ON THE TRACE OF W +L(R7H)

GIOVANNI LEONI AND DANIEL SPECTOR

ABSTRACT. In this paper we prove extension results for functions in Besov
spaces. Our results are new in the homogeneous setting, while our technique
applies equally in the inhomogeneous setting to obtain new proofs of classical
results. While our results include p > 1, of principle interest is the case p = 1,
where we show that

/]Rn+1 ta‘vm+1u($7t)| dtdx S ‘f'Bm—‘%l(]R”)
+

for all f € B™~%1(R™) (the homogeneous Besov space) where u is a suitably
scaled heat extension of f. The proofs in this paper rely on the intrinsic
seminorm for Besov spaces, thereby bypassing the need for harmonic analysis.

1. INTRODUCTION

In the classical paper [4], Gagliardo proved that when 1 < p < oo, the trace space
of WP(9) is the fractional Sobolev space W'=/P2(9Q) (see [11]). Here, Q is an
open bounded set of R"*! with smooth boundary. An induction argument gives
that the trace space of W™ +12(Q) is WmF1=1/P2(9Q) for m € Nand 1 < p < oc.

The history is somewhat more involved when p = 1. In the first order case,
Gagliardo proved in the same paper that the trace space of W11(Q2) is L1(99) (see
also [14] or [9, Theorem 18.13] for a simpler proof due to Mironescu). However,
in the higher order case the trace of W™+1:1(Q) for m € Nis not W™1(99). Indeed,
Uspenskii [28] considered the homogeneous weighted Sobolev spaces W +1» (R,

defined as the space of all functions u € W,-t"?(R"!) such that

loc
1/p
|ul 1 oy o= / |V (2, ) |Pdadt < o0,
a + R7H

where
n . 1
(z,t) € R" x (0,00) =: R},

m € Ng, a > —1, and 1 < p < oo, and where we use V" ly := V™(Vu) to
denote the inductively defined higher order gradient in x and t. He proved that
when a — p(m + 1) + 1 < 0, the trace space of the inhomogeneous Sobolev space
WgnJer(RiH) N LP(RT) is given by the Besov space B™+1=(a+1)/pP(R™) that
is,

(1.1) Te(W PRI 0 LP(RT)) = Brti=(etD/pr (R,
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As noted in the literature (see, e.g., [1, p.295]), [12, p.515], [15]), while Uspen-
skif’s result is only stated for 1 < p < 0o, his proof extends® without modification
to the case p = 1. In particular, Uspenskil’s trace theorem [28, Theorem 2] gives

(1.2) Tr(W WY (RT) N LY RE)) € B™ N R™)

(see also [2], [9, Theorem 18.57] and [15]), while his lifting theorem [28, Theorem
3] shows

(1.3) BMTeLH(R™) C To(WHBLRET) 0 LY(RTH).

Both directions of Uspenskii’s argument are a little tricky, though their presentation
has been streamlined by Maz’ya in [12, Theorem 1 in Section 10.1]. As was observed
by Mironescu and Russ [15], the lifting argument in [12] is missing the estimate for
the cross term (second order mixed derivatives in the trace and normal variable).
This is a natural motivation for their work [15], where utilizing Littlewood—Paley
theory, they give a simple proof of the equality (1.1) that includes the case p = 1, see
[15, Theorems 1.1 and 1.2]. Accordingly, their paper makes use of the Littlewood—
Paley characterization of Besov spaces (see [9, Theorem 17.77]). We refer also to
the paper [27] for a treatment of the trace/lifting problem for Sobolev spaces with
Muckenhoupt weights.

In this paper, we are interested in the question of extension of functions in
homogeneous Besov spaces, which arise naturally in the study of PDE on unbounded
domains. Our approach is simple and has the benefit of being clearly well-defined
in both the inhomogeneous and homogeneous setting. The main new idea in this
paper is to replace Uspenskii’s use of the harmonic extension of f with

(1.4) u(z,t) == (Wi f)(x) = | Wiz —y)f(y)dy,

RTI,

where W is the Gaussian function

exp(faf/a) 0 L esp(clal/(4)

(47T)”/2 tn (471’t2)n/2

While this rescaled Gauss-Weierstrass extension has been utilized previously in the
literature (see, e.g. Taibleson [23, p. 458]), it is by no means obvious that it gives a
relatively simple resolution of the extension question. A first clear gain is that the
convolution (1.4) is always well-defined for functions f € B"~%'(R"), in contrast
to the harmonic extension utilized by Uspenskii. The main point of interest is a
simplification in the estimates which comes from a different underlying PDE. In
particular, as p(z,t) = W /() is the heat kernel, % = Ap. Hence, using the chain
rule, or a direct computation, we have that
3Wt

ot

so that u satisfies the degenerate parabolic initial value problem
{ du — 9tAy in Ri“,

15) W)=

(1.6)

= 2tAWt,

ot

u(z,0) = f(z) inR"™.
We will see shortly the usefulness of this relation. We first state the main result of
this paper in

(1.7)

IThe reader should note here there is a slight inaccuracy in the assertion of how to handle the
estimate for r — 1 odd in the case division on p. 137, but ultimately this case is not needed for
the demonstration of his Theorem 3.
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Theorem 1.1. Let m € Ny and —1 < a < m. Suppose that f € B™~%(R") and
let u be given by (1.4). Then

a m—+1
(18) L e )] e S sy
+

Note that when a = 0 this provides a lifting for B™!(R") into W™+LI(R} ).

When a is an integer, the idea of the proof of Theorem 1.1 is based on Uspen-
skii’s trick of introducing second order differences and his use of repeated harmonic
extension. In particular, replacing the Poisson kernel with the Gauss-Weierstrass
kernel, Uspenskii’s ansatz [28, p. 137-138] reads

82u 1 62W1
1.9) ———(z,t)= -t "2 ht™? h —h)—2 dh
(19) Goga @0 =517 [ Gaa IS k) + S = h) = 26 (@] dh
for i,7 = 1,...,n. This relies on the fact that 889521-‘:9‘2,» is even and has mean zero,

and allows one to introduce the appropriate quantity on the right hand side when
one has exactly two pure second order derivatives. The point is then that estimates
for the entries of the tensor
URAVALESY

can be reduced to this case through the use of the identity (1.6) and the semi-group
property of the Gaussian. The former allows one to directly trade derivatives in ¢
for derivatives in the trace variable, up to a polynomial in the normal variable that
is harmless, which in combination with the latter reduces the question of estimate
for t2V™*+1qy to estimates for linear combinations of

ta+l8’y Wt/ﬂ*aQWt/\/ﬁ 80éf

53:7' axlaxj * oz
for some ! € {0,...,m + 1}, and where the multi-indices o,y € Nj satisfy |a| =
m—k—1 and |y| = | — k, with k the integer part of m — a. The two pure
second order derivatives in the trace variable are then amenable to the analog of
Uspenskil’s ansatz (1.9), and the estimate follows, where one uses rapid decay of
the Gaussian to ensure convergence of several rescaled integrals in the estimates.

In the proof of Theorem 1.1, we will show that a function f € Bm_avl(R") has
at most polynomial growth, so that in particular (1.4) is well-defined. This is no
longer the case if we replace W; with the Poisson kernel, as in Uspenskii’s paper.
This is not an issue for the extensions utilized by Mironescu and Russ [15, Equation
(4.1) on p. 362], however, to use their work, in addition to subtraction of a suitable
polynomial for the applicability of the fundamental theorem of calculus in Lemma
4.1 on p. 362, one should establish a density result for C°(R™) in the homogeneous
spaces, a question which is itself non-trivial, see e.g. [11, p. Theorem 6.107 on
p. 251].

One has an analog of Theorem 1.1 for 1 < p < co by a similar argument.

Theorem 1.2. Letm € Ny, 1 <p < o0, and —1 < a < p(m+1)—1. Suppose that
f € Brti=(at)/pr(R™) and let u be given by (1.4). Then

/Rn+1 ta|Vm+1u(a:, t)|Pdzdt < ‘f|%m+1_<a+1>/p,p(Rn) .
I

It is important to point out that the characterization of Besov spaces as initial
values of evolution problems, as in (1.7), is classical. We refer to Triebel’s book [25,
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Section 1.14.5] for the connection between interpolation theory and semigroups,
and to [25, Section 2.5.2] for the special case of the heat equation. In this setting,
Iwabuchi [7, Theorem 1.4] proved an estimate in a similar spirit of that in our The-
orem 1.1 for the semigroup generated by the fractional-order Dirichlet Laplacian.
The characterization by means of the heat kernel or the Gauss—Weierstrass semi-
group can also be considered as a variants of the characterization of Besov spaces
by local means, see Sawano’s [19, Section 2.5.2.1], and Triebel’s [24, Sections 1.6.5
and 1.8.1] books for more details.

In contrast to the references above, the proofs in this paper rely on the intrinsic
seminorm for Besov spaces, thereby bypassing the need for harmonic analysis or
interpolation theory. We believe that the proof of Theorem 3.1 below is accessible
to an advanced undergraduate or beginning graduate student. Indeed, the original
motivation of this paper was to complete the missing estimate in Maz’ya’s book
[12, Theorem 1 in Section 10.1] for the second order mixed derivatives in the trace
and normal variable.

Next, we turn our attention to the inhomogeneous case. For 1 < p < oo, Triebel
in [25, Theorem 2.9.1 on p. 214] considered the (inhomogeneous) weighted Sobolev
space W 1P (R™) defined as the space of all functions u € W™ P (R%) such
that

1/p m+1
||u||W(‘;n+l,p(Ri+1) = </Ri+1 ta|u(x,t)|pdxdt> + z; |u‘wg*p(R1“) < 00.
=

He proved that for —1/p < a < m + 1 — 1/p, the mapping
!
ws (10,0, 500 G 0))

is a retraction from W12 (R onto Hé‘:o Bmtl=i—a=1/p(R™). Here we take
l=|m—a+1/p]|, where |s] is the floor of s. The lifting makes use of the harmonic
extension (5.1).

Triebel also showed that if a > m + 1 — 1/p, then

W (R ) = W (R,

where Wg?aﬂ’p(R:‘_H) is the completion of C2°(R7*") with respect to the norm
in Wmtlp (]R?fl). In particular, this implies that, in this case, the trace operator
cannot be continuous since we can approximate a smooth function in Wm+1.» (Riﬂ)
with non zero trace with a sequence of functions in C°(R’}™"). See also the paper
[6] of Grisvard for the case m = 0.

We carry out this program in the case p =1 in the following three theorems.

Theorem 1.3. Let m € Ny and —1 < a < m. If a < m, then for every f €
BmaL(R), there exists F € WILH R such that Tr(F) = f and

1P llsaganssy S 1l Bmees .

On the other hand, if a = m, then for every f € LY(R") there exists F €
WL (R such that Tr(F) = f and

(1.10) 1Bl gy S 17l e
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The lifting in (1.10) was obtained by Mironescu and Russ [15, Proposition 1.14].

The following result is critical in reducing elliptic or parabolic boundary value
problems with inhomogeneous boundary conditions to homogeneous ones (see, e.g.,
[17, Theorem 4.2.2 on p.218] or [13] for the case p > 1). See also the recent
work of Gmeineder, Raita, and Van Schaftingen [5] for an application to boundary
ellipticity.

Theorem 1.4. Let m € N and —1 < a < m. If a = k € Ny, suppose that
f; € B"F3LR) for j=0,...,m—k—1, and fr,—r € L'(R™). Then there exists
F e WL L(RYY) such that Te(F) = fo, Te(SE) = fj forj=1,...,m—k—1,
and

m—k—1
(1.11) I lyymssagnrsy S D Iillpmersaggn) + | fmrellzs @)

=
On the other hand, if a ¢ No, suppose that f; € B™=*=»YR") for j = 0,...,1,
where | := |m — a]. Then there exists F € W LR such that Tr(F) = fo,
Te(SE) = f; forj=1,...,1, and

!

[E lygns 11 ey S > il pm-a-sn @y
j=0

Finally, we discuss the case a > m.
Theorem 1.5. Let m € Ny and a > m. Then W HLL(RIT!) = W(Taﬂ’l(RT'l).

This paper is organized as follows. In Section 2, we discuss some basic properties
of Besov spaces. In Section 3, we prove Theorems 1.1 and 1.2. Section 4 deals with
the inhomogeneous case: We prove Theorems 1.3, 1.4, and 1.5. Finally, in Section
5, we prove several extension results via harmonic extension. Here we also show
how Uspenskil’s characterization of the trace of W21 (R’IH) by harmonic extension
yields a simple proof of the boundedness of the Riesz transforms on Bl’l(R"),
thus giving a short proof of the latter fact which is a standard consequence of
Littlewood—Paley theory (see, e.g., [20] or [26, Section 5.2.2]).
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2. PRELIMINARIES

In this section, we present some basic properties of Besov spaces that we will use
in the sequel. Throughout this paper, the expression

A<B means A< CB

for some constant C' > 0 that depends on the parameters quantified in the statement
of the result (usually n and p), but not on the functions and their domain of
integration.

Given ¢ € R and 1 < p < oo, we denote by Lg(RT‘l) the space all measurable
functions f : Riﬂ — R such that

1/p
(2.1) ||f||L5(R1+1) = </Rn+1 t“f(x,t)|pdxdt> < 0.
+

Given a function f € W oP(), where @ C R™"! it will be convenient to

have several different symbols to denote various derivatives beyond what we have
introduced in Section 1, for £k =1,...,m,

e V¥ f the inductively defined gradient jointly in (x,t) of order k;

° a;gf the kth order partial derivative of f in x given by the multi-index

a € N with |af = k.

In particular, for K = 1,...,m, we also denote by

e VX f the inductively defined gradient in x of order k;
° % the first order partial derivative of f with respect to the trace variable

Ti;

. ng,{ the kth order partial derivative of f with respect to the extension
variable;

e 0°f the partial derivative of f in (z,t) given by the multi-index o € N§ x N
with |o| = k.

Definition 2.1. Given an open set Q C R m e N, and 1 < p < 00, we say
that a function f € WivP(Q) belongs to the homogeneous Sobolev space W™P((2)
if [V™f| € LP(Q).

Given a function f: R™ — R and z,h € R", we write
(2.2) Anf(x) = fx+h) — f(x), AP f(z):= AR (ALf(x)).
Observe that
AL f(x) = f(z+2h) = 2f(x +h) + f(2)

and

Ajf(x —h) = f(z+h) = 2f(x) + fz — h).



ON THE TRACE OF W/+h1(R7H!) 7

Definition 2.2. Gwen 1 < p,qg < 0o and 0 < s < 1, we say that a function
fert (R™) belongs to the homogeneous Besov space B;’p(R") if 2

loc
1/q
._ s)+1 dh
o = ([ 1A Wy s ) <

where | s] is the integer part of s. The (inhomogeneous) Besov space By (R") is
the space of all functions f € LP(R™) N B;’p(R") endowed with norm

f

I £l Bs e @ny = [l fllLe@n) + | fl B3P @®R)-

When ¢ = p, we write B>P(R") and B*?(R") for B;’p(R”) and By P(R"), re-
spectively. _
In what follows, we will use the equivalent seminorm for B%!(R"):

o0 dr
B ny = AQ ny—%
Flinageey = [ sup 183 lsen

(see [9, Proposition 17.17]).

Definition 2.3. Given 1 < p,q < oo and s > 1, we define the homogeneous
Besov space B;P(R") as the space of all functions f € WEP(R™) such that % €

loc
Bg_e’p(R") for all multi-indices o € Ni with || = ¢, where { = max{m € N :
m < s}. The (inhomogeneous) Besov space By"P(R") is the space of all functions

fewtr(R") N Bé’p(R”) endowed with norm
o f

Oz«

Ber@ny = | fllwes@n) + Z

|a|=m—2

/]

By P (R")

Note that £ = |s| if s ¢ Nand ¢ = |s|] — 1 if s € N. As before, when ¢ = p, we
write B*P(R") and B*P(R") for B;P(R") and B;?(R"), respectively.
It is important to remark that when s ¢ N, the Besov spaces B®P(R"™) coincide
with the fractional Sobolev spaces WP (R™), while for s =k € N,
BM2(R™) = WhR2(R"™), BFP(R"™) ¢ WEP(R™) for p # 2.

For the continuous embedding, we refer to [9, Theorem 17.66]. The two spaces are
not equivalent. In the case p > 1 this follows from [26, Theorems 2.3.9 and 2.5.6].
When p = 1, there is a simple example for k¥ = 1: Assume by contradiction that

[fllBragny S Ifllwrr @)
for all f € WHE(R™). It follows by a mollification argument that
1fllra@ny S I fller@ny + [DfI(R)
for all f € BV(R"). Take f = xjo,1» € BV(R"). Given 2 € R", when n > 2 we

write
r=(2',z,) ER" xR,

2The reader should be aware that the definitions of homogeneous and inhomogeneous Besov
spaces often differ in the literature, see e.g. [24] for comparison.
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Then, by the change of variables A’ = h,,z’, we obtain

|flBr@n)
AQ n - h
> / / A X, ff W ansan, de dz,
(0,17~ 1x[0,1/2] J[0,1]7~1 x[2n,1/2] |h|"
dh’
= dh,dx
/[o 1/2] /zn 1/2] /0 -t (IR + h2)("+1)/2 e

dz’' / /
> dh7 dz,
/[ozn V([P oo Sy B2

s

= 0.
The case n =1 is simpler, where one makes a similar computation for f = x( 1) €
BV(R).

When k& > p = 1, this example can be modified as follows. Let ¢ € C°([—-1/2,3/2]™)
be a function such that ¢ =1 on [0, 1]™. Define

/ / / X{z,>0}(51) o(x',s1) dsy .. .dsj_1.

We claim D(VF~1) € M, (R™; R™**). In fact, for every a # (0,...,k) such that
ol = &

9%y

Oz«

is a bounded, compactly supported function, so that it only remains to observe that

6k—1 ~
(Dw) (2) = P @H" o o) +
k

drk—1

for some bounded compactly supported function ) and the claim follows. On the
other hand, ¢ ¢ B*!(R") since

akflw
H dxpt

> IX{zn>010° I BLa@ny — 10l Bra@ny,
Bl,l(Rn)

and while
||1/~)HB“(R”) < 00,
a computation similar to the preceding shows
||X{a:n>o}<P2||Bl=1(Rn) = 0.

The following result is well known (see, e.g., [9, Theorem 17.24] for a proof that
uses abstract interpolation).

Proposition 2.4. Let 0 < s < 1. Then WsIHLL(R") is continuously embedded in
Bs,l(Rn)'

Proof. Assume that s = 1 and let f € W%!(R"). By the fundamental theorem of
calculus,

1AG fllLr ey < RPIVE Il ey,



ON THE TRACE OF W/+h1(R7H!) 9

and so

dh
2
/R" ||Ahf||L1(Rn)|h|T+1
dh dh

- 1A2 £l —+/ Y P—.
/B(O,l) AR TR r\BO1) LHED TR

dh dh
< V2 fll ey / et * 2l /
B(0,1)

re\B(0,1) |P["T!
S ||vif||L1(R") + 1l gny-
The case 0 < s < 1 is similar. We omit the details. O

3. THE HOMOGENEOUS CASE

In this section, we prove Theorems 1.1 and 1.2. For simplicity of exposition, we
present a version of Theorem 1.1 in the second order case.

Theorem 3.1. Let f € BLYY(R™) and let u be defined as in (1.4). Then
(31) V20l iy S Sl e

Lemma 3.2. Let o € N} and b € R be such that n+ |a| —b—1 > 0. Then for
every x € R™\ {0},

| 0*W, 1
b t
/O t or™ (l‘)‘ S |x|n+|a|—b—1
and
|| Gt@) do s o
e | Dz S flol”

Proof. The change of variables t = |z|r—1, dt = —|z|r~2dr yields

* oW, > b 0w
| —1 dt = —_— [ =—
/0 Oz (z) /0 tntlal | gy

1 oo
_ rn+\a|7b72
|x|n+\a|—b—1 0

Since n 4 |a] — b —2 > —1 we have that r"+|®I=0=2 is integrable near 0, which
together with the fact that W is a Gaussian, gives convergence of the integral on
the right-hand side.

(xt™h)| dt

aa

w
W(rm/m) dr.

The facts that Bg;},’* (x) = ﬁ%?av (xt~1), that W is a Gaussian, and the
change of variables y = 2t~!, dy = t "dx imply
0*W, 1 oW 1
= - < 1
/n a0 (x)‘ dz = / e (y)‘ W S ot

We turn to the proof of Theorem 3.1
Proof of Theorem 3.1. Given f € BYYH(R™), let u := W x f, where W, is defined in

(1.5). Step 1: In this step we estimate the L' norms of 8322ng and %2712‘. For any
1,7 =1,...n, one has
32u 82Wf 62Wt
—(z,t) = —(z — h)f(h)dh =
Forgs (e~ h)F(h)

(h)f(z — h) dh.

rr 07,07 rn 02;0%;
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Making use of the fact that
0*W, (—h) = 0*W, (h)
O0x;0x; O0x;0x;
(the second order partial derivatives purely in the trace variable of the Gaussian
kernel, even mixed, are even functions), by a change of variables, one also has

82U 82Wt
—(x,t) = h h) dh
Goe E0 = | e (G4 ) dh,
Since )
0*W;
h dh =
[ e (W@ =0,
this means one can write
82u 1 82 Wt

(3.2) t)=—- (R)[f(x+h)+ f(x —h) —2f(x)]dh

aIiaJ?j (.’E, ) 2 R 8xi8xj

In particular, we can estimate

/ 0%u
n+1
R+

83:1-83@»

STNNA

(z, t)‘ dxdt

h)‘ \f(x+ h) + f(z — h) — 2 ()| dhdxdt

83%‘8.’13]‘
BQWt
dt h —h)—2 dhdzx.
s [ L o] s+ 10+ gt = 1) = 2] dns

By Lemma 3.2,

| 92w 1
3.3 -
(53) | o o] de < i
Therefore

2
/ Ou (x,t)‘ dxdt
R1+1 (%cl&nj
[f(z+h)+ flz —h) —2f(z)]
/n /n NEs dhdzx.
Since %tzt is even and integrates to zero, reasoning as before, we can write
82u 1 62Wt
G =g [ W)+ flo—h) - 2f@)dh

Since a;g/t can be written as a linear combination of ¢t=2W,, t_l(xit_l)%‘;vj, and
(it 1) (z;t7h) 3;’5’ , reasoning as in the proof of Lemma 3.2, we have that

<1 9°W, 1
3.4 —(h)| dt < ——.
(4 [ [ g
We can now continue as before to obtain the estimate for this derivative.

Step 2: In this step we estimate the L' norm of a?au For the mixed derivatives

involving ¢, one computes

32u an

otow;, 0= [ o

of
Oz,

(h)=—(xz — h) dh.
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For fixed x, define g(h) := f(x — h). Then

of g
—(x—h)=—==(h
oo =) =~ i (h),
an integration by parts yields
8216 82Wt
t) = h — h) dh.
aiaz, OV = [ g, W/ @)
Here, g:gg ; is not an even function (and, in fact, it is odd). Since
oW,
—— = 2tAW;
at ty

we can write

2w, " 9w,
2
87563%‘ ;

- 8.%‘,‘82.1’]‘ '

The semi-group property of the heat extension, which is just a manipulation of the
Fourier transform (see (1.5)), leads to the identity®

aSWt _ 8Wt/\/§ . 82Wt/\/§

Ox;0%x; ox; 890?

(3.5)

. O*W, . . . .
Since a;é Y2 i5 even and has zero average in the trace variable x, we can write
J

2 2
(3.6) (W * f) (@) = & / OWes (182 (0 — ),

3 3
Oz} 2 ox3

where A? f is as defined in (2.2). In turn,

2
(3.7 <6Wt/\/§ * TWiyys * f) (z)

ox; 833?

1 ow. NG) 82W V2
5 | e [ R 0ak - 1) dna.

J

In conclusion, we have

azu n ow. Va 82W V3
o) =% [ ) [ R0 ARy~ b dhdy.
'3 j:1 n '3 n

J

3We have

FWe)(6) = e 11617 — o= a/V r2Iel o ma/ V2R IEl — o) F(W,, ).
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Integrating this quantity over Rffrl and using Fubini’s theorem yields

/ 0%u
n+1
]R+

pIE (z, t)‘ dxdt

<Z/ 5o ’///
/n/n - mw v

‘h|n+1

h)| dt |A3 f(y — h)| dhdy

where in the last inequality we applied twice Lemma 3.2. (]

Remark 3.3. The proof in Step 1 is classical and follows Uspenskii’s ansatz (5.4).
Note that in Step 1, we only used the fact that the kernel W, is even and decays
sufficiently fast at infinity for (3.3) and (3.4) to hold. In particular, in this step,
we could replace the Gaussian function W with the Poisson kernel P or with an
even mollifier ¢ € C°(R™). In contrast, Step 2 uses the properties of the Gaussian
kernel Wy in a crucial way.

We next prove a preliminary version of Theorem 1.1 in the inhomogeneous case.

Theorem 3.4. Let m € Ny and —1 < a < m. Suppose that f € B™~%1(R") and
let u be given by (1.4). Then

(3.8) o e )] e S |l any
+

Proof of Theorem 3.4. Let s :=m —a >0 and f € BS1(R").

Step 1: Assume that s = k € N. Then for every a € N} with |a| =k — 1, we
have that % € BY(R"). The goal is then to show an L! bound for the entries of
the tensor

URAVALRRSTA

where we recall that u = Wy x f. To reduce to the case where all the derivatives are
in the trace variable x, consider a multi-index (5,1) € N§ x Ng, with |8|+1 = m+1.
Since |8|+2l =m+ 141> k—1, by applying ! times formula (1.6) , we can write

ta 87[3 ath * f
oxP \ ot
e W 0%
oxY Oz~
for I =0,...,m+ 1, and where the multi-indices o,y € Nj satisfy || = k — 1 and

|v] = m+1—k+2. Asin (3.5), the semi-group property of the heat extension leads
to the identity

as linear combinations of

oW, _ " Wys Wy s

oz oz * 0z;0z;
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for some 4,5 =1,...,n and 4" € N such that |y'| = |y| —2 = m+1 — k. This shows
that one actually estimates

oz’ Ox;0x; — Ox®
for some [ € {0,...,m+1}, and where the multi-indices o,y € Ny satisfy |a| = k—1
and |’y|—m+l—k

?w, . . .
Since — :9/ V2 i5 even and has zero average in the trace variable z, as in (3.7) we

Wy PWym 02f

can write

’ 2 o
. (m Wyvz 2 My 0 f) (@)

oz dx;0x; Oz

o f

o?W,
S (W)A] 5 (y — h) dhdy.

Rn Bxlax]

ta-‘rl a'Y t/\f
- | ey

The point is that when one integrates this quantity over ]RT'I, by Lemma 3.2,

/.

and therefore, by Tonelli’s theorem, one has as an upper bound some universal
constant times

oo
L[
n n O

By Lemma 3.2 again,
PWoyvs

il
/0 t O0x;0x; (h)

Step 2: Assume that s ¢ N and let k := |s]. Then for every o € Nj} with |a| = &,
we have that % € B*~%1(R"). Asin Step 1, to estimate the L' norm of t*V™*1q,
it suffices to estimate the L! norm of
jat W, . 0% f
dxY Oz
for { = 0,...,m + 1, and where the multi-indices o,y € Ny satisfy |a| = k and
Y| =m+1+1—k. Since [5, %% (h)dh =0, we can write
Wy 0%f W, 0% f
il — MA_ 2
( o7 &TO‘) (z) rn 0% (h) " O

Multiplying both sides by %+ and integrating in (z,t) gives

W, o0°f
a+l t
/R"“ t ( ox i 8x0‘> (@)
¥
oW o f

/”/n/ t(l-i-l ax’y h)’ ‘A_haxa(x)

where we used Tonelli’s theorem. By Lemma 3.2,

< o [TWe 1 !
0 oz ~ |h|n+|fy|—a—l—1 - |h‘n+s—k'

W, W,
SIF)
oz’ 7)

PWyyvs

o0°f
00z (h)

" e

‘AQ * (w h)’ dtdhdw.

1 1
< =
at s |h|n+2—a—l+|’¥'|—1 |h|n+1'

(3.9)

(z) dh.

dxdt

dtdhdz,
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In turn,

[ (G ot ) @ wars [ ]
R+ ax’y axa n n
4

We next prove a preliminary version of Theorem 1.2 in the inhomogeneous case.

dh

A_ h (@) T

O

Theorem 3.5. Let m € Ny, 1 <p < o0, and —1 < a < p(m—+1)—1. Suppose that
f e Bmti=(at)/pr(R™) and let u be given by (1.4). Then

/Rn+1 ta|Vm+1u(z, t)\pdxdt 5 ‘f|%m+17(a+1)/p,p(Rn) .
n

Proof of Theorem 3.5. Let s:=m+1—(a+1)/p>0and f € B>P(R"). Step 1:
Assume that s = k € N. Then for every o € Njj with |a|] = k — 1, we have that
% € BYP(R™). As in Step 1 of the proof of Theorem 1.1, to obtain an LP bound
for the entries of the tensor t%/?V™* 1y, it suffices to estimate the L? norm of

ta/p+za W/f o*W, tyve 0°f
oz’ Ox;0x; Oz

for some ! € {0, ...,m+1}, and where the multi-indices o,y € N} satisty |a] = k—1
and |[y'| =m+1—k.

Let
1 0 W/f 2
9= [ =gt WaksG - ma

By Young’s inequality for convolutions,

!/ 2 «
(3.10) t/pH Wy a « OWivs * o°f — o/t 7 Wt/f * g
: orY Ox;0x;  Ox® Lo (&™) O™’ LP(R™)
87/Wt V3 —y
<ol — gl oy S /77 gl o gy »
L1(R™)

where we used Lemma 3.2.

. . W, /s 2w, |7 (2w, s |17
To estimate [|g]|p,gn), we write Geibe, | = | Bwion; Bmie; By
Holder’s inequality
82Wt 1/[),
V3
< ——=(h)| dh
)] < (/ T )
W, 3 ,0°f A
h)||A x—h)| dh
x / axaxj()’ hgge @)
, 92w 9 f AN
< / — U2y A2S L (o — )| dn
< ( T i) | Af Gk @ = b ,
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where we used again Lemma 3.2. Hence,

a W, aaf p
11 Py < =20 1/ / V2 ) A2S L (2~ h)| dhda.
) [ la@prds s T m)| st e = | dnas
aising both sides o . to power p, integrating in ¢, and using (3. gives
Raising both sides of (3.10) i ing i d using (3.11) gi
’ 2 o p
/ totip 7 Wt/ﬁ * 0 Wt/ﬁ * ﬂ (z)| dxdt
R+ oz’ Ox;0x;  Ox®
00 , aQW aaf p
< atip=|y' Ip=2p—1) | V2 g A2 0 D drdhda
N/n/n/o O0x;0x; (R) h oz (2 ) v
By Lemma 3.2,
o 2
/ o= Ip—2(p—1) M(h) dt < 1 = 1 .
0 axiaxlj ~ |h|n+2—a—lp+|fy’|p+2(p—1)—1 |h|n+p
In turn,
o'W, 9w, 8 :
/ tatir V2, yve O T 0%/ (x)| dxdt
R+ ox’ Ox;0x;  Ox“
o~ f P dh
A dx.
S J 2G| e

Step 2: Assume that s ¢ N and let k := |s]. Then for every a € N} with |a| = &,
we have that 2 £ € B*~kP(R™). As in Step 2 of the proof of Theorem 1.1, to
obtain an L? bound for the entries of the tensor t%/PV™ 1y, it suffices to estimate

ta/erl8 Wi % o f

oxv Oz«
for | = 0,...,m + 1, and where the multi-indices o,y € Ny satisfy |a| = k and
1/p' 1/p
|7 =m+1+1— k. Writing }0 W | — a(;;/gt a{;gt , by Holder’s inequality

and (3.9)

W, 0%f
’( oxY *&ro‘) (x)‘

oW, Hr oW, oo f P \P
<
- (/Rn ox” (h) dh) (/W ox™ h)’ A*haza (z) dh)
g W, ) N N
< +=Il/p t Z 4
= (/ o) (h)HAhaxa(‘”) dh) ’

where we used Lemma 3.2. Multiplying both sides by t*/?+!  raising to power p,
and integrating in (x,t) gives

oW, oof\ |
a+lp t
_/Ri+l t ( ox i 5‘1:0‘> ()

</ / /oota+lp—(p—1)|7| IW: of
n JR® Jo

dxdt

p
dtdhdz.

| A Gt @)
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By Lemma 3.2,
0 Qa7 |h|ntl—a—lp+(p—Dv=1 " |p|nt(s—k)p
In turn,
v a
jgiuta+m <%izfﬂ<g££> )| do dt<‘/;u/n A “axa ) “ﬂnfg_mpdx
(I

We conclude this section with the proofs of Theorems 1.1 and 1.2.

Proof of Theorems 1.1 and 1.2. Observe that the only place that the assumption
f € Bmti=(et)/pP(R™) was used in the proofs of Theorems 1.1 and 1.2 was
to ensure that Wi x f is well-defined. The proofs of Theorems 1.1 and 1.2 will

therefore be complete if we can show this convolution is well-defined for f €
Bm+1—(a+1)/p,p(Rn).

By [9, Remark 17.27 on p. 556], for f € B™+1=(@+1/Pr(R™) one can write
f=u+tuv,

where
1
u(x) = tTn/ / Al soapu(@)dhy - dhy,  v(z) = f(z) — u(z),
Q(0,t) Q(0,1)

with v € LP(R™) and v € W"P(R") and we take [ € N so large that Ip > n. As
Wy u is well-defined for u € LP(R™), it remains to show that W; v is well-defined.
This follows from the fact that v has polynomial growth by Theorem A.l in the
appendix below.

(I

4. THE INHOMOGENEOUS CASE

We now turn to the proof of Theorem 1.3. The proof of Step 2 is an adaptation
of Mironescu’s argument who studied the case m = 0 [14].

Proof of Theorem 1.53. Step 1: Assume that a < m. Let ¢ € C°°([0,00)) be a
nonnegative decreasing function such that ¢ = 1 in [0,1], ¥ (¢) = 0 for ¢ > 2 and
define F(z,t) = ¢ (t)u(z,t), where u = Wy f. By Tonelli’s theorem and the change
of variables z = yt 1,

/nm@¢nwx;/nu@n@:va@dz=/;uumdm

Since 0 < ¢ <1 and ¥(t) = 0 for ¢t > 2, it follows
(4.1)

/ t“|F(:c,t)|dxdt:/ t (¢ )/ |u(z,t) |dxdt</ t“dt/ x)| dx.
Al 0 R "

Observe that the first integral on the right-hand side is finite because a > —1.
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Since ¢ = 1 in [0,1], F(x,t) = u(z,t) for t <1, and so Tr(F) = Tr(u) = f. It
remains to estimate the derivatives of F. Consider a multi-index (5,1) € N x Ny,
with || +1 = m + 1. By the product rule

o (o
0xP \ ot

can be written as a linear combination of ¢)(~7) (t)BBTBB (%) for j=0,...,0. Asin
Step 1 of the proof of Theorem 1.1 we can use (1.6) to write 8872 (%i?) as a linear
combination of #/9°% with i € {0,...,j}, where the multi-index v € Nj satisfies

|v] = 18] +2i = m+ 1 — 1+ 2i. There are now two cases. If — 4 2i < 0, we use the
Gagliardo—Nirenberg interpolation inequality [9, Theorem 12.85] to estimate

/ |V?+1_l+2iu(x,t)\dx,<v/ |u($,t)|dx+/ |V, t)| de.

In turn,

[ e O[T i, )] duds
R
2 . 2 .
< / poti / lu(x, t)| dedt + / poti / V™ (e, )| dadt
0 n O n

2 2

5/ t“/ |u(a:,t)|dxdt+/ t“/ |V, t)| dadt
0 n 0 R

SJ/R ‘f(l’)ldl'-i- ‘lemfa,l(Rn)

by (1.8) and (4.1).
If =1+ 2i > 0, we use (1.8) with a replaced by a 4+ i and m by m — [ + 2i to
obtain

/ ta+i|vm+lfl+2iu(x’t)‘ didx 5 |f|Bmfu.7l+i,l(]Rn) )
R

If i = [, we are done since f € B™~%1(R"). Otherwise, we use the fact that by
Proposition 2.4,

|f|B'm—n,—l+i‘1(Rn) 5 Hf”Ll(R") =+ ||ngcm7a7l+iJ+1f||L1(R”) < ||f||Bm*a11(]R")-

Similar estimates hold when 1 < |3] +1 < m + 1. We omit the details.

Step 2: Assume that a = m and let f € C°(R™). Consider a function ¢ €
C*([0,00)) such that 0 < ¢ < 1, ¢ = 11in [0,1], and ¢ = 0 in [2,00). For
I € N define vi(x,t) := f(x)p(lt). By the properties of ¢, v;(x,0) = f(z). The
product rule implies that the entries of the tensor V™% !v; can be written as linear
combinations of the functions

P f
ﬁ(x)

1o (1t
o( )ax
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for multi-indices f € Nj and i =0,...,m+1—|p|if f#0Qori=1,..., m+1if
B = 0. This, along with the change of variables r = It leads to the estimate

/ £ Ly (2, 1) ddt
Ry

m+1 m+1—|B| ) oy N )
4.2 < 7/ 9T dx/ 1o (1) dr
" I,Blz—l ; Im=itl Jgn 83&3( ) o | (1)]

(4.3) + / |f(z)| dx /000 ™M) (1) dr.

One observes that the quantity numbered by equation (4.2) tends to zero as [ — oc.
Thus, if f # 0, by taking [ large enough, we can majorize the quantity (4.2)
by || fllz1(rny, while the quantity numbered by equation (4.3) is just a constant
multiple of this norm. In particular, for such a sufficiently large ly, F' = vy, satisfies
the desired properties. If f = 0, we take F' = 0. This proves (1.10) in the case
f € C2°(R™). The general case follows from the density of C°(R") in L*(R™). We
omit the details. (]

Remark 4.1. By taking a = 0 in (4.1), we have that F € Wm“‘l’l(RiH) N
LYRT), with

|F|Wm+1.,1(]R1+1) + ||F||L1(Ri+1) S ||fHBm—a,1(Rn).

Remark 4.2. Using the fact that for v € WnTLH R, ) N C* ([0, 00)), we have

oS} (m—+1)
v(O):c/ Ty gy
0

dtm+1

for all u € WHLYRIT) 0 C=(R™ x [0,00)), we can write

o 9mtly,
’LL(IZ?,O) = C/O t W(‘T,t) dt,

0 " a(nL-l-l)u
/Rn ‘u($a0)|d$§/o /nt ’W(%t)

By a reflection (see, e.g., |9, Exercise 13.3]) and mollification argument, we have
that for every function u € W,,T“‘l’l(RiH), the trace of u belongs to L*(R™). To-
gether with the previous theorem, this shows that

Te(Wr B (RYEH)) = LH(R™).

and so,

dxdt.

When k = 0, the proof of the following lemma is due to Gmeineder, Raita, and
Van Schaftingen [5] and is an adaptation of Mironescu’s argument in Step 2 of the
proof of Theorem 1.3 above. See also the paper of Demengel [2] and [9, Theorem
18.43] for an alternative proof based on Gagliardo’s original proof [4].

Lemma 4.3. Let m € N and k € Ny with k < m. Suppose that g € L'(R").
Then there exists G € W,znﬂ’l(]RT'l) such that Tr(G) = 0, Tr(2%) = 0 for

oti
j=1, . m—k—1, Tr(%mel) = g, and

(1.4) [ 19160 dede S gl o,
R}
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Proof. Assume first that g € C°(R™) and let ¢ € C2°(]0,00)) be such that ¢(0) =

1, ¢'(0) = --- = ™m=F)(0) = 1. For n € N define v(x,t) := g(x)%@(lt).
By the properties of ¢, v;(z,0) = 0, %];;l (z,0)=0for j=1,...,m—k—1, and
O™k,

Sp=i-(2,0) = g(z). The product rule implies that the entries of the tensor AVALGRY

can be written as linear combinations of the functions
) ) _ P
ip(18l—k—1+i)4 (1) (1) 99
rit P15 (@)

for multi-indices f € Nj and i =0,...,m+1—|p|if f#0Oori=1,... m+1if
B = 0. Here, s, is the positive part of s. This, along with the change of variables
r = It, leads to the estimate

/ th V™ (2, )| dedt
Ry

m+1 m+1—|f]| /i 9%y
< P
(4.5) X/o PR8Ik 10) 1| (0 (1]
(4.6) +/’ |g(x)|dxz m/@ PP 1K) 4 160 (1) dr
" i=1
I 8] — k— 1+ > 0, then —ro——rmr=r = by — 0 since || > 1, while

lf |5| — k: — 1 +7/ < O7 then M—ilﬂ)*—“ = l}”l% — O HenCe, the quantity

numbered by equation (4.5) tends to zero for as | — oco. Thus, if g # 0, by taking
[ large enough, we can majorize the quantity (4.5) by [|g||z1(&n)-

On the other hand, if i — 1 — k > 0, Ml—lli—k)wrl =1, whileif i — 1 -k < 0,
then W(_fil_k)w < 1. Hence, the quantity numbered by equation (4.6) is bounded
from above by a constant multiple of |g[|z1(gn). If g = 0, we take G = 0. This
proves (4.4) in the case g € C°(R™). The general case follows from the density of
C°(R™) in L*(R™). We omit the details. O
Proof of Theorem 1.4. Step 1: If a € Ny let | := m — a — 1, while if a ¢ Ny let
[ :=|m—al. Assume that f; € B"~*"31(R") for j =1,...,1. We first prove that
there exists a function u; € WL (R} ) such that Tr(wu;) = 0, Tr(agzj) =0 for
alli=1,...,7 — 1, and Tr( %) = f;, with
(4.7) 197 0l ey < 1

(see (2.1)). Define

Bm—a—j,1(Rn)

uj(z,t) = %(Wt « £)(@),

where W is the Gaussian function (1.5). The desired properties Tr(%) = fi,
Tr(u;) =0, Tr(%) =0 foralli=1,...,5 — 1 can be checked by the properties
of W;. Concerning the estimate (4.7), one observes that the product rule implies
that the entries of the tensor V"”‘luj are linear combinations of the entries of the

tensor #1~{V™ 1=, x f;. Thus the estimate (4.7) is a consequence of (1.8) applied



20 GIOVANNI LEONI AND DANIEL SPECTOR

to the function v = W, * f;, with m replaced by m — i and a by a + j — 7, which
asserts that one has the estimates

/ TNV (W ) | dtda S | Fl poeamia ey
R+

fori=0,...,j.
Step 2:  We are now ready to prove the general case. Assume first that
a=keNyletl:=m—k—1 We will use the fact that if u € W;"*V (R,

then Tr(u) € B F1(R"), Tr(Z%) € BmF—3Y(R™) for j = 1,...,1, Tr(2e %) €
LY(R™), with

M omky,

vt
(see [9, Theorem 18.57]). By Theorem 1.3, there exists vg € W,;nJrl’l(RﬁH) such
that Tr(wvg) = fo and

(4.9) ||Vm+1vo||L;€(R¢+1) S [folpm—ra1(gny-

!
(4.8) | Tr(u)|pm-ra(mn) + Z
j=1

"

Bm—k—j,l(Rn) Ll(Ri+1)

Um||L,1€(R1+1)

In turn, (4.8) holds for vy. Hence, we can apply Step 1, with f; replaced by
f1—Tr (92), to find a function v; € W™ LR ) such that Tr(vy) = 0, Tr(Ze) =

fi—Tr (aait‘)), and
(9’()0
Tr (81&)

S filpm-11@ny + | folBma@ny,

”Vm"'lleL}c(]Ri'*'l) S, |f1|Bm—l,l(Rn) +
Bm—11(Rn)

where the last inequality follows from (4.8), with vy in place of u, and (4.9).
Inductively, assume that v; € W, +11 (R*1) has been constructed with Tr(v;) =

0, Te(2%)y=0foralli=1,...,5— 1,

ot
8j’Uj i1 8j’Ui
“( 8tf>:fj‘2“<aﬂ>’

=0

and

J
||Vm+17}j”Li(Ri“) < Z ‘fi|Bm7k7i,1(Rn).
=0

By (4.8), we can apply Step 1, with f;41 replaced by fj+1 — ZLO Tr (%j;r{i), to
find a function vj41 € W,znﬂ’l(RiH) such that Tr(v,41) = 0, Tr(aiggjl) = 0 for
. . J+1,, . ; j+1,. .

alli=1,...,7, and Tr(%) = fit1— 21 Tr (%), with

j .

6J+1’U7;
Bm—k—j—l,l(Rn) + Z Tr (615‘]"‘1)

i=0

1

<S> OIS
1=0

||vm+1vj+1”L}c(lRi+l) S i+

Bm—k—i,1(Rn)

Bm—k—i,1(Rn)-
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This induction process gives functions vy, ..., v; € Wm+1 1(R"“) Again by (4.8),
we can apply Lemma 4.3 to construct a functlon Um—k € VVm+1 1(R”H) such

that Tr(v,) = 0, Tr(avm £y = 0 for all i = 1,...,0, Tr(2" ttm=hy — 7,

ott
8m7kvi
T
' ( ot )
l

ZZ OTr(atm 1,’;) with
S fm—kllzr@ny + Z | fil gm—r—i1(mny-
i=0
We now define u = vy + -+ + vy, € W,:”H’l(RTrl). By construction Tr(u) = fo,
Tr( E,t]) fjforal j=1,...,m, and

vaﬂvm—kﬂ%(mﬂ) S 1 fm—kllLr®ny
L*(R™)

l

IVl g gy S > Ifilpm-a-sa@n) + l fm—kllzr@n)-
=0

To obtain a function in W;"*!(R"™") we proceed as in Theorem 1.3.
The case a ¢ Ny is similar but simpler. We omit the details. ]

Remark 4.4. Note that when a = 0 we construct a function u € WmtLLRTH
such that Tr(u) = fo, Tr(Z4 5i0) = fj forj=1,...,m, and

m—1

IVl gy gy $ D | filpm-sany + [ fnllzs o).
=0

This estimate was used by Gmeineder, Raita, and Van Schaftingen [5].

Next, we prove Theorem 1.5. The proof follows the approach of Grisvard [6],
who considered the case p > 1, m=0and a > p— 1.

Proof of Theorem 1.5. Let a > m and let u € W bR,

Step 1: Assume first that u € C°(R"") with u = 0 outside B, (0,7) x (0,7)
for some large r > 0. Consider a function ¢ € C°°([0,00)) such that 0 < ¢ < 1,
@ =01in[0,1] and ¢ = 1in [2,00). For n € N define v;(z,t) := u(x, t)p(jt). Given
a multi-index o = (8,1) € Nj x Ny, with |5| +1 = |a| = m + 1, the product rule

implies that
! I—i
OCUEDS (D)0 gt
If = 0, we can use the Lebesgule: dominated convergence theorem to show that
o(jt)0%u(x,t) — 0%u(w,t) in LL(RTT).
On the other hand, if ¢ > 1, then by the change of variables r = jt, we have the
estimate

. 010l
.q a | (i)
5 [ 060 G o)
, 29 1
g Hvl7l+|ﬁ|uH ﬁn(Bn(O,T))jl/ tdt g Catl—i —0
o 1/j J°
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sincea>mand 1 <i<m+ 1.

Step 2: The general case u € W(:”“’l(RT'l) can be obtained by a density
argument. By a higher order reflection (see, e.g., [9, Exercise 13.3]) and mollifying
u, we can assume that u € WnHLH (R ) 0 0o (R,

Consider a cut-off function ¢ € C°(R"*1) such that ¢ =1 in B(0,1) and ¢ = 0
outside B(0,2). The function uj, given by u;(x,t) := ¢(j = (z,t))u(z,t), satisfies
the hypotheses of Step 1 and converges to u in W(}’l(Riﬂ) as j — oo. We omit
the details (see [6, Lemma 1.2] for the case m = 1).

(Il

5. HARMONIC EXTENSION

The initial goal of this paper was to give a straightforward proof of the estimate
for the missing cross terms in [12], where the following idea emerged. Following
Uspenskii, we introduce the harmonic extension of a function f € B (R"):

(1) u(e.t)i= (Px @) = [ Ple =) ) dy,

where P, is the Poisson kernel (cf [21, p. 61])

- Cn 1 1 cpt

(5.2) P(zx):= W7 Py(z) = tnP(mt ) = (|22 + 2)(ntD)/2
and

(53) ) = 1 _ I‘((n + 1)/2)/7r(n+1)/2’

1
fRn (a1 1)(nFD/z dx

where I' is the Gamma function.
As mentioned in the introduction, Uspenskii’s argument [28] on p. 137-138 shows
that for 4,7 =1,...,n one has

92 I P,
(5.4) D201, (x,t) = 5t /R D01, (ht ™ D)[f(x +h) + f(x — h) — 2f(x)] dh

which relies on the fact that 68 gl is even and has mean zero. This is sufficient

to estimate the pure second order derivatives in the trace variable. Meanwhile,
harmonicity allows one to reduce the pure second order derivatives in the normal
variable to this case, as

0%u " 0%u
ﬁ(%t) = *Z @(%t)

We then observed that for the mixed case one can simply use the identities

9P, 0P, =
(5.5) R <8t8$t-) = ax-a;’ Poxf =Y Ri(P) = Ri(f),
J v i=1

where R; is the Riesz transform, to write

0%u
8t8xj (33, t)

2% Z / ai §;J Ri(f)(z +h) + Ri(f)(x — h) — 2R;(f)(x)] dh.
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The estimate for the pure second order derivatives can then be applied, using the
fact that for every f € BMH(R"™),

(5.6) |R;j (f)lBrimny S |flBrrmny-

This estimate is well known and its classical proof makes use of the Littlewood—
Paley theory (see, e.g., [20] or [26, Section 5.2.2]). We refer to [10] for a different
proof that relies on the intrinsic seminorm of B'(R™) and is based on an argument
of Devore, Riemenschneider, Sharpley [3].

This argument yields a third proof of the following theorem?.

Theorem 5.1. Let f € BLY(R™) and let u be defined as in (5.1). Then
(5.7) 192l ey S |l e

After this paper was completed, Mironescu directed us to yet another approach
to deal with the cross derivatives, which works under the additional assumption
that u(x,t) — 0 as t = oo and relies on Taibleson’s [23, Theorem 1 on p. 420] (see
also [15, Lemma 4.1 and formula (5.8)]) to estimate the cross term via the pure

trace derivatives:
drdt < ma
axﬁt )‘ Sion / / .

/ /n Oz;01; 835]

Actually, this is just a concise presentation of the original argument of Uspenskii:
a combination of Hardy’s inequality ([28, Theorem 1] in his paper or [15, equa-
tion (2.3) in Proposition 2.1 on p. 358] in Mironescu and Russ’s), the semi-group
property of the Poisson kernel that allows one to express the lifting as a double
convolution, and easy estimates of derivatives for the Poisson kernel.

The following is a more rigorous reiteration of the preceding discussion. To this
end we recall some basic properties of the Riesz transform. Given j € {1,...,n}
and a locally integrable function f : R™ — R, the Riesz transform of f is defined
formally as

. Yj
5.8 R;(f)(x) =¢, lim flx —y)——dy,
(53) @ =entim [ fe

(x y)’ dxdt

provided the limit exists. The constant c,, here is the same as in (5.3).

Proposition 5.2. Let P; be the Poisson kernel (5.2). Then
0P, 0P,
R (EL) =2t
5'15 al’j
4‘[287 Theorem 3 on p. 135] is accomplished via the harmonic extension, [15, Theorem 1.9 on
p. 356] is accomplished via Littlewood—Paley theory, while Burenkov [1, Theorem 3 in Section 5.4]
gives a different proof of (1.1) that covers the case p = 1 with a = 0. However, a crucial point
in his proof is the ability to factor the derivative of a mollifier as a linear combination of another

integrable function, which in the context of the Poisson kernel in the second order case essentially
amounts to showing the existence of an integrable function v such that

0?P; 1
otoz, (&) =2v(§) - 27V(£/2)-

This is a step we have not been able to verify in the demonstration of Corollary 7 in Section 5.4
of [1, Theorem 3 in Section 5.4].
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Proof. Taking the Fourier transform in the x variables gives (see [21, p. 125])

orP\\" P oP
(Rj (5)) () = é( t) () = fgl 2o

As Pi(€) = e~ 27l we have
oP,

_L(6) = —2nlgle el

and therefore

(oP\N" o & 9D ﬂ-,2w|s|t(3Pt>A
(R](at)) (© =i G0 = —amigermee = () ()

The claim follows by inverting the Fourier transform. O

Proposition 5.3. Let f € LP(R™) and g € L? (R™), where 1 < p < oo. Then

[ fode= X_Z/R Ry(/)R;(9) da.

Proof. Assume first that f,¢g € S(R™). By making use of Parseval’s identity and

the facts that F(R;(f))(€) = zfg‘}'(f)(f) and F(f) € L*(R"), we have

L J90 = TN e Z/ (i) (i) 7o
= ; . F(R;()F(R;(g)) d¢ = Z_;/ R;(f)R;(g) da.

If f € LP(R") and g € L? (R™), we use a density argument and the fact that the
Riesz transform is bounded in L9(R™) for all 1 < ¢ < cc. O
First proof of Theorem 5.1. Assume that f € C°(R™) and let u = P, * f, where
P, is the Poisson kernel (5.2). Since

(3.3) holds with W; replaced by P;. Hence, in view of Remark 3.3, we can estimate

the L' norm of ad;x as in Step 1 of the proof of Theorem 3.1. Since

2 .
ngl%(x)‘ < Ir\% for |z| > 1, the estimate

2P, . " 9%P, 0
ot? Lo Qg2 ’
i=1 ?

using (3.2), we can write

th Z Z/napt (x+h)+ flx—h)=2f(z)]dh

and in the same way, argue the estimate for this derivative.
2
Step 2: To estimate the L' norm of %7 we use Taibleson’s [23, Theorem 1
J

on p. 420] applied to the harmonic function Oy

[ N

<
axzatxt‘dzdt Z/ /n

dxdt
(“)xzaxj y)‘ wdt,



ON THE TRACE OF W*t" ! (R}T!) 25

which reduces the argument again the previous case.
Step 3: A standard density argument in B%!(R") allows one to remove the
additional hypothesis that f € C°(R™). We omit the details. O

Interestingly, while the boundedness of the Riesz transforms gives a simple
proof of the inclusion (1.3), i.e. the lifting estimate, the trace characterization
of W271(]RT'1) via harmonic extension itself yields a simple proof that Riesz trans-
forms are bounded on the Besov space B! (R™). In particular, we next establish

Theorem 5.4. For every f € BY1(R"),
1R ()lpra@ny S |flBran).

Remark 5.5. We observe that if f € BYY(R™), then f € WHY(R™) (see [9, Theo-
rem 17.66]). If n = 1, this implies that f € L*(R)NL*(R), and in turn, f € LP(R)
for all 1 < p < oco. On the other hand, if n > 2, then by the Sobolev-Gagliardo—
Nirenberg embedding theorem, we have f € L”/("’l)(R"). In both cases, the Riesz
transform of f is well-defined.

Theorem 5.4 is well known and its classical proof makes use of the Littlewood—
Paley theory (see, e.g., [20] or [26, Section 5.2.2]). The simple proof proceeds as
follows.

Proof of Theorem 5.4. Let f. := f * p. for standard mollifiers p.. Then using the
relation (which can be argued using Remark 5.5, for example)

Rj(fe) = pe x R;(f),
one observes that R;(f.) is a smooth function. Therefore [9, Theorem 18.57 on
p. 630] gives the inequality
Ryl S [ | IV Ry(7)] dact
+

Next observe that for every s >t > 0, V2P, * R;(fe) is a harmonic function such
that

/ |V2P, % R;(fe)| dz < C;.
Rn

A result Stein and Weiss [22, Theorem 2.6 on p. 51] gives the bound
2 Gt
V=P * R (fo)llLoemny < —;-

S’ﬂ

Thus one can apply the fundamental theorem of calculus to obtain
V2P, * R(f.) = / —V2P * R;(f.) ds,

which in combination with Hardy’s inequality [15, equation (2.3) in Proposition 2.1
on p. 358] and Proposition 5.2 yields

P
/ |V2Pt*Rj(fe)|d:cdt§/ t VQQ*R (fo)| dadt
n+1 RO ot
P
_ / 19228 1| dat,
7+ Ox;
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Next Taibleson’s [23, Lemma 4(b) on p. 419] and the argument presented in the
introduction give

/ ‘Wa 3
Ri+1 833]

dadt < / V2P, % f.| dadt
Ry

S | felBri@wny-
These inequalities, the definition of the semi-norm on B1'!(R"), and two change of
variables yields
lpe * Bj(f)prawny S [felpramn)
< |flpri@ny,
so that the claim follows from sending ¢ — 0 and using Fatou’s lemma. (]
Conversely, taking for granted that the Riesz transforms are bounded on the

Besov spaces, in place of Taibleson’s argument in Step 2 in the proof of Theorem
5.1, one has

Second proof of Theorem 5.1. Step 2':  To estimate the L' norm of atam , one
can alternatively use Proposition 5.2. In particular, by differentiating the equality
asserted in the proposition by x;, we obtain

%P, 0%P,

This relation, in combination with Proposition 5.3, yields the identity

atax 0=/ 2R ( ;tai) () Ri(f)(x — b dh

d*P,
= [, Xt WD 1) dn

An estimate for this mixed partial derivative of u can therefore be made by the
same argument in Step 1 of the proof of Theorem 3.1, which results in the estimate

0%u
/}R1+1 aiz, (m,t)‘ dxdt
|Ri(f)(z +h)+ Ri(f)(x —h) — 2R;(f) ()]
<Z//n (z Ihlnﬁ N dhda.

Finally, by Theorem 5.4, the right-hand side is bounded from above by |f|g1.1(gn),
up to a multiplicative constant. O

The following is the weighted, higher-order version of Theorem 5.6:

Theorem 5.6. Let m € Ny and —1 < a < m. Suppose that f € B"~%*1(R") and
let u be given by (5.1). Then, one has

/ tU V™ T (2, )| dtde < | flpm—a1(®n)-
Ry
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Proof. Let s :=m —a >0 and f € BS'(R").

Step 1: Assume that s = k € N and that f € C°(R™). Then for every oo € Nj
with |a] = k — 1, we have that gZ£ € C(R™). We claim that properties of
harmonic functions and Taibleson’s results allow the reduction to a single estimate
which depends on the parity of m — k + 1: When m — k£ 4 1 is even, we show that

it suffices to prove that

(5.10) / o
Ry

for any multi-index 8 € Nf such that |3| = m, while when m — k 4+ 1 is odd we
show instead it suffices to prove that

ﬁ/
(5.11) / po |20
Ry

W(% t)
for any multi-index 8 € Nj} such that |8'| = m + 1.
Indeed, any entry of the tensor V™ 1u(xz,t) has either an odd or even number
of derivatives in the normal variable t. Therefore iteration of the relation

0%u " 9%y

Y 9.2
ot? — 03

o0
Ot 0P

(m)\ dtde < | e

dtdx 5 |f|Bk,1(Rn)

reduces the estimate to the case where there are either zero or one derivatives in t.
In either case, Taibleson’s Theorem [23, Theorem 1 on p. 420] allows to correct the
final parity of the number of derivatives in the trace variable: For m —k+1 even, if
there is no derivative in ¢ one applies [23, Theorem 1 (a) on p. 420] to interchange
a derivative in some z; for a derivative in ¢, or leaves the quantity unchanged if
there is one derivative in ¢, which reduces the estimate to the proof of the inequality
(5.10); If m — k41 is odd and there are no derivatives in ¢ one leaves the quantity
unchanged, or if there is one derivative in ¢, one applies [23, Theorem 1 (b) on
p. 420] to interchange a derivative in some z; for a derivative in ¢, which reduces
the estimate to the proof of the inequality (5.11).

To show the estimate (5.10) for m —k+1 even, let 8 = v+ § be a decomposition
of the multi-index 8 with |y|=k—1>0and |§)|]=m—k+1=a+1>1. Then

9 0% 00°P, of
b5 @0 = (G * 52 ) @)

As |§] = m — k + 1 is even, a repetition of the argument in Theorem 5.1 with the

even function

0 0°P,

ot 9z
in place of the mixed second partial derivatives of the Poisson kernel leads one to
the desired bound, using the fact that (see the proof of Lemma 3.2)

< 19 P, 1
| == "L(p < -
/0 ot dz° ( )’ ~ |h[nt1

Similarly, for the case (5.11), let 8/ = 4/ + ¢’ be a decomposition of the multi-
index 8 with |[7/|=k—1>0and |¢'|=m—-k+2=a+2> 2,

0%y o'p, 'f
(5.13) W(:mt) = (815/ * e ().
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As in this case |§'| = m — k + 1+ 1 is even, the argument is as before, where one

uses
00
0

A standard density argument in B*!(R") allows one to remove the additional
hypothesis that f € C°(R™). We omit the details.

Step 2: Assume that s ¢ N and let k := |s|. Then for every a € Ny with
|| = k, we have that 9_1 € B~%!(R"). As in Step 1, to estimate the L' norm of
teV™ Ly, it suffices to prove the estimates (5.10) and (5.11). To show the estimate
(5.10), we use (5.12) but now with |y| = &k > 0 and |[0] = m — k > 1. Since

9 9° Pt _ .
Jan 5155t (h) dh = 0, we can write

%' P,

1
927 dt <
x

~ |h|n+1 :

(h)

0P, of 0P, ovf
— — = — hA_p—=(x)dh.
<8t 9z° am) () /R ot o WA g (7)
Multiplying both sides by t* and integrating in (x,t) gives
0P, 0°f
| = — dxdt
/Ryl <8t oz 8900‘) (I)‘ *
85Pt o~ f
/// a9t 97 HAhaxa(m) dtdhaz,

where we used Tonelli’s theorem. As in the proof of Lemma 3.2, we have

/°O 0 P, 1 1
0

a oxd ( )‘ ~ ‘h|n+\5\—a = |h|n+s—k'
In turn,
(a P, aaf>

a — <
/th ot 9> " oge ) @] drt / . / .
n

Similarly, for the case (5.11), we use (5.13), with |[y/| =k > 0and |§'| = m+1—k >

dh

A_
haxa |h|n+s kd

2, to write
P, ' f 9 P, ' f
= h)A_p dh.
(8365' * oz | @ /R 527 (WA= g (7)
Since
%' P, 1 1
a < =
/0 ¢ oo’ (h) dt S |h|n+|5’|fa71 ‘h|n+sfk’

as before we have that
5’ Y
/t“ a?a‘f ddt<//
R+ ox oz n Jrn

Remark 5.7. It is possible to give a second proof of Theorem 5.6, which makes
use of the boundedness of the Riesz transform in BLY(R™), Theorem 5.4. The idea
is similar to the second proof of Theorem 5.1.

dh

|h‘n+3_kd:ﬂ.

Ahaw z)

O
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APPENDIX A. HOMOGENEOUS SOBOLEV EMBEDDINGS

In this appendix, we show that when mp > n the homogeneous Sobolev space
W™P(R") is embedded into the homogeneous Besov space (or Zygmund space)
B™—n/P:o(R™). We also prove that a function in B™~"/P°°(R™) has polynomial
growth. While the latter result is probably known to experts, we have been unable
to find a reference.

Theorem A.1. Let m € N and 1 < p < oo be such that mp > n. Then
(A].) |U|Bm—n/p,oc(]Rn) 5 ||v;nu||Lp(Rn)

forallu € Wm’p(R”). Moreover, if u is a representative of u, then @ has polynomial
growth.

First proof. Step 1: Assume that u € C*°(R™). For every x,h,y € R™ with h # 0,
we use the identity

m

ru(0) =D (=1 F (W) ATy ul(m = K)h) = (=)™ AT g (ky),

k=1
which can be proved using the binomial theorem (see the proof of Lemma 17.22 on
p. 549 in [9]). Let r» = |h|. Averaging in y over @, gives

m

A <3 (7) : / A} gyl (m — )R] dy
k=1

By the fundamental theorem of calculus and an induction argument,
AT}yl (m = E)B)
80&

= S s [ S Kbk (b))

|a]=m

Hence,
1
Al < 7/ /mmvm m = k)b 4 (4 -+ t) (k/m)y)| dydt

5 _
rn 0, 1)m (tl + .o+ tm)ner

x/ 2™ [V u((m — k)b + 2)]| dzdt

Qg+ +tm)(k/m)r

<4 %
" J B (0,v/m) [t

where we made the change of variables z = (t; + -+ + t,,)(k/m)y, dz = [(t; +
tm)(k/m)™dy and used the fact that /ml|t|, < t1+ -+t < mlt],,. Using
Tonelli’s theorem on the right-hand side, we obtain

1 1
Al [ z|M|V$u<<m—k>h+z>|( / Wdt) &z,
™ Jq g, |tlm

/ V™ u((m — k)b + 2)]| dedt
Qlt|mkr

vmkr
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where
E, :={t € Bp(0,vm) : |2| < kv/nlt|mr}.

By the change of variables t = %5 , we have

1 n 1 n
&, lthn 2" e\ B, 0.1/ ey [€lm 2]
Hence, also, by Holder’s inequality

S [ R = kR 2) s
Q mkr

1/p’ 1/p
S ( / |z<m—”>”dz> ( / IV u((m — k)b + z)lpdz>
Q. /mkr Q /mkr

ST VR e,y

since

, , Vvnmr ,
/ || = g < / |2|m= gz = B, / pr =l g
vmkr B(0,/nmr) 0

< rn-l—(m—n)p/

and n + (m — n)p’ > 0 because® mp > n.
The term B can be treated in a similar way. We omit the details. In conclusion,
we have shown that

|ARu(0)] S RPNV | ooy
By a translation, it follows that

AR u(@)| S 1R P IV ul| o )
for all x, h € R™ with h # 0. This shows that

|U Bm—n/p,OO(]R") 5 HVZLUHLP(R")'

The additional hypothesis that v € C°°(R™) can be removed using a mollification
argument. Finally, observe that if u € W™P?(R") and ¢ € C°(R™), then uyp €
WmP(R™), and so by [9, Theorem 12.46, p. 378], up € L>*°(R™). In particular,
u € LS (R™). Hence, u € B™~"/P>(R™).

Step 2: It remains to show that a function in Bm*”/p’oo(R”) has polynomial
growth. Without loss of generality, we may assume that m — n/p < 1. Indeed, if
m—n/p > 1, let £ € N be such that £ < max{i € N: i <m —n/p}. Then by |9,
Theorem 17.69, p. 575], u belongs to B™~"/P>(R™) if and only if for every a € N§
with |a| = £, the weak derivative 8u belongs to B™~"/P~6:(R™). Moreover, if
V*u has polynomial growth, then so does u. Thus, in what follows we assume that
0<m-—n/p<l1.

If 0 < m—n/p < 1, then u has a representative @ that is Holder continuous with
exponent m — n/p. In particular, @ has polynomial growth.

Assume next that m —n/p = 1. Let u € BY*°(R") and let @ be a representative
of u. Set

v(h) :=a(h) —a(0), heR"™

SN(p—1)4+(m—N)p=mp—N >0
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Then for every ¢ € Z and every h € R”,
[2°0(27°h) — 27T (27 T R) | = 27 Ag— i, w(0)] < |ul g1 ey |B].
It follows that for every ¢ € Z \ {0},

4
jo(h) — 202 R) < 3 12°0(27°h) — 20702 R)| < ful g ey £

=1
if ¢ > 0, while

0
[o(h) —2°0(2 Z = 2707 )| < ful s e |4 1]
i={—

if £ < 0. Hence,
027 h)| < Jo(h)[27 + [o(h) — 2°0(2~ h)[27*
< [o(h)[27° + |ulpr.oe gy [€]27° |-
Given z € R™\ {0}, let £ € Z be such that 2771 < |z| < 27¢. Taking h = 2’z gives

1
(A.2) lo(2)] < 2[v(2'z)||2] t 1020 IU\B1 oo ) |2] (1 4 [ log []]).

Hence,
a(z)] < [a(0)] + [v(z)|

_ _ 1
< [0+ sup fu = a(O)|z] + 7o ful proe |21+ [log ),

3

where we used the fact that [2¢z| < 1. O

Remark A.2. We refer to Peetre [18, Theorem 8.2] for the original proof of Step
1, which relies on interpolation theory and on an identity of the type (A.3) below.
Step 2 is adapted from a paper of Krantz [8, Lemma 2.8]. Note that by (A.2) and
a translation,

|a(zo + h) — u(zo)| < i [ = a(@o)[ [l + {55 [l ey [RI(1 4 [ og [A]).
Zo,

It is possible to provide a shorter proof of the fact that a function in u €
W™P(R™) has polynomial growth. This proof uses a representation result in
Mizuta’s book [16, Theorem 1.3 on p. 207], which makes use of the theory of
singular integrals.

Second proof. By [16, Theorem 1.3 on p. 207], for v € W™P(R™) there exists a
polynomial P of degree at most m — 1 such that one has for almost every x € R",

v
A.
(A3 0= P@ = 3 o [ ke g o

where [ <m —n/p <l+1 and

Fai(z.) :{ ka(z —y) . if [y <1,
MEDIET U k@ —y) = D GG (—y) ity > 1,



32 GIOVANNI LEONI AND DANIEL SPECTOR

with ky(x) := % By [16, Lemma 1.2 on p. 207],

(A.4) [xa(z, )] S JafFHy A
for |y| > 1 and |y| > 2|z|.
We claim that
[v(z) = P(2)| < |P(x)]

for some polynomial P. However, this is between the lines of Mizuta’s argument
[16, Proof of Theorem 1.3 on p. 207]. If |x| < 1/2, one splits the integral into two
pieces, uses the bound for ky(z — y) for the local piece and (A.4) for the global
piece, and Holder’s inequality to obtain

o) — P(a)

< / lex 1z, )] [V ™0 (y)] dy + / e, 9) IV 0 (y)] dy
B(0,1) R\ B(0,1)

< / lz — 4| ()] dy + [z / === 1T () dy
B(0,1) R™\B(0,1)

< |Pu(a)].

Here one uses that
(N =n—1l-1)p'+n=m—-n—-1-1)p +n<0

because m —n/p <1+ 1.
When |z| > 1/2 we use a similar splitting, along with Holder’s inequality

[v(z) = P(z)]

S iyl [ Ex ) [V50(0)| dy
B(0,2|z[) R™\B(0,2|z[)

S e -V dy+ Pl
B(0,2z[)

+att [ I T o) dy S P,
R™\B(0,2|x)
where we have also made use of Mizuta’s observation that for f € LP(R™),

/ kxa(z,y)f(y) dy = / kx(z —y)f(y) dy + a polynomial.
B(0,2]z]) B(0,2]2])
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