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Abstract

We prove local Holder regularity for nonlocal parabolic equations of the form

|u(w, t) — u(y7 t)|p_2(u($7 t) — u(yv t))

Oyu + P.V. ‘z—y‘N“'ps

RN
for p € (1,00) and s € (0,1). Our contribution extends the fundamental work of Caffarelli, Chan and Vasseur on

dy =0,

linear nonlocal parabolic equations to equations modeled on the fractional p-Laplacian.
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1. Introduction

In this article, we prove local Holder regularity for a nonlocal parabolic equation whose prototype equation is

the parabolic fractional p-Laplacian of the form

u(z, t) —uly, t)[P*(u(=,t) — u(y,t))
@ — y|NHPs

RN
with p € (1,00) and s € (0,1). The main tools in our investigation are

dy =0,

e the exponential change of variable in time discovered by E.DiBenedetto, U.Gianazza and V.Vespri, which they
used to prove Harnack’s inequality for the parabolic p-Laplace equations. The standard references for these
works are [22, 23]. The exponential change of variable in time leads to an expansion of positivity result which
is suitable for proving Holder regularity results. N.Liao in [32] has effected a direct proof of Holder regularity
for parabolic p-Laplace equation by using the expansion of positivity. It has also been used to give the first
proofs of Holder regularity for sign-changing solutions of doubly nonlinear equations of porous medium type
in [6, 7, 33]. A recent work that employs the exponential change of variable to deduce regularity for elliptic

anisotropic equations is [34].

e the energy estimate for fractional parabolic p-Laplace equations containing the “good term” which substitutes
the De Giorgi isoperimetric inequality in the so-called “shrinking lemma”. The “good term” has been used
to great effect in the works [11, 12]. It has been used to define a novel De Giorgi class by Cozzi in [14] to
prove Holder regularity for fractional p-minimizers. Earlier, the absence of De Giorgi isoperimetric inequality
was tackled by Di Castro et. al. through a logarithmic estimate [19]. See [15, 1] for discussions on fractional

versions of De Giorgi isoperimetric inequalities.

We demonstrate two purely nonlocal phenomenon - one at a technical level which has implications for what
the corresponding De Giorgi conjectures related to the "best" Holder exponent in the nonlocal case should be (see
Remark 3.6) and another at the level of regularity which says that in certain cases, time regularity can beat space
regularity when we are working with nonlocal equations (see Remark 8.3).

Previously, local boundedness for fractional parabolic p-Laplace equations is proved in the papers [39, 24, 36].
Regarding Holder regularity for fractional parabolic p-Laplace equations in the spirit of De Giorgi-Nash-Moser, the
only result that we are aware of is for the case 2 < p < oo which was studied in [24], though we were unable to
verify some of the calculations, particularly (5.23), pertaining to the logarithmic estimates in their paper. Explicit

exponents for Holder regularity for fractional parabolic p-Laplace equations with no coefficients appears in [10].



1.1. A brief history of the problem

Much of the early work on regularity of fractional elliptic equations in the case p = 2 was carried out by
Silvestre [38], Caffarelli and Vasseur [11], Caffarelli, Chan, Vasseur [12] and also Bass-Kassmann [4, 5, 31]. An early
formulation of the fractional p-Laplace operator was done by Ishii and Nakamura [30] and existence of viscosity
solutions was established. Di Castro, Kuusi and Palatucci extended the De Giorgi-Nash-Moser framework to study
the regularity of the fractional p-Laplace equation in [19, 18]. The subsequent work of Cozzi [14] covered a stable
(in the limit s — 1) proof of Holder regularity by defining a novel fractional De Giorgi class. Explicit exponents for
Holder regularity were found in [9, 10]. Other works of interest are [29, 17, 13, 25, 16] and in the parabolic context,

some works of interest are [2, 3, 24, 37, 36].

1.2. On historical development of intrinsic scaling

The method of intrinsic scaling was developed by E.DiBenedetto in [20] to prove Holder regularity for degenerate
quasilinear parabolic equations modelled on the p-Laplace operator. A technical requirement of the proof was a
novel logarithmic estimate which aids in the expansion of positivity. Subsequently, the proof of Hélder regularity
for the singular case was given in [40] by switching the scaling from time variable to the space variable. These
results were collected in E.DiBenedetto’s treatise [21]. After a gap of several years, E.DiBenedetto, U.Gianazza and
V.Vespri [22, 23] were able to prove Harnack’s inequality for the parabolic p-Laplace equations by a new technique
involving an exponential change of variable in time. This proof relies on expansion of positivity estimates and does
not involve logarithmic test functions. Then, a new proof of Hoélder regularity was given with a more geometric

flavour in [26]. This theory was extended to generalized parabolic p-Laplace equations with Orlicz growth in [27, 28].

Remark 1.1. In this paper, we assume that solutions to the nonlocal equation are locally bounded. Local boundedness
for the nonlocal elliptic equations is proved in [19, Theorem 1.1] and [1/, Theorem 6.2]. In the parabolic case, local
boundedness is proved in [39, 24, 36].

2. Notations and Auxiliary Results

In this section, we will fix the notation, provide definitions and state some standard auxiliary results that will

be used in subsequent sections.

2.1. Notations

We begin by collecting the standard notation that will be used throughout the paper:
N1: We shall denote N to be the space dimension and by z = (x,t) to be a point in RY x (0, 7).

0
N2: We shall alternately use a—{, 0. f, f’ to denote the time derivative of f.

N3: Let Q be an open bounded domain in RY with boundary 99 and for 0 < T' < oo, let Qp = Q x (0, 7).

N4: We shall use the notation
B,(x0) ={z € RY |z — zo| < p}, Fp(xo) ={z e RY . |z — zo| < p},

Ig(to) = {t eER:tg—0<t< to}, Qp,G(ZO) = Bp<.’170) X Ig(to).



N5: The maximum of two numbers a and b will be denoted by a A b := max(a, b).

N6: Integration with respect to either space or time only will be denoted by a single integral / whereas integration

on Q x Q or RY x RY will be denoted by a double integral // )

N7: We will use /// to denote integral over RY x RY x (0,T). More specifically, we will use the notation ///

Q
and /// to denote the integral over /// .
BxI BxBxI

N8: The notation a < b is shorthand for a < Cb where C is a universal constant which only depends on the

dimension N, exponents p, and the numbers A and s.
N9: For a function u defined on the cylinder @, ¢(20) and any level k € R we write wy = (u — k)+

N10: For any fixed ¢,k € R and set Q@ C RY, we denote AL (k,t) = {x € Q: (u—k)+(-,t) > 0}; for any ball B, we
write Ay (k,t) N B, = AL (k,r,t).

N11: For any set Q@ C RY, we denote Cg := (2° x Q) = (2 x Q) U (2 x (RV\ Q)) U (RY \ Q) x Q).

2.2. Structure of the equation

Let s € (0,1) and p > 1 be fixed, and A > 1 be a given constant. For almost every x,y € RY, let K :

RY x RN x R — [0,00) be a symmetric measurable function satisfying

(1-29) (1—-9)A
— <K ) < ————— 2.1
o S Kot € Lo (21)

In this paper, we are interested in the regularity theory for the equation
Opu+ Lu =0, (2.2)

where L is the operator formally defined by

Lu=PN. [ K@y, t)ule.t) - uly, ), ) - uly,t) dy, = € RV
RN

2.3. Function spaces
Let 1 < p < oo, we denote by p’ = p/(p — 1) the conjugate exponent of p. Let 2 be an open subset of RY, we
define the Sobolev-Slobodekii space, which is the fractional analogue of Sobolev spaces as follows:
WP(Q) := {¢ € LP(Q) : [Ylwena) < 00}, for s € (0,1),

where the seminorm [-]yy s () is defined by

[¢]ws // )‘pd dy ’
Vwer) : QxQ \35—?J|N+pS .

The space when endowed with the norm kuww(g = |9l o () + [¥lwsr() becomes a Banach space. The space
WP (Q) is the completion of C2°(€) in the norm of W*?(RY). We will use the notation W(Q2) to denote the
space of functions in W*?(R™) such that u — ug € W;P(Q).

Let I be an interval and let V' be a separable, reflexive Banach space, endowed with a norm ||-||;,. We denote
by V* to be its topological dual space. Let v be a mapping such that for a.e. t € I, v(t) € V. If the function
t — [[v(t)|l;, is measurable on I, then v is said to belong to the Banach space L*(I; V') provided / lo(®)]]} dt < oo.

I

It is well known that the dual space LP(I;V)* can be characterized as L (I3 V*).



Since the boundedness result requires some finiteness condition on the nonlocal tails, we define the tail space

for some m > 0 and s > 0 as follows:

L™(RY) = {v e L. (RY): /R Mdm < +oo} .

N 1 + |$‘N+S
Then a nonlocal tail is defined by

: . sm v, )™ ! "
Tail,, 5,00 (V; Zo, R, I) 1= Tails (v; o, R, to — 0,%0) :=  sup R I -y dx ,
te(to—0,to) RN\BRr(z0) |z — ol

where (z9,t9) € RN x (=T, T) and the interval I = (t, — 0,to) € (=T, T). From this definition, it follows that for
any v € L®(=T,T; L™ 1 (RY)), there holds Tail,, 5,00 (v; 2o, R, I) < 00.

2.4. Definition of weak solution

Now, we are ready to state the definition of a weak sub(super)-solution.

loc

Definition 2.1. A function u € L}, (I; WP () N Croe(1; LT, () N LiS,(I; LE (RY)) is said to be a local weak
sub(super)-solution to (2.2) in Q x I if for any closed interval [t1,t2] C I and any compact set Q' C Q, the following
holds:

/ u(x,t2)d(x, ta) do — // u(z,t1)d(x, t1) dm—/ // u(z, t)Opp(x, t) da dt

Rl = w0 0o, ) ~ 060~ 0. 0) dy i < ()0
forall g € LV (I, W3P(V)) nWE2(1, L3(Q)).

2.5. Auxiliary Results
We collect the following standard results which will be used in the course of the paper. We begin with the

Sobolev-type inequality [24, Lemma 2.3].

Theorem 2.2. Let t5 > t; > 0 and suppose s € (0,1) and 1 < p < co. Then for any f € LP(t1,t; W*P(B,)) N

L (ty,te; L*(B,)), we have

ta
/][ $t|p1+ )dxdt<CNsp<5p/ /][ |x— |NJ;1JS,: da:dydt—i—/][ J:t|”dacdt>

x( sup ][ |f(x,t)|2dx>
t1<t<ts J B,

We also list a number of algebraic inequalities that are customary in obtaining energy estimates for nonlinear

nonlocal equations.

Lemma 2.3. ([14, Lemma 4.1]) Let p > 1 and a,b > 0, then for any 6 € [0,1], the following holds:
(a4 b)P —aP > OpaP b+ (1 — O)bP.

Lemma 2.4. (14, Lemma 4.3]) Let p > 1 and a > b > 0, then for any € > 0, the following holds:

~_1\P!
ap—bpgaap+(p ) (a —b)P.

e

Finally, we recall the following well known lemma concerning the geometric convergence of sequence of numbers

(see |21, Lemma 4.1 from Section I] for the details):



Lemma 2.5. Let {Y,}, n=0,1,2,..., be a sequence of positive number, satisfying the recursive inequalities
Y1 < O0"Y,1 e

where C > 1, b> 1, and o > 0 are given numbers. If
Yo <O wbar,

then {Y,,} converges to zero as n — oo.

2.6. Main results

We prove the following main theorems.

Theorem 2.6. Let p € (2,00) and let u be a locally bounded, local weak solution to (2.2) in Qp. Then u is locally
Hélder continuous in Qp, i.e., there exist constants Cy > 1, and B € (0,1) depending only on the data, such that

with Qo := Beyr X (—(CoR)**,0) and L, R;, d; fori € {0,1,...} as defined in (7.4) and Cy as defined in (7.19),

we have
B
AL & })

RSB
for every pair of points (x1,t1), (x2,t2) € Br(0) x (=d1R°?,0).

—2
(1, t1) — u(ze, ta)] < (max{|x1 — |, L5 Calty — t

Theorem 2.7. Let p € (1,2) and let u be a locally bounded, local weak solution to (2.2) in Qp. Then w is locally
Hélder continuous in Qr, i.e., there exist constants Cy > 1, and B € (0,1) depending only on the data, such that
for a fized € > 0 with Qo := B(cyr)y1—<0 X (—=(CoR)*?,0) and L, R;, d; foric {0,1,...} as defined in (8.4) and Cy
as defined in (8.19), we have

L
|U(l’1,t1) - u(l’27t2)| S ﬁ
for every pair of points (x1,%1), (x2,t2) € B4, r(0) X

B L\ B
(max{LiT Calz1 — 22, [t1 — t2|5}>
(=R?,0).

3. Preliminary Results

3.1. Energy estimates

Theorem 3.1. Let u be a local, weak sub(super)-solution in Br(xg) x (tg—0,ty) € Er. Let 11,12 € (0,00) be given
such that tg — 0 < tg — 12 <to— 711 < tp and 0 < r < R. Then there is positive universal constant C(N,p, s, \)

such that for every level k € R and every piecewise smooth cutoff function ((x,t) = (1(x)C2(t) with ¢ € C°(Br),



G € C¥M tg — 0,t9), 0 < ((x,t) <1, (1 =1 on By(x0), we have

. -1
2 +p d N P wh (1) du dee d
ess sup » )wic (z,t)dx + . )C (z, t)wy(z,t) PR y da dt
r(Zo RrR(Zo

to—T2<t<tp—T71 to—T72 Br(zo0)

fomm ) — )P
N / //B o we(w:t) ~weW, )1 ot (), ()P E) d dy dit

0—T2 ‘x_y|N+p8

< / wi (P (x,tg — 7o) da
Br(zo)

(@) = G
+C // max{wy (z,t), wy(y,t)}r ——————22(V(t) do dy dt
to*TQ BR(wo)XBR(JEo) |.’L‘ - y|N+3[) 2
to—T1
+C / w3 (z,)|6:C (0, t)| d dt
to—T2 Br(zo)
to—T1 1
wi(y7 t)p
+C / P, thw(z,t) ess sup / Dt dy | dudt,
to—72 J Br(zo) te(to—72,t0—71) JRN\BRr(z0) |z —y|NFsp

where wy = (u—k)+.

Proof. All the heavy-lifting pertaining to time regularization has already been performed in [24, Lemma 3.3]. In
fact, the proof of our theorem is the same as their proof except for their estimate for the terms I, and I3. For
this reason and in the interest of brevity, we only present below the part of their proof with the subheadings “The
estimate of I,” and “The estimate of I3” with different estimates that produce the “good term”. To this end,
we follow [14, Prop. 8.5]. Moreover, we only write the calculation for sub-solutions since those for super-solutions
are similar and we assume without loss of generality that (zg,%o) = (0,0). Let p1, p2 be positive numbers such that

0<7r < pp <p2 <R We take ¢; such that 0 < ¢ < 1, spt(¢1) = Bpi+es = B4, (0), ¢ = 1 on B, and
2 2

dxd
. Moreover, let 71,72 € (0,00) be given such that —0 < —75 < —7; <0 and dy := ko

V(| < _ dzdy
IVal P2 — p1 |z — y|[NFep

The estimate of I5: Recall that
1 [
iy [ ) D) ul D) (0~ 0 0O GO

s
To estimate the nonlocal terms, we consider the following cases pointwise for (x,t) and (y,t) in By, x B,,, x I

where I = (—72, —71). Recalling the notation from (IN10), for any fixed ¢ € I, we claim that
o If v ¢ A, (k,pa,t) and y ¢ Ay (k,po,t) then
Ju(z, t) — uly, )P (ulz, t) — uly, 1)) (ws (2, 0)¢F () — wi (v, )¢ () = 0. (3.1)
This estimate follows from the fact that (w4 (z,t)¢P(z) — wi(y,t)¢P(y)) = 0 when = ¢ Ay (k,t) and
o If x € A (K, po,t) and y ¢ Ay (k, po,t) then
u(z,t) — uy, )P~ (u(z, 1) — uly, ) (wi (2, 0)¢F () — wi(y, )T (y))
= min{2p727 1} [|w+(xa t) — Wy (yv t)|p +w- (y7 t)pilw—i-(xa t)] G (‘T)p (32)
To obtain estimate (3.2), we note that
[u(a, ) — uly, )P~ (ulz, 1) — uly, ) (w (@, )67 (2) — we (. ) (Y))

= (w+(ac, t) +w- (yv t))p_1w+(x7 t)Cf(l‘),



when x € A (k,pa,t) and y ¢ A, (k, pa,t). The estimate follows by an application of Jensen’s inequality
when p < 2 and applying Lemma 2.3 with # = 0 in the case p > 2 .

o If z,y € Ay(k,pa2,t) then
Ju(z, t) —uly, )~ (ulz, £) — u(y, 1)) (wi (2, 6T () — wi (5, )T ()
wy (2, 1) — wy(y, )] max{C(z), C1 (y)}”

— C(p) max{w (z,1), wi(y, 1) }*|C () — ((y)[". (3-3)

>

DN | =

Since z,y € A4 (k, p2,t), we have
u(@, t) — uly, )P (ule, 1) — u(y, ) (wi (2, 1) (@) — ws (y, 1) ()

:{ (14 (21) = w4 (5,0 @ws (0,1) = ) (5,0) whenu(e, 1) 2 uly, 1),

(wi(y, 1) — wi (z, )P (W)wi (y, 1) — ¢F (@)wy (2,1))  whenu(z,t) < u(y,t).
Thus, without loss of generality, we can assume w(z,t) > u(y,t). Thus, we get

[u(z, t) = uly, )72 (u(z,t) — u(y, ) (wi (2, )¢ (2) — wi (5, 1) (1))

_ S (@ t) —wi(y,1))"¢ () i (2) = Gi(y),
(w2, 8) = wi (3, )P (L)) — (w2, 8) = wi (y, )P we (2, 0)(CF (2) = T y) iHG(2) < Qy).

In the second case, we apply Lemma 2.4 with a = ¢;(y) and b = (;(z) and ¢ = 1 % to obtain
(wy(2,1) = w (y, 8))P ™~ w (2, 0)(¢F (x) = T (y))

1
< S(wala,t) —wi(y, )" (y) + 20 = DI el (@, )G y) — (@)
Combining the previous three estimates, we obtain (3.3) when u(x,t) > u(y,t). The case u(x,t) < u(y,t)

can be handled analogously by interchanging the role of x and y

As a consequence of these cases and (2.1), we have

L, e ) 0 W OF sy 2, o () PG5 0) dr dy
2 XBp, |1' y|

+// CE(t)CP (x)wy (z,t) (/ %@) dmdt}

plGi(z
[ [l w0 0.0) ) = O 8 0)da dy .

|z

IQ >011

The estimate of I5: Recall that

/ // i, ) — uly, P2 (e, £) — u(y, £) (ws (@, () — w9, 1) (0))CE (E) dpedt
—72 S (RN\B,y)xB,,

-T2

o (u(z,t) — u(y,))P~"
> C / / G ()¢ wy (x,t / - dy| dxdt
. A+ (1) ()¢ (. 1) (Br@N\Bpy)n{u@tzu(n) 17— y[NTP

T

=[] aodween V . |u<x,t>—u<y,t>p2<u<x,t>—u(y,t»K(x,y,t)dy] d i




s (u(y, t) — u(x,t))P~"
-C / ) (2)wy(z,t / dy| dxdt.
- A (k, 23522 ) ()G () (.0) (RN\B,, )N {uly,t)>u(e,t)} |z — y|NFep

T

We estimate T3 as follows:

ﬂ:f/qiéméﬁKﬂ@wA%ﬂ[

—T3

- PYCP (2w (x 7w_(y,t)p*1 x
>/ LMMMM)AJ%L d4dﬁ. (3.5)

7 R(@\B,, T —y[NtP

/ (W+($,t) + w*(yvt))pil
(Br(@)N A~ (5)\By, & — y|NEer

dy] dx dt

We estimate 15 as follows:

0
T < / /
—T2 /By 1oy

2

wy (y, 1)~
< G (2)wy(z,t) | esssup / +7dy da dt. 3.6
//“BR G te(-m.0) | JRV\B,, [& = ylNTP (3.6)

Combining this observation with (3.5) and (3.6) into (3.4), we obtain

G ()¢ (2)wy (2, 1) [ /R %dy] da dt

N\B,, |z —

)Pt
I > C. // )P (x)wy (x, / wr @O g at
3 33 1), 2() 1( ) +( ) Br(a)\B,, |£L'—y|N+Sp

ignore this term which appears on the left hand side

er(yat)p_l
—044// ) (p)wy(z,t esssup/ — L dy | dxdt.
IxBr 2 (G @y (@) te(—72,0) JRN\B,, |z — y|NFsp

As mentioned earlier, the rest of the proof of Theorem 3.1 is the same as in [24, Lemma 3.3]. O

Remark 3.2. This energy estimate first appears in [36] under the assumption that ;u € L*(Er) (see Lemma 3.1
and Remark 3.2 in [36]). This assumption is generally dropped by working with regularizations in time, such as
Steklov averages [21]. In fact, the estimate in [36] is proved for parabolic minimizers, however the same method

works for solutions of equations.

Henceforth, excepting the final section, we will let u denote a nonnegative, locally bounded supersolution.

3.2. Shrinking Lemma

One of the main difficulties we face when dealing with regularity issues for nonlocal equations is the lack of a
corresponding isoperimetric inequality for W*? functions. Indeed, since such functions can have jumps, a generic
isoperimetric inequality seems out of reach at this time (see [15, 1]). One way around this issue is to note that
since we are working with solutions of an equation, which we expect to be continuous and hence have no jumps, we
could try and cook up an isoperimetric inequality for solutions. Such a strategy turns out to be feasible due to the

presence of the “good term” or the isoperimetric term in the Caccioppoli inequality.

Lemma 3.3. Let k <1 < m be arbitrary levels and A > 1. Then,

(1= K)o = 0P flu> ml 0 Byl [lu < K Byl < oY [ =)o) |

Bp BAP

(=01 (y)

o=y WO

where C = C(N,s,p, A) > 0.



Proof. We estimate from below

D (x (u— D" (y)
/B (u—10)—( )/BAp oy dy dx

P

(u—1)_ / (u— 05" (y) dydz
B, B

P

u—1)_() / (uw— 12" () dy do
N+Sp /,,ﬂ{u<k} B,Nn{u>m} *

> )/ (m — )P~ dy da.
N+3p/,,m{u<k} Byn{u>m}
O

We now prove the shrinking lemma using Lemma 3.3. It is usually proved in the local case using the De Giorgi

isoperimetric inequality.

Lemma 3.4. Let u be a super-solution of (2.2). Suppose that for some level m, some constant v € (0,1) and all
time levels T in some interval J we have
[u(-,7) > m] N B,| = v|B,|,

and we can arrange that for some A > 1, the following is also satisfied:

(u =0 (y,1) »
(u—1)_ xt/ dydxdt < C1—|B, x J|, 3.7
// ) Bayw) |w—y[Ntp 1P“”" ol (3.7

where | = % for some j > 1, then we have the following conclusion:

mn }QB « 7| < (Cerany p_l|B J|
25+1 P - 27 —1 p Xl

[ <

m
Proof. In the conclusion of Lemma 3.3 we put k = and [ = % use the hypothesis and then integrate over

m
27+1
the time interval J to get

mo (2 -1\ m maP
271" % [ < g ] N B X‘]‘<*<§) 1Bp > 1

where C' depends on C7, A and N. The conclusion follows after a simple rearrangement. O

Remark 3.5. In applying the shrinking lemma in proving the expansion of positivity lemmas, in order to get the
smallness condition (3.7), we shall need to impose the smallness condition on the Tail term - this is one of the ways

in which the Tail alternatives enter the picture.

Remark 3.6. An intriguing aspect of our lemma is the fact that the dependence between the levels in the conclusion
and how small we can make the corresponding level set is not exponential; such a dependence is reflected in the best
known lower bound for the Holder exponent for solutions to second order linear nonlocal equations [35], whereas, in

the local case, this lower bound is much worse [§].

3.8. Tail Estimates

In this section, we shall outline how the estimate for the tail term is made and we shall refer to this section
whenever a similar calculation is required in subsequent sections.

Given a function ¢ € C°(B,) and any level k, we want to estimate

ess sup/ —(u _ k:)’i_l(y7 ) dy
s ooy e -yl

zEspt
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where J is some time interval. In order to do this, we will typically choose ¢ to be supported in By, for some

¥ € (0,1). With such a choice, we have
|x—y0|) 9
Y=ol <lr—y <1+ Sle—yl{1+ —= ],

so we can make a first estimate

— k)P Ny, ¢t — k)P (y, ¢
ess sup/ (u )= W )dy < ! esssup/ —(u W )dy
B¢ (yo) B (yo)

i |z — y|N e T (A=) ey |y — yo| N TeP
z€spt ¢

In the local case, we could always estimate (u — k)_ < k because we take u > 0 locally. However, in the Tail
term we have no information regarding the solution outside the ball and so unless we make a global boundedness
assumption (for e.g. u > 0 in full space), the best we can do is

(u—k)- <u_+k,

which leads us to the next estimate
w— k)Pt ,t kp—1 Pt ,t
ess sup/ % dy < C(p)— + C(p)ess sup/ 7(%\/-33 dy
teJ  JBs(yo) ly — ol P p°P ted  JBs(yo) ly — ol P
Putting together the above estimates yield

(u—k)""'(y, 1) C(p) 1 D
ess sup dy < P!+ Tail?> (u_s yo, p, J)] -
Led /Bg(yo) |z — y|N+sp Yy pP (1 —9)N+sp [ (u—3y0,p,J)]
TESP

Finally we usually want an estimate of the form
(w=—h)""t)  _ Ol k!

ess sup/ y < )
ey Be(yo) |Z‘ _ y‘N-‘rsp (1 _ ﬂ)N+SP psP
xEspt ¢ e

and so we impose the condition that

Tailggl(u_; Yo, p, J) < kP71

This is the origin of the various Tail alternatives.

Remark 3.7. We will see that it is the Tail that captures the nonlocality of our equation in the sense that if it is
small then the proofs become local. In fact, when dealing with nonnegative supersolutions, we only need the Tail of
the negative part of the solution to be small and so if we assume that it is nonnegative in full space then the Tail

alternatives are automatically verified and the proofs of the constituent lemmas become “local proofs”.

3.4. De Giorgi iteration Lemma

Let

po < essinf w
(z0,t0)+Q5,(0)

and M > 0. Let £ € (0,1] and a € (0,1) be fixed numbers.

Lemma 3.8. Let u be a locally bounded, local, weak supersolution of (2.2) in Ep. Then there exists a number v_

depending only on the data and the parameters 0,&, M and a such that if the following is satisfied

|[u < p— + EM] N (20, t0) + Q2,(0)] < v-[Q3,(0)],

then one of the following two conclusion holds:

Tailoo ((u — ) —; 20, p, (to — 0(2p)°P, t0]) > EM,

11



or

u > p +afM a.e. in [(wo,t0) + Q, (0)].

Remark 3.9. An analogous result holds for subsolutions at the supremum.

Proof. Without loss of generality, we will assume that (zo,t9) = (0,0) and for n =0, 1,2, ..., we set

pn=p+27"p, B, = B,, and @, = B, X (_przpvo}-

We apply the energy estimates over B,, and @Q,, to (u — b,)_ for the levels

bp=pu_ + &M where & =a+ 2na§.

Let us define
~ 3pn + Pn+1 ~ Pn + Pn+1 - Pn + 3pn+1
Pn = 1 ,  Pn = 5 , and p, = 1 ,
and denote Q,, := B, x (—0p:P,0], Q, := By, x (—0p5P,0] and Q,, := B, x (—6p°F,0].
We shall consider cut-off functions of the form ¢, and ¢, satisfying
_ _ - 1 2" 1
Cu=1on By1, (€CX(By), |V < ———~" and [|6(,]< = ,
i (B Wanl s 52 p ol = GG T~ B 3.8
onsp (3.8)

onsp

Pn+1

n n

Gw=1onB;, (eCX(Bs), VGl —==~— and [6G] < smp——=7 & ;
g . Pn—Pn P 0(pn’ — pn*") — Opsp

Let us also denote 4, := [u < b,] N @y, then we can apply Theorem 2.2 to get

%|An+l| < //QMUb dz<// w—by)_Cn dz
< (// (w=b2)_C) ™ dz) p<N+2§)| Mo
< [Nsp///gnwm (u—bn)- Cn(xz;](mp ) =Gy, )|

_ p(N+2‘s) o he=r D(N420) N
+// ((u=bn)-Ca)? sup ][ ((u—bn)-Cp)? dz A, | rv ez
In —0psP<t<0J B,

(3.9)

From Young’s inequality, we have

[(w = bn)—Ga(@, ) = (u = bn) - Caly O < el(u—bn)—(2,8) = (u—bn)-(y,)["C:" (2, )
+ el (u = 0n) - (5, ) PCa (2, ) = Caly, )P (3.10)

Combining (3.9) and (3.10), we get

(1 —a)M {~sp (u—bp) (2, 1) — (u—bn)—(y, 1)
on |An+1‘ S Pn ///Q"xB |.’IJ . y|N+ép
~Sp u—= b ( )|p|<’ﬂ(‘r t) C (y>t)‘p
+Pn ///Cjanp;L ‘JZ _ y|N+sp | (311)

ZOEER 5 e P(N425)-N
+// ((u—0by)-)" sup ][ (u—bp)2 dz |A,| PN+,
n —0p5F <t<0J By,

The energy inequality applied with the cutoff function (, over @, from Theorem 3.1 gives

B [(u—bn)—(z, t)(2,t) — (u—bn)—(y, )P
SE;SE&)/B (= bn) d“///Q,Lxg o — [V ey dt
n 7t - Sn 7t P
/m // mex{u ) (2,8), (1w — bp) (5, )} (szy@f@; W gy at

=1
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0
+ / /B (= b)2 |04 (a, 1))

_apfbp pn
=11
w—b,)" !
/ / u— (x,t)dxdt | esssup / %dy . (3.12)
OprF —0p5P<t<0JRN\B,,, |,’E - y‘ P
zEspt (n
=III

We now estimate each of the terms in the previous display as follows:

Estimate for I: Using the fact that (v —b,)_- < M and (3.8), we have

2"P(EM )P
1< cZEMP (3.13)
Estimate for I7: Analogously, we also get
onsp (¢ M 2
1< oZEMT (3.14)
0psp
Estimate for ITI: To estimate this, we note that if € B, and y € RV \ B,,, then we have
|J"| ) n 1 n(N+sp) 1
ny—y(l—i— <2r—y| = ——— x5, S 2 P
plslemil(Ir g2y sl = oy T
Next, we note that the following
(uw—"bn)- <&M — (u—p-) <EM + (u—p-)-,
holds globally. Therefore we have
/ (u - bn)ziil(y»t) d
ess sup —_—
—0p5P <t<0; RN\B,,, |I‘ - y‘N—&-sp
zespt (1 .
— )P~ )+ (EM p—1
< 9"N+D) egssup / (u—p-) (]yv +2 (EM) ay
—0p5P <t<0 JRN\B |y| NP (3.15)
p—1 _ p—1 t
< gn(N+sp) (SM) +2n(N+sp) ess sup / (’LL /“L*J\)r; (y7 )d
p°P —0pSP<t<0 JRN\B |y +sp

MP-1L 1
< N (“p) s Tl (0 = )30, (=0(20)7, o1>) ,

In particular, we get

M)P—1 1
1 g o (ST gt 50,29, (—-6(20), on) (EM)] A,
i P (3.16)
< C2n(N+sp) (5 ) |A |
— psp nis
where to obtain the last estimate, we made use of the hypothesis
Tailoo ((u — p)—; xo, p, (—0(2p)°7,0]) < EM.
Combining (3.13), (3.14) and (3.16) into (3.12), we get
—by) t) — (u—by)—(y,t)|P
ess sup / (u —bp)* dm+/// (u )-(@,0)(z, )N+(u )=, ?)] dx dy dt
—0p5P<t<0J B, Qnx B, |z — y|NFsp
on(N+p) 1 o
<T@y (24 Gean ) 14l @)

=G

P
where we have denoted G := F(gi/;[)

1
|A,| and T := C2"(V+P) <2 + e(gM)”).
Now we can make use of (3.17) to further estimate the terms appearing on the right hand side of (3.11) to get

(1—a)éM
2n

N F(fM P Ntz p(N+2s)— N
vl < CEEMnPIAD T (ST |, (3.15)
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An
We now divide (3.18) by |Qn+1]| noting that |Q,| =~ |Qn+1| and denote Y, := ||Q | from which we get

N+sp
cdn 0 N+t2s (gM)Q—p P(N+2s) 14 s
v < 9 Y, N+2s
S0 <<5M>2p> ( T |

where d = d(N,s,p,A) > 1 and C = C(N,s,p,A) > 0 depends only on the data. By Lemma 2.5, we see that
Yo = 0 provided

_ N+2s (eM)2P
Y, < (10 ) a- () ( ’ ) —— (3.19)
—a —»\ “sp
(24 C222)

which completes the proof of the lemma. O

Remark 3.10. In the conclusion of Lemma 3.8, we can replace Tailo ((u — p) —; xo, p, (to — 0(2p)°P, to]) > EM with
Tailoo ((u — p)—; o, 2p, (to — 0(2p)°P, to]) > EM.
This requires a finer refinement for the estimate of 111 appearing in (3.12) which proceeds as follows:
(u B bn)g_l (ya t) _ (U B bn)g_l(y’ t) (u B bn)zi_l(ya t)
ess sup — T dy = esssup — T dy + N w dy | .
—0piP<t<0 JRN\B,, lyl —0psP<t<0 \JRN\B,, Yl Ba,\B,, lyl

The first term appearing on the right hand side of the previous display can be estimated analogously to (3.15) in
terms of Tailoo ((u — p)—; 20, 2p, (to — 0(2p)°P, t0]).

In order to estimate the second term, we note that (u — by)— < (EM) on Ba, x (—0p;F, 0] and |y| > pn > p on

By, \ B,,, from which we get
— )"yt M)P—1
ess sup / %dng%\ng\ijgC
—0p3P <t<0J B2, \ By, |ly|N+sp prTep
which implies (3.16) holds for this term.

(Epn)r
PP

)

3.5. De Giorgi lemma: Forward in time version

Let u denote a nonnegative, local, weak supersolution of (2.2) in Ep and let B x I C Er denote our reference
cylinder. Suppose that we have the following information at a time level #:
u(z,tg) > EM for a.e. & € By,(y), (3.20)
for some M > 0 and £ € (0,1]. Then in the energy inequality from Theorem 3.1, for any level k < £M over
[(zo,t0) + Qgp(ﬁ)}, the first term on the right hand side of Theorem 3.1 over By, x {to} vanishes.
Moreover, taking a test function independent of time also kills the integral on the right involving the time
derivative of the test function. Therefore we may repeat the same arguments as in Lemma 3.8 for (u — &, M)_ over

the cylinders Q;” where

€, = ak + 12;”“5 and QF = B, x (0,0(2p)°7].

[u < &M]N Q|
[opy

following estimate holds:

Denoting Y, = , we see that if Taily (u—; o, 2p, (to,to + 0(2p)°P]) < EM is satisfied, then the

o ¥ g
! N
Yot (1—a)V+2)% ((fM)“’) Yoo

Thus, by Lemma 2.5, we have Y/ = 0 if
M)2=P\°
! < o <(59)> . 7. (3.21)
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for a constant vy € (0,1) depending only on a and data. The foregoing discussion leads to the following variant of

the De Giorgi lemma.

Lemma 3.11. Let u denote a nonnegative, local, weak supersolution to (2.2) in Ep. Let M and £ be positive
numbers and suppose (3.20) holds at time t = to and (3.21) is satisfied for v = v(§, M, 0,a,N,A) as determined.

Then one of the following two alternatives hold:

Tailoo (u—; x0, 2p, (to, to + 0(2p)°F]) > EM OR u>alM a.e. in By(xo) X (to,to + 6(2p)°P].

4. Qualitative expansion of positivity in time

In this section, we shall prove a general expansion of positivity estimate that will be used in Section 5 and

Section 6.

Lemma 4.1. Let u denote a nonnegative, local, weak supersolution to (2.2) in Er. Assume that for some (xg,tg) €

Er and some p >0, M >0 and « € (0,1), the following hypothesis is satisfied:
|[u(-t0) = M| N B,(x0)| > | B,(x0);
then there exists 6 and € in (0,1) depending on {N,s,p, A, a} such that either
Tailoo (u—; xo, p, (to, to + 6pP M?7P)) > M,
or
) 2 M] 01 By (0)| 2 501By (o))

holds for all t € (tg,to + 6pP M>7P].

Proof. Without loss of generality, we will assume that (zg,t9) = (0,0). For £ > 0 and ¢ > 0, we set
Ap p(t) == [u(-,t) < k]| N B,,
then the hypothesis of the lemma can be restated as:
[Arp(0)] < (1= @) [Byl. (4.1)
We consider the energy estimate from Theorem 3.1 for (v — M)_ over the cylinder B, x (0,0p°"] where 6§ > 0 will

be chosen later. Note that (v — M)_ < M in B, because u is nonnegative in Ep. For ¢ € (0,1/8] to be chosen

later, we take a cutoff function ¢ = {(x), nonnegative such that it is supported in B(k%)p, ¢ =1on Bj_,), and

V¢l < 25 to get

[ e newe
Bi-0)p
< / (u — M)? (x,0)¢P(x) do
B/’
t

IC(z) = C(y)|? 4.2
o [ (= a0 @) = a0y RS drayar 4

t -1
(u—M)_(y, 1)
—|—C’/ / CPle)(u— M)_(z,t esssup/ dy | dxdt,
o I, (@)( )-(z,1) S fews, o — gV

zEspt ¢

=111
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To estimate the tail term we first note that when x € B(l_g)p and y € B; then
2

|| 2 1 —(Nsp) L
ylélw—y<1+|xy| < —lz—yl = WSCU DR
Furthermore, noting that (u — M)_ < M —u < M 4 u_, we get

c (Mp_l 1

hypothesis c MP _

IIT < Tail?”-*(u_;0, p, (o,f))) Mt|B,| <

— 0-N+sp
Substituting (4.3) into (4.2), we get

/ (= M) (2,8 d < M2| Apg,p(0)] +
Ba-a)p

PP i PP

N pp Byl

CMP _ c MP

anspﬂ ol WWHBPL

Now restricting £ < dp*? M>~P for some & € (0,1) to be chosen, we get

9 9 CM? c 9
- (w= M) (x,)de < M|Ap,p(0)| + 6= |B,| + —70M7|B,|
1-0o)p

(4.1) M?2
< M1-)B,|+ S

c 2
1Bl + e OM2B,
On the other hand, we have

/ (u— M2 (1) > / (= M2 (2,8) > M2(1 — 2| Aear. 1oy (D)
Ba-o)p B(1—0)pN[u<eM]

where € € (0, 1) will be chosen below depending only on «. Next, we note that
[Aento (O] < [Aerr,1-0)p (D) + 1By = B1-o),| < |Aems,(1-0)p(8)| + No|B, |-
Thus, combining everything, we have

| Acar (1) < ﬁ ((1 —a)+ 501%817 +a- 6)2]\[0) B, .

\J1=3¢a N+s 2
o 1 l-a 3o acVTP(1 —¢)

=, <1- — <1-2 and 6=22 "9
8N la (-9 4 8C

Now we choose

g

to get the desired conclusion.

5. Expansion of positivity for Nonlocal Degenerate Equations

We will assume that « is a nonnegative, local, weak supersolution to (2.2) in Er and p > 2. For (zg,tp) € Er

and some given positive number M we consider the cylinder

»—2
ng(ajo) X (to,to + - 25p510 C BR($0) X [to — RSP,tO + RSP] C Er,

(nM)P=

where Br(xzg) X [to — R, to + R*P] = Br(xo) x I is our reference cylinder. The constants b, 7, § are constants given

by Proposition 5.1 and p > 0 is chosen small enough.

Proposition 5.1. Assume that for some (xg,t9) € Er, p >0, M > 0 and some o € (0,1) the following assumption

1s satisfied:

|[u(-,t0) > M]N By(wo)| > a|By(zo)|-

Then there exist constants n,8,0" € (0,1) and b > 0 depending only on the data and o such that either

p—2

Taily, (u_;xo,p, <t0,t0 + (17]\4)1’—25p8p)> >nM  OR u(-,t) >nM a.e. in By,(xo),
holds for all times
bP—2 bP—2
to + Wa’épsp <t <ty+

16
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Proof. Without loss of generality, we will assume that (z¢,ty) = (0,0). The proof of the proposition is split into
the following steps:

Step 1: Changing the time variable. For all o < 1, it is easy to see that (5.1) implies
[[u(-,0) > o M] N B,| > a|B,| Vo<1

.
Or 1= exp (—) <1,
p—2

Tailo (u_;0,p,J1) < o.M where J, :=(0,6p°F (o, M)*7P), (5.2)

For 7 > 0, let us also set
Assuming
then we can apply Lemma 4.1 to get

6p5‘p
(- oaps) 2 o] 5,

for universal constants €, (depending only on p, s, N, A, «) in (0,1). In particular, we can rewrite (5.3) as

1
> SalB, | (53)

e’ 1
{u ( Wz@”) > GMUT] NBy| = SalB,l. (5.4)
As in [23, Section 4.2], let us perform the change of variable
NS TP P e’ < o
W(m,T) = O'TM(ap )P 2 (I‘, W{Sp ) 5 (55)
then (5.4) written in terms of w translates to
1
[[w(-,7) > bo] N B,| > ia\Bp| for all 7 > 0, (5.6)
where
by := €(5p*P) 7. (5.7)
We can further rewrite (5.6) as
1
|Bap \ [w(-,7) < bo]| > 50[4*N|B4p| for all 7 > 0. (5.8)

Step 2: Relating w to the evolution equation. Since u > 0 in Ep, by formal calculations, we have

1 pt 1 1
wr= (S OmP) et Sy

UTM 2M0'7-
1 L\ P!
> §pP) 52 L
> (S 0m7e) L
Z _Llwa

in B x Ry where
Liplar) = PY. [ Bila..)y(ela.) = 0 m))ds

e’ s
Kl(x7y77-) =K (xaya Wép p) 9
A—l

|I—y|N+Sp < Kl(x7yu7-) < ‘I _y|N+Sp.
The formal calculation can be made rigorous by appealing to the weak formulation and the energy estimates for

u can be transferred to energy estimates for w by change of variable.

For any level k € R, the energy estimate from Theorem 3.1 for (w — k)_ in Q;'p(G) yields
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0(8p)°" —k p—1
/ / (w—k)_(x,7) / [(w | 7)+(1?\J]’<:;2)| dx dy dr
6(4p)sP J Ba, B r—yl

4p

0(8p plC(z,7) = ¢y, 7)IP
< 0/0 /Bsp . max{(w — k)_(z,7), (w — k)_(y,7)} iz — y[N+ep

6(8p)°"
+C’/ / (x,)|6-C(z, T)| dx dT
Bs,

ot (w1 .7)
+C’/ / w—k)_(z,7)(x, T ess sup / = " T dy | dedr, (5.9
; ng( )—(z,7)¢(z, 7) (TG(O,@(SP)SP) o gy Y (5.9)

for any non-negative piecewise smooth cutoff vanishing on the parabolic boundary of Qgp(ﬁ). In particular, we

choose ( =1 on Qu,(8) = Ba, x ((4p)°P, (8p)°P8] with spt(¢) C Bg, x (0, (8p)°P0] and satisfying

1 1
<
Vi<g, ol Gl S g

dx dy dr

Step 3: Shrinking lemma for w. We claim that for every v > 0 there exist ¢, € (0,1) depending only on the data
and «, and 6 = 0(bg, €,) > 0 depending only on by and €, such that if

8°P
Tailo (u—;0,8p, J2) < 2e,eM — ;
ailoo (u P J2) €, €M exXp ( (p— 2)(2€V€)p—25) 5 10
2=p§ 5P 8% M?2=P§p5P (5.10)
Jo = [ M*7P§p° “P§p°
2 ( P, eXp ((2€u€)p25> P } )

then the following conclusion holds:

|[w < €,Bo] N Qap(0)] < v|Qap(0)]-

Proof of Claim: In (5.9) we work with the levels b; and the parameter ¢ as follows

1 o 2-p
b; = Ebo for 1<j <. and 0="0; ",
where by is given by (5.7) and j. is to be chosen in (5.12). We first note that since v > 0 in Q;{p(G), all the local

integrals on the right in (5.9) can be estimated using

(w—1b;)- <b;  onQF,(0).

Thus, by our choice of the test function and (5.9), we get

oo [(w—b))+(y, 7)[P"
J)+ yv’r)‘
/ / w — b;) ZL’T)/ oy N dy dz dt
0(4p)s? J By, By, )

b ol (w =5, (y.7)
J . 9] — )
<C (psp + Oepsp +0b; esssup /gp PLiE: dy | |Qa,(0)].

7€(0,0(8p)°P) /B

From Subsection 3.3, suppose the following holds:
Tail?, ! (w_;0,8p, (0,0(8p)*")) < b7, (5.11)

then we have

(w=0,)"""(y,7) by
ess sup / |yj|N+Sp dy < ijp |Qa,(0)]-

7€(0,0(8p)°7) J Bg,

In particular, recalling the choice of @, for any 1 < j < j., we have

6(8p)°” l(w —b;)( p—1 b
i)+ (Y, 7)l J

(z,7 - dydrdr < C——=|Q4,(0

/ /B )/134p |z —y|Nrep psp' 1 (6)]

0(4p)sP

The estimate from (5.8) satisfies hypothesis of Lemma 3.4, thus we get

p—1
o< byl 0 QO < (57 ) s
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for a constant C' = C'(N,p, s, A,a) > 0. Thus for a given v € (0, 1), we choose j, such that

c \! 1
(Qj* — 1) <v and €, ;= YRS (5.12)
To conclude, we rewrite the Tail alternative in terms of u_ as follows.
p—1 p—1 TAf2— s
w?(y,7) apr2=t 1 u”" (y, e M?7PopP) b1
ess sup / —— i dy = (6p)r2——— esssup / . e’ P2 dy
T€(0,6(8p)°%) J Bg, |y|N+sp MP=Y _c0.08p)°7) J Be |y| N +sp
< @yl (0630)755) /[ W (y.1)
< p°P) =2 — esssup )
Mp—1 ted> JBg, |y Nep
where
Jo = (M*7P5p°P exp((8p)°0) M>P6p°F] .
Thus, (5.11) is verified provided
b; M
Tailoo (u—;0,8p, J2) < L -
(507772 exp (0(80) 7 515
Recalling that
1
by e(0pP)r2 [
T T S
we get
ex 08" _ ex s
PAp—2 ) =P\ p—2)2acr2)
and
b; M sp
ie - = 2¢,eM exp (( 2)(82 )P—26> ,
sp)5-2 sp_1_ — €€
(6p°P) 72 exp (9(80) ”p_2> P
which completes the proof of the claim. O

Step 4: Ezpansion of positivity for w. We claim that there exists a v = v(N, s,p, A, @) € (0,1) such that either

. 8°P
Taily (u—;0,4p, J2) > 2€,eM exp (— TEDCE 6)1’_26>

or

1
w(-,7) > ieybo a.e. in By, X (

(80)" — (2p)°" _ (8p)"
(2€,b0)P~2 7 (2€,b0)P—2
holds, where ¢, is the number corresponding to v in (Step 3) (see (5.12)) and Js is as defined in (5.10).

Proof of the claim. We apply Lemma 3.8 along with Remark 3.10 to w over the cylinder
Qap(0) = (0,77) + Q4,(0) for 7, = 6(8p)*.
We work with €,by instead of éw, a = 1/2 and p— > 0 is ignored (since we assume u is non-negative subsolution)

to get that either
Tailoo ((w)—;0,4p, (1« — 0(4p)°P, 7.]) > €,bo, (5.13)
holds or
w(z, ) > %eybo forace.  (2,7) € [(0,7) + Qs (0],
holds provided

[[w < e,bo] N Qup(6)] _ 1 (1)“3 [0(evbo)? 2] 1 (1)“28 1
[ 3

2

1 + 29(€Vb0)p—2] N;rpszu B C

2 -

< — -
|Qap(0)] - C e

sp
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2€,€)27P
for a universal constant C' > 1. With this choice of v, we find €, from (Step 3) and therefore 6 = Geo?

dpsP
quantitatively. The tail alternative (5.13) can be reformulated in terms of v as in (Step 3) to get
8°P
Tailo (u—;0,4p, J3) < 2¢,eM exp (— ) ,
=l 2 0= 2)(Zee % (5.14)
T3 = (exp((8p)*P0 — (4p)PO) M>~P6p°P  exp((8p)P0) M>~P5p°].
Since Jo D J3, the claim follows. O

Step 5: Ezpanding the positivity for u. Assume that the Tail alternatives from (5.2),(5.10) and (5.14) hold . As 7

T
ranges over the interval in (Step 4), we see that eP—2 ranges over the interval

&SP _ 9sp 8P
k1 := exp 1 < f(T) <exp 1 =: ko.
(p—2)[2¢,e07—2 P2 (p—2)[2¢,e67—2]P—2

Rewriting the conclusion of (Step 4) in terms of u, we get that
eveM

u(zx,t) > o = nM for a.e. € By, (5.15)
2
holds for all times
LA LAy
08P <t ———§p°
(npp=27°F " == (=2

where b = b(N, s,p,A,a) >0 and ¢’ = o(N, s,p,A,a) € (0,1). In fact, we have
€€ , k1 p=2
b=— and and o =|-— .
2 ko
Step 6: Pulling the Tail alternatives together. We need the following Tail alternatives going from (Step 1) and
(Step 3) noting that (5.10) implies (5.14). In particular, we recall

Tailo (u—;0,p,J1) < o.M,
85P
(p—2)(2e,e)P725 )
8P
B (p—2)(2e,€)P=25 )’

Tailoo (u—;0,4p, Jo) < 2e,eM exp

Taily (u—;0,8p, J2) < 2€,eM exp
where we have taken

Ji = (0,6p°P(0,M)*7P),
8s»

J2 = <M2p5p8p, exp ((266>1726) M2p5psp:| .

Since we have 7 < 0(8p)*? which implies the following inclusion holds:
J1 C (0,0pP M>7P exp(0(8p)*P)) = (0,8p°" M> 7P exp(8°P5 " (2e,€)* 7)),
8P
(p — 2)(2€,€)P~25

and o, < exp (— > Furthermore, we choose 1 such that

8P 2e¢,eM (5.15)
2e,e M — = =" 4nM.
e ( = 2><2eye>p25> k2 !
Further choosing n € (0, 1) small such that by an abuse of notation, denoting n = 8%’ b the final Tail alternative

which subsumes all others is

pr—2
Taileo (u—;0,p,J) <nM where J:= (O, W)})_Qépsl’} ,
where we recall b = 6;—6
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Remark 5.2. The conclusion of Proposition 5.1 can also be written without Tail alternatives as
br—2
u(-,t) > nM — Tail <u_;xo,p, (to, to + W)p_25p519>) a.e. in ng(xo),
holds for all times
2 -2

L d'op? <t <top+ g
(nM)P=2 =T (g2

because we are working with nonnegative solutions.

tO + 5P3pa

Remark 5.3. In the proof of Hélder regularity we use Proposition 5.1 with o = 1/2 so that n,6,0’ € (0,1) and
b > 0 depend only on the data in the proof.

6. Expansion of positivity for Nonlocal Singular Equations

In this section, we will consider 1 < p < 2 and assume that u is a nonnegative, local, weak supersolution to (2.2)

in Ep. For (x9,t9) € Er and some given positive numbers M > 0 and § € (0,1), we consider the cylinder

(z0,t0) + Q16p(IM>P) := Bigp(wo) x (to,to + SM>*Pp*P] C Bgr(zo) X [to — R*F,to + R*?] C Er,
where Bgr(xo) X [to — R*P,to + R°P] = Bgr(x¢) x I is our reference cylinder and p > 0 is chosen small enough.
Proposition 6.1. Assume that for some (xg,tg) € Er and some p > 0, M > 0 and « € (0,1), the following
hypothesis holds

[[u(-,t0) = M) N By(x0)| = a|B,(xo)|-
Then there exist constants 1,9 and ¢ in (0,1) depending only on the data and « such that either
Tailo (u_; o, p, (to, to + 0p*PM>7P)) > nM OR u(-,t) >nM a.e. in Ba,(xo),

holds for all times

to+ (1 —e)0M?>*Pp*P <t <tyg+ SM>*PpP.
Proof. Without loss of generality, we will assume that (zq,to) = (0,0).

Step 1: Changing variables. From Section 4 we get that there exist 6 and € in (0,1) depending only on the data

and « such that one of the following two possibilities must hold:

Tailoo (u—; 0, p, (0,60 M>77)) > M,

or
1
[[u(-,t) > eM]N B,| > §a|Bp\ for all t € (0,6 M*7PpP]. (6.1)
Let us now define the change of variables
£ M2 1 -
z = %, —e " = W and v(z,7) = Mu(x,t)eﬁ. (6.2)

Then the cylinder Q16,(6M?7P) in (x,t) coordinates is mapped into Bjg x (0,00) in the (z,7) coordinates. By

formal calculations (which can be made rigorous using the weak formulation), we have

p—1
1 eﬂ‘ré‘psp 2—p s —T 1
5 11 w(2p, M2 PpP(1 — 7)) = 2_pv+§L1v, (6.3)

v =
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in Byg x (0,00), where

Ll@(zﬂ') = PV. Kl(Z,Z/,T)Jp(QO(Z,T) _W(ZI?T)) dZ/,
RN
Ki(z,2,7) = pNTPK (2p,2'p, 6M* PpP(1—e™T)),
satisfying
AT A

< Kl(Z,Z/,T)

|Z_Z/|N+sp — S |Z_Z/|N+sp'

We rewrite (6.1) as

[v(-,7) > eeT7]| N By| > %a|31| for all 7 € (0, 00). (6.4)
For constants 79 > 0 (chosen in (6.15)) and j. € N (chosen in (Step 3)), we take
by = eeTF and b; =027 for 1 <j<j,. (6.5)
Then from (6.4), we see that
[[v(-,7) > b;] N Bg| > %QS_N‘Bg| holds for all 7 € (19,00) and VjeN. (6.6)
Consider the cylinders
Qro =DBs x (ro+ by ", m0+2by ") and Q= Big x (10,70 + 2b5 ), (6.7)

—~

and a nonnegative, piecewise smooth cutoff in Q; of the form ((z,7) = (1(2)¢2(7) such that

1 in Bg 1
1= |5C1|§17
0 on RY\ Bp
R 0 for <79 16:6a] <
2 = tG2| < 55—
1 for 7270+b(2)_p b(2) b

From Theorem 3.1 applied for (v — b;)_ over @, with the cutoff function ¢, we get

(v —b)5 " (,7)

T0+2b37p
(v —b;)_ (5 7)C"(2,7) / ) 4 dndr
/To /B16 ! By, |z —2|NTep

T()+2bg_p _ /
< C/ / max{(v —b;)_(z,7), (v —b;)_(2',7)}? €z, m) = S )PP dzdz' dr
To Bie J Bis

|Z _ Z/|N+sp
T0+2b37p
+ C’/ / (v —b;)2(2,7)6:¢(2,7)| dz dT
To Bis

To+2b77F — P
+C/ /B (v —b;)_(2,7)CP(2,7) ( ess sup /B (”|Z_317|N(+'ZI;T) dz’> dzdr, (6.8)

TG(T0»70+21737P) is

c

where C' = 5 (note the 0 in (6.3)) is a constant depending only on the data and §. To obtain the above estimate,
we tested (6.3) with —(v — b;)_¢P and discarded the nonpositive contribution on the right-hand side from the
nonnegative term ﬁv.
Step 2: Shrinking lemma for v. For any j > 2, we claim that either of the following two possibilities hold:
: , / 27\ eM
Tailoo (u—;0,16p, J5) > exp( 3 ) o> N 69)
Jy = (sz”(sps”(l —eTT), MPTPop (1 — eT T p)> ,

or

c A\
HU < bj] N Q'ro| < V|Q'ro| where v = (2]—1_1) ’

for a universal constant C' > 0 depending only on « and data.

22



Proof of Claim. In (6.8), we work with levels b; defined by
1 .
b; = gb for ji>1
where b is given by (6.5). We first note that since v > 0 in @, we have (v —b;)- < b; on ;. Hence from our

)

choice of the test function, we get

S (0= by)s (&, )P~

+(z 77—)‘
/ /B(U*bj)—(Z,T)/B |Zj_z,|N+sp dz' dzdr
T 8 8

0+ba "
(U —b ‘)p_il(zla T)
< C|Qfé| (b?; +b; esssup /B |;I‘N+sp dz'

T€(10,70+2b3 " P) 16

where C > 0 is a universal constant. We now make use of the Tail estimates from Subsection 3.3 to get

S 0= b)) ()P
/ /B (v— bj)—(zn')/ B J_ JZF/‘N_Hp d? dzdr < CW|Qn],
T 8

0+b(2)7p Bg
holds provided the following is satisfied

Tail?, ' (v_; 0,16, (10,70 + 2b5 7)) < b2 1. (6.10)

We now invoke Lemma 3.4 and (6.4) to conclude that

C pfl (67) C pfl
|[v<bj+1w2m|§< ) Qfésc( ) Qs

27 —1 27 —1

c \"!
for a constant C' > 0 depending only on « and data. This proves the claim with the choice v = <2j 1) .

We now rewrite the Tail alternative in terms of u_ as follows.

) ) espl(m ) uly, !
€ss sup T—i—&p dz S N1 P €ss sup Tép dy
re(rormot2b2-?) I B |2/ ter, Jsg, 1Yl (6.11)

c c
16 16p

exp((7o + 2b37p)p—_1)

2— p—
< NES P2 Tail?> ' (u_; 0,16p, J3),

where
Jé = (MQ—pé‘psp(l — 6_7—0)7 M2_p5p5p(1 _ 6—7'0—21)371))) .

Thus, making use of (6.11), we see that (6.10) is satisfied provided

2—p

—70 — 257" —20077\ eM
—0 70 ) Mb, = =0 ) ==
eXp( 2 p PP\ T, o

which completes the proof of the claim. O

—T0 — 2b2_p
Tailo (u_;0,16p, J3) < exp [ —=—2— | Mb,.

Recalling (6.5), we get

Step 3: Obtaining a good time slice for v. We claim that there exist o9 € (0,1) and j. € (1,00) depending only
on the data such that either

—2057"\ eM
Tailo (u_;0,8p, J5) > exp < 5 _Op > ;j )

holds (recall (6.9)) or there exists a time level 7y € (79 + by *, 70 + 2b5*) such that the following holds:

70

v(z, 1) > 0pe?-7r. (6.12)

Proof of the claim. Assume momentarily that j, is fixed and hence v has been determined according to (Step 2).

By increasing j,. if required to not necessarily be an integer, we can further assume without loss of generality that
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27+(2=P) ig an integer. Next, we subdivide @, into 27+(2=P) cylinders each of length b?:p given by
Qn = Bs x (10 + by P +nb5 P 10+ by P+ (n+ 1)b5P) forn=0,1,...,20-C=P) _1,
Then from (Step 2), either (6.9) holds or for at least one of the sub-cylinders, we must have

HU < bj* N Qn” < V|Qn|-

We now apply Lemma 3.8 to v over Q,, with

po=0, EM=b,, a=5, and 0=0"7,
to obtain

b;. a.e. z € By. (6.13)

DN =

v(z, 7o + bg_p +(n+ 1)b?:p) >
provided the following two estimates hold

Tailo (v—30,8, (o + by ¥ +nb7. " 70+ by ¥+ (n+1)b7. 7)) <bj.,

] (3.19) Nisp (014
W < 3755 7o (data) =: v.

With the choice of v from (6.14), we can now choose j, according to (Step 2) such that (6.13) holds. Recalling the

definition of by from (6.5), if we set o9 = €2~ U<+ then we see that (6.12) holds with 7 = 7o+ b5 " + (n+ 1)b§:p.

Let us now rewrite the Tail alternative in (6.14) in terms of u as in (Step 2) to get

265"\ eM
. . / 0
Tailoo (u—;0,8p, J5) < exp < 5, > AR
In particular, the claim holds provided the Tail alternative from (6.14) is satisfied. O

Step 4: Ezpanding the positivity for u. Recalling the change of variables from (6.2), we see that if the Tail
alternatives in (Step 2) and (Step 3) are satisfied, then the following conclusion holds
u(+,t1) > UOMe_% =: My in By,
where t; = SM?* PpP(1 — ™).

1
With v as obtained in (3.21), let us first choose 6 = v; My P. We now apply Lemma 3.11 (noting that 7 = 1 in
(3.21) so that the smallness assumption is trivially satisfied) with My in place of M and £ = 1 over the cylinder
Bu, X (t1,t1 + 0(4p)°F] to see that the following holds

1 1 2
u(z,t) > §M0 > 500 exp (—2 —
provided Tailo (u—;0,4p, (t1,t1 + 0(4p)°F]) < My is satisfied.

eTO) M for all (z,t) € By, x (t1,t1 + V5M37P(4p)5p),

We now choose 1y satisfying
1 )
SM2PpsPe™ = M2 PpP — ) = ve ag_pMQ*p(ZLp)sPe*(“*m) = m=h|—7F7—|. (6.15)
i ot

This determines 7y in terms of « and data (note that by increasing j, if necessary we can always ensure that

1 2
7o > 0). Finally, setting n := 500 €Xp (— 5 eTO> € (0,1) which depends only on « and data, we get that
-Pp
u(-,t) > nM a.e. in By,
holds for all times

(1 —e)dM?*Pp*P <t < M* P§p*P where £ = exp(—79 — 2¢). (6.16)
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Step 5: Pulling the Tail alternatives together. We needed the following Tail assumptions going from (Step 1) to
(Step 4) (recall j < j,):
Tailo (u_; 0, p, (0,5p°F M>7P)

A
=

IN
@
o]
o
—~
[\
=

Tailo (u_; 0, 8p, J,

IN
©]
i
o
—
T
bS]

)
Tailoo (u—; 0, 16p, J3)
)
)

Tailoo (u—;0,4p, (t1,t1 + 6(4p)°?]

IN
5

We note that in all the Tail alternatives, p is the smallest radius and (0,p*? M?~P) is the largest time interval.
We estimate

—20777\ eM 2e27PeT0\ eM 2¢™ \ eM  2neM
exp — =exp| —— | —— > exp| — — = —— >4nM,
2—p 27 2—p 27 2—p/) 2 o9 27

2

My > og exp (—2 em)M:Qr}M,

€

where we recall € is from (6.16) and o9 = ETREE

Since n € (0, 1), we see that all the Tail assumptions are satisfied if we require
Taily (u_; 0, p, (0,5pP M>7P)) < nM.

This completes the proof of the proposition. O

Remark 6.2. The conclusion of Proposition 6.1 can also be written without Tail alternatives as
u(-,t) > nM — Tailo (u_; 0, p, (to, to + SpP M>7P)) a.e. in Bay(xo),
for all times
to+ (1 — ) dM? PpP < t < tg+ M> P5p°P,

because we are working with u nonnegative.

Remark 6.3. In the proof of Hélder regularity we use Proposition 6.1 with « = 1/2 so that 1,6 and € € (0,1)
depend only on the data in the proof.

Remark 6.4. In the degenerate case the final time level depends on the final lower level nM that is achieved during

the expansion whereas in the singular case, the final time level depends on the starting level M.

7. Holder regularity for degenerate parabolic fractional p-Laplace equations

In this section, we present the proof of Theorem 2.6 in the case p > 2. The induction argument is similar to
the one in [14] and the covering argument is taken from [27, 28]. Since the complete details are not easily available
in the literature, we present all the calculations for the sake of completeness. We assume without loss of generality
that (xo, %) = (0,0) and choose 3 € (0,1) satisfying

. sp sp 2 (7 -t !
O<B<mln{p_1,p_2710gco <2—7’]>} and /1 de< QPCI’ (71)

where 7 is the constant that appears in Proposition 5.1 for « = 1/2 and C; appears in (7.9). The constant Cy > 2

will be determined in a later step depending only on the data. The integral can be made small enough by taking
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small 5. Also define

where 7 is again the constant that appears in Proposition 5.1 for o = 1/2.

Claim 7.1. For a universal constant Co > 2 and b,n and 6 as obtained in Proposition 5.1 for a = 1/2, we claim

that there exist non-decreasing sequence {m;}52, and non-increasing sequence {M;}52, such that for anyi=1,2,...,

we have
Here, we have denoted
M;—m; = Cy"L,
R, = C{7'R,
% Jo . 2s (74)
L = 2. CO ||uHLoo(BCORX(,(COR)zs’O)) + Talloo(u; CoR,0, (_(CQ R) ,O)),
pr—2 op—2

di =

, 0
(nCq P Lyp=2" (2C0)*
By a slight abuse of notation, only when i = 0, we will denote Qo = Qr,(do) := Boyr x (—(CoR)*,0) instead
Of BCDR X (—(CQR)SP,O)

Proof of Claim 7.1. The proof will proceed in two steps, first we show (7.3) holds for i = 0,1,2,...,j0 and then

use induction to obtain (7.3) for all i > jo.

Step 1: Without loss of generality, we can assume Qg, (d1) C Be,r % (—(CoR)?**,0), since otherwise, we would
have
bP=2§ 2p—2
CB (G5 2C) ™
which implies oscillation is comparable to the radius.

p2 < Rs(—2)

It is also easy to see that Qr,,, (dit1) € Qr,(d;) for i =1,2,.. ., since from (7.1), we have 3(p —2) — sp < 0
which implies d; 1 R;Y, < d;R;".

_gbi —gi
Step 2: For i =0,1,...,jo, let us define m; := COQ L and M; = 002 L From (Step 1), we have Qg,(d;) C Qo

holds and thus we have

; . Bi
c-pi %j C (7.1)
Il = (@) < =0y = S= (265" Jull =) <C> < M
0

Step 3: For some j > jj, we suppose that the sequence M; and m; have been defined for i = 1,2, ..., j. Inductively,
we will construct m;;1 and Mjy; so that (7.3) holds. Define the function v := u — (Mfi;m’), then using

monotonicity of M; and m;, we see that the following holds

(Mj — mj) +2mo < Mj +mj < 2Mo — (M; — m;).

OB —pi
Recalling mg = —% and My = % along with the choice m; := CU2 L and M; = 002 L gives
—(1=CyP L < Mj+m; < (1—CyP9)L. (7.5)
Thus, we have
oL Pl o Mytm \P7 (7D L\P~L _ op—1p, -1, 7p—1
(Srtto) = (Ot sus i) < (luf+ £ < 4 L (7.6)
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Step 4: Recalling the notation from (7.3), we estimate

— 85 , p-1
Tail, ((002“ +v)_;Cy 7 R,0, Ij)

2

—5j p—1 —8j p—1
(1—4) (COQ : iv) (CO : iv)

= O, PR esssup / _———dx +/ _———dx
0 I Bo\B; || NFPps RN\ By || NtPps

—Bj p—1
L + v)

(2
N =y
ess sup /BO\BJ FRET x (7.7)

I
- JufP~ -1 1
+2P 7L ess sup/ dx + LP ———dx
Io  Jrw\B, |z|VTPs RN\ B, [TV TP

(7.6) .
S Cél—J)SpRsp

( et
esssu S S— ) +C
T /BO\Bj || N+ps (CoR)® " *(CoR)*

(7.4) .
< Cél—J)SPRsp

=J
To estimate J, for given & € By \ By, thereis [ € {0,1,2,...,7 — 1} such that € B;_1 \ B; so that by the

monotonicity of the sequence m; and by the induction hypothesis, for a.e. t € I;, we have:
o(a,t) > (M —my) + M o(a,t) < (M —my) — Mg
. -8l C*ﬁ]‘ . —Bl C*ﬁj
= —1G *(’T]L = G *"T}L (7.8)

B —8j B ~ B3
|| ¢ |z| ¢
o (COR) -5 }L (COR> -5 }L
. _ 8 p—1
c;¥L )” ! || —Bj
+ t < — | =C
( 2 ’U(:E ) _ COR 0
We use this to estimate

< -t
EIR -
. (Cl’jR> -1
J < Co_ﬁj(p_l)Lpflesssup/ 0 dz
RN\BCS*J'R

Y]

From (7.8), we get

I |x‘N+sp

C()—ﬁj(p—l)Lpflc(gj—l)SP / (|y|ﬂ _ 1)]3—1 (79)
Rep ri\B,  |y[Ntep
Cofﬁj(Pfl)Lp—lcéjfl)SP /00 (pﬂ — 1)1)71
1 P

< Cl Rsp 1+sp p-

Substituting (7.9) into (7.7), we obtain

; Cq L Lol -
Tails ( 5 :l:v)i,C’O R,0,1;

iy C*Bj(Pfl)Lp—lo(jfl)PS 0o (pB _ 1)1)-1 Lp—l Lp—l
< TR |20 0 / dp+ 207! C
=0 1 R N (Y AN Y
. > (8 _ 1)1 .
< C()*B](Pfl)Lp—l |:Cl/ (P 1+p)s dp+ (03 + 21)—1) CO*(SP*B(P*U)J
1 p
() —Bi(p—1) rp—1,p—1
R M i
(7.10)
where (a) follows from (7.1), (7.2) and the fact that j > jo.
Step 5: Now, one of the following two alternatives must hold:
1
{v(-,55) 2 0} N Bc(;jR/z’ = 9 ‘30513/2 J (7.11)
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1
{0(5) 2 0} O Beyaya| < 5 [Begongal (7.12)

where we have set

b2 sp 2P72

S = - 0R’ .
T ey MLpr Y (200
Without loss of generality, we assume that (7.11) holds, noting that if (7.12) holds, analogous conclusion

follows with v replaced by —wv.

c L
2

+ v, then (7.11) becomes

C*ﬁjL 1
{2 St 0 Bopings| 2 5[ Bopins

Moreover from the induction hypothesis, we see that w > 0 in Qg (d;) because

Step 6: Now denote w =

— B3 ) ) —BJ 7.4 . ) s
Cy L:’[L*M];rm]ﬁ*COQL(:)U7M]J2rmj+MJ2mJ:’U,fmjzo.

w=v-+ 3

We see that since (7.10) holds, the Tail alternative in Proposition 5.1 is satisfied. Therefore, we get

Cy L
w > WOT a.e. (z,t) € Qr,,, (djz1), (7.13)

1
provided C > ( 1 )/3(2—p)+sp

1—0o’

where o’ € (0,1) is as obtained in Proposition 5.1 for a = 1/2. Recalling (7.1)

we enforce such a universal choice of Cy > 2. We calculate

u(z,t) = m-ﬂ;:m_ﬂlj_q}*j%
s Mgy _ G L (1 —y)
= M- Mg Gt )
Q-G e g
(72” M; — C«O—ﬂ(j-&-l)L,

where (a) follows from the induction hypothesis. Thus if we define m;41 := M; — C'(;ﬂ(jJrl)L and M4 := M;

then the inductive process in (Step 3) is completed.
This completes the proof of the claim. O

A consequence of Claim 7.1 is the following oscillation decay:

essosc u :=esssup u — essinf u < C’gmL. (7.14)
Qr, (di) Qr, (di) Qr; (di)

Proof of Theorem 2.6. With notation as in Claim 7.1, let us take Qo := Bo,r x (—(CoR)?*,0) and define L, R;
and d; as (7.4).
Consider any two points Let (z1,t1), (2,t2) € Br(0) x (—d> PR*?,0) such that 21 # x5 and t; # to, then there

exist non-negative integers n and m such that

Rn+1 < |{E1 — $2| < R,, and dm+1Rf5+1 < |t1 — tg‘ < dmef; (715)
As a result, with k := max{n, m}, we obtain
(7.14)
lu(z1,t1) — u(wa, ta)| < essoscu < max{Cy"" Cy ™)L (7.16)

7y, (dk
From the first inequality in (7.15), we deduce
|21 — @a|
R

|21 — 2|

B
0 > L>CyP L. (7.17)

>Cy" = <
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On the other hand, from the second inequality in (7.15), we get

1 _
C4L%““% > (c(?(m“))% cym > o (7.18)
where
a1

Cy— < bz”_ ja (220;3)2”) (7.19)
is a constant 2depending only on data and the last inequality in (7.18) follows since p > 2 which implies the following

(C&ﬂ(mﬂ))Tpp > 1 holds as Cy > 1.
The proof of the theorem follows from substituting (7.17) and (7.18) into (7.16). O

8. Holder regularity for singular parabolic fractional p-Laplace equations

In this section, we present the proof of Theorem 2.7 in the case p < 2. The induction argument is similar to the
degenerate proof from Section 7. Since the complete details are not easily available in the literature, we present all
the calculations for the sake of completeness. We assume without loss of generality that (zo,t9) = (0,0) and choose

B € (0,1) satisfying

8
. sp 2 > (pr — P! Ui
0 < 8 < min {sp, T loge, (2_”>} and /1 e dp < 20, (8.1)

where I' := 6(1;7;2) +1 > 0, n is the constant that appears in Proposition 6.1 for « = 1/2 and C; appears in (8.10).

The constant Cy > 2 will be determined in a later step depending only on the data The integral can be made small

enough by taking small 5. We further fix ¢y > 0 and define
' [ L 1og (2p03°5p(03 - QPI)ﬂ
Jo = )
T | sp—p) 0

where 7 is the constant that appears in Proposition 6.1 for o = 1/2.

(8.2)

Claim 8.1. Let R < 1 be fized, then for a universal constant Cy > 2 and b,n as obtained in Proposition 6.1,

we claim that there exist non-decreasing sequence {m;}2, and non-increasing sequence {M;}2, such that for any

1=1,2,..., we have
Here, we have denoted
o (8.1)
M;—m; = C;P'L N\, 0,
_ 1—i
i Co R" (8.4)
L= 2 O ullo (g oo €m0y + Tailoo (i (Co B)'=0,0, (~(Co R)™,0)) + 1,
—Bi p=2
d; = (nCyPL)=

where 6 >0, b > 0 and n € (0,1) appears in Proposition 6.1 for p < 2.
By a slight abuse of notation, only when i = 0, we will denote Qo = Qr,(do) := B(cyr)1-<0 X (—(CoR)*F,0) =
BO X Io.

Proof of Claim 8.1. The proof will proceed in two steps, first we show (8.3) holds for i = 0,1,2,...,j0 and then

use induction to obtain (8.3) for all i > jo.

Step 1: Without loss of generality, we can assume Qg, (d1) C B(c,r)1-<» X (—(CoR)*",0), since otherwise, we
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would have

which implies oscillation is comparable to the radius.
It is also easy to see that Qr,,, (dit1) € Qr,(d;) for i = 1,2,.. ., since from (8.1), we have 3(2 — p) — sp < 0
which 1mphes di+1Ri+1 é dsz

—B1 —B1i
Step 2: Fori=0,1,...,7o, let us define m; := 7002 L and M; := C°2 L From (Step 1), we have Qg,(d;) C Qo

holds and thus we have

. Bi
c-Bi Y C (8.1)
Il =@, 0y < llloe oy = = (265 ull =) (C%j()) s M
0

Step 3: For some j > jj, we suppose that the sequence M; and m,; have been defined for i = 1,2, ..., j. Inductively,

we will construct m;;1 and M;y; so that (8.3) holds. Define the function v := u — (Mjigmj), then using
monotonicity of M; and m;, we see that the following holds
(Mj —mj) 4+ 2mg < M +mj < 2My — (M; — m;).
Recalling mg = —% and My = % along with the choice m; := 7C°;BiL and M; := CJ;iL gives
—(1=Cy"L < Mj+m; < (1-Cy")L. (8.5)
Thus, we have
(92 o) = (G2 e M) L (a4 )P <M (80

Step 4: Recalling the notation from (8.3), we estimate

—8j p=1
Taily ((002 Ly v);Bj,o,1j>

_Bj p—1 _Bj p—1
COﬂJLj:U) COﬁjLiv)

(% (%
= (d;R;)*? esssup / —_dx+/ _——dx
7 Bo\B; || NHps RN\ By |z|N+ps

(CO’BJ'L:‘:U)”’I
(8.6) 2
(d;R;)®? esssup/ - dx
7 I; Bo\B; || NFPs
p—1 1 (87)
+or—t esssup/ |u]|v+ . dx+Lp*1/ ﬁda:
Io  Jrw\B, |Z|NTP RN\ B, ||V TP

C*ﬁJ'L p—1

(8.4) ¢ :I:v) p-1

(%
d;R;)* - T dp 2P
( J j) eSSI?uPLU\BJ |I|N+ps T+ (CO R)sp(l*io)

=J
1
+Cs 7(00 R)Sp(lfeo) 1 .

To estimate J, for given € By \ Bj, there is | € {0,1,2,...,7 — 1} such that x € B;_; \ B; which implies

2—-p
lz| (nL) > i _ B(p-2)
e 5 2 Co" where I'= HE2 41> 0 (by (8.1)) so

|z| > d;R; which is equivalent to the condition
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that by the monotonicity of the sequence m; and by the induction hypothesis, for a.e. ¢ € I, we have:
M;—m;
v(z,t) > —(Mp—my)+ 52
_al CrP
- {OO - OT} L

8 (8.8)
2—p T .
S Y I 22 I T =l
- CoR 1) 2
and
v(z,t) < (M —my) — Mg
_ C*ﬁj
6o - S| L
N (8.9)
o (e FNT o],
CoR ¢ 2
From (8.8) and (8.9), we get
8 p—1
2-p\ T
—Bj p—1 L S .
(Cosz iv(%ﬂ)_ < (Clvﬂg(n ()5 p ) — Gy L=
We use this and the definition of d;R; from (8.4) to estimate
8 p—l
(1)
. 14y
J < C’O_m(p_l)Lp*1 esssup/ ’ ~ dx
I, JrM\B, || N+sp
_ 8 p=l
Cofﬁj(iofl)Lp—l / (|y|F — 1) (810)
= _— _—_— y
(dej)Sp RN\ B, |y|N+sp )
B p=
—Bi(p—1) ;p1 oo (pr - 1)
Ci % L . dyp
(djR;)*» )y pttep
Substituting (8.10) into (8.7), we obtain
. cooi P
Tail ( s :l:v)i;Bj,O,Ij
Bitp-1) o)
o VAV Lpfl o] <pF — ) Lpfl Lpfl
RSP 0 p—1
< @R Gy /1 g P2 e Ry T O3 Ry
(-
. co | pl' — ) p—1
_ —1 _ — s
< GG ey 1/1 el 1+C3)(dej)‘pW
(2) C()*ﬂj(Pfl)Lp—lnp—l
— 2p71 )

(8.11)
where (a) follows from (8.1),(8.2),(8.4) and the fact that j > jo, L > 1 and R,0 < 1. Indeed, from (8.1) we
have

g Bitp—1)
P oo | pT — N VAV 2 Lpfl p—1
Bi(p—1) rp—1 ( ) 0 n
C.C, L /; = dp < o ,
and
p—1 sp Lpil p—1 D—2 EQSP j(B—sp) p—1 —Bj(p—1)
(277" + Cs)(d;R;) mﬁ@ + Ca)nP "Gy LP=2Cy

where we used the definition of d;R; from (8.4), 6°? <1, R*®* <1 and IP"2<1asL >1and p < 2. Using
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(8.2) and that j > jo we get

i) < (2pC§°sp(Cs + 2”_1))1
n
so that
-1 C()_/Bj(P_l)Lpflnpfl
(Co R)s»(1—<0) = 20 ’

(271 + C3)(d; R;)™”

Step 5: Now, one of the following two alternatives must hold:

1
[{v(-85) > 0} N 5Bj4a| > 3 |3Bjt1] (8.12)

1
[{v(,s5) >0} N §Bj | < 5 |3Bjt1] (8.13)

—Bj 2-p s
o _[GL B R \ ™
Sj = B B .

Without loss of generality, we assume that (8.12) holds, noting that if (8.13) holds, analogous conclusion

where we have set

follows with v replaced by —v. Before proceeding, let us ensure that the time level s; is in the interval

(=R3",0) so that we can apply Proposition 6.1 in the next step. Indeed, we want

Sp
—Rj S —S;

_Bi 2—p s
por s [CoL djs1Rin \ 7 o
=\ 2 2

Plugging in the definition of d; from (8.4) we get

which is equivalent to

Cgp—s-ﬁ(p—?) glter

= n2—p22—p23p'
Since sp + S(p — 2) > 0 we can enforce such a universal choice of Cy > 1.

crPL

Step 6: Now denote w = =5

+ v, then (8.12) becomes
C*BJIL 1
Hw(-,sj) . } N3Bit1| 2 5 [3Bim]

Moreover from the induction hypothesis, we see that w > 0 in Qg (d;) because

— B3 ) ) —BJ 8.4 . ) s
Cy L:’lL*M]JQFm]ﬁ*COQL(:)UfM]JQFmJ+MJ2mJ:’U,fmjzo.

w="v-+ 3

We see that since (8.11) holds, the Tail alternative in Proposition 6.1 is satisfied. Therefore, we get

Cy L
w> o X ae. (z,t) € Qr,.,(dj+1), (8.14)

which, by computations similar to the previous step holds provided:

2—p
—B(p—2) (2-p)+sp_"
CO = 2 51+sp8’

where ¢ € (0, 1) is the as obtained in Proposition 6.1 for & = 1/2. Since p < 2 we can further enforce such a

universal choice of Cy > 1.
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We calculate

M;+m,; _ M;tmy L
u(a, 1) sty | = Mitmy o, o

G g, cBIL
> JJgr L — 02 (1_77)

(@)

(8.1)
>

M, — ¢y UL,

where (a) follows from the induction hypothesis. Thus if we define m ;41 := M; — C()_B(jJrl)L and Mj4q1 = M;

then the inductive process in (Step 3) is completed.
This completes the proof of the claim. O

A consequence of Claim 8.1 is the following oscillation decay:

essosc u :=esssup u — essinf u < C(;mL. (8.15)
Qr,; (di) Qr, (di) Qr, (di)

Proof of Theorem 2.7. With notation as in Claim 8.1, let us take Qq := Bc,r X (—(CoR)**,0) and define L, R;
and d; as (8.4).
Consider any two points Let (x1,t1), (x2,t2) € Q1(d1) such that x1 # xo and t; # to, then there exist non-

negative integers n and m such that

dn+1Rn+1 < |(£1 — .’£2| < ann, and Rfvf+1 < |t1 — t2| < Rff (816)
As a result, with k := max{n, m}, we obtain
(8.15)
[u(z1,t1) — u(wa, ta)| < gss E)dsc)u < max{C; ", Cy P} L. (8.17)
Tl k

From the first inequality in (8.16), we deduce

cup ol oo (8.18)
where
2—p
sp
C, =1 (8.19)
)
On the other hand, from the second inequality in (8.16), we get
1
t1 — to|®
“TQ >Cpm (8.20)
The proof of the theorem follows from substituting (8.18) and (8.20) into (8.17). O

Remark 8.2. We note that the proof provides the following relationship between the Holder exponents for space

and time:

Degenerate | B L

Singular | B | =

In the degenerate case, the condition B(p — 1) < sp forces B < sp.
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Remark 8.3. We further note that the space Holder exponent is 3 while the time exponent is 3/sp. In particular,

if we start with sp < 1 time regularity beats space reqularity - such a thing does not occur in the local case and is

an

instance of a purely nonlocal phenomena.
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