MULTILINEAR ESTIMATES FOR MAXIMAL ROUGH SINGULAR
INTEGRALS

BAE JUN PARK

ABSTRACT. In this work, we establish LP! x --- x LP™ — LP bounds for maximal multi-

(sub)linear singular integrals associated with homogeneous kernels ‘Qg(‘% where 2 is an
LY function on the unit sphere S™"~! with vanishing moment condition and ¢ > 1. As an
application, we obtain almost everywhere convergence results for the associated doubly

truncated multilinear singular integrals.

1. INTRODUCTION

Let n,m be integers with n > 1 and m > 2, and consider an integrable function 2 on
the unit sphere S ! with the mean value zero property

(1.1) L. e art@) =0

where do stands for the surface measure on S™ !, § := (y1,...,ym) € (R")™, and ' :=
IZTI € ™1 We set

(12 K(G) = 2Y)

g

§#0,

and define the corresponding truncated multilinear operator L’g) by

£ (frroifu)@) = | K@ ] fiw —yy) dg
|G]>e j=1
for Schwartz functions fi,..., f,, on R™. By taking € \, 0, we also define the multilinear

homogeneous singular integral operator

Lo(fis- ) (@) = 10 £6) (f1, o fm) (@) = p- /( o K(ﬁ)j];[lfj(w — ) dj.

This is still well-defined for any Schwartz functions fi,..., f,, on R™.

There were several remarkable boundedness results in the linear setting (m = 1 and
n > 2) and these results have been later extended to multilinear cases when m > 2. In
this paper, we will mainly focus on the multilinear operator, leaving only some references
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[2, 3, 4l [7, B, 27, [36] 37, B8] for the linear case, as many other relevant papers provide
detailed historical background on the results for linear operators.

The bilinear (m = 2) singular integral operators in the one-dimensional setting n = 1
were first studied by Coifman and Meyer in [5] who established the LP' (R) x LP?(R) — LP(R)
boundedness for the bilinear operator Lo when € is a function of bounded variation on the
unit circle S', and this result was later extended to general dimensions n > 1 and m-linear
operators (m > 2) by Grafakos and Torres [25] who assumed  is a Lipschitz function
on S™*~1. Both results need some smoothness assumptions on  and the results were
developed in the bilinear case by Grafakos, He, and Honzik [15] who addressed the case when
Q merely belongs to L>(S?"~1). Especially, they obtained the initial estimate L% x L? — L!
for Lg even when Q € L?(S?"~1), introducing a new approach using a wavelet decomposition
of Daubechies in [9]. The initial estimate was soon improved by Grafakos, He, and Slavikova
[19] who weakened the assumption Q € L?(S*"71) to Q € L(S*"~?!) for ¢ > %, and this
result was extented to arbitrary exponent 1 < p1,p2 < oo and % < p < oo by He and the
author in [26] under the assumption that Q € L4(S*"~1) for ¢ > max (3, 2}%1). For general
multilinear cases, Grafakos, He, Honzik, and the author [16] derived an initial boundedness
result L2 x -+ x L2 — L when Q € Li(S™1) for ¢ > Ts—fl The wavelet decomposition
of Daubechies was still an essential tool in the multilinear case, but more intricate technical
issues emerged as the target space L%(R”) is not a Banach space when m > 3. Later, the
multilinear initial estimate was generalized to the whole range 1 < p1,...,pm < 00 and
L < p < oo in [18], and Dosidis and Slavikové [I1] improved the estimates in a certain
range of p1,...,pm. Interestingly, they proved that Q € LI(S™"~!) for ¢ > 1 is enough for
the LP x - .. x LPm — LP boundedness to hold when 1 < p,p1,...,pm < 00.

In order to comprehensively describe all of the above results, let us introduce some
notation. Let J,, :={1,...,m}. For 0 < s <1 and any subsets J C J,,, let

HT(s) = {(tl,...,tm) €O, (s—t)) > —(1- s)},
jeJ
T(s) = {(tl,...,tm) e (0,1)™: Z(s —t)<—-(1- s)}
jeJ
and we define

H™(s) = (] HF(s).

JCJIm
See Figure [1] for the shape of H3(s) in the trilinear case. We observe that

H™(s1) C H™(s2) C (0,1)™ for s1 < s2
and limg »; H™(s) = H™(1) = (0,1)™. Moreover,
H™(0) = {(tl,...,tm) €0, 1) ity + -t < 1}.
We also define the rectangle
(1.3) Vi'(s) :=={(t1,...,tm) :0<t; <1 and 0<t; <s for j#I}
for I € J,, and s > 0. As known in [I8 Lemma 5.4], if 0 < s < 1, then
(1.4) H™(s) is the convex hull of the rectangles V"(s), [ =1,...,m.
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FIGURE 1. The region H3(s)

Theorem A. [11], 15, 16, 19,26] Let 0 < s < 1,1 <pi1,...,pm < 00, and % < p < oo with

11 4. ... 1
=t ot Suppose that

(1 L) e H™(s)

ppm
1
and Q € L= (S™ =YY with (1.1)). Then there exists a constant C' > 0 such that

HEQ(fh RN fm)HLp(]Rn) < CHQ”LliS (Smn—1) ]1 ||f]'HLpJ'(]R")
]:

for Schwartz functions fi,..., fm on R™.

Setting 1 < ¢ = ﬁ < 00, Theorem |A|is equivalent to the statement that

(1.5) 1£a(fis- - Sl oggny < CIRILzamn—1y [T 150223 ey
j=1

holds, provided that 1 < pq,...,pm < oo and % < p < oo satisfy

1 J 1
(1.6) Z — < g + —  for any subsets J of J,.
— Dj q q
jeJ
We should also remark that the estimate (1.5 in the bilinear setting has been recently
further improved by Dosidis, Slavikové, and the author [I0] weakening the L? assumption
on  to the requirement that € belongs to the Orlicz space L(log L)* for some o > 0 when
1 < p,p1,p2 < 00, or equivalently (p%’ p%) € H?%(0).
In this paper we are primarily concerned with maximal multi-(sub)linear operators as-
sociated to the singular integral operator Lg, defined by

‘C;Z(fh o )fm)(x) = Sgg ‘ﬁg)(fb e 7fm)(33) ) HS Rn
for Schwartz functions fi, ..., fi, on R™. Employing the wavelet decomposition used in the

proof of initial estimates for Lo, the L? x --- x L? — L boundedness result was obtained
by Buridnkové and Honzik [1] for bilinear maximal operators and by Grafakos, He, Honzik,
and the author [I7] for general multilinear ones.
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Theorem B. [1, [I7] Suppose that Q satisfies (1.1]) and

2m
1.7 Qe rysmt < 0.
(1.7 e rs™) for M <g<oc
Then there exists a constant C > 0 such that
m
(1.8) |£a(f1, - -,fm)HL%(Rn) < O Lagmn-1) H 1 £ill 2 ()
j=1
for Schwartz functions fi1,..., fm on R™.
The main result of this paper is the following general LP* x --- x LPm» — [P estimate

for L§, which extends and improves the initial estimate in Theorem |B| to all indices 1 <
Ply-- oy Pm < 00 and % < p < oo under the same hypothesis on €2 as in Theorem

Theorem 1. Let 0 <s< 1,1 <p1,...,pm < 00, and%<p<oowith%— L +-'-+}i.

T
Suppose that

1 1
1.9 (—,...,—)E?-[ms
( ) P Pm ( )
and Q € LT (S™n=1Y with (T.1]). Then there exists a constant C > 0 such that

H‘Ca(fh S fm)HLp(Rn) < CHQHLﬁ(Smn_I) 1_{ HfjHij(R”)
]:

for Schwartz functions f1,..., fm on R™.

We point out that Theorem [1f deduces that the same initial multilinear estimate (|1.8))

holds even for W <q< WQL—TI, which improves Theorem

As is generally known (even in the linear setting), such a maximal function estimate is
related to a problem of almost everywhere convergence of the associated doubly truncated
singular integrals

LETV (o fo) (2) = /<g< | K(®) [y di
€ € j=1

as € N\, 0 in the case that each f; is an LPi function on R". Indeed, it is proved in [17,
Theorem 1.1] that

€t
(1.10) E&’ )(fl,...,fm)(x)—>£Q(f1,...,fm)(x) a.e. as €\ 0
when fi,..., fm € L?(R") and Q € L¢(S™*1) for nf—’fl < ¢ < oo, applying Theorem

Bl Similarly, as an application of Theorem [I we obtain the following almost everywhere
pointwise estimate.

Theorem 2. Let 1 < p1,...,pm < o0 and 1 < q < oo with (1.6). Suppose that Q €
L(S™ 1) satisfies (1.1). Then for each f; € LPi(R™), the doubly truncated singular inte-
gral ES’G_I)(fl, <oy fm) converges to Lo(fi, ..., fm) pointwise almost everywhere as € \ 0.

As a consequence of Theorem |2, the multilinear singular integral Lqo(f1,..., fin) is well-
defined almost everywhere when f; € LPi(R"), j = 1,...,m. Theorem [2| can be proved by

replacing Theorem [Bf with Theorem (1| and then simply mimicking the proof of ((1.10) in
[17]. For the sake of completeness, we include the proof in the appendix.
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In order to prove Theorem|[I] we apply a dyadic decomposition introduced by Duoandikoetxea

and Rubio de Francia [12], which has already been employed very essentially in many earlier
papers [1I, 10, 1T, 15 16, 17, 18, 19, 26], and utilize the same reduction step as in the proof

of Theorem [B|in [I7]. More precisely, we decompose the kernel K in (|1.2)) as
K=Y Y
WEL ~YEL

where K| = U, x (K - \IT:Y) and Uy is a Littlewood-Paley function on (R™)™, which will
be officially defined in Section [2] whose Fourier transform is supported in an annulus of size
2. Then the maximal function £ (f1,..., fm) can be estimated as

LE(frye oy fn) S Malfiyes fm) + Lo iy fn)

where

1 T vl | g
Ma(fis- o ) @) = sup o /|g|§R|sz<y>|j1211\fj<x )| dg

and

(1.11) E?l(fl,,fm)(x) = SUP‘ZZTKQ(fla---vfm)(ff)‘~

TEL V<T pel

A boundedness result for Mg, which is required for the proof of Theorem [I has already
been shown in [17], and thus we only need to consider the remaining operator L’ﬁQ. We
also notice that when the sum over p € Z in ([1.11)) changes to the sum over p < 0, the

corresponding operator satisfies the LP* x ... x LP» — [P boundedness with a constant

Coll pagmn-1y for any 1 < ¢ < oo and 1 < p1,...,pm < 0o with % =L 4.4 Ii. This

p1

was verified in [I7, Proposition 4.1}, using multilinear version of Cotlar’s inequality in [24],

Theorem 1], together with the fact that >, >° .o Ky is an m-linear Calderén-Zygmund

kernel with constant Cq ||| q(gmn-1), thanks to the estimate of Duoandikoetxea and Rubio
de Francia [12]; see (3.3]) below. Therefore, it suffices to deal with the case p > 0 in ((1.11)),

which is clearly bounded by

STk (Froee fm)

n>0

where

Lo (1o fim) (@) = Sup ! > Txy (fl,...,fm)<x)].

<1

We will actually prove that there exists ¢p > 0 such that

(1.12) 126, (f1, - s fn) |l Loy Seo 2‘€°“||Q||Lﬁ(gmn,l) TT1filees ey, >0
j=1

when ([1.9) holds. We remark that the structure of the proof is almost same as that of
Theorem [Bfin [I7] where one of the key estimates is

(1.13) 12, (F1 - fm) HL%(RH) S 270M|9| pasmnry [ [ I1fillz2@nys 1> 0
j=1
for some &y > 0, provided that ¢ > 2. Therefore the main contribution of this work is

m

T
to improve and extend the estimate (1.13]) to (1.12)). This will be achieved by establishing
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Propositions [3| and {4| in which analogous (but a slightly weaker) multilinear estimates are
provided with arbitrary slow exponential growths in wp, but will be finally improved to
by applying a decomposition of 2 based on its size; see below. It should be
also mentioned that we follow the terminology in [I7] for the sake of unity as some of the
results verified there will be used in the proof of Theorem [I}

Organization. Section |2|contains some preliminary materials including several maximal
inequalities, shifted operators, multilinear paraproducts, and multi-sublinear interpolation
theory. We will prove Theorem [I] in Section [3 presenting two key propositions, namely
Propositions [3] and 4l The proof of the two propositions will be given in turn in the next
two sections.

Acknowledgment: The author would like to thank the anonymous referees for their
careful reading and valuable comments, which made this paper more readable. The author
also thanks Stefanos Lappas for his useful comments.

2. PRELIMINARIES

2.1. Maximal inequalities. We first recall some fundamental maximal inequalities. For
a locally integrable function f defined on R", let

1

Mi@)i= swp o [ 1 )ldy
Q:zeQ ’Q‘ Q

be the Hardy-Littlewood maximal function of f where the supremum is taken over all cubes

1
in R” containing z, and let M, f(z) :== (M(|f|")(x))" for 0 < r < co. Then the maximal
operator M, is bounded in LP? when 0 < r < p and Fefferman and Stein [I3] obtained a
vector-valued counterpart; for 0 < p < 00, 0 < ¢ < 00, and 0 < r < min (p, ¢) one has

(2.1) H {Mf’fk}keznm(zq) S H{f’f}kEZHLp(zq)-

Clearly, (2.1 also holds when p = ¢ = oc.
Given k € Z and o > 0, we also introduce Peetre’s maximal function in [34]

_ Afe=y)l
Mo (@) = SUD T Syl

For A > 0, let £(A) denote the space of all distributions whose Fourier transform is sup-
ported in {£ € R™ : [£| < 2A4}. It turned out that

(2:2) Ma e f(2) St Mo f (@),

provided that f € £(A2%) for A > 0. A combination of (2.2) and (2.1)) yields that for
0<p<ooand0<qg< oo, we have

(2.3) H{moz’“fk}kezuqu) SApa H{fk}kezum(m) for o > min (p, q)

if fi € £(A2F). Clearly, the above inequality also holds for p = ¢ = co.
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2.2. Shifted operators. Let ¢ and 1 stand for Schwartz functions on R" such that
9(0)=1, supp(¢) C {£ € R": €] 1},
supp(v)) C {€ €R™: [¢[ ~ 1}, and Y 4() =1, £#£0

keZ

where we set ¢, := 28"¢(2F.) and vy, := 2F)(2F.) for k € Z. It is easy to verify that for
each k € Z

(2.4) \pr * f ()], |vn * f(z)| S Mf(z) uniformly in k
and for any o > 0
(2.5) }Qbk * f(@)| <o DM, o f(2) uniformly in k.

Then we have the followmg characterizations of the Lebesgue space;

) 3
sy~ | (S o oF)

The first equivalence follows from the Lebesgue differentiation theorem and the LP bound-
edness of M together with . The second one is known as Littlewood-Paley theory. The
second equivalence of , the pointwise estimate , and the maximal inequality
deduce the following estimate, which is very useful to estimate sum over k € Z of functions
with Fourier support in an annulus of size 2¥. If 1 < p < oo and each f; € 8'(R?), k € Z,
satisfies

(2.7) supp(fi) C {€ € R": C712F < |¢| < €28}

for 1 <p<oo.

(2:6) 1S leoar) ~ || sup|on = £]]
keZ LP(Rm)

for some C' > 1, then we have

> f

keZ

(2.8)

| (Z1np)’

keZ

LP(R™ Lp(R™)

Indeed, the left-hand side is equivalent to

(Bigent) ], =I5 & o)

I€Z  keZ l1€Z k=—B Lp(R™)
B 1
S Z <Z‘Mfk+l‘2>2
k=-B =4 Lr(R™)
1 1
[ ’ fl7)’
= |ty ol (51,

for some nonnegative integer B, depending on C' in ([2.7)).
For k € Z and y € R"™, we now define two shifted operators

(p)? := i (- — 27Fy) = 2knep (28 —y)
and
(¢r)? == (- —27Fy) = 2Fg(27 . —y).

Then one direction of the two equivalences (2.6) can be generalized as follows.
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Lemma C. [33] Theorem 1.5, Corollary 1.7] Let 1 < p < oo and y € R". Then we have

1
S (e + wD) 7 £ ller @)
LP(R™)

sup |(¢r)"
keZ

and

(Sl « )’

keZ
where the constants in the mequalmes do not depend on y.

1_ 1
< (log (e + D))" 2 1l o ny
)

Weaker versions of such inequalities appeared in [31, Theorems 4.5, 4.6] for one-dimensional
case and in [14] Proposition 7.5.1] and |21, Corollary 1] for higer-dimensional ones. A dif-
ferent proof of the shifted square function estimate is given in [10] as well.

2.3. Multilinear paraproducts. We now consider a multilinear paraproduct, which is
required in the proof of Proposition Let ¥ be a Schwartz function on (R™)™ whose
Fourier transform is supported in the annulus {£ € (R")™ : 1 < || < 2} and satisfies

S ez Ui(€) =1 for € # 06 where Wy (€) := U(27+¢).

Lemma D. [28, Lemma 4.1] The term
> Y W@k E)dn(&) e (Em)
KEZ ky kg, km €L

can be written as a finite sum of form

Z‘I’k ‘1)1 (&1) ‘1’2(52) P (&) P (=6 — - — &),
kEZ
where € = (€1,&9,- -+ ,&m) € (RM)™, and &;1, &;2, e oM gre compactly supported radial

smooth functions and at least two of them are compactly supported away from the origin,
and @], := ®I(27%.) for 1 <j <m+ 1.

Such a decomposition has already been used very effectively in [11], 22| 23] 28] 29| 30} 31,
32], where it reduces various multilinear operator problems into simpler forms, performing
an analogous role to the Littlewood-Paley decomposition technique in the linear case.

2.4. Interpolation theory for multi-sublinear operators. We end this section by pre-
senting a multi-sublinear version of the Marcinkiewicz interpolation theorem, which is a
straightforward corollary of |20, Theorem 1.1].

Lemma E. [20] Let0<pi < oo foreachj € {1,...,m} andi=0,1,...,m, and 0 < p' <

oo satisfy Z%

i=0,1,...,m. Suppose thatT' is an m-sublinear operator

having the mappmg propertzes

TG Sy < HHfJH 01

P (R’

for Schwartz functions f1,..., fm on R™. Gwen 0<6; <1 with) " 0; =1, set

1 &6
——Zi, j € JIm and p:izzgpi.

10pJ
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Then we have

1T Fo)| ooy S ME0 - 8 T o ey
j=1

for Schwartz functions f1,..., fm on R™. Moreover, if the points (p%, s, 1), 0<i<m,
1
form a non trivial open simplex in R™, then

1TCrs - fo)l] oy S MEe - M TT 51 225 -
j=1

3. PrRoOOF oF THEOREM [I]

Let U and Uy, be the Schwartz functions on (R™)™, introduced in Section [2| For each
v, i € Z, we define

K7(g) = V(2G)K(F) and K)(§) = Wiy K7(F), 4§ € R")™
Then K7 (%) = 27 K°(27%) and this deduces
(3.1) KJ(§) =20 (¥, « K°)(27g) = 27" KJ)(275),
or equivalently,
KL(€) = B0 VE)KO(277€) = KR 7€),

The associated operator Tyey is defined as

T )@= [ 1@ L) dg
j=1

so that

Lo(fisoo i fm) = D) Ticy(frooos fm).

UEZL~EL

Duoandikoetxea and Rubio de Francia [12] proved that if 1 < g < oo and 0 < § < %, then

—

(3.2) [50(&)] S 11| agmn-1y min {|€, €7}
|0°KOE)] S [1Qlagmn—ny min {1,117}, a#0

and accordingly,
> KIE)
YEZ

‘Zaa@(é’)‘ S 1€ pa(gmn—1y min {20101 20tmn=0L g < a| < mn.
YEZL

< HQHLq(SmH)min{zﬂ,z—M}

Finally, we have

(33) S KE)

YEZ

2(1—5)117 <0

S 11| paggmn-1y
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for all multi-indices a with |o| < mn. The above inequalities play a key role in establishing
the boundedness of Lg in Theorem [A] More precisely, a multilinear Mihlin’s multiplier
theory in [6l 25], together with the second estimate in (3.3]), implies

SN Twy(fiseo oo fm)

n<0~y€Z Lr(R™)
min 7p) m
ZHZT‘I(Y flv"'vfm)‘LpRn
pu<0  ~€Z
(1—-8)p A min (1,p) (1)
< (X (00l ooy [T )
pn<0 j=1

m
S N9l zagma-y [T £l 2rs gny-
j=1
When p > 0, a wavelet decomposition method with the estimate (3.2)) yields that

B4 || T )| g g S 27O I ey [T il
j=1

Lim (Rn
ez m (R™)

for some ¢y > 0 and any g > n%Tl Later, the estimate (3.4)) has been improved and ex-
tended to general 1 < p1,...,p;, < oo through multilinear interpolation methods. We refer
to [11, 18] for more details. This is also a central idea in the proof of Theorem |Bf and we

will carry out similar arguments.

3.1. Reduction. Let 1 < ¢ < co. We recall the maximal operators Mq and L?) are given
by

Malfir-osf)e) = sup o [+ [ \Hyfjx—yjydy
lgI<R
and

C(fr s fn) (@ —sup‘ZZTKv fi,. ..,fm)(a:)‘.

TEL N<T pel
As mentioned in Section [1} it is known in [I7] that
[‘;Z(flavaTL) SMQ(fla7fm)('1")+‘cg)(flaafm)

The boundedness of the first maximal function MQ( fi,.. ., fm) (z) can be treated by the
following lemma.

Lemma F. [I7] Let 1 < p1,...,pm < 00 and % < p < oo with 1_ pl +- —i—zi. Suppose
that 1 < g < oo, % < %Jr o and 2 € Li(S™ 1), Given f] € LPi(R"™), there exists a
measure zero set E such that for x € R™\ E

Qg filz —y;)| dy <
/w' <y>|jH1\j<x y)| d < oo

for all R > 0. In this case,
the maximal function Mq(f1,..., fm) is well-defined on R" \ E
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and

[Ma(f1, ... ,fm)HLp(Rn) Sq 192l aggmn—1) H 1 £ill Les memy

j=1
for functions f; € LPi(R™).

Note that the condition

is equivalent to

and thus Lemma [F] yields

[Ma(frs- s fm)l| pogny Ss 19 2 sty HHf]HL”J Rn)
] 1
provided that
1 1
— e, eH™
(pl pm) ()

Therefore, it remains to establish the boundedness of £ﬁQ. For this one, we write

£ (frre o fm) <Sup)ZZTK~y (Frees f) |+ D2 £ (i fon)

<71 u<0 pn>0

where we recall

E?‘z,u(fla---afm)(-f) :SUP‘ZTKg(fl,---,fm)(:U)‘-

In addition, it has been already verified in [I7, Proposition 4.1] that

sup ‘Z ZTK;Z (f1, .. ,fm) ‘ HLP(RH) Sq ||QHL‘1(S”"L—1) 1_[1 HfjHLPj(R”)'
j=

TEL ~<T u<0

Consequently, matters reduce to

EE:L: fh"'afm)

u>0

(3.5)

5 (smn—1) H ”fj”LpJ R™)

LP(]R")

We will actually prove that there exists ¢p > 0 such that

(36) HﬁﬁfL#(flv"' 7fm)HLp(Rn) Ss,eo

which finally deduces (3.5)).

< (s H 1fillos @mys 1> 0,

11
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3.2. Proof of (3.6). It is known in [17] that for -2 < ¢ < oo, there exists §p > 0 such
that
m
(37) HE fh"‘?f )HL%(R") ,550 2760M”QHL‘1(SW”71)HHf]‘”LQ(]R”)? p>0.
j=1
For general 1 < p1,...,pm < 00, we will prove the following two propositions.

Proposition 3. Let 1 < p,p1,...,pm < 0 and 119 = 1%1+"'+1i‘ Suppose that p € N and
Qe LY(S™~1). Then there exist constants M > 0 and Cy; > 0 such that

Hﬁ (f1,-- '7fm)HLp(Rn) < Carp™ |9 1 gmn—1) H 1 £ill Lrs ey
j=1

for Schwartz functions fi,..., fm on R™.

Proposition 4. Let0 < s <1, % <p<oo,andl <p1,...,pm<oowz'th%:pi1+--~+]%

Suppose that p € N, (p ,...,]i) € H™(s), and Q € L (Sm=1) with (L.1)). Then for
any € > 0, there exists a constant Ce > 0 such that

B8 o)l < O2 1M H 15075 oy

for Schwartz functions fi,..., fm on R™.

The proof of Propositions [3] and [4] will be given in Sections [4] and [5], respectively.

We note that
HQHLQ(SMH71 < HQHLOO(Smnfl) fOI“ all 1 < q < 0

and thus Proposmon I 4 deduces that for any ¢ > 0 and 1 < p1,...,pm < oo with % =
171 et

(39) H£ flv"'7fm)HLp(Rn) SJE 2€NHQHL"°(S’“"71)HHfjHij(R”)'
j=1

Interpolating this estimate with the initial estimate (3.7]), we obtain, via Lemma [E| that

(310) HE fla"'7fm)HLp(Rn) Sél 2761M|’QHL°°(S’””*1)H Hfj”ij(R")
j=1

for some &, > 0. Here, the exponential decay 2791# could be achieved due to the arbitrarily
slow growth in (3.9)) while the estimate (3.7) has a fixed exponential decay in .

Now we introduce a method to improve the L norm of Q in (3.10) to L™= norm so
that (3.6]) is established. Suppose that 0 < s < 1, (p%, e ,ﬁ) € H™(s), and

HQHLig(Sm,l) = filleer @y = - = I fmll om @y = 1.

Then it is sufficient to show the existence of ¢y > 0 for which

(3.11) 125 (1o Fon) | oy S0 27%, wEN.
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For this one, we first decompose the sphere S™"~1 a,

gmn— 1 _ U Dl

leNg
where
D {6 esmm=1 Q)] <1} if i =0
{6 esmmn=t 27t Q)] <2} ifl>17
and write
(3.12)
00) = 20) - [ a0 dot) =3 (20000 - [ 00 dot) = Y- 00)
1=0 1=0
Then the left-hand side of is bounded by
1

min min (1,p)

319 (3 b, (oot )

1eNp

We note that each Q' satisfies the vanishing moment condition

/ QL(9) do(6) = 0

gmn—1

and thus we can apply , Propositions [3| and [] to Q' instead of Q. Obviously,
19| oo (smn—1y < 21+

and thus yields that

(3.14) 126, (s F) oy S 2719 ooy S 27702

When p > 1, we see

(3.15) HQZHLl(Sm_l)gz/Dl 12(6)] do(0) <, 271G

>/ Q(0)| ™ do(9) < 277
D!

and thus Proposition [3| deduces

(3'16) H[’gzl’#(flv SRR fm)HLp(Rn) SM HMHQIHL1(Smn—1) 5 2_lliis,u]\/[

for some M > 0. We choose 1 — s < 1 < 1, or consequently,

n(1i8>—(1—77)>0,

and by averaging (3.14) and (3.16[), we obtain

b o )l gy S (27155 (2700127 = =1y

2 )~ (1)

Clearly, the right-hand side is summable over | € Ny and thus (3.13]) is dominated by a
constant times

Mﬂ2 51 1— 7] <Z 2_l "7(1 s 1 77))) < 2750,“’ 7 > 0
1eNg

for some ¢y > 0, as desired.
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Now assume that % < p < 1. In this case, we note that
U #" () =H"(s)
0<r<s
and thus there exists 0 < r < s such that
1 1
(Lo Yy ewni,
P Pm
Choosing

sS—7T

(3.17) 0<e<51(1

) s—r
), or equivalently 0< — <
61 1—s

and applying Proposition E to E?ﬂ o We have

12h (P Fo) | oy Se 271

L‘Ilir (annfl) '

Similar to (3.15)), we can estimate

1—r
1], <( / \ﬂw)\l“do(e)) <s< / o)
ey~ fp S\ L

< 9 =1 _ gl

i 1—r
Q(60)| da(9)>

and this yields
(3.18) €5 (oo )| poggeny e 2271555,

Now we choose 0 < 1 < 1 with }=% < < 615jr€ (possibly due to (3.17)) so that

S—7T

01(l=n)—en>0 and 77(1 8)—(1—7])>0

and average the estimates (3.14)) and (3.18) to obtain

(2701l 17 (e IT=E ) — 9B (1=m)—en)g=I( —(1=m)

i
HEQZ,,LL(fh ) fm)HLp(Rn) ~
Finally, (3.13)) is bounded by a constant multiple of

o (51(1-m)—en) ( 3 ol

1eNp
By taking g = 61(1 — ) — en > 0, we complete the proof of (3.11)).

1
;;)(m))) P o1 (1-m)—en).

4. PROOF OF PROPOSITION [3]
Without loss of generality, we may assume

| f1llzor®ny = -+ = [[fmll om @ny = 12| L1 (gmn—1y = 1.

We first employ Littlewood-Paley decompositions for each f; so that

ZTKJ(fhafm Z Z TK"/(d)kl*fl,...,d}km*fm)(q;)

<t Y<T k1,....km€Z
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and this can be written, in view of Lemma |[D] as a finite sum of form
S« T (fr, s fn) (2)
<1
where
T;’Z(flv sy fm)(aj) = TKZ ((I>;1H-'y * fla R (I)ZLJ,-W * fm)(‘r)
Therefore, it suffices to show that there exists M > 0 such that

(4.1) sup\Z@Zizl*T" oo fl||l - sa
T€T Lr(R™)
Note that at least two of @1, @, -+, ®m+tl are compactly supported in an annulus, and

the inequality (4.1)) will be achieved separately depending on whether the last one ®m+1
is supported in an annulus or not. One of the key estimates for both cases is that for any
M >0

S\ M
(4.2) /(R (e 130) | KR 45 S 19015y =
which is known in [I1], page 2267].

Case 1. Suppose that ®™+1 is supported in an annulus. In this case, we may assume

®1 is also supported in an annulus, as the other cases follow in a symmetric way.
We first claim

sup‘zqﬁnf_ﬁy1 fla"'afm)‘

TEL N<T

To verify this, we observe that the Fourier transform of ZV “r @Tjﬂ} « T, ( fi,.. ., fm) is
supported in a ball of radius C2#"7, centered at the origin, for some C' > 0 and thus it can

be written as

SO T (s ) = A (D T (s fn) )

y<T <7

e (ST )~ A (SO T ()

YEZ y>7

‘T’Y flv""fm){2>§

LP(R™) ‘ ‘ LP(R™) '

where A, is a radial Schwartz function on R™ whose Fourier transform is equal to 1 on
the ball B(0,C2*T7) and is supported in a larger ball of radius C2#*7 for some C > C.
Therefore, the left-hand side of (4.3) is bounded by the sum of

I = || sup |Apsr * (ZCI)ZT«,I *Tv f17--~,fm)>‘
TEZL vEZ Lp(Rn)
and
iy ::‘ sup A#Jrf*(zq)zl;} Z(fla--'afm))” :
el = Lr(R")

Using (2.4)), the LP boundedness for M, and (2.8)), we have

(Z(I)Z'f,yl>1<T7 f1,.--,fm)) Z(I)TJ:}*TV flj---,fm)

YEZ YEZL

n
' s

Lr R”) LP(R™)
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(5 (3t ) )

1
H e *Tv(fl,...,fm)f)Q H
Lr(R™) YEZ

YEZ

: H Z}Tl(ﬁ,..,’fm)’?)%

YEZL

Lr(R™)

LP(R™)
where we recall the Fourier transform of @Zf; is supported in an annulus of size 2477,
To estimate Z4', we note that A/u; is supported in a ball of radius C2MF7 while ™1 is

Hty
in an annulus of size 217, Hence, there is a positive integer Cy such that

Apr % @ 5 T (f1, -, frn) =0 unless v < 7+ Cp.

This yields that
7+Co

Ig: Sup‘A,H_T*( Z (bzlj»yl l(flvvfm))‘
TEL y=r LP(R™)
Co
= s e = (S0 # T3 (1))
TEZ 70 LP(RTL)
< Z ileHZ) Ay * (I)MJ;"Tﬂ_7 * Tl+7 (fl, ceey fm)’ Lo

(5 e e+ 7 )

TEL

Now using (2.4]) and -, the preceding expression is bounded by a constant times

> (S ()

v=0

_ (Co—i-1)”(22’/\/1<T;(f1,...,fm))’ )%

Lo(Rm)

Lp(R)

LP(R™)
1
- 2\ 2
SH(Z\TH(fl,...,fm)\)Q :
TEL Lr(R™)
which completes the proof of the claim (4.3]).
Now we need to prove that
1
o 3
(4 (Sl al)| g
LP(Rn)

YEZ

for some M > 0. Applying (3.1) and performing a change of variables,

Tz(fl,...,fm)m:/(n)mzvm"KO H@,m*f]( ;) 0

m

(4.5) = / H Jiy ¥ file —277y;) dy
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and then Minkowski’s inequality yields that the left-hand side of (4.4)) is bounded by

mo 2\ 3
ao [ @l (S| e se -2 ) |
(Rr)m ~EZ =1 Lr(R™)
The LP norm would be
UL - 2\ 3
H(Z’Hq’]w*fj('—2 i “yj)‘ )
YEZ j=1 Lr(R™)
1
< <Z\q>1*f1( — 27 tHy > (Hsup\cb w fi(-—27vHm )\)
YEZ Jj= 276Z LpP(R™)

and then this is no more than

H <Z O s fi(- — Qwuyl)’g)%

|
YEZ

< (In(e + 24y )7 (f[ In (e + 2"|y;])) )

m
Hsup‘iﬂ * fj(- —277+uyj)”
LPl(Rn) j=2 YEZ

LPj (R")

< iR (1n(e+\y!)) Rl

~

by Hélder’s inequality and Lemma [C| This proves (4.6)) is bounded by a constant multiple
of

1 _lpyyvm 1 gl 11
@) s R @] n e i) ag s R
where the inequality follows from (4.2). Setting M = |pi1 — %| + Z;”:Q pij, the inequality

(4.1) follows.

Case 2. If W is not supported in an annulus, then at least two of ®!,... ,@ are
supported in an annulus. We will consider only the case when the two are é\l and &3\2
as a symmetric argument is applicable to the other cases. Then and yield the
left-hand side of is bounded by

SO |@E « T (fry s fm)| ST S T (fr, s fn)|

= PRI O N (et Lp(Rn)
S Moo (T3 (11 )
YEZ LP(R™)
ST )|
YEZ LP(R™)
for o > n, where we note that the Fourier transform of 7)) "(f1,..., fm) is supported in a

ball of radius comparable to 27. Using (4.5)) and Minkowski’s inequality, the last displayed
expression is controlled by

(4.8) / |K)(%))|

.
LP(R7)

Z‘Hq)]*f (-—277FH ))

YEZ £=1
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Now we bound the LP norm by

[(TT(S 182062 ) ) (T 02+ 6220

j=1 ~€Z ]37

LP(R")
and Holder’s inequality and Lemma [C] deduce that the above expression is dominated by

1
(111 Zl@%*fj«—ww ) (T 192 =2, )

ve

< (L1 0nte 220~ ) (0 e+zu|yj\>>1)

j=1

FR 1
Sl AR (1 (o pg))
Therefore, (4.8) can be estimated by

a3l s ﬁ —3lHp s
W7 /( | IK@)] (1n (e + ) ™" 5 dg

1 _ 11 1 m 1
< /.LH 2|+‘p2 2|+2j:3 pj,

~

similar to (4.7]). This finishes the proof of Proposition

5. PROOF OF PROPOSITION [4]

Let 0 < s < 1 and recall J,,, = {1,...,m}. The proof is based on the induction argument
used in [I8]. In order to describe the idea, we define
Ri"(s) ={(t1,...,tm) : ;=1 and 0<t; <s for j#l}, leJn
and
C"(s) ={(t1,...,tm) : 0<t; <s, j€JIn}
Claim X(s). Let L < p < oo and (pil,...,zi) € C"(s) with pil—i—---%—

= %. Suppose
that 0 < e <1 and p € N. Then there exists C. > 0 such that

1
Pm

|’E§’z,“(f1a e ’fm)HLP(R”) S C'€2Elu‘||(2”[/1lS (Smn—l) 111 ||fj||ij(R")‘
]:
Claim Y(s). Let L < p < 1 and (p%""’]i) e U R (s) with p% + 4 =

1
>
Suppose that 0 < € < 1 and u € N. Then there exists C. > 0 such that

1
Pm

126 (frs s Fo)ll ooy < C2%0Q1 2 (gt H 175 273 (-

Claim Z(s). Let L < p < oo and (p—l, cee ﬁ) e UL, V)" (s) with pT+"'+;Z = %D, where
Vi*(s) is defined in (1.3)). Suppose that 0 < € < 1 and p € N. Then there exists Cc > 0
such that

126, 1o S | gy < S 2 L - Hllfyllm (Rn)-
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Claim X(s). Let L < p < oo and (p%, Lm) € H™(s) with pi +- Ii = %. Suppose
that 0 < e <1 and p € N. Then there exists Ce > 0 such that
7fm HLP R7) <C2€MHQH =5 (Smn—1) HHf]HLpJ R7)-

ey

124, (.
Please see Figure [2] for the region where the claims hold in the trilinear setting. Then
t2 t2
0,1,0))_________ (s,1,0)
(O, 1, S) Z:-,,Z(:S)(g 1, g)
v (07,75”9)”‘77(5 s, o) : _ ' - (1,8,0)
(0,5,5) L (s 54 ' v e
: 5371y : : o :?21(5)
Cl8) _ 0 o1 (1.0.9)
(5,0,0) t (0,5, 1) e t
(0,0,%) (S,O,S) s :R%(S) -(1,0,s)
o (0,0,1)4" (5,0,1)
ts ts
in Claim X (s) in Claim Y (s)
t2 t2
0,) ”""’j:«.(“g’ 1,0) (0,1,0) 4-------->~ (s, 1,0)
(0,1,3)_,:1/,,,,,, wan . (0,1,3);,’: ,,,,,,, ,:’(/5’1:‘*5\)
1 37 - / N, AN
: VQ 8) // ,,’I AN
: -, (1,5,0) SN s
L - Vils) (1,0,0) / H(Sj i 1(1,0,0)
(0,5,1) ot 7 R Sy — ey P
3 s % t ) S5 A b t
Vals). ke T (1,0,9) 1 e __1,0,5) 1
(0,0,1) (5,0,1) (0, 0:},,,, ,,,,,,, ('3’7’(’):’1’)
tg tS
in Claim 3(s)

in Claim Z(s)
FIGURE 2. The trilinear case m = 3 : the range of (L pi pi)

we will carry out induction arguments through the following proposition

Proposition 5. Let 0 < s < 1. Then we have
Claim X (s) = Claims X(s) and Y (s) = Claim Z(s) = Claim X(s)

Let us temporarily take Proposition [5| for granted and complete the proof of Proposition

Lo ,ﬁ) € C™(s), then

4
We first consider the case 0 < s < % In this case, if (m’
Proposition [3] yields
HE (f1,-- -,fm)HLp(Rn) S M9 1 gmn-) H 1£ill L7s ey
j=1
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Since
12| gmn—1y S HQHLI%S(SM,I)
and for any € > 0
HM SG,M 26#7 JURS N,
Claim X (s) holds. Then Proposition [f| deduces (3.8), as desired.
Now assume % <s< 1. Forv eN, let

1
ay=1— (1—E)V.

Then we observe that (ay+1,...,a,4+1) € R™ is the center of the (m — 1) simplex with m
vertices (1,ay,ay,...,ay), (ay,1,ap,...,a,), ..., (ay,...,a,,1,a,), and (ay,...,ay,a,,1).
The trilinear case (m = 3) is illustrated in Figure We notice that a1 = %, Ayl =

(av,1,a.)

/I \\
I \\
g . (@v41,au41,a041)
\\
{
N
N
N

LS (ay,a)

(av,ay,1) &7

FIGURE 3. (ay41,0p41,0,4+1) when m =3

a”(min;l)ﬂ for v > 1, and a, /1 as v — oo. Moreover, by the definition of H™(a,) we

have
C™(ay+1) C H™(a,) forall veN,
see Figure [d which implies

(5.1) Claim X(a,) = Claim X(a,4;) forall veN

1
as L1-ov+1 (Smn=1) <y Lﬁ(Sm”*I). Now Claim X (a;) holds due to Proposition and

to to (@41, Qug1,Grt1)

v (aua ];/7//0'11)

oo -4 y

/ /RN i
/ -1, ayi, a,)
P e ! |
i ( v Qu, 1) i : i

y i . % N
| | h Sh
i i # .
‘ i L
L .
b H(an) " C*(ay+1)

FIGURE 4. The trilinear case m = 3 : H3(a,) and C3(a,+1)

accordingly, Claim ¥ (a, ) should be also true for all v € N with the aid of Proposition
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and (5.1). When s = L (= ay), the asserted estimate (3.8) is exactly Claim (a). If
ay, < s < ay41 for some v € N, then C™(s) C H™(a,), and this yields that Claim X (s)

holds since LliiS(Sm”_l) — Lﬁ(Sm”_l). Finally, Proposition |5| shows that Claim X(s)
works. This finishes the proof of Proposition [4]

In the rest of this section, we will prove Proposition

Proof of Proposition[5 Let 0 < s < 1. We first note that the direction
Claims X (s) and Y (s) = Claim Z(s)

follows from the (sublinear) Marcinkiewicz interpolation method. Here, we apply the inter-
polation separately m times and in each interpolation, m — 1 parameters among p1, ..., DPm
are fixed. Moreover, the direction

Claim Z(s) = Claim X(s)

also holds due to Lemma [E| and the geometric property (1.4). Therefore it remains to
show the direction Claim X(s) = Claim Y (s). For this one, we deal with only the

case (pil, . Ii) € RT'(s), appealing to symmetry for other cases. Assume that p; = 1,
%<p2,...,pm<oo, and
1 1 1
I+ =+ — =,
b2 Pm p
Without loss of generality, we may also assume
I fillrmny = [ follLp2ry = -+ = [ fnll Lom @ny = ||Q||L115(Sm_l) =1
and then it suffices to prove that for any € > 0
1
(5.2) Hx ER™: Lh (fiy--e s fu)(@) > )\H Se2 .
Using the Calderén-Zygmund decomposition of fi at height AP, we write f; as
=g+ big
QeA

where A is a subset of disjoint dyadic cubes, } UQeA Q‘ < )\—lp, supp(b1,0) C Q, [b1,o(y)dy =

0, Ibr.llpr ey S APIQI, and [[g1]|Lr@ny S A=) for all 1 < r < co. Then the left-hand
side of (5.2)) is controlled by the sum of

2 = Hx R : Lo, (01 for- o ) @)] > %H

and
A
=M n., # -
== Hx ER": ‘ﬁw( 3 bLQ,fQ,...,fm)((E)‘ > 2}’
QeA

In order to estimate ZY', we choose % < po < oo and p > p satisfying

1 1 1 1

—+ =+ -+ —==

bo P2 Pm P

and set € := % so that 0 < eg < 1. Then it follows from the hypothesis Claim X (s) that

(1-L

o )P

(53) H[:’g)”u(gh f27 s 7fm)HLz7(Rn) 560 260MHg1HLPO(R”) ,S PALON
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Now, Chebyshev’s inequality and the estimate (5.3 yield

1 1

= f € p((l—f)p—l) e
“TgﬁuﬁQu(gthW'wfm HLP Rn)<20“p>\ _2/‘17%’
as desired. Here, we note that = — pio = ]; — 1, which implies p((1 — pio)p —1) = —p.

On the other hand, the term 2l is bounded by the sum of ‘ Uogea Q*‘ and

(e (U @) (S tase )] >

where Q* is the concentrlc dilate of @ with £(Q*) = 102/nl(Q). Since |UQ6A Q*‘ < %,
the estimate of Z5 can be reduced to the inequality

oeup ~ 1

Py Se 29755

Indeed, by applying Chebyshev’s inequality, we obtain

1 P
N sup Tycr (1.0 for - - frm) (@)| da
1 P
<5 (XS Tt f) @)

Ugea @)% \ Qea~ez

Then it is already proved in [I8, (6.16)] that the last expression is bounded by a constant
times

igeup

A
which completes the proof of . (Il

APPENDIX A. PROOF OF THEOREM
Assume that 1 < pi,...,pm < o0, fj € LPI(R™), j = 1,...,m, and Q € LYR") for
1 < g < oo satisfying ([1.6]), which clearly implies p% 4+ }i = % < % + %. According to
Lemma there exists a measure zero set E?l ifom such that

(A1) Ma(f1, ... fm)(@) <00, z€R'\EP ;.
Since

25| 171 1
(A2) / = x_y dyf\/ f17 "afm()v 0<€0<17

e0<|F|<eq? |y‘ j=1 ’ | (0)2mn ( )

(&) yields

LEO(fryees f) (@) = sup 15 fn) (@)

€€

is finite for z € R™\ E?l fm- Obviously, 5(6 < (fl, ..., fm) is also well-defined on R" \
E%,...,fm' For each 7 = 1,...,m, we choose sequences {ff}keN of Schwartz functions

such that fk converges to f; in LPi(R") as k — oo. Then applying Lemma [F| many
times, we may choose measure zero sets Ef s on which Mq(ff,..., f¥)(z) is finite,
AR ]
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and EJ?I ft lvf] P ytfn OO which Mo (fF, ..., fE4 fi = 5, i1, -, fm) (2) is finite.
Then, using , we have
Egeo(fla teey fm)(!E)

< 2£6<f{€7’fflfz)(x)+zf’geo(f{ea7f]k—17f]7f]k7f]+laafm)(x)

J=1

S LR (e E)@) + g o Malfh o S = I frn e ) @)
j=1

(with the usual modification when j = 1 or j = m) for any 0 < ¢y < 1 and 2 € R*\ B¢ |
where

oo
Q. Q
(A.3) ) <kU Eflk,...,f;cn) <U U Efl, TP f e fm>
=1

j=1k=1

which is also a set of measure zero. Taking the LP (quasi-)norm on both sides and applying
Theorem [If for the first term and Lemma [F| for the other terms, it follows that

L6 (f1s - Fn) | Loy S N9 agsmn-1) LT 170 225 ey

j=1
i—1
IIQIILq §mn1) e~ (1T 11 ok k .
oy oo (LD )15 = £l oy ( T1 Wilemsca)
j=1 =1 i=j+1
and then the second parts vanishes as k — oo. Consequently, we have
m
(A.4) L5 1s Fon) | gy S 1@ agmny [T e .
j=1

We now define
ee L . *, €
L& (frreeos ) = sup |6 (Fro oo, fin) | = T L5 (fr, - Fi),
e>0 0 \0

which may be infinite. Then applying Fatou’s lemma to (A.4)), we conclude

(A5) 125 (P £ oy S 1920 gaggmn sy Tl e
j=1
when each f; belongs to LP7 (R").

Now let us finish the proof of Theorem [2| Due to Theorem Al Lo(fi1,..., fm) is defined
as the LP limit of L ff, ce f,ﬁ) as k — oo. Therefore, we may select a subsequence

{ki}ien of {k}ren so that Lo fl, By = La(fi, ..., fm) pointwise on R\ € as | — oo
for some measure zero set € in R™. Then, setting £ as in (A.3)), for z € R™\ (E? U &),

L5 (fr- s Jon) @) = La(frs- s fon) (@)]
<L (fr fm) @) = L5 (A 1) @)
LS Y @) = La(f . £ @)
FlLa(ft o ) (@) = La(frs- s fm) (@)]-
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We first take the limsup,\ o on both sides to make the middle term on the right disappear.
Then we apply liminf;_,., so that the last term also vanishes. As a consequence, we have

lim\sup ‘Eg’eil)(ﬁ, .. .,fm)(:c) — EQ(fl, .. ,fm)(:c)}

< lim inf lim sup }/L (f1,---,fm)(96) - ﬁg(l)( fl7 . 7frkrf)(37)‘

l—o00 N0

< liminf hmsupzj‘ﬁ66 e ..,fkll,f] ffl;fj—i-l,---yfm)(x)‘

l—o00

. sk [ ok k
Shgégleﬁg( ll,--- j— 17f] fjlafjJrlw"afm)(x)
J:

for z € R™\ (E? U €). Since E® U & has measure zero, for any A > 0

){x c€R": lim\sup‘ﬁg’e_l)(fl,...,fm)(ac) —Eg(fl,...,fm)(x)’ > )\}’

‘{xER 11g£f25 KON L ffl,fj+1,...,fm)(x)>)\}‘
ji
k k P
llglnfzﬁa*( 1l7"‘ fj 17fj fjlafj-‘rla”'vfm)

I LP(R™)
.. . < ok

(AG) gﬁhggfzuﬁﬁ( flr" f] 17fj f]klafj-‘rla"'v )HLp(Rn

j=1

where we applied Chebyshev’s inequality and Fatou’s lemma. Applying (A.5) to

(o P = £7 fista e fn) € LPH(R™) x -0 5 LP7(R™),
we bound the right-hand side of (A.6) by

m

)\p||Q||Lq gmn—1 thsup (H kalHLp,(Rn )Hfj HLPJ R™) ( H ”f"Hipi(R")»

i=j+1

which clearly vanishes. This completes the proof of Theorem
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