SCHUR PROPERTY FOR JUMP PARTS OF GRADIENT
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ABSTRACT. We consider weakly null sequences in the Banach space of func-
tions of bounded variation BV (R?). We prove that for any such sequence {f,}
the jump parts of the gradients of functions fy, tend to 0 strongly as measures.
It implies that Dunford—Pettis property for the space SBV follows from the
Dunford-Pettis property for the Sobolev space W11,

1. INTRODUCTION

1.1. Background and motivation. The goal of this paper is to study the weak
compactness in the Banach space of functions of bounded variation. Our motivation
was to better understand the properties of weakly null sequences in this space
which by the Eberlein-Smulian theorem determine weak compactness. This is an
inevitable step towards establishing Dunford—Pettis property (or its absence), which
is our ultimate goal. Since this space is a closed subspace of the space of measures
with finite total variation, it has well known description of weak convergence but
it turns out that the special gradient structure yields a certain new phenomenon.

Let us describe it without going too deep into details. Roughly speaking, every
gradient measure (i.e., the gradient of a function of bounded variation) could be
uniquely decomposed as a sum of absolutely continuous, jump (absolutely continu-
ous with respect to Hausdorff measure of codimension one) and Cantor parts (note
that these three parts are usually not gradient measures themselves). The main
result of this paper (Theorem 1) states that jump parts of weakly null sequences
tend to 0 in norm. This resembles the well known Schur property enjoyed e.g. by
the space ¢! (see [8] for the original theorem and also [10, Theorem III.A.9] or [2,
Theorem 2.3.6] for a more modern presentation). It explains why we allow ourselves
to extend the term ”Schur property” to our context.

The structure of gradient measures and their weak* convergence are well un-
derstood (see e.g. the remarkable Alberti’s paper [1] and also [6], [3, Chapter 3]).
On the other hand, little is known about the geometry of the dual to the space of
functions of bounded variation. For recent results in this direction see e.g. [4, 7, 9].

Our proof has geometric and combinatorial flavour. An elementary argument
reduces the problem to studying the gradient measures with jump parts concen-
trated on fixed Lipschitz graphs. Under the assumption that the statement fails,
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oscillation of the densities of jump parts appears. This in turn yields high oscilla-
tion of the functions in the neighbourhood of the aforementioned Lipschitz graphs
which leads to a contradiction. We present the proof for the two-dimensional case
and pass to the case of arbitrary dimension in the final section.

1.2. Basic definitions and formulation of the main result. For an arbitrary
domain Q C R? the space BV({2) is the space of functions u in L*() such that
their distributional gradient Du is a (vector-valued) measure. The norm on this
space is defined in a following way: |lullgv) = |ullz1(q)) + [[Dul|. Here and
everywhere below for any measure p (real or vector-valued) notation ||u|| stands
for its total variation. We will mainly work with the space BV(R?) and we use
notation BV = BV(R?).

We present necessary definitions and facts about BV functions here (which are
essentially well known); all of them are taken from [3, Chapter 3].

The gradient Du of any function u € BV can be written as a sum of its abso-
lutely continuous and singular parts: Du = D%u + D®u. The singular part can be
further decomposed as the sum of the Cantor and jump parts. We proceed with
the description of this decomposition.

We denote by B,(x) the ball in R? of radius p with center at the point z. For
any vector v (say, of unit length) we will also use the following convenient notation
for two halves of the ball B,(z):

B (z,v) ={y € By(2) : (y — 2) v > 0};

B, (z,v) ={y € By(z) : (y —x) - v < 0}.

The set J, is now defined as the set of all approximate jump points of u, that is,
x € J, if there exist numbers a # b and a unit vector v such that
1

lim —— u(y) — aldy = 0;
P*>+O |B:(Qf7l/)| Bj(r7y)‘ (y) I y

. 1
%0 1B; () /B;(x,y) uly) - bldy = 0.
Here the triple (a, b, v) is uniquely determined by these conditions up to a permuta-
tion of a and b and change of sign of the vector v. We denote v, (z) = v, u™ (x) = a,
u™(z) = b. The “jump part” of Du is defined as D/u = (D*u)|;,. We will also
call the set J, a “jump set” of a BV function u. The following identity holds for a
jump part of the gradient (see [3, Theorem 3.77]):

Diu= (ut —u ), H¥ ;.

We say that u has an approximate limit in 2 € R? if there exists z € R such that

1
lim 7/ lu(y) — z| dy = 0.
p—0+ | By ()| B,(z)

The set of all points which do not satisfy this property is called an approximate
discontinuity set and denoted by S,. The set S, is countably H% -rectifiable, i.e.
it means that up to H% '-negligible set it is covered by ey ®x([0,1]47!) where
®y, : [0,1)97! — R? are Lipschitz functions. Besides that, we have H*~1(S,\J,) =0
(see [3, Theorem 3.78]). The Cantor part of the gradient is defined as D°u =
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(D*u)|ga\s, - For simplicity, we may assume that u is a “precise representative”
(for the definition see [3, p.197]) of an element of BV, i.e.

1
u(z) = lim —— u(y) dy
p=0+ |B,y(2)] /B, (2)

for any € R%\S,. We define the functions u™ and u~ H9 1-a.e. simply by putting

ut = u~ := u outside the set S,. Then for all z € Rd\Su and any choice of the
unit vector v we have we have
1
lim ——— u(y) —ut(x)|dy = 0;
1
lim ——— |u(y) — u™(z)| dy = 0.

p=+0 | B, (2, V)| JB; (20)

We will use the following fact: for u € BV(Q) there exists a sequence of smooth
functions u, such that u, — w in L'() and ||Duy| r1(q) — ||[Dul|. This conver-
gence is called “strict convergence” (see [3, Theorem 3.9]).

From above definitions (and the fact that Du vanishes on the H%~!-negligible
set Sy, \ Jy) it follows that if u is a BV function then its gradient has the following
canonical decomposition:

Du = D% + D + Du.

Our main theorem states that if a sequence of functions f,, converges weakly in the
space BV then the jump parts of the gradients of these functions converge strongly
(as measures).

Theorem 1. Let {fn}nen be a sequence of functions in BV. If {f,} converges
weakly in BV(R?) to a function f then

dim || (DY (f = fa)) | = 0.

Remark 1. We would like to point out that considering only the jump part of
the gradient in Theorem 1 is crucial: it is not true for the whole singular part of
the gradient. Let us denote the standart triadic Cantor set by C; we can also view
it as the group Z§. Let r,, be the Rademacher functions defined on the Cantor set
(we view them as the functions supported on the Cantor set — that is, r,(z) =1
for x € C which has a digit 2 on the n-th position of its triadic expansion). We also
denote by u the Cantor measure and put R, (z) = fox 7 (t) du(t).

Now we put fn(z,y) = R,(z)®(y) where ® is a non-negative smooth function
with compact support such that [ @® = 1. Clearly,

D*fy = D°f = rperdpu® B dA

where d )\ is a one-dimensional Lebesgue measure and e; is an element of the stan-
dard basis in R2. Observe that ||D*f,| = 1. To check that f, tends weakly to
0 in BV it is enough to check that f, and D?f, tend weakly to 0 in L'(R?) and
D* f,, tends to 0 weakly in L'(dp ® d)). Obviously, we have || f,||11®2) — 0 and
||DaanL1(R2) — 0.

Now we take an R2-valued function g = (g1,92) € L>®(du ® d\) and observe
that

(1.1) /gDsfnd,ud)\:/rnﬁdu,
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FIGURE 1. Graph of Ry(z).

FIGURE 2. Graph of R3(x).

where g(z) = [ g1(z,y)®(y) d A(y). We can equivalently treat the function g as a
function defined in the group Z§'. Its Fourier transform belongs to co(D,,cy Z2) by
Riemann-Lebesgue lemma and therefore the right-hand side of the equation (1.1)
tends to 0.

Remark 2. Let us now recall that a Banach space X has Dunford—Pettis
property (DPP) if for any sequence z,, converging weakly to 0 in X and any sequence
of functionals z} € X* converging weakly to 0 in X* we have lim,,_, o 2} (2,) = 0.
Besides that, the space SBV () is defined as a subspace of BV(£2) which consists
of the functions f such that D¢f = 0; for a systematic treatment of this space see
[3, Chapter 4].

Assume for simplicity that Q is a bounded regular domain. In this case the
analogue of Theorem 1 is true for the space BV(Q) (with the same proof). We
claim that DPP for the space W!(Q) implies DPP for the space SBV ().

Indeed, if DPP fails for SBV(Q), there exists a weakly null sequence f,, € SBV(Q)
and a weakly null sequence ¢,, € SBV(2)* such that lim,, o ¢y, (fr) # 0. By The-
orem 1 for the space SBV(Q), lim,, o || D7 f,|| = 0. Besides that, by [3, Theorem
4.6(ii)] for any n there exists a function g, € SBV(Q2) such that

ngn = Djfn and ”gnHSBV(Q) < CHDan“
Since lim,, o ||D? f,,|| = 0, the sequence
hy = fn —On

is weakly null in SBV(Q). However h, € Wh1(Q) for every n = 1,2,... and
hence this sequence is also weakly null in W11(Q). The sequence of functionals ¢,
restricted to Sobolev space is weakly null in W!(Q). Moreover we get

nh_{go bn(hn) = nh_{go Gn(fn) # 0.
It yields that W11(Q) fails DPP.

Remark 3. It is well known that if I is a Lipschitz surface of codimension
one then there exists a trace operator Tr : BV(RY) — LY(T'). It is easy to see
that Theorem 1 implies complete continuity of this operator (i.e., it maps weakly
convergent sequences to norm-convergent sequences; note that such operator can
not be compact — it follows from the Gagliardo’s surjectivity theorem [5]).

The remaining part of the paper is dedicated to the proof of Theorem 1.
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2. SCHEME OF PROOF AND CERTAIN TECHNICAL SIMPLIFICATIONS

Let us briefly describe the scheme of proof of Theorem 1. It is enough to prove
it when the limit function f is equal to 0. Further, suppose that the statement
of the theorem does not hold. Then, extracting a subsequence, we may assume
that ||D? f,|| > ¢ > 0. After normalization we may also assume that |D7 f,| = 1.
At first, we will work with the jump sets of these functions and do some technical
simplifications. In particular, we will show that (up to a small negligible error)
we may assume that the sets Jy, have a nice structure: that is, each of them is
contained in a finite union of compact Lipschitz graphs. Next, we show that these
sets stabilize in a certain sense: that is, there exists such number N that the sets
Jf ..., Jpy cover a “large part” of each jump set Jy, with n > N.

In order to simplify our notation, we will concentrate on the case d = 2. The
case of an arbitrary dimension is similar and will be addressed in the final section.
After that, since Lipschitz graphs locally behave similar to the intervals we prove
our theorem under the assumption that there exists one interval that contains a
“large portion” of the jump parts of the gradients of functions in our sequence.
Finally, we will use our assumptions in order to find a lot of small sets where the
functions highly oscillate. It means that their gradients have large norm which will
lead to the desired contradiction.

Let us start implementing the above strategy of proof. We fix a weakly null
sequence {fi} in BV. For simplicity, we introduce notation Ji := Jy, which will
be used from here on. For each set J; we know that

H (i G Pim) =0
m=1

where each I'y, ,, is a compact Lipschitz graph (see [3, Proposition 2.76]). Fix any
small number €, > 0. Due to the regularity of the Hausdorff measure, we can find
such number N (k) that

N (k)
|D”fk|(Jk\ U Fk,m) < k-
m=1
Now we can find the functions u in BV(R?) such that D7uy is the restriction of
the measure D7 f;, to the set Jj \ UZ(:}? Tkm, 1e.

Diuy, = D7
k fk‘-]k\UZ(:kf Trom’

and |Jug|lgy < Cey (it follows from a consequence of the Gagliardo’s surjectivity
theorem, see [3, Theorem 4.6(ii)]; it is worth noting that, multiplying by appropriate
smooth functions with compact supports, we may assume that the supports of f,’s

are compact). If we choose the numbers €, tending to 0 then we see that fr—uyp — 0
weakly in BV, || D?(fy, — ux)|| > 1/2 and

N (k)
’Hd_l(supp I —up \ U Fk,m) =0.

m=1

It means that in the proof of the theorem we may assume that for each function
f& in our sequence the support of the jump part of its gradient is contained (up to
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H?~1-negligible set) in a finite union of compact Lipschitz graphs (J 'y ,,. In what
m

follows we will always use this assumption.

3. STABILIZATION OF JUMP SETS

Our next goal is to prove the following simple statement about the jump sets of
functions in the sequence.

Lemma 1. For any e > 0 there exists N such that for k > N we have

D7 fil (i \ Cj Ji) <e.
=1

Proof. Assume the opposite. It means that for some ¢ > 0 there exists a subse-

quence fy, such that
nE—1

1D fu (T \ U ) 2
=1

We would like to construct a bounded linear functional ¢ on BV such that
|d(fri)| > €; then we will get a contradiction with the assumption of the weak con-
vergence. Note that for every (scalar-valued) H%~!-measurable bounded function

h supported on the set |J Ik, there exists a corresponding functional ¢, on the
k,m

space BV given by the formula

U (u) = /u . (ut —u")hdHI? :/ (ut —u")hdHIL

u
k,m

For each function v € BV we have
[ ()] < ([l oo (g o 1D ull < (IRl Lo () lullBY -
Now we will construct a particular function h. At first we put
h = sign(f, — f,.) on the set J,,
We inductively choose the sign €, = +1 and put

k—1
h = esign(f,; — f,.) on the set Jy,, \ U In;-
j=1
so that
(3.1) \/ (f —f;k)hd}zd*] > e.
J,

-
We indeed can choose such sign ¢: since

Nk—1

= b dH T =D f | (T \ U ) Z e
T \UEZE T

i=1
we only require €5 to satisfy the condition

sign(/ Lkt :sign(/ U fahant ).
Iny, U2y Iny I \UiZ1 In;

We put h = 0 outside the set where we have just defined it.
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The inequality (3.1) implies that |9 (fn, )| > € which contradicts the weak con-
vergence. ([

Summarizing the results of the last two subsections, we see that without loss of
generality we can assume that ||D? f,,|| = 1 and we have a finite family of compact
Lipschitz graphs {T'x}&_, such that for every n

N
|Djfn|(UFk) >1—¢.

k=1

4. REASONING FOR A SINGLE INTERVAL

4.1. Preparation and outline of the proof. For simplicity, we will now assume
that dimension d is equal to 2; the case of the arbitrary dimension will be discussed
in the final section. By application of Lemma 1 for a small number ¢ (say, ¢ = ﬁ
will suffice) we get that the jump parts of the gradients of functions f,, concentrate
on a finite union of Lipschitz graphs. Since locally every Lipschitz graph “behaves
like an interval”, we will further proceed under the assumption that they in fact

concentrate just on one interval, i.e., there exists an interval I such that

(4.1) |D? £, |(1 /|f+ x,0) — £, (z,0)| dz > c.

This will allow us to present the main idea of the proof. We will discuss how to
pass to a general case in the next section. It is worth noting that the constant ¢
here is actually equal to 100

To simplify the notation, assume that I C R x {0} € R%. For m = 1,2,3,...
consider the partition of I into 2™ intervals of equal lengths; we denote the set of
intervals in such partition by D,,

{Iz m 2’”

Consider now the strip I x [, 'y]. We will specify the choice of a small number
7 in a moment. We have the following inequality for any function u € BV(R?) and
almost every t € (0,7):

U+ Wi — u\x 9 u| = u N
(4.2) /I| (#,0) — u(x, )] d S/M(w” IDul(T % (0,4]);
(4.3) /I|u_(x,0) —u(x,—t)|dx < |Du|(I x [-7,0)).

Several remarks are in order here. The functions in BV(R?) do not have values
at points but they can be defined H!-a.e. (see [3, Remark 3.79]); we will assume
that we work with precise representatives of our functions. If the function wu is
smooth then the inequality (4.2) is obvious: it is just a consequence of fundamental
theorem of calculus. For general BV functions this inequality can be derived from
the definition of the values u™ and u~ using the approximation with respect to
strict convergence of BV function u by smooth functions.

For 0 <t < 7 put gn(x,t) = fn(z,t) — fu(x,—t); also for t = 0 put g,(z,0) =
i (z,0) — f,; (z,0). By the triangle inequality we have

/\gan gnxt|dac</\f+ fnact\dx+/|f — fo(z,—t)|dz.
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For u = f,, we apply (4.2) and (4.3) in order to obtain

(4.4) / 9n(£,0) — gu(r, )] dx < [Dfal(I % [~7,7]\ T x {03).

The following Lemma shows that the right hand side of this inequality can be made
arbitrarily small.

Lemma 2. Under our assumptions for every § > 0 there exists v > 0 such that for
every n € N we have |D fp|(I x [—v,v]\ I x {0}) < 4.

We postpone the proof of this Lemma until the end of the present section.
Now we use this Lemma with é = ¢ and choose v sufficiently small. By (4.4) we
get for almost every 0 < t <

(4.5) / (gn (21, ) — gn(,0)] d <

and hence by (4.1)

(4.6) /I|gn(:r,t)| dr >c—e.

Let us now briefly describe the main idea of the remaining part of the proof.
Since the jump part of the gradient converges weakly to 0 in L' on the interval
I x {0}, it oscillates. Using the inequality (4.5) we will transfer this oscillation to
I x {t} for a.e. sufficiently small ¢ > 0. This will imply that the total variation of
gradients of functions in our sequence is unbounded.

4.2. Intervals with big averages of absolute values. Note that the sequence
of functions f; — f,; is weakly null in the space L*(I). Indeed, for every h € L>°(I)
we can define the linear functional

Yp(u) = /I(u+ —u”)hdH!

on the space BV. Since the sequence { f,,} is weakly null in BV, we have ¢, (f,) — 0.
Thus for every h € L>°(I)

lim [ (fF = f;7)hdH' =0,

n—oo I
and therefore the sequence {f;" — f, } is indeed weakly null in L*(I). This in turn
implies that it is uniformly integrable with respect to the measure H!|;. Hence we
can fix a number p > 0 such that for A C I the inequality

_ o 1< €
(47) [ o 0de = [ 155 = g = §
implies
(18) H(4) > 3.

Let us define the set Lglm)(t) c {1,...,2™} by the condition

1 c—¢€
e LM i L / . > ¢~¢
vE€ Ly (t) 1 Hl(Ilm) Tim |g (J?, t)| dzr > 27_[1([)
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Recall that in the beginning of the proof we have chosen the constants ¢ = = and

0
¢ = 2% Therefore, it follows that if i € L(m)( t), then

1
(4.9) Hl(Ii,m) ‘/Ii,rn |gn($ t)| dx > 47_[1( )

The following notation is also convenient for us:

LMy = J  Lim

ieL™ (t)
Observe that for ¢ ¢ L (t) we have

(C — 5)7‘[1([1‘,771)
/I oGl < g

Since the intervals {I; ,, }2_, are pairwise disjoint, we get

c—¢ H(Lim) c—c¢
(4.10) > [ o<t Y e <08
i@ L™ (1) i L™ (t)

Then by (4.6), (4.10) and the fact that {I; ,,}?_, is a partition of I, we have:

c—g</\gnxt|dx* Z / |gn (2, t)| dx + Z / |gn (z,t)] dx

EL(m)(t) Liim 1€L(m)(t Iim

< / g, D) do +
Ly (1)

i,m

c—¢

It yields

CcC— €&
lgn(z,t)| dz > ——.
/[,5:"')(15)* 2

Using the inequality (4.5), since L%m)(t)* C I, we deduce that then

C
/ g (2,0)] dz >
L™ (1)

provided that e < . Therefore, by (4.7) and (4.8) we have "Hl(L%m) (t)*) > 3p and
hence

(4.11) #LIM (1) > 2m3pH (1) 7!

4.3. Intervals with small averages. Now we apply Lemma 2 once again, this
time with the parameter 6 = 3g¢ where ¢ < W. By (4.4) it follows that there
exists g such that for a.e. 0 <t < vy we have

(4.12) / |gn(2,t) — gn(z,0)| dz < 3eq.

Now, since the sequence of functions f;" — f,~ is weakly null in the space L*(I),
for every m and for every small §; > 0 there exists a number n(dp, m) such that for
n > n(dy, m) and every 1 <4 < 2™

(4.13)
o) ‘/ gn(z,0)dx :M‘/j ’(f;f(x,())—fn_(ac,O))dx < dp.
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We choose 6y = €o/p.
Let us denote

(m) 1
) = (2, 1) da.
az,n () Hl(Iz,m) /Ilmg (‘T ) x

Then for sufficiently big n (depending on m) we have |a§2) (0)] < =2. We define
the set K™ (t) c {1,...,2™} by the following condition:
. 35 4
ie KMt iff |l (h)] <22+ 20 = =0
’ p p p
For i € K,Sm)(t) it is clear, by the choice of ¢¢, that

C

(4.14) i (1)] < I

Since for i ¢ Ky(Lm)(t) we have |a§’n;)(t)| > 4%, it follows from (4.13) that for such ¢

m m m 3e
ol () = a2 O)] 2 a7 ] = |l ()] 2 =2,
Thus, we get
m m 3
(4.15) > el (1) = el O 2 R - #KM ).

dEKS™ (1)

Now we will prove an upper estimate for the left-hand side of this inequality. Since
HY (i m) = 27™HY(T) for every 1 < i < 2™, we have

/ lgn(z,t) — gn(x,0)| dz > ‘/ gn(x,t) — gn(z,0) dx

Ii,nL L m

= 27" HY(D) {7 (8) — a7 (0)].

Therefore
[lanet) =g 0ldz= S [ lonet) - gulw0)|do
! igK (M ()"
>27mHN D) Y |l () — ol (0).
ig K™ (b)

Combining the above upper estimate with (4.15) and (4.12) we get

3e0 - 2"HY ()T > %(zm — #KM(1)).
Hence
(4.16) #K () > 2m(1 - pHYI) ).

4.4. The end of proof. Denote S,Sm)(t) = LS{”)(t) N K,Sm)(t). Comparing the
estimates (4.11) and (4.16) we see that

(4.17) #SIM(t) = HLGM(8) + # K () — 2™ > 2™ pH (1)



SCHUR PROPERTY FOR JUMP PARTS OF GRADIENT MEASURES 11

4.4.1. Proof for smooth functions. If all our functions f, were smooth (outside of

I), then the contradiction would follow almost immediately. Indeed, if i € Sr(f”)(t),
then by (4.9) and (4.14) we have:

1 C
4.1 [ — >_ ¢
(4.18) H(I;.m) /I”n |gn (2, t)| dz > AHV(T)
1 C
. P < -
(4.19) ‘Hl(fi,m) /, gn(@,8) de| < 7y

It means that the function = — g, (z,t) oscillates on the interval I; ,,. To be more
precise, the following inequality follows from here:

Tlc c
4.2 D > >
420) /1' 90001 2 503017y = 5301(1)

The reason for it is elementary for smooth functions: from (4.18) we see that there
exists a point x; € I; », such that |g,(z1,t)] > WC(I)' Without loss of generality

we may assume that g,(z1,t) > 0. Then using (4.19) we find a point zo € I;
such that g, (z2,t) < m and then apply the fundamental theorem of calculus
to the segment between these two points.

Summing the inequalities (4.20) over all i € S,(Lm) (t) and applying (4.17), we get:

[ 1Dgatat)ldo =t 6) = 2" (1),

: ’ R0 A

By Fubini’s theorem, we get from here that

(4.21) / | Dgn (e, )| dar dt > 7o Lo 22 (1)2.
Ix[y0/2:70] 5

Since m could be arbitrarily large we get that

2||fullBv = [lgnllBy — oo,

and it clearly contradicts the assumption of the weak convergence.

In the general case (when functions f,, are non-smooth) we could write a similar
proof (using for example [11, Theorem 5.3.5] instead of Fubini’s theorem); however,
it seems to be difficult to generalize such proof to the case of arbitrary dimen-
sion. So, we proceed with a different proof which can be easily generalized to any
dimension.

4.4.2. Proof for functions in BV. In a general case (when functions f, are not
necessarily smooth) we still would like to prove an inequality similar to (4.21).
Let us consider the partition of the segment [0, o] into intervals

O=ty<ti<ty<...<tny=n0,
such that
27 YN ) <ty —tp <27HIHNID), 0<E< N -1,
and the sets Sflm)(t) are defined for all ¢t € {¢1,...,ty—1}; note that these sets are
defined for a.e. 0 <t < 7. Observe that
(4.22) N > 2m by HY (D)7

Now the rectangle I x [0,7o] is divided into strips of the form I x [tg,tr11].
Consider one such strip which is in turn divided into rectangles (that are actually
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“almost squares” — the ratio between the lengths of their sides is at most 2)
I m X [tg, te+1]- Let us define yet another set of indices G%m) (tx) as follows:

(423)  GE(t) = {i € SI (W) 5 [Dgnl(Fim X [t tiaa]) <272 1.
’ 100
Now we estimate the size of the set S,(«Lm)(tk) \G%m)(tk). Note that for 1 <k < N—1
|Dgn|(I X [tg, ths1]) > Z |D9n‘(li,m X [tg,tet1])
€S (E\GY™ (1)
27™c
> T (#S8 (1) — #GU (1)).
Since
C _
[Dgul(I [t th1]) < | Dgal (T x (0,70]) < 360 < {551 (D)7

we have
S (b) = #G () < 27pHN (DT
Hence, by (4.17) we have the following estimate on the size of G%n)(tk):
#G () > 27pH (D)7

Take any number ¢ € Gglm)(tk). We can rewrite inequalities (4.18) and (4.19) as
follows:

/ g )] d > S27m,
I 4

C
(2, ty) de| < —27™,
[ s g

i,m

Recall that by a similar argument as in (4.4) for a.e. t € [tg, txr1] we get
[190(@110) = gul. 0] di < [Dgal(1 x 1t
I

Using (4.23) for ¢ € Gim (tr) and a.e. t € [tg,tp4+1] we obtain:

c c 24c¢
()| de > Somm = & gmm _ ZXCo-m
/Im lgn (@, ) dw 2 7 100 100
c c 3c
(2, t)de| < Som 4 & gmm < ¢ 9-m
‘/ gn(@,t)dz| < 2227 + 955 100

i,m

Denote the rectangle I; », X [tx, tx+1] by Qz(kﬂ)1 Recall that
27 IHI(T) <ty — te] < 27TIHI(D).

Applying Fubini’s theorem we get that

24c¢ 12¢
4.24 Hlde dt > =272yl = =9 2myl(J
a2 [ e 0ldedz SR D = 027 H ),

3 6
(4.95) | /Q o gnlt)drdt] < o (1) = ZComma (1),

i,m
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Now we use the Poincaré inequality (see [3, Theorem 3.44 and Remark 3.45]) for
each rectangle Qz('qu)’b; recall that the lengths of its sides are comparable to 27™H(I)

and therefore they are uniformly bi-Lipshitz images of the ball of radius 27" H!(I):

dz dt

(4.26) |Dgn|(Q§2)Z2mH1(D71/ ’g"(x’t)f][ )
: Q) Qi

Ty

6c
> 9m 1 —1 _ > —m-
> o (1) (/Qﬁil (g (2, 8)| d dt ‘/Q% ol 1) da i) > 20

This inequality holds for at least 2mpH!(I)~! rectangles ngn)l (for i € G%m)(tk))
in a single strip and the number of strips is at least 2" 1yyH(I)~! (see (4.22)).
Summing all these inequalities, we get:

6¢c _
(4.27) [Dgal (I % 0,70]) 2 Y0756 2" PH (D).

As before, it means that 2||f,.||sv > ||gn|lBv — 00 and we get a contradiction.

4.5. Proof of Lemma 2. It remains only to prove Lemma 2. Recall that this
Lemma states that given any § > 0 we can find sufficiently small v > 0 such that

[Dfnl(I % [=7,7]\ I x{0}) <0
for any n € N. Since
[Dful(I x [=7,7]\ I x {0}) = [D*ful (I X [=7,7]\ I x {0})
+ D7 ful(I % [=7,7]\ T % {0})
+ [Dful(I X [=7,7]\ T x {0})
we can treat the absolutely continuous, jump and Cantor parts of the gradient

consecutively.

4.5.1. Estimate for absolutely continuous parts. Note that the functions D f,, weakly
converge to 0 in L': indeed, for any R2?-valued function g € L>(R?; R?) the func-
tional

f= ] g-Df
RQ
is a bounded linear functional on BV (the symbol “-” here means the scalar product

in R?). Weak convergence to 0 implies that the functions D®f,, are uniformly
integrable and hence there exists v* > 0 such that the following estimate

(4.28) / D | da < 6/10
Ix[=v,7]
holds for every 0 < v < ~* and n € N.

4.5.2. Estimate for jump parts. Let us turn to the jump parts. We apply Lemma 1
once again, this time with the parameter 6/20. We get that there exists a compact
set K (a finite union of Lipschitz graphs) such that |D7 f,|(R? \ K) < §/20. We
have:
(4.29)
D7 ful(Zx [=7, 7\ I x {0}) < [D? fu (R*\ K) +|D? fo| (I [=7, 7]\ I x {0}) N K)
< 6/20 + D fu| (1 x [=7,7] \ 1 x {0}) N K).
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Similarly as in subsection 4.2 the sequence of functions f,;7 — f,~ is weakly null in
the space L'(H!|k). Indeed, for every h € L>®(H!|k) we can define the linear
functional

Yp(u) = /K(u+ —u”)hdH!

on the space BV. Since the sequence { f,, } is weakly null in BV, we have ¢y, (f,) — 0.
Thus for every h € L (H!|x)

lim [ (ff — f)hdH' =o0.

n—o0 K

Therefore, the sequence of functions {f,F — f,, } is uniformly integrable with respect
to the measure H!|x. Since the measure H! on K is finite, by choosing small
positive values of v we can make the quantity

HU((I x [=7,9]\ 1 x {0}) N K)

arbitrarily small. Then, applying uniform integrability of the sequence {f;\ — f, },
we can assure that

D7 £l (1 % [=3,7]\ T x {0}) N K) < 5/20.

We see now that there exists v/ > 0 such that for 0 < v < 47 and every n € N we
have

(4.30) D7 ful (1 % [=7,9]\ 1 x {0}) < 6/10.

4.5.3. Estimate for Cantor parts. Finally, we show how to treat Cantor parts. It is
more difficult because we can not apply uniform integrability directly.

Assume that the statement of Lemma is false. Thus, for every v > 0 there exists
n € N such that

(4.31) DI % [-7.7]\ T x {0}) > 6.

We put 71 = min{y?,77}. For every positive v < 7; the estimates (4.28) and
(4.30) hold. Then by (4.31), (4.28) and (4.30) there exists a number ny such that

| D€ fr, (I x [0,71]) > 85/10.

Now we find such small number 5 > 0 that
[ D fy [(I % [0,72]) < 6/10.

We continue this process and construct in such a way a subsequence f,,, such that
1D fri /(I x [0, 7x]) = 85/10

and

(4.32) 1D fo | (L % [0, yi41]) < 6/10.

Note that these two conditions imply the following inequality for every k
(4.33) 1D fri (I X [ykt1,]) = 76/10.

Now we define a functional on BV that will lead us to the contradiction. The main
idea is similar to the one we used in the proof of Lemma 1, however here we need
to be more careful in order to make a correct definition.

Let us introduce the following measure on R?:

=1
k=1



SCHUR PROPERTY FOR JUMP PARTS OF GRADIENT MEASURES 15

where ) is the Lebesgue measure on R?. It is a positive finite measure on R2.
Besides that, all gradients of functions f,, are absolutely continuous with respect
to this measure which means that there exist such measurable functions g , g5,
and gJ  (all of them R*-valued) that

D% fn, =g dpu, Dfyn, = g5 du, D fn, =gl du.
Therefore, we can naturally identify each function f,,, € BV with an element of
the space L'(u;R?) @ L*(\); this identification is given by the following map:

e = (G + G+ Ghir frn)-
We can extend this map to the whole closed linear span of the sequence {f,, } in
BV; besides that, this map is an isometry. In this way we can view span{f,,} as
a closed subspace of L'(u;R?) @ L'()\) and any pair (h,h) € L™= (u; R?) @ L>())
defines a functional on span{f,, }. By the Hahn—Banach theorem such functional

can be extened to the whole space BV. We will put h = 0 and construct h as
follows.

We will construct a function h € L*(u;R?) of norm at most 1, supported on
the set I x [0,71]. For k =1,2,... we put

In, (@) ,
he(z) = { T TELX [Vk+1,7k) N supp(gy, );
0, otherwise.

Clearly, for any k > 1, since the measures D*f,,, , D¢f,, and D7 f,, are mutually
singular, the functions gy, , g, and gflk have pairwise disjoint supports. Then by
(4.33) we have for k > 1:

asy [ (65, + G5+ 91) = [ 195, diu > 78/10.
IX [Ye+41,7k) 1

X[V41,75)
We put €1 = 1 and inductively choose the signs ¢, = +1 for £ > 2 so that
(4.35)

k—1
sign / (9% 495, +9, )-eche du = sign / (9%, +95.+95)-> &b dp
IxX[Vkt1,7%) Ix[vk,71) =1
Now we define h = e hy, on I X [yg4+1,7k) for every k € N. By (4.34) and (4.35) we
get

| (98 +95 49l ) hdu| > / (g0, + 95 +gh.) b dp > 76/10.

IX[Vr41,71) IX[Vkt1,7%)

By triangle inequality, for any k& > 1 we have

‘/ (g0 + g5, +g¥;k)-hdu‘ > ‘/
R2 IX[vg41,71)

([ g [ g blda [ g bl dn).
IX[O,’yk-Jrl) Ix [O,Wk+1) IX[O,’)/]H,l)

Each of three summands on the second line here do not exceed 6/10: this is guar-
anteed by inequalities (4.28), (4.30), (4.32) and the fact that |h|] < 1 p-almost
everywhere. Summarizing, for k > 1

‘/W(ggk + 9, + 90 hd,u‘ > 45/10.

(G, + Iny T ) hdu‘
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As we mentioned before, we can extend the functional given by the function h
to the whole space BV. Thus, we get a functional ¢ € BV* such that |{f,,,$)| >
46/10. This contradicts the weak convergence, and the Lemma is proved.

5. GENERAL CASE: PASSING FROM AN INTERVAL TO LIPSCHITZ GRAPHS AND
PROOF IN HIGHER DIMENSIONS

5.1. Lipschitz graphs. In the previous section we presented the proof in a special
case when a Lipschitz graph is replaced by a single interval. Now we address this
issue. It is standard: the main idea is simply to “straighten” the Lipschitz graph;
we will present some details here.

After applying Lemma 1 we obtain a finite number of Lipschitz graphs {T';}2_,
such that

N
|Djfn|( U rk) >1 -

k=1
It means that there exists a number [ € {1,2,..., N} and a subsequence f,, such
that

D7 (T 2 5
Put W = (0,1) x (—1,1). Since I'; is a compact Lipschitz graph, there exists a

neighborhood U of I'; and a bijective bi-Lipschitz function ¢ : W — U such that
o(I x {0}) =T, where I C [0,1] is an interval. We put

V=opx(-1,7))

for some 7 < 1.

Let ¥ be a smooth function on R? which is equal to 1 on V and to 0 on R*\U. The
multiplication operator My : BV (R?) — BV(U) given by the formula My (f) = ¥ f
is bounded and hence weakly continuous. Therefore, the sequence fnk = My fn,
converges weakly to 0 in BV(U).

Now consider the operator T, : BV(U) — BV (W) given by the formula T,,(f) =
f o (strictly speaking, this is a composition with |y ). This is indeed a bounded
operator (see [3, Theorem 3.16]). Therefore, the sequence of functions fnk = T@fnk
converges weakly to 0 in BV(WW). Besides that, by [3, Theorem 3.16] (since ¢ is

bi-Lipschitz) there exists a constant ¢ > 0 such that |Df,, |(I x {0}) > ¢. Obvi-
ously, since the set I x {0} has Hausdorff dimension 1, we have |Df,, |(I x {0}) =

| D7 f,,, |(I x {0}). Now we may repeat the proof from the previous section and get
a contradiction.

5.2. Higher dimensions. Let us now describe how to modify the proof for the
space BV(R?). As we mentioned, it is almost the same: we mainly need to modify
the constants in the proof for the 2-dimensional case. In the two dimensional case
the proof consists of two steps: the interval case and ”passing to the general” case.
In higher dimensions the proof also consists of these two steps. The second step is
verbatim the same. Now we indicate the modifications in the first step.

First of all, we consider a (d — 1)-dimensional cube I with side length ¢(I)
instead of an interval. For every m we divide the cube I into 241 equal dyadic
subcubes (analogue of the family D,,). By the same arguments as above we get



SCHUR PROPERTY FOR JUMP PARTS OF GRADIENT MEASURES 17

that the analogue of the formula (4.17) will be #S5™ (¢) > 2m(d=D+1ppd=1(1)=1,
Next, the inequalities (4.24) and (4.25) in d dimensions get the form:

(k) 100

i,m

12
/ |gn (2, t)| da dt > —CQ_mdf(I);
Q

’/ gu(a ) dz dt] < S 9-mdg(p).
o 100

i,m

Since the constant in Poincare inequality on a d-dimensional parallelepiped @
with balanced sides is comparable to diam(Q) (it follows from a simple scaling
argument), the inequality (4.26) takes the following form:

t —
*) gn(,t) ]{2(@ gn

i,m im

Dgal(@®) 2 2me(r) ! /Q i dt

6c
> gm -1 _ > —m(d—l)'
> (1)~ /Q o ot | /Q iy 900500 drdt]) > 52

Since this inequality holds now for at least Qm(d_l)pHd_l(I )~! parallelepipeds
in one strip and the number of strips is (comparable to) 2™~of(I)~!, we get the
following analogue of the final estimate (4.27):

6c¢ _
| Dgn|(1 x [0,70]) Z%mwﬂ(f) <.

As before, this yields a contradiction.
Finally, passing to the general case of Lipschitz graphs is the same.
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