POLYGONS OF NEWTON-OKOUNKOV TYPE ON IRREDUCIBLE
HOLOMORPHIC SYMPLECTIC MANIFOLDS

FRANCESCO ANTONIO DENISI

ABSTRACT. Let X be a projective irreducible holomorphic symplectic manifold. We associate
with any big R-divisor D on X a convex polygon A%'™ (D) of dimension 2, whose Euclidean
volume is volg2 (AF™(D)) = gx (P(D))/2, where E is any prime divisor on X, gx is the
Beauville-Bogomolov-Fujiki form, and P(D) is the positive part of the divisorial Zariski
decomposition of D. We systematically study these polygons and observe that they behave
like the Newton-Okounkov bodies of big divisors on smooth complex projective surfaces, with
respect to a general admissible flag.

Conventions. A variety will be an integral, separated scheme of finite type over C.

1. INTRODUCTION

One of the major steps in the theory of the positivity of divisors on projective varieties is to
study the positivity of divisors via convex geometry. More precisely, thanks to the work of
Lazarsfeld-Mustata [22] and Kaveh-Kovanskii [17], if Y is any projective variety of dimension d
and D a big integral Cartier divisor on it (i.e. h®(Y,mD) ~ m¢, for m > 0), after fixing an
admissible flag, i.e.

Fe={Y, CYiC---CYqg=Y},
with ¥; a subvariety of Y which is smooth at Yp, and dim(Y;) = ¢, for any 0 <14 < d, one can
associate with D, via a valuation-like function

V=VfF, =VF,D: (HO(Y, ﬁy(D)) — {0}) — Zd,

a convex body A(D) = Ap, (D) € Z¢®R.. The body A(D) is known as the Newton-Okounkov
body of D (with respect to the flag F,). The first manifestation of the strong relation between
A(D) and the positivity of D is given by the equality (see [22, Theorem Al)
1
volga(A(D)) = avoly(D).
In the equality above, volga(A(D)) is the euclidean volume of A(D), while voly (D) is the
volume of the divisor D, which we recall being defined as

: hO(Y, Oy (mD))
voly (D) = hnr?j;lop mijdl

See the work of Kiironya-Lozovanu [19] for the characterisation of the asymptotic base loci (see

Subsection 2.1) via Newton-Okounkov bodies.

Because of the strong relation between the Newton-Okounkov body of a divisor and the
positivity of the divisor itself, it is important to study the Newton-Okounkov bodies of divisors.
In the case of smooth projective surfaces, the theory is well developed, thanks to the works [1],
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[22], 23], [20], [29], [30]. Given a surface S and a general admissible flag
Fo={{pt} cC C S},

it is known that the Newton-Okounkov body of a big divisor D on S is determined by the way
its Zariski decomposition changes when we perturb the class of D in the Néron-Severi space
along the negative direction induced by C' (see [22, Theorem 6.4|). More precisely, if D is a
big divisor on S, the Newton-Okounkov body of D with respect to the flag F, is given by the
polygon (see [22, Theorem 6.4], [20, Theorem B])

AR (D) = {(t,y) € RZ[0 <t < po(D), 0 <y < P(Dy) - €},

where Dy := D —tC and puc(D) :=sup {t € R=" | D — tC is big}. Then the Euclidean volume
of this body is equal to P(D)?/2, by [22, Theorem A] and the equality volg(D) = volg(P(D)),
where P(D) is the positive part of the Zariski decomposition of D.

For a comprehensive treatment of Newton-Okounkov bodies and their applications in the
theory of (local) positivity of line bundles on projective varieties, we refer the reader to [18].

We recall that an irreducible holomorphic symplectic (IHS) manifold is a simply connected
compact Kihler manifold X such that HY(X, Q%) = Co, where o is a holomorphic symplectic
form. These objects play a fundamental role in Kéhler geometry, and one of the reasons is
certainly that, thanks to the Beauville-Bogomolov decomposition Theorem, they form one of
the 3 building blocks of compact Kéhler manifolds with vanishing first real Chern class. The
IHS manifolds in dimension 2 are K3 surfaces. Examples in all dimensions can be constructed
starting from a K3 surface or an abelian surface, using some modular constructions. These
constructions lead to the deformation classes K3, Kum,,, for any n > 1, and to the OG10,
OG6 deformation classes.

For a general introduction to IHS manifolds, we refer the reader to [13]. Let X be an IHS
manifold. Thanks to the work [4] of Beauville, there exists a quadratic form on H?(X, C)
generalising the intersection form on a surface. In particular, choosing the symplectic form o
of X in such a way that [, (07)" = 1, one can define

= [oortat st -n) ([ rwta). [ o)

for any o € H?(X, C). The quadratic form gy is non-degenerate and is known as the Beauville-
Bogomolov-Fujiki form (BBF form in what follows). Up to a rescaling, gx takes integer values
and is primitive on H?(X,Z) (for us qx will always be integer-valued). Furthermore, there
exists a positive constant cx € R>?, known as Fujiki constant, such that

(1) cx - qx () :/Xa2",

for all « € H?(X, C) (see for example [13, Proposition 23.14]). Formula (1) is known as Fujiki
relation.

The BBF form shares many properties with the usual intersection form on a surface. Below
are those that will be mostly used:

e gx(a) > 0 for any Kéhler class o on X ([15, p. 1.10]).
o If o is Kéhler, ¢x(a, N) > 0 for any non-zero effective divisor N on X ([15, p. 1.11]).
e gx(E,E") > 0 for any couple of distinct prime divisors on X ([5, Proposition 4.2, item

(iD)]).
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Note that gx is invariant under deformation and its signature on H?(X,R) is (3,b2(X) — 3),
while, when X is projective, its signature on N'(X)g is (1, p(X) —1), where p(X) is the Picard
number of X.

In the case of projective IHS manifolds, there exists a decomposition of the big cone into
locally rational polyhedral subcones (see Definition 2.6), called Boucksom-Zariski chambers
(see [8, Theorem 1.6]). This decomposition is analogous to that for the big cone of smooth
projective surfaces, provided by Bauer-Kiironya-Szemberg in [3|, and explains how the divisorial
Zariski decomposition of a big divisor changes in the big cone when the chosen divisor class is
perturbed. For the definition of the divisorial Zariski decomposition of any pseudo-effective
divisor on a projective IHS manifold, we refer the reader to Subsection 2.3. Using the mentioned
decomposition of the big cone and the BBF pairing, we can associate with any big divisor
a polygon behaving like the Newton-Okounkov body of a big divisor on a smooth complex
projective surface (computed with respect to a general admissible flag). In particular, let X be
a projective IHS manifold, D a big divisor on X, E a prime divisor on X and D = P(D)+ N (D)
the divisorial Zariski decomposition of D. Consider the subset of R?

AE™(D) = {(t,y) € R*| 0 <t < up(D), 0 <y < qx(P(Dy), E)},
where Dy := D — tE and pug(D) := sup{t € R | D — tE is pseudo-effective}.

Theorem A. The subset AF™ (D) of R? introduced above is a convex polygon. Moreover,
volp2 (A™ (D)) = gx(P(D))/2, where volgz (AR™ (D)) is the Euclidean volume of the polygon
ARM™(D). In particular, we have

2"cx (volg2 (AF™ (D))" = ex(gx (P(D)))" = volx (D) = (2n)! - volgzn (A(D)),
where A(D) is the classical Newton Okounkov body of D, with respect to any admissible flag.

As in the case of the classical Newton-Okounkov bodies (see [22, Theorem B|), we show the
existence of a convex cone of dimension p(X) + 2 (which means that it belongs to R*(¥)+2 and
its interior is non-empty), whose "slices" are the polygons AR™ (D) in the statement above.

Theorem B. For any prime divisor E on a projective IHS manifold X there exists a conver
cone AT (X) C NY(X)r x R?, together with the natural projection py: AR™(X) — N1(X)g,
such that the fibre pfl(C) is equal to the polygon AE"™(C), for all ¢ in Big(X).

Following [23|, we show that under some assumptions, the polygons A" (a) (with a a big
rational class) can be expressed as a Minkowski sum of some polygons { AR (5;) }ier, for some
movable rational classes {f3;},er. More precisely, we have the following.

Theorem C. Let X be a projective IHS manifold with Eff (X) rational polyhedral and E a big
prime divisor. There exists a finite set Q of movable Q-divisors such that for any big Q-divisor
D there exist rational numbers {ap(D)}peq such that, P(D) =3 pcq ap(D)P and, up to a
translation, AF™(D) = > peq ap(D)Ag(P).

Remark 1.1. We notice that the pseudo-effective cone of a projective IHS manifold X is
rational polyhedral if and only if the set of prime exceptional divisors of X is finite and
non-empty when p(X) > 3 (see [9, Theorem 1.2]). If p(X) = 2, Eff(X) is rational polyhedral
if and only if Bir(X) is finite (see |28, Theorem 1.3, item (2)| and |9, Corollary 1.6]).

Newton-Okounkov bodies have attracted a great deal of interest in recent years. These
objects contain a lot of asymptotic information about the divisors on projective varieties, but in
general, they are not easy to compute. In addition, the dimension of classical Newton-Okounkov
bodies is equal to the dimension of the variety. In the case of projective IHS manifolds, we
have the classical Newton-Okounkov bodies and the polygons of Newton-Okounkov type in
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Theorem A above. These polygons are easier to compute (we present several such computations
in Section 6). We hope they can be used to obtain finer information on the positivity of divisors
on projective IHS manifolds.
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ORGANISATION OF THE PAPER

(1) In the second section we collect all the notions and known results needed.

(2) In the third section we compute the restricted volume of big divisors on projective THS
manifolds along prime divisors.

(3) In the fourth section, we associate with any big divisor on a projective IHS manifold a
convex polygon. We say that these polygons are of Newton-Okounkov type. Furthermore,
we observe that these polygons fit in a convex cone as slices. To conclude, we observe
that in some cases we can explicitly compute a set of generators for this convex cone.

(4) In the fifth section, we investigate when the polygons defined in the fourth section can
be expressed as Minkowski sums of simpler ones.

(5) In the sixth section we give several examples illustrating our results.

2. PRELIMINARIES

Throughout this section, Y will be a normal projective variety of dimension d. A prime
divisor on Y is a reduced and irreducible hypersurface. From now on, X will denote a projective
IHS manifold of complex dimension 2n.

The following formula will be useful.

2) ax(a, ) / o = gx(a) / >3, for any a, 8 € H(X, C)

For the above formula, see for example [13, Exercise 23.2|, but be careful, there is a typo in
there.

Definition 2.1. We say that a prime divisor E on X is exceptional if gx(E) < 0.

Recall that the Néron-Severi space of Y can be defined as N'(Y)gr := N}(Y) @z R, where
NY(Y) := Div(Y)/ = is the Néron-Severi group of Y, Div(Y) is the group of integral Cartier
divisors of Y, and = is the numerical equivalence relation. A Cartier R-divisor is a formal

linear combination (with coefficients in R) of integral Cartier divisors. The class of a Cartier
divisor D in N1(Y)r will be denoted by [D].

Remark 2.2. For an IHS manifold X, since H'(X,0x) = 0, the numerical and linear
equivalence relations coincide.

Definition 2.3. A Cartier Q-divisor is big if there exists a positive integer m such that mD is
a big integral Cartier divisor. If D is any Cartier R-divisor, we say that it is big if D = ), a; D;,
where a; is a positive real number and D; is a big integral Cartier divisor, for any .

An ample Cartier R-divisor is a Cartier R-divisor D of the form D =, a;D;, where any a;
is a positive real number, and any D; is an ample integral Cartier divisor. A Cartier R-divisor
D onY isnefif D-C > 0, for any irreducible and reduced curve C' on Y. A Cartier R-divisor
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D is effective if D = ). a;D;, a; is a non-negative real number, and D; is a prime Cartier
divisor, for any .

The ample cone Amp(Y') is the convex cone in N'(Y)gr of ample Cartier R-divisor classes.
The nef cone Nef(Y) is the convex cone in N1(Y)r of nef Cartier R-divisor classes. It is known
that Nef(Y) = Amp(Y'), and that Amp(Y’) is the interior of Nef(Y) (see Theorem 1.4.23 of
[21]). The big cone Big(Y') of Y is the convex cone in N(Y)g of big Cartier R-divisor classes.
The pseudo-effective cone of Y is the closure of the big cone in N!(Y)r. Moreover, the big
cone is the interior of the pseudo-effective cone. The effective cone Eff(Y') of YV is the convex
cone in N1(Y)r spanned by effective Cartier R-divisor classes. One can equivalently define
the pseudo-effective cone of Y as the closure Eff(Y') of the effective cone in the Néron-Severi

space. We have Amp(Y') C Big(Y'), and so Nef(Y) C Eff(Y).

Definition 2.4. (1) A movable integral Cartier divisor on Y is an effective integral Cartier
divisor D such that the linear series |mD| has no divisorial components in its base
locus, for any large enough and sufficiently divisible m.
(2) We define the movable cone Mov(Y) in N'(Y)r as the convex cone generated by the
movable integral divisor classes.

Definition 2.5. An R-divisor D on X is gx-nef if ¢x (D, E') > 0 for any prime divisor E on
X.

On projective THS manifolds, ¢x-nef divisor classes lie in Mov(X). Vice versa, any class «
in Mov(X) is gx-nef (see [8, Lemma 2.7, Remark 2.10]).

We now recall a definition concerned with the geometry of convex cones.

Definition 2.6. Let K C R* be a closed convex cone with a non-empty interior. We say that
K is (rational) polyhedral if K is generated by finitely many (rational) elements of R¥. We say
that K is locally (rational) polyhedral at v € 0K if v has an open neighbourhood U = U (v),
such that K NU is defined in U by a finite number of (rational) linear inequalities. If K is not
closed, we say that it is locally (rational) polyhedral at v € 0K N K if K is.

2.1. Asymptotic base loci. We recall the definition of the various asymptotic base loci and
refer the reader to [12] for a comprehensive treatment of the argument. The stable base locus
of an integral Cartier divisor D is defined as

B(D) = (] Bs([kD)),
k>1
where Bs(|kD]) is the base locus of the linear series |kD|. The stable base locus of a Cartier

Q-divisor D on Y is defined as B(mD), where m is any positive integer such that mD is
integral.

Definition 2.7. Let D be any Cartier R-divisor on Y.

e The real stable base locus of D is
B(D) := ﬂ{Supp(E) | E effective R-divisor, E ~g D }.

If D is a Q-divisor, the real stable base locus of D coincides with the usual one (|6,
Proposition 1.1]).
e The augmented base locus of D is
B.(D):= () Supp(E),
D=A+E
where the intersection is taken over all the decompositions of the form D = A + F,
where A and F are Cartier R-divisors such that A is ample and FE is effective.
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e The restricted base locus of D on Y is
B_(D):=| JB(D + 4),
A
where the union is taken over all ample R-divisors A.

If D is any Cartier R-divisor on Y, we have the inclusions B_(D) C B(D) C B (D) (see
[12, Example 1.16], and [6, Introduction]).

Remark 2.8. The augmented and restricted base loci on Y can be studied in the Néron-Severi
space because they do not depend on the representative of the class we choose.

2.2. Volumes. The volume of an integral big Cartier divisor D on Y, which we defined in
the introduction, measures the asymptotic rate of growth of the spaces of global sections
HOY(Y, Oy (mD)). It is known that vol(D) > 0 if and only if D is big. One defines the volume
of a Cartier Q-divisor D by picking an integer k£ such that kD is integral, and by setting
vol(D) := kidvol(kD). This definition does not depend on the integer k£ we choose (see Lemma
2.2.38 on [21]). One can extend the notion of volume to every Cartier R-divisor. In particular,
pick D € Divg(Y) = Div(Y)®zR and let { Dy}, be a sequence of Cartier Q-divisors converging
to D in N1(Y)r. We define
vol(D) := lim vol(Dy).
k—o0

This number is independent of the choice of the sequence { Dy} (see |21, Theorem 2.2.44]).
Moreover, two numerically equivalent Cartier divisors have the same volume (see [21, Proposition
2.2.41]), hence the volume can be studied in N*(Y)g, and by [21, Theorem 2.2.44 ] it defines a
continuous function voly (—): N'(Y)r — R, called the volume function.

Now, let V' be a subvariety of Y of dimension m > 0, D an integral Cartier divisor on Y.
We have the natural restriction maps

re: HO(Y,Oy (kD)) — H°(V, Oy (kD)),
for any positive integer k. We define the restricted volume of D to V as

. rank(rg
voly |y (D) = hmsupk_)ookm).
If D is any Cartier Q-divisor, one picks k such that kD is integral, and defines volx|y (D) :=
,%mvol XW(kD). To conclude, the following result generalises the listed properties of the classical

volumes to the case of restricted volumes.

Theorem 2.9 (Theorem A, [11]). Let V C X be a subvariety of dimension m > 0 and let D
be a Cartier Q-divisor such that V¢ B, (D). Then volxy (D) > 0 and volxy (D) depends
only on the numerical equivalence class of D. Furthermore, volxy (D) varies continuously as
a function of the numerical equivalence class of D, and it extends uniquely to a continuous
function

vol x|y : Big" (X)T — R=°,
where Big" (X)t denotes the set of all Cartier divisor classes ¢ such that V ¢ B (C).

2.3. Divisorial Zariski decompositions. On any compact complex manifold we have the
divisorial Zariski decomposition, which was introduced by Boucksom in his fundamental paper
[5] (but see also Nakayama’s construction, [26]), and is a generalisation of the classical Zariski
decomposition on surfaces. The divisorial Zariski decomposition plays a central role in this
paper, and in the case of IHS manifolds Boucksom characterised it with respect to the BBF
form. A divisorial Zariski decomposition exists for arbitrary pseudo-effective analytic classes
on compact complex manifolds, but as in this paper we deal with projective IHS manifolds,
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we recall what is a (actually, the) divisorial Zariski decomposition only for pseudo-effective
divisors on projective IHS manifolds.

Theorem 2.10 (Theorem 4.8, [5]). Let D be a pseudo-effective R-divisor on X projective.
Then D admits a divisorial Zariski decomposition, i.e. we can write D = P(D)+ N(D) in a
unique way such that:

(1) P(D) € Mov(X),

(2) N(D) is an effective R-divisor. If non-zero, N(D) is exceptional, which means that
the Gram matriz (with respect to qx ) of its irreducible components is negative definite,

(3) P(D) is orthogonal (with respect to qx ) to any irreducible component of N (D).

The divisor P(D) (resp. N(D)) is the positive part (resp. negative part) of D.

Remark 2.11. If the divisor D is effective, its positive part can be defined as the maximal
gx-nef subdivisor of D. This means that, if D = )", a;D;, where the D/s are the irreducible
components of D, the positive part of D is the maximal divisor P(D) = ). b;D;, with respect
to the relation "P(D) < D if and only if b; < a; for every i", such that ¢x(P(D), E) > 0, for
any prime divisor E. For a proof of this fact see for example the discussion after [2, Corollary
4.3], and the proof of [16, Theorem 3.6].

Remark 2.12. The divisorial Zariski decomposition is rational, namely, under the assumptions
of Theorem 2.10, whenever D is a pseudo-effective Q-divisor, P(D) and N (D) are Q-divisors.

Remark 2.13. We note that the divisorial Zariski decomposition behaves well with respect
to the numerical equivalence relation. Indeed, let X be a projective IHS manifold and a a
pseudo-effective class in N1(X)Rr. Suppose o = [D1] = [Ds], where Dy, Dy are pseudo-effective
R-divisors. Write D; = P(D;) + N(D;) for the divisorial Zariski decomposition of D;. Then
Dy — Dy =T, where T is numerically trivial. Thus

P(Dy) 4+ N(Dy) = (P(D2)+T)+ N(D3),

and by the uniqueness of the divisorial Zariski decomposition, we have P(D;) = P(D2) + T,
because [P(D2)+T] is gx-nef, gx-orthogonal to N(D;) and N (D) is exceptional. In particular,
[P(D1)] = [P(D2)] and N(D;1) = N(Ds).

The positive part of the divisorial Zariski decomposition of a big divisor encodes most
of the positivity of the divisor itself. Indeed, given any big Q-divisor D on X, one has
H°(X,mD) = H%X,mP(D)), for m positive and sufficiently divisible ([5, Theorem 5.5]),
and also B4 (D) = B4 (P(D)), B_(D) =B_(P(D))USupp(N (D)) (see [10, Proposition 2.1,
Proposition 2.4]). Furthermore, D is big if and only if P(D) is (see [5, Proposition 3.8] or [16,
Proposition 3.8]).

3. RESTRICTING VOLUMES ALONG PRIME DIVISORS

In this section, we use the formula (2) to compute the restricted volume of a big R-divisor
on X along a prime divisor . We first recall the following definition.

Definition 3.1. A small Q-factorial modification of a normal projective variety Y is a birational
map g: Y -~ Y’ where Y’ is normal, projective, and Q-factorial, and ¢ is an isomorphism in
codimension 1.

Lemma 3.2. Let E be a prime divisor on a normal projective variety Y, and f: Y -—~Y' a
small Q-factorial modification of Y. Suppose that, given a Cartier divisor D on'Y, the Weil
divisor D' = f.(D) is Cartier. Furthermore, let E' = f.(FE) be the strict tranform of E wvia f.
Then the complex vector spaces

im(H°(Y, Oy (mD)) — H°(E,Og(mD))), im(H°(Y',Oy/(mD")) — H°(E',Op/(mD")))
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have the same dimension, for any m, so that volx (D) = volx/ g (D').

Proof. A section s € H(Y, Oy (mD)) vanishes on E if and only if s’ = f.(s) € H°(Y', Oy:(mD'))
vanishes on E'. As H*(Y, Oy (mD)) = HY(Y',Oy/(mD'")) (because f is a small Q-factorial
modification) we are done. [

Proposition 3.3. Let E be a prime divisor on a projective THS manifold X and D any big
divisor with E ¢ B (D). Then

x(P(D), E) - vol(D)

ax (P(D))

Proof. Let f: X - X' be a birational map to a projective THS manifold X’ such that
f«(P(D)) = P(D') is nef (D' = f.(D)), and set E' = f.(FE) (this birational map exists
by [25, Theorem 1.2]). As BigP(X)* C Big(X) is open, we can find a sequence {v,}, of big
Q-divisor classes converging to [D] = v, which in turn gives (via push-forward) a sequence of

voly (D) = P(D)" . B =4

big Q-divisor classes {7} }x in Big” (X’)T, converging to [D’] = /. By [24, Proposition 3.1] we
have vol x| (&) = volx|g(P(&)). Moreover, by Lemma 3.2, we have volx|g(v) = volx/ g (7,),
and hence voly|g(P(7)) = volx/ g (P(7')). By the continuity of the divisorial Zariski decom-
position (see [8, Proposition 4.31]) we obtain {P(vx)}r — P(7), and {P(v;)}r — P(?'). By
the continuity of volx|p(—) (resp. volx g (—)) in Big”(X)* (resp. Big” (X’)t) we conclude
that voly|g(D) = volx/ g/(D'). Now, by [24, Corollary 3.3], we have
VOlX/|E/(D/) = Vle/|E/(P(D/)) = P(D/)Qnil . El,
and using formula (2) we have
gx/(P(D'), E') - (P(D'))*" = qx:(P(D)) - (P(D")*" - E).
In particular, using the Fujiki relation and the equality volx/ g/ (P(D')) = P(D)=1. E' we
obtain
exr - (gx(P(D)" - qx/(P(D'), E') = qx:(P(D")) - voly g (P(D")).
On X we have
ex - (ax(P(D))" - ax(P(D), E) = qx(P(D)) - (P(D)*"~" - E),
and it is known that f induces an isometry between Pic(X) and Pic(X’) with respect to the
BBF forms (see for example [27, Proposition 1.6.2]), so that gx/(P(D"),E’') = qx(P(D), E),

and gx (P(D)) = qx(P(D")). Moreover, the Fujiki constant is a birational invariant, thus
cx = cx. Putting everything together we obtain

(3) volx/ gz (P(D")) = exi(qx/(P(D"))" qx: (P(D"), E')
= ex(gx(P(D))" 'qx (P(D), E) = P(D)** ! - E.
But voly/ g (P(D")) = volx g(P(D)), hence volx|g(P(D)) = P(D)**~! . E. We conclude that
P(D),E) - vol(D)
ax (P(D))
by using the equality vol(D) = P(D)?*" = cx - (¢x(P(D)))" (see [5, Proposition 4.12]). [ |

volyg(D) = P(D)*" . E = ax(

Let Y be a normal complex projective variety. It was proven in [8] that the volume function
on a projective IHS manifold is piecewise polynomial. Using that for a prime divisor E the
function voly|g(—) (the restricted volume function along E) is the derivative of voly (—) along
the direction in N'(Y)g induced by E (see [22, Corollary C] or |7, Corollary C]), one deduces
that if the volume function is piecewise, also voly|g(—) is. As a consequence of the above
proposition, we provide below a proof of the local polynomiality of voly (=), without using
the mentioned differentiability result.
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Corollary 3.4. The function volx|g(—): Bigf(X)t — RZ0 is piecewise. Furthermore,
V01X|E(—) takes rational values on big, Q-divisor classes.

Proof. Choose a Boucksom-Zariski chamber Xg (see [8, Definition 4.11]), associated with an
exceptional set of prime divisors S = {F1,..., E;} not containing ¥, and let B = {Pi,..., P;}
be a basis for S*. Here "exceptional set" means that the Gram matrix of S is negative definite
(in particular, any element of S is a prime exceptional divisor). Then, using equation (3), we
obtain

j n-l j
(V01X|E(_))|ES =cx <qX (Z wzpz>> qx <Z wz'Pi,E> ;
i=1 i=1
which is a homogeneous polynomial of degree 2n — 1. Then volx|g(—) is piecewise, because
Big¥ (X)T is covered by the Boucksom-Zariski chambers of the type 3¢, with S such that
E ¢ S. The rationality of voly|g(—) on Q-divisor classes follows by the rationality of the

Fujiki constant and gx on N'(X)q. [ |

4. POLYGONS OF NEWTON-OKOUNKOV-TYPE

In this section, we associate with any big divisor D on a projective IHS manifold X a
2-dimensional convex body. We compute the Euclidean volume of these bodies, and we deduce
that they are in fact (possibly irrational) polygons.

Proposition 4.1. Let D be any big R-divisor on X. Then a prime divisor E is an irreducible
component of B4 (D) = B4 (P(D)) if and only if E is exceptional and

E € Null,, (P(D)) := {E' prime diwisor | qx(P(D), E") = 0}.
Proof. See [10, Remark 2.3, Proposition 2.4]. [ |

Definition 4.2. Let D be any pseudo-effective R-divisor on X, and F a prime divisor. We
define the threshold

pe(D) :=sup{t € R=" | Dy is pseudo-effective},

where D, := D — tE. The definition makes sense also for pseudo-effective classes, and we will
adopt the same notation in this case.

Lemma 4.3. Let E be a prime divisor on X, and D a big R-divisor. Then E ¢ B_(D)
implies E ¢ By (Dy), for any t €]0, ug(D)][.

Proof. Recall that the divisorial part of B_(D) equals the union of the irreducible components
of N(D) (see for example [19, Theorem 4.1]). If ¢x(E) > 0, there is nothing to prove, since
the divisorial augmented base locus of big divisors on X is made of prime exceptional divisors.
By Proposition 4.1, it suffices to prove that E does not belong to Nully, (P(D¢)). Suppose
by contradiction it does. We have P(D) 4+ N(D) = P(D;) + N(D;) + tE, and we can find
a big and gx-nef integral divisor M satisfying Null,, (P(D;)) = Null,, (M) (see [8, Lemma
4.15]). Then the Hodge-index Theorem implies that the Gram matrix of N(D;)+tE is negative
definite, which implies N(D) = N(D;) + tE, and this is absurd, because E ¢ B_(D) by
assumption. |

Construction 4.4. Let D be any big R-divisor on X and E a prime divisor not lying in
B_(D). Then gx(P(D),E) > 0 for any ¢ €]0,ug(D)[, by the remark above. We define
(inspired by [18, Exercise 2.2.21]) the following 2-dimensional subset

AE™(D) = {(t,y) e R* |0 <t < up(D), 0 <y < gx(P(Dy), E)},
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where P(Dy) is the positive part of the divisorial Zariski decomposition of D;. More generally,
if D is pseudo-effective, we define
AR™(D) = {(up(D),y) € R* |0 <y < qx(P(D), E)}.

In particular, when D is pseudo-effective and non-big, AR"™ (D) is either a segment or a point.

Remark 4.5. When D is a big divisor, we note that the boundary of Ay™ (D) is defined
by a piecewise linear function. Indeed, by [8, Theorem 1.6] we know that Big(X) admits a
locally finite decomposition into locally rational polyhedral subcones, called Boucksom-Zariski
chambers. On each Boucksom-Zariski chamber the divisorial Zariski decomposition varies
linearly, hence AR"™ (D) is piecewise linear.

Proposition 4.6. Let D be any big R-divisor D on X and E a prime divisor not lying in
B_(D). Then AW™(D) is a convex subset of R* and its euclidean volume equals qx (P(D))/2.
In particular, we have the relations

2"cx (volg2 (AR™ (D))" = ex(gx (P(D)))" = vol(D) = (2n)! - volga (A(D)),
where A(D) is the Newton-Okounkov body of D, with respect to any admissible flag.

Proof. We first show that AM™(D) is convex. Let BigP(X)* be the convex open subcone
of Big(X) consisting of the big classes a such that £ ¢ B (a). We claim that the function
qx(—, E) is concave on Big?(X)*. If we prove the claim we are done, because by Lemma 3.2,
the class of any element of the form D — tE, with ¢ €]0, ug(D)[ lies in Bigh(X)*. Let Dy, Dy
two big divisors whose classes lie in Big?(X)T. It suffices to show that
qx(P(D1+ D3), E) = qx (P(D1), E) + qx (P(D2), E).

We observe that P(D; + D) > P(D1) + P(D32), because P(D; + D3) is the maximal ¢x-nef
subdivisor of D; + Dy. Furthermore, as Dy + Dy = P(D1) + P(D2) + N(D;1) + N(D3),
P(D1 + D) is obtained by adding to P(D;) + P(Dz) something coming from N(D;)+ N (D).
But E ¢ Supp(N(Dy) + N(D2), hence gx(P(Dy + Ds), E) > qx (P(Dy), E) + qx (P(D2), E),
and we are done. Now we compute the volume of AR"™ (D). Using relation (2), we have

(4) ax(P(D). B) [IP(D)P" = ax(P(D) [ (PDP"[E), for any ¢

By definition of AR™ (D),

re(D)
volgz (AF™(D)) :/ qx(P(Dy), E)dt.
0
By Proposition 3.3 we have [[P(D;)]*"[E] = volx|g(P(D;)). From equation (4) we obtain

=) =(D) volx 5 (P(D
) vos(apm o) = [ axteon B = [ axpion) MLy,

By [22, Corollary 4.25, item (iii)], in the interval |0, ug(D)[ it holds

(6) 2 (volx(P(D))) = ~2n - voly (P(Dy).

Also, using the Fujiki relation and [5, Proposition 4.12|, we have
(JIP(D*)™ _ vol(P(Di)Y/"

QX(P<Dt)) = (CX)I/n = (CX)I/n

Then equality (5) becomes

1 rE(D) 1,
VOIRQ(A%um(D)) = _Qn(CX)l/n/O —2n (VOI(P(Dt)))” VOlX‘E(P(Dt))dt,
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and hence, by equality (6),

B 1
2n(cx)t/n

1/n7 kE(D)
volgs (AB™ (D)) = (vol(P(Dy))) ] 1

1/77, = 72(6)()1/nVOl(P(l)))l/n7

where the last equality in the above formula comes from the fact that vol(P(D,,py)) = 0,
because P(D,,, (py) is not big, by definition of the threshold pug(D). Using once again the
Fujiki relation we obtain volgz (AR™ (D)) = qx(P(D))/2, as wanted. [

Remark 4.7. Suppose that a prime divisor E belongs to B_(D), for some pseudo-effective
divisor D on X. Let vg(D) be the coefficient of E in N (D). Then we have

2 - volg2 (AE™(D — vg(D)E)) = qx(P(D)),

because P(D) = P(D — vg(D)E). Hence, up to subtracting vg(D)E from D, we can define
AR™(D), also if E C B_(D). In particular, if E is any prime divisor, we define AR"™ (D) :=
AR (D — vg(D)E). Note that if D is pseudo-effective and not big, then A™ (D) has empty
interior.

We now recall the definition of Boucksom-Zariski chamber associated with a big divisor.

Definition 4.8. Let D be any big R-divisor on a projective IHS manifold X. The Boucksom-
Zariski chamber associated with D is the convex cone

Yp :={[D] € Big(X) | Neg, (D) = Nully, (P)},

where Neg, (D) is the set of prime divisors in the support of N(D), Nully, (P) is defined in
Proposition 4.1, and Neg, (D) is the set of the irreducible components of N (D).

With the following proposition, it turns out that AR"™ (D) is a polygon.

Proposition 4.9. Let D be a big R-divisor on X and E be a prime divisor. Then ANp™ (D)
s a polygon.

Proof. The proof goes as in |20, Proposition 2.1]. By Remark 4.5 we only have to check that
along the segment [0, up(D)] we pass through a finite number of Boucksom-Zariski chambers.
Without loss of generality, we can assume that vg(D) (the coefficient of E in N(D)) is 0.
Set D' := D — ug(D)E and D, := D' + sE, for s € [0, ug(D)]. We claim that the function
s +— N (DY) is non-increasing along [0, ug(D)], i.e. if 0 < ' < s < up(D), N(D,,) — N(Dy) is
effective. If we prove the claim we are done. Indeed, if the function s — N (DY) is non-increasing,
then for s € [0, ug(D)] the negative part of the divisorial Zariski decomposition of D’ will be
supported on some of the irreducible components of N(Dj) = N(D’). In particular, along
the segment [0, ug(D)] we will pass through finitely many Boucksom-Zariski chambers (see [8,
Definition 4.14, Corollary 4.17]). Now, we have

As P(D.,) is gx-nef and P(D}) is the maximal gx-nef subdivisor of D,
P(D)) — P(D.)=(s—s)E+ N(D.,)— N(D.)

is effective. Then we are left to show that E is not contained in the support of N (DY), for any
s €10, pg(D)]. Indeed, if Supp(E) C Supp(N(DZ)) for some s € [0, ug(D)], for any A > 0 the
divisorial Zariski decomposition of D/ would be D!\ = P(D)+ N (Dg)+AE, with P(Dg) =
P(D;_,) and N(D; ) = N(D) + AE. This would imply Supp(E) C Supp(N(DLE(D))) =
Supp(N (D)), and this is absurd.

Remark 4.10. Let D be a big Q-divisor on X, FE a prime divisor on X and vg(D) the
coefficient of E in N (D). Then all the vertices of the polygon AR"™ (D) contained in the set
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{[ve(D), pp(D)[xR} have rational coordinates. Indeed, Big(X) admits a decomposition into
locally rational polyhedral subcones, hence all the break-points with the first coordinate lying
in [vg(D), ur(D)| are rational.

Proposition 4.11. Let D be a big Q-divisor on X and E a prime divisor. Then ug(D) is
algebraic.

Proof. Without loss of generality, we can assume that AR™ (D) is a triangle. We know by
Theorem 4.6 that the volume of AER™ (D) equals ¢x(P(D))/2, which is a rational number. The
last vertex of A}"™ (D) has coordinates (ug(D), ¢x(P(D) — pr(D)E, E)). Then pg(D) is a
solution of a quadratic equation with rational coefficients, hence it is algebraic. |

Proof of Theorem A. The theorem is a consequence of Proposition 4.6 and Proposition
4.9. [ |

The following proposition is analogous to |1, Proposition 11].

Proposition 4.12. Let D be any big Q-divisor on X. There exists a prime divisor E with
respect to which AR™ (D) is a rational simplex.

Proof. Let D = P(D) + N(D) be the divisorial Zariski decomposition of D, with N(D) =
>, a;E;, where a; > 0 and Ej; is a prime divisor, for any i. We know that By, (D) = U;Supp(£;),
where By (D) denotes the divisorial stable base locus of D. When k > 0 is sufficiently
divisible, Bgiv (kD) coincides with the fixed part of the linear series |kD|. Now, consider
D) = k(D =", a;E;), with k> 0 sufficiently divisible. Then |D}| has no fixed components
and by the Bertini Theorem, the general member of |Dj | is an irreducible, reduced divisor. Let
E be such a member of |D}|. Consider Dy = D —tE. We have Dy = D — tk(D — >, a;E;) =
(1—tk)D +tk), a;E; and we observe that pgp(D) = 1/k. Indeed, if 0 <t < 1/k, D; is pseudo-
effective (actually, for 0 <t < 1/k, it is big). We have ¢x(P(D), D;) = (1 — tk)gx(P(D)). If
for some value of ¢ greater than 1/k D, was effective, we would have gx (P (D), D;) < 0, which
is absurd, as P(D) is gx-nef. Then ug(D) = 1/k. We conclude that, for any ¢ € [0, 1/k[, [Dy]
lies in a single Boucksom-Zariski chamber and AR"™ (D) is a rational simplex. |

We now globalise Construction 4.4 and prove Theorem B.

Proof of Theorem B. If ( is any class in N'(X)g and ¢ is any real number, we set

+ = ( —tE. We define
AF™(X) == {(¢,t,y) € BA(X) x R? | vp(¢) <t < up((), 0 <y <qx(P((), E)},
where v (C) is the coefficient of E in N (¢). If (¢, t,y) € AF™(X), clearly X\-(¢,t,y) € AF™(X),
for any positive real number A, and so AR"™(X) is a cone. We have to check that AR"™(X)
is convex, namely, if (¢',¢,y'), ({',t',y’) belong to AN™(X), we have to show that also
(C+ ¢ t+1t,y+y') belongs to A™(X). We start by observing that, if ( — pg(¢)E and
¢ — up(¢’)E lie on the same extremal face of Eff(X), the threshold pg(¢ 4 ¢’) is equal
to pp(C) + pue(¢). If ¢ — pe(Q)E and ¢’ — pup(¢’)E lie on different extremal faces, the
divisor ¢ + ¢ — (ue(¢) + pe(¢"))E is big. It follows that ug(¢ + ') > pue(l) + pe(l).
In particular, we obtain vg(¢ +¢') < t+t' < pug(¢ 4+ ¢’). Now, we have to prove that
ax(P((¢ + eser), E) > y + ¢ and that the equality ¢x(P((¢ + ¢')t4v), £) = 0 could occur
only if ¢x (P(¢), E) = qx(P({'y), E) = 0. By definition of AR™(X), we have
E ¢ B_(¢) UB_((y) = Supp(N(G:)) U Supp(N (¢'y))-

Furthermore (¢ + ¢')t4¢ = ¢ + (p, so that

P((¢+ (i) = P(G +C'p) = P(&) + P(¢'y) + N,
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where N is an effective divisor not containing E in its support. Then ¢x(P({ + ¢'y), E) >
0, because qx(P((),E) > 0, qx(P(¢'y),E)) > 0, since P((;) and P(¢’) are gx-nef, and
qx (N, E) > 0, by |5, Proposition 4.2, item (ii)|), as E ¢ Supp(N). Clearly, ¢x (P({+(y), E)
0 could occur only if E belongs to B4 (¢;) and B ({},). We conclude that gx (P(¢+ ('), E)
y+y >0, thus ((+ ¢, t+t,y+y) e AW™((+ ('), and we are done.

| NAVARI

Using Theorem B, we recover the log-concavity relation for the volume function on a
projective IHS manifold.

Corollary 4.13. Let (, (" be two big divisor classes, and E a prime divisor on X. We have
AR(C) + AB™(C) € AB™(¢ + (), and hence we obtain the inequality

(7) ax (P(¢+ N2 2 ax (P(O)2 + ax (P(¢)) 2.
Using the Fujiki relation, we recover the log-concavity relation for the volume function, i.e.
(8) volx (¢ + ¢') 25 > volx(¢) 2 + volx (¢') 2.

Proof. Inequality (7) is obtained by using the Brunn-Minkowski Theorem, while inequality (8)
is obtained from (7) using the Fujiki relation. [ |

Remark 4.14. Notice that inequality (8) was obtained by Lazarsfeld for any projective variety
(see |21, Theorem 11.4.9]). His proof makes use of Fujita’s approximation Theorem (see [21,
Theorem 11.4.4]). Hence, inequality (7) can be directly obtained using the Fujiki relation and
Lazarsfeld’s result. Our proof (of both inequalities) for IHS manifolds does not make use of
Fujita’s approximation Theorem.

Following [30], we now show that, under certain assumptions, the cone A" (X) is rational
polyhedral, providing a set of rational generators.

Proposition 4.15. Let E be a non-exceptional prime divisor. Suppose that Eff (X)) is rational
polyhedral, as well as the closure of any Boucksom-Zariski chamber of Big(X). Let {D;}; be a
set of rational generators of the extremal rays of the closure of the Boucksom-Zariski chambers.
Then AR™(X) is rational polyhedral, generated by the sets T := {([D;],0,qx(P(D;), E)}i,
T :={([Di],0,0)};, and the element ([E],1,0).

Proof. We first show that the cone generated by T', T” and ([E], 1,0) is contained in AR™(X).
It suffices to show that ([E],1,0) € AR™(X) and

([Di]a07QX(P(Di)7E)> ([Di]vovo) € A%um(X>v

for any i. We observe that Ag(E) contains the point (1,0), because ug(FE) = 1, hence
([E],1,0) € AF™(X). The elements of T' and T’ belong to € AR™(X) by definition of
AE™(D;) and because E ¢ B_(D;), as E is not exceptional. We now show that AR™(X) is
contained in the cone generated by T,7” and (E, 1,0). Let ([D], a,b) be an element of A™(X).
Set Dy, = D —aFE and let D, = P(D,) + N(D,) be the divisorial Zariski decomposition of
D,. There exists a big and gx-nef divisor P such that D, belongs to the closure Xp of the
Boucksom-Zariski chamber Y p associated with P. Let {Dt]. }; be the generators of Y p. Then
Do = }2;a;Dy;, with a; > 0, for any j. In particular, P(Ds) = >_; a; P(Dy;) and

0<b<qx(P(Da),E)= Zaqu(P(Dj),E).

Then there exists ¢ € [0, 1] such that b = c}_; a;jqx(P(D;), E). Some easy calculations show
that

([Da):0,0) = ¢ Y a;([D;],0,ax (P(D;), B)) + (1 = ¢) Y a;([D;],0,0).

J J
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If we add (a[E], a,0) to both members of the equality above, we obtain

(D], a,b)) —CZCL] i1,0,9x(P(D;), E (1—c¢) Za] 1,0,0) + a([E], 1,0),

which concludes the proof. [ |

5. MINKOWSKI DECOMPOSITIONS

In this section, we prove Theorem C. Before proving it, we need the following proposition,
which tells us that, up to a translation, the polygon AR"™ (D) of any big R-divisor D with
respect to any prime divisor F is determined by the positive part of D.

Proposition 5.1. Let D be a big R-divisor and E a prime divisor on X. Moreover, let vg(D)
be the coefficient of E in N(D). Then AR™ (D) = AR™(P(D)) + (ve(D), 0).

Proof. Without loss of generality, we can assume that vg(D) = 0. Hence, we have to show that
AP™(D) = AR™(P(D)), and it suffices to show that P(D —tE) = P(P(D) — tE), for any
t € [0, up(D)[. We start by observing that ug(D) = pg(P(D)). Indeed, by Proposition 4.9,
N(D —tE) — N(D) is effective, which implies that P(D) — tE is big, for any t € [0, up(D)].
This implies that ug(P(D)) > ugr(D), and if this inequality is strict, we would have that
D —ugp(P(D))E is pseudo-effective, contradicting the maximality of ug (D). Then ug(P(D)) =
e (D). We now show that P(P(D) —tE) is equal to P(D — tE). We can write

D —tE = P(D) — tE + N(D) = P(P(D) — tE) + N(P(D) — tE) + N(D).

If P(P(D) —tE) # P(D — tE), there must be an irreducible component E’ of N(D) such
that ¢x(P(P(D) —tE), E') > 0. Furthermore, P(D — tF) = P(P(D) —tE) + N, where N is
an effective divisor supported by some of the irreducible components of N(P(D) — tE), by
Proposition 4.9. Since Supp(E’) ¢ Supp(N), we have gx (P(D —tE), E') > 0, and this gives a
contradiction. We conclude then that P(P(D) —tE) = P(D —tE), for any t € [0, ug(D)[. N

5.1. Constructing a Minkowski basis.

Definition 5.2. Given a prime divisor FE, a Minkowski basis with respect to E is a set
= Q(F) of movable Q-divisors (i.e. divisors whose classes lie in Mov(X)) such that for any
effective Q-divisor D there exist rational numbers {ap(D)}peq such that D =3, ap(D)P
and AR™(D) = 3 ap(D)AR™(P),

In what follows, we provide an algorithmic way to construct a Minkowski basis 2 with
respect to a big prime divisor F, when Eff(X) is rational polyhedral.

We start by associating with any Boucksom-Zariski chamber of Big(X) an element of €.
To do so, let ¥ = ¥ p be the Boucksom-Zariski chamber associated with an integral divisor
P € Mov(X) N Big(X).

The negative part of the divisorial Zariski decomposition of any element in 3 is supported
on a set S = {Fy,..., Ex} of prime exceptional divisors. Let E be a big prime divisor, and
consider the vector subspace Wsug of N'(X)r generated by S and E. Then (Wsug) N S+
is a one dimensional vector subspace of N1(X)r (because S U E spans a (k + 1)-dimensional
vector subspace of N'(X)g, and S+ is a (p(X) — k)-dimensional vector subspace of N1(X)Rr),
spanned by the class of some Q-divisor of the form D = zF + Zle x;E;. We claim that x
and the z;’s are all of the same sign, so that either D or —D lies in Mov(X). Let G be the
Gram-matrix of S. By [3, Lemma 4.1] the entries of S~! are non-positive. Then, for a fixed
x # 0, the solution of the linear system

Sy, ... a1)" = -z (qx(E, E1), ..., qx (E, Ep))"
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has the same sign of that of x, because ¢x(F, E;) > 0, for any j = 1,...,k. Choosing x
rational and positive, we obtain a rational generator Dy, of (Wsyg) NS+ which lies in Mov(X).
Up to clearing the denominators of Dy, = zFE + Zle x;E;, we can assume that Dy is integral.
We observe that Dy, is big, because F is, and Zle z; F; 1s effective.

We can now describe a Minkowski basis 2. For any Boucksom-Zariski chamber ¥ we add to
Q the integral divisor Dy, constructed above, and for any extremal ray R of Mov(X) of BBF
square 0, we add to 2 an integral generator of R.

We observe that since we are assuming that Eff(X) is rational polyhedral (and so also
Mov(X) is), 2 is finite. Furthermore, pg(Dsx) = x, and, for any 0 < t < pug(D), D, belongs to
>, by construction.

We are now ready to prove Theorem C. Recall that a set S of prime exceptional divisors on
a projective THS manifold X is called an exceptional block if either S = (), or S = {E1,..., E;}
and the Gram matrix (¢x (E;, E;)); ; is negative-definite.

Proof of Theorem C. Without loss of generality, by Proposition 5.1, we can assume that
D = P(D), in particular that D is movable. If D is not big, ¢x(D) = 0, and so AD = D’ for
some D' € Q, A € Q. Then AR™(D) = 1AM™(D’). Otherwise, let ¥ be the Boucksom-Zariski
chamber associated with the exceptional block Null,, (D) (see [8, Corollary 4.17]), and Ds; the
element of {2 attached to D. Define the movable threshold

T=7(D) :=sup{t > 0| D —tDy, is movable}

and set D' := D — 7Dy, and observe that D’ belongs to Face(D) := Null,, (D) N Mov(X).
Moreover, we claim that 7 is a rational number. To show it, we first observe that, either
gx(D') =0, or D' is big and Null,, (D) C Null,, (D’). Indeed, if D’ is big and Null,, (D) =
Null,, (D’), there would exist 0 < ¢ < 1 such that D — (7 + €)Dyx, lies in Mov(X), by [8,
Proposition 4.28|, and this would contradict the maximality of 7.

If D' =0, D = 7Dy, and so 7 is rational. If D’ # 0 and ¢x(D’) = 0, we have D' = aM,
where M is a Q-divisor and a is a positive real number. Then D = aM + 7Dy, and so

qX(D,M) = TqX(DE, M) > 0.
This forces T to be rational.
If D' is big, pick a prime divisor E lying in Null,, (D’) \ Null,, (D). Then we have
QX(D,E) = TQX(DE,E)7

and so 7 is rational.
Now, if D" = 0, we have AR™ (D) = 7A"™(Dy;), and we are done. Otherwise we claim that

9) AF™(D) = AF™(D") + rAF™(Dy).

To show equality (9) we first observe that if 0 < ¢ < ug(7Dsx), the divisor D — tE =
D' + (tDy, — tE) is effective. Indeed, D’ is effective, since we are assuming that Eff(X) is
rational polyhedral, and
7Dy, —tE = (T:B—t)E—l—ZI’iEZ'
(2
is effective, as pg(7Dyx) = Tx. Also, note that up(D) > up(7Ds). Then, for any 0 <t <
e (TDsy), we have

P(D —tE) = P(D' + Dy, — tE) = P(D') + P(rDy — tE).

Now, let ¢ be such that up(7Dy) <t < up(D). If up(7Ds) = up(D), D' is not big, and we are
done. Otherwise D’ is big, and, arguing as in Proposition 4.9, we see that D' — (t — ug(7Dx))E
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is big for any ¢ € [ug(7Dyx), pp(D)[, and N(D —tE) > >, x;E;. In particular,
P(D —tE)=P(D' — (t — pp(rDx))E),

for any t in [up(7Dx), up(D)]. Resuming, we have

P(D,) P(D/)—FP(TDE—tE), ifOStS,U,E(TDz),
t) = _
P(D" = (t — pp(tDx))E), if pp(rDs) <t < pp(D),
and so
P(D"+ (tz —t)E, if0<t <7z,
P(D,) = ( ,) ( ) |

P(D'— (t — up(tDx))E), if e <t < ug(D).

Then

qX(P(D/),E)—FqX(P(TDZ—tE),E), ifOStS,U,E(TDE),
ax (P(Dy), E) = ) .

ax(P(D" = (t — pp(TDx))E), E), if pp(TDs) <t < pp(D),
that means AR™(D) = AF™(D') + TAR™(Dx).

Then we can consider the Boucksom-Zariski chamber associated with D’, which is different
to that associated with D, by [8, Corollary 4.17]. We can repeat the above procedure to
decompose AR™(D'), as we did for A™ (D). This can be done finitely many times because
at any step the dimension of Face(D’) = Nully, (D) N Mov(X) decreases of at least 1, and

the dimension of Face(B), where B is any big and movable divisor, is at most p(X).
|

If we allow a Minkowski basis to be infinite and we suppose that Eff(X) = Eff(X) (which
does not imply that Eff(X) is polyhedral), Theorem C holds in more generality. In particular,
we have the following corollary.

Corollary 5.3. Let E be any big prime divisor on X and suppose that Eff (X)) = Eff(X). Then
there exists a set Q = Q(FE) of Q-divisors whose classes lie in Mov(X), such that, if D is any big
Q-divisor, there exist some rational numbers {ap(D)}peq such that P(D) = p.qap(D)P
and, up to a translation, AF™(D) = > pcqap(D)AF™(P). In particular, for any big Q-
divisor D, the polygon Ay™ (D) is rational.

Proof. The proof is the same as that of Theorem C. |

Remark 5.4. Theorem C and Corollary 5.3 hold also for any big R-divisor D on X. The only
difference is that the coefficients ap(D) appearing in the Minkowski decomposition might not
be rational.

6. EXAMPLES

We start by computing some polygons of Newton-Okounkov type on Hilbert schemes of
points on K3 surfaces.

Example 6.1. Let X be Hilb?(S), where S is a projective K3 surface with Pic(S) = Z - Hg
and Hg = 2. Now, let E’ be a general member of the linear system |H — |, and E the
exceptional divisor of the Hilbert-Chow morphism S — S We compute the polygons
AWM (3H — E), Ay™(H). Consider AR™(3H — E). We have pug/(3H — E) = 3, because
3H — E — 3(H — 3E) = 3E is effective, but not big. Then

3H—FE—tE', if0<t<2,

P(3H — E —tE') =
(3—t)H, if2<t<3.
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—

Anem(3H— )

FIGURE 1. The polygon Amm(3H—-E).

It follows that
WOBH —E)={(t,y) eR*|0<t<2,0<y<20r2<t<3, 0<y<6—2t},
which is a trapezium. In this case, the euclidean volume of AW™(3H — E) is qx(3H — E)/2 = 5.
We now compute AR™(H). We have up(H) = 1/2, because P(H;) = Hy = H — tE for any
t€[0,1/2], and H — 1E = H — § is not big, but pseudo-effective. Then
AP™H)={(t,y) eR*|0<t<1/2,0<y <8t}
is a triangle. The volume of AR"™ (H) is given by ¢x(H)/2 = 1.

We now provide a set of generators G for A" (X). We have 2 Boucksom-Zariski chambers,
Yy and Xy, where M is any movable divisor. Furhermore, ¥y, = (H — 6, H), ¥y = (H,§).
In particular, Eff(X) is rational polyhedral, as well as the Boucksom-Zariski chambers. Then
we can use Proposition 4.15 and pick

G = {([2H - E]707O)7 ([H]7 070)7 ([E]7O70)7 ([2H - E]? 07 8)7 ([E]v 17 0)}

We now give an example of a K3 surface S such that the classical Newton-Okounkov body
Ap, (D) of any big Q-divisor D with respect to a general admissible flag Fy = {{pt} C C C S})
is a rational polygon. In this case Ap, (D) = AE™ (D), for any big R-divisor D.

Example 6.2. Let S be a K3 surface such that Pic(S) is isomorphic to Z3, with intersection
form given by the matrix

0 1 1
M=|1 -2 0
1 0 -2

One can show (see [31]) that S has a unique elliptic fibration S — P!, induced by some nef line
bundle L, and infinitely many smooth rational curves, each of which is a section of § — P*.
The ray spanned by L in Nef(S) is extremal, and is the only extremal ray of square 0 of the
nef cone. Let C' C S be a big curve. Applying Corollary 5.3, we find an infinite set of nef
Q-divisors (2, such that any nef Q-divisor is a linear combination (with coefficients in Q) of
elements in €2, and any polygon of Newton-Okounkov type A%™ (D) is, up to translation, the
Minkowski sum (with coefficients in Q) of some of the polygons {AB"™(P)} pcq,. If we choose
{pt} to be a general smooth point of C' and set

Fo:={{pt} c C C S},

we clearly have AZ™ (D) = Ap, (D), for any big R-divisor D. In particular, since any of the
AFE™ (D) is rational whenever D is rational, also any of the Ap, (D) is.

The following example shows that the bodies AF™ (D) on a projective K3 surface S are in
some sense preserved when passing to the Hilbert scheme of points .S ],
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Example 6.3. Let S be a projective K3 surface and Fy = {{pt} C C' C S} a general admissible
flag. Let D be any big R-divisor on S. By the generality of Fy and [22, Theorem 6.4], the
classical Newton-Okounkov body Ap, (D) is

Ap, (D) =AE™D) ={(t,y) eR* |0 <t < pc(D), 0<y < P(Dy)-C}.

Now, let X = S[ be the Hilbert scheme of n points on S. Any irreducible curve C’
on S is canonically associated with a prime divisor on X. This correspondence induces a
homomorphism ¢: Divg(S) — Divg(X), which in turn induces the usual injective group
homomorphism ¢': Pic(S) < Pic(X), which embeds Pic(S) in Pic(X) as a sublattice. In
particular, C"* = ¢x (/([C"])), and to any exceptional block on S (i.e. the Gram matrix of
the elements of S, with respect to ¢x, is negative definite) corresponds an exceptional block
on the Hilbert scheme X. Furthermore, ¢ preserves the divisorial Zariski decomposition of
effective divisors, i.e. if D’ is an effective divisor on S, with (divisorial) Zariski decomposition
P(D")+ N(D'), «(P(D")) + «(N(D’)) is the divisorial Zariski decomposition of ¢(D’). Indeed,
it suffices to check that the class of «(P(D’)) belongs to Mov(X). Write P(D') = 3. a; E;
with a; > 0 and E; prime for any 7. Then «(P(D’)) is effective, hence we are left to check that
t(P(D")) gx-intersect non-negatively any prime exceptional divisor on X. But this follows
from the fact that P(D’) is nef on S and [5, Proposition 4.2, item (ii)]. It follows that a divisor
D’ on S is big if and only if ¢(D’) is because ¢ preserves the divisorial Zariski decomposition,
and by [15, Proposition 3.8]. Then uc(D) = p,cy(¢(D)), and since / respects the BBF forms
of S and X, we obtain the equality Ap, (D) = AR (¢(D)). In particular, the natural injective

linear map N'(S)r x R? = N!(X)r x R? maps the cone Ap, (S) = AZ™(S) into A?(“Crf)‘(X).

The next example shows that the polygons AR"™ (D) might be irrational.

Example 6.4. Consider the Fano variety of lines F' = F(Y') of a smooth cubic fourfold YV
containing a smooth cubic scroll T" with

HY(Y,Z)n H**(Y,C) = Zh* + Z[T).

Here h? is the square of the hyperplane class h of the cubic fourfold. By the work of Beauville and
Donagi, F' is a projective IHS manifold of dimension 4. We have Big(F) = Eff(F') = Mov(F)
(see [14] and [9, Theorem 1.2]), and Eff(F') is irrational. Then, there exists a big integral divisor
D on X, and a prime divisor E such that AR"™ (D) is an irrational trapezium. Indeed, let 7
be o([T]), where a: H*(Y,Z) — H?*(F,Z) is the Abel-Jacobi map. Consider also g = a(h?).
Note that gr(g) = qr(g,7) = 6, and gr(7) = 2 (see [14]). The pseudo-effective cone of F' is
Eff(F) = cone (9 — (3—v6) 7, (3+v6) 7 —g). Let k be a positive integer such that kt is
represented by a prime divisor, and consider AP*™ (kg). Then py,(kg) = 3 — V/6 is an irrational
number. Observe that gx (kg — pkr(9)kT, k) = k?2/6 > 0, hence AN (kg) is a trapezium.
To show that A"™(kg) is irrational it suffices to find an irrational vertex. But this is easy:

just take (pxr(kg),0) = (3 —v/6,0) € AW (kg).

Assuming in the example above that k = 1, we provide below a picture of the polygon
AT (g).
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