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AssTrACT. In this paper, we investigate the generic regularity of conservation solutions to the N — abc family
of Camassa-Holm type equation with (N + 1)-order nonlinearities. This quasi-linear equation is nonlocal with
higher order nonlinearities, compared to the Camassa-Holm equation (N = 1) and Novikov eqution (N = 2).
For an open dense set of C initial data, we prove that the solution is piecewise smooth in the ¢ — x plane, while
the gradient «™~'u, can blow up along finitely many characteristic curves. Moreover, we provide a detailed
asymptotic description of the solution in a neighborhood of each generic singular point. Our strategy mainly
relies on the variable transformation introduced in [72], which reduces the equation to a new semi-linear system
semilinear system on new characteristic coordinates and Thom’s transversality technique introduced in [52]. This
result improves earlier ones in the literatures, such as [52], [66] and [41].
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1. INTRODUCTION

In this paper, we consider the Cauchy problem for the N — abc family of Camassa-Holm type equation

(1.1)

Uy — Uy — Nty — U™ Nty + au¥u, =0, xeR, 1> 0,
u(x,0) = up(x), x € R,

where N € Z*,N > 1, a, b, c are positive constants and a = b + ¢. More details are present in [71-73].

It is well known that (1.1) is an evolution equation with (N + 1)-order nonlinearities and contains three in-
tegrable dispersive equations: the b—family equation, the Camassa-Holm (CH) equation, and the Degasperis-
Procesi (DP) equation as well as the Novikov equation. There are lots of literatures devoted to the equations
with respect to (1.1) for the initial condition uy € H*(R), such as the local well-posedness, global well-
posedness, blow up criterion and wave breaking phenomenon as well as persistence properties and unique
continuation properties. Next, let us recall some known contributions about (1.1).

(1.1) was first considered by Himonas and Holliman [39]. Using a Galerkin-type approximation tech-
nique, they demonstrated that (1.1) is well-posed in Sobolev spaces H® with s > % on both the circle and the
line in the sense of Hadamard. In [74], Zhou an Mu established the local well-posedness of strong solutions
in H® with s > % and the persistence properties of strong solutions as well as the existence of its global weak
solutions and peakon solution of (1.1). Later on, Himonas and Mantzavinos [42] established well-posedness
in H® with s > % They also showed a sharpness result on the data-to-solution map and proved that it is not
uniformly continuous from any bounded subset of H* into C([0, T'); H*). In [7], Barostichi et al. studied (1.1)
and obtained an abstract Cauchy-Kovalevsky type theorem by using a power series method in abstract Banach
spaces with analytic initial data. Recently, in [35], Guo et al. investigated the large time behavior of com-
pact support of the potential for (1.1), if the compactly supported initial potential keeps its sign. Moreover,
using time-frequency analysis, they established the pointwise decay estimates and demonstrated the persis-
tence property in weighted Sobolev spaces. In [65], using the Littlewood-Paley decomposition technique
and transport equation theory, the author first obtained the local well-posedness result in Besov and Sobolev
spaces for (1.1). Also, using the Littlewood-Paley decomposition technique and the commutator estimate as
well as Morse-type inequality, the author established a crucial blow up criterion in Besov spaces, which is
different from the usual results only in Sobolev spaces. Furthermore, using the characteristic method, the au-
thor established an invariant property of the solution and established the precise blow-up scenario for strong
solutions to (1.1). On the other hand, the author established some global existence results for the strong
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solutions by deriving two useful conservation laws. Finally, the author demonstrated wave breaking phenom-
enon and established a new finite time blow-up solution to (1.1) with respect to the initial data ug. It is worth
mentioning that Zhou and Ji [70] investigated some properties for the solutions to (1.1), including the local
well-posedness, wave breaking, blow-up rate, global existence and uniqueness. More precisely, firstly, using
Kato’s theorem, they established the local well-posedness. Then, using the lower order energy conservation
law and the commutator estimate technique, we derive the wave breaking mechanism of solutions to (1.1).
In particular, when the power of the higher order nonlinearities N is even, using the characteristic method
and differential inequality technique, they demonstrated two sufficient conditions on the initial datum for the
occurrence of wave breaking, and established the upper bound of the maximal existence time and the blow-up
rate. Finally, they proved the global existence and uniqueness of solutions to (1.1).
e If c=1and N = 1, then (1.1) reduces the b—family equation

U — Usy — Ullyry — bttty + (b + Dun,, x e R =0,1> 0,
u(x,0) = up(x), x € R,

with quadratic nonlinearity, which can be obtained as the family of asymptotically equivalent shallow wa-
ter wave equations [21]. In [23], we know that it admits peakon solutions for any constant b. The local
well-posedness and global well-posedness as well as blow up criterion for the b—family equation have been
considered in [25-27]. By using Painlevé analysis [23,24], we can find that there are two integrable equations
in the b—family equation, i.e, the Camassa-Holm equation (when b = 2) and the Degasperis-Procesi equation
(when b = 3), which will be presented as follows.

elfc=1,N=1,b=2anda = 3, then (1.1) becomes to the well-known CH equation

1.2) u(x,0) = up(x), x € R.

(1.2) models one-dimensional unidirectional propagation of shallow water waves over a flat bottom under the
influence of gravity, and u(t, x) represents the fluid velocity at time ¢ in the horizontal direction x [16]. It is
well known that (1.2) enjoys two local Hamilton structures [55]

0H, oH,
=By— =B —
om om’

= -0, + 0} = —L, By = —(mdy + .m),

f(u +uu)dxH2— f(u +u)dx

where m = u — u,,, whose compatibility condition was shown in [28]. In [16], Camassa and Holm demon-
strated that (1.2) admits peakon solutions u(t, x) = ce ~=¢l which have discontinuous first derivative at the
wave peak in contrast to the smoothness of most previously known specious of solitary waves and thus are
called peakons. CH equation (1.2) is integrable in the sense of an infinite-dimensional Hamiltonian system
and arises as model for shallow water waves [16,46]. As a matter of fact, in [29], Fokas and Fuchssteiner
established the bi-Hamiltonian structure for CH equation (1.2). Moreover, it also related to describe small
amplitude radial deformation waves in cylindrical compressible hyper-elastic rods in Ref. [19]. The lo-
cal well-posedness and global well-posedness of the CH equation (1.2) has extensively been considered in
Ref. [14]. It was demonstrated that there exist strong solutions to the CH equation (1.2) [14] and the finite
time blow-up strong solutions to the CH equation (1.2) in Ref. [14, 15]. It is worth mentioning that, using
vanishing viscosity method, Xin and Zhang [62, 63] established some new a priori one-sided supernorm and
space-time higher-norm estimates on the first-order derivatives. Also, using viscous approximate solutions
method and energy estimate, they obtained the existence and uniqueness of global weak solutions to the CH
equation (1.2). Related works can be found in the literatures, such as [31,32,34].
olfc=1,N=1,b=3anda = 4, then (1.1) reads the DP equation

{ U — Uppy + 3utty — 2Uttyy — Ul = 0, x ERE> 0,

(1.3)

U — Uppy + duty, — Sttty — Ul = 0, x ER, >0,
u(x,0) = up(x), x € R.

DP equation (1.3) was obtained by the method of asymptotic integrability in Ref. [22, 24]. (1.3) arises
from the asymptotic theory of shallow water waves [21] and has peakon and multi-peakon solutions, see for
instance [22, 50, 51], as well as shock-type solutions in Ref. [49]. DP equation (1.3) is also an integrable
system with quadratic nonlinearity, but with 3 x 3 Lax pairs [22] a bi-Hamiltonian structure, and an infinite
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hierarchy of symmetries and conservation laws. In [55], we know that DP equation (1.3) enjoys only one
local Hamiltonian structure and second Hamiltonian structure
O0H_ 0Hy
= By—— = B —,
" 0" 5m Vom
By = L(4—8%), By = (0n + 3md ) L7 (20.m + 3md,),

1 1
H = —gfzfdx,Hz =-3 fmdx,

whose compatibility condition was demonstrated in Ref. [44]. The local existence, global existence and
blow-up phenomena of the DP equation was investigated, see for instance [25,26,37,40, 64].
elfc=1,N=2,b=3anda =4, then (1.1) becomes the Novikov equation

(1.4) { U — Upey + 40Py — Uttty — Uty = 0, x ER, 1> 0,

u(x,0) = up(x), x € R.

Novikov equation (1.4) was obtained by Novikov [54] in a symmetry classification of nonlocal partial dif-
ferential equation with cubic nonlinearity. In [53], using the perturbative symmetry approach and formal re-
cursion operator technique, Mikhailov and Novikov established the existence of infinite hierarchies of higher
symmetries and local conservation laws. On the other hand, Hone and Wang [45] recently found a matrix
Lax-pair representation of the Novikov equation (1.4). In particular, they demonstrated that Novikov equation
(1.4) arises as a zero curvature equation

F,—G,+[F,G] =0,
which is the compatibility condition for the linear system
Y, = F(m, )Y, ¥, =G(m, )Y,

where m = u — u,, and the matrices F' and G are defined by

0 am 1 # — Uy %ux—/luzm uf
F=]10 0 am|, G= %u —3% —%ux—/luzm .
2 1 1
1 0 0 u qu s + Uiy

Also, using this matrix Lax-pair representation, Hone and Wang [45] demonstrated how the Novikov equation
(1.4) is related by a reciprocal transformation to a negative flow in the Sawada Kotera hierarchy. Moreover,
they proved that the Novikov equation (1.4) enjoys infinitely many conservation law, among which, the most
crucial ones given by

(1.5) E(u) = f (u*(t, x) + u>(t, x))dx
R

and

(1.6) F(u) = f(u4 + 2u2u§ - lui)dx.
® 3

It is well known that the Novikov equation (1.4) is also integrable peakon model with 3 X 3 Lax pairs and the
peakon solution u(x,?) = Vwe ¥ ! with w > 0. The great difference between the Novikov equation (1.4)
and the CH (1.2), DP (1.3) is that the former one has cubic nonlinearity and the latter ones have quadratic
nonlinearity. Novikov equation (1.4) is among the class of integrable equations with the Lax pair given in
Ref. [45] as

_ My +umy 2
Y, = Ay o ety 2

Ap = X% m?
Moreover, they obtained a 3 X 3 matrix Lax pair representation to the Novikov equation (1.4). Also, they
found that the Novikov equation (1.4) admits a bi-Hamiltonian structure

o0H, oH,

mr=Jo——=J1
T om om

) = 2m>2
{ Wi = Wy 4 AP 4 2 e g

with the Hamiltonian operators
Jy = =2(3md, + 20,m)(40, — 8) ' (3md, + d,m),

1 1
Ji=(1-0)—d,—(1 -8,
m m
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and the corresponding Hamiltonians
1 1 1
H, = 3 f(m‘gf)im + 9m_§)dx, H, = 3 f(u4 + 2u2u)2€ - gui)dx.

Related works for the Novikov equation (1.4) can be found in the literatures, including the local existence,
global existence and blow-up phenomena, such as [17, 38, 59-61, 67, 68]. It is worth mentioning that Ji
and Zhou [47] investigated some properties for the solutions to NE (1.4) with a weakly dissipative effect,
including the local well-posedness, wave breaking, blow-up rate, global existence and uniqueness. More
precisely, firstly, using Kato’s theorem, they established the local well-posedness. Then, using the time
dependent conserved quantity and the commutator estimate technique, we established the wave breaking
mechanism of solutions to NE (1.4). In particular, using the characteristic method and differential inequality
technique, they showed two sufficient conditions on the initial datum for the occurrence of wave breaking,
and established the upper bound of the maximal existence time and the blow-up rate. Finally, they proved the
global existence and uniqueness of solutions to NE (1.4).

Due to the singularity of strong solutions in finite time, we are forced to study weak solutions. In partic-
ular, in order to go beyond the breaking wave (i.e, the wave profile remains bounded but its slope becomes
unbounded in finite time) [11, 14, 15], if one considers global weak solution, it is natural to consider Holder
continuous solution, for instance, H' solution for CH (1.2). It is well known that there are two methods to
deal with the global existence of weak solutions to CH (1.2), Novikov equation (1.4) and (1.1). One method
is the vanishing viscosity technique, see Ref. [62, 63]. The other method is to introduce a new semi-linear
system on new characteristic coordinates, see Ref. [3,4,12,58,72,76].

Also, it is well known that wave breaking is a common phenomenon, in Ref. [10, 72]. To further un-

derstand the wave breaking phenomena, we found that some works with respect to wave breaking could be
divided into three different categories:
¢(1) before wave breaking,
¢(2) during wave breaking,
¢(3) after wave breaking.
Based on the above three categories, however, there are still many issues that need to be addressed, in par-
ticular for question (3). After wave-breaking, there exist peakons and the multi-peakon solutions to the CH
equation (1.2), Novikov equation (1.4) and (1.1). Let us recall known results with these issues. Owing to
the different wave speed for the CH equation (1.2), Novikov equation (1.4) and (1.1), the authors established
the existence of a different peaked solutions [33,36]. On one hand, it is well known that (1.2) admits the
multi-peakon solutions [16]

n
u(t,x) = ) piltye 40,
i=1

where p;(7) and g;(¢) satisfy the Hamiltonian system

dpi _ —lgi—q;| — _0H
o= glpiijgn(Qi —gpe il = 2,
JFl
dgi _ —lgi—qil-lgi-qx| — OH
d_t: — ije lgi—ql-lgi—qkl — o
J

with the Hamiltonian

1 n o
H = 3 Zpipje lai=a;!
ij=1

In [43], Holden and Raynaud demonstrated the rigorous analysis for the systems of p;(#) and ¢;(¢). In [33],
they obtained the solutions, containing infinite many peaked solitary waves. From [33, 34], we know that
peakons are a kind of weak solutions, and have a feature that is characteristic for the waves of great height,
i.e, waves of the largest amplitude that are exact solutions of the governing equations for water waves. On
the other hand, in [45], we know that, one of the most crucial features of the Novikov equation (1.4) is
the existence of peakon and anti-peakon solutions, which are peaked traveling waves with a discontinuous
derivative at the crest. Peakon and anti-peakon solutions are explicitly given by

+¢o(x — ct) = £ Ved(x — ct) £ £ yee ™ ¢ > 0.
Furthermore, in [45], Hone and Wang demonstrated that Novikov equation (1.4) admits the multi-peakons

solutions. That is, for any given number n € N, let ZI) =(q1, " ,qn) and ; = (p1,--+ , pn) be the position and
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momenta vectors, respectively. Then, one has the n-peaked traveling wave solution
n
u(t,x) = ) pilne o
i=1

on the line, where p; and g; verify the following 2n dimensional differential equations

dgi _ 2 _ 3 —lgi-ql~lgi-
T =uXg) = Y pjpre i ullaal,
k=1

n
= —pu(gu.g)) = pi I Pipesgn(qi = qj)e Vi aillaiad,
k=

Clearly, after wave breaking, it is curial to comprehend this type of weak solution to the wave propagation
in the shallow water. There are two aspects to the weak solution, that is, existence and uniqueness. After
wave-breaking as either global conservative or global dissipative weak solution, the solution to the CH (1.2)
and Novikov equation (1.4) can be uniquely continued, respectively, was established in [3,4,6,12,58,74,76].

In [1,65], they demonstrated (1.1) admits the single peakon and multi-peakon solutions if and only ifa > 0
and ¢ # 0. That is, the single peakon solutions for (1.1) enjoy the form as follows:

u=ulx—uvt)= (v/c)l/Ne_‘x_’”', a=b+c, ¢c#0, N>1,

where v = constant is the wave speed. Also, they obtained the N-peakon solutions (N > 2) for (1.1)

N
u(t,x) =y aie PO N=2
i=1
where the amplitudes «;(f) and positions S3;(¢) satisfy a Hamiltonian system of ordinary differential equations
(ODEs)

N N
@ = (b—-ac)ai(a;+ Y a;e PPN sen(B; - Brage PR,
(1.7) . j=Lj#i k=Lk#i
B =claj+ 3 ajePply,
j=Lj#i
Indeed, the above ODEs (1.7) is equivalent to the following system

o = {a;, H},
B =1{Bi, H},

where { } is the Poisson bracket and H is the Hamiltonian function given by

N
H = % Z ajake_w'_ﬁ/l, i=1,...,N.
k=1

It is worth mentioning that Zhang et al. [72] investigated the global energy conservation solution for (1.1).
More precisely, using both the lower order and the higher order energy conservation laws, as well as the
characteristic method, they established the global existence and uniqueness of the Holder continuous energy
weak solution to (1.1) in the energy space H'(R) x W'?¥(R). Also, they demonstrated that a very natural
and interesting problem is to study how the regularity of solution changes with respect to N. Namely, they
established Holder continuous energy weak solutions with the exponent 1 — ﬁ This result precisely shows
how the regularity of solution changes with respect to the power of nonlinear wave speed N, and it reveals
an intrinsic relation between Camassa-Holm equation (linear wave speed u'), Novikov equation (quadratic
wave speed #?) and the N — abc family of Camassa-Holm type equation (wave speed u™).

Remark 1.1. We observe that the general the N-peakon solutions ODEs (1.7) yields to the well-known multi-
peakon systems for the b-family equation, when (p,a,b,c) = (1,b + 1,b, 1), which includes the CH equation
(1.2) and the DP equation (1.3), when b = 2 and b = 3, respectively, as well as for the Novikov equation
(1.4), when (p,a,b,c) = (2,4,3,1).

In this paper, we mainly focus on the generic regularity of conservative solutions to (1.1). The generic
property is a property which is satisfied by almost all elements of the whole set. Considering our problem
here, generic regularity is the regularity of the solutions solved from an open and dense subset in the space of
initial data. Generic property is an interesting problem with respect to the hyperbolic conservation laws. It has
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been such a long time that many researchers are interested in this issues. The original result was investigated
by Schaeffer in [56], which demonstrated that for 1 — D conservation law, the generic solutions are piecewise
smooth, with finitely shocks in a bounded domain in the (¢, x) plane. The proof relies on the Hopf-lax
representation formula. Later on, in [20], using the generalized characteristics method, Dafermos and Geng
obtained the uniqueness and regularity of solutions of the Cauchy problem for a special system of hyperbolic
conservation laws. Also, they obtained a similar result for the 2 x 2 temple class systems. However, for the
general nxn system with n > 3, Caravenna and Spinolo [18] exhibited an explicit counter example and proved
that the generic property does not hold true. The proof mainly relies on careful interaction estimates and uses
fine properties of the wave front-tracking approximation. Recently, Bressan and his co-workers [5, 8, 9]
investigated the generic property and singularity behavior for the nonlinear variational wave equation. In [5],
they established that for an open dense set of C? initial data, the solution is piecewise smooth in the (z, x)
plane, while the gradient u, will blow up along finite many characteristic curves. For an open dense set of
initial data, the authors in [8] provided a detailed asymptotic description of the solution in a neighborhood
of each singular point, where |u,| — oo and established the different structure of conservative and dissipative
solutions. Li and Zhang [52] obtained the generic property and the singular behavior of (1.2) and the two-
component CH equation in a sense of Baire category. Later on, Yang [66] established the generic regularity
of energy conservative solutions to (1.2) with rotation effect. However, because of the energy concentration
when the finite time gradient blow-up occurs, the solution flow is in general not Lipschitz continuous with
respect to the natural H' distance. In order to establish the Lipschitz property, one needs to introduce some
new metric. Recently, Cai et al. [13] studied the generic property of conservative solutions to the Hunter-
Saxton type equations and presented a new way to establish a Finsler type metric, which renders the solution
flow uniformly Lipschitz continuous on bounded subsets of H'(R*). Also, the distance will be determined
by the minimum cost to transport an energy measure from one solution to the other. Quite recently, benefited
from some ideas of [52], He et al. [41] the generic properties of the Novikov equation (1.4).

Our approach is inspired by the work on the CH (1.2) in [52, 66] and on the integrable Novikov equation
(1.4) in [41], however the difficulty is that (1.4) includes the nonlocal higher nonlinear terms P; and P, in the
following equivalent form (2.4)(below in section 2). The situations should oblige us to needs the fine analysis
and estimates to treat with the Lipschitz continuity for (2.4). More precisely, we will need to overcome some
difficulties as follows:

e For CH (1.2) in [52,66] (that is, N = 1 in (1.1) or an equivalent form (2.4)), they obtained the lower
conservation law (1.5) and established the global existence of solution u(-,#) € W"? (or co3 by Sobolev
embedding). Unfortunately, this issue is invalid if there are the nonlocal higher nonlinear term P, in (2.4).
In fact, the energy (1.5) is not enough to control the cubic nonlinearity u3 in P, in (2.4). For that purpose,
we have to establish the higher order energy balance law (2.15)(see below). Using Sobolev inequality and
Gagliado-Nirenberg interpolation inequality, we can control the cubic nonlinearity > in P, in (2.4).

e For Novikov equation (1.4) in [41] (that is, N = 2 in (1.1) or an equivalent form (2.4)), we find that
another energy conservation law (1.6) including u? is available. Using both the lower order (1.5) (on u2) and
the higher order (1.6) (on %) energy conservation laws, as well as the characteristic method framework first
established in [3], Chen et al. [12] and Zhou et al. [74] proved the global existence of solution u(-,f) € W'
(or co3 by Sobolev embedding). Indeed, a very interesting observation on existing results for CH (1.2)
and Novikov equation (1.4) shows global well-posedness in different spaces. A very natural and interesting
problem is to investigate how the regularity of solution for (1.1) changes with respect to the parameter N
(that is, the order of nonlocal higher nonlinear terms P; and P; in (2.4)). For the high-order case, the existing
methods fail. For that purpose, we will construct energy conservative Holder continuous solution with the
exponent 1 — %\, for (1.1) and make some efforts to establish a uniform estimate by using the higher order
energy balance law (2.15). This result precisely shows how the regularity of solution changes with respect to
the parameter N, so it reveals an intrinsic relation between CH (1.2)(linear wave speed u' ), Novikov equation
(1.4) (quadratic wave speed u?) and the general equation (1.1) (wave speed u™).

To the best of our knowledge, the generic properties of (1.1) has not been reported yet. Because of the
difference nonlinearity of wave speed, the singularity behaviour is various. In our contribution, we give an
exactly proof to show that why the singularity is various between the CH (1.2) and the Novikov equation
(1.4).

The paper is organized as follows: In section 2, we recall some basic definitions and the related results with
respect to the conservative solutions of (1.1). In section 3, we show a perturbation lemma and construction



GENERIC REGULARITY OF CONSERVATIVE SOLUTIONS 7

families of perturbed solutions to the semilinear system. In section 4, we investigate the generic property of
(1.1). In section 5 we demonstrate the asymptotic behavior for generic singularity.
We are now in the position to state the main results as follows.

Theorem 1.2. (Generic property) For any T>0 fixed, there exists an open dense set of initial data
2 c (C*(R) N H'(R) n WN(R))

such that for uy € 2, the energy conservative solutions u = u(t, x) of (1.1) is differentiable in the complement
of finitely many characteristic curves 7y;, within the domain [0,T] X R.

Based on the above generic regularity, we demonstrate the asymptotic description of the solution in a
neighborhood of each singular point, where |u,| — co.

Theorem 1.3. (Asymptotic behavior for generic singularity) Consider generic initial data uy € 9 as in
Theorem 1.2 with ug € C*(R). Let u = u(x, t) be the solution to the original equation (1.1) or an equivalent
form (2.4) and (u,v,w, x, t) is the corresponding solution of the semilinear system (2.44) and (2.45). Consider
a singular point P = (ty, Yo) wherev = m, and set (xo,ty) = (x(to, Yo), t(to, Y0)). Generically, at the singular
point P = (ty, Yo), u has parameteric expression as follows:

(1) If P is a point of case 1, i.e. vy = 0 and vyy # 0,v = m, vyy # 0, then

(1.8) u(t, ) = A(x — x0)' "5 + B(t — o) + O(1)(It — to* + |x — x| "77)
for some constant A, B.
(2) If P is a point of case 2, i.e. vy # 0 and vyy = 0,v = m, vyy # 0, then
N
(1.9) u(t,x) = A(x — xo)zﬁﬁ + B(t — to) + O(1)(|t = to* + |x = xo)

for some constant A, B.

2. PRELIMINARIES

In this section, to further our analysis, we present some notations, including transversality and genericity,
the basic definitions and results for conservation solutions for (1.1).

Definition 2.1. [2, 30,48, 57] (Map transverse to a submanifold) Let F : X — Y be a smooth map from
manifold X to manifold Y. W is a submanifold of Y. We say F is transverse to W at a pointx € X, denoted by
F W if

e cither F(x) ¢ W,

e or F(x) € Wand TrY = (dF) (T X) + TrW. Here T X means the tangent space of X at point x.

If F hW for every x € X, we say F is transverse to W, and denote as F h W.

Definition 2.2. /2, 30,48,57] Let F : X — Y be a smooth map from manifold X to Y. A pointy € Y is a
regular value if for every x € X one has T,Y = (dF)(TX). In the special case where W = {y} consists of a
single point, F \ W if and only if y is a regular value of F.

Theorem 2.3. [2,30,48,57] (Thom’s transversality theorem) Let X, ® and Y be smooth manifolds and W a
submanifolds of Y. Let @ — ¢° be a smooth map that to each 0 € ® associates a function ¢° € C*(X,Y), and
define ® : X x ©® — Y by setting ©(x,0) = ¢°(x). If © N W then the set 6 € O@; ¢’ h W is dense in ©.

Lemma 2.4. [52] Consider an ODE system

d
2.1 U= W), w0y =uo+ @i+ €nvn,
where u¢(t) : R = R, f is a Lipschitz function. The system is well posed in [0, T). Assume the matrix
(2.2) Deu§ = (vi,v2, ..., V) € R,

and the rank of this matrix is
2.3) rank(Deug) = k.
Then for any t € [0, T), rank(D.u®) = k.
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In what follows, we will recall several fundamental results with respect to (1.1). First, we can rewrite (1.1)
in the equivalent nonlocal form

(24) u(_x, O) = uo(x),x € R,

{ u +cuNu, + 0, Py +P,=0,xeR,t>0,
in the Sobolev space H'(R) x W!2N(R). Here

b 3¢N - b (N-1)(b-cN)

P, = N+1
A 2

with p(x) = %e""', and we demonstrate the definition and the global existence and uniqueness of the Holder

continuous energy weak solution as follows.

N-1_2 N-2_3
WN2), Py=pr] 2]

Definition 2.5. [72] Letc = 1,b = N + 1 and a = b + c. The energy conservative solution u(t, x) of the
Cauchy problem (1.1) or (2.4) enjoys the following properties.
Property 1. The map t — u(t, ) is Lipschitz continuous from R into L* (R) with u(t,-) € L*¥(R), Vt > 0.
Property 2. The solution u = u(t, x) satisfies the initial condition uy € H'(R) x W'V (R) and

0= ff{—ux (Y, + uN¢X) + [_uN+1 _ %ul\’—lui + (P + 0.P3)] - ,7[,} dxdt
z

+ f uo x¥(0, x)dx,
R

for any test function Y(t, x) € Ccl.():), where X = {(t,x) | t € [0, +0), x € R}.

Property 3. The solution u = u(t, x) is conservative, that is, the higher order energy balance law (2.15) is
satisfied in the following sense.

There exists a family of positive Radon measures ), depending continuously on time and with respect to
the topology of weak convergence of measures. For every t € R, ) is the sum of an absolutely continu-
ous part and a singular part, and the absolutely continuous part of has density u>(t,-) with respect to the
Lebesgue measure, which provides a measure-valued solution to the balance law

f { f Wy + u™ g )du(r) + f 2NN N - (Py +8xPz)]t/fdx} di+ | ughy(0, x)dx = 0,
R+ R R R

for any test function y(t, x) € CL(Z).

Theorem 2.6. [72] Let the initial data uy € H'(R) x W'2N(R) be an absolutely continuous function on
variable x. Then there exists a uniquely global energy conservative solution u(t, x) for the Cauchy problem
(1.1) or (2.4) in the sense of Definition 2.5. Moreover, the solution satisfies the following properties.
Property 1. u = u(t, x) is uniformly Holder continuous with exponent 1 — ﬁ on both t and x.
Property 2. The energy density u* + u> is almost conserved, that is,

E@®) = lu®llg ) = lluollgw), for t ¢S, E@) < E), fortes.

Property 3. There exists a null set S with meas(S) = 0, such that for every t & S, the measure ) is
absolutely continuous and has density u*"(t, -) with respect to the Lebesgue measure.

Property 4. The solution is continuously depending on the initial data, that is, continuous dependence
property holds. More precisely, for a sequence of initial data uy,,, such that

luo,n — ol wyxwioavgy — 0, as n — oo.
Then the corresponding solutions u,(t, x) converge to u(t, x) uniformly for (t, x) in any bounded sets.
For smooth solutions, differentiating the first equation in (2.4) about the variable x, and using the fact
Spxf=pxf-1
one has

b—cN _ b
W12 N+1

(2.5) Uy + Nty + Py + O, P + 5 Nl
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Multiplying the first equation in (2.4) by u and (2.5) by u,, we establish the two lower order energy conser-
vation laws with source term P; and P,
2

(2.6) (%)t+(ﬁuN+2+uP1)x+uP2 =u.P,
and

u? cuMNu? b N+2

Zx L 0xP2]x — uP
0 (2)z+[ > (N+1)(N+2)u + u0 Pr]x — ubP;

_ NIb- céN 01

respectively. Next, our aim is to obtain some energy conservation laws. For that purpose, we must make
technical assumption with respect to the parameters N, a, b and ¢ as follows:

3
x = _M)CPI’

(2.8) a=b+c, b=c(N+1).
In fact, it follows from (2.7) and (2.8) that
u? cu™u? b
2.9 = X N2 4 ud Pyl — uPy = —u,Py.
(2.9) (2)t+[ ) (N+1)(N+2)M + ud P>l — uP Uyl

After a scaling transformation ¢ — f, we take ¢ = 1. It follows from (2.6), (2.8) and (2.9) that

u?

(210) (7)t+(muN+2+uP1)x+uP2 =MxP1,
and
2 N, 2
2.11 L AL S S e —uPy = —
( ) (2),+( 5 N+2u + udP>); — uP» uP.
Thus, combining (2.10) with (2.11), we establish the lower conservation law
2,2 N, 2
2.12) = . Loy + (% + uPy + ud Pa), = 0.

Integrating both sides of (2.12) with respect to the variable x, we conclude that the total lower order energy

E(n) = f [t (t, x) + u*(t, x)]dx
R
is conserved with respect to the time variable ¢, i.e,
2.13) E(t) = E(0) £ E,.

In what follows, our aim is to obtain the higher order energy balance law. For that purpose, multiplying
the first equation in (2.4) by 2Nu*~!, one has

(2.14) M), + (%u”’ + 2NN P = 2Nu?NTI Py + 2NN — DV 2u, Py
Multiplying (2.5) by 2Nu?V~!, we have

(2.15) @), + @ uPNy, = 2NN 2 ONGPN NPy + 0,.Py).

It follows from (2.13) and the Sobolev inequality that

2.16) e < Sl = 3 Eo.

We now demonstrate the uniform bounds on Py, 0Py, P, and 0, P, given by (2.4). First, we will establish
the uniform bounds on P and 9, P;. It follows from (2.4), (2.13) and (2.16) that

N+1

I1P1Ollz=, N10xP1(Dllr~ < ClET],
IP1(®Oll=, 0P (DIl < C2E,

for some positive constants Cy,C, and any i > 1.

2.17)
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Using the higher order energy balance law (2.13) and Gagliado-Nirenberg interpolation inequality, we
establish a uniform estimate on ||u,||;2v, in order to obtain a uniform bound on P, and 9,P,, which both
contain uff in (2.4). Actually, from (2.4), (2.15) and (2.16), we arrive at

d
4 f W2Ndx = f 2NN = 2N Py + 0.P)ldx
dt R R

<INl + [Py f PV dx

L f P - f PV

1
+ 2Nz eI -
I5¢™ "Il

(2.18) - M
<2N(E,* +C|E,’ )f|ux|2N_1dx
1 N-1 »r2
+2N-§~TE qu| dx - fluﬂm dx

£ Cy(Eo) f |ux|2N-1dx+c4<Eo> f - f 2V dx,
R R R

for some positive constants

Nl NN —-1) »2
Cy(Eo) = 2N + CE,”, Cutlpy = M VT
depending only upon Ej.
In what follows, we will estimate the second term in (2.18). It follows from Gagliado-Nirenberg interpo-

lation inequality that

2N-3 N
(2.19) litallzs < Cslluedll2 ™ llaedd1 5
N(2N-3)
(2.20) it < Coled TP g [T,

for some positive constants Cs and Cg. Using (2.19) and (2.20), we obtain

.21) f lugPdx < Cs( f Ju Pdx) 551 f 2V do) 7T
R R R

(2.22) f PN dx < Co f i 2dx) T f PV ) 55
R R R
By (2.21) and (2.22), one has

(2.23) f i dx - f lu PN dx < C; f |u|Pdx - f lu [N dx,
R R R R

for some positive constant C. It follows from (2.18), (2.22) and (2.23) that

d
— f uNdx < C3(Ey) f luex PN~ dx + Cy(Eo) f lu[Pdx - f | [*N dx,
dt Jr R R R

d
(2.24) - f u?Ndx < Cy(Eo)(Co(Eg) + f lu*N dx),
t Jr R

that is,

for some positive constants Cg(Eg) and Cy(Ey), which depend only upon Ej. Using Gronwall’s inequality and
(2.24), for any time ¢ € [0, T'], one has

(2.25) f u?Ndx < eSE)(Co(Ep) + f [P dx(0)) (e E — 1) £ E(T).
R R
Then, using (2.13), (2.23) and (2.25), we can establish the bound

(2.26) f Wdx < Cro(Eo, T)
R
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with a positive constant Cy depending upon Ey and 7. Thus, using (2.4), (2.13), (2.16) and (2.26), for any
givent € [0,T], T > 0, we demonstrate the time dependent bounds as follows
1P2(DlIz=, 10xP2)l~ < Cr1(Eo, T),

2.27
2:27) 1P Ollis 8:P20)lls < CraEo, T,

for some positive constants Cy, Cj, and any i > 1.
Next, we will focus on establishing a semi-linear system for smooth solutions. For that purpose, we
introduce the characteristic equation [71-73]

d"(r’) =uM(t, x(1,Y)),
(2.28) { dx((), Y) = xo(Y).

For any fixed point (¢, x), the characteristic curve passing through the point (¢, x) is defined by 7 — x(7;1, x).

Using the energy density (1 + u2)", we define the characteristic coordinate ¥ = Y(z, x),

x(052,x)
(2.29) Y=Yt x) = f (1 + u2(0, x))Vdx.
0

Thus, we have
(2.30) Y, +uY, =0, (t,x) e R" xR.

Also, we define T = £ to get the new coordinate (7', Y). It follows from (2.30) and the chain rule for derivatives
that

hT = hT(Tt + MNTX) + hy(Y[ + MNYX) = ]’l, + I/tth,

hx = hTTx + thx = l’lny,

where W(T,Y) = H(t, Y(t, x)) is a smooth function. That is,

hr = h + uVh,,
(2.31) { I = hyY,.
‘We introduce the new variables v and w as follows
L, (I+ uz)N 0x
(2.32) v £ 2arctanu, and w 2= =1+ = o7
with u, = u,(T, x(T, Y)). Using (2.32), we have
v 1 sV u? LoV Uy .
(2.33) U, = tan 3 Tuf = cos > T+ u)% = sin 5 Tu)% = Esmv
and
(2.34) ox W eosV .
' Y (1 +ud)N 2
By (2.34), for any time ¢ = T, one has
— Y v
(2.35) xT,Y) - x(T,Y) = f wcos?V E(T, s)ds.
Y
Lety = x(T,Y) and x = x(T, Y). It follows from (2.33)-(2.35) that
P(Y) 2 PIT,Y) = ps (u o+ 25ty
_1 o=l N+1 4 2N=1 N-1,2
(2.36) =2 N T ) e
. — % LJ;:O eilfY W(s)cosziv %d.ﬂ[ul\’-ﬁ-lEOSZN @
+#MN ~lgin? @ cos2N-2 %]w(?)dl_/,
OxP1(Y) £ 0xP(T,Y) = 9p "' + 2=LuMN )
_ X(TY) N+1 4 2N=1,N-1,2
(237) = 2(f(TY) [ e PN + 2y )(1+u2)Ndy

_ 2N 1)
— E(fy _f_w)e |fy w(s) cos?V 1L dxl[uN-H cos2V @

+_21\'2—1 w1 gin? @ cos2N-2 @]w(l_/)dy,
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P2(Y) £ PZ(T, Y) = p:k [NT_luNfzui]

(238) — % L:O e—lfyy w(s) cosV %d‘vl[uN—l Sil’l3 %?) COSZN—S @]W(?)d?,
and

O:Py(Y) 2 0Py (T, Y) = dyp + [ uN2u3)
(2.39)

=) Y Y ol O . % 1. TV
= #(j;r —f_m)g_lfy wis)cos™ 2dsl N1 g % cos?N=3 %]w(Y)dY.

In what follows, we obtain the evolution equations with respect to the unknown variables u, v and w under
the new coordinate (7, Y). It follows from (2.5) and (2.31) that

(2.40) ur(T,Y) = u(T,Y) + u™ (T, Y)u, = —0,Py — P,.
Using (2.5) (2.31) (2.32) and (2.33), we establish the equation with respect to the variable v

vr = m(uxt + uNuxx)
2 N L noto o Nl N
:1+2—u uxx—zu uy+u'" =Py — 0Py 4 uuyy)
u
2.41 *
o S vy, Lo 2 (P) +8.P)
B 1+u§u 1+u)2(u 1+ u2 o2

=~V Tsin? Y 4 2N cos? % —2cos? ;(Pl + 0, P>).
Now, we establish the equation with respect to the variable w. To do this, by (2.30), we arrive at
(2.42) Yoo + MY = —-Nu" 'Y,
Using (2.5) (2.31) (2.33) and (2.42), we conclude

1 Y,
wr = () + A+ - (- 2]
1 Yoo + N Yo
= —2Nux(1 + 2V g + Vi) — (1 + )Yy - 2l Do
Y, Y:
N 2\N-1 2 N/ 2 2y, N-1
= ?(1 +u) ) Hu (u) + (1 +u)u™ " uyl
2.43) J At Ny (A we Loy v
Y, 1+ u? Y, T+u2 2N S
A +w)h N )V, 1

N+1 IN—1
’ : = (P1 +0.Pp)] - 2N
Y, 1+u? Y, T+u2 2N Lt (P1+ 0:P2)] - 2Nuy

1 1
= NwiV ! 3 sinv + 2Nw - 3 sinv[uV ! — (Py + 8, P>)]

1
= Nwsin V[EMN—‘ + M — (P + 0,Py)].

Based on the above arguments, we can transfer (1.1) to the semi-linear system with respect to the unknown
variables u, v and w under the new coordinate (7', Y). In fact, using (2.41), (2.42) and (2.43), we arrive at

ur(T,Y) = =0,Py — P,
(2.44) vr(T,Y) = —uM~'sin® ¥ + 2uN*! cos? § — 2cos? 3(Py + 0xP»),

wr(T,Y) = Nwsinv[3u"~" + uM*! — (Py + 0,P,)]

with the initial data

(2.45) v(0,Y) = 2 arctan(uy(x(0, Y))),

u(0,Y) = up(x(0, ¥)),
{ w(0,Y) =1,

where Py, 0P, P, and 0, P, are given by (2.36)-(2.39), respectively. Thus, the energy conservative solution
is constructed by the following semilinear system
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Lemma 2.7. [72] Let (u,v,w, Y) be the solution to (2.44) and (2.45), with w > 0. Then the set of points
(2.46) {(t, x(2,Y),u(t,Y)); (1,Y) e R" xR}
is the graph of a conservative solution to (2.4)

To investigate the singularities of the solution u of (2.4), we are interested in the level sets
(@, Y) = n}.

We now construct families (@, 77, 519) of perturbations of the initial data along the charactristic

3. FAMILIES OF PERTURBED SOLUTIONS

In this section, benefited from the ideas of [41] and [52, 66, 69], we construction families of perturbed
solutions to the semilinear system (2.44) and (2.45) with the initial data, depending smoothly on 6 € R3, such
that the Jacobian matrix has full rank at the point (7, Yp) € R* x R. From Lemma 2.4, it suffices to prove
the Lipschitz continuity of f. Thus, based on the ideas of [72] and due to the smoothness of (i, v, w), it is
crucial for us to prove the Lipschitz continuity of P; and d,P; (i = 1,2) in (2.36)-(2.39) with respect to the
new variables u, v and w in every bounded domain Q. To do this, we need the following lemma.

Lemma 3.1. Let (4, v,w) be a smooth solution of the semilinear system (2.44) and (2.45), and let a point
(t9, Yo) € R* X R be given. If (v,vy,vyy)to, Yo) = (7,0,0), then there exists a three parameter family of
smooth solutions (u?,v’, w?) depending smoothly on 6 € R* such that

(i) When 6 = 0 € R3, one recovers the original solution namely @°,v0) = (u, v);

(ii) At the point (ty, Yy), when 6 = 0, we obtain

rank Do, v, v)y) =

Proof. Let (u,v,w) be a smooth solution of the semilinear system (2.44) and (2.45). Taking derivative to the
equation with respect to v, one has

0 1
— vy = =(N = Duyu® 2 gin? r_ —uM Yy sinv + 2N + DuNVuy cos’ r_ Ny siny
3.1) or 2 2 2

1
+ 5 SiIlVVy(Pl + axpz) - (COSV + 1)(ayP1 + 6yaxP2) = F]

Similarly, we have

d
SV = uyy[-(N = DuV 2 s + 2(N + Du" cos? 2] + uy[~(N = 1)(N = 2)u”¥ sin?
T
1 1
3.2 + 2NN + D! cos? 2 E] + Vyy[—zuN_l sinv — EuN“ sinv + sinv(Py + 8,P»)]
1 1 -1 3(N-1
+ V%(—EI/{N—] siny — EuN” sinv) + vy[— N 2uy sinv — %u]vu sinv
+CosV(P| + 0,P) + 2sinv(dy Py + 8yd,Py)] — (cosv + 1)(8yd, Py + 830,Py) = F,
d N N
o =wy[— 5 WM+ NVt — N(Py + 0,.P,)]sinv + w[Eu’V—' + EuN“ — N(Py + 0,P3)] cos vy
(3.3)
N(N -1
w[(—)uN_zuy + NN + DilNuy — N0y Py + 0y0,P>)] sinv,

2
where Py, 0,P;, P, and 9, P, are given by (2.36)-(2.39), respectively. dyP;(i = 1,2) and dyd, P, as well as
8§BXP2 in (3.1)-(3.3) are given by (3.4) and (3.9) (see below). In what follows, we need the expression of
OyP;(i = 1,2) and dyd.P, as well as 3§8XP2 in (3.1)-(3.3).

We first observe that
dyP; =weos™ 20.P;, (i=1,2)

3.4 .
(34) 8y0,Py = =L wuN2sin’ £ cos?¥=3 2 + Pwcos?N &,
and
020,Py = =L [wyuV 2 sin® £ cos?¥ 73 £ + (N — 2)wu 3uy sin® § cos?V 3
(3.5) +3ul- 2W\/y sin? ¥ cos?V2 V + 3 N2y sin® ¥ cos?V L]
+dyPrw cos™™ % + Pywy cosZN 3 = NPywvysin 3 coszN by
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In order to estimate uy in (3.5), we first claim that

Uy w
u = — =U, —
Ty T+l
(3.6) u w 1 v
== = —wsinvecos?¥ 2 =
L+u2(1+u2)V-1 2

as long as the local solution of the semilinear system (2.44) and (2.45) is defined. To obtain (3.1), we need to

check
Uyr = Ury.
It follows from (2.4) that
Uyr = (EW sinv cos2V 2 %)T

1 1 1
N2 % + zwvr cos v cos?N 2 g + Ewsin V[2(N — 1)0052]\”3 % - (—sin %) . sz]

= EWT sin v cos

1 1
= —Nwsinv[=u""! + u™*! — (P, + 8,P,)] sinv cos* 2 %

3.7 ? ’ v v v y
+ Ew[—uN_1 sin? ) + 2uM*! cos? 5~ 2 cos? E(Pl + d,P»)] cos veosN2 )
N-1
- wsin v cos?V 3 % sing . [—uN_1 sin® g + 2uM* cos? g —2cos? ;(Pl + 0,P>)]
2N -1
= wcos?V? Z[uNJr1 cos? % + TMN_I - cos? ;(Pl +0,P))].

On the other hand, by (2.4), (2.38) and (2.39), we have
ury = (=0:P1 — Py)y

v 2N-1 ., .,V Y v
[ cos?Y 3 + TuN !'sin? 3 cos?V2 z]w —wecos?V Epl

(3.8) N-1
+ T[ul\L1 sin® gcos.ZN*3 %]w —wecos?N EBXPQ
2N -1
= wcos?V 2 %[uN“ cos’ g + TuN*I — cos® %(Pl +80,P))].
It follows from (3.7) and (3.8) that uy; = ury, which implies (3.6) holds. It follows from (3.4),(3.5) and (3.6)

that

020,P = =L [wyuV2sin® £ cos?¥3 L + (N — 2)wu3uy sin® £ cos?V 3
(3.9) —wyy[ELuN=2(3 sin® ¥ cos?™2 2 + 23 5in® £ cos?V 4 ) + NP, sin ¥ cos? ! 2]
+w?cos*™N L 4+ Pywy cos?V L.

2 2

We now construct families (@, 77, 519) of perturbations of the initial data along the charactristic as

3

(3.10) #(Y) = a(Y) + )" 6:U(Y),
i=1
3

(3.11) ) =)+ Y 6ViY),
i=1
3

(3.12) ) = W)+ Wi,

i=1

Thus, by (2.44) and (3.1)-(3.3), a 5-D ODE system can be established as follows:

u —8xP1 - PZ
PR —uN1gin? I+ 2uMN*! cos? 3 - 2 cos? Y(Py +0.P2)
(3.13) 7 v = Nwsinv[3uV! + w1 — (P) + 0,P,)]
Vy F1

Vry F>
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We construct a family of solutions (ii, ¥, £%) to (3.13) of perturbations of the initial data as in (3.10)-(3.12).
Taking derivative with respect to 6, we have

D9u6 Dgflg
P nge Dgfze
(3.14) = Doq” | = | Dof?

ngf, Dgff
Dy Vf/Y D, Hfse

where fig(i=1,2,3,4,5) are the perturbation of the right-hand side of (3.14). Then we arrive at
D@Ma Dufle er qu Dvyfle Dvyyflg Dgl I/_tg Dgz L_lg Dg3 l/_tg

g DGVZ ufe vfg qu DszZ Dvwfzz D, ‘_}Z DGZ‘_}Z Dé‘;’z
ﬁ DG‘]g = ufg Vf39 qf36 DVyf39 D"yyf30 D, ?H DHZZ) D93?0
DgVY "‘f;t va4 qu4 Dvyf4 D‘,yyf4 Dg] VY D92 VY Dg3 VY
D‘W?’Y ”fS D"fsg qusg DVstg Dvwfsg D, ‘_}?/Y D, ‘_)g)/Y D, ‘_)(;’Y

Utilizing Lemma 2.4 , we only need to prove the Lipschitz continuity of f. Based on the ideas of [72] and
due to the smoothness of (u, v, w), we only need to consider the Lipschitz continuity of P; and 8, P; (i = 1,2)
in (2.36)-(2.39) with respect to the new variables u, v and w in every bounded domain Q C X of the form

(3.15) Q = {@, v, w) : lullgn + llullyray = A, [Vli2 < B, [Vl < 37” woSwsw
for some positive constants A, B, w~ and w*. Here
X £ [H'®R) x WEYR) N [LAR) N LY(R)] x L*(R),
which endowed with the norm
G, v, Wllx = Nl rysewr vy + [VI2ry + IVIlzoy + [IWllzow)-

For sake of simplicity, we shall only present the detailed estimates for 86}: 5, and , because all other

partial derivatives can be estimated in the same manners. For that purpose, from (2. 36) and (2.37), we know

that, for every test function ¢ € H 1(R), the functions aaﬂ and ﬁP =1 are defined by

(L)) = § [1 e oo g

(')P“

(3.16) ] -
XLV + D cos? 200 4 GV, -2 G2 ) o aN-2 WD ) 7)Y
and
« L 7Ws NL’) L
(3.17) (2 p)(¥) = 3([)7 = [ e b weost S

XI(N + D cos?V 102 GVZDNZDN-2 g2 V”) cos?V2 XD 1y(Y)p(Y)dY
First, we estimate (3.17). To do this, we now 1ntroduce the exponentlally decaying function
A s 2 (3 B2—I€)
I'(¢) 2 min{l,e2""2 )
Then, we deduce
Tl = ( ffK s + Jgn s g TE)dE
(3.18) _ngzderf*‘x’ezN( B f>d.§—‘+f e;‘—N<§BZ+§)d§
— 932
Using standard properties of convolutions, Young’s inequality, (3.17) and (3.18), we have

1225 - v < 2EIIT = [(N + Due cos? &
2N-1)(N-1 2 -2 _
+@N-DWN-D 2)( )yN=2 gin %cosm 2§]||L2N||¢>||Lm

)+ 2N-1)(N-1 _

YNNIV + Dl + EEDEED N2 o [l
oy
2

T Il T < o0,

|\>|§r

[LVAN

where
CN-1DN-=-1) no»
———— "y

= (N + Dllu™|lp2v + 5
Similarly, we can obtain the boundedness of %‘
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Choosing suitable perturbation V; (i = 1,2, 3), we can make

Dy’
Dgl_/;), = 3,

=0
DOVYY

(3.19) rank

when 6 = 0. ]

4. GENERIC PROPERTY

In this section, first, using perturbed technique (i.e Lemma 3.1 ) and Thom’s transversality theorem (i.e
Theorem 2.3), we investigate the generic solutions to the semilinear system (2.44) and (2.45), determining
the generic structure of the level sets {v = &} (i.e Lemma 4.1 ). Then, based on the blow-up criteria in [65]
and the singularity in [72] on the level set {u = 0}, as well as Lemma 4.1, we will prove the generic regularity
for the energy conservative solutions u = u(t, x) of (1.1).

4.1. Generic solutions of the semilinear system. In this subsection, we first consider smooth solutions to
the semilinear system (2.44) and (2.45), determining the generic structure of the level sets {v = x}. To do this,
we need the following Lemma 4.1.

Lemma 4.1. Consider a compact domain of the form
O2{tY) 0<t<T,|YI <M}

Let S be the family of all C? solutions to the semilinear system (2.44) and (2.45), with w>0 for all (t,Y) €
R, XR. Furthermore, call S’ C S the subfamily of all solutions (u, v, w), such that for (t,Y) € I the following
value is never attained:

(41) (V’VY’VYY) = (”,0,0)
Then S’ is a relatively open and dense subset of S, in the topology induced by C*(®).

Proof. By the perturbed technique (i.e Lemma 3.1 ) and Thom’s transversality theorem (i.e Theorem 2.3),
we divide our arguments into four steps.

Step 1. Let S; be the subset of solutions for which (v, vy, vyy) = (7,0, 0) is never attained on ®. Since ®
is a compact domain, each S; is a relatively open subset of S, in the topology of C?(®).

Step 2. Let (u,v,w) be any C? solution of the semilinear system (2.44) and (2.45), with w>0. For any
(19, Yp) € O, two cases can occur as follows:

Case 1. (v, vy, vyy)(fy, Yo) # (7, 0,0). In this case, by continuity, we know that there exists a neighborhood
A of (ty, Yp) in the ¢ — Y plane where (v, vy, vyy) # (11,0, 0).

Case 2. (v,vy,vyy) = (m,0,0). By Lemma 3.1, we can find a three-parameter family of solutions
?,v?,w”), such that the 3x3 Jacobian matrix of the map

4.2) (61,65,63) — 0t V), Vo1, V),V 1))

has rank 3 at the point (#y, Yp), when 6 = 0. By continuity, this matrix still has rank 3 on a neighborhood .4
of (1, Yp), for 8 small enough.

Choosing finitely many points (¢;, Y;)(i = 1, ..., n), such that the corresponding open neighborhoods .4, v,
cover the compact set ®. Let ny be the cardinality of the set of indices

I = {i; (v, vy, vyy)(4, Y3) = (7,0, 0)}

for which Case 2 applies. For each i € 7, based on a 3-parameter family of perturbations, we know that all
these perturbed solutions depend on n = 3n; parameters.

Step 3. Let ® D O be an open set contained in the union of the neighborhoods .4(, y, and B, = {6 €
R”;16] < €} be the open ball of radius € in R". We will construct a family (u?,1?, w?) of smooth solutions to
the semilinear system (2.44) and (2.45), such that the map with parameter 6

.Y, 0) = 0Vt V), V0, Y), 5, )

from @’ X B, into R3 has (r, 0, 0) as a regular value. For that purpose, we need to combine perturbations based
at possibly different points (#;, ¥;) into a single N-parameter family of perturbed solutions. Let (i, x, w)(z,Y)
be a solution to the semilinear system (2.44) and (2.45). For each k = 1,...,n, let a point (#, Y;) be given,
together with a number U, € R and functions Vi, W, € CZ(R). Based on the previous arguments, if we
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construct a family of initial data (v, by, Vyy) with rank 3, we will establish a one-parameter family of perturbed
solutions to the semilinear system with rank 3 in the neighborhood of 0 for the parameter. Thus, the family
of the perturbed solution is determined as follows. For |e|<¢; sufficiently small, we can determine the unique
solution of the perturbed semilinear system as

4.3) (W€, ve, W) £ Op(u, v, w).

Given (6, ..., 6,), we can define a perturbation of the original solution (u, v, w) to the semilinear system (2.44)
and (2.45) as the composition of n-parameter perturbations:

(ug, W, wg) = CDZ" 0..0 <Df‘ (u,v,w).

Step 4. At every point (t;, Y;), where i € 7, using Lemma 3.1, we can establish a three-parameter families
of perturbed solutions, so that Jacobian matrix of (4.2) is of full rank on the neighborhood .4 of a point
(t0, Yp), for 0 sufficiently small. Choosing finitely many points (#;,Y;), (i = 1,...,n), such that the corre-
sponding open neighborhood Ny, y,) covers the compact set ®. Thus, we deduce a n—parameter family of
solutions, such that the value (r, 0, 0) is a regular value for the map (4.2) from ® x B, into R?. Using Thom’s
transversality theorem (Theorem 2.3), for a.e. 8, we know that the map with parameter 6:

4.4) F:(t,Y) — 0 Y),V56 ),V 7))

is transverse to (1, 0, 0).
By the definition of transversality, either

Ft,Y) # (,0,0)
or
F(t,Y) = (r,0,0) and Tr00R* = (dF)(.y)(T(.r)®)
Since @’ is only two-dimensional, T(”,O,O)R3 = (dF)qv(Ty)®") cannot happen. Thus, the only choice is
F(t,Y) # (r,0,0), which means that, for a.e. 8 suffiently small, the corresponding solution (¢, 1%, w’) enjoy

property that (v, v‘;,, v()’,y) # (m,0,0) for all (z, Y) € ©. This proves that the set S; is dense in S. This completes
the proof of Lemma 4.1. O

We are now position to prove our main result.
4.2. Proof of Theorem 1.2.
Proof. Consider the space S = C3(R) N H'(R) n W!?¥(R), equipped with norm
llulls = lluollcs + lleollgr + lluollwran.
Given the initial data iip € S and set the open ball
Bs = {ug € S; llug — till<5}.

In what follows, our aim is to prove that, for any iy € S, there exists a radius >0 and an open dense subset
9 C Bg, such that for every initial data uy € 2, the energy conservative solution u = u(t, x) to (1.1) is of class
C! in the complement of finitely many characteristic curves y; within the domain [0, 7] x R. To achieve our
aim, we divide our further arguments into four steps.

Step 1 (Construction of &). Based on the blow-up criteria in [65], we know that, if uf)\' -l upx = O(e% ), then
the blow up time of WV 1y, along the chararcteristics is of order ELN Since ug € S, we know uf)v ‘luo,x -0
as x — oo. Consequently, taking r>0, such that when |x|>r, we will have |1V ’1uX|<Tl], which implies the
singularity of u in set [0, 7] X R only appears in the compact set

(4.5) A 20, T1] X [=r = ™| Ty, 7 + || T11,

where
™|l £ max{u™(t, x), (¢, x) € [0, T,] X R}.
In the (7, Y) plane, from Lemma 4.1, it is reasonable for us to take a domain A, such that A c A(A), where
themap A : (1,Y) — (¢, x(1, Y)).
The subset 2 C B is defined as follows. uy € Z if uy € Bs and for the corresponding solution (u, v, w) of
(2.44) and (2.45), the value (4.1) are never attained for (¢, x) € A. Later in our arguments, we will validate &
is an open dense set.



18 ZATIYUN ZHANG, ZHENHAI LIU, YOUJUN DENG, AND MING WANG

Step 2 (2 is open). In this step, our aim is to prove that & is open, in the topology of C>. Take a sequence
of initial data {ug},>1, such that converges to uy and uy ¢ 2. By definition of D in the Step 1, we know that
there exists points (#”, Y”), such that the corresponding solutions (&, v, w”) fulfill

(VV7 V‘)//’ V‘)”Y)(tv9 YV) = (ﬂ’ O’ O)’ (tV9 xV(tV’ YV)) € ﬂ’
for all v > 1. Since we have the domain A (in (4.5)) is compact, taking a subsequence, we can assume (", Y”)
converges to some point (¢, Y) and
v, vy, vyy)(8,Y) = (7,0,0), (1, x(2,Y)) € A,

which implies uy ¢ 2. This means that & is an open set.
Step 3 (Z is dense). Given ug € Bs, by a small perturbation, we can assume 1y € C*. By Lemma 4.1, we
can construct a sequence of solutions (¢”,v”, £”) of (2.44) and (2.45), such that

(i) for every bounded set / ¢ R? and k > 1,

lim [|(u” —u,v" =v,&" = & x" = Dllcray = 0;

V—+00

(ii) for every v > 1 the values in (4.1) are never attained for any (¢, Y) € ®, where O is given in Lemma
4.1.

Consider the sequence of solution u (¢, x) with the graph
(4.6) {wen.renseyenercr

and the corresponding sequence of initial data satisfies
.7 [lee” (0, ) = uollciy = 0, asv — oo

for every bounded set /.
In order to obtain the convergence for the far field, we modify the sequence. To do this, we introduce a
cutoff function ¢ € C.°, such that
1, if |x| <p,
#00) = { fld<p

0, if xl=p+1,
where p > r + ||[u"|| .~ T is large enough. For each v > 1, consider the initial data
iy = dug + (1 — Puo.
Then, we have
lim [|i@" — wuolls = 0,
v—+00
where S = C3(R) N H'(R) n WH2V(R). Furthermore, if 0>0 large enough, we have
@'(t,x) = u'(t,x), Y(t, x) € A,

while i#”(¢, x) is C? on the outer domain. Then we can find that (¢, x) € 2, forall v > 1 sufficiently large,
which implies that & is dense on Bs.

Step 4 (u is piecewise C?). In this step, we need to demonstrate that, for every initial data uy € 2, the
corresponding solution u(t, x) is piecewise C? on the domain [0, T] X R*. For that purpose, based on the
previous analysis, we deduce that « is C? on the outer domain

(6,00 < 1 < T, x>l ll=T1).

Thus, it suffices to investigate the singularity of u on the inner domain ‘A. Consider a point (¢, Yy) € ®, where
® is given in Lemma 4.1. Thus, there are two situations to consider as follows.
Situation 1 v(zy, Yy) # n. It follows from (2.34) that
ox w NV
Y (1 +u)N 2
Thus, we know that the map (¢, Y) — (¢, x) is locally invertible in a neighborhood of (#y, Yy). Then, we
conclude that the function u is C? in a neighborhood of the point (zo, x(to, Yo)).
Situation 2 v(zy, Yo) = n. In [72], we know that the singularity happens on the level set {u = 0}. By
continuity, there exists €>0, such that the values (4.1) are never attained in the open neighborhood

O 2{(t,YV);te[0,T]|Y| <M +eé).

=w COS2
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For (4.1), there are two situations that can occur.
Situation 2.1 vy = 0, vyy # 0. It follows from the implicit function theorem and (4.1) that the set

S £{(1,Y)e@; v(,Y)=0}

is a one dimensional embedded manifold of class C'.

We now claim that the number of connected components of S*” that intersect the compact set @ is finite. In
what follows, we argue by contradiction. For that purpose, we shall assume the contrary that {P;} (i = 1,2,....)
is a sequence of points in S*” N O belonging to distinct components. Taking a subsequence we can assume
the convergence

P; — P, for some P€ S NO.

By assumption, vyy # 0. Hence, by the implicit function theorem, we know that there is a neighborhood N
of P, such that y £ 8" N N is a connected C I curve. Thus, P; € O for all i large enough, which implies a
contradiction.

Situation 2.2 vy # 0. By the implicit function theorem and (4.1), we deduce that the set

S"2{(,Y)e®;v(t,Y)=n)}

is a one dimensional embedded manifold of class C2. In the same way, we prove that the number of connected
components of SV is finite, thus it will be omitted. O

Remark 4.2. We observe that the arguments in Step 4 are different from the CH (1.2) and Novikov equation
(1.4). For the CH (1.2), if v(ty, Yo) = 0, for some point (ty, Yy) € I', then one can observe that v, # 0,vy # 0,
see [52,60]. For Novikov equation (1.4), the case vy = 0 will happens, see [41]. However, for (1.1), the
case vy = —u™~" will happens, which is maybe zero. We believe that these differences are caused by the
energy concentration phenomenon. Due to this transversality property, the energy conservative solution
for the CH (1.2) has no energy concentration for almost every time t. More details are presented in [3].
Indeed, in terms of the CH (1.2), v is defined in a way similar to what we investigated in our contributions,
while when singularity happens, vy = —1, which is never zero. For the CH (1.2), when the characteristic
meet tangentially, they will separate immediately. In terms of Novikov equation (1.4), energy density
might be concentrated on a set of time whose measure is not zero. If energy concentration of uq, happens,
some characteristics tangentially touch each other, then stay together for a period of time t. On this piece of
characteristic, we have cos % = 0 and u = 0. However, in terms of the (1.1), vy = —uN-1

On the other hand, in appearance of this kind of phenomenon, we believe that these differences are caused
by the nonlinearity of the wave speed c(u) and cusp singularity. In fact, the wave speed c(u) = u, so c’(u) = 1
for CH (1.2), and c(u) = u?, so ¢’ (u) = 2u for Novikov equation (1.4). However, c(u) = u", so ¢’(u) = Nu~!
for (1.1). In terms of the wave speed c(u) and cusp singularity, we show an intrinsic relation between CH
(1.2) (linear wave speed, i.e N = 1), Novikov equation (1.4) (quadratic wave speed, i.e N = 2) and (1.1) (
wave speed c(u) = u"). In this sense, our paper improve the contributions in the literature in [52, 66] and
in [41].

Remark 4.3. From [72], we know that the global energy conservative solution is uniformly Hélder contin-
uous with exponent 1 — ﬁ We observe that this result precisely demonstrates how the regularity of solution
changes with respect to N (the order of higher order nonlinearity). If N = 1 and N = 2, then the global
energy conservative solutions are uniformly Holder continuous with exponent % (see [3]) and % (see [12])
respectively.

Remark 4.4. During the arguments in Step 4, benefited from the ideas of [72], we know that, for almost
every t € R, the singular part of v(;y concentrates on u = 0. In fact, if the solution blows up, then |u,| — oo,
which implies cos % = 0. Also, we know that vi = —u™~L, which is nonzero only when u is nonzero. Thus, we
can demonstrate that, for almost every t € R, the singular part of v, concentrates on u = 0.

5. GENERIC SINGULARITY BEHAVIOR
Based on [69,72], we know that, for smooth the initial data uy € C*(R), the solution (¢, Y) — (x,t,u,v,w)(t,Y)
of the semilinear system (2.44) and (2.45), remains smooth on the entire r — ¥ plane. However, the smooth-
ness of the solution u of (2.4) is still needed to investigate because the coordinate change:(Y, ) — (x, f) is not
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smoothly invertible. This leads to the asymptotic behavior for generic singularity. In fact, by definition, it
follows from (2.34) that its Jacobian matrix is given by

2N v N-1
_[xr X\ _[wcos™ 3 u
G-Iy M_(zy t,)_( 0 1 )

It is easy to see that the determinant of M, det(M) = w cos?N 5, where the new variables u, v and w in every

bounded domain Q in (3.15). Thus, we know that the matrix M in (5.1) is invertible, having a strictly positive
determinant, when v # . To investigate the set of points in the ¢ — x plane, where u is singular, we thus need
to look at points where v = 7.

Theorem 1.2 provides us with a detailed description of the solution u(#, x) in the neighborhood of each one
of these singular points. For sake of simplicity, we shall assume that the initial data u, are smooth, thus we
shall not need to count how many derivatives are actually used to derive the Talyor approximations.

We now are position to prove our main result.

Proof of Theorem 1.3

Proof. According to the type of singular point, there are two cases as follows:
Casel.vy =0, v, =0, vyy #0;
Case 2. v = T, Vy 0, Vyy = 0.
First, we consider Case 1. Let P be the point of Case 1. It is follows from (3.6) that

Uy w | N—2 V
uy = = —wsinvcos
2 V-1
L+uz(1+u?) 2
In the same way, one has
uyy = 2wy -sinv-cos?™ 22+ Ly vy cosv-cos?2 ¥ — by ypsin® veos?V T 2,
uy, = gwysinveos®™ 22 + Lweosv v cos?™ 22 + dwsinv - 2N - 2)cos?™ 3 L - (=sind) - Iv,
= wcos?N2 %[uN+1 cos? 2+ —2Nz_' uN1 — cos? L(P1 + 0,P))).

We observe that vy = 0, v, = 0 and vyy # O at the singular point P with Case 1. We denote uy» that u is
differentiated with Y by n times. It is easy to see that

Uys = 0, Uys = 0, Uys = 0, Tty uYz(szl) * 0.
Abiding by the same line, one has
Uy2; = 0, Uy3; = 0, Uys; = 0, tt I/lY2N+]_3t = 0.

Thus, using Taylor approximations of u at the singular point P = (¢, Y;), we arrive at

(5.2) u(t,Y) = Byt — t0) + By(Y — Yo)*@ "D 1 0t = 12, 1Y = Yo' 1)
It follows from (2.33), (2.34) and (2.44) that
A Ox _ w _ N Y
Xy = oy - A+ - w Ccos 5

Similarly, one has

xyy  =wycos? ¥ — Nwyy cos®™ ™! ¥sin §,
xyr = wrcos?V ¥ — Nwy, cos?™ ! Zsin ¥

Thus, at the singular point P = (fy, Y), we have
xyi =0, (j=1,2,--2"1 - 1)
and
Xyonat # 0, XyaN+iog, # 0.
Thus, using Taylor approximations of x at the singular point P = (¢, ¥;), we have
(5.3) X(t,Y) = x(t0, Y) + Ao(Y = Yo)2' " + Ot — 102, 1Y = Yo' ).

By (5.2) and (5.3), we obtain (1.8) in Theorem 1.3.
In what follows, we consider Case 2. In this case, we have

uy =0, uyy =0, uys =0, -+, uyv #0
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and

uy; =0, uy2, =0, -+, uponv,, = 0.
Then, using Taylor approximations of u at the singular point P = (#y, Yy), we deduce
(5.4) u(t,Y) = Byt — to) + Bo(Y = Yo)> +O()(It — 1o + ¥ = Yol ).
Similarly, at the singular point P = (7, Y), one has

xy =0, xp2 =0, x5 =0,---, XyoN = 0, XyaN 11 #0,
Xyr = 0, Xy2r = 0, Xy3r = 0 s, szNl =0.

Thus, using Taylor approximations of x at the singular point P = (fy, Yy), we have
(5.5) x(t,Y) = x(to, Yo) + Ax(Y = Yo)' "' + Ot — 1o, 1Y = Yo' *2).
It follows from (5.4) and (5.5) that (1.9) holds. This completes the proof of Theorem 1.3. m|

Remark 5.1. During the arguments of Theorem 1.3, we observe that this result precisely demonstrates how
the asymptotic behavior for generic singularity changes with respect to N. If N = 1, (1.8) becomes

u(t, x) = A(x = x0)* + B(t — 1) + O())(It — 1ol + |x — x0l%)
for some constant A, B. Also,(1.9) becomes
u(t, x) = A(x - x0)% + Bt — 1) + O(1)(|t — 1o + Ix = xol)

for some constant A, B. More details are present in [52] and [66].
If N =2, (1.8) becomes

3 2 7
u(t, x) = A(x — x0)* + B(t — to) + O(1)(|t — to]” + |x — xo[¥)
for some constant A, B. Also,(1.9) becomes
u(t, x) = Ax = x0)F + Bt — 1) + O(1)(|t — 1o + |x = xol)

for some constant A, B. More details are present in [41]. Thus, in this sense, our result improves earlier ones
in the literatures, such as [52], [66] and [41].

Remark 5.2. In [69], Yang et al. considered the generalized Camassa-Holm equation with higher-order
nonlinearity (gCH for short)

Uy — Urxx — umuxxx
60 { u(x,0) = (), x € R,

2 1 —
+ (m+ )2(m+ )Mmux — (%um luiumux))ﬁ X E R,t > O,

where m is a positive integer. Let p(x) = %e""'. Then (1 — 82)7'f = p* f for all f € L*(R). Thus, the gCH
equation (5.6) becomes

(5.7) {urﬂt Uy =—-P.xeR,t>0,

u(x,0) = up(x), x € R,

where

_ m ., mm+3)
P=prGuuct 501
They investigated the continuation of solutions to the gCH equation (5.6) or (5.7) beyond wave breaking.
First, by introducing new variables, they transformed the gCH equation (5.6) or (5.7) to a semi-linear system
and establish the global solutions to this semi-linear system, and by returning to the original variables, they
established the existence of global conservative solutions to the original equation. Second, they introduced
a set of auxiliary variables tailored to a given conservative solution, which satisfy a suitable semi-linear
system, and demonstrated that the solution for the semi-linear system is unique. Moreover, they obtained that
the original equation has a unique global conservative solution. Finally, by Thom’s transversality lemma,
they proved that piecewise smooth solutions with only generic singularities are dense in the whole solution
set, which means the generic regularity for the gCH equation (5.6) or (5.7)

m+1)
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