Sobolev spaces with mixed weights and the
Poisson equation on angular domains

Petru A. Cioica-Licht Cornelia Schneider Markus Weimar

Abstract

We introduce and analyse a class of weighted Sobolev spaces with mixed weights on
angular domains. The weights are based on both the distance to the boundary and the
distance to the one vertex of the domain. Moreover, we show how the regularity of the
Poisson equation can be analysed in the framework of these spaces by means of the Mellin
transform, provided the integrability parameter equals two. Our main motivation comes
from the study of stochastic partial differential equations and associated degenerate
deterministic parabolic equations.
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1 Introduction

In this paper we present a thorough analysis of a class of weighted Sobolev spaces H ; 979(1))
involving mixed weights on angular domains

D:=D, := {x = (71,79) ER*: z = (rcos(gb),rsin(¢)), 0<r<oo,0<o< /i} cR? (1)

with arbitrary angle 0 < k < 2m. Recently, these spaces have been used for the regularity
analysis of stochastic partial differential equations (SPDEs) and related degenerate partial
differential equations (PDEs) on angles and polygons [5, 6, 7, 29, 31]. Moreover, we initiate
the analysis of the Dirichlet Laplacian on D in this scale of Sobolev spaces by proving
existence and uniqueness of solutions to the Poisson equation

Au = f on D, u=20 on JD, (2)

within the aforementioned spaces. To keep the manuscript at a reasonable length, we restrict
the analysis of the Poisson equation to the case where the integrability parameter p equals
two and postpone the general case to a forthcoming paper. Both, the study of the spaces and
the analysis of the Dirichlet Laplacian in these spaces, are important steps that are needed
for generalizations of [5, 6, 7, 29, 31] towards a refined L,-theory for SPDEs on non-smooth
domains.

The context that motivates our analysis can be roughly summarized as follows: Sobolev
spaces provide a natural framework for the regularity analysis of PDEs. The usual unweighted
Sobolev spaces work particularly well for deterministic, non-degenerate PDEs on smooth
domains [1, 13, 40]. However, they are not very well suited for the analysis of equations that
do not satisfy these ‘classical” assumptions. In that case, weighted Sobolev spaces turn out
to be a viable alternative, in particular, in the following situations:

e PDFEs on non-smooth domains. Singularities at the boundary of the underlying domain,
i.e., corners, edges, cusps, and any other points where the boundary is not sufficiently
smooth, are known to lead to singularities of solutions to PDEs. This results in a
breakdown of the (unweighted) Sobolev regularity of higher order, see e.g. [8, 10, 15, 22];
see also [46] for the same effect for SPDEs. However, the singularities of the solution can
often be described accurately by means of Sobolev spaces with weights that involve the
distance to the set of boundary singularities. This idea goes back to Kondratiev [32, 33],
followed by an abundant number of related papers and monographs. In this context we
only mention [12, 15, 16, 18, 35, 49, 52, 53] and the references therein. This list is by
no means complete.

e PDFEs that degenerate at the boundary. If the underlying domain is sufficiently smooth
(usually, at least C'! is required) but the equation is degenerate at the boundary in the
sense that, for instance, the coefficients are not uniformly elliptic towards the boundary
or the forcing terms have blow-ups at the boundary, then weighted Sobolev spaces based
on the distance to the entire boundary have proven useful. Again, there is a long list of
publications on this topic, of which we mention just a few [19, 28, 39, 43, 44, 45, 47, 57].
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e Stochastic PDFEs. In [14, 37| it has been shown that, even if the underlying domain and
the coefficients are smooth, solutions to stochastic PDEs may fail to have higher order
unweighted Sobolev regularity. This is due to the roughness of the noise and a resulting
incompatibility between noise and boundary conditions, which leads to blow-ups of the
higher order derivatives of the solution along the boundary. However, in a series of
papers [23, 25, 26, 27, 37, 41, 42] initiated by N.V. Krylov it has been demonstrated
that, as long as the underlying domain @ C R? is of class C*, second order SPDEs
with zero Dirichlet boundary conditions can be analysed very accurately by means of
certain weighted Sobolev spaces H; 6(0); see Section 2.3 for a definition and the basic
properties of these spaces.

Thus, by means of appropriate weighted Sobolev spaces, a fairly comprehensive L,-theory
can be established for non-degenerate PDEs on non-smooth domains on the one hand and
for degenerate PDEs as well as for SPDEs on smooth domains on the other hand. However,
up to now very little is known about the regularity of degenerate PDEs and of stochastic
PDEs on non-smooth domains. The main challenge in closing this long persisting gap is to
find suitable function spaces that capture both the singular behaviour along the boundary
(caused by the noise and/or due to the degeneracy of the equation) and the singularities of
the solution caused by the singularities of the boundary.

In [5, 6, 7] a research program that aims at narrowing this gap for SPDEs and related
degenerate parabolic PDEs has been initiated. Therein, the focus lies on the stochastic heat
equation with zero Dirichlet boundary condition on the angular domains D = D, introduced
above as well as on polygonal domains. As has been shown in [5, 6], see also [29, 31], in
this setting the different types of singularities described above and their interplay can be
captured accurately by means of certain weighted Sobolev spaces H; 979(1)) with v € Ny,
1 < p < oo, and ©,0 € R, which consist of (equivalence classes of) locally integrable
scalar-valued functions u on D such that

> [lesonf

a€NZ: o<y

0-2
o02(77) dr<oo, (3)

where g, := dist(-, {0}) and pp := dist(-,0D) are the distances to the corner and to the
boundary of D, respectively. In these spaces, existence, uniqueness, and higher order regularity
for the stochastic heat equation on D can be established for sharp ranges of weight parameters
0,0 € R; cf. [5, 29, 30]. Due to the nature of the problem, this is neither possible in unweighted
Sobolev spaces nor in the spaces Hg’e(D) mentioned above (except for a very restricted
range of weight parameters © € R, see [26]). However, so far, the analysis is limited to
non-negative integer smoothness parameters v € Ny. Moreover, an analysis of the space-time
regularity, including uncoupling of the integrability parameters in time and space as well as
sharp initial conditions, has yet to be done. Among other things, these extensions require a
detailed analysis of the spaces H) g ,(D) and the behaviour of the Dirichlet Laplacian as well
as related (degenerate) PDEs within these spaces. These investigations are the subject of
this paper.

We choose the following outline: In Section 2 we present some preliminaries which will
be needed throughout the manuscript. Section 3 is dedicated to the detailed study of the
weighted Sobolev spaces H; @79(2)) which is inspired by the corresponding analysis of the
spaces H) o(O) from [39, 48]. We first (re)define the spaces for arbitrary v € R, 1 < p < oo,
and ©,0 € R, by means of suitable (approximate) resolutions of unity subordinate to the one
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vertex of D at x = 0 and by means of the weighted Sobolev spaces H ; o(D), see Definition 3.1
below. Of course, we prove that for non-negative integers v € Ny our definition is consistent
with the one from [5, Section 3]. We then address several properties of these spaces such as
the density of the space of smooth compactly supported functions, interpolation and duality,
pointwise multipliers and embeddings—among others. Section 4 is devoted to the analysis of
the Poisson equation within the framework of the spaces Hj g 4(D) which mainly relies on
a characterization of these spaces in terms of polar coordinates (cf. Theorem 3.27) and the
Mellin transform (cf. Theorem 3.31).

Notation
Before we start, let us fix some notation. Let d € N. Then we let |a| := |a|, = Z?Zl |l
for multi-indices a := (a1, ...,a4) € N&, but |z| := ||, for points z := (z1,...,24) € RY,

where |z, := (Z?:l |:L‘j]p> v if 0 < p < oo. Weput [z] := min{k € Z: k > 2z} and
|z] :=max{k € Z: k < z}. Assume U is a set. Whenever we write A(u) < B(u), u €
U, or A < B on U, it means that there is a finite constant C' > 0 that does not depend on u,
such that A(u) < CB(u) for all uw € U. Sometimes we omit U, if it is clear from the context.
If we want to emphasize that the constant only depends on some parameters aq,...,a, for
some n € N, then we write A(u) Sey.a, B(u). If A S Band B < A on U then we write
A~ BonUor A(u) ~ B(u), u € U.

For an arbitrary domain O C R? we write go(z) := dist(z, dO) for the distance of a point
x € O to the boundary 00O of O. For a (generalised) scalar-valued function v on a domain
O C R? and any multi-index o we let D% be the o generalized /distributional derivative
of u on O. We write 0%u for the classical derivative—if it exists. u,, and ug,,, is short for
the (generalized) first and second order derivative of u, respectively, with respect to the
variable x;, whereas Au := Zle Up,,. For k € Ny we write D¥u for the vector of all k-th
order partial generalized derivatives of u; similar for D := D! and 9, 0*. If u is C"-valued
or C™"_valued, then D (as well as D*, D% 9, 9%, 0%) is understood component-wise. We
sometimes need to specify the variable, say x, with respect to which we differentiate. We
do this by writing D, or 9, instead of D or d. For k € N, C*(O) denotes the space of all
k-times continuously differentiable scalar-valued functions on O C R¢, whereas C¥(O) stands
for the spaces of all functions in C*(Q) with compact support in O. Accordingly, C*(0) is
the space of all infinitely differentiable scalar-valued functions on @ C R¢ and by C§°(O) we
denote the spaces of all functions in C*°(O) with compact support in O. We write 2'(O) for
the space of all generalised functions on a domain O C R% and (u, ) := u(yp) for u € 2'(0)
applied to p € C5°(0). If G C R? is another domain and ¥: G — O is a C* diffeomorphism,
we write wo W := U*y := {C°(G) 2 ¢ — (u,po U~ |det DY)} € 2/(G) for the pullback
ofue 2(0) wr.t. U.

If (E,| - | E H) is a normed space consisting of (equivalence classes of) scalar-valued
functions on O and u = (uy,...,u,)’ is a vector of scalar-valued functions on O, then
u € E means that u; € F for all i = 1,...,n, and Hu | EH => ", Hul ‘ E|| We use
the standard notation (E', || - ’ £ H) for the topological dual of a normed space E, where
Hx’ | E’H 1= supy, | g<1 ¥ (z) for 2’ € E'. We use the word “isomorphism” as follows: Let
(B, H ‘ E1||) and (Es, || - | EQ‘ ) be two normed spaces. We say that a linear mapping
T: Ey — E, is an isomorphism, if 7' is invertible and ||Tu | E|| ~ ||u | E:| for all u € Ej.




Let ¢ = (¢,),ez be a sequence of smooth functions on a domain O C R¢ and let u € 2'(O) be
a generalized function. Moreover, let X be a Banach space and (¢,),ez C [0,00). Whenever
we write ZVGZ c, Hg},u ’ XH < 00, we mean that (, u € X for all v € Z and that the series
is finite. Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding is bounded. Moreover, [X, Y]y denotes the complex interpolation space of
exponent ¢ of the interpolation couple (X,Y'), see [3, Chapter 4].

If G ¢ R we write B(G) for the Borel o-algebra on G. If u is a measure on
(G,B(G)) and FE is a Banach space, we write Lo(G, B(G), ; E) for the space of all equiv-
alence classes (w.r.t. u) of Borel-measurable E-valued functions. Note that if \? is the
Lebesgue measure and w: G — (0, 00) is a strictly positive Borel-measurable function, then

Lo(G) == Lo(G, B(G),\% C) = Lo(G, B(G), w\?% C). We write
L11oo(G,B(G), i1; E) == {f € Lo(G,B(G),; E) : / |/ | E|| dp < coVK C G cornpact};
K

Li1oc(G5 E) i= Li1oe(G, B(G), A5 E) and Ly 1oc(G) := Li10e(G, B(G), A% C). Note that if
w: G — (0,00) is such that 0 < infxw < suppw < oo for all compact K C G, then
Ll,loc(G) = Ll,loc(G7 B(G)v w/\d; C)

Recall that for 0 = s +m > 0 with m € Ny and 0 < s < 1 the Holder-Zygmund norm of
a function g on G C R? is given by

lgtem@) =g [ @)+ 3 [0°9)euey

|lal=m

where ||g | C™(G)|| == > lal<m |6°g | C(G)|| with || f | C(G)|| = sup,eq | f(x)| and

sup |f<‘5’2 __jgy” if 0<s<l,
z,y€G -
[f]CS(G) = su f() =2 f((z +9)/2) + f(y)] for s=1
axprG: |13 - y|5 .
(z4vy)/2€ @

Moreover, C°(G) :={g: ||g | C*(G)|| < oo} and
Cr(G)={f:G—=C: flxk € C7°(K) for all K C G compact}.

Acknowledgements. The work of the second named author has been supported by Deutsche
Forschungsgemeinschaft (DFG), Grant No. SCHN 1509/1-2.

2 Preliminaries

In this preliminary section we collect some notation as well as some definitions and facts that
we need in order to define and analyse the spaces H;,e,e(p) in Section 3. In particular, we
take a closer look at some basic properties of the angular domains D = D,, (approximate)
smooth resolutions of unity, and the weighted Sobolev spaces H; 6(O) on arbitrary domains
O C R%



2.1 The angular domains D = D,

Let 0 < k < 27 and let D = D, be the angular domain (or sector or two-dimensional cone)
from (1). The boundary of D is smooth everywhere, except at one point: the vertex at x = 0.
We write

0o(x) := dist(x, {0}), z €D,

for the distance of a point x € D to this vertex. Moreover, we write ® for the transformation
®: (0,00) x [0,27) — R?\ {0}, (r,9) = ®(r,9) = (r cos(o),r Sin(gb)),

of polar coordinates into Cartesian coordinates. We let Z := 7, := (0, k) and D:=D, =

(0,00) X Z,, so that D = ®(D). The following simple relationship between g, and the distance
op to the boundary 0D turns out to be very useful in the course of this manuscript.
Lemma 2.1. For z = ®(r,¢) € D with (r,¢) € D we have oo(z) = |z| = r and op(x) =
r sin(u(¢)) with
(T
p(@) =min{Z 6,k =0}, €T
Moreover,
oz ~ p~sin(p) ~ iz on T,

where
T

b1(8) = sin <;gb>, ¢el.

Proof. The equality gp(z) = rsin(u(¢)) fol-
lows simply from the definition of the sine func-
tion. Moreover, y ~ o7 on Z since for all p € 7
it holds that u(¢) € (0, 7/2] and

p(¢) < min{e, k — ¢} = 01(¢)
= min{m, ¢,k — ¢}
< min{ﬂ-a 2¢a 2("{ - ¢>} = 2M<¢)

The basic inequality

2
—a <sin(a) < a, a € [0,7/2],
s

yields sin(u) ~ p on Z. Using symmetry, this
also gives o7 ~ 17 on Z. | Figure 1: Angular domain D = D,

2.2 Smooth resolutions of unity

In this manuscript we deal with different types of weighted Sobolev spaces on various types
of domains. For the definitions of these spaces and the proofs of some of their fundamental
properties we use smooth resolutions of unity &€ = (£,),ecz on domains O C R? (d € N), which,
for a prescribed closed and non-empty set M C 90O, some ¢ > 1 and some ky € N, satisfy the
following conditions:



[S;,] For all v € Z it holds that ¢, € C>(O\ M) and
supp(&y) C O£ /]co = {:U cO\M: R < dist(x, M) < cl’““O},

[D€] For all a € N¢ it holds that

0°¢,(2)| Sa ¥, veZ, zeR

[R] For all € O it holds that &,(x) > 0forallv € Z and ) ., & (x) = 1.

Often we shall also use only approzimate resolutions of unity, i.e., instead of [R] we merely
assume:

[L] There exists a positive number 6 > 0 such that > _, & (z) > 6 for all z € O.

And, in certain situations, it even suffices to assume that § merely satisfies [Sf, ] and [D¢].

The domain O and the set M vary in the course of the manuscript. In particular, we
choose M := 0O for the definition of H, 76(0) on arbitrary domains O C R? with non-empty
boundary 0O, whereas M := {0} in the “definition of the spaces H g o(D) on angular domains
D C R2. In order to avoid any confusion when switching from one to the other setting, we
introduce the following sets.

Definition 2.2. Let O C R? be a domain and let ) # M C 0O be closed. Let ¢ > 1 and
ko € N. Leti € {L,R}. We write

oo (O, M) :={& = (&)vez : € satisfies [S;, ], [D] w.r.t. O and M}
and
,chk,o((’) M) :={&=(&)ver € Hopy (O, M) = € satisfies [i] }.

Moreover,

(O M) = | ] Hop,(O, M) and O, M) = | ] & (0, M).

c ko
koeN koeN

If clear from the context, we omit O and M from the notation.

The following observations will be frequently used in the proofs below. They are verified
by straightforward calculations and can be skipped at first reading.

Remark 2.3. Let O C R? be a domain and let §) # M C 9O be closed. Moreover, let
c,c1 > 1 and kg, k; € N.

(i) Finite overlapping of level sets. Obviously,

(’)CUOcko M).

VEZ

Moreover, there exists N = N(c, ¢1, ko, k1) € N such that, for all v € Z,

(M) oY, (M) # 0}

ko }
= cZ: — < + k
{“ ‘“ log,(c1) | ~ log(er)
Claw)+j: je{0,1,... N}},

A, = Ay(c e, ko, k) 1= {,u cZ: oW




(i)

(i)

where a(v) := a(v,c,c¢1) = |v/log.(c1)|. In particular, the cardinality of A, is bounded
uniformly in v. Moreover, if § = (&,),ez satisfies [S;}], then, for all v € Z,

N
Yoe@) = Gapsile),  zeOY (M).
j=—N

MEZL
If ¢ = ¢y, then a(v) = v and any N > ko + k; — 1 is an admissible choice.
Assume ¢ = ¢, kg = k1, and let £, € ,ch[l,;]o((’), M). Then, by part (i), each
&y

N = o1 v e,

Y
Zj:—2k0+1 Cutj

is well-defined (using the convention “% = 07) and we have n = (1,),ez € 427(1,[];]0((’), M).

0
The property [D¢] may be verified by using Leibniz’s rule. If, in addition, £ = (, then

ne N0, M)

c,ko
Construction of £ € QZ;[L](O, M). Since M is assumed to be closed, we may construct
a regularized distance ¢ to M on O, i.e., an element of the set

1—|a|

RD(O, M):={w € C®(O\ M) : & ~ dist(-, M), [0°¢] S (dist(-. M), a € NI},

by following the lines of [54, Chapter VI, Section 2.1]. Then we can use 1) to construct
a sequence & = (&,),ez € JZ%C[L](O, M) the following way: Choose an arbitrary non-
negative n € C5°((0,00)) such that n =1 on [, ¢] and set & (z) := n(c™"1(z)) for all
x € O\ M and all v € Z. Then, since 1) ~ dist(-, M), there exists k; € N such that
supp(&,) C OLV,}Q(M ) for all v € Z and, due to the properties of 1) and 7, we even have

e %[2]1((’), M). In particular, (O, M) # 0 and also ™0, M) # 0, see (ii).
Construction of ¢ € ,ch[i{] (D,{0}). If O =D and M = {0}, then o, = dist(-,{0}) = ||

belongs to RD(D, {0}). Moreover, in this particular case we can construct a resolution
of unity ¢ € ,Q{CEFI{] (D, {0}) with the additional property that

G =0(™"), rek, (4)

in the following way: Choose 1 < a < b < ¢ and set (y(z) := n(|z|), * € R?, where
n =@ — p(c-) is based on some ¢ € C{°(R) with

) 1 if |r| <a,
T =
v 0 if 1| >0,

and p(r) € [0,1] otherwise. Then ¢ := (¢,)vez == (Co(c™"))
setting

€ (D, {0}). By

VEZL

ko
&= G4y VEL,

J=—ko

. ~ ~ L
we obtain a new sequence (¢ := ((,)yez € %{%H

(D, {0}) such that
(,=1on DL?,LO({O}), and  (, = Co(c™), v e L.

8



v) Retraction-coretraction pairs. Let ( € A D, {0}) for some ¢ > 1 and let n, :=
c,1
231:71 Cutj, ¥V € Z. In our proofs in Section 3 we will frequently use the linear mappings

S.: 9'(D) — 9'(D)* and R.: 9'(D)* — 2'(D)
= ((CV u><cy'))yez (fV)VEZ = Znu fu(cilj')'

We also write S, and R, for their restrictions to suitable subspaces of the space Z'(D)
of generalized functions on D and 2'(D)Z, respectively. Obviously, S. is well-defined
since ¢, € C*°(D) for all v € Z. Also R, is well-defined, as the series Y, 1, f,(c7"")
is locally a finite sum of generalized functions on D. Moreover, note that R, is a left
inverse of S., since 7, = 1 on supp((, ), so that for all u € 2’'(D) there holds

R.Scu=R (((Ci/ ueZ an/CVU_ZCVU_U

VEZ VEZL

In particular, if we can prove that R. € £(X,Y) and S. € L(Y, X) for some (reflexive)
Banach space X C 2'(D)% and some normed space Y C 2'(D), then Y is a (reflexive)
Banach space, too, and (R., S.) is a so-called retraction-coretraction pair for (X,Y).
For details we refer, e.g., to [57, Section 1.2.4] and the proof given therein.

2.3 The spaces H)o(O)

For the definition and analysis of the spaces H! ».0.0(D) in Section 3 we need some knowledge
of the weighted Sobolev spaces H ) (O) defined in [48], see also [57, Section 3.2.3]. For the
convenience of the reader, we provide in this section the definition and those properties
of H)g(O) that are relevant for our analysis. Note that, at least for special choices of
parameters, these spaces had been discussed before in the context of degenerate elliptic PDEs,
see e.g. [43, 47, 57] and the references therein.

Definition 2.4. Let O C R? be an arbitrary domam with boundary 00. Let 1 < p < 0o as
well as 7,0 € R. Moreover, let £ = (€,),ez € A" ((’) 00) for some ¢ > 1. Then we set

H]o(0) i= H] (O = {u e 7(0): u| H}o(O)]|,, < o0},

D,

where

1/p
I 5760 = o] 5ol (S e | &) -

VEZL
Moreover, we set L, o(O) := H) o(O).

Remark 2.5. Concerning the definition and basic properties of the Bessel potential spaces
H)(R?), the reader is referred to Appendix B. At first sight, H) o(O).¢ and |- | H;@(O)Hc’5

seem to depend on the particular choice of £ and ¢. However, as shown in [48, Section 2], in
the setting of Definition 2.4, it holds that

> G ue) IR < [lu| Hio(O),,  u€ H)o(Oee.

VEZL



for any ¢ = (C)vez € ., (0,00) and ¢; > 1. In particular, if ¢ € ZM(0,00), then
H) 6(O0)ce = H) o(O)c, ¢ With equivalent norms. Therefore, we will omit these indices in the
sequel. Also, we will not mention the dependence of the constants on £ and c.

In what follows we will use the following properties of the spaces H; o(0). Throughout,
o € RD(O, 00) denotes a regularised distance to the boundary, see Remark 2.3(iii) above.

Lemma 2.6. Let O C R be a domain, 1 < p < oo, and 7,0 € R.
(i) (H)6(0), |- | H;@((’))H ) is a reflexive Banach space.
(ii) C5°(O) is dense in H) o(O).
(ili) If v € Ny, then
H)6(0) = {ue 2'0): [ | H;Q(O)H‘ < oo},
where
1/p
llul mo@ll= (X [ looe) D*uto) sote)® )
a€NG: |al<y
1$ an equivalent norm.

(iv) Let v9,71,00,01 € R, and 1 < py,p1 < oco. Then for all 0 < ¥ < 1, as well as

1 1—9 9
S +—, yi=(1—0)p+9n, and O:=(1-9)0+90;, (6)
p Po h
we have
[Hgg7®opo (O)’ H1311791P1 (O)]ﬁ = H;9P<O) (7)
isomorphically.

(v) Assume that 1 < p,p’ < oo and v,0,0" € R are such that ]% + ]% =1 and % + % =d.
Then

(pt) = [ pla)vie)de, o0 €CFO),
can be uniquely extended to a continuous bilinear form on H) o(O) x HZ;:V@,(O) which

provides the isomorphism
(H,6(0))

(vi) Let n € Ny and let a: O — R satisfy \alg)) 1= SUP1e0 D _jaj<n oo ()1 |D%(z)| < oo.
Then, if |v| < n,

!/

law | Ho(O)] < C(d:pm) laly” [|u | Ho(O)].

(vil) If O is bounded, then H)o(O) — H) g (O) for all ©, > ©.
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(viii) Let 1 < pg < p; < 00, as well as v, 71,0 € R with vy > 71 such that

d d
Yo——2=2mn— —. (8)
Do D1
Then H) o,,(O) — H)! g, (O).
(ix) Let v € R. Then u € H,,(O) if, and only if, u € H) ), (O). In this case,

[t u | B (O ~ |[u | H 01,(©)|

(x) H;;(;Sl(O):{u € H)6(0): Yo Due Ho(O)} ={ue H5(0): D(You) € H)o(0)}
wit

lu | H3 &' (O)] ~ [lu | By o (O + [[vo Du | Ho(O)]
~ | Ho(O)|| + [[Dlwou) | Hyo(O)]] -

Proof. The statements (i), (ii), (iii), (v), (vii), (ix), and (x) have all been proven in [48].
Also, the statement (iv) on the complex interpolation of weighted Sobolev spaces has been
stated and proven in [48], however, with a mistake in the statement which is corrected here
(see also the proof of Theorem 3.11 below). A proof of (vi) may be found in [24, Lemma 3.1].
Finally, part (viii) is a simple consequence of the classical Sobolev embedding theorem. B

Next we provide a localization result for the spaces H) o(O), which can be found in [48,
Theorem 3.4].

Proposition 2.7. Let O C R? be a domain, 1 < p < oo, and 7,0 € R. Further let
n = (Nk)ken denote a collection of C*°(O)-functions such that

sup ¥ 0o(x)*0%m(x)] < Cor a €N
zeO keN

Then
> lmu | B (O)" < llu | Ho(O)", e Ho(O).

keN
If, in addition,

: p
inf 3 fe(2)” 2 6> 0,
keN

then

lu | Hyo(O)" 5 D lImeu | o), e Ho(O).
keN

Remark 2.8. Let us briefly mention that assertions in the spirit of Proposition 2.7 play an
important role in the theory of so-called refined localization spaces F) ;1“00((’)); see, e.g., [58,
Section 2.2.3] and the references therein. Indeed, for 1 < p < oo and v € R it is easy to show
that F)y () = H), . (O) under very mild assumptions on O which particularly cover
bounded Lipschitz domains. However, we will not follow this line of research here but refer

to [17] in this context.

11



The following result describes the growth/decay of functions in H)4(O) (and some of
its derivatives) near and far away from the boundary 0O. We refer to Section 1 for the
definition of the Hélder-Zygmund spaces C*(O) and associated (semi-)norms. Recall that
o € RD(O, 00) denotes a regularised distance to the boundary, see Remark 2.3(iii) above.

Proposition 2.9. Let O C R be a domain, 1 < p < oo, and 7,0 € R with v > d/p such
that v —d/p = s + m with m := [y —d/p] =1 € Ny and 0 < s < 1. Then u € H)g,(O)
admits continuous partial derivatives 0%u up to order m, and for each o € N& with |a] < m
we have

oo | O £ 1 | H o, O] and [0 5] 5 ] HeyfO)

: 9
o o
in particular, ¢8+S+|a| 0%u € Ci (0). If, in addition, there holds supp(u) C S C O and
00 < R < 00 on S, then 4o "1 Doy e €(O) with
H'@bg—i_s—i_‘al 9%u } Cs H < Rs |U ‘

p@p O)||7 |a| Sma

where Ry := max{l, R}.

Proof. The first part of Proposition 2.9 is taken from [48, Theorem 4.3]. Note that, although
not included therein, the case s = 1 can be obtained by the same considerations. For the
second part, note that if supp(u) C S C O and go < R < oo on S, then (9) implies

Hw@+s+\a| 9 |CS<O>H :iggwo(x)sw@( )t (97u) (z)| + [wmsml 0“u LS(O)

S R

Yol 9oy | C(O)H n [ng“ﬂa‘ 80‘4
SR |u | H)e, (O

¢*(0)

for a € NZ with |a| < m, since o ~ go < R <max{l, R} =: Ry on S D supp(D%). W
For O = D we also have the following assertions, which we will frequently use below.

Lemma 2.10. Let 1 < p < oo as well as 7,0 € R.
) [Ju(s-) | Hlo(D)|| ~ s~ ||u | Hlo(D)||., s>0, ueH) (D).

(ii) Assume that ¢ := (¢)vez € “(D,{0}) for some ¢ > 1. Then

6w HeD) 5 llu| HoP)],  uweHo(D), ver (10)
and for all o € Nj it holds that
0% (Gl )u | HioD)| S llu [ D). we Hig(D), veZ. (11)

Proof. We first prove (i). Due to Lemma 2.6(iv) and (v), it is enough to verify the assertion
for v € Ny. However, in this case the claim follows from the fact that op(sz) = spp(z), x € D,
simply by using Lemma 2.6(iii) together with the chain rule and Jacobi’s transformation
theorem.
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To verify (ii), we first prove (11). In view of Lemma 2.6(vi) it suffices to show that for all
n e NO

sup ‘8‘1(@,(0”-))!20) = sup sup Z Qp(a:)w‘85+Q[Cy(c”-)](m)’ < 00. (12)

VEZL veZ x€D 18]<n
To see this, note that ¢ € oZ.(D, {0}) implies
0716 )(@)| = [ @74 ("2)| < Cays, @ €D,

and supp (¢, (¢”+)) C D) ({0}) for some ky € N and all v € Z while op <1 on oy ({0}).

¢,ko c,ko

Estimate (10) follows now from (11) with v = 0 and part (i), which together yield
|6 u | Hyo (D)~ [[(G u)(e”) | Hyo (D) S O [Ju(e) | Hio(D)|[~lu | Hi o (D)

with constants that do not depend on v € Z and u € H) (D). [

3 The weighted Sobolev spaces H (D)

After the preparations in the previous section, we now introduce the spaces H; 00(D) and
prove several properties of the resulting family of spaces. Throughout this section we fix
some arbitrary 0 < £ < 27 and write D := D,, see (1).

3.1 Definition and basic properties
We start with the definition.

Definition 3.1. Let ( = (({,)vez € e (D, {0}) for some ¢ > 1 (see Definition 2.2). Let
1 <p<ooaswell asv,0,0 € R. Then

H)ge(D) = H)g (D) := {u €2'(D): |u| H;@ﬂ(D)”c,( < 00}7

where

vEeZ

1/p
[u | 7)o s(D)]], . = (Z (G u)(e) | ng(p)”p> : (13)

For any choice (, p, v, ©, 6, and ¢ as in Definition 3.1, H;@ﬂ(D)QC is a vector space and
|- | H) o 4(D) HQC defines a norm on it (to check the definiteness note that ¢ satisfies [L] with
O = D and that ), ., ¢, is locally finite). However, at first sight, || - | H;@’(,(D)HQC and
therefore H; 0.0(D)c¢ seem to depend on the concrete choice of ¢ and c. The following lemma

shows that this is not the case: Replacing ( in the definition above by any & € JZ%EL] (D,{0})
for some ¢; > 1 will lead to the same spaces with equivalent norms.

Lemma 3.2. Let (, p, v, ©, 0, and ¢ be as in Definition 3.1. Moreover let & :== (§,),ez €
., (D,{0}) for some c; > 1. Then

S @ues) | B < u| Hjoo@)7.  we Hlgy(Dhee:  (14)

VEZL

In particular, if £ € AL (D, {0}), then H) g y(D)e; = H) g o(D)ey ¢ with equivalent norms.
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Proof. We first prove (14) under the additional assumptions that ¢ € 7 (D,{0}). Then,
by definition, ¢ € szc[%(]) (D,{0}) and & € A, ,(D,{0}) for some ko, k1 € N. Let

N
= Z Ca(u)+ja Ve Za
j=—N

with a(v) = |v/log,, (c)] and N = N(c1,c, ki, ko) as in Remark 2.3(i). Then, for all v € Z,
¢, =1on DEﬂkl({O}) D supp(&,). Therefore, by repeatedly applying Lemma 2.10, we obtain

[(& u)(ct) | Ho(D)]| =

&le) (Gu)(er) | Ho(D)|
H )(ct ‘ ng(D)

~ (2" e
(% )"@”Z [Gaorss (@) | (D)

j=—N

)| Ho(D)|

IN

71/9 a(v)+j
v Z clel)+9)/p H v+ u)(c ( )ﬂ') | H;,@(D)H
with constants that do not depend on v € Z, so that

>l u)(c) | HyeD)" < Z > IO Gy ) () | Hy o (D)

VEZL N veZ
<H“‘ posl Hcp
where we used that N does not depend on v and that for all m € Z the cardinality

#{veZ: alv)=m} < |log,(c)] + 1.
In order to obtain (14) for arbitrary ¢ € JZ%C[I;]O (D, {0}) it now suffices to prove that

lo | oD, . S llu| HyooD, oo v € Hygo(De (15)
with ¢* := (¢, /n)vez where 1, := Z?io_*;koﬂ Cotj, V € L. As mentioned in Remark 2.3(ii), it
holds that ¢* € %[12(]) (D,{0}) and ¢** := (/M )vez € P ko (D,{0}). Thus, since

(G u) () | H)o(O)]| = [|[¢7 (") (o u)(c™) | Hyg(O)||, v €L,
very similar arguments as above with 7 instead of E yield (15). |

Lemma 3.2 in mind, we make the following convention.

Convention 3.3. For the remainder of this text, we fix some arbitrary ¢ = ((,)yez €
%[E] (D, {0}) as constructed in Remark 2.3(iv) (note that ¢ then satisfies (4) with ¢ = e). If
not explicitly stated otherwise, we set || - | H;eﬁ(D)H = | H;,@,H(D)He,g' By Lemma 3.2
all statements and proofs below hold mutatis mutandis with e replaced by any ¢ > 1 and

with any other ¢ € @"(D, {0}).
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For 1 < p < o0, # € R, and a normed space X, we define the vector-valued sequence space
Kﬁ(Z;X) = {z=(2,)pez: z, € X forall v € Z and Hm | Eg(Z; X)H < oo},

where

1/p
0 (7. - 7 P
o 2 X)) = (e o | X1 )
VEZ
We write £,(Z; X) := ()(Z; X) and (,(Z ) (,(Z;R). Recall that if X is a (reflexive)
Banach space, then also (Eg(Z;X ),
Theorem VI.2.1.1].

. | (Z; X H) a (reflexive) Banach space, see [2,

Proposition 3.4. Let 1 < p < oo and v,0,0 € R. Then (H;G)’@(D), || . ‘ H;@ﬁ(D)H) s a
reflexive Banach space.

Proof. By Lemma 2.6(i), H)(O) is a reflexive Banach space, thus so is (Z; H) o(D)).
Take ¢ as in Convention 3.3 and let (1,),ez as well as S := S, and R := R, be as in
Remark 2.3(v). As mentioned therein, our assertion follows once we can prove that

S € L(H)gy(D), 6)(Z; H (D)) and R € L(((Z; H) o(D)),H) g 4(D)).

The former is obvious, where S is even isometric. To see the latter, note that by Remark 2.3(i)

and (iv), for all f = (f,),ez € fz(Z; H;@(D)), it holds that

Cu Rf = CVZ% fu(e Z Cu N+ fzz+j( () ), vELL.

MEZL j=—2

Thus, arguing along the lines of the proof of Lemma 3.2, by applying Lemma 2.10 we obtain

(G B () [ HoD)| S 3 (o | H;o(D)]

j=—2

) IS Z? f S gZ(ZH H;,@(D>)7

so that

2
IRf | H oo <D0 e fon; | Hlo(D)]"

j=—2 vEZ

~ | 6(Z: iy o (D))

p7 [= (fV)VGZ < ggg;(Z; H;G(D))
Thus, R € L(¢4(Z; H (D)), H) ¢ 4(D)). n

The following embedding result includes the monotonicity of the scale H; @79(7)) w.r.t.
the smoothness parameter v as well as a Sobolev-type embedding as special cases.

Proposition 3.5. Let 1 < py < p; < 00, as well as vy, v1,0,0 € R with vo > 1 such that

d d
e T
Do D1

Then H

P0,09p0,0p0

(D) — H

P1,09p1,0p1

(D).
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Proof. Since 0,,(Z) — ¢,,(Z), the assertion is an immediate consequence of Definition 3.1
and Lemma 2.6(viii). [ |

We conclude the current subsection with elementary monotonicity assertions related to
the weight parameters © and 6.

Lemma 3.6. Let 1 < p < oo as well as v,0q,01,0 € R with ©y < O1. Then H;,eo,e(D) —
H];Y,ehe(p)

Proof. Since ({,),ecz satisfies (4), we have that supp(¢, u)(c”-) C DLO{({O}) for all v € Z.
Thus, similar to Lemma 2.6(vii), we obtain

(G w)(e") | Hyo, ()| S [(G u)(e) | Hyg, (P

and the assertion follows. [ |

u€ Ho oD), veL,

Lemma 3.7. Let 1 < p < oo as well as v,0,0q,0, € R with 0y < 6,. Moreover, let
0<r<R< .

(1) Ifu € H)g4,(D) satisfies supp(u) C Br(0), then u € H) g5 (D) and
[ | Hy oo, (D) S RO [ | Hy g6, (D)

with constants independent of u and R.
(i) If u € H) g4, (D) satisfies supp(u) C D\ B,(0), then u € H) o ,(D) and
| Hy o0, (DI < 7= |lu | Hy g, (D)

with constants independent of u and r.
In particular, if u € 2'(D) with supp(u) C (D N Br(0)) \ B,(0), then u € H) o 4(D) if, and
only if, u € H) (D). poa(D)|| ~ |lu| Hyo (D)
Proof. To show (i) we choose K € Z such that eX~! < R < e¢X. Then, since supp(u) C
Bgr(0), we have (,u = 0 on D for all v > K + 1. Thus, since 6y < 6,

lu | Hy oo, (D" =D e [[(Gou)e) | Hye(D)"

< O lu | HX 00D’

S RO lu | Hg g, D

Part (ii) follows with very similar arguments. Moreover, if u € 2'(D) is such that supp(u) C
(DN Bg(0))\ B,(0), then there exists some K € N such that (,u =0 on D for all v € Z with
|v| > K. Thus, by Definition 3.1 and Lemma 2.10(i), we have that

1/p
| 100D = (Z (e H;@ww)

VvEZ

1/p
~ (Zeuw@) 16, u | H;V,@(D)"P) - Z |Gou | HYo(D)]|-
VEZ lv|<K

Now Lemma 2.10(ii) yields ||u | H) o 4(D ) S ||| H)o(D )|| provided u € H)o(D). And, if
u € H) g 4(D), then the converse estimate is implied by the triangle mequahty in H) (D),
as ) ez ¢ =1 on D. This proves the final assertion. |
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3.2 Density of Cj°(D), duality, and interpolation

For many properties of the spaces H; 6.¢(D) that we address below, in particular, for the
duality and interpolation statements, we shall use the density of Cg°(D) in H) g 4(D) which
We prove now.

Theorem 3.8. Let 1 < p < oo and 7,0,0 € R. Then C5°(D) is dense in H;@ﬁ(D).
Proof. For k € Nlet hy, := 3,4 . Then supp(hy) C DELH({O}) and hy = 1 on DLOL({O})

for all £ € N. In particular, applying Lemma 2.10 again and using similar arguments as in
the proof of Lemma 3.2, yields that for all u € H) g (D),

(I—=hp)u—0 in H)g,D), as k— oo,
Since supp(hy) C Dﬂﬂ({O}) for all k£ € N, by Lemma 3.7, it holds
| Hy o o (D] ~ || | H o (D) -

Thus, the assertion follows from the fact that hzu can be approximated by C§°(D) functions
which are dense in H) o(D), see Lemma 2.6(ii). |

Next we show that the duals of the spaces introduced above can be characterized by
means of spaces from the same scale. For an alternative characterization of the duals of
spaces with regularity v € Ny, we refer to Proposition 3.15 below.

Theorem 3.9. Assume that 1 < p,p’ < oo and v,0,0',60,0 € R satisfy

1—1—1/:1, and @—1-9, 9+9 2. (16)
P p p p P p
Then
(,1) = / o) @) de, o€ CF(D), (17)
D

extends uniquely to a continuous bilinear form on H;@ﬂ(l)) X Hp_,:g,ﬁ, (D) which provides the

1somorphism
/

(H)e0(D))
Proof. Step 1. We first show that
() Sl | HposD ¥ | Hylo oD, ¢, € C(D). (18)
As a consequence, due to Theorem 3.8, the form (-,-) defined in (17) uniquely extends
to a continuous bilinear form on H) g (D) x H, o o (D) and ¢ — (-,4) is a continuous
embedding from H %, (D) to (Hg,4(D)). To verify (18) let ¢ = (¢,)vez € #.7(D,{0})
and n = (M, )vez € eszfe[g (D, {0}) be as in Remark 2.3(v) with ¢ = e. Then, since 7, = 1 on
supp(¢,) for all v € Z, by Lemma 2.6(v) and Holder’s inequality, we have that indeed

(0.0 =3 [ Gle) o) pla) via)de = 3¢ [ Gleraymle’s) ple'a) vies) do

VEZ VEZ

- H;:za/’gl (D)

S N(Goe)(e) | Hy (D) e [|(n ) (e”) | Hylor (D)
VEZ
S e[ Hyoo D¢ | Hy oo (D] . € C(D).
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Step 2. Now we show that for every L € (H, o (D))" there is some ¢ € 2'(D) such
that L(¢) = ¥(¢) for all ¢ € C§°(D). To this end, let h = (hg)ren be as in the proof of
Theorem 3.8. Then, by Lemma 3.7,

L(he) < Co|[hie [ Hyg oD ~ [l | Hyo (D) 5 [l | Ho(P)

: v € C°(D),

where we used Lemma 2.6(vi) for the last estimate (the constants here may depend on k € N).
Due to the density of C§°(D) in H, (D), this shows that L(hy-) € (H;@(D))/ for all £ € N.
Thus, by Lemma 2.6(v), for each k € N there exists ¢y, € H o, (D) C 2'(D) such that

L(hi o) = () forall ¢ € C°(D).
The choice of h; implies that
Vrr1(@) = Yi(p) = (p) for ¢ € C5°(D) and k € N such that supp(y) C DLOL({O})
yields a well-defined generalized function ¢ € 2'(D). It satisfies ¥ = limy,_, ¥y and

(p) = br(w) = Lhw ) = L(yp)

for all ¢ € C§°(D) and suitably chosen k € N.
Step 3. To complete the proof we need to show that ¢» € /(D) from Step 2 belongs to
H & ¢(D). For this purpose, let b := (b,),ez be given by

bl/::eye// (¢ ¥)(e ’H/@,D) v e,
so that then it is enough to prove that
[ | H) D) =[] €(Z)]| =  sup D a,b, < oo. (19)
laltp(2)I=1" ey
For every sequence a := (a,),ez of real numbers with ||a | £,(Z)|| = 1 we choose a corresponding

sequence (g, )yez in C§°(D) such that
Hgy ‘ H;e(D)H = |a,| e v0/p and a, b, < @/)(gy(e_”-)fl,), v e Z,

with constants that are also independent of a and 1. This is indeed possible, since the duality
(H;@(D))/ = H}) o/(D) and the density of C5°(D) in H, (D) show that

al,bl,§|al,|e td (Cw ‘H’G)/ D)H
~la ¢ sup [((Gw) () (9)]

le |3 0 (D)|=1

= sup (G v)(e))(ay e Py)]
|| Hy o (D)||=1
el (D)

< 62V((Cu lﬁ) (ey')) (gu)
~ ¢(9u(e_y) Cu)
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for some g, € C$°(D) with norm |a,| e %P, v € Z, and constants independent of a, v, and .

For M € N let
ovi= > gile™) (€ (D).
keZ: [k|<M

Then the support properties of ¢ = ((,),ez and Lemma 2.10 yield

G(e ng VR Gr(e) | Hy o )H

k|<M

|(Gpnr)(e”) | Ho(D)|| =

Z HCV gl/+j )Cv—i-j ‘ H;@ D)H

j=—1
1
SN g0 G H9) | H (D)) veZ MEeN,
j=—1

again with constants independent of a and . Thus,

1 1
(G ean)e) | HioD' S Y e gy | Yo" = D lavsl”,  vELZ,

j=—1 j=—1

and hence

loas | Hloo@)|" =" e [[(Gooa) () | HIoD)|] S llalt(Z)|P =1,  MeN,

VEZL

with constants that are also independent of a = (a,),cz and . Thus, by Step 2,

Z ay by S Z U(gu(e™) 6) = ¥(pum) = Llpnr) < ||L| (H) g (D H [ear | H} o5(D)
WI<M <M
is bounded uniformly in M and therefore (19) holds. |

As a corollary we obtain that the spaces H; e,e(D) are continuously embedded in the
space Z'(D) of generalized functions. This in turn implies that any two of them form an
interpolation couple in the sense of [3, Section 2.3].

Corollary 3.10. For all1 < p < oo and v,0,60 € R we have H;@’(,(D) — 92'(D).

Proof. Since by definition H] g ,(D) C Z'(D), it is enough to show that convergence in
H) o 4(D) implies convergence in the sense of distributions. Let u,uy € H) g 4(D), k € N, be

such that Huk — u‘ .0, o )H — 0 as k — oo. Then Theorem 3.9 allows to identify u, — u
as elements in (Hp/,e/,ef (D))/, where p/, ©') and ' are as in (16), and for all ¢ € C§°(D) C
H %6 (D) we have
|u(0) — u(p)| = [(ur — u)(p)]
— !
5 HUk — U | (H /7@/79/(D))

S lue = | Ho oD o | Hyrw (D) — 0,

o (D]

as k — oo. In other words, uy — u in Z'(D), as claimed. |
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Concerning complex interpolation in the sense of Calderén (denoted by the functor [-, -]y,
see [3, Chapter 4]), we have the following result.

Theorem 3.11. Let vy, 71,00, 01,600,601 € R, as well as 1 < pg,p1 < 00. For 0 <9 <1 we
let
1 1—9 9
— _"_

P P P

as well as
v = (1=9)v + I, O :=(1—-1)0q + 106y, and 0 := (1 —1)0 + 96;.

Then we have

[Hv.0m.00m0 (P): Hy 0151010 (P)] g = Hy,05(D) (20)
1somorphically.
Proof. Fori=0,1 let
A =07 (2;X;) with X;:=H'o (D), and Bi:=H'g , (D).

Further, set A := (%7(Z; X) with X := H) o (D) and B := H) o, (D). Then Lemma 2.6(iv)
shows [ Xy, Xi]y = X and hence [2, Theorem VI.2.3.4(ii)] yields

[Ao, Arly = [(207°(Z; Xo), 057 (Z; X1)] , = € (Z; [Xo, X1]o) = 2P (Z; X) = A.

Recall the definition of the operators S and R from the proof of Proposition 3.4 (see also
Remark 2.3(v)). We have seen there that R is a retraction which continuously maps A;
into B;, i = 0,1, as well as A into B and that in all cases S is a corresponding coretraction. In
addition, { By, By} is an interpolation couple, see Corollary 3.10. Thus, by [57, Theorem 1.2.4],
S is an isomorphism from [By, B;]y onto the closed subspace ran(SR‘[A07A1}ﬂ) of [Ag, A1)y = A.

Thus, u € [H 600000 (P)s H' 0,01 010, (D)], implies Su € €% (Z; H] o (D)) and
Hu ‘ [Hgg,@opoﬂopo (D)’ H;11791P1,91;D1 <’D>L9H ~ HSU } ggp (Z; H;@ID(D)) H ) (21)

Therefore, the proof of Proposition 3.4 (see also Remark 2.3(v)) yields u € H) o ,,(D).
Conversely, u € H) o, o (D) implies that Su € ﬁﬁp(Z; HTGP(D)) = A and hence Su =

SR{ASU € ran(SR‘A) proves that u € [HWO ;

P0,0p0,00P0 (D)’ H;llyelpl,glpl (D)} 9’ In COIlClU.SiOIl,

the interpolation formula (20) holds and the norm equivalence follows from (21) and the fact
that S is an isometry. [ |

3.3 Relation to weighted Sobolev spaces

The next theorem shows that for v € Ny the spaces H) g ,(D) can be characterized as

weighted Sobolev spaces. If @ C D is measurable, then for 1 < p < co and 0,6 € R we write
L,00(0) :=L,(0,B(0),weydx) for the weighted L,(O)-space with weight

woole) = oo (2O pco
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Theorem 3.12. Let 1 < p < oo, v € Ny, and ©,0 € R. Then

H)6o(D) = {u € Lijoc(D) : |||u] Hygo(D)|| < oo},

1/p
p)

Proof. Take ¢ from Convention 3.3 and let 1, :=(,_1 + (, + (41, ¥ € Z. For all v € Z we
then have n, =1 on D, := DL”}({O}) D supp((,), cf. Remark 2.3(iv). Thus, for all u € Z'(D)
and v € Z,

where

I o @l = (3 o5 %] ot
a€NG: o<y

18 an equivalent norm.

‘Dau ‘ Lyeo(D Z Z HQ‘g Da er] ) }Lp@)@ vti)

o<y J==1al<y

On the other hand, Leibniz’ rule implies

> | pSZZ\

op D*(¢u) | Lyes(Dy) op (D°¢,) (D*~Pu) | Lyeo(D,) '

o] <y la|<y <L
o Dou | Leod)|,  vez
|04|<7
since for § < « it holds that
QD(-T> ]
200 (D°G)0)] £ o) (20) " S oo, wed vez

Furthermore, Lemma 2.10(i) and Lemma 2.6(iii) yield

Z ‘Q'zgé‘ D*(¢, u) } Lye6(D, v(6-6) Z/ ‘QD )l D (¢ (I){p op(2)° 2 dx

o] <y o] <y

=G u | Hio@ ~ e [[(G u)e") | Ho(D)]"

9-0) 0972 on D, D supp((,) for all v € Z. Hence, we can conclude that

lu] HyooD" ~ 3 e [[(Gw)e™) | H o (D)

VEZL

~ SN || po ) | Eyes()||

VveZ |a|<y

since we g ~ e

~ [l H o o DI

where we used that according to Remark 2.3(i) our set D is covered by (J,; D,, where every
x € D belongs to at most 2 different D,,. [ |

As a consequence we obtain the following relationship between the spaces H; @79(13) and
H (D).
p,©
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Corollary 3.13. Let 1 < p < oo and 7,0,0 € R. Foru € 2'(D) it holds u € H;@’(,(D) if,

and only if, o~y € H) o(D). Moreover,

H)64(D) 3 u s \

o= u | Hy o (D) (22)
is an equivalent norm in H) o ,(D). In particular, we have H) g o(D) = H, o(D).

Proof. For v € Ny the assertion immediately follows from Theorem 3.12, Lemma 2.6(iii),
and Leibniz’ rule, since for all & € N2 and ¢ € R it holds that

[(0°0)(@)] € 0o() ™, 2 €D, (23)

by the generalized Faa di Bruno formula [9, Corollary 2.10]. Then the assertion for all v > 0
follows by interpolation, see Theorem 3.11 and Lemma 2.6(iv), and extends to v < 0 by
means of the duality statements from Theorem 3.9 and Lemma 2.6(v) with similar arguments
as in the proof of Theorem 3.17 below. [

Remark 3.14. Corollary 3.13 particularly shows that for all 1 < p < co and all v,0,0 € R
the space H g ,(D) coincides with the space K, (D) introduced in [31, Definition 2.4]
(equivalent norms).

Let us also mention the following characterization of the duals for v € Ny which generalizes
a well-known result for classical (unweighted) Sobolev spaces; see, e.g., [1, Theorem 3.12].

Proposition 3.15. Assume that v € Ng, 1 < p,p/ < 00, and ©,0',0,0" € R satisfy (16).
Then
H. o ¢(D) = {u €e2'(D): u= Z D%, for some u, € Lp/,@/a|p,’9,a|p/(2))}
|| <y

and

N\ VP
HU ‘ H;:\/@/ﬂ,(D)” ~ min ( Z Hua } Lp/7@/,‘a|p/79/,‘a|p/(p) p ) , u e HI;T/@,’G,(D),

o] <y

where the minimum is taken over all possible representations of u € Z'(D) as Z\alﬁv D®uy,
with Uy € LP',@’—|a\p’,9’—|a\p'(D)7 |O(’ S Y.

Proof. In view of Theorem 3.12 and the density statement in Theorem 3.8, the claim for
v = 0 is a simple corollary of Theorem 3.9 (see also [5, Lemma B.2]), while for v = 1 it
coincides with [5, Lemma B.4]. The proof of the latter extends mutatis mutandis to arbitrary
v € N and is left to the reader. [

3.4 Pointwise multiplication

Using Corollary 3.13 we can transfer some of the properties of the spaces H;@(D) mutatis
mutandis to H; @79(7)). Especially, we obtain the following assertions on pointwise multipliers
and weight index shifts. Recall that for domains @ C R? and closed sets M C 00, we write
RD(O, M) to denote the set of regularized distances to M on O, see Remark 2.3(iii).
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Corollary 3.16. Let 1 <p < o0 and v,0,0 € R.
i) If a: D — C is a pointwise multiplier for H) (D), then it is a pointwise multiplier
p,©
for H) ¢ o(D), too. In particular, if |a|7(10) 1= SUPyeo D jaf<n op ()1 |D%a(z)| < oo for
some n € Ny, then for all |y| <n we have

Ha“ ‘ H;,e,a(D)H <C(d,p,n) W;D) HU | H;,@,e(p)” ) u € H;,e,e(p>-

(ii) Let¢vp € RD(D,0D) and b, € RD(D,{0}). Further, let s,t € R andu € 2'(D). Then
Upou € Hyg,g,(D) if, and only if, w € H) g, o, g1 sin),(D)- In this case,

), ue H)

p7(®+8)p,(9+s+t)p(p)-

[vpvou | H 1.Op.0p (D)|| ~ H“ | H, (©+)p,(0+s+0p( D)
Proof. Both assertions immediately follow from Corollary 3.13 together with Lemma 2.6(vi)
(for Assertion (i)) and Lemma 2.6(ix) (for Assertion (ii)), respectively. |

The following statement complements Corollary 3.16.

Theorem 3.17. Let 1 < p; < pg < 00 and 7,0, 01,0y,0, € R. Further assume that
ac H;?(@)re)o)q,(elfao)q(p) with

1 1

1

= ||y and —=——— 24
el T (24)

Then My: u = My(u) := au maps H) o . 4. (D) into H) o 4. (D) and
||M ‘ E( P0,©0po0, 90p0<D>’H;1,@1p1,91p1 (D))l| S ||a | H;fl(@lf(%)qv(%f%)q(p)” : (25)

Remark 3.18. Together with Theorem 3.12 we see that
B
Ha ‘ H (©1—00)q,(1—60)q H = Z HQI |D5a | Lq,(@l—@o)%(@l—@o)(I(’D)H
18]<m
—@y-2
- 5 e - |

|BI<m

If we formally put ¢ = oo, Theorem 3.17 corresponds to the limiting case p; = pp =: p in (24),
treated in Corollary 3.16.

Proof of Theorem 3.17. Step 1. Let v € Ny. Then Theorem 3.12 and direct computation
using Leibniz’ rule yields

HM ’ p1 O1p1, 491p1 )H ~ Z HQ‘D&| Da(au) ‘ Lp1791p1,91p1 (D)H
o] <v
S 32 |5 en (D7) (0w | Ly oumn ()
lal<y B<a
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Next we can estimate each summand using the generalized Holder inequality to obtain

HQ|DO[7B| Q‘Dm (D/Ba) (Daiﬂu) ’ LP1,@1P1,91P1 (D)
‘le 80— (61—O0) le—@o—Z/QHB\ (D6a> f0—O0 Q@o—z/po+\a—6| (Da75u> | LPI<D>H

S ’)021—90—(@1—@0) 021—90—2/q+|5\ Dﬁa ’ L

-0 90 2/po+|a—p| Dby, | L D)

I

since pg, p; < oo. Therefore,

HM ‘ p1 O1p1, 91101 )H
oy~ to=(O1-00 2Ot D | (D) o™ D™ | Ly @uptunn (D)
o<y B<a
~ ‘ @ Hq (01— H Hu ‘ ;Do ©opo,fopo D)H

with constants independent of u and a. Thus, (25) holds for all v € Ny,
Step 2. Let v € [0,00) \ Ny and assume a € H "] D). Then, by Step 1,

] ] 7,(01— 90)11{(% 90)q( ]
M, belongs to ‘C(Hp;)y ©0po,00po (D) Hp;Y@lpl 01p1 (D)> and to ‘C(H . (D) H,’ (D))

P0,©0p0,00P0 P1,01p1,0101

: 1
and in both cases its norm is bounded from above by Ha ‘ H {(O1-00)q,(01—00)q (D)|| times a

finite constant that does not depend on a. Due to Theorem 3. 11 we know that H 7 - ©upi0ip; (D)

can be written as complex interpolation space of H, M Oipi Bip; (D) and HpM@ i Bipi (D) fori =0, 1.
Thus, due to the interpolation property, (25) holds for all v € [0, 00).

Step 3. Let v < 0 and a € Hg(vgl 00)0.(61—6)g( D). Due to Theorem 3.9 we have
H) 6.0, (D) = (Hp_;’”(@ipi),’(eipi),(l))) , where for i = 0,1 there holds 1/p; + 1/p; = 1 as well
as (©;p;)/pi + (©:p;) /pi = 2. That is, ©; = 2 — (O;p;)'/p}, and likewise for ©; replaced by 0;,
i=0,1. Hence, 1 < pj < p| < o0,

1 1 1 1 1 ) ! O1p1)
=== — = and @1_@0:(0?0)_(1?1)
g P1 Po Po P1 Po Py
as well as
Oopo)”  (O1p1)’ Oopo)  (O1p1)
01— O — (O — ©) — o) _ () <( o) _ (©1m1) )
Po Y41 Po D1
Thus, our previous steps imply M, € E(H 7(@”)1)/ ooy (D), Hl:{),,y(@opo)',(eopo)’(D» such that

||au ’ P1 O1p1,01p1 (D)H

'
Hau | P (91131)' (01p1)’ (D))
=sup{l@w)(@)] - [|¢ | H oy 0y = 1}

= sup{u(ay)| : H¢| pl(@lmy(elm)(muzl}

Y
: SUP{HU | Hpo@opoﬁopo || @ ’ Po> @OPO) (90170) H HQD P (@1121)/ (01p1)’ H B 1}
[y
<o 125 0 0100 @)|| e | H D]
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where in the third step we translated the multiplication of the two distributions a and
u into the dual action between them which is well-defined due to our assumptions (i.e.,
ue H) (D) and ap € H,, ! (Gopo) (0opoy(P))- This completes the proof. |

P0,©0p0,00P0

3.5 Lifting

The following lifting result is quite useful in many calculations, in particular, in the context of
PDEs. It generalizes the well-known lifting properties of derivatives along scales of classical
Sobolev and Bessel potential spaces. In particular, it generalizes Lemma 2.6(x) for O = D.

Theorem 3.19. Let 1 < p < o and 7,0,0 € R as well as m € N. Moreover, let
p € RD(D,dD), see Remark 2.53(iii). Then the following assertions are equivalent for
u € 2'(D).

(a) ue H;GQ(D).

(b) D*u € H) & \nposjap(P) for all a € N§ with |a] < m.

(c) ¢l Do e H) g'4(D) for all a € Nj with |a| < m.

(d) D*(¢p o] u) € H) g'4(D) for all o € N with |a] < m.
In this case,

Hu ‘ Hp@G(D)H ~ Z ‘ p9+|a\p9+|alp(D>H
|| <m
~ 3 [k oo | )|
|| <m
~ Y|Pl | D)
laj<m

with constants independent of u.

Remark 3.20. Some comments are in order.
(i) The implication “(a) = (b)” in Theorem 3.19 and the corresponding estimate especially
imply that D*: H) g o(D) — H;@f_v"a‘p o+alp (D) are bounded linear operators for each
« € N2. This has already been proven in [31, Lemma 2.5(v)].

(ii) For m := v € N, assertion (b) agrees with the representation of H ¢ 4(D) as weighted
Sobolev space proven in Theorem 3.12 above. Furthermore, Condition (d) and the
corresponding norm equivalence yield a similar representation: H;’f@ﬂ(D) consists of all
u € Ly 10c(D) such that

p
< Q.

> o @h) | Lyes(D)

la|<m

Moreover,

1/p
| HEo (D HN(ZHD“ 90 | Lyes(D) p) . ue H" (D).

la|<m
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Proof of Theorem 3.19. Note that “(b) <= (c¢)” and the corresponding norm equivalence
hold for all m € N by Corollary 3.16(ii). To prove the other equivalences we argue as follows.
Step 1. We first prove “(a) <= (c)” and the corresponding norm equivalence by

induction on m € N. We start with the base case m = 1. Let ( := gfﬁ‘@)/p. Then, by
Corollary 3.13, u € H) g 4(D) if, and only if, (u € H) (D). Moreover,
le | Hyo oD ~|[Cu | HioD)[|.  ue Hygu(D). (26)

By Lemma 2.6(x), we have (u € H) (D) if, and only if, (u € H;éI(D) and ¥p D(Cu) €
H;g)l(D). Moreover, taking into account (26),
e | Hyo oD ~ [[Cu | H o (D)
~ [[Cu | Hy ' (D)|| + [[p D(Cu) | Hy o' (D)

, u€ H)g,y(D).
Now integration by parts shows that

Up D(Cu) = C¥p Du+p D(¢)u = (thp Du+vp (' D(C) Cu.

Thus, the base case follows by means of Corollary 3.13(i) from the fact that

[vp ¢! D(O}(O) <oo forallneN

n

which may be verified by using (23) and the fact that ¢p € RD(D, dD).

We move on to the induction step. Our induction hypothesis is that “(a) <= (c)” holds
with m = k for some k € N. This hypothesis and the base case show that u € H) ¢ 4(D) if,
and only if, ¥y Du € H) o'y ™ (D) and 45! D*(dp Du) € H) ') (D) for all @ € N3 with
|a| < m (and appropriate norm equivalences hold). Thus, since by Leibniz’ rule,

wg| Da(iﬂp Du) — w|a|+1 DYDu + Z (g) w\a*5|*1 Da*ﬂ(dj) w|5\+1 DPDu

B<a

and
(0)

|¢Iaﬂ3\fl Dafﬁ(w)}n
straightforward calculations show that “(a) <= (c)” and the corresponding norm equivalence
hold for m = k+1. The fact that (27) holds is verified by using »p € RD(D, 0D) after suitable
applications of the Leibniz rule and the generalized Faa di Bruno formula [9, Corollary 2.10].

Step 2. Finally, note that for all « € N2, by the Leibniz rule, it holds

< oo forallneN, (27)

D (g u) = v Duty (g) WP D (gl v DPu

B<a

as well as
181 pya—8 (lehy |
‘@Z) D> P(Yp')| <oo forallneN;

n

the latter may be verified using Faa di Bruno’s formula and the fact that ¥p € RD(D, 9D).
Thus, for all m € N, the equivalence “(d) <= (c¢)” and the corresponding norm equivalence
follow by standard arguments and Corollary 3.16(i). [ |
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3.6 Localization
Let us now deduce a localization result which generalizes Proposition 2.7 for O = D.

Theorem 3.21. Let 1 < p < oo and v,0,60 € R. Further let n = (i )ken denote a collection
of C*®(D)-functions such that

sup Y op(2) 1 0%m(x)| < Coy o €N

€D L oN

Then
Dl | By o oD S lu| Hlo oD, we Hig (D).
keN

If, in addition,

mfzmk )W>4d>0,

keN
then

lw| HooDI" S 3 lmeu | HiooDI, e Hjgo(D).
keN

Remark 3.22. Note that in Theorem 3.21 We can replace N by any countable set. Moreover,
let us stress that any 1 := (9x)rez € " (D, {0}) with ¢ > 1 satisfies all assumptions
from Theorem 3.21 (with N replaced by Z) and that

lu | Hy oI ~D_ I | HyooD" ~ 3 = meu | Hio (D", u € Hjo (D),
kEZ kEZ

see Remark 2.3(i) and Corollary 3.13.

Proof of Theorem 3.21. The proof is a direct consequence of Corollary 3.13 and the
corresponding localization assertion for the spaces H. ; o(O) from Proposition 2.7. In particular,

> lIneu | Hio oD~ 3 [lof

keEZ keZ

mu | H)o(D)]

V| Hy o (D)
~ |l | Hygo(D)|" u€ H)g,y(D).

Similar arguments for the second assertion complete the proof. [ |

3.7 Embeddings and Holder regularity

In terms of embeddings of H; @79(17) into spaces with smaller integrability, the following can
be shown.

Theorem 3.23. Let 1 < p; < py < oo as well as v, 0, O1, 00,0, € R such that
1 1

@1 - > @0 - — and 91 > 90. (28)
b1 Do
Moreover, let z € R* and R > 0. Then for allu € H) o =, (D) with supp(u) C Br(z) we
have w € H) o 9., (D) and
Hu | p1 ©1p1, 911?1 || S Hu ‘ po ©opo, 90PO(D)H )
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Proof. W.l.o.g. we can assume that Br(z) N D # () as well as p; < po, as otherwise the
assertion directly follows from the monotonicity statements w.r.t. the weight parameters
proven in Lemma 3.6 and Lemma 3.7(i), respectively. We choose € > 0 and n € C*(R?) such
that 7 = 1 on Br(z) and supp(n) C Bry:(z). If we can show that Theorem 3.17 applies to
a := 1), then this proves the claim since M, (u) = nu equals u in 2'(D) as n = 1 on supp(u).
For this purpose, select 0 < Ry < Ry < oo and 0 <T' < T < kg such that

Bri-(2)ND C S :={x=0(r,¢) € D: (r,¢) € (Ry, R1) x (I',T)}.

Due to Remark 3.18 it then suffices to check that for 1/q := 1/p;—1/py and 0 := ©; —60y—2/q,
as well as p := (0; — 0y) — (©1 — Oy) and arbitrarily fixed m € Ny the expression

19| o, —oomoaa @l = 3 [t 6577 D% | (D) < | 3 | Lo(3)]

[8]<m
is finite. To see this, note that Lemma 2.1 implies

00(@)* 0p(2)" = os(x) (QQDT“”))) T ()2

~ 10 0 (6)9 % (roz(@)) !, @ =d(r.¢) €D,

where as usual Z := (0, kg). Hence, if ¢ = oo, i.e., pg = p1, then (28) implies that o¥ 0% stays
bounded on S. If otherwise ¢ < oo, then (28) also yields the finiteness of

Ry T

I 65 | Lo(S)II" ~ / / =002/ 5 ($)©1=00=2/a|% 45 1 4
0 T

Ry

R
T
_ / P (01—00)1 . / or()© =012 gy
Ro I
as then both exponents are strictly larger than —1. [ |

Remark 3.24. We add some comments with regard to condition (28).

(i) If p1 = po, the proof shows that we can allow for equalities in condition (28). Moreover,
note that if p; < py and dist(Bg(z),0) > 0, then the condition #; > 6, in (28) can be
dropped as we can choose Ry > 0 in our proof. Finally, if even dist(Bg(z),0D) > 0,
then (28) can be dropped completely as then also I' > 0 and T < kg might be chosen.

(ii) In general, however, both inequalities in (28) can not be relaxed (up to possible equality):

e Assuming that ©; — 1/p; < 0 < ©g — 1/py, it is possible to construct a function

9o € H) 000 (PI\H) o, (D) with supp(g,) concentrated around some arbitrarily

fixed zg € OD. Choosing zy # 0 we may assume that supp(g,) C Bgr(0) \ B,(0) for

some 0 < r < R < oo. But then from Lemma 3.7 we deduce g, € H)) o 10 g0p0(DP)\

H;1,®1p1,91p1 (D) for arbitrary 6y, 6; € R. Therefore, in general ©;—1/p; > ©9—1/py
is necessary.

e We can proceed as follows to show that necessarily 6, > 0 if dist(Bg(z),0) =0

and Bgr(z) N'D # (: In this case, there exist open cones

Ci:=®((0,R;) x (I';,1;)) C Br(z)ND,  i=0,1,

28



with 0 < Ry < Ry <ocand 0 <I'y < Ty < Ty < Ty < Ko, ie., Cy € Cy. Then we
can further define a smooth cut-off function n € 2'(D) for Cy supported on Cy in
polar coordinates z = ®(r, ¢) as the tensor product of a,b € C*°(R) with

o 1a |T| S ROa o 17 Qb S (FOaTO)a
) = {o, f>r, M M= {0, o (U1, 1)).

Carefully estimating the derivatives of this n shows that for 1 < p < oo and
7,0,0,0 € R the function f, := 7057 belongs to H) g, ,,(D) whenever o < 0
while it is not contained in this space if § < ¢. This shows that #; < 6y would give

a contradiction in Theorem 3.23.

The following result describes the growth and decay of functions in H) g ,(D) (and their
derivatives) near and far away from the boundary 0D, respectively. It has already been
proven in [31, Lemma 2.5(vi)] by means of the characterization from Corollary 3.13. We
refer to Section 1 for the precise definition of the Hélder-Zygmund spaces C*(D). Recall that
for domains O C R¢ and closed sets ) = M C 9O, we write RD(O, M) to denote the set of
regularized distances to M on O, see Remark 2.3(iii).

Theorem 3.25. Let 1 < p < oo and v,0,0 € R such that v —2/p > m+ s with m € Ny and
0 < s < 1. Moreover, let pp € RD(D, dD) and 1), € RD(D,{0}). Then everyu € H) g 4, (D)
admits continuous partial derivatives 0“u up to order m and

> |ereuntomu | e+ Y0 [ul et on]

|a|<m al=m

¢*(D)

’S’ ||U ‘ H;@pﬁp(D)H ) u € }I,Y

p,Op,0p

(D).

Moreover, if for some R > 0 there holds supp(u) C Bg(0), then 1¢=® ¢g+s+|a\ 0%u € C*(D)
for all o € N with |a] = m and

where Ry := max{R, 1}.

,  uw€H)g, (D),

p,Op,0p

v ug oo | (D) | S Ry lu| Hap,(D)

3.8 Characterization via polar coordinates

We now prove a characterization of the spaces H ; Q’G(D), ~v € Ny, by means of polar coordinates
that we shall use for the analysis of the Poisson equation in the subsequent Section 4. Recall
that by @: (0,00) x [0,27) — R?\ {0} we denote the transformation of polar coordinates into
Cartesian coordinates which is a € diffeomorphism from D := (0,00) x Z onto D, where
Z := (0,k). In order to obtain a characterization of H ¢ ,(D), we will have to move from
derivatives w.r.t. Cartesian coordinates to derivatives in polar coordinates. In this context,
the rotation matrices

cos¢ —sing

A:=A(9) = (sinqb cos ¢ ) : peT, (29)
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often appear naturally. Auxiliary results concerning switching from one system of coordinates
to the other are collected in Appendix A. Note in particular that if ¢»7 € RD(Z,0Z), then

wD(‘T) = rwl—((ﬁ)v T = (I)(Tv <f>) € D7 (30)

defines a regularized distance to 9D on D, i.e., ¥p € RD(D,9D). This follows by direct
computation using Lemma A.2.

Definition 3.26. For vy € Ny, 1 <p < oo, and ©,0 € R, let
Floo(D) = {ﬂ € L1joce(D) : H | Pl )H < OO},

where

1/p
o1 )] = ([ X1 2 | 5ol o)

Based on this, our characterization reads as follows:

Theorem 3.27. Let v € Ny, 1 < p < 00, and ©,0 € R. Then for u € 2'(D) there holds
u € H)g4(D) if, and only if, u=uo® € Plg (D). Moreover,

H)ge(D) 3 urs HU | p@9<ﬁ)”

defines an equivalent norm in H;eﬁ(D)- In particular,
To: H) (D) = Ploo(D),  ur— Toui=1uod,

defines an isomorphism.

Proof. First note that for v € 2'(D) Lemma A.1 ensures that whenever ||u ‘ H;@’H(D)H

is well-defined, so is ’u od ’ PJ o 9(5)H and vice versa, in the sense that all distributional

derivatives involved are regular according to Theorem 3.12 and Lemma 2.6(iii). It hence suffices
to show that [|u| HY ¢ ,(D)|| ~ Huo o | P;@ﬂ(ﬁ)H for 1 € L1 0e(D) with D% € Ly 1oe(D)

for all |a| < v (obviously, ||- | P, 00(D)|| is a norm). To prove this, we use mathematical

induction on v € Ny. We start Wlth v = 0. In this case, by Theorem 3.12, with u as
in Lemma 2.1,

Ju| 0@ ~ [ e go<x>“(”—<x>)@‘2 "

2o ()
/ /‘ NI 177 sin(p(9))° 7 dgrdr
N/O T w(@(r,) | HY o1 (D) dr = Hu | p@g(D)‘ p, u € Li1oc(D).
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To verify the induction step v — v + 1, we assume the assertion holds for some v € Nj.
Let ¢¥p and 17 be the regularized distances from (30). Then the induction hypothesis yields

oo 7y
[vop Du | H) g 4(D)|" N/O 7Y N0 DY [(p D 0 @) () | HygLy (D] dr
j=0

with constants that do not depend on w. Therein, by Lemma A.1 as well as Lemma A.3
(with M := A from (29)), and Lemma 2.6(ix), the inner norms satisfy

|(r D, [(p Du) 0 @] (r,-) | Hygl 1, (D)
= oy oz a (O o] ) | )|

- |l oy ,) 7] 0 | @)

~er (5.0 p ) )| gD

(92 [Dolr DY) (1) | HyG 1y @ + | [0 DY) () | HZES9E0,,D)

with constants that do neither depend on w nor on r. Thus, by Theorem 3.19 (with m = 1),
the induction hypothesis, and Lemma 2.6(x) we have

o] B ~ |fu | o o) + [0 Du | Ho (D))
N/o Ta_lZH[(rDr)fﬂ >|H3@J L@ dr
j=0
0o Y
+/0 PN |z [Do(r DY) (ry ) | Hyglysp (D)) dr
3=0
o] vl P
+/0 re—lz“[(TDT)ka )‘H;J(E)ll]j-kp<I>H dr

7+1

[T R P 0 @ o= 5] 7

p

for all u € Ly 0c(D) with DSu € Ly1c(D) for all |a] < v and the constants that do not
depend on u. [ |

3.9 Characterization via Mellin transform

Finally, we present a characterization of the spaces P; 9’6(5) by means of Mellin transforms,
which, due to Theorem 3.27, will also provide us with a new characterization of H, g 4(D). It
will play a central role in our existence and uniqueness statement in Section 4. Recall that
for any domain O C R?, we write L, 6(0) = L,(O, B(0), 05 *\%; C), see Definition 2.4 and
Lemma 2.6.

For test functions u € C{°(R,.), the Mellin transform is defined by

(Mu)(N) = (M,pu)(A) = /000 r A u(r) dr, AeC. (31)
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In the following lemma we list some basic properties of this transform, cf. [49, Lemma 3.3.6],
see also [4]. For ¢ € R we write I'. := {z € C: Re(z) = ¢} and

V2i={v:I[. > C: (t—=v(c+it)) € Ly(R)},
endowed with the norm
) 1 c+ioo 5 1/2 )
o] 2| = (2_7” /OO (V)| cu) L wevr

Moreover, for O C C, v: O — C, and o € R we write 2% v for the multiplication of v by
z+— 2% 1.e.,
(z%v)(2) = 2%v(2), z2€ 0.

Lemma 3.28 (Properties of the Mellin transform). The following assertions hold.

1) The transformation (31) realizes a linear mappmg rom Cg° R+ into the space o
0
(malytic functions on C.

(i) (Myoa(r0,uw))(A) = X (M) (A) for all u € C§°(R4).
(iii) The (left) inverse Mellin transform is given by
1 —pB4+ioco
u(r) = —/ ™ Mu(\) d), r >0,
2777/ —B—ico
where 5 € R is arbitrary.
(iv) For B € R the transform (31) extends to an invertible linear isometry

Mg Loos(Ry) = Ly(Ry, r*7ldr) — V2,

Moreover, Parseval’s identity holds, i.e.,
9] - 1 —B4ico
/0 r26-1 u(r) U(’f‘) dr = 2_7T7, o MﬁU()\) Mﬁ’U()\) d\, u,v € L2725(R+).
(v) If for p < B we have u € Loos(Ry) N Laog (Ry), then A — Mpgeau(X) is holomorphic
in the strip {\ € C: —f < Re\ < —f}.

We will need the following generalization of Lemma 3.28(iv). For k € Ny and ¢ € R we
write
VR fo e 2 o | Y24 < oo,

where
k . )\ 2
o ¥4 = (e 2oty 32 )
j=0
Lemma 3.29. Let 5 € R and v € Ny. Then
Mey: HYpg(Ry) = Y2 wes Mg u = Mau,
1s an invertible linear operator with bounded inverse Mg}y = ME”YE;,}' In particular,

(Mg(r = Dyu(r))(A) = A(Mpu)(X), AeT_5 ue Hypu(Ry), (32)

and
HM»BU | Y—?H ~ Hu ‘ Hyo5(Ry)

} ., u€ HJ,,(Ry).
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Proof. Let 8 € R. Note first that the assertion is satisfied for v = 0 due to Lemma 3.28(iv).
Moreover, due to Lemma 2.6(x), for all v € N we have u € H;Q,B(RJF) if, and only if,
(r D.)*u € Lyog(Ry) for all k € {0,1,...,7} and

¥ 1/2
Ju By @) ~ (S Do¥ | Lasa®a)[) e By (R,

k=0
Thus, for arbitrary u € C§°(R,), Lemma 3.28(iv) yields that

o | @l ~ (Sl ] Eass@ol)

ol ) 1/2 )
= (a3 ) = | )

k=0

Since Cg°(Ry) is dense in H,,5(R;) (see Lemma 2.6(ii)), the assertion follows as soon
as we prove that Mg, is surjective. The latter follows by induction over v € Ny as
soon as we can prove that if v € Y?; and Av € Y2, then u := Mj'v € Lyas(R,) and
rDyu = /\/lgl()\ v) € Lgos(Ry)—which also proves (32). But this follows from the fact that

(M'(A0),0) = =(u,0,(r)), @ € C5*(Ry),
which may be checked by means of Lemma 3.28(ii). [

As we will see below, the ranges of the spaces P, @79(15) under the Mellin transform with
respect to r are given by the following Hilbert spaces.

Definition 3.30. Let ©,0 € R. We write Yy o(Z) for the space of all functions v: T _gj5 X
Z — C, such that (t,¢) — v(—0/2 + it, ¢) is Borel measurable and

. 1 —6/2-+ico ) 1/2
o | Yoon(D)| = (T [ T o) [ mea@)] d)\) < oo.
T J—0/2—ico
Moreover, for v € N, we introduce the space
}/276,6(1-) = {U : /\j ng € }/2(3@+2j+2a,0<:z’—) fOT all] S {07 te 77}7 a € {07 RN _]}}7
endowed with the norm

[v | Yoo == (Qim]z:;/

—0/2—ico

—0/24ic0 B 5 1/2
A [o(h ) | HIG 10 (D) dA) .

Using the preparations above we can prove the following characterization of the spaces
P} ¢ (D) by means of the Mellin transform

Theorem 3.31. Let v € Ny and let ©,0 € R. Then the mapping

M: P y(D) = Vigo(T), @ Ma

with
(Mﬂ) (A, @) = M—9/2 (7" = u(r, ¢))()‘)> (A 9) € g2 X I,

defines an invertible, bounded, linear operator with bounded inverse M~t. In particular,

| M | Voo @) | ~ ||7 | PooD)|, @€ PlooD).
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Proof. Let & € PJg 4(D). Then, (r — D5u(r,¢)) € Hy,"(R.) for almost all ¢ € Z, for all
a € {0,1,...,v}. Thus, applying Lemma 3.29 we get that

Hﬂ ‘ P;e,e(ﬁ)“Q _ ig/o’“ /OOO |(r Dr>jD¢ﬂ(T, ¢)‘27,971 dr Qz(gb)@fQ(lfj—a) do

a=0 j=0

2l K
~ Z/o ||D$ﬂ(.,¢) ‘ H;ga(R+)||2Qz(gb)@—Z(l—j—a) do
a=0

2 K
- /
a=0"0

YooY~ @ K *9/2+ioo ' |
~ ZZ/O %/_ |)\J MQ/Q(Dgﬂ(’(b))(A)‘Q d\ gz(¢)672(1737a) d¢

0/2—i00

2 QZ<¢)972(17]'70¢) d¢

A= (Me/z(Dga('a@))()‘) | Y—Qé;;a

a=0 j=0

~ (| M | Yyl o(T)]|*

In the last step we used the fact that Mg/QDgﬁ = Dg./\/lg/gﬂ, which can be checked for
smooth u by means of Lebesgue dominated convergence theorem and then extended to
arbitrary u € Py o(D) by means of a density argument. Thus, linearity, boundedness and
injectivity are proven. Surjectivity follows from the invertibility of My ,. |

4 The Poisson equation in H g ,(D)

In this section we begin the study of the regularity of the Poisson equation (2) within the
scale H; @79(2)). On the one hand, we show that these spaces are suitable for establishing
higher order regularity for the Poisson equation in the sense that the regularity of the solution
within this scale of spaces can be lifted with the regularity of the forcing term. This works
for arbitrary p > 1. On the other hand, we establish existence and uniqueness for the case
p = 2 and a sharp range of weight parameters © and 6. The latter is done by means of the
Mellin transform and suitable resolvent estimates for the Dirichlet Laplacian on an interval
within the scale Hj g (D) from [45]. The case p # 2 is postponed to a forthcoming paper.
Our main result reads as follows.

Theorem 4.1. Let 1 <p < o0, 6,0 € R, and v € Ny. Then the following assertions hold.

(i) I;Lifting. Let1<O©<p+1l,let feH) g ,g.,D), andletue H;Jél_pﬁ_p(D) be such
that

Au=f onD. (33)
Then v € H'E (D) and

p,©—p,0—p

e [ By 62 oD S IS | HosposnP + | Hy 6l (D)]

p,©—p,0—p
with a constant that does not depend on f and wu.

(ii) Existence. Let p =2 and assume that

-2
1<O<3 and e—gé{:tnz:neN}. (34)



Then for all f € Hy g, 9 4,5(D) there exists a unique u € H;JéQ_Z(,_Q(D) such that (33)
holds. Moreover,

Ju| Hy 5 502D S ||f | Hyor0.042(D)]] (35)

with a constant that does not depend on f and u.

Remark 4.2. The following remarks are in order.

(i) The solutions u € HZg_, (D) to (33) in Theorem 4.1 can be seen as a solution to
the Poisson equation (2) with zero Dirichlet boundary condition. This is because for
the range of © therein, i.e., for 1 <© <p+ 1, any u € H;@_pﬁ_p(l)) has trace zero,
since for all ¢ € C§°(Ry),

C(Nue H o (O)={u: D€ L(O,wg,, 4),a <2,Tru=0}

on a suitable bounded C? domain O C D; the equality above is proven in Lemma 4.3
below.

(ii) The ranges of parameters in Theorem 4.1 include the ranges obtained so far in the
analysis of the (stochastic) heat equation within the spaces H) g ,(D) on angular
domains, see [5, 29, 31]. They are sharp in the following sense: As mentioned in [23,
Remark 2.7], the restriction 1 < © < p+ 1 on the parameter © is necessary in order
to obtain the corresponding result for the (stochastic) heat equation within the scale
H)6(0) on C' domains O C R?. Therefore, since a solution to Equation (2) on D
that vanishes near the vertex can be considered as a solution to the corresponding
steady-state equation on a suitable C* domain, the range of © in Theorem 4.1 is sharp.
The range of # coincides with the one obtained for the non-degenerate Poisson equation
with Dirichlet boundary condition on D in [34, Theorem 6.1.1]. It includes the set of

KR KR

which is exactly the range obtained for the non-degenerate heat equation with zero
Dirichlet boundary conditions on the cone D, see, e.g., [50, 35, 51].

We are going to prove the two parts of Theorem 4.1 separately. We start with part (i),
the lifting. The proof uses a standard localization argument and corresponding regularity
estimates in the scale of spaces H) 5(O) on C'-domains.

Proof of Theorem 4.1(i). Let ¢ = ({,).ez be as in Convention 3.3, cf. also Remark 2.3(iv).
Set  := (o and recall that ¢, = n(e™"-) for all v € Z. Choose a C'-domain G C D such that

supp((o) "D C G and  pg ~ op on supp((o); (36)

see the proof of [6, Lemma 3.7] for a construction of an appropriate G. Note that (36)
guarantees that for all m € Ny and all ¥ € R, for all g € Lj 1,.(D) and all smooth 7 with
supp(7) C supp(n) we have that g € H)(D) if, and only if, g € H}%(G) and that in this
case

Hﬁg ’ H;%(D)H ~ Hﬁg ‘ H;,lﬂ<G)H (37)
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with constants that do not depend on g and 7. Moreover, since Au = f on D, we obtain for
all v € Z that

Afu(e)) = 0 f(e) + 23 (naule), — An-u(e) = J,  on G.

Thus, if we can show that nu(e”-) € H;gl ,(G) and i€ H)o,,(G) for all v € Z, then [28,
Theorem 2.11] yields

Inu(e) | £, 5 |

fl/| p@p ’ V€Z7

which, in turn, due to Lemma 3.2 and the fact that both (nxi(e_”-))yez and (nxixi(e_”-))uez
belong to «7,(D,{0}) (see Definition 2.2), yields

| H3 s (D = 2 (Guder) | HE O
VEZ
Nzeyw—p)”nu ) | HYE (@)
vEZ
S O |y £ + (e ), + o ule”) | B (@)
%
S (G ) e) | H o (D)
VEZ
2
+ 33O | (e (™) w) () | HE (D))
i=1 veEZ
2
+Zzey(0_p)H(n$i$i<e : ) { p®+p )Hp
i=1 veZ

S oponn DI+l | By, (D)

note that in the second but last step we also used Lemma 2.6, parts (ix) and (x). Since a
very similar calculation yields that, indeed, nu(e”-) € H;Jél ,(G) and f, € H) o, (G) for all
v € 7, the assertion follows. [ |

Now we move towards proving the existence part of Theorem 4.1. Since the lifting part is
already proven, it is obvious that it is enough to check existence for v = 0. To this end, we
use the fact that the Laplacian

AVE H22,e—2,9—2(p) — Lo o42,0+2(D)

is a bounded linear operator and that proving Theorem 4.1(ii) means showing that this
operator is invertible. Estimate (35) follows then from the boundedness of the inverse of A,
which is a consequence of the open mapping theorem, as the spaces involved are Banach
spaces. A close look at A, for fixed 8,0 € R shows that

-1 -1 -1
Ay =Tggo Ny oMy o BoMoao,oTsy,
2 I’
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where

Tppa: H22,9—2,9—2(D) - P22,9—2,9—2<D) and Tgp: Hg,@+2,9+2(p) - P20,9+2,9+2<D)

are transformations from polar to Cartesian coordinates as introduced in Theorem 3.27,

M%,zi Pg,e—z,e—z(p) - 5/22,9—2,9—2@) and M%e,oi P20,®+2,0—2(D) - YQ?@Jrz,e—z(I)
are Mellin transforms as introduced in Theorem 3.31,
Ny: P20,e+2,9+2<5) — P20,@+2,9—2(15)7 u— Nyt = {(r, @) = r*u(r, ¢)}
is an isomorphism (see Corollary 3.16 together with Theorem 3.27) and
B: YQQ,@—M—Q(I) - Y2?®+2,9—2(I)a v Bo = {(\,¢) = (A + Di)v(/\, 9} (38)

As demonstrated above, except for B, all these operators are known to be isomorphisms.
Thus, if we can prove that B is also an isomorphism, so is A, and the existence part of
Theorem 4.1 is proven. Clearly, B is linear and bounded. To obtain its invertibility we
rely on results from [45]. Therein, among others, for bounded C?-domains O C RY, the
Dirichlet Laplacian A§, is analysed as an unbounded operator in the weighted L,-spaces
Ly(O,w?) == Ly, +4(O), cf. Definition 2.4 and Lemma 2.6(iii). In [45], forp—1<v < 2p—1,
the Dirichlet Laplacian AS; in L,(O,w?) is given by

D(AG,) = W2(0.u0) = {u € W(0,60) s Tru=0},  ASui=Au, ue D(AG,).
where for v € R, k € Ny, and 1 < p < o0,

Wh(0,w?) = {u: D*ue L,(0,ws),|a| <k},
endowed with the norm

1/p
||U‘Wk’p((9,w£9)H = (Z /(9 ‘D“u‘p Q(ng$) . ou € WRP(0,W9);

lal <k

W2P(O,w?) is endowed with the norm inherited from W2?(0,w?). Note that, other than
for the spaces H) o(O) with v € Ny, see Lemma 2.6(iii), here the weight does not depend on
the order of the derivatives. However, due to Hardy’s inequality, the following holds.

Lemma 4.3. Let d € N, let O C R? be a bounded C*-domain, let 1 < p < oo, and let
d—1<0©<d+p—1. Then

WS;?(O, wg—i—p—d) = H2

bop0) (equivalent norms).

Proof. Since, on the one hand, by Lemma 2.6(ii), C§(O) C H]_,(O) dense, and, on
the other hand, by [45, Proposition 3.8], C2(0) is dense in Wé’i’r’((’),w&p_d) for the range
d—1< 0O <d+p-—1,it is enough to prove the norm equivalence

|u | WP (O,wg, )| ~ ||u| H:o_,(O)]|, ue C5O). (39)
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However, since O is assumed to be bounded, it is enough to check that “>” holds (the other
direction is an immediate consequence of Lemma 2.6(iii) and (vii)). Since the seminorms
involving the second order derivatives in the two norms coincide, we merely have to prove
that

P ue CHO).

/ lul? ngpfd dx +/ |0 ul” ngd dr < ||u | W2’p((’),w8+p7d)|
o o
But this is a consequence of Hardy’s inequality, which guarantees that for © < d + p — 1,
Ju | Wo(0.08, | < Ju | 70,48 0. ueCBO).
and
Ju | WH(O,wg_a)|| S [Ju | W*P(O,wg,p-a)|| s u € W(O,wg,,-a),
see [45, Corollary 3.4] (or [43, Theorems 8.2 and 8.4]). |

Recall that our goal is to prove the existence part in Theorem 4.1. To this end we aim
to prove that the operator B from (38) is invertible for the range of weight parameters ©
and # from (34) . For such ©,0 € R, if Bv = F for some F € Yy, 54 o(Z) and some

v € Yo 54 5(Z), then for almost all A € ['z-o = %3 + iR it holds that v(),-) € Hg_5(Z),
1*—’()\7 ) < L27@+1(I) and

(N +Diw(\,-) =F(\,) in Lyes(T).
In view of Lemma 4.3 this is the same as saying that
u()\, ) = R()‘27 _AIDir)FOU ')7

where R(u, —Afy,) is the resolvent of the unbounded operator (—Af,., H o_3(Z)) in Ly e41(Z)
at p € o(—AL, ), where o(—AZL. ) is the resolvent set of —AZL. (we refer to [21, Chapter 10 and
Appendix G] for notions from the theory of unbounded operators and operator semigroups).
The following lemma collects some properties of —AZ. and its resolvent. It is a slight
alteration of parts of [45, Corollary 6.2 applied to the one-dimensional domain Z = (0, k).
For 0 < 0 < m we write

3, = {z € C\{0}: |arg(z)| < o}.
Lemma 4.4. Let 1 <p < oo, let 0 < © < p, and let
(Abi D(ADy)) = (A, Hy g, (T))

be the Dirichlet Laplacian in L,o+p(Z), T = (0,k); cf. Lemma 4.3. Then the following
assertions hold.

(i) The spectrum of —AL. is given by o(—AL, ) = {(n%)z NS N}.

(ii) —AZL. s sectorial with angle of sectoriality w(—AZ, ) = 0.

(iii) (A%, D(AE,)) is a closed and densely defined operator in L,e,(Z). Moreover,

80| Lyosy@ ~ o | Hoy @] e H2o @)
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(iv) Let se R\ {£nZ:ne N}, let A€ [, =s+iR, let f € Lyo.,(Z), and let

Uy = U)f = R()‘Qa _A%)ir)f € Lp,9+p(I)-

Then uy s is the unique u € H2o_ (D) such that (\> + A)u = f. Moreover,

p,O—p

Z |)‘|J HU)\f | p@ p+3p )H S Hf ‘ Lp,®+p(z)||7 A€ FS? f S Lp,®+p<I>- (40)

Proof. It is well-known that (i) holds for p = 2 and © = 1, see, e.g., [16, pp. 49-50]. The
general case is thus a consequence of [45, Corollary 6.2(1)], which states the independence of
the spectrum on p and ©. Assertion (ii) is an immediate consequence of [45, Corollary 6.2(2)],
whereas (iii) follows from [45, Corollary 6.2(3)] together with Lemma 4.3 and the fact that
0 € o(—AZ.), as follows from (i). Thus, we only have to prove (iv), which mainly follows
from the sectoriality of —AZ. | its spectral properties and the interpolation properties of
the scale H) o(Z). We argue as follows: First note that, due to (i), \* € o(—=Agf;,) for all
A ¢ { +ntinec N}. Thus, by the definition of the resolvent, for all A € C\ { +nl:ine N}

and for all f € Lye4p(Z), ury is the unique u € H2o_ (Z) such that (A\* +A)u = f. It thus

remains to prove (40). To this end, fix s € R\ { £nZ:n € N} and fix 0 < 0 < . The
sectoriality of —AZL. vields that there is a finite constant C, > 0 such that
M Jung | Lposs@D|] < Co || f | Lpon(@)||, A€C, N> € C\E,, f € Lyosp(D).
Since Auy ; = MNuy ; + Auy p — Nuy s = f — Nuy s, the last estimate also yields that
|Aury | Lpesp@D)| < (Co+ 1) [|f | Lpe+p(@)||, A€C, X* € C\ Sy, [ € Lpoi,n(T),
so that, by (iii), we obtain
AP Jurs | Loorn @ + [lurs | Hpop@)|| < (2C; + 1) £ | Lporn( D],

for all A € C with A2 € C\ X, and all f € L,e4,(Z) with the same C, as above. Moreover,
using the fact that, by the interpolation statement from Lemma 2.6(iv),

|:H§® p( )7 |)\‘2LP7®+IJ(I):| 1/2 = ’)\| H;,@(I)?

we obtain that
ZW sy | Hog pis D So I | Loon@)||, AETeNS,, f € Lyoip(T), (41)

with S, := C\ (Z4/2 U XS /2) (note that A2 € C\ %, if, and only if, A € S,). Then
rsNss c Q( AL ), so that Ty, NS¢ 3 A — R(A\%, —AZ. ) is continuous. Thus, due to the
compactness of I'; N S, the set {R(A\?, =A%, ): A € [, N S5} is bounded in the operator
norm on L, ¢1,(Z). Therefore,

Hu/\f } Lp,@ﬂ’(I)H 5 Hf ‘ LP7@+P(I)H7 relsn Sg, IS Lp,6+p(I)~
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With similar arguments as above (and since Z is bounded and Lemma 2.6(vii) holds), this
yields that

2

> W s | Hyglpein @IS s | Hpo-p@|

=0

S HA“W | Lp,®+p(I)H

S A+RO S| Loews()]

S Hf | Lp,®+p(I)H ) AelsnSg, fe Lp,9+p(z)-
Together with (41), this proves the assertion. [

Now we are finally ready to prove the existence part of Theorem 4.1.

Proof of Theorem 4.1(ii). As outlined above, it is sufficient to prove that the operator B
introduced in (38) is invertible. To this end, let F € Yyg, 54 o(Z) with © and 6 satisfying (34).
We need to show that there exists a unique v € Y3g_, 5 ,(Z) satisfying

Bv =F. (42)

Since F € Y)g 99 5(Z), F has a version (also denoted by F), such that F(),-) € Lye1(Z)
for all A € F%' Thus, by Lemma 4.4 and since (§ —2)/2 € R\ { £ nZ:n € N} and
0<©—1<2asfand O satisfy (34), for all X € I'2—0, there exists a unique uy € H3 g 3(7)
such that (A + D2)uy = F(X,-) in Lye41(Z) and :

2

D Wl | Hyg s o (D S IEO) | Lo (T)

Jj=0

, )\Gl—‘%. (43)

Moreover, there exists an essentially unique v: I’ 2-0 X T — C, such that (¢, ¢) — v(% +it, @)
is Borel measurable and v(\, -) = uy in L, o_3(Z) for almost all A € T’ 2-0 (this may be verified

by using the continuity of the resolvent together with basic arguments from measure theory,
see, e.g., [20, Proposition 1.12.25]). Due to (43),

1 % +i00

2 229 tioco ) ) ) ,
Zlﬂ , Al HU()‘v ) ‘ H2,é]—3+2j(I)H dA S 5= HF()\> ) ’ L2,9+1(I)H dA.
j=0 Y =5 i 00

~ 21 Jem0
2

1
271

Thus v € Y3g_y9_o(Z), Bu = F, and

HU ‘ Y22,®—2,9—2(I)H S HF ‘ }/2?6—1-2,0—2(1)“ .

Moreover, due to the uniqueness of uy, A € I'z2-0, v is the unique element in Yg 4 o(Z)
2 ) k)
satisfying (42). Thus, B is surjective and injective and the theorem is proven. [

40



A Differential calculus in polar coordinates

In this appendix we collect some fundamental results, which we need when switching from
Cartesian to polar coordinates, in particular, when “translating” derivatives with respect to
one coordinate system into derivatives with respect to the other. Recall that for Z := (0, k)
by &: D = (0,00) x T — D we denote the polar coordinate transform which is a C'*
diffecomorphism. Also recall the definition of the rotation matrices A = A(¢), ¢ € Z,
from (29). Finally, let g, := 0, 0 ®.

Lemma A.1l. If g € 2'(D), then go ® € 2'(D) and
(D )o(I)—A( Dr)(ofl)) (44)
zd Eo_lD(i) g .

In particular, Dgg € Lijoc(D) for all |a| < if, and only if, D{, ;(g o ®) € Lioc(D D) for all
ol <.

Proof. For g € C§°(D) the assertion follows simply by using the chain rule. The assertion
for arbitrary g € 2'(D) then follows from the usual rules of distributional calculus. [ |

Formula (44) generalizes to higher order derivatives the following way.

Lemma A.2 ([11, p. 1556]). For o € NZ\ {0} let
Ao = {8 = (B1,82) € Ng\ {0} : |B] < |al} .

Then, for all B € A,, there exist trigonometric polynomials T, 3 on L such that

(D2g)o® =Y Tapgd DI DE(go®),  ge Z'(D). (45)
BEAa

Proof. We argue by mathematical induction on = := |a|. The base case v = 1 immediately
follows from Lemma A.1, which yields (with e; := (1,0)" and ey := (0,1)T)

(DSg) o (I>> (Te e Dy + T, o 0.t D¢>
Dx o @ — g — 1,€1 1,€2 ~O_ o @
(D=9) ((DxQQ) o Teyer Dr +Toye, 05 Dy (9 )

With Ty 0 (0) i= Toyea(0) 1= €0S(0), Ty () i= — sin(6), and Toy.,(6) = sin(9), 6 € . For
the induction step v — v + 1 we assume that for some 7 € N the assertion holds for all
a € N2\ {0} with |a| <. Take @ € N2 with |a| = v + 1. Then there exists o € N2 with
|a| = 7y such that @ = a+ ¢; for some i € {1,2}. Thus, using the base step and the induction
hypothesis, we obtain

(D3g) o ® = (DS (D2)g) o ®
T..e, D, ((D%g) 0 ®) + T.., 0, Dy ((D2g) 0 @)
=T, e, D

(o e

BEAL

+ Teper 0 1D¢< > Tas o271 DI DR (g o @)) — T+ 11
BEAL
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Using the product rule, the first summand becomes

[= Toe Tup ((ﬁl —laf) @l DI D (g0 @) + g2 DI DR (g o <I>))

BEAa

— Z Tore Top ((51 la|) 181 DB D’BQ(g o &) + ghti-lal phi+t DﬁQ(go @)
BEA

S T2, DR Do @)
BEAy

with suitable trigonometric polynomials Té’ g for 8 € Az. Similarly,

1= 3" Topes 0 DI (Dy(Tup) D (g 0 ®) + Ty D (g 0 @)

BEAL
= Y Teiey Do(Top) 00 DI D (g0 @) + T, Top 0511 D (g 0 @)
BEAL
=Y T, DI DR (g o ®)
BeAZ

with suitable trigonometric polynomials 7’ aI«I for g € Az. Thus,
(Dig)ow = Y Tha 8 DY D3 0)
BEAG
with Tz g := Té,/j + T&I{B for g € Ag. [ |

Since the matrix A = A(¢) is orthogonal, multiplication by A(¢) € R?*? preserves norms
on R? ie., for 1 < p < oo it holds that

|A(@) zf, ~ |z[,, o€Z, zeR% (46)

the constants in the equivalence depend solely on p. It is easily seen that the same is true for
its (component-wise) classical derivatives (93 A)(¢), n € N. In particular, for all n € N,

OtA € M :={M:T — R**?: M Borel-measurable, M (¢) orthogonal for all ¢ € Z}.
¢

The following lemma extends (46) to || - | H)o(T) ||-norms and is used in the proof of Theo-
rem 3.27.

Lemma A.3. Let v € Ny, 1 < p < oo, and © € R. Furthermore, let M : T — R?*? be such
that 9y M € M for alln € No. Then

1Mo | H @] ~ [|o | He(Z)

v = (v1,v3) € Li10c(Z; R?). (47)

Proof. We proceed by mathematical induction on 7. For v = 0 we have to consider
Hg7@(I) = L,6(Z). Obviously, v is Borel-measurable if, and only if, Mv is. Further, since
MeM,

o] @] ~ ([ o)l wa(o)ao) "
~ ([ v waio)a0) LT

42



Now suppose that (47) holds for some v € Ny. Then Lemma 2.6(x) and (ix) together with
the chain rule show

10 | B (D) ~ [|Mv | Hy o (D) + (| Do (M) | Ho, (T)]]
S|Mv | Hio@| +[[@sM)v | Hyep D + [[MDsv | Hye, D]

Thus, applying three times the induction hypothesis, as well as Lemma 2.6(vii), (ix), and (x),
we obtain one of the asserted estimates:

a0 | 3 D 5 |lo | Hyo @) + [[v | Hyoup DI + 1 Dov | Hyo, ()]
S o [ H o@D + [l Dov | Ho(D)]
Sl #He @]

The reverse estimate follows from this estimate, too, since M(-)T = M(-)~! and obviously
IpM ()" € M for all n € No. |

B Bessel potential spaces

In this final appendix we recall the definition of Bessel potential spaces H) (R?) and gather
some of their well-known properties which are frequently used throughout the manuscript.
To do so, we use a Fourier analytical approach similar to [56, Section 1.3.2].

For s € R, let

1-A): RN - S RY,  f=TF 1 ({E= Q+1EP)(FNEOD),

where .7/ (R%) C 2'(R?) denotes the space of tempered distributions (defined as the topological
dual of the Schwartz space of rapidly decreasing functions), % : .7/(R?) — .#/(R?) is the
Fourier transform and .# ! its inverse. Then for d € N, v € R, and 1 < p < o0,

HI(RY :={ue S (RY: (1-A)D2f e L,RY},
denotes the space of Bessel potentials endowed with the norm

1 [ H @[] = [0 = AP | Ly(R)

, f € H)(R?).

Remark B.1. However, note that such an f can always be extended to become a tempered
distribution, see [40, Theorem 13.1.2(i) together with Remark 13.3.3].

For the convenience of the reader, the next lemma collects the properties of H,/ (RY), as
needed in our arguments. Therein, for 1 < p < oo, we use W;(Rd) to denote the classical
L,-Sobolev space of order k € Ny.

Lemma B.2 (Properties of Bessel potential spaces). Let d € N, 1 < p,pg,p1 < 00, as well
as v,%,v1 € R. Then the following assertions hold.

(i) H}(RY) is a reflexive Banach space.
(i) Cg°(R?) is dense in HJ(R?).
(ili) If v € Ny, then HJ(R?) = W) (R?) with equivalent norms.
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1 1
(iv) (H}(RY) = H(RY), =+ = = 1, with equivalent norms.
p D

(v) If for 0 <9 < 1 there holds
1 1-9 9

= 4+ — and y=(1—=19)v+9n,
p Po y4!

then
[Hpo (RY), HYH(RT)] , = HyJ(RY)

with equivalent norms.

(vi) Let ((,)vez denote a collection of C*(RY)-functions such that for some ¢ > 1
0°C(2)| Sa ™, veZ, aeNj zeR’

then
G () f| HYRY|| S| f | HYRY||,  fe HYRY), vel

(vil) For k € Z and ¢ > 1 we have
() [ HR RO < |F | HYRD],  f € HY(RY).
(viii) Let (Ck)ren, denote a collection of C°°(RY)-functions such that

supZ]a ()] < Cl, o€ Nd.

d
zeR keNo

Then, with some constant depending on d, v, and C,, we have

D NG £ YRS |15 | Hy R

keNg

If, in addition,

f e HRY).

inf " [G(x)P = 6> 0,

R4
xTEe keNy

then, with some constant depending on o, d, v, and Cy, we have

£ ] HZ RS D NG f | H(

keNp

f e HI(RY).

Proof. For proofs of (i)-(iii) see [40, Theorems 13.3.7 and 13.3.12]. For the other assertions
one may use the coincidence of H, (R?) with so-called Triebel-Lizorkin spaces E) o(R9) for all
v€Rand 1 <p < oo, see, e.g., [55, Definition 2.3.2 and Theorem 2.5.6]. Then, the duality
statement (iv) follows from [55, Theorem 2.11.2] and the complex interpolation formula
in (v) is a consequence of [55, Theorem 2.4.7]. Assertion (vi) follows, for instance, from the
following multiplier assertion, proven, e.g., in [56, Theorem 4.2.2]: If m € N is sufficiently
large (compared to |y| and p), then

laf | HYRY|| S || | HZRD|| S (6% | Lo (RY)

laj<m

a€Cy'(RY), fe H)(RY,
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where CJ"(R?) consists of all C™(R¢)-functions with bounded derivatives up to order m.
Thus, (vi) follows if we choose a := a, := (,(c¢”-), since, by assumption, for all a € N¢,

10%a, | Loo(RY)|| = || (0°&,)(¢”) | L(RY)]| < Coy, v € Z.

The statement (vii) follows from the fact that if ¥: RY — R? is an m-diffeomorphism with
m € N large enough (again depending on |y| and p), then (see, e.g., [56, Theorem 4.3.2])

lwo ¥ | H| S u | Hy

: u € HJ(RY).

Finally, the localization result (viii) can been found in [38, Lemma 6.7] and [36, Theorem 2.1].
|
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