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Abstract. In this paper, we investigate the generic regularity of conservation solutions to the N − abc family
of Camassa-Holm type equation with (N + 1)-order nonlinearities. This quasi-linear equation is nonlocal with
higher order nonlinearities, compared to the Camassa-Holm equation (N = 1) and Novikov eqution (N = 2).
For an open dense set of C3 initial data, we prove that the solution is piecewise smooth in the t − x plane, while
the gradient uN−1ux can blow up along finitely many characteristic curves. Moreover, we provide a detailed
asymptotic description of the solution in a neighborhood of each generic singular point. Our strategy mainly
relies on the variable transformation introduced in [72], which reduces the equation to a new semi-linear system
semilinear system on new characteristic coordinates and Thom’s transversality technique introduced in [52]. This
result improves earlier ones in the literatures, such as [52], [66] and [41].
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1. Introduction

In this paper, we consider the Cauchy problem for the N − abc family of Camassa-Holm type equation

(1.1)
{

ut − utxx − cuNuxxx − buN−1uxuxx + auNux = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R,

where N ∈ Z+,N ≥ 1, a, b, c are positive constants and a = b + c. More details are present in [71–73].
It is well known that (1.1) is an evolution equation with (N + 1)-order nonlinearities and contains three in-

tegrable dispersive equations: the b−family equation, the Camassa-Holm (CH) equation, and the Degasperis-
Procesi (DP) equation as well as the Novikov equation. There are lots of literatures devoted to the equations
with respect to (1.1) for the initial condition u0 ∈ Hs(R), such as the local well-posedness, global well-
posedness, blow up criterion and wave breaking phenomenon as well as persistence properties and unique
continuation properties. Next, let us recall some known contributions about (1.1).

(1.1) was first considered by Himonas and Holliman [39]. Using a Galerkin-type approximation tech-
nique, they demonstrated that (1.1) is well-posed in Sobolev spaces Hs with s > 3

2 on both the circle and the
line in the sense of Hadamard. In [74], Zhou an Mu established the local well-posedness of strong solutions
in Hs with s > 3

2 and the persistence properties of strong solutions as well as the existence of its global weak
solutions and peakon solution of (1.1). Later on, Himonas and Mantzavinos [42] established well-posedness
in Hs with s > 5

2 . They also showed a sharpness result on the data-to-solution map and proved that it is not
uniformly continuous from any bounded subset of Hs into C([0,T ); Hs). In [7], Barostichi et al. studied (1.1)
and obtained an abstract Cauchy-Kovalevsky type theorem by using a power series method in abstract Banach
spaces with analytic initial data. Recently, in [35], Guo et al. investigated the large time behavior of com-
pact support of the potential for (1.1), if the compactly supported initial potential keeps its sign. Moreover,
using time-frequency analysis, they established the pointwise decay estimates and demonstrated the persis-
tence property in weighted Sobolev spaces. In [65], using the Littlewood-Paley decomposition technique
and transport equation theory, the author first obtained the local well-posedness result in Besov and Sobolev
spaces for (1.1). Also, using the Littlewood-Paley decomposition technique and the commutator estimate as
well as Morse-type inequality, the author established a crucial blow up criterion in Besov spaces, which is
different from the usual results only in Sobolev spaces. Furthermore, using the characteristic method, the au-
thor established an invariant property of the solution and established the precise blow-up scenario for strong
solutions to (1.1). On the other hand, the author established some global existence results for the strong
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solutions by deriving two useful conservation laws. Finally, the author demonstrated wave breaking phenom-
enon and established a new finite time blow-up solution to (1.1) with respect to the initial data u0. It is worth
mentioning that Zhou and Ji [70] investigated some properties for the solutions to (1.1), including the local
well-posedness, wave breaking, blow-up rate, global existence and uniqueness. More precisely, firstly, using
Kato’s theorem, they established the local well-posedness. Then, using the lower order energy conservation
law and the commutator estimate technique, we derive the wave breaking mechanism of solutions to (1.1).
In particular, when the power of the higher order nonlinearities N is even, using the characteristic method
and differential inequality technique, they demonstrated two sufficient conditions on the initial datum for the
occurrence of wave breaking, and established the upper bound of the maximal existence time and the blow-up
rate. Finally, they proved the global existence and uniqueness of solutions to (1.1).
• If c = 1 and N = 1, then (1.1) reduces the b−family equation{

ut − utxx − uuxxx − buxuxx + (b + 1)uux, x ∈ R = 0, t > 0,
u(x, 0) = u0(x), x ∈ R,

with quadratic nonlinearity, which can be obtained as the family of asymptotically equivalent shallow wa-
ter wave equations [21]. In [23], we know that it admits peakon solutions for any constant b. The local
well-posedness and global well-posedness as well as blow up criterion for the b−family equation have been
considered in [25–27]. By using Painlevé analysis [23,24], we can find that there are two integrable equations
in the b−family equation, i.e, the Camassa-Holm equation (when b = 2) and the Degasperis-Procesi equation
(when b = 3), which will be presented as follows.
• If c = 1,N = 1, b = 2 and a = 3, then (1.1) becomes to the well-known CH equation

(1.2)
{

ut − utxx + 3uux − 2uxuxx − uuxxx = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R.

(1.2) models one-dimensional unidirectional propagation of shallow water waves over a flat bottom under the
influence of gravity, and u(t, x) represents the fluid velocity at time t in the horizontal direction x [16]. It is
well known that (1.2) enjoys two local Hamilton structures [55]

mt = B0
δH2

δm
= B1

δH1

δm
,

B0 = −∂x + ∂
3
x = −L, B1 = −(m∂x + ∂xm),

H1 =
1
2

∫
(u3 + uu2

x)dx,H2 =
1
2

∫
(u2 + u2

x)dx,

where m = u − uxx, whose compatibility condition was shown in [28]. In [16], Camassa and Holm demon-
strated that (1.2) admits peakon solutions u(t, x) = ce−|x−ct|, which have discontinuous first derivative at the
wave peak in contrast to the smoothness of most previously known specious of solitary waves and thus are
called peakons. CH equation (1.2) is integrable in the sense of an infinite-dimensional Hamiltonian system
and arises as model for shallow water waves [16, 46]. As a matter of fact, in [29], Fokas and Fuchssteiner
established the bi-Hamiltonian structure for CH equation (1.2). Moreover, it also related to describe small
amplitude radial deformation waves in cylindrical compressible hyper-elastic rods in Ref. [19]. The lo-
cal well-posedness and global well-posedness of the CH equation (1.2) has extensively been considered in
Ref. [14]. It was demonstrated that there exist strong solutions to the CH equation (1.2) [14] and the finite
time blow-up strong solutions to the CH equation (1.2) in Ref. [14, 15]. It is worth mentioning that, using
vanishing viscosity method, Xin and Zhang [62, 63] established some new a priori one-sided supernorm and
space-time higher-norm estimates on the first-order derivatives. Also, using viscous approximate solutions
method and energy estimate, they obtained the existence and uniqueness of global weak solutions to the CH
equation (1.2). Related works can be found in the literatures, such as [31, 32, 34].
• If c = 1,N = 1, b = 3 and a = 4, then (1.1) reads the DP equation

(1.3)
{

ut − utxx + 4uux − 3uxuxx − uuxxx = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R.

DP equation (1.3) was obtained by the method of asymptotic integrability in Ref. [22, 24]. (1.3) arises
from the asymptotic theory of shallow water waves [21] and has peakon and multi-peakon solutions, see for
instance [22, 50, 51], as well as shock-type solutions in Ref. [49]. DP equation (1.3) is also an integrable
system with quadratic nonlinearity, but with 3 × 3 Lax pairs [22] a bi-Hamiltonian structure, and an infinite
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hierarchy of symmetries and conservation laws. In [55], we know that DP equation (1.3) enjoys only one
local Hamiltonian structure and second Hamiltonian structure

mt = B0
δH−1

δm
= B1

δH0

δm
,

B0 = L(4 − ∂2
x), B1 = (∂xm + 3m∂x)L−1(2∂xm + 3m∂x),

H1 = −
1
6

∫
u3dx,H2 = −

1
2

∫
mdx,

whose compatibility condition was demonstrated in Ref. [44]. The local existence, global existence and
blow-up phenomena of the DP equation was investigated, see for instance [25, 26, 37, 40, 64].
• If c = 1,N = 2, b = 3 and a = 4, then (1.1) becomes the Novikov equation

(1.4)
{

ut − utxx + 4u2ux − 3uxuxx − uuxxx = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R.

Novikov equation (1.4) was obtained by Novikov [54] in a symmetry classification of nonlocal partial dif-
ferential equation with cubic nonlinearity. In [53], using the perturbative symmetry approach and formal re-
cursion operator technique, Mikhailov and Novikov established the existence of infinite hierarchies of higher
symmetries and local conservation laws. On the other hand, Hone and Wang [45] recently found a matrix
Lax-pair representation of the Novikov equation (1.4). In particular, they demonstrated that Novikov equation
(1.4) arises as a zero curvature equation

Ft −Gx + [F,G] = 0,

which is the compatibility condition for the linear system

Ψx = F(m, λ)Ψ, Ψt = G(m, λ)Ψ,

where m = u − uxx and the matrices F and G are defined by

F =

0 λm 1
0 0 λm
1 0 0

 , G =


1

3λ2 − uux
1
λ
ux − λu2m u2

x
1
λ
u − 2

3λ2 − 1
λ
ux − λu2m

−u2 1
λ
u 1

3λ2 + uux

 .
Also, using this matrix Lax-pair representation, Hone and Wang [45] demonstrated how the Novikov equation
(1.4) is related by a reciprocal transformation to a negative flow in the Sawada Kotera hierarchy. Moreover,
they proved that the Novikov equation (1.4) enjoys infinitely many conservation law, among which, the most
crucial ones given by

E(u) ≜
∫
R

(u2(t, x) + u2
x(t, x))dx(1.5)

and

F(u) ≜
∫
R

(u4 + 2u2u2
x −

1
3

u4
x)dx.(1.6)

It is well known that the Novikov equation (1.4) is also integrable peakon model with 3× 3 Lax pairs and the
peakon solution u(x, t) =

√
ωe−|x−ωt| with ω > 0. The great difference between the Novikov equation (1.4)

and the CH (1.2), DP (1.3) is that the former one has cubic nonlinearity and the latter ones have quadratic
nonlinearity. Novikov equation (1.4) is among the class of integrable equations with the Lax pair given in
Ref. [45] as  Ψxxx = Ψx + λm2Ψ + 2mx

m Ψxx +
mmxx−2m2

x
m2 Ψx,

Ψt =
u
λm
Ψxx −

mux+umx
m2 Ψx − u2Ψx.

Moreover, they obtained a 3 × 3 matrix Lax pair representation to the Novikov equation (1.4). Also, they
found that the Novikov equation (1.4) admits a bi-Hamiltonian structure

mτ = J2
δH1

δm
= J1

δH2

δm
with the Hamiltonian operators

J2 = −2(3m∂x + 2∂xm)(4∂x − ∂
3
x)−1(3m∂x + ∂xm),

J1 = (1 − ∂2
x)

1
m
∂x

1
m

(1 − ∂2
x),
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and the corresponding Hamiltonians

H1 =
1
3

∫
(m−

8
3 ∂2

xm + 9m−
2
3 )dx, H2 =

1
8

∫
(u4 + 2u2u2

x −
1
3

u4
x)dx.

Related works for the Novikov equation (1.4) can be found in the literatures, including the local existence,
global existence and blow-up phenomena, such as [17, 38, 59–61, 67, 68]. It is worth mentioning that Ji
and Zhou [47] investigated some properties for the solutions to NE (1.4) with a weakly dissipative effect,
including the local well-posedness, wave breaking, blow-up rate, global existence and uniqueness. More
precisely, firstly, using Kato’s theorem, they established the local well-posedness. Then, using the time
dependent conserved quantity and the commutator estimate technique, we established the wave breaking
mechanism of solutions to NE (1.4). In particular, using the characteristic method and differential inequality
technique, they showed two sufficient conditions on the initial datum for the occurrence of wave breaking,
and established the upper bound of the maximal existence time and the blow-up rate. Finally, they proved the
global existence and uniqueness of solutions to NE (1.4).

Due to the singularity of strong solutions in finite time, we are forced to study weak solutions. In partic-
ular, in order to go beyond the breaking wave (i.e, the wave profile remains bounded but its slope becomes
unbounded in finite time) [11, 14, 15], if one considers global weak solution, it is natural to consider Hölder
continuous solution, for instance, H1 solution for CH (1.2). It is well known that there are two methods to
deal with the global existence of weak solutions to CH (1.2), Novikov equation (1.4) and (1.1). One method
is the vanishing viscosity technique, see Ref. [62, 63]. The other method is to introduce a new semi-linear
system on new characteristic coordinates, see Ref. [3, 4, 12, 58, 72, 76].

Also, it is well known that wave breaking is a common phenomenon, in Ref. [10, 72]. To further un-
derstand the wave breaking phenomena, we found that some works with respect to wave breaking could be
divided into three different categories:
•(1) before wave breaking,
•(2) during wave breaking,
•(3) after wave breaking.
Based on the above three categories, however, there are still many issues that need to be addressed, in par-
ticular for question (3). After wave-breaking, there exist peakons and the multi-peakon solutions to the CH
equation (1.2), Novikov equation (1.4) and (1.1). Let us recall known results with these issues. Owing to
the different wave speed for the CH equation (1.2), Novikov equation (1.4) and (1.1), the authors established
the existence of a different peaked solutions [33, 36]. On one hand, it is well known that (1.2) admits the
multi-peakon solutions [16]

u(t, x) =
n∑

i=1

pi(t)e−|x−qi(t)|,

where pi(t) and qi(t) satisfy the Hamiltonian system
dpi
dt =

∑
j,i

pi p jsgn(qi − q j)e−|qi−q j | = − ∂H
∂qi
,

dqi
dt =

∑
j

p je−|qi−q j |−|qi−qk | = ∂H
∂pi
,

with the Hamiltonian

H =
1
2

n∑
i, j=1

pi p je−|qi−q j |.

In [43], Holden and Raynaud demonstrated the rigorous analysis for the systems of pi(t) and qi(t). In [33],
they obtained the solutions, containing infinite many peaked solitary waves. From [33, 34], we know that
peakons are a kind of weak solutions, and have a feature that is characteristic for the waves of great height,
i.e, waves of the largest amplitude that are exact solutions of the governing equations for water waves. On
the other hand, in [45], we know that, one of the most crucial features of the Novikov equation (1.4) is
the existence of peakon and anti-peakon solutions, which are peaked traveling waves with a discontinuous
derivative at the crest. Peakon and anti-peakon solutions are explicitly given by

±ϕc(x − ct) = ±
√

cϕ(x − ct) ≜ ±
√

ce−|x−ct|, c > 0.

Furthermore, in [45], Hone and Wang demonstrated that Novikov equation (1.4) admits the multi-peakons

solutions. That is, for any given number n ∈ N, let
→
q = (q1, · · · , qn) and

→
p = (p1, · · · , pn) be the position and
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momenta vectors, respectively. Then, one has the n-peaked traveling wave solution

u(t, x) =
n∑

i=1

pi(t)e−|x−qi(t)|

on the line, where pi and qi verify the following 2n dimensional differential equations
dqi
dt = u2(qi) =

n∑
j,k=1

p j pke−|qi−q j |−|qi−qk |,

dpi
dt = −piu(qi)ux(qi) = pi

n∑
j,k=1

p j pk sgn(qi − q j)e−|qi−q j |−|qi−qk |.

Clearly, after wave breaking, it is curial to comprehend this type of weak solution to the wave propagation
in the shallow water. There are two aspects to the weak solution, that is, existence and uniqueness. After
wave-breaking as either global conservative or global dissipative weak solution, the solution to the CH (1.2)
and Novikov equation (1.4) can be uniquely continued, respectively, was established in [3,4,6,12,58,74,76].

In [1,65], they demonstrated (1.1) admits the single peakon and multi-peakon solutions if and only if a ≥ 0
and c , 0. That is, the single peakon solutions for (1.1) enjoy the form as follows:

u = u(x − υt) = (υ/c)1/Ne−|x−υt|, a = b + c, c , 0, N ≥ 1,

where υ = constant is the wave speed. Also, they obtained the N-peakon solutions (N ≥ 2) for (1.1)

u(t, x) =
N∑

i=1

αi(t)e−|x−βi(t)|, N = 2, . . . ,

where the amplitudes αi(t) and positions βi(t) satisfy a Hamiltonian system of ordinary differential equations
(ODEs)

(1.7)


αi
′ = (b − ac)αi(α j +

N∑
j=1, j,i

α je−|βi−β j |)a−1
N∑

k=1,k,i
sgn(βi − βk)αke−|βi−βk |,

βi
′ = c(α j +

N∑
j=1, j,i

α je−|βi−β j |)a,

Indeed, the above ODEs (1.7) is equivalent to the following system{
αi
′ = {αi,H},

βi
′ = {βi,H},

where { } is the Poisson bracket and H is the Hamiltonian function given by

H = 1
2

N∑
j,k=1

α jαke−|βi−β j |, i = 1, . . . ,N.

It is worth mentioning that Zhang et al. [72] investigated the global energy conservation solution for (1.1).
More precisely, using both the lower order and the higher order energy conservation laws, as well as the
characteristic method, they established the global existence and uniqueness of the Hölder continuous energy
weak solution to (1.1) in the energy space H1(R) × W1,2N(R). Also, they demonstrated that a very natural
and interesting problem is to study how the regularity of solution changes with respect to N. Namely, they
established Hölder continuous energy weak solutions with the exponent 1 − 1

2N . This result precisely shows
how the regularity of solution changes with respect to the power of nonlinear wave speed N, and it reveals
an intrinsic relation between Camassa-Holm equation (linear wave speed u1), Novikov equation (quadratic
wave speed u2) and the N − abc family of Camassa-Holm type equation (wave speed uN).

Remark 1.1. We observe that the general the N-peakon solutions ODEs (1.7) yields to the well-known multi-
peakon systems for the b-family equation, when (p, a, b, c) = (1, b + 1, b, 1), which includes the CH equation
(1.2) and the DP equation (1.3), when b = 2 and b = 3, respectively, as well as for the Novikov equation
(1.4), when (p, a, b, c) = (2, 4, 3, 1).

In this paper, we mainly focus on the generic regularity of conservative solutions to (1.1). The generic
property is a property which is satisfied by almost all elements of the whole set. Considering our problem
here, generic regularity is the regularity of the solutions solved from an open and dense subset in the space of
initial data. Generic property is an interesting problem with respect to the hyperbolic conservation laws. It has
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been such a long time that many researchers are interested in this issues. The original result was investigated
by Schaeffer in [56], which demonstrated that for 1−D conservation law, the generic solutions are piecewise
smooth, with finitely shocks in a bounded domain in the (t, x) plane. The proof relies on the Hopf-lax
representation formula. Later on, in [20], using the generalized characteristics method, Dafermos and Geng
obtained the uniqueness and regularity of solutions of the Cauchy problem for a special system of hyperbolic
conservation laws. Also, they obtained a similar result for the 2 × 2 temple class systems. However, for the
general n×n system with n ≥ 3, Caravenna and Spinolo [18] exhibited an explicit counter example and proved
that the generic property does not hold true. The proof mainly relies on careful interaction estimates and uses
fine properties of the wave front-tracking approximation. Recently, Bressan and his co-workers [5, 8, 9]
investigated the generic property and singularity behavior for the nonlinear variational wave equation. In [5],
they established that for an open dense set of C3 initial data, the solution is piecewise smooth in the (t, x)
plane, while the gradient ux will blow up along finite many characteristic curves. For an open dense set of
initial data, the authors in [8] provided a detailed asymptotic description of the solution in a neighborhood
of each singular point, where |ux| → ∞ and established the different structure of conservative and dissipative
solutions. Li and Zhang [52] obtained the generic property and the singular behavior of (1.2) and the two-
component CH equation in a sense of Baire category. Later on, Yang [66] established the generic regularity
of energy conservative solutions to (1.2) with rotation effect. However, because of the energy concentration
when the finite time gradient blow-up occurs, the solution flow is in general not Lipschitz continuous with
respect to the natural H1 distance. In order to establish the Lipschitz property, one needs to introduce some
new metric. Recently, Cai et al. [13] studied the generic property of conservative solutions to the Hunter-
Saxton type equations and presented a new way to establish a Finsler type metric, which renders the solution
flow uniformly Lipschitz continuous on bounded subsets of H1(R+). Also, the distance will be determined
by the minimum cost to transport an energy measure from one solution to the other. Quite recently, benefited
from some ideas of [52], He et al. [41] the generic properties of the Novikov equation (1.4).

Our approach is inspired by the work on the CH (1.2) in [52, 66] and on the integrable Novikov equation
(1.4) in [41], however the difficulty is that (1.4) includes the nonlocal higher nonlinear terms P1 and P2 in the
following equivalent form (2.4)(below in section 2). The situations should oblige us to needs the fine analysis
and estimates to treat with the Lipschitz continuity for (2.4). More precisely, we will need to overcome some
difficulties as follows:
• For CH (1.2) in [52, 66] (that is, N = 1 in (1.1) or an equivalent form (2.4)), they obtained the lower

conservation law (1.5) and established the global existence of solution u(·, t) ∈ W1,2 (or C0, 1
2 by Sobolev

embedding). Unfortunately, this issue is invalid if there are the nonlocal higher nonlinear term P2 in (2.4).
In fact, the energy (1.5) is not enough to control the cubic nonlinearity u3

x in P2 in (2.4). For that purpose,
we have to establish the higher order energy balance law (2.15)(see below). Using Sobolev inequality and
Gagliado-Nirenberg interpolation inequality, we can control the cubic nonlinearity u3

x in P2 in (2.4).
• For Novikov equation (1.4) in [41] (that is, N = 2 in (1.1) or an equivalent form (2.4)), we find that

another energy conservation law (1.6) including u4
x is available. Using both the lower order (1.5) (on u2

x) and
the higher order (1.6) (on u4

x) energy conservation laws, as well as the characteristic method framework first
established in [3], Chen et al. [12] and Zhou et al. [74] proved the global existence of solution u(·, t) ∈ W1,4

(or C0, 3
4 by Sobolev embedding). Indeed, a very interesting observation on existing results for CH (1.2)

and Novikov equation (1.4) shows global well-posedness in different spaces. A very natural and interesting
problem is to investigate how the regularity of solution for (1.1) changes with respect to the parameter N
(that is, the order of nonlocal higher nonlinear terms P1 and P2 in (2.4)). For the high-order case, the existing
methods fail. For that purpose, we will construct energy conservative Hölder continuous solution with the
exponent 1 − 1

2N for (1.1) and make some efforts to establish a uniform estimate by using the higher order
energy balance law (2.15). This result precisely shows how the regularity of solution changes with respect to
the parameter N, so it reveals an intrinsic relation between CH (1.2)(linear wave speed u1 ), Novikov equation
(1.4) (quadratic wave speed u2) and the general equation (1.1) (wave speed uN).

To the best of our knowledge, the generic properties of (1.1) has not been reported yet. Because of the
difference nonlinearity of wave speed, the singularity behaviour is various. In our contribution, we give an
exactly proof to show that why the singularity is various between the CH (1.2) and the Novikov equation
(1.4).

The paper is organized as follows: In section 2, we recall some basic definitions and the related results with
respect to the conservative solutions of (1.1). In section 3, we show a perturbation lemma and construction
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families of perturbed solutions to the semilinear system. In section 4, we investigate the generic property of
(1.1). In section 5 we demonstrate the asymptotic behavior for generic singularity.

We are now in the position to state the main results as follows.

Theorem 1.2. (Generic property) For any T>0 fixed, there exists an open dense set of initial data

D ⊂ (C3(R) ∩ H1(R) ∩W1,2N(R))

such that for u0 ∈ D , the energy conservative solutions u = u(t, x) of (1.1) is differentiable in the complement
of finitely many characteristic curves γi, within the domain [0,T ] × R.

Based on the above generic regularity, we demonstrate the asymptotic description of the solution in a
neighborhood of each singular point, where |ux| → ∞.

Theorem 1.3. (Asymptotic behavior for generic singularity) Consider generic initial data u0 ∈ D as in
Theorem 1.2 with u0 ∈ C∞(R). Let u = u(x, t) be the solution to the original equation (1.1) or an equivalent
form (2.4) and (u, v,w, x, t) is the corresponding solution of the semilinear system (2.44) and (2.45). Consider
a singular point P = (t0,Y0) wherev = π, and set (x0, t0) = (x(t0,Y0), t(t0,Y0)). Generically, at the singular
point P = (t0,Y0), u has parameteric expression as follows:

(1) If P is a point of case 1, i.e. vY = 0 and vYY , 0, v = π, vYY , 0, then

(1.8) u(t, x) = A(x − x0)1− 1
2N + B(t − t0) + O(1)(|t − t0|2 + |x − x0|

1− 1
2N+1 )

for some constant A, B.
(2) If P is a point of case 2 , i.e. vY , 0 and vYY = 0, v = π, vYY , 0, then

(1.9) u(t, x) = A(x − x0)
2N

2N+1 + B(t − t0) + O(1)(|t − t0|2 + |x − x0|)

for some constant A, B.

2. Preliminaries

In this section, to further our analysis, we present some notations, including transversality and genericity,
the basic definitions and results for conservation solutions for (1.1).

Definition 2.1. [2, 30, 48, 57] (Map transverse to a submanifold) Let F : X → Y be a smooth map from
manifold X to manifold Y. W is a submanifold of Y. We say F is transverse to W at a pointx ∈ X, denoted by
F ⋔xW, if
• either F(x) < W,
• or F(x) ∈ W and TF(x)Y = (dF)x(TxX) + TF(x)W. Here TxX means the tangent space of X at point x.
If F ⋔xW for every x ∈ X, we say F is transverse to W, and denote as F ⋔ W.

Definition 2.2. [2, 30, 48, 57] Let F : X → Y be a smooth map from manifold X to Y. A point y ∈ Y is a
regular value if for every x ∈ X one has TyY = (dF)x(TxX). In the special case where W = {y} consists of a
single point, F ⋔ W if and only if y is a regular value of F.

Theorem 2.3. [2, 30, 48, 57] (Thom’s transversality theorem) Let X, Θ and Y be smooth manifolds and W a
submanifolds of Y. Let θ → ϕθ be a smooth map that to each θ ∈ Θ associates a function ϕθ ∈ C∞(X,Y), and
define Φ : X × Θ→ Y by setting Φ(x, θ) = ϕθ(x). If Φ ⋔ W then the set θ ∈ Θ; ϕθ ⋔ W is dense in Θ.

Lemma 2.4. [52] Consider an ODE system

(2.1)
d
dt

uϵ = f (uϵ), uϵ(0) = u0 + ϵ1v1 + · · · + ϵmvm,

where uϵ(t) : R→ R, f is a Lipschitz function. The system is well posed in [0,T ). Assume the matrix

Dϵuϵ0 = (v1, v2, ..., vm) ∈ Rn×m,(2.2)

and the rank of this matrix is

rank(Dϵuϵ0) = k.(2.3)

Then for any t ∈ [0,T ), rank(Dϵuϵ) = k.
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In what follows, we will recall several fundamental results with respect to (1.1). First, we can rewrite (1.1)
in the equivalent nonlocal form

(2.4)
{

ut + cuNux + ∂xP1 + P2 = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R,

in the Sobolev space H1(R) ×W1,2N(R). Here

P1 = p ∗ (
b

N + 1
uN+1 +

3cN − b
2

uN−1u2
x), P2 = p ∗ [

(N − 1)(b − cN)
2

uN−2u3
x]

with p(x) = 1
2 e−|x|, and we demonstrate the definition and the global existence and uniqueness of the Hölder

continuous energy weak solution as follows.

Definition 2.5. [72] Let c = 1, b = N + 1 and a = b + c. The energy conservative solution u(t, x) of the
Cauchy problem (1.1) or (2.4) enjoys the following properties.

Property 1. The map t → u(t, ·) is Lipschitz continuous from R into L2N(R) with u(t, ·) ∈ L2N(R), ∀t ≥ 0.
Property 2. The solution u = u(t, x) satisfies the initial condition u0 ∈ H1(R) ×W1,2N(R) and

0 =
∫ ∫
Σ

{
−ux · (ψt + uNψx) + [−uN+1 −

2N − 1
2

uN−1u2
x + (P1 + ∂xP2)] · ψ

}
dxdt

+

∫
R

u0,xψ(0, x)dx,

for any test function ψ(t, x) ∈ C1
c (Σ), where Σ ≜ {(t, x) | t ∈ [0,+∞), x ∈ R}.

Property 3. The solution u = u(t, x) is conservative, that is, the higher order energy balance law (2.15) is
satisfied in the following sense.

There exists a family of positive Radon measures µ(t), depending continuously on time and with respect to
the topology of weak convergence of measures. For every t ∈ R+, µ(t) is the sum of an absolutely continu-
ous part and a singular part, and the absolutely continuous part of has density u2N

x (t, ·) with respect to the
Lebesgue measure, which provides a measure-valued solution to the balance law∫

R+

{∫
R

(ψt + uNψx)dµ(t) +
∫
R

2Nu2N−1
x [uN+1 − (P1 + ∂xP2)]ψdx

}
dt +

∫
R

u2N
0,xψ(0, x)dx = 0,

for any test function ψ(t, x) ∈ C1
c (Σ).

Theorem 2.6. [72] Let the initial data u0 ∈ H1(R) × W1,2N(R) be an absolutely continuous function on
variable x. Then there exists a uniquely global energy conservative solution u(t, x) for the Cauchy problem
(1.1) or (2.4) in the sense of Definition 2.5. Moreover, the solution satisfies the following properties.

Property 1. u = u(t, x) is uniformly Hölder continuous with exponent 1 − 1
2N on both t and x.

Property 2. The energy density u2 + u2
x is almost conserved, that is,

E(t) = ∥u(t)∥H1(R) = ∥u0∥H1(R), f or t < S, E(t) < E(0), f or t ∈ S.

Property 3. There exists a null set S with meas(S) = 0, such that for every t < S, the measure µ(t) is
absolutely continuous and has density u2N

x (t, ·) with respect to the Lebesgue measure.
Property 4. The solution is continuously depending on the initial data, that is, continuous dependence

property holds. More precisely, for a sequence of initial data u0,n, such that

∥u0,n − u0∥H1(R)×W1,2N (R) → 0, as n→ ∞.

Then the corresponding solutions un(t, x) converge to u(t, x) uniformly for (t, x) in any bounded sets.

For smooth solutions, differentiating the first equation in (2.4) about the variable x, and using the fact

∂2
x p ∗ f = p ∗ f − f ,

one has

uxt + cuNuxx + P1 + ∂xP2 +
b − cN

2
uN−1u2

x −
b

N + 1
uN+1 = 0.(2.5)
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Multiplying the first equation in (2.4) by u and (2.5) by ux, we establish the two lower order energy conser-
vation laws with source term P1 and P2

(
u2

2
)t + (

c
N + 2

uN+2 + uP1)x + uP2 = uxP1,(2.6)

and

(
u2

x

2
)t + [

cuNu2
x

2
−

b
(N + 1)(N + 2)

uN+2 + u∂xP2]x − uP2

−
N[b − c(N + 1)]

2
uN−1u3

x = −uxP1,

(2.7)

respectively. Next, our aim is to obtain some energy conservation laws. For that purpose, we must make
technical assumption with respect to the parameters N, a, b and c as follows:

a = b + c, b = c(N + 1).(2.8)

In fact, it follows from (2.7) and (2.8) that

(
u2

x

2
)t + [

cuNu2
x

2
−

b
(N + 1)(N + 2)

uN+2 + u∂xP2]x − uP2 = −uxP1.(2.9)

After a scaling transformation t → t
c , we take c = 1. It follows from (2.6), (2.8) and (2.9) that

(
u2

2
)t + (

1
N + 2

uN+2 + uP1)x + uP2 = uxP1,(2.10)

and

(
u2

x

2
)t + (

uNu2
x

2
−

1
N + 2

uN+2 + u∂xP2)x − uP2 = −uxP1.(2.11)

Thus, combining (2.10) with (2.11), we establish the lower conservation law

(
u2 + u2

x

2
)t + (

uNu2
x

2
+ uP1 + u∂xP2)x = 0.(2.12)

Integrating both sides of (2.12) with respect to the variable x, we conclude that the total lower order energy

E(t) ≜
∫
R

[u2(t, x) + u2
x(t, x)]dx

is conserved with respect to the time variable t, i.e,

E(t) = E(0) ≜ E0.(2.13)

In what follows, our aim is to obtain the higher order energy balance law. For that purpose, multiplying
the first equation in (2.4) by 2Nu2N−1, one has

(u2N)t + (
2
3

u3N + 2Nu2N−1P1)x = −2Nu2N−1P2 + 2N(2N − 1)u2N−2uxP1.(2.14)

Multiplying (2.5) by 2Nu2N−1
x , we have

(u2N
x )t + (uNu2N

x )x = 2NuN+1u2N−1
x − 2Nu2N−1

x (P1 + ∂xP2).(2.15)

It follows from (2.13) and the Sobolev inequality that

∥u∥2L∞ ≤
1
2
∥u∥2H1 =

1
2

E0.(2.16)

We now demonstrate the uniform bounds on P1, ∂xP1, P2 and ∂xP2 given by (2.4). First, we will establish
the uniform bounds on P1 and ∂xP1. It follows from (2.4), (2.13) and (2.16) that

(2.17)
∥P1(t)∥L∞ , ∥∂xP1(t)∥L∞ ≤ C1E

N+1
2

0 ,

∥P1(t)∥L∞ , ∥∂xP1(t)∥Li ≤ C2E
N+1

2
0 ,

for some positive constants C1,C2 and any i ≥ 1.
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Using the higher order energy balance law (2.13) and Gagliado-Nirenberg interpolation inequality, we
establish a uniform estimate on ∥ux∥L2N , in order to obtain a uniform bound on P2 and ∂xP2, which both
contain u3

x in (2.4). Actually, from (2.4), (2.15) and (2.16), we arrive at

d
dt

∫
R

u2N
x dx =

∫
R

[2NuN+1u2N−1
x − 2Nu2N−1

x (P1 + ∂xP2)]dx

≤ 2N(∥u∥N+1
L∞ + ∥P1∥L∞ )

∫
R

|ux|
2N−1dx

+ 2N∥
1
2

e|−x|∥L∞ ·
N − 1

2
∥u∥N−2

L∞

∫
R

|ux|
3dx ·

∫
R

|ux|
2N−1dx

≤ 2N(E
N+1

2
0 +C1E

N+1
2

0 )
∫
R

|ux|
2N−1dx

+ 2N ·
1
2
·

N − 1
2

E
N−2

2
0

∫
R

|ux|
3dx ·

∫
R

|ux|
2N−1dx

≜ C3(E0)
∫
R

|ux|
2N−1dx +C4(E0)

∫
R

|ux|
3dx ·

∫
R

|ux|
2N−1dx,

(2.18)

for some positive constants

C3(E0) = 2N(1 +C1)E
N+1

2
0 , C4(E0) =

N(N − 1)
2

E
N−2

2
0 ,

depending only upon E0.
In what follows, we will estimate the second term in (2.18). It follows from Gagliado-Nirenberg interpo-

lation inequality that

∥ux∥L3 ≤ C5∥ux∥
2N−3

3(N−1)

L2 ∥ux∥
N

3(N−1)

L2N ,(2.19)

∥ux∥L2N−1 ≤ C6∥ux∥
1

(N−1)(2N−1)

L2 ∥ux∥
N(2N−3)

(N−1)(2N−1)

L2N ,(2.20)

for some positive constants C5 and C6. Using (2.19) and (2.20), we obtain∫
R

|ux|
3dx ≤ C5(

∫
R

|ux|
2dx)

2N−3
2(N−1) (

∫
R

|ux|
2Ndx)

1
2(N−1) ,(2.21) ∫

R

|ux|
2N−1dx ≤ C6(

∫
R

|ux|
2dx)

1
2(N−1) (

∫
R

|ux|
2Ndx)

2N−3
2(N−1) .(2.22)

By (2.21) and (2.22), one has∫
R

|ux|
3dx ·

∫
R

|ux|
2N−1dx ≤ C7

∫
R

|ux|
2dx ·

∫
R

|ux|
2Ndx,(2.23)

for some positive constant C7. It follows from (2.18), (2.22) and (2.23) that

d
dt

∫
R

u2N
x dx ≤ C3(E0)

∫
R

|ux|
2N−1dx +C4(E0)

∫
R

|ux|
2dx ·

∫
R

|ux|
2Ndx,

that is,

d
dt

∫
R

u2N
x dx ≤ C8(E0)(C9(E0) +

∫
R

|ux|
2Ndx),(2.24)

for some positive constants C8(E0) and C9(E0), which depend only upon E0. Using Gronwall’s inequality and
(2.24), for any time t ∈ [0,T ], one has∫

R

u2N
x dx ≤ eC8(E0)((C9(E0) +

∫
R

|ux|
2Ndx(0))(eC8(E0) − 1) ≜ Ξ(T ).(2.25)

Then, using (2.13), (2.23) and (2.25), we can establish the bound∫
R

u3
xdx ≤ C10(E0,T )(2.26)
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with a positive constant C10 depending upon E0 and T. Thus, using (2.4), (2.13), (2.16) and (2.26), for any
given t ∈ [0,T ], T > 0, we demonstrate the time dependent bounds as follows

∥P2(t)∥L∞ , ∥∂xP2(t)∥L∞ ≤ C11(E0,T ),
∥P2(t)∥L∞ , ∥∂xP2(t)∥Li ≤ C12(E0,T ),

(2.27)

for some positive constants C11, C12 and any i ≥ 1.
Next, we will focus on establishing a semi-linear system for smooth solutions. For that purpose, we

introduce the characteristic equation [71–73]

(2.28)
{ dx(t)

dt = uN(t, x(t,Y)),
x(0,Y) = x0(Y).

For any fixed point (t, x), the characteristic curve passing through the point (t, x) is defined by τ 7→ x(τ; t, x).
Using the energy density (1 + u2

x)N , we define the characteristic coordinate Y = Y(t, x),

(2.29) Y ≡ Y(t, x) =
∫ x(0;t,x)

0
(1 + u2

x(0, x))Ndx.

Thus, we have

(2.30) Yt + uNYx = 0, (t, x) ∈ R+ × R.

Also, we define T = t to get the new coordinate (T,Y). It follows from (2.30) and the chain rule for derivatives
that {

hT = hT (Tt + uNTx) + hY (Yt + uNYx) = ht + uNhx,
hx = hT Tx + hYYx = hYYx,

where h(T,Y) = H(t,Y(t, x)) is a smooth function. That is,

(2.31)
{

hT = ht + uNhx,
hx = hYYx.

We introduce the new variables v and w as follows

(2.32) v ≜ 2 arctan ux and w ≜
(1 + u2

x)N

Yx
= (1 + u2

x)N ∂x
∂Y

with ux = ux(T, x(T,Y)). Using (2.32), we have

(2.33) ux = tan
v
2
,

1
1 + u2

x
= cos2 v

2
,

u2
x

1 + u2
x
= sin2 v

2
,

ux

1 + u2
x
=

1
2

sin v,

and

(2.34)
∂x
∂Y
=

w
(1 + u2

x)N = w cos2N v
2
.

By (2.34), for any time t = T, one has

(2.35) x(T,Y) − x(T,Y) =
∫ Y

Y
w cos2N v

2
(T, s)ds.

Let y = x(T,Y) and x = x(T,Y). It follows from (2.33)-(2.35) that

(2.36)

P1(Y) ≜ P1(T,Y) = p ∗ (uN+1 + 2N−1
2 uN−1u2

x)
= 1

2

∫ +∞
−∞

e−|y−x|(uN+1 + 2N−1
2 uN−1u2

x) w
(1+u2

x)N dy

= 1
2

∫ +∞
−∞

e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|[uN+1 cos2N v(Y)

2

+ 2N−1
2 uN−1 sin2 v(Y)

2 cos2N−2 v(Y)
2 ]w(Y)dY ,

(2.37)

∂xP1(Y) ≜ ∂xP1(T,Y) = ∂x p ∗ (uN+1 + 2N−1
2 uN−1u2

x)
= 1

2 (
∫ +∞

x(T,Y) −
∫ x(T,Y)
−∞

)e−|y−x|(uN+1 + 2N−1
2 uN−1u2

x) w
(1+u2

x)N dy

= 1
2 (

∫ +∞
Y −

∫ Y
−∞

)e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|[uN+1 cos2N v(Y)

2

+ 2N−1
2 uN−1 sin2 v(Y)

2 cos2N−2 v(Y)
2 ]w(Y)dY ,
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(2.38)
P2(Y) ≜ P2(T,Y) = p ∗ [ N−1

2 uN−2u3
x]

= N−1
4

∫ +∞
−∞

e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|[uN−1 sin3 v(Y)

2 cos2N−3 v(Y)
2 ]w(Y)dY ,

and

(2.39)
∂xP2(Y) ≜ ∂xP2(T,Y) = ∂x p ∗ [ N−1

2 uN−2u3
x]

= N−1
4 (

∫ +∞
Y −

∫ Y
−∞

)e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|[uN−1 sin3 v(Y)

2 cos2N−3 v(Y)
2 ]w(Y)dY .

In what follows, we obtain the evolution equations with respect to the unknown variables u, v and w under
the new coordinate (T,Y). It follows from (2.5) and (2.31) that

(2.40) uT (T,Y) = ut(T,Y) + uN(T,Y)ux = −∂xP1 − P2.

Using (2.5) (2.31) (2.32) and (2.33), we establish the equation with respect to the variable v

vT =
2

1 + u2
x
(uxt + uNuxx)

=
2

1 + u2
x
(−uNuxx −

1
2

uN−1u2
x + uN+1 − P1 − ∂xP2 + uNuxx)

= −
u2

x

1 + u2
x
uN−1 + 2

1
1 + u2

x
uN+1 −

2
1 + u2

x
(P1 + ∂xP2)

= −uN−1 sin2 v
2
+ 2uN+1 cos2 v

2
− 2 cos2 v

2
(P1 + ∂xP2).

(2.41)

Now, we establish the equation with respect to the variable w. To do this, by (2.30), we arrive at

(2.42) Ytx + uNYxx = −NuN−1uxYx.

Using (2.5) (2.31) (2.33) and (2.42), we conclude

wT =
1
Yx

[((1 + u2
x)N)T + (1 + u2

x)N) · (−
YxT

Y2
x

)]

=
1
Yx

[2Nux(1 + u2
x)N−1(uxt + uNuxx) − (1 + u2

x)N) ·
Ytx + uNYxx

Y2
x

=
N
Yx

(1 + u2
x)N−1[(u2

x)t + uN(u2
x)x + (1 + u2

x)uN−1ux]

=
(1 + u2

x)N

Yx
·

NuN−1ux

1 + u2
x
+

(1 + u2
x)N

Yx
·

ux

1 + u2
x
·

1
u2N−1

x
[(u2N

x )t + (uNu2N−1
x )x]

=
(1 + u2

x)N

Yx
·

NuN−1ux

1 + u2
x
+

(1 + u2
x)N

Yx
·

ux

1 + u2
x
·

1
u2N−1

x
[uN+1 − (P1 + ∂xP2)] · 2Nu2N−1

x

= NwuN−1 ·
1
2

sin v + 2Nw ·
1
2

sin v[uN+1 − (P1 + ∂xP2)]

= Nw sin v[
1
2

uN−1 + uN+1 − (P1 + ∂xP2)].

(2.43)

Based on the above arguments, we can transfer (1.1) to the semi-linear system with respect to the unknown
variables u, v and w under the new coordinate (T,Y). In fact, using (2.41), (2.42) and (2.43), we arrive at

(2.44)


uT (T,Y) = −∂xP1 − P2,

vT (T,Y) = −uN−1 sin2 v
2 + 2uN+1 cos2 v

2 − 2 cos2 v
2 (P1 + ∂xP2),

wT (T,Y) = Nw sin v[ 1
2 uN−1 + uN+1 − (P1 + ∂xP2)]

with the initial data

(2.45)


u(0,Y) = u0(x(0,Y)),
v(0,Y) = 2 arctan(u′0(x(0,Y))),
w(0,Y) = 1,

where P1, ∂xP1, P2 and ∂xP2 are given by (2.36)-(2.39), respectively. Thus, the energy conservative solution
is constructed by the following semilinear system
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Lemma 2.7. [72] Let (u, v,w,Y) be the solution to (2.44) and (2.45), with w > 0. Then the set of points

{(t, x(t,Y), u(t,Y)); (t,Y) ∈ R+ × R}(2.46)

is the graph of a conservative solution to (2.4)

To investigate the singularities of the solution u of (2.4), we are interested in the level sets

{v(t,Y) = π}.

We now construct families (ūθ, v̄θ, q̄θ) of perturbations of the initial data along the charactristic

3. Families of perturbed solutions

In this section, benefited from the ideas of [41] and [52, 66, 69], we construction families of perturbed
solutions to the semilinear system (2.44) and (2.45) with the initial data, depending smoothly on θ ∈ R3, such
that the Jacobian matrix has full rank at the point (t0,Y0) ∈ R+ × R. From Lemma 2.4, it suffices to prove
the Lipschitz continuity of f . Thus, based on the ideas of [72] and due to the smoothness of (u, v,w), it is
crucial for us to prove the Lipschitz continuity of Pi and ∂xPi (i = 1, 2) in (2.36)-(2.39) with respect to the
new variables u, v and w in every bounded domain Ω. To do this, we need the following lemma.

Lemma 3.1. Let (u, v,w) be a smooth solution of the semilinear system (2.44) and (2.45), and let a point
(t0,Y0) ∈ R+ × R be given. If (v, vY , vYY )(t0,Y0) = (π, 0, 0), then there exists a three parameter family of
smooth solutions (uθ, vθ,wθ) depending smoothly on θ ∈ R3 such that

(i) When θ = 0 ∈ R3, one recovers the original solution namely (u0, v0) = (u, v);
(ii) At the point (t0,Y0), when θ = 0, we obtain

rank Dθ(vθ, vθY , v
θ
YY ) = 3.

Proof. Let (u, v,w) be a smooth solution of the semilinear system (2.44) and (2.45). Taking derivative to the
equation with respect to v, one has

∂

∂T
vY = −(N − 1)uYuN−2 sin2 v

2
−

1
2

uN−1vY sin v + 2(N + 1)uNuY cos2 v
2
− uN+1vY sin v

+
1
2

sin vvY (P1 + ∂xP2) − (cos v + 1)(∂Y P1 + ∂Y∂xP2) ≜ F1.

(3.1)

Similarly, we have
∂

∂T
vYY = uYY [−(N − 1)uN−2 sin2 v

2
+ 2(N + 1)uN cos2 v

2
] + u2

Y [−(N − 1)(N − 2)uN−3 sin2 v
2

+ 2N(N + 1)uN−1 cos2 v
2

] + vYY [−
1
2

uN−1 sin v −
1
2

uN+1 sin v + sin v(P1 + ∂xP2)]

+ v2
Y (−

1
2

uN−1 sin v −
1
2

uN+1 sin v) + vY [−
N − 1

2
uN−2uY sin v −

3(N − 1)
2

uNuY sin v

+ cos v(P1 + ∂xP2) + 2 sin v(∂Y P1 + ∂Y∂xP2)] − (cos v + 1)(∂Y∂xP1 + ∂
2
Y∂xP2) ≜ F2,

(3.2)

∂

∂T
wY =wY [

N
2

uN−1 + NuN+1 − N(P1 + ∂xP2)] sin v + w[
N
2

uN−1 +
N
2

uN+1 − N(P1 + ∂xP2)] cos vvY

+ w[
N(N − 1)

2
uN−2uY + N(N + 1)uNuY − N(∂Y P1 + ∂Y∂xP2)] sin v,

(3.3)

where P1, ∂xP1, P2 and ∂xP2 are given by (2.36)-(2.39), respectively. ∂Y Pi(i = 1, 2) and ∂Y∂xP2 as well as
∂2

Y∂xP2 in (3.1)-(3.3) are given by (3.4) and (3.9) (see below). In what follows, we need the expression of
∂Y Pi(i = 1, 2) and ∂Y∂xP2 as well as ∂2

Y∂xP2 in (3.1)-(3.3).
We first observe that

(3.4)
∂Y Pi = w cos2N v

2∂xPi, (i = 1, 2)
∂Y∂xP2 = −

N−1
2 wuN−2 sin3 v

2 cos2N−3 v
2 + P2w cos2N v

2 ,

and

(3.5)
∂2

Y∂xP2 = −
N−1

2 [wYuN−2 sin3 v
2 cos2N−3 v

2 + (N − 2)wuN−3uY sin3 v
2 cos2N−3

+ 3
2 uN−2wvY sin2 v

2 cos2N−2 v
2 +

2N−3
2 uN−2wvY sin3 v

2 cos2N−4 v
2 ]

+∂Y P2w cos2N v
2 + P2wY cos2N v

2 − NP2wvY sin v
2 cos2N−1 v

2 .
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In order to estimate uY in (3.5), we first claim that

uY =
ux

Yx
= ux ·

w
(1 + u2

x)N

=
ux

1 + u2
x

w
(1 + u2

x)N−1 =
1
2

w sin v cos2N−2 v
2
.

(3.6)

as long as the local solution of the semilinear system (2.44) and (2.45) is defined. To obtain (3.1), we need to
check

uYT = uTY .

It follows from (2.4) that

uYT = (
1
2

w sin v cos2N−2 v
2

)T

=
1
2

wT sin v cos2N−2 v
2
+

1
2

wvT cos v cos2N−2 v
2
+

1
2

w sin v[2(N − 1) cos2N−3 v
2
· (− sin

v
2

) ·
1
2

vT ]

=
1
2

Nw sin v[
1
2

uN−1 + uN+1 − (P1 + ∂xP2)] sin v cos2N−2 v
2

+
1
2

w[−uN−1 sin2 v
2
+ 2uN+1 cos2 v

2
− 2 cos2 v

2
(P1 + ∂xP2)] cos v cos2N−2 v

2

−
N − 1

2
w sin v cos2N−3 v

2
sin

v
2
· [−uN−1 sin2 v

2
+ 2uN+1 cos2 v

2
− 2 cos2 v

2
(P1 + ∂xP2)]

= w cos2N−2 v
2

[uN+1 cos2 v
2
+

2N − 1
2

uN−1 − cos2 v
2

(P1 + ∂xP2)].

(3.7)

On the other hand, by (2.4), (2.38) and (2.39), we have
uTY = (−∂xP1 − P2)Y

= [uN+1 cos2N v
2
+

2N − 1
2

uN−1 sin2 v
2

cos2N−2 v
2

]w − w cos2N v
2

P1

+
N − 1

4
[uN−1 sin3 v

2
cos2N−3 v

2
]w − w cos2N v

2
∂xP2

= w cos2N−2 v
2

[uN+1 cos2 v
2
+

2N − 1
2

uN−1 − cos2 v
2

(P1 + ∂xP2)].

(3.8)

It follows from (3.7) and (3.8) that uYT = uTY , which implies (3.6) holds. It follows from (3.4),(3.5) and (3.6)
that

(3.9)
∂2

Y∂xP2 = −
N−1

2 [wYuN−2 sin3 v
2 cos2N−3 v

2 + (N − 2)wuN−3uY sin3 v
2 cos2N−3

−wvY [ N−1
2 uN−2( 3

2 sin2 v
2 cos2N−2 v

2 +
2N−3

2 sin3 v
2 cos2N−4 v

2 ) + NP2 sin v
2 cos2N−1 v

2 ]
+w2 cos4N v

2 + P2wY cos2N v
2 .

We now construct families (ūθ, v̄θ, q̄θ) of perturbations of the initial data along the charactristic as

ūθ(Y) = ū(Y) +
3∑

i=1

θiUi(Y),(3.10)

v̄θ(Y) = v̄(Y) +
3∑

i=1

θiVi(Y),(3.11)

w̄θ(Y) = w̄(Y) +
3∑

i=1

θiWi(Y).(3.12)

Thus, by (2.44) and (3.1)-(3.3), a 5-D ODE system can be established as follows:

∂

∂T


u
v
w
vY

vYY

 =


−∂xP1 − P2

−uN−1 sin2 v
2 + 2uN+1 cos2 v

2 − 2 cos2 v
2 (P1 + ∂xP2)

Nw sin v[ 1
2 uN−1 + uN+1 − (P1 + ∂xP2)]

F1
F2

 .(3.13)
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We construct a family of solutions (ūθ, v̄θ, ξ̄θ) to (3.13) of perturbations of the initial data as in (3.10)-(3.12).
Taking derivative with respect to θ, we have

∂

∂t


Dθuθ

Dθvθ

Dθqθ

DθvθY
DθvθYY

 =

Dθ f θ1
Dθ f θ2
Dθ f θ3
Dθ f θ4
Dθ f θ5

(3.14)

where f θi (i=1,2,3,4,5) are the perturbation of the right-hand side of (3.14). Then we arrive at

∂

∂T


Dθuθ

Dθvθ

Dθqθ

DθvθY
DθvθYY

 =

Du f θ1 Dv f θ1 Dq f θ1 DvY f θ1 DvYY f θ1
Du f θ2 Dv f θ2 Dq f θ2 DvY f θ2 DvYY f θ2
Du f θ3 Dv f θ3 Dq f θ3 DvY f θ3 DvYY f θ3
Du f θ4 Dv f θ4 Dq f θ4 DvY f θ4 DvYY f θ4
Du f θ5 Dv f θ5 Dq f θ5 DvY f θ5 DvYY f θ5




Dθ1 ūθ Dθ2 ūθ Dθ3 ūθ

Dθ1 v̄θ Dθ2 v̄θ Dθ3 v̄θ

Dθ1 q̄θ Dθ2 q̄θ Dθ3 q̄θ

Dθ1 v̄θY Dθ2 v̄θY Dθ3 v̄θY
Dθ1 v̄θYY Dθ2 v̄θYY Dθ3 v̄θYY

 .
Utilizing Lemma 2.4 , we only need to prove the Lipschitz continuity of f . Based on the ideas of [72] and
due to the smoothness of (u, v,w), we only need to consider the Lipschitz continuity of Pi and ∂xPi (i = 1, 2)
in (2.36)-(2.39) with respect to the new variables u, v and w in every bounded domain Ω ⊂ X of the form

(3.15) Ω ≜ {(u, v,w) : ∥u∥H1 + ∥u∥W1,2N = A, ∥v∥L2 ≤ B, ∥v∥L∞ ≤
3π
2
, w− ≤ w ≤ w+, a.e. x},

for some positive constants A, B, w− and w+. Here

X ≜ [H1(R) ×W1,2N(R)] ∩ [L2(R) ∩ L∞(R)] × L∞(R),

which endowed with the norm

∥(u, v,w)∥X ≜ ∥u∥H1(R)×W1,2N (R) + ∥v∥L2(R) + ∥v∥L∞(R) + ∥w∥L∞(R).

For sake of simplicity, we shall only present the detailed estimates for ∂P1
∂u and ∂P1x

∂u , because all other
partial derivatives can be estimated in the same manners. For that purpose, from (2.36) and (2.37), we know
that, for every test function ϕ ∈ H1(R), the functions ∂P1

∂u and ∂P1x
∂u , are defined by

(3.16) ( ∂P1
∂u · ϕ)(Y) = 1

2

∫ +∞
−∞

e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|

×[(N + 1)uN cos2N v(Y)
2 +

(2N−1)(N−1)
2 uN−2 sin2 v(Y)

2 cos2N−2 v(Y)
2 ]w(Y)ϕ(Y)dY

and

(3.17) ( ∂P1x
∂u · ϕ)(Y) = 1

2 (
∫ +∞

Y −
∫ Y
−∞

)e−|
∫ Y

Y w(s) cos2N v(s)
2 ds|

×[(N + 1)uN cos2N v(Y)
2 +

(2N−1)(N−1)
2 uN−2 sin2 v(Y)

2 cos2N−2 v(Y)
2 ]w(Y)ϕ(Y)dY

First, we estimate (3.17). To do this, we now introduce the exponentially decaying function

Γ(ξ) ≜ min{1, e
w−

2N ( 9
2 B2−|ξ|)

}.

Then, we deduce

(3.18)

∥Γ∥L1 = (
∫
|ξ|≤ 9

2 B2 +
∫
|ξ|≥ 9

2 B2 )Γ(ξ)dξ

=
∫ 9

2 B2

− 9
2 B2 dξ +

∫ +∞
9
2 B2 e

w−

2N ( 9
2 B2−ξ)dξ +

∫ − 9
2 B2

−∞
e

w−

2N ( 9
2 B2+ξ)dξ

= 9B2 + w−
2N .

Using standard properties of convolutions, Young’s inequality, (3.17) and (3.18), we have

∥
∂P1x
∂u · ϕ∥L2N ≤ w+

2 ∥Γ ∗ [(N + 1)uN cos2N v
2

+
(2N−1)(N−1)

2 uN−2 sin2 v
2 cos2N−2 v

2 ]∥L2N ∥ϕ∥L∞

≤ w+
2 ∥Γ∥L1 [(N + 1)∥uN∥L2N +

(2N−1)(N−1)
2 ∥uN−2∥L2N ]∥ϕ∥H1

≜ w+
2 ∥Γ∥L1∥ϕ∥H1 J < ∞,

where
J = (N + 1)∥uN∥L2N +

(2N − 1)(N − 1)
2

∥uN−2∥L2N .

Similarly, we can obtain the boundedness of ∂P1
∂u .
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Choosing suitable perturbation Vi (i = 1, 2, 3), we can make

rank

 Dθv̄θ

Dθv̄θY
Dθv̄θYY

 = 3,(3.19)

when θ = 0. □

4. Generic property

In this section, first, using perturbed technique (i.e Lemma 3.1 ) and Thom’s transversality theorem (i.e
Theorem 2.3), we investigate the generic solutions to the semilinear system (2.44) and (2.45), determining
the generic structure of the level sets {v = π} (i.e Lemma 4.1 ). Then, based on the blow-up criteria in [65]
and the singularity in [72] on the level set {u = 0}, as well as Lemma 4.1, we will prove the generic regularity
for the energy conservative solutions u = u(t, x) of (1.1).

4.1. Generic solutions of the semilinear system. In this subsection, we first consider smooth solutions to
the semilinear system (2.44) and (2.45), determining the generic structure of the level sets {v = π}. To do this,
we need the following Lemma 4.1.

Lemma 4.1. Consider a compact domain of the form

Θ ≜ {(t,Y); 0 ≤ t ≤ T, |Y | ≤ M}.

Let S be the family of all C2 solutions to the semilinear system (2.44) and (2.45), with w>0 for all (t,Y) ∈
R+ ×R. Furthermore, call S′ ⊂ S the subfamily of all solutions (u, v,w), such that for (t,Y) ∈ Γ the following
value is never attained:

(4.1) (v, vY , vYY ) = (π, 0, 0).

Then S′ is a relatively open and dense subset of S, in the topology induced by C2(Θ).

Proof. By the perturbed technique (i.e Lemma 3.1 ) and Thom’s transversality theorem (i.e Theorem 2.3),
we divide our arguments into four steps.

Step 1. Let S1 be the subset of solutions for which (v, vY , vYY ) = (π, 0, 0) is never attained on Θ. Since Θ
is a compact domain, each S1 is a relatively open subset of S, in the topology of C2(Θ).

Step 2. Let (u, v,w) be any C2 solution of the semilinear system (2.44) and (2.45), with w>0. For any
(t0,Y0) ∈ Θ, two cases can occur as follows:

Case 1. (v, vY , vYY )(t0,Y0) , (π, 0, 0). In this case, by continuity, we know that there exists a neighborhood
N of (t0,Y0) in the t − Y plane where (v, vY , vYY ) , (π, 0, 0).

Case 2. (v, vY , vYY ) = (π, 0, 0). By Lemma 3.1, we can find a three-parameter family of solutions
(uθ, vθ,wθ), such that the 3×3 Jacobian matrix of the map

(θ1, θ2, θ3)→ (vθ(t,Y), vθY (t,Y), vθYY (t,Y))(4.2)

has rank 3 at the point (t0,Y0), when θ = 0. By continuity, this matrix still has rank 3 on a neighborhood N
of (t0,Y0), for θ small enough.

Choosing finitely many points (ti,Yi)(i = 1, ...., n), such that the corresponding open neighborhoods N(ti,Yi)
cover the compact set Θ. Let nI be the cardinality of the set of indices

I ≜ {i; (v, vY , vYY )(ti,Yi) = (π, 0, 0)}

for which Case 2 applies. For each i ∈ I, based on a 3-parameter family of perturbations, we know that all
these perturbed solutions depend on n = 3nI parameters.

Step 3. Let Θ′ ⊃ Θ be an open set contained in the union of the neighborhoods N(ti,Yi) and Bϵ ≜ {θ ∈
Rn; |θ| ≤ ϵ} be the open ball of radius ϵ in Rn. We will construct a family (uθ, vθ,wθ) of smooth solutions to
the semilinear system (2.44) and (2.45), such that the map with parameter θ

(t,Y, θ)→ (vθ(t,Y), vθY (t,Y), vθYY (t,Y))

fromΘ′×Bϵ into R3 has (π, 0, 0) as a regular value. For that purpose, we need to combine perturbations based
at possibly different points (ti,Yi) into a single N-parameter family of perturbed solutions. Let (u, x,w)(t,Y)
be a solution to the semilinear system (2.44) and (2.45). For each k = 1, ..., n, let a point (tk,Yk) be given,
together with a number Uk ∈ R and functions Vk,Wk ∈ C∞c (R). Based on the previous arguments, if we



GENERIC REGULARITY OF CONSERVATIVE SOLUTIONS 17

construct a family of initial data (v̄, v̄Y , v̄YY ) with rank 3, we will establish a one-parameter family of perturbed
solutions to the semilinear system with rank 3 in the neighborhood of 0 for the parameter. Thus, the family
of the perturbed solution is determined as follows. For |ϵ |<ϵk sufficiently small, we can determine the unique
solution of the perturbed semilinear system as

(uϵ , vϵ ,wϵ) ≜ Φϵk(u, v,w).(4.3)

Given (θ1, ..., θn), we can define a perturbation of the original solution (u, v,w) to the semilinear system (2.44)
and (2.45) as the composition of n-parameter perturbations:

(uθ, vθ,wθ) = Φθn
n ◦ ... ◦ Φ

θ1
1 (u, v,w).

Step 4. At every point (ti,Yi), where i ∈ I, using Lemma 3.1, we can establish a three-parameter families
of perturbed solutions, so that Jacobian matrix of (4.2) is of full rank on the neighborhood N of a point
(t0,Y0), for θ sufficiently small. Choosing finitely many points (ti,Yi), (i = 1, ..., n), such that the corre-
sponding open neighborhood N(ti,Yi) covers the compact set Θ. Thus, we deduce a n−parameter family of
solutions, such that the value (π, 0, 0) is a regular value for the map (4.2) from Θ × Bϵ into R3. Using Thom’s
transversality theorem (Theorem 2.3), for a.e. θ, we know that the map with parameter θ:

F : (t,Y)→ (vθ(t,Y), vθY (t,Y), vθYY (t,Y))(4.4)

is transverse to (π, 0, 0).
By the definition of transversality, either

F(t,Y) , (π, 0, 0)

or
F(t,Y) = (π, 0, 0) and T(π,0,0)R

3 = (dF)(t,Y)(T(t,Y)Θ
′)

Since Θ′ is only two-dimensional, T(π,0,0)R
3 = (dF)(t,Y)(T(t,Y)Θ

′) cannot happen. Thus, the only choice is
F(t,Y) , (π, 0, 0), which means that, for a.e. θ suffiently small, the corresponding solution (uθ, vθ,wθ) enjoy
property that (vθ, vθY , v

θ
YY ) , (π, 0, 0) for all (t,Y) ∈ Θ. This proves that the set S1 is dense in S. This completes

the proof of Lemma 4.1. □

We are now position to prove our main result.

4.2. Proof of Theorem 1.2.

Proof. Consider the space S = C3(R) ∩ H1(R) ∩W1,2N(R), equipped with norm

∥u∥S ≜ ∥u0∥C3 + ∥u0∥H1 + ∥u0∥W1,2N .

Given the initial data ũ0 ∈ S and set the open ball

Bδ ≜ {u0 ∈ S; ∥u0 − ũ0∥<δ}.

In what follows, our aim is to prove that, for any ũ0 ∈ S, there exists a radius δ>0 and an open dense subset
D ⊂ Bδ, such that for every initial data u0 ∈ D , the energy conservative solution u = u(t, x) to (1.1) is of class
C1 in the complement of finitely many characteristic curves γi within the domain [0,T ] × R. To achieve our
aim, we divide our further arguments into four steps.

Step 1 (Construction of D). Based on the blow-up criteria in [65], we know that, if uN−1
0 u0,x = O(ϵ

1
N ), then

the blow up time of uN−1ux along the chararcteristics is of order 1
ϵN . Since u0 ∈ S, we know uN−1

0 u0,x → 0
as x → ∞. Consequently, taking r>0, such that when |x|>r, we will have |uN−1ux|<

1
T1

, which implies the
singularity of u in set [0,T1] × R only appears in the compact set

(4.5) A ≜ [0,T1] × [−r − ∥uN∥L∞T1, r + ∥uN∥L∞T1],

where
∥uN∥L∞ ≜ max{uN(t, x), (t, x) ∈ [0,T1] × R}.

In the (T,Y) plane, from Lemma 4.1, it is reasonable for us to take a domain ∆, such that A ⊂ Λ(∆), where
the map Λ : (t,Y)→ (t, x(t,Y)).

The subset D ⊂ Bδ is defined as follows. u0 ∈ D if u0 ∈ Bδ and for the corresponding solution (u, v,w) of
(2.44) and (2.45), the value (4.1) are never attained for (t, x) ∈ A. Later in our arguments, we will validate D
is an open dense set.
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Step 2 (D is open). In this step, our aim is to prove that D is open, in the topology of C3. Take a sequence
of initial data {uν0}ν≥1, such that converges to u0 and uν0 < D . By definition of D in the Step 1, we know that
there exists points (tν,Yν), such that the corresponding solutions (uν, vν,wν) fulfill

(vν, vνY , v
ν
YY )(tν,Yν) = (π, 0, 0), (tν, xν(tν,Yν)) ∈ A,

for all ν ≥ 1. Since we have the domainA (in (4.5)) is compact, taking a subsequence, we can assume (tν,Yν)
converges to some point (t,Y) and

(v, vY , vYY )(t,Y) = (π, 0, 0), (t, x(t,Y)) ∈ A,

which implies u0 < D . This means that D is an open set.
Step 3 (D is dense). Given u0 ∈ Bδ, by a small perturbation, we can assume u0 ∈ C∞. By Lemma 4.1, we

can construct a sequence of solutions (uν, vν, ξν) of (2.44) and (2.45), such that
(i) for every bounded set I ⊂ R2 and k ≥ 1,

lim
ν→+∞

∥(uν − u, vν − v, ξν − ξ, xν − x)∥Ck(I) = 0;

(ii) for every ν ≥ 1 the values in (4.1) are never attained for any (t,Y) ∈ Θ, where Θ is given in Lemma
4.1.

Consider the sequence of solution uν(t, x) with the graph{
(uν(t,Y), tν(t,Y), xν(t,Y)); (t,Y) ∈ R2

}
⊂ R3(4.6)

and the corresponding sequence of initial data satisfies

∥uν(0, ·) − u0∥Cl(I) → 0, as ν→ ∞(4.7)

for every bounded set I.
In order to obtain the convergence for the far field, we modify the sequence. To do this, we introduce a

cutoff function ϕ ∈ C∞c , such that

ϕ(x) =
{

1, i f |x| ≤ ρ,
0, i f |x| ≥ ρ + 1,

where ρ ≫ r + ∥uN∥L∞T is large enough. For each ν ≥ 1, consider the initial data

ũν0 ≜ ϕuν0 + (1 − ϕ)u0.

Then, we have
lim
ν→+∞

∥ũν − u0∥S = 0,

where S = C3(R) ∩ H1(R) ∩W1,2N(R). Furthermore, if ρ>0 large enough, we have

ũν(t, x) = uν(t, x), ∀(t, x) ∈ A,

while ũν(t, x) is C2 on the outer domain. Then we can find that ũν(t, x) ∈ D , for all ν ≥ 1 sufficiently large,
which implies that D is dense on Bδ.

Step 4 (u is piecewise C2). In this step, we need to demonstrate that, for every initial data u0 ∈ D , the
corresponding solution u(t, x) is piecewise C2 on the domain [0,T ] × R+. For that purpose, based on the
previous analysis, we deduce that u is C2 on the outer domain

{(t, x)|0 ≤ t ≤ T, |x|>∥uN∥L∞T |}.

Thus, it suffices to investigate the singularity of u on the inner domainA. Consider a point (t0,Y0) ∈ Θ, where
Θ is given in Lemma 4.1. Thus, there are two situations to consider as follows.

Situation 1 v(t0,Y0) , π. It follows from (2.34) that
∂x
∂Y
=

w
(1 + u2

x)N = w cos2N v
2
.

Thus, we know that the map (t,Y) → (t, x) is locally invertible in a neighborhood of (t0,Y0). Then, we
conclude that the function u is C2 in a neighborhood of the point (t0, x(t0,Y0)).

Situation 2 v(t0,Y0) = π. In [72], we know that the singularity happens on the level set {u = 0}. By
continuity, there exists ϵ>0, such that the values (4.1) are never attained in the open neighborhood

Θ′ ≜ {(t,Y); t ∈ [0,T ], |Y | ≤ M + ϵ}.
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For (4.1), there are two situations that can occur.
Situation 2.1 vY = 0, vYY , 0. It follows from the implicit function theorem and (4.1) that the set

SvY ≜ {(t,Y) ∈ Θ′; vY (t,Y) = 0}

is a one dimensional embedded manifold of class C1.
We now claim that the number of connected components of SvY that intersect the compact setΘ is finite. In

what follows, we argue by contradiction. For that purpose, we shall assume the contrary that {Pi} (i = 1, 2, ....)
is a sequence of points in SvY ∩ Θ belonging to distinct components. Taking a subsequence we can assume
the convergence

Pi → P̄, f or some P̄ ∈ SvY ∩ Θ.

By assumption, vYY , 0. Hence, by the implicit function theorem, we know that there is a neighborhood N
of P̄, such that γ ≜ SvY ∩ N is a connected C1 curve. Thus, Pi ∈ Θ for all i large enough, which implies a
contradiction.

Situation 2.2 vY , 0. By the implicit function theorem and (4.1), we deduce that the set

Sv ≜ {(t,Y) ∈ Θ′; v(t,Y) = π}

is a one dimensional embedded manifold of class C2. In the same way, we prove that the number of connected
components of S v is finite, thus it will be omitted. □

Remark 4.2. We observe that the arguments in Step 4 are different from the CH (1.2) and Novikov equation
(1.4). For the CH (1.2), if v(t0,Y0) = 0, for some point (t0,Y0) ∈ Γ, then one can observe that vt , 0, vY , 0,
see [52, 66]. For Novikov equation (1.4), the case vY = 0 will happens, see [41]. However, for (1.1), the
case vT = −uN−1 will happens, which is maybe zero. We believe that these differences are caused by the
energy concentration phenomenon. Due to this transversality property, the energy conservative solution
for the CH (1.2) has no energy concentration for almost every time t. More details are presented in [3].
Indeed, in terms of the CH (1.2), v is defined in a way similar to what we investigated in our contributions,
while when singularity happens, vT = −1, which is never zero. For the CH (1.2), when the characteristic
meet tangentially, they will separate immediately. In terms of Novikov equation (1.4), energy density µ(t)
might be concentrated on a set of time whose measure is not zero. If energy concentration of µ(t) happens,
some characteristics tangentially touch each other, then stay together for a period of time t. On this piece of
characteristic, we have cos v

2 = 0 and u = 0. However, in terms of the (1.1), vT = −uN−1.
On the other hand, in appearance of this kind of phenomenon, we believe that these differences are caused

by the nonlinearity of the wave speed c(u) and cusp singularity. In fact, the wave speed c(u) = u, so c′(u) ≡ 1
for CH (1.2), and c(u) = u2, so c′(u) = 2u for Novikov equation (1.4). However, c(u) = uN , so c′(u) = NuN−1

for (1.1). In terms of the wave speed c(u) and cusp singularity, we show an intrinsic relation between CH
(1.2) (linear wave speed, i.e N = 1), Novikov equation (1.4) (quadratic wave speed, i.e N = 2) and (1.1) (
wave speed c(u) = uN). In this sense, our paper improve the contributions in the literature in [52, 66] and
in [41].

Remark 4.3. From [72], we know that the global energy conservative solution is uniformly Hölder contin-
uous with exponent 1 − 1

2N . We observe that this result precisely demonstrates how the regularity of solution
changes with respect to N (the order of higher order nonlinearity). If N = 1 and N = 2, then the global
energy conservative solutions are uniformly Hölder continuous with exponent 1

2 (see [3]) and 3
4 (see [12])

respectively.

Remark 4.4. During the arguments in Step 4, benefited from the ideas of [72], we know that, for almost
every t ∈ R, the singular part of ν(t) concentrates on u = 0. In fact, if the solution blows up, then |ux| → ∞,
which implies cos v

2 = 0. Also, we know that vT = −uN−1, which is nonzero only when u is nonzero. Thus, we
can demonstrate that, for almost every t ∈ R, the singular part of ν(t) concentrates on u = 0.

5. Generic singularity behavior
Based on [69,72], we know that, for smooth the initial data u0 ∈ C∞(R), the solution (t,Y)→ (x, t, u, v,w)(t,Y)

of the semilinear system (2.44) and (2.45), remains smooth on the entire t − Y plane. However, the smooth-
ness of the solution u of (2.4) is still needed to investigate because the coordinate change:(Y, t)→ (x, t) is not
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smoothly invertible. This leads to the asymptotic behavior for generic singularity. In fact, by definition, it
follows from (2.34) that its Jacobian matrix is given by

(5.1) M =

(
xY xt

tY tt

)
=

(
w cos2N v

2 uN−1

0 1

)
.

It is easy to see that the determinant ofM, det(M) = w cos2N v
2 , where the new variables u, v and w in every

bounded domainΩ in (3.15). Thus, we know that the matrixM in (5.1) is invertible, having a strictly positive
determinant, when v , π. To investigate the set of points in the t − x plane, where u is singular, we thus need
to look at points where v = π.

Theorem 1.2 provides us with a detailed description of the solution u(t, x) in the neighborhood of each one
of these singular points. For sake of simplicity, we shall assume that the initial data u0 are smooth, thus we
shall not need to count how many derivatives are actually used to derive the Talyor approximations.

We now are position to prove our main result.
Proof of Theorem 1.3

Proof. According to the type of singular point, there are two cases as follows:
Case 1. vY = 0, vt = 0, vYY , 0;
Case 2. v = π, vY , 0, vYY = 0.
First, we consider Case 1. Let P be the point of Case 1. It is follows from (3.6) that

uY =
ux

1 + u2
x

w
(1 + u2

x)N−1 =
1
2

w sin v cos2N−2 v
2
.

In the same way, one has

uYY = 1
2 wY · sin v · cos2N−2 v

2 +
1
2 w · vY · cos v · cos2N−2 v

2 −
N−1

4 vY · w sin2 v cos2N−4 v
2 ,

uYt = 1
2 wt sin v cos2N−2 v

2 +
1
2 w cos v · vt cos2N−2 v

2 +
1
2 w sin v · (2N − 2) cos2N−3 v

2 · (−sin v
2 ) · 1

2 vt

= w cos2N−2 v
2 [uN+1 cos2 v

2 +
2N−1

2 uN−1 − cos2 v
2 (P1 + ∂xP2)].

We observe that vY = 0, vt = 0 and vYY , 0 at the singular point P with Case 1. We denote uYn that u is
differentiated with Y by n times. It is easy to see that

uY3 = 0, uY4 = 0, uY5 = 0, · · ·, uY2(2N−1) , 0.

Abiding by the same line, one has

uY2t = 0, uY3t = 0, uY4t = 0, · · ·, uY2N+1−3t = 0.

Thus, using Taylor approximations of u at the singular point P = (t0,Y0), we arrive at

(5.2) u(t,Y) = B1(t − t0) + B3(Y − Y0)2(2N−1) + O(1)(|t − t0|2, |Y − Y0|
2N+1−1)

It follows from (2.33), (2.34) and (2.44) that

xY ≜
∂x
∂Y
=

w
(1 + u2

x)N = w cos2N v
2
.

Similarly, one has
xYY = wY cos2N v

2 − NwvY cos2N−1 v
2 sin v

2 ,
xYt = wt cos2N v

2 − Nwvt cos2N−1 v
2 sin v

2 .

Thus, at the singular point P = (t0,Y0), we have

xY j = 0, ( j = 1, 2, · · ·, 2N+1 − 1)

and
xY2N+1 , 0, xY2N+1−1t , 0.

Thus, using Taylor approximations of x at the singular point P = (t0,Y0), we have

(5.3) x(t,Y) = x(t0,Y) + A2(Y − Y0)2N+1
+ O(1)(|t − t0|2, |Y − Y0|

2N+1+1).

By (5.2) and (5.3), we obtain (1.8) in Theorem 1.3.
In what follows, we consider Case 2. In this case, we have

uY = 0, uYY = 0, uY3 = 0, · · ·, uY2N , 0
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and
uYt = 0, uY2t = 0, · · ·, uY2N−1t = 0.

Then, using Taylor approximations of u at the singular point P = (t0,Y0), we deduce

(5.4) u(t,Y) = B1(t − t0) + B2(Y − Y0)2N
+ O(1)(|t − t0|2 + |Y − Y0|

2N+1).

Similarly, at the singular point P = (t0,Y0), one has

xY = 0, xY2 = 0, xY3 = 0, · · ·, xY2N = 0, xY2N+1 , 0,
xYt = 0, xY2t = 0, xY3t = 0 , · · ·, xY2N t = 0.

Thus, using Taylor approximations of x at the singular point P = (t0,Y0), we have

(5.5) x(t,Y) = x(t0,Y0) + A2(Y − Y0)2N+1 + O(1)(|t − t0|2, |Y − Y0|
2N+2).

It follows from (5.4) and (5.5) that (1.9) holds. This completes the proof of Theorem 1.3. □

Remark 5.1. During the arguments of Theorem 1.3, we observe that this result precisely demonstrates how
the asymptotic behavior for generic singularity changes with respect to N. If N = 1, (1.8) becomes

u(t, x) = A(x − x0)
1
2 + B(t − t0) + O(1)(|t − t0|2 + |x − x0|

3
4 )

for some constant A, B. Also,(1.9) becomes

u(t, x) = A(x − x0)
2
3 + B(t − t0) + O(1)(|t − t0|2 + |x − x0|)

for some constant A, B. More details are present in [52] and [66].
If N = 2, (1.8) becomes

u(t, x) = A(x − x0)
3
4 + B(t − t0) + O(1)(|t − t0|2 + |x − x0|

7
8 )

for some constant A, B. Also,(1.9) becomes

u(t, x) = A(x − x0)
4
5 + B(t − t0) + O(1)(|t − t0|2 + |x − x0|)

for some constant A, B. More details are present in [41]. Thus, in this sense, our result improves earlier ones
in the literatures, such as [52], [66] and [41].

Remark 5.2. In [69], Yang et al. considered the generalized Camassa-Holm equation with higher-order
nonlinearity (gCH for short)

(5.6)
{

ut − utxx − umuxxx +
(m+2)(m+1)

2 umux = ( m
2 um−1u2

xumux)x, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R,

where m is a positive integer. Let p(x) = 1
2 e−|x|. Then (1 − ∂2

x)−1 f = p ∗ f for all f ∈ L2(R). Thus, the gCH
equation (5.6) becomes

(5.7)
{

ut + umux = −Px, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R,

where

P = p ∗ (
m
2

um−1u2
x +

m(m + 3)
2(m + 1)

um+1).

They investigated the continuation of solutions to the gCH equation (5.6) or (5.7) beyond wave breaking.
First, by introducing new variables, they transformed the gCH equation (5.6) or (5.7) to a semi-linear system
and establish the global solutions to this semi-linear system, and by returning to the original variables, they
established the existence of global conservative solutions to the original equation. Second, they introduced
a set of auxiliary variables tailored to a given conservative solution, which satisfy a suitable semi-linear
system, and demonstrated that the solution for the semi-linear system is unique. Moreover, they obtained that
the original equation has a unique global conservative solution. Finally, by Thom’s transversality lemma,
they proved that piecewise smooth solutions with only generic singularities are dense in the whole solution
set, which means the generic regularity for the gCH equation (5.6) or (5.7)
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[21] H. R. Dullin, G. A. Gottwald and D. D. Holm, On asymptotically equivalent shallow water wave equations, Phys. D 190 (2004),

1-14.
[22] A. Degasperis, D. D. Holm and A. N. W. Hone, A new integral equation with peakon solutions, Theor. Math. Phys. 133 (2002),

1463-1474.
[23] A. Degasperis, D. D. Holm and A. N. W. Hone, Integral and non-integrable equations with peakons, Nonlinear Phys.:Theory Exp.

II (2003) 37-43.
[24] A. Degasperis and M. Procesi, Asymptotic integrability, in: A. Degasperis, G. Gaeta (Eds.), Symmetry and Perturbation Theory,

World Scientific, 1999, 23-37.
[25] J. Escher, Y. Liu and Z. Yin, Global weak solutions and blow-up structure for the Degasperis-Procesi equation, J. Funct. Anal. 241

(2006), 257-485.
[26] J. Escher, Y. Liu and Z. Yin, Shock waves and blow-up phenomena for the periodic Degasperis-Procesi equation, Indiana Univ.

Math. J. 56 (2007), 87-117.
[27] J. Escher and Z. Yin, Well-posedness, blow-up phenomena and global solutions for the b- equation, J. Reine Angew. Math. 624

(2008), 51-80.
[28] B. Fuchssteiner, Some tricks from the symmetry-tool box for nonlinear equations: generalizations of the Camassa-Holm equation,

Phys. D 95 (1996), 229-243.
[29] A. Fokas and B. Fuchssteiner, Symplectic structures, their Bäcklund transformation and hereditary symmetries, Phys. D 4 (1981),
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