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Abstract

We study the Gaussian measure whose covariance is related to the Anderson Hamilto-
nian operator, proving that it admits a regular coupling to the (standard) Gaussian free
field exploiting the stochastic optimal control formulation of Gibbs measures. Using this
coupling, we define the renormalized powers of the Anderson free field and we prove that
the associated quartic Gibbs measure is invariant under the flow of a nonlinear wave equation
with renormalized cubic nonlinearity.
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1 Introduction

In this paper we want to study the invariant measure of the nonlinear Anderson wave equation,
namely we consider the hyperbolic PDE

OPu(t,x) + “H%u(t,x)” = —“u’(t,z)”, tcRxcT*weQ (1)

where H¥ is the operator usually called Anderson Hamiltonian (formally) defined as a singular
Schrédinger operator
HYu(t,z)“=" — Au(t, x) + &(w, x)u(z, t)

where (-, ) : Q — S’(T?) is a Gaussian white noise defined on some probability space (Q, F,P),
and we aim to prove that the (formal) measure

1 1 1
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where D(p, Orp) is some (non-existent) Lebesgue measure on a function space, is invariant for the
flow of equation (1). The above problem combines two different aspects of hyperbolic (stochastic)
PDEs: the invariant measure of infinite dimensional dynamical systems, and the dispersive PDEs
with singular stochastic potentials. Note that in the absence of the noise &,(2) would amount to
the well-studied ®3 measure [8, 29, 34, 53, 62] in the ¢ integration variable and the white noise
Gaussian measure in the 0 variable.

The ®3 measure whose quadratic part is given by the Anderson Hamiltonian may have ap-
plications in the study of suitable continuum limits of Ising models with random bonds (see e.g.
[23, 27, 28, 61], see also [34, 35, 52, 62] for the relation between Ising models with ®* measures).

The study of invariant measures of Hamiltonian PDEs is at this point a classical problem in
dispersive PDEs, having been studied intensively after the seminal papers by Bourgain from the
90’s on nonlinear Schrédinger and KdV equations [15, 16] which itself came after [48] and [1].
The analogue of the current result was shown in [58], i.e. the invariance of the Gibbs measure
under the flow of the Wick ordered cubic wave equation. Later this methodology was applied
to closely related topics like almost sure well-posedness [19, 20] and quasi-invariance in settings
when there is no invariant measure [59, 39] to name just a few.

Due to the low regularity of the support of the (formal) invariant measure, it is necessary
to Wick order the cubic nonlinearity in (1) which naively means that we have to subtract a
diverging linear counter term to make it well-defined (we can thus think of it as being akin to
renormalization), hence writing the cube is just formal. This notion is similar to that appearing
for example in [16] and [58], where the Wick ordering was done with respect to the Gaussian free
field, as the invariant measure is mutually absolutely continuous with respect to it. Our case is
somewhat analogous, except that our reference Gaussian measure is not the free field but the
Gaussian measure with covariance (formally) given by (H“)~1L.

The second renormalization needed in equation (1) is in the rigorous definition of the Anderson
Hamiltonian operator H*. The issue is that the very low regularity of the noise £ makes it
necessary to subtract an infinite correction term to make sense of the product between u and &.



The parabolic equation whose linear part is given by the Anderson Hamiltonian, called
parabolic Anderson model or PAM, has many applications, see e.g. [45] and the references therein.
It was studied both in the linear case (see, e.g., [25, 41, 42, 49]) and in its nonlinear gener-
alization (see, e.g., the gPAM equation [21, 24, 36, 40] or the rough super-Brownian motion
equation [60]) in two and three dimensions. More recently wave and Schriodinger equations
with Anderson Hamiltonian linear part were considered (see, e.g., [2] for the linear case and
[32, 37, 55, 65, 64, 66, 70, 71] for the nonlinear one, see also [5, 26, 46, 47, 54, 50, 51] for
problems relating to the spectral properties of the Anderson Hamiltonian).

The first paper to construct the Anderson Hamiltonian rigorously as a semi-bounded self-
adjoint operator on L?(T?) together with an explicit description of its domain and a bound on
the lowest eigenvalue was [2]. In particular, therein it was showed that one can rigorously define
it as a limit (taken in the norm resolvent sense) of regularized operators via

HY := ;%(—A + ae *x E(w) — ce), (3)

2 -1

where a.(z) := e %a(e”'z) is a smooth mollifier, and ¢. € R, is a suitable diverging sequence
of real numbers (not depending on w). This approach was reformulated and extended in [37]
to 3 dimensions, where also some associated semilinear SPDEs were solved. This formulation
is in fact the approach we follow in this work. Let us also mention the work [47] which deals
with the construction of the operator with both periodic and Dirichlet boundary conditions and
[54] where the operator is defined on compact surfaces and also a Weyl law is proved for its
eigenvalues.

Let us emphasize the fact that for almost every realisation w one can define H¥ as a self-
adjoint operator on L? which is bounded from below by a constant which of course also depends
on w, i.e.

(w, Hu) > —K (w)ulz.,

and one can quantify the (measurable) dependence, indeed it can be chosen as a suitable norm of
the enhanced noise, see Proposition 2.9 in [54] for an explicit expression of the constant. Often
we will shift the operator by the constant K(w) + 1 and define

HK = HY + K(w) + 1 (4)
so as to make it uniformly positive and we can take fractional and negative powers with impunity.

We consider the regularized equation, the motivation for which will be given in Section 5.

u(t,x) = —HOFu (t,z) — pe* (pe *u)®(t,2) + (Bac + 1+ K(w))p? xuc(t,z), (5)
(e, Opue)li=o = (uo,ur)
where t € R, z € T?, p. : T? — Ry is a symmetric mollifier and a. = Y, ;> 'f,;gi’iz‘f =

Trpa (pe * (—A + 1)1 % p.), where the operator H*'¥ (and the corresponding linear evolution on
L?(T?)) is defined as in equations (3) and (4).

First we prove a rigorous version of the heuristically defined measure (2).



Proposition 1 Let 0 < K(w) < +00 be such that H*'X = H* + K (w) + 1 4s a (strictly) positive
operator and let NHM’K be the law of the Gaussian field with covariance (H*-X)~1. Then, for
almost every w € §, the (weak) limit of probability measures

V(dy) = limv®5(dg)
e Jrz lpere(@)| dat BREEEED ) |posp(@)Pde .
= lim p (dp) @ pr? (dowy),
e—0 Z.

where Z. is the normalization constant, exists in P(H~"(T?) x H='=%(T?)) for k > 0 and p'r?
is the white noise measure.

Having the candidate invariant measure v, we prove that it is invariant with respect to the
limit of the flow defined by (5). More precisely:

Theorem 1 Using the notation of Proposition 1, for almost all w € €1, there is a set of full
measure AY C H~"%(T?) x H17%(T?) with respect to B @ | for which equation (5)
has a unique global in time solution, leaving the measure V¢ invariant. Furthermore, for any
(ug, Orug) € A¥, the solution u. (5) admits a unique limit defining a one parameter group of
maps on AY. The measure u* (defined as in Proposition 1) is an invariant measure with respect
to that one parameter group of maps.

It is important to note that the counter term a. used in the renormalization of the measure
v* and of the equation (5) is the same one appearing in the renormalization of classical Wick
ordered wave equation (see [58]), and thus a. is independent of w € Q. In other words we do
not use the Wick renormalization with respect to the Gaussian measure MHW'K (as one might
expect), whose counter term is

e, ) = / (pe * o) " (dg),

which depends on both € T? and w € Q. The possibility of choosing a. constant is nontrivial
since we are practically saying that we can use the (standard) free field Wick cube in order to
define the nonlinearity “u3” in equation (1), while the Wick power with respect to the free field is
not a priori well defined on a set of measure one with respect to ,un’K since un’K are mutually
singular for almost all w.

The reason why we can nonetheless choose a. constant is due to the fact that, despite their
mutual singularity, we can obtain the Gaussian field with law MHW'K as a Gaussian free field
translated by a shift which has regularity just below that of the Cameron Martin space. More
precisely,if we denote by ;= the measure on H~°(T?) of the Gaussian free field with covariance
(—A +1)~!, we obtain the following result.

Theorem 2 For almost all w € Q, there is a coupling n* € P(H~¢(T?) x H=¢(T?)) between the
Gaussian measures if"" € P(H¢(T?)) and p=2 € P(H¢(T?)) such that if (@HW'K,cp’A) ~n¥
then @4 — =2 € H'=9(T?) almost surely for any § > 0.

The proof of Theorem 2 is based on the variational formulation of Gibbs measure first proved
by Boué and Dupuis [14] (see also [67, 72]) and then applied first to quantum field theory in [8]
and used in [6, 10, 9, 11, 12, 22, 57] for studying measures related to quantum field theory. This
technique was already used in the context of invariant measures of PDEs in [17, 18, 56] where



the invariant measure considered was singular with respect to the Gaussian free field. Thanks
to the decomposition proved in Theorem 2, by writing QDHW’K — @ A =h € H'° we are able to
prove that

He K w, K

. w. K _ _ _ «
)% = Tim (p * (9"7))? = Bacpe x T =i (97)? 1431 (7P 430”2 R B

e—0

(¢

holds, where : (¢=2)3 : and : (¢~?)? : are the standard Wick powers of Gaussian free field =2,

and the products : (¢=2)2 : -h and ¢~? - h? are well-defined and lie in H—¢. This allows us to
write
QPut,x) = —HFu(t,z) —u(t,x) (6)
(u,0pu)|t=0 = (uo,u1)

as a rigorous version of (1) and the limit of (5). We think that Theorem 2 can be of independent
interest, since it is useful to understand better the Gaussian measure with covariance (H<¥)~!
and the related Wick product (see also [5] where the Wick square of the Anderson Gaussian free
field appears in the description of the polymer measure). As a byproduct of the proof of Theorem
2, we also obtain a different proof of the existence of the Anderson Hamiltonian operator using
only the variational formulation of [8], see Remark 7.

Remark 1 We expect the coupling of Theorem 2 to have the “scale to scale property” which
means that on large scales the coupling is independent from the underlying GFF on small scales.
In particular A;h and A~ are independent if j > i. In [12, 11] such a coupling was used, to
establish that the recentred maximum of the associated log-correlated field (in this case un’K)
behaves similarly to the Gaussian free field [33].

The paper is organized as follows: In Section 2.1 we recall the rigorous construction of the
operator H¥ generally following [37] and collect some salient results about it. Next we provide
some results on Gaussian measures on function spaces in Section 2.2. Section 3 is dedicated to
the construction of the coupling between ;=2 and MHW’K, namely the proof of Theorem 2 which
allows us to define the Wick powers. Section 4 details the local-in-time well-posedness theory
of the Wick ordered Anderson wave equation (6) as well as the convergence of approximations.
Finally Section 5 combines the local well-posedness and the Hamiltonian structure of the equation
to prove invariance of the Gibbs measure via a Bourgain-type argument. Finally, in Appendix B
we give an alternative proof of the coupling following ideas from [5] which works well for Gaussian
measures (which is sufficient for our current setting) but is less general than the method from
Section 3 which does not assume Gaussianity.

Notation: We frequently use function spaces which are either Lebesgue spaces denoted, as
per usual, by L? i.e. u € LP if ||ul]f, = [;, |u|? < oo with the usual modification for p = oo or
Sobolev spaces H? whose norm is given by ||v||g- = ||(1 — A)%vHL2 . Moreover, we frequently
employ the Besov spaces B, , and the Hélder-Besov spaces C* = Bj,,, whose definition together
with related concepts is recalled for the reader’s convenience in Appendix A. As we are exclusively
working on the two-dimensional torus T? = (R/Z)? we sometimes write H° = H?(T?) etc and
occasionally, when we want to differentiate between space and time, write LP([0,T], H?) for the

)" < oo

space of space-time functions u(t, ) with finite norm |[u|zr(o,77,m7) = (fOT 16

and sometimes we use short-hand notations such as LY HZ to differentiate between the variables.



Furthermore, we frequently use the notation < to mean a bound up to an implicit constant
that may change from line to line, relatively we use <, to mean a bound that may depend on p
explicitly. Similarly C,c > 0 may frequently denote implicit constants which we allow to change
from line to line and C'(«) may denote a changing constant with a dependence on the quantity a.

As a general rule, we write E for an expectation and P for a probability. More concretely
we have two different probability spaces, which we denote by (2, F,P) for the definition of
the Anderson Hamiltonian (which we construct for almost every w € ) and (£, F',P’) for
other randomnesses appearing after Section 2. On occasion we will use notations like E¥, E* for
expectations w.r.t. those probabilities and [, as the expectation w.r.t. a probability measure
etc.

Acknowledgments The first author gratefully acknowleges support by the European Research
Council Grant 741487 “Quantum Fields and Probability”. The second author was partially
supported by INAAM (Istituto Nazionale di Alta Matematica, Gruppo Nazionale per 1’Analisi
Matematica, la Probabilita e le loro Applicazioni and Gruppo Nazionale per la Fisica Matemat-
ica), Ttaly. The last author would like to thank Ismael Bailleul and Antoine Mouzard for some
helpful discussions that led to the alternative proof of coupling of the Gaussian measures in
Appendix B.

2 Preliminaries

2.1 Anderson Hamiltonian and Paracontrolled Calculus

In this section we briefly recall the salient properties of the Anderson Hamiltonian on T? which
will be required in the following sections. We will largely follow [37] where the interested reader
can also find the details omitted here.

Formally we can see the (continuum) Anderson Hamiltonian on T? as a Schrodinger operator
with a spatial white noise potential, i.e.

H?*=" = A4 ¢(w, ), (7)

where £ : Q — S’(T?) (where (Q, F,P) is a probability space and S’(T?) is the space of distribu-
tions on T?) is a random distribution satisfying the formal property E[£(-, 2)E(-,y)] = §(x — y),
see [37] for a rigorous definition. In particular, the spatial white noise can be written as the
following random Fourier series (or Karhunen-Loéve expansion)

Ew,x) = Y ex(@)ér(w), (8)

kez?

where e (z) = €>™*® and the & = é,k : Q@ — R are i.i.d. standard complex Gaussians.
Note that the sum in (8) converges at best a.s. in C~17¢(T?) for any € > 0 which means that
&(w,+) € C7175(T?) for almost all w € € (sometimes this is suggestively written as £(w) € C~17),
see (90) in the appendix for the definition of the Holder-Besov spaces C%(T?). Hereafter we
sometimes use the notation ¢£(w) = &(w, ) € 8'(T?) or £(x) = £(-, ) when we need to stress the
dependence of £ on w € Q or z € T?.

Due to the low regularity of £, one can not classically make sense of H* as an (unbounded) op-
erator on L2. However, for almost all w € , it is possible to rigorously construct a renormalized
version H* of the formal operator H* as a self-adjoint, unbounded operator on L?(T?) which



is bounded from below by a constant —K (w) (which can be chosen F-measurably as a random
variable K : Q — Ry). In addition, one can give a domain and a form domain for this renor-
malized operator. Due to these properties, one can define a functional calculus for the positive
self-adjoint operator H"X = H* 4 (K (w) + 1) 2, which allows us to define operators like

eitHw'K,sin (t\/ HW7K> , COS (tv H%K) for t € R, 9)

as bounded operators on L?(T?) which are strongly continuous in time, see Section 3 of [37].
The functional calculus (9) allows us to solve linear wave-/ and Schrédinger equations whose

linear part is given by H“ as was done in [37] which corresponds to solving the SPDE with a

white noise potential (sometimes called multiplicative stochastic wave/Schridinger equations).

In order to make rigorous sense of (7) in L?(T?), we introduce the final definition of the
operator and the noise space and then motivate this by a formal derivation. We begin by recalling
the correct notion of noise space which contains all the needed “higher-order” information on
the noise term &(w).

Definition 1 (and Lemma) For o =1+ ¢ for very small e > 0 we define the noise space

X< = {(1% (1 — A)ilw o ¢ - CL),’(/J € S(T2)7 aec ]R}’|(Z—"><C2—2‘1

i.e. the closure of tuples of the form (v, (1 — A)~%p o) —a) w.r.t. the C~ x C>~2*-norm for
smooth functions 1 € S(T?) and constants a € R. See also equation (92) for the definition of
the resonant product o.

For &(w) the spatial noise as introduced in (8) and & (z,w) = ne * {(x,w) a smooth regqular-
ization one has that

= (L(w),(1—=A) e (w)ob(w) —c.) = E= (£(w),E*(w))a.s. in X*ase — 0 (10)

where

_ 1
o= Bl o (1= )6~ log
s a diverging sequence.
Often we drop the w dependence for brevity when there is no confusion i.e. 22 = Z2(w) etc. It

will be important in later sections to track this dependence but it is not pertinent to the discussion
in this section.

Proof See Theorem 5.1 in [2]. O

Next we define the space of functions paracontrolled by the enhanced noise = € X“ which is
the limit from (10).

Definition 2 Let « as above, then we define the paracontrolled (by =) space D& C L*(T?) as
the space of functions u of the form

u—(1—A)H(E+E2) - ut € <u)=uf € H. (11)
On such functions we define the operator, called (renormalized) Anderson Hamiltonian

H* (u) := (1 — A)uf + uf 0 & + B(u, E), (12)



Bu,Z) =22 <u+E2ou+C(& (1 - A) & u) + (1 - A) U (E2 = u+€ <))o,
see Proposition 14 for the trilinear commutator C. Similarly we set
HY (ue) == (1 — A)uf + uf o & + B(ue, Ee), (13)
where the noise Z. is as in (10) and u. and uf are as in (11) with Z. instead of =.
Now we give a formal derivation of the form of the paracontrolled space Dg and the operator

H«.

We formally start by decomposing the product u - £ into para- and resonant products, see
equation (92) and Lemma 28 from the appendix. For brevity we will write things like “f € H*~”
meaning f € H°"¢ for any € > 0 etc.

The aim is to construct a space of functions u € L?(T?) s.t.

(1— Ayu+ €u € L2(T?),

where ¢ € C™'~ a.s. This ansatz tells us that for this to be possible, one would need v € H'~
but not better. In order to proceed, we decompose the product via paraproducts, see equation
(92) and Lemma 28,

1-Au+&u = 1-Au+é&<ut+lou+&ru,
where one expects
E=u € H ' (T?)
ou € H°(T?) but it is not defined!
E<u € H'(T?
(1-Au € H ' (T?.

Now the point is to consider the functions u for which (1 — A)u cancels the parts of the product
¢ -u which are worse than L?. In addition, we have to ensure that the resonant product € ou can
be defined somehow; this will actually lead to the necessity to renormalize.

This is where the theory of Paracontrolled Distributions (originally introduced in [36]) enters,
which in this context was first used by Allez and Chouk in [2]. The idea is (we will have to refine
this slightly) to consider functions u € L?(T?) for which

ut(1—A)"HE=u+é<u)=u c H.
For such functions we have

1-Au+&u = 1-Au+é<u+fout+i-u
(1—Af+¢ou
(1— Ay +Eouf —€o(1-A) (€ uté=<u)
and we see that the situation is much improved since one has the regularities
(1-Aw? e L2
Eout € HY
Eo(1-A)"H¢=u) € H',



with only the term £ o (1 — A)7!(u < &) being problematic. Thanks to the commutator lemma
from [36], see Proposition 14, one can however transform this term as follows

€o(1=A)TH(E=u) =C& (1 -A)T g u) +u€o(1-A)71¢), (14)
where C(&, (1 — A)~1¢ u) € H™.

The second term in (14) is now a classically defined product provided we can make sense of
the purely stochastic term

fo(l—A) ¢ eco,

The issue here is that this object does not exist in any reasonable sense, unless we renormalize
it, meaning —naively— that we replace it by an almost surely well-defined object

€0(1— A) 1= limg. o (1-A) ¢, — o == € O (15)

which is precisely the second component of the noise term = from Definition 1 where the &
is the noise mollified by a standard test function and the constants c. satisfy

_ 1
ce :=E(0o(1—A)tE) ~log <5) (16)
i.e. they diverge logarithmically. This is intimately related to Wick ordering which will also
appear in a different context later on in Section 2.2.

Thanks to (15), we can rigorously repeat the above computation with the regularized noise
for smooth functions u setting
u—(1—-A) (e +E2) = ut+ & <u) =u € H2 (17)
This yields
1-Au+é&-u = 1-Auf+E2-utuok
P EZ-utufol + ((1-A)7' - u) o + By, E2)

which is rearranged to

HY := (1 — A)u+ Eou + cou = Auf + uf o &, + B(u, E2), (18)
where B, B, given explicitly below, are bounded bilinear maps from H'~ x X* — H~.
B(uw,Zc) = ((1-A)'E2-u+é <u))ole
B(u,Z:) = EZ<u+E2ou+C(&, (1-A)""¢,u)+ Bu,E.).

These maps satisfy the following continuity property.

Lemma 1 The bilinear maps
B(
B(

) . Ho’ % Xa N H272a+0'
) HY x X% — H*7?0t0

(1 [1]

u?
u?
are bounded for 2a — 2 < o < 1, in particular this implies

B(ue, Z.) — B(u,E)in H*72*t7 a5 ¢ — 0 for uc — u in HC.



Proof This follows from the bounds on the paraproducts and the commutator from Lemmas
28 and Proposition 14. O

The point of this computation is that the right-hand side of (18) is now continuous w.r.t.
(€.,Z2) in the noise space X' so it allows us to pass to the limit in some sense. For now, we can
rigorously define the operator

H*u = (1- A’ +u o+ Blu,E) (19)
for (20)

u e L2(T2) s.t.
u—(1-A)HE+E) = uté<u) = o € HY(T?) (21)

The ansatz (21) is of course the limit of the ansatz (17) and one has the following rigorous result.

Theorem 3 (Self-adjointness and (Form-)Domain of the Anderson Hamiltonian) The
operator (H“,DZ) is an unbounded self-adjoint semi-bounded operator on L?(T?). One has the
norm equivalence

I ul| 2 + [|ull 2 ~ (w2

Moreover, one has that if the remainder u® in the paracontrolled ansatz is only in H', i.e. it
satisfies the paracontrolled ansatz

u—(1—A) N ((E+E%) = ut+ &= u)=u! € H(T?),

such a paracontrolled function u is in the form domain of H* meaning |(u,Hu)| < co. In fact
one has the norm equivalence

|(u, H¥u)| + [lullFe & [[u?|7

The operator H* is bounded from below, meaning there exists a constant K(w) > 0 depending
polynomially on the X -norm of the enhanced noise = s.t.

(Hu, u) > — K (w)||ul|22for all u € DE
and we define the shifted operators

H K .= HY + K(w) +1 (22)
He RN = HY + K(w) +1 (23)

which is now uniformly positive and self-adjoint so one can define its square root and other
fractional powers without issues.

Proof See Section 2.1 in [37]. O

Moreover we can quantify exactly in which way the regularized operators H¥ converge to H*.

Proposition 2 (Norm resolvent convergence of approximate operators) For the oper-
ators HY and H* as above we have that there exists a constant K(w), which is a polynomial in
the X% norm of Z, for which

(K(w) +HY)™! = (K (w) + H) as e — 0 in L(L*(T?); L*(T?)).

We may choose the constants K(w)as in the previous theorem.

10



Proof See Proposition 2.23 in [37]. O
For reasons which will become apparent later, we introduce a frequency cut-off,
oy :=F ' jsonF for N €N,
as in [37] namely we define
Dy (u) = u — Ty (1= A) (€ +E2) = u+ € < u)) (24)

as a bounded operator on L?(T?) which admits an inverse for N large enough depending on the
X —norm of (¢,Z?) which we denote by

T =v+ILn((1—A)" (((+E%) =Tvo+&<Tw)) (25)

having omitted the N in the notation as was done in [37]. In precisely the same way, we can
define ®¢ and I'® analogously to (24) and (25) respectively by replacing (£,Z2) by (&.,Z2). As
was remarked in [37], one may choose the same N independently of ¢ (but of course depending
measurably on w).

We think of the I' map in the following way:
I' : “Remainder” — “Paracontrolled function with that remainder”

and it exactly parameterizes a paracontrolled space like the one in Definition 2, concretely one
has
Dg =TH?.

With this notation in place, we collect some results on the maps I' and I'® as well as their
convergence properties.

Proposition 3 There is a choice of N € 2" for which the maps T',T'¢ : L*(T?) — L*(T?) in (25)
exists, i.e. as the inverse of the ®n defined in (24). One has the properties:
Let s € [0,1), then T is a homeomorphism on the following spaces

. H® — H?
r:g - D(\/Hw)
r:H?> — DMHY)
r:cs — C*.

I'¢is also a homeomorphism on H®%and C*.
Furthermore we have I'® — T for e — 0 as bounded operators on H®or C*.

Proof See [37] but this follows from the paraproduct estimates and the fact that I was already
defined as an inverse. O

Using these maps, we actually have the stronger convergence
HYT. — H*Tin £(H?; L?).

which implies Proposition 2, see Proposition 2.19 in [37].
We finish off the section by collecting some other properties of the Anderson Hamiltonian
which we will need in the remainder of the paper.
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Theorem 4 (Properties of the Anderson Hamiltonian) With the notations as above, we
have

1. Embeddings: For D(H¥) = TH?, the domain of H*, we have
D(H“) N H? = {0}, but D(H*) < H'¢and D(H¥) < C'~¢ for any ¢ > 0.

For D (\/HW> =TH', the form domain of H* we have
D (\/H“) NH' = {0}, but D (\/HW> — H'*for any ¢ > 0.

2. Functional calculus: For any bounded continuous function
g:Ry =R,
one has (using the shifted operators from (22), (23))
g(HEK) = g(HF )in L(L% L2).
In particular one has for all times t € R
sin (t\/W) , COS (tW) € L(L%L% (26)
tVESF)
o

sin

/N

e L <L2; D (\/H%K» , (27)

and
cos <t H;"’K) — cos (M&W) in  L(L?* L% (28)
sin (t H?’K) sin (¢ Hw,K)
— in  L(L* H7¢)for any € > 0. (29)

Moreover these operators are strongly continuous in t.

3. Eigenvalues and Weyl Law: H*"X has discrete spectrum and it has eigenvalues
0 < AM(w) < Aw) ... A p(w) <+ = Fooasn — o0
and L?normalized eigenfunctions f, € D(H®)
HH fr = A (@) f- (30)
Moreover, HY-X (and thus H* ) satisfies a Weyl law, meaning almost surely

lim LL ()

n—oo N

= C(w),

i.e. the eigenvalues grow like the eigenvalues of the Laplacian.

4. Equivalence of fractional norms: For s € (—1,1) we have the norm equivalence

lu| s = H (H“"'K)i u‘

Lz’

12



Proof The first two points are found in [37] the third point is from [54] and the last point was
proved in Proposition 1.14 in [55]. ]

Remark 2 A consequence of Theorem 4 Point 3 and Point 4 is that for almost every w € €,
writing Pcy @ H*(T?) — H*(T?), with N € N and s,s' € (—1,1), s < s/, the orthogonal
projection on the first N eigenvectors of H*, we have

(7 = Pen) fllzrs S N~ fllggor (32)

and similarly also )
I P<n fllgger S N° 72| fl] 2o (33)

see also Lemma 1.3 of [55].

2.2 Gaussian measures and Wick powers

A Gaussian measure y on the space of tempered distribution S’(T%) on the d € N dimensional
torus, is a Radon measure p on S’(T?) (with respect its strong topology) such that for any
smooth function f € C(T%) =: S(T¢) the (real valued) random variable x — (z, f)s/.s (Where
r € §'(T?)) is a Gaussian random variable.

A Gaussian measure is completely characterized by its mean m € &'(T9) and its covariance
operator % : §(T?) — &'(T9) (which is a linear positive operator), which are the two unique
objects appearing in the characteristic function fi : S(T%) — C of p, which takes the form

- — eimflst s ) = ex m, / —1 .
=, ) = exp (ilm. s = 3(5().1))

A consequence of Minlos-Sazonov theorem (see, e.g., Theorem 20.1 in [69]) is that for any m €
S’(T?) and any continuous, linear, positive and symmetric operator ¥ there is a unique Gaussian
measure 1 on S&'(T?) with mean m and covariance ¥. Hereafter we mainly focus on the case
where m = 0 and we write u*  for the Gaussian measure on &’ (T?) with variance Y (the reason
of the presence of —1 will become apparent later). We also often identify S(T?) with a subset
of §'(T%) thanks to the L?(T¢) scalar product. In this paper we are mainly interested in three
cases of Gaussian measures:

1. when (2 = Jra f( x)dz, namely ¥ = Iy 2, which is the (Gaussian) white noise measure
on T4,
2. when ( = [ra(=A+ K)7(f)(x)g(x)dz, where K > 0, namely ¥ = (A + K)~!

which is usually called Gaussian free field on T% with mass K;

3. when (3(f),9) == [ra(HY + K)~Y(f)(x)g(2)dz, for K > K(w) (see Section 2.1), namely
¥ = (H“ + K)~!, which henceforth we will call Anderson Gaussian free field with mass K.

We also recall two convenient facts about Gaussian measures. Firstly the fact that convergence
of the covariance operators implies weak convergence of the Gaussian measures and secondly that
one has precise knowledge of whether two Gaussian measures are mutually singular or absolutely
continuous.

Lemma 2 a) If the operators

$° 5 ¥ in L(L2(T%); L2(T%))

13



then we have

weakly in the sense of measures on S'(T?).
Consequently we have

MH?'K - un'Kweakly in the sense of measures on S'(T?) as e — 0, (34)

see Proposition 2.

b) If \/E_I(Lz) + ﬂ_l(L2) then the Gaussian measures ,uzfl and //rl are mutually singular.

In particular this implies that the Gaussian measure MHW’K is mutually singular with respect
to /,LiA‘FK

Proof

w, K
and also p™

a) The general statement is in Section 5 of [13]. The statement (34) then follows from Proposition
2.

b) The main statement is a consequence of the Feldman-Hajek theorem, see e.g. Theorem 2.23
in [30], the other statement follows from the fact that

D(W)#leD(\/M>:D(m),

which is contained in Theorem 4.
O
Usually the support (not understood in a topological sense but more generically as a subset

of full measure) of a Gaussian measure x=  on &'(T%) is not the whole space &'(T%) but there

is a proper (Banach) subspace W C S’(T%) supporting ,uz_l. In the case of the white noise and
Gaussian free field the support is well known.

Proposition 4 For any 6 >0 and 1 < p < +00 we have
_ 1-2-5 —4d_5
jz AtK (Bp,p2 (Td)) = MILZ (Bp,pz (Td)) =1
Proof See, e.g., Lemma 3.2 in [29]. O

From now on if (2, F,P) is a probability space and ¢ : Q@ — W C &'(T¢) (where W is a Banach
space) is a measurable function, we say that ¢ is a Gaussian random field with covariance ¥ if
the law of ¢ is 4= ', written in symbols Law () = > .

In the following we will use the notion of Wick products of Gaussian random variables: let

X1,...,Xn, n €N, be a set of (jointly) Gaussian random variables with zero mean. We call the
Wick products of X1, ..., X, the random variable
n rtiX
Xy X, = < 9 ( eXp(Zlle ) )) (35)
6t1 e atn E [GXp (Zi:l tZXZ)} ty=-=t, =0
In the case where X; =--- = X,, = Z then
n Z
22" = (var(2)): Hy | —— |,
var(Z)

where H,, is the n-th Hermite polynomial.
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Proposition 5 Let X1,...,X,, Y1,..., Y, be some jointly Gaussian random variables with zero
mean then

B[ Xy Xn 2 Vi Yo ] =6nm > [[BIX; Y]
oc€ES, j=1
where Sy, is the set of permutations of {1,...,n}.

Proof See Theorem 3.9 in [44]. O

-1

Let L2(W, u® ) (where W C &'(T¢) is a support of u= ) be the set of L2 random variables
with defined on W with respect the Gaussian measure yz_l. For every n € N, We define

1

T, =span{: (w, f1)---(w, f) : |f1,..., fn € S(T9)} C L2 (W, ¥ )

where the closure is taken with respect the natural topology of L2(W, ,uzfl). We write I'g = R.
With these definition we have:

Proposition 6 (Chaos decomposition and hypercontractivity) We have that
-1 x
L(W,u® ) =@Drn.
n=0

Furthermore for every G € T',, and p > 2 we have
E[GP] < (p—1)7 (B[|G]*))%.

Proof For the first statement see, e.g., Theorem 4.1 in [44]. For the second statement see, e.g.,
Theorem 5.1 and Remark 5.11 in [44]. O

Let ¢ : @ — W C 8'(T9) be a Gaussian free field of mass m (namely Law(yp) = M_A‘H”Z)
and consider a.(z) a smooth mollifier, where a : T¢ — R, is a smooth function with compact
support such that [, a(z)dz = 1. We defined ¢, = a. * ¢, which is Gaussian random field taking
values in C>°(T9). Since ¢, takes values in a space of functions, we can define : ¢” : as a smooth
random function given by

n

sl (x) = )" = z)|?)? _ @ )
tof s (@) =t (e ()" = Eflpe(2)[] Hn( E[|%(x)|2]>

Theorem 5 In the above setting, taking d = 2, for any 1 < p < +00 and § > 0 the sequence of
random functions : @l : converges in

LP((Q,F,P), B, (T?)

to some random distribution : @™ : defined on (2, F,P) and taking values in B;g(TQ). Further-
more the random distribution : ™ : does not depend on the mollifier a..

Proof See, e.g., Lemma 3.2 in [29]. O

Remark 3 By Besov embedding, see Lemma 31, this implies that the Wick powers lie even in
LP((Q, F,P),C~%(T?)) for any p > 2 and ¢ > 0.
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3 A (regular) coupling between GFF and AGFF

From Lemma 2 we know that the Gaussian measures =25 and p™ +5 are mutually singular
for almost every w and for any K > K(w) (where K(w) is the almost surely positive random
variable in Section 2.1 which ensures that H* + K is invertible and thus " +¥ is well-defined).
In this section we prove a weaker but interesting result, namely the existence of a regular coupling
between the measure p~2+% and ™"+ for almost every w € Q and for any K > K(w). This
coupling permits us to extend the definition of the Wick product of the Gaussian free field to

the support of the Anderson free field, see Section 3.6.

3.1 Variational formulation of the coupling problem

First we want to give a variational representation of the Gaussian measure u® = ,uH?’K (or more
generally p°’s Laplace transform) in a way similar to what was done in [6, 8, 10, 9]. The first
step is to write the Radon-Nikodym derivatives of u° with respect to p=2+% and to prove that
it has some good properties permitting the variational representation.

So, consider a Gaussian white noise £ : 2 — &’(T?) defined on the probability space (€2, F,P).
We define the measure

@) = g (- [ € - (V@ @) @as) 9

where
250 = [ow (= [ (o) = 00) 12 2 () ) 42+

and where v : Q — R is a positive random variable (not depending on € which plays a role
analogous to the K (w) from Proposition 2) and 7§2) is a real number (depending on € > 0 but
not depending on w), and : ¢? : denotes the Wick product of the random field ¢ with respect
to the Gaussian measure p~ 25, As in prior sections, ¢ : Q — S'(T?) is a Gaussian white
noise and &, is a smooth approximation of ¢ (for example &, = p. x £ where p. = e 2p(-/¢) and
pe C%(T%) [, pla)de = 1).

The constant 'ygz) — 400 as € — 0 such that —A + & — 'y§2) — H*¥ as € — 0 in the norm
resolvent sense. The constant v(!)(w) is chosen in such a way, that there is v (w) > K(w)
(where K(w) > 0 is the random variable defined in Theorem 3), for which, for every w € Q, we
have

—A+ & (W) + 7P (W) > 1ps

as self-adjoint operators on the domain of —A (i.e. we suppose that the lowest eigenvalue of
—A+ & (w) + 7V (w) is greater than 1 almost surely). We suppose also that for any p € R

E[lyM}7] < +o0.

Under these notations and setting we prove the following lemma.

Lemma 3 Let g : T2 = R be a smooth function such that the operator Hy=-A+ K+ g(z)
(on the domain of —A + K ) is positive, then if ufls is the Gaussian measure with covariance
(—A+ K + g(x))~! and p=2X is the measure of the Gaussian free field we have

Hg
log <d,ffA+K(<p)> T /TZ g(z) : 9%+ (x)dw +log(Zn, ) (37)
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where : p? : denotes the Wick product of the field o with respect to the Gaussian free field measure

ATE and
2, = [ (= [ o) (@) ) i ap)

Proof First we prove that pfs is absolutely continuous with respect to p~2+%. The measure

pHs can be obtained as the push-forward of the measure ;=25 through the transformation

T(p) = (~A+ K + g(x)) (=2 + K)'*(p),
with inverse S(w) = (=A + K)"/2(=A + K + g(2))"/?(¢). We have that

vp) = (FA+E)TVP(-A+ K +g(@) P (e) — ¢
(I +(~A+K) "g(2))* = I)()

where I is the identity operator on C~%(T?). The (linear) operator v restricted on H! (i.e. the
Cameron-Martin space of the free field having law ;4 ~27%) is a Hilbert-Schmidt operator. Indeed
we have

oe) = (A + ) @)~ 1= JA+K) gla)) () + 5(-A+ K)o

-1
- % ((I +(=A+ K) (@) P+ 1+ %(_A - K)_lg(x)> (AR

3-8+ K) " (g(a)p)

which shows that v(y) is the sum of the Hilbert-Schmidt operator (—A 4+ m?)~!g(z) and of a
trace class operator (being the remainder the product of a bounded operator and the square of a
Hilbert-Schmidt operator). Since v is linear (and thus differentiable in C~%(T?) with derivative
equal to v), by Theorem 3.5.3 of [68], we get

dptls dT, p—A+E 1 9
e = e = deta(l + ) (—3(0() — 3 () 39

where 6 is the Skorokhod integral with respect to the Gaussian measure y~2+% on C~9(T?),
and dets is the regularized determinat (see, e.g., Chapter 9 of [63]). What remains to be shown
is that the term in the exponential in (38) is (up to some finite additional constant) equal
to [r.g(x) : ¢*(x) : de. In order to show this equality, we consider a (finite dimensional)
approximation of v given by

onlp) = (I +(=A+ K) Myg(a)n)V? = 1)()
where Il is the L?(T?) projection onto the subspace of trigonometric polynomial of degree less

or equal than N. We have that, by definition of the Skorokhod integral for functions having trace
class derivatives in the Cameron-Martin space (see, e.g., Section B.4 of [68]), i.e. the formula

d(u(p)) = (" (u(®)), ©) a1 (r2) — Tr ) (Vu(e)),

the following holds

S(un(p)) = /(—A + K)(on () (@)p(x) — Tra (A + K)oy (A + K)~1/2).
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We also obtain
Trps((—A 4+ K)Y2on (A + K)~/?)

= TrLz (UN)

-1
= iTrLz <<(I+ (—A + K) 'MIyg(z)Iy)'2 + 1 + ;(—A+K)—1HNg(x)HN> X

1
(A + K)_lﬂNg(x)HN)z(-)> + 5 Trr2 (A + K) 7 (T g(2)Ty))-
The first term in the previous sum is uniformly bounded in N, for the second term we get

Toa(-8+ K) Iy /@) = Traa(lly (<8 + &)™ (T f(2))
[, 9xta =) f@de = Gy (0) [ f(aaa

= E[IIng(0 / f(z

where G is the integral kernel of the operator Iy (—A+m?) ™y and ¢ is a random distribution
with law z~27%. On the other hand, by an explicit computation, we get

- [ A+ R oD@ o) = Slon(@ln = [ o)y ).

Putting it all together, we get
~3(on(e) = glon @l = [ o@)Tyee)s ~BlTyg )] | gla)de +Ox
= [ a@): (Mg s (@)do O
where Cy is a suitable constant converging to some C' € R as N — +oco. Taking the limit on
both sides of the previous expression we get the thesis. O

Thus the previous lemma proves expression (36). We now introduce the following useful defi-
nition describing the key property for the variational representation of an exponential functional.

Definition 3 Let W C S'(T?) be a Banach space supporting the law of Gaussian free field

p~ATE . We say that a measurable function G : W — R is tame (with respect to the law of the
Gaussian free field p= 2% ) if there are p,q > 1, % + % =1, such that

/ exp(pG ()25 (di) + / G52 K (dg) < +oo.

Under the previous hypotheses the Radon-Nikodym derivative d/ﬁ% is a tame function.
Indeed, we have the following result.

Lemma 4 Suppose that g is smooth and that (—A + m? + g(x)) > Rl;2 for some R > 0,then
the functional ¢ — [, g(z) : *(x) : dz is tame.
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Proof If (—A + m? + g(z)) > Rlz then there is p > 1 such that (—A + m? + pg(z)) > 0.
Indeed we have that

(A +m? +pg(@)) > (A +m?® +g(2)) = (p = Dllgllzle > (R = (p = Dllgllze )2

which is strictly positive whenever p — 1 < W. This means that we can apply Lemma 3 to
the operator (—A + m? + pg(z)), obtaining that

exo (5 [ 90 o) ar) € L),

Since, by hypercontractivity, [ g(z) : ©*(z) : do € LI(p) for any 1 < ¢ < +oo the thesis is
proved. O

If we consider W = C7(T?) = B3 (T?) (for some 6 > 0 small enough), under the previous
conditions on 7" we will show that the functional

G (p,w) = F(9) + / (€(r,w) — (10 (w) —1P)) : () : da

T2

is tame, whenever f(-) is tame in the sense of Definition 3.

Notation 1 In order to provide the variational representation of the formula (36), we need
to introduce a Gaussian white noise X; : ' x Ry — S'(T?) defined on the probability space
(Y, F/,P"). We define also the product space Q = £ x Q' with the product o-algebra and equipped
with the filtration F; = FV F; and the product probability measure P = PP’ (under this measure
the white noise & and X; are independent). We consider the operator Js : S'(T?) — C°°(T?)

given by the expression
J(f)=F! (US(k'Q)F(f)(k)>

i+ R

where 0. : Ry xR? — R, is a smooth function with compact support such that fg o2(k)ds = pi(k)
where py is a smooth cut-off function of the ball of radius t > 0. In order to distinguish between
the expectation with respect the w € Q variable and the probability law P, with respect the w' €
variable and the probability law P', we will write B[] and E<'[-] respectively. We write also E
for the expectation with respect to both the variables (namely on the probability space (Q, Fy, P)
described above).

Notation 2 We use the following the notations

t t
Wt:/ Jod X, Z(u) :/ Jsugds
0 0

where u : Q' x Ry — L?(T?) is a measurable function adapted with respect to the filtration F|
(when it is clear from the context we drop the dependence on u in the random process Zy).

The next theorem gives a variational representation of the Laplace transform of v°.
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Theorem 6 Let 6 > 0. For every tame function f :C~% — R and for every w € Q we have

—log [ exp(—f(@))v®(w,dy) + log(2°(w))
—1ogfexg(—GE’f(%w))u‘A“(d@)
infyen, B [f(Weo + Zoo(u) + JEc(W)WeeZoo (u)dz + [ £ (w)Z2, (u)dx

+ [ (V@) + ) Woo Zoo () + | ((w +98)) Z2 (e £ § J5 s s

= iIlfueH,,, Fg(fa w)' ( )
39

Proof Fix an ¢ > 0, then G/ is a tame functional since is the sum of f(y) (which is tame by
hypothesis) and

V() = [(6w.) + 00) 452 s (e do
which is tame by Lemma 4. Thus we can apply the main result of [67] and hence we have
~1og [ exp(~G* ()4 (dp)

= inf E¥ [f(woo+z (u ))+1/m us]|22ds +V(Weo + Zoo (u ))}

ueH, 2
- iGnEfIIE“’,[f(W + Zoo /58 YWeo Zoo dz+/§5 )22 (u

+ [(OD@) 4 AP NWeZeow) + [ ((7(1)(w)+7§2)))Zgo(u)dx‘i'i | g

where we use the fact that the expectation of : W2, : (z) is zero, giving us the desired result. O

It is convenient to rewrite the functional F¢(w, u) in a more useful form for what follows.

Proposition 7 Let u: Q x Ry — L?(T?) be an adapted process.
We have the following identity

7
1 o0
i=1 0

Fé(u,w)

1. o
+ B [/ | JueWill7z ds| - (40)
0

where
lS(u): JsfaWs + Js(§€ > Zs) — Ug
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and

Fl = 2/ /Jt Utdtdl‘
OOO

r, = 2/ /(J EW, 0 Jot. — @Ws) Z,dzds
0

Iy = /0 /((Jsgeojfe ) Z2dzds

r, = /uﬂmg>4wmmf/w/u@o@aﬁmm
rs — // (W) Ty (6 = Z, dxds—?/ /Jﬁs L 0 JiE.) Zydzds

F6 = —2/ ’YE WtJtutdxdt - / /’ya ¢ ZtJtU,tdZ‘dt

r; = 2 / SOW, Z,dt + 2 / v OWy Jougdadt + 2 / / P Z, Jouydadt

/ / w)Z2dxdt

where 'y( ) R, xQ — R and 'y : Ry — R are C' functions such that lim;_, 4o 7,5 )( ) =

7(1)( ) and lim;_, 1 o 72 t) = '7(2)'

(]

Proof Observe that by Ito’s formula

E [/ fsWOOZoodx] =E [/ /fEWtJtutdtdw} =E {/ Jt(&Wt)utdt}
0 0
/6522 dx = 2/ /Jt §5Zt utdtd:c == 2/ /Jt EE - Zt Utdtdl'+2/ /Jt < utdtdx

now consider the ansatz
us= —J§ Wy — Js(ga >~ Zs(u)) + s

Then we compute

L[>~ 1 [ )
5 [ lluslizads 3 | MW+ (& = Z)ll12 ds
0 0

_/OO (JsgsWs + Js(gs - ZS))lSds
0

1 o0
+g [ Ilads

= _5/ HJSEEWS + Js(ga > ZS)HQLQ ds
0

_ /Oo (Jo&Wy + Jo(E = Z,)) usds
0

1 o0
+g | Indgaas
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where we have used that

o0

[N e - 2t~ [ W e - 2 uds
= _/0°° (Jo&Wy + Jo(Ec = Zy)) loda.
We compute that
71+ e 2 dras

= /OOO / (Jsgews)z + 2 (JsgeWs) (Js(fg - Zs)) —+ (‘]3(68 — Za))2dmds

Now the first term is the last term on the r.h.s of (40). We also have that

/ h / 2 (JoEWs) (Jo(&e > Z,))dads = 2 / h / (JLEWs 0 Ju£.) Zodads + T's
0 0

and

/OOO /(JS(EE = Z))*dads = /OOO /(Jsé“s 0 J.&.)Z%dxds + Ty.

Recall that we also have the counter terms
200(w) = 212) [ WacZooda + (40 0) =22 [ Zda

available. Writing 7. oo = 7" (w) — A

Ito’s formula we get

?) and using that Vet : Ry x @ = R is a C! function, by

QWEVOO/WOOZOde = 2/ /%,tWtthx + 2/ /’75,tWtJtUtd$ + martingale
0 0

Now the first term on the r.h.s. is put together with the first term on the r.h.s of (3.1) to form

I's. We have also
o0 o0
%,oo/zgodx :/ /"y&thda:—i—2/ /%,tZtJtutdxdt
0 0

and the first term on the r.h.s goes together with the first term on the r.h.s of (3.1) to form I's.
The respective remainders are collected in I'g, I'7 and &. O

3.2 Some stochastic estimates

The main reason for the formulation in Proposition 7 is that, up to a diverging constant, every
term of I'; converges to something finite as ¢ — 0. In order to guarantee this convergence we
need to give some estimates for the stochastic terms involving &, and Wy in equation (40). The
proof of this kind of estimates is the chief aim of the current section.

Lemma 5 Consider

)

7222 ::/0 E[Js(&) o Js(&:)]ds (41)
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then for every for any 0 < k < 9, a > 0 such that k + a < § small enough, and for every p > 1,
we have that

sngE[an(sE) 0 Jo(€e) = AP 5] £ (14 ) Fwr (42)
ee(0, p.p

| Ve(€2)0e(6) =42 = Teras(6e)oTuras (€)= aLll”
sup.c(0,1) E | [ (As)T+ar/ “dAs (43)

< (L4 51w,

(2)

et

Remark 4 From equation (41), defining the function ~.7, we get the bound

73 < log(min(2 +¢,e71)).

et ~

Proof of Lemma 5 We start the proof in the case that p = 2. In order to simplify the notation

we drop the upper index (2) from 752). First we prove that

sup E[([|Js(&e) © Js(€e) = Aesllm—2)" S (14 5) 7272 (44)
e€(0,1)

Indeed, if K; = F~!(p;) (where {¢;};>_1 is the dyadic partition of unity in the definition of

Besov space By, ,,, see Appendix A) we have

E[| K+ (Js(&) o Js(§e) — ;Ya,s)ﬁ
S Y [ KR WELOENEL )]

jr~log(s),r<i

Clearly

Js(8e) 0 Js(&e) = Yes = Z (JS(Aj(fs)))Q —Je,s = Z : JS(Aj(fs))2 :

jrlog(s) jrlog(s)

and, by the properties of Wick product (see Proposition 5),

E[Js(Aj&) () Js(A;€:)(y)]
Wl _ (R (A Ny
s SO [ (50) (5) et

kez?
1 [Rs 2 12 .2
< ,/ p(f)i T Nart
s Jrs ' \s/ dr \r?+m? R'%s%2 +m?
1 Rs d 2 1 2.2
5,/ A Vg (45)
s Jprs dr \r2 +m? s \ R2s%2 +m?2

and the bound is uniform in 0 < € < 1. Recalling that

[175(€) © Js(€e) — el

%(—5 ~ Z 2_26jHKj * (Js(ga) o Js(§8) - '.YS,S)HQLQ
Jjrlog(s)

1 2(5—r)j
- - —K)J
Skb s2+2m Z 2 )

jz-1
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where £ < §, inequality (45) implies the bound (42). For the bound (43), it is sufficient to
consider the case log(s) ~ log(s + 1) (which holds whenever s is big enough)

E[|| Kj * [(Js(€2) 0 Js(&) — Yers) — (Jspas(&e) © Jsrnas(ée) — Ve seas)]]|72]
s ¥ / [ WIEIS (6 — el €D 5

Jjrlog(s)
(ElIA;J5(€)P] + E[1A; Joras(€) )
In order to estimate the term E[|A;(J (56) — Jorns(&))]?] we note that

Os O'S s 2 j
kezZ?
e 2ar(|gs(r)‘2 + ‘US+A3(T)|2)170‘
S /0 o5(r) = 0s425(r)] (r2 +m2) dr
< |As|*(log(s + As))®

(/R(s+As) T(\OS(T)P + |05+As(r)|2)1_adr>
0 (r2 +m2)

(os(s+A0)* 0 1
(1 + S)(l—(x) (1 + 8)1—204

where in the last step we do the same computation of (45), taking into account the loss of a
power a. Furthermore we have

Js(€e) 0 Js(&e) — Jsras(§e) o Jsras(&e)
= ( (gs) - s+AS(§6)) 0 JS(EE) e Js+AS(EE) ( (55) - s+AS(§E)) .

Thus, by the proof of the first part of the present lemma, inequality (45) and inequality (46),

E[HKJ * [(Js(&e) o Js(&e) — Ve, s) = (Jspas(€e) o Jspns(ée) — 'Ys,s+AS)]||%2]
S OEK # [ (Js(€e) = Jegas(&)) o Jo(&e) lIZ2] +
FE[IKG * [ Joras(€e) o (Jo(&) = Joras(€e)) 7]

o 1
> B

This concludes the proof for the case p = 2. The case of p > 2 can be obtained by the previ-
ous bounds and hypercontractivity applied to the second degree Gaussian polynomial (Jg(&.) o

Js(gs) _'7575)~ O

A

|As|® (46)

Remark 5 The result of Lemma 5 can be easily extended to the case where the resonant product
Js(&) o J-(&) is replaced by the standard product J,(&:)Js(E:), namely we have the following
result: for every § > 0,¢ < 1, there is ¢ > 0 such that for any § > 0, p > 2 and there is we have

sup E[(1+ )1 7u(6)Ts (&) = 72 s |
e€(0,1) ’

p
B;;f‘p(R+)] < +o0

Lemma 6 For any § > 0 there is k < % small enough such that we have

Sz)pl)E H(JS(EEWS)Jsge Jo&e JsE W, )HH 5(’11‘2)} S (1+3)73+2K-
eec (0,
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Proof We do the explicit computation in the case e = 0. The case € < 1 and the uniformity of
the inequality with respect to 0 < £ < 1 can be obtained with a similar method. We compute

E[[|(Js(EWs) = (Jo&) W) Jol|F; 5]
2
Z 25E (ZZ s(n1 —n) — Js(ng —n—my))E(my —ny n)Wg(ml)JS(nl)g(n1)>

n

ny mi

Z V2R lz Z s(n1 —n)—Js(ng —n—mq))(Js(ne —n) — Js(ng —n —msg))x

n ni,n2 mi,mo2

f(nl —my — n)é(nQ —mg — n)Wg(m1)W9(mz)Js(nl)é(nl)Js(nz)é(nﬁ]

Z 262 Z ( (n1 —n) — Js(n1 —n—mq))(Js(ng —n) — Js(ng —n —my)) x

n ni,n2 mi,Mms:

Jo(m) Jy(n2)E [(n)é(n

1
BCRD IPCATEE Lﬂmf”“*MVﬁa:aFﬁm”

2 (1 = 1 = ) E(na — my = )] BV, (), o)

+Z< -2 Z ‘m+n|2 TL) _Js(n1>)(‘]5(n2 _n)_Js(nQ))Js(nl)Js(nZ)
+Y )Py W(Js(m —n) = Jo(m))(Js(ng — n) = Jo(n2))Js(n1) Js(n2)

Estimate on I:
Observe that J, is supported in an annulus of radius s and we are restricting to m; < s. This
means we can rewrite

L <3 (Js(n1 — n) = Jo(ny —mq —n))?
= Ljmyj<zin-ni )y (Js(nr = 1) = Jo(nr = ma = 1))* + (L{jnny|<pmal/23) Js(n1 = n) = Js(ng —my —n)

< s) T — ) 2 )

Ly <sy (Js(nr —n) — Js(ng —my — n))?

L <2in—n [} (Js(n1 = 1) = Jo(na = m1 = 1) + (L{jn—ny|<jmal2y) T2 (01 = 0 — i)
(5) 71" — ) T )
for some x > 0 small enough. Then plugging the previous inequality in (47) we get

E[l[(Js(€Ws) = (J:§)W, )J€IIH 3]

Z 252 Z —3— 2m n>72+2n<m1>727n<n1>72

n1 mi<s

<
<

< <S>73+25

~

Estimate on II: One can easily check that

Vids(k) S Lies ()72 (0) 72 4 ()72 (6) )
S 7
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So
(Jo(n1 = n) = Jo(na))| S (&)l

and we have J, (k) < ¢73/2.
Recall also that |Js(n1)] < ]l‘m|§s(s>’1/2<n1> SO Zm Js(n1) < (s>1/2
Plugging this into the sum we get

S )Y L (Jy(nr — ) — Ja(m1))
fm + 7l

n<s

X (Js (N2 —n) Js (ng))J (n1)Js (ng)

—2s L, \—8/2
n<s ni,no
s 1 _
S > m($> Hs)nl
n<s
s 1 _
S Z<”> ? m@ ’
n<s
< (97

So
/Ooo E[[(Js(6cWs) — (Jobe) W) Jo&e || r—<]ds
< [T R0 - oWl s
< /(5)‘3/2ds.

Finally the estimate on III is a simpler version of the estimate on II.

Lemma 7 For any 0 < k < § and for any p > 2 we have

o B[ (remprne s ) [ ] s 0

Proof We have that

| (e s,

< (W) ot =T T W g-s + || (o) Tt = 42 ) W

H-S

The first term has been estimated in Lemma 6. To estimate the second part denote
f=(Jele) 6 —42).

Note that f is independent of F’. We will show that for any x > 0

Euw |/ Wsllf-s] < 8*/24° | £l
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Indeed

Ew [l f Wl 3 5]
2
= Y () ¥R <Z fln— k)Ws(k)>
nez? kez?
_ A 1
S Ym Y f““’“)zW
nez? kE€Z?,|k|<s
SRS Z 2+,if(n—k)Z
n€zZ? ker?
1 R
N Z Z k)2 +r=26 k>25f(n—k:)2
nez? k€Z2

Now by Young’s convolution inequality

1 2 2
> Z k)2Hr—28 (1 — k)20 fn —k)

kez? keW

‘<->125f(')2

1
<.>2+H—25 n

/S ’

1 "

from which we can conclude.
In the case p = 2, the result then follows from Lemma 5 (see also Remark 5) and Lemma

6. The general case can be proved using the fact that (Js (&) JIs&e — Ae, S) W, is a third degree
polynomial and then applying hypercontractivity. O

Lemma 8 We have that for any 6 > 0 and p > 1 there is 0 < k < 1 for which

sup BIIEWLlls s o] S (log(1+5))7,

€€(0,1)
1 ||€sW9 - §€W9+A5H27175
o (T2) 2K
sup E / dAs| < (1+ s)="P.
£€(0,1) [ -1 |As|itop ( )

Proof The proof is similar to the one of Lemma 5, we report here only the main steps. First
we note that, since Wy is independent of &, we have W&, =: W&, : this means that

Bl w5 £ [ [ [ 0P @R @

(/ ||J:2||Loodr) (/ |Kj2do:),s< / |J:2||Loodr) 2%
0 T2 0

22| Lod / Jor(B)” < log(1 + s).
([ 1tomar) = [ 50 2 5 32 gl sostt+9

keZ? kez?

A

We also have

The second bound and the generic case p > 2 can be obtained as in Lemma 5. o
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3.3 Analytical estimates

We want now prove some estimates on the terms I';, ¢ = 1,...,7, appearing in the expansion
(40) of F'. The main aim is to prove some upper bounds depending on the sums involving either

o %ds since this kind of

term can be compensated by the positive parts of F' (namely & + = fo [0 (w)||32ds).

purely stochastic terms or the positive terms [ ||us/|2.ds or

Lemma 9 For every 0 < § we have

o0
sup [1Z:(w) 2 < / Jusl12,-ods
te[0,00] 0

Proof We have that

1Ze(u) I35 = k%;z(mz+|k:|2)1—5|f(zt)(k)|2
= Ty X (jspsw))l/g md‘
= S ([ oemas) ([ 1Fwaoras)
A 3 I+ ) 0
<[ 3+ V) 9 = [l s < [l cas

We collect the bounds of the I'; appearing in Proposition 7.

Lemma 10 For any £ € (0,1) and for any 0 < 6 < 1 there are « > 0 and 0 < 6 < 1,
0<A<7T<IK]1, n>0, and 0 <l <K 1 such that we get

S R T AU R N ) SN (0
1 NKO Us || p-sdS 5(3150 (1+t)3/5_8

+o0 1
r 5 o f ||ut|z-sdt+a(/ | (w0 2.6 = 52w,
0

)

e (sup(1 -+ )+~ M\((Jsaoue)— Ele-o) ™

L A P = P
o AR EA

T4l < K/o el 5dt+*/ (1 +t)t+n dt

28



as well as

t
1
ol 5l IR s (0 8) Wl )
0 seR

T < 2 _sdt —/7W2,dt/722dt
ol 5w [ hwlsat e ([ s Wl [ Sz
“+o0 ) 1 “+o0 1) 2
s e ||ut||H_5dt+a(/ 3 <w>|||wtc-adt)
0 0

+i +OO| (1)| ” tHC s _’_7 > |'7t1)|7 |Z||2 dt
K J, Tt (14 1)3/2-28 (1+1) 3/2 tip2=e

where the implied constants in the < do not depend on k > 0, where I'y,...,T'7 are defined as in
Proposition 7.

Proof The proof is essentially an application of the results in Section 3.2, Lemma 9, Besov
embeddings, products properties and Young’s inequality, see Appendix A. We report here only
the main passages of the computations.

I"; can be bounded as follows

T < / (L4032 e, < 2o el st
0

s [Taso 3/2+45||faucw||zt||m N2 s
0

o0 —+oo
< ”/ s ll7-sds + — |I§EHC - s/ (141748 2|17 2dt.
0 0

For I'; we have

ds
Hfé

Tl 5 szl [ (260 s - s2w)

seR4

+oo 9 1
S K ||ut||H,(;dt+ o H(J SEW © J 56 ’75 SW)
0 K

We bound I's as follows

2
‘ d5> .
Hf(s

o)
Lol S [ 06 0 6) =Dl 1Z2] g, s
%0 1 . .
S | a0 T o )~ D) ¢

+o0
X Ze B2 s S [ funl-sct +
0

L[ G4 AL 0 L&) = A e-s) ™
Ko 0 (1+3)1+T7)\

1213 2.
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By Proposition 16 equation (95) we have for I'y the bound

400
Tl < / (L4 6) el mrms | Ze |2y odlt
0

+oo
S / (sup [|Zs]lgr-s) (1 + )7 7" IEelle-1-5 | Ze | 2t
0 seR4
+oo +oo
1 1
S A e AR AR
0 0

Using (96) from Proposition 16 T's can be estimated as
+oo 3
Tl S [ @ 2 el el €W s-sds
0

t
S ff/ | -5 dt + — ||£s||c 1s(sup (14 8) "2 WZ-ams).
0

sER
For I's we bound

(2) (2)

* Vet e
r < || W]~ - ———||Z —sdt
Te| < /O (11 1)3/2 25|| tlle-slluell g 5+/0 (H_t)g/QH el zrs || uell m-s
[eS) [eS) (2))2 ) (2)) 125
1 Ve, Ve |77
< 2 dt 7/ LR AT} AT T / Tletl 1z, 012,dt | .
~ K’/O HutHH sdt + e ( 0 (1+t)3/2,25|| tHC sdt + 0 (1—|—t)3/2” t”LZ

Lastly, for I'; we estimate

[Wille—s

—+o0 Rl
(1 1 -
TS [ B @Iz [ s bl s+

00 1
e [ DL g e
) (1+t)3/2 tlHo (| Wt |l H—6

o, L[
of ||ut||Hadt+a(/0 5 (W)|||Wt|cédt>

L[y [IWlEs < |y
- Z. dt.
+f<5a/0 he| (L+1¢)3/2-20 art / (1+1) 3/2|| e

2

AN

3.4 Bounds on F*

We start with a preliminary result that gives us the existence of a family of reference drifts
depending on £(w) which will be needed later on.

Lemma 11 There exists a family of adapted processes u® such that

supE [/ |l§(u€)||2Lth} < oo and supF®(uf,w) < oo,
0

e>0 e>0

almost surely with respect to w.
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Proof Take u® to be a solution to the equation
ui = _]ls>TJsWs§5 - ]ls>TJs(§6 >~ ZS(’U,)) (48)

for some fixed T" > 0 to be chosen later, independently of €. Assume for the moment that this
solution exists and satisfies

oo
supE {/ ||u§12qadt] < oo (49)
0

e>0

for some small § > 0. Then

I5(u) = —Locr JsWebe — LacrJs(&e = Zs(u))

SO

') T T
E[/ |lrz<u€>||izdt} < E / 1T, Woe |ads + E / 1726 > Zu(w))|2ads
O(T) + ()| Zu(w) 211

o) (1+swe | [ il )

Fe(uf,w)| S1+E [/ zz<u€>||%zdt} .
0

A

A

From Section 3.3 we have that

This proves the assertion.

Now let us establish that (48) has a solution. Consider the map
(I)(u) = 1o Wk — ]]-s>TJs(§e -~ Zs(u))-
We show that @ is a contraction for T large enough. Indeed

Ele)f-s S ~LesrEllJsWelelfr-s] + EllJs(& = Zs(w))lI-5

~

_ 1 s 1 s
S T sup S BlIWLE ool + T i Wl | [l o]
s S S 0

Using Lemma 8 it is not hard to see that ®(u) is a contraction in a large enough ball B(0, K) C
L?(P', L?(Ry, H~%)) and thus also satisfies (49). O

With this in hand, we prove a uniform in ¢ coercivity result for F°(-, w) up to a renormalization
constant (which in this particular case is simply F¢(u®,w) and corresponds to the diverging
normalization constant log(Z¢(w)) in Theorem 6).

Theorem 7 There is a sequence (ep)nen C (0,1), e, — 0, such that there exists a (non-negative)
random variable C : Q — Ry which is almost surely finite and such that for any w € Q we have

For(u,w) — Fo (u,w) > EE [ /0 = (u)||2L2ds] —C(w) > —C(w), (50)

where u™is as in Lemma 11.
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We begin by proving the following useful lemmas.

Lemma 12 Let C.. : Ry x Q — R be a random process depending on e € T C [0,1) (where T
has zero as an accumulation point) such that

1. For anyp > 1 and s we have

(supE[|Cs o [PDVP < fo(s),
e€T

for some integrable function f, : Ry — R, ;
2. Cs ¢ is continuous as € — 0 almost surely, i.e. Cs . — C, o almost surely.

Then there exists a sequence €, C I such that, for any o-algebra G, the random variable
Sup, ey E [fooo Cs,-,ds|G] is bounded almost surely.

Proof First we prove that E [fooo C’S’Eds|g] converges to E UOOO Cs’ods\g} in LP. By Minkowski,
we have that

E HJE {/ Cs,0ds —/ C’Sﬂands|g]
0 0

On the other hand, for some x > 0, we have sup..7 E[|Cs -|PT"] < +o0, and thus the family
{|Cs,e —Cs 0l}eez of random variable is uniformly integrable. This means that, since |C; . —Cs o
converges to 0 almost surely, then |C, . — Cs 0| converges to 0 in LP. This implies that for every
s € Ry E[|Cs.. — Cs[P]'/? converges to 0 and thus, since E[|C; . — Cs 0|P]*/? < f,, by Lebesgue
dominated convergence theorem that f0+°°(]E[|Cs7E — Cy0lP]V/P)ds — 0 as e — 0.

Since E [fooo CS,Eds|Q] goes to E UOOO Cswods\g} in LP there is a subsequence {&,}nen C Z
with &, — 0 such that E [fooo C’S7Eds|g] goes to E UOOO C’S,Ods|g] almost surely. This concludes
the proof. O

p +oo
} < / (E[|Cs.e — Cyol?]/P)ds.
0

Remark 6 The expectation E+" introduced in Notation 1, can be understood as a conditional
expectation with respect to the o-algebra generated by random field w — £(w). In this way, we
can exploit Lemma 12 for random fields of the form E* [-].

A consequence of the previous result is the following lemma.

Lemma 13 For every 0 < k < 1,we have that there is a sequence e, € (0,1) such that e, — 0,
as n — oo for which

neN

sup EY’ [/OOO H (Jsfgn Wso Js&, — w'/éi{SWS) ‘H*J ds} < Cr(w)

sup(sup ((1+ )" Jo&,, () 0 Jobe, (w) — 42 [le—s)) < Ca(w)
neN seRy

sup [|éc,, (@)l[g-1-s < Ca(w),  sup(B*[sup (14 5) 1€, Wil[3-1-5]) < Ca(w)
neN neN sER

for some (positive) random variables C1,Cs,Cs, Cy which are almost surely finite.
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Proof The proof of this lemma is a straightforward application of Lemma 12 combined with
the stochastic estimates from Lemma 5, Remark 5, Lemma 7 and Lemma 8 and the immersion

properties of Besov spaces (namely the immersion of By (R, B; ;) into Cco (R+,CS*%) when

1

Lemma 14 For every n,C, P, K >0 and A > % there is a C! function f: R, — Ry such that

: ; K(f()* c
1 t)=P. t) > 1
t;inoo f( ) ) f( ) (1 +t)1+n (1 _|_t)1+7] (5 )

Proof Suppose that sup,cp, f(t) < L, and f solves the equation
KL2=1f(t) C

= li t)y=P 2
£ = Tt Tr g Jm S0 =P, (52
then f satisfies the differential inequality (51). o

Proof of Theorem 7 If we apply the analytical estimates of Section 3.3 to the functional F*©
(in the form given by Proposition 7) we get
+ §slléls>
(2)|2

w’ * |’75,t 2 +oo - (1) ?
ol | [T i ([T BO@IIWle-a

, +00 [W|2 s 00 |’Y(2)|%

— Ky (k)E® W [Tt g4l g / Jetl z,12.dt

2(’%) |:/0 |’Yt ‘ (1 _’_t)3/2,25 2('%) 0 (1 +t)3/2” t||L2

1
-6

1 oo oo
Fu) - F(0) > / (w)|[32dt — 8Kk / % —sdlt +

2
—Ks(k) (Ew/ (/000 H (theWt o Ji&e — '.Yé?t)wt) HEF5 dt>2

Ko €)-1- B (51 (14 )" €Wl12-1)]

w (supu + )T (Jke 0 JiEl) — vﬁ?s?)c-a)
_ d 2
Ka(x) / 1+ t)+ =~ 1Ze]z2dt

Ml 7

T NEellE-a=s o o 2
—Kz(ff)/o m”&”pdt—f{z(/ﬁ)/o WHZtHdet

+oo
K () / 50 () 2,2t
0

Where Ko, K3 : Ri\{0} — R, are continuous (decreasing) functions of x and K; > 0 is a

33



suitable constant. First we note that

o0

lullF-sdt < 1Te&Willgg—s dt + [ 1 Je6e = Ze(w)l[F-sdt + [ [1ue)|2dt
0 0 0 0

° 1
< sup (1+s W2 / ——di +
(£§5 Hewil? 1> A
o0 1 oo
[ el g1Zlmdee [ i) e
oo 5 o0
S [ Tulsdes (sup 0 DTIEWLIR -y )+ 162+ [ )]t
0 sERy H 2 ¢tz 0

In other words there is K4 > 0 for which

/0 IIUH%—adtﬁKzl/o [12(ue)l[L2dt + Ky ((bup (1+ s) 3 [|& W, |2 _1_> + &2, ) (53)

sERy

This means that if we choose kK < then

16KK’

1 o0 o0 1 o0
5 [ Mzt = sk [ ulade> [ @lRades
0 0 0

1 s
~1 ((5861%11(1 + )T lIEWLl? > + ||§s||cl>

Now we fix £ > 0 such that k < 16K ;- In this way K»(k), K3(k) are (fixed) numbers (hereafter
we drop the dependence on x of Ks(r), K3(k)). We focus on the parts depending on || Z||7.. If
we take %(1) such that

(@) (K H (W) + 1)

i) = (Kol + 1) e + S W) =1V w) (54)
where and
H(w) = S ((1 + ) TTM((Jske, 0 Jke,) — A2 DS 3 +
n »S +
(log(2 + 5)) T3 . o
W((log@ + 5)) 1|PY§72L),5|) =+ ||&c, 1o-1-s (55)

which by Lemma 13 and Remark 4 is almost surely finite and n’ < min (17, 0, —T + /\). The

existence of some solution to the differential inequality (54) is given by Lemma 14. Furthermore,
again by Lemma 14, we can choose %(1) which is bounded (for every ﬁxed w, not uniformly
with respect to w) and such that %( )( )< W Fix now a solution ~; (M to the differential
inequality (54) satisfying the previous two conditions.

For such a function 'yél), the sum of the terms involving || Z;||%, is strictly positive.
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If we now took

+ 1€, I1a-1-s+

neN

2
‘ dt)
H*(S

+||§ ||2 Ew/[(su (1"‘8)6”6 W||2 )]—FEW/ /+o<> (1)‘2%&5
e sengr oelen o Ao

© 22 W2 gt o Wl sdt
: WH tlle-sdt + i 5 (@) Welle-s +

2
c-1-%

which is almost surely finite by Lemma 13 and thus we are finished. O

Ow) = Kasup (EW’ [( || (reawione, —520m)
0

2

/

+E

1 s
+sup o ((Sup (1+s)s ||§enWs||Zlg> + ll€e.

neN sERL

Remark 7 It is interesting to note that it is possible to use the proof of Theorem 7, in
particular the expression of the constant (55), to deduce the existence of a limit operator
HY? = limg, 0(—A + &, — éi)m) (as the covariance operator of obtained as the limit of a
Gaussian measure convergent subsequence p®* defined in equation (36)). Furthermore, using
Lemma 14, we get also that H*0 > —(lim., ¢ 'yéi),oo (w))Iz2. This means that the proof of The-
orem 7 in the current section can be seen as providing an autonomous proof of the main part of
Theorem 3 using the variational techniques of [8].

3.5 Construction of the coupling

In this last subsection we will prove the following theorem.

Theorem 8 For any x,6 >0 x > 0 and for almost every w € Q, there is a probability measure
75 on C™X x H'™X such that

1. Pe-x () = Law(u=2%1) (where Po—x : CX x H'™X — C~X is the natural projection);
2. [Z|]3:-o(dep,dZ) < +oo (where (¢, Z) € C™X x H™X)

3. Law,, (¢ + Z) = (Pe-x + Py1—x)«(00) = p"FE@) (where lim,, o pn (w) = pf"+E W)
weakly and where pn are the Gaussian measure introduced in equation (36)).

Remark 8 Theorem 8 can be also reformulated in this way: for almost every w € €2, there is a
coupling 7y on C~X(T?) x C~X(T?) between the Gaussian measures g~ %! and " 5“) such
that if we write (X,Y) ~ 7y, and thus X ~ p=2t1 and Y ~ pg# K@) we have X —Y € H!~X
Dg-almost surely (see [31] for a formulation of this property using a Wasserstein-type distance
between measures). In other words, there exists a H! Xregular coupling between the standard
free field and the Anderson free field.

In order to prove Theorem 8 we employ bounds on the functional F¢ proved in Theorem
7 to get tightness of the measures p°. To achieve this aim, we need to extend the functionals
F* to functionals depending on the laws of (W, u) (where W is the Gaussian process defined in
Notation 2) so that we may obtain some compactness properties of the functionals which will
allow us to apply the direct method of the calculus of variations.
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Notation 3 Let us consider the space of Radon measures
X C P(CO(Ry, C™X(T?)) x L3(R4 x T?)) =: P(& x L}(Ry x T?)),

defined as follows: We say that the measure o € X if, writing & x L?(Ry x T?) 5 (W,u) ~ o
for the random wvariable with law o, we have that W is a Gaussian process with covariance as
defined in Notation 2 and u can be written (almost surely) as a progressively measurable process
of W and finally |Jul| 2w, x12) € L*(0).

Remark 9 Usually the space &, on which the process W takes values, is the space on enhanced
noise (i.e. containing also the processes J(EWs)Js&e—Js€cJsE W ete. considered in Section
3.2). Here we define & to be only C°(R;,C~X(T?)) (i.e. the space where W, takes values)
because we never consider directly the limit € — 0 but we ask merely for estimates of stochastic
terms uniformly in €. For this reason, when € > 0, since the enhanced noise is a continuous
function of W, we need only the space & = C%(R;, C~X(T?)).

In any case, since all the stochastic terms, considered in Section 3.2, by Lemma 12 and
Lemma 13, converge (almost surely with respect to w € ), as ¢ — 0, to some well defined
adapted processes, our argument can be extended to the space of enhanced noise.

Hereafter we write L2 (R, x T?) for the space L?(R, x T?) equipped with the weak topology.

Definition 4 Let X be defined as in Notation 3. Consider the space

On

X = {a . Fo, € X :0, — 0 weakly on & x L2 (Ry x T?), and supEY [||u||%2(R+><T2)] < oo}
n

We say that 0, = 0 in “X if 0, — 0 weakly and sup,, E‘jj;[||u||2L2(R+XT2)] < 0.

If 0 € X we define

7

1 o0
Soriw) 44y [ lEwEads
0

=1

Fé(w,0) =E

o

1. o0 9
+§]Ea | Js€e (W)Wl 72 ds| .
0

We have the following statement that says that T’ has the same minimum as F¢.

Lemma 15 For almost every w € Q and &, > 0 (where ¢, is in the sequence defined in Theorem
7) we have ) B

inf F*"(w,u) = inf F**(w,0) = inf F*"(w,0)

u€H, oceX ceX

Proof The first equality is obvious from the definition of X', F*». The second inequality can
be proved in the same way of Lemma 8 of [10]. O

We introduce here a class of functional which is important in what follows.

Definition 5 We say that the functional G : X — R is admissible, if G is lower semicontinuous
and

—+o00
E, U ||ut||2L2dt} <14 Glo).
0

Lemma 16 For every fized ,, > 0, the functional F*~ is an admissible functional.
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Proof For brevity we drop the n index. We consider the form of F¢ given in Theorem 6. In
particular we have

€2 42 2o W ohita] £ (lees 28 4221 2ol W

Thus we get

1 e o)
PO > 38, | [ Tudlact] - Kllelles 49 4 22 1 2ol [Wocle-s + [Wocl 22D

Thus, from Young’s inequality, we get

1 o -
(37 %) B | [ Tunliade] P20+ K2 clles 42 22 + DB [IWoc

Since for any € > 0 and 6, & € C°(T?) this finishes the proof. The lower semicontinuity of F*
can be proved as in Lemma 17 of [10]. O

Lemma 17 For every ¢ > 0 there is 0 € X such that F¢ = inf % F#(w,0). Furthermore, for
each o as before we have

[ = 1 = Law e (Woo + Zoo).-
Proof Since F*¢ is admissible in the sense of Definition 5 (see also Definition 6 of [10]) then the
existence of a minimizer is guaranteed by Lemma 7 of [10]. The fact that u° = Law,e (Weo + Zoo)
is proved in Theorem 11 of [10]. Finally the fact that u¢ is a Gaussian free field related to the
(regularized) Anderson Hamiltonian is proved in Lemma 3. |

Proof of Theorem 8 Counsider ¢, € R4, ¢, = 0, and C': Q@ — R, as in Theorem 7, then we
have

sup Eqer [ / e <u>||izds] < 8C(w) (56)

neN

for any p» minimizer of F¢». Indeed, we know that , by Lemma 11 there exists a sequence of
drifts " such that

sup F*" (w, ") =: C(w) < oo.

neN
Then, with C being a constant changing from line to line, we have

0o > mf ( *(w,u))) = Fo (w, a)

=

(]
1 ) .
> 4Ea-an [/ 157 (u ||L2ds} supFE" ,atm) — C(w)
0
1
4

(o | [ 5 @0l s] - O
0

Thus, taking the sup over n € N, we get inequality (56). Consider
75 = Lawgen (Weao, Zoo) € P(CT0 x H'O).

We want to prove that 75" is a family of tight measures in P(C~% x H'~%). Since C x H=%
compactly embeds in C~% x H'~? (whenever 6 > ¢'), it is enough to prove that

sup]El,an[HWooHC &+ ||ZOO||H1 o] < too.
neN
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Since the law of W is the Gaussian free field, obviously sup,, ey Epen [[[Weo|2_,/] < +00. On the
other hand, by Lemma 9, inequality (53) in the proof of Theorem 7, and inequality (56), obtain

+oo
o120l o] < B | [ o]

2
seERL + ”58“(2’17%

S B | [T M0 08] + B Ksup <1+s>‘1§aws||;1y)
0 2

<8C(w) + C(w).

Since the previous bound is uniform in g,, the tightness of 7~ follows. Considering any weak
limit 7y € P(C~% x H'~?%) of a suitable subsequence of 7°7, we have that 7 satisfies the point 1.
and 2. of Theorem 8.

The point 3. follows from the second part of Lemma 17 (namely that MH?;LK = Lawgen (Woo +
Zs)) and the fact that —A +m?2 + &, + 'yg) converges to H¥ in the norm resolvent sense (see
Theorem 2.30 of [37]). |

Remark 10 Thanks to the existence of the coupling proved in Theorem 8, we can deduce
some regularity properties of the Gaussian Anderson free field ¢“. Indeed, consider ¢? =
©% + h, where ¢ is the (standard) Gaussian free field and h € H*~%(T?) almost surely is a
regular coupling between ¢4 and ¢“. Then, since ¢ is supported on ¢ (T?) and by Besov
embedding (see Lemma 31), C~% > H'=% for & > § > 0, we have p* € C9 almost surely.
This implies by Fernique’s theorem for Gaussian measures that o € LP(Q/,C~%'(T?)) and thus
h e LP(SY,C~% (T?)) for any 1 < p < +00.

3.6 On the renormalization of the powers of AGFF

In this section we talk about the renormalization of powers of the AGFF. First we suppose that
¢4 is a Gaussian random distribution with covariance (H*¥)~!. Then by Theorem 8 there is
a Gaussian free field (with mass K) ¢ and a random field h taking values in H'~%(T?2) (for
any 0 > 0), with E[[|h]|%,_,] < 400, such that ¢ = ¢ + h. Let p. be a mollifier and define

o2 = poxp?, 0% = p.x ¢ ete. For M € N, let Hys : R — R be the M-th Hermite polynomial

and we define "
o u ¥
(o2 = i () 67)
€

. 1/2
where c. = (Zkem %) ~ log (é) By the properties of sums of Hermite polynomials

and the fact that c. = (E[|¢]?])'/2, we get

M
e = () e ame, (58)

k=0

Remark 11 Counsider the operator A.(f) := pe * f — f, then there is ¢ > 0 such that
||AE||L(B;,+QK73;(1) < ce”,

where the constants in the symbol < are independent of ¢.
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Lemma 18 We have that for every 6 >0, k € N and p > 1 there is ¢ > 0 such that
Elll : (0&)*: = (09"« o-s] S e

Proof See, e.g., Theorem V.3 in [62] (see also Lemma 3.12 of [7]). O

Lemma 19 For every § > 0 and p > 1, we have that, for any M € N, (¢2)°™ is a Cauchy
sequence in LP(Q, B, 5(T?)) with a limit (p*)°M. Furthermore we have

A\oM _ =
(¢%) )
k=0

(%)t (59

Remark 12 We should stress that the singular product (¢*)° (defined thanks to Lemma 19)
is different from the Gaussian Wick product

(MM i (S AVM

()= i (02) T (60)
defined as in equation (35) and Theorem 5. Indeed, the renormalization procedure is done
through a limit of a function of the random field gpf(m) and the variable x, and not only on
@2 () as for the product (¢?)°M (see Section 6 of [5] for a discussion on the product (60)).

However, it turns out that the difference of the renormalization functions should be (at least)
an LP function for any p > 1. Take for example the square case, where we get

E[(0")?(-) = (#9)*()] = 2E[(¢h) (-)] + E[A*(-)].

Now the term E[h(x)?] is in LP, by Sobolev embedding, since h € H'~9. If we decompose the
other term as

Elp“h] = E[¢® »~ h] + El[¢“ < A,
we obtain that it is in H'=2%. In fact E[p® < h] is in H'~2% by the properties of h and of the
paraproduct <, see Appendix A. To study E[¢“ = h], we observe

Elp® = h] = > E[A;0%AR]
i<G—1
= > E[A;¢%E[AR]
i<j—1
-0

where we have used the “scale to scale” property of Remark 1.

This remark is an example of the renormalization of singular products through diverging
constant (in space) functions of the singular field whose law is not invariant with respect to
translation (see [4, 43] for some examples of this kind of phenomenon in the case of smooth
Riemannian manifolds).

Proof of Lemma 19 We fix p > 1 and § > 0, we want to prove that

lim E[[|(¢2)°™ — (o))" ;] =0.

i
e—0 Bp,p
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We have that

E[(2)°Y = (oM, S SRl 00k s b ) hM R L) (61)
k=0

Let us focus on each separate term in the previous sum. We have that

Ell| - (¢€)* : hY=F = (9)* - hMHID ]

BPP
M—k)
S OE[: (@) = (09)F: esllhe ||f;(25 ]+
(M—k),p(M—k)
M—k—1 :
B[ : (9%)* : |5y he — b he [P =Rt L :
TS R PN L e LW
Fix n € N and k, then there is §’,6” > 0, p’ > 1 and 0 < 6 < 1 such that
1-6 1 /
—08" + (1 —60)(1 —6") > 36, ( ) > b p(M — k).

2 M-k 6
Since h € L2(Q, H*=%"(T2)) and h € L (Q,C?"), (see Remark 10) we get that
h e L5 (Y, By pvi—i)):

Putting all the previous observations together, we obtain

B (o9) AR (oS0 s hM M2 )

2" % p(M,—k')
Sl (09 = (D < e ¥ (Elle I
(M—k),p(M—k)
nk-l 2g! 1L p(M k)
(09 IPT TR —r
+ ; 1Al ecags, mzo B : (69 [GES 7 EBllhel s 17 x
p(£+1)
<E[[1]%s [

(M k),p(M—k)

where, as usual, ¢ > 1 such that % + ﬁ =1, and A.(f) = pe * f — f. Since by Lemma 18

E[| : (€)* : — 1 (p%)k Hc ,;] — 0, as e — 0 as E[| he HB25 ] is uniformly bounded
p(M—k),2(M—k)

when 0 < ¢ < 1 and since by Remark 11 lim._, HA5||L(Bgéq,Bg§q) =0, we get E[|| : (%) :

h2n=k—: (p% ) R EP ] — 0 as ¢ — 0. By inequality (61) and since the previous proof can

be repeated (with different (5’ 0" >0,p >1and 0 <0 < 1) for any n > k € N, this implies the

thesis. 0O

Remark 13 A consequence of the proof of Lemma 19 and of the estimates in Lemma 11 and
Lemma 18 is that there exists a ¢ > 0 for which

A)oM

E[l[(2 e

< ~CNS
sl S

— (¢

Let P(x) = 224:0 cxz® be a polynomial then we write
M
N =D el
k=0
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Theorem 9 Let P be a polynomial of even degree with positive leading coefficient, then for any

p = 0 we have
E {exp <—p/ PO(QDA)(I')CII’)] < 4o00.
']I‘2

Proof The proof is similar to the proof of exponential integrability of the even Wick products
of Gaussian free field in 2d (see, e.g., Chapter V of [62]). For this reason, here we only provide
a sketch of the proof in the case where P(x) = 2" for some n € N.

Fix n € N, then there is K > 0 such that Ha,(x) > —K. This means that

(p2)o2n > K.
By recalling that ¢, 2 4/log é, and thus the previous inequality becomes

/TQ (p2)?"de > —K' <log (i))n >1-2K' (log (i))n (62)

for e < 1 and for some K’ > 0. By hypercontractivity and the proof of Lemma 19 (see Remark
13) there is ¢, K” > 0 such that, for every p > 2,

B || [ wtrtnas - [ (ot

T2
Now, if [1.(¢?)°?"dz < —2K’ (log (2))" then, by inequality (62),
1, and thus, by Markov inequality and inequality (63) we get

P (/W(apA)OQ"dm < —2K' <10g (i)>n>
< B(|[Lehra- [ et 21)

< B [etmao- [ ehmal | s wre-vrt,

} S (- U™ E@ — (91" %)k
< (K"pP(p—1)met, (63)

Jpa (@) da — [ (p2)2nda| >

T2

c

)" we get, for ¢ < 1, that

P </TQ(90A)°2”dx < 2K’ <10g (i)>n> <e

Since inequality (64) holds for any £ > 0 small enough, by standard methods (see Theorem V.7
[62]), inequality (64) implies the thesis. O

1

If we choose p = (g

) (64)

Thanks to the previous theorem we can define Anderson ®3 Gibbs measure (so the ®3 measure
with respect to the AGFF). Indeed we introduce the following definition.

Definition 6 (Anderson ®3) Consider w € Q and " (defined in Section 2.2), we defined
the Anderson ®3 measure as the measure v defined as

v = (2(w))exp ( [t k) [

o w, K
[ )

where Z(w) = [exp (— [ ()4 + K(w) [1.(04)°?) dpE" (@) which is well defined by The-
orem 9.
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Remark 14 From the definition of the Anderson ®3 measure and Theorem 9 we obtain readily
that v* is absolutely continuous with respect to the Gaussian AGFF measure.

4 Local-in-time solution

In this section we prove local-in-time well-posedness for a renormalised nonlinear wave equation
with white noise potential with initial data supported in the Gibbs measure

(ug, uy) ~ v* @ ple?,

where v is the Anderson ®3 measure from Section 3.6 and p’z2 is the white noise measure,
defined in Section 2.2.

As we have seen in Remark 14, the Anderson ®3 measure is mutually absolutely continuous
w.r.t. the Anderson Free Field ,un'K and so we can write the initial conditions via random series
as

u(w') = ZM]@ € C%.s. (65)
neN "

w (W) = Zgl(w’)fn,e C 179 as. (66)
neN

for any § > 0, where A, f, are eigenvalues and -function of H¥ as in (30) and the go,§1 are
ii.d. standard Gaussians, similar to the definition of £ in (8). Note here that we distinguish
the two probability spaces w’ € Q' for the random initial data and w € § for the randomness
in the Anderson Hamiltonian. Since the operator H**® depends on w € €, the eigenvalues and
-functions of course also depend on w but we omit that dependence here for brevity.

We consider the random data SPDE formally given by

(O +H)Yu+u® = 0 (67)
(u, 0u)i=0 = (uo(w'), ur(w')),

where due to the irregularity of the initial data, we actually have to Wick-ordered the nonlinearity
as was done in [58] in the classical case without the white noise potential.

In order to illustrate this point, we make the following ansatz for u (named after Da Prato
Debussche in the SPDE literature and Bourgain/McKean in the dispersive PDE literature) and
we use the shifted operator H*-¥ as in (22) in order to avoid difficulties with taking square roots.
This means we change the equation (67) by adding a linear term but we will see that one has to
renormalize the cube by subtracting an infinite linear term in any case; We set

. (02 +H“K) = 0
u := 6 + v, where { (8, 0,0) |10 — (up(w'), ()

and v formally satisfies the equation

(0?2 +H Ky = —(0+v)3 = -6 — 3v0% — 3020 — * (68)

(v, ) |i=0 = 0
Now from the mild formulation (as was derived in [37])

sin (t HWaK)
w / /
0(t) = cos (t\/]HI ,K) wo(W) + et () (69)
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and Theorem 4 we see that 6 will have regularity C'(R; H~?), using hypercontractivity it is even
in C(R4;C~%) cf. Section 2.2 but crucially it has negative regularity. Thus it is not possible to
classically define powers of 8 appearing in (68), however we can replace them by Wick powers as
introduced in Section 3.6 as was done in [16], [58] etc.

Proposition 8 (Anderson wave Wick polynomials) Let (ug,u1) ~ ,un’K @ulez, ie. asin

(65) and (66), then
0(t) ~ug ~ p"

where 0 is defined in (69). Moreover

for all timest € R,

0°F (t) ~ (uo)°* for all k € Nand t € R

i.e. in law the time dependent Wick ordering is the same as the Wick ordering of the initial
condition w.r.t. the Anderson GFF from Section 3.6. Also one has the bound

101 s, s, covs < T5(|(uo)** 1z, s for 2 < p < 00,0 > Oand k € N

and the norm on the right hand side is finite by Theorem 9 and one also has an exponential tail
estimate of the form
HHO ||LP pCR > R) S e “f (70)

for some C >0 and oll R > 0.
Proof This is because the law of 0(t) is a rotated Gaussian, see Proposition 2.3 in [58].

In fact for i.i.d. centered standard Gaussian random variables gi(w') and g](w') one can
write

go 91

fl and u(w

f]a (71)

Z

ieN jEN Aj

where \, and f, are the eigenvalues and -functions of H*'X respectively. Thus one has

sin (tVH=K) ) | |
— i W) = D5 (cos(tA)gb(w) + sin(tA)gi () i

7

6(t) = cos (thW’K) up(w') +

and one sees that the term in the brackets is nothing but a rotated Gaussian with mean zero and
Variance cos?(t\;) + sin®(t\;) = 1. Thus 0(t) is in law equal to ug and the LPbound follows
readily. The exponential tail estimate follows from the previous bound and Theorem 9. O

The corrected equation for v then reads

{ (0?2 + Hw K)o —(0 +v)°3 = —0°% — 306°% — 3020 — 3
(’U, 8tv)|t:0 = O ’

(72)

where 0°F ¢ L%C*Ek for any € > 0 and p < oo is the Wick power from Proposition 8. This
looks quite similar to the renormalized wave equation from [58] except that we have replaced
the Laplace operator by the Anderson Hamiltonian and consequently we use a different Wick
ordering.

However, due to the norm equivalence [|ul| = ~ || (I[-]I“”K)%uHL2 and the regularizing property
sin(tVHw K
of %, see Theorem 4, we are able to solve (72) locally in time without much effort. To

do this we prove a simple lemma which quantifies those two properties of H* ¥ .
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Lemma 20 (Inhomogeneous estimate) For o € (0,1) and p > 1 we have

f(s)ds ST\ flle mee

[0,]

t sin ((t - s)x/W)
)y e

Hl—cr
for all times t > 0, with the obvious modification for p = co.
Proof This is a simple consequence of Holder’s inequality in time and the aforementioned norm
equivalence from Theorem 4. Indeed we may bound

t sin — s)VHwK 1 1—o [tsin — s)VHw K
/O «i/ﬂ%}ﬂ K) f(s)ds (:,;) VHw.K /0 ((t\/H_%H K) F(s)ds

Hl-o L2

/t sin ((t - s)W)
0

S 5 f(s)]| ds
1/]I_]Iu),K L2
(26) t o
< / VH«E  f(s) ds
0 L2
I
2 1o ds
0
p—1
< I p —
S Vi P
and thus we are done. O

This allows us to prove local well-posedness for the SPDE (72) via fixed point.

Theorem 10 (Local well-posedness) Let 0 < § < 1 and p > 1.With 0 defined as above,
there exists a time

33 23 —2
~ o 3 o} 2 o _
7o (0% s + 1620, + I8l o 41)

which is almost surely in (0,1)so that there exists a unique solution
ve (0,7 H'°) nC ([0, T); H™°)

to the equation

tsm<(t_8) HwK) 3 2 2 3
v(t) = /0 N (0°°(s) + 3v(5)0°(s) + 3v=(s)0(s) + v°(s))ds, (73)

which is the mild formulation of (72).

Proof We make a contraction argument for v in a ball in L H 1=9 and then show a posteriori
that one in fact has continuity in time as well.
As usual, we define the map

t sin ( (¢t — s)VHw-K
U(v) := /0 ( % ) (0°3(s) + 3v(s)0°%(s) + 3v7(s)0(s) + v3(s))ds
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and we want to show that it is a contraction on a suitable ball. We make the following estimations
which are valid for any time ¢ > 0 using heavily Lemma 20

tsin((t—s) H‘*“K> ; b1, o
(e} < —_ (o)
| == s Ty
H1-6
t sin ((t—s) HWvK) ) bt ,
| == e as| 5 el 1020
H1-9
/t sin ((t—s) vaK) ) ,
20 I Py ] Pt
K [0,%]
0 Hw H1-9
2
< ol el
t sin ((t—s)va7K) ; ;
<
| — = s el
H1-6
S tlol? 2-
L[og’,t]HS
This allows us to bound (taking ¢ < 1)
1)z, o
< 2t 03 02 2 3
Sl (s R e o PRSP PP R

and similarly

1@ (v) = ¥(w)l[Lee , 115

[0.4]

< 02 2 2 -
S (172 e+ Wl ool oo+ olagg o) + Il ll )

p—1
t7 lv = wllpee, mr2o

Now we simply take ”U”LE’(TT]H“‘S’ lw|lgee  mi-s < Rwith R>0and 0 <7 < 1 chosen s.t.

(0,7

T (”903”Lp -5 + R0 v + (16| o0 C7513247123) < R
[0,T] [0,7]c—9% [0,T]
and

2 (16°20, » » 2) < 1
5 (10 e 41600y 2R+2R?) < 3

this can be achieved e.g. by setting

_ 119033 022 = L .
R=102lgp s T 167050+ 160, oo +1 a“dT—<mR2> |

Thus by Banach’s fixed point theorem we have that there exists a unique solution v to (72).
Continuity in time follows as per usual from Stone’s theorem, see e.g. the proof of Theorem
3.19 in [37]. O
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We summarize this result as follows: The flow of the equation

(02 + H Ky = —u°3
L ore 2 e ™
which we denote by ®“(¢)((ug(w’), u1(w’))) := u(t) is measurable as a map
¥ : B(R) — 0+ C([0,T(R); H'~°) n C*([0, T(R)]; H), (75)

where as before 6 is as in (69), the linear propagator applied to the initial data which satisfy
(up(w'),u1(w")) € B(R), where

B(R) := N g e 0o 622 R—1
() o= { o) € supp (5" & v 51090} o+ 1020y |+ s om0

[0,1]

for R> 1 and 0 < T < 1 satisfying T' = (10R2 ) 7T where p > 2 is taken to be large.
Proposition 8 implies that the measure of B(R) is large, i.e.

P(B(R)¢) < e OF. (76)

A

This means one has

19 (uo(w'), ua (w)) = Ol Lo

[0,T(R)]

-5 < Rand |0 (uo(w'), ur(w'))]| 1= -5 <2R

[0, T(R)]

for such initial data.

Remark 15 As we have a Wick cube in the equation which is a cube renormalized by a log-
arithmically diverging constant times the function, see Section 3.6, one could consider also the
focusing version of the equation (meaning to change the sign of the nonlinearity) with Gaus-
sian initial data and tune the parameters in such a way that the divergence cancels with the
logarithmically diverging constant, see (16), in the definition of the renormalized product of the
Anderson Hamiltonian.

As the short-time well-posedness does not depend on the sign and is continuous in the noise
and the initial data, one would obtain local-in-time dynamics for this focusing equation where
the infinities cancel. Clearly the globalization and invariance arguments will fail, however.

4.1 Local-in-time convergence of approximations

Furthermore we need an analogous short-time well-posedness result for different approximations
to the SPDE (72). We consider three different approximations and one approximation that
combines two of those.

One natural approximation is to smoothen the noise ¢ i.e. replacing the operator H*X by
the operator H‘g”Kfrom (23) and to replace the Wick powers by regularized Wick powers as in
Section 3.6. This would amount to solving the SPDE

(0F + H5 " Jues) +ulsy = 0 (77)

§
(ugs) Deugs) o = (ug” (), wa (&),
where one would define the Wick ordering (-)° analogously to Section 3.6 by replacing H*X by

HYH and uéé)is in the support of the Gaussian measure with covariance (H™)~'. While this
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seems like a very natural approximation, it is actually not very useful if we want to approximate
the dynamics (74) since one has not only a different operator in the equation but also, crucially,
a different reference Gaussian measure ,qu;’K for the support of the initial condition which is
mutually singular w.r.t. the reference Gaussian for (74) MHW’K, namely the Anderson Free Field as
was remarked in Lemma 2. This then of course also leads to a different Wick ordered nonlinearity
for which one would have to prove strong enough convergence.

Another downside of the approximation (77) is that it does not behave well under finite
dimensional projection which is crucial if one wants to prove invariance. This leads us to the
next natural choice, namely is the finite dimensional Galerkin approximation, where we project
the equation onto the span of eigenfunctions f, of H*¥  see (30). To this end we define the
projection

Pey o LA(T?) — LA(T?)
PgNg = Z(gafn)fn
n<N

for N € N and upy as the solution to

(07 + H*F)uy + Py (uid) = 0 (78)

(un,un)|t=0 = (P<nuo(w'), Panur(w'))

and we denote by ®*VV its flow. This will be useful in Section 5 since this is just a finite
dimensional Hamiltonian system whose Gibbs measure is invariant and approximates v*. The
finite dimensional projections are also compatible with the choice of initial conditions (see (71))
and the Wick product, see Section 3.6.

The third approximation we consider is a regularization of the nonlinearity in which we replace
the cubic nonlinearity by a regularized cube in a way that we still get an invariant dynamics.
The modified equation then reads

(atz + HW’K)UE + pe * ((ue * ps)os) =0 (79)

(us7 6tu€)|t=0 = (UO(w/)v ul(w/))v

where p. is the convolution with a standard symmetric mollifier. Again we define ®% as its flow.
This approximation has the upside that it has the (for now formally) invariant measure v°
which is mutually absolutely continuous w.r.t. the Anderson Free Field ,un’K with smooth

density
avy o
duHi’K (v) = /]1‘2 (v * pe)*tda.

By construction of the Wick ordering in Section 3.6, we have that this density converges strongly
in LP to P
v 4
W(”) - /T vWde
implying convergence in total variation of the measures.

Due to this property, one may use the the same initial data when approximating the equation
(74) by (79).
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Finally we define an approximation that combines the last two, i.e. we define the Galerkin
approximation of (79) so
(07 + H " )un e + Pen(pe * (une % pc)™) = 0 (80)
(une, Qune)li=o = (P<nuo(w'), Panur(w')),
writing &« for its flow.

By the Hamiltonian structure, as in [58], the equations (78) and (80) are globally well-posed
and their flows leave the following finite dimensional Gibbs measures

dvg = exp (=% [, (Pano)®da) dpf " (¢) @ du's2 (9,0)
and

A = exp (=1 fio(pe % Pane)®lde) du™ " © dule? (8,9)

invariant respectively.

For (79) one has the same local well-posedness as for the limiting equation (74). Later we
will globalize the solutions to these equations and prove that their flows are invariant.

We summarize these results in the following result.

Proposition 9 (Well-posedness of approximate equations) Let (ug,u1) € supp (MHW'K ® MHLz);
then the flows of the equations (78) and (80) called ®“N and ®<-N respectively, exist for all times
for initial data (Pg<nuo, P<nu1) and we have the following convergence

||<I>‘;,N(P<Nu0, Peyuy) — q)w,N(pgNuo, P<Nu1)HL[°§,T]L2(T2) —0ase—0 forall T > 0.

Nowlet R> 1, p> 2 and T = (ﬁ)ﬁ as well as 6 > 0 small. If the initial data satisfy
additionally

1 1
[ug?llé-s + l1ug?lle—s + lluollc-s + llurll-1-5s + 1< R

then the flow ®¥ of the equation (79) exists up to the time T and we have

1945 (uo, w)l| s -5 < 2R (81)
lim [P (uo, ur) = @ (uo, wr)ll g ms = 0 (82)
Jim (|92 (uo, ur) — @Y (Pento, Panun)l|zee s = 0, (83)

where we recall that ®¥is the flow of the full equation (74) which was shown to exist up to time
T in Theorem 10 for such initial data.

5 Globalization and Invariance

He K 1

By the computations on the covariance, we have that the pair (u S b L2) is invariant under

the flow of the linear equation
(02 + H Ky =0 (u, Opu)|t=0 = (ug,u1). (84)

Now, let p. be a standard mollifier. Let P¢y be the projection on to the first N eigenfunctions
of H¥-X. We will denote by uV¢ the solution to the equation

(07 + HX)ulNe = —Pen(pe * (pe * P<yu)°%)

(u, Ogu)|¢=0 = = (®0, p1)- (85)
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Note that here the Wick ordering is taken with respect to the covariance of p. * W where W is
an AGFF. We will consider u™N*¢ as a function of ¢ and when we want to stress this dependence,
we will write @7 °¢ = uN¢(t), where ®V¢ denotes the flow (we again drop the dependence on
w of this and related objects for brevity). We will also consider the solution u® equation

(0F + HF)ut = = (pe * (pe xu)*) (w0, 0u)|i=0 = ¢ = (0, 1), (86)
and the Wick ordering is the same as above. We write ®5¢p = u°(t). Finally we also consider
(0F + H"F)u = —u"  (u,0u)li=0 = = (¢0,$1)- (87)

where the Wick ordering is now taken with respect to the Anderson free field, see Section 3.6. We
will denote @4 = u(t). Our goal is to show that (87) has v-almost surely global solutions and
v is invariant under the flow ®;. To do this we implement the well-known Bourgain argument.

5.1 Approximation by finite dimensional system

In this section we fix an € > 0 and will prove that a smoothened version of our system can
be approximated by a finite-dimensional one. Note that (85) splits into a finite dimensional
Hamiltonian dynamical system and a linear equation. By Liouville’s theorem in finite dimensions

we know that )
Ve = (exp (—4 /2(/)5 * P<N¢)°4dx) duHWYK,d,uHLQ)
T

is invariant under the flow of (85). Observe that if we keep ¢ fixed (p. * P<y$)°* is bounded
below uniformly in N since the renormalization function E(p. *¢)(z)? is bounded uniformly in N
and x (but not €). Furthermore, (p.* P<y$)° — (pe+$)°* in L'(T?) p-almost surely. Combined
with the lower bound, this gives us by dominated convergence

1 w, K
vNE o f = <exp (—4/ (pe * ¢)°4daj> dpH ,duHL2>
T2

in total variation. Our first goal is to show that v° is invariant under ®°. To this end we first
have to establish that u® exists v°-almost surely for all times. We begin with the following local
well-posedness statement:

Lemma 21 For every § > 0 there exists an L € N and ¢ > 0 such that fort < c(1+|p|lg-s)~T
such that

N,
19;pllr-s < 2[lllgr-s-

Note that ¢, L can depend on € and § but not on N.

Proof This is similar to Proposition 9. O
Lemma 22 With the notation of Lemma 21 we have

sup vV( sup O | g—s > 2R) =0 as R — oco.
NeN 0<t<T
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Proof By Lemma 21 we have for 7 = ¢(1+R) L, using invariance in the 4th line of the following
computation

vNE(sup |97 s > 2R)
0<t<T

< vVE(sup @ ¢llg-s > R)
n<T/T
< Y v el > R)
n<T/T
= (T/1)w™ (lellu-s > R)
< oM+ R N (lollu-s > R)
< C(M)(A+RERP
for any p < co. Choosing p > L and taking the supremum over N we can conclude. O

Lemma 23 Let u®,u5; be solutions to equations (86) and (85) respectively and suppose that

sup ([[us(t)[lgr-s + [lu™*(8) [l zr-s) < R.
0<t<T

Then, for 0 <& < § )
sup |[(u™F —u)(O) | -5 Sep5 RENT.
0<t<T

Proof Denote
FEN (@) = Pen(pe * (pe * Pang)®®) = P<n(pe * ((pe * P<ng)®® — a5y (pe * P<n¢)))

F2(0) = (pe * (pe + ©)°%) = (pe * ((pe * ©)* — a%y(pe x ¢)))

where
ay () = 3E[(p- * PayW)*(2)]  a(x) = 3E[(pe * W)?(2)] = a*(0)

Note that a° is translation invariant (hence a constant function) while a%; is not. Furthermore
ay — af in Cg(']I‘Q) as N — oo. By Remark 2 and the smoothing properties of p.*, we can
estimate

175 (0) = £ () s

< IPsn(pe = (pe * Pan®)*)lm-s + [|(p< * (pe * Pang)®®) = (pe * (pe * 0)°) | -

< NTHI(pe # (p= % Pang)®)l -5 + | (pe * (pe * Pan)®) = (pe * (pe %))l -5
+a%[[(pe * (pe * Ps o)) m-s + [ (afy — a)(pe * (pe * P<ne))|lm-s

Se N7t (pe * (pe % Pang)?) = [lmi-s + |lpe * Psnollioe + a°[| Psn @l -2

+ll(ay — a%)llLe<lpe * P<nepllzo
Se N7+ llellg-s)-

It is not hard to see that f¢ is locally Lipschitz continuous on H 9.
From the mild formulation, we get
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(v — ) (O)]12-5
Hfé I IVETE) peud (Ve (s)) — £ (u(5))ds

-5
=R (N )~ 5 k) + () = ) |
Sor NV super(L+ U ()G 0) + T 12 W(s) = 2(6)) r-ods
Sern N7 fo @2 () = uf(s))g-sds.
So from Gronwall’s Lemma we can conclude. i
Note that if supge;<p(||[u™()||-s) < R then from (85) we have
™l ys.oe 2o < PN @) o pros + 1S @ @llypsioe s Se L+ [0 e s <1+ B2,

where S(t)¢ is a short-hand notation for the linear part of the equation. In particular u”¢ pos-
sesses a convergent subsequence in L H® by the compact embedding Wté’ooH T2y LPHIY.
Any subsequential limit can be seen to satisfy (86) in the same way as in the proof of Lemma
23. In particular if we denote by

Yh={p: sup @50l -5 < R}

and
N N
25 ={y: SupTll‘Pi ollg-s < R},
we have

o0 o0
% D limsup Z%N = ﬂ U E%N.
N—oo N=1N,=N

This implies by Fatou’s lemma that

V(%) = limsup*(25"Y) = limsup =™ (23Y) > 1 - C(T)(1 + R)*R7P (88)

N—o0 N —oc0

where the equality holds since 15"V — v in total variation. In particular, ®; is well defined for
all ¢, v®-almost surely. Note that since ®j¢ is well defined v°-almost surely we can define the
pushforward measure (®$)*v° by

/ fle)d(@7)" " = / F(®5p)dve

for any continuous and bounded function f : H~% — R.
We now establish invariance.

Proposition 10 For any 0 <t < oo and € > Qone has
(P5)" " =1~

Proof We will show that for any Lipschitz-continuous and bounded function f : H=® — R with
Lipschitz constant L, we have

[ r@iona = [ i,
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We already know that

[ @ ena = [ o,

and since v — 1% in total variation

lim /f(w)dVE’N = /f(w)dvs
N—oo
So it remains to show that

Jim. / @Y () dvsN = / F(®5(0))dv

| [ @i ena - [ r@ina
| [ @i nar — [ @i e
’/fclfN ))dv® —/fq>€

The first term goes to 0 since v converges in total variation. For the second term we have

\ [ 1@ @) - f@ienar

< e (5 (sup |9 (9) | -5 > R) + v= (sup |5 (9) [l zr—s > R))
t<T t<T

Now we bound

<
[}

N
+ ’/ L foup, (165 (@)l s HI05 ()5 s)<2my (F (B2 (9)) = J(2E(0)))d”
Now applying Lemma 23 we get by Lipschitz continuity of f
e,N € €
‘/ L up, (125 ()15 4195 (0)l] s o) <2y F (B (9)) = (@5 ()))dv ‘
< LRN™Y
Finally, by Lemma 22 and (88) we get

sup v (sup | D5 ()l ;75 = R) + v (sup |95 (@)l s > R) = 0

NEN t t
as R — oco. From this we can conclude by taking N — oo and then R — oo. O
5.2 Removal of the smoothing

We now want to show that (87) has global solutions v-almost surely and that v is invariant under
®,. Firstly we define 6(t) = U(t)p1 + S(t)p2 to be the “linear part” of the solution, we also set

0° = p. * 0. We then have
T ] T )
/ ||9f<t>°l||§;ngdt] | Bty Jae
TE, e [J6°(0)°| 27,1/

cT

]EUE
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where, in the second line we used invariance of the AGFF with respect to the free field and that
V¢ is absolutely continuous with respect to ,un’K and the density is in L?(x) uniformly in . So
in particular (#%)°" are in LPC~? almost surely with respect to both v°, v uniformly in & and the
same holds for 6°!. From now on we write v° = u® — 6°.

Lemma 24 There exists 6 > 0 such that, assuming

sup([[v°(t)[[zr1-5) S R
t<T

and

supsup (|0l -5 + [[(6°)° [ r-5) < R,
i<3 t<T

we have

ve(t) — /0 S(t — s)(u(s))°2ds| < R3R®,

where R is a random variable such that ||R°||1»(u) — 0 as € — 0.

Proof Recall that
= —t — 8)pe * (pe * uf(s))3ds
0 = ()= [ Slt= 5ot (oo s ut(s)a
and
vE(t) — t — 8)(uf(s))*3ds
0= [ St =s)w(s)a
= () — — 8)pe * (pe * us(s))°2ds
= (0= [ (=9 (oo ru ()
— 8)pe * (pe * uf(s))°3ds — — 8)(uf(s))*3ds
+ [ 8= 9 (v ()P s = [ (= 0w ()%
so we have to estimate the last line. Recalling that u® = 6 + v that is equal to
/S(t—s)ps*(pg*ue(s))osds—/ S(t— s)(us(s))°*ds
0 0
= Z/ S(t = )(((p= *0(s))* (pe * u(5))" ™) = (6(s))* (u%)" "7 )ds
i=0 "0

+/ S(t = 5)((pe * u(5))*® = pe * (pe * u(s))*)ds
0

N

3 t
Z/ 1(((pe % 0())° (= u(5))"7) = (0(5))°" (u®)" )| g-sds
i=0 0

t
+ / 192 % w5 (5))? — pex - (pe % w5 (5))° : sr-sds
0
=: IT+1I
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Now to estimate I we have for p sufficiently large and 1/p+ 1/p’ = 1:
[((6°(5))°" (pe % u®(s))"™7) — (0(s)) " (u?) |
<NO)° = Ol o (I () Mgz, + Npe - u()) N2y )
+ (16°) 1 525 + 110)° ]| 25 ) [[u” ( ) = (pe % ut () g2y,
<IO%)°" = ()% gz (Il ()1 i=s + 1 (pe * u ()75
+ (109" Nl g8 + 110)]] -20)
X u(s) = (p= * u= () |15 ([[u (8) || -5 + [ (pe % u®(8)) | r—s)" 7
6) — ()% g B + RO gz + 10) 2 10(5) — (e %0 (5)) | 1—s

Now
[u (s) = (pe x s (s)) || -5 S €/2(|u ()| gra-sr2 S R

SO

167 (9) = (0)°(5) 5, 35 B
R (0°)° () gy + 167 (5) 2600 () = e+ 07 (5)
<6 (5) = 07 () 3B + RN ()l g+ 1) (5) 5,2

so integrating in time, we have that
t t
ISR / 10%)°7(3) = ()" (3)l| 5 s + RE/2 / () (g + 167 () yz0) s

and we recall that "
B [ 1697(6) = O (o)l s 0,

Now finally to estimate II we have

t t
/ 102 * u%(5))°® — pe * (pe 2w ())°% | g-sdls < /2 / (9= # 4 (5))%% | g s2ls
0 0

and
3 . .
[(pe *u ()2 Nl gr-sre < D NOF)7 (U)o
i=0
3 . .
< D O lemsra [l (@) s
i=0
3
< D) le=srallus 13 as
i=0
3
< DO s uf 3 s
i=0
3 .
< (L+RPY ) le-or
i=0
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and again integrating in time we can conclude. O

Let v be the solution (72). Similarly to the above we have the following statement:

Lemma 25 There exists a § > 0 such that, assuming that

sup([|v* ()| 1-+) < R,
<T

X

and .
sup [ (1070 + 1691 -)d < R
0

i<3

we get ~
sup(J[v() = v(®)llm—s) S BR,

A

where RE is given by

RE= 3106 =0 o)

0<i<3
In particular|Re|| () — 0 as e — 0.

Proof Using the definition of v°,v we have
o(t) = o7 (1)
- (0= $)pe e (0°%(5) — (0)°%(6) + 3 (6°2(5) — (6°)°2(5)) wls) + 362 (uls) — v () dis
w3 [ 50t = $)pe x ((00) — 0°())03(s) + (O () (07(s) — (07)2(5)))ds
- (1~ e (03(s) — (0F)(5))ds
Now with the same estimates as in the proof of Lemma 24 we obtain

[o(t) =" O)]lr-20 < R3/0 16°)°2(s)llc-s lo(s) = v°(5) || r-2sds + CRe®

= 3 [ 10970 - 02l s

0<i<3

and Gronwall’s lemma gives
Jot) = v (1) 11—
~ T
CR(® +R°) exp <R3 / ||9§2(s)||cads>
0

< &9(e° + RE) exp(CRY)

A

from which we can conclude. O
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Lemma 26 Assume that
sup [|(pe * u)*?|| s < R
<T

X

Then for a € (0,1) and 6 >0
[vlleg pri-s-a S R

The analogous statement also holds for u,v.

Proof By definition of v¢ we have

o) = [ (= 9o (oo

so by the properties of the Wave propagator

||U€||C?([O,T],H1—f’—5) St ”(UE)OS”LQ([O,TLH—‘S)-

which gives the statement. The proof for v is analogous. O

Proposition 11 For K > 0 we have the bound

cT

Ve ([[(pe * u™) || Lo po.ry, -5y S R) > 1~ TR

Proof By Markov’s inequality

vE(|l(pe * )| o (o,),m-5) = R)

1 03
< ﬁEuE[H(ps *u) ||Il)/p([0}T],H75)]
1 r 5 o3P
< ; Eye[ll(pe * u® ()" 5]
_ 1 TE £ O o3||p
= W, ve [[[(pe + u®(0)) >[5 5]
1
where in the last line we used invariance of v under the flow of u° . O

Corollary 1 Recall that v =u— 0. If |[v¢(t)||g1-s < R, and for i < 3 |[(6°)°]|g-s < R, then
uf — w in CX([0,T), H—0~).

Corollary 2 With the same notation as above

cT
VE([[v¥lleppi-s-a < R) 21— TR

Proof This follows immediately from Lemmas 26 and 11. a

Next we show that having a sequence of uniformly bounded approximate solutions for the
cut-off flow is sufficient to construct the solution for the limiting equation.
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Lemma 27 Assume that

sup sup ||<96)OiHLP([O,T],H*5) <R
>0 0<i<3

and that v¢ solves the equation
3
(0F +HSF )" = (09)" (v)* " =0.  v°(0) =0
i=0
and satisfies
[0% | oo -5 < L
Then v¢ has a subsequence converging in L° H'~2% and the limit v solves
3
(02 + H< K )y — Z 03 =0 (v,00))t=0 =0
i=0
and satisfies ||v|| poo gr1—s < RL3.
Proof Note that to obtain a converging subsequence we only need to bound v* in C}H 1-a—d'
for small v, 8’ > 0. To this end we will apply Lemma 26. Recall that u(s) = 0(s) + v(s) so

N

0% | 15

3
D) (e )

=0

3
DR L (PP ] ol
=0

< 3R(1+1L)°

N

so applying Lemma 26 we get that
[0%lleg - S 3R(1+ L)’

and the compactness claim follows. Lastly, that v solves the limiting equation follows from
Lemma 24. O

Proposition 12 We have that

lim v(||v||pecmi-s < R) =1.
R—o0
Proof Denote by X% = {¢: ||v°||peegi-s < R} and X = {¢ : ||v||peog1-s < R}. From Lemma

27 we have that
b)) ) limsup X% = | | 5.
R . Op R

e>0e'<e

Note that sup..osupgcics || + (e * )" @ ||Lr(j0,1),5-5) < 00 v, v°-almost surely. Then by Fatou’s
Lemma

v(Xg) = v(limsup %) > limsup v(X%) = limsup v*(X%)
e—0 e—0 e—0

where the last equality is true since v* — v in total variation. Now an application of Proposition
11 yields the claim. O

Proposition 13 The measure v is invariant under the flow ®y, that is
Oy =vw.

Proof This follows in exactly the same way as Proposition 10. O
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A Besov spaces and related concepts

We collect some basic definitions and elementary results about Besov spaces, paraproducts etc.,
see, e.g., [2, 3, 36] for more details. We work here in the case of Besov spaces defined on the
d-dimensional torus

T = (R/Z)4.

First we define the Sobolev space H®(T?) with index o € R which is the Banach space of
distribution u such that (1 — A)~% (u) is a function and

HY(T?) == {u € S(T% : ||[(1 - A)2ul|, < oo}. (89)

Next, we recall the definition of Littlewood-Paley blocks. We denote by x and p two non-negative
smooth and compactly supported radial functions R — C such that

i. The support of x is contained in a ball and the support of p is contained in an annulus
{reRY:a< |z < b}

ii. Forall £ € RY x(&) + Y p(277¢) = 1;
j=0

iii. For j > 1, x(-)p(277-) = 0 and p(277-)p(27%:) = 0 for i — j| > 1.
The Littlewood-Paley blocks (A;);>_1 associated to f € S'(T?) are defined by
A f:=F 'xFfand A, f := F'p(277.)F fforj > 0,

and we define the Littlewood-Paley function K; = F~1(A;), i.e. the function for which K * f =
A, f. We also set, for f € S'(T?) and j > —1

j—1
Sif = ‘Z Aif.

i=—1
Then the Besov space with parameters p € [1,00],q € [1,00),« € R can now be defined as

BY (T9) := {u € S'(T%) : [ull g, < oo},

p,q

where the norm is defined as

lullsg, = > (@**IAzullze)?) | (90)

k>—1

with the obvious modification for ¢ = oo. In the paper we often omit the dependence of By,
from the torus T¢. There are two special cases of Besov spaces: the Besov-Hélder spaces for
p=q=o00,i.e.

C* = B% (T% (91)

and the Sobolev spaces H* = Bg',(T?) (defined above) for p = ¢ = 2.
Using this notation, we can formally decompose the product f - g of two distributions f and

g as
fr9g=f<g+fog+f>gy,
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where

f=g:=> Si1fAjg and f=g:=> A;fS;1g

j>—1 j=—1

are referred to as the paraproducts, whereas

fog=> > AifAyg (92)

Jz=1i—jI<1

is called the resonant product. An important point is that the paraproduct terms are always well
defined whatever the regularity of f and g. The resonant product, on the other hand, is a priori
only well defined if the sum of their regularities is positive. We collect some results.

Lemma 28 Let a, a1, a2 € R and p,p1,pa,q € {2,00} be such that

1 1 1 1 1 1
a1 #0 a=(a A0)+ay, —=—+—and— = —+ —.
p P11 P2 q q1 a2

Then we have the bound

If <9lsg, S flsg,, l9llsge

pq " P1,41 P2,92
and in the case where aq + ao > 0 we have the bound
I1F o gll gz os S Ifllss, Nallos,..

Proof The proof can be found in [3] Theorem 2.47 and Theorem 2.52 for Besov spaces on R
The proof for Besov spaces on T? is similar. a

Lemma 29 (Bernstein’s inequalities) Let A be an annulus and B be a ball. For any k €
N, A > 0,and 1 < p < g < 0o we have

1. if u € LP(R%)is such that supp(Fu) C AB then

" <, \Ftd(5-7%)
#Eégﬁﬁ:k\\a ullpe S AN T a1

2. if u € LP(R%)is such that supp(Fu) C MA then

\F < O .
lullLe Sk ueéiﬁff\:ku ul| e

Proof The proof can be found in [3] Lemma 2.1 O

Lemma 30 Let o : Z¢ — R, such that
o (k)[FH < (k| +1)*

for some a € R then, for every p,q € [1,00] and s € R, operator o(V) with symbol o is a linear
homeomorphism from B, , into By .

Proof The proof is an easy application of Lemma 29 (see, e.g. [3] Chapter 2 ). O
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Remark 16 The hypotheses of Lemma 30 are satisfied when o (k) = (|k|?>+m?)®, for any o € R
and m > 0, and thus o(V) = (—A + m?)°.
Lemma 31 (Besov embedding) Let a < 3 € R and p > r € [1,00] be such that
1 1
] (93)
r.p

then we have the following bound
Hf”Bqu('Jl‘d) S Hf”BE‘q(Td)'
If the inequality (93) is strict, the embedding is compact.

Proof The proof can be found in Proposition 2.71 of [3]. O

Proposition 14 (Commutator Lemma) Given a € (0,1), 8,7 € R such that § 4+ v <0 and
a+ B+~ >0, the following trilinear operator C' defined for any smooth functions f,g,h by

C(f,g9,h):=(f <g)oh—f(goh)

can be extended continuously to the product space H* x CP? x CY. Moreover, we have the following
bound

NC(f, g: W)lwrasvsa—s S| f e llglles IRl
forall f € H*, g € C® and h € C7, and every & > 0.

The analogous bound is true if we replace the Sobolev space by a Hélder-Besov space, i.e.

1C(f5 9, W)llearosr S |l £ llealglles[[hllen
as was shown in [36].

Proof The proof can be found in Proposition 4.3 of [2]. O

Lemma 32 (Fractional Leibniz rule) Let 1 < p < oo and p1, p2, D}, 5 such that
1 1 1 1 1

_— :——'——: .
p1 p2 Py Py D

Then for any s, > 0 there exists a constant s.t.
V)Y (f)lle < CIV)Y T fllLea IV gllzer + CIV) ™ fll g VTt -

Proof The proof can be found in Theorem 1.4 of [38]. O

In the rest of the appendix, we discuss some properties of the operator J; introduced in
Section 3, see Remark 1. Hereafter, we require a more explicit form of the operator J,. Let
p:R? = R, be a bump function which is identically 1 in the ball of center 0 and radius 1/2 and
it has compact support in the ball of center 0 and radius 1. We suppose also that p is radially

|z|?

symmetric of the form p(|z|?). We write, for t > 0, p;(x) = p (,T») It is clear that the operator

A A

Ji = o (—A)(—A +m?) 7?2 = <tspl (_152)>1/2 (—A +m?)~1/2 (94)

satisfies the condition of Remark 1.
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Proposition 15 Let Js be defined by equation (94) then for every s € Ry, p,q € [1,+00] and
0<m<l1

7%71+m.

||JS||[,(BZVQ,BZ$”") N (1 + 5)
where the constant in the symbol < do not depend on s € R,

Proof This is a standard application of the regularization properties of the Laplacian (see
Lemma 29, Lemma 30 and Remark 16). |

A consequence of Proposition 15 is the following;:

Proposition 16 Suppose that fi € H', fo,f3 € C717° (where § < %) then we have there is
0 < n(d) <1 such that

[ = £ < ) = (1) 0 S ) ua)a

S @) TNl sl fsll sl felle-s-s | falle—1-53 (95)

[ < 218 = (Ol fa) o L)

S @)Y g felle-r-s  falle-1-o (96)

Proof Inequality (95) is proved in Proposition 11 of [6], meanwhile (96) can be proved in a
similar way with slight modifications. O

B An alternative proof of the coupling existence

We give a shorter, alternative (but less general) proof of the existence of a coupling between the

Gaussian measures MHW’K (i.e. the Anderson free field) and the Gaussian free field =25 from
Theorem 8, see Section 2 for the relevant definitions.

Proposition 17 Consider the Gaussian measures ,un’Kand p=ATE from Section 2. Then we
may write elements in the support of these measures as

HF) "3 € supp(p™ ™)

(~A+K)"2¢p € supp(p At
where

¢ € supp (p'r?),

where p'c? is the white noise measure defined in Section 2.2.
Then we have that for any 6 > 0

[ (@t = cavmy )l i) <.

-5

In other words, we can see the Anderson free field MHW’Kas a random shift (of reqularity H'~9)
of the GFF.
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Proof This is somewhat similar to what was done in Sections 4 and 5 of [5] but we adapt it to
our notation and setting.

We collect a few properties from previous sections. Firstly, from (30), we have an orthonormal
eigenbasis of H*"X (suppressing the w for readability)

Hw’Kfn = )‘nfn; fn c D(Hw'K),)\n ~nn as n — oo.

Thus we may write ¢ € supp (,uHLz) C C~'7% Ve > 0 as a random series

¥ = gnfawhere the g, ~ N'(0,1) are i.i.d Gaussians (97)
neN

then (H*%)=2¢ € supp(u™") and (—A 4+ K)~21 € supp(p=2+X). We further recall the
following formula from functional calculus

(HF) 2 = c/ e gy (98)
0

see Theorem 35 in [5] and the discussion thereafter. Moreover, from the definition of T' in (25)
and its inverse in (24) together with the paraproduct bounds from Lemma 28, one can readily
check that the following regularizing property holds

(Tt —1): H=7 — H'" ¢ bounded Vo, e > 0. (99)
Moreover, we have using (19) and the paraproduct estimates
|(HET — (K — A))v||ge < |Jv]| giente Vo, e > 0. (100)
Lastly, we use that Theorem 4 implies that
(HF)"2 . H 7 — H' for o € (0,1). (101)

We make a computation where we start with (98) and artificially insert the I' in order to use
the fact that H*XT is a lower order perturbation of the Laplacian. In order to isolate the
problematic term, we adopt the brief notation O(1—) to mean a term which is bounded from
C~17¢ — H'=¢= " for £,k > 0 i.e. for which one does not use the Gaussian property.

We compute

(k)= VL ey —dp 4 (g F) (1 - T)
|
o@1-)
(98)

= c/ t*%e*tHWYKth+O(17)
0

= c/ tmre K=2) g 4 c/ tié(eftHw'KF — e tE=B)ar 4+ O(1-)
0 0

= c/ t_%e_t(K_A)dt—&—c/ t3e M= gyr — 1)+
0 0

=(K—A)"2 (P-1)=0(1-)

+c/ 1= (e~ _ ot K-yt 4 0(1-)
0

=  (K-A)34 c/ 73 (e D — e HE ATl 4 O(1-).
0
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Thus it remains to control the integral term for elements in the support of u'? of the form (97).
We begin by rewriting it as follows

t
(eftH vKF . eft(KfA))Fflzgnfn — Zgn / e*(tfs)(KfA) (HW,KI‘I _ (K _ A))esz vKFF—lfn
n n 0

t
S [ e N @KD (1 - Ay,
n 0
t
= 3o [ e D@D - (1 - A,
n 0

now we may compute the LZH® o < 1 norm. Recall that H? = D ((H**)%) for ¢ € (—1,1))
with equivalent norms, see Theorem 4. For a sequence of functions h,,, we can thus bound, using
the independence of the Gaussians and the orthogonality of the eigenfunctions,

2

2

Q

LEH« J

E Z ( gnhm\/ﬁafj> <nghmv\/ﬁafj>

J

= 2 En,gm) (e VE'¢5) (1, V')

————

Jj nm

=0n.m
= Z;(hn,\/ﬁaejf
= Z(\/ﬁahn,\/ﬁahn>
> nllre-

Now if we apply this to h, = [;°t"2 fot e~ stne (=) (K= (W KT — (K — A)) fdsdt and we
bound its H* norm for @ < 1 norm and show its square summability this implies the desired
result.
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We compute for some parameters 0 < 4, x < 1 to be fixed later and A, := \,, — K

[e'e) t
|7 || e < / t—%/ o—5n
0 0
(103) S t
2 e
0 0
o0

(99)’(100) 1 K ¢ 2 —%(a—rs) K 1
S b [ e T T (0~ ANl ol s
0 0

e~ =) E=2) (g KT (K — A)) fo || sredsdt

(SIS

t—s| 73O K| (HOKT — (K — A)) fo || s dsdt

(102) > 1 ¢ . !
S / the Kt / et — | 72O fo g1 dsdt
0 0

S>\§+%+%
tAp=:T Lisan [ _1 T 1
—2 1484 ~1 1 _ L 1l(a—8)\ L(a—5
< N / N2rte An/ el — o 2N g5y
SAn=:0 0 0
—l4oqr [ 1 - o 1
~ A, C 2/ T Ze X/ e_"|7'—a|_5(°‘_5)
0 0
(104) 1
—s(14+k .
< An 2 )choosmga =1 — 2k hence

Dol S D AT S
n

n
having used the Weyl asymptotic A,, ~ n for large n, the bound

140

10 fallarreo ~ || (=5) 55 1|

H»To'
L~ (102)

which is true for o € {0,1} by Theorem 4 and for o € (0,1) by interpolation, and the standard
heat kernel bound

it 4

e 2l s <t 2" ||g|l - for all ¢ > 0 and B > 7. (103)

Lastly we prove the finiteness of the integral that we used to conclude. We compute
o) L - T N _o 0 N - 1 1 1
/ T_ie_ﬁ/ ey —o|2lem) P / T_fe_ﬁ/ re PTr2(@=0) (1 — py=2(@=9) (104)
0 0 0 0

00 1
[ ro-aengis [ ghens
0 0

v=pt ¥ L(1—a+d) ! : 1 3 (a—0)
= p2liTaTo)eml e Pin (1 — p)_§ o=
/O 0 \\</1_/p%(1—o¢+6)

having used that
1 1
/ —————dr<ocifab<l
0 x

This finishes the proof. O
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