OPTIMAL SINGULARITIES OF INITIAL DATA OF
A FRACTIONAL SEMILINEAR HEAT EQUATION IN
OPEN SETS

KOTARO HISA

ABSTRACT. We consider necessary conditions and sufficient condi-
tions on the local-in-time solvability of the Cauchy—Dirichlet prob-
lem for a fractional semilinear heat equation in open sets (possibly
unbounded and disconnected) with a smooth boundary. Our con-
ditions enable us to identify the optimal strength of the admissible
singularity of initial data for the local-in-time solvability and they
differ in the interior of the set and on the boundary of the set.

1. INTRODUCTION

1.1. Introduction. This paper is concerned with the local-in-time
solvability of the Cauchy-Dirichlet problem for

Ou+ (—A)zlqu=uP, z€Q, t>0, 1
w=0, 2 €RV\Q, t>0, (1.1)

where Q is an open set in RY (possibly unbounded and disconnected)
with a nonempty C*! boundary, N > 1, p > 1, and 0 < § < 2. In this
paper all solutions are assumed to be nonnegative. For 0 < 6 < 2, the
fractional Laplacian (—A)%?2 can be written in the form

)
2

u(r) — u(y)
y|N+0 d

(=4)

u(x) = ¢ lim

0 S fyerNieyl>e |-
for some specific constant ¢ = ¢(N,6) > 0. Furthermore, (—A)%2|q de-
notes the fractional Laplacian with zero exterior condition. For more
details, see, for example, [7], which summarizes many properties of the
fractional Laplacian (—A)%2. In this paper we attempt to give neces-
sary conditions and sufficient conditions on the local-in-time solvabil-
ity of the Cauchy—Dirichlet problem for (1.1) and identify the optimal
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strength of the admissible singularity of initial data for the local-in-
time solvability. In particular, an initial value with such singularity
may not be an L}, -function. To address this problem, we follow the
arguments in [11]. In the following, we describe their ideas and results.
Throughout this paper, we denote

(0%
(A =14 -2
Pald 1) =14

for« >0,d>1,and [ > 0. For any z € Q and r > 0, set
B(z,r) :={y € RY: |l —y| <r}, Bo(z,r):=B(x,r) N Q.

For a Borel set A C RY, ya(z) denotes the characteristic function of

A.
The solvability of the Cauchy—Dirichlet problem for (1.1) (includ-
ing the case of § > 2 and the case of Q2 = RY) has been studied in
many papers. See, for example, [1,3,4,9-11,13-18,20-28] and ref-
erences therein. Of course, in the case of = RY, we ignore the
boundary /exterior condition, and in the case where 6 is a positive even
integer, RY \ Q in the exterior condition is replaced by 9. Among
them, the author of this paper, Ishige, and Takahashi [11] considered
the solvability of the Cauchy-Dirichlet problem for
{8tu—Au:up, zeRY, t>0,

u=0, zedRY, t>0, (12)

where N > 1, p > 1, and
N-1 :
RN . RY 1 x (0, 00) ?f N > 2
+ (0, 00) if N=1.

For d =1,2,---, let g4 be the heat kernel in R? x (0, 00), that is,

ga(x,t) == exp | ———
! (4nt)" 4t

for z € Rd_and t € (0,00). Let p = p(x,y,t) be the Dirichlet heat
kernel in RY x (0, 00), that is,

p(l‘,y,t) = ngl(x/ - y/at>[gl(xN - yN»t) - gl(xN + yNat)]

for x = (', zn), y = (V,yn) € R_f, and ¢t > 0. The Cauchy-Dirichlet
problem for (1.2) can possess a solution even if u(-,0) is not a Radon

measure on @ due to the boundary condition. For example, Tayachi
and Weissler [24] proved that if 1 < p < po(N, 1) and u(-,0) satisfies

u(-,0) = —KOz 0y oOn @ (1.3)
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for sufficiently small x > 0, then problem (1.2) with (1.3) possesses a
local-in-time solution, where dy is the N-dimensional Dirac measure
concentrated at the origin. For this reason, we could not treat initial
data of (1.2) in the framework of the Radon measure on R¥Y. In order
to overcome this difficulty, the authors of [11] introduced the following
idea. By the explicit formula of p(z,y,t) we see that for y = (¢/,0) €
IR,

0 < lim Pz, yn, )

= "0.t) <
JJim i (Y, 0,t) < oo

for € RY and t € (0, 00). Therefore, the function

p(z,y,t)
k(z,y,t):= YN B
Oynr(x,y,t) if (z,y,t) € Qx 90 x (0, 00),

if (z,y,t) € QxQx(0,00),

is well-defined and continuous on @x@x (0, 00). Using this function,
the solution of the heat equation on RY x (0,00) can be rewritten as

/p(:v, y,tu(y,0)dy = /k‘(w, y, tynu(y,0) dy.
RY RY

+

Since k(z,y,t) is positive and finite for (z,y,t) € RY x @ x (0, 00),
they gave an initial condition of Radon measure on RY to xyu(-,0),
instead of u(-,0) itself, that is,

zyu(-,0)=p on RY, (1.4)

where p is a Radon measure on @ Thanks to this idea, we can treat
the initial condition of (1.2) in the framework of the Radon measures.
Indeed, in this representation, (1.3) corresponds to u = kdy on RY.

They obtained necessary conditions for p on the solvability of problem
(1.2) with (1.4).
(

Theorem A (H.-Ishige-Takahashi [11]). Let N > 1 and p > 1. As-
sume problem (1.2) with (1.4) possesses a supersolution in RY x [0,T),
where T' € (0,00). Then there exists v = v(N,p) > 0 such that

2

p(Bgry (z,0)) < yo 71 / yn dy
Bpn (z,0)

for all z € RY and o € (0,T"2). In addition,
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(i) if p = p2(IN,0), then there exists v' = ~'(N) > 0 such that

2

Tl
2y 1(Bey (2,0)) < llog (6 + f)

for all z = (2, zx) € RY with 2y > 30 and o € (0,T"?).
(ii) if p = pa(N, 1), then there exists v =~"(N) > 0 such that

N+1

wu(Ba(z,0)) <" llog (e + %)]

for all z € ORY and o € (0,TY?).
(iii) if p > 2, then u(0N2) = 0.

See also [1,10]. In addition, they also obtained sufficient conditions
for p on the solvability of problem (1.2) with (1.4). These conditions
enable us to identify the optimal strength of the admissible singularity
of initial data p for the local-in-time solvability. Namely, they proved
the following theorems:

Theorem B (H.-Ishige-Takahashi [11]). Let z € RY. Set

__2 .
f (IE) o ‘LE’ - Z’ p_IXBQ(z,l)(‘T) Zf P > pZ(N7 0)7
z T _N_ .
lx — z|7N|log |z — z|| 72 'XBoea/)(x)  if p=ps(N,0),

for x € RY. Then there exists r, > 0 with the following properties:
(i) problem (1.2) with (1.4) possesses a local-in-time solution with
w=rxyf.(x) if 0 <k < K;;
(ii) problem (1.2) with (1.4) possesses no local-in-time solutions with
w=rryf.(x) if K > K,.
Here SUP, ey K < OO

Theorem C (H.-Ishige-Takahashi [11]). Set

)
)

_ 2 .
Jo(x) = |7 XBa(0,1) () if p>p2(N,1)
o(x) := N1 ‘
o[ N log |27 X o (x) i p=pa(N.1)

for x € ]Rf. Then there exists kg > 0 with the following properties:

(i) problem (1.2) with (1.4) possesses a local-in-time solution with
w=krryfolx) if 0 < kK < Ko;

(i) problem (1.2) with (1.4) possesses no local-in-time solutions with
u = kxyfo(x) if K > Ko.



FRACTIONAL SEMILINEAR HEAT EQUATION 5

The authors of [11] termed the singularity of the function f, at x = z
as in the above theorems an optimal singularity of initial data for the
local-in-time solvability of problem (1.2) with (1.4) at x = z. Since
optimal singularities can be identified using their necessary conditions
and sufficient conditions on the solvability, we can say that these con-
ditions are sharp.

We shall go back to (1.1). In the arguments in [11], the explicit
formula of the Dirichlet heat kernel p(x,y,t) was used. However, this
is not expected when € is general or 0 < 6 < 2, and only estimates of
the Dirichlet heat kernel are known (see Theorem D below). One of
the novelties of this paper is that we obtain analogous results to those
of [11] in this situation. Furthermore, applying these conditions, we
can identify optimal singularities of initial data.

1.2. Notation and the definition of solutions. In order to state
our main results, we introduce some notation and formulate the defini-
tion of solutions. We denote by M the set of nonnegative Radon mea-
sures on §). For any L} (Q)-function i, we often identify du = p(z) dz
in M. For any T" € (0,00), we set Qr := Q x (0,7). For two non-
negative functions f and g, the notation f =< g means that there exist
positive constants ¢; < ¢ such that ¢;g(z) < f(z) < cog(x) in the com-
mon domain of definition of f and g. For a,b € R, a A b := min{a, b}.
Let 'y = I'y(x,t) be the fundamental solution of

v + (—A)gv =0 in RY x(0,00),

where N > 1 and 0 < § < 2. For z,y € Qand t > 0, let G =
G(z,y,t) be the Dirichlet heat kernel on Q. Then, G is continuous on
Q x Q x (0,00) and satisfies

/ G(z,y,t)dy <1, (1.5)

0
G(z,z,t)G(z,y,s)dz = G(z,y,t + s), (1.6)
Q

for all z,y € Q and s,t > 0, and
G(x,y,t) =Gy, x,t) if (2,9,t) € RY x RY x (0, 00),
G(z,y,t) >0 if (z,y,t) € QxQx(0,00),
G(z,y,t) =0 if (z,y,t) € Q° xRY x (0,00).

See e.g. [4]. No explicit formulas of G can be expected in this situation

but Chen, Kim, and Song [5] obtained the following two-sided estimate
of G-
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Theorem D. Let  be a open set in RN with a CY' boundary and
d(x) := dist(z, 09).
(i) There exists T' > 0 depending only on § such that

G(z,y,t) < (1 A d@j)g) (1 A M) Cy(x —y,t) (1.7)

Vi Vit

for all z,y € Q and t € (0,T"].
(i) When Q is bounded and t > T, one has
G(r,y,1) = d(x)*d(y) e ™"

for all z,y € Q and t > T'. Here, \y > 0 is the smallest
eigenvalue of the Dirichlet fractional Laplacian (—A)%/?|q,.

See also [2,4,6]. For x € Q, y € 99, and t > 0, define the #/2-normal
derivative as

G(x,g,t
DoG(x,y,t) ;== lim (:E,—y(;)7
2 TEQ Ty d(g)a
and in virtue of the result in [4], this limit exists for all x € Q, y € 99,
and ¢ > 0. Furthermore, Dy/,;G is positive and finite for all z € (2,

y € 092, and t > 0. Define
t —
G(‘”—y) it (z,y,1) € 0 x Qx (0,00),
K(xa?J?t) = d(y)5
DoG(z,y.t) if (v,y.t)€ Q x 90 x (0, 00).
Then K € C(Q2 x Q x (0,00)) and
K(z,y,t) >0 if (z,9,t) € Qx Q x (0,00),
K(z,y,t) =0 if (z,y,t) €9 x Q x (0,00).
Furthermore, it follows from (1.7) that K satisfies

_ d(x)2 N I
K(z,y,t) =< (1/\ i ) (d(y)g A \/%> Ly(x —y,t) (1.8)

for all 2,y € Q and t € (0,7"]. From the analogy of the result [11],
we give an initial condition to d(z)%?u(,0), instead of u(-,0). Namely,
this paper is concerned with the local-in-time solvability of the Cauchy—
Dirichlet problem

Ou+ (—A)2lqu=1u?, z€Q, te(0,T),
(SHE) u =0, r€RY\Q, te(0,T),

[4

d(z)2u(-,0) = p in €,
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where N > 1,0 <0 <2, p>1,T > 0, and p is a nonnegative
Radon measure on ). Therefore, an optimal singularity in this paper
is defined as follows:

Definition 1.1. Let z € Q and f, be a nonnegative measurable func-
tion on 2. We say that the singularity of f., at x = z is an optimal
singularity if f. satisfies the following:
e there exists R > 0 such that f, is continuous in Bq(z, R) \ {z}
and f, =0 outside Bo(z, R);
e there exists k, > 0 such that problem (SHE) with p = rd(x)%?f,(z),
possesses a local-in-time solution if 0 < kK < Kk, and it possesses
no local-in-time solutions if Kk > k.

Next, we formulate the definition of solutions of (SHE).

Definition 1.2. Let u be a nonnegative measurable function in €2 X
(0,7"), where 0 < T < co. We say that u is a solution of (SHE) in Qr
iof u satisfies

oo > u(x,t) = /QK(x,y,t) du(y)
(1.9)

t
+/ /G(x,y,t—s)u(y,s)pdyds
0o Jao

for almost all (x,t) € Qp. If u satisfies the above equality with =
replaced by >, then u is said to be a supersolution of (SHE) in (x,t) €

Q-
1.3. Main results. For L > 0 define

Qp:={xe€Qd(x)>L} and Lq:=sup{L > 0;Qp # 0}.
In what follows, denote T, > 0 by

16 16
Now we are ready to state our main results of this paper. In the first

theorem, we obtain necessary conditions on the local-in-time solvability
of problem (SHE). Compare with Theorem A.

Theorem 1.1. Let N > 1, 0 < 0 < 2, and p > 1. Assume prob-
lem (SHE) possesses a supersolution in Qr, where T € (0,T.]. Then
there exists v, = v1(2, N,0,p) > 0 such that

T, = min{l,T’,M L%}

6

((Bo(z,0)) < 7o 7T / d(y)? dy (1.10)
Bq(z,0)

for all z € Q and o € (0,TY?). In addition,
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(i) if p = pe(IN,0), then there exists v, = 1 (2, N,0) > 0 such that

d(Z)_g,U(BQ(Z,O_)) < [log (6 + o ] (1.11)

for all z € Q35 and o € (0,T%/9).
(i) if p = pa(IN,0/2), then there exists v{ = +/(Q, N,0) > 0 such

that
T3
log (e + —)
o

for all z € 9Q and o € (0,T"%).

__2N+6
20

w(Ba(z,0)) < (1.12)

Remark 1.1. The corresponding result for Theorem A-(iii) has not been
proved. The proof of Theorem A-(iii) strongly depends on the speciality
of the domain ]R and the Dirichlet heat kernel p on ]R , and we have
not yet established a method to overcome this pmblem However, the
following result is expected to hold:

o Let p > py(1,6/2). If problem (SHE) possesses a local-in-time
solution, then u(02) = 0 must hold.

Actually, in the case where § = 2 and 2 = Rﬂf, this statement coincides
with Theorem A-(iii). Solving this problem will be our future work. It
should be commented that if i is a nonnegative measurable function
on ), this problem does not occur and therefore does not affect the
identification of optimal singularities.

In the second theorem, we identify optimal singularities in the in-
terior of {2 of initial data for the local-in-time solvability of problem
(SHE). Compare with Theorem B.

Theorem 1.2. Let z € ). Set

__0_ .
(x) L |JZ - Z| p-t XBsz(z,l)(:E)a Zf p > pG(N: 0)7
’ |$_Z’_N|10g|x_Z||_%_1XBQ(Z,1/2)<QT)7 Zf p:pe(NaO)a

for x € Q). Then there exists k, > 0 with the following properties:

(i) If p < pe(N,0), for any v € M problem (SHE) possesses a
local-in-time solution with u = d(x)"?v;
(ii) problem (SHE) possesses a local-in-time solution with
= rd(2)%% 0 (2) if Kk < K.;
(iii) pmblem (SHE) possesses no local-in-time solutions with
= rd(2)%% 0 (2) if Kk > K..
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Namely, ¢, is an optimal singularity in the interior of €).
Here, sup,cq k., < 00.

In the third theorem, we identify optimal singularities on the bound-
ary of ) of initial data for the local-in-time solvability of problem
(SHE). Compare with Theorem C.

Theorem 1.3. Let z € 0X). Set

Y. (x) =
__0 .
|"L‘ - Z| pilXBQ(z,l)(m% Zf D> p@(Na 0/2)7
0 2N+6 )
o — 2|72 log |z — 2[|7 75 MXpoea(), i p=pe(N,0/2),

for x € Q. Then there exists k, > 0 with the following properties:
(i) If p < pe(N,0/2), problem (SHE) possesses a local-in-time so-
lution for all p € M;
(ii) problem (SHE) possesses a local-in-time solution with
p = rd(z)?,(2) if K < K.;
(iii) problem (SHE) possesses no local-in-time solutions with
p = kd(2)*),(z) if kK > K.
Namely, 1. is an optimal singularity on the boundary OS).
Here, sup,cgq k. < 00.

Remark 1.2.

o Theorem 1.2-(1) and Theorem 1.3-(1) with 6 = 2 have already
been shown in [11|. These results can therefore be seen as ex-
tensions to the case of 0 < 0 < 2;

e Note that Theorem B and Theorem 1.2-(ii), (iii), and Theorem C
and Theorem 1.3-(ii), (iii) correspond. Indeed, if we take 6 = 2
in Theorems 1.2-(ii), (iii) and 1.3-(ii), (iii), these coincide with
Theorems B and C, respectively.

We first prove Theorem 1.1 and obtain sufficient conditions on the
local-in-time solvability of problem (SHE) (see Theorems 4.1, 4.3, and
4.4 below). We then apply them to prove Theorems 1.2 and 1.3.

The rest of this paper is organized as follows. In Section 2 we collect
some properties of the kernels G and K and prove some preliminary
lemmas. In Section 3 we prove Theorem 1.1. In Section 4 we obtain
sufficient conditions on the local-in-time solvability of problem (SHE).
In Section 5 by applying these conditions, we prove Theorems 1.2 and
1.3.

Acknowledgments. The author of this paper is grateful to Professor
K. Ishige for mathematical discussions and proofreading of the manu-
script.



10 KOTARO HISA

2. PRELIMINARIES.

In what follows we will use C' to denote generic positive constants.
The letter C' may take different values within a calculation. We first
prove the following covering lemma.

Lemma 2.1. Let N > 1 and § € (0,1). Then there exists m €
{1,2,---} with the following properties.

(i) For any z € RY andr > 0, there exists {z;}7, C RN such that

m

B(z,1) C UB(zi,&r).

i=1
(ii) For any z € RY and r > 0, there exists {Z;}™, C Bq(z,2r)
such that
Bq(z,r) C UBQ(Z,M).
i=1

Proof. Assertion (i) has been already proved in [11]. We prove asser-
tion (ii). We find m € {1,2,---} and {Z}*, C Bq(0,1) such that
Bq(0,1) C U™, Bqa(2;,9/2), so that

Bq(z,r) C UBQ(z+r2i,5r/2). (2.1)

i=1
Set Z; == z+ 1% if z +7Z € Qand Z; € Bo(z + r3;,0r/2) N oS if
2+ 1% € Q. Then

Zi € Ba(z,2r), and Bg(z+1Z;,dr/2) C Bo(Zzi,0r)
if Bo(z 4+ rz;,0r/2) # (. This together with (2.1) implies that

Bq(z,1) C U Bq(Z;, 0r).

i=1

Then assertion (ii) follows, and the proof is complete. O

Next, we collect some properties of the kernels G and K and prepare
preliminary lemmas. We see that I'y satisfies

_N t
Fg(x,t) 8 AAVA |;L‘|T+9’ (22)

/ Ly(x,t)de =1, (2.3)
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for all z € RY and t > 0 (see e.g., [2,10]). Denote D(z,t) by

0

__d(=)°
D(z,t) = L (2.4)

for (z,t) € Q x (0,00). Then the following lemmas hold.

Lemma 2.2.
(i) There exists Cy > 0 such that
/ Lo(x —y,t)dm(y) < Clt_% sup ml(BQ(Z,t%))
RN

2€RN

for all nonnegative Radon measure m; on RY and (x,t) € RY
(0,00).
(ii) There exists Cy > 0 such that

D(z,t) .
K(z,y,t) < Cg—d(y)g n \/EF(,( y, 1) (2.5)

for all (z,y,t) € Q x Q x (0,T']. Furthermore, there exists

C3 > 0 such that

K( N d
/ (@ y, mo(y) < Cst™ @ sup/ ) —TZQ(y) (2.6)
€0 JBo(zt9) d(y)2 + V1t

for all my € M and (z,t) € Q x (0,7"].
Proof. Assertion (i) follows from [10, Lemma 2.1|. It follows that

1Aab < (1Aa)(1AD)(1+|a—10]) < 4(Cl1b$$(|iln:£)|)

Let t € (0,7"]. Then, by

for all a,b > 0 (see e.g. [19, Section 1.1]).
(1.7) we have

G(z,y,t) <C <1 A dii;) (1 A dg?) Ly(x —y,t)

Cd(x)2d

T (d@)? +VD(dy)E + V)

= CD(x,t)D(y, t)lo(x — y, 1)
for all (z,y) € Q x Q and ¢ € (0,7’]. This implies that (2.5) holds.
(2.6) follows from (2.5) and assertion (i) with m; = maxg(y)/(d(y)??+

V). .

FO(:E - Y, t)

d(y)
(y)

v vl
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Lemma 2.3. The integral kernels G and K satisfy

/ K(z,y,t)de < Cyt™2  for (y,t) € 9Q x (0,T"]; (2.7)
Q

/QG(Z, z,$)K(x,y,t)de = K(z,y,t + s) (2.8)

for (z,y,t,8) € Q2 xQ x (0,00)?,
where Cy > 0 is constant depending only on 2, N, and 6.
Proof. Let y € 0. By (2.3) and (2. 5) we have

/ny, dx<C/ Lo(z —y,t)de

<Ct: / To(z —y,t)de = Ct ™2
RN

for all y € 9Q and ¢t € (0,7"]. Then (2.7) follows.
Let y € 2. By (1.6) we have

/ G, ) K (0, g, ) de = —— [ Glera, 8)Gla,y,0) de
0 ay) Jo
= G<Z’ y’ t9+ S> = K(Z’ y? t _'_ 8)'
d(y)2

Let y € 092. By (1.6), (1.7), and the dominated convergence theorem
we have

y,t
/ G(z,z,8)K(z,y,t)dx = / G(z,z,s) lim G(x’—y;)da:
Q Q gEQy—y d(g)f

1
= i G(z,z,5)G(x,y,t)d
Nl K CER L
G(z,7,t
= lim w = K(z,y,t + s).
7EQ, Gy d(g)i
Then (2.8) follows and the proof is complete. O

At the end of this section we prepare a lemma on an integral inequal-
ity, which has been already proved in [11]|. This idea of using this kind
of lemma is due to [17]. See also [8,11,12].

Lemma 2.4. Let ¢ be a nonnegative measurable function in (0,T),
where T > 0. Assume that

t
0o > ((t) > 1+ 02/ s7%C(s)Pds  for almost all t € (t,,T),
ts
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where ¢1,¢0 >0, a >0, B> 1, and t, € (0,7/2). Then there exists
C =C(a,B) > 0 such that

[un

1 a—

c1 < Cey 7M.

In addition, if a« =1, then

_1

& < (ea(B — 1)) 7 [bg r } |

3. NECESSARY CONDITIONS FOR THE LOCAL-IN-TIME SOLVABILITY.

In this section we prove Theorem 1.1. In order to do that, we first
modify the arguments in [11] and prove Proposition 3.1 below.

Proposition 3.1. Assume that there exists a supersolution of problem
(SHE) in Qr, where T € (0,T,]. Then there exists v > 0 such that

d(2)"2u(Ba(z,0)) < vo™ 5 (3.1)

for all z € Qe and o € (0,T"°/16). Furthermore, if p = ps(N,0),
there exists ' > 0 such that

oz

(3.2)

d(z)_%u(BQ(z, o)) <9 [log <e + %)

for all 2 € Qquse and o € (0,T9/16).

In order to prove Proposition 3.1, we prepare two lemmas on the
integral kernels.

Lemma 3.1. For any € € (0,1/2), there ezists C > 0 such that
| Ko du) 2 Co de) bn(Balz.o)
Bq(z,0)

forall jp € M, 2 € Qpije , 0 € (0,eTV?), and T € (0,T.].

Proof. Let e € (0,1/2), o € (0,eT"?), 2 € Qgus6, and y € Bq(z,0). By
(1.8) and (2.2) we have

d(2)® 1 1 (_ o’ )
K(z,y,6®y>C 1A Ao VAN —m—).
(#07) ( ot ><d<y>z az> R

Since

[ SIS

d(z)

d(y)>d(z)—02T%—0>(e_1—1)0>0,
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and |z — y| < o, we have
K(z,y,0%) > CoNd(y)®.
Furthermore, since
d(y) < d(z)+ o0 <d(z) + Ts < 2d(z),

we obtain
K(z,y,0%) > C’J_Nd(z)_g.
Thus, Lemma 3.1 follows. 0

Lemma 3.2.
(i) One has

|z

Ly(x,2t — s) > (%) Ly(x, s)

for all z € RN and s,t > 0 with s < t.
(ii) There exists C' > 0 such that

N
S\o
—5) > = '
Glzy2t—5) 2 C (7)) Glzy.s) (33)
for all z € Qpm, y € Q, s,t € (0,T7/32) with s < t, and

T € (0,7.].

Proof. Assertion (i) has been already proved in [10]. We prove assertion
(ii). Let 2 € Qpuje, y € Q, s,t € (0,7/32) with s < t, and T € (0, T.].
By (1.7) we have

G<Z> Y, 2t — S)

d(z) d(y)* (3.4)
>C <1/\\/ﬁ) (1/\\/ﬁ> Ty(z —y,2t — s).

Since d(z) > TY? > (2t — )/ > 5179 we see that
d(z)? d(z)?
PRCLE iy SPNCCILE B
2t — s NG

B d(y)?\
(o) (1)

N[
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By (3.4) and assertion (i) we then have
G(’Z Y, 2t — S)

ZC(lAd$;>(}Ad$;>fﬂz—yﬂﬁ—ﬁ

S\ 7 d(z) d(y)*
:C<2_t> (1/\ \/5)<1/\ \/§>F9(z—y,s)

>C (%>1§ G(z,y, ).

We obtain the desired inequality.
On the other hand, assume that d(y) < (2t — s)*/?. Note that

2 —y[V* > (d(z) — d(y)"

+_ S)%)N—i—&

\Y
E

|
S

d(=)2 ) _d(y)*
G(z,y,2t —s) > C (1/\ s ) mfg(z—y,%—s)
B d(2)2\ d(y): 2t—s
_C’<1/\ \/§> ot —5 |z — y[N o

2t d(z)%\ d(y)z s
A <1A ¢5> V5 e

d(z) dy)s\ [ _x S
> 1 1 _
_(J</\\/§></\\/g seAp_MMe
d(z) d(y)*
> 1 1 Fy(z —
Y (PEEAY P P
S\ %
> > —
> CG(zy,5) 2 C(5) " Gz, 9)
We obtain the desired inequality and the proof is complete. O

Proof of Proposition 3.1. Let u be a supersolution of problem (SHE) in
Qr, where T € (0,T.]. Let o € (0,T%%/16) and 2z € Qquse. It follows
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from (1.6) and Lemmas 2.3 and 3.2 that
/G(z,x,t)u(:ﬁ,t) ds
Q
> [ [ 6w Kyt doduly)
QJQ

t
+/ //G(z,x,t)G(:v,y,t—s)u(y,s)pd:cdyds
0 JaJo
t
> [ KGp2duto) + [ G2t = s)uly,s) dyds
Q a?

2/ﬂK(2,,%2t)ciu(y)+C/Cr

for almost all ¢+ € (0% T/32). Furthermore, Jensen’s inequality with

(1.5) implies that

p
[ G sty sy > ( [ 6y suivs) dy)
Q Q
for almost all s > 0. Then we obtain

/ G(z,x,t)u(z,t)ds
Q

> / K (2,9, 2¢) dyu(y) (3.5)

t p
+C’t_1<9v/ 5T (/ G(z,y,s)u(y,s) dy) ds
of Q

for almost all ¢t € (¢%,7/32). By Lemma 3.1 we have

/QK(z,y,?t) du(y) Z/B( (Zt)%)K(z,y,%) du(y)
i(Baz, (2t)7))
1(Ba(z,0))

t

0 <i>g /QG(Z’y’ s)u(y, s)? dyds

2t

(3.6)

[ SIS

> Ot vd(z)”
> Ot d(z)”

[SIS

for all t € (0%, T/32). Therefore, setting
U) =¥ [ Glev.tpuly.0)dy
Q
(3.5) and (3.6) yield

U(t) > Cd(z) 2u(Ba(z,0)) + C / t s~ o DU (s)P ds
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for almost all t € (6%, T/32). Applying Lemma 2.4, we obtain
N 6
A o

d(2)" % p(Ba(z,0)) < C(o”) 7 71 = Co™ i

for all ¢ € (0,7%/%/16) and almost all z € Qz1/6, so that (3.1) holds.
Furthermore, in the case of p = py(N,0), we have

Ts\ |
log (e + —)]
o

for all ¢ € (0,7%9/16) and almost all z € Qy1/6, so that (3.2) holds.
Thus, Proposition 3.1 holds. U

|z

_N
0

d(z) 4 (Ba(z,0)) < C [1og % <c

Next we prove Proposition 3.2 on the behavior of x4 near the bound-
ary.

Proposition 3.2. Assume that there exists a supersolution of problem
(SHE) in Qr, where T € (0,T.]. Then there exist v > 0 and € € (0,1)
such that

N

p—1

#(Ba(z,0)) < 7o
for all z € 8 and o € (0,€T9).
In order to prove Proposition 3.2, we prepare Lemma 3.3.

Lemma 3.3. Let u be a solution of problem (SHE) in Qr, where T €
(0,T.]. Then there exists C > 0 such that

u(z, (20)°) > Co™V "5 p(Ba(z, 0))

for all z € 09, almost all © € Bg(z,80) with d(z) € (20,40), and
almost all o € (0,T%%/16).

Proof. Let z € 0f). For any x € Bg(z,80) with d(z) € (20,40) and
y € Bq(z,0), (1.8) and (2.2) yield

K(z,y,(20)")
1 1 N (20)? (3.7)
) (d(y)3 " (za)3> <(20) = ylw) ’

e (1 A
Since

d(x) > 20, dy) <o, and |z—y|<|r—2z]+]|z—y| <90,
(3.7) implies that

=
a2

(SIS [V

—~~
DO
Q

N~—

K(,y,(20)") > Co™V"%,
Then it follows from Definition 1.2 that

u(z, (20)%) > / K(z,y, (20)°) du(y) > Co™N"5 pu(Bq(z,0))

Ba(z,0)
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for all z € 09, almost all x € Bg(z,80) with d(x) € (20,40), and
almost all o € (0,7'%/16). Thus, Lemma 3.3 follows. O

Proof of Proposition 3.2. Assume that there exists a supersolution of
problem (SHE) in Qp, where T € (0,7,]. Let ¢ € (0,1/16). For
o € (0,eT"%), we have

T
T —(20)% > (1 — 4T > 5

Set u(z,t) == u(x,t + (20)%). Then the function @ is a supersolution
of problem (SHE) with p = d(z)%?u(z, (20)%) in Qr/» for almost all
o € (0,eT?%). For z € 98, let 2 € Q be such that 2 € 9Bq(z, 30) and
d(Z) = 30. Let 6 € (0,3/16). Since eT% < T9/16 and y € Bq(Z, d0)
satisfies y € Bq(z,80) and d(y) € (20,40), by Lemma 3.3 we have

[ a0 dy
Ba(2,49) 9 9 (3.8)
> Co N4 u(By(z.0) / dy)t dy > Cu(Balz,0)).

Bq(2,60)

In addition, by Proposition 3.1 with 7' = (30)? we have

a(z)* /B i

N

uly, (20)7) dy = d(3)"* /B A0 dy

This together with (3.8) implies that

0

H(Ba(z,0)) < Co™ e

for all z € 99 and almost all o € (0, T/%). Then we obtain the desired
inequality for all z € Q and all ¢ € (0,¢7/?). Thus, Proposition 3.2
follows. 0

Now we are ready to complete the proof of Theorem 1.1.

Proofs of (1.10) and (1.11). By Propositions 3.1 and 3.2 we find § €
(0,1/3) such that

sup d(z)’%u(BQ(z,(Sa)) < CUN_z%l,
zeQ,d(z)>0

(3.9)

sup pu(Ba(z,60)) < Co™*3751,
z2€00
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for all o € (0, 7Y/9). Furthermore, if p = py(N,0), then

T3\ |
log (e + —9)] (3.10)
o
for all o € (0,TY9).

Let o € (0,7"%) and z € Q. Consider the case of 0 < d(z) < §5/2.
Since 0 < § < 1/3, we have

|2

sup d(z)’%u(BQ(z,(Sa)) <C

z€Q,d(z)>0

Bq(z,00/2) C Bq((,00) C Ba(z,0),

where ¢ € Bq(z,00/2) N9Q # 0. Then by (3.9) we obtain

< Co d(y)> dy
Ba(C,00){yeQ;d(y)>do/3}
__0_ 6 (3.11)
<Co PI/ d(y)> dy
BQ(C76U)
<Co Pl/ d(y)? dy
Bq(z,0)
Consider the case of d(z) > do /2. Then, by (3.9) we have
1(Ba(z,6%)) < Cd(2)20N 77 < Cd(2)80 71 / dy
Ba(z,620/4)
< Co w1 / d(y)? dy (3.12)
Bq/(6%0/4)
< Co 7 d(y)g dy.
Bq(z,0)
Combining (3.11) and (3.12), we obtain
1(Ba(z,0%/2)) < Co v 1 / d(y)? dy (3.13)
Bq(z,0)
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for 2 € Q and o € (0,T%%). Therefore, by Lemma 2.1 (ii) and (3.13),
for any » € Q, we find {Z;}7%, C Bq(z,20) such that

m

i(Ba(z,0)) < ) n(Ba(z:,6°0/2))

=1
m

<coY [ dwtay
BQ(EZ )

=1

< 00”91/ d(y)* dy
Bq(z,30)
6 9
<Co »1 / d(y)z dy.
Ba(z,0)
This implies assertion (i).

Let p = pa(V,0). Similarly, by Lemma 2.1, for any z € Q3,, we find
{%}", C Bqo(z,20) such that

BQ Z 0' Z BQ zz,do

Since Z; satisfies d(2;) > o and 0 < 6 < 1/3, we deduce from (3.10)
that

d(2)" % u(Ba(z,0)) < i( +2U) [log(eJrT;)

76\ |
log (e + —>]
ag

for all z € Q3, and o € (0,T%%). This implies assertion (ii), and the
proof is complete. O

N

0

o[z

<C

In the case of p = py(N,0/2), we obtain more delicate estimates of
p near the boundary than those of (1.10).

Proof of (1.12). Let p = pg(N,0/2). Assume that there exists a super-
solution of problem (SHE) in Q7, where T' € (0,7,]. By Lemma 2.4,
for almost all o € (0,7%/%/3), the function v(z,t) := u(x,t + (20)%) is
a solution of problem (SHE) in Qr_(2,)0. Let z € 0. It follows from
(1.10) that

/ a(y)
Bq(z,r)

N

v(y,t)dy < C’rpel/ d(y)% dy (3.14)

Bq(z,r)
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for all € (0, (T — (20%) —t))"/% and almost all ¢ € (0,7 — (20)%). Then
V(t):=tot! / K(z,z,t)v(x,t)dr < oo
Q

holds for almost all ¢t € (¢?, (T — (20)?)/2). Indeed, Lemma 2.2 and
(3.14) yield

/QK(x,z,t)v(x,t) dr < Ct™ ! /Q Cy(x — z,t)d(az)gv(x,t) dx

(SIS

<ce ¥ top [ d) ety < oc
B(](Z,(Qt)g)

z€Q
for almost all ¢t € (o7, (T — (20)%)/2).

We derive an integral inequality for V. Fubini’s theorem and (2.8)
yield

/QK(ac,z,t)v(x,t) dx
2/QLK(x,z,t)G(x,y,t)v(y,O)dxdy

" /ot /Q /Q K(z,2,t)G(x,y,t — s)o(y, s)° dedyds (3.15)

t
E/K(y, z,2t)v(y, 0) dy+/ /K(y, 2,2t — s)u(y, )P dyds.
Q 0o Ja
Set
I :={y € Bq(z,80);d(y) € (20,40)}.
For y € I, by (1.8) and (2.2) we have
dy)s) 1 ( N 2t )
Ky,z20>C (1A ) (%A —=2 ). (3.16
(yZ ) ( \/Q_t \/Q_t ( ) |y—Z’N+6 ( )

Since
d(y)g <4207 <42/t and ly — 2] < 80 < 8t
fory e I and t € (0%, (T — (20)%)/2), (3.16) implies that
K(y,2.2t) > Cd(y)5e 7"
fory € I and t € (09, (T — (20)%)/2). Then we have

/QK(y,z,Qt)v(y,O) dy > Ctlgl/ld(y)

[SI5S

v(y,0) dy (3.17)
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forallt € (o7, (T—(20)%)/2). On the other hand, by the same argument
as in the proof of (3.3), we have
s

—&+1

K(y, z,2t — s) 26’(

for all y € Q, z € 99, and s,t € (0,T) with s < ¢t. Then Jensen’s
inequality with (2.7) implies that

¢
/ /K(y,z, 2t — s)u(y, s)" dyds
0o Jo
¢ S %J’_l _1 1 1
> (—) Cys™2 | C; s2K(y, z,s)v(y, s)P dyds
0 \2t Q

- Ers\B+l " ) pd
> = -1 1

- /0 (275) 5 (/QS (y,z,s)v(y, s) y) s

t p

> C’t]gl/ s (5+2) D) (/ s%HK(y,z,s)v(y, s) dy) ds.
af Q
(3.18)

Since p = py(N,6/2), by (3.15), (3.17), and (3.18) we see that

t

V(t) > C/d(y)gu(y, (20)%) dy + C/ s 'V (s)Pds (3.19)

I )

for almost all ¢t € (¢, (T — (20)%)/3) and almost all o € (0,7%/7/3).
Let € € (0,1/2). We apply Lemma 2.4 to inequality (3.19) to obtain

/I a(y)

2N+0

B T 20
uly, (20)%) dy < C |1og }

(S5

ol
_2N+te (3.20)

B Tl 20
< C'|log (e—l— —9>]
o

for almost all o € (O,ETl/ %) Therefore, by Lemma 3.3, taking small
enough € > 0 if necessary, we have

/I a(y)

> Co N3 1u(Ba(z, o)) / d(y)s dy > C(Ba(z )

N[

uly, (20)") dy
(3.21)

for almost all o € (0, eT'/?).
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Combining (3.20) and (3.21), we find § € (0, 1) such that

2N+0

T% 20
log (e + —>]
o

for almost all o € (0, 7%/?). This together with Lemma 2.1 implies that

sup p(Bq(z,00)) < C
2€00

_2N;—9
m’ Tl 2
sup u(Bgq(z,0)) Z (2,00)) < C log<6—|——0>]
2€09Q i1 g
for all ¢ € (0,7/?). Thus, (1.12) follows. O

4. SUFFICIENT CONDITIONS FOR THE LOCAL-IN-TIME SOLVABILITY.

In this section we study sufficient conditions on the solvability of
problem (SHE). Denote £ by the set of nonnegative measurable func-
tions on . For u € M, define

m@ww:[ﬁw%ﬂww,

for z € Q.

We first show that the existence of solutions and supersolutions of
problem (SHE) are equivalent. The arguments in the proofs of sufficient
conditions are based on Lemma 4.1.

Lemma 4.1. Assume that there exists a supersolution v of problem
(SHE) in Qr. Then problem (SHE) possesses a solution w in Qr such
that u < v in Qr.

Proof. This lemma can be proved by the same argument as in [10,
Lemma 2.2]. Define

m@ﬂ:/K@@ﬂW@,

uj-i—l = ul x, t / / X y7 U,](y, ) dde, ]: 1a27"' )

for almost all (z,t) € Q7. Thanks to (1.9) and the nonnegativity of K
and G, by induction we obtain
0 <w(z,t) <ug(x,t) <--- <wj(z,t) <--- <wv(z,t) < oo
for almost all (z,t) € @Qr. Then the limit function
w(z,t) ;== lim wu;(z,t)
j—o00



24 KOTARO HISA

is well-defined for almost all (x,t) € Q7 and it is a solution of problem
(SHE) in Q7 such that u(z,t) < v(z,t) for almost all (z,t) € Q7. Then
the proof is complete. O

4.1. The case of ;1 € M. We begin with the case of u € M.

Theorem 4.1. Let N > 1, p > 1, and 0 < 6 < 2. Then there exists
v =5, N,p,0) > 0 such that, if p € M satisfies

4 )\
/ s -1 sup/ Py ds < v (4.1)
0 2e0 J Ba(zs7) d(y )2 + /s

for some T € (0,T.], then problem (SHE) possesses a solution in Qr.
Proof. Assume (4.1). Let T € (0,7.] and

w(z,t) = 2/9K(1:,y,t) du(y).

It follows from (2.6) that

N du(y)
w(t) || ooy < Ct ]gsup/ —_
[w (@)l z= (0 pe(eth) dg) 1 Vi

for all t € (0,7,]. Then, by (2.8) we have

/Kwy, du(y // (z,y,t — s)w(y, s) dyds

< gulet) + [ O [ 6ot = ol duds

g% (x,t) +C/ l|lw(s HLoo(Q)//QG(x,y,t—S)K(y,z,s)dyd,u(z)ds
% (x,t) +C/ llw(s) 1(9) ds/QK(a:,z,t)du(z)

g% (1)

+

T L
C/ s 5 @1 sup/ X d/:—(y) ds/K(x,z,t) du(z)
0 2€0 JBa(zst) d(y)2 + /5 Q

< %w(w, t) + Cyw(zx,t)

for almost all (x,t) € Q7. Taking sufficiently small v > 0 if necessary,
we see that w is a supersolution of (SHE). Thus, Theorem 4.1 follows
from Lemma 4.1. U
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As a corollary of Theorems 1.1 and 4.1, we can obtain the local-in-
time solvability when g is the N-dimensional Dirac measure concen-
trated at some point of 0f).

Corollary 4.1. Let N > 1 and d 5 be the N-dimensional Dirac measure
concentrated at the origin. Let k > 0 and z € 0. If p = kon(- — 2)
on Q, then the following holds:
(i) If p > pe(N,0/2), then problem (SHE) possesses no local-in-
time solutions;
(i) If 1 < p < pg(N,0/2), then problem (SHE) possesses a local-in-
time solution.

Proof. We shall prove assertion (i). Assume problem (SHE) possesses
a solution in ()7, where T'" > 0 is sufficiently small. It follows from
Theorem (1.10) and (1.12) that the inequality

’yaNJ“g_?%l if p>pe(N,0/2),

__2N+46

k= sup u(Bqo((,0)) < 3 2
¢ceon (Bal¢,0)) v llog <e+ 2)] if p=pe(N,0/2),
o

must hold for all ¢ € (0,7%%). However, the right hand side of the
above inequality goes to 0 as ¢ — 0. This implies that problem (SHE)
possesses no local-in-time solutions since the above inequality does not
hold for sufficiently small o > 0.

We shall prove assertion (ii). Since 1 < p < pg(N,0/2), we have

T p—1
/ 3_%(1’)—1) Sup/ . —dg(y) ds
0 ceq IBa(c,st) d(y)z + /s

T
:,ip—l/ X D-1) g
0

< CrPITI=(F+)0-D 0 a5 T 0.

This implies that (4.1) holds if T > 0 is sufficiently small, which implies
that problem (SHE) possesses a local-in-time solution. Then the proof
is complete. O

4.2. The case of ;1 € L. In this subsection we modify the arguments
in [8,10,11,21] to obtain Theorem 4.2 on sufficient conditions on the
local-in-time solvability of problem (SHE).

Theorem 4.2. Let f € L. Consider problem (SHE) with
0
p=d(z)2f(x) € L. (4.2)
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Let U be a strictly increasing, nonnegative, and convex function on

[0,00). Set
v(,t) =207 ([G()T(f)](x))
for (z,t) € Q. Define

for 17 >0.

If
sup (IIB( DL /IIA ||L°<><md8>§€ (4.3)
te(0,7)

for some T € (0,T.] and a sufficiently small ¢ > 0, then problem (SHE)
possesses a solution u in Qr such that

0 <wu(z,t) <wv(x,t) for almost all (z,t) € Qr.

Proof. Let pu be as in (4.2). We show that v is a supersolution of
problem (SHE) in Q. By Jensen’s inequality with the convexity of W
and (1.5) we have

/ K(r.y.t) duly) < / Gz, 1) f () dy
— (G(1)f)(x)

< UG (N](x)) = (1)

for all (x,t) € Q. By the semigroup property of G and (4.3) we see
that

/Ot G(t — s)v(s)Pds

<o /OtG(t— )
-6 [

ds
L)

(W (G(s) ¥ ()]
G(s)¥(f)

ds
Lo ()

< Cev(t).

Taking a sufficiently small € > 0 if necessary,

/K Ly, t) du(y /Gt—s s)Pds < w(t)
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holds for all ¢ € (0,7"). This means that v is a supersolution of problem
(SHE) in Q7. Then Lemma 4.1 implies that problem (SHE) possesses
a solution in Q). Thus, Theorem 4.2 follows. U

Next, as an application of Theorem 4.2, we obtain sufficient condi-
tions on the solvability of problem (SHE).

Theorem 4.3. Let f € L. For anyq > 1, there existsy = v(Q, N,0,p,q) >
0 with the following property: if there exists T € (0,T.] such that

0q
sup [ D(yo)f )"y < 90", (1.4)
2€Q J Ba(z,0)

for all o € (0,T), then problem (SHE) with (4.2) possesses a solution
in Qr, with u satisfying

0 < ula, ) < 2[6(1)/)(x)s (4.5)
for almost all (x,t) € Qr, where D is as in (2.4).

Proof. Assume (4.4). We can assume without loss of generality, that
q € (1,p). Indeed, if ¢ > p, then, for any 1 < ¢’ < p, we apply Holder’s
inequality to obtain

sup / D(y,o)f(y)? dy
Zéﬁ BQ(Z,O’)

/

1—4
SSWL/ DWJM4 L/ Dly, o) ()" dy
2€Q Bq(z,0) Bq(z,0)

< CyToN T
for all o € (0,7"/%). Then (4.4) holds with ¢ replaced by ¢'. Further-
more, if (4.5) holds for some ¢’ € (1,p), then, since

’ 1 1
[G() f7](@)7 < [G(t)f*](x)
for x € 2 and t > 0, the desired inequality (4.5) holds.
We apply Theorem 4.2 to prove Theorem 4.3. Let A and B be as
in Theorem 4.2 with ¥U(7) = 7% Then A(7) = 7®/9~1 and B(r) =
r1=(/9) Set

QR

vz, t) = 2[G(t) f9)(z)7.
for all (z,t) € Qr. It follows from (2.6) that

W@M@:LK@%W@W@%y

<Ct™ sup/ , Dy, t)f(y)'dy < Cyt~ 71
Bq(z,t0)

2€Q
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for all ¢ € (0, 7/?). Then thanks to ¢ € (1, p), we have

| B(G()W(f))| () / |A(G Il pe(o ds

21

— |6t ﬂH?m/HG ) F7)f iy ds
< C’yqt_g—i/ s vt ds < C’v%
0
for all ¢ € (0, 7%/?). Then we apply Theorem 4.2 to obtain the desired

conclusion. Thus, the proof is complete. O

Theorem 4.4. Let p = po(N,1) with | € {0,0/2}. Let r > 0 and
set (1) = tllog(e + 7)|" for 7 > 0. For any T > 0, there ezists
v ="(Q,N,0,r,T 1) >0 such that, if f € L satisfies

( Té)]r_
log | e+ —
g

for all o € (0,T9), then problem (SHE) with u = d(z)%%f(x) pos-
sesses a solution u in Qr, with u satisfying

N+l
]

_1 N+L
sw/(;@%@wmmwsﬂw
Bo(z,0

2€Q

0 < u(e,t) < Co~ ([GOS(T7)f)(x))
for almost all (x,t) € Qr for some C > 0.
Proof. Let 0 < ¢ < p—1. We find L € [e,00) with the following

properties:

(a) W(s) := s[log(L + s)]" is positive and convex in (0, 00);
(b) s?/W(s) is increasing in (0, co);
(c) sllog(L + s)]7P" is increasing in (0, 00).

Since C1®(s) < U(s) < CP(s) for s € (0,00), we see that

log | e+ —
o

for all o € (0,7"/%). Here we can assume, without loss of generality,
that v € (0,1). Set

_ N+
"9

2€Q

sup/ ( )d(y)l‘P(Tp-lf(y))dy <AT
Bq(z,0

[

“(a.t) = [GOUTH D] (@) = [ Koyl W(T ) dy
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By (2.6) we have

_1
I < Ot Fsup [ Dyt UTF 1 (w) dy
Bq(z,t9)
<o [ d) W ) dy
zEQ Bq(z, 7)
+1 N+l
< Oty llogtT| < Oty |logtr|"™ 7
for all t € (0,T), where t7 :=t/(2T) € (0,1/2). Since
C rflog(L+7)]" < U (1) < Crllog(L +7)]"

for 7 > 0,
A(z(x, 1)) = W < Cz(x, )P log(L + 2(x, )] 77",
B(z(z,t)) = % Cllog(L + z(z,1))]",

hold for (z,t) € Q. Then
0 < Az, 1)) < Cll2(O) 7o 12 (0) 1o (o log (L + [|2() | o 0))] "
< Cyrimegy 0 Y IlogtT\( —5E)0 D) log t| P
= C’yp’l’et;l\ log tp|™"*
and
0 < B(z(x,t)) < Cllog(L + [|2(t)]| oe(e)]" < Cllogtr["

for all (z,t) € Qr, where C' is independent of 7. Hence

IB=(t) =0 / JA(=(5)) 1oy ds
< Cv”‘l‘ellogtﬂ’“/ s |log sp| " ds
0

¢ 2T —r—1
= CyP~17¢| log tT]T/ —log i] ds
0 S
= CT~P ¢

for all t € (0,7). Therefore, if v > 0 is small enough, then we apply
Theorem 4.2 to find a solution u of problem (SHE) in Q7 such that

0 < ulz,t) <207 (2(x,1)) < CO([G(t)D(f)](x))
for almost all (x,t) € Qr. Thus, Theorem 4.4 follows. O
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5. PROOFS OF THEOREMS 1.2 AND 1.3.
In this section by applying our necessary conditions and the sufficient

conditions proved in previous sections, we prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We first prove assertion (i). Let p < pg(N,0)
and v € M. Since

N

we have

=1 7
< |sup V(BQ(Z,T%)) / s~ o1 g
2€Q 0
p—1
< C |supv(Bo(z,T9))| T30

zeﬁ

for T > 0, where D is as in (2.4). Taking sufficient small 7" > 0 if
necessary, we see that (4.1) holds. It follows from Theorem 4.1 that
assertion (i) follows.

We prove assertion (ii). Let z € Q, k > 0, and p = xd(x)?p,(z). If
p > pe(N,0), then we find ¢ > 1 such that

o [ Do)y <t [ ey < Ot
z€Q J Bo(z,0) B(z,0)

for all o € (0,1). If p = pp(V,0), then for any r € (0, N/6), we have

sup / ke (y)[log(e + ke (y))]" dy
z€Q J Bo(z,0)

< Cx / ly — 2/ log ly — 2|~ dy < Cl log o] ¥+
B(z,0)

for all small enough o > 0 and x € (0,1). Then, if x > 0 is small
enough, by Theorem 4.3 with p > ps(N,0) and Theorem 4.4 with [ = 0
we find a local-in-time solution of problem (SHE). Then we obtain the
desired conclusion and assertion (ii) follows.
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Finally, we prove assertion (iii). Assume that problem (SHE) pos-
sesses a local-in-time solution. By Theorem 1.1 we have

2] __2 ]
%/ d(y)2e:-(y)dy < Co vt / d(y)> dy
Ba(z.0) Ba(z.0) (5.1)
< Cd(z)30N 7
for all small enough o > 0. Furthermore, if p = py(V,0), then

. / k) dy < Cae)ogol S (5.2)
Ba(z,0

for all small ¢ > 0. On the other hand, it follows that

0 )
9 Cd(z )5 1 if p>pep(N,0/2),
/ d(y)2 ¢ (y) dy > 0 N
Ba(z,0) d(z)2]loga] 0, if p=pe(N,0/2).

This together with (5.1) and (5.2) implies that (1.10) and (1.11) do
not hold for sufficiently large x > 0 and k. is uniformly bounded on €2.
Thus, Theorem 1.2 follows and the proof is complete. 0

Proof of Theorem 1.3. We first prove assertion (i). Let p < pa(IV,6/2)
and pu € M. Since
2N +0

1-— —1)>0
we have
T p—1
d
0 2€Q 50) ( ) "‘\/_
< sup,uzTG S 2N+0(_1 ds
zeQ 0
p—1
<O |supp(z,T9)| T 07
2eQ

for T'> 0. Taking sufficient small 7" > 0 if necessary, we see that (4.1)
holds. Tt follows from Theorem 4.1 that assertion (i) follows.

We prove assertion (ii). Let z € 9Q, k > 0, and pu = kd(x)??¢, ()
in M. If p > py(N,0/2), then we find ¢ > 1 such that

_0 0 _ bq_
/ D(y,0") (ko)) dy < nio~ / d(y)Sly — =75 dy
Bg(z,0) Ba(z,30)

_ 9q_
< CrigN
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for all x € Bg(z,20) and ¢ € (0,1), where D is as in (2.4). Further-
more, we have

_ bq
/ D(y,0") (rip. () dy < A1 / ly — 277 dy
Ba(2,0) B(w,0)
< CrloN |z — z\_% < Oxlo™N

for all z € Q\ Bg(z,20) and o € (0,1). These imply that

sup / D(y,o")(rip-(y))"dy < Crio™ 7
zeQ J Bo(z,0)

for all o € (0,1) if p > pe(N,0/2). If p = pp(N,6/2), then for any
r € (0, N/0), we have

sup / () 3. (y) llog(e + reps())] dy
Bq(z,0)

zeQ
<COn / ly — 2 Mlog |y — 2|~ ¥ 1 dy < Cr|log o ¥+
B(z,0)

for all small enough ¢ > 0 and x € (0,1). Then, if K > 0 is small
enough, by Theorem 4.3 with p > py(N,0/2) and Theorem 4.4 with
[ = 0/2 we find a local-in-time solution of problem (SHE). Then we
obtain the desired conclusion and assertion (ii) follows.

Finally, we prove assertion (iii). Assume that problem (SHE) pos-
sesses a local-in-time solution. By Theorem 1.1 we have

0 __2 0
K/ d(y)2p.(y)dy < Co v=1 / d(y)z dy
Bq(z,0) Bq(z,0)

[ 2]
< CoN i

(5.3)

for all small enough o > 0. Furthermore, if p = py(N,0/2), then
<[ ey < Cllogol (5.4)
Bq(z,0)

for all small ¢ > 0. On the other hand, it follows that

0 0
() CO’N+§_E7 if p>p9<N76/2)7
/ d(y)2p:(y) dy > _anto .
Ba(z,0) Cllogo|~ 720, if p=pe(N,0/2).

(5.5)
By (5.3), (5.4), and (5.5) we see that (1.10) and (1.11) do not hold for
sufficiently large x > 0 and x, < C. Thus, Theorem 1.3 follows and
the proof is complete. O
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