2,t

(ΣT )
, ψ ∈ Cα,α/2(ΣT ).

Step 2. Hölder estimate of Dx2v1. We shall show that

(9.19) ∥Dx2v1∥Cα/2,α/4
x,t (QT )

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

(Ω1×ΣT )
.

In this step, unless otherwise specified, the norms of v1, w and ḡ (and their derivatives) will

be always taken over QT , Q̃ and Ω1 × ΣT , respectively.

We first estimate the Hölder norm of the partial function w. Namely, we claim that

(9.20) ∥w∥
C

α,α,α/2,α/2
x1,y2,t,s

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

.

It follows from (9.17) that

(9.21) ∥w∥
C

α,α/2
x1,t

≤ C∥ḡ∥Cα
y1
.

Next writing
[
w(x1, y2, t, s)

]ȳ2
ŷ2

= S1(t− s)
([
ḡ(y1, y2, s)

]ȳ2
ŷ2

)
and using

(9.22) ∥S1(τ)ϕ∥L∞(Ω1) ≤ ∥ϕ∥L∞(Ω1), ϕ ∈ L∞(Ω1), τ > 0,

we get

(9.23) ∥w∥Cα
y2

≤ ∥ḡ∥Cα
y2
.

For 0 < s̄ < ŝ < t < T , writing[
w(x1, y2, t, s)

]ŝ
s̄
= S1(t− ŝ)

([
ḡ(y1, y2, s)

]ŝ
s̄

)
+
[
S1(τ)ḡ(y1, y2, s̄)

]τ=t−ŝ

τ=t−s̄

and using (9.22) (resp., (9.17)) to control the first (resp., second) term on the right-hand
side, we obtain ∥w∥

C
α/2
s

≤ C∥ḡ∥
C

α,α/2
y1,s

which, combined with (9.21), (9.23), yields (9.20).
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We next estimate the Hölder norms of Dx2v1. By (9.18), (9.20) we have

(9.24) ∥Dx2v1∥Cα
x2

≤ C∥w∥
C

α,α/2
y2,s

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

.

On the other hand, for 0 < t̄ < t̂ < T , writing[
Dx2v1(x1, x2, t)

]t̂
t̄

|t̂− t̄|α/4
= Dx2T2(t̂)

{[
w(x1, y2, t, s)

]t̂
t̄

|t̂− t̄|α/4

}
+

[
Dx2T2(t)w(x1, y2, t̄, s)

]t̂
t̄

|t̂− t̄|α/4

and using (9.18), we obtain∣∣∣∣
[
Dx2v1(x1, x2, t)

]t̂
t̄

|t̂− t̄|α/4

∣∣∣∣ ≤ C

∥∥∥∥
[
w(x1, y2, t, s)

]t̂
t̄

|t̂− t̄|α/4

∥∥∥∥
C

α/2,α/4
y2,s

(Q̃′)

+ C
∥∥w∥∥

C
α/2,α/4
y2,s

,

where Q̃′ = Ω1 × ∂Ω2 ×
{
(t̂, t̄, s), 0 < s < t̄ < t̂ < T

}
. By (9.15) and (9.20), it follows that

(9.25)
[
Dx2v1

]
C

α/4
t

≤ C
∥∥w∥∥

C
α,α/2,α/2
y2,t,s

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

.

Also, writing [
Dx2v1(x1, x2, t)

]x̂1

x̄1

|x̂1 − x̄1|α/2
= Dx2T2(t)

{[
w(x1, y2, t, s)

]x̂1

x̄1

|x̂1 − x̄1|α/2

}
,

setting Q̃′′ =
{
(x̂1, x̄1); x̂1, x̄1 ∈ Ω1, x̂1 ̸= x̄1} × ∂Ω2 × J and using (9.15) and (9.20), we

obtain,

(9.26)
[
Dx2v1

]
C

α/2
x1

≤ C

∥∥∥∥
[
w(x1, y2, t, s)

]x̂1

x̄1

|x̂1 − x̄1|α/2

∥∥∥∥
C

α/2,α/4
y2,s

(Q̃′′)

≤ C
∥∥w∥∥

C
α,α,α/2
x1,y2,s

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

.

Combining (9.24)-(9.26), we have proved (9.19).

Step 3. Hölder estimate of Dx1v1. We shall show that

(9.27) ∥Dx1v1∥Cβ,β
x,t (QT )

≤ C∥ḡ∥
C

α,α,α/2
y1,y2,s

(Ω1×ΣT )
, 0 < β < α/4.

We set

[S̃2(τ)ψ](x2) =

∫
∂Ω2

G2(x2, y2, τ)ψ(y2)dσy2 , (x2, τ) ∈ Q2,T ,

and rewrite v1 as

(9.28) v1(x1, x2, t) =

∫ t

0
S1(t− s)

[
z(y1, x2, t, s)

]
ds, z(y1, x2, t, s) = S̃2(t− s)ḡ(y1, y2, s),

where the partial function z is defined on Ω×J . In this step, unless otherwise specified, the
norms of v1 and ḡ (and their derivatives) will be taken over QT and Ω1 ×ΣT , respectively.
For integers i, j ≥ 0 with i+ j ≤ 1, we have the heat kernel and semigroup estimates∫

∂Ω2

|Di
τD

j
x2
G2(x2, y2, τ)|dσy2 ≤ C

∫
∂Ω2

τ−
n+2i+j

2 e−C2|x2−y2|2/τdσy2 ≤ Cτ−
1+2i+j

2 ,

owing to (3.3) and (9.16) (the last inequality follows by using local charts and flattening
the boundary). Consequently,

(9.29) ∥Di
τD

j
x2
S̃2(τ)ψ∥∞ ≤ Cτ−(1+2i+j)/2∥ψ∥∞, ψ ∈ L∞(Ω1), i, j ≥ 0, i+ j ≤ 1,

and, for α, β ∈ [0, 1), by [56, Theorem 2.3],

(9.30) ∥Dx1S1(τ)ϕ∥Cβ,β/2
x1,τ

(Ω1×(ε,T ))
≤ Cε−(1+β−α)/2∥ϕ∥Cα

y1
(Ω1), ϕ ∈ Cα(Ω1), 0 < ε < T.
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We first derive Hölder estimates for z. Let β ∈ (0, 1). It follows from (9.29) with
i = j = 0 that, for 0 < s < t < T ,

|z(y1, x2, t, s)| ≤ C(t−s)−
1
2 ∥ḡ∥∞,

∣∣ [z(y1, x2, t, s)]ŷ1ȳ1 ∣∣ ≤ C(t−s)−
1
2 sup
(y2,s)∈ΣT

∣∣ [g(y1, y2, s)]ŷ1ȳ1 ∣∣,
hence

(9.31) ∥z(y1, x2, t, s)∥Cα
y1

(Ω) ≤ C(t− s)−1/2∥ḡ∥Cα
y1
.

By interpolating (9.29) for i = 0 between j = 0 and j = 1, we get

(9.32) ∥z(y1, x2, t, s)∥Cβ
x2

(Ω)
≤ C(t− s)−(1+β)/2∥ḡ∥∞

and by interpolating (9.29) for j = 0 between i = 0 and i = 1, we obtain

(9.33)
∣∣[z(y1, x2, t, s)]t̂t̄∣∣ ≤ C(t̄− s)−(1+β)/2|t̂− t̄|β/2∥ḡ∥∞, 0 < s < t̄ < t̂ < T.

We next estimate the Hölder norms of Dx1v1 in space. By (9.30) and (9.31), we have

∥Dx1S1(t− s)z(y1, x2, t, s)∥Cβ
x1

(Ω)
≤ C(t− s)−1+α−β

2 ∥ḡ∥Cα
y1
, 0 < s < t < T,

so that,

(9.34) ∥Dx1v1∥Cβ
x1

≤ C∥ḡ∥Cα
y1
, 0 < β < α.

Let γ ∈ (0, 1). For 0 < s < t < T , by (9.30) with β = 0 and (9.15), we have∣∣∣∣ [Dx1S1(t− s)z(y1, x2, t, s)]
x̂2
x̄2

|x̂2 − x̄2|γ

∣∣∣∣ = ∣∣∣∣Dx1S1(t− s)

(
[z(y1, x2, t, s)]

x̂2
x̄2

|x̂2 − x̄2|γ

)∣∣∣∣
≤ C(t− s)−

1
2
+α

4

∥∥∥∥
[
z(y1, x2, t, s)

]x̂2

x̄2

|x̂2 − x̄2|γ

∥∥∥∥
C

α/2
y1

(Ω1)

≤ C(t− s)−
1
2
+α

4 ∥z(y1, x2, t, s)∥Cα,2γ
y1,x2

(Ω)
.

Therefore, by (9.31) and (9.32) with β = 2γ, we have[
Dx1S1(t− s)z(y1, x2, t, s)

]
Cγ

x2
(Ω)

≤ C∥ḡ∥Cα
y1
(t− s)−1+α

4
−γ

so that,

(9.35)
[
Dx1v1

]
Cγ

x2
≤ C∥ḡ∥Cα

y1
, 0 < γ < α/4.

Finally, to estimate the Hölder norm of Dx1v1 in time, for x ∈ Ω and 0 < t̄ < t̂ < T ,
we write

(9.36)

∣∣[Dx1v1(x, t)]
t̂
t̄

∣∣ ≤ ∫ t̄

0

∣∣[Dx1S1(t− s)z(y1, x2, t̂, s)
]t=t̂

t=t̄

∣∣ds
+

∫ t̂

t̄

∣∣Dx1S1(t̂− s)z(y1, x2, t̂, s)
∣∣ ds

+

∫ t̄

0

∣∣Dx1S1(t̄− s)
[
z(y1, x2, t, s)]

t̂
t̄

]∣∣ds ≡ I1 + I2 + I3.

Let 0 < γ < α and 0 < s < t̄ < t̂ < T . By (9.30) with β = γ and (9.31) we have∣∣∣[Dx1S1(t− s)z(y1, x2, t̂, s)
]t=t̂

t=t̄

∣∣∣ ≤ C(t̄− s)−1+α−γ
2 |t̂− t̄|γ/2∥ḡ∥Cα

y1
,
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hence

(9.37) |I1| ≤ C|t̂− t̄|γ/2∥ḡ∥Cα
y1
, 0 < γ < α,

By (9.30) with β = 0 and (9.31), we get∣∣Dx1S1(t̂− s)z(y1, x2, t̂, s)
∣∣ ≤ C(t̂− s)−1+α

2 ∥ḡ∥Cα
y1
,

hence

(9.38) |I2| ≤ C|t̂− t̄|α/2∥ḡ∥Cα
y1
.

For given 0 < s < t̄ < T , set Q̂′
s,t̄ = {(y1, x2, t); x1 ∈ Ω1, x2 ∈ Ω2, t ∈ (t̄, T )}. By (9.15),

(9.31) and (9.33) with β = γ, we have∥∥∥∥
[
z(y1, x2, t, s)

]t̂
t̄

|t̂− t̄|
γ
4

∥∥∥∥
C

α/2
y1

(Ω1)

≤ 2∥z(y1, x2, t, s)∥Cα,γ/2
y1,t

(Q̂′
s,t̄

)
≤ C(t̄− s)−

1+γ
2 ∥g∥Cα

y1

hence, using (9.30) with β = 0,∣∣∣Dx1S1(t̄− s)
[
z(y1, x2, t, s)

]t̂
t̄

∣∣∣ ≤ C(t̄− s)−1+α−γ
2 |t̂− t̄|γ/4∥g∥Cα

y1
,

so that

(9.39) |I3| ≤ C|t̂− t̄|γ/4∥ḡ∥Cα
y1
, 0 < γ < α.

Combining (9.36)-(9.39) yields

(9.40)
[
Dx1v1

]
Cγ

t
≤ C∥ḡ∥Cα

y1
, 0 < γ < α/4,

and this along with (9.34)-(9.35) gives (9.27).

Step 4. Volume term and conclusion. Owing to G = G1G2, and the estimates in [56,
Theorem 2.2] for G1, G2, we have

|DxG(x̂, y, t̂)−DxG(x, y, t)| ≤ Ct−
n
2
− 1+α

2 e−C2d2/t
(
|x̂− x|α + |t̂− t|α/2

)
for x̂, x, y ∈ Ω, 0 < t < t̂ < T , where d = |x̂ − y| ∧ |x − y|. Using this estimate, (3.3) with
i = 1, j = 0, and similar (but simpler) argument as in Step 3, it follows that the volume
term V in (9.13) satisfies

(9.41) ∥DxV ∥
C

α,α/2
x,t (QT )

≤ C∥h̄∥∞.

Gathering estimates (9.19), (9.27) and (9.41), we conclude that u extends by continuity to
a C1 function on Ω× (0, T ∗) and, also using (9.14), u satisfies the estimate in (9.11). □

The proof of Proposition 9.1 will also make use of the following property of the Neumann
heat semigroup. This is well known for smooth domains but, again, we could not find a
reference for cylinders.

Lemma 9.4. Let Ω be given by (1.2), p ∈ [1,∞) and T > 0. Then

(9.42) ∥S(t)ψ∥1,p ≤ C∥ψ∥1,p, ψ ∈W 1,p(Ω), 0 < t ≤ T.

Proof. By (3.3) with i = j = 0, we have

(9.43) ∥S(t)ϕ∥p ≤ C∥S(t)ϕ∥p, ϕ ∈ Lp(Ω), 0 < t ≤ T.



48 MEUNIER AND SOUPLET

Write x = (x1, x2) with x1 ∈ Ω1 = (0, L) and x2 ∈ Ω2 = B′
R. Let t ∈ (0, T ] and ψ ∈

W 1,p(Ω). Owing to (3.8), we may write v = ∇x2S(t)ψ as

v(x1, x2, t) =

∫
Ω1

G1(x1, y1, t)
(∫

Ω2

∇x2G2(x2, y2, t)ψ(y1, y2)dy1

)
︸ ︷︷ ︸

w(y1,x2,t)

dy2.

Denote by Si(t) the Neumann heat semigroup on Ωi. Since Ω2 is smooth, we know (see,
e.g., [59, Theorem 51.1(iv) and Example 51.4(ii)]) that (9.42) is true for Ω replaced by Ω2.
For a.e. y1 ∈ Ω1, since w(y1, ·, t) = ∇x2(S2(t)ψ(y1, ·)), it follows that ∥w(y1, ·, t)∥Lp(Ω2) ≤
C∥ψ(y1, ·)∥W 1,p(Ω2). On the other hand, for a.e. x2 ∈ Ω2, by (9.43) applied with Ω replaced
by Ω1, since v(·, x2, t) = S1(t)w(·, x2, t), we have ∥v(·, x2, t)∥Lp(Ω1) ≤ C∥w(·, x2, t)∥Lp(Ω1).
By Fubini’s theorem, we then deduce that

∥∇x2S(t)ψ∥pp =
∫
Ω2

(∫
Ω1

|v(x1, x2, t)|pdx1
)
dx2 ≤ C

∫
Ω2

(∫
Ω1

|w(y1, x2, t)|pdy1
)
dx2

= C

∫
Ω1

(∫
Ω2

|w(y1, x2, t)|pdx2
)
dy1 ≤ C

∫
Ω1

(∫
Ω2

(|ψ|p + |∇ψ|p)(y1, y2)dy2
)
dy1 = C∥ψ∥p1,p.

Applying the same argument upon exchanging the roles of x1, x2, and combining with (9.43)
yields (9.42). □

Proof of Proposition 9.1. We divide it in several steps.

Step 1. Existence of a mild solution. We prove the existence of a unique, maximal
solution u in the (larger) class L∞(0, T ;C(Ω)) of (9.1) by a fixed point argument. For
R, τ > 0 to be chosen, we set

Xτ = L∞(0, τ ;C(Ω)), ∥c∥Xτ := sup
t∈(0,τ)

∥c(t)∥∞, Xτ,R =
{
c ∈ Xτ , ∥c∥Xτ ≤ R

}
and note that Xτ,R is a complete metric space. We define the fixed point operator:

[Φ(c)](t) = S(t)c0 +

∫ t

0
K∇(t− s)[A(c(s))c(·, s)] ds, 0 < t < τ.

Set MR = sup|s|≤R |f(s)|, LR = sup
{
|f(x)−f(y)

x−y |; |s1|, |s2| ≤ R, s1 ̸= s2
}
and let u, v ∈ Xτ,R

and 0 < s < t < τ . Since x 7→ DyG(x, y, t) is continuous in Ω for each y ∈ Ω, it follows from

(3.5) with q = r = ∞ and dominated convergence thatK∇(t−s)[A(u(s))u(·, s)] ∈ C(Ω). On
the other hand, we easily get ∥A(u(s))u(·, s)∥∞ ≤ CΩMR∥u(·, s)∥∞ and ∥A(u(s))u(·, s) −
A(v(s))v(·, s)∥∞ ≤ CΩMR(LR + 1)∥u− v∥Xτ with CΩ > 0. Recall that

(9.44) S(t)c0 ∈ C([0,∞);C(Ω)),

owing to c0 ∈ C(Ω), and that ∥S(t)c0∥∞ ≤ ∥c0∥∞. Using this and (3.5) with q = r = ∞,
we obtain Φ(u) ∈ Xτ and

∥Φ(u)∥X τ ≤ ∥c0∥∞ + CΩMRτ
1/2∥u∥Xτ , ∥Φ(u)− Φ(v)∥X τ ≤ CΩMR(LR + 1)τ1/2∥u− v∥Xτ .

Choosing R = 1 + ∥c0∥∞ and τ = (2CΩMR(LR + 1))−2, it follows that Φ is a contraction
on Xτ,R and the Banach fixed point theorem yields the existence of a unique solution c of
(9.1) on (0, τ).

Denoting by c ∈ L∞
loc([0, T

∗);C(Ω)) the maximally defined mild solution, we see that
the maximal existence time satisfies

(9.45) T ∗ ≥ C(Ω)(MR(LR + 1))−2, R = 1 + ∥c0∥∞.
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The continuous dependence property (assertion (iv)) follows from standard arguments based
on the above fixed point estimates and Gronwall’s lemma.

Step 2. W 1,p regularity. Let p ∈ [1,∞), T0 > 0, 0 < T < min(T0, T
∗), ε ∈ (0, T ) and

assume (9.6). We claim that

(9.46) c ∈ L∞
loc((0, T

∗);W 1,p(Ω)), ∥c∥L∞(ε,T ;W 1,p(Ω)) ≤ C(N0, ε, T0).

(here and below the constants may also depend on Ω, f, p).

For any k ∈ [0, 1), using (3.6) for q = p and ℓ = 0, we get

(9.47) ∥c(t)− S(t)c0∥k,p ≤ C(N0, T0)t
(1−k)/2, t ∈ (0, T ).

For t ∈ (0, T ), by (3.4) with q = r = p, it follows that ∥c(t)∥k,p ≤ C(N0, T0)t
−k/2. Then

using (3.6) for ℓ = 1/2p, we obtain

(9.48)

∥c(t)− S(t)c0∥1,p ≤ sup
s∈(0,T )

|A(s)|
∫ t

0
(t− s)

−1+ 1
4p ∥c(s)∥1/2p,p ds

≤ C(N0, T0)

∫ t

0
(t− s)

−1+ 1
4p s−1/4p ds ≤ C(N0, T0).

Combining with (3.4) for q = r = p and k = 1, we deduce (9.46).

Next assume c0 ∈ W 1,p(Ω). Using Lemma 9.4 to estimate S(t)c0 in (9.47), we get
K := supt∈(0,T ) ∥c(t)∥k,p <∞ for k ∈ [0, 1). The first inequality in (9.48) then implies

(9.49) ∥c(t)− S(t)c0∥1,p ≤ C(N0, T0)Kt
1/4p,

and a second application of Lemma 9.4 yields (9.4). On other hand, in the case p = 2,
inequality (9.49) combined with the last part of (9.9) (applied with h = g = 0) gives (9.3).

Step 3. Hölder regularity. Let α ∈ (0, 1), T0 > 0, 0 < T < min(T0, T
∗), ε ∈ (0, T )

and assume (9.6). In the rest of the proof we denote by N̄ε a generic positive constant
depending only on N0, ε, T0 (and Ω, f, α).

We claim that

(9.50) c ∈ C
α,α/2
loc (Ω× (0, T ∗)), ∥c∥Cα,α/2(Ω×[ε,T ]) ≤ N̄ε and c ∈ C(Ω× [0, T ∗)).

Let 0 < t < t′ < T and set h = t′ − t. From (9.16) with i = 1 and ℓ = 0 we deduce, for all
ψ ∈ L∞(Ω) and x ∈ Ω,∣∣(K∇(t

′)ψ −K∇(t)ψ)(x)
∣∣ ≤ Ch

∣∣∣∫ 1

0

∫
Ω
(t+ θh)−

n+3
2 e−

C2|x−y|2
t+θh ψ(y) dy dθ

∣∣∣ ≤ Cht−
3
2 ∥ψ∥∞.

For any ν ∈ [0, 1], this combined with (3.5) for q = r = ∞, implies∥∥(K∇(t
′)−K∇(t))ψ

∥∥
∞ ≤ Chνt−ν−1/2∥ψ∥∞.

Set V (·, s) = [A(c(s))c(·, s)], c̃(x, t) =
∫ t
0 K∇(t − s)V (s) ds. Using sups∈(0,T ) ∥V (s)∥∞ <

C(N0) and (3.5) for q = r = ∞, it follows that, for any ν ∈ (0, 1/2) and x ∈ Ω,

∥c̃(t′)− c̃(t)∥∞ =
∥∥∥∫ t′

t
K∇(t

′ − s)V (s) ds+

∫ t

0

(
K∇(t

′ − s)−K∇(t− s)
)
V (s) ds

∥∥∥
∞

≤ N̄ε

∫ t′

t
(t′ − s)−1/2 ds+ N̄ε(t

′ − t)ν
∫ t

0
(t− s)−ν−1/2 ds ≤ N̄ε(t

′ − t)ν .

This, along with similar arguments for S(t)c0 using (9.16) with i = 0, guarantees that
∥c∥Cα/2(ε,T ;C(Ω)) ≤ N̄ε. Combining with (9.46) and Morrey’s imbedding (which holds since
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Ω admits a C1 extension operator), we deduce the Hölder part of (9.50). On the other hand,

from (3.5) with q = r = ∞, we have ∥c(t)− S(t)c0∥∞ = ∥
∫ t
0 K∇(t− s)V (s) ds∥∞ ≤ Ct1/2.

In view of (9.44), the continuity statement of (9.50) follows.

In particular we have proved assertion (i).

Step 4. H2 regularity and strong solution. We shall now prove (9.2). Fix any t1, T
with 0 < t1 < T < T ∗, set t2 = T − t1, a(t) =

∫
∂Ω f(c)ν dσ, c1(t) = c(t + t1), a1(t) =

a(t + t1) and consider problem (9.8) with h = −a1 · ∇c1, g = (a1 · ν)c1 and u0 = c(t1).
By (9.46), (9.50) and standard imbedding and trace theorems, we have in particular g ∈
L2(0, t2;H

1/2(∂Ω)) ∩ H1/4(0, t2;L
2(∂Ω)), as well as h ∈ L2(Ω × (0, t2)). Also, by (9.46),

(9.50), we have sup {|
∫
Ω c(t1)∇v|, v ∈ H1, ∥v∥H1 = 1} <∞ hence c(·, t1) ∈ H1(Ω) (whereas

(9.46) alone, being an a.e. in time property, would not be sufficient). We may then apply
Proposition 9.2 to deduce the existence of a unique strong solution u of (9.8) on (0, t2),
and u satisfies the representation formula (9.10) with τ = t2. Since h = −a1 · ∇c1 and
g = (a1 · ν)c1, integrating by parts as in the proof of Lemma 3.2, we get

u(x, t) =

∫
Ω
G(x, y, t)c(y, t1) dy +

∫ t

0

∫
Ω
∇yG(x, y, t− s) ·

(
c1(y, s)a1(s)

)
dy ds.

On the other hand, by standard manipulations on the Duhamel formula (9.1), using Fubini’s
theorem and the fact that∇yG(x, y, s1+s2) =

∫
ΩG(x, z, s1)∇yG(z, y, s2)dz for all s1, s2 > 0,

we see that

c(x, t1 + t) =

∫
Ω
G(x, y, t)c(y, t1) dy +

∫ t1+t

t1

∫
Ω
∇yG(x, y, t1 + t− s) ·

(
c(y, s)a(s)

)
dy ds

hence, after a time shift, u = c1 in Q2. Since 0 < t1 < T < T ∗ are arbitrary, this
proves (9.2) and c is moreover a strong solution. This, along with Step 2, completes the
proof of assertion (iii).

Step 5. Proof of assertion (vi) (Schauder regularity). As a consequence of (9.50) and
Proposition 9.2(ii) we have

(9.51) ∥∇c∥Cβ(Ω×[ε,T ]) ≤ N̄ε, 0 < β < 1/4.

It thus remains to prove that, for any compact subset Σ ⊂ Ω ∪ Γ,

(9.52) ∥c∥C2+β,1+β/2(Σ×[ε,T ]) ≤ C(N̄ε,Σ).

Fix a smooth domain Ω′ such that Ω ⊂ Ω′ ⊂ (−L, 2L) × B′
R. Pick any δ ∈ (0, L/4)

and a function θ ∈ C∞(R) such that θ = 1 on [δ, L − δ] and θ = 0 on R \ ( δ2 , L − δ
2).

Also pick a function η ∈ C∞(R) such that η = 1 on [ε,∞) and η = 0 on (−∞, ε2 ]. Then
c̃ := θηc = θ(x1)η(t)c(x, t) is a strong solution of (9.8) in Ω′ × (0, T ) with u0 = 0 and

h = (η′θ − ηθ′′)c− η(aθ + 2θ′e1) · ∇c, g = η[θa+ θ′e1] · νc.
Owing to (9.50) and (9.51), the functions h, g satisfy ∥h∥

Cβ,β/2(Ω
′×[0,T ])

≤ C(N̄ε, δ) and

∥g∥C1+β,β/2(∂Ω′×[0,T ]) ≤ C(N̄ε, δ). It then follows from [47, Theorem 4.31] that (9.8) admits

a classical (hence strong) solution v, such that ∥v∥C2+β,1+β/2(Ω′×[0,T ]) ≤ C(N̄ε, δ). By unique-

ness of the strong solution, we get u = v, hence ∥u∥
C2+β,1+β/2(([δ,L−δ]×B

′
R)×[ε,T ])

≤ C(N̄ε, δ).

Applying this argument with θ replaced by a spatial cut-off in the radial direction |x′|, we
thus obtain (9.52). Since u is a strong solution by Step 4, it follows from Step 5 and (9.52)
that c is a classical solution.

Step 6. Proof of assertions (ii) and (v). The nonnegativity statement in assertion
(ii) is similar to that of Lemma 4.5(i) (using the regularity property (9.2)). To prove the
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positivity part, thus assume σ0 = minΩ c0 > 0, let T ∈ (0, T ∗) and set K = supt∈(0,T ) |A(t)|.
Fix a positive function φ ∈ C2(Ω) such that φν ≥ Kφ on ∂Ω (it suffices to consider
φ(x1, x

′) = φ1(x1)φ2(x
′), where the positive C2 functions φ1, φ2 satisfy the required prop-

erty on {0, L} and ∂B′
R, respectively). Set σ1 = minΩ φ > 0, b = −A − 2φ−1∇φ and

λ = supΩ×(0,T )(φ
−1∆φ+ b · ∇φ). The function v := eλtφc ≥ 0 satisfies

vt −∆v = eλt
[
φ(ct −∆c+ λc)− 2∇φ · ∇c− c∆φ

]
= (λ− φ−1∆φ)v + eλt(b · φ∇c)

= b · ∇v + (λ− φ−1∆φ− b · ∇φ)v ≥ b · ∇v,

along with vν = eλt(φνc + cνφ) ≥ (K + A(t) · ν)v ≥ 0 on Γ, and v(·, 0) ≥ σ2 := σ0σ1.
Multiplying (1.1) by −(v − σ2)− and applying the Stampacchia argument in the proof of
Lemma 4.5(i), we obtain (v − σ2)− = 0, hence c ≥ σ2∥φ∥−1

∞ e−λt on (0, T ), which implies
the conclusion.

To prove assertion (v), let c ∈ ẼT be a classical solution of (1.1). We shall show that
u satisfies (9.1). The idea of the proof is similar to that of (9.10) (and of Lemma 3.2),
but since u is assumed to be only C1 up to the boundary (and C2 only outside of the
corners), ∆u need not be integrable in Ω. To overcome this, we use an approximation of Ω

by subdomains which avoid the corners. Namely, denoting Γ̃ = {0, L}×∂B′
R the nonsmooth

part of ∂Ω and Ω̃r = {x ∈ Ω; dist(x, Γ̃) > r}. We may select a sequence {Ωj}j≥1 of smooth
domains such that

(9.53) Ω̃1/j ⊂ Ωj ⊂ Ω and lim
j→∞

∫
∂Ωj\∂Ω

dσjy = 0,

where dσjy denotes the surface measure on ∂Ωj .

Fix τ ∈ (0, T ) and set cτ (t) = c(t + τ), aτ (t) =
∫
Ω∇(f(cτ ))dx, h = −aτ · ∇cτ . Let

t ∈ (0, T − τ), ε ∈ (0, t), x ∈ Ω and j ≥ 1. Integrating by parts in time and space the

expression
∫ t−ε
0

∫
Ωj
G(x, y, t − s)(ut −∆u)(y, s) dy ds (where G still denotes the Neumann

heat kernel of Ω), we obtain∫
Ωj

G(x, y, ε)cτ (y, t− ε) dy −
∫
Ωj

G(x, y, t)c(y, τ) dy =

∫ t−ε

0

∫
Ωj

G(x, y, t− s)h(y, s) dy ds

+

∫ t−ε

0

∫
∂Ωj

[cτ (y, s)DyG(x, y, t− s)−G(x, y, t− s)∇cτ (y, s)] · νj dσjy ds

where νj denotes the outer normal to Ωj . Using (3.3), (9.53), supΩ×[τ,T ](|c| + |∇c|) < ∞,

∂νG = 0 on ∂Ω, we may pass to the limit j → ∞, to obtain∫
Ω
G(x, y, ε)cτ (y, t− ε) dy −

∫
Ω
G(x, y, t)c(y, τ) dy =

∫ t−ε

0

∫
Ω
G(x, y, t− s)h(y, s) dy ds

−
∫ t−ε

0

∫
∂Ω
G(x, y, t− s)∂νcτ (y, s) dσy ds.

Using the boundary conditions in the last integral, passing to the limit ε → 0, then inte-
grating by parts as in the proof of Lemma 3.2 and finally letting τ → 0, we conclude that
c satisfies (9.1).

To show (9.5), assume for contradiction that supj ∥c(tj)∥∞ < ∞ for some sequence
tj → T ∗. For j sufficiently large, by Step 1 and in view of (9.45), we may find a mild
solution c̃, with initial data c(tj), on some interval [tj , T1] with T1 > T ∗. Since c̃ is classical
by assertion (i) and coincides with c on [tj , T

∗) by the already established uniqueness part
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of assertion (v), this produces a classical solution on [0, T1], which is also a mild solution
by (9.1), hence contradicting the definition of T ∗. □
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Murray and N. Meunier, A Predictive Model for Yeast Cell Polarization in Pheromone Gradients,
PLoS Comput. Biol. 12(4): e1004795.

[58] C.V. Pao, Asymptotic behavior of solutions of reaction-diffusion equations with nonlocal boundary con-
ditions, J. Comput. Appl. Math. 88 (1998), 225–238.

[59] P. Quittner and Ph. Souplet, Superlinear parabolic problems. Blow-up, global existence and steady
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