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ABSTRACT. Classical boundary Hardy inequality states that if 1 < p < oo and Q2 is a
bounded Lipschitz domain, then for all u € C2°(£2),
Ju(z)]”
o 0(x)
where dg () is the distance function from the boundary of 2. In this article, we address
the open question on the case p = 1 by establishing appropriate boundary Hardy inequal-
ities in the space of functions of bounded variation. We first establish appropriate Hardy
inequalities on fractional Sobolev spaces W*1(Q) and then D4vila’s result on limiting
behaviour of fractional Sobolev spaces as s — 1— plays an important role in the proof.
Moreover, we also derive an infinite series Hardy inequality for the case p = 1.

dx < C/ |Vu(z)|Pdz,
)

1. INTRODUCTION

The classical Hardy inequality for the local case is given by

p p
/ [u(z)] dx < P / |Vu(x)|Pdx,
R |T]P p—d| Jra

for all u € C°(R?) if 1 < p < d and for all u € C°(R¥\{0}) if p > d. Let © be a bounded
domain in R?, d > 2, with 0 € Q, we have

Q m’gszdx = (d%py)/ﬂ [Vulz)Faz, -y

for all w € C°(92) if 1 < p < d and the constant <ﬁ>p is sharp but never achieved. The

inequality analogous to for the case p = d = 2 was explored by Leray in [21], and it
has been extended to p = d > 2 by [1},[7, 8]. It can be formulated as follows: Let Q C R?,
where d > 2, be a bounded domain. Then, there exists a constant C' = C'(d, 2, R) such
that for any u € W, %(Q),

d —d
\Vu(z)|*dx > C ()] In R dx
o || ’

where R > supQ(|x|e%).

Let © C R? be a bounded domain with Lipschitz boundary and 1 < p < oo. The
boundary Hardy inequality for the local case (cf. [22]) states that there exists a constant

C =C(d,p,Q) > 0 such that
Ju(z)[?

o 0g(z)
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dr < C/ |Vu(z)Pdz, for all u € C°(9), (1.2)
Q
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where g, is the distance function from the boundary of €2, defined by
da(x) == gg}jgm — ).

Several generalizations and extensions of the above inequality have been made over the
last three and a half decades. We refer to some of the works in this direction [7, [8 25].
To the best of our knowledge, none of the works in the literature address the case p = 1
in ((1.2). The aim of this article is to establish appropriate inequalities for the case p = 1.
In this article, our objective is to derive a boundary Hardy-type inequality within the
space BV (), where € is a bounded Lipschitz domain. Our approach initially involves
establishing a fractional boundary Hardy inequality for the case p =1 and s > % Later,
we utilize the well-known result of Davila, as presented in [14] (also see [10] for closely
related work), to obtain the Hardy inequality on functions of bounded variation. The
exact version of their result required for our purposes will be recalled in the next section.

Define the functions:

Lo(t) = Vte(0,1), (1.3)

1—1Int’
and recursively

Lon(t) :==Ly(Lm-a(t), ¥YVm>2. (1.4)
Let us define the space of functions of bounded variation (also see [16], [18]):
Definition 1. Let 2 C R? be an open set. A function u € L'(Q2) has bounded variation
in Q if
[u) gy () := sup {/ u(z)div(p(z))dz : ¢ € CHLRY), |é(z)| <1 on Q} < 0.
0
We denote BV (£2) the space of functions of bounded variation in  with the norm

|- lBv(@) on BV (2) as ||ul|pv() = [u]pv() + [|ul[z1(@). Throughout this article (u)q will
denote the average of u over {2 which is given by

(W) ::%’/Qu

The following theorem is the main result of this article.

Theorem 1. Let Q C R? be a bounded Lipschitz domain such that do(x) < R for all
x € Q, for some R > 0 and m > 2 be a positive integer. Then there exists a constant
C =C(d,Q) > 0 such that for all u € BV (),

/Q|u(xgﬂz$()u)9|£1 (69}(%@) L (59}(% ))£2 (69}(2 )>d < vy, (15)

Furthermore, for any 0 < a < %, there exists a constant C' = C(d, Q) such that for all
u € BV(Q)

S 24550 () e () ()
<o (1

(1.6)

4o [ ]
1 - 20 U|BV(Q)-

The above inequality fails when o > 1.
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The following identity (see [7, Section 2, equation (2.1)])

d

dt

plays an important role in establishing the previous theorem, among other key ingredi-

ents. The constant appearing in the previous result may not be sharp. Since constant

functions belong to BV(2), this justifies the presence of (u)q on the left-hand side of
(L.5). Moreover, Wh1(Q) € BV (Q) (see [16, Chapter 5]), and

/ \Vu(z)|de = [ulpv), Yue Wwhi(Q).
Q

Therefore, Theorem [1| holds true for any u € W11(Q).

Let m > 1, 8 > 1 and R be as in the previous theorem, then there exists a constant
C = C(B) > 0 (see (6.1), Appendix[f]) such that

ch (5”}(% )) <CL, (%T@) 2, (5“]2”3)) , Yzeq. (1.8)

Therefore, by applying Theorem (1| with m + 1 > 2 and utilizing the above inequality, we
obtain the following immediate corollary, which enhances the previous theorem:

Corollary 1.1. Let Q C R? be a bounded Lipschitz domain such that 5o(x) < R for all
x € Q, for some R >0, B > 1 and m > 1 be a positive integer. Then there exists a
constant C = C(d, 2, 8) > 0 such that for all u € BV (Q),

/Q\u@gg@gu)ﬂr . (%};@)_..Em_l (5ﬂé>)cﬂ (5@{2))(1 < Oy, (19)

with the convention that form =1, L4 (59—}(;6)> Lo (59 > Eﬁ (59 ) = /Jf (59—}(;6)> .

Furthermore, for any 0 < a < %, there exists a constant C = C(d,Q, 8) such that for all
u € BV( ),

S [ () e () ()

402

The above corollary does not hold true when § = 1, as illustrated by considering a
non-constant function u € BV () such that u takes a non-zero constant value near the
boundary of €, resulting in the left-hand side of the inequality in the corollary becoming
infinite. This failure highlights the optimality of the aforementioned corollary with respect
to the choice of §. Furthermore, it can be easily verified that the constant in the corollary,
denoted as C' = C(d, 2, 3), approaches co as  — 1. This is because C' = C(f), defined

in (L.8), tends to co as 8 — 1 (see (6.2) with 6 = 3 — 1, Appendix [6).

Let 2 C R? be a bounded Lipschitz domain and 3 > 1, we define a space of functions

- foen [ Bl (5) .o (S9) 0 (52) <)

By applying Corollary , we can deduce that the operator T : BV (§2) — X, defined by
T(u)=u (1.11)

Lonlt) = %.cl@) e Lo (DL (1), where m > 2, (1.7)

(1.10)

The above inequality fails whenever a« > 1 or 0 < < 1.
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is a bounded linear operator. In Subsection [5.1], we prove that the operator T' is compact.
To achieve this result, we utilized the compactness of the identity operator I : BV () —
LY(9) (see [16, Theorem 5.5]). This compactness result for BV functions enables us to
present the following remark:

Remark 1. Let @ C R? be a bounded Lipschitz domain. Then, the bounded linear
operator T', defined in (1.11]), is compact for every S > 1.

Let p: (0,1) — R be a measurable function satisfying p > 0, p(t) = 0ast — 0,5 >1
and for some constant C' > 0,

LEPO )y <L, (1) L2, (1), Yte(0,1) (1.12)
Using the definition of £,,, for any m > 1, and define Ly(t) := ¢, we obtain

(1= 10 (Ln(8))° < C (1= In (L1 ()
Then, taking In both sides, we obtain

iy BIn(l—In(Ly(t))) InC
= TG o) S ha @)

Since IL — 0 as t — 0, it is not necessary to consider this term, or we can
n(1—1n(Lm_1(1))) g g

assume C' = 1. We also observe that p* (t) — 0 as t — 0, and
L0 (t) = Lo (1) Ly (1), Y EE(0,1),

This implies that the function p* is optimal in the inequality ([1.12)) with the choice
of p. Therefore, we again present the following corollary which is a consequence and
improvement of the previous corollary:

Corollary 1.2. Let Q C R? be a bounded Lipschitz domain such that dq(x) < R for all
x € Q, for some R > 0, > 1 and m > 1 be a positive integer. Then there exists a
constant C' = C(d,Q, B) > 0 such that for all u € BV (Q2),

[ L) el (), (ko)) o () () do < C2" v,

(1.13)

Furthermore, the above inequality fails when 0 < 3 <1 in the definition of p*.

We can illustrate the failure of the above corollary for 0 < 5 < 1 in the definition of
p* by selecting a non-zero function u € BV (2) that remains constant near the boundary
0f). This choice makes the left-hand side of the inequality in the above corollary infinite,
while the right-hand side remains finite

We also establish a similar type of Hardy inequality in fractional Sobolev space when
p = 1. The next theorem can be treated as an independent result in its own right and
serves as a crucial component in establishing Theorem [ In particular, we prove the
following theorem: Let Q C R¢ be an open set, s € (0,1), and p > 1. We define the
Gagliardo fractional seminorm as

[l o) (// |U|x_ |d+sp ? twd ) (1.14)

LA
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Theorem 2. Let Q C R? be a bounded Lipschitz domain such that do(x) < R for all
x € Q, for some R > 0, % < s <1 and m > 2 be a positive integer. Then there exists a
constant C = C(d,2) > 0 such that

u(@)] . (dal®)\ da(2) o (dal@)Y
956(iv)£1< R ) ﬁm_l( R >£m< R )d (1.15)
< CQm(l — 8)[U]Ws,1(g) + CQmHuHL1(Q), Vue Ws’l(Q).

Furthermore, for any 0 < a < %, there exists a constant C' = C(d, Q) such that

S e () - ()2 ()

m=2

(1.16)

40
=¢ <1 - 2a) {(=9)ulwsri + el ¥V ueWH(Q).

Also, the above inequality fails when o > 1.

The inequalities (1.8]) and (1.12)) can also be applied in Theorem [2| to obtain similar
types of corollaries as those obtained for Theorem [I] in Corollary [I.1] and Corollary [1.2]

The result that comes closer to our present work is that of Barbatis, Filippas, and
Tertikas in [7], where they obtained a series expansion for L? Hardy inequalities in R?, p >
1, involving the distance function from the boundary of the domain 2 C R?. For more
literature on Hardy-type inequalities, we refer to [1I, 2, 3, 4 5, 6, [7, 12}, 13}, 17, [19, 24] and
to the works mentioned therein.

The article is organized in the following way: In Section [2 we present preliminary
lemmas and notation that will be utilized to prove Theorem [I]and Theorem [2} In section
B, we prove Theorem [I] and Theorem [2] in dimension one. Section [4] contains the proof
of the main theorem, Theorem 1| in dimension d > 2 which follows from Theorem [2[ and
utilizes Dévila’s result (see Lemma . In Section , a counterexample is provided to
illustrate that in Theorem |1| and in Theorem |2 fail for o« > 1.

2. NOTATION AND PRELIMINARIES

In this section, we introduce the notation and preliminary lemmas that will be used
in proving Theorem [I] and Theorem 2] All the lemmas proved in this section are essen-
tially known results in the literature. Throughout this article, we shall use the following
notation:

e R? will denote the Euclidean space of dimension d.
e the parameter s will always be understood to be in (0, 1).
e we denote || the Lebesgue measure of ) C R%.
e for any f, g: Q(C R%) — R, we denote f ~ g if there exist C;,Cy > 0 such that
Cig(x) < f(z) < Cyg(x) for all z € Q.
e (' > 0 will denote a generic constant that may change from line to line.
Let Q C R? be an open set and s € (0,1). For any p € [1,00), define the fractional
Sobolev space

Wor(Q) = {u € L() : [uflyunq) < o0},
where [u]ysr(q) is defined in (1.14]). This space is equipped with the norm

1
lullwes@ = ([wyne) + el
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Let W' (Q) denotes the completion of C°(€) with respect to the norm |- lws1(0)-

Inclusion of BV (Q2) in W*!(Q): Let Q be an open Lipschitz domain and s € (0,1). It
is a well-known fact that BV (Q) Cc W*'(Q). To understand this, take u € BV (Q). From
[16, Theorem 5.3], we know there is a sequence of functions {u,}3>, C C*(Q) N BV (Q)
such that w, — w in LY(Q), and [u,)pv) — [ulpv@) as n — oo. Also, for all n,
[tn]Bv(Q) = || Vn|/21(0). Using these facts, along with [15, Proposition 2.2] and Fatou’s
lemma, we can write

[ullwsr@) < Cllullav@), (2.1)

where C' = C(d, s,) > 0. This shows that BV (Q2) c W*(Q).

A bounded domain with Lipschitz boundary: Let 2 be a bounded Lipschitz

domain. Then, for each x € 99, there exist r. > 0, an isometry T, of R? and a Lipschitz
function ¢, : R~! — R such that

To () N By, (To(x) = {€ : &0 > 62(8)} N By (Tu(x)).

The next lemma proves the fractional Poincaré inequality with a specific constant (see
[11], page no. 80 (“fact”)]) for any cube of side length A > 0. A more general version of
this lemma is also available in [23, Corollary 1]. This lemma is useful in proving Lemma

B3 and Lemma [4.1]

Lemma 2.1. Letd > 1, 1 <s<1and Q,\ be any cube of side length A\ > 0 in R%. Then,
there exists a constant C’d Poin = Ca poin(d) > 0 such that

u(z) = (w)a,|dz < CapoinA”~"( / / . |da:dy, VoueWwH(Q,).
Qy JQy \33— \
(2.2)

Qx

Proof. Let Q be any unit cube. Then, from [11], page no. 80 (“fact”)], we have

f|u Jaldz < Cy poin(1 —s)/Q Q%d dy,

where Cy poin, is the best fractional Poincaré constant. Let us apply the above inequality
to u(Azx) instead of u(x). This gives

][’ (A) ][ (Ae)de|dz < Cypoin(1 - //|“| |d+ D 1y,
T — S

Using the fact
][U(Ax)dx :][ u(z)dz,
Q Qs

[u(Az Ay)|
][ lu(Ax) — (u)q,| dx < Cy poin(l — / / ]:c — y’d+s dzdy.

By changing the variable X = Az and Y = Ay, we obtain

u(z dr < CyqpeinA* (1 // ’dd.
Q>\| ( ) ( )QA| a,p 0, Ja, |l'—y|d+s

This finishes the proof of the lemma. O

we have

The next lemma is a well-known result from [I4], which we crucially use.
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Lemma 2.2. Let Q C R? be a bounded Lipschitz domain, and let u € BV (Q). Then,
SIEP,(I — 8)[ulws1 ) = Cpv.alulpve),

where OBV,d = CBV,d(d) > 0.
Proof. See [14, Theorem 1] for the proof. O

The following lemma establishes a connection to the average of u over two disjoint sets.
This technical step is very crucial in the proof of Lemma and Lemma 4.1}

Lemma 2.3. Let E and F be measurable disjoint bounded sets in R? and G be a cube of
side length A > 0 such that EUF C G. Then,

(0= 0015 Caran”*0 =) (i) [, e et @9

where Cy poin 15 best fractional Poincaré constant for unit cube (the same Cypoin as in

Lemma .

Proof. Let us consider:
((w)e = (u)r| < (W) = (Wal +[(u

][|u G]d$—|—][|u u)g|dz

< SRTETTFT Jyp 1) ~ (el

In the second inequality above, we have used triangle inequality for the integrals. Given
that EU F C G, it follows that

(W = (Wl £ e | (o) = (w)eld,
min{|E|, |[F[}
Using Lemma we have

)5~ (el < (el ) o) - (o

This finishes the proof of the lemma. U

The following lemma establishes a Poincaré type inequality for functions of bounded
variation BV (Q2), where 2 is a bounded Lipschitz domain. This lemma is useful in
establishing our main result.

Lemma 2.4. Let 2 C R? be a bounded Lipschitz domain. Then there exists a constant
CBVPozn = CBVPOWL > 0 such that

/ u(z) — (Waldr < Covipomulpvi, ¥ u € BV(Q). (2.4)

Proof. See [0, Theorem 3.2] for the proof. O

The next lemma establishes an inequality when any function v € W*?(Q) is multiplied
by a test function. This lemma plays a crucial role in establishing Theorem 2] We denote
by C%(Q) the class of bounded Lipschitz functions u : Q@ — R (see [16, Chapter 3,
Definition 3.1]).
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Lemma 2.5. Let Q be an open set in RY. Let us consider u € W*P(Q) and £ €
C%(Q), 0 < &< 1. Then, éu € WP(Q), and for some constant C' = C(d,p,s,Q) > 0,

||§U,||Ws,p(Q) S CHUHWS,p(Q). (25)
Proof. See [15, Lemma 5.3] for the proof. O

3. PROOFS OF THE MAIN RESULTS IN DIMENSION ONE

In this section, we present the proof of Theorem [I] and Theorem [2] in dimension one.
Establishing our main results in the one-dimensional case (d = 1) builds the foundation
for extending the proof to higher dimensions, as all the major ideas can be explained
more easily in this case. Extending the results to higher dimensions involves additional
technicalities. Also, we present quantitative estimates of the constants involved in this
case. For simplicity, we first establish the main results for the domain Q = (0,2). For
any other general domain (2 = (0,2D),D > 0), the results can be obtained through
translation and dilation of the domain ).

The strategy is as follows: The proof of Theorem [1| for Q = (0,2D), D > 0, presented
in subsection , follows from the proof of Theorem [2| for Q@ = (0,2D), D > 0, which is
given in subsection The first part of the proof of Theorem [2| for 2 = (0, 2) follows
easily from Lemma [3.3] presented in subsection [3.1] Lemma[3.1]and Lemma [3.2] are basic
inequalities that will be used to prove Lemma |3.3]

For each k € Z, k < —1, and d = 1, define
Ay = {z:3F <o < 381}

The next lemma establishes a basic inequality for each Aj. It gives a basic relation
between each £,, and x € Ag. This lemma is helpful in proving Lemma [3.3| and Lemma

ZNI!
Lemma 3.1. For any Ax, R>1 and x € Ay, we have
x
Li(5) < = = Wil), (3.1)

and for any m > 2,
x 1

Lo(%) < Tom Vs ()

Proof. Let x € Aj,. Then x < 3!, which implies

= V(k). (3.2)

In (%) =ln(z) —ImR<(k+1)ln3—InR < (k+1)In3.
Therefore, we have

1—ln<%) >1—(k+1)In3>1—(k+1)=—Fk.
From the definition of £;, we obtain

£ () gy < 2

Using the above inequality, we have

In (Cl (%)) <In(D(k)).
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So, from the definition of Lo(x), we have

X €T 1 1
&)= lo ) - =@y < TRow 0
Therefore, recursively, we obtain for any m > 2,

Lo (%) < 1m (Jlim_l(k))

This proves the lemma. O

= Yn(k).

The next lemma establishes a basic inequality for £ < —1. This lemma is helpful in

the proof of Lemma [3.3] and Lemma [4.1]

Lemma 3.2. For all k < —1, we have

Yn(k) = Yl — 1) > 2L .32;::(15)3)3,4/{). (3.3)

Proof. Let f :[0,1] — [0,00) be a differentiable function on (0, 1) such that
f(z) = Ym(k—1+2x), for somek < —1.

By the mean value theorem, there exists v € (0,1) such that

f/(')/) = f(l) - f(O) - ym(k:) - ym(k - 1)'

Also,

FO) =Wk =147) - Vmoalk = L+ (k—1+7)
follows easily from direct computations or using an induction argument. Therefore, com-
bining the above two inequalities, we have

Yn(k) = V(b = 1) =Dk =147) - Vs (k = 1+ V5 (k =1 47). (3.4)
Since, (1 — % + %) < 2 for all £k < —1. Therefore, we have
Vilk—1+7) = L ! > 1 __ Ak

—k+1—v (=k)(1-L+2) 72—k 2

From the above inequality, we have In (Y3 (k—1+7)) > In (yl(k)) Using this in the

definition of ), we obtain

Wk =1+47) =

1 1
> .
I-Ink—=147) 1 _ (yluc))

2

But we have

1 B 1 1 1 B Vs (k)
1—1n<le(k)> S 1—-In((k) —In(3) >§(1—1n(371(k‘))) 2

Here, we have used 2 (1 —In (Y1 (k))) > 1 —In(Y1(k)) — In (3). Therefore, by combining
the above two inequalities, we have

yz(k—1+7)zy22(k).

From the definition of })),, and using recursively, we obtain

Yin(k)
2

Vm(k = 1+47) > , Ym>2.
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Hence, from (3.4)), we have

(k) Vo (B)VR(R)

2m+1

This proves the lemma. O

The next lemma is the main step towards the proof of Theorem [2| for 2 = (0,2). Once
the next lemma is established, Theorem [2| for = (0, 2) follows fairly easily.

Lemma 3.3. Let R > 1, % < s <1, and m > 2 be a positive integer. Then there exists
a constant Cy pein, > 0 such that for all u € W*((0,1)),

/0 Iug(;:)lﬁ1 (}%) L (%) 2 (%) dx (3.5)

S Clypom(238+m+2 —|— 25)(1 — S)[U]WSJ((OJ)) + 2m+135||u||L1((0,1)).

Proof. Tt is well known that W*'((0,1)) = W' ((0,1)) (see [20, Theorem 6.78], as sp < 1
with p = 1 in this case). Therefore, it suffices to establish for any u € C’l(( 1)).

Let uw € C1((0,1)) and fix any Aj. Applylng Lemma.w1th <s<1, Q=(3 %), and
A =2 x 3% we have

|U(Q?) o (U)Akldﬂﬁ < Cl,Poin28713k(871)<1 - S)[U]stl(Ak)y
Ak

where C pyin, > 0 is as in Lemma For x € A, one has % < ik which implies

Ju( /
d
[ e < 3k u + (1) lda

Now, using the previous inequality, we obtain

u(x A A
[N <L o) @tae+ Lt
k

2 X 3 —s
< C’1 Pozn2$ ! 3 3 )(1 - 8)[U]Ws’1(z4k) + 2% 3k(1 )’(u)Ak’

< C1poin2°(1 = 8)[u)wsr(a,) +2 % 3k(17$)|(U)Ak|-

From Lemma and using Vi (k) - - Vin_1(k) V2 (k) < 1, we have

[ e () e (R ()

< Cpoin2(1 — s)[u]ws1(a,)
+2 % 3F =9 (k) -+ Vo1 (B)V2 (k)| (1) 4, |-
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Summing the above inequality from k = ¢ € Z~ to —1, we get

5 [ M () (3) 2 (2)

< C1poin2°(1 = 3) Z[U]WSvl(Ak) (3.6)

k=t

+223w IVR) - Vnea W)V ()| (),

Independently, using triangle inequality, we have

[(w) ap | < [(w) apy |+ [(w) 4, — (W) 4, |-

Since A, U Ay, is an interval of length 2 x 3! 4 2 x 3*, using Lemma with G =
Ay UA, and A = 8 x 3F, we have:

()] < () g | + Crpoin(8° 71877022 (1 = 8) [ulwn (a0 )

< (W) Ay | + Crpoin2® 71 3M (L = 8)[ulwen (a,0a0,0)-

Multiplying the above inequality by 3*(=%) and using the trivial estimate that 3% > 1,
we get

3k(1_5)|(u)Ak| < 3(k+1)(1_8)|(u>14k+1| + 0171301'”235_1(1 - 8)[U]WS’1(AkUAk+1)'

Multiplying the above inequality with ), (k), and using V,,(k) < 1 for all & < —1, we
obtain

3k(1_8)ym(k>|(u)z4k| < 3<k+1)(1_8)ym(k>|(u)z4k+1| + Cl,POinQ?)S_l(l - S)[u]ws’l(AkUAk+1)'

Summing the above inequality from k = ¢ € Z~ to —2, we get

23’““ * w)a,l < 23“”1 D YV (k)| (1) 4, |

—2

+ C’LPoinQSS_l(1 - S) Z[u]wsvl(AkUAk+1)'
k=¢

By changing sides, rearranging, and re-indexing, we get

3£(178)ym(€)|(U)Ag| + _Z 3k(1-s) { Vi (k) = Y (k — 1)} |(uw) 4,

<3NP (=2)[(w)a, |+ Crpoin2® (1 — 5) Z[U}WSJ(A;“UAICH)-
k=t

Using the asymptotics (see Lemma ,
Vi(k) - V1 (k) V2, (F)

om+1 ’
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choose —{ large enough such that |(u) 4,] = 0 (as u is assumed to be compactly supported),
we obtain

—2 3k(175)

2m+1
k=t

Vi(k) - Yina (k)Y (F)|(u) 4, |

—2

< Vun(=2)3 (W) |+ Crpom2® (1 = 5) Y [ulwei(aom -
k=¢

Adding 322 (—1) -+ V1 (= 1) Y2 (=1)| (1) 4_, | on both sides of the above inequality,
om—+ m 1

we obtain

—1 ak(1-s)
S L) P VR B (wa

k=t

<3 D24 0 DA

+ Cl,Poin23s_1(1 — S) Z[u]ws’l(AkUAk+1)
k=t
-2

S 38_1|(U)A_1| + C(1,P0in238_1(1 B S) Z[u]ws’l(AkUAkﬁ_l)‘
k=¢

In the last inequality, we have used Lemma with & = —1. Therefore, we have

S80I K)ot (DVA D) ()
k=0 (3.7)

-2

<235 (U)o | 4+ Chpein2® 7121 — ) Z[u]ws’l(AkUAk+1)'
k=¢

Combining (3.6), (3.7) together (6.4) (see Appendix [6]) with d = 1, yields

w;_fﬂﬁl (5) - Lnr (5) 22 () do
< C1,poin2° (1 = 8)[ulws1((0,1))

2
+2 {2m+13s_1|(U)A1| + C1 poin2® 121 (1 Z U AwAzm)}
—¢

=0 7 Ak

S Ol,POin(238+m+2 + 23)(1 o 5)[U]W&1((0,1)) + 2m+235 1‘(U)A_1"
Using [(u)a_,| < (3/2)]|ullz1(0,1)), we have
Mg (2) - ()2 (1)
/0 = \R \R) = \R) ™
< O poin (2712 4+ 2°) (1 = ) [ulwei (1)) + 273 [ull L1 (0,1)-

This proves the lemma. O
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3.1. Proof Theorem 2| for Q = (0,2). From Lemma 3.3, m > 2, R > 1, and u €
W#1((0,2)), we obtain

/0 Iu;?l (%) Lo (5) 22, (%) do (3.8)

S Cl,Poin (23s+m+2 —+ 28) (1 — S)[U]Ws,l((071)) —+ 2m+133Hu”L1((071)).

In the previous step, we used the fact that the restriction of any W*((0,2)) function to
the interval (0,1) is again a W*'((0,1)) function. Now, since

x, O0<zx <1
5(0,2) (x) = {

2—1x, 1<z<2

we have

[ () o (57 2 (7)o
[ e () () ()
Jemye () e () e ()

Using the change of variable 2 — x = 2 in the last integral of the above equation, and

applying (3.8)), we obtain

< C1,poin (238+m+3 + 28+1) (1= 8)[u)ws1(0,2)) + 2erz?’S||U||L1((0,2))-

This finishes the proof of the first part. Now, let a < % and summing from m = 2 to oo,
we have

B [ Ao () e () (25

402 a? 4o
< 92— 4 sl Ch,poin(1 — . 2% x 3°
—{ =20 T2 1o q ) Curenll = s)lulwesozn + 1-2a

=: .A(S, Oé)CLpom(l — S)[u]wsg((og)) + B(S, a)HuHLl((O,z)).

m=2
2

Jwllzr(0,2))

This proves the theorem for 2 = (0, 2).

3.2. Proof Theorem [2| for general domain in dimension one. Without any loss of
generality assume 2 = (0,2D) for D > 0. Scaling appropriately the results in the last
subsection it is easy to that for R > D, clearly

(0,2D)

2m+238
Ds

< Cpoin (2777 + 2271 (1 = ) [u]wer(0,2m)) + [ull 21 ((0,2))-
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The proof finishes the first part. Let a < % and summing from m = 2 to oo, we have

Z /w ol ((5(0,2]1%) (93)> L (%Lg,/)(x)) L, (%Lj%)(x)) dx

402 o?
< {23S+3— + 25t } Ch,poin(1 — 8)[ulw=1((0,20))

1 -2« 1-a
. 4a? 1
+ (22 X 3 2@) EHUHU((O,?D))

= A(s, @)C1 poin(1 — s)[ulws1(0,20)) +

B(s,a)
Ds

[ull 21 (0,.2p))-

3.3. Proof of Theorem (1| for general domain in dimension one. From Theorem
with d =1, Q= (0,2D), D >0, and R > D, we have

/w S|U(9C)‘ L (5(0,2D)(x)) L (5(0,2D)(1‘)) 2 (5(0,2D)($)> A
0 O02p)(®) R R R

) ) 2m+233
< Cl,Poin (235+m+3 + 28+1) (1 — S)[U]stl((O,QD)) + D HuHL1 (0,2D))-

Using Fatou’s lemma, we have

I e () oo () (7)o
o 0,
2D
< liminf/ Jzt(—x)‘gl (M) L <5(0»2D>(x)) e (5(0,2D)($)) i
=1 Jo o 0(gap)(7) R R R

. . s 2m+235
< hrsn_>11nf {C'l,poin (23s+m+3 +2 +1) (1 = s)[ulws1(0.20)) + 7k ]| 21 02D))}

From Lemma we have

[ et () e (B2 e ()

3 x 2m+2
< C1poinCava (27F° + 2%) [ul v ((0.20)) + THUHLl((o,zD))-

Therefore, from Lemma and using [u — (u)0,20)|Bv((0,2D)) = [U]BV((0,2D)), We have
/2D u(z) — (u)(0,2D)’£1 (5(0,2D) (33)) Lo (5(0,2D (2 )) 2 (502D) (UU)) dx
0 6(0,2D) (l’) R me R

U|BV((0,2D))

3 x 2er2
S {Cl,PoinCBV,l (2m+6 + 22) + C’BV,Pozn }

Let a < l and summing from m = 2 to oo, we have

Z /2D ]u 02D)|£1 ((5(0,2D)(x)) L ) ((SOQD ),C (502D) )
d(0,20) () R "

2 xa? 22 xa? 3 x 2t x a?
< C oinC C oin
= { 1,P BV,1 ( 1= %a + 1~ 4 ) + Cv,p D(l ~2a) } [ ]BV((O 2D))-

This proves the Theorem (I in dimension 1.
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4. PROOF OF THE MAIN RESULTS IN DIMENSION d > 2

In this section, we prove Theorem [I| and Theorem [2] in dimension d > 2. Initially, we
establish Theorem [2] for the flat boundary case, as shown in Lemma 4.1} Subsequently, in
subsection [4.1] we employ patching techniques to prove Theorem [2 Finally, we establish
our main result, Theorem [I} in subsection using Theorem [2] and Lemma [2.2]

Let Q, = (—n,n)>! x (0,1), where n € N. For each k € Z and k < —1, set
Ay = {2 zg) : 2’ € (=), 3F <y < 351

Then, we have 2, = U,;:l_oo Ag. Again, we further divide each Ay into disjoint cubes
each of side length 2 x 3% (say A%). Then,

Ok
Akz = U A;g’
i=1
where g, := 3(-R)d-1)pd-1,
The next lemma proves Theorem 2| when the domain is Ri and the test functions are
supported on Q,, = (—n,n)4"! x (0,1), where n € N.

< s <1 and

Lemma 4.1. Let Q, = (—n,n)"! x (0,1) for somen € N, R > 1,
) uch that for all

m > 2 be a positive integer. Then, there exists a constant C = C(d) > 0
u € W(Q,),

ju(@)| . (za\ Ta\ o (Td
/Qn O <R) Lo (R)£m<R>dx (4.1)
< 02" {(1 = 8)[ulwsa(a,) + llullzi@n } -

Proof. Since W*1(Q,) = W' (Q,) (see [20, Theorem 6.78]), it is sufficient to establish
[@.1) for any u € C}(,). Let u € C}(Q,) and fix any A%. Then, A% is a translation of

3k, 3* 14 Applying Lemma [2.1|with : <s <1, Q= (1,2 d, and A\ = 2 x 3*, and using
2 202
translation invariance, we have

1
2
S

ule) = () gy lde < Capon2 35 D(L = 8)[ulyon 4,
Al

where Cy poin, > 0 is a constant as in Lemma Let © = (2/,74) € A%. Then, z4 > 3%,
which implies - i < zr. Therefore, we have

dx

[ < [ o) = (g + g

) — ks
iy 3

1 1
< g [ Iuto) = whglde + 5 [ (gl
k k

Now, using the previous inequality, we obtain

[ o _|§g|][ »

12
k

L4 il
Sks

s | (W)
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From Lemma and using Vi (k) -+ Viu1(k) V2 (k) < 1, we have
u(@)] o (4 Ta\ po (T
e, (1) ()2 ()
/ oz \R R/ \R)™
S Cdjpm'nQS(l — 8)[U]Ws,1(A2)
+ 293NV (k) - Voea (R) V7, (R) | () o |-
Summing the above inequality from ¢ = 1 to oy, we obtain
|u(z)] T T
S 0 () e () ()
/Ak v '\R \Rr)=\R)™

< Cfd,PoinQS(1 - 8)[U]WS’1(Ak)

Ok

£ 25O (k) Yy (VA (R) D I(u)ag],

i=1
Summing the above inequality from &k = ¢ € Z~ to —1, we get
[ lu()] v v
L Lo (S2) 22 (52) d
;/Ak z 1(R> 1(R> m(R) v
—1
< Od,Poin2s(1 - S) Z[U]stl(Ak)
k=(
Ok
+ 2d23k<d DViR) - Vea () Vi (R) Y 1) ag |-

=1

(4.2)

Let A7, be the cube that lies above the cube A} and share a face with A}. Independently,
using triangle inequality, we have

() ag < H(w) gy 4 1(0)ag — () gy |

k+1
Choose a cube GY,, of side length 2 x 3*+! + 2 x 3% such that A} U A}, C G}, and
Giy1 C AU Agyq. Therefore, using Lemma 2.3( with E = A}, F'= A, and G = G},
with A = 8 x 3%, we have

() ag | < 1(w) g |+ Capoimd™8 31 = 8) )y gy
Multiplying the above inequality by 3¥(¢=9) we get

3’“(d_5)|(u)A}-€| < 3k(d_s)|(U)Ai+1| + Capoin2” (1 = ) [ul -, e

fer1)”

k+1)

There are 347 such Ai’s cubes lies below the cube Ai 41+ Therefore, summing the above
inequality from i = 3%77*(j — 1) + 1 to 37714, and using 3¢~! < 397%, we obtain
3d—lj
3k(d—8) Z |(U)A;€| S 3d—13]€(d—8) | (U)Ai+l ’ + Bd_lod,Poin238_d(1 o S) [U]Wg 1(GJ
i=34-1(j—1)+1

+1)

k+1)(d—s 3s—dqd—1
< 3 )|(U)Ai+1| + Capoin2” 37 (1 = ) [u)yyun

k1)



BOUNDARY HARDY INEQUALITY ON BV FUNCTIONS 17

Again, summing the above inequality from j = 1 to o1, using the fact that

31 (D ST B oI

J=1 \i=3d-1(j—1)+1

Y

and (See Appendix @, we obtain

Ok Ok+1 Ok+1
k(d—s) ) (k+1)(d—s) )  03s—dqd—1/1 )
3 21: |(U>A§€ <3 z; |<U>Ai+1| + Capoin2” 3" (1 = 5) X;[U]Wsyl(ciﬂ)
i= J= j=
Ok+1

< 3(k+1)(d—8) Z |<U>Ai+1| + Od7POm233—d+13d—1<1 . 3)[U]W571(AkUAk+1)-
j=1

Multiplying the above inequality with Y, (k), and using YV, (k) < 1 for all £ < —1, we
obtain

Ok+1

Ok
k(d—s) : (k+1)(d—s) .
I 2 ()] <3 Vnlh) 2 1),
1= 1=

+ Cd,Poz‘nQSSid+l3d71(1 - 5>[U]WS’1(AkUAk+1)'

For simplicity, let ar = > %, |(u) 4 |- Then, the above inequality will become

Sk(de)ym(k)ak < 3(k+1)(dfs)ym(k)ak+1 + Cd’Poin2357d+13d71(1 . 5>[U]WS’1(A,€UA,C+1)~

Summing the above inequality from & = ¢ € Z~ to —2, we get
-2

2
Z 3k(d—s)ym(k,)ak S Z 3(k+1)(d—s)ym(k,)ak+1
k=/¢ k=¢

—2

+ Cd,Poin23S_d+13d_1(1 - S) Z[U]WSvl(AkUAk.;_l)‘
k=¢

By changing sides, rearranging, and re-indexing, we get

—2
Sé(d—s)ym(é)ae + Z Sk(d_s) {ym(k) - ym(k - 1)} Ak
k=0+1
2

< 3(*1)(d—8)ym(_2)a71 T Od,Poin2357d+l3d71<1 . 8) Z[U]WS’I(AkUAk+1)'
k=¢

Using the asymptotics (see Lemma ,
Vi(k) - Vo1 (k)2 (k)

om+1 ’

yM<k) - ym(k - 1) >

choose —/ large enough such that |(u)A§| =0 forall j € {1,---,04}, we obtain

—2 gk(d—s)
S V1(F) - YA () Yy (K < 37"V (=2)a
k=¢
-2

+ Cd,Poin238_d+13d_l(1 - 8) Z[U]WS’I(AkUAk+1)'
k=t
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Adding 3(217)1(+dl Vi(=1) V1 (=1)V?(—1)a_; on both sides of the above inequality, we
obtain

—1 3k(d—s)

> S Vik) Va2 (R)ax

k={

< 35 {ym<_2) + ﬁyl(—l) - 'ym—l(_l)ygl(_l)} a-1

+ Cd,Poin2387d+13d71(1 - S) Z[U]Ws’l(AkUAk+1)
k=¢
—2

<3y + Cypoin2® 13711 — ) Z[U]Ws’l(AkUAkH)'
k=t

In the last inequality, we have used Lemma with £ = —1. Therefore, we have

Zs'f V(B2 ()

—2
< 2m+133—da_1 + Od,Poin238_d+m+23d_l(1 _ S) Z[U]WS’I(AIGUAIC+1).
k=¢

Putting the value of a; in the above inequality, we obtain

23’““ RACESIONACYNION

o-1
< 2m+135_d Z |(U)AJ71| + Cd,Poin23s_d+m+23d_1(1 - S) Z[U]Ws*l(AkUAk+1)’
—1 k=t

Combining (4.2)) and ([4.3) together (6.4) (see Appendix [6)), yields

%) Ly (%) i <%> dz < Cy poin2°(1 — 8)[ulwsa(a,)

(4.3)

o_1 —2
+2° {Qmﬂss-d D 1)y |+ Capon2® 4231711 — ) Z[u]ws,lmkmw}
j=1

k={

o—1
< Capoin (2°+ 2573571 (1= ) [ulweaa,y + 2771370 (W) 4 |-
j=1

Also,

o_1 3 d
>0, 1< (3) Dl

Therefore, we have
|u(z)] Ty T
£ ()l () 20 (3)
/Qn v \R \wr) = \R)H
S Od,Poin (25 + 23s+m+33d—1) (1 — S)[U]Ws,l(gn) + 2m+135||u“L1(Q )

This proves the lemma. O
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4.1. Proof of Theorem [2| Let Q be a bounded Lipschitz domain. Consider the def-
inition of bounded Lipschitz domain defined in Section [2 For simplicity, let T, be the
identity map. Then,

an Bré(m) = {5 = (5/7 gd) : fd > ¢x<€/)} N BT‘QE(:U)?

and 0Q C Uzepa B, (x). Choose 0 < r, < 1 such that r, <77, and for all y € QN B, (),
there exists z € 02 N B, () satisfying do(y) = |y — z|. Then, 0Q C UzesaB,,(x). Since
0f) is compact, there exist 1, ..., x, € 0 such that

o0 C LnJ By, (z;)
=1

where 7., = 7;.

Let u € W*(Q). Let Q C U8, where Qo C ©, and Q; = B, (z;) for all 1 <i < n.
Let {n;}_, be the associated partition of unity. Then,

n
U= E u;, where u; = n;u.

i=0
From Lemma we have
]| weronay) < Cllullwsrona,), V0<i< 1

Therefore, it is sufficient to prove Theorem [2|for all u;, 0 < i < n. Given that supp(ug) C
Qg, and for all x € Qq,

Cy < dq(r) < Cy for some Cp,Cy > 0.

R

[ Lol (3} g, (20) g2 () < [ e

For 1 < i < n, supp( uz) QN Consuiler the transformation F : RY — RY such that
F(2',2q) = (2,34 — ¢r,(2')) and G = F~* (see subsection 6.1 Appendix [6]), then

dao(x) ~ & forall z € QN
where F(z) = (&1, -+ ,&4). Therefore, from Lemma we have

oo e () oo () 2257 o

lu; o G(&)] &a &4 &4
[ w0l (%) ($) e (4)
F(QN)

S CZm(l — s)[ul (0] G]Ws,l(F(Qin)) —|— C2m||ul @) GHLl(F(QﬂQZ))

Therefore, using L,, (5”(96 ) <1 for all m > 1, we have

= C2"(1 = s)[uilws1 e, + C2™||uil| L1 ny)-

Hence, combining all the above cases, we obtain the following inequality:

() () ()

< C2m(1 — S)[U]Ws,l(g) -+ CZmHUHLl(Q)
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Let a < %, and summing from m = 2 to co, we have

S e () ()2 ()

m=2
402
<C (1 — 2a> {0 =) [ulwsi(e) + lullLie ) -

This completes the proof of Theorem 2]

4.2. Proof of Theorem [1} Let v € BV (). From Theorem [2] and noting that BV () C
WH(Q) (refer to (2.1])), it follows that

|1i(9;)|£1 do(z) L do(z) 2 da(2)Y .
o ( ! > ( ! ) gC};m()lS)[U]VVSJ(Q)+C2mU|L1(ﬂ)

Using Fatou’s lemma, we have

) e ()2 ()
< 11g§flf/ [u(z £1 ol ) Lo (59}%‘”)> c2 <5Q}(f)) dz

<o22m hmmf(l -5 u]Ws 1) + O2™|ul| 1)

From Lemma [2.2] we have

ol () g, (M) g (5”}?)) o < C2" ({dpviey + ulle).

Therefore, from Lemma[2.4] and using [u — (u)a]pv (o (@), we have

e () e (5) (

Let « < 5, and summing from m = 2 to co, we have

Z:Q m/Q \U(xgﬂzm()u)ﬂfﬁl (591(;)) L (59( ) (59(33 ) -

This proves our main result, Theorem [I}

>dx<02 (W] ve-

5. FAILURE FOR a > 1 IN THEOREM [I] AND THEOREM [2] AND PROOF OF REMARK

In this section, we prove the failure of Theorem (1| and [2| for @ > 1. First, we establish
the failure in Theorem [I} and then we establish the failure in Theorem [2 using Theorem
. To prove the failure of our main results when o > 1, it is sufficient to establish
for the domain Q = (=2n,2n)"! x (0,2), where n € N, and a function supported on
Q, = (—n,n)1 x (0,1). Let v’ € C=®((—n,n)¥"), and ug(z) = 1 for all z € (0,2). For
any r = (x zq) € 2, define

w(z) = u' (2" ug(zq) = u'(2"). (5.1)
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Then u € BV(2), and for any x € €, we have dg(x) = z4. From (1.7)), we obtain
u(@)| . (za Ta\ ny (%d
J e () e () 22 <E> ds
_ Lq /
= / |u(x <R> dz'dx,
! d Tdq
= — d —L,, d
R (—n,n)d—1 | ( >| . /O dZEd <R> rd

_ % (cm (%) - £m<0)> /( AL

From the definition of £,,, and using (6.3)) (see Appendix @), we have L, (%) > m
and L,,(0) = 0. Therefore, from above inequality, we have

/Q n Mg (%) e (52) 2 (54 > m / G

For any a > 1, we have

(5.2)

—n,n)d-1 —" m+1 B

This proves that Theorem [1] fails when o > 1.

We will now establish that the Theorem [2| fails when o« > 1. We will prove by using
contradiction. Let u € BV(Q) be a function defined in (5.1). Since BV (Q) C W*'(Q)
(see (2.1))), we have u € W#'(£2). Assume there exists a constant C' = C(Q,d, a) > 0 and
« > 1 such that

e () o ()2 ()

m=2
S O(]_ — S)[U]WS,I(Q) —+ CHU”Ll(Q)

Using Fatou’s lemma, and Lemma [2.2] we have for all my > 2,

B [ () () ()
< Zamhmmf/ |u(z <5Q ) (&zéx > 2 <5Qéx)) s
e [ S0 () . () ()

< lirsn_glnfC(l — 9)u ]Ws v + Cllullz@ < Clulsv + Cllull o)

which is a contradiction (see (5.3)). This proves that Theorem [2| fails when o > 1.
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5.1. Proof of Compactness of operator 7. In this subsection, we prove that the
operator T defined in is compact. Let {ux}32, be a bounded sequence of functions
in BV (). Since, the identity operator I : BV (Q2) — L'(2) is compact (see [16, Theorem
5.5]). Therefore, there exists a subsequence of {u;}?2, which is convergent in L'(Q).
Therefore, without loss of generality, we assume {u;}32, be any bounded sequence of
functions in BV(€2) such that ||ug|[z1@) — 0 as k — oo. Let € > 0, and 1 < ; < S,
there exists a constant A; = A;(€) > 0 such that for any z € 2 with dg(x) < A;, we have

LE=h (@) < €. Then, using this and £,, < 1, for all m > 1, we have
lue()| . [ da(z) da(2)\ .5 (da(z)
" o) Ly R Lo 7 Lh 7 dx
_ |y (v (x) B—pn da() G da(r)
/ e R L o L i dx

|y,

/ 592% ( 0. () e ()
+ G /{er  So(2)>A1) Jus ()l

cof e (5 v (52 2 (542t [

In the above inequality, we used that for any = € Q with dg(x) > A;, we have #(r) <

Ci(e), for some C1(e) > 0 depending only on e. Using Corollary with 57 > 1 in the
above inequality, and [ug|py () < C for all k € N and for some C' > 0, we obtain

/Q |§sg;|£l (691(%:6)) L (69}(:)) e (%@) dr < Celur] v o)
+ Cue) el

< Ce+ C(&)|Juel L1,

where C' > 0 is a constant does not depend on k and e. Taking the limit as k — oo, and
then € — 0, we obtain

[ bl (S, ()Y g (D) g

This proves that the operator T (defined in ([1.11])) is compact.

6. APPENDIX

6.1. Domain above the graph of a Lipschitz function. In this section, we will
prove that if € is a domain above the graph of a Lipschitz function v : R~! — R, and
F :R? — R? is defined by F(x) = (£,&;), where ¢ = 2’ and &; = x4 — y(2'). Then,
69(‘7;) ~ §d7
holds for all x € €. Specifically, there exist constants C,Cs > 0 such that
C1€a < dp(x) < Co&y.

Let 7 : R — R be a Lipschitz function, and let M > 0 be such that for 2,1y’ € R4!,
we have
y(@") = () < Ml2" -y
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Let F : R — R? be defined as F(r) = (Fy(x),..., Fy(x)) = (2/,24 — v(2')), where
¥ = (x1,...,24-1). Then,
[F(x) = F)I* = 12" = y'[* + o0 — ya — (") + (/)

< |2’ =y P+ lwa — yal* + 17(2') = ()P +2 <24 = ya,y(y) — () >

<o =yl + MJ2" = y'[* + [z — yal* + 7() =1y

<o =yl + 20" =y + |ra — pal” < (M + 2)|z -yl
Let C = (2M? + 2)2. Then, |F(z) — F(y)| < C|z — y|. Define G(¢) = F71(&) =

(€',&4+ v(€")). Then, G is Lipschitz, and |G(£) — G(n)] < (2M? + 2)1/2|¢ — |. Hence,
there exists C' > 0 such that

1

alt =yl <|F(@) = Fy)] < Clz —yl.
Let @ = {z € R : 24 > y(2/)} and 0Q = {x € R : 24 = y(2')}. Then, F(Q) = R% and
F(09Q) = 0R?. Let x € Q and y € 99 be such that

do(z) = |x —y| = inf{|z —n| : n € ON}.
Then, 0g(z) = |z —y| < |z —n| for all n € 052. Therefore,

do(z) = [z —y| < C|F(z) = F(n)| < C|F(x) =&,
for all £ € OR?L. So, dg(z) < C infd|F(a:) —¢| = CFy(x). Let F(x) = (£¢,&). Then,
geord

we have dq(z) < C&,. Similarly, considering G, we get C1&; < dg(x). Therefore, C1&; <
do(z) < C&u.

6.2. Some estimates. (1) Let # > 0 and for any m > 1, we establish that there exists
a constant C' = C'(6) > 0 such that

Lot <CLt (1), Yte(01). (6.1)

First, assume 0 < 6 < 1, and let £,,,(t) = e™*. Then, ift =0,z — oo, and if t = 1, z = 0.
Define
e’ 1 S S AR ()
w0 = w = () o = Al "0

Clearly,

Ly 1 (t) 2 AN 2-6
St s —g | —-14+2)=(2 -9,
EACRE Y *‘”( ”9) (2) ‘

Therefore, we have

L£0(t) < (%)2 e?2L2 (1), Yte(0,1). (6.2)

Now, assume 6 > 1. Then, § = ny + r, where r € (0, 1]. Therefore, using L,,(t) < 1 and
above inequality, we have

2\ 2
€0 = L2060 < L0 < (2) 220
This establishes the required inequality for any 6 > 0.

(2) Let L, be defined in the introduction section, and let R > 1. We prove that

o, (%) > m. (6.3)
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Since 1 —In (%) =1+ In R < 2R, we have

1 1 1
Li(=)=—Fre >
1(R> 1-In(L) 7 2R

From above inequality, we have In (El (%)) > In (L) Therefore, we get

1 1
1 ln(£1 (R))_l IH(QR 1+1In(2R) < 3R

Using the definition of Lo, we have

= (%) T (151 @)~ W

From the definition of })),, and using recursively, we obtain

1 1
Lol=]>2——=.
(R) ~ (m+1)R
This establishes the inequality.

(3) Let Q, = (—n,n)?"! x (0,1), and Ay, as defined in Lemma [4.1] We aim to show

that
)

Z[U]WS’I(AkUAIH—l) S 2[U]W51(Qn) (64)
k=¢

Consider two families of sets:
E ={A,UAyy: —kiseven and k < —1}

and
O :={A,UApy1:—kisodd and k < —1}.

Then £ and O are collections of mutually disjoint sets respectively. Define

_92 —2
F, = U Ap U Agyr and F, = U Ap U Ag1.
k=¢ k=t
—k is even —k is odd

From the definition of A, we have F, C €, and F, C §2,,. Therefore, we have

-2 -2 -2
Z[u]ws’l(AkUAkH) = Z [U]Ws'l(AkUAk+1) + Z [U]WS’I(AkUAkJ,-l)
k=( k=t k=t (6.5)

< [U]Ws,l(]_‘e) + [U]Ws,l(]:o) < 2[U]Ws,1(9n).
This establishes the desired inequality.

(4) Let A% and A],, be the cubes defined in Lemma |4.1| such that Aj lies below the
cube Aj ;. Let G, be a cube of side length 2 x 35! +2 x 3 such that ALUA;, C Gy
and Gy, C A U Agyr. Also, there are 397! cubes of side length 2 x 3% (like Aj}) lies
below the cube A7, and the same cube Gy, will work for all 3%~ such cubes (like Aj).
Therefore, we will establish:

Ok+41

Z[U]WS,I(G1+1) S Q[U]Ws’l(AkuAk+1)' (66>

k
Jj=1
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According to the construction of G7, 1, the families of sets (a1 41 Jisevenand 1 <5 <

ors1} and {GY 41 Jisoddand 1 < j < 041} are collections of mutually disjoint sets
respectively. Therefore, similarly as the previous case, we have

Ok+1 Ok+1 Ok+1

Z[U]WS,I(G£+1) - Z [U]Ws,l(Gi+l) + Z [U]WS,I(G.£+1) S Q[U]Ws,l(AkUAk+1).
j=1

J=1 J=1
j is even 7 is odd

This establishes our inequality.
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