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Abstract. In this work, we establish Lp1 × · · · × Lpm → Lp bounds for maximal multi-

(sub)linear singular integrals associated with homogeneous kernels Ω(y⃗′)
|y⃗|mn where Ω is an

Lq function on the unit sphere Smn−1 with vanishing moment condition and q > 1. As an
application, we obtain almost everywhere convergence results for the associated doubly
truncated multilinear singular integrals.

1. Introduction

Let n,m be integers with n ≥ 1 and m ≥ 2, and consider an integrable function Ω on
the unit sphere Smn−1 with the mean value zero property

(1.1)

∫
Smn−1

Ω(y⃗′) dσ(y⃗′) = 0

where dσ stands for the surface measure on Smn−1, y⃗ := (y1, . . . , ym) ∈ (Rn)m, and y⃗′ :=
y⃗
|y⃗| ∈ Smn−1. We set

(1.2) K(y⃗) :=
Ω(y⃗′)

|y⃗|mn
, y⃗ ̸= 0⃗,

and define the corresponding truncated multilinear operator L(ϵ)
Ω by

L(ϵ)
Ω

(
f1, . . . , fm

)
(x) :=

∫
|y⃗|>ϵ

K(y⃗)
m∏
j=1

fj(x− yj) dy⃗

for Schwartz functions f1, . . . , fm on Rn. By taking ϵ ↘ 0, we also define the multilinear
homogeneous singular integral operator

LΩ

(
f1, . . . , fm

)
(x) := lim

ϵ↘0
L(ϵ)
Ω

(
f1, . . . , fm

)
(x) = p.v.

∫
(Rn)m

K(y⃗)
m∏
j=1

fj(x− yj) dy⃗.

This is still well-defined for any Schwartz functions f1, . . . , fm on Rn.
There were several remarkable boundedness results in the linear setting (m = 1 and

n ≥ 2) and these results have been later extended to multilinear cases when m ≥ 2. In
this paper, we will mainly focus on the multilinear operator, leaving only some references
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[2, 3, 4, 7, 8, 27, 36, 37, 38] for the linear case, as many other relevant papers provide
detailed historical background on the results for linear operators.

The bilinear (m = 2) singular integral operators in the one-dimensional setting n = 1
were first studied by Coifman and Meyer in [5] who established the Lp1(R)×Lp2(R) → Lp(R)
boundedness for the bilinear operator LΩ when Ω is a function of bounded variation on the
unit circle S1, and this result was later extended to general dimensions n ≥ 1 and m-linear
operators (m ≥ 2) by Grafakos and Torres [25] who assumed Ω is a Lipschitz function
on Smn−1. Both results need some smoothness assumptions on Ω and the results were
developed in the bilinear case by Grafakos, He, and Honźık [15] who addressed the case when
Ω merely belongs to L∞(S2n−1). Especially, they obtained the initial estimate L2×L2 → L1

for LΩ even when Ω ∈ L2(S2n−1), introducing a new approach using a wavelet decomposition
of Daubechies in [9]. The initial estimate was soon improved by Grafakos, He, and Slav́ıková
[19] who weakened the assumption Ω ∈ L2(S2n−1) to Ω ∈ Lq(S2n−1) for q > 4

3 , and this

result was extented to arbitrary exponent 1 < p1, p2 < ∞ and 1
2 < p < ∞ by He and the

author in [26] under the assumption that Ω ∈ Lq(S2n−1) for q > max (43 ,
p

2p−1). For general

multilinear cases, Grafakos, He, Honźık, and the author [16] derived an initial boundedness

result L2 × · · · × L2 → L
2
m when Ω ∈ Lq(Smn−1) for q > 2m

m+1 . The wavelet decomposition
of Daubechies was still an essential tool in the multilinear case, but more intricate technical

issues emerged as the target space L
2
m (Rn) is not a Banach space when m ≥ 3. Later, the

multilinear initial estimate was generalized to the whole range 1 < p1, . . . , pm < ∞ and
1
m < p < ∞ in [18], and Dosidis and Slav́ıková [11] improved the estimates in a certain

range of p1, . . . , pm. Interestingly, they proved that Ω ∈ Lq(Smn−1) for q > 1 is enough for
the Lp1 × · · · × Lpm → Lp boundedness to hold when 1 < p, p1, . . . , pm <∞.

In order to comprehensively describe all of the above results, let us introduce some
notation. Let Jm := {1, . . . ,m}. For 0 ≤ s ≤ 1 and any subsets J ⊆ Jm, let

Hm
J (s) :=

{
(t1, . . . , tm) ∈ (0, 1)m :

∑
j∈J

(s− tj) > −(1− s)
}
,

Om
J (s) :=

{
(t1, . . . , tm) ∈ (0, 1)m :

∑
j∈J

(s− tj) < −(1− s)
}

and we define

Hm(s) :=
⋂

J⊆Jm

Hm
J (s).

See Figure 1 for the shape of H3(s) in the trilinear case. We observe that

Hm(s1) ⊂ Hm(s2) ⊂ (0, 1)m for s1 < s2

and lims↗1Hm(s) = Hm(1) = (0, 1)m. Moreover,

Hm(0) =
{
(t1, . . . , tm) ∈ (0, 1)m : t1 + · · ·+ tm < 1

}
.

We also define the rectangle

(1.3) Vm
l (s) := {(t1, . . . , tm) : 0 < tl < 1 and 0 < tj < s for j ̸= l}

for l ∈ Jm and s > 0. As known in [18, Lemma 5.4], if 0 < s < 1, then

(1.4) Hm(s) is the convex hull of the rectangles Vm
l (s), l = 1, . . . ,m.
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Figure 1. The region H3(s)

Theorem A. [11, 15, 16, 19, 26] Let 0 < s < 1, 1 < p1, . . . , pm <∞, and 1
m < p <∞ with

1
p = 1

p1
+ · · ·+ 1

pm
. Suppose that ( 1

p1
, · · · , 1

pm

)
∈ Hm(s)

and Ω ∈ L
1

1−s (Smn−1) with (1.1). Then there exists a constant C > 0 such that∥∥LΩ(f1, . . . , fm)
∥∥
Lp(Rn)

≤ C∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for Schwartz functions f1, . . . , fm on Rn.

Setting 1 < q = 1
1−s <∞, Theorem A is equivalent to the statement that

(1.5)
∥∥LΩ(f1, . . . , fm)

∥∥
Lp(Rn)

≤ C∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

holds, provided that 1 < p1, . . . , pm <∞ and 1
m < p <∞ satisfy

(1.6)
∑
j∈J

1

pj
<

|J |
q′

+
1

q
for any subsets J of Jm.

We should also remark that the estimate (1.5) in the bilinear setting has been recently
further improved by Dosidis, Slav́ıková, and the author [10] weakening the Lq assumption
on Ω to the requirement that Ω belongs to the Orlicz space L(logL)α for some α > 0 when
1 < p, p1, p2 <∞, or equivalently ( 1

p1
, 1
p2
) ∈ H2(0).

In this paper we are primarily concerned with maximal multi-(sub)linear operators as-
sociated to the singular integral operator LΩ, defined by

L∗
Ω

(
f1, . . . , fm

)
(x) := sup

ϵ>0

∣∣L(ϵ)
Ω

(
f1, . . . , fm

)
(x)

∣∣, x ∈ Rn

for Schwartz functions f1, . . . , fm on Rn. Employing the wavelet decomposition used in the

proof of initial estimates for LΩ, the L
2 × · · · ×L2 → L

2
m boundedness result was obtained

by Buriánková and Honźık [1] for bilinear maximal operators and by Grafakos, He, Honźık,
and the author [17] for general multilinear ones.
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Theorem B. [1, 17] Suppose that Ω satisfies (1.1) and

(1.7) Ω ∈ Lq(Smn−1) for
2m

m+ 1
< q ≤ ∞.

Then there exists a constant C > 0 such that

(1.8)
∥∥L∗

Ω(f1, . . . , fm)
∥∥
L

2
m (Rn)

≤ C∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥L2(Rn)

for Schwartz functions f1, . . . , fm on Rn.

The main result of this paper is the following general Lp1 × · · · × Lpm → Lp estimate
for L∗

Ω, which extends and improves the initial estimate in Theorem B to all indices 1 <

p1, . . . , pm <∞ and 1
m < p <∞ under the same hypothesis on Ω as in Theorem A.

Theorem 1. Let 0 < s < 1, 1 < p1, . . . , pm <∞, and 1
m < p <∞ with 1

p = 1
p1

+ · · ·+ 1
pm

.

Suppose that

(1.9)
( 1

p1
, . . . ,

1

pm

)
∈ Hm(s)

and Ω ∈ L
1

1−s (Smn−1) with (1.1). Then there exists a constant C > 0 such that∥∥L∗
Ω(f1, . . . , fm)

∥∥
Lp(Rn)

≤ C∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for Schwartz functions f1, . . . , fm on Rn.

We point out that Theorem 1 deduces that the same initial multilinear estimate (1.8)

holds even for 2(m−1)
m < q ≤ 2m

m+1 , which improves Theorem B.

As is generally known (even in the linear setting), such a maximal function estimate is
related to a problem of almost everywhere convergence of the associated doubly truncated
singular integrals

L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x) :=

∫
ϵ<|y⃗|<ϵ−1

K(y⃗)
m∏
j=1

fj(x− yj) dy⃗

as ϵ ↘ 0 in the case that each fj is an Lpj function on Rn. Indeed, it is proved in [17,
Theorem 1.1] that

(1.10) L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x) → LΩ(f1, . . . , fm)(x) a.e. as ϵ↘ 0

when f1, . . . , fm ∈ L2(Rn) and Ω ∈ Lq(Smn−1) for 2m
m+1 < q ≤ ∞, applying Theorem

B. Similarly, as an application of Theorem 1, we obtain the following almost everywhere
pointwise estimate.

Theorem 2. Let 1 < p1, . . . , pm < ∞ and 1 < q ≤ ∞ with (1.6). Suppose that Ω ∈
Lq(Smn−1) satisfies (1.1). Then for each fj ∈ Lpj (Rn), the doubly truncated singular inte-

gral L(ϵ,ϵ−1)
Ω (f1, . . . , fm) converges to LΩ(f1, . . . , fm) pointwise almost everywhere as ϵ↘ 0.

As a consequence of Theorem 2, the multilinear singular integral LΩ(f1, . . . , fm) is well-
defined almost everywhere when fj ∈ Lpj (Rn), j = 1, . . . ,m. Theorem 2 can be proved by
replacing Theorem B with Theorem 1 and then simply mimicking the proof of (1.10) in
[17]. For the sake of completeness, we include the proof in the appendix.
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In order to prove Theorem 1, we apply a dyadic decomposition introduced by Duoandikoetxea
and Rubio de Francia [12], which has already been employed very essentially in many earlier
papers [1, 10, 11, 15, 16, 17, 18, 19, 26], and utilize the same reduction step as in the proof
of Theorem B in [17]. More precisely, we decompose the kernel K in (1.2) as

K =
∑
µ∈Z

∑
γ∈Z

Kγ
µ

where Kγ
µ = Ψµ+γ ∗

(
K · Ψ̂−γ

)
and Ψk is a Littlewood-Paley function on (Rn)m, which will

be officially defined in Section 2, whose Fourier transform is supported in an annulus of size
2k. Then the maximal function L∗

Ω(f1, . . . , fm) can be estimated as

L∗
Ω(f1, . . . , fm) ≤ MΩ(f1, . . . , fm) + L♯

Ω(f1, . . . , fm)

where

MΩ

(
f1, . . . , fm

)
(x) = sup

R>0

1

Rmn

∫
|y⃗|≤R

|Ω(y⃗′)|
m∏
j=1

∣∣fj(x− yj)
∣∣ dy⃗

and

(1.11) L♯
Ω

(
f1, . . . , fm

)
(x) := sup

τ∈Z

∣∣∣∑
γ<τ

∑
µ∈Z

TKγ
µ

(
f1, . . . , fm

)
(x)

∣∣∣.
A boundedness result for MΩ, which is required for the proof of Theorem 1, has already

been shown in [17], and thus we only need to consider the remaining operator L♯
Ω. We

also notice that when the sum over µ ∈ Z in (1.11) changes to the sum over µ ≤ 0, the
corresponding operator satisfies the Lp1 × · · · × Lpm → Lp boundedness with a constant
Cq∥Ω∥Lq(Smn−1) for any 1 < q < ∞ and 1 < p1, . . . , pm ≤ ∞ with 1

p = 1
p1

+ · · ·+ 1
pm

. This

was verified in [17, Proposition 4.1], using multilinear version of Cotlar’s inequality in [24,
Theorem 1], together with the fact that

∑
γ∈Z

∑
µ≤0K

γ
µ is an m-linear Calderón-Zygmund

kernel with constant Cq∥Ω∥Lq(Smn−1), thanks to the estimate of Duoandikoetxea and Rubio
de Francia [12]; see (3.3) below. Therefore, it suffices to deal with the case µ > 0 in (1.11),
which is clearly bounded by ∑

µ>0

L♯
Ω,µ(f1, . . . , fm)

where

L♯
Ω,µ

(
f1, . . . , fm

)
(x) := sup

τ∈Z

∣∣∣∑
γ<τ

TKγ
µ

(
f1, . . . , fm

)
(x)

∣∣∣.
We will actually prove that there exists ϵ0 > 0 such that

(1.12)
∥∥L♯

Ω,µ

(
f1, . . . , fm

)∥∥
Lp(Rn)

≲ϵ0 2−ϵ0µ∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn), µ > 0

when (1.9) holds. We remark that the structure of the proof is almost same as that of
Theorem B in [17] where one of the key estimates is

(1.13)
∥∥L♯

Ω,µ

(
f1, . . . , fm

)∥∥
L

2
m (Rn)

≲ 2−δ0µ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥L2(Rn), µ > 0

for some δ0 > 0, provided that q > 2m
m+1 . Therefore the main contribution of this work is

to improve and extend the estimate (1.13) to (1.12). This will be achieved by establishing
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Propositions 3 and 4 in which analogous (but a slightly weaker) multilinear estimates are
provided with arbitrary slow exponential growths in µ, but will be finally improved to
(1.12) by applying a decomposition of Ω based on its size; see (3.12) below. It should be
also mentioned that we follow the terminology in [17] for the sake of unity as some of the
results verified there will be used in the proof of Theorem 1.

Organization. Section 2 contains some preliminary materials including several maximal
inequalities, shifted operators, multilinear paraproducts, and multi-sublinear interpolation
theory. We will prove Theorem 1 in Section 3, presenting two key propositions, namely
Propositions 3 and 4. The proof of the two propositions will be given in turn in the next
two sections.

Acknowledgment: The author would like to thank the anonymous referees for their
careful reading and valuable comments, which made this paper more readable. The author
also thanks Stefanos Lappas for his useful comments.

2. Preliminaries

2.1. Maximal inequalities. We first recall some fundamental maximal inequalities. For
a locally integrable function f defined on Rn, let

Mf(x) := sup
Q:x∈Q

1

|Q|

∫
Q
|f(y)|dy

be the Hardy-Littlewood maximal function of f where the supremum is taken over all cubes

in Rn containing x, and let Mrf(x) :=
(
M

(
|f |r

)
(x)

) 1
r for 0 < r < ∞. Then the maximal

operator Mr is bounded in Lp when 0 < r < p and Fefferman and Stein [13] obtained a
vector-valued counterpart; for 0 < p <∞, 0 < q ≤ ∞, and 0 < r < min (p, q) one has

(2.1)
∥∥{Mrfk

}
k∈Z

∥∥
Lp(ℓq)

≲
∥∥{fk}k∈Z∥∥Lp(ℓq)

.

Clearly, (2.1) also holds when p = q = ∞.
Given k ∈ Z and σ > 0, we also introduce Peetre’s maximal function in [34]

Mσ,2kf(x) := sup
y∈Rn

|f(x− y)|
(1 + 2k|y|)σ

.

For A > 0, let E(A) denote the space of all distributions whose Fourier transform is sup-
ported in

{
ξ ∈ Rn : |ξ| ≤ 2A

}
. It turned out that

Mn
r
,2kf(x) ≲r,A Mrf(x),(2.2)

provided that f ∈ E(A2k) for A > 0. A combination of (2.2) and (2.1) yields that for
0 < p <∞ and 0 < q ≤ ∞, we have

(2.3)
∥∥{Mσ,2kfk

}
k∈Z

∥∥
Lp(ℓq)

≲A,p,q

∥∥{fk}k∈Z
∥∥
Lp(ℓq)

for σ >
n

min (p, q)

if fk ∈ E(A2k). Clearly, the above inequality also holds for p = q = ∞.
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2.2. Shifted operators. Let ϕ and ψ stand for Schwartz functions on Rn such that

ϕ̂(0) = 1, supp(ϕ̂) ⊂ {ξ ∈ Rn : |ξ| ≲ 1},

supp(ψ̂) ⊂ {ξ ∈ Rn : |ξ| ∼ 1}, and
∑
k∈Z

ψ̂k(ξ) = 1, ξ ̸= 0

where we set ϕk := 2knϕ(2k·) and ψk := 2knψ(2k·) for k ∈ Z. It is easy to verify that for
each k ∈ Z

(2.4)
∣∣ϕk ∗ f(x)∣∣, ∣∣ψk ∗ f(x)

∣∣ ≲ Mf(x) uniformly in k

and for any σ > 0

(2.5)
∣∣ϕk ∗ f(x)∣∣, ∣∣ψk ∗ f(x)

∣∣ ≲σ Mσ,2kf(x) uniformly in k.

Then we have the following characterizations of the Lebesgue space;

(2.6) ∥f∥Lp(Rn) ∼
∥∥∥ sup

k∈Z

∣∣ϕk ∗ f ∣∣∥∥∥
Lp(Rn)

∼
∥∥∥∥(∑

k∈Z

∣∣ψk ∗ f
∣∣2) 1

2
∥∥∥∥
Lp(Rn)

for 1 < p <∞.

The first equivalence follows from the Lebesgue differentiation theorem and the Lp bound-
edness of M together with (2.4). The second one is known as Littlewood-Paley theory. The
second equivalence of (2.6), the pointwise estimate (2.4), and the maximal inequality (2.1)
deduce the following estimate, which is very useful to estimate sum over k ∈ Z of functions
with Fourier support in an annulus of size 2k. If 1 < p < ∞ and each fk ∈ S′(Rn), k ∈ Z,
satisfies

(2.7) supp(f̂k) ⊂ {ξ ∈ Rn : C−12k ≤ |ξ| ≤ C2k}

for some C > 1, then we have

(2.8)

∥∥∥∥∑
k∈Z

fk

∥∥∥∥
Lp(Rn)

≲C

∥∥∥∥(∑
k∈Z

∣∣fk∣∣2) 1
2

∥∥∥∥
Lp(Rn)

.

Indeed, the left-hand side is equivalent to∥∥∥∥(∑
l∈Z

∣∣∣∑
k∈Z

ψl ∗ fk
∣∣∣2) 1

2
∥∥∥∥
Lp(Rn)

=

∥∥∥∥(∑
l∈Z

∣∣∣ B∑
k=−B

ψl ∗ fk+l

∣∣∣2) 1
2
∥∥∥∥
Lp(Rn)

≲
B∑

k=−B

∥∥∥∥(∑
l∈Z

∣∣Mfk+l

∣∣2) 1
2
∥∥∥∥
Lp(Rn)

≤
B∑

k=−B

∥∥∥∥(∑
l∈Z

∣∣fk+l

∣∣2) 1
2

∥∥∥∥
Lp(Rn)

∼B

∥∥∥∥(∑
k∈Z

∣∣fk∣∣2) 1
2

∥∥∥∥
Lp(Rn)

for some nonnegative integer B, depending on C in (2.7).
For k ∈ Z and y ∈ Rn, we now define two shifted operators

(ψk)
y := ψk(· − 2−ky) = 2knψ(2k · −y)

and

(ϕk)
y := ϕk(· − 2−ky) = 2knϕ(2k · −y).

Then one direction of the two equivalences (2.6) can be generalized as follows.
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Lemma C. [33, Theorem 1.5, Corollary 1.7] Let 1 < p <∞ and y ∈ Rn. Then we have∥∥∥∥ sup
k∈Z

∣∣(ϕk)y ∗ f ∣∣∥∥∥∥
Lp(Rn)

≲
(
ln (e+ |y|)

) 1
p ∥f∥Lp(Rn)

and ∥∥∥∥(∑
k∈Z

∣∣(ψk)
y ∗ f

∣∣2) 1
2

∥∥∥∥
Lp(Rn)

≲
(
log (e+ |y|)

)| 1
p
− 1

2
|∥f∥Lp(Rn)

where the constants in the inequalities do not depend on y.

Weaker versions of such inequalities appeared in [31, Theorems 4.5, 4.6] for one-dimensional
case and in [14, Proposition 7.5.1] and [21, Corollary 1] for higer-dimensional ones. A dif-
ferent proof of the shifted square function estimate is given in [10] as well.

2.3. Multilinear paraproducts. We now consider a multilinear paraproduct, which is
required in the proof of Proposition 3. Let Ψ be a Schwartz function on (Rn)m whose

Fourier transform is supported in the annulus {ξ⃗ ∈ (Rn)m : 1
2 ≤ |ξ⃗ | ≤ 2} and satisfies∑

k∈Z Ψ̂k(ξ⃗ ) = 1 for ξ⃗ ̸= 0⃗ where Ψ̂k(ξ⃗ ) := Ψ̂(2−kξ⃗ ).

Lemma D. [28, Lemma 4.1] The term∑
k∈Z

∑
k1,k2,··· ,km∈Z

Ψ̂k(ξ⃗)ψ̂k1(ξ1)ψ̂k2(ξ2) · · · ψ̂km(ξm)

can be written as a finite sum of form∑
k∈Z

Ψ̂k(ξ⃗)Φ̂
1
k(ξ1)Φ̂

2
k(ξ2) · · · Φ̂m

k (ξm)Φ̂m+1
k (−ξ1 − · · · − ξm),

where ξ⃗ = (ξ1, ξ2, · · · , ξm) ∈ (Rn)m, and Φ̂1, Φ̂2, · · · , Φ̂m+1 are compactly supported radial
smooth functions and at least two of them are compactly supported away from the origin,

and Φ̂j
k := Φ̂j(2−k·) for 1 ≤ j ≤ m+ 1.

Such a decomposition has already been used very effectively in [11, 22, 23, 28, 29, 30, 31,
32], where it reduces various multilinear operator problems into simpler forms, performing
an analogous role to the Littlewood-Paley decomposition technique in the linear case.

2.4. Interpolation theory for multi-sublinear operators. We end this section by pre-
senting a multi-sublinear version of the Marcinkiewicz interpolation theorem, which is a
straightforward corollary of [20, Theorem 1.1].

Lemma E. [20] Let 0 < pij ≤ ∞ for each j ∈ {1, . . . ,m} and i = 0, 1, . . . ,m, and 0 < pi ≤
∞ satisfy 1

pi
= 1

pi1
+ · · ·+ 1

pim
for i = 0, 1, . . . ,m. Suppose that T is an m-sublinear operator

having the mapping properties∥∥T (f1, . . . , fm)
∥∥
Lpi,∞(Rn)

≤Mi

m∏
j=1

∥fj∥
L
pi
j (Rn)

, i = 0, 1, . . . ,m

for Schwartz functions f1, . . . , fm on Rn. Given 0 < θi < 1 with
∑m

i=0 θi = 1, set

1

pj
=

m∑
i=0

θi

pij
, j ∈ Jm and

1

p
=

m∑
i=0

θi
pi
.
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Then we have ∥∥T (f1, . . . , fm)
∥∥
Lp,∞(Rn)

≲M θ0
0 · · ·M θm

m

m∏
j=1

∥fj∥Lpj (Rn)

for Schwartz functions f1, . . . , fm on Rn. Moreover, if the points ( 1
pi1
, . . . , 1

pim
), 0 ≤ i ≤ m,

form a non trivial open simplex in Rm, then∥∥T (f1, . . . , fm)
∥∥
Lp(Rn)

≲M θ0
0 · · ·M θm

m

m∏
j=1

∥fj∥Lpj (Rn).

3. Proof of Theorem 1

Let Ψ and Ψk be the Schwartz functions on (Rn)m, introduced in Section 2. For each
γ, µ ∈ Z, we define

Kγ(y⃗) := Ψ̂(2γ y⃗)K(y⃗) and Kγ
µ(y⃗) := Ψµ+γ ∗Kγ(y⃗), y⃗ ∈ (Rn)m.

Then Kγ(y⃗) = 2γmnK0(2γ y⃗) and this deduces

(3.1) Kγ
µ(y⃗) = 2γmn

(
Ψµ ∗K0

)
(2γ y⃗) = 2γmnK0

µ(2
γ y⃗),

or equivalently,

K̂γ
µ(ξ⃗ ) = Ψ̂(2−(µ+γ)ξ⃗ )K̂0(2−γ ξ⃗ ) = K̂0

µ(2
−γ ξ⃗ ).

The associated operator TKγ
µ
is defined as

TKγ
µ

(
f1, . . . , fm

)
(x) :=

∫
(Rn)m

Kγ
µ(y⃗)

m∏
j=1

fj(x− yj) dy⃗

so that

LΩ

(
f1, . . . , fm

)
=

∑
µ∈Z

∑
γ∈Z

TKγ
µ

(
f1, . . . , fm

)
.

Duoandikoetxea and Rubio de Francia [12] proved that if 1 < q <∞ and 0 < δ < 1
q′ , then

(3.2)

∣∣K̂0(ξ⃗ )
∣∣ ≲ ∥Ω∥Lq(Smn−1)min

{
|ξ⃗ |, |ξ⃗ |−δ

}∣∣∂αK̂0(ξ⃗ )
∣∣ ≲ ∥Ω∥Lq(Smn−1)min

{
1, |ξ⃗ |−δ

}
, α ̸= 0⃗

and accordingly,∣∣∣∑
γ∈Z

K̂γ
µ(ξ⃗ )

∣∣∣ ≲ ∥Ω∥Lq(Smn−1)min
{
2µ, 2−δµ

}
∣∣∣∑
γ∈Z

∂αK̂γ
µ(ξ⃗ )

∣∣∣ ≲ ∥Ω∥Lq(Smn−1)min
{
2µ|α|, 2µ(mn−δ)

}
, 1 ≤ |α| ≤ mn.

Finally, we have

(3.3)
∣∣∣∑
γ∈Z

∂αK̂γ
µ(ξ⃗ )

∣∣∣ ≲ ∥Ω∥Lq(Smn−1)2
(1−δ)µ, µ ≤ 0
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for all multi-indices α with |α| ≤ mn. The above inequalities play a key role in establishing
the boundedness of LΩ in Theorem A. More precisely, a multilinear Mihlin’s multiplier
theory in [6, 25], together with the second estimate in (3.3), implies∥∥∥∥∑

µ≤0

∑
γ∈Z

TKγ
µ

(
f1, . . . , fm

)∥∥∥∥
Lp(Rn)

≤
(∑

µ≤0

∥∥∥∑
γ∈Z

TKγ
µ

(
f1, . . . , fm

)∥∥∥min (1,p)

Lp(Rn)

) 1
min (1,p)

≲

(∑
µ≤0

(
2(1−δ)µ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

)min (1,p)
) 1

min (1,p)

≲ ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

When µ > 0, a wavelet decomposition method with the estimate (3.2) yields that

(3.4)
∥∥∥∑
γ∈Z

TKγ
µ

(
f1, . . . , fm

)∥∥∥
L

2
m (Rn)

≲ 2−ϵ0µ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥L2(Rn)

for some ϵ0 > 0 and any q > 2m
m+1 . Later, the estimate (3.4) has been improved and ex-

tended to general 1 < p1, . . . , pm <∞ through multilinear interpolation methods. We refer
to [11, 18] for more details. This is also a central idea in the proof of Theorem B and we
will carry out similar arguments.

3.1. Reduction. Let 1 < q <∞. We recall the maximal operators MΩ and L♯
Ω are given

by

MΩ(f1, . . . , fm)(x) = sup
R>0

1

Rmn

∫
· · ·

∫
|y⃗|≤R

|Ω(y⃗′)|
m∏
j=1

∣∣fj(x− yj)
∣∣ dy⃗

and

L♯
Ω

(
f1, . . . , fm

)
(x) = sup

τ∈Z

∣∣∣∑
γ<τ

∑
µ∈Z

TKγ
µ

(
f1, . . . , fm

)
(x)

∣∣∣.
As mentioned in Section 1, it is known in [17] that

L∗
Ω

(
f1, . . . , fm

)
≤ MΩ

(
f1, . . . , fm

)
(x) + L♯

Ω

(
f1, . . . , fm

)
.

The boundedness of the first maximal function MΩ

(
f1, . . . , fm

)
(x) can be treated by the

following lemma.

Lemma F. [17] Let 1 < p1, . . . , pm <∞ and 1
m < p <∞ with 1

p = 1
p1

+ · · ·+ 1
pm

. Suppose

that 1 < q ≤ ∞, 1
p < 1

q + m
q′ , and Ω ∈ Lq(Smn−1). Given fj ∈ Lpj (Rn), there exists a

measure zero set E such that for x ∈ Rn \ E∫
|y⃗|≤R

|Ω(y⃗′)|
m∏
j=1

∣∣fj(x− yj)
∣∣ dy⃗ <∞

for all R > 0. In this case,

the maximal function MΩ(f1, . . . , fm) is well-defined on Rn \ E
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and ∥∥MΩ(f1, . . . , fm)
∥∥
Lp(Rn)

≲q ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for functions fj ∈ Lpj (Rn).

Note that the condition
1

p
<

1

q
+
m

q′

is equivalent to ( 1

p1
, . . . ,

1

pm

)
∈ Hm

Jm

( 1

q′

)
,

and thus Lemma F yields

∥∥MΩ(f1, . . . , fm)
∥∥
Lp(Rn)

≲s ∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

provided that ( 1

p1
, . . . ,

1

pm

)
∈ Hm(s).

Therefore, it remains to establish the boundedness of L♯
Ω. For this one, we write

L♯
Ω

(
f1, . . . , fm

)
≤ sup

τ∈Z

∣∣∣∑
γ<τ

∑
µ≤0

TKγ
µ

(
f1, . . . , fm

)∣∣∣+∑
µ>0

L♯
Ω,µ

(
f1, . . . , fm

)
where we recall

L♯
Ω,µ

(
f1, . . . , fm

)
(x) = sup

τ∈Z

∣∣∣∑
γ<τ

TKγ
µ

(
f1, . . . , fm

)
(x)

∣∣∣.
In addition, it has been already verified in [17, Proposition 4.1] that∥∥∥∥ sup

τ∈Z

∣∣∣∑
γ<τ

∑
µ≤0

TKγ
µ

(
f1, . . . , fm

)∣∣∣∥∥∥∥
Lp(Rn)

≲q ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

Consequently, matters reduce to

(3.5)

∥∥∥∥∑
µ>0

L♯
Ω,µ

(
f1, . . . , fm

)∥∥∥∥
Lp(Rn)

≲s ∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

We will actually prove that there exists ϵ0 > 0 such that

(3.6)
∥∥L♯

Ω,µ

(
f1, . . . , fm

)∥∥
Lp(Rn)

≲s,ϵ0 2−ϵ0µ∥Ω∥
L

1
1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn), µ > 0,

which finally deduces (3.5).
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3.2. Proof of (3.6). It is known in [17] that for 2m
m+1 < q ≤ ∞, there exists δ0 > 0 such

that

(3.7)
∥∥L♯

Ω,µ(f1, . . . , fm)
∥∥
L

2
m (Rn)

≲δ0 2−δ0µ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥L2(Rn), µ > 0.

For general 1 < p1, . . . , pm <∞, we will prove the following two propositions.

Proposition 3. Let 1 < p, p1, . . . , pm <∞ and 1
p = 1

p1
+ · · ·+ 1

pm
. Suppose that µ ∈ N and

Ω ∈ L1(Smn−1). Then there exist constants M > 0 and CM > 0 such that∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp(Rn)

≤ CMµ
M∥Ω∥L1(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for Schwartz functions f1, . . . , fm on Rn.

Proposition 4. Let 0 < s ≤ 1, 1
m < p <∞, and 1 < p1, . . . , pm <∞ with 1

p = 1
p1
+· · ·+ 1

pm
.

Suppose that µ ∈ N,
(

1
p1
, . . . , 1

pm

)
∈ Hm(s), and Ω ∈ L

1
1−s (Smn−1) with (1.1). Then for

any ϵ > 0, there exists a constant Cϵ > 0 such that

(3.8)
∥∥L♯

Ω,µ(f1, . . . , fm)
∥∥
Lp(Rn)

≤ Cϵ2
ϵµ∥Ω∥

L
1

1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for Schwartz functions f1, . . . , fm on Rn.

The proof of Propositions 3 and 4 will be given in Sections 4 and 5, respectively.

We note that

∥Ω∥Lq(Smn−1) ≲ ∥Ω∥L∞(Smn−1) for all 1 ≤ q <∞

and thus Proposition 4 deduces that for any ϵ > 0 and 1 < p1, . . . , pm < ∞ with 1
p =

1
p1

+ · · ·+ 1
pm

,

(3.9)
∥∥L♯

Ω,µ(f1, . . . , fm)
∥∥
Lp(Rn)

≲ϵ 2
ϵµ∥Ω∥L∞(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

Interpolating this estimate with the initial estimate (3.7), we obtain, via Lemma E, that

(3.10)
∥∥L♯

Ω,µ(f1, . . . , fm)
∥∥
Lp(Rn)

≲δ1 2−δ1µ∥Ω∥L∞(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

for some δ1 > 0. Here, the exponential decay 2−δ1µ could be achieved due to the arbitrarily
slow growth in (3.9) while the estimate (3.7) has a fixed exponential decay in µ.

Now we introduce a method to improve the L∞ norm of Ω in (3.10) to L
1

1−s norm so
that (3.6) is established. Suppose that 0 < s < 1,

(
1
p1
, · · · , 1

pm

)
∈ Hm(s), and

∥Ω∥
L

1
1−s (Smn−1)

= ∥f1∥Lp1 (Rn) = · · · = ∥fm∥Lpm (Rn) = 1.

Then it is sufficient to show the existence of ϵ0 > 0 for which

(3.11)
∥∥L♯

Ω,µ

(
f1, . . . , fm

)∥∥
Lp(Rn)

≲ϵ0 2−ϵ0µ, µ ∈ N.
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For this one, we first decompose the sphere Smn−1 as

Smn−1 =
⋃̇
l∈N0

Dl

where

Dl :=

{{
θ ∈ Smn−1 : |Ω(θ)| ≤ 1

}
if l = 0{

θ ∈ Smn−1 : 2l−1 < |Ω(θ)| ≤ 2l
}

if l ≥ 1
,

and write
(3.12)

Ω(θ) = Ω(θ)−
∫
Smn−1

Ω(η) dσ(η) =

∞∑
l=0

(
Ω(θ)χDl(θ)−

∫
Dl

Ω(η) dσ(η)

)
=:

∞∑
l=0

Ωl(θ).

Then the left-hand side of (3.11) is bounded by

(3.13)

( ∑
l∈N0

∥∥L♯
Ωl,µ

(
f1, . . . , fm

)∥∥min (1,p)

Lp(Rn)

) 1
min (1,p)

.

We note that each Ωl satisfies the vanishing moment condition∫
Smn−1

Ωl(θ) dσ(θ) = 0

and thus we can apply (3.10), Propositions 3 and 4 to Ωl instead of Ω. Obviously,

∥Ωl∥L∞(Smn−1) ≤ 2l+1

and thus (3.10) yields that

(3.14)
∥∥L♯

Ωl,µ

(
f1, . . . , fm

)∥∥
Lp(Rn)

≲ 2−δ1µ
∥∥Ωl

∥∥
L∞(Rn)

≲ 2−δ1µ2l.

When p > 1, we see

(3.15)
∥∥Ωl

∥∥
L1(Smn−1)

≤ 2

∫
Dl

∣∣Ω(θ)∣∣ dσ(θ) ≲s 2
−l( 1

1−s
−1)

∫
Dl

∣∣Ω(θ)∣∣ 1
1−s dσ(θ) ≤ 2−l s

1−s

and thus Proposition 3 deduces

(3.16)
∥∥L♯

Ωl,µ
(f1, . . . , fm)

∥∥
Lp(Rn)

≲M µM
∥∥Ωl

∥∥
L1(Smn−1)

≲ 2−l s
1−sµM

for some M > 0. We choose 1− s < η < 1, or consequently,

η
( s

1− s

)
− (1− η) > 0,

and by averaging (3.14) and (3.16), we obtain∥∥L♯
Ωl,µ

(f1, . . . , fm)
∥∥
Lp(Rn)

≲
(
µM2−l s

1−s
)η(

2−δ1µ2l
)1−η

= µMη2−δ1(1−η)µ2−l(η( s
1−s

)−(1−η)).

Clearly, the right-hand side is summable over l ∈ N0 and thus (3.13) is dominated by a
constant times

µMη2−δ1(1−η)µ
( ∑

l∈N0

2−l(η( s
1−s

)−(1−η))
)
≲ 2−ϵ0µ, µ > 0

for some ϵ0 > 0, as desired.
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Now assume that 1
m < p ≤ 1. In this case, we note that⋃

0<r<s

Hm(r) = Hm(s)

and thus there exists 0 < r < s such that( 1

p1
, · · · , 1

pm

)
∈ Hm(r).

Choosing

(3.17) 0 < ϵ < δ1

(s− r

1− s

)
, or equivalently 0 <

ϵ

δ1
<
s− r

1− s

and applying Proposition 4 to L♯
Ωl,µ

, we have∥∥L♯
Ωl,µ

(f1, . . . , fm)
∥∥
Lp(Rn)

≲ϵ 2
ϵµ
∥∥Ωl

∥∥
L

1
1−r (Smn−1)

.

Similar to (3.15), we can estimate∥∥Ωl
∥∥
L

1
1−r (Smn−1)

≲

(∫
Dl

∣∣Ω(θ)∣∣ 1
1−r dσ(θ)

)1−r

≲s

(∫
Dl

2−l( 1
1−s

− 1
1−r

)
∣∣Ω(θ)∣∣ 1

1−s dσ(θ)

)1−r

≲ 2−l( 1−r
1−s

−1) = 2−l( s−r
1−s

)

and this yields

(3.18)
∥∥L♯

Ωl,µ
(f1, . . . , fm)

∥∥
Lp(Rn)

≲ϵ 2
ϵµ2−l( s−r

1−s
).

Now we choose 0 < η < 1 with 1−s
1−r < η < δ1

δ1+ϵ (possibly due to (3.17)) so that

δ1(1− η)− ϵη > 0 and η
(s− r

1− s

)
− (1− η) > 0

and average the estimates (3.14) and (3.18) to obtain∥∥L♯
Ωl,µ

(f1, . . . , fm)
∥∥
Lp(Rn)

≲
(
2−δ1µ2l

)1−η(
2ϵµ2−l s−r

1−s
)η

= 2−µ(δ1(1−η)−ϵη)2−l(η( s−r
1−s

)−(1−η)).

Finally, (3.13) is bounded by a constant multiple of

2−µ(δ1(1−η)−ϵη)

( ∑
l∈N0

2−lp(η( s−r
1−s

)−(1−η))

) 1
p

∼ 2−µ(δ1(1−η)−ϵη).

By taking ϵ0 = δ1(1− η)− ϵη > 0, we complete the proof of (3.11).

4. Proof of Proposition 3

Without loss of generality, we may assume

∥f1∥Lp1 (Rn) = · · · = ∥fm∥Lpm (Rn) = ∥Ω∥L1(Smn−1) = 1.

We first employ Littlewood-Paley decompositions for each fj so that∑
γ<τ

TKγ
µ

(
f1, . . . , fm

)
(x) =

∑
γ<τ

∑
k1,...,km∈Z

TKγ
µ

(
ψk1 ∗ f1, . . . , ψkm ∗ fm

)
(x)
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and this can be written, in view of Lemma D, as a finite sum of form∑
γ<τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)
(x)

where

T γ
µ

(
f1, . . . , fm

)
(x) := TKγ

µ

(
Φ1
µ+γ ∗ f1, . . . ,Φm

µ+γ ∗ fm
)
(x).

Therefore, it suffices to show that there exists M > 0 such that

(4.1)

∥∥∥∥ sup
τ∈Z

∣∣∣∑
γ<τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)∣∣∣∥∥∥∥
Lp(Rn)

≲M µM .

Note that at least two of Φ̂1, Φ̂2, · · · , Φ̂m+1 are compactly supported in an annulus, and

the inequality (4.1) will be achieved separately depending on whether the last one Φ̂m+1

is supported in an annulus or not. One of the key estimates for both cases is that for any
M > 0

(4.2)

∫
(Rn)m

(
ln (e+ |y⃗|)

)M ∣∣K0
µ(y⃗)

∣∣ dy⃗ ≲M ∥Ω∥L1(Smn−1) = 1

which is known in [11, page 2267].

Case 1. Suppose that Φ̂m+1 is supported in an annulus. In this case, we may assume

Φ̂1 is also supported in an annulus, as the other cases follow in a symmetric way.
We first claim

(4.3)

∥∥∥∥ sup
τ∈Z

∣∣∣∑
γ<τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)∣∣∣∥∥∥∥
Lp(Rn)

≲

∥∥∥∥(∑
γ∈Z

∣∣T γ
µ

(
f1, . . . , fm

)∣∣2) 1
2

∥∥∥∥
Lp(Rn)

.

To verify this, we observe that the Fourier transform of
∑

γ<τ Φ
m+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)
is

supported in a ball of radius C2µ+τ , centered at the origin, for some C > 0 and thus it can
be written as∑

γ<τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)
= Λµ+τ ∗

(∑
γ<τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))
= Λµ+τ ∗

(∑
γ∈Z

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))
− Λµ+τ ∗

(∑
γ≥τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))
where Λµ+τ is a radial Schwartz function on Rn whose Fourier transform is equal to 1 on

the ball B(0, C2µ+τ ) and is supported in a larger ball of radius C̃2µ+τ for some C̃ > C.
Therefore, the left-hand side of (4.3) is bounded by the sum of

Iµ
1 :=

∥∥∥∥ sup
τ∈Z

∣∣∣Λµ+τ ∗
(∑

γ∈Z
Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))∣∣∣∥∥∥∥
Lp(Rn)

and

Iµ
2 :=

∥∥∥∥ sup
τ∈Z

∣∣∣Λµ+τ ∗
(∑

γ≥τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))∣∣∣∥∥∥∥
Lp(Rn)

.

Using (2.4), the Lp boundedness for M, and (2.8), we have

Iµ
1 ≲

∥∥∥∥M(∑
γ∈Z

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))∥∥∥∥
Lp(Rn)

≲

∥∥∥∥∑
γ∈Z

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)∥∥∥∥
Lp(Rn)
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≲

∥∥∥∥(∑
γ∈Z

∣∣Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

)∣∣2) 1
2

∥∥∥∥
Lp(Rn)

≲

∥∥∥∥(∑
γ∈Z

∣∣∣M(
T γ
µ

(
f1, . . . , fm

))∣∣∣2) 1
2

∥∥∥∥
Lp(Rn)

≲

∥∥∥∥(∑
γ∈Z

∣∣T γ
µ

(
f1, . . . , fm

)∣∣2) 1
2

∥∥∥∥
Lp(Rn)

where we recall the Fourier transform of Φm+1
µ+γ is supported in an annulus of size 2µ+γ .

To estimate Iµ
2 , we note that Λ̂µ+τ is supported in a ball of radius C̃2µ+τ while Φ̂m+1

µ+γ is

in an annulus of size 2µ+γ . Hence, there is a positive integer C0 such that

Λµ+τ ∗ Φm+1
µ+γ ∗ T γ

µ (f1, . . . , fm) = 0 unless γ ≤ τ + C0.

This yields that

Iµ
2 =

∥∥∥∥ sup
τ∈Z

∣∣∣Λµ+τ ∗
( τ+C0∑

γ=τ

Φm+1
µ+γ ∗ T γ

µ

(
f1, . . . , fm

))∣∣∣∥∥∥∥
Lp(Rn)

=

∥∥∥∥ sup
τ∈Z

∣∣∣Λµ+τ ∗
( C0∑

γ=0

Φm+1
µ+τ+γ ∗ T γ+τ

µ

(
f1, . . . , fm

))∣∣∣∥∥∥∥
Lp(Rn)

≤
C0∑
γ=0

∥∥∥∥ sup
τ∈Z

∣∣∣Λµ+τ ∗ Φm+1
µ+τ+γ ∗ T γ+τ

µ

(
f1, . . . , fm

)∣∣∣∥∥∥∥
Lp(Rn)

≤
C0∑
γ=0

∥∥∥∥(∑
τ∈Z

∣∣∣Λµ+τ ∗ Φm+1
µ+τ+γ ∗ T γ+τ

µ

(
f1, . . . , fm

)∣∣∣2) 1
2

∥∥∥∥
Lp(Rn)

.

Now using (2.4) and (2.1), the preceding expression is bounded by a constant times

C0∑
γ=0

∥∥∥∥(∑
τ∈Z

∣∣∣M(
T γ+τ
µ

(
f1, . . . , fm

))∣∣∣2) 1
2

∥∥∥∥
Lp(Rn)

= (C0 + 1)

∥∥∥∥(∑
τ∈Z

∣∣∣M(
T τ
µ

(
f1, . . . , fm

))∣∣∣2) 1
2

∥∥∥∥
Lp(Rn)

≲

∥∥∥∥(∑
τ∈Z

∣∣T τ
µ

(
f1, . . . , fm

)∣∣2) 1
2

∥∥∥∥
Lp(Rn)

,

which completes the proof of the claim (4.3).
Now we need to prove that

(4.4)

∥∥∥∥(∑
γ∈Z

∣∣T γ
µ

(
f1, . . . , fm

)∣∣2) 1
2

∥∥∥∥
Lp(Rn)

≲M µM

for some M > 0. Applying (3.1) and performing a change of variables,

T γ
µ

(
f1, . . . , fm

)
(x) =

∫
(Rn)m

2γmnK0
µ(2

γ y⃗)

m∏
j=1

Φj
µ+γ ∗ fj(x− yj) dy⃗

=

∫
(Rn)m

K0
µ(y⃗)

m∏
j=1

Φj
µ+γ ∗ fj(x− 2−γyj) dy⃗(4.5)
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and then Minkowski’s inequality yields that the left-hand side of (4.4) is bounded by

(4.6)

∫
(Rn)m

∣∣K0
µ(y⃗)

∣∣∥∥∥∥(∑
γ∈Z

∣∣∣ m∏
j=1

Φj
µ+γ ∗ fj(· − 2−γyj)

∣∣∣2) 1
2
∥∥∥∥
Lp(Rn)

dy⃗.

The Lp norm would be∥∥∥∥(∑
γ∈Z

∣∣∣ m∏
j=1

Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣∣2) 1
2
∥∥∥∥
Lp(Rn)

≤
∥∥∥∥(∑

γ∈Z

∣∣Φ1
γ ∗ f1(· − 2−γ+µy1)

∣∣2) 1
2
( m∏

j=2

sup
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣)∥∥∥∥
Lp(Rn)

and then this is no more than∥∥∥∥(∑
γ∈Z

∣∣Φ1
γ ∗ f1(· − 2−γ+µy1)

∣∣2) 1
2
∥∥∥∥
Lp1 (Rn)

m∏
j=2

∥∥∥ sup
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣∥∥∥
Lpj (Rn)

≲
(
ln (e+ 2µ|y1|)

)| 1
p1

− 1
2
|
( m∏

j=2

(
ln (e+ 2µ|yj |)

) 1
pj

)
≲ µ

| 1
p1

− 1
2
|+

∑m
j=2

1
pj
(
ln (e+ |y⃗|)

)| 1
p1

− 1
2
|+

∑m
j=2

1
pj

by Hölder’s inequality and Lemma C. This proves (4.6) is bounded by a constant multiple
of

(4.7) µ
| 1
p1

− 1
2
|+

∑m
j=2

1
pj

∫
(Rn)m

∣∣K0
µ(y⃗)

∣∣( ln (e+ |y⃗|)
)| 1

p1
− 1

2
|+

∑m
j=2

1
pj dy⃗ ≲ µ

| 1
p1

− 1
2
|+

∑m
j=2

1
pj

where the inequality follows from (4.2). Setting M = | 1p1 − 1
2 | +

∑m
j=2

1
pj
, the inequality

(4.1) follows.

Case 2. If Φ̂m+1 is not supported in an annulus, then at least two of Φ̂1, . . . , Φ̂m are

supported in an annulus. We will consider only the case when the two are Φ̂1 and Φ̂2

as a symmetric argument is applicable to the other cases. Then (2.5) and (2.3) yield the
left-hand side of (4.1) is bounded by∥∥∥∥∑

γ∈Z

∣∣Φm+1
µ+γ ∗ T γ

µ (f1, . . . , fm)
∣∣∥∥∥∥

Lp(Rn)

=

∥∥∥∥∑
γ∈Z

∣∣Φm+1
γ ∗ T γ−µ

µ (f1, . . . , fm)
∣∣∥∥∥∥

Lp(Rn)

≲σ

∥∥∥∥∑
γ∈Z

Mσ,2γ

(
T γ−µ
µ (f1, . . . , fm)

)∥∥∥∥
Lp(Rn)

≲σ

∥∥∥∥∑
γ∈Z

∣∣∣T γ−µ
µ (f1, . . . , fm)

∣∣∣∥∥∥∥
Lp(Rn)

for σ > n, where we note that the Fourier transform of T γ−µ
µ (f1, . . . , fm) is supported in a

ball of radius comparable to 2γ . Using (4.5) and Minkowski’s inequality, the last displayed
expression is controlled by

(4.8)

∫
(Rn)m

∣∣K0
µ(y⃗)

∣∣∥∥∥∥∑
γ∈Z

∣∣∣ m∏
ξ=1

Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣∣∥∥∥∥
Lp(Rn)

dy⃗.
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Now we bound the Lp norm by∥∥∥∥( 2∏
j=1

(∑
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣2) 1
2

)( m∏
j=3

sup
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣)∥∥∥∥
Lp(Rn)

and Hölder’s inequality and Lemma C deduce that the above expression is dominated by( 2∏
j=1

∥∥∥(∑
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣2) 1
2
∥∥∥
Lpj (Rn)

)( m∏
j=3

∥∥∥ sup
γ∈Z

∣∣Φj
γ ∗ fj(· − 2−γ+µyj)

∣∣∥∥∥
Lpj (Rn)

)

≲

( 2∏
j=1

(
ln (e+ 2µyj)

)| 1
pj

− 1
2
|
)( m∏

j=3

(
ln (e+ 2µ|yj |)

) 1
pj

)
≲ µ

| 1
p1

− 1
2
|+| 1

p2
− 1

2
|+

∑m
j=3

1
pj
(
ln (e+ |y⃗|)

)| 1
p1

− 1
2
|+| 1

p2
− 1

2
|+

∑m
j=3

1
pj .

Therefore, (4.8) can be estimated by

µ
| 1
p1

− 1
2
|+| 1

p2
− 1

2
|+

∑m
j=3

1
pj

∫
(Rn)m

∣∣K0
µ(y⃗)

∣∣( ln (e+ |y⃗|)
)| 1

p1
− 1

2
|+| 1

p2
− 1

2
|+

∑m
j=3

1
pj dy⃗

≲ µ
| 1
p1

− 1
2
|+| 1

p2
− 1

2
|+

∑m
j=3

1
pj ,

similar to (4.7). This finishes the proof of Proposition 3.

5. Proof of Proposition 4

Let 0 < s < 1 and recall Jm = {1, . . . ,m}. The proof is based on the induction argument
used in [18]. In order to describe the idea, we define

Rm
l (s) := {(t1, . . . , tm) : tl = 1 and 0 ≤ tj < s for j ̸= l}, l ∈ Jm

and

Cm(s) := {(t1, . . . , tm) : 0 < tj < s, j ∈ Jm}.

Claim X(s). Let 1
m < p < ∞ and ( 1

p1
, . . . , 1

pm
) ∈ Cm(s) with 1

p1
+ · · · + 1

pm
= 1

p . Suppose

that 0 < ϵ < 1 and µ ∈ N. Then there exists Cϵ > 0 such that∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp(Rn)

≤ Cϵ2
ϵµ∥Ω∥

L
1

1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

Claim Y (s). Let 1
m < p < 1 and ( 1

p1
, . . . , 1

pm
) ∈

⋃m
l=1R

m
l (s) with 1

p1
+ · · · + 1

pm
= 1

p .

Suppose that 0 < ϵ < 1 and µ ∈ N. Then there exists Cϵ > 0 such that∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp,∞(Rn)

≤ Cϵ2
ϵµ∥Ω∥

L
1

1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

Claim Z(s). Let 1
m < p <∞ and ( 1

p1
, . . . , 1

pm
) ∈

⋃m
l=1 V

m
l (s) with 1

p1
+ · · ·+ 1

pm
= 1

p , where

Vm
l (s) is defined in (1.3). Suppose that 0 < ϵ < 1 and µ ∈ N. Then there exists Cϵ > 0

such that ∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp(Rn)

≤ Cϵ2
ϵµ∥Ω∥

L
1

1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).
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Claim Σ(s). Let 1
m < p < ∞ and ( 1

p1
, . . . , 1

pm
) ∈ Hm(s) with 1

p1
+ · · ·+ 1

pm
= 1

p . Suppose

that 0 < ϵ < 1 and µ ∈ N. Then there exists Cϵ > 0 such that∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp(Rn)

≤ Cϵ2
ϵµ∥Ω∥

L
1

1−s (Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

Please see Figure 2 for the region where the claims hold in the trilinear setting. Then

t1

t2

t3

(s, s, 0)

(s, 0, s)(0, 0, s)

(0, s, s) (s, s, s)

(s, 0, 0)

(0, s, 0)

C3(s)

in Claim X(s)

t1

t2

t3

R3
1(s)

R3
2(s)

R3
3(s)

(0, 1, 0) (s, 1, 0)

(0, 1, s) (s, 1, s)

(1, s, 0)

(1, 0, 0)

(1, 0, s)

(s, 0, 1)(0, 0, 1)

(0, s, 1)

in Claim Y (s)

t1

t2

t3

(0, 1, 0) (s, 1, 0)

(0, 1, s)

(1, s, 0)

(1, 0, 0)

(1, 0, s)

(s, 0, 1)(0, 0, 1)

(0, s, 1)

V3
1(s)

V3
2(s)

V3
3(s)

in Claim Z(s)

t1

t2

t3

(0, 1, 0) (s, 1, 0)

(0, 1, s) (s, 1, s)

(1, s, 0)

(1, 0, 0)

(1, 0, s)

(s, 0, 1)(0, 0, 1)

(0, s, 1)

H3(s)

in Claim Σ(s)

Figure 2. The trilinear case m = 3 : the range of ( 1
p1
, 1
p2
, 1
p3
)

we will carry out induction arguments through the following proposition.

Proposition 5. Let 0 < s < 1. Then we have

Claim X(s) ⇒ Claims X(s) and Y (s) ⇒ Claim Z(s) ⇒ Claim Σ(s).

Let us temporarily take Proposition 5 for granted and complete the proof of Proposition
4.

We first consider the case 0 < s < 1
m . In this case, if ( 1

p1
, · · · , 1

pm
) ∈ Cm(s), then

Proposition 3 yields∥∥L♯
Ω,µ(f1, . . . , fm)

∥∥
Lp(Rn)

≲M µM∥Ω∥L1(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).



20 BAE JUN PARK

Since
∥Ω∥L1(Smn−1) ≲ ∥Ω∥

L
1

1−s (Smn−1)

and for any ϵ > 0

µM ≲ϵ,M 2ϵµ, µ ∈ N,
Claim X(s) holds. Then Proposition 5 deduces (3.8), as desired.

Now assume 1
m ≤ s < 1. For ν ∈ N, let

aν := 1−
(
1− 1

m

)ν
.

Then we observe that (aν+1, . . . , aν+1) ∈ Rm is the center of the (m − 1) simplex with m
vertices (1, aν , aν , . . . , aν), (aν , 1, aν , . . . , aν), . . . , (aν , . . . , aν , 1, aν), and (aν , . . . , aν , aν , 1).
The trilinear case (m = 3) is illustrated in Figure 3. We notice that a1 = 1

m , aν+1 =

(aν+1, aν+1, aν+1)

(1, aν , aν)

(aν , 1, aν)

(aν , aν , 1)

Figure 3. (aν+1, aν+1, aν+1) when m = 3

aν(m−1)+1
m for ν ≥ 1, and aν ↗ 1 as ν → ∞. Moreover, by the definition of Hm(aν) we

have
Cm(aν+1) ⊂ Hm(aν) for all ν ∈ N,

see Figure 4, which implies

(5.1) Claim Σ(aν) ⇒ Claim X(aν+1) for all ν ∈ N

as L
1

1−aν+1 (Smn−1) ↪→ L
1

1−aν (Smn−1). Now Claim X(a1) holds due to Proposition 3, and

(1, aν , aν)

(aν , 1, aν)

(aν , aν , 1)

t1

t2

t3 H3(aν)

t1

t2

t3

(aν+1, aν+1, aν+1)

C3(aν+1)

Figure 4. The trilinear case m = 3 : H3(aν) and C3(aν+1)

accordingly, Claim Σ(aν) should be also true for all ν ∈ N with the aid of Proposition 5
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and (5.1). When s = 1
m (= a1), the asserted estimate (3.8) is exactly Claim Σ(a1). If

aν < s ≤ aν+1 for some ν ∈ N, then Cm(s) ⊂ Hm(aν), and this yields that Claim X(s)

holds since L
1

1−s (Smn−1) ↪→ L
1

1−aν (Smn−1). Finally, Proposition 5 shows that Claim Σ(s)
works. This finishes the proof of Proposition 4.

In the rest of this section, we will prove Proposition 5.

Proof of Proposition 5. Let 0 < s < 1. We first note that the direction

Claims X(s) and Y (s) ⇒ Claim Z(s)

follows from the (sublinear) Marcinkiewicz interpolation method. Here, we apply the inter-
polation separately m times and in each interpolation, m− 1 parameters among p1, . . . , pm
are fixed. Moreover, the direction

Claim Z(s) ⇒ Claim Σ(s)

also holds due to Lemma E and the geometric property (1.4). Therefore it remains to
show the direction Claim X(s) ⇒ Claim Y (s). For this one, we deal with only the
case ( 1

p1
, . . . , 1

pm
) ∈ Rm

1 (s), appealing to symmetry for other cases. Assume that p1 = 1,
1
s < p2, . . . , pm <∞, and

1 +
1

p2
+ · · ·+ 1

pm
=

1

p
.

Without loss of generality, we may also assume

∥f1∥L1(Rn) = ∥f2∥Lp2 (Rn) = · · · = ∥fm∥Lpm (Rn) = ∥Ω∥
L

1
1−s (Smn−1)

= 1

and then it suffices to prove that for any ϵ > 0

(5.2)
∣∣∣{x ∈ Rn : L♯

Ω,µ(f1, . . . , fm)(x) > λ
}∣∣∣ ≲ϵ 2

ϵµp 1

λp
.

Using the Calderón-Zygmund decomposition of f1 at height λp, we write f1 as

f1 = g1 +
∑
Q∈A

b1,Q

whereA is a subset of disjoint dyadic cubes,
∣∣⋃

Q∈AQ
∣∣ ≲ 1

λp , supp(b1,Q) ⊂ Q,
∫
b1,Q(y)dy =

0, ∥b1,Q∥L1(Rn) ≲ λp|Q|, and ∥g1∥Lr(Rn) ≲ λ(1−
1
r
)p for all 1 ≤ r ≤ ∞. Then the left-hand

side of (5.2) is controlled by the sum of

Ξµ
1 :=

∣∣∣{x ∈ Rn :
∣∣L♯

Ω,µ(g1, f2, . . . , fm)(x)
∣∣ > λ

2

}∣∣∣
and

Ξµ
2 :=

∣∣∣∣{x ∈ Rn :
∣∣∣L♯

Ω,µ

( ∑
Q∈A

b1,Q, f2, . . . , fm

)
(x)

∣∣∣ > λ

2

}∣∣∣∣.
In order to estimate Ξµ

1 , we choose 1
s < p0 <∞ and p̃ > p satisfying

1

p0
+

1

p2
+ · · ·+ 1

pm
=

1

p̃

and set ϵ0 :=
ϵp
p̃ so that 0 < ϵ0 < 1. Then it follows from the hypothesis Claim X(s) that

(5.3)
∥∥L♯

Ω,µ(g1, f2, . . . , fm)
∥∥
Lp̃(Rn)

≲ϵ0 2ϵ0µ∥g1∥Lp0 (Rn) ≲ 2ϵ0µλ
(1− 1

p0
)p
.
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Now, Chebyshev’s inequality and the estimate (5.3) yield

Ξµ
1 ≲

1

λp̃

∥∥L♯
Ω,µ(g1, f2, . . . , fm)

∥∥p̃
Lp̃(Rn)

≲ 2ϵ0µp̃λ
p̃((1− 1

p0
)p−1)

= 2ϵµp
1

λp
,

as desired. Here, we note that 1
p̃ − 1

p0
= 1

p − 1, which implies p̃((1− 1
p0
)p− 1) = −p.

On the other hand, the term Ξµ
2 is bounded by the sum of

∣∣⋃
Q∈AQ

∗∣∣ and
Γµ :=

∣∣∣∣{x ∈
( ⋃

Q∈A
Q∗

)c
:
∣∣∣L♯

Ω,µ

( ∑
Q∈A

b1,Q, f2, . . . , fm

)
(x)

∣∣∣ > λ

2

}∣∣∣∣
where Q∗ is the concentric dilate of Q with ℓ(Q∗) = 102

√
nℓ(Q). Since

∣∣⋃
Q∈AQ

∗∣∣ ≲ 1
λp ,

the estimate of Ξµ
2 can be reduced to the inequality

Γµ ≲ϵ 2
ϵµp 1

λp
.

Indeed, by applying Chebyshev’s inequality, we obtain

Γµ ≲
1

λp

∫
(
⋃

Q∈A Q∗)c
sup
τ∈Z

∣∣∣∣∑
γ<τ

∑
Q∈A

TKγ
µ

(
b1,Q, f2, . . . , fm

)
(x)

∣∣∣∣p dx
≤ 1

λp

∫
(
⋃

Q∈A Q∗)c

( ∑
Q∈A

∑
γ∈Z

∣∣TKγ
µ

(
b1,Q, f2, . . . , fm

)
(x)

∣∣)p

dx.

Then it is already proved in [18, (6.16)] that the last expression is bounded by a constant
times

1

λp
2ϵµp,

which completes the proof of (5.2). □

Appendix A. Proof of Theorem 2

Assume that 1 < p1, . . . , pm < ∞, fj ∈ Lpj (Rn), j = 1, . . . ,m, and Ω ∈ Lq(Rn) for
1 < q <∞ satisfying (1.6), which clearly implies 1

p1
+ · · ·+ 1

pm
= 1

p <
1
q +

m
q′ . According to

Lemma F, there exists a measure zero set EΩ
f1,...,fm

such that

(A.1) MΩ

(
f1, . . . , fm

)
(x) <∞, x ∈ Rn \ EΩ

f1,...,fm .

Since

(A.2)

∫
ϵ0≤|y⃗|≤ϵ−1

0

|Ω(y⃗′)|
|y⃗|mn

m∏
j=1

∣∣fj(x− yj)
∣∣ dy⃗ ≲

1

(ϵ0)2mn
MΩ

(
f1, . . . , fm

)
(x), 0 < ϵ0 < 1,

(A.1) yields

L∗,ϵ0
Ω

(
f1, . . . , fm

)
(x) := sup

ϵ≥ϵ0

∣∣L(ϵ,ϵ−1)
Ω (f1, . . . , fm)(x)

∣∣
is finite for x ∈ Rn \ EΩ

f1,...,fm
. Obviously, L(ϵ,ϵ−1)

Ω (f1, . . . , fm) is also well-defined on Rn \
EΩ

f1,...,fm
. For each j = 1, . . . ,m, we choose sequences {fkj }k∈N of Schwartz functions

such that fkj converges to fj in Lpj (Rn) as k → ∞. Then applying Lemma F many

times, we may choose measure zero sets EΩ
fk
1 ,...,f

k
m

on which MΩ

(
fk1 , . . . , f

k
m

)
(x) is finite,
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and EΩ
fk
1 ,...,f

k
j−1,fj−fk

j ,fj+1,...,fm
on which MΩ

(
fk1 , . . . , f

k
j−1, fj − fkj , fj+1, . . . , fm

)
(x) is finite.

Then, using (A.2), we have

L∗,ϵ0
Ω (f1, . . . , fm)(x)

≤ 2L∗
Ω

(
fk1 , . . . , f

k
m

)
(x) +

m∑
j=1

L∗,ϵ0
Ω

(
fk1 , . . . , f

k
j−1, fj − fkj , fj+1, . . . , fm

)
(x)

≲ L∗
Ω

(
fk1 , . . . , f

k
m

)
(x) +

1

(ϵ0)2mn

m∑
j=1

MΩ

(
fk1 , . . . , f

k
j−1, fj − fkj , fj+1, . . . , fm

)
(x)

(with the usual modification when j = 1 or j = m) for any 0 < ϵ0 < 1 and x ∈ Rn \ EΩ ,
where

(A.3) EΩ := EΩ
f1,...,fm ∪

( ∞⋃
k=1

EΩ
fk
1 ,...,f

k
m

)
∪
( m⋃

j=1

∞⋃
k=1

EΩ
fk
1 ,...,f

k
j−1,fj−fk

j ,fj+1,...,fm

)
which is also a set of measure zero. Taking the Lp (quasi-)norm on both sides and applying
Theorem 1 for the first term and Lemma F for the other terms, it follows that∥∥L∗,ϵ0

Ω (f1, . . . , fm)
∥∥
Lp(Rn)

≲ ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fkj ∥Lpj (Rn)

+
∥Ω∥Lq(Smn−1)

(ϵ0)2mn

m∑
j=1

( j−1∏
i=1

∥fki ∥Lpi (Rn)

)∥∥fj − fkj
∥∥
Lpj (Rn)

( m∏
i=j+1

∥fi∥Lpi (Rn)

)
and then the second parts vanishes as k → ∞. Consequently, we have

(A.4)
∥∥L∗,ϵ0

Ω (f1, . . . , fm)
∥∥
Lp(Rn)

≲ ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn).

We now define

L∗∗
Ω (f1, . . . , fm) := sup

ϵ>0

∣∣L(ϵ,ϵ−1)
Ω (f1, . . . , fm)

∣∣ = lim
ϵ0↘0

L∗,ϵ0
Ω (f1, . . . , fm),

which may be infinite. Then applying Fatou’s lemma to (A.4), we conclude

(A.5)
∥∥L∗∗

Ω

(
f1, . . . , fm

)∥∥
Lp(Rn)

≲ ∥Ω∥Lq(Smn−1)

m∏
j=1

∥fj∥Lpj (Rn)

when each fj belongs to Lpj (Rn).
Now let us finish the proof of Theorem 2. Due to Theorem A, LΩ(f1, . . . , fm) is defined

as the Lp limit of LΩ(f
k
1 , . . . , f

k
m) as k → ∞. Therefore, we may select a subsequence

{kl}l∈N of {k}k∈N so that LΩ(f
kl
1 , · · · , fklm ) → LΩ(f1, . . . , fm) pointwise on Rn \E as l → ∞

for some measure zero set E in Rn. Then, setting EΩ as in (A.3), for x ∈ Rn \ (EΩ ∪ E),∣∣L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x)− LΩ

(
f1, . . . , fm

)
(x)

∣∣
≤

∣∣L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x)− L(ϵ,ϵ−1)

Ω

(
fkl1 , . . . , f

kl
m

)
(x)

∣∣
+
∣∣L(ϵ,ϵ−1)

Ω

(
fkl1 , . . . , f

kl
m

)
(x)− LΩ

(
fkl1 , . . . , f

kl
m

)
(x)

∣∣
+
∣∣LΩ

(
fkl1 , . . . , f

kl
m

)
(x)− LΩ

(
f1, . . . , fm

)
(x)

∣∣.



24 BAE JUN PARK

We first take the lim supϵ↘0 on both sides to make the middle term on the right disappear.
Then we apply lim inf l→∞ so that the last term also vanishes. As a consequence, we have

lim sup
ϵ↘0

∣∣L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x)− LΩ

(
f1, . . . , fm

)
(x)

∣∣
≤ lim inf

l→∞
lim sup

ϵ↘0

∣∣L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x)− L(ϵ,ϵ−1)

Ω

(
fkl1 , . . . , f

kl
m

)
(x)

∣∣
≤ lim inf

l→∞
lim sup

ϵ↘0

m∑
j=1

∣∣L(ϵ,ϵ−1)
Ω

(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)
(x)

∣∣
≤ lim inf

l→∞

m∑
j=1

L∗∗
Ω

(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)
(x)

for x ∈ Rn \ (EΩ ∪ E). Since EΩ ∪ E has measure zero, for any λ > 0∣∣∣{x ∈ Rn : lim sup
ϵ↘0

∣∣L(ϵ,ϵ−1)
Ω

(
f1, . . . , fm

)
(x)− LΩ

(
f1, . . . , fm

)
(x)

∣∣ > λ
}∣∣∣

≤
∣∣∣{x ∈ Rn : lim inf

l→∞

m∑
j=1

L∗∗
Ω

(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)
(x) > λ

}∣∣∣
≤ 1

λp

∥∥∥∥ lim inf
l→∞

m∑
j=1

L∗∗
Ω

(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)∥∥∥∥p
Lp(Rn)

≲
1

λp
lim inf
l→∞

m∑
j=1

∥∥L∗∗
Ω

(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)∥∥p
Lp(Rn)

(A.6)

where we applied Chebyshev’s inequality and Fatou’s lemma. Applying (A.5) to(
fkl1 , . . . , f

kl
j−1, fj − fklj , fj+1, . . . , fm

)
∈ Lp1(Rn)× · · · × Lpm(Rn),

we bound the right-hand side of (A.6) by

1

λp
∥Ω∥Lq(Smn−1)

m∑
j=1

lim sup
l→∞

( j−1∏
i=1

∥fkli ∥pLpi (Rn)

)∥∥fj − fklj
∥∥p
Lpj (Rn)

( m∏
i=j+1

∥fi∥pLpi (Rn)

)
,

which clearly vanishes. This completes the proof of Theorem 2.
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