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ABSTRACT. The classical Llarull theorem states that a smooth metric on
n-sphere cannot have scalar curvature no less than n(n — 1) and dominate
the standard spherical metric at the same time unless it is the standard
spherical metric. In this work, we prove that Llarull’s rigidity theorem
holds for L> metrics on spheres with finitely many points punctured. This
is related to a question of Gromov.

1. INTRODUCTION

In recent years, a lot of progress has been made in understanding the scalar
curvature. We refer readers to Gromov’s lecture note [10] on scalar curvature
for a comprehensive overview. When the model is the standard sphere, Llarull
[19] showed that if a spin manifold (M", g) has scal, > n(n — 1) and admits
an area non-increasing smooth map f with non-zero degree to the standard
sphere S™, then the map must be an isometry. The method is based on Dirac
operators, and is inspired by the fundamental work of Gromov-Lawson [9].

There has been much progress in generalizing Llarull’s theorem in many
different aspects. In [8], Goette-Semmelmann showed that the rigidity result
still holds when the sphere is replaced by closed manifolds with non-zero Euler
characteristic and non-negative curvature operator. This result was general-
ized by Lott [20] to compact manifolds with boundary. Along this direction,
Cecchini-Zeidler [4] extended the rigidity for odd-dimensional manifolds with
a warped product metric. Later, Bar-Brendle-Hanke-Wang [1] and Wang-
Xie [21] generalized this result to all dimensions independently. It is also
worth mentioning that, in dimension 4, the distance non-increasing version of
Llarull’s theorem was recently proved by Cecchini-Wang-Xie-Zhu [3] without
the spin assumption.

Recently, there has been increasing interest in understanding the rigidity
in scalar curvature on metrics with weaker regularity. For example, it was
asked by Gromov [10] if Llarull’s theorem also holds in the sense of distance
isometry if the non-zero degree map f from the closed spin manifold M™ to S™
is only 1-Lipschitz. This was answered affirmatively by Cecchini-Hanke-Schick
2] and Lee-Tam [16] independently using different methods. In this work, we
are interested in the generalization in another direction. In [10, Section 3.9,

Date: March 14, 2025.
2020 Mathematics Subject Classification. Primary 51F30, 53C24.
1



2 Jianchun Chu, Man-Chun Lee, Jintian Zhu

Gromov asked if Llarull’s theorem holds for metrics that are defined on the
sphere with some subset removed.

Question 1.1. Let (S™, gsph) be the standard sphere and S be a subset of S™.
Suppose that g is a smooth metric on S" \ S such that

(a) scaly > scaly , =n(n —1);

(b) 9 > geph
on M\ S. Which conditions on S can ensure that g = gspn ?

When § consists of two antipodal points, Gromov gave a sketched argument
in [10, Section 5.5 and 5.7]. When n = 3, it was studied by Hu-Liu-Shi [12]
using p-bubbles method and Hirsch-Kazaras-Khuri-Zhang [11] using space-
time harmonic function. The rigidity with two antipodal points removed was
further generalized by Bér-Brendle-Hanke-Wang [1] and Wang-Xie [21] to all
dimensions using spin method. Their methods are all based on the warped
product interpretation of S™ \ {£z}. We might interpret this as a removable
singularities result.

The removable singularities in view of scalar curvature rigidity is also related
to another question of Schoen, for example see [17, Conjecture 1.5]. To state
it properly, let us recall the definition of L* metric first:

Definition 1.2. We say that g is an L>* metric on a closed manifold M if
it is a measurable sections of Symy(T*M) such that A gy < g < Ago almost
everywhere on M for some smooth metric go on M and constant A > 1.

When the model space is the standard torus, Schoen’s question can be stated
as follows:

Question 1.3. If an L*> metric g on the torus T™ is smooth outside a closed
embedded sub-manifold S with co-dimension greater than or equal to 3. If
scal, > 0 on T"\ S, then g is a smooth flat metric.

We refer interested readers to [17, 14, 13, 15, 6] for some recent progress on
this problem. Motivated by the questions of Gromov and Schoen, we consider
L metrics on spheres with finitely many points punctured. More generally,
we prove the following:

Theorem 1.4. Let M™ be a closed spin manifold withn > 3 and S = {p;}}¥,
be a finite set in M. Suppose that f : M — S™ is a Lipschitz map with non-
zero degree and g is an L™ metric so that both f,g are smooth outside S and
satisfy

(a) scaly > scaly , = n(n —1);
(b) f is area non-increasing, i.e. |A*df| <1
on M \'S, then f is a distance isometry and satisfies f*gsph = g outside S.
In particular, if we take M = S™ and f = id, then it reduces back to the

setting of Gromov’s question with additional L> assumption of metric across
the point singularities S.
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Corollary 1.5. Suppose that g is an L metric on S* \ S for some finite
subset S such that

(a) scaly > scaly , =n(n —1);

(b) 9= Gspn
on M\'S. Then g = gspn-

Our method is largely motivated by the strategy of Cecchini-Wang-Xie-Zhu
[3] and the smoothing method of Li-Mantoulidis [17]. Inspired by the work of
Li-Mantoulidis, we smooth out the point singularities S using the Green func-
tion which open up the compact manifold to a complete non-compact mani-
fold. In [17], gluing using minimal surface is performed so that the complete
non-compact manifold is compactified with topology unchanged overall. This
relies heavily on the classification of minimal surfaces and thus the method
is restrictive to dimension three. In contrast, we work on the complete non-
compact manifold directly. By constructing a smooth non-zero degree map
from the opened non-compact manifold to the standard sphere, we derive a
contradiction using conformal method in a similar spirit of [3].
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2. CONFORMAL DEFORMATION

In this section, we discuss the scalar curvature improvement using the con-
formal deformation. Let M™ be a closed manifold with n > 3 and S = {p;})¥,
be a finite set in M. Suppose that f : M — S™ is a Lipschitz map and g is
an L* metric so that both f, g are smooth outside S. We consider the scalar
curvature lower bound in term of total area defect. For x € M \ S, we denote

(2.1) Opg(w) =D papty =2Y  pifsy,
i#] 1<Jj
where p; > 0 are singular values of the linear map
dfe : (T:M, g;) — (Tf(a?)Sn’gS",f(ﬂf))-

We might omit the index ¢ if the content is clear. The map f is said to be
distance non-increasing if y; < 1 for all ¢, and area non-increasing if p;u; <1
for each 7 # j.

We consider the corresponding conformal deformation. Unlike the smooth
case, the scalar curvature might be blowing up nearby the singularity S. So
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we start with introducing the truncation function. Let ¢ : R — R be a smooth
non-decreasing function so that

s if s < 10;
0(s) = {20 if s > 30.

We consider the operator

4(n —1
L, = —%Ag + ¢(scal, — o)

on M. Notice that the zeroth order term ¢(scal, — o) is bounded from above.

Lemma 2.1. Under the above set-up, suppose the metric g and map f satisfy
(i) scaly > oy on M\ S;
(ii) scaly(zo) > of(zo) for some xg € M\ S,
then there exists u € C2(M \ S) N C*(M) for some a € (0,1) such that
Lou = \u

on M\ S and 00_1 <u < Cyon M for some constant \i,Cy > 0.

Proof. The argument is analogous to [17, Lemma 4.1] with suitable modifica-
tions. First notice that we have 0 < ¢(scal, — o) < 20 from assumption (i)
and the definition of the truncation function ¢. In particular, ¢(scal, — o) €
L>(M, g). Then for each v € W?(M, g) we can define the functional

Z(v) = / Ca| V02 + ¢(scaly — o)v* dvoly,
M

4(n—1)
n—2

A= inf{Z(v) : v € WH*(M, g), [0ll22(arg) = 1}

Since g is an L* metric, it follows from standard elliptic PDE theory (for
example see [7, Section 8.12]) that there exists a non-negative function u €
W12(M, g) such that ||ul|;2(a4) = 1 and Z(u) = Ay. From the Euler-Lagrange
equation of this variational problem, u is a weak solution of L,u = A\ju on
M. The standard elliptic regularity theory (for example see [7, Corollary 8.11,
Theorem 8.22]) shows that u € C2 (M \ §) N C*(M) for some o € (0,1).
By the Harnack inequality (for example see [7, Theorem 8.20]), we see that
Cit < u < Cyon M for some constant Cy > 0. From assumption (ii), it is

clear that A\; > 0. This completes the proof. ([l

where ¢, = . Set

The next proposition shows that by the conformal transformation, we might
assume working with metric such that scalar curvature inequality scal > o is
strict unless the equality holds globally.

Proposition 2.2. Suppose that f : M — S™ is a Lipschitz map and g is
an L metric so that both f,g are smooth outside S and satisfy scal, > oy,
outside S. Then one of the following holds:
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(a) eitherscaly, = o, on M\'S;
(b) or there ezists another L™ metric § on M which is smooth outside S
such that scaly > os5+ 61 on M \'S for some constant 6, > 0.

Proof. Suppose that (a) does not hold, then we have scal, > o7, on M\ S and
scaly(xg) > of(xg) for some zy € M\S. We let u be the function obtained from
Lemma 2.1. Recall that we have L u = A\u, where u satisfies 00—1 <u<(Cy
for some positive constant Cy and A satisfies A\; > 9 for some positive constant
0. Define g = = g. Then g is an L*™ metric which is still smooth outside S.
On M\ S, its scalar curvature satisfies

n 4(n —1
scaly = u s (—MAQ + scalg> U

n—2
_n+42

w2 (Ly+05,)u

v

(6 + 0 g)u" 72

v

Vv

01+ 013,

4
where 0; = C, "~*¢6. This completes the proof. O

Remark 2.3. The targeting manifold S™ had indeed played no role here and
thus can be replaced by any smooth manifolds.

3. LLARULL’S THEOREM WITH ISOLATED SINGULARITY

In this section, we will ﬁnish the proof of Theorem 1.4. We begin with some
preliminary results. Write S = f(S) and p; = f(p;).
Lemma 3.1. Given any 0 > 0, there exists a smooth map ¢5 : (S™, gsph) —
(S, gspn) satisfying
(i) [|dgs)lze < 1+4;
(ii) for each point p € S, there are open neighborhoods
Vs & Wi
of p such that ¢5(Vys) = {p};
(ili) ¢s(x) = z outside W5 for each p € S.
Proof. Fix a constant o € (0,7/2) such that the geodesic balls

{Bgsph (ﬁ’“ 27”0)}’5\;1
are pairwise disjoint. Since 27 is less than 7 (i.e. the injective radius of
the unit sphere (S", gspn)), then the exponential map exp;, : Bgn(0,2r0) —
By, (i, 2rg) is a diffeomorphism. For any = € By, (p;,2ro), there exists
(t,0) € [0,2r9)xS"" ! such that = exp;, (tf). Define amap F; : By, (p;, 2r9) —
Bgsph (Pi, 2r0) by
Fi(z) = expy, (n(t)0),
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where 7 : [0, 2ry] — [0, 00) is a smooth function such that
e n(t) =0 for t €0, %];
e 7)(t) =t for t € [ro, 2r);
e 0 <7/(t)<1+0 forte|0,2r.

It is clear that |dF;| < 146 and F; is the identity map on By, (i, 2r0) \

By,..(Pi,70). Then the map ¢s : (S", gspn) — (S”, gspn) defined by
b5() Fi(z), x € By, (pi,2r0);
s(x) = .
x, x €S\ Ui]ilBgsph (PisT0)
and the sets V;, := By, (ps, %), W, == B, (pi, o) are the required map
and neighborhoods. O

To handle the singular version of Llarull’s theorem with L* metric, we need
to find a way to desingularize the singularity & properly. The basic idea is
to perform conformal deformation using Green type function such that the
conformal metric becomes complete and the singularity S disappears as the
infinity, where a variation of the Llarull theorem for complete manifolds (see
Proposition A.1) can be applied.

We need the following existence of Green type function.

Lemma 3.2. Under the set-up in Section 2, suppose the metric g and map
f satisfy scal, > oy on M\ S, there exist a function G € C2.(M \ S) and
constants Cy, C7; > 0 such that

L,G=0
on M\'S and G > Cy*. Moreover, the function G(-) satisfies
Oy, p) ™ < G(a) < Cudy, )™
near each p € S.
Proof. This is standard, for example see [5, Lemma A.1]. O
Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. We first observe that under the condition scal, > n(n—
1) > o054 0n M\ S, if we can show that scal; = oy, on M \ S, then p;p; =1
for all i # j and hence p; = 1 for all 4, which implies f*gsn = g on M\ S.
Applying [2, Theorem 2.4] to M \ S, we obtain that f is distance-preserving
on M\ S. Since S is a finite set, then f is a distance isometry on M.

In the rest of the argument, thanks to Proposition 2.2, it suffices to rule out
(b) in Proposition 2.2. In other words, we might assume ¢ in addition satisfy
scal, — sy > 01 > 0on M \'S. We now carry out the blow-up argument
as in [17, Proposition 6.2]. Let G be the Green type function obtained from
Lemma 3.2 and denote \

G- = (14+eG)n—2g
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so that (M,§.) = (M\S,§.) is a complete non-compact manifold for any
e > 0 and satisfies
4(n—1)

n+2
1, = (1 G) n—2 | —
waly = 10y (10

A, + scalg) (14 eG)

>e(1+ 5G’)_%(£g +o05,)G+ (1 + 5G)_%scalg
(3.1) G 1+ 01
> Oyt T s
(14+eG)n—2 (14+eG)n—2
01
=04 + — >0
he (1+eG)n>
on M.

Suppose that f : (M, g) — (S", gspn) is L-Lipschitz for some constant L > 0.
Then we take § to be a positive constant satisfying

0 < min < 1, il — .
6n(n —1)2»—2L2

Let ¢s5 be the map obtained from Lemma 3.1 with the chosen 4, and define a
smooth map f = ¢s o flans : M™ — S™.

Claim. For sufficiently small e, there exists f : (M, §.) — (S", gspn) which is
locally constant at infinity and satisfies

scaly, > 0,

on supp(df').

Proof of Claim. If x € By(p;,n) for some p; € S, then f(zx) € By, (p:, Ln).
Let Vj, 5 be the open set around each p; = f(p;) € S = f(8) obtained from
Lemma 3.1. Since S is a finite set, we might choose n(6, L) > 0 sufficiently
small such that By(p;,n) are pairwise disjoint and By, (p;, Ln) € Vj, 5. Since
¢s is constant in Vj, 5, then f is locally constant near the infinity of (M , e )-

Clearly, f has the same mapping degree as f and so it is of non-zero degree.
[t remains to examine the scalar curvature inequality. We then fix ¢ = £(9)
sufficiently small so that

(3.2) 14+eG <2
on M\ UY, B,(ps,n) by the estimate of G from Lemma 3.2.
On M, thanks to (i) in Lemma 3.1 and (3.1) we have
01 5(249)

scal, —os, > — Oi. .
9e f:ge = (1+6G>Ziﬁ§ (1+5)2 f>8e
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On M\ UY, B,(pi,n), thanks to (3.2) we further obtain

scalg, —0op, > 22% _ (E§2++5(>2 i, > 22_% —don(n—1)(2+6)L?
where we have used the rough estimate from ||d¢s||p~ < 146 and ||df]|z~ < L.
From our choice of § we have scalg, — o, >0 on M\ Ufil By(pi,n). While
for zg € N, By(pi,n), we have f(x) € By, .. (D, Ln) for some 1 < j < N
so that df|,—,, = 0 by our choice of 7, which implies that (J\, B,(pi, 1) C
M \ supp(df). This completes the proof of the claim. O

Since M = M \ S is spin, the claim and Proposition A.1 implies that scal;. <
0 somewhere which contradicts with (3.1). Hence (a) in Proposition 2.2 must
be true. This completes the proof of Theorem 1.4. O

APPENDIX A. VARIANT OF LLARULL’S THEOREM

In this section, we recall a generalization of the classical Llarull theorem
for complete manifolds, where the scalar curvature lower bound is in term of
singular values of a smooth map to the standard sphere. The following is a
slight variation of the result of Zhang [22], see also the work of Listing [18].

Proposition A.1. Let (M™, g) be a complete non-compact spin manifold.
Suppose that f : M — S™ is a smooth map which has non-zero degree and is
locally constant near infinity. If the scalar curvature of g satisfies scaly, > oy
on supp(df), then inf); scal, < 0.

Proof. This is [22, Theorem 2.1 and 2.2] with slight modification in the proof.
Since this is almost identical, we only point out the necessary modifications.
We take a compact set K € M so that f is locally constant on M \ K. The
argument will be divided into the following two cases:

Case 1. n = 2m is even. We follow the argument of [22, Theorem 2.1]. Let
S(TM) = S,.(TM) & S_(TM) be the Zs-graded Hermitian vector bundle of
spinors associated to (7'M, g) with the canonical induced Hermitian connection
VIIM) “and S(TS™) = S, (TS™)@S_(TS") be the Z,-graded Hermitian vector
bundle of spinors associated to (I'S", gspn). Let E = E. & E_ be the pull-back
of S, (TS") @ S_(TS"), D¥ be the canonically defined (twisted by E) Dirac
operator, and V' be the self-adjoint odd endomorphism as defined in [22, (2.6)].

Slightly different from the argument in [22, Theorem 2.1], we choose ¢ :
M — [0,1] to be a smooth function such that ¢ =1 on (M \ supp(df)) U Ui 2
and ¢ = 0 on Vi, where Uy = {z € supp(df) : |df(z)] < 1/2} and
Vij2 = {& € supp(df) : oy > $n(n — 1)} instead. Now we can carry out the
same argument by considering the deformed twisted Dirac operator

DE = DF 4o f*V.
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Observe that the choice of V; /5 plays no role in relative index Theorem so that
22, (2.13)] still holds: ind(DZ,) # 0. At the same time, we still have [22,

(2.9)]:
(DF)? = (D) + ec(dp) f*V + e[D”, f*V] + 20 [*(V?),

where ¢(+) is the Clifford action and [+, -] is the supercommutator. On the other
hand, Bochner-Lichnerowicz-Weitzenbock formula infers that

1
(A.1) (DF)? = —AF + Zscalg + RE.
It is well-known that the curvature of the bundle E satisfies
(A2) REs| < oy

for all s € S, ® E,, for example see [1, Proposition A.1]. Using (A.2) instead
of [22, (2.15)], we see that for any x € Vi s,

(DE)? + AF >0,

while on supp(df) \ Vi, [22, (2.17)] still holds thanks to the choice of Vj s,
(A.1) and (A.2). This will contradict with ind(DZ,) # 0 if ¢ is small enough.

Case 2. n = 2m + 1 is odd. The argument is identical to that of [22,
Theorem 2.4] using the modification made in the even case above. O

REFERENCES

[1] C.Bar, S. Brendle, B. Hanke and Y. Wang, Scalar curvature rigidity of warped product
metrics, SIGMA Symmetry Integrability Geom. Methods Appl. 20 (2024), Paper No.
035.

[2] S. Cecchini, B. Hanke and T. Schick,Lipschitz rigidity for scalar curvature, preprint,
arXiv: 2206.11796.

[3] S. Cecchini, J. Wang, Z. Xie and B. Zhu, Scalar curvature rigidity of the four-
dimensional sphere, preprint, arXiv: 2402.12633

[4] S. Cecchini and R. Zeidler, Scalar and mean curvature comparison via the Dirac
operator, Geom. Topol. 28 (2024), no. 3, 1167-1212.

[5] M.-C. Cheng, M.-C. Lee and L.-F. Tam, Singular metrics with negative scalar curva-
ture, Internat. J. Math. 33 (2022), no. 7, Paper No. 2250047, 27 pp.

[6] J. Chu and M.-C. Lee, Ricci-Deturck flow from rough metrics and applications, J.
Funct. Anal. 289 (2025), no. 2, Paper No. 110916.

[7] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order,
Reprint of the 1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001.
xiv+517 pp. ISBN: 3-540-41160-7

[8] S. Goette and U. Semmelmann, Scalar curvature estimates for compact symmetric
spaces, Differential Geom. Appl. 16 (2002), no. 1, 65-78.

[9] M. Gromov and H. B., Jr. Lawson, Spin and scalar curvature in the presence of a
fundamental group. I, Ann. of Math. (2) 111 (1980), no. 2, 209-230.

[10] M. Gromov, Four Lectures on scalar curvature, Perspectives in scalar curvature. Vol.
1, 1-514. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, [2023], (©)2023,
arXiv: 1908.10612.



10

[11]

[12]

Jianchun Chu, Man-Chun Lee, Jintian Zhu

S. Hirsch, D. Kazaras, M. Khuri and Y. Zhang, Rigid comparison geometry for Rie-
mannian bands and open incomplete manifolds, Math. Ann. 391 (2025), no. 2, 2587—
2652.

Y. Hu, P. Liu and Y. Shi, Rigidity of 3D spherical caps via u-bubbles, Pacific J. Math.
323 (2023), no. 1, 89-114.

W. Jiang, W. Sheng and H. Zhang, Weak scalar curvature lower bounds along Ricci
flow, Sci. China Math. 66 (2023), no. 6, 1141-1160.

D. Kazaras, Desingularizing positive scalar curvature 4-manifolds, Math. Ann. 390
(2024), no. 4, 4951-4972.

M.-C. Lee and L.-F. Tam, Continuous metrics and a conjecture of Schoen, Trans.
Amer. Math. Soc. 378 (2025), no. 3, 1531-1550.

M.-C. Lee and L.-F. Tam, Rigidity of Lipschitz map using harmonic map heat flow,
preprint, arXiv: 2207.11017.

C. Li and C. Mantoulidis, Positive scalar curvature with skeleton singularities, Math.
Ann. 374 (2019), no. 1-2, 99-131.

M. Listing, Scalar Curvature on Compact Symmetric Spaces, preprint, arXiv:
1007.1832.

M. Llarull, Sharp estimates and the Dirac operator, Math. Ann. 310 (1998), no. 1,
55-T1.

J. Lott, Index theory for scalar curvature on manifolds with boundary, Proc. Amer.
Math. Soc. 149 (2021), no. 10, 4451-4459.

J. Wang and Z. Xie, Scalar curvature rigidity of degenerate warped product spaces,
Trans. Amer. Math. Soc. Ser. B 12 (2025), 1-37.

W. Zhang, Nonnegative scalar curvature and area decreasing maps, SIGMA Symmetry
Integrability Geom. Methods Appl. 16 (2020), Paper No. 033, 7 pp.

(Jianchun Chu) SCHOOL OF MATHEMATICAL SCIENCES, PEKING UNIVERSITY, YI-
HEYUAN ROAD 5, BEUING 100871, PEOPLE’S REPUBLIC OF CHINA
Email address: jianchunchu@math.pku.edu.cn

(Man-Chun Lee) DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG
Kong, SHATIN, HONG KoONG, CHINA
Email address: mclee@math.cuhk.edu.hk

(Jintian Zhu) INSTITUTE FOR THEORETICAL SCIENCES, WESTLAKE UNIVERSITY, 600
Dunyu RoaD, 310030, HANGZHOU, ZHEJIANG, PEOPLE’S REPUBLIC OF CHINA
Email address: zhujintian@westlake.edu.cn



