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Abstract. We investigate the question of maximizing the algebraic intersection
between closed curves of given lengths on translation surfaces. We focus on the
case of translation surfaces in the Teichmüller disk of the regular n-gons for even
n, and provide an explicit formula for the algebraic interaction strength KVol on
the Teichmuller disk of the regular n-gon when n is a multiple of 4 as well as
an upper bound for n ≡ 2 mod 4. We also provide a boundedness criterion for
KVol on Teichmüller disks of Veech surfaces.

Mathematics Subject Classi�cation (2020): 37D40 (primary); 32G15, 53C22
(secondary).

1 Introduction

In this paper, we continue the study of intersections of closed curves on translation
surfaces, initiated in [2] and [3] for a family of arithmetic Veech surfaces and [1] for
a family of non-arithmetic Veech surfaces. Namely, we investigate the question
of maximizing the algebraic intersection between two curves of given lengths.
A suitable way of quantifying this is to consider the following quantity, de�ned
for any closed oriented surface X with a Riemannian metric g (possibly with
singularities):

KVol(X) := Vol(X, g) · sup
α,β

Int(α, β)

lg(α)lg(β)
, (1)

where the supremum ranges over all piecewise smooth closed curves α and β in X,
Int denotes the algebraic intersection, and lg(·) denotes the length with respect
to the Riemannian metric (it is readily seen that multiplying by the volume
Vol(X, g) makes the quantity invariant by rescaling the metric g). As shown by
Massart-Müetzel [6], this function is well de�ned and �nite.

Though KVol is a close cousin of the systolic volume SysVol(X) = supα
Vol(X)
lg(α)2

,

it is di�cult to compute on a given surface outside the case of a �at torus (where
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KVol = 1). In this context, Cheboui, Kessi and Massart [2, 3] initiated the study
of KVol on translation surfaces, which are instances of �at surfaces with conical
singularities. More precisely, [2] provides estimates of KVol on the Teichmüller
disks associated with a family of arithmetic (or square-tiled) translation surfaces
(X,ω). In Boulanger�Lanneau�Massart [1], we give a closed formula for KVol
on the Teichmüller disk of the double regular n-gon translation surface for n ≥ 5
odd. In this paper, we continue the study of KVol in the Teichmüller disk of
translation surfaces coming from regular polygons. Namely, we deal with the
case of the regular n-gon for n ≥ 8 even. Although similar to the case of the
double regular n-gon for odd n, the case of the regular n-gon for even n requires
a more careful study.

Given an even integer n ≥ 8, we denote by Xn the translation surface made
from a regular n-gon by identifying its parallel opposite sides by translations.
The resulting surface has a unique conical singularity if n ≡ 0 mod 4 and two
distinct conical singularities if n ≡ 2 mod 4. This surface can also be obtained
by the unfolding construction of Katok�Zemlyakov [4] from a triangle of angles

(π
2
, π
n
, (n/2−1)π

n
) and is one of the original Veech surfaces described in [10]. As it

will be recalled in Section 2, the Veech group of Xn has a staircase model Sn in
its Teichmüller disk whose Veech group Γn is an index two subgroup of the Hecke
group of order n. In particular, the Teichmüller curve associated to Xn can be
identi�ed with H2/Γn and has a fundamental domain Tn depicted in Figure 1,
where Φ := Φn = 2 cos(π

n
).

In this paper, we study KVol in the Teichmüller disk of Xn, and we give a
formula to compute KVol on any surface of Tn for n ≡ 0 mod 4. If n ≡ 2 mod 4,
the fact that Xn has two singularities makes it more di�cult to compute KVol.
In this latter case, our methods provide upper bounds on KVol in the Teichmüller
disk of Xn.

The case n ≡ 0 mod 4. Our main result holds in the case where n ≡ 0 mod 4,
so that the regular n-gon as a single singularity, and can be stated as:

Theorem 1.1. Let n ≥ 8 such that n ≡ 0 mod 4. Given d, d′ ∈ R ∪ {∞} ≃
∂H2, let γd,d′ denote the geodesic in the hyperbolic plane H2 having d and d′ as
endpoints, and de�ne:

Gmax =
⋃

k∈N∗∪{∞}

γ∞,± 1
kΦ

(with the convention 1
∞ = 0).

Let X = M · Sn be a surface in the Teichmüller disk of Xn, obtained from the
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staircase model S by applying a matrix M =

(
a b
c d

)
∈ SL2(R). Then, we have:

KVol(X) = K0 ·
1

cosh(distH2(di+b
ci+a

,Γn · Gmax))
(2)

Where K0 > 0 is an explicit constrant which only depends on n and distH2 de-
notes the hyperbolic distance.

In particular, KVol is bounded on the Teichmüller disk of the regular n-gon,
and

(i) the maximum of KVol is achieved for surfaces represented by images of
elements of Gmax under the group Γn,

(ii) the minimum of KVol is achieved, uniquely, at Xn.

0 Φ
2

2
Φ1

1
Φ

1
2Φ

1
3Φ

Xn

Figure 1: The geodesics γ∞, 1
kΦ

for k = 1, 2, 3 and their images by the Veech group
intersecting the fundamental domain Tn. On the right, the same geodesics on the
surface H2/Γn.

Speci�cally when X = Xn is the regular n-gon, the result of Theorem 1.1 can
be stated as follows1:

1Although stated in this order, we �rst prove Theorem 1.2 and then use it to prove Theorem

1.1
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Theorem 1.2. Let n ≥ 8, n ≡ 0 mod 4. Let l0 be the length of the side of the
n-gon2. For any pair of saddle connections α, β, we have

Int(α, β)

l(α)l(β)
≤ 1

l20
. (3)

Moreover, equality is achieved if and only if α and β are distinct sides of the
n-gon.

Using that the volume of a regular n-gon of unit side is n
4 tan π

n
, we get:

Corollary 1.3. For any n ≥ 8 such that n ≡ 0 mod 4, we have:

KVol(Xn) =
n

4 tan(π
n
)
.

Notice that although Xn has minimal KVol in its Teichmüller disk, it is not a
local minimum for KVol in its stratum H(2g−2). Indeed, the regular n-gon is the
polygon with n sides of the same length that have maximal area. In particular,
any other such polygon close to the regular n-gon will have a smaller area, and
KVol will still be realized by pairs of sides of the corresponding n-gon, hence will
be smaller.

The case n ≡ 2 mod 4. If n ≡ 2 mod 4, the resulting translation surface
Xn has two conical singularities, so that saddle connections may not be closed
curves anymore, and simple closed geodesics could be homologous to the union
of several non-closed saddle connections in di�erent directions. For this reason,
we do not have a closed formula for KVol in the Teichmüller disk of the regular
n-gon. However, we show:

Theorem 1.4. For n ≥ 10 with n ≡ 2 mod 4, KVol is bounded on the Teich-
müller disk of the regular n-gon.

An explicit bound is given in Corollary 6.3. This result contrasts with ex-
amples of squared tiled translation surfaces with multiple singularities having
unbounded KVol on their Teichmüller disk. It is the �rst example of a transla-
tion surface with more than one singularity where we can show boundedness on
the Teichmüller disk. In fact, we give an explicit boundedness criterion in the
Teichmüller disk of a Veech surface:

Theorem 1.5. KVol is bounded on the Teichmüller disk of a Veech surface X
if and only if there are no intersecting closed curves η and ξ on X such that
η = η1 ∪ · · · ∪ ηk and ξ = ξ1 ∪ · · · ∪ ξl are unions of parallel saddle connections
(that is all saddle connections η1, . . . , ηk, ξ1, . . . , ξl have the same direction).

2Which is also the systolic length of the resulting surface Xn.

4



α
β β

α

Figure 2: In this example, the curves α and β (oriented such that the resulting
curve has a well de�ned orientation) intersect twice.

This criterion generalises Proposition 3.2 of [1] to the case of translation sur-
faces with several singularities.

Finally, concerning the regular n-gon itself, the proof of Theorem 1.2 extends
and gives:

Theorem 1.6. Let n ≥ 10 with n ≡ 2 mod 4. Let l0 be the length of the side of
the n-gon. For any pair of closed curves α, β on Xn, we have

Int(α, β)

l(α)l(β)
<

1

l20
.

Notice that in this case, we show that the inequality is strict. In fact, it is
unclear whether the best possible ratio is achieved and, if so, by which closed
curves. Our guess would be the following:

Conjecture 1.7. Let n ≥ 10 with n ≡ 2 mod 4. For any pair of closed curves
α, β on Xn, we have

Int(α, β)

l(α)l(β)
≤ 1

2l20
,

where l0 is the length of the side of the n-gon. Moreover, equality is achieved if
and only if α and β are twice intersecting pairs of sides of the n-gon, as in Figure
2 for the decagon. In particular:

KVol(Xn) =
n

8 tan(π
n
)

Strategy of proof. Although stated in the reversed order, the proof of Theo-
rem 1.1 rely on Theorem 1.2. The proof of both Theorem 1.2 and Theorem 1.6
uses a subdivision method developped in [1] in the case of the double n-gon for
odd n, which we extend to the case of the regular n-gons for even n: given two
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saddle connections, we can estimate simulteneously their lengths and their inter-
section by subdivising each saddle connection into smaller well-chosen segments.

Then, we prove Theorem 1.1 by studying how the ratio Int(α,β)
l(α)l(β)

varies as the
surface X and the saddle connections α and β moves under the action of a matrix
of SL2(R). The proof of both Theorem 1.1 and Theorem 1.4 uses the fact that
there are only two cylinder decompositions up to the action of SL2(R) on each
surface of the Teichmüller disk of the regular n-gon.

To conclude this introduction, let us mention that although Theorem 1.1 is
similar to Theorem 1.1 of [1] stated for the double n-gon when n is odd, the main
di�erence is that the maximum of KVol on the Teichmüller disk of the regular
n-gon is achieved along an in�nite set of geodesics instead of a single geodesic for
the Teichmüller disk of the double regular n-gon. This has to do with the fact
that the staircase model associated with the double regular n-gon has a pair of
intersecting systoles, giving a big KVol, while there is only one systole for the
staircase model associated with the regular n-gon. In particular, the supremum
in the de�nition of KVol on the staircase model associated with the regular n-gon
(n ≥ 8, n ≡ 0 mod 4) is achieved when α and β are respectively the systole and
the second shortest closed curve (which is perpendicular to the systole, see Figure

4), but it is also realised as the limit when k goes to in�nity of the ratio Int(α,βk)
l(α)l(βk)

,
where α is the systole and βk is a saddle connection winding k times around the
smallest vertical cylinder of Sn (and hence intersecting k + 1 times α, counting
one singular intersection).

Organization of the paper. We recall in Section 2 useful results about trans-
lation surfaces and their Veech groups, and we describe the staircase model asso-
ciated with the regular n-gon. In Section 3, we compute explicitly KVol on the
regular n-gon using elementary geometry, showing both Theorem 1.2 and Theo-
rem 1.6. Next, we provide in Section 4 key estimates that allows to understand
the function KVol on the Teichmüller disk. Using the knowledge of KVol on the
regular n-gon (n ≡ 0 mod 4), we prove Theorem 1.1 in Section 5. Finally, we
show the boundedness criterion for KVol on Teichmüller disks (Theorem 1.5) in
Section 6 and we apply this criterion to the regular n-gon (n ≡ 2 mod 4) in
order to deduce Theorem 1.4.

Ackowledgements. I would like to thank Erwan Lanneau and Daniel Massart
for their constant support and for enlightening discussions, as well as helpful
comments on preliminary versions of this document.
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2 Background

2.1 Translation surfaces and their Veech groups

We start with a quick review of useful notions. We encourage the reader to check
out the surveys [13], [12] and [5] for a general introduction to translation surfaces.

A translation surface (X,ω) is a real compact genus g surface X with an
atlas ω such that all transition functions are translations except on a �nite set
of singularities Σ, along with a distinguished direction. In fact, it can also be
seen as a surface obtained from a �nite collection of polygons embedded in C by
gluing pairs of parallel opposite sides by translation. The resulting surface has
a �at metric and a �nite number of conical singularities. With this description,
the moduli space of translation surfaces can be thought of as the space of all
translation surfaces up to cut and paste.

The action of GL+
2 (R) on polygons induces an action on the moduli space

of translation surfaces. The orbit of a given translation surface X is called its
Teichmüller disk and its stabilizer, called the Veech group of X, is often denoted
SL(X). These groups have been studied by W.A. Veech who showed in particular
that they are discrete subgroups of SL2(R), see [10]. As a consequence, the
Teichmüller disk of a translation surface can be identi�ed with H2/SL(X).

2.2 The regular n-gon and its staircase model

Given n ≥ 4 even, one can contruct a translation surface by identifying parallel
opposite sides of a regular n-gon. If n ≡ 0 mod 4 (and n ≥ 8), the resulting
surface has a single singularity, and in particular, every edge corresponds to a
closed curve on the surface. However, if n ≡ 2 mod 4 (and n ≥ 10), the resulting
surface has two singularities, so that sides are no longer closed curves.

As described in [7] and depicted in Figures 3 and 4, the regular n-gon Xn has
a staircase shaped model Sn in its Teichmüller disk.

With the notations of Figure 4, the lengths of the sides are given by:

l(αi) = sin(
(n/2− 2i+ 1)π

n
) and l(βj) = sin(

(n/2− 2j + 2)π

n
)

Where i, j ∈ J1, n
4
K for n ≡ 0 mod 4, and i ∈ J1, n−2

4
+ 1K while j ∈ J1, n−2

4
K

for n ≡ 2 mod 4. In particular, the modulus of each vertical cylinder Ci is
Φ = 2 cos(π

n
) as well as the modulus of each horizontal cylinder Zj, except the

horizontal cylinder Z1 if n ≡ 0 mod 4 (resp. the vertical cylinder C1 if n ≡ 2
mod 4) having a modulus of Φ/2.

In both cases, the Veech group Γn associated with the staircase model contains

the horizontal twist TH =

(
1 Φ
0 1

)
and the vertical twist TV =

(
1 0
Φ 1

)
. In fact, it
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(
sin(π

n
) − sin( (n/2−1)π

n
)

0 1

)

Cut and paste

Figure 3: From the regular octagon to its staircase model.

is shown in [10] that Γn is generated by TH and TV . In particular, the Teichmüller
disk of the regular n-gon, identi�ed with H2/Γn has a fundamental domain Tn as
depicted in Figure 5.

It will sometimes be convenient to include orientation-reversing elements in

the de�nition of the Veech group. The matrix R =

(
1 0
0 −1

)
gives an a�ne

orientation-reversing di�eomorphism of the staircase model, and in fact TH , TV

and R generate the "non-oriented" Veech group, which we will denote by Γ±
n .

3 KVol on the regular n-gon

In this section, we give an elementary proof of Theorem 1.2 and Theorem 1.6.
The main idea of the proof is to subdivide saddle connections α and β into
smaller (non-closed) segments where we can control both the lengths and the
intersections.

Given saddle connections α and β, we start by de�ning a notion of sector for
the direction of α (resp. β) which tells how to subdivide the saddle connection α
(resp. β) into segments (��3.1 & 3.2). Then, we study these segments separately
and show that they are all longer than the side of the regular n-gon (�3.2). Finally,
we study the possible intersection for each pair of segments (�3.3). Setting aside
two particular cases that are studied separately, each pair of segments (αi, βj)
intersect at most once, giving the desired ratio. To conclude the proof, it remains
to take into account the possible singular intersections. This can be acomplished
by paying closer attention to the intersections and the lengths.
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C1

α3

α2

β2

β1

α4

β3Z3

Z2

Z1

α1

Figure 4: The staircase model associated with the regular n-gon for n = 12 on
the left and n = 14 on the right.

3.1 Sectors and separatrix diagrams

The directions of the diagonals of the regular n-gon subdivide the set of possible
directions into n sectors of angle π

n
, as in Figure 6 for the octagon.

In each sector there is an associated transition diagram which encodes the
possible sequence of intersections of sides for a line whose direction lies in this
sector. For example, a geodesic with direction in the sector Σ0 of Figure 6 has to
intersect e2 before and after each intersection with e1 while it can intersect either
e2 or e3 before and after each intersection with e0. In this example, the sector Σ0

gives the following transition diagram:

e1 ⇆ e2 ⇆ e0 ⇆ e3 ⟲

In this con�guration we say that e1 is sandwiched. The side e1 can only be
preceded and followed by the (adjacent) side e2. More generally, for a given sector
Σ on the regular n-gon we have a separatrix diagram of the form

eσ(0) ⇆ eσ(1) ⇆ · · · ⇆ eσ(n/2−2) ⇆ eσ(n/2−1) ⟲

where σ = σΣ ∈ Sn/2 is a given permutation. We say that the side eσ(0) is
sandwiched by the side eσ(1) in sector Σ. Note that it is su�cient to know σ(0)
and σ(1) to tell the sector, as the sector is de�ned by the directions of the side eσ(0)
and the diagonal eσ(0) + eσ(1). See [8] for further details on transition diagrams
of regular n-gons.

3.2 Construction of the subdivision

Let α be an oriented saddle connections on the regular n-gon. Assume α is not a
diagonal of the n-gon, so that it has a well de�ned sector Σα which corresponds
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−1 1Φ
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0

i

Sn

Xn

Figure 5: The fundamental domain of the Teichmüller disk of Xn.

to a transition diagram given by the permutation σα. We cut α each time it
intersects a non-sandwiched side of the n-gon. This gives a decomposition into
non-closed segments α = α1∪· · ·∪αk where each segment is either (see Figure 7):

� A non-sandwiched segment which goes from a side of the n-gon to another
non-adjacent side of the n-gon.

� A sandwiched segment, with extremities on the side e′ = eσα(1), intersecting
the sandwiched side e = eσα(0) on its interior. Such segments are made of
one piece going from e′ to e and another piece going from e to e′. We say
that such a sandwiched segment has type e′ → e → e′.

� An initial or terminal segment α1 or αk. Such segments will be considered
as non-sandwiched segments.

If α is a diagonal or a side of the n-gon, we set k = 1 and α = α1. Further, we
have by construction:

Lemma 3.1. For every i, we have l(αi) ≥ l0 and equality holds if and only if
k = 1 and α is a side of the regular n-gon.

Proof. A non-sandwiched segment has length at least l0 since each segment going
from a side to another non-adjacent side has length at least l0 in the regular
n-gon.
Now, take a sandwiched segment and assume up to a rotation that it is of type
e2 → e1 → e2, as in Figure 7. Since angles between the sides e1 and e2 are obtuse,
the sandwiched segment has a length bigger than the length of e1, that is l0.
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e3

e2

e1

e0

e1

e2

e3

Σ0

Σ1

Σ2
Σ3Σ4Σ5

Σ6

Σ7

Σ0 e2

e1
e0

e3

e2

e3

e0
e1

Figure 6: The directions of the diagonals of the octagon divide the set of directions
into 8 sectors. On the right, diagonals corresponding to the sector Σ0.

3.3 Study of the intersections

In this section, we investigate the possible intersections between two distinct
saddle connections α and β, and show:

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
(4)

where |α ∩ β| is the cardinal of the set of intersection points without counting
the singularities. This set is �nite as α and β are distinct saddle connections. As
before, we decompose both α = α1∪· · ·∪αk and β = β1∪· · ·∪βl into sandwiched
and non-sandwiched segments. We start with the case where either α or β are
sides of the n-gon.

If α (resp. β) is a side of the n-gon. In this case, notice that:

1. Between each non-singular intersection with α, there is at least one sand-
wiched segment or one non-sandwiched segment of β, giving a length greater
than l0.

2. Further, after the last non singular intersection with α, there is a least one
non-sandwiched segment, giving a length greater than l0.

3. If there are no non-singular intersection with α, then β has length at least l0
anyway (with equality if and only if β is another side of the regular n-gon).
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e1

e2

e1

e2 e0

e3

e0

e3

Figure 7: Example of a non-sandwiched segment (in dashed red) and a sand-
wiched segment (in bold green). The sandwiched segment is of type e2 → e1 → e2.

In particular, l(β) ≥ (|α ∩ β|+ 1)l0 and hence:

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20

with equality if and only if both α and β are sides of the regular n-gon.

The other cases. In the rest of this section, we assume that α and β are not
both sides of the regular n-gon. As such, there is at least one segment αi of α for
which the inequaltity l(αi) > l0 is strict, and hence l(α)l(β) > kl · l20. Further,
up to a small deformation of α, we can assume there are no intersection on the
sides of the n-gon (it is possible to do it while keeping each αi straight and in
the same sector). In this setting, all non-singular intersections between α and β
correspond to an intersection of two segments αi and βj and we have:

|α ∩ β| ≤
∑
i,j

|αi ∩ βj|

where |αi ∩ βj| is the number of intersection points between the (non-closed)
curves αi and βj. The latter quantity is �nite as long as α and β are assumed to
be distinct. Notice that if n ≡ 0 mod 4, there is a single singularity so that α and
β are automatically closed curves and we can de�ne their algebraic intersection,
and hence:

Int(α, β) ≤ (
∑
i,j

|αi ∩ βj|) + 1 (5)

where the added +1 corresponds to the possible singular intersection.

Now, remark that if both αi and βj are not sandwiched, then |αi ∩ βj| ≤ 1.
More generally, we have:
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Lemma 3.2. For any i, j, |αi ∩ βj| ≤ 2. Further, the case |αi ∩ βj| = 2 is
possible only if:

(i) Either αi is a sandwiched segment of type e′ → e → e′ and βj is a sand-
wiched segment of type e → e′ → e.

(ii) Or, up to permutation of α and β, αi is a sandwiched segment of type
e′ → e → e′, and βj is a long segment, that is the endpoints of βj lie in
eσβ(2m−1) or eσβ(2m−2) or at the two vertices contained in both eσβ(n/2−1) and
eσβ(n/2−2). Further, {e, e′} = {eσβ(n/2−1), eσβ(n/2−2)}.

These two con�gurations are depicted in Figure 8.

αi

αi

βj

βj
e′

e

e

e′

αi

αi

βj

e′

e

e

e′

Figure 8: The two cases where |αi ∩ βj| = 2.

Remark 3.3. Notice that the two cases cannot happen simultaneously since in
case (i) we have {e, e′} = {eσβ(1), eσβ(0)} while in case (ii) we have {e, e′} =
{eσβ(n/2−1), eσβ(n/2−2)}.

Proof of Lemma 3.2. 1st case: Assume that both αi and βj are sandwiched seg-
ments. Then, the study of the intersections is exactly the same as the study of
the intersections of pairs of sandwiched segments in the double n-gon for odd n,
see [1, �6.3]. Up to a rotation or a symmetry, we can assume αi is sandwiched of
type e2 → e1 → e2.

In particular, |αi ∩ βj| = 0 unless βj has one of the following type:

(1) e0 → e1 → e0 (2) e1 → e0 → e1
(3) e1 → e2 → e1 (4) e2 → e1 → e2
(5) e2 → e3 → e2 (6) e3 → e2 → e3
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(This is because αi and βj have to share at least a common side of the n-gon to
intersect).

Similarly to the case of the double n-gon for odd n, we can show (see Figure 9)
that in all cases but (3) we have |αi ∩ βj| ≤ 1. In particular, the case (3) is the
only case where we possibly have |αi ∩ βj| = 2 (as in the left of Figure 8).
2nd case: Up to permutation of α and β, αi is sandwiched (say of type e′ → e →
e′) while βj is not. In this case, we see easily that βj has to be a long segment
whose extremities lie on the sides e or e′ in order to get two intersections, as in
the right of Figure 8.

In light of Lemma 3.2 and Remark 3.3, we distinguish three mutually exclusive
cases:

(0) There is no con�guration of type (i) or (ii).

(i) There exists i, j such that αi and βj are in a con�guration of type (i).

(ii) There exists i, j such that αi and βj are in a con�guration of type (ii).

Case (0): There is no con�guration of type (i) or (ii). In this case, we de-
duce from Equation (5) and Lemma 3.2 that:

|α ∩ β| ≤ kl. (6)

In order to get Equation (4), we either improve the inequality on the intersections
(Equation (6)) or the inequality on the lengths l(α)l(β) > kl ·l20. For this purpose,
we distinguish two cases:

1. If α is not contained in the cylinder de�ned by eσα(0), eσα(1) as in Figure 10
(in the example of the octagon), then we can �nd two consecutive segments
αi and αi+1 which are not contained in the cylinder. As explained in Figure
10, the length l(αi)+ l(αi+1) should be at least Φ2l0. Since Φ

2 > 3, we have
l(αi) + l(αi+1) > 3l0, so that l(α) > (k + 1)l0, and

l(α)l(β) > (kl + 1)l20.

Using Equation (6) we have directly that Equation (4) holds (the inequality
being strict in this case). By symmetry, the same argument holds if β is
not contained in the cylinder de�ned by eσβ(0), eσβ(1).

2. Otherwise, we can assume that α is contained in the cylinder de�ned by
eσα(0) and eσα(1) while β is contained in the cylinder de�ned by eσβ(0) and
eσβ(1). In this case, unless β is a diagonal, we see that α1 cannot intersect
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e2
e1

e0

e0

e3

e2

e3

αi

(2) e1 → e0 → e1

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(3) e1 → e2 → e1

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(4) e2 → e1 → e2

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(5) e2 → e3 → e2

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(6) e3 → e2 → e3

βj

Figure 9: The six cases in Lemma 3.2, (i).
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Φ2l0 > 3l0

e0

e1
αi+1

αi

Figure 10: If α is not contained in the cylinder de�ned by e0 and e1, then there
are two consecutive segments αi and αi+1 with l(αi) + l(αi+1) > 3l0.

both β1 (which lies in a region S0 as in Figure 11) and βl (which lie in a
symmetric region S1), so that

|α ∩ β| ≤ kl − 1.

In particular |α ∩ β| + 1 ≤ kl and using that l(α)l(β) > kl · l20, we deduce
that Equation (4) holds (and the inequality is strict in this case).

3. Finally, if both α and β are diagonals, we have l(α), l(β) ≥ Φl0 and hence
l(α)l(β) ≥ Φ2l20 > 2l20, so that Equation (4) holds as well and the inequality
is strict.

It remains to investigate cases (i) and (ii).

Case (i): ∃i, j, αi and βj are in a con�guration of type (i), that is αi is

a sandwiched segment of type e′ → e → e′ and βj is a sandwiched segment of
type e → e′ → e. This case corresponds to case (3) of [1, �6.3]. Similarly, we
consider the maximal sequence of sandwiched segments αi0 ∪ · · · ∪ αi0+p (resp.
βj0 ∪ · · · ∪ βj0+q) containing αi (resp. βj), which is maximal in the sense that
both αi0−1 and αi0+p+1 (resp. βj0−1 and βj0+q+1) are non-sandwiched, and we can
show:

Lemma 3.4. αi0 ∪ · · · ∪ αi0+p ∪ αi0+p+1 and βj0 ∪ · · · ∪ βj0+q ∪ βj0+q+1 intersect
at most (p+ 3)(q + 2) times while there are (p+ 3)(q + 3) pairs of segments.

In particular, summing the intersections of pairs of maximal sequences of
sandwiched segments and intersections of pairs of segments which are not already
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α1

S0

S1

Figure 11: In case 2, α1 cannot intersect both β1 (which lies in a region S0) and
βl (which lies in the symetric region S1). In this example β has direction in Σ2.

counted in such maximal sequences (and as such intersect at most once), we get:∑
i,j

|αi ∩ βj| < kl

so that |α ∩ β|+ 1 ≤ kl and
|α ∩ β|+ 1

l(α)l(β)
<

1

l20
, as required.

Case (ii): ∃i, j, αi and βj are in a con�guration of type (ii). In this case,
we count the intersection of α with the maximal sequence of non-adjacent seg-
ments βj contained in the big cylinder spanned by eσβ(n/2−1) and eσβ(n/2−2). Ex-
amples are depicted in Figure 13 and Figure 14 in the case of the octagon.

We distinguish two cases: one where we can get a better estimation of the
length of β while in the other we can get a better lower bound on the number of
intersections between α and β.

1. If β contains only non-sandwiched segments contained in the big cylinder,
then in particular β start and end at the vertices which are the common
endpoints to the sides of label eσβ(n/2−1) and eσβ(n/2−2), see Figure 13). In
this case, β = β1 ∪ · · · ∪ βl could have l + 1 intersections with αi (instead
of l). However, we can compensate with a better estimation of the lengths.
A convenient way to estimate the length is to unfold the big cylinder as in
Figure 13 and get:

� If l is odd, then l(β) ≥ ( l+1
2
Φ2 − 1)l0.

� If l is even, then l(β) ≥ l
2
Φ2l0.

17



α

β

Figure 12: Exemple of maximal sequences of sandwiched segments. In this ex-
ample, p = 1 and q = 1. There are 5 intersections.

Hence, in both cases, we have
|αi ∩ β|
l(αi)l(β)

<
1

l20
. Further, the same holds if αi

is a non-sandwiched segment: in this case αi intersect β at most l times,

so that
|αi ∩ β|+ 1

l(αi)l(β)
<

1

l20
. Since α1 is non-sandwiched, this allows to count

the singular intersection, so that:

(
∑

i |αi ∩ β|) + 1

(
∑

i l(αi))l(β)
<

1

l20
.

As required.

2. Else, the maximal sequence B = βj0 ∪ · · · ∪ βj0+p−1 of non-sandwiched
segments in the big cylinder containing βj is not contained big cylinder, as
in Figure 14. In this case, given that p is the number of non-sandwiched
segments in the maximal sequence, there are at most

• p intersections, if β either start or end at the central singularity. That
is we can assume up to changing the orientation of β that the maximal
sequence of non-sandwiched segments containing βj is β1 ∪ · · · ∪ βp,
and hence we have

|αi ∩B|
l(αi)l(B)

<
p

pl20
=

1

l20
.

Further, using that in this case, l(β1) ≥ (Φ2 − 1)l0 > 2l0, we deduce
that in fact l(B) = l(β1) + · · ·+ l(βp) > 2l0 + (p− 1)l0 = (p+ 1)l0, so
that

|αi ∩B|+ 1

l(α1)l(B)
<

p+ 1

(p+ 1)l20
=

1

l20
.
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Summing all intersections of this kind with the other intersections, we

�nally get
Int(α, β)

l(α)l(β)
<

1

l20
as required.

• (p−1) intersections, if β does not start and does not end at the central
singularity, so that

|αi ∩B|+ 1

l(αi)l(B)
<

(p− 1) + 1

pl20
=

1

l20
.

Similarly, we conclude that
Int(α, β)

l(α)l(β)
<

1

l20
as required.

αi

αi

β

l ≥ Φl0

l ≥ (Φ2 − 1)l0

Figure 13: In the case where the curve β stays in the big cylinder, there could
be one intersection more (here 5) than non sandwiched segments in β (here 4).
However, unfolding the trajectory of the curve β allows to estimate precisely its
length, given the lengths of the long diagonals which can be expressed using Φ.

3.4 Conclusion

As shown in the previous section, for any two distinct saddle connections α and
β, we have

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
(4)

and equality occurs if and only if α and β are sides of the regular n-gon.

19



Figure 14: In the case where the curve β leaves the big cylinder, there are at
most as many non-sandwiched segments as intersections with the segment αi.

Now, any closed curve η (resp. ξ) on the regular n-gon is homologous to a
union of saddle connections η = η1∪ · · ·∪ ηk (resp. ξ = ξ1∪ · · ·∪ ξl). In this case,
we have

Int(η, ξ) ≤ (
∑
i,j

|ηi ∩ ξj|) + s

where s is the number singular intersection points. It should be noted that we
set |ηi ∩ ξj| = 0 if ηi = ξj. Further, we can assume without loss of generality
that η and ξ are simple closed curves (see Lemma 3.1 of [6]) so that there are
no multiple intersections at the singularities, and hence s ≤ min(k, l). Further,
s ≤ 1 for n ≡ 0 mod 4 and s ≤ 2 for n ≡ 2 mod 4. Using Equation (4), we get:

Int(η, ξ) ≤ (
∑
i,j

l(ηi)l(ξj))×
1

l20
+ s− kl =

l(η)l(ξ)

l20
+ s− kl

with equality if and only if each ηi (resp. ξj) is a side of the regular n-gon. In
particular:

� For n ≡ 0 mod 4, s ≤ 1 and we get directly Theorem 1.2, by noticing that
distinct sides of the n-gon are indeed intersecting once at the singularity.

� For n ≡ 2 mod 4, if s ≤ 1 then at least one of the ηi (or ξj) is not a side
of the n-gon so that l(ηi) > l0 (or l(ξj) > l0) and

Int(η, ξ) <
l(η)l(ξ)

l20

Else, if s = 2 then k, l ≥ 2 so that kl ≥ 4 and

Int(η, ξ) ≤ l(η)l(ξ)

l20
− 2 <

l(η)l(ξ)

l20

This gives Theorem 1.6.
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4 KVol as a supremum over pairs of directions

In this section, we extend the study of KVol as a function over the Teichmüller
disk. We assume n ≡ 0 mod 4 so that Xn has a single singularity (as well as all
the translation surfaces in its Teichmüller disk). The study follows the method
of [1], but the case of the regular n-gon requires more precise estimates.

We �rst give a consistent name for saddle connections as the surface varies in
the Teichmüller disk, as well as the direction of such saddle connections. This is
done in �4.1 by choosing a base surface in the Teichmüller disk, namely Sn, the
staircase model. Next, for each pair of distinct periodic directions we de�ne a
quantity K(d, d′) which can be computed on the base surface Sn, and allows for
a more convenient expression of KVol (see Proposition 4.4). Finally, we provide
in Proposition 4.7 precise estimates on K(d, d′). These estimates are one of the
main ingredients in the proof of Theorem 1.1, and they di�er from the case of
the double n-gon.

4.1 Directions in the Teichmüller disk

Following [1, �4], we consider the plane template of Sn as our base surface and
de�ne the direction of a saddle connection α in X = M · Sn as the direction (in
RP 1) of the preimage saddle connection M−1 · α in Sn it corresponds to. More
precisely:

De�nition 4.1. For d ∈ RP 1, we say that a saddle connection in Sn has direction
d if it has direction d in the plane template of Figure 15. For M ∈ GL+

2 (R) we
say that a saddle connection α in M · Sn has direction d if M−1 · α has direction
d in Sn.

This is a bit counter-intuitive because α may not have direction d in a plane
template for M ·Sn, but it allows for a consistent choice of the notion of direction
along the Teichmüller space. Moreover, we have:

Proposition 4.2. [1, �4] Using the identi�cations

d = [x : y] ∈ RP 1 7→ −x

y
∈ R ∪ {∞} ≡ ∂H2

and for M =

(
a b
c d

)
∈ SL2(R)

M · Sn ∈ Tn 7→ di+ b

ci+ a
∈ H2,

the locus of surfaces in Tn where the directions d and d′ make an (unoriented)
angle θ ∈]0, π

2
] is the banana neighborood

γd,d′,r = {z ∈ H2 : distH2(z, γd,d′) = r}
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where cosh r =
1

sin θ
.

In particular, the locus of surfaces in Tn where the directions d and d′ are
orthogonal is the hyperbolic geodesic with endpoints d and d′.

In the rest of the paper, we use the following

Notation 4.3. Given X = M · Sn ∈ Tn, and d, d′ distinct periodic directions, we
de�ne θ(X, d, d′) ∈]0, π

2
] as the (unoriented) angle between the directions d and

d′ in the surface X. With this notation, we have by Proposition 4.2:

sin θ(X, d, d′) =
1

cosh(distH2(X, γd,d′))
. (7)

4.2 KVol as a supremum over pairs of directions

With the above choice of a consistent name for saddle connections and directions
along the Teichmüller disk, we have the following proposition, which is already
stated in [1] in the case of the double n-gon but can be extended with the same
proof to the case of translation surfaces S for which saddle connections in the
same direction do not intersect.

Proposition 4.4. [1, Proposition 5.1] Let S be a translation surface with a
single singularity such that saddle connections in the same direction are non-
intersecting. Let P be the set of directions of saddle connections of S. De�ne
the notion of direction for X in the Teichmüller disk of S using De�nition 4.1.
Then, for any surface X in the Teichmüller disk of S, we have:

KVol(X) = Vol(X) · sup
d, d′ ∈ P
d ̸= d′

K(d, d′) · sin θ(X, d, d′), (8)

where K(d, d′) = sup α ⊂ Sn saddle connection in direction d
β ⊂ Sn saddle connection in direction d′

Int(α,β)
α∧β and θ(X, d, d′) is the

angle given by Notation 4.3.

The fact that saddle connections in the same direction on the regular n-gon
are non-intersecting can be checked using the horizontal and vertical cylinder
decomposition of the staircase model.

Remark 4.5. Notice that the Veech group Γ±
n of the staircase model Sn acts on Sn

while preserving the intersection form, and acts linearly on R2, hence preserving
the wedge product. In particular, K(d, d′) = K(g ·d, g ·d′) for any element g ∈ Γ±

n .

From this result and Theorem 1.2, we deduce
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Corollary 4.6. For n ≥ 8, n ≡ 0 mod 4, we have:

KVol(Xn) = Vol(X) ·K(∞,
1

Φ
) · sin θ(Xn,∞,

1

Φ
)

In particular,

∀(d, d′), K(d, d′) · sin θ(Xn, d, d
′) ≤ K(∞,

1

Φ
) · sin θ(Xn,∞,

1

Φ
).

Proof. By Theorem 1.2, KVol is achieved on the regular n-gon by pairs of distinct
sides. In particular, the sides of the n-gon α and β corresponding to directions
∞ and 1

Φ
achieve the supremum:

KVol(Xn) =
Int(α, β)

l(α)l(β)
by Theorem 1.2.

=
Int(α, β)

α ∧ β
sin angle(α, β)

= K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
) by de�nition of K(d, d′) and θ(X, d, d′).

Next, we provide precise estimates on K(d, d′) using its invariance under the
diagonal action of the Veech group. These estimates are one of the main ingre-
dients in the proof of Theorem 1.1.

Proposition 4.7. For any pair of distinct periodic directions (d, d′), we have,
with the notations of Figure 15:

♠ If there exist k ∈ N∗ ∪ {∞} and g ∈ Γ±
n such that (d, d′) = (g · ∞,±g · 1

kΦ
),

we have

K(d, d′) =
1

l(α1)l(αm)
=

1

Φl2m

with lm := l(αm).

♦ If there exist g ∈ Γ±
n such that (d, d′) = (g · ∞,±g · Φ2−1

Φ3−2Φ
), then

K(d, d′) =
1

(Φ3 − 2Φ)l2m
=

1

Φ2 − 2
K(∞,

1

Φ
).

This is the case of (d, d′) = ( 1
Φ
,Φ− 1

Φ
), image of (∞, Φ2−1

Φ3−2Φ
) by the element

g = TVR ∈ Γ±.

� In the other cases,

K(d, d′) <
1

(Φ3 − 2Φ)l2m
.
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Recall that the αi (resp. βj) are the horizontal (resp. vertical) saddle con-
nection sorted by decreasing length, and de�ne li := l(αi) and hj := l(βj) for
1 ≤ i, j ≤ m. Further, we denote C1, . . . , Cm (resp. Z1, . . . , Zm) the vertical
(resp. horizontal) cylinders, as in Figure 15. Using that the moduli of both hori-
zontal and vertical cylinders are all 1/Φ (except the horizontal cylinder Z1), one
can compare the lengths hm, hm−1 and lm−1 to lm, as in Figure 16.

α2α1

β2

β1

C2

C1

α2

α1

β2

β1

α3

β3Z3

Z2

Z1

Figure 15: The staircase models associated to the n-gon for n = 8 on the left and
n = 12 on the right, and the cylinders.

Proof. The proof goes as follow: given a pair of distinct periodic directions (d, d′)
and a pair of saddle connections (α, β) in respective directions d, d′, we �rst no-
tice that it is possible to assume that α is either horizontal (d = ∞, i.e α = αi

for i ∈ J1,mK) or vertical (d = 0, i.e α = βj for j ∈ J1,mK). This is because
K(d, d′) is by invariant under the action of the Veech group and any periodic
direction is either the image of the horizontal or the vertical by an element of
the Veech group. We study the cases d = ∞ and d = 0 separately, identify the
con�gurations ♠ and ♦ and show that K(d, d′) is smaller in the other cases.

Case 1: d represents the horizontal cusp. Up to the action by an element
of the Veech group, we can assume α is one of the αi. Let us �rst study the
intersection with αi for i < m.

Case 1.1: α = αi for i < m.
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hm−1 = (Φ3 − 2Φ)lm

hm = Φlm

lm
lm−1 = (Φ2 − 1)lm

γ
γ′

γ′′

Figure 16: The lengths hm, hm−1 and lm−1 expressed using lm. The diagonal
curves γ, γ′ and γ′′ have respective co-slope Φ− 1

Φ
, 1

Φ
, and Φ2−1

Φ3−2Φ
.

Lemma 4.8. For any i < m, and any saddle connection β, we have

Int(αi, β)

αi ∧ β
<

1

Φ3 − 2Φ
· 1

l2m
.

Proof. First notice that if a saddle connection β does not intersect the core curves
of the cylinders Z1, . . . , Zm, we have Int(αi, β) = 0 since the core curves are
respectively homologous to α1, α1 + α2, · · · , αi−1 + αi. In particular, a saddle
connection β having non-zero intersection with α has a vertical length at least hi.
Further, any non singular intersection of β with αi for i < m requires a vertical
length at least hi + hi+1 (see Figure 17). This gives:

αi ∧ β ≥ limax((hi + hi+1)(Int(αi, β)− 1), hi)

In particular,

(i) If Int(αi, β) ≤ 1, we use αi ∧ β ≥ lihi to get

Int(αi, β)

αi ∧ β
≤ 1

lihi

,

and, since i < m, we get

1

lihi

≤ 1

lm−1hm−1

≤ 1

(Φ2 − 1)(Φ3 − 2Φ)l2m
<

1

(Φ3 − 2Φ)l2m
.
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αi

β

hi

hi+1

Figure 17: A non singular intersection with αi, i < m, requires a vertical length
at least hi + hi+1.

(ii) Otherwise, we use αi ∧ β ≥ li(hi + hi+1)(Int(αi, β)− 1) and obtain

Int(αi, β)

αi ∧ β
≤ 2

li(hi + hi+1)
.

But, since i < m, we have li ≥ lm−1 = (Φ2 − 1)lm and hi + hi+1 ≥ hm−1 +
hm = (Φ3 − Φ)lm and in particular

2

li(hi + hi+1)
≤ 2

(Φ3 − Φ)(Φ2 − 1)l2m
<

1

(Φ3 − 2Φ)l2m
,

where the last inequality comes from Φ3 − Φ > Φ3 − 2Φ and Φ2 − 1 > 2.

Case 1.2: α = αm. In this case, notice that either β is contained in the hori-
zontal cylinder Zm (see Figure 15) and, up to a horizontal twist, its co-slope is
± 1

kΦ
for k ∈ N∗ ∪ {∞} so that it corresponds to a geodesic of case ♠, or β is not

contained in Zm.

Case 1.2.i. If the direction of β is, up to an horizontal twist, d′ = ± 1
kΦ

as
in ♠, and β is contained in Zm, we see that α and β intersect k + 1 times and
α ∧ β = (k+ 1)l(βm)l(αm) = (k+ 1)Φl2m (see Figure 18 for the case k = 3). This
gives directly that

Int(αm, β)

l(α)l(β)
=

k + 1

(k + 1)Φl2m
=

1

Φl2m
.

In particular, K(∞, 1
kΦ
) ≥ 1

Φl2m
, and the reversed inequality holds since the other

saddle connections of direction d′ = 1
kΦ

do not intersect αm, and as seen in Case
1.1 the intersection of any β with αi, i < m, gives a lower ratio. Consequently,

(♠) ∀k ∈ N∗ ∪ {∞}, K(∞,
1

kΦ
) =

1

Φl2m
.
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αm−1

Zm

Zm−1

. . .

αm

βm

βm−1

β

Figure 18: Example of β with co-slope 1
3Φ
. Here, Int(αm, β) = 3 with an inter-

section at the singularity.

Case 1.2.ii. In the second case, the geodesic β is not contained in the hori-
zontal cylinder Zm. As such, β has a vertical length at least the length of βm−1,
that is hm−1 = (Φ3 − 2Φ)lm.

(1.2.ii.a) If Int(αm, β) = 0 or 1, we directly have

Int(αm, β)

αm ∧ β
≤ 1

(Φ3 − 2Φ)l2m
,

with equality if and only if Int(αm, β) = 1 and the vertical length of β is
exactly hm−1. In particular, β is contained in the horizontal cylinder Zm−1

and up to an horizontal twist, its direction is d′ = 0 or d′ = ± Φ2−1
Φ3−2Φ

(see
Figure 16). The case d′ = 0 is an instance of case ♠ and has already been
dealt with. The case d′ = ± Φ2−1

Φ3−2Φ
is exactly case ♦. Further, taking the

diagonal saddle connections γ and γ′ of Figure 16 of respective holonomy

vectors

(
Φ2 − 1

Φ

)
lm and

(
1
Φ

)
lm which intersect once at the singularity,

we get:
Int(γ, γ′)

γ ∧ γ′ =
1

(Φ3 − 2Φ)l2m
= K(∞,

Φ2 − 1

Φ3 − 2Φ
),

This is due to the fact that the pair of directions ( 1
Φ
,Φ− 1

Φ
) is the image of

the pair (∞, Φ2−1
Φ3−2Φ

) by the diagonal action of the matrix TVR which belongs
to the (unoriented) Veech group. In particular:

K(
1

Φ
,Φ− 1

Φ
) = K(∞,

Φ2 − 1

Φ3 − 2Φ
).

(1.2.ii.b) Otherwise, β intersects αm outside the singularity and is not contained in
the horizontal cylinder Zm. In this case, we show:
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Lemma 4.9. Assume β intersects αm outside the singularity and is not contained
in the horizontal cylinder Zm. Then

Int(αm, β)

αm ∧ β
<

1

(Φ3 − 2Φ)l2m
.

Proof. Let c denote the co-slope of β. The assumption ensures that c ̸= 1
kΦ
. Up

to an horizontal twist, we can also assume that c ∈]− 1
Φ
,Φ− 1

Φ
[. Finally, up to a

symmetry with respect to the vertical axis, we can further assume c > 0, giving:

c ∈]0,Φ− 1

Φ
[\{ 1

kΦ
, k ∈ N∗ ∪ {∞}}

1. Let us �rst study the case 1
Φ
< c < Φ − 1

Φ
. Under this assumption, β has

to vertically go through the small horizontal cylinder Zm before any non
singular intersection with αm and vertically go through Zm−1 after each
non-singular intersection with αm (see Figure 19), so that if we denote by
p the number of non singular intersections between αm and β we get

l(β) sin θ ≥ p(hm + (hm + hm−1))

where θ is the angle between the horizontal and the direction of β, so that
l(β) sin θ is the vertical length of β.
Now, adding the possible singular intersection, we deduce that

Int(αm, β)

αm ∧ β
≤ p+ 1

p(hm + (hm + hm−1))lm

=
p+ 1

pΦ3
· 1

l2m
.

(Recall that hm = Φlm and hm−1 = (Φ3 − 2Φ)lm.)
The last quantity is maximal for p = 1, so that

Int(αm, β)

αm ∧ β
≤ 2

Φ3
· 1

l2m
<

1

Φ3 − 2Φ
· 1

l2m

where the last inequality comes from Φ < 2.

2. Now, assume 0 < c < 1
Φ
and let k ≥ 0 be such that 1

(k+1)Φ
< c < 1

kΦ
. Let

p ≥ 1 denote the number of times the curve β crosses the small vertical
cylinder Cm, that is the number of connected components of β ∩Cm. Then
β crosses Cm−1 at most once fewer, say p′ ≥ 1 times with p′ ≥ p − 1.
Moreover, the assumption on the co-slope gives that for each crossing of
Cm the curve β intersects at most k + 1 times αm and for each crossing of
Cm−1 it intersects at least k times αm−1 (see Figure 20). This gives that :

Int(αm, β) ≤ s◦max := p(k + 1) + 1
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αm−1 αm

βm

β

Figure 19: If the co-slope of β lies between 1
Φ
and Φ − 1

Φ
, then a non-singular

intersection with αm requires a vertical length at least hm + (hm + hm−1).

αm−1 αm

βm

Cm−1

Cm
β

Figure 20: A portion of the curve β with co-slope 1
3Φ

< c < 1
2Φ
. Each time β

crosses the cylinder Cm, it gives at most k + 1 = 3 intersections with αm and it
is followed by a crossing of Cm−1, giving at least k = 2 intersections with αm−1.

(where the added intersection stands for the possible singular intersection).
In fact, this estimate can be improved in the cases p′ = p and p′ = p− 1 as
follows:

⋆ If p′ = p, the curve β has to either start or end at a vertex of Cm, so
that either the �rst or the last crossing of Cm has only k intersections
with αm instead of k + 1. Hence,

Int(αm, β) ≤ s⋆max := k(p+ 1) = (k + 1)p− 1 + 1.

▲ If p′ = p− 1 (so that p ≥ 2), the curve β has to both start and end at
a vertex of Cm. The same argument shows:

Int(αm, β) ≤ s∆max := (k + 1)p− 1 = (k + 1)p− 2 + 1.

Concerning the lengths, cutting β at each intersection with αm and αm−1

helps us notice that:
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(i) Before any non-singular intersection with αm, there is a vertical length
at least hm.

(ii) Before any non-singular intersection with αm−1, there is a vertical
length at least hm + hm−1, except maybe the �rst intersection with
αm−1 for which there is a vertical length a least hm−1 (but note that
this case arises only if α starts at a bottom vertex of Zm−1, in particular
this cannot happen for p′ = p− 1).

(iii) We further have to count a vertical length hm for β to reach the sin-
gularity after the last intersection with either αm or αm−1.

In particular, letting s := Int(αm, β) ≥ 2 (so that there are at least s − 1
non-singular intersections), we have :

l(β) sin θ ≥ (s− 1)hm + (kp′ − 1)(hm + hm−1) + hm−1 + hm

= kp′(hm + hm−1) + (s− 1)hm,

and for p′ = p− 1, we can replace kp′ − 1 by kp′ as remarked in (ii).

l(β) sin θ ≥ (s− 1)hm + kp′(hm + hm−1) + hm

= k(p− 1)(hm + hm−1) + shm.

In particular, the following inequalities holds:

If p′ ≥ p, then
Int(αm, β)

αm ∧ β
≤ s

p′k(hm + hm−1) + (s− 1)hm

· 1

lm

(▲) If p′ = p− 1, then
Int(αm, β)

αm ∧ β
≤ s

(p− 1)k(hm + hm−1) + shm

· 1

lm
.

Now, since k(hm+hm−1) > hm, for �xed k and p, the right part is maximal
when s is maximal. Distinguishing cases ● (p′ ≥ p+ 1), ⋆ (p′ = p) and ▲

(p′ = p− 1), we have:

● If p′ ≥ p+ 1, then smax = s◦max = p(k + 1) + 1 and

Int(αm, β)

αm ∧ β
≤ p(k + 1) + 1

p′k(Φ3 − Φ) + p(k + 1)Φ
· 1

l2m

≤ p(k + 1) + 1

(p+ 1)k(Φ3 − Φ) + p(k + 1)Φ
· 1

l2m

=
pk + p+ 1

k((p+ 1)Φ3 − Φ) + pΦ
· 1

l2m

(given that hm = Φlm and hm−1 = (Φ3 − 2Φ)lm.)

To give an upper bound for this last quantity, it is convenient to use
the following lemma which will be used several times along the proof:
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Lemma 4.10. Let a, b, c, d ∈ R. Assume the möbius transformation
f : x 7→ ax+b

cx+d
is de�ned for any x ≥ 1. Then,

� if ad− bc ≥ 0, then ∀x ≥ 1, f(x) ≤ limx→∞ f(x) = a
c
.

� Otherwise, ∀x ≥ 1, f(x) ≤ f(1) = a+b
c+d

.

Proof. f is di�erentiable of derivative map f ′(x) = ad−bc
(cx+d)2

.

Since for any �xed p ≥ 1 we have p2Φ − (p + 1)((p + 1)Φ3 − Φ) <
(p + 1)2(Φ − Φ3) < 0, we can use Lemma 4.10 to conclude that the
last quantity is maximal for k = 1, and it gives

Int(αm, β)

αm ∧ β
≤ 2p+ 1

(p+ 1)(Φ3 − Φ) + 2pΦ
· 1

l2m

=
2p+ 1

p(Φ3 + Φ) + (Φ3 − Φ)
· 1

l2m

Similarly, given the inequality 2(Φ3 − Φ) − (Φ3 + Φ) < 0, coming
from Φ > 2 cos(π

6
) =

√
3, Lemma 4.10 shows that the last quantity is

maximal for p → ∞, and we have

Int(αm, β)

αm ∧ β
=

2

Φ3 + Φ
· 1

l2m
<

1

Φ3 − 2Φ
· 1

l2m
,

where the last inequality comes from Φ < 2.

⋆ If p′ = p, then smax = s⋆max = p(k + 1) and:

Int(αm, β)

αm ∧ β
≤ p(k + 1)

pk(Φ3 − Φ) + (p(k + 1)− 1)Φ
· 1

l2m

=
p(k + 1)

p(kΦ3 + Φ)− Φ
· 1

l2m

Similarly, for �xed k the last quantity is maximal for p = 1, giving

Int(αm, β)

αm ∧ β
≤ k + 1

k(Φ3 − Φ) + kΦ
· 1

l2m

=
k + 1

kΦ3
· 1

l2m
<

2

Φ3
· 1

l2m
<

1

Φ3 − 2Φ
· 1

l2m
.

▲ Finally, if p′ = p− 1, we have smax = s∆max = p(k + 1)− 1 and:

Int(αm, β)

αm ∧ β
≤ p(k + 1)− 1

(p− 1)k(Φ3 − Φ) + (p(k + 1)− 1)Φ
· 1

l2m

=
p(k + 1)− 1

p(kΦ3 + Φ)− kΦ3 + (k − 1)Φ
· 1

l2m
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Using the inequality (k+1)((k−1)Φ−kΦ3)+kΦ3+Φ = k2(Φ−Φ3) < 0
and Lemma 4.10, we see that for �xed k ≥ 1, the last quantity is
maximal for p minimal, that is p = 2 since p′ = p − 1 should be at
least one. In particular

Int(αm, β)

αm ∧ β
≤ 2k + 1

k(Φ3 − Φ) + (2k + 1)Φ
· 1

l2m

=
2k + 1

k(Φ3 + Φ) + Φ
· 1

l2m

which, using again Lemma 4.10, is shown to be minimal for k = 1, so
that

Int(αm, β)

αm ∧ β
<

3

Φ3 + 2Φ
· 1

l2m
<

1

Φ3 − 2Φ
· 1

l2m
,

where the last inequality comes from Φ < 2.

This concludes the proof of Lemma 4.9.

Case 2: d represents the vertical cusp. Up to the action by an element of
the Veech group, we can assume that α is one of the βj, j ∈ J1,mK. We �rst
study the case α = βj for j < m.

Case 2.1: α = βj for j < m.

Lemma 4.11. Assume d′ /∈ { 1
kΦ
, k ∈ N ∪ {∞}}. For any j < m,

Int(βj, β)

βj ∧ β
<

1

(Φ3 − 2Φ)
· 1

l2m

Proof. First notice that if β has horizontal length lm, then its direction is 1
kΦ

for a
given k. In particular the assumption on d′ ensures that β has horizontal length
at least than lm−1. Further, any non-singular intersection with βj for j < m
requires an horizontal length lj + lj−1 (see Figure 21). This gives, for j < m,

βj ∧ β ≥ hjmax((lj + lj−1)(Int(βj, β)− 1), lm−1).

In particular,

(i) If Int(βj, β) ≤ 1, we use βj ∧ β ≥ hjlm−1 to get

Int(βj, β)

βj ∧ β
≤ 1

lm−1hj

≤ 1

lm−1hm−1

.

Then, given that lm−1 = (Φ2 − 1)lm and hm−1 = (Φ3 − 2Φ)lm, we draw:

Int(βj, β)

βj ∧ β
≤ 1

(Φ3 − 2Φ)(Φ2 − 1)l2m
<

1

(Φ3 − 2Φ)
· 1

l2m

32



βj β

lj lj+1

Figure 21: Any non-singular intersection with βj requires a horizontal length at
least lj + lj+1.

(ii) Otherwise, we use βj ∧ β ≥ hj(lj + lj−1)(Int(βj, β)− 1) to obtain:

Int(βj, β)

βj ∧ β
≤ 2

hj(lj + lj−1)
.

Since 2lm−1 ≤ 2lj < (Φ2 − 1)lj = lj−1, we deduce that

Int(βj, β)

βj ∧ β
≤ 1

hjlm−1

≤ 1

lm−1hm−1

<
1

(Φ3 − 2Φ)
· 1

l2m
.

Case 2.2: α = βm. In this case α is homologous to a non singular geodesic so
there is no non singular intersection. The �rst intersection with βm requires a
horizontal length at least lm while all the following intersections require a length
lm−1+lm. In particular, either β stays in the vertical cylinder Cm and the co-slope
is 1

kΦ
for k ∈ N ∪ {∞} (case ♠), or there are at least two intersections and

Int(βm, β)

βm ∧ β
≤ 2

hm(2lm + lm−1)
=

2

Φ(Φ2 + 1)
· 1

l2m
<

1

Φ3 − 2Φ
· 1

l2m
.

where the last inequality comes from Φ < 2. This concludes the proof of Propo-
sition 4.7.

5 Proof of Theorem 1.1

In this section, we �nally prove our main result. More precisely, we show

Theorem 5.1. For any X ∈ Tn, we have

KVol(X) = Vol(X)K(∞,
1

Φ
) · 1

cosh(distH2(X,Γn · Gmax))
(9)
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Recall that Gmax =
⋃

k∈N∗∪{∞} γ∞,± 1
kΦ
, and notice that the constant K0 given

in the statement of Theorem 1.1 is now explicitely determined byK0 = Vol(X)K(∞, 1
Φ
).

We begin this section by giving an overview of the geometric ideas behind the
proof.

5.1 Geometric interpretation of Proposition 4.4

Following �7.2 of [1], we �rst give a geometric interpretation of Equation (8) (see
Proposition 4.4), which we restate here for the reader's convenience:

KVol(X) = Vol(X) · sup
d, d′ ∈ P
d ̸= d′

K(d, d′) · sin θ(X, d, d′).

Recall that P is the set of periodic directions on the staircase model Sn.

Given a pair of distinct periodic directions (d, d′), its associated geodesic γd,d′
on H2 gives a projected geodesic on the hyperbolic surface H2/Γn. In the funda-
mental domain Tn, it gives a set of geodesics formed by all the images of γd,d′ by
an element of Γn. By Remark 4.5, all pairs of directions in Γ±

n · (d, d′) give the
same value for K(·, ·). This amounts to saying that the corresponding geodesic
trajectory on the surface H2/Γn has a well de�ned associated constant, K(d, d′).
Now, given a point X ∈ H2/Γn, we can look at the minimal distance r from X
to the geodesic trajectory associated with (d, d′). Proposition 4.2 gives that for
a pair of saddle connections α and β on X of respective directions d and d′ (in
the sense of De�nition 4.1), we have the sharp inequality:

Int(α, β)

l(α)l(β)
≤ K(d, d′)× 1

cosh r
.

Examples of geodesic trajectories for d = ∞ and d′ = 1
Φ
, 1
2Φ

and 1
3Φ

are depicted
in Figure 1 of the introduction, as well as in Figure 22 for d′ = Φ

2Φ2−1
.

Using this interpretation, we can prove Theorem 5.1 by showing that for every
pair of distinct periodic directions (d, d′) and any X ∈ Tn (or, by symmetry, for
any X ∈ Tn+ = {X = x+ iy ∈ Tn, x ≥ 0}) we have:

K(d, d′) sin θ(X, d, d′) ≤ max
k∈N∗

{K(∞,
1

kΦ
) sin θ(X,∞,

1

kΦ
)} (♣)

The constant K(∞, 1
kΦ
) being maximal among all possible constants K(d, d′),

Equation (♣) holds for surfaces X close to Γn · Gmax. More precisely, in �5.2, we
use Proposition 4.7 to show that (♣) holds in the domain R+ = {X = x + iy ∈
Tn+, y ≥ x− 1

Φ
} (Lemma 5.2 and Figure 23).

Then, it remains to deal with surfaces outside R+ (which are, in some sense,
surfaces close to the regular n-gon Xn). This latter case is explained in �5.3 and
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d′ = Φ
2Φ2−1

Figure 22: The geodesic γ∞, Φ
2Φ2−1

its images by the Veech group intersecting the

fundamental domain Tn. On the right, the same geodesics on the surface H2/Γn.

requires use of the machinery of [1, �7], along with Corollary 4.6 and Proposition
4.7.

5.2 The case of surfaces close to Γn · Gmax

With the above geometric interpretation, we deduce that for surfaces close to the
geodesic trajectories associated to the directions (∞, 1

kΦ
), k ∈ N∗ ∪ {∞} (having

maximal K(·, ·)), KVol is achieved by pairs of saddle connections in directions
d = ∞ and d′ = 1

kΦ
, and Equation (♣) holds. More precisely, we have:

Lemma 5.2. For any X ∈ R+ = {X = x+ iy ∈ Tn+ with y ≥ x− 1
Φ
}, Equation

(♣) holds.

Recall that because of the symmetry of KVol with respect to the re�ection on
the vertical axis, we can assume X ∈ Tn+ := {X = x+ iy ∈ Tn, x ≥ 0}.

Proof. By Proposition 4.7, Equation (♣) holds for any X ∈ Tn
+ such that there

is a k ∈ N∗ ∪ {∞} with

sin θ(X,∞,
1

kΦ
) ≥ 1

Φ2 − 2
. (10)

Since
1

Φ2 − 2
≤

1

Φ2
8 − 2

=

√
2

2
= sin

π

4
, we directly have that the above condi-

tion is veri�ed for X ∈ {Y ∈ Tn
+,∃k ∈ N∗ ∪{∞}, θ(Y,∞, 1

kΦ
) ≥ π

4
}. One veri�es

that this set is exactly R+.

Remark 5.3. In fact, R+ = Tn
+ for m = 2, which �nishes the proof in the case

of the octagon. However, this is no longer the case for m ≥ 3.
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1
Φ

1
2Φ

1
3Φ

Φ
2

2
Φ

Φ− 1
Φ

γ 1
Φ
,Φ− 1

Φ

R+

0

θ = π
4

Sn

Xn

Figure 23: The region R+ in the right part of the fundamental domain Tn
+ and

the geodesic ( 1
Φ
,Φ− 1

Φ
) for the case n = 12.

5.3 The case of surfaces close to Xn

It remains to deal with surfaces away from geodesics associated with directions
∞ and 1

kΦ
. In a way, these surfaces are close to the regular n-gon Xn. To this

end we make the following de�nition (which can also be found in [1, �7.2]):

De�nition 5.4. Given a pair of distinct periodic directions (d, d′) and its asso-
ciated geodesic γd,d′ on H2, we denote by V (d, d′) the connected component of
H2\(Γ±

n · γd,d′) containing Xn.

As an example, the domain V (∞, d′) with d′ = Φ
2Φ2−1

is drawn in Figure 24.

Remark 5.5. If a geodesic of Γ±
n ·γd,d′ passes through Xn, then V (d, d′) is not well

de�ned. For convenience, we set V (d, d′) = {Xn} as in this case we automatically
have:

K(d, d′) ≤ K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
)

and since Xn is the furthest point away from the set of geodesics Gmax, we have
for any surface X ∈ Tn:

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) ≤ K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
).

With this de�nition, the proof of Lemmas 7.6 and 7.7 of [1, �7.2] generalizes
to our setting and gives:
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d′ = Φ
2Φ2−1

Sn

Xn

0 Φ
2

−Φ
2

V (∞, Φ
2Φ2−1

) ∩ Tn

Figure 24: The geodesics of Γ±
n · γ∞, Φ

2Φ2−1
intersecting the fundamental domain

Tn, and the domain V (∞, Φ
2Φ2−1

) ∩ Tn.

Lemma 5.6. Let (d0, d
′
0) be a pair of distinct periodic directions. Assume that

Equation (♣) holds for any pair of directions (d, d′) whose associated geodesic lie
in the boundary of the domain V (d0, d

′
0). Then the same inequality is true for

(d0, d
′
0).

Furthermore, a pair of directions (d, d′), d < d′ whose associated geodesic lies in
the boundary of the domain V (d0, d

′
0) ∩ Tn+ has to satisfy d′ + d ≥ Φ.

In particular, it su�ces to prove Equation (♣) for pairs of directions (d, d′)
with d+ d′ ≥ Φ. This relies on the sinus comparison techniques of [1, �7.3].

Proposition 5.7. Let (d, d′) with d + d′ ≥ Φ and X = x + iy ∈ Tn inside the
half disk de�ned by the geodesic γ 1

Φ
,Φ− 1

Φ
. We have

K(d, d′) sin θ(X, d, d′) ≤ K(∞,
1

Φ
) sin θ(X,∞,

1

Φ
).

This condition is veri�ed in particular for X ∈ Tn\R+.

Proof of Proposition 5.7. We distinguish two cases:

1. In the case d ≥ 1
Φ
, we use Proposition 7.8 of [1] which can be stated more

generally as:

Proposition 5.8. Let a ∈ R, b > 0, and c ≥ b. Let D ⊂ H2 be the
domain enclosed by the geodesics γa,∞, γa+b,∞ and γa−c,a+c, and X0 be the
right corner of the domain D, as in Figure 25. Then for any (d, d′) with
a ≤ d ≤ a+ b ≤ d′ such that γd,d′ intersect the domain D, the function

F(d,d′) : X ∈ D 7→ sin θ(X,∞, a)

sin θ(X, d, d′)

is minimal at X0 on the domain D.
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a a+ b
a+ c

a− c d d′

X0

γd,d′

D

Figure 25: The domain D of Proposition 5.8.

In our setting, we set a = 1
Φ
, b = Φ

2
− 1

Φ
and c = 1

Φ
and it gives that for any

(d, d′) with 1
Φ
≤ d ≤ Φ

2
≤ d′, the function

F(d,d′) : X 7→
sin θ(X,∞, 1

Φ
)

sin θ(X, d, d′)

is minimal at Xn on the domain D = {X = x+ iy ∈ Tn with x ≥ 1
Φ
}.

In particular, since by Corollary 4.6

∀(d, d′), K(d, d′) sin θ(Xn, d, d
′) ≤ K(∞,

1

Φ
) sin θ(Xn,∞,

1

Φ
)

we deduce that for all X ∈ {X = x+ iy ∈ Tn with x ≥ 1
Φ
} and (d, d′) with

1
Φ
≤ d ≤ Φ

2
≤ d′, we have

K(d, d′) sin θ(X, d, d′) ≤ K(∞,
1

Φ
) sin θ(X, d, d′).

2. Else, d < 1
Φ
so that d′ > Φ− 1

Φ
. In this case, for any pair of directions (d, d′)

not in Γ · Gmax and such that d ≤ 1
Φ
and d′ ≥ Φ− 1

Φ
, and for all X ∈ R+,

we have sin θ(X, d, d′) ≤ sin θ(X, 1
Φ
,Φ− 1

Φ
) so that

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) sin θ(X,
1

Φ
,Φ− 1

Φ
)

≤ K(
1

Φ
,Φ− 1

Φ
) sin θ(X,

1

Φ
,Φ− 1

Φ
) (by Proposition 4.7)

≤ K(∞,
1

Φ
) sin θ(X,∞,

1

Φ
) (by case 1.)

This concludes the proof.
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6 Proof of Theorem 1.4

In the case where n ≡ 2 mod 4, saddle connections are not necessarily closed
anymore, and it is no longer possible to use techniques from Sections 4 and 5.
However, we can still show that KVol is bounded on the Teichmüller disk of
Xn. In �6.1, we extend a boundedness criterion of [1, �3] to the case of multiple
singularities. In �6.2, we use this criterion to show that KVol is bounded on the
Teichmüller disk of the regular n-gon.

6.1 Boundedness criterion for multiple singularities

In this paragraph, we show Theorem 1.5 which extends the boundedness criterion
of [1] to the case of translation surfaces with multiple singularities.

Theorem 1.5. KVol is bounded on the Teichmüller disk of a Veech surface X
if and only if there are no intersecting closed curves α and β on X such that
α = α1 ∪ · · · ∪ αk and β = β1 ∪ · · · ∪ βl are unions of parallel saddle connections
(that is all saddle connections α1, . . . , αk, β1, . . . , βl have the same direction).

Proof. First, notice that if there exist a pair (α, β) of parralel closed curves,
then applying the Teichmüller geodesic �ow in their common direction make the
length of both α and β go to zero, while the interserction remain unchanged. In
particular

KVol(gt ·X) → +∞ as t → +∞.

Conversely, let X be a Veech surface, which we assume to be of unit area.
Recall that for such a surface, the "no small triangle condition" of [11] (see also
[9]) gives a constant A > 0 such that for any two saddle connections α and β,
the inequality |α ∧ β| ≥ A holds. Further, the constant A does not depend on
the choice of the surface in the Teichmüller disk of X.

Now, let α be a saddle connection in a periodic direction. The Veech surface
X decomposes into cylinders in the direction of α. Let h be the smallest height
of the cylinders. For any saddle connection β which is not parallel to α, β has
at least a vertical length h between each non-singular intersection with α, plus a
vertical length at least h before the �rst non-singular intersection, and after the
last non-singular intersection with α. In particular, for any saddle connection β
having at least one non-singular intersection with α, we have:

h(β) ≥ h(|α ∩ β|+ 1)

where h(β) = l(β) sin angle(α, β). In fact, if β does not intersect α non-singularly
then the above inequality still holds, as it becomes h(β) ≥ h which is true as long
as β is not parallel to α. Finally, since h(β) ≤ l(β), we conclude that :
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|α ∩ β|+ 1

l(α)l(β)
≤ 1

l(α)h
≤ 1

A
.

The last inequalty comes from the fact that l(α)h = α ∧ β0 ≥ A for a saddle
connection β0 which stays inside the cylinder of height h.

Next, take α and β two simple closed curves decomposed as an union of
saddle connections α = α1 ∪ · · · ∪ αk and β = β1 ∪ · · · ∪ βl, and assume that
α1, . . . , αk, β1, . . . , βl are not all parallel. Then,

Int(α, β) ≤ (
∑

1 ≤ i ≤ k
1 ≤ j ≤ l

|αi ∩ βj|) + s

where s ≤ min(k, l) denotes the number of common singularities between α and
β. It should be noted that if αi = βj, we set |αi ∩ βj| = 0.
Now, since saddle connections are not all parallel, there is at least min(k, l) pairs
(i, j) such that αi and βj are not parallel, and we get

Int(α, β) ≤ (
∑

1 ≤ i ≤ k
1 ≤ j ≤ l

|αi ∩ βj|) + s

≤
∑
i, j

αi and βj non-parallel

(|αi ∩ βj|+ 1)

≤
∑
i, j

αi and βj non-parallel

1

A
× l(αi)l(βj)

≤ 1

A
l(α)l(β).

This gives the required boundedness result

KVol(X) ≤ 1

A
.

6.2 Intersection of parallel curves on Xn, n ≡ 2 mod 4

In this paragraph, we go back to the regular n-gon for n ≡ 2 mod 4 and we study
the intersection Int(α, β) in the case where α and β are union of parallel saddle
connections. Up to the action of the Veech group, we can assume that α and β
are either both horizontal or both vertical. We will work in the staircase model
Sn, as in Figure 26. Notice that in the horizontal direction, saddle connections
go from one singularity to the other while saddle connections are closed curves
in the vertical direction. In this latter case, it is easy to show:
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Lemma 6.1 (Vertical curves). For every i, j, Int(βi, βj) = 0

Proof. First, since βm is homologous to a non-singular curve which do not inter-
sect any of the βj for j < m, we have Int(βm, βj) = 0.
Next, for any j < m the curve βj + βj+1 is homologous to a non-singular curve
and for all i, Int(βj + βj+1, βi) = 0 and hence Int(βj, βi) = −Int(βj+1, βi) and by
induction Int(βj, βi) = ±Int(βm, βi) = 0.

In the case where α (resp. β) is an horizontal curve made of two horizontal
saddle connections αi1 and αi2 (resp. αj1 and αj2) going from one singularity to
the other and oriented such that the resulting curve α = αi1 ± αi2 has a well
de�ned orientation, we have:

Lemma 6.2 (Horizontal curves). In this setting, Int(α, β) = 0.

Proof. First notice that, given the orientation of the saddle connections αi is from
left to right as in Figure 26, the curve α has a well de�ned orientation if and only
if α = ±[αi1 + (−1)i2−i1−1αi2 ]. In this case, we can write (assuming i1 < i2 for
convenience)

α = ±[(αi1 + αi1+1)− (αi1+1 + αi1+2) + · · ·+ (−1)i2−i1−1(αi2−1 + αi2)]

= ±
i2−i1−1∑

k=0

(−1)k(αi1+k + αi1+k+1).

Now, since the curves αi + αi+1 are closed curves homologous to core curve of
horizontal cylinder, they are pairwise non-intersecting. Making the same decom-
position for β gives directly Int(α, β) = 0.

As a corollary, we can apply the criterion of Theorem 1.5 to deduce that KVol
is bounded on the Teichmüller disk of the regular n-gon. In fact, a closer look at
the proof of Theorem 1.5 gives the following explicit bound:

Corollary 6.3. Let n ≥ 10, n ≡ 2 mod 4. For any surface X in the Teichmüller
disk of the regular n-gon, and any closed curves α and β on X, we have:

Int(α, β)

l(α)l(β)
≤ 1

Φl2m
.
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