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Abstract. We prove matching upper and lower bounds for the average of the 6-torsion
of class groups of quadratic fields. Furthermore, we count the number of integer solutions
on an affine quartic threefold.
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1. Introduction

One of the main invariants of class groups of quadratic fields Q(
√

D) is the size hn(D)
of their n-torsion. It has been investigated by several mathematicians: By the work of
Gauss [16] in 1801 the average of h2(D) for D < 0 is a constant multiple of log |D| when
ordering the number fields by −D. Davenport and Heilbronn [8] proved in 1971 that
h3(D) has a constant average, while, Fouvry and Klüners [11, 12] in 2007 showed that
h4(D) is on average a constant multiple of log |D|. The influential work of Smith [22] in
2017 established the complete distribution of h2k(D). There are no other values of n for
which the right order of magnitude is known. For general n, there is work on bounds
for hn(D) on average by Soundararajan [23], Heath-Brown–Pierce [17], Frei–Widmer [14]
and Koymans–Thorner [20].

The Cohen–Lenstra conjectures [7] predict that hn(D) is of constant average for n odd
and is log |D| on average for n even. Let D+(X) and D−(X) be the set of respectively
positive and negative fundamental discriminants with absolute value up to X. In this
paper we establish the right order of magnitude for the 6-torsion:

Theorem 1.1. For all X ⩾ 5 we have
X log X ≪

∑
D∈D+(X)

h6(D) ≪ X log X and X log X ≪
∑

D∈D−(X)
h6(D) ≪ X log X.

Remark 1.2 (Idea of the proof of Theorem 1.1). Using the Davenport–Heilbronn para-
metrisation we turn the sum ∑

D h6(D) into an average of the function 2ω(m) over the
values m assumed by a polynomial in 4 variables, where the integer vectors lie in a subset
of R4 with spikes. This average is a special instance of sums of the following form:∑

a∈A
f(ca)χ(ca),

where
• A is a countable set,
• χ : A → [0, ∞) is any function of finite support,
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• ca is an “equidistributed” sequence of positive integers,
• f is a non-negative arithmetic function being multiplicative or more general.

In our companion paper [6] we prove upper bounds for such sums; here we provide its
applications.

1.1. Applications to arithmetic statistics. The following is a more general version
of Theorem 1.1 on mixed moments:

Theorem 1.3. Fix any s > 0. Then for all X ⩾ 5 we have
X(log X)2s−1 ≪

∑
D∈D+(X)

h2(D)sh3(D) ≪ X(log X)2s−1

and
X(log X)2s−1 ≪

∑
D∈D−(X)

h2(D)sh3(D) ≪ X(log X)2s−1,

where the implied constant depends at most on s.

1.2. Applications to Diophantine equations. We count the number of integer solu-
tions of certain Diophantine equations, examples of which are the quartic affine threefold

x2
1x

2
2 + x2

3 + x2
4 = N

and the affine quartic fourfold x2
1x

2
2 + x2

3x
2
4 + x2

5 = N . More generally, our work will cover
(x1 · · · xk)2 + x2

k+1 + x2
k+2 = N, (1.1)

whose number of variables is roughly half the degree of the equation.
For N ∈ N let

L(1, χ−N) =
∞∑

m=1

(−N

m

) 1
m

and b(N) =
∏
p|N

(
1 +

(
−1
p

)
1
p

)
.

Theorem 1.4. Fix k ∈ N and let N range through positive square-free integers 3 (mod 8).
• The number of x ∈ Zk+2 satisfying (1.1) is

≍ b(N)k−1L(1, χ−N)N 1
2 (log N)k−1,

where the implied constant depends only on k.
• The number of x ∈ Z2k+1 satisfying

(x1 · · · xk)2 + (xk+1 · · · x2k)2 + x2
2k+1 = N

is ≍ b(N)2(k−1)L(1, χ−N)N 1
2 (log N)2(k−1), where the implied constant depends only

on k.
• The number of x ∈ Z3k satisfying

(x1 · · · xk)2 + (xk+1 · · · x2k)2 + (x2k+1 · · · x3k)2 = N

is ≍ b(N)3(k−1)L(1, χ−N)N 1
2 (log N)3(k−1), where the implied constant depends only

on k.

The upper bound in the first case follows from earlier work of Henriot [18, Theorem
3]. All cases of Theorem 1.4 are special cases of the more general Theorem 4.1, which
allows us to put general multiplicative weights on the integer solutions xi of

x2
1 + x2

2 + x2
3 = N.

Its proof is given in §4.1 and is based on Theorem 2.4 and deep estimates of Duke [9] for
the Fourier coefficients of cusp forms. It is worth mentioning that matching upper and
lower bounds for the number of solutions of x2

1 + x2
2 + p2 = N, (x1, x2 ∈ Z, p prime), were
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given by Friedlander and Iwaniec [15, Theorem 14.5] on the assumption of the Generalized
Riemann hypothesis and the Elliott–Halberstam conjecture.

Figure 1.1. Weighted points on the sphere for N = 1716099 and N =
1707035

Remark 1.5 (Bias). The term L(1, χ−N)N1/2 corresponds to the number of terms in the
sum by a classical result of Gauss, whereas, (log N)k−1 is the average of the k-th divisor
function. The shape of b(N) is biased towards integers N having many prime divisors
p ≡ 1 (mod 4) below log N .

The bias is illustrated in the three-dimensional plots in Figure 1.1. They depict points
x ∈ N3 with ∑3

i=1 x2
i = N , where each x is colored based on the magnitude of ∏3

i=1 τ(xi).
The equations respectively have 960 and 936 solutions in N3. Among the six primes that
divide 1716099, only one is 1 (mod 4). However, in the factorization of 1707035, four
primes are involved, and all except one are 1 (mod 4).

Notation. For a non-zero integer m define Ω(m) := ∑
p|m vp(m), where vp is the standard

p-adic valuation. Define P +(m) to be the largest prime factor of a positive integer m
with the convention P +(1) = 1. Throughout the paper we shall also make use of the
convention that when iterated logarithm functions log t, log log t, etc., are used, the real
variable t is assumed to be sufficiently large to make the iterated logarithm well-defined.
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the National Science Foundation under Grant No. DMS-1928930, while the author was in
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Structure of the paper. In §2 we recall the necessary results from [6]. Sections 3.1-3.2
respectively contain the proofs of Theorems 1.1 and 1.3 on the 6-rank. Sections 4.1-4.5
contain the proof of Theorem 4.1 on sums of three squares; it generalises Theorem 1.4.
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2. Prerequisite lemmas

In this section we recall the required bounds proved in [6].

Definition 2.1 (Density functions). Fix κ, λ1, λ2, B, K > 0. Then we introduce the set
D(κ, λ1, λ2, B, K) of multiplicative functions h : N → R⩾0 by the properties

• for all B < w < z we have∏
p prime
w⩽p<z

(1 − h(p))−1 ⩽

(
log z

log w

)κ (
1 + K

log w

)
, (2.1)

• for every prime p > B and integers e ⩾ 1 we have

h(pe) ⩽ B

p
, (2.2)

• for every prime p and e ⩾ 1 we have
h(pe) ⩽ p−eλ1+λ2 . (2.3)

Let A be an infinite set and for each T ⩾ 1 let χT : A → [0, ∞) be such that
{a ∈ A : χT (a) > 0} is finite for every T ⩾ 1. (2.4)

We also assume that
lim

T →+∞

∑
a∈A

χT (a) = +∞. (2.5)

Assume that we are given a sequence of strictly positive integers (ca)a∈A indexed by A
and denoted by C := {ca : a ∈ A}. We are interested in sums of the form∑

a∈A
χT (a)f(ca),

where f is an arithmetic function.
We will need the following notion of ‘equidistribution’ of the values of the integer

sequence ca in arithmetic progressions. For a non-zero integer d and any T ⩾ 1, let
Cd(T ) =

∑
a∈A

ca≡0(mod d)

χT (a).

Definition 2.2 (Equidistributed sequences). We say that C is equidistributed if there
exist positive real numbers θ, ξ, κ, λ1, λ2, B, K with max{θ, ξ} < 1, a function M : R⩾1 →
R⩾1 and a function hT ∈ D(κ, λ1, λ2, B, K) such that

Cd(T ) = hT (d)M(T )

1 + O

 ∏
B<p⩽M(T )

p∤d

(1 − hT (p))2

+ O(M(T )1−ξ) (2.6)

for every T ⩾ 1 and every d ⩽ M(T )θ, where the implied constants are independent of d
and T .

It is worth emphasizing that in this definition the constants θ, ξ, κ, λ1, λ2, B, K are all
assumed to be independent of T . For example, the bound hT (pe) = O(1/p) in (2.2) holds
with an implied constant that is independent of e, p as well as T . From now on we shall
write M for M(T ).

Definition 2.3 (A class of functions). Fix A ⩾ 1, ϵ > 0, C > 0. The set M(A, ϵ, C) of
functions f : N → [0, ∞) is defined by the property that for all coprime m, n one has

f(mn) ⩽ f(m) min{AΩ(n), Cnϵ}.
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We are now ready to state the main result in [6].

Theorem 2.4. Let A be an infinite set and for each T ⩾ 1 define χT : A → [0, ∞) to
be any function such that both (2.4) and (2.5) hold. Take a sequence of strictly positive
integers C = (ca)a∈A. Assume that C is equidistributed with respect to some positive con-
stants θ, ξ, κ, λ1, λ2, B, K and functions M(T ) and hT ∈ D(κ, λ1, λ2, B, K) as in Defini-
tion 2.2. Fix any A > 1 and assume that f is a function such that for every ϵ > 0 there
exists C > 0 for which f ∈ M(A, ϵ, C), which is introduced in Definition 2.3. Assume
that there exists α > 0 and B̃ > 0 such that for all T ⩾ 1 one has

sup{ca : a ∈ A, χT (a) > 0} ⩽ B̃Mα, (2.7)
where M = M(T ) is as in Definition 2.2. Then for all T ⩾ 1 we have∑

a∈A
χT (a)f(ca) ≪ M

∏
B<p⩽M

(1 − hT (p))
∑

a⩽M

f(a)hT (a),

where the implied constant is allowed to depend on α, A, B, B̃, θ, ξ, K, κ, λi, the function
f and the implied constants in (2.6), but is independent of T and M .

The following result is inspired by [24, Théorème 1.1] that has the upper bound as-
sumptions [24, (i),(ii),(iii),(v), pages 591-592] and a lower bound assumption [24, (iv),
page 592]. We have no lower bound assumption but our upper bound assumption is less
general than [24, (i),(ii),(iii),(v), pages 591-592].

Lemma 2.5. Fix any k ∈ N and assume that f is a multiplicative function satisfying
0 ⩽ f(pe) ⩽ τ(pe)kp−e for all e ⩾ 1 and primes p. Then for all x ⩾ 2 we have

∑
n⩽x

f(n) ≍ exp
∑

p⩽x

f(p)
 ,

where the implied constants depend at most on k.

Proof. The upper bound is evident. For the lower bound our plan is to prove that there
exists δ = δ(k) ∈ (0, 1) such that

exp
∑

p⩽xδ

f(p)
 ≪

∑
n⩽x

f(n). (2.8)

This is clearly sufficient since ∑
xδ<p⩽x

f(p) ≪k

∑
xδ<p⩽x

1
p

≪k 1.

To prove (2.8) we start by noting that for each y ∈ [2, x] one has∑
n⩽x

f(n) ⩾
∑
n⩽x

P +(n)⩽y

f(n)µ(n)2 =
∑

P +(n)⩽y

f(n)µ(n)2 −
∑
n>x

P +(n)⩽y

f(n)µ(n)2.

Since there exists C(k) > 0 such that
∑

P +(n)⩽y

f(n)µ(n)2 ⩾ C(k) exp
∑

p⩽y

f(p)
 ,

it suffices to show that ∑
n>x

P +(n)⩽y

f(n)µ(n)2 ⩽
C(k)

2 exp
∑

p⩽y

f(p)
 .
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We will see that this holds when y = xδ, where δ is a small positive constant that depends
on k. Define σ = 1/ log y so that by Rankin’s trick we have∑

n>x
P +(n)⩽y

f(n)µ(n)2 ⩽ x−σ
∑

P +(n)⩽y

f(n)µ(n)2nσ

=x−σ
∏
p⩽y

(1 + f(p)pσ) ⩽ x−σ exp
∑

p⩽y

f(p)pσ

 .

Since et ⩽ 1 + e · t for 0 ⩽ t ⩽ 1, we see that pσ ⩽ 1 + e · σ log p for all primes p ⩽ y,
hence, the sum inside the exponential is at most

∑
p⩽y

f(p) + O

σ
∑
p⩽y

f(p) log p

 ⩽
∑
p⩽y

f(p) + O

σ
∑
p⩽y

log p

p

 =
∑
p⩽y

f(p) + O(1).

Hence, there exists a positive constant C1(k) such that
∑
n>x

P +(n)⩽y

f(n)µ(n)2 ⩽ C1(k)x−σ exp
∑

p⩽y

f(p)
 .

Denote C2(k) = C(k)/(2C1(k)). We want to make sure that x−σ ⩽ C2(k); this can be
achieved by taking y = xδ with δ = max{1/2, (− log C2(k))−1}. This is because we have
xσ = e1/δ due to y = xδ. □

3. Arithmetic statistics

3.1. 6-torsion. Here we prove Theorems 1.1 using Theorem 2.4. This has an assump-
tion related to a level of distribution result. Similar results have been obtained by [3,
Theorem 1.2], [10, Section 6] and [21, Theorem 2.1]. Here we use the one by Belabas [2,
Théorème 1.2]. Let g1 be the multiplicative function defined as

g1(pe) =



p/(p + 1), if p ⩾ 2 and e = 1
0, if p > 2 and e ⩾ 2
4/3, if p = 2 and e = 2
4/3, if p = 2 and e = 3
0, if p = 2 and e ⩾ 4.

It is not difficult to see that∏
p⩽X

(
1 − g1(p)

p

) ∑
a⩽X

2ω(a) g1(a)
a

⩽
∏

p⩽X

(
1 − g1(p)

p

) ∑
a⩽X

2ω(a) 4
3a

≪ log X. (3.1)

Lemma 3.1. Fix any ϵ > 0. Then for all q ∈ N and X ⩾ 2 with q < X
1

15 −ϵ we have∑
D∈D+(X)

q|D

(h3(D) − 1) = 1
π2

g1(q)
q

X + O

(
X

q(log X)2(log log X)2−ϵ
+ X

15
16 +ϵq− 1

16

)

and ∑
D∈D−(X)

q|D

(h3(D) − 1) = 3
π2

g1(q)
q

X + O

(
X

q(log X)2(log log X)2−ϵ
+ X

15
16 +ϵq− 1

16

)
,

where the implied constants are independent of q and X.

Proof. This follows from [2, Théorème 1.2] and the remark immediately thereafter. □
6



We are now ready to begin the proof of Theorem 1.1. The lower bounds follow from
h6(D) ⩾ h2(D) and genus theory. This idea for the lower bound was further exploited
and investigated in [13, Section 5]. For the upper bounds, we use Theorem 2.4 with

A = {D fundamental discriminant}, χT (D) = (h3(D) − 1)1|D|⩽T (D), cD = |D|.

We let h(q) = g1(q)/q and f be the multiplicative function f(n) = 2ω(n). Lemma 3.1
shows that the level of distribution assumption in Definition 2.2 is satisfied with

M(T ) = 4
π2 T, θ = 1

30 and ξ = 1
32 .

Let h+
n (D) be the size of the n-torsion subgroup of the narrow class group. We have

hn(D) ⩽ h+
n (D). Since h+

2 (D) = 2ω(D)−1 and h+
6 (D) = h+

2 (D)h+
3 (D), we obtain∑

D∈D+(X)
h+

6 (D) +
∑

D∈D−(X)
h+

6 (D)

=
∑

D∈D+(X)
h+

2 (D) +
∑

D∈D−(X)
h+

2 (D) +
∑

D∈D+(X)∪D−(X)
(h3(D) − 1) h+

2 (D).

The first two sums are readily estimated as O(X log X). For the final sum, the application
of Theorem 2.4 and (3.1) yields∑

D∈D+(X)∪D−(X)
(h3(D) − 1) h+

2 (D) =
∑

D∈A
χX(D)f(cD) ≪ X log X.

3.2. Proof of Theorem 1.3. The proof is as that of Theorem 1.1 with the only difference
being that (3.1) must be replaced by the bound

∑
a⩽X

2sω(a)

a
≪ (log X)2s

.

4. Diophantine equations

4.1. Three squares. Denote L(1, χ−N) = ∑∞
m=1

(
−N
m

)
m−1, where ( ·

·) is the Legendre
symbol. A theorem of Gauss states that for positive square-free N ≡ 3 (mod 8) one has

♯{x ∈ Z3 : x2
1 + x2

2 + x2
3 = N} = 8

π
L(1, χ−N)N1/2.

The main result of this section allows to put multiplicative weights on each variable. For
N ∈ N and an arithmetic function f we define

cf (N) :=
∏
p|N

(
1 +

(
−1
p

)
(f(p) − 1)

p

)
. (4.1)

Theorem 4.1. Fix any s > 0, α1, α2, α3 ∈ {0, 1} and let α = ∑3
i=1 αi. Assume that

f : N → [0, ∞) is a multiplicative function such that f(ab) ⩽ τ(a)sf(b) holds for all
a, b ∈ N. Then for all positive square-free integers N ≡ 3 (mod 8) we have

∑
x∈(Z\{0})3

x2
1+x2

2+x2
3=N

3∏
i=1

f(|xi|)αi ≪ L(1, χ−N)N1/2cf (N)α exp
α

∑
p⩽N

f(p) − 1
p

 ,

where the implied constant is independent of N .
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If, in addition, for each L ⩾ 1 one has inf{f(m) : Ω(m) ⩽ L} > 0, then for all positive
square-free integers N ≡ 3 (mod 8) we have

∑
x∈(Z\{0})3

x2
1+x2

2+x2
3=N

3∏
i=1

f(|xi|)αi ≫ L(1, χ−N)N1/2cf (N)α exp
α

∑
p⩽N

f(p) − 1
p

 ,

where the implied constant is independent of N .

The proof requires arguments that use the fact that the coordinates xi behave inde-
pendently. In §4.3 we transform the sums into ones where ∏3

i=1 f(|xi|) is replaced by
f(∏3

i=1 |xi|). Subsequently, in §4.4 we prove the required level of distribution for the
transformed sums by using work of Duke [9]. Finally, in §4.5 we prove Theorem 4.1.

4.2. Input from cusp forms. The main result in this subsection is Lemma 4.4; it
regards the number of solutions of x2

1 + x2
2 + x2

3 = N , with each xi divisible by an
arbitrary integer di. This is closely related to work of Brüdern–Blomer [4, Lemma 2.2]
in the case where each di is square-free. The proof of Lemma 4.4 combines the work of
Duke [9] with that of Jones [19]. We recall [9, Theorem 2, Equation (3)]:

Lemma 4.2 (Duke). There exists a positive constant κ such that for every positive def-
inite quadratic integer ternary form q and every square-free integer N one has

♯{x ∈ Z3 : q(x) = N} = κL(1, χq,N)S(q, N)
√

N√
D

+ O(D6N1/2−1/30),

where the implied constant is absolute, D is the determinant of the matrix (∂2q/∂xi∂xj),
χq,N is the Dirichlet character χq,N(m) = (−2Ddisc(Q(

√
N))

m
) and

S(q, N) :=
∏

p|2D

lim
λ→∞

♯
{
x ∈ (Z/pλZ)3 : q(x) ≡ N

(
mod pλ

)}
p2λ

.

Note that the definition of S in [9, Equation (4)] involves a finite value of λ, however,
this is equivalent since these densities stabilise owing to the fact that N is square-free.
We now specify the constant κ. When q = ∑3

i=1 x2
i we have D = 8, hence,

♯{x ∈ Z3 : x2
1 + x2

2 + x2
3 = N} = κN (163)

2
√

2
√

N
∞∑

m=1

(−4N

m

) 1
m

+ O(N1/2−1/30),

where N (m) = ♯{x ∈ (Z/mZ)3 : x2
1 + x2

2 + x2
3 ≡ N (mod m)}m−2.

Lemma 4.3. For any integer N ≡ 3 (mod 8) and t ⩾ 3, the number of solutions of
x2

1 + x2
2 + x2

3 ≡ N (mod 2t) is 4t.

Proof. Since N ≡ 3 (mod 8) every xi must be odd. Let x1, x2 run through all odd
elements (mod 2t) and then count the number of x3 for which x2

3 ≡ a (mod 2t), where
a ≡ N − x2

1 − x2
2 (mod 2t). Here N ≡ 3 (mod 8), hence, a ≡ 1 (mod 8). Now we use the

following fact: for t ⩾ 3 and each a ∈ Z/2tZ with a ≡ 1 (mod 8), the number of solutions
of x2 ≡ a (mod 2t) is 4. This gives a total number of solutions 2t−1 · 2t−1 · 4 = 4t. □

In particular, N (163) = 1. We obtain

♯{x ∈ Z3 : x2
1 + x2

2 + x2
3 = N} = κ

2
√

2
√

N
∞∑

m=1

(−4N

m

) 1
m

+ O(N1/2−1/30).

8



By [1, Theorem B, page 99] this equals 16
π

L
√

N , where L := ∑∞
m=1

(
−4N

m

)
1
m

. By Siegel’s
theorem we have L ≫ N−1/60, hence, κ = 32

√
2/π is deduced from

κ

2
√

2
− 16

π
= O

( 1
N1/30L

)
= O

( 1
N1/60

)
.

Lemma 4.4. For each c ∈ N3 and positive square-free N ≡ 3 (mod 8) we have

♯

{
x ∈ Z3 :

3∑
i=1

(cixi)2 = N

}
= 8

π
L(1, χ−N)hN(c)N1/2 + O((c1c2c3)12N1/2−1/30),

where the implied constant is absolute, hN(c) is given by

2♯{p|c1c2c3}

c1c2c3

∏
p|c1c2c3

1 −
(−N

p
)

p

1((4.2) − (4.4))
∏

p|c1c2c3
p divides exactly one ci

2−1(p∤N)
(

1 − 1
p

(
−1
p

))

and
2 ∤ c1c2c3, (4.2)
gcd(c1, c2, c3) = 1, (4.3)

p divides exactly two ci ⇒
(

N

p

)
= 1, (4.4)

p | N, p divides exactly one ci ⇒ p ≡ 1 (mod 4) . (4.5)

Proof. We use Lemma 4.2 with q = ∑3
i=1 c2

i x
2
i so that D = 8(c1c2c3)2. Let us note that

disc(Q(
√

N)) = 4N, hence, the character χq,N(m) is given by(
−2 · 8(c1c2c3)2 · 4N

m

)
=
(−N

m

)
1(gcd(2c1c2c3, m) = 1).

Therefore, the value of the corresponding L-function at 1 is
∏

p∤2c1c2c3

1(
1 − ( −N

p
)

p

) = L(1, χ−N)
2

∏
p|c1c2c3

p̸=2

1 −
(−N

p
)

p

 .

To work out the term S we use the work of Jones [19]. In the terminology of [19,
Theorem 1.3] we take Q = ∑3

i=1(cixi)2, m = N . When p ̸= 2 divides exactly one of the
ci, say, c3, then we take a = c2

1, b1 = 0 and [19, Equation (1.5)] shows that the p-adic
factor in S equals

1(p | N)2
(

1 − 1
p

)
1(p ≡ 1 (mod 4)) + 1(p ∤ N)

(
1 − 1

p

(
−1
p

))
.

If p divides exactly two of the ci’s, say c2 and c3 then by taking a = c2
1 in [19, Equa-

tion (1.4)] shows that the p-adic factor in S becomes 2 or 0, according to whether (N
p

) = 1
or not. Finally, since N is square-free, there is no prime p that divides every ci since that
would imply that p2 divides N . Further, by Lemma 4.3 the 2-adic density equals 1. □

4.3. Transformation. To transform the sums in Theorem 4.1 a preliminary step is to
show that for most integer solutions of x2

1 + x2
2 + x2

3 = N the common divisors of each
pair (xi, xj) are typically small. In Lemma 4.5 we show that these divisors are frequently
smaller than any fixed power of N , while in Lemmas 4.6-4.7 we show that these divisors
are smaller than a power of log N . The latter task combines equidistribution in the form
of Lemma 4.4 with a “level-lowering” mechanism that is grounded on work of Brady [5].
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Lemma 4.5. Fix any s > 0 and δ ∈ (0, 1/6). Then for any positive square-free integer
N ≡ 3 (mod 4) we have∑

c>Nδ

∑
x∈(Z\{0})3,c|(x1,x2)

x2
1+x2

2+x2
3=N

(τ(x1)τ(x2)τ(x3))s ≪ N1/2−δ/2L(1, χ−N),

where the implied constant depends at most on δ and s.

Proof. Since c2 | x2
1 + x2

2 = N − x2
3, we obtain the upper bound

≪ϵ,s N ϵ
∑
c>y

∑
|x3|⩽N1/2

c2|N−x2
3

r2(N − x2
3) ≪ϵ N2ϵ

∑
c>y

♯{|x3| ⩽ N1/2 : c2 | N − x2
3}.

We shall now split in two ranges: N δ < c ⩽ N1/2−δ and c > N1/2−δ. For the second range
we write D = (N − x2

3)/c2 and note that D ⩽ N2δ. Swapping summation thus leads to∑
c>N1/2−δ

♯{|x3| ⩽ N1/2 : c2 | N − x2
3} ⩽

∑
1⩽D⩽N2δ

♯{c, x3 ∈ Z : N = x2
3 + Dc2}.

Since D > 0, the unit group of Q(
√

−D) is bounded independently of D. From the
theory of binary quadratic forms we can then infer that

♯{c, x3 ∈ Z : N = x2
3 + Dc2} ≪

∑
m|N

(
D

m

)
≪ϵ N ϵ,

where the implied constant depends only on ϵ. This gives the overall bound
≪ N3ϵ+2δ ≪ N4ϵ+2δL(1, χ−N)

by Siegel’s estimate. Using δ < 1/6 we see that 2δ < 1/2 − δ, thus, taking ϵ = δ/8 gives
the bound N1/2−δ/2L(1, χ−N), which is satisfactory.

We next deal with the first range. Splitting in progressions we get

♯{|x3| ⩽ N1/2 : c2 | N − x2
3} ⩽

∑
t∈Z/c2Z
c2|N−t2

(
N1/2

c2 + 1
)

≪ N ϵ

(
N1/2

c2 + 1
)

.

Summing over the range N δ < c ⩽ N1/2−δ this gives ≪ N1/2−δ+ϵ, which is acceptable
upon choosing a suitably small value for ϵ. □

The two next proofs use that the range c > N δ has been dealt with.

Lemma 4.6. Fix arbitrary s > 0 and let β = 60(100s − 1)/7. For any c ∈ N3 and
positive square-free integer N ≡ 3 (mod 8) we have

∑
x∈(Z\{0})3,ci|xi∀i

x2
1+x2

2+x2
3=N

(τ(x1)τ(x2)τ(x3))s ≪ L(1, χ−N)N1/2(log log N)2(log N)3·2β+1
3∏

i=1

τ(ci)β+3

ci

+ N1/2−1/100(c1c2c3)12,

where the implied constant depends at most on β and s.

Proof. The function H(δ) = δ log2(δ−1)+(1−δ) log2(1−δ)−1 satisfies H(7/6000) > 1/100.
Taking δ = 7/6000 we see that the assumption 7β + 60 = 6000s allows us to use [5,
Theorem 4]. This yields the following bound for the sum over x in the lemma:

≪β,s

∑
d∈N3

di⩽Nδ/2∀i

(τ(d1)τ(d2)τ(d3))β♯{x ∈ (Z \ {0})3 : x2
1 + x2

2 + x2
3 = N, [ci, di] | xi∀i},
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where [·, ·] denotes the least common multiple. By Lemma 4.4 this can be bounded by

≪
∑

d∈N3

di⩽Nδ/2∀i

( 3∏
i=1

τ(di)β
)

(log log N)2
(

L(1, χ−N)N1/2
3∏

i=1

τ([ci, di])
[ci, di]

+ N1/2−1/30
3∏

i=1
[ci, di]12

)
,

where we used the following standard bound for t = c1c2c3,

∏
p|t

(
1 + 1

p

)
≪
∏
p|t

(
1 − 1

p

)−1

= t

ϕ(t) ≪ log log t. (4.6)

Using [ci, di] ⩽ cidi we can see that the second part of this sum is

≪ N1/2−1/30
3∏

i=1
c12

i

 ∑
d⩽Nδ/2

τ(d)βd12

3

≪ N1/2−1/30+19.5δ(log N)3(2β−1)
3∏

i=1
c12

i ,

which is ≪ N1/2−1/30+20δ ∏ c12
i . Our choice δ = 7/6000 makes sure that this is ≪

N1/2−1/100∏ c12
i . The first part of the sum is ≪ L(1, χ−N)(log log N)2N1/2∏S(ci), where

S(c) :=
∑
d⩽N

τ(d)β τ([c, d])
[c, d] ⩽

τ(c)
c

∑
d⩽N

τ(d)β+1 gcd(c, d)
d

.

Writing m = gcd(c, d) and d = mt, the sum over d can be seen to be at most
∑
m|c

m
∑
d⩽N
m|d

τ(d)β+1

d
⩽
∑
m|c

τ(m)β+1 ∑
t⩽N

τ(t)β+1

t
≪ τ(c)β+2(log N)2β+1

.

□

Lemma 4.7. Fix any positive A and s. Then for any positive square-free N ≡ 3 (mod 8)
we have∑

c>(log N)A

∑
x∈(Z\{0})3,c|(x1,x2)

x2
1+x2

2+x2
3=N

(τ(x1)τ(x2)τ(x3))s ≪A,s L(1, χ−N)N1/2(log N)ρ(s)−A/2,

where ρ(s) = 6 · 2(6000s−60)/7 and the implied constant depends at most on A and s.

Proof. Fix any δ > 0. By Lemma 4.5 we can discard the contribution of c > N δ. For the
remaining c we employ Lemma 4.6 with β defined by 7β + 60 = 6000s. We obtain

≪
∑

(log N)A<c⩽Nδ

(
L(1, χ−N)N1/2(log log N)2(log N)3·2β+1 τ(c)2β+6

c2 + N1/2−1/100c24
)

≪ L(1, χ−N)N1/2(log N)3·2β+1−A/2 + N1/2−1/100+25δ.

Choosing sufficiently small δ and using Siegel’s bound we obtain

N−1/100+25δ ≪ N−1/1000 ≪ L(1, χ−N)(log N)3·2β+1−A/2.

□

Define for N, m1, m2, m3 ∈ N the function

Rm(N) :=
∑

y∈(Z\{0})3:
∑

i
(mjmkyi)2=N

gcd(yi,yj)=1∀i ̸=j

f(yα1
1 yα2

2 yα3
3 ).
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Lemma 4.8. Fix any A > 0. In the setting of Theorem 4.1 we have∑
x∈(Z\{0})3

x2
1+x2

2+x2
3=N

3∏
i=1

f(xi)αi ≪
∑

m∈N3,(4.7)
max mi⩽(log N)A

Rm(N)
3∏

i=1
τ(mi)2s + L(1, χ−N)N1/2

(log N)A/2−ρ(s) ,

where ρ(s) is as in Lemma 4.7, the implied constant depends at most on s, A and

gcd(mi, 2mj) = 1∀i ̸= j p | m1m2m3 ⇒
(

N

p

)
= 1. (4.7)

Proof. By our assumption f ⩽ τ s and Lemma 4.7 we may write the sum over x as∑
x∈(Z\{0})3,x2

1+x2
2+x2

3=N

gcd(xi,xj)⩽(log N)A∀i ̸=j

3∏
i=1

f(xi)αi + O(L(1, χ−N)N1/2(log N)−A/2+ρ(s)).

For {i, j, k} = {1, 2, 3} we let mi = gcd(xj, xk) so that the mi are coprime in pairs
due to gcd(x1, x2, x3) = 1 that can be inferred from the fact that N is square-free and
N = ∑

i x2
i . Hence, letting yi := xi/(mjmk) we see that mi = gcd(xj, xk) is equivalent to

1 = gcd(mkyj, mjyk). We obtain
∑

m∈N3

gcd(mi,mj)=1∀i ̸=j

mi⩽(log N)A∀i

∑
y:
∑

i
(mjmkyi)2=N

gcd(yi,yj)=1∀i ̸=j

3∏
i=1

f(mjmkyi)αi + O(L(1, χ−N)N1/2(log N)−A/2+ρ(s)).

We omitted the condition gcd(yi, mi) = 1 as it is implied by the fact that N is square-free
and a sum of integer multiples of m2

i and y2
i . Our assumption f(ab) ⩽ τ(a)sf(b) allows

us to write
3∏

i=1
f(mjmkyi)αi ⩽

3∏
i=1

τ(mj)sτ(mk)sf(yi)αi = f(yα1
1 yα2

2 yα3
3 )

3∏
i=1

τ(mi)2s,

since the yi are pairwise coprime and f is multiplicative. The condition that each prime
divisor p of mi must satisfy (N

p
) = 1 comes from the fact that each mi divides two of the

coefficients of ∑i(mjmkyi)2 and is coprime to the third. Finally, if one of the mi is even,
then 4 divides N − (mjmkyi)2, which is impossible owing to N ≡ 3 (mod 4). □

4.4. Level of distribution. Throughout this subsection m is a fixed vector in N3 sat-
isfying (4.7). For positive integers d, N define

Cd(N) := ♯

{
y ∈ Z3 : (m2m3y1)2 + (m1m3y2)2 + (m1m2y3)2 = N,

gcd(yi, yj) = 1∀i ̸= j, d | y1y2y3

}
.

The main result is Lemma 4.11; it gives a level of distribution result for Cd(N) that will
subsequently be fed into Theorem 2.4 to bound Rm(N).

We start with a sieving argument that deals with the coprimality of the yi.

Lemma 4.9. Keep the setting of Theorem 4.1 and fix any δ ∈ (0, 1/9). For all m as
in (4.7) and all d ∈ N we have
Cd(N) =

∑
d∈N3,d=d1d2d3

gcd(di,dj)=1∀i ̸=j
gcd(di,mi)=1∀i

∑
b∈N3,max bi⩽Nδi ∀i

gcd(bi,bj)=1∀i ̸=j
gcd(bi,dimj)=1∀i ̸=j

µ(b1)µ(b2)µ(b3)Cb,d(N) + O(N1/2−δ/400L(1, χ−N)),

where δ1 = δ/100, δ2 = δ/10, δ3 = δ, the quantity Cb,d(N) is given by
♯{t ∈ Z3 : N = (m2m3[d1, b2b3]t1)2 + (m1m3[d2, b1b3]t2)2 + (m1m2[d3, b1b2]t3)2}
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and the implied constant depends at most on δ.

Proof. Since yi are coprime in pairs in Cd(N), we can write d = d1d2d3 where di | yi and
the di are coprime in pairs. Then, Cd(N) becomes

∑
d∈N3,d=d1d2d3

gcd(di,midj)=1∀i ̸=j

♯

{
y ∈ (Z \ {0})3 : (m2m3y1)2 + (m1m3y2)2 + (m1m2y3)2 = N,

gcd(yi, yj) = 1∀i ̸= j, di | yi∀i

}
.

The condition gcd(di, mi) = 1 comes from the fact that N is square-free and the sum of
squares equation. We now use the expression ∑b1|(y2,y3) µ(b1) to detect the coprimality of
y2 and y3. The contribution of b1 > N δ/100 will then be at most

τ3(d)
∑

b1>Nδ/100

♯{t ∈ Z3 : t2
1 + t2

2 + t2
3 = N, b1 | (t2, t3)} ≪ τ3(d)N1/2−δ/200L(1, χ−N)

by Lemma 4.7. We have d ⩽ N3 due to d | y1y2y3, hence, the bound τ3(d) ≪ N δ/400

shows that the contribution is ≪ N1/2−δ/400L(1, χ−N). Next, we use ∑b2|(y1,y3) µ(b2) to
detect the coprimality of y1 and y3. The contribution of b2 > N δ/10 is

≪ τ3(d)
∑

b1⩽Nδ/100

b2>Nδ/10

♯{t ∈ Z3 : t2
1 + t2

2 + t2
3 = N, b2 | (y1, y3)} ≪ τ3(d)N1/2+δ/100−δ/20L(1, χ−N)

by Lemma 4.7. This can be seen to be ≪ N1/2−δ/150L(1, χ−N) as before. Finally, using∑
b3|(y1,y2) µ(b3), we can see that the range b3 > N δ contributes

≪ τ3(d)
∑

b1⩽Nδ/100,b2⩽Nδ/10

b3>Nδ

♯{t ∈ Z3 : t2
1 + t2

2 + t2
3 = N, b3 | (t1, t2)} ≪ N1/2−δ/10L(1, χ−N).

We thus obtain the expression claimed in the lemma. The conditions of the form
gcd(b1, b2b3d1m2m3) = 1 in the lemma come from the fact that N is square-free. Fi-
nally, the vectors t having ti = 0 for some i contribute at most

≪ τ3(d)N δ1+δ2+δ3r2(N) ≪ N2δ,

which is acceptable by the assumption δ < 1/9. □

We next apply Lemma 4.4. Denote

b = b1b2b3, m = m1m2m3 and Cd :=
∏

p≡3(mod 4)
p|(d,N)

p.

Lemma 4.10. Keep the setting of Lemma 4.9 and fix any ϖ > 0. For all d ∈ N and
m ∈ N3 as in (4.7) with the additional restriction max mi ⩽ (log N)ϖ we have

Cd(N) = 8
π

L(1, χ−N)N1/2M1M2 + O(d12N1/2+max{50δ−1/30,−δ/800}(log N)100ϖL(1, χ−N)),

where the implied constant depends at most on δ and ϖ. Here

M1 = 1(2 ∤ d)
d

2ω(m)

m2

∏
p|m

(
1 − 1

p

(
−1
p

))
13



and

M2 =
∑

b∈N3

2♯{p|b:p∤m} µ(b)
b2 2♯{p|d:p∤bm} ∏

p|b,p∤m

(
1 − 1

p

(
−1
p

))
2♯{p|(d,b)}

2♯{p|d:p∤bmN}

× gcd(d, b)3♯{p|d:p∤bm}2♯{p|d,p|m,p∤b} ∏
p|d

p∤bm

(
1 − 1

p

(
−1
p

))(
1 − 1

p

(
−N

p

))
,

where the sum is over b satisfying the further conditions

Cd | b1b2b3m, gcd(bi, 2bjmj) = 1∀i ̸= j,

and (N
p

) = 1 for all primes p | b1b2b3 with p ∤ m.

Proof. We employ Lemma 4.4 with ci = mjmk[di, bjbk] to estimate Cd(N) in Lemma 4.9.
The error term is

≪ τ3(d)d12N1/2−1/30(log N)100ϖ
3∏

i=1

∑
b⩽Nδi

b24 ≪ d12N1/2−1/30+50δ(log N)100ϖL(1, χ−N)

by Siegel’s bound and τ3(d) ≪ N δ−δ1−δ2L(1, χ−N) that is implied by d ⩽ N3.
To deal with the main term let us recall that the mi are pairwise coprime and use the

coprimality conditions on the bi, di to see that (4.3) is always met. Denote b := b1b2b3.
Note that a prime p divides exactly two of the ci if and only if p | bm. In addition, p
divides exactly one of ci if and only if p divides d but not bm. We get the main term

8
π

L(1, χ−N)N1/21(2 ∤ m)
m2 K

∏
p|m

(
1 − 1

p

(
−N

p

))
,

where K is the sum∑ * 2ω(mb) µ(b1)µ(b2)µ(b3)
(b1b2b3)2

∏
p|b1b2b3

p∤m

(
1 − 1

p

(
−N

p

))
1(2 ∤ d)2♯{p|d:p∤bm}

d
F(d)

×1(p | (d, N), p ∤ bm ⇒ p ≡ 1 (mod 4))
∏
p|d

p∤bm

(
1 − 1

p

(
−1
p

))(
1 − 1

p

(
−N

p

))(1
2

)1(p∤N)

with ∑ * taken over b ∈ N3 satisfying bi ⩽ N δi for all i, gcd(bi, 2bjmj) = 1 for all i ̸= j,
and, with the further property that each prime divisor p of b that does not divide m must
satisfy (N

p
) = 1. The multiplicative function F(d) is defined as∑

d∈N3,d=d1d2d3

gcd(d1, b2b3) gcd(d2, b1b3) gcd(d3, b1b2),

where the sum is subject to gcd(di, djmibi) = 1 for all i ̸= j. To analyse it at prime
powers pα we use that di are coprime to infer that F(pα) equals

gcd(pα, b2b3)1(p ∤ b1m1) + gcd(pα, b1b3)1(p ∤ b2m2) + gcd(pα, b1b2)1(p ∤ b3m3).

Since bi are coprime in pairs and square-free we see that if p | b1b2b3 then the above
becomes 2p because gcd(bi, mj) = 1 for all i ̸= j. If p ∤ b1b2b3m1m2m3 then the sum
becomes 3. If p ∤ b1b2b3 and p | m1m2m3 then it becomes 2. Thus, F(d) equals

2♯{p|(b,d)} gcd(b, d)3♯{p|d:p∤bm}2♯{p|(d,m):p∤b}.
14



Using (4.6) we see that the contribution of b with bi > N δ
i for some i is

≪ L(1, χ−N)N1/2(log log N)3τ(d)6ω(d)d
∑

b∈N3

∃i:bi>Nδi

2ω(b1b2b3)

(b1b2b3)2 ≪ L(1, χ−N)N1/2d2N
− 1

2 min δi ,

which is acceptable since min δi > δ/800. To conclude the proof we note that the condition
p | d, p | N, p ∤ bm ⇒ p ≡ 1 (mod 4) is equivalent to Cd | bm. □

Finally, we simplify the main term in Lemma 4.10. The error term will be obtained by
taking δ = 80/120003. Denote for a prime p, cp = 1 − 1

p

(
−1
p

)
.

Lemma 4.11. Fix any ϖ > 0. For all m ∈ N3 as in (4.7) with max mi ⩽ (log N)ϖ, all
square-free positive integers N ≡ 3 (mod 8) and all d ∈ N we have

Cd(N) = M(N)gN(d) + O(d12N1/2−1/1200030(log N)100ϖL(1, χ−N)),

where the implied constant depends at most on ϖ. Further,

M(N) = 8
π

L(1, χ−N)N1/2 2ω(m1m2m3)

(m1m2m3)2

∏
p|m1m2m3

cp

(
1 − 1

p2

) ∏
p∤m1m2m3

( N
p

)=1

(
1 − 6cp

p2

)

and

gN(d) =1(p | (d, N) ⇒ p ≡ 1 (mod 4))1(2 ∤ d)
d

2♯{p|d:p|m1m2m3N}3♯{p|d:p∤m1m2m3}

×
∏

p|m1m2m3
p|d

(
1 + 1

p

)−1 ∏
p∤m1m2m3
p|d,( N

p
)=1

1(
1 − 6cp

p2

) (
1 − 4

pcp

) ∏
p|d

p∤m1m2m3

cp

(
1 − 1

p

(
−N

p

))
.

Proof. Let G(b) be the number of b ∈ N3 with b = b1b2b3 and gcd(bi, bjmj) = 1 for all
i ̸= j. Using 2♯{p|d:p∤bm}2♯{p|d,p|m,p∤b}2♯{p|(d,b)} = 2ω(d) we can write

M2 = M33♯{p|d:p∤m} 2ω(d)

2♯{p|d:p∤mN}

∏
p|d,p∤m

cp

(
1 − 1

p

(
−N

p

))
,

where M3 is given by
∑

b∈N,2∤b,Cd|bm

p|b,p∤m⇒( N
p

)=1

2♯{p|b:p∤m} µ(b) gcd(d, b)
b2

2♯{p|b:p∤mN,p|d}

3♯{p|b:p∤m,p|d} G(b)
∏

p|b,p∤m
p|d

c−2
p

∏
p|b,p∤m

cp.

For a prime p we have G(p) = 1(p ∤ m1m2) + 1(p ∤ m1m3) + 1(p ∤ m2m3). Since the
mi are coprime in pairs, G(p) becomes 1 or 3 according to whether p divides m or not.
Hence, G(b) = 3♯{p|b:p∤m} for all square-free b, thus, M3 can be written as

∑
b∈N,2∤b,Cd|bm

p|b,p∤m⇒( N
p

)=1

6♯{p|b:p∤m} µ(b) gcd(d, b)
b2

2♯{p|b:p∤mN,p|d}

3♯{p|b:p∤m,p|d}

∏
p|b,p∤m

p|d

c−2
p

∏
p|b,p∤m

cp.

Let us show that if the sum over b is non-empty then Cd = 1. To see that, assume there
is a prime p | Cd. Then the condition p | Cd | bm implies that p | m or p ∤ m and p | b.
In the first case, the condition present in M1 shows that (N

p
) = 1, which violates the

condition p | Cd | N . In the second case, we have p ∤ m and p | b, hence, the condition
15



in the sum over b shows that (N
p

) = 1, which is a contradiction. Factor b = b0b1, where
b0 | m and b1 is coprime to m. We can thus write M3 = M4M5, where

M4 =
∑
b0|m

µ(b0) gcd(d, b0)
b2

0
=
∏
p|m
p|d

(
1 − 1

p

)∏
p|m
p∤d

(
1 − 1

p2

)

and M5 is given by
∑

b1∈N,gcd(b1,2m)=1
p|b1⇒( N

p
)=1

6♯{p|b1} µ(b1) gcd(d, b1)
b2

1

(2
3

)♯{p|b1:p|d} ∏
p|b1

cp

∏
p|b1
p|d

c−2
p ,

where we used the conditions b0 | m and gcd(b1, m) = 1 to infer that b0, b1 are coprime
and thus split µ(b0b1). The Euler product for M5 equals

∏
p∤2m

( N
p

)=1

(
1 − 6cp

p2

) ∏
p|d,p∤2m

( N
p

)=1

1(
1 − 6cp

p2

) (
1 − 4

pcp

) .

□

4.5. The proof of Theorem 4.1. We focus on the hardest case α = 3. We use The-
orem 2.4 with A being the set of vectors y ∈ (Z \ {0})3 satisfying gcd(yi, yj) = 1 for
all i ̸= j and ca = |y1y2y3|. Further, we let T = N and χN(a) = 1{N}((m2m3y1)2 +
(m1m3y2)2 + (m1m2y3)2). To verify assumption (2.6) we use Lemma 4.11. Note that
2ω(m)∏

p|m(1 − 1/p) ⩾ 1, hence

N1/2L(1, χ−N)
(log N)6ϖ

⩽
N1/2L(1, χ−N)

(m1m2m3)2 ≪ M ≪ N1/2L(1, χ−N) (4.8)

with absolute implied constants. Fix any strictly positive constants ξ and θ satisfying
12θ + ξ < 1/600015. For any positive integer d ⩽ M θ, the error term in Lemma 4.11 is

≪ M12θN1/2L(1, χ−N)N−1/1200030(log N)100ϖ ≪ M1+12θN−1/1200030(log N)106ϖ

by the lower bound (4.8). Using the upper bound of the same inequality we obtain

≪ M1−1/600015+12θL(1, χ−N)1/2400060(log N)106ϖ ≪ M1−1/600015+12θ(log N)1+106ϖ

by the bound L(1, χ−N) ≪ log N . The error term is O(M1−ξ) as we have chosen ξ so
that 12θ + ξ < 1/600015. This verifies assumption (2.6) of Theorem 2.4. The remain-
ing assumptions are easily seen to hold since the function gN in Lemma 4.11 satisfies
pegN(pe) = O(1) for all e ⩾ 1 and primes p with an absolute implied constant. Hence,
one has for all m with max mi ⩽ (log N)A∑

y∈(Z\{0})3:
∑

i
(mjmkyi)2=N

gcd(yi,yj)=1∀i ̸=j

f(|y1y2y3|) ≪ M(N)T (M(N)),

where T (y) = ∏
1≪p⩽y(1 − gN(p))∑a⩽y f(a)gN(a) and the implied constant depends at

most on s and ϖ. We have T (y) ≍ exp(S(y)) by Lemma 2.5, where S(y) is

6
∑
p|N

p≡1(mod 4)

f(p) − 1
p

+ 3
∑
p⩽y
p∤N

f(p) − 1
p

+ O
(

1 +
∑

p|m1m2m3

1
p

+
∑
p|N
p>y

1
p

)
.
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The main term is

3
∑
p|N

(
−1
p

)
f(p) − 1

p
+ 3

∑
p⩽y

f(p) − 1
p

+ O
(∑

p|N
p>y

1
p

)
.

The sum over p | N, p > y is ≪ ω(N)/y ≪ (log N)/y. Thus, with cf (N) as in (4.1), there
exists a positive constant ν = ν(s) such that for all y ⩾ log N one has

∏
p|m1m2m3

(
1 + 1

p

)−ν

≪ T (y)cf (y)−3 exp
−3

∑
p⩽y

f(p) − 1
p

 ≪
∏

p|m1m2m3

(
1 + 1

p

)ν

.

Injecting the upper bound into Lemma 4.8 and using that M(N) ⩽ N we get
∑

x∈(Z\{0})3

x2
1+x2

2+x2
3=N

3∏
i=1

f(|xi|) ≪ L(1, χ−N)N1/2

(log N)A/2−ρ(s) + L(1, χ−N)N1/2cf (N)3 exp
3

∑
p⩽N

f(p) − 1
p

S

where
S =

∑
m∈N3,(4.7)

max mi⩽(log N)A

3∏
i=1

τ(mi)2s

m2
i

∏
p|mi

(
1 + 1

p

)ν

.

Since ∏p|m(1+1/p) ⩽ τ(m) we can see that S is bounded. Enlarging the value of A allows
the logarithmic exponent A/2 − ρ(s) to exceed any given number and it thus completes
the proof of the upper bound in Theorem 4.1 when each αi is 1.

To prove the lower bound in Theorem 4.1 we note that∑
x∈(Z\{0})3

x2
1+x2

2+x2
3=N

3∏
i=1

f(|xi|) ⩾
∑

x∈(Z\{0})3,
∑

i
x2

i =N

gcd(xi,xj)=1∀i ̸=j

3∏
i=1

f(|xi|)

and apply [6, Theorem 1.13] to estimate the right-hand side sum. This has a level-
of-distribution assumption that can be verified using the case m1 = m2 = m3 = 1 of
Lemma 4.11.
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