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Abstract

Consider the following Lane-Emden system with Dirichlet boundary conditions:
~AU = V7'V, —AV = |U|*'UinQ, U=V =0ondQ,

in a bounded domain Q, for (a, ) subcritical. We study the asymptotic behavior of least-energy
solutions when 8 — oo, for any fixed o which, in the case N > 3, is smaller than 2/(N — 2). We
show that these solutions converge to least-energy solutions of a semilinear equation involving the
1-bilaplacian operator, establishing a new relationship between these objects. As a corollary, we
deduce the asymptotic behavior of solutions to p-bilaplacian Lane-Emden equations as the power in
the nonlinearity goes to infinity. The proofs rely on the reduction by inversion method and on tools
from nonsmooth analysis, considering an auxiliary nonlinear eigenvalue problem. We characterize
its value in terms of the Green function, and prove a Faber-Krahn type result. In the case of a ball,
we can characterize explicitly the eigenvalue, as well as the limit profile of least-energy solutions to
the system as 8 — oo.
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1 Introduction

In this paper we study the asymptotic behavior of least-energy solutions of the following Lane-Emden
system

—AUs = |V5|P7 V5, —AVs = |[Us|* Uz in Q, Uz = Vs =0on 9, (1.1)

where € is a bounded domain in RY with N > 1 and a > 0, 3 > 0 satisfy
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(1.2)

that is, the pair («, 8) is below the critical hyperbola. The case a.- 8 = 1 is different in nature, being an
eigenvalue problem (see [22]) which we do not consider here. We are mainly interested in characterizing
the limit of (Ug, Vi) as the power 3 tends to infinity, for any fixed a > 0if N = 1,2, or a € (0, %) if
N > 3.
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Figure 1: (a, 8) subcritical with a € (0, i25) fixed and 8 — oo.

The existence of least-energy solutions of (1.1) is well known and several methods for this (and to
study qualitative properties) have been developed, see the survey [5]. In particular, the reduction-by-
inversion method establishes a bijection between classical solutions of (1.1) and critical points of the

B+1
energy functional J, g : WZ’B%(Q) N Wol’ ? () — R given by

1
J : AUF de — —— | |U]** da. 1.3
ws(0)i= 5y [ 1801 do = [0 o (13)
More concretely, given U € w2 (Q) N WO’ s (Q) and V := —|AU|7_1AU then (U, V) is a classical
solution of (1.1) if and only if J;, 5(U) = 0 (see, for instance, [5, Lemma 4.8], whose proof can be found

in [23, Theorem 1.1] and 6, Appendlx A]). Observe that a critical point of J, g is a solution of the
Navier 2

ﬁ L_bilaplacian equation

A(\Au|%_lAu) =|ul*"tu inQ, u=Au=0 on 0. (1.4)
Within this framework, one says that (Ug, V3) # (0,0) is a least-energy solution of (1.1) if

Jo,s(Ug) = ca,p :=1nf{J, g(U) : U is a nontrivial critical point of J, g}
=min{J, g(U) : (U, V) is a nontrivial solution of (1.1)}.

We point out that (1.2) implies that the embedding WZ’%(Q) < L*T1(Q) is compact, and that the
homogeneity on the left- and right-hand sides of (1.4) do not coincide. For other (equivalent) character-
izations of the least energy level, see, for instance, [5, Corollary 2.5, Theorem 3.8 and Propositions 5.4
and 5.12]. Observe that, in this method, we can exchange the roles of « and 8, which leads instead to
the O‘Tﬂ—bilaplacian equation

A(|Au/= " Au) = [ulfu  in Q, u=Au=0 on 9. (1.5)

Our asymptotic analysis establishes a new link between the limit profiles (as 8 — o) of least-energy
solutions of the Hamiltonian system (1.1) and the (Navier) 1-bilaplacian equation

Au o1l _Au
A (|Au|> = |u|*u in £, u = Al 0 on 012, (1.6)

for any fixed @ > 0 if N = 1,2, or a € (0, 5%) if N > 3. Equation (1.6) is a formalism to represent
a critical point of a nonsmooth variational problem. Indeed, note that (1.6) cannot be understood in a
pointwise sense: Aw/|Au| is constant (and, at least formally, harmonic) on {Awu # 0}, while it is not
well defined on {Au = 0}. This suggests that Awu should not be thought of as a function, but rather



as a distribution, and this allows to give a consistent notion for a solution of (1.6). To be more precise,
following [24], let

BLy() := {u € Wy (Q) : |Au|r < o0}, (1.7)

where
|Au|r = sup{/ ulp:p € CE(N), @l < 1}
Q

is the total variation of the Radon measure Au, see [24, Section 2] and Lemma A.1. We say that
u € BLy(Q) is a solution of (1.6) if there is v € W' (€2) N L°°(2) such that

—Av = [u|7 %y in Q (in distributional sense), |v|ec <1, and / u(—Av) = |Aulr.
Q

In this sense, the function v gives a consistent meaning to the quotient —Auw/|Aul.
The energy of a solution u € BLy(Q) of (1.6) is given by

1
1 « o oFt
2 = Ay~ et = ()T

and we call u a least-energy solution of (1.6) if ®(u) = min{®(w) : w is a nontrivial solution of (1.6)}.
The functional ® can be treated variationally using techniques from nonsmooth analysis, see Section 2.1.
The following result characterizes the limit profiles and establishes a bridge between (1.1) and (1.6).

Let
N : N .
1* — N—-1 lf N Z 2 , 1** = N-—-2 lf N 2 3 . (18)
00 ifN=1 00 ifN=1,2

Theorem 1.1. Let Q C RY be a bounded domain of class C*7 for some v € (0,1]. Let o € (0,1** — 1),
B >0, and let (Ug, V) be a least-energy solution of (1.1). There is a least-energy solution Us, € BLy(2)
of (1.6) such that, up to a subsequence, as § — o0,

Us = Uso i Wy (Q) for every r € [1,17), and |AUs|1 = |[AUso|T-

1
Furthermore, let Vo, € W21H&(Q) N Wol’H_“ (Q) be the unique solution of

—AVy = U |* U in Q, Voo = 0 on 09.
Then, up to a subsequence, as [ — 0o
Vs = Vo weakly in W2’1+é(Q)7 strongly in W,"(Q) and C™° (Q),
for some n > 1* and o € (0,1) depending on o, withm=1ifa<1*—1, m=04a>1*—1.

If Q is the unit ball By, we can obtain more explicit formulas. We present them for N > 3 only, but
it is possible to do the same for N =1, 2.

Theorem 1.2. Consider N > 3 and let ) = By. Under the assumptions and notations of Theorem 1.1,
it holds

2
2N T (5%5)

Uso(z) = Ano(|2*N —=1) forz € By, where AN o 1=
I'(a+2)0 (ﬁ — a)

. (1.9)

Moreover, the limit (Ux, Voo) 1s unique, and the convergence (Ug, V) = (Uso, Vo) holds without neces-
sarily considering subsequences.

Remark 1.3. For the exact statement regarding the convergence of V3 to V in Theorems 1.1 and 1.2,
see Corollary 3.2 below.



We remark that Theorems 1.1 and 1.2 can also be interpreted in the setting of the Navier @£l

bilaplacian Lane-Emden equation (1.5) when the power of the nonlinearity goes to infinity.

Corollary 1.4. Let Q C RY be a bounded domain of class C*7 for some v € (0,1). Let a € (0,1** — 1),
B >0, and let vz be a least-energy solution of

A(|Avﬁ|%_1Avﬁ) =|vgl’"tvg  in 9, vg=Avg=0 on 9N (1.10)
Then vg = Vi as f — oo, where the convergence and Vo are as in Theorem 1.1.

This result is new even for N < 3 and « = 1, where (1.10) reduces to the Navier bilaplacian equation
A% = |vg|®~lvg  in By, vg=Avg =0 on JBj. (1.11)

It is interesting to note that the behavior described in Corollary 1.4 for (1.11) is different from the results
obtained in [4], where the asymptotic profile of the solution vg of (1.11) is studied as 8 — oo in dimension

N = 4. We shall return to this issue later in this introduction when we discuss the previous literature.

Next, we state Theorem 1.1 in the setting of the Navier %—bilaplaeian equation (1.4).

Corollary 1.5. Let Q C RN be a bounded domain of class C*7 for some v € (0,1). Let a € [0,1** — 1),
and let ug be a least-energy solution of

A(|Au5\%71Au5) = |ug|*tug  in Q, ug=Aug =0 on ON.

Then, up to a subsequence and with Us as in Theorem 1.1, ug — Us in WET(Q) as B — oo for
r € [1,1*) and |Aug|li = |AUs|r. Moreover, if Q is the unit ball, then the convergence holds with U
as in Theorem 1.2.

To show Theorems 1.1 and 1.2 we consider an auxiliary nonlinear eigenvalue problem, which is of
independent interest. To be more precise, let p, ¢ be such that

and let

Apg= inf B

= inf {|Aul, :u e WP(Q), |ul, =1}, (1.12)
wewZP @\ {0} [ulg { : 4 ! }

where
W2P(Q) == {u € Wy (Q) : Au€ LP(Q)}.

We summarize in the next theorem our main results regarding this auxiliary problem, since they are of
independent interest.

Theorem 1.6. Let Q be convex or of class C17 for some v € (0,1]. Then:

(a) if p>1 and (N —2p)g < Np, then A, 4 is achieved by a function u, 4 € Wi’p(ﬂ) with |up¢lq = 1,
and

p—2 _ q—2 . _ _
A(JAup, [P Aupg) = Apglup,q Upq i 82, Up,g = Aup g =0 on O

(b) if p=1and q € [1,1**), then
‘AU‘T

Aig= in ,
weBLo(D\{0} |ulq

and Ay 4 is achieved by a function uy 4 € BLo(Q) with |u|, = 1. Moreover,

Au1 _ . Au1
A ( D) = Ay glur g ur, in Q, Ul,g = 4 =0 on ON.
|Auy 4]



Moreover, for (p,q) satisfying (2.1), the map

(pa ‘J) — Ap,q

=1

is continuous and, for q € [1,1**) and (pn, ¢n) — (1,q), given u,, a minimizer for A, o with |u,
then there is a minimizer u1 4 of A1 4, with |u1|lg = 1, such that, up to a subsequence:

dn ’

Up — u in Wy () for every r € [1,1%) and |Auy|r — |Aulp.

We make some comment on the proof of this theorem, as well as its connection with Theorem 1.1.
Regarding items (a) and (b), if p > 1, then WXP(Q) = W22(Q) N W, P(Q), but W21(Q) N W, ' (Q) is
strictly contained in Wi’l(ﬂ). Furthermore, the space W?1(Q) is not reflexive, and in particular one
cannot guarantee that a minimizing sequence has a weakly convergent subsequence. A consequence of
these facts is that A, , is achieved in WP (Q) for p > 1, but A, , is not achieved in W2 (); however,
we show that, for ¢ < 1**, Ay 4 is achieved in the larger space BLo(f2) (see Lemma 2.1 for more details).
This is due to the compact embeddings of BLo(Q)) into L9(£2), see Proposition A.14. We point out that
the case p = 1, ¢ = 1 has been previously shown in [24], and we refer to that paper for the exact notion
of solution in this situation.

The advantage of considering (1.12) is that a minimizer u, 4 for A, 4 yields, up to a multiplication by
a constant, a least-energy critical point of (1.3) with p = % and ¢ = a + 1; in particular, (U, Vg) =
(Up,qs —|Aup 4|P72Auy ) is a solution of (1.1). Similarly, a minimizer of A; , yields, up to a multiplication
by a constant, a least energy solution of (1.6), see Proposition 2.10. The continuity of the map (p, q) —
A, 4 proved in Theorem 1.6, and the convergence of the associated minimizers, is the main tool to prove
the convergence stated in Theorem 1.1. On the other hand, in particular, it also provides a convergence
of the nonlinear value problem A, , to the linear one A7 ; (see Remark 2.23 for more details). We point
out that our work also provides a rigorous meaning to the formal limit

A
Ay = A (|AZ|> = ;;Hi A(|AulP~2Au) =: ;L}Hi Ag.
This complements the work [19], where the authors study the behavior of A, , as p — oo, in connection
with the oco-bilaplacian.

While minimizers of A, 4 are well characterized for p > 1 (see for instance [5, Section 4] and references
therein), this is not the case for p = 1. In this paper we also provide a characterization of minimizers
of Aq,4. To be more precise, let Gqo(+,-) denote the Dirichlet Green function of the Laplacian in © and
recall that | - |, denotes the L9-norm.

Theorem 1.7. Let Q be convex or of class C*7 for some v € (0,1] and q € [1,1** —1). Then,

1
A ()= ——
1a() |Ga(,wr)lg
where xp;r € Q is such that
|Gal zar)lq = m§g|GQ(ww)|q~ (1.13)
Moreover, the function
Golz,zn)
= €N 1.14
’U,l(m) |GQ('7IM)|q fO’f’.’IJ ( )

achieves A1 4, namely, u1 € BLy(Q2), |u1lq = 1, and |Aui|r = A1 4. If the mazimum point xyr is unique,
then uy is, up to a multiplicative constant, the only minimizer achieving Aq 4.

In general, any other possible function w achieving Ay 4 is, up to sign, positive in Q and p = —Au
is a positive Radon measure.

This is an extension of [24, Theorem 1.2], which considered the case ¢ = 1; in this case, |Gq(-, x)|1 =
U(x), where ¥ is the torsion function of 2. Note that A, ,(Q2) provides the best constant for the



continuous (and compact) embedding Wx?(€) < L9(Q) and also for BLo(§2) < L9(2). The explicit
value of Ay 4(B1) is computed in Theorem 1.8 below (see also Remark 4.4 regarding A1 1(B1)).

As stated in the previous theorem, when the maximum point zp; (see (1.13)) is unique, then (1.14)
is the unique minimizer of Aq 4, up to sign and normalization in L? sense (see Proposition 2.16 for the
proof of this particular statement). Using Talenti’s comparison principle, we can show that ) =0 is a
maximum point in the case of the unit ball B; centered at the origin (Proposition 4.3), which yields the
following result.

Theorem 1.8. The function Gg,(x,0) is a minimizer of A1 4(B1). In particular, for N > 3 we have
that |z|*~N — 1 achieves Ay 4(By) for any q € [1, 575), and

Al,q(Bl) =

A N/2 I(#5)r(E +1) 2
r(5—1) (ﬂN“F(NNg —¢)T(q+ 1))

It is interesting to note that the minimizer |z[2~ — 1 of Ay ,(B;) is independent of g. Here, the
symmetries of the ball play an important role. However, in more general domains, the concentration
point 2, might also depend on ¢ and one would obtain different minimizers for every ¢ € [1, %), see
Remark 2.19 in this regard. We can also show the following Faber-Krahn-type inequality result.

Proposition 1.9. For any Q C RY convez or of class C*7 for some v € (0,1], and such that || = |By|,
it holds

A1 g(B1) < Apg(9).

The results in this paper complement other asymptotic characterizations that have been previously
studied in the literature for systems and equations. First, we mention the case of the Lane-Emden
equation

—Aug = ug|"tug i 9, ug =0 on 9. (1.15)

Note that (1.2) reduces to (1.15) when v = S and Ug = V3 > 0. If N > 3, then 0 < 8+1 < 2* = 2% and
therefore one cannot consider the asymptotic behavior of solutions as § — oo. However, if N = 2, then
(1.15) is subcritical for all > 1 and the asymptotic profile of the solution ug is well understood. The
interest in these characterizations started with the seminal works by Ren and Wei [27,28]. Tt is known
that least-energy solutions exhibit a single concentration point phenomenon (solutions go to zero locally
uniformly outside the concentration point as f — oo0). Furthermore, these solutions do not blow-up,
they remain uniformly bounded and |ug|e := supgq |ug| — e as p — o0, see [1]. If Q is a ball, then a

sharp asymptotic profile is known, namely

||

see [1] (see also [17] for a similar result regarding nodal solutions).
If @« =1, then (1.1) reduces to the subcritical Navier bilaplacian equation

Bug — 4v/elog in C1(Q\{0}) as B8 — oo,

A%vg = |vg|?tvg  in Q, vg=Avg =0 on .

When Q C R* is a bounded and smooth domain, an asymptotic analysis as 3 — oo is done in [4]; in
particular, it is shown that, up to a subsequence, there is z¢ € Q2 (which is a critical point of the Robin
function) such that Bvg — CG(-,x0) in C*(Q\{xo}), where C > 0 is an explicit constant and G is the
Navier Green function of the bilaplacian in €. Note that this is a very different behavior with respect to
the one described in Corollary 1.4 for N < 3 and a = 1. In particular, the limit profile in the case N = 4
is unbounded in L*°(£2), whereas the one in N = 3 is a function in W22(2) N W,"*(Q) N C% (€). This
difference is mainly due to the fact that the Sobolev critical exponent for the bilaplacian is 2** = %
and N =4 is the transition between 2** being finite or infinite.

Regarding the Lane-Emden system (1.1), the following results are known. In [15] the author considers
the case a = % (N > 3) and 8 — oo; namely, (a, ) approaches the asymptote of the critical
hyperbola (portrayed in Figure 1). The main result in [15] shows that, for a smooth convex and bounded



domain Q C RY with N > 3, the system exhibits a concentration phenomenon and, if there is only one
concentration point zg € €, then (up to a subsequence)

Ug

(o Us13)

2
where W is a solution of —AW = G2 (z,2¢) in Q and W = 0 on 09 and Gq, is the Dirichlet Green
function of Laplacian in 2. This is also a different behavior compared to the description in Theorems 1.1
and 1.2.

For N = 2, the behavior of positive solutions of (1.1) in smooth bounded domains when both « and
tend to infinity has also been studied in some particular cases in [9,18]. In [9] it is shown that if & = S+
with g and 03 — 0 as 8 — oo, then there is a finite set of concentration points S = {z1,..., 25} C Q
such that, up to a subsequence,

v W in C’Q(Q\{xo}) as 8 — oo,

k
BUg, BV — 871\/52 Gal(x, ;) in C7.(Q\9).

i=1

The concentration points x; are also characterized, see [9]. On the other hand, in [18], positive solutions
of (1.1) in planar bounded C? domains are shown to be uniformly bounded as 3 — co whenever

K 'a<p<Ka for some K > 1. (1.16)

In [18] it is also shown that (1.16) cannot be removed, since it is shown that, if Q is a disc and o = 1,
then any positive solution (Ug, V) of (1.1) satisfies that C~1log(8) < |Us|a < C'log(B) as 8 — 0.

We also mention that the limit profiles of solutions of (1.1) as («, ) goes to a point (ag, 8y) on the
critical hyperbola (namely, ﬁ + ,601+1 = %) has been studied in [10,16]. In this case, both compo-
nents exhibit a blow-up (concentration) behavior at critical points of the Robin function. Furthermore,
a suitable rescaling of this solution converges to a solution of the Lane-Emden system in RY. Although
these limit profiles are not explicit, their decay rates at infinity are known with precision.

The paper is organized as follows. In Section 2 we study the existence of minimizers for the auxiliary
nonlinear eigenvalue problem (1.12), its link with solutions of (1.6) and the proof of Theorems 1.6
and 1.7. The proof of Theorem 1.1 can be found in Section 3, while Section 4 is devoted to the proof of
Theorems 1.2 and 1.8 and of Proposition 1.9. Finally, we include a self-contained appendix with several
known useful results regarding the space BLg(2).

1.1 Notation

Let Q C RY be a bounded Lipschitz domain of RY (N > 3) and let o, 3 € R be positive and subcritical,
that is,

1 1 N -2
0 1.17
see [11,12]. Let
%
|ule = (/ u|t> fort>1,  |ulo = sup|ul.
o Q
For p > 1, we denote
W2P(Q) == {u € WP (Q) : Au € L/(Q)}. (1.18)

Under additional geometrical or regularity assumptions on 2 (see Lemma A.12 below for the details),
this is a Banach space when endowed with the norm |A - |,. Moreover,

WXP(Q) = WP Q)N W, P(Q)  forp>1,



and the norm |A-|, is equivalent to the standard W27 () one. However, W21(Q)NW, " (Q) € W' (Q).
In [26, Exercise 5.2, page 83| one finds an example for Q = By and N > 3, of a function u € Wi’l(ﬂ)
which is not in W?21(Q). Moreover, in any domain, it is shown that the inequality ||ully21 < C|Auly,
with C > 0 a universal constant, may never hold (see Remark A.11 for more details).

Following [24, Section 2], given u € L} (), we define

loc

|Au|p = sup {/ ulp: o € CE(N), @l < 1} (1.19)
Q
and
BLy(Q) := {u € Wy (Q) : |Au|r < o0}, (1.20)

which is a Banach space when endowed with the norm |A - |1 (see Lemma A.12).

2 An eigenvalue problem

Let p, g be such that
g=1, p=1,  (N-2p)g<Np. (2.1)
We study first an auxiliary nonlinear eigenvalue problem. Given p and ¢ satisfying (2.1), let

inf AU g {18ul, - u e WAP(Q), Jul, =1} (2.2)

A, , = i
P wewzran oy ulg

In particular, for p =1,

|Au|1 - . |AU|T

Al, = = s
CTuewzi ooy lulg  wewZi@ngoy lulg

(2.3)

where we used the fact that |Au|, = |Aulz for u € W' () (see Lemma A.2). For the following, recall
the definition of 1** in (1.8).

Lemma 2.1. Let © be convex or of class C17 for some v € (0,1]. If g € [1,1**), then

|A’U,‘T
m ,
weBLo(D\{0} |ulq

(2.4)

l,g =

and A1 4 is achieved in BLo(QY); namely, there is up € BLo(2) such that |ui|lq =1 and |Auq|r = Ay 4.

Proof. We start by checking (2.4). Since Wi’l(Q) C BLy(92), we have that

A
Al,q Z m | U‘T.
weBLo(Q\{0} |ulq

Conversely, given u € BLo(€2) \ {0}, by Lemma A.16 there exists (uy), oy € C°°(€2) N C(Q) N BLy (1)
such that u, — u strongly in W,''(Q) and |Au,|r — |Au|p. By Lemma A.17, Au, € L'(R2) and so
Uy, € Wi’l(Q) for any n € N. Moreover, since (uy,),,cy is bounded in BLo(£2) and ¢ < 1**, by the compact
embedding BL(2) — L9(f) (see Proposition A.14), we have u, — u in L9(f2), up to a subsequence.
Then,

1m = 1m

= > Ay g
|ulq n—oo  |uplq n—oo  |uplq '

Identity (2.4) now follows by taking the infimum in u € BLy ().
Finally, since
Ayq =inf {|Au|r : u € BLo(), |ulqg =1},

this infimum is actually a minimum by using again the compact embedding BLo(Q) — L2(Q) combined
with the lower semicontinuity of |A - |7 (Lemma A.3). O



Remark 2.2. The previous result was known in the case ¢ = 1, see [24].

Lemma 2.3. Let 2 be convex or of class C17, for some v € (0,1]. If p > 1, then A, 4 is achieved by a
function u € WP() with |ul, =1, and

A(|AulP2Au) = Ay 4|u|?2u in Q, u=Au=0 on 0.

Proof. Under (2.1), observe that the embedding W2?(Q) — L%(Q) is always compact. Indeed, in the
case 2p < N, the last condition in (2.1) is equivalent to g < N]i gp; in any case, the compactness follows
from Lemma A.13 below.

For p > 1, the space Wx?(Q) endowed with the norm |A - |, is reflexive (see Lemma A.12), hence the
infimum A, 4 is always achieved by a function in Wi’p (©2) by the direct method of Calculus of Variations.
The remaining statement is also standard. O

2.1 The 1-bilaplacian Lane-Emden equation

Let Q be a bounded domain which is either convex or with C*7 boundary, for some v € (0, 1]. Following
the ideas and the notations from [24,30], we prove the existence of solutions to the (Navier) 1-bilaplacian
equation

Au Au
Al — ) =u/% inQ, = —— =0 on 09, 2.5
<|Au|) [u|""u in u Al on (2.5)
for ¢ € (1,1**), making a connection with the nonlinear eigenvalue Ay 4. To give a consistent notion of
a solution for (2.5), we introduce some notation.

Consider the functional E : L(£2) — [0, o] given by

Blu) = {Au|T if u € BLo(S), 26)

00 if w e LI9(Q)\BLo(2).

Observe that E does not always coincide with |A - |7, since BLy(2) is strictly contained in the set
{u € LYQ) : |Au|r < oo}, because the definition (1.20) of BLy(Q2) directly encodes homogeneous
boundary conditions.

Lemma 2.4. The functional E is convex and lower-semicontinuous in L1(Q) for ¢ € (1,1**).

Proof. The convexity follows from the definition of E and the convexity of the functional |A - |p. As
for the lower-semicontinuity, let (u,) C L(€2) be a sequence such that u, — u in LI(Q); in particular,
the convergence takes place also in L'(Q2). Then, either liminf E(u,) = oo or, on the contrary, we may
consider (u,) C BLo(f2), a subsequence of (u,), such that liminf E(u,) = liminf |Au/ |r < co. Then,
by Lemma A.3, we have u € BLy(Q2) and E(u) = |Au|r < liminf [Au,|7. O

Recall that the subdifferential of E at u € L9(2) (see, for example, [30] and [20, Proposition 4.23])
is given by

OBE(u) := {f €LY (Q)=L71(Q): E(p) > E(u) + /Q f(o —u) for any ¢ € Lq(Q)},

Proposition 2.5. Let u € BLy(Q). Then f € dE(u) if and only if there is v € Wy ' () N L>®(Q) such
that [v]es <1, —Av = f € L7T1() in the sense of distributions, and E(u) = — Joulwv.

Proof. The proof is basically the same as in [24, Proposition 5.2] (which, in turn, follows closely the
proof of [20, Proposition 4.23]). The only change is that the functional F in [24, Proposition 5.2] is
considered over L' (Q), but exactly the same proof holds if E is considered instead on L4(Q), noting

that ¢’ = %. O

Next, let G : L7(Q2) — R be given by

G(u) = é/ﬂ|u|q (2.7)



Since ¢ > 1, we have that G is convex, of class C!,
G'(u)p = / lu|?"2u ¢ for any ¢ € LY(R), and OG(u) = {|u|??u}, (2.8)
Q

see [20, Proposition 4.23]. Now we define the Euler-Lagrange functional associated with (2.5) given by
D LIQ) = (—o0, 0], O(u) = E(u) — G(u). (2.9)

Observe that its effective domain, that is, the set of elements in the domain at which E is finite, is
BLy(Q). Following [30], we say that u € BLo(Q) is a critical point of ® if

G'(u) € OE(u),
that is, if
|Aflr > |Aulp —|—/ [u| 1% u(f — u) for every f € Lq—%(Q)
Q

Proposition 2.6. Given u € BLy(Q2), we have that u is a critical point of @ if and only if

there is v € Wy ' (Q) N L=(Q) such that
[V|oo <1, —Av=|ul?"?u in the sense of distributions in Q, and  — [,ulv = |Au|p.
(2.10)

Proof. This is a direct consequence of Proposition 2.5 and the definition of critical point. O

Definition 2.7. We say that u € BLg(f2) is a solution to (2.5) if it is a critical point of ® (or, equivalently,
if (2.10) holds true. We say that u € BLg(€2) \ {0} is a least energy solution to (2.5) if u is a solution
and

®(u) = ¢g := min{®(w) : w is a nontrivial solution of (2.5)}.

Remark 2.8. The function v in (2.10) gives a consistent meaning to the quotient —Awu/|Au|. Observe
that BLo(Q) — L%(Q) for ¢ € [1,1**), see Proposition A.14. Therefore, the integral [, uAv is well
defined.

Remark 2.9. For each A > 0, one can define analogously the notion of solution and least energy

solution for the 1-Biharmonic equation A (lﬁ—zl) = Alu|?"2u with Navier boundary conditions u =

Au
Au] = 0 on ON.

Proposition 2.10. For g € (1,1**), let uy € BLo(2) \ {0} achieve A1 4 and |u1|g = 1. Then,

Aul ) _9 . Au1
A = A glur]T*ur  in Q, U = —— =0 on 0. 2.11
(Au1| valen [T L7 A (211)

1

Moreover, u = A{ 'uy is a least energy solution of (2.5) and
min {®(v) : v is a solution of (2.5)} = ——A7*

for ® as in (2.9).

Before providing the proof of this result, we recall the following version of the Lagrange multiplier
rule for nonsmooth convex functionals.

Lemma 2.11 ( [20, Proposition 6.4]). Let X be a Banach space, E : X +— (—o00,00] be a convex
functional and G : X — R be conver and continuous. Assume there exists u € X such that

1. E(u) =min{E(w): ve X, Gv)=1};
2. there exists u € X such that

E(u+a) < E(u), Glu+a) <1, Glu—1u) < oo.

10



Then
0G(u) C | JtOE(u).

>0
Proof of Proposition 2.10. Observe that
0 <Ay =min{E(u): uve Li(Q), |ul] =1} < oo,
which, by Lemma 2.1, is achieved at some u; € BLo(2) C L(Q2) with |u1|, = 1. By applying Lemma 2.11
with X = L(Q), E as in (2.6), G as in (2.7), and @ = —u; and recalling (2.8), we have

ug [972uy € | JtOE(uy).

t>0

In particular, there are t > 0 and f € 9E C La1(Q) such that |u; |9 2u; = tf. Since u; # 0, then ¢t > 0.
Moreover, by Proposition 2.5, there is v € W, () N L>®(2) with |v]s < 1, —Av = f in distributional
sense, and E(u1) = — [, u1Av. Then, we have that —Av = ¢~ |u|7?uy and, since |uy|q = 1,

Mg =|Au|r =E(u1) = —/ u; Av = til/ lug|? =t
Q Q

In particular uq is a solution to (2.11).
If u=Af, 1u1, then

f/uAv:fAf’T/ulAvf 1|Au1\Tf\A( up)|r = |Aulr
Q Q

and )
—Av = Ay g|ug |7y = AT, 1u1\q*2AfTu1 = |u|?%u in .

=

This yields that « is a solution of (2.5). A direct calculation shows that

O(u) = B(A ur) = Af 1|AU1|T *Aq 1| g =

Moreover if U € BLo(Q2) is a nontrivial solution of (2.5), then |U|{ = [AU|7 (by (2.10)); then [AU|r =

(llA[ﬁlT )a—1 and therefore
—1 (|AU|p\TT _ q—1 -2
o) = (1-3) 1avj = 1 ()75 = Ly
q Ulq q '
_1
As a consequence, u given by Af;; uy is a least-energy solution of ®. O

Remark 2.12. There are other possible standard characterizations of the least energy level. Indeed, if
€ (1,2), then ¢, can be achieved by global minimization:

¢g = min{®(u) : ue LI(Q)}
while, for ¢ € (2,1*), it is a Mountain-Pass level

cg = inf sup P
o=l s @(0)

where T := {v € C([0,1] : v(0) = 0, ®(v(1)) < 0}. The proof follows standard arguments combined
with results from nonsmooth analysis. It is not hard to check that ® satisfies the Palais-Smale condition
at any ¢ € R, namely (see [30]) that whenever (u,) C LI(Q) is a sequence such that

O(u,) —>c¢ and E(v) > E(uy) +/ [t |92 (v — ) +/ zn(v —uy,) for all v e LI(Q),
Q Q

where z, — 0 in L71(Q) as n — oo, then (u,) possesses a convergent subsequence in L9(£2). Then we
may use [30, Theorem 1.7] when ¢ € (1,2) (global minimization), and [30, Theorem 3.2] when ¢ € (2, 1**)
(the mountain pass theorem).
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Remark 2.13. In [3, Theorem 1.1], the authors show the existence of least-energy solutions for prob-
lems involving the 1-bilaplacian operator and with more general nonlinearities f(z,s) on the right-
hand-side (not necessarily homogeneous, superlinear at the origin, and subcritical at infinity). See also
Remark A.19.

2.2 Characterization of solutions

In [24, Theorem 1.2], the authors show that, for any convex domain 2 or any domain with C'*7 boundary,
the first eigenvalue of the 1-bilaplacian equation is achieved and it is given by

. ‘AU‘T 1
inf = ,
u€BLo(\{0} |uly U (€2)

A1 (Q) =

where U/ (Q) = maxq U = ¥(xy) for zpr € Q a global maximum point of ¥, the torsion function of
2, namely, the solution of —A¥ = 1 in Q with ¥ = 0 on 9. Furthermore, the authors in [24] also
show that a first eigenfunction is given by Gq(+,xar), where G is the Green’s function for the Dirichlet
Laplacian in 2.

In this section, we study the equivalent result in the nonlinear case A 4 for ¢ € [1,1**). For this, we
need the following remark. Let

h:Q—=R begiven by h(x)=|Ga(,x)|l. (2.12)

Then h is well defined (because, by the maximum principle, 0 < Gq(x,y) < Clz —y|>~ for some C > 0
and because ¢ € [1,1**)). Furthermore, h is continuous in Q. Indeed, let = € Q, (z,,) C 2 be a sequence
such that z,, — = as n — oo, and let B be a large ball so that 2 — x,, C B for all n; then, by a change
of variables,

\Ggumfng=1AJGQ@m4r+anxQ@—ka»dy

Since |Ga(zn,y + xn)|"xa(y + ©rn) = |Ga(z,y + x)|9%a(y + ) as n — oo for a.e. y € B and
1
q 1
|Ga(xn, y + zn)| X0y + 2,) < MCEE € L' (B),

then, by dominated convergence,

4= h(x).

hzn) = [Galan,)|E — / |Ga(z,y +2)|"xa(y + z) dy = |Ga(z, )
B
Finally, note also that h(z) = 0 for all z € 9Q (because Gq(x,y) =0 for all x € 90 and y € Q). These
facts guarantee the existence of xy; € Q such that h(xar) = maxg h.
Proposition 2.14. Let Q be convez or of class C*7 for some v € (0,1] and q € [1,1**). Then,

1

AL(I(Q) = ‘GQ('7xM)|q7

where xpr € Q is a mazimum of the function h introduced in (2.12). Moreover, the function

Ga(z,2m)
u(z) = —F7—+— forx € Q 2.13
“ = 1otz 219
achieves A1 4
Proof. Note that
Ag(e) < 200l 1

~ |Ga(zam, )l |Galza, )l

12



because Gqo(zar, ) € BLy(§2) and
AGa(our e =suw { [ Galoar. 805 ¢ € CH), ol <1
Q
- sup{ — o) ¢ € CAQ), fpl < 1} =

On the other hand, let uy € BLo(Q2) be a minimizer for A; 4(Q?) such that |ui|, = 1. Then —Auy = p
for some Radon measure p and, in particular, ui(z) = [, Go(x,y)du(y) for z € Q (see Remark A.8).
Moreover, by Jensen’s inequality, Fubini’s theorem, and (1.13),

1:|u1|g=/9’/QGQ(x,y)du(y)

= Iu\(Q)‘HA/{ZGQ(x,y)qudlﬂl(y) < IMI(Q)q’IIGQ(-,l’M)IZ/Q d|ul(y)
= [ul(Q)NGal, zm)lG, (2.14)

d < [u] (R)17! / / Gz, y) dlpl(y) da

which yields, by (A.1), that Ay 4 = |Auq|r = |u|(2) O

> 1
= |Ga(zam)lg”

The next two results extend [24, Proposition 5.6] and [24, Proposition 6.6] to our setting, with very
similar proofs.

Proposition 2.15. Let u € BLy(2) be a minimizer for Ay 4(Q2). Then, up to a sign, p = —Au is a
positive Radon measure and u is positive in €.

Proof. The proof is exactly the same as in [24, Proposition 5.6] using L? norms instead of L norms. [

Proposition 2.16. Let uy be a minimizer for A1 4(Q) such that |ui|g = 1 and let h be as in (2.12). If
h admits only one mazimum point xpr € Q, then uy is given by (2.13) and it is the unique (up to sign)
minimizer of Ay 4(Q) such that |uq|q = 1.

Proof. Let u; € BLo(2) be a minimizer for A; 4(2). Then, without loss of generality, we may assume
that © = —Awuy is a positive Radon measure (by Proposition 2.15). By the definition of h and z,s, we
have that (2.14) holds with equalities; in particular,

/Qh(y)du(y):/Q/Q|Gg(x,y)|qdl‘d,u(y):|GQ(H$M)‘3/Q du(y)=/gh(wM)du(y>7

with h as in (2.12). Since p is a positive Radon measure and h(x ) — h(y) > 0 for all y € 2, we deduce
that p has support in the set {y € Q: h(xpr) = h(y)} = {xar}. This implies that p = p(2)d;,, and the
claim follows. O

Proof of Theorem 1.7. This is now a consequence of Propositions 2.14, 2.15, and 2.16. O

Remark 2.17. Note that, if ¢ = 1, then h(z) = |G(z," )1 = [, Ga(z,y)dy = ¥(x), where ¥ is the
Dirichlet torsion function of 2. Therefore, [24, Theorem 1.2] is recovered from Theorem 1.7, when ¢ = 1.

Corollary 2.18. Let 2 be convex or of class C17, for some v € (0,1]. Let xpr € Q) be such that
1Ga(s, zar)lq = max|Ga(-, z)lg.
zeQ
Then, the function
u(z) = |Gal-,zar)lg " Galz, zar) forx e

is a least-energy solution of (2.5).

Proof. The claim follows from Proposition 2.10 and Theorem 1.7. O
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Remark 2.19. In Section 4.1 we show that, if  is a ball, then the point x; € Q given by (1.13) can be
taken as the origin 23, = 0. However, in more general domains, we conjecture that the point xa; = zp7(q)
may vary depending on ¢q. To see this, here we only provide a heuristic argument'. Consider a “spinning
top” domain €2 given by

Q={(z,y,2) €R : |(z,y)| <1, z € (|(z,9)],2)},

see Figure 2. By symmetry and convexity, it is expected that the point xps lies on the set {(z,y,2) €
Q : x =y = 0} (the dotted vertical line in Figure 2). For ¢ = 1, the point x;(1) should be close
to the center of mass of ). As ¢ increases, this enhances the singularity of the Green function and
penalizes more the points that are close to the boundary (note that G(x,-) — 0 as dist(z,0Q) — 0
and |G(z,-)|? goes faster to zero for ¢ large). As a consequence, the point z)/(q) should move towards
the insphere center, namely, the center of the largest sphere contained in §2 (represented by the dotted
circle in Figure 2). This phenomenon can already be seen, for example, with the fundamental solution
in dimension 3. Indeed, for N = 3 and ¢ € (0, 3), consider the function & : (0,2) — (0, 00) given by

12—t
hg(t) == / [(0,0,t) — (x,y,2)| " Tdxdydz = 27r/ p/ |p? + 2%~ dz dp. (2.15)
Q 0 P

—t

Since we are interested in the (unique) maximum point of by, we differentiate and obtain that

1
() =2 [ pll? + (o= 021 = 16 + (2= 1) .

These integrals can be computed explicitly for ¢ = 1 and ¢ = 2, and the corresponding roots can be found
numerically. In particular, the points yas (1) ~ 1.28 and yas(2) ~ 1.27 maximize h; and hg respectively.

S

o ———

Figure 2: On the right, the “spinning top” domain €2 introduced in Remark 2.19. On the left, a transversal
cut of Q showing the maximizing points y;(1) (which is closer to the center of mass) and yps(2) (which
is closer to the center of the largest sphere contained in 2), where for each ¢ and N = 3, yas(q) denotes
the maximum point of the L? norm of the fundamental solution, given by (2.15).

2.3 Asymptotics for p and ¢
Remark 2.20. Note that, when p = 1, then (2.1) implies that

q €[1,1"") or, equivalently, ¢—1¢€[0,1" —1),

(see (1.8)).

Recall the definition of A, 4 given in (2.2). The following result provides some uniform bounds for
the minimizers.

1We thank Sven Jarohs and Tobias Weth for helpful discussions in this regard.
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Lemma 2.21. Let (pn,qn) and (p,q) satisfy (2.1) for every n € N, and let p, — p and g, — q as
n — 0. For any n € N, consider a minimizer w,, for A, . such that |u,|g, = 1. Then there exists
C > 0 such that, for every n € N,

[Auy|p, < C, whenever p, > 1, or |Auy|r < C,  when p, = 1.

Proof. For every n € N, fix ¢ € C°(2)\ {0}, which, in particular, lies in Wi’p" (), as well as in BLq(2).
Assume that p,, > 1 for every n € N. Using that A, . is an infimum and dominated convergence,

|Aplp, . |Apl,
1©lg., lelq

Aty |p, < as n — 0o,

so that |Auy,|p, is uniformly bounded.
If, on the other hand, 8, = 1 for infinitely many n € N, then

|Ap|r . |Awply

‘Aun|T S
|¢lg,, lelq

as n — 0o,

so that |Auy,|r is also uniformly bounded. O
Next, we show the convergence of minimizers.

Proposition 2.22. The map
(p,q) = Apyq

is continuous for (p,q) satisfying (2.1).
Let (pn,qn) and (p,q) satisfy (2.1) for every n € N, and let p, — 1 and ¢, — q as n — co. Let u,
be the minimizer for Ay, 4. with |uyle, = 1. There is a minimizer w of A, 4 such that:

1. u € BLo(Q) N Wy () for every r € [1,1%), with |ul, = 1;
2. up — u in Wy (Q) for every v € [1,1%) and |Au, |7 — |Aulz, up to a subsequence.

Proof. We first focus on a situation where p,, > 1 for all n € N, so that minimizers of A, 4, belong to
WXP™(Q). Recall also that ¢ < 1** in this case (Remark (2.20)). Then

Pn— pn—1

1
pn |Aun|pn = Q| n Pr G * (2.16)

[Aup|1 < (9]

Therefore, by Lemma 2.21 and Lemma A.12-2, we have that (uy,), ¢y is uniformly bounded in wH(9).

By Proposition A.14 (see also Remark A.15), there is u € W, (€2) such that, up to extracting a subse-
quence, u, — u strongly in W, " (Q) for every r € [1,1*) and strongly in L*(Q) for ¢ € [1,1**). Moreover,
by Lemma A.3, u € BLy(2) and

|Au|r < liminf |Au,|7r = liminf |Auy,|;. (2.17)
Let t = %. For large n, we have ¢, < ¢ and u, — u strongly in L(Q). Hence, up to a sequence,

U, — u a.e., and there exists h € L*(Q) such that |u,| < h a.e. in Q (see, for example, [32, Lemma A.1]).
By dominated convergence, we have that

1= |uplqg, = |ulq. (2.18)
Fix £ > 0. By the definition of A; , (see (2.3)), there is v; € WX (Q) \ {0} such that

|AU1|T

[v1]g

S Al,q +e.

Since v; € W' (), we have |Av; |7 = |Avy |1, and (by Lemma A.18) there is (v) C C%(Q) € W2Pr(Q)
for every n such that Avy — Awv; in L}(Q) and (again by compact embeddings, as ¢ < 1**), vy — v in
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L%(Q). Then
|AU1|1 -k |Avk|1
im

A
= lim lim % > lim lim A

A > - _
Lgte= lv1]q k—oo  |Uk|q k—ocon—oo  |Uglg, k—soon—roo  Pmdn
. . . _Pn—1
= lim Ay, g, = lim [Auglp, > lim |Q 50 |Auy|y

lim |A’U,n|1 Z |A’U,|T Z Al,q7
n—00

where we have used Lebesgue dominated convergence, (2.16), Holder’s inequality, that u,, is a minimizer
for Ay, 4., (2.17) and (2.18). Summarizing, |u|, = 1,

A g <|Auglp < lim |Auyly = lm A, 4 <Ajqg+¢€ for every € > 0.
n—00 n—00 :

By letting ¢ — 0, equality holds true and the conclusion of the lemma follows for case 1 under the
situation p, > 1.

Assume now that p = p,, = 1 for every n. Then the minimizer u, of A, 4, = A1, belongs to
BLo() and not necessarily to Wx"(Q). By Lemma 2.21, we have

and we can repeat almost word by word the proof of the previous case, simply replacing |A - |, with
|A . O

Proof of Theorem 1.6. Parts (a) and (b) are a direct consequence of Lemmas 2.1, 2.3 and Proposi-
tion 2.10, while the last paragraph is a consequence of Proposition 2.22. O

Remark 2.23. In the case p = 1, since W21(Q) is not reflexive, we cannot say that u, — u weakly in
W?21(Q). This kind of convergence plays a key role in the asymptotic analysis of solutions. To overcome
this difficulty, we use the space BLy(Q2), as in [24]. In this paper, the authors studied in detail the
quantity Aj 1, which is associated with an eigenvalue problem for the 1-biharmonic operator:

Au u Au .
A <|Au|> = Al’lm m Q, u = m =0 in 99. (219)

See [24] for the notion of solution, which does not fall in the framework of our Section 2.1, since the
function G1(u) = |ul; is not of class C'. As a particular case of our study, we show that, as p,q — 1
(p>1), Apq = A1 1, and that solutions of

Au

A (|AuP?Au) = Ay g|ulfu in Q, u= A

=0 in 09,

(which minimize A, ,), converge to solutions of (2.19) (which minimize A 1).

3 Hamiltonian systems and limit profiles

Let Q C RY be a bounded domain of class C?7. For «, § satisfying (1.17), by [5, Theorem 4.5], there is
a positive least-energy strong solution (Ug, V;3) of the system

~AUs = V5PV inQ, —AVa=|Ug/*'Us inQ, Us=Vz=0 ondQ (3.1)

8 1,841
More precisely, one shows that there exists Ug € W5+ (Q) N W, 7 (Q) such that

Jo,s(Ug) = inf{Jo g(U) : U is a nontrivial critical point of J, g},

where J, g is as in (1.3). In particular,

A(|AUs|7PAUg) = [Us|*"'Us inQ, Us=AUs=0 on o9

16



1 « atl
and, for Vs := —|AUs|7 ' AUj, we have V5 € WQ’aTl(Q)ﬂWOL 7 () and (Ug, V3) is a (strong) solution
of (1.1). Moreover, Ug - V3 > 0 in ©, and a standard bootstrap argument yields that

(Us, Vi) € C*>71(Q) x C*72(Q) (3.2)
for some 01,09 € (0,1). For the details, see [5, Section 4] and references therein.

Theorem 3.1. There is a (least-energy) solution Uss € BLo(2) of (2.5) (with ¢ = a+ 1) such that, up
to a subsequence, as § — 00:

Ug = Ux in Wy (Q) for every r € [1,1%),  and  |AUs|y — |AUs| 7.

1
Moreover, Uso = A}, 1u1, where uy is a minimizer for A1 a1, given in (2.3), with |ui|ay1 = 1.

Proof. By [5, Lemma 4.8],

8

ug = Al‘;g;jﬂUﬁ (3.3)

is a minimizer for A1+%7a+1 with |ug|q+1 = 1. Then, by Proposition 2.22,

5 1
Us=A""1"Ljus = Afgpqun =Us in Wy () as B — oo

1 %,aJrl
and ,
1
|AUgl1 = Aff;aﬂmuﬁ\l = A7 i1 |ulr = [AU| 7.
By Proposition 2.10, U, is a least-energy solution of (2.5). O

Theorem 3.1 also yields the convergence for the component Vj.

Corollary 3.2. There is Voo € W21+a(Q) N Wol’Hé(Q) such that

Vs = Ve weakly in Waits (Q).
In particular:
1. if a € (0,1* — 1), then Vi € C((Q) and

_ N
Vs = Vo in CH7(Q), for every 0 < o < o(a) :=1— 704;
a+1
2. ifa=1"-1= ﬁ, then Va € C%7(Q) and
Vs — Voo strongly in Wy (Q) and C%°(Q), for everyn>1 and 0 < o < 1;

N(at1)

3. ifae (1* —1,1" — 1), then V, € Wol’“(N’l)f1 (Q) N CO7(@O+(Q) and
Vi — Vo strongly in Wy (Q) and C%(Q),

N 1
for every 1 <n < (a+1) and 0 < o < o)+ 1.
!

(N-1)-1

Proof. Since (Ug, V) is a least-energy solution of (3.1), there is a constant Cy > 0 independent of 5 such
that |Ugla+1 < Ci. Indeed, recalling (3.3), we have

B B
_ Aap-1 _ AGB-I
|Uﬂ|a+1 - A1+%7a+1‘u,@|a+1 - A1+7137a+1’

which is bounded for « fixed and large 3, by Proposition 2.22.
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Then, by elliptic regularity, there is Cy > 0 independent of g such that
IVl yanss < Co|lUsI%,, 1 = CalUplgyr < C2CF,

Then, there is Vs, € W21F3 (Q)NW,’ e *(Q) with Vs — Vi weakly in W21%% (Q). The other statements
follow from Sobolev embeddings (Lemma A.13), observing that 2‘%1 > N if and only if @ < 1** — 1,

that

N
0<1- al<1<:>a<1*—1, and (

a+1\" N(a+1)
o+ B

a a(N—-1)—-1"

We are ready to show Theorem 1.1.

Proof of Theorem 1.1. The theorem follows from Theorem 3.1 and Corollary 3.2. Note that, since Ug —
Uso in W' (Q) for all 7 € [1,1%), then Ug — U in L*(Q) for all t € [1,1**/a), therefore, for a.e. x € €,

B—00

Vaola) = Jim Vs(a) = Jim | Gae.s) Us() dy = [ Gala.n) UL () do

where G denotes the Green function of the Dirichlet Laplacian in £ and where we have used that it
lies in the dual of L!(f2). O

4 The case of the ball

In the case of the ball some explicit formulas can be obtained. We collect some auxiliary lemmas first.
Let, for x € B;\{0}, N > 3.

L I®)
(N —2)|0B1|  2(N —2)xN/2’

Gp,(2,0) =en(j2* ™ = 1),  en= (4.1)

In particular,
—AGpg,(-,0) =69 in By, Gp,(,0)=0 on 0B;. (4.2)

Lemma 4.1. Let Q = B;. Then

™2 (5 - T(g+ 1))"

|AG31('aO)|T =1 and |GB1(7O)‘ =CN
! L(5+1) D7)

Proof. Passing to spherical coordinates and applying the change of variables 7 = ¢V =2,

1
|G, (-, 0)|] = C?v/ (2> = 1)" da = c‘}\,|aBl|/ (2N )N gy
B
1

B C(]IV|8B1|/ tN?li(N?z)q(l _thz) - CN‘aB” / T)qTf% dr
— CN|8B1| / _ B i B
N 1 T) dr =B N9 g+1,qg+1

e loBy| Tla+ DT (qu+1) N/2F(q+1)r( q+1)
_ N 1 _ C?V |

YoE (%) CE ()

where we used the definition of the Beta function B(:,-) and its relation with the Gamma function I'(-),

the fact that 2I'(z) =T'(z + 1), (N 21) 5 + 1 and the characterization of ¢y given in (4.1). On the

other hand, by (4.2) and Lemma A 1,

1AG, (0l = 5l) = sup { ~9(0) s € CHO, Il <1} = 1. .
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Lemma 4.2. Let Q C RY be open, bounded, and such that |} = |By|. For any fived x € 0, if Go(x,-)*
denotes the radial symmetric decreasing rearrangement of Go(x,-), then it holds

Gal(z, ) (y) < Gp,(0,7) for a.e. y € By \ {0}. (4.3)

Proof. Consider ¢ € C°(By) to be radially decreasing, and such that ¢ > 0, 1|1 = 1. Construct the
sequence

vily) =j"e(Gy)  foranyy eRY, jEN,
which is weakly converging to the Dirac measure Jy. Consider the sequences defined by, for any j € N,
—Au; =1, in By, u; =0 on 0By,
and , for z € ) fixed,
—Av; =9;(-—x) inQ, v; =0 on 0.
As (- — z)t = 1, by the Talenti’s comparison principle [31], we deduce
vg <y in By, for any j € N. (4.4)
As
v; — Ga(z,"), u; = Gp,(0,-), pointwisely as j — 400,

by continuity of the radial symmetric decreasing rearrangement in measure [2, Theorem 2.4] we can push
inequality (4.4) to the limit to get (4.3). O

Proposition 4.3. The function By 3 x> |Gp, (,-)|] has a mazimum point at zpr = 0.
Proof. Let « € B;y. By the properties of the symmetric decreasing rearrangement and by Lemma 4.2,
|Gy (2,)|g = |G, (2,4 < 1G5, (0,-)]g,
as claimed. O
We are ready to show Theorem 1.8.
Proof of Theorem 1.8. This follows from Theorem 1.7, Lemma 4.1, and Proposition 4.3. O
Remark 4.4. Note that
lim A; 4(B1) = 2N,

q—1*t
which is, by [24, Theorem 1.2], the first eigenvalue of the 1-bilaplacian equation on the unitary ball.
Indeed,

4nV? T(F5)0(5 +1)

qliglJr Al’Q(Bl) -

where we have used several times the recurrence identity I'(¢ + 1) = tI'(¢) for ¢ > 0.

Proof of Proposition 1.9. Exploiting the characterization of Ay 4(€2) given in Theorem 1.7, we have, by

Lemma 4.2 and Proposition 4.3,

B 1 B 1 < 1
|Ga(zm, )l [Galzam, ) ~ G, (0,)]g

A1q () = A1q(B1).
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4.1 Limiting profiles in a ball

Let @ = B be the unitary ball of RN (N > 3) centered at the origin, o € (0, ﬁ), B > 0, and let
(Us, V) be a least-energy solution of

~AUs = V5P~V in By, AV =|Us|*'Us in By, Uz=Vz=0 ondB;. (4.5)

In this section, we give an explicit characterization of the limiting profiles Uy, and V., given by
Theorem 1.1, in Bj.

Proposition 4.5. Under the previous assumptions, let (Ug, V3) be a least-energy solution of (4.5), and
let (Uso, Voo) be as in Theorem 1.1. There is Ky, > 0 such that, as  — oo,

Us = Uso = kn.aGp,(,0)  in Wy (By) for allr € [1,1%),  |AUsly = fna-

1 1
Moreover, Vo, € W25 (By) N W, e (B1) is a strong solution of —AVy =US in By.

Proof. Let (Ug,V3) be a positive least-energy solution of (4.5). By (3.2), (Ug,Vj) is also a classical
solution. A standard symmetrization argument yields that Ug and Vj are radially symmetric, and
decreasing in the radial variable (see for example [5, Theorem 4.7]). By Theorem 1.1, we have that
Us — Uy in WH(By) and Vg — Vi in C%9(Q) as B — oo. In particular, Uy and V., are also
nonnegative, radially symmetric, and decreasing in the radial variable.

Now we claim that Vo, < 1 in Bj. If there is zp € By such that ¢ = V(20) — 1 > 0, then (by
monotonicity and uniform convergence), we have that Vg(x) > 14 5 for every x € By with |z < || and
for 3 sufficiently large. But then —AUg(z) = Vz(z)? — o0 as 8 — oo for every o € By with |z| < |2].
In particular, if ¢ € C°(B1) is a nonnegative function such that ¢ = 1 in B, | and |¢|s < 1, then

AU, = lim |AUg|r > lim Us (—Ap) = lim —AU, =00 as 8 — oo,
|AUs |7 5_m| ’3|T—5_>oo . 5 (—Ap) Jim Bl( 5)p B

which would contradict the fact that U, € BLy(9).

Next we show that Voo < 1in Bj \ {0}. Indeed, assume by contradiction that there is 7o € (0,1) such
that Voo = 1 in B,,. Then, 0 = —AV,, = US, in B,,. Since U, is a nonnegative monotone function,
this implies that Uy, = 0 in By, but this contradicts the fact that Us is nontrivial (see Lemma 2.1).

Since Voo < 1in B\ {0}, this implies that VQB — 0 locally uniformly in B;\{0} as 8 — co. Therefore,

—AUg = Vﬁﬁ -0 locally uniformly in By \ {0} as 8 — oo.

As a consequence, for every ¢ € C°(B1\{0}),

UwAp=lim [ UsAp=— lim [ V/p=0,

namely, the nontrivial Radon measure —AU,, has support only on {0}. Then, for every ¢ € C°(By), it
holds

/B pd(~AUL) = p(0)(~AU)(By),

which implies that —AUy is a multiple of &y and therefore Us(z) = Kkn,oGp,(-,0) in By for some
KkN,a > 0, where G, (+,0) is given by (4.1). O

Lemma 4.6. If Ky, is as in Proposition 4.5, then

att _1_1< I 0(Y 4 1) )3

TNT (2, — o) T(a + 2)

1
Proof. By Theorem 3.1 and Proposition 4.5, we have A}, ju1 = kn,aG B, (+,0), so that

atl 1
Ao = Ao |Auilr = kN p|AGE, (-, 0)[r = kN p,

and the claim now follows from Theorem 1.8. O
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Let G, denote the Green’s function for the Dirichlet Laplacian in the ball By and recall that xy q
is given in Lemma 4.6, and (Ug, V) denotes a least-energy solution of (4.5). We are ready to show
Theorem 1.2.

Proof of Theorem 1.2. The proof follows from Proposition 4.5. Note that the constant Ay . given in
(1.9) is An,o = KN,aCN, see Lemma 4.6. O

Remark 4.7. Consider now a general bounded domain Q C R of class C%7 and a least-energy positive
solution (Ug, V) of

~AUs = V5PV inQ, AV =|Us|*'Us inQ, Uz=Vz=0 ondN.

We conjecture that |V3|#~'Vs — Cn 0., in the sense of distributions as 8 — oo, with x as in

Corollary 2.18 and
_1-1
CN,a - |GQ('7xM)|a+1 “.

Then, —AUs = Cn,a0z,, and Ux(z) = Cn,oGal(z, ) for x € Q, that is, Uy is a multiple of the
Green’s function for the Dirichlet Laplacian in 2 centered at x,;. Then,

Vo) = Cira [ Gale) Galyoan)® dy  for s e .

This is a conjecture, because Corollary 2.18 does not claim that all the minimizers of Ay ,(£2) have the
same shape (see also Proposition 2.16 for a uniqueness statement in this regard).

A  Useful results

The purpose of this appendix is to give a self-contained description of the space BLg(£2) given by (1.7),
and some of its properties. In some cases we write new proofs of known results (Lemma A.17) or present
new results (Lemma A.18); other short proofs are included for completeness. Remarks A.4 and A.19,
on the other hand, are intended to comment some references, while Remark A.8 presents a way of
introducing the Green function on a Lipchitz domain via regularity results.

Unless otherwise stated, we take €2 to be a bounded Lipschitz domain, and we recall from (1.8) the
definitions of 1* and 1**.

A.1 General results

Recall the definitions of WX (), for p > 1, and BL(Q) given in (1.18) and (1.20) respectively, and the

total variation |A - | of the Laplacian of an L} (€)-function, given in (1.19). We use the symbol ~ for

the equivalence of two norms. Recall also that the total variation of a Radon measure p on €2 is defined
as

|£|(£2) = sup {/ngdu s € Ce(Q), |ploo < 1} .
Lemma A.1 (Alternative characterization of BLo(2)). We have
BLy(Q) = {u € Wy (Q) : Au is a Radon measure with |Au|(2) < oo}.

In particular, for u € BLy(R2), we have

|Au|r = |Au|(Q) = sup {/ pdAu: € C(Q), || < 1} . (A1)
Q

Proof. The alternative characterizations of BLg(€2) and of |Au|r correspond to [24, Proposition 2.2]. O
Lemma A.2. Let u € Li () be such that Au € L'(Q). Then
|Au\1 = |A’LL|T

In particular, Wi’l(Q) C BLo(f2) and the inclusion is strict.
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Proof. The proof of the inclusion can be found in [24, pages 313-314]. It is strict by the following: a
solution of —Au = §, in Q, u = 0 on 02, where J, is the Dirac delta concentrated at y € €, belongs to
BLo(2) but not to W' (Q), see [24, p. 313]. O

Lemma A.3 (Lower-semicontinuity of |A - |7). Let (up)nen C BLo(Q2) be a sequence such that

U, —u in LY(Q) as n — oo and sup |Auy|r < oo.
neN

Then u € BLy(S2) and
|Au|r < liminf |Au,|7.
n—oo

Proof. See [24, Remark 2.1]. For completeness, we include the proof here. Take ¢ € C°(Q) with
|¢loo < 1. Then
/ uAp = lim U Ap < liminf |Aw, |7,
Q n— oo

n— oo
and the result now follows by taking the supremum on . O

Next, we recall a few things about the notion of solution to linear Dirichlet boundary problems with
measurable data (see [26, Definition 3.1] and references before it).

Definition A.4 (Littman, Stampacchia, and Weinberger [21]). Let p be a finite Radon measure in .
We say that u € L1(Q) is a very weak solution? to

—Au = pin Q, u=0on 09, (A.2)

if, for every ¢ € C§5°(Q) = {¢ € C=(Q) : (=0 on 90},

[edn== [ use. (A.3)

Remark A.5. The authors of [24] call this a solution in the sense of Stampacchia, but take, instead,
test functions ¢ € W2(2) N C(Q) such that Ap € C(Q).

Definition A.6 (Distributional solutions). Let u be a finite Radon measure in . We say that u €
L} .(2) is a distributional solution to

—Au=pin Q
if (A.3) holds for every ¢ € C'°(9).

Related to this, we have the following result that was shown in [21, Theorem 5.1] and [29, Theoréme
9.1] (see also [26, Proposition 5.1]).

Theorem A.7. Let u be a finite Radon measure on §2. Then there exists exactly one very weak solution
u of (A.2). Moreover, for every q € [1,1%), we have u € W' (Q) and there exists a universal constant
C > 0 such that

lully s < Clal(©):

Remark A.8. We note that Theorem A.7 can be used to build the Green function Gg of a Lipschitz
domain 2, and to deduce some of its properties. Indeed, for every fixed y € Q, G(-,y) can be defined as
the unique very weak solution to

—Au =, in €, u =0 on 0,

where d, stands for the Dirac delta centred at y. Then, by Definition A.4, for every ¢ € C5°(£) it holds

o) = /Q Galz,y) Ap(x) d, (A4)

2Following the wording of, for example, [7].

22



which is a representation formula for . Take now ¢, € C§°(Q) such that Ap, A € C2°(Q): then, on
the one hand, using (A.4) above, one obtains

,/Qso(y) Ap(y) dy = */Q (/QGQ(a:,y) Ap(y) dy>Ago(a:) dz,

while, on the other hand, using (A.4) on ¥,

~ [ o) 80te) do = - [ (o) Aty do = - | ( Gly,a) M(y) dy)mm dr.
Q Q Q Q

From this, one deduces

/ Galz,y) Av(y) dy = / Ga(y, ) AY(y) dy for a.e. z € Q.
Q Q

and therefore
Ga(z,y) = Galy,z) for a.e. z,y € Q.

Furthermore, the unique very weak solution to (A.2) can be represented by

u(z) = /QGQ(a:?y) du(y) for a.e. = €,

because, for every o € C§°(€2), using (A.3), (A.4), and Fubini’s theorem:

- [wse= [ pau= [ ( [ Gotov) aut)) sote) av

The following result shows the equivalence between the two notions of solution under geometric or
regularity assumptions on €.

Proposition A.9. Let Q be a bounded domain, which is either convex or of class C17Y, for some v €
(0,1]. Take a finite Radon measure p on Q. Then u € Wy (Q) is a distributional solution of (A.2) if,
and only if, u € L*(Q) is a very weak solution of (A.2).

Proof. Let u € L'(Q) be a solution of (A.2) in the sense of Definition A.4 (i.e., a very weak solution).
Then u € W' (Q), by Theorem A.7. Moreover, u is a distributional solution since C2°(Q) C C5°(Q0).
The converse statement, on the other hand, is the content of [24, Proposition 4.3]. O

Corollary A.10. Let Q be a domain, either conver or of class CY7, for some v € (0,1]. Given
q € [1,1%), there exists C > 0 such that

Hu||W01q < C|Aulr for any u € BLy(2). (A.5)

Proof. Any u € BLo(Q) is a W' () distributional solution of the equation
Aw = Au in . (A.6)

Indeed, for ¢ € C°(Q), by the embedding of the space of Radon measures in the space of distributions
and since Au € D'(Q) is a Radon measure:

/AUSD = <Aua‘P>D'(Q)><D(Q) = / ulgp.
Q Q

Then, by Theorem A.7 and Proposition A.9, u is the (unique) very weak solution of (A.6) with zero
Dirichlet boundary conditions. The result now follows directly from Theorem A.7 and (A.1). O

Remark A.11. In [24, p. 318], the authors give an example of a Lipschitz bounded domain in R? and
of a nontrivial function u € BL(f2) such that Au = 0 in the classical sense. Then, in particular, v is a
distributional solution of

—Au=0in Q. (A7)

Therefore, it is not a very weak solution of (A.7) with v = 0 on 92(which is unique and is the trivial
one, by Theorem A.7). This also shows that an inequality like (A.5) may not hold for a general Lipschitz
domain, and more regularity is needed (or convexity).
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Lemma A.12 (Equivalent norms). The following are Banach spaces:

1. (Q is of class CY') WXP() (p > 1), when endowed with |Aul, ~ |[ullw1s + |Aul, ~ |[ullw2s. In
particular, WP (Q) = W2P(Q) N W, P (Q).

2. (Q conwex, or C7, for some v € (0,1]) W2 (Q), when endowed with |Auly ~ |Jullyw1.1 + [Aul;.
3. (Q convez, or C17, for some v € (0,1]) BLo(Q2), when endowed with |Au|r ~ |jullwi.1 + |Au|r.

Proof. 1. From elliptic regularity theory (see for instance in [13, Lemma 9.17]), we have the existence of
C > 0 such that
|ulwer < ClAul,  for every u € W>P(Q) N W, P ().

and so the conclusion follows.
3. As for BLo(f2), the fact that it is a Banach space when endowed with [|ul|y1.1(q) + [Au|r follows

from [3, Proposition 2.3]. We include here the proof for completeness. Take a Cauchy sequence (uy), oy €
BLo(2). Then (uy),cy is a Cauchy sequence in Wy (€); since this space is complete, there exists
u € Wy' (Q) such that

u, —u  in Wy (Q), hence also in L'(Q).

Given ¢ > 0, take n € N such that
|Auy — A, |7 < € for every n,m > f.

Since, for each n > 7, we have u, — u,, € BLo(Q), up — Up — up —u as m — oo in L1(Q) and
SUP,,>5 |A(Un — Um )| < 00, then by Lemma A.3 we have u, —u € BLo(f2) (so that also u € BLo(2))
and

|[Au, — Aulr = |A(uy —w)|r < lim |A(uy — um)|r < e

m—0o0

Therefore, |Au,, — Au|r — 0 as n — 0.
The equivalence of the norms |Au|r ~ |lullwi1 + |[Au|r is a direct consequence of Corollary A.10,
which yields (for ¢ = 1):
llullwri < ClAu]|p. (A.8)

2. As for WZ’I (), the equivalence of the norms is a consequence of (A.8) together with the fact that
|Auly = |Au|r when u € W2'(Q) (Lemma A.2). The fact that W2'(€) is a Banach space is shown
in [8, Proposition 11], but we include a proof for completeness: taking a Cauchy sequence (uy),, oy in

Wi’l(Q), then (uy), oy is a Cauchy sequence in Wy (9) and (Auy), ey is a Cauchy sequence in L'(Q).
Then there exist u € Wy () and v € L'() such that

u, —u  in WHH(Q), Au — v in LY(Q).

Given ¢ € C°(Q), we have

/uAng: lim up Ap = lim Aungo:/vgo,
Q n—ooJq Q Q

n—oo

so Au=v € L*(Q) and u,, — u in WZ’I(Q). O

A.2 Embeddings
For N > 3, if Q is a bounded set, then

W () < L'(Q) is continuous for ¢ € [1,1*], compact for ¢ € [1,1%),
where 1* is defined as in (1.8). If © is a bounded Lipschitz domain, then
W21(Q) — LY(Q) is continuous for ¢ € [1,1**], compact for ¢ € [1,1**),

where 1** is defined as in (1.8). See for instance [13, Theorems 7.22 and 7.26]. The last embedding also
holds true for W2'(€2) N W,"' (), which is a closed subset of W21(Q).
It is also useful to recall the general case:
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Lemma A.13. The following hold true when € is a bounded Lipschitz domain:

1. For2p < N, W?P(Q) — L'(Q2) continuous if t € [1, NNf’;p], compact if t € [1, Nligp);

2. For2p= N, W*P(Q) — L¥(Q) is compact for every t € [1,00);

8. For2p > N, WP(Q) < C™7(Q) is continuous, where m, is the largest positive integer such that
v=2- % —m € (0,1), and W*P(Q) — C™ 7 (Q) is compact for m" < m, 7' < v and either
m' <m orvy <n.

We recall the definition of the weak-L? spaces, which are nothing else than the Lorentz spaces
L%>(Q). Given a measurable function u : Q — R, its distribution function p, : RT™ — R is given by
wu(t) :i={z € Q: |u(z)| > t}|. For ¢ > 1, we define

[ul|f oo = suptipy(t), LT(Q) :={u:Q — R measurable : |ul[4,0 < o0}
>0
Recall that LP(Q) < LP-*°(Q) and LP>°(Q) — L9(), for 1 < ¢ < p, are continuous embeddings (see for
instance [14, Section 1.4]).

Proposition A.14 (Embeddings). Let Q be either a convex set or a set of class C*7, for some v € (0,1].
The following embedding is continuous

BLy(Q) — L'7>°(0Q).

Moreover, the following embeddings are compact:

BLo(Q) — W1(Q) for q € [1,17),
BLo(Q) = L"(Q) forr e [1,177),
BLy(Q) N L>®(Q) < W, () for q € [1,2).

Proof. The assumptions on 2 allow to use both Corollary A.10 and other estimates for elliptic problems
with measure data.

Indeed, the continuity of the embedding BLo(2) < L' () follows from [26, Proposition 5.7] (see
also [8, Theorem 3] for the optimal constant).

The proof of the compactness of the embedding BLg(2) — L"(2) can be found in [26, Proposition
5.9], and the one of BLy(Q) < W,%(Q) in [26, Proposition 5.10].

Finally, the fact that BLy(Q) N L> () < W, %() is compact follows from the interpolation inequal-
ities

IN

Vullr2) < [Jullz=|Au|r  for every u € BLo(2) N L>(Q2)

2 _2
| Vull{ ! ||Vu|\; * and the compact embedding BL(Q) < W, (Q).
O

IN

(see [26, Lemma 5.8]), || V|| £a(o)

Remark A.15. Since Wx' < BLo(f) is continuous (Lemma A.2), the results of Proposition A.14 are
true with BLo(Q) replaced by W' ().

A.3 Density

Lemma A.16 (Density). Let u € BLo(2). Then there exists a sequence (uy,)
BLy() converging strictly to u, that is:

neny S C®(Q)NC(Q)N

U, —u  strongly in Wy (), | Aty |7 — |Aulp.
Proof. See [24, Proposition 3.2]. O

We also mention that the closure of C°(€2) with respect to the norm |A -|; is denoted WZ’}O (©) and
it is studied in [25] in the context of eigenvalue problems.
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Lemma A.17. Ifue C®(Q)NC(Q) N BLy(Q), then Au € L(Q). In particular,
C>=(Q) N C(Q) N BLy(Q) € WXH(N).

Proof. This is stated without proof in [24, page 317]. We include here a proof for completeness.
Given n € N sufficiently large, take ¢, € C2°(Q) such that

©n =1 in the set {z € Q: dist(z,00) > 1/n}.

Define the function (A
y, — _SIBMAW) Ky )n ().
‘(Slgn(Au) * 771/n)‘pn|oo

where 7, ,, is a sequence of mollifiers. Then [|v,[|oc = 1, v, — sign(Au) a.e. in Q. By Fatou’s lemma
(vnAu is bounded and || < 00),

/ |Au| = / lim Auw,, < 1iminf/Auvn = liminf/uAvn < |Au|r < 0.
Q Q n n n

O

Lemma A.18. Let Q be a bounded domain of class C*7, for some v € (0,1]. Then the space C*7(Q)
is dense in Wx'(Q).

Proof. Consider u € Wx'' (), which in particular means that Au € L'(Q), and fix ¢ > 0. There exists
f € Cx(Q) c C*7(Q) such that |f — Au|; < e. If v denotes the solution to the Dirichlet problem
Av = fin Q and v = 0 on 9 then, by elliptic global regularity (see [13, Theorem 6.14]), v € C%7 ()
and

|Av — Auly = |f — Au|; <e,

by construction. Recalling that |A - |1 is a norm in W' (Q) (by Lemma A.12), we see that C*°(%) is
dense in W' (Q). O

Remark A.19. Proposition 2.7 in [3] states that BLy(Q2) < L () is continuous, among other results.
This is not true at least for N > 3, as it can be shown by a simple counterexample: on 2 = By, we have
Gp,(-,0) € BLo(By) with |AGp, (+,0)|7 = |do|7 = 1 and, more explicitly,

Gp, (2,0) = ex(|z]>~N = 1) for z € By,

which clearly does not lie in L' (B)) (see also the counterexample in [26, page 83]). This also implies
that
C™(Q)NC(Q) N BL(Q) is not contained in W21(Q).

In fact, if this were true, then the proof of [3, Proposition 2.7] would be correct, showing the wrong
fact that BLo(Q) — L' (Q) is continuous. The “proof” would go as follows: given u € BL(R), by
Lemma A.16 we can take a sequence (u,) C C*(Q) N C(2) N BLy(?) such that u,, — u strictly in
BLo(Q). If C(Q)NC>(2) N BLy(Q) € WL(Q), then (u,) C W21(Q), which is continuously embedded
in L' (Q) and the rest of the proof easily follows.

Although this claim in [3, Proposition 2.7] is not true, we emphasize that this fact is never used in the
proof of the main theorems, which remain valid. Since the paper deals with subcritical nonlinearities,
only the compact embeddings presented in our Proposition A.14 are needed.

We also point out that the same incorrect fact is also used in [3, Proposition 2.7] to prove the
compactness of BL(2) — L%(Q) for ¢ € [1,1**); although the proof contains a mistake, the result is
correct, see our Proposition A.14.

Acknowledgments. The authors would like to thank the anonymous referee for useful remarks on a
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