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Abstract

We study the Gaussian measure whose covariance is related to the Anderson Hamilto-
nian operator, proving that it admits a regular coupling to the (standard) Gaussian free
field exploiting the stochastic optimal control formulation of Gibbs measures. Using this
coupling, we define the renormalized powers of the Anderson free field and we prove that
the associated quartic Gibbs measure is invariant under the flow of a nonlinear wave equation
with renormalized cubic nonlinearity.
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1 Introduction

In this paper we want to study the invariant measure of the nonlinear Anderson wave equation,
namely we consider the hyperbolic PDE

∂2t u(t, x) + “Hωu(t, x)” = −“u3(t, x)”, t ∈ R, x ∈ T2, ω ∈ Ω (1)

where Hω is the operator usually called Anderson Hamiltonian (formally) defined as a singular
Schrödinger operator

Hωu(t, x)“=”−∆u(t, x) + ξ(ω, x)u(x, t)

where ξ(·, x) : Ω → S ′(T2) is a Gaussian white noise defined on some probability space (Ω,F ,P),
and we aim to prove that the (formal) measure

exp

(
−1

2
(φ,Hω(φ))dx− 1

2

∫
T2

|∂tφ|2dx− 1

4

∫
T2

φ4dx

)
D(φ, ∂tφ), (2)

where D(φ, ∂tφ) is some (non-existent) Lebesgue measure on a function space, is invariant for the
flow of equation (1). The above problem combines two different aspects of hyperbolic (stochastic)
PDEs: the invariant measure of infinite dimensional dynamical systems, and the dispersive PDEs
with singular stochastic potentials. Note that in the absence of the noise ξ,(2) would amount to
the well-studied Φ4

2 measure [8, 29, 34, 53, 62] in the φ integration variable and the white noise
Gaussian measure in the ∂tφ variable.

The Φ4
2 measure whose quadratic part is given by the Anderson Hamiltonian may have ap-

plications in the study of suitable continuum limits of Ising models with random bonds (see e.g.
[23, 27, 28, 61], see also [34, 35, 52, 62] for the relation between Ising models with Φ4 measures).

The study of invariant measures of Hamiltonian PDEs is at this point a classical problem in
dispersive PDEs, having been studied intensively after the seminal papers by Bourgain from the
90’s on nonlinear Schrödinger and KdV equations [15, 16] which itself came after [48] and [1].
The analogue of the current result was shown in [58], i.e. the invariance of the Gibbs measure
under the flow of the Wick ordered cubic wave equation. Later this methodology was applied
to closely related topics like almost sure well-posedness [19, 20] and quasi-invariance in settings
when there is no invariant measure [59, 39] to name just a few.

Due to the low regularity of the support of the (formal) invariant measure, it is necessary
to Wick order the cubic nonlinearity in (1) which naively means that we have to subtract a
diverging linear counter term to make it well-defined (we can thus think of it as being akin to
renormalization), hence writing the cube is just formal. This notion is similar to that appearing
for example in [16] and [58], where the Wick ordering was done with respect to the Gaussian free
field, as the invariant measure is mutually absolutely continuous with respect to it. Our case is
somewhat analogous, except that our reference Gaussian measure is not the free field but the
Gaussian measure with covariance (formally) given by (Hω)−1.

The second renormalization needed in equation (1) is in the rigorous definition of the Anderson
Hamiltonian operator Hω. The issue is that the very low regularity of the noise ξ makes it
necessary to subtract an infinite correction term to make sense of the product between u and ξ.
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The parabolic equation whose linear part is given by the Anderson Hamiltonian, called
parabolic Anderson model or PAM, has many applications, see e.g. [45] and the references therein.
It was studied both in the linear case (see, e.g., [25, 41, 42, 49]) and in its nonlinear gener-
alization (see, e.g., the gPAM equation [21, 24, 36, 40] or the rough super-Brownian motion
equation [60]) in two and three dimensions. More recently wave and Schrödinger equations
with Anderson Hamiltonian linear part were considered (see, e.g., [2] for the linear case and
[32, 37, 55, 65, 64, 66, 70, 71] for the nonlinear one, see also [5, 26, 46, 47, 54, 50, 51] for
problems relating to the spectral properties of the Anderson Hamiltonian).

The first paper to construct the Anderson Hamiltonian rigorously as a semi-bounded self-
adjoint operator on L2(T2) together with an explicit description of its domain and a bound on
the lowest eigenvalue was [2]. In particular, therein it was showed that one can rigorously define
it as a limit (taken in the norm resolvent sense) of regularized operators via

Hω := lim
ε→0

(−∆+ aε ∗ ξ(ω)− cε), (3)

where aε(x) := ε−2a(ε−1x) is a smooth mollifier, and cε ∈ R+ is a suitable diverging sequence
of real numbers (not depending on ω). This approach was reformulated and extended in [37]
to 3 dimensions, where also some associated semilinear SPDEs were solved. This formulation
is in fact the approach we follow in this work. Let us also mention the work [47] which deals
with the construction of the operator with both periodic and Dirichlet boundary conditions and
[54] where the operator is defined on compact surfaces and also a Weyl law is proved for its
eigenvalues.

Let us emphasize the fact that for almost every realisation ω one can define Hω as a self-
adjoint operator on L2 which is bounded from below by a constant which of course also depends
on ω, i.e.

(u,Hωu) ⩾ −K(ω)∥u∥2L2 ,

and one can quantify the (measurable) dependence, indeed it can be chosen as a suitable norm of
the enhanced noise, see Proposition 2.9 in [54] for an explicit expression of the constant. Often
we will shift the operator by the constant K(ω) + 1 and define

Hω,K := Hω +K(ω) + 1 (4)

so as to make it uniformly positive and we can take fractional and negative powers with impunity.

We consider the regularized equation, the motivation for which will be given in Section 5.

∂2t uε(t, x) = −Hω,Kuε(t, x)− ρε ∗ (ρε ∗ uε)3(t, x) + (3aε + 1 +K(ω))ρ∗2ε ∗ uε(t, x), (5)

(uε, ∂tuε)|t=0 = (u0, u1)

where t ∈ R, x ∈ T2, ρε : T2 → R+ is a symmetric mollifier and aε =
∑

k∈Z2
|ρ̂ε(k)|2
|k|2+1 =

TrT2(ρε ∗ (−∆+1)−1 ∗ ρε), where the operator Hω,K (and the corresponding linear evolution on
L2(T2)) is defined as in equations (3) and (4).

First we prove a rigorous version of the heuristically defined measure (2).
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Proposition 1 Let 0 ⩽ K(ω) < +∞ be such that Hω,K = Hω +K(ω)+ 1 is a (strictly) positive

operator and let µHω,K

be the law of the Gaussian field with covariance (Hω,K)−1. Then, for
almost every ω ∈ Ω, the (weak) limit of probability measures

νω(dφ) := lim
ε→0

νω,ε(dφ)

:= lim
ε→0

e−
1
4

∫
T2 |ρε∗φ(x)|4dx+ (3aε+K(ω)+1)

2

∫
T2 |ρε∗φ(x)|2dx

Zε
µHω,K

(dφ)⊗ µIL2 (d∂tφ),

where Zε is the normalization constant, exists in P(H−κ(T2)×H−1−κ(T2)) for κ > 0 and µIL2

is the white noise measure.

Having the candidate invariant measure νω, we prove that it is invariant with respect to the
limit of the flow defined by (5). More precisely:

Theorem 1 Using the notation of Proposition 1, for almost all ω ∈ Ω, there is a set of full

measure Aω ⊂ H−κ(T2) × H−1−κ(T2) with respect to µHω,K ⊗ µIL2 , for which equation (5)
has a unique global in time solution, leaving the measure νω,ε invariant. Furthermore, for any
(u0, ∂tu0) ∈ Aω, the solution uε (5) admits a unique limit defining a one parameter group of
maps on Aω. The measure µω (defined as in Proposition 1) is an invariant measure with respect
to that one parameter group of maps.

It is important to note that the counter term aε used in the renormalization of the measure
νω,ε and of the equation (5) is the same one appearing in the renormalization of classical Wick
ordered wave equation (see [58]), and thus aε is independent of ω ∈ Ω. In other words we do

not use the Wick renormalization with respect to the Gaussian measure µHω,K

(as one might
expect), whose counter term is

ãε(ω, x) :=

∫
(ρε ∗ φ(x))2µHω,K

(dφ),

which depends on both x ∈ T2 and ω ∈ Ω. The possibility of choosing aε constant is nontrivial
since we are practically saying that we can use the (standard) free field Wick cube in order to
define the nonlinearity “u3” in equation (1), while the Wick power with respect to the free field is

not a priori well defined on a set of measure one with respect to µHω,K

since µHω,K

are mutually
singular for almost all ω.

The reason why we can nonetheless choose aε constant is due to the fact that, despite their

mutual singularity, we can obtain the Gaussian field with law µHω,K

as a Gaussian free field
translated by a shift which has regularity just below that of the Cameron Martin space. More
precisely,if we denote by µ−∆ the measure on H−ε(T2) of the Gaussian free field with covariance
(−∆+ 1)−1, we obtain the following result.

Theorem 2 For almost all ω ∈ Ω, there is a coupling ηω ∈ P(H−ε(T2)×H−ε(T2)) between the

Gaussian measures µHω,K ∈ P(H−ε(T2)) and µ−∆ ∈ P(H−ε(T2)) such that if (φHω,K

, φ−∆) ∼ ηω

then φHω
A − φ−∆ ∈ H1−δ(T2) almost surely for any δ > 0.

The proof of Theorem 2 is based on the variational formulation of Gibbs measure first proved
by Boué and Dupuis [14] (see also [67, 72]) and then applied first to quantum field theory in [8]
and used in [6, 10, 9, 11, 12, 22, 57] for studying measures related to quantum field theory. This
technique was already used in the context of invariant measures of PDEs in [17, 18, 56] where
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the invariant measure considered was singular with respect to the Gaussian free field. Thanks

to the decomposition proved in Theorem 2, by writing φHω,K −φ−∆ = h ∈ H1−δ, we are able to
prove that

(φHω,K

)◦3 := lim
ε→0

(ρε ∗ (φHω,K

))3 − 3αερε ∗ φHω.K

=: (φ−∆)3 : +3 : (φ−∆)2 : ·h+ 3φ−∆ · h2 + h3

holds, where : (φ−∆)3 : and : (φ−∆)2 : are the standard Wick powers of Gaussian free field φ−∆,
and the products : (φ−∆)2 : ·h and φ−∆ · h2 are well-defined and lie in H−ε. This allows us to
write

∂2t u(t, x) = −Hω,Ku(t, x)− u◦3(t, x) (6)

(u, ∂tu)|t=0 = (u0, u1)

as a rigorous version of (1) and the limit of (5). We think that Theorem 2 can be of independent
interest, since it is useful to understand better the Gaussian measure with covariance (Hω,K)−1

and the related Wick product (see also [5] where the Wick square of the Anderson Gaussian free
field appears in the description of the polymer measure). As a byproduct of the proof of Theorem
2, we also obtain a different proof of the existence of the Anderson Hamiltonian operator using
only the variational formulation of [8], see Remark 7.

Remark 1 We expect the coupling of Theorem 2 to have the “scale to scale property” which
means that on large scales the coupling is independent from the underlying GFF on small scales.
In particular ∆ih and ∆jφ

−∆ are independent if j > i. In [12, 11] such a coupling was used, to

establish that the recentred maximum of the associated log-correlated field (in this case µHw,K

)
behaves similarly to the Gaussian free field [33].

The paper is organized as follows: In Section 2.1 we recall the rigorous construction of the
operator Hω generally following [37] and collect some salient results about it. Next we provide
some results on Gaussian measures on function spaces in Section 2.2. Section 3 is dedicated to

the construction of the coupling between µ−∆ and µHω,K

, namely the proof of Theorem 2 which
allows us to define the Wick powers. Section 4 details the local-in-time well-posedness theory
of the Wick ordered Anderson wave equation (6) as well as the convergence of approximations.
Finally Section 5 combines the local well-posedness and the Hamiltonian structure of the equation
to prove invariance of the Gibbs measure via a Bourgain-type argument. Finally, in Appendix B
we give an alternative proof of the coupling following ideas from [5] which works well for Gaussian
measures (which is sufficient for our current setting) but is less general than the method from
Section 3 which does not assume Gaussianity.

Notation: We frequently use function spaces which are either Lebesgue spaces denoted, as
per usual, by Lp i.e. u ∈ Lp if ∥u∥pLp =

∫
T2 |u|p < ∞ with the usual modification for p = ∞ or

Sobolev spaces Hσ whose norm is given by ∥v∥Hσ =
∥∥(1−∆)

σ
2 v
∥∥
L2 . Moreover, we frequently

employ the Besov spaces Bs
p,q and the Hölder-Besov spaces Cs = Bs

∞∞ whose definition together
with related concepts is recalled for the reader’s convenience in Appendix A. As we are exclusively
working on the two-dimensional torus T2 = (R/Z)2 we sometimes write Hσ = Hσ(T2) etc and
occasionally, when we want to differentiate between space and time, write Lp([0, T ], Hσ) for the

space of space-time functions u(t, x) with finite norm ∥u∥Lp([0,T ],Hσ) :=
(∫ T

0
∥u(t)∥pHσ

) 1
p

< ∞
and sometimes we use short-hand notations such as Lp

tH
σ
x to differentiate between the variables.
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Furthermore, we frequently use the notation ≲ to mean a bound up to an implicit constant
that may change from line to line, relatively we use ≲ρ to mean a bound that may depend on ρ
explicitly. Similarly C, c > 0 may frequently denote implicit constants which we allow to change
from line to line and C(α) may denote a changing constant with a dependence on the quantity α.

As a general rule, we write E for an expectation and P for a probability. More concretely
we have two different probability spaces, which we denote by (Ω,F ,P) for the definition of
the Anderson Hamiltonian (which we construct for almost every ω ∈ Ω) and (Ω′,F ′,P′) for
other randomnesses appearing after Section 2. On occasion we will use notations like Eω,Eω′

for
expectations w.r.t. those probabilities and Eµ as the expectation w.r.t. a probability measure µ
etc.

Acknowledgments The first author gratefully acknowleges support by the European Research
Council Grant 741487 “Quantum Fields and Probability”. The second author was partially
supported by INdAM (Istituto Nazionale di Alta Matematica, Gruppo Nazionale per l’Analisi
Matematica, la Probabilità e le loro Applicazioni and Gruppo Nazionale per la Fisica Matemat-
ica), Italy. The last author would like to thank Ismael Bailleul and Antoine Mouzard for some
helpful discussions that led to the alternative proof of coupling of the Gaussian measures in
Appendix B.

2 Preliminaries

2.1 Anderson Hamiltonian and Paracontrolled Calculus

In this section we briefly recall the salient properties of the Anderson Hamiltonian on T2 which
will be required in the following sections. We will largely follow [37] where the interested reader
can also find the details omitted here.

Formally we can see the (continuum) Anderson Hamiltonian on T2 as a Schrödinger operator
with a spatial white noise potential, i.e.

Hω“=”−∆+ ξ(ω, ·), (7)

where ξ : Ω → S ′(T2) (where (Ω,F ,P) is a probability space and S ′(T2) is the space of distribu-
tions on T2) is a random distribution satisfying the formal property E[ξ(·, x)ξ(·, y)] = δ(x − y),
see [37] for a rigorous definition. In particular, the spatial white noise can be written as the
following random Fourier series (or Karhunen-Loève expansion)

ξ(ω, x) =
∑
k∈Z2

ek(x)ξk(ω), (8)

where ek(x) = e2πik·x and the ξk = ξ̂−k : Ω → R are i.i.d. standard complex Gaussians.
Note that the sum in (8) converges at best a.s. in C−1−ε(T2) for any ε > 0 which means that
ξ(ω, ·) ∈ C−1−ε(T2) for almost all ω ∈ Ω (sometimes this is suggestively written as ξ(ω) ∈ C−1−),
see (90) in the appendix for the definition of the Hölder-Besov spaces Cα(Td). Hereafter we
sometimes use the notation ξ(ω) = ξ(ω, ·) ∈ S ′(T2) or ξ(x) = ξ(·, x) when we need to stress the
dependence of ξ on ω ∈ Ω or x ∈ T2.

Due to the low regularity of ξ, one can not classically make sense ofHω as an (unbounded) op-
erator on L2. However, for almost all ω ∈ Ω, it is possible to rigorously construct a renormalized
version Hω of the formal operator Hω as a self-adjoint, unbounded operator on L2(T2) which
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is bounded from below by a constant −K(ω) (which can be chosen F-measurably as a random
variable K : Ω → R+). In addition, one can give a domain and a form domain for this renor-
malized operator. Due to these properties, one can define a functional calculus for the positive
self-adjoint operator Hω,K = Hω + (K(ω) + 1)IL2 , which allows us to define operators like

eitH
ω,K

, sin
(
t
√
Hω,K

)
, cos

(
t
√
Hω,K

)
for t ∈ R, (9)

as bounded operators on L2(T2) which are strongly continuous in time, see Section 3 of [37].
The functional calculus (9) allows us to solve linear wave-/ and Schrödinger equations whose

linear part is given by Hω as was done in [37] which corresponds to solving the SPDE with a
white noise potential (sometimes called multiplicative stochastic wave/Schrödinger equations).

In order to make rigorous sense of (7) in L2(T2), we introduce the final definition of the
operator and the noise space and then motivate this by a formal derivation. We begin by recalling
the correct notion of noise space which contains all the needed “higher-order” information on
the noise term ξ(ω).

Definition 1 (and Lemma) For α = 1 + ε for very small ε > 0 we define the noise space

Xα := {(ψ, (1−∆)−1ψ ◦ ψ − a), ψ ∈ S(T2), a ∈ R}|C−α×C2−2α

i.e. the closure of tuples of the form (ψ, (1 −∆)−1ψ ◦ ψ − a) w.r.t. the C−α × C2−2α-norm for
smooth functions ψ ∈ S(T2) and constants a ∈ R. See also equation (92) for the definition of
the resonant product ◦.

For ξ(ω) the spatial noise as introduced in (8) and ξε(x, ω) = ηε ∗ ξ(x, ω) a smooth regular-
ization one has that

Ξε = (ξε(ω), (1−∆)−1ξε(ω) ◦ ξε(ω)− cε) → Ξ = (ξ(ω),Ξ2(ω))a.s. in Xαas ε→ 0 (10)

where

cε := E(ξε(ω) ◦ (1−∆)−1ξε(ω)) ∼ log

(
1

ε

)
is a diverging sequence.

Often we drop the ω dependence for brevity when there is no confusion i.e. Ξ2 = Ξ2(ω) etc. It
will be important in later sections to track this dependence but it is not pertinent to the discussion
in this section.

Proof See Theorem 5.1 in [2]. 2

Next we define the space of functions paracontrolled by the enhanced noise Ξ ∈ Xα which is
the limit from (10).

Definition 2 Let α as above, then we define the paracontrolled (by Ξ) space Dα
Ξ ⊂ L2(T2) as

the space of functions u of the form

u− (1−∆)−1((ξ + Ξ2) ≻ u+ ξ ≺ u) =: u♯ ∈ H2. (11)

On such functions we define the operator, called (renormalized) Anderson Hamiltonian

Hω(u) := (1−∆)u♯ + u♯ ◦ ξ +B(u,Ξ), (12)
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where

B(u,Ξ) := Ξ2 ≺ u+ Ξ2 ◦ u+ C(ξ, (1−∆)−1ξ, u) + ((1−∆)−1(Ξ2 ≻ u+ ξ ≺ u)) ◦ ξ,

see Proposition 14 for the trilinear commutator C. Similarly we set

Hω
ε (uε) := (1−∆)u♯ε + u♯ε ◦ ξε +B(uε,Ξε), (13)

where the noise Ξε is as in (10) and uε and u♯ε are as in (11) with Ξε instead of Ξ.

Now we give a formal derivation of the form of the paracontrolled space Dα
Ξ and the operator

Hω.

We formally start by decomposing the product u · ξ into para- and resonant products, see
equation (92) and Lemma 28 from the appendix. For brevity we will write things like “f ∈ Hs−”
meaning f ∈ Hs−ε for any ε > 0 etc.

The aim is to construct a space of functions u ∈ L2(T2) s.t.

(1−∆)u+ ξu ∈ L2(T2),

where ξ ∈ C−1− a.s. This ansatz tells us that for this to be possible, one would need u ∈ H1−

but not better. In order to proceed, we decompose the product via paraproducts, see equation
(92) and Lemma 28,

(1−∆)u+ ξ · u = (1−∆)u+ ξ ≺ u+ ξ ◦ u+ ξ ≻ u,

where one expects

ξ ≻ u ∈ H−1−(T2)

ξ ◦ u ∈ H0−(T2) but it is not defined!

ξ ≺ u ∈ H0−(T2)

(1−∆)u ∈ H−1−(T2).

Now the point is to consider the functions u for which (1−∆)u cancels the parts of the product
ξ ·u which are worse than L2. In addition, we have to ensure that the resonant product ξ ◦u can
be defined somehow; this will actually lead to the necessity to renormalize.

This is where the theory of Paracontrolled Distributions (originally introduced in [36]) enters,
which in this context was first used by Allez and Chouk in [2]. The idea is (we will have to refine
this slightly) to consider functions u ∈ L2(T2) for which

u+ (1−∆)−1(ξ ≻ u+ ξ ≺ u) =: u♯ ∈ H2.

For such functions we have

(1−∆)u+ ξ · u = (1−∆)u+ ξ ≺ u+ ξ ◦ u+ ξ ≻ u

= (1−∆)u♯ + ξ ◦ u
= (1−∆)u♯ + ξ ◦ u♯ − ξ ◦ (1−∆)−1(ξ ≻ u+ ξ ≺ u),

and we see that the situation is much improved since one has the regularities

(1−∆)u♯ ∈ L2

ξ ◦ u♯ ∈ H1−

ξ ◦ (1−∆)−1(ξ ≺ u) ∈ H1−,
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with only the term ξ ◦ (1−∆)−1(u ≺ ξ) being problematic. Thanks to the commutator lemma
from [36], see Proposition 14, one can however transform this term as follows

ξ ◦ (1−∆)−1(ξ ≺ u) = C(ξ, (1−∆)−1ξ, u) + u(ξ ◦ (1−∆)−1ξ), (14)

where C(ξ, (1−∆)−1ξ, u) ∈ H1−.

The second term in (14) is now a classically defined product provided we can make sense of
the purely stochastic term

ξ ◦ (1−∆)−1ξ
!
∈ C0−.

The issue here is that this object does not exist in any reasonable sense, unless we renormalize
it, meaning –naively– that we replace it by an almost surely well-defined object

ξ♢(1−∆)−1ξ := lim
ε→0

ξε ◦ (1−∆)−1ξε − cε = Ξ2 ∈ C0− (15)

which is precisely the second component of the noise term Ξ from Definition 1 where the ξε
is the noise mollified by a standard test function and the constants cε satisfy

cε := E(ξε ◦ (1−∆)−1ξε) ∼ log

(
1

ε

)
(16)

i.e. they diverge logarithmically. This is intimately related to Wick ordering which will also
appear in a different context later on in Section 2.2.

Thanks to (15), we can rigorously repeat the above computation with the regularized noise
for smooth functions u setting

u− (1−∆)−1((ξε + Ξ2
ε) ≻ u+ ξε ≺ u) =: u♯ ∈ H2. (17)

This yields

(1−∆)u+ ξε · u = (1−∆)u♯ + Ξ2
ε ≻ u+ u ◦ ξε

= (1−∆)u♯ + Ξ2
ε ≻ u+ u♯ ◦ ξε + ((1−∆)−1ξε ≻ u) ◦ ξε + B̃(u,Ξ2

ε)

= (1−∆)u♯ + u♯ ◦ ξε + Ξ2
εu− u((1−∆)−1ξε ◦ ξε) +B(u,Ξ2

ε)

= (1−∆)u♯ + u♯ ◦ ξε − cεu+B(u,Ξ2
ε)

which is rearranged to

Hω
ε u := (1−∆)u+ ξεu+ cεu = ∆u♯ + u♯ ◦ ξε +B(u,Ξ2

ε), (18)

where B, B̃, given explicitly below, are bounded bilinear maps from H1− ×Xα → H1−.

B̃(u,Ξε) := ((1−∆)−1(Ξ2
ε ≻ u+ ξε ≺ u)) ◦ ξε

B(u,Ξε) := Ξ2
ε ≺ u+ Ξ2

ε ◦ u+ C(ξε, (1−∆)−1ξε, u) + B̃(u,Ξε).

These maps satisfy the following continuity property.

Lemma 1 The bilinear maps

B̃(u,Ξ) : Hσ ×Xα → H2−2α+σ

B(u,Ξ) : Hσ ×Xα → H2−2α+σ,

are bounded for 2α− 2 < σ < 1, in particular this implies

B(uε,Ξε) → B(u,Ξ)in H2−2α+σas ε→ 0 for uε → u in Hσ.
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Proof This follows from the bounds on the paraproducts and the commutator from Lemmas
28 and Proposition 14. 2

The point of this computation is that the right-hand side of (18) is now continuous w.r.t.
(ξε,Ξ

2
ε) in the noise space Xα so it allows us to pass to the limit in some sense. For now, we can

rigorously define the operator

Hωu := (1−∆)u♯ + u♯ ◦ ξ +B(u,Ξ) (19)

for (20)

u ∈ L2(T2) s.t.

u− (1−∆)−1((ξ + Ξ2) ≻ u+ ξ ≺ u) =: u♯ ∈ H2(T2) (21)

The ansatz (21) is of course the limit of the ansatz (17) and one has the following rigorous result.

Theorem 3 (Self-adjointness and (Form-)Domain of the Anderson Hamiltonian) The
operator (Hω,Dα

Ξ) is an unbounded self-adjoint semi-bounded operator on L2(T2). One has the
norm equivalence

∥Hωu∥L2 + ∥u∥L2 ≈ ∥u♯∥H2 .

Moreover, one has that if the remainder u♯ in the paracontrolled ansatz is only in H1, i.e. it
satisfies the paracontrolled ansatz

u− (1−∆)−1((ξ + Ξ2) ≻ u+ ξ ≺ u) =: u♯ ∈ H1(T2),

such a paracontrolled function u is in the form domain of Hω meaning |(u,Hωu)| < ∞. In fact
one has the norm equivalence

|(u,Hωu)|+ ∥u∥2L2 ≈ ∥u♯∥2H1 .

The operator Hω is bounded from below, meaning there exists a constant K(ω) > 0 depending
polynomially on the X -norm of the enhanced noise Ξ s.t.

(Hωu, u) ⩾ −K(ω)∥u∥2L2 for all u ∈ Dα
Ξ

and we define the shifted operators

Hω,K := Hω +K(ω) + 1 (22)

Hω,K
ε := Hω

ε +K(ω) + 1 (23)

which is now uniformly positive and self-adjoint so one can define its square root and other
fractional powers without issues.

Proof See Section 2.1 in [37]. 2

Moreover we can quantify exactly in which way the regularized operators Hω
ε converge to Hω.

Proposition 2 (Norm resolvent convergence of approximate operators) For the oper-
ators Hω

ε and Hω as above we have that there exists a constant K(ω), which is a polynomial in
the Xα norm of Ξ, for which

(K(ω) +Hω
ε )

−1 → (K(ω) +Hω)−1as ε→ 0 in L(L2(T2);L2(T2)).

We may choose the constants K(ω)as in the previous theorem.
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Proof See Proposition 2.23 in [37]. 2

For reasons which will become apparent later, we introduce a frequency cut-off,

Π>N := F−1I|·|>2NF for N ∈ N,

as in [37] namely we define

ΦN (u) := u−Π>N ((1−∆)−1((ξ + Ξ2) ≻ u+ ξ ≺ u)) (24)

as a bounded operator on L2(T2) which admits an inverse for N large enough depending on the
X−norm of (ξ,Ξ2) which we denote by

Γv = v +Π>N ((1−∆)−1((ξ + Ξ2) ≻ Γv + ξ ≺ Γv)) (25)

having omitted the N in the notation as was done in [37]. In precisely the same way, we can
define Φε and Γε analogously to (24) and (25) respectively by replacing (ξ,Ξ2) by (ξε,Ξ

2
ε). As

was remarked in [37], one may choose the same N independently of ε (but of course depending
measurably on ω).

We think of the Γ map in the following way:

Γ : “Remainder” 7→ “Paracontrolled function with that remainder”

and it exactly parameterizes a paracontrolled space like the one in Definition 2, concretely one
has

Dα
Ξ = ΓH2.

With this notation in place, we collect some results on the maps Γ and Γε as well as their
convergence properties.

Proposition 3 There is a choice of N ∈ 2Nfor which the maps Γ,Γε : L2(T2) → L2(T2) in (25)
exists, i.e. as the inverse of the ΦN defined in (24). One has the properties:

Let s ∈ [0, 1), then Γ is a homeomorphism on the following spaces

Γ : Hs → Hs

Γ : H1 → D
(√

Hω
)

Γ : H2 → D(Hω)

Γ : Cs → Cs.

Γεis also a homeomorphism on Hsand Cs.
Furthermore we have Γε → Γ for ε→ 0 as bounded operators on Hsor Cs.

Proof See [37] but this follows from the paraproduct estimates and the fact that Γ was already
defined as an inverse. 2

Using these maps, we actually have the stronger convergence

Hω
ε Γε → HωΓin L(H2;L2).

which implies Proposition 2, see Proposition 2.19 in [37].
We finish off the section by collecting some other properties of the Anderson Hamiltonian

which we will need in the remainder of the paper.
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Theorem 4 (Properties of the Anderson Hamiltonian) With the notations as above, we
have

1. Embeddings: For D(Hω) = ΓH2, the domain of Hω, we have

D(Hω) ∩H2 = {0}, but D(Hω) ↪→ H1−εand D(Hω) ↪→ C1−ε for any ε > 0.

For D
(√

Hω
)
= ΓH1, the form domain of Hω,we have

D
(√

Hω
)
∩H1 = {0}, but D

(√
Hω
)
↪→ H1−εfor any ε > 0.

2. Functional calculus: For any bounded continuous function

g : R+ → R,

one has (using the shifted operators from (22), (23))

g(Hω,K
ε ) → g(Hω,K)in L(L2;L2).

In particular one has for all times t ∈ R

sin
(
t
√
Hω,K

)
, cos

(
t
√
Hω,K

)
∈ L(L2;L2) (26)

sin
(
t
√
Hω,K

)
√
Hω,K

∈ L
(
L2;D

(√
Hω,K

))
, (27)

and

cos

(
t

√
Hω,K

ε

)
→ cos

(
t
√
Hω,K

)
in L(L2;L2) (28)

sin
(
t
√
Hω,K

ε

)
√

Hω,K
ε

→
sin
(
t
√
Hω,K

)
√
Hω,K

in L(L2;H1−ε)for any ε > 0. (29)

Moreover these operators are strongly continuous in t.

3. Eigenvalues and Weyl Law: Hω,K has discrete spectrum and it has eigenvalues

0 < λ1(ω) ⩽ λ2(ω) ⩽ . . . λn(ω) ⩽ · · · → +∞as n→ ∞

and L2normalized eigenfunctions fn ∈ D(Hω)

Hω,Kfn = λn(ω)fn. (30)

Moreover, Hw,K(and thus Hω) satisfies a Weyl law, meaning almost surely

lim
n→∞

λn(ω)

n
= C(ω),

i.e. the eigenvalues grow like the eigenvalues of the Laplacian.

4. Equivalence of fractional norms: For s ∈ (−1, 1) we have the norm equivalence

∥u∥Hs ≈
∥∥∥(Hw,K

) s
2 u
∥∥∥
L2
. (31)
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Proof The first two points are found in [37] the third point is from [54] and the last point was
proved in Proposition 1.14 in [55]. 2

Remark 2 A consequence of Theorem 4 Point 3 and Point 4 is that for almost every ω ∈ Ω,
writing P⩽N : Hs(T2) → Hs(T2), with N ∈ N and s, s′ ∈ (−1, 1), s ⩽ s′, the orthogonal
projection on the first N eigenvectors of Hω, we have

∥(I − P⩽N )f∥Hs ≲ Ns−s′∥f∥Hs′ , (32)

and similarly also
∥P⩽Nf∥Hs′ ≲ Ns′−s∥f∥Hs (33)

see also Lemma 1.3 of [55].

2.2 Gaussian measures and Wick powers

A Gaussian measure µ on the space of tempered distribution S ′(Td) on the d ∈ N dimensional
torus, is a Radon measure µ on S ′(Td) (with respect its strong topology) such that for any
smooth function f ∈ C∞(Td) =: S(Td) the (real valued) random variable x 7→ ⟨x, f⟩S′,S (where
x ∈ S ′(Td)) is a Gaussian random variable.

A Gaussian measure is completely characterized by its mean m ∈ S ′(Td) and its covariance
operator Σ : S(Td) → S ′(Td) (which is a linear positive operator), which are the two unique
objects appearing in the characteristic function µ̂ : S(Td) → C of µ, which takes the form

µ̂(f) :=

∫
S′(Td)

ei⟨x,f⟩S′,Sµ(dx) = exp

(
i⟨m, f⟩S′,S − 1

2
⟨Σ(f), f⟩

)
.

A consequence of Minlos-Sazonov theorem (see, e.g., Theorem 20.1 in [69]) is that for any m ∈
S ′(Td) and any continuous, linear, positive and symmetric operator Σ there is a unique Gaussian
measure µ on S ′(Td) with mean m and covariance Σ. Hereafter we mainly focus on the case

where m = 0 and we write µΣ−1

for the Gaussian measure on S ′(Td) with variance Σ (the reason
of the presence of −1 will become apparent later). We also often identify S(Td) with a subset
of S ′(Td) thanks to the L2(Td) scalar product. In this paper we are mainly interested in three
cases of Gaussian measures:

1. when ⟨Σ(f), g⟩ :=
∫
Td f(x)g(x)dx, namely Σ = IL2 , which is the (Gaussian) white noise measure

on Td;

2. when ⟨Σ(f), g⟩ :=
∫
Td(−∆+K)−1(f)(x)g(x)dx, where K > 0, namely Σ = (−∆+K)−1,

which is usually called Gaussian free field on Td with mass K;

3. when ⟨Σ(f), g⟩ :=
∫
Td(Hω + K)−1(f)(x)g(x)dx, for K > K(ω) (see Section 2.1), namely

Σ = (Hω +K)−1, which henceforth we will call Anderson Gaussian free field with mass K.

We also recall two convenient facts about Gaussian measures. Firstly the fact that convergence
of the covariance operators implies weak convergence of the Gaussian measures and secondly that
one has precise knowledge of whether two Gaussian measures are mutually singular or absolutely
continuous.

Lemma 2 a) If the operators

Σε → Σ in L(L2(Td);L2(Td))

13



then we have
µ(Σε)−1

⇀ µΣ−1

weakly in the sense of measures on S ′(Td).

Consequently we have

µHω,K
ε ⇀ µHω,K

weakly in the sense of measures on S ′(Td) as ε→ 0, (34)

see Proposition 2.

b) If
√
Σ

−1
(L2) ̸=

√
Λ
−1

(L2) then the Gaussian measures µΣ−1

and µΛ−1

are mutually singular.

In particular this implies that the Gaussian measure µHω,K

is mutually singular with respect

to µ−∆+K and also µHω,K
ε .

Proof

a) The general statement is in Section 5 of [13]. The statement (34) then follows from Proposition
2.

b) The main statement is a consequence of the Feldman-Hajek theorem, see e.g. Theorem 2.23
in [30], the other statement follows from the fact that

D
(√

Hω,K
)
̸= H1 = D

(√
Hω,K

ε

)
= D

(√
−∆+K

)
,

which is contained in Theorem 4.

2

Usually the support (not understood in a topological sense but more generically as a subset

of full measure) of a Gaussian measure µΣ−1

on S ′(Td) is not the whole space S ′(Td) but there

is a proper (Banach) subspace W ⊂ S ′(Td) supporting µΣ−1

. In the case of the white noise and
Gaussian free field the support is well known.

Proposition 4 For any δ > 0 and 1 ⩽ p ⩽ +∞ we have

µ−∆+K
(
B

1− d
2−δ

p,p (Td)
)
= µIL2

(
B

− d
2−δ

p,p (Td)
)
= 1.

Proof See, e.g., Lemma 3.2 in [29]. 2

From now on if (Ω,F ,P) is a probability space and ψ : Ω →W ⊂ S ′(Td) (whereW is a Banach
space) is a measurable function, we say that ψ is a Gaussian random field with covariance Σ if

the law of ψ is µΣ−1

, written in symbols Law(ψ) = µΣ−1

.
In the following we will use the notion of Wick products of Gaussian random variables: let

X1, . . . , Xn, n ∈ N, be a set of (jointly) Gaussian random variables with zero mean. We call the
Wick products of X1, . . . , Xn the random variable

: X1 · · ·Xn ::=

(
∂n

∂t1 · · · ∂tn

(
exp (

∑n
i=1 tiXi)

E [exp (
∑n

i=1 tiXi)]

))
t1=···=tn=0

(35)

In the case where X1 = · · · = Xn = Z then

: Zn := (var(Z))
n
2Hn

(
Z√

var(Z)

)
,

where Hn is the n-th Hermite polynomial.
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Proposition 5 Let X1, . . . , Xn, Y1, . . . , Ym be some jointly Gaussian random variables with zero
mean then

E[: X1 · · ·Xn :: Y1 · · ·Ym :] = δn,m
∑
σ∈Sn

m∏
j=1

E[XjYσ(j)]

where Sn is the set of permutations of {1, . . . , n}.

Proof See Theorem 3.9 in [44]. 2

Let L2(W,µΣ−1

) (where W ⊂ S ′(Td) is a support of µΣ−1

) be the set of L2 random variables

with defined on W with respect the Gaussian measure µΣ−1

. For every n ∈ N, We define

Γn = span{: ⟨w, f1⟩ · · · ⟨w, fn⟩ : |f1, . . . , fn ∈ S(Td)} ⊂ L2(W,µΣ−1

)

where the closure is taken with respect the natural topology of L2(W,µΣ−1

). We write Γ0 = R.
With these definition we have:

Proposition 6 (Chaos decomposition and hypercontractivity) We have that

L2(W,µΣ−1

) =

∞⊕
n=0

Γn.

Furthermore for every G ∈ Γn and p ⩾ 2 we have

E[|G|p] ⩽ (p− 1)
np
2 (E[|G|2])

p
2 .

Proof For the first statement see, e.g., Theorem 4.1 in [44]. For the second statement see, e.g.,
Theorem 5.1 and Remark 5.11 in [44]. 2

Let φ : Ω → W ⊂ S ′(Td) be a Gaussian free field of mass m (namely Law(φ) = µ−∆+m2

)
and consider aε(x) a smooth mollifier, where a : Td → R+ is a smooth function with compact
support such that

∫
Td a(x)dx = 1. We defined φε = aε∗φ, which is Gaussian random field taking

values in C∞(Td). Since φε takes values in a space of functions, we can define : φn
ε : as a smooth

random function given by

: φn
ε : (x) =: (φε(x))

n := E[|φε(x)|2]
n
2Hn

(
φε(x)√

E[|φε(x)|2]

)
.

Theorem 5 In the above setting, taking d = 2, for any 1 ⩽ p < +∞ and δ > 0 the sequence of
random functions : φn

ε : converges in

Lp((Ω,F ,P), B−δ
p,p(T2))

to some random distribution : φn : defined on (Ω,F ,P) and taking values in B−δ
p,p(T2). Further-

more the random distribution : φn : does not depend on the mollifier aε.

Proof See, e.g., Lemma 3.2 in [29]. 2

Remark 3 By Besov embedding, see Lemma 31, this implies that the Wick powers lie even in
Lp((Ω,F ,P), C−δ(T2)) for any p ⩾ 2 and δ > 0.
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3 A (regular) coupling between GFF and AGFF

From Lemma 2 we know that the Gaussian measures µ−∆+K and µHω+K are mutually singular
for almost every ω and for any K ⩾ K(ω) (where K(ω) is the almost surely positive random
variable in Section 2.1 which ensures that Hω +K is invertible and thus µHω+K is well-defined).
In this section we prove a weaker but interesting result, namely the existence of a regular coupling
between the measure µ−∆+K and µHω+K for almost every ω ∈ Ω and for any K ⩾ K(ω). This
coupling permits us to extend the definition of the Wick product of the Gaussian free field to
the support of the Anderson free field, see Section 3.6.

3.1 Variational formulation of the coupling problem

First we want to give a variational representation of the Gaussian measure µε = µHω,K
ε (or more

generally µε’s Laplace transform) in a way similar to what was done in [6, 8, 10, 9]. The first
step is to write the Radon-Nikodym derivatives of µε with respect to µ−∆+K and to prove that
it has some good properties permitting the variational representation.

So, consider a Gaussian white noise ξ : Ω → S ′(T2) defined on the probability space (Ω,F ,P).
We define the measure

dµε(ω)

dµ−∆+K
(φ) =

1

Zε(ω)
exp

(
−
∫
T2

(ξε(x, ω)− (γ(1)(ω)− γ(2)ε )) : φ2 : (x)dx

)
(36)

where

Zε(ω) =

∫
exp

(
−
∫
T2

(ξε(x, ω)− (γ(1)(ω)− γ(2)ε )) : φ2 : (x)dx

)
dµ−∆+K(φ)

and where γ(1) : Ω → R+ is a positive random variable (not depending on ε which plays a role

analogous to the K(ω) from Proposition 2) and γ
(2)
ε is a real number (depending on ε > 0 but

not depending on ω), and : φ2 : denotes the Wick product of the random field φ with respect
to the Gaussian measure µ−∆+K . As in prior sections, ξ : Ω → S ′(T2) is a Gaussian white
noise and ξε is a smooth approximation of ξ (for example ξε = ρε ∗ ξ where ρε = ε−2ρ(·/ε) and
ρ ∈ C∞(T2)

∫
T2 ρ(x)dx = 1).

The constant γ
(2)
ε → +∞ as ε → 0 such that −∆ + ξε − γ

(2)
ε → Hω as ε → 0 in the norm

resolvent sense. The constant γ(1)(ω) is chosen in such a way, that there is γ(1)(ω) ⩾ K(ω)
(where K(ω) > 0 is the random variable defined in Theorem 3), for which, for every ω ∈ Ω, we
have

−∆+ ξε(ω) + γ(1)(ω) ⩾ IL2

as self-adjoint operators on the domain of −∆ (i.e. we suppose that the lowest eigenvalue of
−∆+ ξε(ω) + γ(1)(ω) is greater than 1 almost surely). We suppose also that for any p ∈ R+

E[|γ(1)|p] < +∞.

Under these notations and setting we prove the following lemma.

Lemma 3 Let g : T2 → R be a smooth function such that the operator Hg = −∆ +K + g(x)
(on the domain of −∆ + K) is positive, then if µHg is the Gaussian measure with covariance
(−∆+K + g(x))−1 and µ−∆+K is the measure of the Gaussian free field we have

log

(
dµHg

dµ−∆+K
(φ)

)
= −

∫
T2

g(x) : φ2 : (x)dx+ log(ZHg
) (37)

16



where : φ2 : denotes the Wick product of the field φ with respect to the Gaussian free field measure
µ−∆+K , and

ZHg
=

∫
exp

(
−
∫
T2

g(x) : φ2 : (x)dx

)
µ−∆+K(dφ).

Proof First we prove that µHg is absolutely continuous with respect to µ−∆+K . The measure
µHg can be obtained as the push-forward of the measure µ−∆+K through the transformation

T (φ) = (−∆+K + g(x))−1/2(−∆+K)1/2(φ),

with inverse S(w) = (−∆+K)−1/2(−∆+K + g(x))1/2(φ). We have that

v(φ) = (−∆+K)−1/2(−∆+K + g(x))1/2(φ)− φ

= ((I + (−∆+K)−1g(x))1/2 − I)(φ)

where I is the identity operator on C−δ(T2). The (linear) operator v restricted on H1 (i.e. the
Cameron-Martin space of the free field having law µ−∆+K) is a Hilbert-Schmidt operator. Indeed
we have

v(φ) =

(
(I + (−∆+K)−1g(x))1/2 − I − 1

2
(−∆+K)−1g(x)

)
(φ) +

1

2
(−∆+K)−1(g(x)φ)

=
1

4

(
(I + (−∆+K)−1g(x))1/2 + I +

1

2
(−∆+K)−1g(x)

)−1

((−∆+K)−1g(x))2(φ) +

+
1

2
(−∆+K)−1(g(x)φ)

which shows that v(φ) is the sum of the Hilbert-Schmidt operator 1
2 (−∆+m2)−1g(x) and of a

trace class operator (being the remainder the product of a bounded operator and the square of a
Hilbert-Schmidt operator). Since v is linear (and thus differentiable in C−δ(T2) with derivative
equal to v), by Theorem 3.5.3 of [68], we get

dµHg

dµ−∆+K
=

dT∗µ
−∆+K

dµ−∆+K
= det2(I + v) exp

(
−δ(v(φ))− 1

2
∥v(φ)∥2H1

)
(38)

where δ is the Skorokhod integral with respect to the Gaussian measure µ−∆+K on C−δ(T2),
and det2 is the regularized determinat (see, e.g., Chapter 9 of [63]). What remains to be shown
is that the term in the exponential in (38) is (up to some finite additional constant) equal
to
∫
T2 g(x) : φ2(x) : dx. In order to show this equality, we consider a (finite dimensional)

approximation of v given by

vN (φ) = ((I + (−∆+K)−1ΠNg(x)ΠN )1/2 − I)(φ)

where ΠN is the L2(T2) projection onto the subspace of trigonometric polynomial of degree less
or equal than N . We have that, by definition of the Skorokhod integral for functions having trace
class derivatives in the Cameron-Martin space (see, e.g., Section B.4 of [68]), i.e. the formula

δ(u(φ)) = ⟨i∗(u(φ)), φ⟩H1(T2) − TrH1(T2)(∇u(φ)),

the following holds

δ(vN (φ)) =

∫
(−∆+K)(vN (φ))(x)φ(x)− TrL2((−∆+K)1/2vN (−∆+K)−1/2).
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We also obtain

TrL2((−∆+K)1/2vN (−∆+K)−1/2)

= TrL2(vN )

=
1

4
TrL2

((
(I + (−∆+K)−1ΠNg(x)ΠN )1/2 + I +

1

2
(−∆+K)−1ΠNg(x)ΠN

)−1

×

((−∆+K)−1ΠNg(x)ΠN )2(·)
)
+

1

2
TrL2((−∆+K)−1(ΠNg(x)ΠN )).

The first term in the previous sum is uniformly bounded in N , for the second term we get

TrL2((−∆+K)−1(ΠNf(x))) = TrL2(ΠN ((−∆+K)−1(ΠNf(x))))

=

∫
T2

GN (x− x)f(x)dx = GN (0)

∫
T2

f(x)dx

= E[(ΠNφ(0))
2]

∫
T2

f(x)dx

where GN is the integral kernel of the operator ΠN (−∆+m2)−1ΠN and φ is a random distribution
with law µ−∆+K . On the other hand, by an explicit computation, we get

−
∫
(−∆+K)(vN (φ))(x)φ(x)µ−∆+K(dφ)− 1

2
∥vN (φ)∥2H1 =

∫
T2

g(x)(ΠNφ)
2(x)dx.

Putting it all together, we get

−δ(vN (φ))− 1

2
∥vN (φ)∥2H1 =

∫
T2

g(x)(ΠNφ)
2(x)dx− E[(ΠNφ(0))

2]

∫
T2

g(x)dx+ CN

=

∫
T2

g(x) : (ΠNφ)
2 : (x)dx+ CN

where CN is a suitable constant converging to some C ∈ R as N → +∞. Taking the limit on
both sides of the previous expression we get the thesis. 2

Thus the previous lemma proves expression (36). We now introduce the following useful defi-
nition describing the key property for the variational representation of an exponential functional.

Definition 3 Let W ⊂ S ′(T2) be a Banach space supporting the law of Gaussian free field
µ−∆+K . We say that a measurable function G : W → R is tame (with respect to the law of the
Gaussian free field µ−∆+K) if there are p, q ⩾ 1, 1

p + 1
q = 1, such that∫

exp(pG(φ))µ−∆+K(dφ) +

∫
|G(φ)|qµ−∆+K(dφ) < +∞.

Under the previous hypotheses the Radon-Nikodym derivative dµε

dµ−∆+K is a tame function.
Indeed, we have the following result.

Lemma 4 Suppose that g is smooth and that (−∆ +m2 + g(x)) ⩾ RIL2 for some R > 0,then
the functional φ→

∫
T2 g(x) : φ

2(x) : dx is tame.
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Proof If (−∆ + m2 + g(x)) ⩾ RIL2 then there is p > 1 such that (−∆ + m2 + pg(x)) > 0.
Indeed we have that

(−∆+m2 + pg(x)) ⩾ (−∆+m2 + g(x))− (p− 1)∥g∥L∞IL2 ⩾ (R− (p− 1)∥g∥L∞)IL2

which is strictly positive whenever p − 1 < R
∥g∥L∞ . This means that we can apply Lemma 3 to

the operator (−∆+m2 + pg(x)), obtaining that

exp

(
p

∫
T2

g(x) : φ2(x) : dx

)
∈ L1(µ).

Since, by hypercontractivity,
∫
T2 g(x) : φ2(x) : dx ∈ Lq(µ) for any 1 ⩽ q < +∞ the thesis is

proved. 2

If we consider W = C−δ(T2) = B−δ
∞,∞(T2) (for some δ > 0 small enough), under the previous

conditions on γ(1) we will show that the functional

Gε,f (φ, ω) = f(φ) +

∫
T2

(ξε(x, ω)− (γ(1)(ω)− γ(2)ε )) : φ2(x) : dx

is tame, whenever f(·) is tame in the sense of Definition 3.

Notation 1 In order to provide the variational representation of the formula (36), we need
to introduce a Gaussian white noise Xt : Ω′ × R+ → S ′(T2) defined on the probability space
(Ω′,F ′

t,P′). We define also the product space Ω̄ = Ω×Ω′ with the product σ-algebra and equipped
with the filtration F t = F∨Ft and the product probability measure P̄ = P⊗P′ (under this measure
the white noise ξ and Xt are independent). We consider the operator Js : S ′(T2) → C∞(T2)
given by the expression

Js(f) = F−1

(
σs(|k|2)√
m2 + |k|2

F(f)(k)

)
where σ· : R+×R2 → R+ is a smooth function with compact support such that

∫ t

0
σ2
s(k)ds = ρt(k)

where ρt is a smooth cut-off function of the ball of radius t > 0. In order to distinguish between
the expectation with respect the ω ∈ Ω variable and the probability law P, with respect the ω′ ∈ Ω′

variable and the probability law P′, we will write Eω[·] and Eω′
[·] respectively. We write also E

for the expectation with respect to both the variables (namely on the probability space (Ω̄,F t, P̄)
described above).

Notation 2 We use the following the notations

Wt =

∫ t

0

JsdXs Zt(u) =

∫ t

0

Jsusds

where u : Ω′ × R+ → L2(T2) is a measurable function adapted with respect to the filtration F ′
t

(when it is clear from the context we drop the dependence on u in the random process Zt).

The next theorem gives a variational representation of the Laplace transform of νε.
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Theorem 6 Let δ > 0. For every tame function f : C−δ → R and for every ω ∈ Ω we have

− log
∫
exp(−f(φ))νε(ω,dφ) + log(Zε(ω))

= − log
∫
exp(−Gε,f (φ, ω))µ−∆+1(dφ)

= infu∈Ha
Eω′ [

f(W∞ + Z∞(u)) +
∫
ξε(ω)W∞Z∞(u)dx+

∫
ξε(ω)Z

2
∞(u)dx

+
∫
((γ(1)(ω) + γ

(2)
ε ))W∞Z∞(u) +

∫ ((
γ(1)(ω) + γ

(2)
ε

))
Z2
∞(u)dx+ 1

2

∫∞
0

∥us∥2L2ds
]

= infu∈Ha
F ε(f, ω).

(39)

Proof Fix an ε > 0, then Gε,f is a tame functional since is the sum of f(φ) (which is tame by
hypothesis) and

V (φ) =

∫
(ξε(ω, x) + (γ(1)(ω) + γ(2)ε )) : φ2(x) : dx

which is tame by Lemma 4. Thus we can apply the main result of [67] and hence we have

− log

∫
exp(−Gε,f (φ, ω))µ−∆+1(dφ)

= inf
u∈Ha

Eω′
[
f(W∞ + Z∞(u)) +

1

2

∫ ∞

0

∥us∥2L2ds+ V (W∞ + Z∞(u))

]
= inf

u∈Ha

Eω′
[
f(W∞ + Z∞(u)) +

∫
ξε(ω)W∞Z∞(u)dx+

∫
ξε(ω)Z

2
∞(u)dx

+

∫
((γ(1)(ω) + γ(2)ε ))W∞Z∞(u) +

∫ ((
γ(1)(ω) + γ(2)ε

))
Z2
∞(u)dx+

1

2

∫ ∞

0

∥us∥2L2ds

]
where we use the fact that the expectation of :W 2

∞ : (x) is zero, giving us the desired result. 2

It is convenient to rewrite the functional F ε(ω, u) in a more useful form for what follows.

Proposition 7 Let u : Ω̄× R+ → L2(T2) be an adapted process.
We have the following identity

F ε(u, ω) = Eω′

[
7∑

i=1

Γi +G+
1

2

∫ ∞

0

∥lt(u)∥2L2ds

]
+

1

2
Eω′

[∫ ∞

0

∥JsξεWs∥2L2 ds

]
(40)

where
ls(u)= JsξεWs + Js(ξε ≻ Zs)− us
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and

Γ1 = 2

∫ ∞

0

∫
Jt(ξε ≼ Zt)utdtdx

Γ2 = 2

∫ ∞

0

∫ (
JsξεWs ◦ Jsξε − γ̇(2)ε,sWs

)
Zsdxds

Γ3 =

∫ ∞

0

∫
((Jsξε ◦ Jsξε)− γ̇(2)ε,s )Z

2
sdxds

Γ4 =

∫ ∞

0

∫
(Js(ξε ≻ Zs))

2dxds−
∫ ∞

0

∫
(Jsξε ◦ Jsξε)Z2

sdxds

Γ5 = 2

∫ ∞

0

∫
Js(ξεWs)Js(ξε ≻ Zs)dxds− 2

∫ ∞

0

∫
(JsξεWs ◦ Jsξε)Zsdxds

Γ6 = −2

∫ ∞

0

∫
γ
(2)
ε,tWtJtutdxdt− 2

∫ ∞

0

∫
γ
(2)
ε,t ZtJtutdxdt

Γ7 = 2

∫ ∞

0

γ̇
(1)
t WtZtdt+ 2

∫ ∞

0

∫
γ
(1)
t WtJtutdxdt+ 2

∫ ∞

0

∫
γ
(1)
t ZtJtutdxdt

G =

∫ ∞

0

∫
γ̇
(1)
t (ω)Z2

t dxdt

where γ
(1)
t : R+ × Ω → R and γ

(2)
ε,t : R+ → R are C1 functions such that limt→+∞ γ

(1)
t (ω) =

γ(1)(ω) and limt→+∞ γ
(2)
ε,t = γ

(2)
ε .

Proof Observe that by Ito’s formula

E
[∫

ξεW∞Z∞dx

]
= E

[∫ ∞

0

∫
ξεWtJtutdtdx

]
= E

[∫ ∞

0

Jt(ξεWt)utdt

]
and∫
ξεZ

2
∞dx = 2

∫ ∞

0

∫
Jt(ξεZt)utdtdx = 2

∫ ∞

0

∫
Jt(ξε ≻ Zt)utdtdx+2

∫ ∞

0

∫
Jt(ξε ≼ Zt)utdtdx

now consider the ansatz
us= −JsξεWs − Js(ξε ≻ Zs(u)) + ls

Then we compute

1

2

∫ ∞

0

∥us∥2L2ds =
1

2

∫ ∞

0

∥JsξεWs + Js(ξε ≻ Zs)∥2L2 ds

−
∫ ∞

0

(JsξεWs + Js(ξε ≻ Zs)) lsds

+
1

2

∫ ∞

0

∥ls∥2L2ds

= −1

2

∫ ∞

0

∥JsξεWs + Js(ξε ≻ Zs)∥2L2 ds

−
∫ ∞

0

(JsξεWs + Js(ξε ≻ Zs))usds

+
1

2

∫ ∞

0

∥ls∥2L2ds
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where we have used that

−
∫ ∞

0

∥(JsξεWs + Js(ξε ≻ Zs))∥2L2 dx−
∫ ∞

0

(JsξεWs + Js(ξε ≻ Zs))usds

= −
∫ ∞

0

(JsξεWs + Js(ξε ≻ Zs)) lsdx.

We compute that∫ ∞

0

∥JsξεWs + Js(ξε ≻ Zs)∥2L2 dxds

=

∫ ∞

0

∫
(JsξεWs)

2
+ 2 (JsξεWs) (Js(ξε ≻ Zs)) + (Js(ξε ≻ Zs))

2dxds

Now the first term is the last term on the r.h.s of (40). We also have that∫ ∞

0

∫
2 (JsξεWs) (Js(ξε ≻ Zs))dxds = 2

∫ ∞

0

∫
(JsξεWs ◦ Jsξε)Zsdxds+ Γ5

and ∫ ∞

0

∫
(Js(ξε ≻ Zs))

2dxds =

∫ ∞

0

∫
(Jsξε ◦ Jsξε)Z2

sdxds+ Γ4.

Recall that we also have the counter terms

2(γ(1)(ω)− γ(2)ε )

∫
W∞Z∞dx+ (γ(1)(ω)− γ(2)ε )

∫
Z2
∞dx

available. Writing γε,∞ = γ(1)(ω)− γ
(2)
ε and using that γε,t : R+ × Ω → R is a C1 function, by

Ito’s formula we get

2γε,∞

∫
W∞Z∞dx = 2

∫ ∞

0

∫
γ̇ε,tWtZtdx+ 2

∫ ∞

0

∫
γε,tWtJtutdx+martingale

Now the first term on the r.h.s. is put together with the first term on the r.h.s of (3.1) to form
Γ2. We have also

γε,∞

∫
Z2
∞dx =

∫ ∞

0

∫
γ̇ε,tZ

2
t dx+ 2

∫ ∞

0

∫
γε,tZtJtutdxdt

and the first term on the r.h.s goes together with the first term on the r.h.s of (3.1) to form Γ3.
The respective remainders are collected in Γ6, Γ7 and G. 2

3.2 Some stochastic estimates

The main reason for the formulation in Proposition 7 is that, up to a diverging constant, every
term of Γi converges to something finite as ε → 0. In order to guarantee this convergence we
need to give some estimates for the stochastic terms involving ξε and Ws in equation (40). The
proof of this kind of estimates is the chief aim of the current section.

Lemma 5 Consider

γ
(2)
ε,t :=

∫ t

0

E[Js(ξε) ◦ Js(ξε)]ds (41)
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then for every for any 0 < κ < δ, α > 0 such that κ+ α < δ small enough, and for every p ⩾ 1,
we have that

sup
ε∈(0,1)

E[∥Js(ξε) ◦ Js(ξε)− γ̇
(2)
ε,t ∥

p

B−δ
p,p

] ≲ (1 + s)−(1+κ)p (42)

supε∈(0,1) E

[∫ 1

0

∥Js(ξε)◦Js(ξε)−γ̇(2)
ε,s−Js+∆s(ξε)◦Js+∆s(ξε)−γ̇

(2)
ε,s+∆s∥

p

B
−δ
p,p

(∆s)1+αp/2 d∆s

]
≲ (1 + s)(−1−κ+α)p.

(43)

Remark 4 From equation (41), defining the function γ
(2)
ε,t , we get the bound

γ
(2)
ε,t ≲ log(min(2 + t, ε−1)).

Proof of Lemma 5 We start the proof in the case that p = 2. In order to simplify the notation

we drop the upper index (2) from γ
(2)
ε . First we prove that

sup
ε∈(0,1)

E[(∥Js(ξε) ◦ Js(ξε)− γ̇ε,s∥H−δ)2] ≲ (1 + s)−2−2κ. (44)

Indeed, if Kj = F−1(φj) (where {φj}j⩾−1 is the dyadic partition of unity in the definition of
Besov space Bκ

p,p, see Appendix A) we have

E[|Kr ∗ (Js(ξε) ◦ Js(ξε)− γ̇ε,s)|2]

≲
∑

j∼log(s),r≲j

∫
T2

∫
T2

Kr(x)Kr(y)(E[Js(∆j(ξε))(x)Js(∆j(ξε))(y)])
2

Clearly

Js(ξε) ◦ Js(ξε)− γ̇ε,s =
∑

j∼log(s)

(Js(∆j(ξε)))
2 − γ̇ε,s =

∑
j∼log(s)

: Js(∆j(ξε))
2 :

and, by the properties of Wick product (see Proposition 5),

E[Js(∆jξε)(x)Js(∆jξε)(y)]

≲
∑
k∈Z2

σ2
s(k)|φj(k)|2

(|k|2 +m2)
≲ −

∫ Rs

R′s

r

s2

(
d

dx
ρ

)(r
s

) r

r2 +m2
dr

≲

(
1

s

∫ Rs

R′s

ρ
(r
s

) d

dr

(
r2

r2 +m2

)
dr +

R′2s2

R′2s2 +m2

)

≲
1

s

∫ Rs

R′s

d

dr

(
r2

r2 +m2

)
dr ≲

1

s

(
R2s2

R2s2 +m2

)
(45)

and the bound is uniform in 0 ⩽ ε < 1. Recalling that

∥Js(ξε) ◦ Js(ξε)− γ̇ε,s∥2H−δ ∼
∑

j∼log(s)

2−2δj∥Kj ∗ (Js(ξε) ◦ Js(ξε)− γ̇ε,s)∥2L2

≲κ,δ
1

s2+2κ

∑
j⩾−1

2−2(δ−κ)j ,
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where κ < δ, inequality (45) implies the bound (42). For the bound (43), it is sufficient to
consider the case log(s) ∼ log(s+ 1) (which holds whenever s is big enough)

E[∥Kj ∗ [(Js(ξε) ◦ Js(ξε)− γε,s)− (Js+∆s(ξε) ◦ Js+∆s(ξε)− γε,s+∆s)]∥2L2 ]

≲
∑

j∼log(s)

∫
T2

∫
T2

|Kj(x)||Kj(y)|(E[∆j(Js(ξε)− Js+∆s(ξε))
2])1/2 ×

(E[|∆jJs(ξε)|2] + E[|∆jJs+∆s(ξε)|2])3/2

In order to estimate the term E[|∆j(Js(ξε)− Js+∆s(ξε))|2] we note that

E[|∆j(Js(ξε)− Js+∆s(ξε))|2] =
∑
k∈Z2

|σs(k)− σs+∆s(k)|2φj(k)

(|k|2 +m2)

≲
∫ R(s+∆s)

0

|σs(r)− σs+∆s(r)|2α
r(|σs(r)|2 + |σs+∆s(r)|2)1−α

(r2 +m2)
dr

≲ |∆s|α(log(s+∆s))α(∫ R(s+∆s)

0

r(|σs(r)|2 + |σs+∆s(r)|2)1−α

(r2 +m2)
dr

)

≲ |∆s|α (log(s+∆s))α

(1 + s)(1−α)
≲ |∆s|α 1

(1 + s)1−2α
, (46)

where in the last step we do the same computation of (45), taking into account the loss of a
power α. Furthermore we have

: Js(ξε) ◦ Js(ξε)− Js+∆s(ξε) ◦ Js+∆s(ξε) :

= : (Js(ξε)− Js+∆s(ξε)) ◦ Js(ξε) : + : Js+∆s(ξε) ◦ (Js(ξε)− Js+∆s(ξε)) :

Thus, by the proof of the first part of the present lemma, inequality (45) and inequality (46),

E[∥Kj ∗ [(Js(ξε) ◦ Js(ξε)− γε,s)− (Js+∆s(ξε) ◦ Js+∆s(ξε)− γε,s+∆s)]∥2L2 ]

≲ E[∥Kj ∗ [: (Js(ξε)− Js+∆s(ξε)) ◦ Js(ξε) :]∥2L2 ] +

+E[∥Kj ∗ [: Js+∆s(ξε) ◦ (Js(ξε)− Js+∆s(ξε)) :]∥2L2 ]

≲ |∆s|α 1

(1 + s)2−2α
.

This concludes the proof for the case p = 2. The case of p > 2 can be obtained by the previ-
ous bounds and hypercontractivity applied to the second degree Gaussian polynomial (Js(ξε) ◦
Js(ξε)− γε,s). 2

Remark 5 The result of Lemma 5 can be easily extended to the case where the resonant product
Js(ξε) ◦ Jε(ξε) is replaced by the standard product Js(ξε)Js(ξε), namely we have the following
result: for every δ > 0, ℓ < 1, there is c > 0 such that for any δ > 0, p ⩾ 2 and there is we have

sup
ε∈(0,1)

E[∥(1 + s)ℓ∥Js(ξε)Js(ξε)− γ(2)ε,s∥B−δ
p,p

∥p
Bcδ

p,p(R+)
] < +∞

Lemma 6 For any δ > 0 there is κ < 1
2 small enough such that we have

sup
ε∈(0,1)

E
[
∥(Js(ξεWs)Jsξε−JsξεJsξεWs)∥2H−δ(T2)

]
≲ (1 + s)−3+2κ.
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Proof We do the explicit computation in the case ε = 0. The case ε < 1 and the uniformity of
the inequality with respect to 0 < ε < 1 can be obtained with a similar method. We compute

E[∥(Js(ξWs)− (Jsξ)Ws)Jsξ∥2H−δ ]

=
∑
n

⟨n⟩−2δE

(∑
n1

∑
m1

(Js(n1 − n)− Js(n1 − n−m1))ξ(m1 − n1 − n)Ws(m1)Js(n1)ξ(n1)

)2

=
∑
n

⟨n⟩−2δE

[∑
n1,n2

∑
m1,m2

(Js(n1 − n)− Js(n1 − n−m1))(Js(n2 − n)− Js(n2 − n−m2))×

ξ̂(n1 −m1 − n)ξ̂(n2 −m2 − n)Ŵs(m1)Ŵs(m2)Js(n1)ξ̂(n1)Js(n2)ξ̂(n2)

]

=
∑
n

⟨n⟩−2δ
∑
n1,n2

∑
m1,m2

(
(Js(n1 − n)− Js(n1 − n−m1))(Js(n2 − n)− Js(n2 − n−m2))×

Js(n1)Js(n2)E
[
ξ̂(n1)ξ̂(n2)ξ̂ (n1 −m1 − n) ξ̂(n2 −m2 − n)

]
E[Ŵs(m1)Ŵs(m2)]

)
=

∑
n

⟨n⟩−2δ
∑
n1

∑
m1⩽s

(Js(n1 − n)− Js(n1 −m1 − n))2
1

|m+m1|2
J2
s (n1)

+
∑
n⩽s

⟨n⟩−2δ
∑
n1,n2

1

|m+ n|2
(Js(n1 − n)− Js(n1))(Js(n2 − n)− Js(n2))Js(n1)Js(n2)

+
∑
n⩽s

⟨n⟩−2δ
∑
n1

1

|m+ n|2
(Js(n1 − n)− Js(n1))(Js(n2 − n)− Js(n2))Js(n1)Js(n2)

= I + II + III (47)

Estimate on I:
Observe that Js is supported in an annulus of radius s and we are restricting to m1 ⩽ s. This

means we can rewrite

1{|m1|⩽s}(Js(n1 − n)− Js(n1 −m1 − n))2

= 1{|m1|⩽2|n−n1|}(Js(n1 − n)− Js(n1 −m1 − n))2 +
(
1{|n−n1|⩽|m1|/2}

)
Js(n1 − n)− Js(n1 −m1 − n)

⩽ ⟨s⟩−1−κ⟨n1 − n⟩−2+2κ⟨m1⟩−κ.

1{|m1|⩽s}(Js(n1 − n)− Js(n1 −m1 − n))2

⩽ 1{|m1|⩽2|n−n1|}(Js(n1 − n)− Js(n1 −m1 − n))2 +
(
1{|n−n1|⩽|m1|/2}

)
J2
s (n1 − n−m1)

⩽ ⟨s⟩−1−κ⟨n1 − n⟩−2+2κ⟨m1⟩−κ

for some κ > 0 small enough. Then plugging the previous inequality in (47) we get

E[∥(Js(ξWs)− (Jsξ)Ws)Jsξ∥2H−δ ]

⩽
∑
n

⟨n⟩−2δ
∑
n1

∑
m1⩽s

⟨s⟩−3−2κ⟨n1 − n⟩−2+2κ⟨m1⟩−2−κ⟨n1⟩−2

≲ ⟨s⟩−3+2κ

Estimate on II: One can easily check that

∇kJs(k) ≲ 1k∽s(⟨s⟩−1/2⟨k⟩−2 + ⟨s⟩−3/2⟨k⟩−1)

≲ ⟨t⟩−5/2

25



So
|(Js(n1 − n)− Js(n1))| ≲ ⟨t⟩−5/2|n|.

and we have Js(k) ≲ t−3/2.
Recall also that |Js(n1)| ≲ 1|n1|≲s⟨s⟩−1/2⟨n1⟩ so

∑
n1
Js(n1) ≲ ⟨s⟩1/2

Plugging this into the sum we get∑
n⩽s

⟨n⟩−2s
∑
n1

1

|m+ n|2
(Js(n1 − n)− Js(n1))

×(Js(n2 − n)− Js(n2))Js(n1)Js(n2)

≲
∑
n⩽s

⟨n⟩−2s 1

|m+ n|2
⟨s⟩−8/2|n|

∑
n1,n2

|Js(n1)Js(n2)|

≲
∑
n⩽s

⟨n⟩−2s 1

|m+ n|2
⟨s⟩−4⟨s⟩|n|

≲
∑
n⩽s

⟨n⟩−2s 1

|m+ n|
⟨s⟩−3

≲ ⟨s⟩−3

So ∫ ∞

0

E[∥(Js(ξεWs)− (Jsξε)Ws)Jsξε∥H−s ]ds

⩽
∫ ∞

0

E[∥(Js(ξεWs)− (Jsξ)Ws)Jsξε∥2H−s ]1/2ds

≲
∫
⟨s⟩−3/2ds.

Finally the estimate on III is a simpler version of the estimate on II. 2

Lemma 7 For any 0 < κ < δ and for any p ⩾ 2 we have

sup
ε∈(0,1)

E
[∥∥∥(Js(ξεWs)Jsξε − γ̇(2)ε,sWs

)∥∥∥p
H−δ

]
≲ (1 + s)(−1−κ)p.

Proof We have that∥∥∥(Js(ξεWs)Jsξε − γ̇(2)ε,sWs

)∥∥∥
H−δ

⩽ ∥(Js(ξεWs)Jsξε−JsξεJsξεWs)∥H−δ +
∥∥∥(Js(ξε)Jsξε − γ̇(2)ε,s

)
Ws

∥∥∥
H−δ

.

The first term has been estimated in Lemma 6. To estimate the second part denote

f =
(
Js(ξε)Jsξε − γ̇(2)ε,s

)
.

Note that f is independent of F ′. We will show that for any κ > 0

Ew′ [∥fWs∥2H−δ ] ≲ sκ/2+δ∥f∥2H−δ .
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Indeed

Ew′ [∥fWs∥2H−δ ]

=
∑
n∈Z2

⟨n⟩−2δE

(∑
k∈Z2

f̂(n− k)Ŵs(k)

)2

≲
∑
n∈Z2

⟨n⟩−2δ
∑

k∈Z2,|k|≲s

f̂(n− k)2
1

⟨k⟩2

≲ sκ
∑
n∈Z2

∑
k∈Z2

⟨n⟩−2δ 1

⟨k⟩2+κ
f̂(n− k)2

≲
∑
n∈Z2

∑
k∈Z2

1

⟨k⟩2+κ−2δ

1

⟨n− k⟩2δ
f̂(n− k)2

Now by Young’s convolution inequality∥∥∥∥∥∑
k∈Z2

∑
k∈Z2

1

⟨k⟩2+κ−2δ

1

⟨n− k⟩2δ
f̂(n− k)2

∥∥∥∥∥
l1n

≲

∥∥∥∥ 1

⟨·⟩2δ
f̂(·)2

∥∥∥∥
l1

∥∥∥∥ 1

⟨·⟩2+κ−2δ

∥∥∥∥
l1

from which we can conclude.
In the case p = 2, the result then follows from Lemma 5 (see also Remark 5) and Lemma

6. The general case can be proved using the fact that
(
Js(ξε)Jsξε − γ̇

(2)
ε,s

)
Ws is a third degree

polynomial and then applying hypercontractivity. 2

Lemma 8 We have that for any δ > 0 and p ⩾ 1 there is 0 < κ≪ 1 for which

sup
ε∈(0,1)

E[∥ξεWs∥pB−1−δ
p,p (T2)

] ≲ (log(1 + s))p,

sup
ε∈(0,1)

E

[∫ 1

−1

∥ξεWs − ξεWs+∆s∥pB−1−δ
p,p (T2)

|∆s|1+αp
d∆s

]
≲ (1 + s)2κp.

Proof The proof is similar to the one of Lemma 5, we report here only the main steps. First
we note that, since Ws is independent of ξε, we have Wsξε =:Wsξε : this means that

E[∥Kj∗ :Wsξε : ∥2L2 ] ≲
∫ s

0

∫
T2

∫
T2

(J∗2
τ (0))Kj(x)Kj(x)dxdτ

≲

(∫ s

0

∥J∗2
τ ∥L∞dτ

)(∫
T2

|Kj |2dx
)

≲

(∫ s

0

∥J∗2
τ ∥L∞dτ

)
22j

We also have(∫ s

0

∥J∗2
τ ∥L∞dτ

)
=

∫ t

0

∑
k∈Z2

|στ (k)|2

(|k|2 + 1)
≲
∑
k∈Z2

ρt(k)

(|k|2 + 1)
≲ log(1 + s).

The second bound and the generic case p > 2 can be obtained as in Lemma 5. 2
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3.3 Analytical estimates

We want now prove some estimates on the terms Γi, i = 1, . . . , 7, appearing in the expansion
(40) of F . The main aim is to prove some upper bounds depending on the sums involving either

purely stochastic terms or the positive terms
∫∞
0

∥us∥2L2ds or
∫∞
0

∥Zs∥2
L2

(1+s)1+κ ds since this kind of

term can be compensated by the positive parts of F (namely G+ 1
2

∫∞
0

∥lt(u)∥2L2ds).

Lemma 9 For every 0 < δ we have

sup
t∈[0,∞]

∥Zt(u)∥2H1−δ ⩽
∫ ∞

0

∥us∥2H−δds

Proof We have that

∥Zt(u)∥2H1−δ =
∑
k∈Z2

(m2 + |k|2)1−δ|F(Zt)(k)|2

=
∑
k∈Z2

(m2 + |k|2)1−δ

∣∣∣∣∣
∫ t

0

(
d

ds
ρs(k)

)1/2 F(us)(k)√
(m2 + |k|2)

ds

∣∣∣∣∣
2

=
∑
k∈Z2

(m2 + |k|2)−δ

(∫ t

0

d

ds
ρs(k)ds

)(∫ t

0

|F(us)(k)|2ds
)

=

∫ t

0

∑
k∈Z2

|ρt(k)|(m2 + |k|2)−δ|F(us)(k)|2ds

⩽
∫ t

0

∑
k∈Z2

(m2 + |k|2)−δ|F(us)(k)|2ds =
∫ t

0

∥us∥2H−δds ⩽
∫ ∞

0

∥us∥2H−δds.

2

We collect the bounds of the Γi appearing in Proposition 7.

Lemma 10 For any κ ∈ (0, 1) and for any 0 < δ ≪ 1 there are α > 0 and 0 < θ < 1,
0 < λ < τ < δ ≪ 1, η > 0, and 0 < ℓ≪ 1 such that we get

|Γ1| ≲ κ

∫ ∞

0

∥us∥2H−δds+
1

κα
∥ξε∥

2
δ

C−1−δ

∫ +∞

0

∥Zt∥2L2

(1 + t)3/δ−8
dt

|Γ2| ≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

(∫ ∞

0

∥∥∥(JsξεWs ◦ Jsξε − γ̇(2)ε,sWs

)∥∥∥
H−δ

ds

)2

|Γ3| ≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

∫ ∞

0

(sup(1 + s)1+τ−λ∥((Jsξε ◦ Jsξε)− γ̇
(2)
ε,s )∥C−δ)

1
1−θ

(1 + s)1+τ−λ
∥Zs∥2L2ds

|Γ4| ≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

∫ +∞

0

∥ξε∥2C−1−δ∥Zs∥2L2

(1 + t)1+η
dt
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as well as

|Γ5| ≲ κ

∫ t

0

∥u∥2H−δdt+
1

κα
∥ξ∥2C−1−δ( sup

s∈R+

(1 + s)ℓ∥ξWs∥2C−1−δ)

|Γ6| ≲ κ

∫ ∞

0

∥ut∥2H−δdt+
1

κα

(∫ ∞

0

|γ(2)ε,t |2

(1 + t)3/2−2δ
∥Wt∥2C−δdt+

∫ ∞

0

|γ(2)ε,t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt

)

|Γ7| ≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

(∫ +∞

0

|γ̇(1)t (ω)|∥Wt∥C−δdt

)2

+
1

κα

∫ +∞

0

|γ(1)t |2
∥Wt∥2C−δ

(1 + t)3/2−2δ
dt+

1

κα

∫ ∞

0

|γ(1)t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt.

where the implied constants in the ≲ do not depend on κ > 0, where Γ1, . . . ,Γ7 are defined as in
Proposition 7.

Proof The proof is essentially an application of the results in Section 3.2, Lemma 9, Besov
embeddings, products properties and Young’s inequality, see Appendix A. We report here only
the main passages of the computations.

Γ1 can be bounded as follows

|Γ1| ≲
∫ ∞

0

(1 + t)−3/2+4δ∥ξε ≼ Zt∥H−3δ∥ut∥H−δdt

≲
∫ ∞

0

(1 + t)−3/2+4δ∥ξε∥C−1−δ∥Zt∥1−δ
H1−δ∥Z∥δL2∥ut∥H−δdt

≲ κ

∫ ∞

0

∥us∥2H−δds+
1

κα
∥ξε∥

2
δ

C−1−δ

∫ +∞

0

(1 + t)−3/δ+8∥Zt∥2L2dt.

For Γ2 we have

|Γ2| ≲ sup
s∈R+

∥Zs∥Hδ

∫ ∞

0

∥∥∥(JsξεWs ◦ Jsξε − γ̇(2)ε,sWs

)∥∥∥
H−δ

ds

≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

(∫ ∞

0

∥∥∥(JsξεWs ◦ Jsξε − γ̇(2)ε,sWs

)∥∥∥
H−δ

ds

)2

.

We bound Γ3 as follows

|Γ3| ≲
∫ ∞

0

∥((Jsξε ◦ Jsξε)− γ̇(2)ε,s )∥C−δ∥Z2
s∥Bδ

1,1
ds

≲
∫ ∞

0

1

(1 + s)1+τ−λ
(sup(1 + s)1+τ−λ∥((Jsξε ◦ Jsξε)− γ̇(2)ε,s )∥C−δ)×

×∥Zs∥2θH1−δ∥Zs∥2(1−θ)
L2 ds ≲ κ

∫ +∞

0

∥ut∥2H−δdt+

+
1

κα

∫ ∞

0

(sup(1 + s)1+τ−λ∥((Jsξε ◦ Jsξε)− γ̇
(2)
ε,s )∥C−δ)

1
1−θ

(1 + s)1+τ−λ
∥Zs∥2L2ds.
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By Proposition 16 equation (95) we have for Γ4 the bound

|Γ4| ≲
∫ +∞

0

(1 + t)−1+δ∥ξε∥C−1−δ∥Zt∥2H1/2−δ/2dt

≲
∫ +∞

0

( sup
s∈R+

∥Zs∥H1−δ)(1 + t)−1−η∥ξε∥C−1−δ∥Zt∥L2dt

≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κ

∫ +∞

0

(1 + t)−1−η∥ξε∥2C−1−δ∥Zt∥2L2dt.

Using (96) from Proposition 16 Γ5 can be estimated as

|Γ5| ≲
∫ +∞

0

(1 + s)−
3
2 ∥Z∥H1−δ∥ξ∥C−1−δ∥ξWs∥C−1−δds

≲ κ

∫ t

0

∥u∥2H−δdt+
1

κ
∥ξε∥2C−1−δ( sup

s∈R+

(1 + s)−2ℓ∥ξεWs∥2C−1−δ).

For Γ6 we bound

|Γ6| ≲
∫ ∞

0

γ
(2)
ε,t

(1 + t)3/2−2δ
∥Wt∥C−δ∥ut∥H−δ +

∫ ∞

0

γ
(2)
ε,t

(1 + t)3/2
∥Zt∥Hδ∥ut∥H−δdt

≲ κ

∫ ∞

0

∥ut∥2H−δdt+
1

κα

(∫ ∞

0

|γ(2)ε,t |2

(1 + t)3/2−2δ
∥Wt∥2C−δdt+

∫ ∞

0

|γ(2)ε,t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt

)
.

Lastly, for Γ7 we estimate

|Γ7| ≲
∫ +∞

0

|γ̇(1)t (ω)|∥Wt∥C−δ∥Zt∥Hδdt+

∫ ∞

0

|γ(1)t | ∥Wt∥C−δ

(1 + t)3/2−2δ
∥ut∥H−δdt+

+

∫ ∞

0

|γ(1)t |
(1 + t)3/2

∥Zt∥Hδ∥ut∥H−δdt

≲ κ

∫ +∞

0

∥ut∥2H−δdt+
1

κα

(∫ +∞

0

|γ̇(1)t (ω)|∥Wt∥C−δdt

)2

+
1

κα

∫ +∞

0

|γ(1)t |2
∥Wt∥2C−δ

(1 + t)3/2−2δ
dt+

1

κα

∫ ∞

0

|γ(1)t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt.

2

3.4 Bounds on F ε

We start with a preliminary result that gives us the existence of a family of reference drifts
depending on ξ(ω) which will be needed later on.

Lemma 11 There exists a family of adapted processes uε such that

sup
ε>0

E
[∫ ∞

0

∥lεs(uε)∥2L2dt

]
<∞ and sup

ε>0
F ε(uε, ω) <∞,

almost surely with respect to ω.
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Proof Take uε to be a solution to the equation

uεs = −1s>TJsWsξε − 1s>TJs(ξε ≻ Zs(u)) (48)

for some fixed T > 0 to be chosen later, independently of ε. Assume for the moment that this
solution exists and satisfies

sup
ε>0

E
[∫ ∞

0

∥uεt∥2H−δdt

]
<∞ (49)

for some small δ > 0. Then

lεs(u) = −1s⩽TJsWsξε − 1s⩽TJs(ξε ≻ Zs(u))

so

E
[∫ ∞

0

∥lεs(uε)∥2L2dt

]
≲ E

∫ T

0

∥JsWsξε∥2L2ds+ E
∫ T

0

∥Js(ξε ≻ Zs(u))∥2L2ds

≲ C(T ) + C(T )∥Zs(u)∥2H1−δ

≲ C(T )

(
1 + sup

ε
E
[∫ ∞

0

∥uεt∥2H−δdt

])
From Section 3.3 we have that

|F ε(uε, ω)| ≲ 1 + E
[∫ ∞

0

∥lεs(uε)∥2L2dt

]
.

This proves the assertion.

Now let us establish that (48) has a solution. Consider the map

Φ(u) = −1s>TJsWsξε − 1s>TJs(ξε ≻ Zs(u)).

We show that Φ is a contraction for T large enough. Indeed

E∥Φ(u)∥2H−δ ≲ −1s>TE[∥JsWsξε∥2H−δ ] + E∥Js(ξε ≻ Zs(u))∥2H−δ

≲ T−δ sup
s

1

s2+δ
E[∥Wsξε∥2H−1−δ/2 ] + T−δ 1

s2+δ
∥ξ∥2C−1−δ/2E

[∫ s

0

∥ut∥2H−δdt

]
Using Lemma 8 it is not hard to see that Φ(u) is a contraction in a large enough ball B(0,K) ⊂
L2(P′, L2(R+, H

−δ)) and thus also satisfies (49). 2

With this in hand, we prove a uniform in ε coercivity result for F ε(·, ω) up to a renormalization
constant (which in this particular case is simply F ε(uε, ω) and corresponds to the diverging
normalization constant log(Zε(ω)) in Theorem 6).

Theorem 7 There is a sequence (εn)n∈N ⊂ (0, 1), εn → 0, such that there exists a (non-negative)
random variable C : Ω → R+ which is almost surely finite and such that for any ω ∈ Ω we have

F εn(u, ω)− F εn(uεn , ω) ⩾
1

4
E
[∫ ∞

0

∥lεns (u)∥2L2ds

]
− C(ω) ⩾ −C(ω), (50)

where uεn is as in Lemma 11.

31



We begin by proving the following useful lemmas.

Lemma 12 Let C·,ε : R+ × Ω → R be a random process depending on ε ∈ I ⊂ [0, 1) (where I
has zero as an accumulation point) such that

1. For any p ⩾ 1 and s we have

(sup
ε∈I

E[|Cs,ε|p])1/p ⩽ fp(s),

for some integrable function fp : R+ → R+;

2. Cs,ε is continuous as ε→ 0 almost surely, i.e. Cs,ε → Cs,0 almost surely.

Then there exists a sequence εn ⊂ I such that, for any σ-algebra G, the random variable
supn∈N E

[∫∞
0
Cs,εnds|G

]
is bounded almost surely.

Proof First we prove that E
[∫∞

0
Cs,εds|G

]
converges to E

[∫∞
0
Cs,0ds|G

]
in Lp. By Minkowski,

we have that

E
[∣∣∣∣E [∫ ∞

0

Cs,0ds−
∫ ∞

0

Cs,εnds|G
]∣∣∣∣p] ⩽ ∫ +∞

0

(E[|Cs,ε − Cs,0|p]1/p)ds.

On the other hand, for some κ > 0, we have supε∈I E[|Cs,ε|p+κ] < +∞, and thus the family
{|Cs,ε−Cs,0|}ε∈I of random variable is uniformly integrable. This means that, since |Cs,ε−Cs,0|
converges to 0 almost surely, then |Cs,ε −Cs,0| converges to 0 in Lp. This implies that for every
s ∈ R+ E[|Cs,ε −Cs,0|p]1/p converges to 0 and thus, since E[|Cs,ε −Cs,0|p]1/p ⩽ fp, by Lebesgue

dominated convergence theorem that
∫ +∞
0

(E[|Cs,ε − Cs,0|p]1/p)ds→ 0 as ε→ 0.

Since E
[∫∞

0
Cs,εds|G

]
goes to E

[∫∞
0
Cs,0ds|G

]
in Lp, there is a subsequence {εn}n∈N ⊂ I

with εn → 0 such that E
[∫∞

0
Cs,εds|G

]
goes to E

[∫∞
0
Cs,0ds|G

]
almost surely. This concludes

the proof. 2

Remark 6 The expectation Eω′
introduced in Notation 1, can be understood as a conditional

expectation with respect to the σ-algebra generated by random field ω 7→ ξ(ω). In this way, we
can exploit Lemma 12 for random fields of the form Eω′

[·].

A consequence of the previous result is the following lemma.

Lemma 13 For every 0 < κ≪ 1,we have that there is a sequence εn ∈ (0, 1) such that εn → 0,
as n→ ∞ for which

sup
n∈N

Eω′
[∫ ∞

0

∥∥∥(JsξεnWs ◦ Jsξεn − γ̇(2)εn,sWs

)∥∥∥
H−δ

ds

]
⩽ C1(ω)

sup
n∈N

( sup
s∈R+

((1 + s)1+κ∥Jsξεn(ω) ◦ Jsξεn(ω)− γ̇(2)εn,s∥C−δ)) ⩽ C2(ω)

sup
n∈N

∥ξεn(ω)∥2C−1−δ ⩽ C3(ω), sup
n∈N

(Eω′
[ sup
s∈R+

(1 + s)−2ℓ∥ξεnWs∥2C−1−δ ]) ⩽ C4(ω)

for some (positive) random variables C1, C2, C3, C4 which are almost surely finite.
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Proof The proof of this lemma is a straightforward application of Lemma 12 combined with
the stochastic estimates from Lemma 5, Remark 5, Lemma 7 and Lemma 8 and the immersion

properties of Besov spaces (namely the immersion of Bκ
p,p(R+, B

s
q,q) into C0

(
R+, Cs− 2

q

)
when

κ > 1
p ). 2

Lemma 14 For every η, C, P,K > 0 and λ > 1
2 there is a C1 function f : R+ → R+ such that

lim
t→+∞

f(t) = P, ḟ(t) ⩾
K(f(t))2λ

(1 + t)1+η
+

C

(1 + t)1+η
(51)

Proof Suppose that supt∈R+
f(t) ⩽ L, and f solves the equation

ḟ(t) =
KL2λ−1f(t)

(1 + t)1+η
+

C

(1 + t)1+η
, lim

t→+∞
f(t) = P, (52)

then f satisfies the differential inequality (51). 2

Proof of Theorem 7 If we apply the analytical estimates of Section 3.3 to the functional F ε

(in the form given by Proposition 7) we get

F ε(u)− F ε(0) ⩾
1

2

∫ ∞

0

∥l(u)∥2L2dt− 8K1κ

∫ ∞

0

∥u∥2H−δdt+

−K2(κ)

(
Eω′

[(∫ ∞

0

∥∥∥(JtξεWt ◦ Jtξε − γ̇
(2)
ε,tWt

)∥∥∥
H−δ

dt

)2
]
+ ∥ξε∥2C−1−δ

)
−K2(κ)∥ξ∥2C−1−δEω′

[( sup
s∈R+

(1 + s)ℓ∥ξWs∥2C−1−δ)]

−K2(κ)Eω′

[∫ ∞

0

|γ(2)ε,t |2

(1 + t)3/2−2δ
∥Wt∥2C−δdt+

(∫ +∞

0

|γ̇(1)t (ω)|∥Wt∥C−δdt

)2
]

−K2(κ)Eω′
[∫ +∞

0

|γ(1)t |2
∥Wt∥2C−δ

(1 + t)3/2−2δ
dt

]
−K2(κ)

∫ ∞

0

|γ(2)ε,t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt

−K2(κ)

∫ ∞

0

(
sup
s
(1 + s)1+τ−λ∥((Jsξε ◦ Jsξε)− γ̇

(2)
ε,s )∥C−δ

) 1
1−θ

(1 + t)1+τ−λ
∥Zt∥2L2dt

−K2(κ)

∫ +∞

0

∥ξε∥2C−1−δ

(1 + t)1+η
∥Zt∥2L2dt−K2(κ)

∫ +∞

0

|γ(1)t |
2

1−δ

(1 + t)3/2
∥Zt∥2L2dt

+K3(κ)

∫ +∞

0

γ̇
(1)
t (ω)∥Zt∥2L2dt

Where K2,K3 : R+\{0} → R+ are continuous (decreasing) functions of κ and K1 > 0 is a
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suitable constant. First we note that∫ ∞

0

∥u∥2H−δdt ≲
∫ ∞

0

∥JtξεWt∥2H−δ dt+

∫ ∞

0

∥Jt(ξε ≻ Zt(u))∥2H−δdt+

∫ ∞

0

∥l(ut)∥L2dt

≲

(
sup
s∈R+

(1 + s)
δ
4 ∥ξεWs∥2

H−1− δ
2

)∫ ∞

0

1

(1 + t)1+
δ
4

dt+

+

∫ ∞

0

1

(1 + t)1+δ
∥ξε∥C−1− δ

2
∥Z∥H1−δdt+

∫ ∞

0

∥l(ut)∥L2dt

≲ κ′
∫ ∞

0

∥u∥2H−δdt+

(
sup
s∈R+

(1 + s)
δ
4 ∥ξεWs∥2

H−1− δ
2

)
+ ∥ξε∥2

C1− δ
2
+

∫ ∞

0

∥l(ut)∥L2dt.

In other words there is K4 > 0 for which∫ ∞

0

∥u∥2H−δdt ≲ K4

∫ ∞

0

∥l(ut)∥L2dt+K4

((
sup
s∈R+

(1 + s)
δ
4 ∥ξεWs∥2

H−1− δ
2

)
+ ∥ξε∥2

C1− δ
2

)
. (53)

This means that if we choose κ < 1
16K1K4

, then

1

2

∫ ∞

0

∥l(u)∥2L2dt− 8K1κ

∫ ∞

0

∥u∥2H−δdt ⩾
1

4

∫ ∞

0

∥l(u)∥2L2dt+

−1

4

((
sup
s∈R+

(1 + s)
δ
4 ∥ξεWs∥2

H−1− δ
2

)
+ ∥ξε∥2

C1− δ
2

)
.

Now we fix κ > 0 such that κ < 1
16K1K4

. In this way K2(κ),K3(κ) are (fixed) numbers (hereafter

we drop the dependence on κ of K2(κ),K3(κ)). We focus on the parts depending on ∥Z∥2L2 . If

we take γ
(1)
t such that

γ̇
(1)
t (ω) ⩾ (K2K3 + 1)

|γ(1)t (ω)|
2

1−δ

(1 + t)1+η′ +
(K3H(ω) + 1)

(1 + t)1+η′ , γ(1)∞ (ω) = γ(1)(ω) (54)

where and

H(ω) = sup
n∈N,s∈R+

(
(1 + s)1+τ−λ∥((Jsξεn ◦ Jsξεn)− γ̇(2)εn,s)∥

1
1−θ

C−δ +

+
(log(2 + s))

2
1−δ

(1 + s)1/2−η′ ((log(2 + s))−1|γ(2)εn,s|)
2

1−δ + ∥ξεn∥2C−1−δ

)
(55)

which by Lemma 13 and Remark 4 is almost surely finite and η′ < min
(
η, 12 , δ,−τ + λ

)
. The

existence of some solution to the differential inequality (54) is given by Lemma 14. Furthermore,

again by Lemma 14, we can choose γ
(1)
t which is bounded (for every fixed ω, not uniformly

with respect to ω) and such that γ̇
(1)
t (ω) ≲ 1

(1+t)1+η′ . Fix now a solution γ
(1)
t to the differential

inequality (54) satisfying the previous two conditions.

For such a function γ
(1)
t , the sum of the terms involving ∥Zt∥2L2 is strictly positive.
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If we now took

C(ω) = K2 sup
n∈N

(
Eω′

[(∫ ∞

0

∥∥∥(JtξεnWt ◦ Jtξεn − γ̇
(2)
εn,tWt

)∥∥∥
H−δ

dt

)2
]
+ ∥ξεn∥2C−1−δ+

+∥ξεn∥2C−1−δEω′
[( sup
s∈R+

(1 + s)ℓ∥ξεnWs∥2C−1−δ)] + Eω′
[∫ +∞

0

|γ(1)t |2
∥Wt∥2C−δ

(1 + t)3/2−2δ
dt

]

+Eω′

[∫ ∞

0

|γ(2)εn,t|
2

(1 + t)3/2−2δ
∥Wt∥2C−δdt+

(∫ +∞

0

|γ̇(1)t (ω)|∥Wt∥C−δdt

)2
])

+

+ sup
n∈N

1

4

((
sup
s∈R+

(1 + s)
δ
4 ∥ξεnWs∥2

H−1− δ
2

)
+ ∥ξεn∥2C−1− δ

2

)

which is almost surely finite by Lemma 13 and thus we are finished. 2

Remark 7 It is interesting to note that it is possible to use the proof of Theorem 7, in
particular the expression of the constant (55), to deduce the existence of a limit operator

Hω,0 = limεk→0(−∆ + ξεk − γ
(2)
εk,∞) (as the covariance operator of obtained as the limit of a

Gaussian measure convergent subsequence µεk defined in equation (36)). Furthermore, using

Lemma 14, we get also that Hω,0 ⩾ −(limεk→0 γ
(1)
εk,∞(ω))IL2 . This means that the proof of The-

orem 7 in the current section can be seen as providing an autonomous proof of the main part of
Theorem 3 using the variational techniques of [8].

3.5 Construction of the coupling

In this last subsection we will prove the following theorem.

Theorem 8 For any χ, δ > 0 χ > δ and for almost every ω ∈ Ω, there is a probability measure
ν0 on C−χ ×H1−χ such that

1. PC−χ,∗(ν̄0) = Law(µ−∆+1) (where PC−χ : C−χ ×H1−χ → C−χ is the natural projection);

2.
∫
∥Z∥2H1−χ ν̄0(dφ,dZ) < +∞ (where (φ,Z) ∈ C−χ ×H1−χ)

3. Lawν0(φ + Z) := (PC−χ + PH1−χ)∗(ν̄0) = µHω+K(ω) (where limεn→0 µ
εn(ω) = µHω+K(ω)

weakly and where µεn are the Gaussian measure introduced in equation (36)).

Remark 8 Theorem 8 can be also reformulated in this way: for almost every ω ∈ Ω, there is a
coupling ν̃0 on C−χ(T2) × C−χ(T2) between the Gaussian measures µ−∆+1 and µHω+K(ω) such
that if we write (X,Y ) ∼ ν̃0, and thus X ∼ µ−∆+1 and Y ∼ µHω+K(ω), we have X − Y ∈ H1−χ

ν̃0-almost surely (see [31] for a formulation of this property using a Wasserstein-type distance
between measures). In other words, there exists a H1−χregular coupling between the standard
free field and the Anderson free field.

In order to prove Theorem 8 we employ bounds on the functional F ε proved in Theorem
7 to get tightness of the measures µε. To achieve this aim, we need to extend the functionals
F ε to functionals depending on the laws of (W, u) (where W is the Gaussian process defined in
Notation 2) so that we may obtain some compactness properties of the functionals which will
allow us to apply the direct method of the calculus of variations.
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Notation 3 Let us consider the space of Radon measures

X ⊂ P(C0(R+, C
−χ(T2))× L2(R+ × T2)) =: P(S× L2(R+ × T2)),

defined as follows: We say that the measure σ ∈ X if, writing S × L2(R+ × T2) ∋ (W, u) ∼ σ
for the random variable with law σ, we have that W is a Gaussian process with covariance as
defined in Notation 2 and u can be written (almost surely) as a progressively measurable process
of W and finally ∥u∥L2(R+×T2) ∈ L2(σ).

Remark 9 Usually the space S, on which the process W takes values, is the space on enhanced
noise (i.e. containing also the processes Js(ξεWs)Jsξε−JsξεJsξεWs etc. considered in Section
3.2). Here we define S to be only C0(R+, C

−χ(T2)) (i.e. the space where Ws takes values)
because we never consider directly the limit ε→ 0 but we ask merely for estimates of stochastic
terms uniformly in ε. For this reason, when ε > 0, since the enhanced noise is a continuous
function of Ws, we need only the space S = C0(R+, C

−χ(T2)).
In any case, since all the stochastic terms, considered in Section 3.2, by Lemma 12 and

Lemma 13, converge (almost surely with respect to ω ∈ Ω), as ε → 0, to some well defined
adapted processes, our argument can be extended to the space of enhanced noise.

Hereafter we write L2
w(R+×T2) for the space L2(R+×T2) equipped with the weak topology.

Definition 4 Let X be defined as in Notation 3. Consider the space

X =

{
σ : ∃σn ∈ X : σn → σ weakly on S× L2

w(R+ × T2), and sup
n

Eω′

σn
[∥u∥2L2(R+×T2)] <∞

}
We say that σn → σ in ¯X if σn → σ weakly and supn Eω′

σn
[∥u∥2L2(R+×T2)] <∞.

If σ ∈ X we define

F̄ ε(ω, σ) = Eω′

σ

[
7∑

i=1

Γi(ω) +G+
1

2

∫ ∞

0

∥lεs(u)∥2L2ds

]
+

1

2
Eω′

σ

[∫ ∞

0

∥Jsξε(ω)Ws∥2L2 ds

]
.

We have the following statement that says that F
ε
has the same minimum as F ε.

Lemma 15 For almost every ω ∈ Ω and εn > 0 (where εn is in the sequence defined in Theorem
7) we have

inf
u∈Ha

F εn(ω, u) = inf
σ∈X

F̄ εn(ω, σ) = inf
σ∈X

F̄ εn(ω, σ)

Proof The first equality is obvious from the definition of X , F̄ εn . The second inequality can
be proved in the same way of Lemma 8 of [10]. 2

We introduce here a class of functional which is important in what follows.

Definition 5 We say that the functional G : X → R is admissible, if G is lower semicontinuous
and

Eσ

[∫ +∞

0

∥ut∥2L2dt

]
≲ 1 +G(σ).

Lemma 16 For every fixed εn > 0, the functional F̄ εn is an admissible functional.
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Proof For brevity we drop the n index. We consider the form of F ε given in Theorem 6. In
particular we have∣∣∣∣∫ (ξε(x) + γ(1) + γ(2)ε )Z∞(x)W∞(x)dx

∣∣∣∣ ≲ (∥ξε∥Cδ + γ(1) + γ(2)ε )∥Z∞∥H1∥W∞∥C−δ .

Thus we get

F (µ) ⩾
1

2
Eµ

[∫ ∞

0

∥ut∥2L2dt

]
−K(∥ξε∥Cδ + γ(1) + γ(2)ε )(Eµ[∥Z∞∥H1∥W∞∥C−δ + ∥W∞∥2C−δ ]).

Thus, from Young’s inequality, we get(
1

2
− κ

)
Eµ

[∫ ∞

0

∥ut∥2L2dt

]
≲ F ε(µ) +K2(∥ξε∥Cδ + γ(1) + γ(2)ε + 1)2Eµ[∥W∞∥2C−δ ].

Since for any ε > 0 and δ, ξε ∈ Cδ(T2) this finishes the proof. The lower semicontinuity of F ε

can be proved as in Lemma 17 of [10]. 2

Lemma 17 For every ε > 0 there is σε ∈ X such that F̄ ε = infσ∈X F̄
ε(ω, σ). Furthermore, for

each σε as before we have

µHω,K
ε = µε = Lawσε(W∞ + Z∞).

Proof Since F̄ ε is admissible in the sense of Definition 5 (see also Definition 6 of [10]) then the
existence of a minimizer is guaranteed by Lemma 7 of [10]. The fact that µε = Lawσε(W∞+Z∞)
is proved in Theorem 11 of [10]. Finally the fact that µε is a Gaussian free field related to the
(regularized) Anderson Hamiltonian is proved in Lemma 3. 2

Proof of Theorem 8 Consider εn ∈ R+, εn → 0, and C : Ω → R+ as in Theorem 7, then we
have

sup
n∈N

Eσεn

[∫ ∞

0

∥lεns (u)∥2L2ds

]
⩽ 8C(ω) (56)

for any µεn minimizer of F̄ εn . Indeed, we know that , by Lemma 11 there exists a sequence of
drifts ūεn such that

sup
n∈N

F εn(ω, ūεn) =: C(w) <∞.

Then, with C̃ being a constant changing from line to line, we have

0 ⩾ ( inf
u∈Ha

(F εn(ω, u)))− F εn(ω, ūεn)

⩾
1

4
Eσεn

[∫ ∞

0

∥lεns (u)∥2L2ds

]
− sup

n∈N
F εn(ω, ūεn)− C̃(ω)

⩾
1

4
Eσεn

[∫ ∞

0

∥lεns (u)∥2L2ds

]
− C̃(ω)

Thus, taking the sup over n ∈ N, we get inequality (56). Consider

ν̄εn := Lawσεn (W∞, Z∞) ∈ P(C−δ ×H1−δ).

We want to prove that ν̄εn is a family of tight measures in P(C−δ ×H1−δ). Since C−δ′ ×H1−δ′

compactly embeds in C−δ ×H1−δ (whenever δ > δ′), it is enough to prove that

sup
n∈N

Eν̄εn [∥W∞∥2C−δ′ + ∥Z∞∥2
H1−δ′ ] < +∞.
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Since the law ofW∞ is the Gaussian free field, obviously supn∈N Eν̄εn [∥W∞∥2C−δ′ ] < +∞. On the
other hand, by Lemma 9, inequality (53) in the proof of Theorem 7, and inequality (56), obtain

Eν̄εn [∥Z∞∥2
H1−δ′ ] ⩽ Eσεn

[∫ +∞

0

∥us∥2H1−δ′ds

]
≲ Eσεn

[∫ ∞

0

∥l(us)∥2L2ds

]
+ Eσεn

[(
sup
s∈R+

(1 + s)
δ′
4 ∥ξεWs∥2

H−1− δ′
2

)]
+ ∥ξε∥2

C−1− δ′
2

≲ 8C̃(ω) + C̃(ω).

Since the previous bound is uniform in εn the tightness of ν̄εn follows. Considering any weak
limit ν̄0 ∈ P(C−δ ×H1−δ) of a suitable subsequence of ν̄εn , we have that ν̄0 satisfies the point 1.
and 2. of Theorem 8.

The point 3. follows from the second part of Lemma 17 (namely that µHω,K
εn = Lawν̄εn (W∞+

Z∞)) and the fact that −∆+m2 + ξεn + γ
(2)
εn converges to Hω in the norm resolvent sense (see

Theorem 2.30 of [37]). 2

Remark 10 Thanks to the existence of the coupling proved in Theorem 8, we can deduce
some regularity properties of the Gaussian Anderson free field φA. Indeed, consider φA =
φG + h, where φG is the (standard) Gaussian free field and h ∈ H1−δ(T2) almost surely is a
regular coupling between φA and φG. Then, since φG is supported on C−δ′(T2) and by Besov
embedding (see Lemma 31), C−δ′ ⊃ H1−δ for δ′ > δ > 0, we have φA ∈ C−δ′ almost surely.
This implies by Fernique’s theorem for Gaussian measures that φA ∈ Lp(Ω′, C−δ′(T2)) and thus
h ∈ Lp(Ω′, C−δ′(T2)) for any 1 ⩽ p < +∞.

3.6 On the renormalization of the powers of AGFF

In this section we talk about the renormalization of powers of the AGFF. First we suppose that
φA is a Gaussian random distribution with covariance (Hω,K)−1. Then by Theorem 8 there is
a Gaussian free field (with mass K) φG and a random field h taking values in H1−δ(T2) (for
any δ > 0), with E[∥h∥2H1−δ ] < +∞, such that φA = φG + h. Let ρε be a mollifier and define
φA
ε := ρε ∗φA, φG := ρε ∗φG etc. For M ∈ N, let HM : R → R be the M -th Hermite polynomial

and we define

(φA
ε )

◦M = c
M
2
ε HM

(
φA
ε√
cε

)
(57)

where cε =
(∑

k∈Z2
|ρ̂ε(x)|2

(|k|2+m2)

)1/2
∼ log

(
1
ε

)
. By the properties of sums of Hermite polynomials

and the fact that cε = (E[|φG
ε |2])1/2, we get

(φA
ε )

◦M =

M∑
k=0

(
M
k

)
: (φG

ε )
k : hM−k

ε . (58)

Remark 11 Consider the operator Aε(f) := ρε ∗ f − f , then there is c > 0 such that

∥Aε∥L(Bs+κ
p,q ,Bs

p,q)
⩽ cεκ,

where the constants in the symbol ≲ are independent of ε.
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Lemma 18 We have that for every δ > 0, k ∈ N and p ⩾ 1 there is c > 0 such that

E[∥ : (φG
ε )

k : − : (φG)k : ∥pC−δ ] ≲ εc.

Proof See, e.g., Theorem V.3 in [62] (see also Lemma 3.12 of [7]). 2

Lemma 19 For every δ > 0 and p ⩾ 1, we have that, for any M ∈ N, (φA
ε )

◦M is a Cauchy
sequence in Lp(Ω′, B−δ

p,p(T2)) with a limit (φA)◦M . Furthermore we have

(φA)◦M =

M∑
k=0

(
M
k

)
: (φG)k : hM−k. (59)

Remark 12 We should stress that the singular product (φA)◦M (defined thanks to Lemma 19)
is different from the Gaussian Wick product

: (φA)M := lim
ε→0

: (φA
ε )

M : (60)

defined as in equation (35) and Theorem 5. Indeed, the renormalization procedure is done
through a limit of a function of the random field φA

ε (x) and the variable x, and not only on
φA
ε (x) as for the product (φA)◦M (see Section 6 of [5] for a discussion on the product (60)).
However, it turns out that the difference of the renormalization functions should be (at least)

an Lp function for any p ⩾ 1. Take for example the square case, where we get

E[(φA)2(·)− (φG)2(·)] = 2E[(φGh)(·)] + E[h2(·)].

Now the term E[h(x)2] is in Lp, by Sobolev embedding, since h ∈ H1−δ. If we decompose the
other term as

E[φGh] = E[φG ≻ h] + E[φG ≼ h],

we obtain that it is in H1−2δ. In fact E[φG ≼ h] is in H1−2δ by the properties of h and of the
paraproduct ≼, see Appendix A. To study E[φG ≻ h], we observe

E[φG ≻ h] =
∑

i⩽j−1

E[∆jφ
G∆ih]

=
∑

i⩽j−1

E[∆jφ
G]E[∆ih]

= 0

where we have used the “scale to scale” property of Remark 1.
This remark is an example of the renormalization of singular products through diverging

constant (in space) functions of the singular field whose law is not invariant with respect to
translation (see [4, 43] for some examples of this kind of phenomenon in the case of smooth
Riemannian manifolds).

Proof of Lemma 19 We fix p ⩾ 1 and δ > 0, we want to prove that

lim
ε→0

E[∥(φA
ε )

◦M − (φA)◦M∥p
B−δ

p,p
] = 0.
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We have that

E[∥(φA
ε )

◦M − (φA)◦M∥p
B−δ

p,p
] ≲

M∑
k=0

E[∥ : (φG
ε )

k : hM−k
ε − : (φG)k : hM−k∥p

B−δ
p,p

]. (61)

Let us focus on each separate term in the previous sum. We have that

E[∥ : (φG
ε )

k : hM−k
ε − : (φG)k : hM−k∥p

B−δ
p,p

]

≲ E[∥ : (φG
ε )

k : − : (φG)k : ∥pC−δ∥hε∥p(M−k)

B2δ
p(M−k),p(M−k)

] +

+

M−k−1∑
ℓ=1

E[∥ : (φG)k : ∥pC−δ∥hε − h∥p
B2δ

p(M−k),p(M−k)

∥hε∥p(M−k−ℓ)

B2δ
p(M−k),p(M−k)

∥h∥pℓ
B2δ

p(M−k),p(M−k)

].

Fix n ∈ N and k, then there is δ′, δ′′ > 0, p′ ⩾ 1 and 0 ⩽ θ ⩽ 1 such that

−θδ′ + (1− θ)(1− δ′′) ⩾ 3δ,
(1− θ)

2
⩾

1

p(M − k)
,

p′

θ
> p(M − k).

Since h ∈ L2(Ω′, H1−δ′′(T2)) and h ∈ Lp′
(Ω′, C−δ′), (see Remark 10) we get that

h ∈ L
p′
θ (Ω′, B3δ

p(M−k),p(M−k)).

Putting all the previous observations together, we obtain

E[∥ : (φG
ε )

k : hM−k
ε − : (φG)k : hM−k∥2

B−δ
2,2

]

≲ (E[∥ : (φG
ε )

k : − : (φG)k : ∥2q
′

C−δ ])
1
q′ (E[∥hε∥p

′

B2δ
p(M−k),p(M−k)

])
p(M−k)

p′

+

2n−k−1∑
ℓ=1

∥Aε∥L(B3δ
p,q,B

2δ
p,q)

E[∥ : (φG)k : ∥2q
′

C−δ ]
1
q′ E[∥hε∥p

′

B3δ
p(M−k),p(M−k)

]
p(M−k−ℓ)

p′ ×

×E[∥h∥p
′

B3δ
p(M−k),p(M−k)

]
p(ℓ+1)

p′

where, as usual, q′ ⩾ 1 such that 1
q′ +

1
p′ = 1, and Aε(f) = ρε ∗ f − f . Since by Lemma 18

E[∥ : (φG
ε )

k : − : (φG)k : ∥2q
′

C−δ ] → 0, as ε → 0 as E[∥hε∥p
′

B2δ
p(M−k),2(M−k)

] is uniformly bounded

when 0 ⩽ ε ⩽ 1 and since by Remark 11 limε→0 ∥Aε∥L(B3δ
p,q,B

2δ
p,q)

= 0, we get E[∥ : (φG
ε )

k :

h2n−k
ε − : (φG)k : h2n−k∥p

B−δ
p,p

] → 0 as ε→ 0. By inequality (61) and since the previous proof can

be repeated (with different δ′, δ′′ > 0, p′ ⩾ 1 and 0 ⩽ θ ⩽ 1) for any n ⩾ k ∈ N, this implies the
thesis. 2

Remark 13 A consequence of the proof of Lemma 19 and of the estimates in Lemma 11 and
Lemma 18 is that there exists a c > 0 for which

E[∥(φA
ε )

◦M − (φA)◦M∥p
B−δ

p,p
] ≲ εc∧δ.

Let P (x) =
∑M

k=0 ckx
k be a polynomial then we write

P ◦(φA) =

M∑
k=0

ck(φ
A)◦k.
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Theorem 9 Let P be a polynomial of even degree with positive leading coefficient, then for any
p ⩾ 0 we have

E
[
exp

(
−p
∫
T2

P ◦(φA)(x)dx

)]
< +∞.

Proof The proof is similar to the proof of exponential integrability of the even Wick products
of Gaussian free field in 2d (see, e.g., Chapter V of [62]). For this reason, here we only provide
a sketch of the proof in the case where P (x) = x2n for some n ∈ N.

Fix n ∈ N, then there is K ⩾ 0 such that H2n(x) ⩾ −K. This means that

(φA
ε )

◦2n ⩾ −Kc2nε .

By recalling that cε ≳
√

log 1
ε , and thus the previous inequality becomes∫

T2

(φA
ε )

◦2ndx ⩾ −K ′
(
log

(
1

ε

))n

⩾ 1− 2K ′
(
log

(
1

ε

))n

(62)

for ε≪ 1 and for some K ′ ⩾ 0. By hypercontractivity and the proof of Lemma 19 (see Remark
13) there is c,K ′′ > 0 such that, for every p ⩾ 2,

E
[∣∣∣∣∫

T2

(φA
ε )

◦2ndx−
∫
T2

(φA)◦2ndx

∣∣∣∣p] ≲ (p− 1)np(E[∥(φA
ε )

◦2n − (φA)◦2n∥2H−δ ])
p
2

⩽ (K ′′)p(p− 1)npε
cp
2 . (63)

Now, if
∫
T2(φ

A)◦2ndx ⩽ −2K ′ (log ( 1ε))n then, by inequality (62),
∣∣∫

T2(φ
A)◦2ndx−

∫
T2(φ

A
ε )

◦2ndx
∣∣ ⩾

1, and thus, by Markov inequality and inequality (63) we get

P
(∫

T2

(φA)◦2ndx ⩽ −2K ′
(
log

(
1

ε

))n)
⩽ P

(∣∣∣∣∫
T2

(φA)◦2ndx−
∫
T2

(φA
ε )

◦2ndx

∣∣∣∣ ⩾ 1

)
⩽ E

[∣∣∣∣∫
T2

(φA)◦2ndx−
∫
T2

(φA
ε )

◦2ndx

∣∣∣∣p] ≲ (K ′′)p(p− 1)nε
cp
2 .

If we choose p =
(
1
ε

) c
6n we get, for ε≪ 1, that

P
(∫

T2

(φA)◦2ndx ⩽ −2K ′
(
log

(
1

ε

))n)
⩽ e−(

1
ε )

c
6n

(64)

Since inequality (64) holds for any ε > 0 small enough, by standard methods (see Theorem V.7
[62]), inequality (64) implies the thesis. 2

Thanks to the previous theorem we can define Anderson Φ4
2 Gibbs measure (so the Φ4

2 measure
with respect to the AGFF). Indeed we introduce the following definition.

Definition 6 (Anderson Φ4
2) Consider ω ∈ Ω and µHω,K

(defined in Section 2.2), we defined
the Anderson Φ4

2 measure as the measure νω defined as

νω = (Z(ω))−1 exp

(
−
∫
T2

(φA)◦4dx+K(ω)

∫
T2

(φA)◦2
)
dµHω,K

where Z(ω) =
∫
exp

(
−
∫
T2(φ

A)◦4dx+K(ω)
∫
T2(φ

A)◦2
)
dµHω,K

(φ) which is well defined by The-
orem 9.
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Remark 14 From the definition of the Anderson Φ4
2 measure and Theorem 9 we obtain readily

that νω is absolutely continuous with respect to the Gaussian AGFF measure.

4 Local-in-time solution

In this section we prove local-in-time well-posedness for a renormalised nonlinear wave equation
with white noise potential with initial data supported in the Gibbs measure

(u0, u1) ∼ νω ⊗ µIL2 ,

where νω is the Anderson Φ4
2 measure from Section 3.6 and µIL2 is the white noise measure,

defined in Section 2.2.
As we have seen in Remark 14, the Anderson Φ4

2 measure is mutually absolutely continuous

w.r.t. the Anderson Free Field µHω,K

and so we can write the initial conditions via random series
as

u0(ω
′) =

∑
n∈N

ĝ0(ω
′)

λn
fn ∈ C−δa.s. (65)

u1(ω
′) =

∑
n∈N

ĝ1(ω
′)fn,∈ C−1−δ a.s. (66)

for any δ > 0, where λn, fn are eigenvalues and -function of Hω as in (30) and the ĝ0, ĝ1 are
i.i.d. standard Gaussians, similar to the definition of ξ in (8). Note here that we distinguish
the two probability spaces ω′ ∈ Ω′ for the random initial data and ω ∈ Ω for the randomness
in the Anderson Hamiltonian. Since the operator Hω,K depends on ω ∈ Ω, the eigenvalues and
-functions of course also depend on ω but we omit that dependence here for brevity.

We consider the random data SPDE formally given by

(∂2t +Hω)u+ u3 = 0 (67)

(u, ∂tu)|t=0 = (u0(ω
′), u1(ω

′)),

where due to the irregularity of the initial data, we actually have to Wick-ordered the nonlinearity
as was done in [58] in the classical case without the white noise potential.

In order to illustrate this point, we make the following ansatz for u (named after Da Prato
Debussche in the SPDE literature and Bourgain/McKean in the dispersive PDE literature) and
we use the shifted operator Hω,K as in (22) in order to avoid difficulties with taking square roots.
This means we change the equation (67) by adding a linear term but we will see that one has to
renormalize the cube by subtracting an infinite linear term in any case; We set

u := θ + v, where

{
(∂2t +Hω,K)θ = 0
(θ, ∂tθ)|t=0 = (u0(ω

′), u1(ω
′))

and v formally satisfies the equation{
(∂2t +Hω,K)v = −(θ + v)3 = −θ3 − 3vθ2 − 3v2θ − v3

(v, ∂tv)|t=0 = 0
. (68)

Now from the mild formulation (as was derived in [37])

θ(t) = cos
(
t
√
Hω,K

)
u0(ω

′) +
sin
(
t
√
Hω,K

)
√
Hω,K

u1(ω
′) (69)
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and Theorem 4 we see that θ will have regularity C(R+;H
−δ), using hypercontractivity it is even

in C(R+; C−δ) cf. Section 2.2 but crucially it has negative regularity. Thus it is not possible to
classically define powers of θ appearing in (68), however we can replace them by Wick powers as
introduced in Section 3.6 as was done in [16], [58] etc.

Proposition 8 (Anderson wave Wick polynomials) Let (u0, u1) ∼ µHω,K ⊗µIL2 , i.e. as in
(65) and (66), then

θ(t) ∼ u0 ∼ µHω,K

for all timest ∈ R,

where θ is defined in (69). Moreover

θ◦k(t) ∼ (u0)
◦k for all k ∈ Nand t ∈ R

i.e. in law the time dependent Wick ordering is the same as the Wick ordering of the initial
condition w.r.t. the Anderson GFF from Section 3.6. Also one has the bound

∥θ◦k∥Lp

Ω′L
p
[0,T ]

C−kδ ⩽ T
1
p ∥(u0)◦k∥Lp

Ω′C−kδ for 2 ⩽ p <∞, δ > 0and k ∈ N

and the norm on the right hand side is finite by Theorem 9 and one also has an exponential tail
estimate of the form

P
′
(∥θ◦k∥Lp

[0,T ]
C−kδ > R) ≲ e−CR (70)

for some C > 0 and all R > 0.
Proof This is because the law of θ(t) is a rotated Gaussian, see Proposition 2.3 in [58].

In fact for i.i.d. centered standard Gaussian random variables gi0(ω
′) and gj1(ω

′) one can
write

u0(ω
′) =

∑
i∈N

gi0(ω
′)

λi
fi and u1(ω

′) =
∑
j∈N

gj1(ω
′)

λj
fj , (71)

where λn and fn are the eigenvalues and -functions of Hω,K respectively. Thus one has

θ(t) = cos
(
t
√
Hω,K

)
u0(ω

′) +
sin
(
t
√
Hω,K

)
√
Hω,K

u1(ω
′) =

∑
i

1

λi
(cos(tλi)g

i
0(ω

′) + sin(tλi)g
i
1(ω

′))fi

and one sees that the term in the brackets is nothing but a rotated Gaussian with mean zero and
Variance cos2(tλi) + sin2(tλi) = 1. Thus θ(t) is in law equal to u0 and the Lpbound follows
readily. The exponential tail estimate follows from the previous bound and Theorem 9. 2

The corrected equation for v then reads{
(∂2t +Hω,K)v = −(θ + v)◦3 = −θ◦3 − 3vθ◦2 − 3v2θ − v3

(v, ∂tv)|t=0 = 0
, (72)

where θ◦k ∈ Lp
TC−εk for any ε > 0 and p < ∞ is the Wick power from Proposition 8. This

looks quite similar to the renormalized wave equation from [58] except that we have replaced
the Laplace operator by the Anderson Hamiltonian and consequently we use a different Wick
ordering.

However, due to the norm equivalence ∥u∥Hs ≈
∥∥(Hω,K)

s
2u
∥∥
L2 and the regularizing property

of
sin(t

√
Hω,K)√

Hω,K
, see Theorem 4, we are able to solve (72) locally in time without much effort. To

do this we prove a simple lemma which quantifies those two properties of Hω,K .
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Lemma 20 (Inhomogeneous estimate) For σ ∈ (0, 1) and p ⩾ 1 we have∥∥∥∥∥∥
∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

f(s)ds

∥∥∥∥∥∥
H1−σ

≲ t
p−1
p ∥f∥Lp

[0,t]
H−σ

for all times t ⩾ 0, with the obvious modification for p = ∞.
Proof This is a simple consequence of Hölder’s inequality in time and the aforementioned norm
equivalence from Theorem 4. Indeed we may bound∥∥∥∥∥∥
∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

f(s)ds

∥∥∥∥∥∥
H1−σ

(31)
≈

∥∥∥∥∥∥
√
Hω,K

1−σ
∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

f(s)ds

∥∥∥∥∥∥
L2

≲
∫ t

0

∥∥∥∥∥∥
sin
(
(t− s)

√
Hω,K

)
√
Hω,K

σ f(s)

∥∥∥∥∥∥
L2

ds

(26)

≲
∫ t

0

∥∥∥√Hω,K
−σ
f(s)

∥∥∥
L2
ds

(31)
≈

∫ t

0

∥f(s)∥H−σds

≲ t
p−1
p ∥f∥Lp

[0,t]
H−σ

and thus we are done. 2

This allows us to prove local well-posedness for the SPDE (72) via fixed point.

Theorem 10 (Local well-posedness) Let 0 < δ ≪ 1 and p ≫ 1.With θ defined as above,
there exists a time

T ∼
(
∥θ◦3∥

1
3

Lp
[0,1]

H−δ + ∥θ◦2∥
1
2

Lp

[0,1]C−δ
+ ∥θ∥L∞

[0,1]
C−δ + 1

)−2 p
p−1

which is almost surely in (0, 1)so that there exists a unique solution

v ∈ C([0, T ];H1−δ) ∩ C1([0, T ];H−δ)

to the equation

v(t) =

∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

(θ◦3(s) + 3v(s)θ◦2(s) + 3v2(s)θ(s) + v3(s))ds, (73)

which is the mild formulation of (72).

Proof We make a contraction argument for v in a ball in L∞
T H

1−δ and then show a posteriori
that one in fact has continuity in time as well.

As usual, we define the map

Ψ(v) :=

∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

(θ◦3(s) + 3v(s)θ◦2(s) + 3v2(s)θ(s) + v3(s))ds
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and we want to show that it is a contraction on a suitable ball. We make the following estimations
which are valid for any time t > 0 using heavily Lemma 20∥∥∥∥∥∥

∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

θ◦3(s)ds

∥∥∥∥∥∥
H1−δ

≲ t
p−1
p ∥θ◦3∥Lp

[0,t]
H−δ

∥∥∥∥∥∥
∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

(3v(s)θ◦2(s))ds

∥∥∥∥∥∥
H1−δ

≲ t
p−1
p ∥v∥L∞

[0,t]
H2δ∥θ◦2(s)∥Lp

[0,t]
C−δ

∥∥∥∥∥∥
∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

(3v2(s)θ(s))ds

∥∥∥∥∥∥
H1−δ

≲ t∥θ∥L∞
[0,t]

C−δ∥v2∥L∞H2δ

≲ t∥θ∥L∞
[0,t]

C−δ∥v∥2
L∞H

1
2∥∥∥∥∥∥

∫ t

0

sin
(
(t− s)

√
Hω,K

)
√
Hω,K

v3(s)ds

∥∥∥∥∥∥
H1−δ

≲ t∥v∥3L∞
[0,t]

L6

≲ t∥v∥3
L∞

[0,t]
H

2
3
.

This allows us to bound (taking t < 1)

∥Ψ(v)∥L∞
[0,t]

H1−δ

≲ t
p−1
p

(
∥θ◦3∥Lp

[0,t]
H−δ + ∥v∥L∞

[0,t]
H2δ∥θ◦2∥Lp

[0,t]
C−δ + ∥θ∥L∞

[0,t]
C−δ∥v∥2

L∞
[0,t]

H
1
2
+ ∥v∥3

L∞
[0,t]

H
2
3

)
and similarly

∥Ψ(v)−Ψ(w)∥L∞
[0,t]

H1−δ

≲

(
∥θ◦2∥Lp

[0,t]
C−δ + ∥θ∥Lp

[0,t]
C−δ(∥v∥L∞

[0,t]
H2δ + ∥w∥L∞

[0,t]
H2δ) + ∥v∥2

L∞
[0,t]

H
2
3
+ ∥w∥2

L∞
[0,t]

H
2
3

)
×

t
p−1
p ∥v − w∥L∞

[0,t]
H2δ

Now we simply take ∥v∥L∞
[0,T ]

H1−δ , ∥w∥L∞
[0,T ]

H1−δ ⩽ R with R > 0 and 0 < T ⩽ 1 chosen s.t.

T
p−1
p

(
∥θ◦3∥Lp

[0,T ]
H−δ +R∥θ◦2∥Lp

[0,T ]C−δ
+ ∥θ∥L∞

[0,T ]
C−δR2 +R3

)
⩽ R

and

T
p−1
p

(
∥θ◦2∥Lp

[0,T ]C−δ
+ ∥θ∥Lp

[0,T ]C−δ
2R+ 2R2

)
⩽

1

2

this can be achieved e.g. by setting

R = ∥θ◦3∥
1
3

Lp
[0,1]

H−δ + ∥θ◦2∥
1
2

Lp

[0,1]C−δ
+ ∥θ∥L∞

[0,1]
C−δ + 1 and T =

(
1

10R2

) p
p−1

.

Thus by Banach’s fixed point theorem we have that there exists a unique solution v to (72).
Continuity in time follows as per usual from Stone’s theorem, see e.g. the proof of Theorem

3.19 in [37]. 2
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We summarize this result as follows: The flow of the equation{
(∂2t +Hω,K)u = −u◦3
(u, ∂tu)|t=0 = (u0(ω

′), u1(ω
′))

(74)

which we denote by Φω(t)((u0(ω
′), u1(ω

′))) := u(t) is measurable as a map

Φω : B(R) → θ + C([0, T (R)];H1−δ) ∩ C1([0, T (R)];H−δ), (75)

where as before θ is as in (69), the linear propagator applied to the initial data which satisfy

(u0(ω
′), u1(ω

′)) ∈ B(R), where

B(R) :=

{
(u0, u1) ∈ supp

(
µHw,K

⊗ µIL2 : ∥θ◦3∥
1
3

Lp
[0,1]

H−δ + ∥θ◦2∥
1
2

Lp

[0,1]C−δ
+ ∥θ∥L∞

[0,1]
C−δ ⩽ R− 1

}
for R≫ 1 and 0 < T < 1 satisfying T =

(
1

10R2

) p
p−1 where p≫ 2 is taken to be large.

Proposition 8 implies that the measure of B(R) is large, i.e.

P′(B(R)c) ≲ e−CR. (76)

This means one has

∥Φω(u0(ω
′), u1(ω

′))− θ∥L∞
[0,T (R)]

H1−δ ⩽ R and ∥Φω(u0(ω
′), u1(ω

′))∥L∞
[0,T (R)]

H−δ ⩽ 2R

for such initial data.

Remark 15 As we have a Wick cube in the equation which is a cube renormalized by a log-
arithmically diverging constant times the function, see Section 3.6, one could consider also the
focusing version of the equation (meaning to change the sign of the nonlinearity) with Gaus-
sian initial data and tune the parameters in such a way that the divergence cancels with the
logarithmically diverging constant, see (16), in the definition of the renormalized product of the
Anderson Hamiltonian.

As the short-time well-posedness does not depend on the sign and is continuous in the noise
and the initial data, one would obtain local-in-time dynamics for this focusing equation where
the infinities cancel. Clearly the globalization and invariance arguments will fail, however.

4.1 Local-in-time convergence of approximations

Furthermore we need an analogous short-time well-posedness result for different approximations
to the SPDE (72). We consider three different approximations and one approximation that
combines two of those.

One natural approximation is to smoothen the noise ξ i.e. replacing the operator Hω,K by
the operator Hω,K

δ from (23) and to replace the Wick powers by regularized Wick powers as in
Section 3.6. This would amount to solving the SPDE

(∂2t +Hω,K
δ )u(δ) + u◦δ3

(δ) = 0 (77)

(u(δ), ∂tu(δ))|t=0 = (u
(δ)
0 (ω′), u1(ω

′)),

where one would define the Wick ordering (·)◦δ analogously to Section 3.6 by replacing Hω,K by

Hω,K
δ and u

(δ)
0 is in the support of the Gaussian measure with covariance (Hω,K

δ )−1. While this
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seems like a very natural approximation, it is actually not very useful if we want to approximate
the dynamics (74) since one has not only a different operator in the equation but also, crucially,

a different reference Gaussian measure µHω,K
δ for the support of the initial condition which is

mutually singular w.r.t. the reference Gaussian for (74) µHω,K

, namely the Anderson Free Field as
was remarked in Lemma 2. This then of course also leads to a different Wick ordered nonlinearity
for which one would have to prove strong enough convergence.

Another downside of the approximation (77) is that it does not behave well under finite
dimensional projection which is crucial if one wants to prove invariance. This leads us to the
next natural choice, namely is the finite dimensional Galerkin approximation, where we project
the equation onto the span of eigenfunctions fn of Hω,K , see (30). To this end we define the
projection

P⩽N : L2(T2) → L2(T2)

P⩽Ng :=
∑
n⩽N

(g, fn)fn

for N ∈ N and uN as the solution to

(∂2t +Hω,K)uN + P⩽N (u◦3N ) = 0 (78)

(uN , ∂tuN )|t=0 = (P⩽Nu0(ω
′), P⩽Nu1(ω

′))

and we denote by Φω,N its flow. This will be useful in Section 5 since this is just a finite
dimensional Hamiltonian system whose Gibbs measure is invariant and approximates νω. The
finite dimensional projections are also compatible with the choice of initial conditions (see (71))
and the Wick product, see Section 3.6.

The third approximation we consider is a regularization of the nonlinearity in which we replace
the cubic nonlinearity by a regularized cube in a way that we still get an invariant dynamics.
The modified equation then reads

(∂2t +Hω,K)uε + ρε ∗ ((uε ∗ ρε)◦3) = 0 (79)

(uε, ∂tuε)|t=0 = (u0(ω
′), u1(ω

′)),

where ρε is the convolution with a standard symmetric mollifier. Again we define Φω
ε as its flow.

This approximation has the upside that it has the (for now formally) invariant measure νε

which is mutually absolutely continuous w.r.t. the Anderson Free Field µHω,K

with smooth
density

dνωε
dµHω,K (v) =

∫
T2

(v ∗ ρε)◦4dx.

By construction of the Wick ordering in Section 3.6, we have that this density converges strongly
in Lp to

dνω

dµHω,K (v) =

∫
T2

v◦4dx

implying convergence in total variation of the measures.
Due to this property, one may use the the same initial data when approximating the equation

(74) by (79).
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Finally we define an approximation that combines the last two, i.e. we define the Galerkin
approximation of (79) so

(∂2t +Hω,K)uN,ε + P⩽N (ρε ∗ ((uN,ε ∗ ρε)◦3)) = 0 (80)

(uN,ε, ∂tuN,ε)|t=0 = (P⩽Nu0(ω
′), P⩽Nu1(ω

′)),

writing Φω,N
ε for its flow.

By the Hamiltonian structure, as in [58], the equations (78) and (80) are globally well-posed
and their flows leave the following finite dimensional Gibbs measures

dνωN := exp
(
− 1

4

∫
T2(P⩽Nϕ)

◦4dx
)
dµHω,K

(ϕ)⊗ dµIL2 (∂tϕ)

and

dνωN,ε := exp
(
− 1

4

∫
T2(ρε ∗ P⩽Nϕ)

◦4dx
)
dµHω,K ⊗ dµIL2 (∂tϕ)

invariant respectively.
For (79) one has the same local well-posedness as for the limiting equation (74). Later we

will globalize the solutions to these equations and prove that their flows are invariant.
We summarize these results in the following result.

Proposition 9 (Well-posedness of approximate equations) Let (u0, u1) ∈ supp
(
µHω,K ⊗ µIL2

)
,

then the flows of the equations (78) and (80) called Φω,N and Φω,N
ε respectively, exist for all times

for initial data (P⩽Nu0, P⩽Nu1) and we have the following convergence

∥Φω,N
ε (P⩽Nu0, P⩽Nu1)− Φω,N (P⩽Nu0, P⩽Nu1)∥L∞

[0,T ]
L2(T2) → 0 as ε→ 0 for all T > 0.

Now let R ≫ 1, p ≫ 2 and T =
(

1
10R2

) p
p−1 as well as δ > 0 small. If the initial data satisfy

additionally

∥u◦30 ∥
1
3

C−δ + ∥u◦20 ∥
1
2

C−δ + ∥u0∥C−δ + ∥u1∥H−1−δ + 1 ⩽ R

then the flow Φω
ε of the equation (79) exists up to the time T and we have

∥Φω,ε(u0, u1)∥L∞
[0,T ]

H−δ ⩽ 2R (81)

lim
ε→0

∥Φω
ε (u0, u1)− Φω(u0, u1)∥L∞

[0,T ]
H−δ = 0 (82)

lim
N→∞

∥Φω
ε (u0, u1)− Φω,N

ε (P⩽Nu0, P⩽Nu1)∥L∞
[0,T ]

H−δ = 0, (83)

where we recall that Φωis the flow of the full equation (74) which was shown to exist up to time
T in Theorem 10 for such initial data.

5 Globalization and Invariance

By the computations on the covariance, we have that the pair
(
µHω,K

, µIL2

)
is invariant under

the flow of the linear equation

(∂2t +Hω,K)u = 0 (u, ∂tu)|t=0 = (u0, u1). (84)

Now, let ρε be a standard mollifier. Let P⩽N be the projection on to the first N eigenfunctions
of Hω,K . We will denote by uN,ε the solution to the equation

(∂2t +Hω,K)uN,ε = −P⩽N (ρε ∗ (ρε ∗ P⩽Nu
N,ε)◦3)

(u, ∂tu)|t=0 = φ = (φ0, φ1).
(85)
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Note that here the Wick ordering is taken with respect to the covariance of ρε ∗W where W is
an AGFF. We will consider uN,ε as a function of φ and when we want to stress this dependence,
we will write ΦN,ε

t φ = uN,ε(t), where ΦN,ε denotes the flow (we again drop the dependence on
ω of this and related objects for brevity). We will also consider the solution uε equation

(∂2t +Hω,K)uε = −(ρε ∗ (ρε ∗ uε)◦3) (u, ∂tu)|t=0 = φ = (φ0, φ1), (86)

and the Wick ordering is the same as above. We write Φε
tφ = uε(t). Finally we also consider

(∂2t +Hω,K)u = −u◦3 (u, ∂tu)|t=0 = φ = (φ0, φ1). (87)

where the Wick ordering is now taken with respect to the Anderson free field, see Section 3.6. We
will denote Φtφ = u(t). Our goal is to show that (87) has ν-almost surely global solutions and
ν is invariant under the flow Φt. To do this we implement the well-known Bourgain argument.

5.1 Approximation by finite dimensional system

In this section we fix an ε > 0 and will prove that a smoothened version of our system can
be approximated by a finite-dimensional one. Note that (85) splits into a finite dimensional
Hamiltonian dynamical system and a linear equation. By Liouville’s theorem in finite dimensions
we know that

νN,ε =

(
exp

(
−1

4

∫
T2

(ρε ∗ P⩽Nϕ)
◦4dx

)
dµHω,K

,dµIL2

)
is invariant under the flow of (85). Observe that if we keep ε fixed (ρε ∗ P⩽Nϕ)

◦4 is bounded
below uniformly in N since the renormalization function E(ρε ∗ϕ)(x)2 is bounded uniformly in N
and x (but not ε). Furthermore, (ρε∗P⩽Nϕ)

◦4 → (ρε∗ϕ)◦4 in L1(T2) µ-almost surely. Combined
with the lower bound, this gives us by dominated convergence

νN,ε → νε :=

(
exp

(
−1

4

∫
T2

(ρε ∗ ϕ)◦4dx
)
dµHω,K

,dµIL2

)
in total variation. Our first goal is to show that νε is invariant under Φε. To this end we first
have to establish that uε exists νε-almost surely for all times. We begin with the following local
well-posedness statement:

Lemma 21 For every δ > 0 there exists an L ∈ N and c > 0 such that for t ⩽ c(1+ ∥φ∥H−δ)−L

such that
∥ΦN,ε

t φ∥H−δ ⩽ 2∥φ∥H−δ .

Note that c, L can depend on ε and δ but not on N .

Proof This is similar to Proposition 9. 2

Lemma 22 With the notation of Lemma 21 we have

sup
N∈N

νN,ε( sup
0⩽t⩽T

∥ΦN,ε
t φ∥H−δ > 2R) → 0 as R→ ∞.
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Proof By Lemma 21 we have for τ = c(1+R)−L, using invariance in the 4th line of the following
computation

νN,ε( sup
0⩽t⩽T

∥ΦN,ε
t φ∥H−δ > 2R)

⩽ νN,ε( sup
n⩽T/τ

∥ΦN,ε
nτ φ∥H−δ > R)

⩽
∑

n⩽T/τ

νN,ε(∥ΦN,ε
nτ φ∥H−δ > R)

= (T/τ)νN,ε(∥φ∥H−δ > R)

⩽ C(T )(1 +R)LνN,ε(∥φ∥H−δ > R)

⩽ C(T )(1 +R)LR−p

for any p <∞. Choosing p > L and taking the supremum over N we can conclude. 2

Lemma 23 Let uε, uεN be solutions to equations (86) and (85) respectively and suppose that

sup
0⩽t⩽T

(∥uε(t)∥H−δ + ∥uN,ε(t)∥H−δ) ⩽ R.

Then, for 0 < δ′ < δ
sup

0⩽t⩽T
∥(uN,ε − uε)(t)∥H−δ ≲ε,δ,δ′ R

2N−δ′ .

Proof Denote

fε,N (φ) = P⩽N (ρε ∗ (ρε ∗ P⩽Nφ)
◦3) = P⩽N (ρε ∗ ((ρε ∗ P⩽Nφ)

◦3 − aεN (ρε ∗ P⩽Nφ)))

fε(φ) = (ρε ∗ (ρε ∗ φ)◦3) = (ρε ∗ ((ρε ∗ φ)3 − aεN (ρε ∗ φ)))

where
aεN (x) = 3E[(ρε ∗ P⩽NW )2(x)] aε(x) = 3E[(ρε ∗W )2(x)] = aε(0)

Note that aε is translation invariant (hence a constant function) while aεN is not. Furthermore
aεN → aε in C2

b (T2) as N → ∞. By Remark 2 and the smoothing properties of ρε∗, we can
estimate

∥fε,N (φ)− fε(φ)∥H−δ

⩽ ∥P>N (ρε ∗ (ρε ∗ P⩽Nφ)
◦3)∥H−δ + ∥(ρε ∗ (ρε ∗ P⩽Nφ)

◦3)− (ρε ∗ (ρε ∗ φ)◦3)∥H−δ

⩽ N−1∥(ρε ∗ (ρε ∗ P⩽Nφ)
◦3)∥H1−δ + ∥(ρε ∗ (ρε ∗ P⩽Nφ)

3)− (ρε ∗ (ρε ∗ φ)3)∥H−δ

+aε∥(ρε ∗ (ρε ∗ P>Nφ))∥H−δ + ∥(aεN − aε)(ρε ∗ (ρε ∗ P⩽Nφ))∥H−δ

≲ε N−1∥ : (ρε ∗ (ρε ∗ P⩽Nφ)
3) : ∥H1−δ + ∥ρε ∗ P>Nφ∥3L∞ + aε∥P>Nφ∥H−2δ

+∥(aεN − aε)∥L∞∥ρε ∗ P⩽Nφ∥L∞

≲ε N−δ′(1 + ∥φ∥3H−δ).

It is not hard to see that fε is locally Lipschitz continuous on H−δ.
From the mild formulation, we get
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∥(uεN − uε)(t)∥H−δ

=

∥∥∥∥∫ t

0

sin((t−s)
√
Hω,K)√

Hω,K
fε,N (uN,ε(s))− fε(uε(s))ds

∥∥∥∥
H−δ

=

∥∥∥∥∫ t

0

sin((t−s)
√
Hω,K)√

Hω,K

((
fε,N (uεN (s))− fε (uεN (s))

)
+ (fε(uN,ε(s))− fε(uε(s))) ds

∥∥∥∥
H−δ

≲ε,T N−δ′ sups⩽T (1 + ∥uN,ε(s)∥3H−δ) +
∫ T

0
∥fε(uN,ε(s))− fε(uε(s))∥H−δds

≲ε,T,R N−δ′ +
∫ T

0
∥(uN,ε(s))− uε(s))∥H−δds.

So from Gronwall’s Lemma we can conclude. 2

Note that if sup0⩽t⩽T (∥uN,ε(t)∥H−δ) ⩽ R then from (85) we have

∥uN,ε∥W δ,∞
t H−2δ

x
⩽ ∥fε,N (uN,ε)∥L∞

t H−δ
x

+ ∥S(t)φ∥W δ,∞
t H−2δ

x
≲ε 1 + ∥uN,ε∥3

L∞
t H−δ

x
⩽ 1 +R3,

where S(t)φ is a short-hand notation for the linear part of the equation. In particular uN,ε pos-

sesses a convergent subsequence in L∞
t H

−δ
x by the compact embedding W δ,∞

t H−2δ
x ↪→ L∞

t H
−4δ
x .

Any subsequential limit can be seen to satisfy (86) in the same way as in the proof of Lemma
23. In particular if we denote by

Σε
R = {φ : sup

0⩽t⩽T
∥Φε

tφ∥H−δ ⩽ R}

and
Σε,N

R = {φ : sup
0⩽t⩽T

∥Φε,N
t φ∥H−δ ⩽ R},

we have

Σε
R ⊃ lim sup

N→∞
Σε,N

R =

∞⋂
N=1

∞⋃
N1=N

Σε,N
R .

This implies by Fatou’s lemma that

νε(Σε
R) ⩾ lim sup

N→∞
νε(Σε,N

R ) = lim sup
N→∞

νε,N (Σε,N
R ) ⩾ 1− C(T )(1 +R)LR−p (88)

where the equality holds since νε,N → νε in total variation. In particular, Φε
t is well defined for

all t, νε-almost surely. Note that since Φε
tφ is well defined νε-almost surely we can define the

pushforward measure (Φε
t )

∗νε by∫
f(φ)d(Φε

t )
∗νε =

∫
f(Φε

tφ)dν
ε

for any continuous and bounded function f : H−δ → R.
We now establish invariance.

Proposition 10 For any 0 < t <∞ and ε > 0one has

(Φε
t )

∗νε = νε.

Proof We will show that for any Lipschitz-continuous and bounded function f : H−δ → R with
Lipschitz constant L, we have ∫

f(Φε
t (φ))dν

ε =

∫
f(φ)dνε.
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We already know that ∫
f(Φε,N

t (φ))dνε,N =

∫
f(φ)dνε,N ,

and since νε,N → νε in total variation

lim
N→∞

∫
f(φ)dνε,N =

∫
f(φ)dνε.

So it remains to show that

lim
N→∞

∫
f(Φε,N

t (φ))dνε,N =

∫
f(Φε

t (φ))dν
ε

Now we bound ∣∣∣∣∫ f(Φε,N
t (φ))dνε,N −

∫
f(Φε

t (φ))dν
ε

∣∣∣∣
⩽

∣∣∣∣∫ f(Φε,N
t (φ))dνε,N −

∫
f(Φε,N

t (φ))dνε
∣∣∣∣

+

∣∣∣∣∫ f(Φε,N
t (φ))dνε −

∫
f(Φε

t (φ))dν
ε

∣∣∣∣
The first term goes to 0 since νε,N converges in total variation. For the second term we have∣∣∣∣∫ f(Φε,N

t (φ))− f(Φε
t (φ))dν

ε

∣∣∣∣
⩽ ∥f∥L∞(νε(sup

t⩽T
∥Φε,N

t (φ)∥H−δ ⩾ R) + νε(sup
t⩽T

∥Φε
t (φ)∥H−δ ⩾ R))

+

∣∣∣∣∫ 1{supt(∥Φ
ε,N
t (φ)∥

H−δ+∥Φε
t (φ)∥

H−δ )⩽2R}(f(Φ
ε,N
t (φ))− f(Φε

t (φ)))dν
ε

∣∣∣∣
Now applying Lemma 23 we get by Lipschitz continuity of f∣∣∣∣∫ 1{supt(∥Φ

ε,N
t (φ)∥

H−δ+∥Φε
t (φ)∥

H−δ )⩽2R}(f(Φ
ε,N
t (φ))− f(Φε

t (φ)))dν
ε

∣∣∣∣
⩽ LR2N−δ′

Finally, by Lemma 22 and (88) we get

sup
N∈N

νε(sup
t

∥Φε,N
t (φ)∥H−δ

x
⩾ R) + νε(sup

t
∥Φε

t (φ)∥H−δ
x

⩾ R) → 0

as R→ ∞. From this we can conclude by taking N → ∞ and then R→ ∞. 2

5.2 Removal of the smoothing

We now want to show that (87) has global solutions ν-almost surely and that ν is invariant under
Φt. Firstly we define θ(t) = U(t)φ1 + S(t)φ2 to be the “linear part” of the solution, we also set
θε = ρε ∗ θ. We then have

Eνε

[∫ T

0

∥θε(t)◦i∥p
B−δ

p,p
dt

]
=

∫ T

0

Eνε [∥θε(0)◦i∥p
B−δ

p,p
]dt

≲ TEµHω,K [∥θε(0)◦i∥2p
B−δ

p,p
]1/2

⩽ CT
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where, in the second line we used invariance of the AGFF with respect to the free field and that

νε is absolutely continuous with respect to µHω,K

and the density is in L2(µ) uniformly in ε. So
in particular (θε)◦i are in LpC−δ almost surely with respect to both νε, ν uniformly in ε and the
same holds for θ◦i. From now on we write vε = uε − θε.

Lemma 24 There exists δ > 0 such that, assuming

sup
t⩽T

(∥vε(t)∥H1−δ) ⩽ R

and
sup
i⩽3

sup
t⩽T

(∥θ◦i∥H−δ + ∥(θε)◦i∥H−δ) ⩽ R,

we have ∣∣∣∣vε(t)− ∫ t

0

S(t− s)(uε(s))◦3ds

∣∣∣∣ ≲ R3Rε,

where Rε is a random variable such that ∥Rε∥Lp(µ) → 0 as ε→ 0.

Proof Recall that

0 = vε(t)−
∫ t

0

S(t− s)ρε ∗ (ρε ∗ uε(s))3ds

and

vε(t)−
∫ t

0

S(t− s)(uε(s))◦3ds

= vε(t)−
∫ t

0

S(t− s)ρε ∗ (ρε ∗ uε(s))◦3ds

+

∫ t

0

S(t− s)ρε ∗ (ρε ∗ uε(s))◦3ds−
∫ t

0

S(t− s)(uε(s))◦3ds

so we have to estimate the last line. Recalling that uε = θ + vε that is equal to∫ t

0

S(t− s)ρε ∗ (ρε ∗ uε(s))◦3ds−
∫ t

0

S(t− s)(uε(s))◦3ds

=

3∑
i=0

∫ t

0

S(t− s)(((ρε ∗ θ(s))◦i(ρε ∗ uε(s))i−j)− (θ(s))◦i(uε)i−j)ds

+

∫ t

0

S(t− s)((ρε ∗ uε(s))◦3 − ρε ∗ (ρε ∗ uε(s))3)ds

⩽
3∑

i=0

∫ t

0

∥(((ρε ∗ θ(s))◦i(ρε ∗ uε(s))i−j)− (θ(s))◦i(uε)i−j)∥H−δds

+

∫ t

0

∥(ρε ∗ uε(s))3 − ρε∗ : (ρε ∗ uε(s))3 : ∥H−δds

=: I + II
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Now to estimate I we have for p sufficiently large and 1/p+ 1/p′ = 1:

|((θε(s))◦i(ρε ∗ uε(s))i−j)− (θ(s))◦i(uε)i−j |
⩽∥(θε)◦i − (θ)◦i∥B−2δ

p,p
(∥uε(s)i−j∥B2δ

p′,p′
+ ∥(ρε ∗ uε(s))i−j∥B2δ

p′,p′
)

+ (∥(θε)◦i∥B−2δ
p,p

+ ∥(θ)◦i∥B−2δ
p,p

)∥uε(s)i−j − (ρε ∗ uε(s))i−j∥B2δ
p′,p′

⩽∥(θε)◦i − (θ)◦i∥B−2δ
p,p

(∥uε(s)∥i−j
H1−δ + ∥(ρε ∗ uε(s))∥i−j

H1−δ)

+ (∥(θε)◦i∥B−2δ
p,p

+ ∥(θ)◦i∥B−2δ
p,p

)

× ∥uε(s)− (ρε ∗ uε(s))∥H1−δ(∥uε(s)∥H1−δ + ∥(ρε ∗ uε(s))∥H1−δ)i−j−1

=∥(θε)◦i − (θ)◦i∥B−2δ
p,p

R3 +R3(∥(θε)◦i∥B−2δ
p,p

+ ∥(θ)◦i∥B−2δ
p,p

)∥uε(s)− (ρε ∗ uε(s))∥H1−δ

Now
∥uε(s)− (ρε ∗ uε(s))∥H1−δ ≲ εδ/2∥uε(s)∥H1−δ/2 ≲ εδ/2R

so

∥(θε)◦i(s)− (θ)◦i(s)∥B−2δ
p,p

R3

+R3(∥(θε)◦i(s)∥B−2δ
p,p

+ ∥θ◦i(s)∥B−2δ
p,p

)∥uε(s)− (ρε ∗ uε(s))∥H1−δ

⩽ ∥(θε)◦i(s)− θ◦i(s)∥B−2δ
p,p

R3 + εδ/2R4(∥(θε)◦i(s)∥B−2δ
p,p

+ ∥(θ)◦i(s)∥B−2δ
p,p

)

so integrating in time, we have that

I ≲ R3

∫ t

0

∥(θε)◦i(s)− (θ)◦i(s)∥B−2δ
p,p

ds+R4εδ/2
∫ t

0

(∥(θε)◦i(s)∥B−2δ
p,p

+ ∥θ◦i(s)∥B−2δ
p,p

)ds

and we recall that

Eµ

∫ T

0

∥(θε)◦i(s)− (θ)◦i(s)∥p
B−2δ

p,p
ds→ 0.

Now finally to estimate II we have∫ t

0

∥(ρε ∗ uε(s))◦3 − ρε ∗ (ρε ∗ uε(s))◦3∥H−δds ≲ εδ/2
∫ t

0

∥(ρε ∗ uε(s))◦3∥H−δ/2ds

and

∥(ρε ∗ uε(s))◦3∥H−δ/2 ⩽
3∑

i=0

∥(θε)◦i(uε)3−i∥H−δ/2

⩽
3∑

i=0

∥(θε)◦i∥C−δ/2∥(uε)3−i∥Hδ

⩽
3∑

i=0

∥(θε)◦i∥C−δ/2∥uε∥3−i
W δ,6

⩽
3∑

i=0

∥(θε)◦i∥C−δ/2∥uε∥3−i
H1−δ

⩽ (1 +R)3
3∑

i=0

∥(θε)◦i∥C−δ/2
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and again integrating in time we can conclude. 2

Let v be the solution (72). Similarly to the above we have the following statement:

Lemma 25 There exists a δ > 0 such that, assuming that

sup
t⩽T

(∥vε(t)∥H1−δ) ⩽ R,

and

sup
i⩽3

∫ T

0

(∥θ◦i∥p
H−δ + ∥(θε)◦i∥p

H−δ)dt ⩽ R,

we get
sup
t⩽T

(∥vε(t)− v(t)∥H1−δ) ≲ RR̄ε,

where R̄ε is given by

R̄ε :=
∑

0⩽i⩽3

∫ T

0

∥(θε)◦i(s)− θ◦i(s)∥p
B−2δ

p,p
ds.

In particular∥R̄ε∥Lp(µ) → 0 as ε→ 0.

Proof Using the definition of vε, v we have

v(t)− vε(t)

=

∫ t

0

S(t− s)ρε ∗
(
θ◦3(s)− (θε)◦3(s) + 3

(
θ◦2(s)− (θε)◦2(s)

)
v(s) + 3(θε)◦2(v(s)− vε(s))

)
ds

+3

∫ t

0

S(t− s)ρε ∗ ((θ(s)− θε(s))v2(s) + (θε(s))(v2(s)− (vε)2(s)))ds

+

∫ t

0

S(t− s)ρε ∗ (v3(s)− (vε)3(s))ds

Now with the same estimates as in the proof of Lemma 24 we obtain

∥v(t)− vε(t)∥H1−2δ ≲ R3

∫ t

0

∥(θε)◦2(s)∥C−δ∥v(s)− vε(s)∥H1−2δds+ CRεδ

+
∑

0⩽i⩽3

∫ T

0

∥(θε)◦2(s)− θ◦2(s)∥p
B−2δ

p,p
ds

and Gronwall’s lemma gives

∥v(t)− vε(t)∥H1−2δ

≲ CR(εδ + R̄ε) exp

(
R3

∫ T

0

∥θ◦2ε (s)∥C−δds

)
≲ εδ(εδ + R̄ε) exp(CR4)

from which we can conclude. 2

55



Lemma 26 Assume that
sup
t⩽T

∥(ρε ∗ uε)◦3∥H−δ ⩽ R

Then for α ∈ (0, 1) and δ > 0
∥vε∥Cα

t H1−δ−α ≲ R.

The analogous statement also holds for u, v.

Proof By definition of vε we have

vε(t) =

∫ t

0

S(t− s)ρε ∗ ((ρε ∗ uε)◦3)ds

so by the properties of the Wave propagator

∥vε∥Cα
t ([0,T ],H1−α−δ) ≲T ∥(uε)◦3∥L2([0,T ],H−δ).

which gives the statement. The proof for v is analogous. 2

Proposition 11 For K > 0 we have the bound

νε(∥(ρε ∗ uε)◦3∥Lp([0,T ],H−δ) ⩽ R) ⩾ 1− CT

Rp
.

Proof By Markov’s inequality

νε(∥(ρε ∗ uε)◦3∥Lp([0,T ],H−δ) ⩾ R)

⩽
1

Rp
Eνε [∥(ρε ∗ uε)◦3∥pLp([0,T ],H−δ)

]

⩽
1

Rp

∫ T

0

Eνε [∥(ρε ∗ uε(t))◦3∥pH−δ ]

=
1

Rp

∫ T

0

Eνε [∥(ρε ∗ uε(0))◦3∥pH−δ ]

=
1

Rp
CT

where in the last line we used invariance of νε under the flow of uε . 2

Corollary 1 Recall that v = u− θ. If ∥vε(t)∥H1−δ ⩽ R, and for i ⩽ 3 ∥(θε)◦i∥H−δ ⩽ R, then
uε → u in Cα

t ([0, T ], H
1−δ−α).

Corollary 2 With the same notation as above

νε(∥vε∥Cα
t H1−δ−α ⩽ R) ⩾ 1− CT

Rp
.

Proof This follows immediately from Lemmas 26 and 11. 2

Next we show that having a sequence of uniformly bounded approximate solutions for the
cut-off flow is sufficient to construct the solution for the limiting equation.
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Lemma 27 Assume that
sup
ε>0

sup
0⩽i⩽3

∥(θε)◦i∥Lp([0,T ],H−δ) ⩽ R

and that vε solves the equation

(∂2t +Hω,K)vε −
3∑

i=0

(θε)◦i(vε)3−i = 0. vε(0) = 0

and satisfies
∥vε∥L∞H1−δ ⩽ L

Then vε has a subsequence converging in L∞H1−2δ and the limit v solves

(∂2t +Hω,K)v −
3∑

i=0

θ◦iv3−i = 0 (v, ∂tv)|t=0 = 0

and satisfies ∥v∥L∞H1−δ ≲ RL3.

Proof Note that to obtain a converging subsequence we only need to bound vε in Cα
t H

1−α−δ′

for small α, δ′ > 0. To this end we will apply Lemma 26. Recall that u(s) = θ(s) + v(s) so

∥vε∥H1−δ ⩽
3∑

i=0

∥(θε)◦i(ρε ∗ vε)3−i∥H−δ

⩽
3∑

i=0

∥θ◦i∥H−δ∥v∥3−i
H1−δ

⩽ 3R(1 + L)3

so applying Lemma 26 we get that

∥vε∥Cα
t H1−α−δ′ ≲ 3R(1 + L)3

and the compactness claim follows. Lastly, that v solves the limiting equation follows from
Lemma 24. 2

Proposition 12 We have that

lim
R→∞

ν(∥v∥L∞H1−δ ⩽ R) = 1.

Proof Denote by Σε
R = {φ : ∥vε∥L∞H1−δ ⩽ R} and ΣR = {φ : ∥v∥L∞H1−δ ⩽ R}. From Lemma

27 we have that
ΣR ⊃ lim sup

ε→0
Σε

R =
⋂
ε>0

⋃
ε′<ε

Σε
R.

Note that supε>0 sup0⩽i⩽3 ∥ : (ρε ∗w)i : ∥Lp([0,T ],H−δ) <∞ ν, νε-almost surely. Then by Fatou’s
Lemma

ν(ΣR) ⩾ ν(lim sup
ε→0

Σε
R) ⩾ lim sup

ε→0
ν(Σε

R) = lim sup
ε→0

νε(Σε
R)

where the last equality is true since νε → ν in total variation. Now an application of Proposition
11 yields the claim. 2

Proposition 13 The measure ν is invariant under the flow Φt, that is

Φ∗
t ν = ν.

Proof This follows in exactly the same way as Proposition 10. 2
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A Besov spaces and related concepts

We collect some basic definitions and elementary results about Besov spaces, paraproducts etc.,
see, e.g., [2, 3, 36] for more details. We work here in the case of Besov spaces defined on the
d-dimensional torus

Td = (R/Z)d.

First we define the Sobolev space Hα(Td) with index α ∈ R which is the Banach space of
distribution u such that (1−∆)−

α
2 (u) is a function and

Hα(Td) :=
{
u ∈ S ′(Td) :

∥∥(1−∆)
α
2 u
∥∥
L2 <∞

}
. (89)

Next, we recall the definition of Littlewood-Paley blocks. We denote by χ and ρ two non-negative
smooth and compactly supported radial functions Rd → C such that

i. The support of χ is contained in a ball and the support of ρ is contained in an annulus
{x ∈ Rd : a ⩽ |x| ⩽ b}

ii. For all ξ ∈ Rd, χ(ξ) +
∑
j⩾0

ρ(2−jξ) = 1;

iii. For j ⩾ 1, χ(·)ρ(2−j ·) = 0 and ρ(2−j ·)ρ(2−i·) = 0 for |i− j| > 1.

The Littlewood-Paley blocks (∆j)j⩾−1 associated to f ∈ S ′(Td) are defined by

∆−1f := F−1χFfand ∆jf := F−1ρ(2−j ·)Ff forj ⩾ 0,

and we define the Littlewood-Paley function Kj = F−1(∆j), i.e. the function for which Kj ∗f =
∆jf . We also set, for f ∈ S ′(Td) and j ⩾ −1

Sjf :=

j−1∑
i=−1

∆if.

Then the Besov space with parameters p ∈ [1,∞], q ∈ [1,∞), α ∈ R can now be defined as

Bα
p,q(Td) := {u ∈ S ′(Td) : ∥u∥Bα

p,q
<∞},

where the norm is defined as

∥u∥Bα
p,q

:=

∑
k⩾−1

((2αk∥∆ju∥Lp)q)

 1
q

, (90)

with the obvious modification for q = ∞. In the paper we often omit the dependence of Bα
p,q

from the torus Td. There are two special cases of Besov spaces: the Besov-Hölder spaces for
p = q = ∞, i.e.

Cα := Bα
∞∞(Td) (91)

and the Sobolev spaces Hα = Bα
2,2(Td) (defined above) for p = q = 2.

Using this notation, we can formally decompose the product f · g of two distributions f and
g as

f · g = f ≺ g + f ◦ g + f ≻ g,
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where
f ≺ g :=

∑
j⩾−1

Sj−1f∆jg and f ≻ g :=
∑
j⩾−1

∆jfSj−1g

are referred to as the paraproducts, whereas

f ◦ g :=
∑
j⩾−1

∑
|i−j|⩽1

∆if∆jg (92)

is called the resonant product. An important point is that the paraproduct terms are always well
defined whatever the regularity of f and g. The resonant product, on the other hand, is a priori
only well defined if the sum of their regularities is positive. We collect some results.

Lemma 28 Let α, α1, α2 ∈ R and p, p1, p2, q ∈ {2,∞} be such that

α1 ̸= 0 α = (α1 ∧ 0) + α2,
1

p
=

1

p1
+

1

p2
and

1

q
=

1

q1
+

1

q2
.

Then we have the bound
∥f ≺ g∥Bα

p,q
≲ ∥f∥Bα1

p1,q1
∥g∥Bα2

p2,q2

and in the case where α1 + α2 > 0 we have the bound

∥f ◦ g∥
B

α1+α2
p,q

≲ ∥f∥Bα1
p1,q1

∥g∥Bα2
p2,q2

.

Proof The proof can be found in [3] Theorem 2.47 and Theorem 2.52 for Besov spaces on Rd.
The proof for Besov spaces on Td is similar. 2

Lemma 29 (Bernstein’s inequalities) Let A be an annulus and B be a ball. For any k ∈
N, λ > 0,and 1 ⩽ p ⩽ q ⩽ ∞ we have

1. if u ∈ Lp(Rd)is such that supp(Fu) ⊂ λB then

max
µ∈Nd:|µ|=k

∥∂µu∥Lq ≲k λ
k+d( 1

p−
1
q )∥u∥Lp

2. if u ∈ Lp(Rd)is such that supp(Fu) ⊂ λA then

λk∥u∥Lp ≲k max
µ∈Nd:|µ|=k

∥∂µu∥Lp .

Proof The proof can be found in [3] Lemma 2.1 2

Lemma 30 Let σ : Zd → R+ such that

|σ(k)|±1 ≲ (|k|+ 1)±α

for some α ∈ R then, for every p, q ∈ [1,∞] and s ∈ R, operator σ(∇) with symbol σ is a linear
homeomorphism from Bs

p,q into Bs−α
p,q .

Proof The proof is an easy application of Lemma 29 (see, e.g. [3] Chapter 2 ). 2
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Remark 16 The hypotheses of Lemma 30 are satisfied when σ(k) = (|k|2+m2)α, for any α ∈ R
and m > 0, and thus σ(∇) = (−∆+m2)α.

Lemma 31 (Besov embedding) Let α < β ∈ R and p > r ∈ [1,∞] be such that

β ⩽ α+ d

(
1

r
− 1

p

)
, (93)

then we have the following bound

∥f∥Bα
p,q(Td) ≲ ∥f∥Bβ

r,q(Td).

If the inequality (93) is strict, the embedding is compact.

Proof The proof can be found in Proposition 2.71 of [3]. 2

Proposition 14 (Commutator Lemma) Given α ∈ (0, 1), β, γ ∈ R such that β + γ < 0 and
α+ β + γ > 0, the following trilinear operator C defined for any smooth functions f, g, h by

C(f, g, h) := (f ≺ g) ◦ h− f(g ◦ h)

can be extended continuously to the product space Hα×Cβ×Cγ . Moreover, we have the following
bound

||C(f, g, h)||Hα+β+γ−δ ≲ ||f ||Hα ||g||Cβ ||h||Cγ

for all f ∈ Hα, g ∈ Cβ and h ∈ Cγ , and every δ > 0.
The analogous bound is true if we replace the Sobolev space by a Hölder-Besov space, i.e.

||C(f, g, h)||Cα+β+γ ≲ ||f ||Cα ||g||Cβ ||h||Cγ ,

as was shown in [36].

Proof The proof can be found in Proposition 4.3 of [2]. 2

Lemma 32 (Fractional Leibniz rule) Let 1 < p <∞ and p1, p2, p
′
1, p

′
2 such that

1

p1
+

1

p2
=

1

p′1
+

1

p′2
=

1

p
.

Then for any s, α ⩾ 0 there exists a constant s.t.

∥⟨∇⟩s(fg)∥Lp ⩽ C∥⟨∇⟩s+αf∥Lp2 ∥∇−αg∥Lp1 + C∥⟨∇⟩−αf∥
Lp′2

∥∇s+αg∥
Lp′1

.

Proof The proof can be found in Theorem 1.4 of [38]. 2

In the rest of the appendix, we discuss some properties of the operator Js introduced in
Section 3, see Remark 1. Hereafter, we require a more explicit form of the operator Js. Let
ρ : R2 → R+ be a bump function which is identically 1 in the ball of center 0 and radius 1/2 and
it has compact support in the ball of center 0 and radius 1. We suppose also that ρ is radially

symmetric of the form ρ(|x|2). We write, for t ⩾ 0, ρt(x) = ρ
(

|x|2
t2

)
. It is clear that the operator

Jt := σt(−∆)(−∆+m2)−1/2 :=

(
∆

t3
ρ′
(
−∆

t2

))1/2

(−∆+m2)−1/2 (94)

satisfies the condition of Remark 1.
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Proposition 15 Let Js be defined by equation (94) then for every s ∈ R+, p, q ∈ [1,+∞] and
0 < m ⩽ 1

∥Js∥L(Bs
p,q,B

s+m
p,q ) ≲ (1 + s)−

1
2−1+m.

where the constant in the symbol ≲ do not depend on s ∈ R+.

Proof This is a standard application of the regularization properties of the Laplacian (see
Lemma 29, Lemma 30 and Remark 16). 2

A consequence of Proposition 15 is the following:

Proposition 16 Suppose that f1 ∈ H1, f2, f3 ∈ C−1−δ (where δ < 1
6) then we have there is

0 < η(δ) < 1 such that ∣∣∣∣∫
T2

(Js(f1 ≺ f2)Js(f3 ≺ f4)− (Js(f2) ◦ Js(f4))f1f3)dx
∣∣∣∣

≲ (1 + s)−1−η(δ)∥f1∥H1/2−δ∥f3∥H1/2−δ∥f2∥C−1−δ∥f3∥C−1−δ ; (95)

∣∣∣∣∫
T2

(Js(f1 ≺ f2)Js(f3)− (Js(f2) ◦ Js(f3))f1)dx
∣∣∣∣

≲ (1 + s)−2+η(δ)∥f1∥H1∥f2∥C−1−δ∥f3∥C−1−δ (96)

Proof Inequality (95) is proved in Proposition 11 of [6], meanwhile (96) can be proved in a
similar way with slight modifications. 2

B An alternative proof of the coupling existence

We give a shorter, alternative (but less general) proof of the existence of a coupling between the

Gaussian measures µHω,K

(i.e. the Anderson free field) and the Gaussian free field µ−∆+K from
Theorem 8, see Section 2 for the relevant definitions.

Proposition 17 Consider the Gaussian measures µHω,K

and µ−∆+K from Section 2. Then we
may write elements in the support of these measures as

(Hω,K)−
1
2ψ ∈ supp(µHω,K

)

(−∆+K)−
1
2ψ ∈ supp(µ−∆+K)

where

ψ ∈ supp
(
µIL2

)
,

where µIL2 is the white noise measure defined in Section 2.2.
Then we have that for any δ > 0∫ ∥∥∥((Hω,K)−

1
2 − (−∆+K)−

1
2

)
ψ
∥∥∥2
H1−δ

dµIL2 (ψ) <∞.

In other words, we can see the Anderson free field µHω,K

as a random shift (of regularity H1−δ)
of the GFF.
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Proof This is somewhat similar to what was done in Sections 4 and 5 of [5] but we adapt it to
our notation and setting.

We collect a few properties from previous sections. Firstly, from (30), we have an orthonormal
eigenbasis of Hω,K (suppressing the ω for readability)

Hω,Kfn = λnfn, fn ∈ D(Hω.K), λn ∼ n as n→ ∞.

Thus we may write ψ ∈ supp
(
µIL2

)
⊂ C−1−ε ∀ε > 0 as a random series

ψ =
∑
n∈N

gnfnwhere the gn ∼ N (0, 1) are i.i.d Gaussians (97)

then (Hω,K)−
1
2ψ ∈ supp(µHω,K

) and (−∆ + K)−
1
2ψ ∈ supp(µ−∆+K). We further recall the

following formula from functional calculus

(Hω,K)−
1
2 = c

∫ ∞

0

t−
1
2 e−tHω,K

dt, (98)

see Theorem 35 in [5] and the discussion thereafter. Moreover, from the definition of Γ in (25)
and its inverse in (24) together with the paraproduct bounds from Lemma 28, one can readily
check that the following regularizing property holds

(Γ±1 − 1) : H−σ → H1−σ−ε bounded∀σ, ε > 0. (99)

Moreover, we have using (19) and the paraproduct estimates

∥(Hω,KΓ− (K −∆))v∥Hκ ≲ ∥v∥H1+κ+ε ∀κ, ε > 0. (100)

Lastly, we use that Theorem 4 implies that

(Hω,K)−
1
2 : H−σ → H1−σ for σ ∈ (0, 1). (101)

We make a computation where we start with (98) and artificially insert the Γ in order to use
the fact that Hω,KΓ is a lower order perturbation of the Laplacian. In order to isolate the
problematic term, we adopt the brief notation O(1−) to mean a term which is bounded from
C−1−ε → H1−ε−κ for ε, κ > 0 i.e. for which one does not use the Gaussian property.

We compute

(Hω,K)−
1
2

(99),(101)
= (Hω,K)−

1
2Γ + (Hω,K)−

1
2 (1− Γ)︸ ︷︷ ︸

O(1−)

(98)
= c

∫ ∞

0

t−
1
2 e−tHω,K

Γdt+O(1−)

= c

∫ ∞

0

t−
1
2 e−t(K−∆)dtΓ + c

∫ ∞

0

t−
1
2 (e−tHω,K

Γ− e−t(K−∆))dt+O(1−)

= c

∫ ∞

0

t−
1
2 e−t(K−∆)dt+ c

∫ ∞

0

t−
1
2 e−t(K−∆)dt(Γ− 1)︸ ︷︷ ︸

=(K−∆)−
1
2 (Γ−1)=O(1−)

+

+c

∫ ∞

0

t−
1
2 (e−tHω,K

Γ− e−t(K−∆))dt+O(1−)

= (K −∆)−
1
2 + c

∫ ∞

0

t−
1
2 (e−tHω,K

Γ− e−t(K−∆))Γ−1dt+O(1−).
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Thus it remains to control the integral term for elements in the support of µIL2 of the form (97).
We begin by rewriting it as follows

(e−tHω,K

Γ− e−t(K−∆))Γ−1
∑
n

gnfn =
∑
n

gn

∫ t

0

e−(t−s)(K−∆)(Hω,KΓ− (K −∆))e−sHω,K

ΓΓ−1fn

=
∑
n

gn

∫ t

0

e−(t−s)(K−∆)(Hω,KΓ− (K −∆))e−sHω,K

fn

=
∑
n

gn

∫ t

0

e−sλne−(t−s)(K−∆)(Hω,KΓ− (K −∆))fn

now we may compute the L2
PH

α α < 1 norm. Recall that Hσ = D
(
(Hω,K)

σ
2

)
for σ ∈ (−1, 1))

with equivalent norms, see Theorem 4. For a sequence of functions hn, we can thus bound, using
the independence of the Gaussians and the orthogonality of the eigenfunctions,∥∥∥∥∥∑

n

gnhn

∥∥∥∥∥
2

L2
PH

α

≈ E

∑
j

(∑
n

gnhn,
√
H

α
fj

)2


= E

∑
j

(∑
n

gnhn,
√
H

α
fj

)(∑
n

gmhm,
√
H

α
fj

)
=

∑
j

∑
n,m

E(gn, gm)︸ ︷︷ ︸
=δn,m

(
hn,

√
H

α
ej

)(
hm,

√
H

α
ej

)

=
∑
j

∑
n

(
hn,

√
H

α
ej

)2
=

∑
n

(√
H

α
hn,

√
H

α
hn

)
=

∑
n

∥hn∥2Hα .

Now if we apply this to hn =
∫∞
0
t−

1
2

∫ t

0
e−sλne−(t−s)(K−∆)(Hω,KΓ − (K − ∆))fndsdt and we

bound its Hα norm for α < 1 norm and show its square summability this implies the desired
result.
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We compute for some parameters 0 < δ, κ≪ 1 to be fixed later and λ̄n := λn −K

∥hn∥Hα ≲
∫ ∞

0

t−
1
2

∫ t

0

e−sλn∥e−(t−s)(K−∆)(Hω,KΓ− (K −∆))fn∥Hαdsdt

(103)

≲
∫ ∞

0

t−
1
2

∫ t

0

e−sλn |t− s|− 1
2 (α−δ)e−(t−s)K∥(Hω,KΓ− (K −∆))fn∥Hδdsdt

(99),(100)

≲
∫ ∞

0

t−
1
2 e−Kt

∫ t

0

e−sλ̄n|t−s|−
1
2
(α−δ)

(∥(Hω,KΓ− (K −∆))Γ−1fn∥Hδ + ∥fn∥Hδ+κ)dsdt

(102)

≲
∫ ∞

0

t−
1
2 e−Kt

∫ t

0

e−sλn |t− s|− 1
2 (α−δ)∥Γ−1fn∥H1+δ+κ︸ ︷︷ ︸

≲λ
1
2
+ δ

2
+κ

2
n

dsdt

tλn=:τ

≲
sλn=:σ

λ
−2

n λ
1
2+

δ
2+

κ
2

n

∫ ∞

0

λ
1
2

n τ
− 1

2 e
− τ

λn

∫ τ

0

e−σ|τ − σ|− 1
2 (α−δ)λ

1
2 (α−δ)
n dσdτ

∼ λ
−1+α

2 +κ
2

n

∫ ∞

0

τ−
1
2 e

− τ
λn

∫ τ

0

e−σ|τ − σ|− 1
2 (α−δ)

(104)

≲ λ
− 1

2 (1+κ)
n choosingα = 1− 2κ hence∑

n

∥hn∥2Hα ≲
∑
n

λ−1−κ
n ≲ ∞

having used the Weyl asymptotic λn ∼ n for large n, the bound

∥Γ−1fn∥H1+σ ∼
∥∥∥(Hω,K)

1+σ
2 fn

∥∥∥
L2

∼ λ
1+σ
2

n (102)

which is true for σ ∈ {0, 1} by Theorem 4 and for σ ∈ (0, 1) by interpolation, and the standard
heat kernel bound

∥et∆g∥Hβ ≲ t−
β−γ

2 ∥g∥Hγ for all t > 0 and β > γ. (103)

Lastly we prove the finiteness of the integral that we used to conclude. We compute∫ ∞

0

τ−
1
2 e

− τ
λn

∫ τ

0

e−σ|τ − σ|− 1
2 (α−δ) ρ=σ

τ=

∫ ∞

0

τ−
1
2 e

− τ
λn

∫ 1

0

τe−ρττ−
1
2 (α−δ)(1− ρ)−

1
2 (α−δ) (104)

=

∫ ∞

0

τ
1
2 (1−α+δ)e

− τ
λn

∫ 1

0

e−ρτ (1− ρ)−
1
2 (α−δ)

ν=ρτ
=

∫ ∞

0

ν
1
2 (1−α+δ)e−ν

∫ 1

0

e
− ν

ρλn︸ ︷︷ ︸
⩽1

1

ρ
1
2 (1−α+δ)

(1− ρ)−
1
2 (α−δ)

≲ 1

having used that ∫ 1

0

1

xa
1

(1− x)b
dx <∞ if a, b < 1.

This finishes the proof. 2
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Inst. Henri Poincaré Probab. Stat., 58(3):1385–1425, 2022.

[55] A. Mouzard and I. Zachhuber. Strichartz inequalities with white noise potential on compact
surfaces. Anal. PDE, 17(2):421–454, 2024.

[56] T. Oh, M. Okamoto, and L. Tolomeo. Focusing Φ4
3-model with a Hartree-type nonlinearity.

Mem. Amer. Math. Soc., 304(1529):vi+143, 2024.

[57] T. Oh, K. Seong, and L. Tolomeo. A remark on Gibbs measures with log-correlated Gaussian
fields. Forum Math. Sigma, 12:Paper No. e50, 40, 2024.

[58] T. Oh and L Thomann. Invariant Gibbs measures for the 2-d defocusing nonlinear wave
equations. Ann. Fac. Sci. Toulouse Math. (6), 29(1):1–26, 2020.

[59] T. Oh and N. Tzvetkov. Quasi-invariant Gaussian measures for the two-dimensional defo-
cusing cubic nonlinear wave equation. J. Eur. Math. Soc. (JEMS), 22(6):1785–1826, 2020.

[60] N. Perkowski and T. Rosati. A rough super-Brownian motion. Ann. Probab., 49(2):908–943,
2021.

[61] B. N. Shalaev. Critical behavior of the two-dimensional Ising model with random bonds.
Phys. Rep., 237(3):129–188, 1994.

[62] B. Simon. The P (ϕ)2 Euclidean (quantum) field theory. Princeton University Press, Prince-
ton, N.J.,,, 1974.

[63] B. Simon. Trace ideals and their applications, volume 35 of London Mathematical Society
Lecture Note Series. Cambridge University Press, Cambridge-New York, 1979.

[64] N. Tzvetkov and N. Visciglia. Two dimensional nonlinear schrödinger equation with spatial
white noise potential and fourth order nonlinearity. Stochastics and Partial Differential
Equations: Analysis and Computations, pages 1–40, 2022.

[65] N. Tzvetkov and N. Visciglia. Global dynamics of the 2d NLS with white noise potential
and generic polynomial nonlinearity. Comm. Math. Phys., 401(3):3109–3121, 2023.

[66] B. E. Ugurcan. Anderson Hamiltonian and associated Nonlinear Stochastic Wave and
Schrödinger equations in the full space. arXiv preprint arXiv:2208.09352, 2022.

[67] A. S. Üstünel. Variational calculation of Laplace transforms via entropy on Wiener space
and applications. J. Funct. Anal., 267(8):3058–3083, 2014.
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