
ON PLURISUBHARMONIC DEFINING FUNCTIONS FOR
PSEUDOCONVEX DOMAINS IN C2

ANNE-KATRIN GALLAGHER AND TOBIAS HARZ

Abstract. We investigate the question of existence of plurisubharmonic defin-
ing functions for smoothly bounded, pseudoconvex domains in C2. In par-
ticular, we construct a family of simple counterexamples to the existence of
plurisubharmonic smooth local defining functions. Moreover, we give gen-
eral criteria equivalent to the existence of plurisubharmonic smooth defining
functions on or near the boundary of the domain. These equivalent character-
izations are then explored for some classes of domains.

1. Introduction

In this paper, we investigate the question of existence of plurisubharmonic smooth
defining functions for pseudoconvex domains with smooth boundary. This basic
question has been long resolved for strictly pseudoconvex domains. However, there
is a great lack of understanding in the case of weakly pseudoconvex domains, al-
though the existence of plurisubharmonic defining functions is of relevance, e.g., for
the classification problem of domains in Cn.

It is a basic fact that a smoothly bounded domain in Cn has a plurisubharmonic
smooth local defining function near a boundary point if the domain is strictly
pseudoconvex or convex near that point; similarly, the domain admits a smooth
plurisubharmonic defining function near the boundary if it is strictly pseudocon-
vex or convex at each boundary point. No other geometric conditions which are
sufficient for the existence of plurisubharmonic smooth (local) defining functions
are known. Moreover, the existence of local or global plurisubharmonic defining
functions may fail on pseudoconvex domains with weakly pseudoconvex boundary
points. For instance, the worm domain, constructed by Diederich–Fornæss in [3],
does not admit a plurisubharmonic global defining function, although it does ad-
mit plurisubharmonic local defining functions near each boundary point. Further,
Fornæss [6] constructs a smoothly bounded, pseudoconvex domain in C3 for which
all C2-smooth local defining functions fail to be plurisubharmonic on the boundary
near some boundary point. Behrens [1] gives an example of a pseudoconvex domain
in C2 with real-analytic boundary which exhibits the same failure of plurisubhar-
monicity of C6-smooth local defining functions. Behrens’ domain is of type 6 at
the boundary point in question. No such examples are known for pseudoconvex
domains which are of type 4 at the considered boundary point.

In the first part of this paper, we construct a family of counterexamples in the
spirit of Behrens’ example in [1]. Namely, we construct domains Ω2k ⊂ C2, k ≥ 3,
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such that Ω2k is a domain with real-analytic boundary that is pseudoconvex and of
type 2k at some boundary point p but any C2-smooth defining function of Ω near
p fails to be plurisubharmonic on the boundary.

The second part of the paper is concerned with introducing new geometric condi-
tions that are sufficient for the existence of plurisubharmonic smooth (local) defining
functions. We first give equivalent, yet non-geometric, characterizations for the ex-
istence of plurisubharmonic smooth local defining functions, both on and near the
boundary, see Proposition 5.2 and Proposition 6.8. These characterizations are then
exploited to show the existence of plurisubharmonic defining functions under each
of two newly introduced geometric conditions for smoothly bounded pseudoconvex
domains.

The first condition pertains to a new class of weakly pseudconvex boundary
points. We first show that if Ω ⊂ C2 is a pseudoconvex domain with smooth
boundary, then the Levi form λ of Ω satisfies

(LL̄λ)(p) ≥ |(LLλ)(p)| (1.1)

at points p ∈ bΩ where Ω is weakly pseudoconvex, for all tangential (1, 0)-vector
fields L near p, see Theorem 4.10. Through (1.1), we may then classify weakly
pseudoconvex boundary points p of Ω into two groups as follows: we call p non-
degenerate if inequality (1.1) is strict, and we say that p is degenerate otherwise.
This classification is easily seen to be invariant under biholomorphic coordinate
changes, see Lemma 4.14. We then give a description of pseudoconvex domains
near non-degenerate weakly pseudoconvex boundary points in suitable local holo-
morphic coordinates in Proposition 4.16. In this form, the notion of non-degenerate
weakly pseudconvex boundary points has appeared, albeit implicitly, in the litera-
ture. Namely, Kolář showed in [12] that a pseudoconvex domain with real-analytic
boundary is convexifiable near any non-degenerate weakly pseudoconvex boundary
point. He also states in [12] that this result does not hold if the real-analyticity
assumption is replaced by mere C∞-smoothness of the boundary. A proof of this
statement is not provided in [12].

We show that if Ω ⊂ C2 is a smoothly bounded, pseudoconvex domain, then near
any non-degenerate weakly pseudoconvex boundary point p there exists a smooth
local defining function for Ω near p which is plurisubharmonic on bΩ, see Theorem
5.1. This local defining function is constructed explicitly by solving the following
first order partial differential equation on bΩ near p. For a given, smooth, complex-
valued function F near p, find a smooth, real-valued function h near p such that

Lh = F +O(
√
λ) on bΩ near p.

We also prove that if Ω ⊂ C2 admits a smooth defining function which is plurisub-
harmonic on bΩ near a type 4 boundary point p (note that every non-degenerate
weakly pseudoconvex boundary point is of type 4), then Ω admits a plurisubhar-
monic smooth local defining function near p, see Theorem 6.19. To construct this
defining function, we solve the following system of partial differential equations on
bΩ near p. For a given, smooth, real-valued function F near p, find a smooth,
real-valued function h near p such that{

Lh = O(
√
λ)

LL̄h = F +O(
√
λ)

on bΩ near p.
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While this method of proof in general fails for degenerate weakly pseudoconvex
boundary points, parts of our analysis can be salvaged to give a simplified, short
proof of the fact that the Diederich–Fornæss index and Steinness index of Ω ⊂ C2

are 1 if Ω admits a smooth defining function that is plurisubharmonic on bΩ, but
does not have type 4 boundary points, see Corollary 6.24.

For the second application of our general characterizations of the existence of
plurisubharmonic defining functions, see Propositions 5.2 and 6.8, we introduce the
notion of sesquiconvexity, a new geometric condition for an open set in C2 which
may be formulated independently of the choice of a defining function. Sesquicon-
vexity is sufficient for the existence of (local) defining functions that are plurisub-
harmonic on the boundary (and inside the domain), see Proposition 7.10 and Corol-
lary 7.15, however, it is not a necessary condition, see Example 7.6.

2. Preliminaries

In this section, we detail our notations and list some known facts for later refer-
ence. We note that Section 3 requires almost no prerequisites. As such, readers fa-
miliar with basic notions from several complex variables may delay looking through
the current section until the study of Section 4 and onward.

The generic term “smooth” always means C∞-smooth. Domains and functions
of finite smoothness classes will only be considered in Section 3.

2.1. Some basic notions from almost complex geometry. Let (M,J) be an
almost complex manifold. For every p ∈M , write Tp(M) for the real tangent space
to M at p. As usual, the complexification Tp(M)C := Tp(M) ⊗ C decomposes as
Tp(M)C = Tp(M)1,0 ⊕ Tp(M)0,1 into the +i and −i eigenspaces of Jp. Smooth
sections over M in the corresponding bundles T(M), T(M)C, T(M)1,0, T(M)0,1 are
denoted by V(M), V(M)C, V(M)1,0, V(M)0,1, and are called, real, complexified,
(1, 0)- and (0, 1)-vector fields on M , respectively.

Let T ∗
p (M) denote the real cotangent space of M at p, and let J∗

p : T
∗
p (M) →

T ∗
p (M) be the dual almost complex structure. The complexification T ∗

p (M)C :=
T ∗
p (M) ⊗ C decomposes as T ∗

p (M)C = T ∗
p (M)1,0 ⊕ T ∗

p (M)0,1 into the +i and
−i eigenspaces of J∗

p . Smooth sections over M in the corresponding bundles
T ∗(M), T ∗(M)C, T ∗(M)1,0, T ∗(M)0,1 are denoted by Ω1(M), Ω1(M)C, Ω1(M)1,0,
Ω1(M)0,1, and are called, real, complexified, (1, 0)- and (0, 1)-forms on M , respec-
tively.

For α ∈ Ω1(M), write αC to denote the pointwise C-linear extension of α to
Ω1(M)C. Then α1,0 := αC − i(J∗α)C and α0,1 := αC + i(J∗α)C define elements in
Ω1(M)1,0 and Ω1(M)0,1, respectively. If f : M → C is a smooth function, write
df ∈ Ω1(M) to denote the differential of f , and set ∂f := 1

2 (df)1,0 and ∂̄f :=
1
2 (df)0,1. Clearly, (df)C = ∂f + ∂̄f holds.

If M is an open subset in Cn with coordinates (z1, . . . , zn), zj = xj + iyj ,
xj , yj ∈ R, and if J is the standard almost complex structure, then

∂f =

n∑
j=1

∂f

∂zj
dzj , ∂̄f =

n∑
j=1

∂f

∂z̄j
dz̄j ,

where
∂

∂zj
=

1

2

(
∂

∂xj
− i

∂

∂yj

)
,

∂

∂z̄j
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
,
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and

dzj = dxj + idyj , dz̄j = dxj − idyj .

Here, and in what follows, we always suppress the index C and use the same sym-
bol to denote the vector field V ∈ V(M) and its complexification V C := V ⊗ 1 ∈
V(M)C, and the 1-form α ∈ Ω1(M) and its complexification αC ∈ Ω1(M)C, respec-
tively. Euclidean inner products on V(M) and Ω1(M) are introduced by declaring
that ( ∂

∂x1 ,
∂

∂y1 , . . . ,
∂

∂xn ,
∂

∂yn ) and (dx1, dy1, . . . , dxn, dyn) are orthonormal bases for
V(M) and Ω1(M), respectively. Similarly, Hermitian inner products on V(M)C and
Ω1(M)C are introduced by declaring that ( ∂

∂z1 , . . . ,
∂

∂zn ,
∂

∂z̄1 , . . . ,
∂

∂z̄n ) is an orthog-
onal basis for V(M)C with vectors of constant length 1/

√
2, and (dz1, . . . , dzn,

dz̄1, . . . , dz̄n) is an orthogonal basis for Ω1(M)C with vectors of constant length√
2. Note that the canonical inclusions V(M) ↪→ V(M)C, V 7→ V C, and Ω1(M) ↪→

Ω1(M)C, α 7→ αC, are isometries, so the notations |V | and |α| for the corresponding
norms are well-defined, even if the index C is suppressed in the notation.

2.2. Some basic notions from differential geometry. Let M be a smooth
manifold. For every tensor field γ on M and every p ∈ M , let γp = γ(p) denote
the value of γ at p. If α ∈ Ω1(M) and V ∈ V(M), then ⟨α, V ⟩ := α(V ). Given
smooth vector fields V1, . . . , Vk on M and a smooth function f : M → C, we write
Vk . . . V1f := Vk(. . . (V1f) . . .). Moreover, [V1, V2] denotes the Lie bracket of V1 and
V2, i.e., [V1, V2]f = V1V2f − V2V1f .

Let M ⊂ RN be open and let (t1, . . . , tN ) be the standard Euclidean coordinates
on M . For V,W ∈ V(M), V =

∑N
ν=1 V

ν ∂
∂tν , W =

∑N
ν=1W

ν ∂
∂tν , we set

∇VW =

N∑
ν=1

( N∑
µ=1

V µ ∂W
ν

∂tµ

)
∂

∂tν
.

Note that ∇VW is precisely the covariant derivative of W along V with respect
to the Levi-Civita connection in T(M) corresponding to the standard Riemannian
metric g =

∑N
ν=1 dt

ν ⊗ dtν on T(M). If for f ∈ C∞(M,R) we write

QR
f (V,W ) =

N∑
ν,µ=1

∂2f

∂tν∂tµ
V νWµ,

then

VWf = QR
f (V,W ) + (∇VW )f. (2.1)

Let I ⊂ R be an open interval, and let γ : I →M be a smooth curve. Then γ̇, γ̈ : I →
T(M) denote the vector fields along γ given by γ̇(τ) :=

∑N
ν=1 γ

′
ν(τ)(

∂
∂tν

)γ(τ) and
γ̈(τ) :=

∑N
ν=1 γ

′′
ν (τ)(

∂
∂tν

)γ(τ). Observe that γ̈ is the covariant derivative of γ̇ with
respect to ∇.
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Let M ⊂ Cn be open and let (z1, . . . , zn) be the standard Euclidean coordinates
on M . For V,W ∈ V(M)1,0, V =

∑n
j=1 V

j ∂
∂zj , W =

∑n
j=1W

j ∂
∂zj , we set

∇VW =

n∑
j=1

( n∑
k=1

V k ∂W
j

∂zk

)
∂

∂zj
, ∇V̄ W̄ := ∇VW,

∇V̄W =

n∑
j=1

( n∑
k=1

V̄ k ∂W
j

∂z̄k

)
∂

∂zj
, ∇V W̄ := ∇V̄W.

Note that ∇VW and ∇V̄W are precisely the covariant derivatives of W along V and
V̄ with respect to the Chern connection in T(M)1,0 corresponding to the standard
Hermitian metric h =

∑n
j=1 dz

j⊗dz̄j on T(M)1,0, respectively. If for f ∈ C∞(M,C)
we write

QC
f (V,W ) =

n∑
j,k=1

∂2f

∂zj∂zk
V jW k,

HC
f (V,W ) =

n∑
j,k=1

∂2f

∂zj∂z̄k
V jW̄ k,

then

VWf = QC
f (V,W ) + (∇VW )f, (2.2)

V W̄f = HC
f (V,W ) + (∇V W̄ )f. (2.3)

Observe that the above formula for HC
f (V,W ) defines a map

HC
f : V(M)1,0 × V(M)1,0 → C, HC

f (V,W ) = ∂∂̄f(V, W̄ ).

If f is real-valued, then HC
f is a sesquilinear form on the C∞(M,C)-module V(M)1,0.

The above notations for the Levi-Civita connection and the Chern connection on
an open set M ⊂ R2n ≃ Cn are unambiguous in the following sense. If A,B,C,D ∈
V(M) such that C + iD ∈ V(M)1,0, then

∇A+iB(C + iD) = (∇AC + i∇AD) + i(∇BC + i∇BD),

where on the left-hand side ∇ denotes the Chern connection, and on the right-hand
side ∇ denotes the Levi-Civita connection.

2.3. Defining functions, pseudoconvexity, and finite type. Let Ω ⊂ Cn be a
C2-smoothly bounded domain and let p0 in bΩ. We say that a C2-smooth function
r : U → R is a defining function for Ω, if

(i) U is an open neighborhood of bΩ,
(ii) Ω ∩ U = {r < 0},
(iii) dr ̸= 0 on bΩ.

Moreover, we say that a smooth function r : U → R is a local defining function for
Ω (near p0), if U is an open neighborhood of p0, and r satisfies (ii) and (iii).

For every p ∈ bΩ, set Tp(bΩ)1,0 := Tp(Cn)1,0∩Tp(bΩ)C. A vector field L ∈ V(U)1,0

is called tangential if Lp ∈ Tp(bΩ)
1,0 for every p ∈ bΩ ∩ U . If r : U → R is a local

defining function for Ω, then Tp(bΩ)
1,0 = {Lp ∈ Tp(Cn)1,0 : ⟨∂r, L⟩(p) = 0} for

every p ∈ bΩ ∩ U , and L is tangential if and only if Lr ≡ 0 on bΩ ∩ U .
The domain Ω is called pseudoconvex at p if HC

r (L,L)|bΩ∩U
≥ 0 near p for all

tangential vector fields L ∈ V(U)1,0 near p. It is called strictly pseudconvex at p
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if in the previous condition the inequality is strict whenever L is nonvanishing. If
Ω is pseudoconvex at p but not strictly pseudoconvex at p, then Ω is said to be
weakly pseudoconvex at p.

Let Ω ⊂ C2 be a smoothly bounded domain, and let p ∈ bΩ. Let r : U → R be
a smooth local defining function for Ω near p, let L be a nonvanishing tangential
(1, 0)-vector field near p, and let λ := HC

r (L,L)|bΩ∩U
. Then the following conditions

are equivalent, and independent of the choices of r and L.
(1) There exists k ∈ N such that

∃L1, . . . , Lk ∈ {L, L̄} : ⟨∂r, [. . . [[L1, L2], L3], . . . , Lk]⟩ (p) ̸= 0,

and k is the smallest integer with this property.
(2) There exists k ∈ N such that

∃L1, . . . , Lk−2 ∈ {L, L̄} : (Lk−2 . . . L1λ)(p) ̸= 0,

and k is the smallest integer with this property.
(3) There exists k ∈ N and local holomorphic coordinates z, w centered at p,

such that

r(z, w) = Re(w) + h(z, z̄) + o(|z|k, Im(w)), (2.4)

where h is a nonvanishing homogeneous polynomial of degree k without
pure terms.

The original definition (1) is given in [11, Definition 2.3]. For the equivalence of (1)
and (2), see [11, Proposition 2.8]. The third characterization is implicitly contained
in the proof of [11, Lemma 3.16]; see also [2, Theorem 3.3].

If the above properties are satisfied, then bΩ is said to be of finite type at p, and
the number cp := cp(bΩ) := k is called the type of bΩ at p. If Ω is pseudoconvex at
p, then cp is an even number, see [11, Theorem 3.1], Ω is strictly pseudoconvex at
p if and only if cp = 2, and Ω is weakly pseudoconvex at p if and only if cp ≥ 4.

Let Ω ⊂ Cn be a smoothly bounded domain, and let U ⊂ Cn be open. A C2-
smooth function r : U → R is called plurisubharmonic if HC

r (V, V ) ≥ 0 for every
V ∈ V(U)1,0, and it is called strictly plurisubharmonic if HC

r (V, V ) > 0 for every
V ∈ V(U)1,0, V ̸= 0. Moreover, we say that r is plurisubharmonic on bΩ ∩ U if
HC

r (V, V )|bΩ∩U
≥ 0 for every V ∈ V(U)1,0, and we say that r is strictly plurisubhar-

monic on bΩ ∩ U if HC
r (V, V )|bΩ∩U

> 0 for every V ∈ V(U)1,0, V ̸= 0. Note that if
p ∈ bΩ∩U and r is plurisubharmonic on bΩ∩U , then in general it does not follow
that r is plurisubharmonic on any open neighborhood U ′ ⊂ U of p, even if r is a
local defining function for Ω.

2.4. Canonical vector fields in C2. Let Ω ⊂ C2 be a smoothly bounded domain,
and let r : U → R be a smooth local defining function for Ω. After possibly shrinking
U , we may assume that dr ̸= 0 on U . In this case, define vector fields Lr, Nr ∈
V1,0(U) by

Lr =

√
2

|∂r|

(
rw

∂

∂z
− rz

∂

∂w

)
, (2.5)

Nr =

√
2

|∂r|

(
rz̄
∂

∂z
+ rw̄

∂

∂w

)
. (2.6)

Then
(i) (Lr, Nr) is an orthogonal frame for T(U)1,0 such that |Lr| ≡ 1√

2
≡ |Nr|,



PLURISUBHARMONIC DEFINING FUNCTIONS 7

(ii) Lrr ≡ 0,
(iii) Nrr =

|∂r|√
2
.

Note that, if ρ is some other smooth local defining function for Ω on U , then

Lρ = Lr and Nρ = Nr on bΩ ∩ U. (2.7)

We will always use the notations L = Lr and N = Nr without explicit reference to
the choice of the defining function r, if we consider these vector fields only on bΩ.

We will sometimes use the abbreviated notations L and N also for the vector
fields on the whole open set U , if it is clear from the context which defining function
we are referring to. As an example, given a fixed local defining function for Ω as
above, we introduce X,Y, T, ν ∈ V(U) to be the unique real vector fields such that

L = 1
2 (X + iY ) and N = 1

2 (ν + iT ) .

It follows from properties (ii) and (iii) above, that

Xr = Y r = Tr = 0 and ν =
grad r

|grad r|
. (2.8)

By property (i), and since Y = −JX and T = −Jν, the vector fields X,Y, T, ν are
linearly independent at each point q ∈ U . In particular, it follows from (2.7) and
(2.8) that the restrictions of X,Y, T to bΩ∩U define a frame for T(bΩ ∩ U), which
is independent of the choice of r.

We write HC
r to denote the matrix associated with HC

r : V(U)1,0 × V(U)1,0 → C
relative to the basis (L,N), i.e.,

HC
r :=

(
HC

r (L,L) HC
r (L,N)

HC
r (N,L) HC

r (N,N)

)
.

The function r is plurisubharmonic if and only if HC
r(q) is positive semi-definite at

every point q ∈ U .

2.5. Landau symbols. Let M be a smooth manifold, p0 ∈ M , and f, g : M → R
be smooth functions. We use the usual notations

f = o(g) for p→ p0 :⇔ ∀ C > 0 : |f | ≤ C|g| in some neighborhood of p0,
f = O(g) for p→ p0 :⇔ ∃ C > 0 : |f | ≤ C|g| in some neighborhood of p0.

If it is clear from the context, we usually drop the explicit reference to the point
p0. Moreover, we write for U ⊂M open

f = O(g) on U :⇔ ∀ K ⋐ U ∃ C > 0 : |f | ≤ C|g| on K.

Roughly speaking, the condition “f = O(g) on U ” means that f has at least the
same order of vanishing on U as g, but it does not contain any information about
the growth of f near the boundary of U . Similarly, we write

f ≤ O(g) on U :⇔ ∀ K ⋐ U ∃ C > 0 : f ≤ C|g| on K.

Remark 2.9. Let Ω ⊂ C2 be a smoothly bounded pseudoconvex domain. If r, ρ : U →
R are two local defining functions for Ω, and if L,L′ are two nonvanishing tangen-
tial (1, 0)-vector fields on U , then there exists a nonvanishing smooth function
h : U → R such that HC

r (L,L)|bΩ∩U
= hHC

ρ(L
′, L′)|bΩ∩U

. In particular, if we write
λ := HC

r (L,L)|bΩ∩U
, then the class of smooth functions f : bΩ ∩ U → R such that,

for example,
f = O(λ) on bΩ ∩ U
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is well-defined, i.e., independent of the choice of r and L.

2.6. Miscellanea. Let Ω ⊂ RN be a smoothly bounded domain. Let dbΩ : RN →
[0,∞),

dbΩ(q) := inf
p∈bΩ

|q − p|,

denote the Euclidean distance to the boundary bΩ, and let δbΩ : RN → R,

δbΩ(q) :=

{
dbΩ(q), if q ∈ RN \ Ω
−dbΩ(q), if q ∈ Ω

,

be the associated signed distance function. Let U ⊂ RN be an open neighborhood
of bΩ such that there exists a smooth map π : U → bΩ with |q−π(q)| = dbΩ(q), see,
e.g., [5, Lemma 4.11] for existence and [9, Lemma 1 in §15.5] for smoothness of the
map π. Finally, let ν denote the outward unit normal vector field along bΩ, and
note that this notation is consistent with the one given in Section 2.4. If f : U → R
is smooth, then by Taylor’s formula it follows that

f = f ◦ π + δbΩ((νf) ◦ π) +O(d2bΩ) on U. (2.10)

See also, e.g., (2.1) in [7, 8].
If f : R → R is a nonnegative C2-smooth function and f(x0) = 0, then it follows

readily from L’Hospital’s rule that |f ′|2 ≤ Cf near x0 for some constant C > 0.
We will repeatedly need the following generalizations of this simple fact.

Lemma 2.11. The following assertions hold true.
(1) Let U ⊂ RN be open, and let f : U → [0,∞) be a C2-smooth function. Then

for every K ⋐ U there exists a constant C > 0 such that

|df |2 ≤ Cf on K. (2.12)

(2) Let Ω ⊂ RN be a smoothly bounded domain, let U ⊂ RN be open, and let
f : bΩ ∩ U → [0,∞) be a C2-smooth function. Then

V f = O(
√
f) on bΩ ∩ U (2.13)

for every V ∈ V(bΩ ∩ U).

Proof. For a proof of part (1) see, e.g., [8, Lemma 4.3]. In order to prove part
(2), let F : U → [0,∞) be a C2-smooth extension of f , and for given K ⋐ bΩ ∩ U
let C > 0 be a constant such that |dF |2 ≤ CF on K, see (2.12). Then |V f |2 =
|⟨df, V ⟩|2 = |⟨dF, V ⟩|2 ≤ |dF |2 ≤ CF = Cf on K for every V ∈ V(bΩ ∩ U) such
that |V | ≤ 1, which implies (2.13). □

3. A counterexample

Consider C2 with coordinates (z, w), z = x+ iy, w = u+ iv.

Theorem 3.1. For fixed k ∈ N, k ≥ 3, let

r(z, w) := u+ 1
k2 |z|2k − 2

(k−1)2 |z|
2k−2v + 1

(k−2)2 |z|
2k−4v2 + |z|4k−2,

and set
Ω :=

{
(z, w) ∈ C2 : r(z, w) < 0

}
.

Then the following assertions hold true.
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(i) There exists an open neighborhood U ⊂ C2 of 0 ∈ bΩ, such that Ω ∩ U is
pseudoconvex, and such that the following holds. If k = 3, then 0 ∈ bΩ is
the only weakly pseudoconvex boundary point of Ω in bΩ ∩ U . If k > 3,
then the set of weakly pseudoconvex boundary points of Ω in bΩ ∩ U is
(bΩ ∩ U) ∩ ({0} × C). Moreover, bΩ is of finite type c0 = 2k at 0.

(ii) Let V ⊂ C2 be an open neighborhood of 0 and let ρ : V → R be a C2-smooth
local defining function for Ω. Then ρ is not plurisubharmonic on bΩ ∩ V .

Proof. (i) In a slight deviation from Section 2, set L = rw
∂
∂z − rz

∂
∂w . Then

HC
r (L,L) = rzz̄|rw|2 − 2Re[rzw̄rwrz̄] + rww̄|rz|2.

Computing the relevant terms, we obtain

rz(z, w) =
1
k z̄|z|

2k−2 − 2
k−1 z̄|z|

2k−4v + 1
k−2 z̄|z|

2k−6v2 + (2k − 1)z̄|z|4k−4,

rw(z, w) =
1
2 + i( 1

(k−1)2 |z|
2k−2 − 1

(k−2)2 |z|
2k−4v),

rzz̄(z, w) = |z|2k−6(|z|2 − v)2 + (2k − 1)2|z|4k−4,

rzw̄(z, w) = − i
k−1 z̄|z|

2k−4 + i
k−2 z̄|z|

2k−6v,

rww̄(z, w) =
1

2(k−2)2 |z|
2k−4.

These equations lead straightforwardly to the estimates

(rzz̄|rw|2)(z, w) ≥ 1
4

[
|z|2k−6(|z|2 − v)2 + |z|4k−4

]
,

−2Re[rzw̄rwrz̄](z, w) = |z|6k−14
4∑

j=0

O(|z|8−2jvj),

(rww̄|rz|2)(z, w) ≥ 0.

Setting a := |z|2 − v, it follows that for |z| and v sufficiently close to 0

HC
r (L,L)(z, w) ≥ 1

4 (|z|
2k−6a2 + |z|4k−4) + |z|6k−14

∑4
j=0 O(|z|8−2jaj)

= 1
4 |z|

2k−6
[
(a2 + |z|2k+2) + o(1)(a2 + a|z|k+1 + |z|2k+2)

]
≥ 1

8 |z|
2k−6(a2 + |z|2k+2).

This shows that Ω is pseudoconvex near 0, and that the set of weakly pseudoconvex
points of Ω has the form as described above. It is clear from (2.4) that c0 = 2k.

(ii) Assume, in order to get a contradiction, that ρ : V → R is a C2-smooth local
defining function for Ω near 0 ∈ bΩ such that ρ is plurisubharmonic on bΩ ∩ V .
There exists a C1-smooth function h : V → R such that ρ = reh. Thus on bΩ ∩ V
one has (since h ∗ δj → h in the C1-norm for every Dirac sequence {δj})

ρzz̄ =
(
rzz̄ + 2Re[rzhz̄]

)
eh,

ρzw̄ =
(
rzw̄ + rzhw̄ + rw̄hz

)
eh.

(3.2)

For ε > 0 sufficiently small, let f : D(0, ε) → bΩ ∩ V be the smooth map

f(ζ) := (ζ, u(|ζ|) + i|ζ|2), u(|ζ|) := −
(

1
k2 − 2

(k−1)2 + 1
(k−2)2

)
|ζ|2k − |ζ|4k−2, (3.3)

where D(0, ε) := {ζ ∈ C : |ζ| < ε}. We claim that

(hz ◦ f)(ζ) = O(|ζ|2k−3). (3.4)
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Indeed, if not, then the number m ∈ N ∪ {0} such that (hz ◦ f)(ζ) = O(|ζ|m)
but (hz ◦ f)(ζ) ̸= O(|ζ|m+1) satisfies m < 2k − 3. Hence, in view of (3.2) and
the computations in part (i), we see that (ρzz̄ ◦ f)(ζ) = O(|ζ|2k−1+m) and (ρzw̄ ◦
f)(ζ) ̸= O(|ζ|m+1). Thus ((ρzz̄ρww̄) ◦ f)(ζ) = O(|ζ|2k−1+m) and (|ρzw̄|2 ◦ f)(ζ) ̸=
O(|ζ|2m+2). In view of the inequality 2k − 1 +m > 2m + 2, this contradicts the
fact that ρ is psh on bΩ near 0, since this implies that

(
ρzz̄ρww̄ − |ρzw̄|2

)
◦ f ≥ 0.

From (3.2), (3.4) and the computations in part (i), we conclude that

(ρzz̄ ◦ f)(ζ) = O(|ζ|4k−4),

(ρzw̄ ◦ f)(ζ) = iµk ζ̄|ζ|2k−4 + 1
2 (hz ◦ f)(ζ) +O(|ζ|2k−2), µk := 1

(k−1)(k−2) .

Since
(
ρzz̄ρww̄ − |ρzw̄|2

)
◦ f ≥ 0, it follows that

(hz ◦ f)(ζ) = −2iµk ζ̄|ζ|2k−4 + o(|ζ|2k−3). (3.5)

For given σ > 0, define the curve γσ = γ = (γ1, γ2) : [0, 2π] → bΩ by γ(t) := f(σeit).
Then, for σ > 0 sufficiently small, it follows from (3.5) that∫

γ

dh = 2Re

∫ 2π

0

hz(γ(t)) · γ̇1(t) dt

= 2Re

∫ 2π

0

(−2iµkσ
2k−3e−it + o(σ2k−3)) · (iσeit) dt

= 4µk

∫ 2π

0

(σ2k−2 + o(σ2k−2)) dt.

Thus
∫
γ
dh ̸= 0 whenever σ > 0 is sufficiently small. This is a contradiction. □

Theorem 3.6. For fixed k ∈ N, k ≥ 3, let

r(z, w) := u+ 1
k2 |z|2k − 2

(k−1)2 |z|
2k−2v + 1

(k−2)2 |z|
2k−4v2 + |z|4k−2 + |w|2,

and set
Ω := {(z, w) ∈ C2 : r(z, w) < 0}.

Then the following assertions hold true.
(i) Ω is a bounded domain with smooth real-analytic boundary.
(ii) Ω is pseudoconvex. If k = 3, then 0 ∈ bΩ is the only weakly pseudoconvex

boundary point of Ω. If k > 3, the set of weakly pseudonconvex boundary
points of Ω is bΩ ∩ ({0} × C). Moreover, bΩ is of finite type c0 = 2k at 0.

(iii) Any C2-smooth local defining function for Ω near 0 ∈ bΩ fails to be plurisub-
harmonic on bΩ near 0.

Proof. In order to show (iii), one may proceed exactly as in the proof of part (ii)
of Theorem 3.1, after noting that there are two choices for u(|ζ|) in (3.3) to be a
solution to r(ζ, u(|ζ|) + i|ζ|2) = 0. While the proof of (i) is also straightforward,
see below, the difficulty in proving Theorem 3.6 lies in showing that the introduc-
tion of the additional term |w|2 in the defining function r turns Ω into a globally
pseudoconvex domain, which is subject to the precise properties described in (i)
and (ii).

In the proofs of (i) and (ii), we repeatedly use the following fact: if A,B,C ∈ R
and A,C ≥ 0, then

∃ ε > 0 ∀ (σ, τ) ∈ R2 : Aσ2 +Bστ + Cτ2 ≥ ε(σ2 + τ2) ⇔ 4AC −B2 > 0. (3.7)
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(i) It follows from (3.7), with σ = |z|2 and τ = v, that
1
k2 |z|2k − 2

(k−1)2 |z|
2k−2v + 1

(k−2)2 |z|
2k−4v2 ≥ 0.

Thus, for every (z, w) ∈ Ω̄, one has 0 ≥ r(z, w) ≥ u+ u2, and hence u ∈ [−1, 0]. In
particular, u+ u2 ∈ [− 1

4 , 0], so that

0 ≥ r(z, w) ≥ u+ u2 + |z|4k−2 ≥ − 1
4 + |z|4k−2,

0 ≥ r(z, w) ≥ u+ u2 + v2 ≥ − 1
4 + v2.

Hence, |z|2 ≤ 4−
1

2k−1 and |v| ≤ 1
2 . This shows that Ω is bounded.

To see that bΩ is smooth, we compute

rz(z, w) = z̄
(

1
k |z|

2k−2 − 2
k−1 |z|

2k−4v + 1
k−2 |z|

2k−6v2 + (2k − 1)|z|4k−4
)
,

rw(z, w) = (12 + u) + i
(

1
(k−1)2 |z|

2k−2 − 1
(k−2)2 |z|

2k−4v − v
)
.

It follows from (3.7) that 1
k |z|

2k−2− 2
k−1 |z|

2k−4v+ 1
k−2 |z|

2k−6v2 ≥ 0, so rz(z, w) ̸= 0

whenever z ̸= 0. Moreover, if (0, w) ∈ bΩ, then u+u2 + v2 = 0. In this case, either
v = 0 and u ∈ {−1, 0}, and thus ru(0, w) ̸= 0, or v ̸= 0, and thus rv(0, w) ̸= 0.

(ii) Let (z, w) ∈ bΩ. As before, write a := |z|2 − v. We consider two cases.
Case 1: |z| < 1

10 and |a| < 1
10 . Since then |v| < 1

5 , it follows from r(z, w) = 0 that

u+ u2 = − 1
k2 |z|2k + 2

(k−1)2 |z|
2k−2v − 1

(k−2)2 |z|
2k−4v2 − |z|4k−2 − v2 > − 3

16 .

Hence u /∈ [− 3
4 ,−

1
4 ], and thus |ru(z, w)| > 1

4 . In particular,

(rzz̄|rw|2)(z, w) ≥ 1
16 |z|

2k−6a2 + 25
16 |z|

4k−4. (3.8)

Inserting the equation v = |z|2−a into the formulas for rz, rw and rzw̄, we see that

rz(z, w) = z̄|z|2k−6
(

2
k(k−1)(k−2) |z|

4 − 2
(k−1)(k−2) |z|

2a+ 1
k−2a

2 + (2k − 1)|z|2k+2
)
,

rw(z, w) = ( 12 + u) + i
(
− 2k−3

(k−1)2(k−2)2 |z|
2k−2 + 1

(k−2)2 |z|
2k−4a− |z|2 + a

)
,

rzw̄(z, w) = iz̄|z|2k−6
(

1
(k−1)(k−2) |z|

2 − 1
k−2a

)
.

Thus, since |z| < 1 for (z, w) ∈ bΩ, we obtain that, for every k ≥ 3,

|rz(z, w)| ≤ |z|2k−5
(
(|z|2 + |a|)2 + (2k − 1)|z|2k+2

)
,

|rv(z, w)| ≤ 2(|z|2 + |a|),

|rzw̄(z, w)| ≤ |z|2k−5(|z|2 + |a|).

From |2Re[rzw̄rwrz̄]| = |2Re[rzw̄rvrz̄]| ≤ 2|rzw̄||rv||rz|, it then follows that

|2Re[rzw̄rwrz̄]| (z, w) ≤ 4|z|4k−10(|z|2 + |a|)4 + (8k − 4)|z|6k−8(|z|2 + |a|)2

=
(
4|z|2 + (8k − 4)|z|2k−4(|z|2 + |a|)2

)
· |z|4k−4

+ 16|z|k+1 · |z|3k−5|a|

+ 4|z|2k−4(6|z|4 + 4|z|2|a|+ |a|2) · |z|2k−6|a|2.

Since |z| < 1
10 and |a| < 1

10 , this implies that, for every k ≥ 3,

|2Re[rzw̄rwrz̄]| (z, w) ≤ 11
250 |z|

2k−6|a|2 + 4
25 |z|

3k−5|a|+ 1
2 |z|

4k−4. (3.9)
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From HC
r (L,L) ≥ rzz̄|rw|2 − |2Re[rzw̄rwrz̄]|, it follows with (3.8) and (3.9) that

HC
r (L,L)(z, w) ≥ |z|2k−6

(
37

2000 |a|
2 − 4

25 |z|
k+1|a|+ 17

16 |z|
2k+2

)
.

Thus, since 4 · 37
2000 · 17

16 − ( 4
25 )

2 > 0, an application of (3.7) shows that

HC
r (L,L)(z, w) ≥ ε|z|2k−6(|a|2 + |z|2k+2)

for some constant ε > 0.
Case 2: |z| > 1

10 or |a| > 1
10 . Set D := rzz̄rww̄ − |rzw̄|2. Then

D(z, w) ≥ |z|2k−6|a|2+ (2k−1)2|z|4k−4− |z|4k−10

(k−2)2 |a|2− 2|z|4k−8

(k−1)(k−2)2 |a| −
|z|4k−6

(k−1)2(k−2)2 ,

so D(z, w) ≥ |z|2k−6d(z, w) with

d(z, w) :=
(
1− |z|2k−4

(k−2)2

)
|a|2 − 2|z|2k−2

(k−1)(k−2)2 |a|+
(
(2k − 1)2|z|2k+2 − |z|2k

(k−1)2(k−2)2

)
.

We will show that d(z, w) > 0. Since, in the currently considered case, we have
rzz̄(z, w) ≥ c|z|2k−6 with some constant c > 0, this implies the claim.

Assume first that |a| > 1
10 and |z|2 ≤ 1

10 . Then d(z, w) ≥ 9
10a

2− 1
100a−

1
4000 > 0.

On the other hand, assume now that |z|2 > 1
10 . Then d(z, w) > 0 provided that

4
(
1− |z|2k−4

(k−2)2

)(
(2k − 1)2|z|2k+2 − |z|2k

(k−1)2(k−2)2

)
− 4|z|4k−4

(k−1)2(k−2)4 > 0,

see (3.7), and this inequality is satisfied if and only if

|z|2k−2 − (k − 2)2|z|2 + 1
(k−1)2(2k−1)2 < 0.

But the left-hand side is negative for |z|2 ∈ ( 1
10 , 4

− 1
2k−1 ] := Ik, since the function

fk(t) := tk−1 − (k − 2)2t+ 1
(k−1)2(2k−1)2

is negative on Ik: Indeed, for k = 3 a straightforward computation shows that
f3 < 0 on ( 12 −

√
6
5 ,

1
2 +

√
6
5 ) ⊃ I3, and for k ≥ 4 note that fk( 1

10 ) ≤ f4(
1
10 ) < 0 and

fk(1) < 0, so that convexity of fk on (0,∞) implies fk < 0 on ( 1
10 , 1) ⊃ Ik. □

Remark 3.10. In the case of k > 3, the defining function in Theorem 3.1 can be
modified in such a way that the origin is the only weakly pseudoconvex boundary
point of the modified domain near the origin while maintaining all other properties
of (i)-(ii). Similarly, in Theorem 3.6, the defining function can be adapted in such a
way that the origin is the only weakly pseudoconvex boundary point of the thereby
obtained domain while keeping all other properties of (i)-(iii).

4. Non-degenerate weakly pseudoconvex boundary points

Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, and p0 ∈ bΩ. Assume
that Ω is weakly pseudoconvex at p0. Let r : U → R be a smooth local defining
function for Ω on an open neighborhood U ⊂ C2 of p0, let L be a nonvanishing
tangential (1, 0)-vector field on U , and set

λ := HC
r (L,L)|bΩ∩U

.

Then λ attains a local minimum at p0. Since LL̄λ = 1
4 (XX + Y Y − i[X,Y ])λ, and

since [X,Y ] is tangential to bΩ, it follows that (LL̄λ)(p0) is real. In this section we
will show, in particular, that

(LL̄λ)(p0) ≥ |(LLλ)(p0)|. (4.1)
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Remark 4.2. Observe that (4.1) is independent of the choice of r. Indeed, let
ρ : U → R be another smooth local defining function for Ω. Then there exists
a smooth function h > 0 on U such that ρ = rh, and one easily computes that
λρ = hλr, where λ∗ := HC

∗(L,L)|bΩ∩U
. Since λr attains a local minimum at p0,

all tangential derivatives of λr at p0 vanish. It thus follows that all second order
tangential derivatives of λr and λρ at p0 differ by the same constant factor c :=
h(p0) > 0. In particular,

(LL̄λρ)(p0) = c(LL̄λr)(p0), (4.3)
(LLλρ)(p0) = c(LLλr)(p0), (4.4)

and thus (4.1) is independent of the local defining function r.
Note further that (4.1) is also independent of the choice of the tangential (1, 0)-

vector field L. Namely, for L,L′ nonvanishing tangential (1, 0)-vector fields on U ,
there exists a nonvanishing complex-valued function h such that L′ = hL on bΩ∩U .
Let λ := HC

r (L,L)|bΩ∩U
and λ′ := HC

r (L
′, L′)|bΩ∩U

. Then, by similar arguments as
above, one obtains that

(L′L̄′λ′)(p0) = |c|4(LL̄λ)(p0), (4.5)

(L′L′λ′)(p0) = c2|c|2(LLλ)(p0), (4.6)

where c := h(p0).

The following two Lemmata 4.7 and 4.9 are used to derive (4.1) in Theorem 4.10.

Lemma 4.7. Let Ω ⊂ RN be a smoothly bounded domain, p0 ∈ bΩ, and U an open
neighborhood of p0. Let V be a smooth vector field along bΩ∩U . For I ⊂ R an open
interval containing 0, let γ : I −→ bΩ ∩ U be a smooth curve such that γ(0) = p0
and γ̇(τ) = Vγ(τ) for every τ ∈ I. Then

(f ◦ γ)′′(0) = (V V f)(p0). (4.8)

for every smooth function f : bΩ ∩ U → R.

Proof. Choose local coordinates φ = (t1, . . . , tN−1)⊤ for bΩ near p0 such that
φ(p0) = 0 and V = ∂

∂t1 . Then (φ ◦ γ)(τ) = (τ, 0, . . . , 0)⊤ and (D(f ◦ φ−1)) ◦ φ =

( ∂f
∂t1 , . . . ,

∂f
∂tN−1 ), where D(f ◦ φ−1) denotes the Jacobian matrix of f ◦ φ−1. Thus

(f ◦ γ)′ = [(D(f ◦ φ−1)) ◦ (φ ◦ γ)] ·D(φ ◦ γ) = ∂f

∂t1
◦ γ = (V f) ◦ γ,

and hence (f ◦ γ)′′ = ((V f) ◦ γ)′ = (V V f) ◦ γ.
□

Lemma 4.9. Let Ω ⊂ RN be a smoothly bounded domain, p0 ∈ bΩ, and U an
open neighborhood of p0. Let f : bΩ ∩ U → R be smooth such that f attains a local
minimum at p0. Suppose that V 1, . . . , V N−1 are smooth vector fields along bΩ ∩ U
such that

(
V 1, . . . , V N−1

)
p0

is a basis for Tp0
(bΩ). Then the matrix V 1V 1f · · · V 1V N−1f

...
...

V N−1V 1f · · · V N−1V N−1f

 (p0)

is symmetric and positive semi-definite.
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Proof. The main point is to observe that a version of (2.1) implies that, with
M := bΩ ∩ U , the map V(M) × V(M) → C∞(M), (V,W ) 7→ VWf , is tensorial at
critical points of f , and thus that at critical points it does not matter if the Hessian
of f is computed with respect to local coordinates or an arbitrary frame of vector
fields (see, e.g., §2 in [13] for this standard fact). For the convenience of the reader,
we include a full proof of the lemma.

Consider the function q : Tp0(M) → R given by

q(Vp0
) := (V V f)(p0),

where V is any extension of Vp0
to a vector field along M such that Vp ∈ Tp(M)

for every p ∈ M . This is well-defined. To wit, if ∇̄ is any linear connection on M ,
then

V V f = Q̄R
f (V, V ) +

(
∇̄V V

)
f,

where Q̄R
f = ∇̄2f denotes the covariant Hessian. Since p0 is a local minimum of

f , the derivative (∇̄V V )f vanishes at p0 independently of the above choice of V .
Furthermore, since Q̄R

f is a tensor, the value Q̄R
f (V, V )(p0) depends only on Vp0

.
It follows from (4.8) and an application of the Picard–Lindelöf theorem, that

q ≥ 0. Thus the associated symmetric bilinear form B : Tp0(M)× Tp0(M) → R,

B(Vp0
,Wp0

) := 1
2 (q(Vp0 +Wp0)− q(Vp0)− q(Wp0)) ,

is positive semi-definite. Moreover, note that

B
(
V j
p0
, V k

p0

)
=

(
1
2V

jV kf + 1
2V

kV jf
)
(p0) =

(
V jV kf + 1

2 [V
k, V j ]f

)
(p0).

Since the vector field [V k, V j ] is tangential to M , and since f attains a local mini-
mum at p0, it follows that [V k, V j ]f vanishes at p0. Therefore,

B
(
V j
p0
, V k

p0

)
=

(
V jV kf

)
(p0),

which proves the claim. □

Theorem 4.10. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain. Assume
that Ω is weakly pseudoconvex at p0 ∈ bΩ. Then(

LL̄λ
)
(p0) ≥ | (LLλ) (p0)|. (4.11)

Proof. Let X, Y and T be the real vector fields such that

L = 1
2 (X + iY ) and N = 1

2 (ν + iT ) ,

and recall that Xp, Yp, and Tp form a basis of Tp(bΩ) for all p ∈ bΩ, see Section 2.4.
Since λ attains a local minimum at p0, it follows from Lemma 4.9 thatXXλ XY λ XTλ

Y Xλ Y Y λ Y Tλ
TXλ TY λ TTλ

 (p0)

is symmetric and positive semi-definite. In particular,(
XXλ XY λ
Y Xλ Y Y λ

)
(p0)

is symmetric and positive-semidefinite, i.e.,(
XXλ · Y Y λ− (XY λ)2

)
(p0) ≥ 0.
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But a straightforward computation shows that(
LL̄λ

)2 − |LLλ|2

= 1
16

(
(X + iY ) (X − iY )λ

)2 − 1
16

∣∣(X + iY )(X + iY )λ
∣∣2

= 1
16

(
XXλ+ Y Y λ

)2 − 1
16

∣∣XXλ− Y Y λ+ 2iXY λ
∣∣2

= 1
4

(
XXλ · Y Y λ− (XY λ)2

)
.

This proves the claim. □

Definition 4.12. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain. A
weakly pseudoconvex point p0 ∈ bΩ is called non-degenerate, if(

LL̄λ
)
(p0) > |(LLλ) (p0)|. (4.13)

If (4.13) does not hold, then the weakly pseudoconvex point p0 is called degenerate.

From (4.3) and (4.4), we see that (4.13) is independent of the choice of a local
defining function. Therefore, it describes a property of the domain Ω at p0. In
the next lemma, it is shown that this property is invariant under biholomorphic
transformations.

Lemma 4.14. Let Ω′,Ω ⊂ C2 be smoothly bounded domains such that Ω′ and
Ω are pseudoconvex near p′0 ∈ bΩ′ and p0 ∈ bΩ, respectively. Let Φ: U ′ → U
be a biholomorphic map from an open neighborhood U ′ ⊂ C2 of p′0 to an open
neighborhood U ⊂ C2 of p0 such that Φ(Ω′ ∩ U ′) = Ω ∩ U and Φ(p′0) = p0. Then
p′0 is a non-degenerate weakly pseudoconvex boundary point of Ω′ if and only if p0
is non-degenerate weakly pseudoconvex boundary point of Ω.

Proof. Let r : U → R be a smooth local defining function for Ω near p0. Let L′

be a nonvanishing tangential (1, 0)-vector field on U ′, and let L := Φ∗L
′ be the

pushforward of L′. Then define

λ′ = HC
r◦Φ(L

′, L′)|bΩ′∩U′ and λ = HC
r (L,L)|bΩ∩U

,

and observe that, by the usual transformation law, one has λ′ = λ ◦ Φ. Since, by
definition, L′(f ◦Φ) = Lf for every smooth function f : U → C, it thus follows that(

L′L̄′λ′
)
(p′0) =

(
LL̄λ

)
(p0) and (L′L′λ′) (p′0) = (LLλ) (p0). (4.15)

In view of Remark 4.2, this proves the claim. □

In view of Lemma 4.14, it is meaningful to look for local holomorphic coordinates
around p0, in which the condition (4.13) takes a particularly simple form. The next
result shows how this can be achieved.

Proposition 4.16. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain.
Assume that 0 ∈ bΩ is a point of weak pseudoconvexity, and let r be a smooth local
defining function for Ω near 0. If rz(0) = rzz(0) = 0, then(

LL̄λ
)
(0) > | (LLλ) (0)| (4.17)

if and only if there exists a constant ε > 0 such that

HC
r (L,L)(z, 0) ≥ ε|z|2 + o(|z|2). (4.18)
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Proof. Let U ⊂ C2 denote the domain of definition of r, and define Λ: U → R by
Λ := HC

r (L,L). We will show that both (4.17) and (4.18) are equivalent to the
condition that the matrix

A :=

(
Λxx Λxy

Λyx Λyy

)
(0)

is positive definite, where z = x+ iy with x, y ∈ R. This proves the claim.
Observe first that Λ|bΩ∩U

= λ. In particular, Λ(0) = 0. Moreover, since λ
attains a local minimum at 0, it follows that dΛ vanishes on T0(bΩ), and thus
Λx(0) = Λy(0) = 0. Hence

Λ(z, 0) = 1
2

(
x y

)
A

(
x
y

)
+ o(|z|2).

This shows that (4.18) holds true if and only if A > 0.
On the other hand, we claim that rz(0) = rzz(0) = 0 implies that

(LL̄λ)(0) = Λzz̄(0), (LLλ)(0) = Λzz(0). (4.19)

From this, we immediately obtain that

(LL̄λ)(0) = 1
4 (Λxx + Λyy)(0),(

(LL̄Λ)2 − |LLΛ|2
)
(0) = 1

4

(
ΛxxΛyy − Λ2

xy

)
(0).

Since a real 2 × 2 matrix is positive definite if and only if both its trace and
determinant are positive, it follows that (4.17) holds true if and only if A > 0. (An
easy computation shows that the eigenvalues of A are given by 2(LL̄Λ±|LLΛ|)(0),
and thus that the largest possible value for ε in (4.18) is (LL̄Λ)(0)− |(LLΛ)(0)|.)

In order to see (4.19) we first note that, in view of Remark 4.2, and after possibly
shrinking U , we can assume without loss of generality that L = Lr. Recall that

LL̄λ = HC
Λ(L,L) + (∇LL̄)Λ,

LLλ = QC
Λ(L,L) + (∇LL)Λ.

Note that the vectors (∇LL̄)(0) and (∇LL)(0) are tangential to bΩ. Indeed,
straightforward computations show that, for L = Lr and N = Nr,

∇LL̄ =
1

|rz|2 + |rw|2
(
HC

r (L,N)L̄−HC
r (L,L)N̄

)
,

∇LL =
1

|rz|2 + |rw|2
(
QC

r(L,N)L−QC
r(L,L)N

)
.

Moreover, HC
r (L,L)(0) = 0, since Ω is weakly pseudoconvex at 0, and QC

r(L,L)(0) =
0, since rz(0) = rzz(0) = 0, which proves the claim. It follows that both derivatives
(∇L̄L)Λ and (∇LL)Λ vanish at 0, since λ attains a local minimum there. Since the
condition rz(0) = 0 implies that L0 = (∂z)0, the claim follows. (For an alternative
proof of (4.19) under slightly stronger conditions, see [11, Lemma 3.23].) □

Remark 4.20. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, and let
p0 ∈ bΩ be a weakly pseudoconvex boundary point. If p0 is non-degenerate, then
LL̄λ(p0) ̸= 0, and thus bΩ is of type 4 at p0. Recall that Ω is said to be of strict
type 4 at the weakly pseudoconvex point p0 ∈ bΩ, if

1
3 Re[(LLλ)(p0)] +

1
4 (LL̄λ)(p0) > 0 (4.21)

holds for all nonvanishing tangential (1, 0)-vector fields L near p0, see [11, Definition
2.16] in the case m = 3.
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If L′ := hL for some smooth complex-valued function h near p0, then one has
1
3 Re[(L

′L′λ)(p0)] +
1
4 (L

′L̄′λ)(p0) = 1
3 Re[h(p0)

2(LLλ)(p0)] +
1
4 |h(p0)|

2(LL̄λ)(p0).
From this, one easily sees that Ω is of strict type 4 at p0 if and only if(

LL̄λ
)
(p0) >

4
3 |(LLλ) (p0)| (4.22)

for some, and then every, nonvanishing tangential (1, 0)-vector field L near p0. The
condition (4.22) is invariant under biholomorphic transformations by (4.15).

Assume that coordinates are chosen in such a way that p0 = 0 and (∂jzr)(0) = 0
for j ∈ {1, . . . , 4}. Then (4.22) holds true if and only if there exists a constant ε > 0
such that

r(z, 0) ≥ ε|z|4 + o(|z|4). (4.23)

Indeed, since (∂jz∂
k
z̄ r)(0) = 0 for j + k ≤ 2, it follows that 0 = (Lλ)(0) = λz(0) =

Λz(0) = (∂2z∂z̄r)(0), where Λ := HC
r (L,L) and without loss of generality L = Lr.

Thus r(z, 0) = 1
3 Re[(∂

3
z∂z̄r)(0)z

3z̄]+ 1
4 (∂

2
z∂

2
z̄r)(0)|z|4+o(|z|)4. Since (∂jz∂kz̄ r)(0) = 0

for j + k ≤ 3, it follows with (4.19) that (LLλ)(0) = (∂3z∂z̄r)(0) and (L̄Lλ)(0) =
(∂2z∂

2
z̄r)(0). (The characterization of points of strict type 4 by means of (4.23) is

already implicitly contained in Kohn’s original paper, see formulas (3.8) and (3.12)
in [11]. See also [2, Theorem 3.3].)

In view of (4.22), the definition of non-degenerate weakly pseudoconvex points
given in Definition 4.12 is more general than the notion of strict type 4. In partic-
ular, if Ω is of strict type 4 at p0, then p0 is a non-degenerate weakly pseudoconvex
point in the sense of Definition 4.12.

Lastly, consider the following example. Let r : C2 → R be given by

r(z, w) := Rew +Re[az3z̄] + |z|4.

Then Ω := {r < 0} is pseudoconvex at 0 ∈ bΩ iff |a| ≤ 4
3 . Moreover, by checking

the conditions (4.18) and (4.23), one easily sees that 0 is a non-degenerate weakly
pseudoconvex point in the sense of Definition 4.12 iff |a| < 4

3 , and 0 is of strict type
4 iff |a| < 1.

5. Plurisubharmonicity on the boundary

The main goal of this section is to prove the following theorem.

Theorem 5.1. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, and let
p0 ∈ bΩ be a point of weak pseudoconvexity for Ω. If p0 is non-degenerate, then Ω
admits a smooth local defining function which is plurisubharmonic on bΩ near p0.

We use the following basic lemma to show Theorem 5.1.

Proposition 5.2. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, p0 ∈
bΩ. Then Ω admits a smooth local defining function which is plurisubharmonic on
bΩ near p0 if and only if there exist an open neighborhood U of p0 and a smooth
local defining function ρ for Ω on U such that∣∣HC

ρ(L,N)
∣∣2 = O(HC

ρ(L,L)) on bΩ ∩ U. (5.3)

In fact, (5.3) holds true for every smooth local defining function ρ : U → R that is
plurisubharmonic on bΩ ∩ U .
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Proof. If ρ : U → R is plurisubharmonic on bΩ ∩ U , then

HC
ρ =

(
HC

ρ(L,L) HC
ρ(L,N)

HC
ρ(N,L) HC

ρ(N,N)

)
is positive semi-definite at every point p ∈ bΩ ∩ U . In particular, detHC

ρ ≥ 0 on
bΩ ∩ U , which implies (5.3).

On the other hand, suppose that (5.3) holds for some smooth local defining
function ρ : U → R of Ω near p0. Let χ : R → R be a smooth function such that
χ(0) = 0, χ′(0) = 1, and write χ′′(0) =: C. If ρ̂ := χ ◦ ρ, then we get

HC
ρ̂ =

(
HC

ρ(L,L) HC
ρ(L,N)

HC
ρ(N,L) HC

ρ(N,N) + C|Nρ|2
)

on bΩ ∩ U.

Let V ⋐ U be another open neighborhood of p0. Note that |Nρ| = 1
2 |dρ| > c > 0 on

bΩ∩V for some c ∈ R. Thus, if C > 0 is sufficiently large, it follows that trHC
ρ̂ > 0

and detHC
ρ̂ ≥ 0 on bΩ∩V , where for the second inequality we use assumption (5.3).

This means that HC
ρ̂ ≥ 0 on bΩ ∩ V , i.e., ρ̂ is plurisubharmonic on bΩ ∩ V . □

Remark 5.4. The proof of Proposition 5.2 shows, in particular, the following: if
(5.3) holds true, then for every V ⋐ U there exists a smooth local defining function
for Ω on U that is plurisubharmonic on bΩ ∩ V .

Note that (5.3) may be reformulated as∣∣HC
ρ(L,N)

∣∣ = O(
√
λ) on bΩ ∩ U,

where λ = HC
r (L,L)|bΩ∩U

for any smooth local defining function r : U → R for Ω
and any nonvanishing tangential (1, 0)-vector field L on U , see Remark 2.9.

Proof of Theorem 5.1. Let r : U → R be a smooth local defining function for Ω near
p0, and set λ := HC

r (L,L)|bΩ∩U
. Since p0 is non-degenerate, after possibly shrinking

U , we may assume that B := |LL̄λ|2 − |LLλ|2 > 0 on U . We claim that, for every
smooth function F : U → C, there exists a smooth function h : U → R such that

Lh = F +O(
√
λ) on bΩ ∩ U. (5.5)

Indeed, define smooth functions A1, A2 : U → R by

A1 := 2Re
(
(L̄Lλ− LLλ)L̄λ

)
and A2 := 2Re

(
i(L̄Lλ+ LLλ)L̄λ

)
,

and set

h := Re(F )
A1

B
+ Im(F )

A2

B
. (5.6)

By Lemma 2.11, both Lλ and L̄λ are of class O(
√
λ). Thus

Lh = Re(F )
LA1

B
+ Im(F )

LA2

B
+O(

√
λ) on bΩ ∩ U,

and, again on bΩ ∩ U ,

LA1 = (L̄Lλ− LLλ)LL̄λ+ (LL̄λ− L̄L̄λ)LLλ+O(
√
λ) = B +O(

√
λ),

LA2 = i(L̄Lλ+ LLλ)LL̄λ− i(LL̄λ+ L̄L̄λ)LLλ+O(
√
λ) = iB +O(

√
λ).

Hence h is a solution to (5.5).
Now let h : U → R be an arbitrary smooth function, and set ρ := reh. Then

HC
ρ(L,N) = eh

(
HC

r (L,N) + Lh · N̄r
)

on bΩ ∩ U.
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Since N̄r = 1
2 |dr| ≠ 0 on bΩ∩U , it follows that (5.3) is satisfied if h is the solution for

(5.5) with F := − 2
|dr|H

C
r (L,N). Thus, the claim follows from Proposition 5.2. □

Remark 5.7. The functions A1, A2, and B in the proof of Theorem 5.1 depend
on the given smooth local defining function r : U → R. However, the function h
defined in (5.6) solves (5.5) for any choice of r.

A global version of Theorem 5.1 easily follows.

Corollary 5.8. Let Ω ⋐ C2 be a smoothly bounded, pseudoconvex domain. Assume
that all weakly pseudoconvex boundary points of bΩ are non-degenerate. Then Ω
admits a smooth defining function which is plurisubharmonic on bΩ.

Proof. Let r : V → R be a smooth defining function for Ω. Let W ⊂ bΩ denote the
set of points at which Ω is weakly pseudoconvex. Then W is closed in bΩ. Further,
it follows from the hypothesis that B = |LL̄λ|2−|LLλ|2 is strictly positive on some
open neighborhood U ⋐ V of W. As in the proof of Theorem 5.1, we find a smooth
function h : U → R such that ρ := reh satisfies (5.3) on bΩ ∩ U .

Let U ′ ⋐ U be another open neighborhood of W, and let χ be a real-valued,
smooth function which is compactly supported in U and identically 1 on U ′. Then
ρ̃ := reχ·h is a smooth defining function for Ω such that ρ̃ = ρ on U ′, hence it
satisfies (5.3) on bΩ ∩ U ′. Now note that bΩ \ U ′ is a compact set at whose points
Ω is strictly pseudoconvex. Hence, (5.3) is satisfied on bΩ \ U ′ by any defining
function for Ω, in particular by ρ̃. Thus, ρ̃ satisfies (5.3) on all of bΩ. It now follows
from Proposition 5.2 that Ω admits a defining function which is plurisubharmonic
on bΩ. □

In the following, we give two examples of smoothly bounded, pseudoconvex do-
mains which admit a plurisubharmonic defining function on the boundary, although
they have degenerate weakly pseudoconvex boundary points.

Example 5.9. For (z, w) ∈ C2, write z = x + iy and w = u + iv. Then define
Ω = {(z, w) ∈ C2 : r(z, w) < 0} with r(z, w) := u + f(z) for some smooth,
subharmonic function f . It follows that for all ∈ V(C2)1,0, V = V 1 ∂

∂z + V 2 ∂
∂w ,

HC
r (V, V ) = fzz̄|V 1|2.

Hence, r is a plurisubharmonic defining function for Ω, independent of the type of
bΩ at any of its boundary points. In particular, bΩ may have a degenerate weakly
pseudoconvex boundary point p0, e.g., if f(z) = x4 and p0 = 0.

Example 5.10. As in the previous example, write z = x+ iy and w = u+ iv. Set

U = {(z, w) ∈ C2 : |x| < π/2},

and define Ω = {(z, w) ∈ U : r(z, w) < 0} for

r(z, w) = u− 1
2 (x− v)

2 − ln(cos(x)).

We compute that, for every (z, w) ∈ U ,

rz(z, w) =
1
2 (tan(x)− (x− v)) ,

rw(z, w) =
1
2 (1− i(x− v))

rzz̄(z, w) =
1
4 tan

2(x), rzw̄(z, w) =
i
4 , rww̄(z, w) = − 1

4 ,
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so that

(rzz̄|rw|2)(z, w) = 1
16 tan

2(x)(1 + (x− v)2),

(rww̄|rz|2)(z, w) = − 1
16 (tan(x)− (x− v))

2
,

−2Re[rzw̄rwrz̄](z, w) = − 1
8 (x− v) tan(x) + 1

8 (x− v)
2
.

Hence, for L = rw
∂
∂z − rz

∂
∂w , we obtain

HC
r (L,L)(z, w) =

1
16 (x− v)2 sec2(x) ≥ 0,

that is, Ω is pseudoconvex. In fact, Ω is strictly pseudoconvex except at boundary
points satisfying x = v. Moreover, since − ln(cos(x)) = 1

2x
2+ 1

12x
4+o(x4), it follows

from Proposition 4.16 that 0 ∈ bΩ is a degenerate weakly pseudoconvex boundary
point. In particular, the function h constructed in the proof of Theorem 5.1, see
(5.6), is not defined at the origin. However, a straightforward computation, see
Example 7.6 in Section 7, shows that ρ(z, w) := r(z, w)ey cosx satisfies (5.3), i.e.,
for every V ⋐ U there exists a function ρ̂ : U → R such that ρ̂ is plurisubharmonic
on bΩ ∩ V , see Remark 5.4.

We show in the following that any smooth function h such that reh is plurisub-
harmonic on bΩ near the origin must have nonvanishing derivative with respect
to y at the origin, although r is independent of y. This is noteworthy because it
shows that, in the case that the domain possesses degenerate weakly pseudoconvex
boundary points, the multiplier function h, if it exists, can in general not be given
as a combination of derivatives of r as in the non-degenerate case.

Now, suppose h is a positive, smooth function near the origin such that hy(0) = 0.
A straightforward computation, with V = − ∂

∂z + is ∂
∂w for s > 0, yields

HC
r (V, V )(0) = − 1

2s+O(s2).

Moreover,

(V r)(0) = i
2s, and

(V h)(0) = − 1
2hx(0) + ishw(0).

Therefore,

2Re
(
V h · V̄ r

)
(0) = O(s2).

It then follows that

HC
ehr(V, V )(0) = eh(0)

(
HC

r (V, V ) + 2Re
(
V h · V̄ r

))
(0) = − 1

2s+O(s2) < 0

for all s > 0 sufficiently close to 0.

6. Plurisubharmonicity near the boundary

In this section, we first consider smoothly bounded, pseudoconvex domains in
C2 such that all weakly pseudoconvex boundary points are of type 4. In the case of
bounded domains, we show that there exists a smooth, plurisubharmonic defining
function for the domain whenever there is a smooth defining function which is
plurisubharmonic on the boundary of the domain.

In the latter part of this section, we consider smoothly bounded, pseudoconvex
domains in C2 that are at least of type 6 at their weakly pseudoconvex boundary
points. In the case that such a domain admits a smooth defining function which
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is plurisubharmonic on the boundary, we give a simplified proof that both the
Diederich–Fornæss index and the Steinness index are 1.

A lack of understanding of the notion of existence of a plurisubharmonic defining
function is rooted in the lack of an equivalent condition which is checkable for any
defining function. The following lemma yields a condition which is checkable on a
class of defining functions strictly larger than the class of plurisubharmonic defining
functions. A version of this lemma in the context of convex domains is given in [10,
Proposition 6.17].

Lemma 6.1. Let Ω ⊂ Cn be a smoothly bounded, pseudoconvex domain, p0 ∈ bΩ.
Then Ω admits a smooth local defining function which is plurisubharmonic near p0
if and only if there exists a smooth local defining function r for Ω near p0 such that

HC
r (ξ, ξ) ≥ −C

(
r2|ξ|2 + |⟨∂r, ξ⟩|2

)
∀ ξ ∈ Cn (6.2)

for some constant C > 0.1

To put (6.2) in context, we recall that for any smoothly bounded, pseudoconvex
domain Ω ⋐ Cn with smooth defining function r, there exist an open neighborhood
U of the boundary of Ω and a constant C > 0 such that

HC
r (ξ, ξ) ≥ −C

(
|r| · |ξ|2 + |⟨∂r, ξ⟩| · |ξ|

)
∀ξ ∈ Cn (6.3)

on U . That (6.3) holds true on Ω ∩ U is derived by Range, see (5) in [16], to re-
prove the result of Diederich–Fornæss [4, Theorem 1] on the existence of bounded,
strictly plurisubharmonic exhaustion functions for smoothly bounded, pseudocon-
vex domains, see [16, Theorem 2]. Arguments similar to the ones in [16] yield (6.3)
on U . We note that, if for every ε > 0, there exists a smooth defining function
r = rε such that (6.3) holds with C = ε, then both the Diederich–Fornæss index
and the Steinness index are 1, see the proof of Corollary 1.6 in [8].

Proof of Lemma 6.1. Note first that if r is a smooth local defining function for
Ω which is plurisubharmonic on an open neighborhood U of p0, then (6.2) holds
trivially for r on U .

Let p0 ∈ bΩ and let U ⋐ Cn be an open neighborhood of p0. Now suppose that
r : U −→ R is a smooth local defining function for Ω on U such that (6.2) holds.
Consider ρ := r + r2ψ with ψ(z) := K1 + K2|z|2 for fixed, positive constants K1

and K2 to be determined later. It follows from a straightforward computation that

HC
ρ(ξ, ξ) = (1 + 2rψ)HC

r (ξ, ξ) + 2ψ|⟨∂r, ξ⟩|2 + 4K2rRe (⟨∂r, ξ⟩⟨z, ξ⟩) + r2K2|ξ|2

for ξ ∈ Cn. Next, it follows from

2ab ≤ εa2 +
1

ε
b2 for a, b ≥ 0 and ε > 0, (6.4)

with a = |r||ξ|, b = |z||⟨∂r, ξ⟩| and ε = 1
4 , that

4K2

∣∣rRe(⟨∂r, ξ⟩⟨z, ξ⟩)∣∣ ≤ r2
K2

2
|ξ|2 + 8K2|z|2|⟨∂r, ξ⟩|2

holds. Therefore, we obtain

HC
ρ(ξ, ξ) ≥ (1 + 2rψ)HC

r (ξ, ξ) + 2 |⟨∂r, ξ⟩|2
(
K1 − 3K2|z|2

)
+ r2

K2

2
|ξ|2.

1Here, and occasionally later on, we consider the complex Hessian form HC
r at a point as a

sesquilinear form on Cn.
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Next, for each pair K := (K1,K2), there exists an open neighborhood UK ⊂ U of
p0 such that

1 + 2r(z)(K1 +K2|z|2) ≤ 3/2

holds for all z ∈ UK . Note that UK may be chosen such that bΩ ∩ U = bΩ ∩ UK .
Using (6.2), we then obtain on UK

(1 + 2rψ)HC
r (ξ, ξ) ≥ −3C

2

(
r2|ξ|2 + |⟨∂r, ξ⟩|2

)
for all ξ ∈ Cn. Therefore,

HC
ρ(ξ, ξ) ≥ r2|ξ|2

(
K2

2
− 3

2
C

)
+ 2 |⟨∂r, ξ⟩|2

(
K1 − 3K2|z|2 −

3

4
C

)
holds on UK for all ξ ∈ Cn. Fix K2 such that K2 > 3C holds. Let D be the
maximum of |z| on U , then fix K1 such that K1 > 3K2D

2 + 3
4C holds. It follows

easily that there exists a positive contant c > 0 such that

HC
ρ(ξ, ξ) ≥ c

(
ρ2|ξ|2 + |⟨∂ρ, ξ⟩|2

)
(6.5)

on UK for all ξ ∈ Cn, i.e., ρ is plurisubharmonic on UK . □

Remark 6.6. Note that the function ρ constructed in the proof of Lemma 6.1 is
strictly plurisubharmonic on UK \ bΩ, see (6.5). Moreover, the complex Hessian of
ρ is positive definite at strictly pseudoconvex boundary points of Ω. To wit, the
complex Hessian of ρ is strictly positive in non-zero complex tangential directions
at these boundary points by definition, and it is strictly positive in all directions
with a non-vanishing normal component to the boundary by (6.5).

We note that a global version of Lemma 6.1 holds if Ω is bounded and U is an
open neighborhood of bΩ. Moreover, by a result of Morrow–Rossi [14, Lemma 1.3],
see also [15], any smoothly bounded, strictly pseudoconvex, bounded domain in Cn

admits a smooth defining function which is strictly plurisubharmonic in an open
neighborhood of the closure of the domain. The same argument as the one used in
the proof of Lemma 1.3 in [14] yields the following.

Corollary 6.7. Let Ω ⋐ Cn be a smoothly bounded domain. Assume that there
exists a smooth defining function r for Ω such that

HC
r (ξ, ξ) ≥ −C

(
r2|ξ|2 + |⟨∂r, ξ⟩|2

)
∀ξ ∈ Cn

holds near bΩ for some constant C > 0. Then there exists a smooth defining
function ρ for Ω on an open neighborhood of Ω̄ such that

HC
ρ(ξ, ξ) ≥ c

(
ρ2|ξ|2 + |⟨∂ρ, ξ⟩|2

)
∀ξ ∈ Cn

holds for some c > 0.

Whether a given local defining function actually satisfies condition (6.2) in some
open neighborhood of the boundary, can be detected from the behaviour of the
complex Hessian of that defining function and its normal derivative on the boundary
of the domain as follows.

Proposition 6.8. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, p0 ∈
bΩ. Then Ω admits a smooth local defining function which is plurisubharmonic
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near p0 if and only if there exist an open neighborhood U of p0 and a smooth local
defining function r for Ω on U such that

|HC
r (L,N)|2 = O (HC

r (L,L)) on bΩ ∩ U, and (6.9)

|νHC
r (L,L)|

2
= O (HC

r (L,L)) on bΩ ∩ U. (6.10)

Proof. Let r : U → R be a smooth local defining function for Ω near p0, and let L
be a nonvanishing tangential (1, 0)-vector field on U . Note that the normal deriva-
tive (νHC

r (L,L))|bΩ∩U
depends on L, while HC

r (L,L)|bΩ∩U
depends only on L|bΩ∩U

.
However, in case that (6.9) holds true, the condition (6.10) is in fact independent
of the choice of L. To see this, let L′ be another nonvanishing tangential (1, 0)-
vector field on U . Then there exist a smooth function h : U → C and a vector field
E ∈ V(U)1,0 such that L′ = hL+ rE. Thus

HC
r (L

′, L′) = |h|2HC
r (L,L) + 2rRe

(
hHC

r (L,E)
)
+ r2HC

r (E,E),

so that

νHC
r (L

′, L′) = |h|2νHC
r (L,L) + 2|dr|Re

(
hHC

r (L,E)
)
+O(λ) on bΩ ∩ U.

Since E = aL + bN on bΩ ∩ U for smooth functions a, b, it follows from (6.9)
that HC

r (L,E) = O(
√
λ) on bΩ ∩ U . In particular, νHC

r (L
′, L′) = |h|2νHC

r (L,L) +

O(
√
λ) on bΩ ∩ U , which shows that (6.10) is well-defined.

Now suppose first that Ω admits a plurisubharmonic, smooth local defining func-
tion r : U → R near p0. Then (6.9) holds by Proposition 5.2. Moreover, an ap-
plication of the first part of Lemma 2.11, with f = HC

r (L,L), shows that (6.10) is
satisfied.

On the other hand, let r : U → R be a smooth local defining function for Ω
near p0 such that (6.9) and (6.10) hold true. After possibly shrinking U in the
direction normal to bΩ, we may assume that there exists a smooth map π : U → bΩ
such |q − π(q)| = dbΩ(q) (see Section 2.6 for the definition of dbΩ). Fix q ∈ U ,
and set p := π(q). Moreover, fix ξ ∈ C2, and write ξ = aL(q) + bN(q) for some
a = a(q, ξ), b = b(q, ξ) ∈ C. Then

HC
r (ξ, ξ)(q) = |a|2HC

r (L,L)(q) + 2Re(ab̄HC
r (L,N)(q)) + |b|2HC

r (N,N)(q).

In view of (2.10), with f = HC
r (L,L), the Taylor expansion at p in direction ν gives

HC
r (ξ, ξ)(q) = |a|2

(
HC

r (L,L)(p) + δbΩ(q)(νH
C
r (L,L))(p) +O(d2bΩ)(q)

)
+ 2Re

(
ab̄(HC

r (L,N)(p) +O(dbΩ)(q))
)

+ |b|2O(1)(q),

where the O-terms are functions that do not depend on q and ξ. Fix an open
neighborhood V ⋐ U of p0. Using (6.4), it follows from (6.10) and (6.9) that there
exist constants C1, C2 > 0 such that on V

1
2H

C
r (L,L)(p) + δbΩ(q)(νH

C
r (L,L))(p) ≥ −C1d

2
bΩ(q),

1
2 |a|

2HC
r (L,L)(p) + 2Re

(
ab̄HC

r (L,N)(p)
)
≥ −C2|b|2.

Hence, there exists a constant C3 > 0, which does not depend on q and ξ, such that

HC
r (ξ, ξ)(q) ≥ −C3(|a|2d2bΩ(q) + |b|2) ∀ ξ ∈ Cn ∀ q ∈ V.

Since |a| ≤ |ξ|, |b| = O(|⟨∂r, ξ⟩|) on U , and d2bΩ = O(r2) on U , it follows that r|V
satisfies (6.2). The claim thus follows from Lemma 6.1. □
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Remark 6.11. The proofs of Lemma 6.1 and Proposition 6.8 imply the following:
if (6.9) and (6.10) hold true, then for every K ⋐ bΩ ∩ U there exist an open
neighborhood V ⊂ U of K and a smooth local defining function for Ω on U that is
plurisubharmonic on V .

Remark 6.12. Versions of Proposition 5.2 and Proposition 6.8 can also be shown
for domains in Cn, n > 2. In this case, L has to be substituted by a frame {Lj}n−1

j=1

for T (bΩ)1,0 near p0.

Condition (6.10) may always be achieved near boundary points of type 4, inde-
pendent of whether the smoothly bounded, pseudoconvex domain in consideration
actually admits a smooth local defining function which is plurisubharmonic on the
boundary.

Lemma 6.13. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, p0 ∈ bΩ.
If bΩ is of type 4 at p0, then for every nonvanishing tangential (1, 0)-vector field L
near p0 there exists a smooth local defining function ρ : U → R for Ω near p0 such
that ∣∣νHC

ρ(L,L)
∣∣2 = O

(
HC

ρ(L,L)
)

on bΩ ∩ U. (6.14)

Proof. Let r : U → R be a smooth local defining function for Ω near p0, and let L
be a nonvanishing tangential (1, 0)-vector field near p0. After possibly shrinking U ,
we may assume that dr ̸= 0, and that L is defined on U . Set Λ := HC

r (L,L) and
λ := Λ|bΩ∩U

. We claim that, after possibly shrinking U , for every smooth function
F : U → R, there exists a smooth function h : U → R such that{

Lh = O(
√
λ)

LL̄h = F +O(
√
λ)

on bΩ ∩ U. (6.15)

Indeed, define smooth functions A,B : U → R by

A := |LΛ|2 and B := Λ2 + |LL̄Λ|2 + |LLΛ|2,

and set

h := F
A

B
. (6.16)

Since Ω is of type 4 at p0, after possibly shrinking U , we can assume that B > 0
on U . Thus, h is well-defined. Moreover, since LΛ = O(

√
λ) on bΩ ∩ U by (2.13),

it follows that A and LA are of class O(
√
λ) on bΩ ∩ U , and, in particular, that

Lh = O(
√
λ) on bΩ ∩ U. (6.17)

Moreover,

LL̄h = F
LL̄A

B
+O(

√
λ) = F

|LL̄Λ|2 + |LLΛ|2

B
+O(

√
λ) = F +O(

√
λ) on bΩ∩U.

Now let h : U → R be an arbitrary smooth function, and set ρ := reh. Then

HC
ρ(L,L) = eh

(
HC

r (L,L) + r
(
HC

h(L,L) + |Lh|2
))
,

and thus

νHC
ρ(L,L) = eh

(
νHC

r (L,L) + |dr|
(
HC

h(L,L) + |Lh|2
))

+O(λ) on bΩ ∩ U.



PLURISUBHARMONIC DEFINING FUNCTIONS 25

Since HC
h(L,L) = LL̄h− (∇LL̄)h, and since on bΩ ∩ U it follows from HC

r (L,L) =
−(∇LL̄)r on bΩ∩U that the component of ∇LL̄ normal to bΩ is of the form O(λ),
it follows from (6.17) that

νHC
ρ(L,L) = eh

(
νHC

r (L,L) + |dr|LL̄h
)
+O(

√
λ) on bΩ ∩ U.

Thus, if h is the solution for (6.15) with

F := − 1

|dr|
νHC

r (L,L), (6.18)

then ρ satisfies (6.14). □

We now can prove the main result of this section.

Theorem 6.19. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain. Suppose
p0 ∈ bΩ is such that cp0 = 4. If Ω admits a smooth local defining function near p0
which is plurisubharmonic on bΩ near p0, then Ω admits a smooth local defining
function near p0 which is plurisubharmonic.

Proof. Let r : U → R be a smooth local defining function for Ω near p0 such that
r is plurisubharmonic on bΩ ∩ U . After possibly shrinking U , we can assume that
cp ≤ 4 for all p ∈ bΩ ∩ U . Set ρ := reh, where h is the solution to (6.15) with
F given as in (6.18). Then, as in the proof of Lemma 6.13, we see that ρ satisfies
(6.10). On the other hand, since, by Proposition 5.2, r satisfies (6.9), and since

HC
ρ(L,N) = eh

(
HC

r (L,N) + Lh · N̄r
)

on bΩ ∩ U,

it follows with (6.17) that ρ satisfies (6.9). The claim thus follows from Proposi-
tion 6.8. □

Note that, if r is a smooth defining function for a smoothly bounded, pseudo-
convex domain Ω ⊂ C2 such that Ω is of type 4 at all its weakly pseudoconvex
boundary points, then the function h defined in (6.16) and (6.18) is defined in an
open neighborhood of bΩ. Moreover, the function h solves (6.15) on bΩ. In view of
Remark 6.11, this implies the following global result.

Corollary 6.20. Let Ω ⋐ C2 be a smoothly bounded, pseudoconvex domain. Sup-
pose that Ω has a smooth defining function which is plurisubharmonic on bΩ, and
that cp ≤ 4 for all p ∈ bΩ. Then Ω admits a smooth defining function which is
plurisubharmonic in an open neighborhood of bΩ.

An analogon to Theorem 6.19 near higher order boundary points is not apparent,
although condition (6.10) always holds at boundary points of type larger than 4,
whenever r is a defining function that is plurisubharmonic on the boundary, as
shown by the next Lemma.

Lemma 6.21. Let Ω ⊂ C2 be a smoothly bounded pseudoconvex domain. Let
p0 ∈ bΩ such that cp0

≥ 6. If r is a smooth local defining function of bΩ near p0
which is plurisubharmonic on bΩ near p0, and if L is a nonvanishing tangential
(1, 0)-vector field near p0, then

νHC
r (L,L)(p0) = 0.

Proof. Let r be a smooth local defining function for Ω on some open neighborhood
U of p0 such that r is plurisubharmonic on bΩ ∩ U . After possibly shrinking U ,
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we may assume that N := Nr is defined on U , see (2.6). As usual, we write
L = 1

2 (X + iY ) with X,Y ∈ V(U).
Consider the function g : bΩ ∩ U → R given by

g = HC
r (L,L)H

C
r (N,N)− |HC

r (L,N)|2 on bΩ ∩ U.

Since r is plurisubharmonic on bΩ ∩ U , it follows that g ≥ 0, and since Ω is
weakly pseudoconvex at p0, it follows that g(p0) = 0. Thus, (XXg)(p0) ≥ 0
and (Y Y g)(p0) ≥ 0, see Lemma 4.7. Since LL̄g = 1

4 (XXg+Y Y g)− i
4 [X,Y ]g, and

since the tangential derivative [X,Y ]g vanishes at p0, it follows that (LL̄g)(p0) ≥ 0.
Moreover, the fact that cp0

> 4 implies that for λ := HC
r (L,L)|bΩ∩U

the functions
λ, Lλ, L̄λ, LL̄λ all vanish at p0. Hence, since HC

r (L,N)(p0) = 0,

(LL̄g)(p0) = − |LHC
r (L,N)|2 (p0)−

∣∣L̄HC
r (L,N)

∣∣2 (p0).
In particular, it follows that L̄HC

r (L,N)(p0) = 0.
However, if we denote coordinates in C2 by z = (z1, z2), and if we write L =∑2
j=1 L

j ∂
∂zj

, N =
∑2

j=1N
j ∂
∂zj

, then

L̄HC
r (L,N) =

2∑
j,k,ℓ=1

∂3r

∂z̄ℓ∂zj∂z̄k
L̄ℓLjN̄k +HC

r (∇L̄L,N) +HC
r (L,∇LN), (6.22)

N̄HC
r (L,L) =

2∑
j,k,ℓ=1

∂3r

∂z̄ℓ∂zj∂z̄k
N̄ ℓLjL̄k +HC

r (∇N̄L,L) +HC
r (L,∇NL). (6.23)

Since Ω is weakly pseudoconvex at p0, one has HC
r (L,L)(p0) = HC

r (L,N)(p0) = 0,
i.e., HC

r (L, · )(p0) : V(U)1,0 → R is identically zero. Moreover, since 0 ≡ LL̄r =
HC

r (L,L)+(∇LL̄)r, it follows that ((∇LL̄)r)(p0) = 0, i.e., (∇LL̄)p0
= cLp0

for some
constant c ∈ C. Thus, the two rightmost terms in both (6.22) and (6.23) vanish at
p0, which proves that L̄HC

r (L,N)(p0) = N̄HC
r (L,L)(p0). Since all tangential deriva-

tives of HC
r (L,L) vanish at p0, it follows that νHC

r (L,L)(p0) = 2N̄HC
r (L,L)(p0) = 0,

which completes the proof. □

This weaker result for boundary points of type greater than 4 leads to a simplified
proof of the Diederich–Fornæss index and the Steinness index being 1 for smoothly
bounded, pseudoconvex domains which admit a smooth defining function that is
plurisubharmonic on the boundary of the domain.

Corollary 6.24. Let Ω ⋐ C2 be a smoothly bounded, pseudoconvex domain. Sup-
pose that

(i) cp ̸= 4 for all p ∈ bΩ, and
(ii) Ω admits a smooth defining function which is plurisubharmonic on bΩ.

Then for every η ∈ (0, 1) there exist a constant K > 0 and an open neighborhood
U of bΩ such that −(−r −Kr2)η is plurisubharmonic on Ω ∩ U .

Similarly, for every µ > 1 there exist a constant K > 0 and an open neighborhood
U of bΩ such that −(−r −Kr2)µ is plurisubharmonic on Ωc ∩ U .

We note that (ii) itself leads to the Diederich–Fornæss index being 1, see [7].
However, the additional condition (i) simplifies the construction in [7, Section 3]
considerably.
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Proof. Let r be a smooth defining function of Ω which is plurisubharmonic on bΩ,
and assume that L := Lr and N := Nr are defined on some open neighborhood U
of bΩ. After possibly shrinking U , we may use (2.10) for f = HC

r (L,L) and q ∈ U
with cπ(q) ≥ 6. It then follows from Lemma 6.21 that

HC
r (L,L)(q) = O(r2)(q).

Similarly, one obtains HC
r (L,N)(q) = O(r)(q) and HC

r (N,N)(q) = O(1)(q). It then
follows

HC
r (ξ, ξ)(q) =

(
O(r2)|ξ|2 +O(|⟨∂r, ξ⟩|2)

)
(q) ∀ ξ ∈ Cn ∀ q ∈ U with cπ(q) ≥ 6.

The arguments following (3.7) in [7] then prove the claim. □

7. On a special class of pseudoconvex domains

In this section, we derive a sufficient condition for the existence of local defining
functions, which are plurisubharmonic on the boundary, in terms of real coordinates.
While this condition, in contrast to the criterion given in Proposition 5.2, is not an
equivalent characterization, it has the advantage of being independent of the choice
of defining function, and thus is more easily checkable.

Let Ω ⊂ C2 be a smoothly bounded domain, and let r : U → R be a smooth local
defining function for Ω near some point p0 ∈ bΩ. After possibly shrinking U , let L
be a nonvanishing tangential (1, 0)-vector field on U , and let N = Nr be defined as
in (2.6). Write

L = 1
2 (X + iY ), N = 1

2 (ν + iT )

withX,Y, T, ν ∈ V(U). The matrix associated with the real Hessian formQR
r : V(U)×

V(U) → R relative to the basis (X,Y, T, ν) will be denoted by QR
r, i.e.,

QR
r :=


QR

r(X,X) QR
r(X,Y ) QR

r(X,T ) QR
r(X, ν)

QR
r(Y,X) QR

r(Y, Y ) QR
r(Y, T ) QR

r(Y, ν)
QR

r(T,X) QR
r(T, Y ) QR

r(T, T ) QR
r(T, ν)

QR
r(ν,X) QR

r(ν, Y ) QR
r(ν, T ) QR

r(ν, ν)

 .

We readily recognize that various convexity-like boundary conditions for Ω near
p0 may be expressed through conditions on entries of the leading principal 3 × 3
submatrix of QR

r for p ∈ bΩ near p0.

(i) Ω is convex near p0 if the leading principal 3 × 3 submatrix of QR
r(p) is

positive semi-definite for all p ∈ bΩ near p0.
(ii) Ω is C-convex near p0 if the leading principal 2 × 2 submatrix of QR

r(p) is
positive semi-definite for all p ∈ bΩ near p0.

(iii) Ω is pseudoconvex near p0 if the trace of the leading principal 2 × 2 sub-
matrix of QR

r(p) is non-negative for all p ∈ bΩ near p0.

In order to see how to express plurisubharmonicity on the boundary of a smooth
local defining function in real coordinates, we need to formulate condition (5.3) in
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real coordinates. Thus, we compute

4HC
r (L,N) = 4L(N̄r)− 4

(
∇LN̄

)
r

= (X + iY )(ν − iT )r − (∇X+iY (ν − iT )) r

= Xνr − (∇Xν)r + Y Tr − (∇Y T )r

+ i
(
Y νr − (∇Y ν)r −XTr + (∇XT )r

)
= QR

r(X, ν) +QR
r(Y, T ) + i

(
QR

r(Y, ν)−QR
r(X,T )

)
.

(7.1)

Proposition 5.2 may now be reformulated in terms of entries of QR
r as follows.

Lemma 7.2. Let Ω ⊂ C2 be a smoothly bounded, pseudoconvex domain, p0 ∈ bΩ.
Then Ω admits a smooth local defining function which is plurisubharmonic on bΩ
near p0 if and only if there exists a smooth local defining function ρ : U → R for Ω
on some open neighborhood U of p0 such that(

QR
ρ(X, ν) +QR

ρ(Y, T )
)2

+
(
QR

ρ(Y, ν)−QR
ρ(X,T )

)2
= O

(
HC

ρ(L,L)
)

(7.3)

on bΩ ∩ U .

In the proof of Theorem 5.1 it is shown that, given any smooth local defining
function r : U → R for Ω, then ρ := reh satisfies (7.3) if h ∈ C∞(U,R) solves the
equation

Lh = − 2

|dr|
HC

r (L,N) +O(
√
λ) on bΩ ∩ U,

with λ := HC
r (L,L)|bΩ∩U

. This can be reformulated in real coordinates as follows,

Xh =
−1

|dr|
(
QR

r(X, ν) +QR
r(Y, T )

)
+O(

√
λ) on bΩ ∩ U, (7.4)

Y h =
1

|dr|
(
QR

r(X,T )−QR
r(Y, ν)

)
+O(

√
λ) on bΩ ∩ U. (7.5)

Example 7.6. Let us revisit Example 5.10. There, in C2 with coordinates z = x+iy
and w = u+ iv, we consider Ω = {(z, w) ∈ U : r(z, w) < 0} with

U = {(z, w) ∈ C2 : |x| < π/2}, r(z, w) = u− 1
2 (x− v)2 − ln(cos(x)).

We already computed that, with L = rw
∂
∂z − rz

∂
∂w ,

HC
r (L,L)(z, w) =

1
16 (x− v)2 sec2(x).

In particular, note that the function P (z, w) := x − v is of class O(
√
λ) on bΩ.

Considering real vector fields on C2 as maps to R4, we can then compute further
that

X =
1

|dr|
(ru,−rv,−rx, ry) =

1

|dr|
(1, 0,− tan(x), 0) +O(

√
λ),

Y =
1

|dr|
(−rv,−ru, ry, rx) =

1

|dr|
(0,−1, 0, tan(x)) +O(

√
λ),

T =
1

|dr|
(ry,−rx, rv,−ru) =

1

|dr|
(0,− tan(x), 0,−1) +O(

√
λ),

ν =
1

|dr|
(rx, ry, ru, rv) =

1

|dr|
(tan(x), 0, 1, 0) +O(

√
λ),
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where, in slight deviation from previous notation, the terms O(
√
λ) denote vector

fields with coefficients that are of class O(
√
λ) on bΩ. From this, it follows readily

that on bΩ

QR
r(X, ν) =

1

|dr|2
tan3(x) +O(

√
λ), QR

r(Y, T ) =
1

|dr|2
tan(x) +O(

√
λ),

QR
r(X,T ) = − 1

|dr|2
+O(

√
λ), QR

r(Y, ν) =
1

|dr|2
tan2(x) +O(

√
λ).

Since |dr|2 = 1 + tan2(x) +O(λ) on bΩ, it follows further that (7.4) and (7.5) are
given by

hx − tan(x)hu = − tan(x) +O(
√
λ) on bΩ,

−hy + tan(x)hv = −1 +O(
√
λ) on bΩ.

It is easy to see that, e.g., h(z, w) = y+ ln(cos(x)) and h(z, w) = y+u both satisfy
these last two equations, so that reh satisfies (7.3). Hence, if ρ = reh, then for every
V ⋐ U there exists a smooth defining function for Ω on U that is plurisubharmonic
on bΩ ∩ V , see Remark 5.4. In view of Theorem 6.19, this means that Ω admits
plurisubharmonic smooth local defining functions near each boundary point.

Definition 7.7. Let Ω ⊂ C2 be a smoothly bounded domain. We say that Ω is
sesquiconvex at p0 ∈ bΩ if Ω is pseudoconvex at p0 and if there exists a smooth local
defining function ρ : U → R for Ω near p0 such that

QR
ρ(Y, T )

2 +QR
ρ(X,T )

2 = O
(
HC

ρ(L,L)
)

on bΩ ∩ U. (7.8)

Remark 7.9. (1) Let ρ : U → R be a smooth local defining function for Ω near p0,
and let h : U → R be smooth. Then for any two tangential vector fields V,W near
p0 one has QR

ρeh(V,W ) = −(∇VW )(ρeh) = −eh(∇VW )ρ = ehQR
ρ(V,W ) on bΩ∩U .

In particular, this shows that condition (7.8) is independent of the choice of a local
defining function ρ.

(2) Since HC
ρ(L,L) = QR

ρ(X,X) + QR
ρ(Y, Y ), one easily sees that every domain

Ω ⊂ C2 that is convex at p0 ∈ bΩ is sesquiconvex at p0. Moreover, it is clear from
the definition that if Ω is strictly pseudoconvex at p0 ∈ bΩ, then Ω is sesquiconvex at
p0. On the other hand, the domain Ω considered in Example 5.10 and Example 7.6
is not sesquiconvex at 0.

In the following, we show that sesquiconvexity at a boundary point p0 ∈ bΩ
implies the existence of local defining functions which are plurisubharmonic on a
one-sided neighborhood Ω̄ ∩ U of p0, i.e., HC

ρ(q) ≥ 0 for every q ∈ Ω̄ ∩ U .

Proposition 7.10. If Ω ⊂ C2 is sesquiconvex at p0 ∈ bΩ, then Ω admits a smooth
local defining function ρ : U −→ R near p0 which is plurisubharmonic on Ω̄ ∩ U .

Proof. Let r : U → R be a smooth local defining function for Ω near p0, and assume
that dr ̸= 0 on U . We will show that ρ := r/|dr| satisfies∣∣HC

ρ(L,N)
∣∣ = O(

√
λ) on bΩ ∩ U, and (7.11)

νHC
ρ(L,L) ≤ O(

√
λ) on bΩ ∩ U. (7.12)

The claim then follows from a brief analysis of the proofs of Lemma 6.1 and Propo-
sition 6.8.



30 ANNE-KATRIN GALLAGHER AND TOBIAS HARZ

Let L be a nonvanishing tangential (1, 0)-vector field on U , and let X,Y ∈ V(U)
such that L = 1

2 (X + iY ). A straightforward computation shows that

0 = L(|dρ|2) = QR
ρ(X, ν) + iQR

ρ(Y, ν) on bΩ ∩ U. (7.13)

Since Ω is sesquiconvex at p0, it thus follows from (7.8) and the computations in
(7.1) that (7.11) is true. The equation in (7.13) may be expressed in complex
notation, with N = 2ρz̄1

∂
∂z1 + 2ρz̄2

∂
∂z2 , as

0 = L(|∂ρ|2) = QC
ρ(L,N) +HC

ρ(L,N) on bΩ ∩ U.
Since (7.11) holds, it then follows that∣∣QC

ρ(L,N)
∣∣ = O(

√
λ) on bΩ ∩ U. (7.14)

Moreover, we compute on bΩ ∩ U
0 = L̄L

(
|∂ρ|2

)
= L̄

(
QC

ρ(L,N)
)
+ L̄

(
HC

ρ(L,N)
)

=

2∑
j,k,ℓ=1

∂3ρ

∂z̄ℓ∂zj∂zk
L̄ℓLjNk +QC

ρ(∇L̄L,N) +QC
ρ(L,∇L̄N)

+

2∑
j,k,ℓ=1

∂3ρ

∂z̄ℓ∂zj∂z̄k
L̄ℓLjN̄k +HC

ρ(∇L̄L,N) +HC
ρ(L,∇LN).

In view of (6.23), it follows from (7.11) that on bΩ ∩ U

2Re

 2∑
j,k,ℓ=1

∂3ρ

∂z̄ℓ∂zj∂zk
L̄ℓLjNk

 = 2Re(N)HC
ρ(L,L) +O(

√
λ).

Moreover, it follows from (7.11) that∣∣HC
ρ(L,∇LN)

∣∣ = O(
√
λ) on bΩ ∩ U.

Furthermore, since HC
ρ(L,L) = −(∇L̄L)ρ on bΩ ∩ U , it follows that the normal

component of ∇L̄L is O(HC
ρ(L,L)) on bΩ ∩ U . This, together with (7.11) and

(7.14), implies that ∣∣QC
ρ(∇L̄L,N)

∣∣ = O(
√
λ) on bΩ ∩ U, and∣∣HC

ρ(∇L̄L,N)
∣∣ = O(

√
λ) on bΩ ∩ U.

Therefore we obtain

2Re(N)HC
ρ(L,L) = −QC

ρ(L,∇L̄N) +O(
√
λ) on bΩ ∩ U.

Since

∇L̄N = 2

2∑
j,k=1

L̄kρz̄j z̄k

∂

∂zj
,

it follows easily that QC
ρ(L,∇L̄N) = |QC

ρ(L, . )|2, where QC
ρ(L, . ) ∈ V(U)1,0 is defined

via the condition ⟨QC
ρ(L, . ), V ⟩ := QC

ρ(L, V ) for all V ∈ V(U)1,0. Hence

νHC
ρ(L,L) = 2Re(N)HC

ρ(L,L) = −|QC
ρ(L, . )|2 +O(

√
λ) on bΩ ∩ U,

i.e., (7.12) holds and the claim follows. □

A global analog of Proposition 7.10 easily follows for sesquiconvex, bounded
domains.
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Corollary 7.15. If Ω ⋐ C2 is sesquiconvex, then Ω admits a smooth global defining
function ρ : U −→ R which is plurisubharmonic on Ω̄ ∩ U .

Remark 7.16. Let Ω ⊂ C2 be a smoothly bounded domain, let N = Nρ for some
smooth local defining function ρ : U → R for Ω, see (2.6), and let L be a nonvanish-
ing tangential (1, 0)-vector field on U . A straightforward computation shows that
then

∇L̄N =
QC

ρ(L,L)

2|L|2
L+

QC
ρ(L,N)

2|N |2
N on bΩ ∩ U,

and hence, in particular,

QC
ρ(L,∇L̄N) =

|QC
ρ(L,L)|2

2|L|2
+

|QC
ρ(L,N)|2

2|N |2
on bΩ ∩ U.

Moreover, it is easy to see that if Ω is C-convex at p0 ∈ bΩ ∩ U , then |QC
ρ(L,L)| =

O(λ) on bΩ near p0. In view of (7.14), it thus follows from the arguments in the
proof of Proposition 7.10, that Ω admits a plurisubharmonic smooth local defining
function near p0 whenever Ω is both sesquiconvex and C-convex at p0. Similarly, if
Ω ⋐ C2 is sesquiconvex and C-convex, then Ω admits a plurisubharmonic smooth
defining function.
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