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Abstract. Classical boundary Hardy inequality states that if 1 < p < ∞ and Ω is a
bounded Lipschitz domain, then for all u ∈ C∞

c (Ω),ˆ
Ω

|u(x)|p

δpΩ(x)
dx ≤ C

ˆ
Ω

|∇u(x)|pdx,

where δΩ(x) is the distance function from the boundary of Ω. In this article, we address
the open question on the case p = 1 by establishing appropriate boundary Hardy inequal-
ities in the space of functions of bounded variation. We first establish appropriate Hardy
inequalities on fractional Sobolev spaces W s,1(Ω) and then Dávila’s result on limiting
behaviour of fractional Sobolev spaces as s → 1− plays an important role in the proof.
Moreover, we also derive an infinite series Hardy inequality for the case p = 1.

1. Introduction

The classical Hardy inequality for the local case is given byˆ
Rd

|u(x)|p

|x|p
dx ≤

∣∣∣∣ p

p− d

∣∣∣∣p ˆ
Rd

|∇u(x)|pdx,

for all u ∈ C∞
c (Rd) if 1 < p < d and for all u ∈ C∞

c (Rd\{0}) if p > d. Let Ω be a bounded
domain in Rd, d ≥ 2, with 0 ∈ Ω, we haveˆ

Ω

|u(x)|p

|x|p
dx ≤

(
p

d− p

)p ˆ
Ω

|∇u(x)|pdx, (1.1)

for all u ∈ C∞
c (Ω) if 1 < p < d and the constant

(
p

d−p

)p
is sharp but never achieved. The

inequality analogous to (1.1) for the case p = d = 2 was explored by Leray in [21], and it
has been extended to p = d ≥ 2 by [1, 7, 8]. It can be formulated as follows: Let Ω ⊂ Rd,
where d ≥ 2, be a bounded domain. Then, there exists a constant C = C(d,Ω, R) such

that for any u ∈ W 1,d
0 (Ω),

ˆ
Ω

|∇u(x)|ddx ≥ C

ˆ
Ω

|u(x)|d

|x|d

(
ln

R

|x|

)−d

dx,

where R ≥ supΩ(|x|e
2
p ).

Let Ω ⊂ Rd be a bounded domain with Lipschitz boundary and 1 < p < ∞. The
boundary Hardy inequality for the local case (cf. [22]) states that there exists a constant
C = C(d, p,Ω) > 0 such thatˆ

Ω

|u(x)|p

δpΩ(x)
dx ≤ C

ˆ
Ω

|∇u(x)|pdx, for all u ∈ C∞
c (Ω), (1.2)
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where δΩ is the distance function from the boundary of Ω, defined by

δΩ(x) := min
y∈∂Ω

|x− y|.

Several generalizations and extensions of the above inequality have been made over the
last three and a half decades. We refer to some of the works in this direction [7, 8, 25].
To the best of our knowledge, none of the works in the literature address the case p = 1
in (1.2). The aim of this article is to establish appropriate inequalities for the case p = 1.
In this article, our objective is to derive a boundary Hardy-type inequality within the
space BV (Ω), where Ω is a bounded Lipschitz domain. Our approach initially involves
establishing a fractional boundary Hardy inequality for the case p = 1 and s ≥ 1

2
. Later,

we utilize the well-known result of Dávila, as presented in [14] (also see [10] for closely
related work), to obtain the Hardy inequality on functions of bounded variation. The
exact version of their result required for our purposes will be recalled in the next section.

Define the functions:

L1(t) :=
1

1− ln t
, ∀ t ∈ (0, 1), (1.3)

and recursively

Lm(t) := L1(Lm−1(t)), ∀ m ≥ 2. (1.4)

Let us define the space of functions of bounded variation (also see [16, 18]):

Definition 1. Let Ω ⊂ Rd be an open set. A function u ∈ L1(Ω) has bounded variation
in Ω if

[u]BV (Ω) := sup

{ˆ
Ω

u(x)div(ϕ(x))dx : ϕ ∈ C1
c (Ω;Rd), |ϕ(x)| ≤ 1 on Ω

}
< ∞.

We denote BV (Ω) the space of functions of bounded variation in Ω with the norm
∥.∥BV (Ω) on BV (Ω) as ∥u∥BV (Ω) := [u]BV (Ω) + ∥u∥L1(Ω). Throughout this article (u)Ω will
denote the average of u over Ω which is given by

(u)Ω :=
1

|Ω|

ˆ
Ω

u(y)dy.

The following theorem is the main result of this article.

Theorem 1. Let Ω ⊂ Rd be a bounded Lipschitz domain such that δΩ(x) < R for all
x ∈ Ω, for some R > 0 and m ≥ 2 be a positive integer. Then there exists a constant
C = C(d,Ω) > 0 such that for all u ∈ BV (Ω),ˆ

Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx ≤ C2m[u]BV (Ω). (1.5)

Furthermore, for any 0 < α < 1
2
, there exists a constant C = C(d,Ω) such that for all

u ∈ BV (Ω),

∞∑
m=2

αm

ˆ
Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C

(
4α2

1− 2α

)
[u]BV (Ω).

(1.6)

The above inequality fails when α ≥ 1.
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The following identity (see [7, Section 2, equation (2.1)])

d

dt
Lm(t) =

1

t
L1(t) · · · Lm−1(t)L2

m(t), where m ≥ 2, (1.7)

plays an important role in establishing the previous theorem, among other key ingredi-
ents. The constant appearing in the previous result may not be sharp. Since constant
functions belong to BV (Ω), this justifies the presence of (u)Ω on the left-hand side of
(1.5). Moreover, W 1,1(Ω) ⊂ BV (Ω) (see [16, Chapter 5]), andˆ

Ω

|∇u(x)|dx = [u]BV (Ω), ∀ u ∈ W 1,1(Ω).

Therefore, Theorem 1 holds true for any u ∈ W 1,1(Ω).

Let m ≥ 1, β > 1 and R be as in the previous theorem, then there exists a constant
C = C(β) > 0 (see (6.1), Appendix 6) such that

Lβ
m

(
δΩ(x)

R

)
≤ CLm

(
δΩ(x)

R

)
L2

m+1

(
δΩ(x)

R

)
, ∀ x ∈ Ω. (1.8)

Therefore, by applying Theorem 1 with m+ 1 ≥ 2 and utilizing the above inequality, we
obtain the following immediate corollary, which enhances the previous theorem:

Corollary 1.1. Let Ω ⊂ Rd be a bounded Lipschitz domain such that δΩ(x) < R for all
x ∈ Ω, for some R > 0, β > 1 and m ≥ 1 be a positive integer. Then there exists a
constant C = C(d,Ω, β) > 0 such that for all u ∈ BV (Ω),ˆ

Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx ≤ C2m[u]BV (Ω), (1.9)

with the convention that for m = 1, L1

(
δΩ(x)
R

)
· · · Lm−1

(
δΩ(x)
R

)
Lβ

m

(
δΩ(x)
R

)
= Lβ

1

(
δΩ(x)
R

)
.

Furthermore, for any 0 < α < 1
2
, there exists a constant C = C(d,Ω, β) such that for all

u ∈ BV (Ω),
∞∑

m=2

αm

ˆ
Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx

≤ C

(
4α2

1− 2α

)
[u]BV (Ω).

(1.10)

The above inequality fails whenever α ≥ 1 or 0 < β ≤ 1.

The above corollary does not hold true when β = 1, as illustrated by considering a
non-constant function u ∈ BV (Ω) such that u takes a non-zero constant value near the
boundary of Ω, resulting in the left-hand side of the inequality in the corollary becoming
infinite. This failure highlights the optimality of the aforementioned corollary with respect
to the choice of β. Furthermore, it can be easily verified that the constant in the corollary,
denoted as C = C(d,Ω, β), approaches ∞ as β → 1. This is because C = C(β), defined
in (1.8), tends to ∞ as β → 1 (see (6.2) with θ = β − 1, Appendix 6).

Let Ω ⊂ Rd be a bounded Lipschitz domain and β > 1, we define a space of functions

X =

{
u ∈ L1 (Ω) :

ˆ
Ω

|u(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx < ∞

}
.

By applying Corollary 1.1, we can deduce that the operator T : BV (Ω) → X, defined by

T (u) = u (1.11)
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is a bounded linear operator. In Subsection 5.1, we prove that the operator T is compact.
To achieve this result, we utilized the compactness of the identity operator I : BV (Ω) →
L1(Ω) (see [16, Theorem 5.5]). This compactness result for BV functions enables us to
present the following remark:

Remark 1. Let Ω ⊂ Rd be a bounded Lipschitz domain. Then, the bounded linear
operator T , defined in (1.11), is compact for every β > 1.

Let ρ : (0, 1) → R be a measurable function satisfying ρ > 0, ρ (t) → 0 as t → 0, β > 1
and for some constant C > 0,

L1+ρ(t)
m (t) ≤ CLm (t)Lβ

m+1 (t) , ∀ t ∈ (0, 1). (1.12)

Using the definition of Lm, for any m ≥ 1, and define L0(t) := t, we obtain

(1− ln (Lm(t)))
β ≤ C (1− ln (Lm−1(t)))

ρ(t) .

Then, taking ln both sides, we obtain

ρ∗(t) :=
β ln (1− ln (Lm(t)))

ln (1− ln (Lm−1(t)))
≤ ρ(t) +

lnC

ln (1− ln (Lm−1(t)))
.

Since lnC
ln(1−ln(Lm−1(t)))

→ 0 as t → 0, it is not necessary to consider this term, or we can

assume C = 1. We also observe that ρ∗ (t) → 0 as t → 0, and

L1+ρ∗(t)
m (t) = Lm (t)Lβ

m+1 (t) , ∀ t ∈ (0, 1).

This implies that the function ρ∗ is optimal in the inequality (1.12) with the choice
of ρ. Therefore, we again present the following corollary which is a consequence and
improvement of the previous corollary:

Corollary 1.2. Let Ω ⊂ Rd be a bounded Lipschitz domain such that δΩ(x) < R for all
x ∈ Ω, for some R > 0, β > 1 and m ≥ 1 be a positive integer. Then there exists a
constant C = C(d,Ω, β) > 0 such that for all u ∈ BV (Ω),

ˆ
Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L

1+ρ∗
(

δΩ(x)

R

)
m

(
δΩ(x)

R

)
dx ≤ C2m[u]BV (Ω).

(1.13)
Furthermore, the above inequality fails when 0 < β ≤ 1 in the definition of ρ∗.

We can illustrate the failure of the above corollary for 0 < β ≤ 1 in the definition of
ρ∗ by selecting a non-zero function u ∈ BV (Ω) that remains constant near the boundary
∂Ω. This choice makes the left-hand side of the inequality in the above corollary infinite,
while the right-hand side remains finite

We also establish a similar type of Hardy inequality in fractional Sobolev space when
p = 1. The next theorem can be treated as an independent result in its own right and
serves as a crucial component in establishing Theorem 1. In particular, we prove the
following theorem: Let Ω ⊂ Rd be an open set, s ∈ (0, 1), and p ≥ 1. We define the
Gagliardo fractional seminorm as

[u]W s,p(Ω) :=

(ˆ
Ω

ˆ
Ω

|u(x)− u(y)|p

|x− y|d+sp
dxdy

) 1
p

. (1.14)
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Theorem 2. Let Ω ⊂ Rd be a bounded Lipschitz domain such that δΩ(x) < R for all
x ∈ Ω, for some R > 0, 1

2
≤ s < 1 and m ≥ 2 be a positive integer. Then there exists a

constant C = C(d,Ω) > 0 such thatˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C2m(1− s)[u]W s,1(Ω) + C2m∥u∥L1(Ω), ∀ u ∈ W s,1(Ω).

(1.15)

Furthermore, for any 0 < α < 1
2
, there exists a constant C = C(d,Ω) such that

∞∑
m=2

αm

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C

(
4α2

1− 2α

){
(1− s)[u]W s,1(Ω) + ∥u∥L1(Ω)

}
, ∀ u ∈ W s,1(Ω).

(1.16)

Also, the above inequality fails when α ≥ 1.

The inequalities (1.8) and (1.12) can also be applied in Theorem 2 to obtain similar
types of corollaries as those obtained for Theorem 1 in Corollary 1.1 and Corollary 1.2.

The result that comes closer to our present work is that of Barbatis, Filippas, and
Tertikas in [7], where they obtained a series expansion for Lp Hardy inequalities in Rd, p >
1, involving the distance function from the boundary of the domain Ω ⊂ Rd. For more
literature on Hardy-type inequalities, we refer to [1, 2, 3, 4, 5, 6, 7, 12, 13, 17, 19, 24] and
to the works mentioned therein.

The article is organized in the following way: In Section 2, we present preliminary
lemmas and notation that will be utilized to prove Theorem 1 and Theorem 2. In section
3, we prove Theorem 1 and Theorem 2 in dimension one. Section 4 contains the proof
of the main theorem, Theorem 1 in dimension d ≥ 2 which follows from Theorem 2 and
utilizes Dávila’s result (see Lemma 2.2). In Section 5, a counterexample is provided to
illustrate that (1.6) in Theorem 1 and (1.16) in Theorem 2 fail for α ≥ 1.

2. Notation and Preliminaries

In this section, we introduce the notation and preliminary lemmas that will be used
in proving Theorem 1 and Theorem 2. All the lemmas proved in this section are essen-
tially known results in the literature. Throughout this article, we shall use the following
notation:

• Rd will denote the Euclidean space of dimension d.
• the parameter s will always be understood to be in (0, 1).
• we denote |Ω| the Lebesgue measure of Ω ⊂ Rd.
• for any f, g : Ω(⊂ Rd) → R, we denote f ∼ g if there exist C1, C2 > 0 such that
C1g(x) ≤ f(x) ≤ C2g(x) for all x ∈ Ω.

• C > 0 will denote a generic constant that may change from line to line.

Let Ω ⊂ Rd be an open set and s ∈ (0, 1). For any p ∈ [1,∞), define the fractional
Sobolev space

W s,p(Ω) :=
{
u ∈ Lp(Ω) : [u]pW s,p(Ω) < ∞

}
,

where [u]W s,p(Ω) is defined in (1.14). This space is equipped with the norm

∥u∥W s,p(Ω) :=
(
[u]pW s,p(Ω) + ∥u∥pLp(Ω)

) 1
p
.
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Let W s,1
0 (Ω) denotes the completion of C∞

c (Ω) with respect to the norm ∥.∥W s,1(Ω).

Inclusion of BV (Ω) in W s,1(Ω): Let Ω be an open Lipschitz domain and s ∈ (0, 1). It
is a well-known fact that BV (Ω) ⊂ W s,1(Ω). To understand this, take u ∈ BV (Ω). From
[16, Theorem 5.3], we know there is a sequence of functions {un}∞n=1 ⊂ C∞(Ω) ∩ BV (Ω)
such that un → u in L1(Ω), and [un]BV (Ω) → [u]BV (Ω) as n → ∞. Also, for all n,
[un]BV (Ω) = ∥∇un∥L1(Ω). Using these facts, along with [15, Proposition 2.2] and Fatou’s
lemma, we can write

∥u∥W s,1(Ω) ≤ C∥u∥BV (Ω), (2.1)

where C = C(d, s,Ω) > 0. This shows that BV (Ω) ⊂ W s,1(Ω).

A bounded domain with Lipschitz boundary: Let Ω be a bounded Lipschitz
domain. Then, for each x ∈ ∂Ω, there exist r′x > 0, an isometry Tx of Rd and a Lipschitz
function ϕx : Rd−1 → R such that

Tx(Ω) ∩Br′x(Tx(x)) = {ξ : ξd > ϕx(ξ
′)} ∩Br′x(Tx(x)).

The next lemma proves the fractional Poincaré inequality with a specific constant (see
[11, page no. 80 (“fact”)]) for any cube of side length λ > 0. A more general version of
this lemma is also available in [23, Corollary 1]. This lemma is useful in proving Lemma
3.3 and Lemma 4.1.

Lemma 2.1. Let d ≥ 1, 1
2
≤ s < 1 and Ωλ be any cube of side length λ > 0 in Rd. Then,

there exists a constant Cd,Poin = Cd,Poin(d) > 0 such that 
Ωλ

|u(x)− (u)Ωλ
|dx ≤ Cd,Poinλ

s−d(1− s)

ˆ
Ωλ

ˆ
Ωλ

|u(x)− u(y)|
|x− y|d+s

dxdy, ∀ u ∈ W s,1(Ωλ).

(2.2)

Proof. Let Ω be any unit cube. Then, from [11, page no. 80 (“fact”)], we have 
Ω

|u(x)− (u)Ω|dx ≤ Cd,Poin(1− s)

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|
|x− y|d+s

dxdy,

where Cd,Poin is the best fractional Poincaré constant. Let us apply the above inequality
to u(λx) instead of u(x). This gives 

Ω

∣∣∣u(λx)−  
Ω

u(λx)dx
∣∣∣dx ≤ Cd,Poin(1− s)

ˆ
Ω

ˆ
Ω

|u(λx)− u(λy)|
|x− y|d+s

dxdy.

Using the fact  
Ω

u(λx)dx =

 
Ωλ

u(x)dx,

we have  
Ω

|u(λx)− (u)Ωλ
| dx ≤ Cd,Poin(1− s)

ˆ
Ω

ˆ
Ω

|u(λx)− u(λy)|
|x− y|d+s

dxdy.

By changing the variable X = λx and Y = λy, we obtain 
Ωλ

|u(x)− (u)Ωλ
|dx ≤ Cd,Poinλ

s−d(1− s)

ˆ
Ωλ

ˆ
Ωλ

|u(x)− u(y)|
|x− y|d+s

dxdy.

This finishes the proof of the lemma. □

The next lemma is a well-known result from [14], which we crucially use.
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Lemma 2.2. Let Ω ⊂ Rd be a bounded Lipschitz domain, and let u ∈ BV (Ω). Then,

lim
s→1−

(1− s)[u]W s,1(Ω) = CBV,d[u]BV (Ω),

where CBV,d = CBV,d(d) > 0.

Proof. See [14, Theorem 1] for the proof. □

The following lemma establishes a connection to the average of u over two disjoint sets.
This technical step is very crucial in the proof of Lemma 3.3 and Lemma 4.1.

Lemma 2.3. Let E and F be measurable disjoint bounded sets in Rd and G be a cube of
side length λ > 0 such that E ∪ F ⊂ G. Then,

|(u)E − (u)F | ≤ Cd,Poinλ
s−d(1− s)

(
|G|

min{|E|, |F |}

) ˆ
G

ˆ
G

|u(x)− u(y)|
|x− y|d+s

dxdy, (2.3)

where Cd,Poin is best fractional Poincaré constant for unit cube (the same Cd,Poin as in
Lemma 2.1).

Proof. Let us consider:

|(u)E − (u)F | ≤ |(u)E − (u)G|+ |(u)F − (u)G|

≤
 
E

|u(x)− (u)G|dx+

 
F

|u(x)− (u)G|dx

≤ 1

min{|E|, |F |}

ˆ
E∪F

|u(x)− (u)G|dx.

In the second inequality above, we have used triangle inequality for the integrals. Given
that E ∪ F ⊂ G, it follows that

|(u)E − (u)F | ≤
1

min{|E|, |F |}

ˆ
G

|u(x)− (u)G|dx.

Using Lemma 2.1, we have

|(u)E − (u)F | ≤
(

|G|
min{|E|, |F |}

)  
G

|u(x)− (u)G|dx

≤ Cd,Poinλ
s−d(1− s)

(
|G|

min{|E|, |F |}

)ˆ
G

ˆ
G

|u(x)− u(y)|
|x− y|d+s

dxdy.

This finishes the proof of the lemma. □

The following lemma establishes a Poincaré type inequality for functions of bounded
variation BV (Ω), where Ω is a bounded Lipschitz domain. This lemma is useful in
establishing our main result.

Lemma 2.4. Let Ω ⊂ Rd be a bounded Lipschitz domain. Then there exists a constant
CBV,Poin = CBV,Poin(Ω) > 0 such thatˆ

Ω

|u(x)− (u)Ω|dx ≤ CBV,Poin[u]BV (Ω), ∀ u ∈ BV (Ω). (2.4)

Proof. See [9, Theorem 3.2] for the proof. □

The next lemma establishes an inequality when any function u ∈ W s,p(Ω) is multiplied
by a test function. This lemma plays a crucial role in establishing Theorem 2. We denote
by C0,1(Ω) the class of bounded Lipschitz functions u : Ω → R (see [16, Chapter 3,
Definition 3.1]).
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Lemma 2.5. Let Ω be an open set in Rd. Let us consider u ∈ W s,p(Ω) and ξ ∈
C0,1(Ω), 0 ≤ ξ ≤ 1. Then, ξu ∈ W s,p(Ω), and for some constant C = C(d, p, s,Ω) > 0,

∥ξu∥W s,p(Ω) ≤ C∥u∥W s,p(Ω). (2.5)

Proof. See [15, Lemma 5.3] for the proof. □

3. Proofs of the main results in dimension one

In this section, we present the proof of Theorem 1 and Theorem 2 in dimension one.
Establishing our main results in the one-dimensional case (d = 1) builds the foundation
for extending the proof to higher dimensions, as all the major ideas can be explained
more easily in this case. Extending the results to higher dimensions involves additional
technicalities. Also, we present quantitative estimates of the constants involved in this
case. For simplicity, we first establish the main results for the domain Ω = (0, 2). For
any other general domain (Ω = (0, 2D), D > 0), the results can be obtained through
translation and dilation of the domain Ω.

The strategy is as follows: The proof of Theorem 1 for Ω = (0, 2D), D > 0, presented
in subsection 3.3, follows from the proof of Theorem 2 for Ω = (0, 2D), D > 0, which is
given in subsection 3.2. The first part of the proof of Theorem 2 for Ω = (0, 2) follows
easily from Lemma 3.3, presented in subsection 3.1. Lemma 3.1 and Lemma 3.2 are basic
inequalities that will be used to prove Lemma 3.3.

For each k ∈ Z, k ≤ −1, and d = 1, define

Ak := {x : 3k ≤ x < 3k+1}.

The next lemma establishes a basic inequality for each Ak. It gives a basic relation
between each Lm and x ∈ Ak. This lemma is helpful in proving Lemma 3.3 and Lemma
4.1.

Lemma 3.1. For any Ak, R > 1 and x ∈ Ak, we have

L1

( x
R

)
<

1

−k
=: Y1(k), (3.1)

and for any m ≥ 2,

Lm

( x
R

)
<

1

1− ln (Ym−1(k))
=: Ym(k). (3.2)

Proof. Let x ∈ Ak. Then x < 3k+1, which implies

ln
( x
R

)
= ln (x)− lnR < (k + 1) ln 3− lnR < (k + 1) ln 3.

Therefore, we have

1− ln
( x
R

)
> 1− (k + 1) ln 3 > 1− (k + 1) = −k.

From the definition of L1, we obtain

L1

( x
R

)
=

1

1− ln
(
x
R

) <
1

−k
= Y1(k).

Using the above inequality, we have

ln
(
L1

( x
R

))
< ln (Y1(k)) .
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So, from the definition of L2(x), we have

L2

( x
R

)
= L1

(
L1

( x
R

))
=

1

1− ln
(
L1

(
x
R

)) <
1

1− ln (Y1(k))
= Y2(k).

Therefore, recursively, we obtain for any m ≥ 2,

Lm

( x
R

)
<

1

1− ln (Ym−1(k))
= Ym(k).

This proves the lemma. □

The next lemma establishes a basic inequality for k ≤ −1. This lemma is helpful in
the proof of Lemma 3.3 and Lemma 4.1.

Lemma 3.2. For all k ≤ −1, we have

Ym(k)− Ym(k − 1) ≥ Y1(k) · · · Ym−1(k)Y2
m(k)

2m+1
. (3.3)

Proof. Let f : [0, 1] → [0,∞) be a differentiable function on (0, 1) such that

f(x) = Ym(k − 1 + x), for some k ≤ −1.

By the mean value theorem, there exists γ ∈ (0, 1) such that

f ′(γ) = f(1)− f(0) = Ym(k)− Ym(k − 1).

Also,
f ′(γ) = Y1(k − 1 + γ) · · · Ym−1(k − 1 + γ)Y2

m(k − 1 + γ)

follows easily from direct computations or using an induction argument. Therefore, com-
bining the above two inequalities, we have

Ym(k)− Ym(k − 1) = Y1(k − 1 + γ) · · · Ym−1(k − 1 + γ)Y2
m(k − 1 + γ). (3.4)

Since,
(
1− 1

k
+ γ

k

)
≤ 2 for all k ≤ −1. Therefore, we have

Y1(k − 1 + γ) =
1

−k + 1− γ
=

1

(−k)
(
1− 1

k
+ γ

k

) ≥ 1

2(−k)
=

Y1(k)

2
.

From the above inequality, we have ln (Y1(k − 1 + γ)) ≥ ln
(

Y1(k)
2

)
. Using this in the

definition of Y2, we obtain

Y2(k − 1 + γ) =
1

1− ln (Y1(k − 1 + γ))
≥ 1

1− ln
(

Y1(k)
2

) .
But we have

1

1− ln
(

Y1(k)
2

) =
1

1− ln (Y1(k))− ln
(
1
2

) >
1

2

(
1

1− ln (Y1(k))

)
=

Y2(k)

2
.

Here, we have used 2 (1− ln (Y1(k))) > 1− ln (Y1(k))− ln
(
1
2

)
. Therefore, by combining

the above two inequalities, we have

Y2(k − 1 + γ) ≥ Y2(k)

2
.

From the definition of Ym, and using recursively, we obtain

Ym(k − 1 + γ) ≥ Ym(k)

2
, ∀ m ≥ 2.
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Hence, from (3.4), we have

Ym(k)− Ym(k − 1) ≥ Y1(k) · · · Ym−1(k)Y2
m(k)

2m+1
.

This proves the lemma. □

The next lemma is the main step towards the proof of Theorem 2 for Ω = (0, 2). Once
the next lemma is established, Theorem 2 for Ω = (0, 2) follows fairly easily.

Lemma 3.3. Let R > 1, 1
2
≤ s < 1, and m ≥ 2 be a positive integer. Then there exists

a constant C1,Poin > 0 such that for all u ∈ W s,1((0, 1)),

ˆ 1

0

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin(2
3s+m+2 + 2s)(1− s)[u]W s,1((0,1)) + 2m+13s∥u∥L1((0,1)).

(3.5)

Proof. It is well known that W s,1((0, 1)) = W s,1
0 ((0, 1)) (see [20, Theorem 6.78], as sp < 1

with p = 1 in this case). Therefore, it suffices to establish (3.5) for any u ∈ C1
c ((0, 1)).

Let u ∈ C1
c ((0, 1)) and fix any Ak. Applying Lemma 2.1 with 1

2
≤ s < 1, Ω = (1

2
, 3
2
), and

λ = 2× 3k, we have

 
Ak

|u(x)− (u)Ak
|dx ≤ C1,Poin2

s−13k(s−1)(1− s)[u]W s,1(Ak),

where C1,Poin > 0 is as in Lemma 2.1. For x ∈ Ak, one has 1
x
≤ 1

3k
which implies

ˆ
Ak

|u(x)|
xs

dx ≤ 1

3ks

ˆ
Ak

|u(x)− (u)Ak
+ (u)Ak

|dx

≤ 1

3ks

ˆ
Ak

|u(x)− (u)Ak
|dx+

1

3ks

ˆ
Ak

|(u)Ak
|dx.

Now, using the previous inequality, we obtain

ˆ
Ak

|u(x)|
xs
d

dx ≤ |Ak|
3ks

 
Ak

|u(x)− (u)Ak
|dx+

|Ak|
3ks

|(u)Ak
|

≤ C1,Poin2
s−12× 3k

3ks
3k(s−1)(1− s)[u]W s,1(Ak) + 2× 3k(1−s)|(u)Ak

|

≤ C1,Poin2
s(1− s)[u]W s,1(Ak) + 2× 3k(1−s)|(u)Ak

|.

From Lemma 3.1, and using Y1(k) · · · Ym−1(k)Y2
m(k) ≤ 1, we have

ˆ
Ak

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin2
s(1− s)[u]W s,1(Ak)

+ 2× 3k(1−s)Y1(k) · · · Ym−1(k)Y2
m(k)|(u)Ak

|.
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Summing the above inequality from k = ℓ ∈ Z− to −1, we get

−1∑
k=ℓ

ˆ
Ak

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin2
s(1− s)

−1∑
k=ℓ

[u]W s,1(Ak)

+ 2
−1∑
k=ℓ

3k(1−s)Y1(k) · · · Ym−1(k)Y2
m(k)|(u)Ak

|.

(3.6)

Independently, using triangle inequality, we have

|(u)Ak
| ≤ |(u)Ak+1

|+ |(u)Ak
− (u)Ak+1

|.

Since Ak ∪ Ak+1 is an interval of length 2 × 3k+1 + 2 × 3k, using Lemma 2.3 with G =
Ak ∪ Ak+1 and λ = 8× 3k, we have:

|(u)Ak
| ≤ |(u)Ak+1

|+ C1,Poin(8
s−13k(s−1)22)(1− s)[u]W s,1(Ak∪Ak+1)

≤ |(u)Ak+1
|+ C1,Poin2

3s−13k(s−1)(1− s)[u]W s,1(Ak∪Ak+1).

Multiplying the above inequality by 3k(1−s), and using the trivial estimate that 31−s > 1,
we get

3k(1−s)|(u)Ak
| ≤ 3(k+1)(1−s)|(u)Ak+1

|+ C1,Poin2
3s−1(1− s)[u]W s,1(Ak∪Ak+1).

Multiplying the above inequality with Ym(k), and using Ym(k) ≤ 1 for all k ≤ −1, we
obtain

3k(1−s)Ym(k)|(u)Ak
| ≤ 3(k+1)(1−s)Ym(k)|(u)Ak+1

|+ C1,Poin2
3s−1(1− s)[u]W s,1(Ak∪Ak+1).

Summing the above inequality from k = ℓ ∈ Z− to −2, we get

−2∑
k=ℓ

3k(1−s)Ym(k)|(u)Ak
| ≤

−2∑
k=ℓ

3(k+1)(1−s)Ym(k)|(u)Ak+1
|

+ C1,Poin2
3s−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

By changing sides, rearranging, and re-indexing, we get

3ℓ(1−s)Ym(ℓ)|(u)Aℓ
|+

−2∑
k=ℓ+1

3k(1−s) {Ym(k)− Ym(k − 1)} |(u)Ak
|

≤ 3(−1)(1−s)Ym(−2)|(u)A−1|+ C1,Poin2
3s−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

Using the asymptotics (see Lemma 3.2),

Ym(k)− Ym(k − 1) ≥ Y1(k) · · · Ym−1(k)Y2
m(k)

2m+1
,



12 ADIMURTHI, PROSENJIT ROY, AND VIVEK SAHU

choose −ℓ large enough such that |(u)Aℓ
| = 0 (as u is assumed to be compactly supported),

we obtain

−2∑
k=ℓ

3k(1−s)

2m+1
Y1(k) · · ·Ym−1(k)Y2

m(k)|(u)Ak
|

≤ Ym(−2)3s−1|(u)A−1 |+ C1,Poin2
3s−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

Adding 3(−1)(1−s)

2m+1 Y1(−1) · · · Ym−1(−1)Y2
m(−1)|(u)A−1 | on both sides of the above inequality,

we obtain

−1∑
k=ℓ

3k(1−s)

2m+1
Y1(k) · · ·Ym−1(k)Y2

m(k)|(u)Ak
|

≤ 3s−1

{
Ym(−2) +

1

2m+1
Y1(−1) · · · Ym(−1)Y2

m(−1)

}
|(u)A−1 |

+ C1,Poin2
3s−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1)

≤ 3s−1|(u)A−1 |+ C1,Poin2
3s−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

In the last inequality, we have used Lemma 3.2 with k = −1. Therefore, we have

−1∑
k=ℓ

3k(1−s)Y1(k) · · · Ym−1(k)Y2
m(k)|(u)Ak

|

≤ 2m+13s−1|(u)A−1|+ C1,Poin2
3s−12m+1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

(3.7)

Combining (3.6), (3.7) together (6.4) (see Appendix 6) with d = 1, yields

−1∑
k=ℓ

ˆ
Ak

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin2
s(1− s)[u]W s,1((0,1))

+ 2

{
2m+13s−1|(u)A−1|+ C1,Poin2

3s−12m+1(1− s)
−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1)

}
≤ C1,Poin(2

3s+m+2 + 2s)(1− s)[u]W s,1((0,1)) + 2m+23s−1|(u)A−1|.

Using |(u)A−1 | ≤ (3/2)∥u∥L1((0,1)), we have

ˆ 1

0

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin(2
3s+m+2 + 2s)(1− s)[u]W s,1((0,1)) + 2m+13s∥u∥L1((0,1)).

This proves the lemma. □
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3.1. Proof Theorem 2 for Ω = (0, 2). From Lemma 3.3, m ≥ 2, R > 1, and u ∈
W s,1((0, 2)), we obtain

ˆ 1

0

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

≤ C1,Poin

(
23s+m+2 + 2s

)
(1− s)[u]W s,1((0,1)) + 2m+13s∥u∥L1((0,1)).

(3.8)

In the previous step, we used the fact that the restriction of any W s,1((0, 2)) function to
the interval (0, 1) is again a W s,1((0, 1)) function. Now, since

δ(0,2)(x) =

{
x, 0 < x < 1

2− x, 1 ≤ x < 2,

we haveˆ 2

0

|u(x)|
δs(0,2)(x)

L1

(
δ(0,2)(x)

R

)
· · · Lm−1

(
δ(0,2)(x)

R

)
L2

m

(
δ(0,2)(x)

R

)
dx

=

ˆ 1

0

|u(x)|
xs

L1

( x
R

)
· · · Lm−1

( x
R

)
L2

m

( x
R

)
dx

+

ˆ 2

1

|u(x)|
(2− x)s

L1

(
2− x

R

)
· · · Lm−1

(
2− x

R

)
L2

m

(
2− x

R

)
dx.

Using the change of variable 2 − x = z in the last integral of the above equation, and
applying (3.8), we obtain

ˆ 2

0

|u(x)|
δs(0,2)(x)

L1

(
δ(0,2)(x)

R

)
· · · Lm−1

(
δ(0,2)(x)

R

)
L2

m

(
δ(0,2)(x)

R

)
dx

≤ C1,Poin

(
23s+m+3 + 2s+1

)
(1− s)[u]W s,1((0,2)) + 2m+23s∥u∥L1((0,2)).

This finishes the proof of the first part. Now, let α < 1
2
and summing from m = 2 to ∞,

we have

∞∑
m=2

αm

ˆ 2

0

|u(x)|
δs(0,2)(x)

L1

(
δ(0,2)(x)

R

)
· · · Lm−1

(
δ(0,2)(x)

R

)
L2

m

(
δ(0,2)(x)

R

)
dx

≤
{
23s+3 4α2

1− 2α
+ 2s+1 α2

1− α

}
C1,Poin(1− s)[u]W s,1((0,2)) + 22 × 3s

4α2

1− 2α
∥u∥L1((0,2))

=: A(s, α)C1,Poin(1− s)[u]W s,1((0,2)) + B(s, α)∥u∥L1((0,2)).

This proves the theorem for Ω = (0, 2).

3.2. Proof Theorem 2 for general domain in dimension one. Without any loss of
generality assume Ω = (0, 2D) for D > 0. Scaling appropriately the results in the last
subsection it is easy to that for R > D, clearly

ˆ 2D

0

|u(x)|
δs(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤ C1,Poin

(
23s+m+3 + 2s+1

)
(1− s)[u]W s,1((0,2D)) +

2m+23s

Ds
∥u∥L1((0,2D)).
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The proof finishes the first part. Let α < 1
2
and summing from m = 2 to ∞, we have

∞∑
m=2

αm

ˆ 2D

0

|u(x)|
δs(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤
{
23s+3 4α2

1− 2α
+ 2s+1 α2

1− α

}
C1,Poin(1− s)[u]W s,1((0,2D))

+

(
22 × 3s

4α2

1− 2α

)
1

Ds
∥u∥L1((0,2D))

= A(s, α)C1,Poin(1− s)[u]W s,1((0,2D)) +
B(s, α)
Ds

∥u∥L1((0,2D)).

3.3. Proof of Theorem 1 for general domain in dimension one. From Theorem 2
with d = 1, Ω = (0, 2D), D > 0, and R > D, we haveˆ 2D

0

|u(x)|
δs(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤ C1,Poin

(
23s+m+3 + 2s+1

)
(1− s)[u]W s,1((0,2D)) +

2m+23s

Ds
∥u∥L1((0,2D)).

Using Fatou’s lemma, we haveˆ 2D

0

|u(x)|
δ(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤ lim inf
s→1

ˆ 2D

0

|u(x)|
δs(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤ lim inf
s→1

{
C1,Poin

(
23s+m+3 + 2s+1

)
(1− s)[u]W s,1((0,2D)) +

2m+23s

Ds
∥u∥L1((0,2D))

}
.

From Lemma 2.2, we haveˆ 2D

0

|u(x)|
δ(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤ C1,PoinCBV,1

(
2m+6 + 22

)
[u]BV ((0,2D)) +

3× 2m+2

D
∥u∥L1((0,2D)).

Therefore, from Lemma 2.4 and using [u− (u)(0,2D)]BV ((0,2D)) = [u]BV ((0,2D)), we have
ˆ 2D

0

|u(x)− (u)(0,2D)|
δ(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤
{
C1,PoinCBV,1

(
2m+6 + 22

)
+ CBV,Poin

3× 2m+2

D

}
[u]BV ((0,2D)).

Let α < 1
2
and summing from m = 2 to ∞, we have

∞∑
m=2

αm

ˆ 2D

0

|u(x)− (u)(0,2D)|
δ(0,2D)(x)

L1

(
δ(0,2D)(x)

R

)
· · · Lm−1

(
δ(0,2D)(x)

R

)
L2

m

(
δ(0,2D)(x)

R

)
dx

≤
{
C1,PoinCBV,1

(
28 × α2

1− 2α
+

22 × α2

1− α

)
+ CBV,Poin

3× 24 × α2

D(1− 2α)

}
[u]BV ((0,2D)).

This proves the Theorem 1 in dimension 1.
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4. Proof of the main results in dimension d ≥ 2

In this section, we prove Theorem 1 and Theorem 2 in dimension d ≥ 2. Initially, we
establish Theorem 2 for the flat boundary case, as shown in Lemma 4.1. Subsequently, in
subsection 4.1, we employ patching techniques to prove Theorem 2. Finally, we establish
our main result, Theorem 1, in subsection 4.2 using Theorem 2 and Lemma 2.2.

Let Ωn = (−n, n)d−1 × (0, 1), where n ∈ N. For each k ∈ Z and k ≤ −1, set

Ak := {(x′, xd) : x′ ∈ (−n, n)d−1, 3k ≤ xd < 3k+1}.

Then, we have Ωn =
⋃−1

k=−∞Ak. Again, we further divide each Ak into disjoint cubes

each of side length 2× 3k (say Ai
k). Then,

Ak =

σk⋃
i=1

Ai
k,

where σk := 3(−k)(d−1)nd−1.
The next lemma proves Theorem 2 when the domain is Rd

+ and the test functions are
supported on Ωn = (−n, n)d−1 × (0, 1), where n ∈ N.

Lemma 4.1. Let Ωn = (−n, n)d−1 × (0, 1) for some n ∈ N, R > 1, 1
2
≤ s < 1 and

m ≥ 2 be a positive integer. Then, there exists a constant C = C(d) > 0 such that for all
u ∈ W s,1(Ωn),ˆ

Ωn

|u(x)|
xs
d

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≤ C2m
{
(1− s)[u]W s,1(Ωn) + ∥u∥L1(Ωn)

}
.

(4.1)

Proof. Since W s,1(Ωn) = W s,1
0 (Ωn) (see [20, Theorem 6.78]), it is sufficient to establish

(4.1) for any u ∈ C1
c (Ωn). Let u ∈ C1

c (Ωn) and fix any Ai
k. Then, Ai

k is a translation of

(3k, 3k+1)d. Applying Lemma 2.1 with 1
2
≤ s < 1, Ω =

(
1
2
, 3
2

)d
, and λ = 2× 3k, and using

translation invariance, we have 
Ai

k

|u(x)− (u)Ai
k
|dx ≤ Cd,Poin2

s−d3k(s−d)(1− s)[u]W s,1(Ai
k)
,

where Cd,Poin > 0 is a constant as in Lemma 2.1. Let x = (x′, xd) ∈ Ai
k. Then, xd ≥ 3k,

which implies 1
xd

≤ 1
3k
. Therefore, we have

ˆ
Ai

k

|u(x)|
xs
d

dx ≤ 1

3ks

ˆ
Ai

k

|u(x)− (u)Ai
k
+ (u)Ai

k
|dx

≤ 1

3ks

ˆ
Ai

k

|u(x)− (u)Ai
k
|dx+

1

3ks

ˆ
Ai

k

|(u)Ai
k
|dx.

Now, using the previous inequality, we obtainˆ
Ai

k

|u(x)|
xs
d

dx ≤ |Ai
k|

3ks

 
Ai

k

|u(x)− (u)Ai
k
|dx+

|Ai
k|

3ks
|(u)Ai

k
|

≤ Cd,Poin2
s−d2

d3kd

3ks
3k(s−d)(1− s)[u]W s,1(Ai

k)
+ 2d3k(d−s)|(u)Ai

k
|

= Cd,Poin2
s(1− s)[u]W s,1(Ai

k)
+ 2d3k(d−s)|(u)Ai

k
|.
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From Lemma 3.1, and using Y1(k) · · · Ym−1(k)Y2
m(k) ≤ 1, we haveˆ

Ai
k

|u(x)|
xs
d

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≤ Cd,Poin2
s(1− s)[u]W s,1(Ai

k)

+ 2d3k(d−s)Y1(k) · · · Ym−1(k)Y2
m(k)|(u)Ai

k
|.

Summing the above inequality from i = 1 to σk, we obtainˆ
Ak

|u(x)|
xs
d

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≤ Cd,Poin2
s(1− s)[u]W s,1(Ak)

+ 2d3k(d−s)Y1(k) · · · Ym−1(k)Y2
m(k)

σk∑
i=1

|(u)Ai
k
|.

Summing the above inequality from k = ℓ ∈ Z− to −1, we get

−1∑
k=ℓ

ˆ
Ak

|u(x)|
xs
d

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≤ Cd,Poin2
s(1− s)

−1∑
k=ℓ

[u]W s,1(Ak)

+ 2d
−1∑
k=ℓ

3k(d−s)Y1(k) · · · Ym−1(k)Y2
m(k)

σk∑
i=1

|(u)Ai
k
|.

(4.2)

Let Aj
k+1 be the cube that lies above the cube A

i
k and share a face with Ai

k. Independently,
using triangle inequality, we have

|(u)Ai
k
| ≤ |(u)Aj

k+1
|+ |(u)Ai

k
− (u)Aj

k+1
|.

Choose a cube Gj
k+1 of side length 2 × 3k+1 + 2 × 3k such that Ai

k ∪ Aj
k+1 ⊂ Gj

k+1 and

Gj
k+1 ⊂ Ak ∪ Ak+1. Therefore, using Lemma 2.3 with E = Ai

k, F = Aj
k+1 and G = Gj

k+1

with λ = 8× 3k, we have

|(u)Ai
k
| ≤ |(u)Aj

k+1
|+ Cd,Poin4

d8s−d3k(s−d)(1− s)[u]W s,1(Gj
k+1)

.

Multiplying the above inequality by 3k(d−s), we get

3k(d−s)|(u)Ai
k
| ≤ 3k(d−s)|(u)Aj

k+1
|+ Cd,Poin2

3s−d(1− s)[u]W s,1(Gj
k+1)

.

There are 3d−1 such Ai
k’s cubes lies below the cube Aj

k+1. Therefore, summing the above

inequality from i = 3d−1(j − 1) + 1 to 3d−1j, and using 3d−1 ≤ 3d−s, we obtain

3k(d−s)

3d−1j∑
i=3d−1(j−1)+1

|(u)Ai
k
| ≤ 3d−13k(d−s)|(u)Aj

k+1
|+ 3d−1Cd,Poin2

3s−d(1− s)[u]W s,1(Gj
k+1)

≤ 3(k+1)(d−s)|(u)Aj
k+1

|+ Cd,Poin2
3s−d3d−1(1− s)[u]W s,1(Gj

k+1)
.
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Again, summing the above inequality from j = 1 to σk+1, using the fact that

σk+1∑
j=1

(
3d−1j∑

i=3d−1(j−1)+1

|(u)Ai
k
|

)
=

σk∑
i=1

|(u)Ai
k
|,

and (6.6) (See Appendix 6), we obtain

3k(d−s)

σk∑
i=1

|(u)Ai
k
| ≤ 3(k+1)(d−s)

σk+1∑
j=1

|(u)Aj
k+1

|+ Cd,Poin2
3s−d3d−1(1− s)

σk+1∑
j=1

[u]W s,1(Gj
k+1)

≤ 3(k+1)(d−s)

σk+1∑
j=1

|(u)Aj
k+1

|+ Cd,Poin2
3s−d+13d−1(1− s)[u]W s,1(Ak∪Ak+1).

Multiplying the above inequality with Ym(k), and using Ym(k) ≤ 1 for all k ≤ −1, we
obtain

3k(d−s)Ym(k)

σk∑
i=1

|(u)Ai
k
| ≤ 3(k+1)(d−s)Ym(k)

σk+1∑
j=1

|(u)Aj
k+1

|

+ Cd,Poin2
3s−d+13d−1(1− s)[u]W s,1(Ak∪Ak+1).

For simplicity, let ak =
∑σk

i=1 |(u)Ai
k
|. Then, the above inequality will become

3k(d−s)Ym(k)ak ≤ 3(k+1)(d−s)Ym(k)ak+1 + Cd,Poin2
3s−d+13d−1(1− s)[u]W s,1(Ak∪Ak+1).

Summing the above inequality from k = ℓ ∈ Z− to −2, we get

−2∑
k=ℓ

3k(d−s)Ym(k)ak ≤
−2∑
k=ℓ

3(k+1)(d−s)Ym(k)ak+1

+ Cd,Poin2
3s−d+13d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

By changing sides, rearranging, and re-indexing, we get

3ℓ(d−s)Ym(ℓ)aℓ +
−2∑

k=ℓ+1

3k(d−s) {Ym(k)− Ym(k − 1)} ak

≤ 3(−1)(d−s)Ym(−2)a−1 + Cd,Poin2
3s−d+13d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

Using the asymptotics (see Lemma 3.2),

Ym(k)− Ym(k − 1) ≥ Y1(k) · · · Ym−1(k)Y2
m(k)

2m+1
,

choose −ℓ large enough such that |(u)Aj
ℓ
| = 0 for all j ∈ {1, · · · , σℓ}, we obtain

−2∑
k=ℓ

3k(d−s)

2m+1
Y1(k) · · · Ym−1(k)Y2

m(k)ak ≤ 3s−dYm(−2)a−1

+ Cd,Poin2
3s−d+13d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).
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Adding 3(−1)(d−s)

2m+1 Y1(−1) · · · Ym−1(−1)Y2
m(−1)a−1 on both sides of the above inequality, we

obtain
−1∑
k=ℓ

3k(d−s)

2m+1
Y1(k) · · ·Ym−1(k)Y2

m(k)ak

≤ 3s−d

{
Ym(−2) +

1

2m+1
Y1(−1) · · · Ym−1(−1)Y2

m(−1)

}
a−1

+ Cd,Poin2
3s−d+13d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1)

≤ 3s−da−1 + Cd,Poin2
3s−d+13d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

In the last inequality, we have used Lemma 3.2 with k = −1. Therefore, we have

−1∑
k=ℓ

3k(d−s)Y1(k) · · · Ym−1(k)Y2
m(k)ak

≤ 2m+13s−da−1 + Cd,Poin2
3s−d+m+23d−1(1− s)

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

Putting the value of ak in the above inequality, we obtain

−1∑
k=ℓ

3k(d−s)Y1(k) · · · Ym−1(k)Y2
m(k)

σk∑
i=1

|(u)Ai
k
|

≤ 2m+13s−d

σ−1∑
j=1

|(u)Aj
−1
|+ Cd,Poin2

3s−d+m+23d−1(1− s)
−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1).

(4.3)

Combining (4.2) and (4.3) together (6.4) (see Appendix 6), yields

−1∑
k=ℓ

ˆ
Ak

|u(x)|
xs
d

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx ≤ Cd,Poin2

s(1− s)[u]W s,1(Ωn)

+ 2d

{
2m+13s−d

σ−1∑
j=1

|(u)Aj
−1
|+ Cd,Poin2

3s−d+m+23d−1(1− s)
−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1)

}

≤ Cd,Poin

(
2s + 23s+m+33d−1

)
(1− s)[u]W s,1(Ωn) + 2m+d+13s−d

σ−1∑
j=1

|(u)Aj
−1
|.

Also,
σ−1∑
j=1

|(u)Aj
−1
| ≤

(
3

2

)d

∥u∥L1(Ωn).

Therefore, we haveˆ
Ωn

|u(x)|
xs
d

L1

(xd

R

)
· · ·Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≤ Cd,Poin

(
2s + 23s+m+33d−1

)
(1− s)[u]W s,1(Ωn) + 2m+13s∥u∥L1(Ωn).

This proves the lemma. □
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4.1. Proof of Theorem 2. Let Ω be a bounded Lipschitz domain. Consider the def-
inition of bounded Lipschitz domain defined in Section 2. For simplicity, let Tx be the
identity map. Then,

Ω ∩Br′x(x) = {ξ = (ξ′, ξd) : ξd > ϕx(ξ
′)} ∩Br′x(x),

and ∂Ω ⊂ ∪x∈∂ΩBr′x(x). Choose 0 < rx < 1 such that rx ≤ r′x, and for all y ∈ Ω∩Brx(x),
there exists z ∈ ∂Ω ∩ Brx(x) satisfying δΩ(y) = |y − z|. Then, ∂Ω ⊂ ∪x∈∂ΩBrx(x). Since
∂Ω is compact, there exist x1, . . . , xn ∈ ∂Ω such that

∂Ω ⊂
n⋃

i=1

Bri(xi),

where rxi
= ri.

Let u ∈ W s,1(Ω). Let Ω ⊂ ∪n
i=0Ωi, where Ω0 ⊂ Ω, and Ωi = Bri(xi) for all 1 ≤ i ≤ n.

Let {ηi}ni=0 be the associated partition of unity. Then,

u =
n∑

i=0

ui, where ui = ηiu.

From Lemma 2.5, we have

∥ui∥W s,1(Ω∩Ωi) ≤ C∥u∥W s,1(Ω∩Ωi), ∀ 0 ≤ i ≤ 1.

Therefore, it is sufficient to prove Theorem 2 for all ui, 0 ≤ i ≤ n. Given that supp(u0) ⊂
Ω0, and for all x ∈ Ω0,

C1 ≤ δΩ(x) ≤ C2 for some C1, C2 > 0.

Therefore, using Lm

(
δΩ(x)
R

)
≤ 1 for all m ≥ 1, we have

ˆ
Ω0

|u0(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx ≤ C

ˆ
Ω0

|u0(x)|dx.

For 1 ≤ i ≤ n, supp(ui) ⊂ Ω ∩ Ωi. Consider the transformation F : Rd → Rd such that
F (x′, xd) = (x′, xd − ϕxi

(x′)) and G = F−1 (see subsection 6.1, Appendix 6), then

δΩ(x) ∼ ξd for all x ∈ Ω ∩ Ωi,

where F (x) = (ξ1, · · · , ξd). Therefore, from Lemma 4.1, we haveˆ
Ω∩Ωi

|ui(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

∼

ˆ
F (Ω∩Ωi)

|ui ◦G(ξ)|
ξsd

L1

(
ξd
R

)
· · · Lm−1

(
ξd
R

)
L2

m

(
ξd
R

)
dξ

≤ C2m(1− s)[ui ◦G]W s,1(F (Ω∩Ωi)) + C2m∥ui ◦G∥L1(F (Ω∩Ωi))

= C2m(1− s)[ui]W s,1(Ω∩Ωi) + C2m∥ui∥L1(Ω∩Ωi).

Hence, combining all the above cases, we obtain the following inequality:ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C2m(1− s)[u]W s,1(Ω) + C2m∥u∥L1(Ω).
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Let α < 1
2
, and summing from m = 2 to ∞, we have

∞∑
m=2

αm

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C

(
4α2

1− 2α

){
(1− s)[u]W s,1(Ω) + ∥u∥L1(Ω)

}
.

This completes the proof of Theorem 2.

4.2. Proof of Theorem 1. Let u ∈ BV (Ω). From Theorem 2 and noting that BV (Ω) ⊂
W s,1(Ω) (refer to (2.1)), it follows thatˆ

Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C2m(1− s)[u]W s,1(Ω) + C2m∥u∥L1(Ω).

Using Fatou’s lemma, we haveˆ
Ω

|u(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ lim inf
s→1

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C2m lim inf
s→1

(1− s)[u]W s,1(Ω) + C2m∥u∥L1(Ω).

From Lemma 2.2, we haveˆ
Ω

|u(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx ≤ C2m

(
[u]BV (Ω) + ∥u∥L1(Ω)

)
.

Therefore, from Lemma 2.4, and using [u− (u)Ω]BV (Ω) = [u]BV (Ω), we haveˆ
Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx ≤ C2m[u]BV (Ω).

Let α < 1
2
, and summing from m = 2 to ∞, we have

∞∑
m=2

αm

ˆ
Ω

|u(x)− (u)Ω|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C

(
4α2

1− 2α

)
[u]BV (Ω).

This proves our main result, Theorem 1.

5. Failure for α ≥ 1 in Theorem 1 and Theorem 2 and proof of Remark 1

In this section, we prove the failure of Theorem 1 and 2 for α ≥ 1. First, we establish
the failure in Theorem 1, and then we establish the failure in Theorem 2 using Theorem
1. To prove the failure of our main results when α ≥ 1, it is sufficient to establish
for the domain Ω = (−2n, 2n)d−1 × (0, 2), where n ∈ N, and a function supported on
Ωn = (−n, n)d−1 × (0, 1). Let u′ ∈ C∞

c ((−n, n)d−1), and ud(x) = 1 for all x ∈ (0, 2). For
any x = (x′, xd) ∈ Ω, define

u(x) = u′(x′)ud(xd) = u′(x′). (5.1)
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Then u ∈ BV (Ω), and for any x ∈ Ωn, we have δΩ(x) = xd. From (1.7), we obtain

ˆ
Ωn

|u(x)|
xd

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

=
1

R

ˆ
Ωn

|u(x)| d

dxd

Lm

(xd

R

)
dx′dxd

=
1

R

ˆ
(−n,n)d−1

|u′(x′)|dx′
ˆ 1

0

d

dxd

Lm

(xd

R

)
dxd

=
1

R

(
Lm

(
1

R

)
− Lm(0)

) ˆ
(−n,n)d−1

|u′(x′)|dx′.

(5.2)

From the definition of Lm, and using (6.3) (see Appendix 6), we have Lm

(
1
R

)
≥ 1

(m+1)R

and Lm(0) = 0. Therefore, from above inequality, we have

ˆ
Ωn

|u(x)|
xd

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx ≥ 1

(m+ 1)R2

ˆ
(−n,n)d−1

|u′(x′)|dx′.

For any α ≥ 1, we have

∞∑
m=2

αm

ˆ
Ωn

|u(x)|
xd

L1

(xd

R

)
· · · Lm−1

(xd

R

)
L2

m

(xd

R

)
dx

≥ 1

R2

ˆ
(−n,n)d−1

|u′(x′)|dx′
∞∑

m=2

αm

m+ 1
= ∞.

(5.3)

This proves that Theorem 1 fails when α ≥ 1.

We will now establish that the Theorem 2 fails when α ≥ 1. We will prove by using
contradiction. Let u ∈ BV (Ω) be a function defined in (5.1). Since BV (Ω) ⊂ W s,1(Ω)
(see (2.1)), we have u ∈ W s,1(Ω). Assume there exists a constant C = C(Ω, d, α) > 0 and
α ≥ 1 such that

∞∑
m=2

αm

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ C(1− s)[u]W s,1(Ω) + C∥u∥L1(Ω).

Using Fatou’s lemma, and Lemma 2.2, we have for all m0 > 2,

m0∑
m=2

αm

ˆ
Ω

|u(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤
m0∑
m=2

αm lim inf
s→1

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ lim inf
s→1

∞∑
m=2

αm

ˆ
Ω

|u(x)|
δsΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
L2

m

(
δΩ(x)

R

)
dx

≤ lim inf
s→1

C(1− s)[u]W s,1(Ω) + C∥u∥L1(Ω) ≤ C[u]BV (Ω) + C∥u∥L1(Ω),

which is a contradiction (see (5.3)). This proves that Theorem 2 fails when α ≥ 1.
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5.1. Proof of Compactness of operator T . In this subsection, we prove that the
operator T defined in (1.11) is compact. Let {uk}∞k=1 be a bounded sequence of functions
in BV (Ω). Since, the identity operator I : BV (Ω) → L1(Ω) is compact (see [16, Theorem
5.5]). Therefore, there exists a subsequence of {uk}∞k=1 which is convergent in L1(Ω).
Therefore, without loss of generality, we assume {uk}∞k=1 be any bounded sequence of
functions in BV (Ω) such that ∥uk∥L1(Ω) → 0 as k → ∞. Let ϵ > 0, and 1 < β1 < β,
there exists a constant A1 = A1(ϵ) > 0 such that for any x ∈ Ω with δΩ(x) < A1, we have

Lβ−β1
m

(
δΩ(x)
R

)
< ϵ. Then, using this and Lm ≤ 1, for all m ≥ 1, we have

ˆ
Ω

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx

=

ˆ
Ω

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ−β1

m

(
δΩ(x)

R

)
Lβ1

m

(
δΩ(x)

R

)
dx

≤ ϵ

ˆ
{x∈Ω : δΩ(x)<A1}

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ1

m

(
δΩ(x)

R

)
dx

+ C1(ϵ)

ˆ
{x∈Ω : δΩ(x)≥A1}

|uk(x)|dx

≤ ϵ

ˆ
Ω

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ1

m

(
δΩ(x)

R

)
dx+ C1(ϵ)

ˆ
Ω

|uk(x)|dx.

In the above inequality, we used that for any x ∈ Ω with δΩ(x) ≥ A1, we have 1
δΩ(x)

≤
C1(ϵ), for some C1(ϵ) > 0 depending only on ϵ. Using Corollary 1.1 with β1 > 1 in the
above inequality, and [uk]BV (Ω) ≤ C for all k ∈ N and for some C > 0, we obtainˆ

Ω

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx ≤ Cϵ[uk]BV (Ω)

+ C1(ϵ)∥uk∥L1(Ω)

≤ Cϵ+ C1(ϵ)∥uk∥L1(Ω),

where C > 0 is a constant does not depend on k and ϵ. Taking the limit as k → ∞, and
then ϵ → 0, we obtainˆ

Ω

|uk(x)|
δΩ(x)

L1

(
δΩ(x)

R

)
· · · Lm−1

(
δΩ(x)

R

)
Lβ

m

(
δΩ(x)

R

)
dx → 0.

This proves that the operator T (defined in (1.11)) is compact.

6. Appendix

6.1. Domain above the graph of a Lipschitz function. In this section, we will
prove that if Ω is a domain above the graph of a Lipschitz function γ : Rd−1 → R, and
F : Rd → Rd is defined by F (x) = (ξ′, ξd), where ξ′ = x′ and ξd = xd − γ(x′). Then,

δΩ(x) ∼ ξd,

holds for all x ∈ Ω. Specifically, there exist constants C1, C2 > 0 such that

C1ξd ≤ δD(x) ≤ C2ξd.

Let γ : Rd−1 → R be a Lipschitz function, and let M > 0 be such that for x′, y′ ∈ Rd−1,
we have

|γ(x′)− γ(y′)| ≤ M |x′ − y′|.
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Let F : Rd → Rd be defined as F (x) = (F1(x), . . . , Fd(x)) = (x′, xd − γ(x′)), where
x′ = (x1, . . . , xd−1). Then,

|F (x)− F (y)|2 = |x′ − y′|2 + |xn − yn − γ(x′) + γ(y′)|2

≤ |x′ − y′|2 + |xd − yd|2 + |γ(x′)− γ(y′)|2 + 2 < xd − yd, γ(y
′)− γ(x′) >

≤ |x− y|2 +M2|x′ − y′|2 + |xd − yd|2 + |γ(x′)− γ(y′)|2

≤ |x− y|2 + 2M2|x′ − y′|2 + |xd − yd|2 ≤ (2M2 + 2)|x− y|2.

Let C = (2M2 + 2)1/2. Then, |F (x) − F (y)| ≤ C|x − y|. Define G(ξ) = F−1(ξ) =
(ξ′, ξd + γ(ξ′)). Then, G is Lipschitz, and |G(ξ) − G(η)| ≤ (2M2 + 2)1/2|ξ − η|. Hence,
there exists C > 0 such that

1

C
|x− y| ≤ |F (x)− F (y)| ≤ C|x− y|.

Let Ω = {x ∈ Rd : xd > γ(x′)} and ∂Ω = {x ∈ Rd : xd = γ(x′)}. Then, F (Ω) = Rd
+ and

F (∂Ω) = ∂Rd
+. Let x ∈ Ω and y ∈ ∂Ω be such that

δΩ(x) = |x− y| = inf{|x− η| : η ∈ ∂Ω}.
Then, δΩ(x) = |x− y| ≤ |x− η| for all η ∈ ∂Ω. Therefore,

δΩ(x) = |x− y| ≤ C|F (x)− F (η)| ≤ C|F (x)− ξ|,
for all ξ ∈ ∂Rd

+. So, δΩ(x) ≤ C inf
ξ∈∂Rd

+

|F (x)− ξ| = CFd(x). Let F (x) = (ξ′, ξd). Then,

we have δΩ(x) ≤ Cξd. Similarly, considering G, we get C1ξd ≤ δΩ(x). Therefore, C1ξd ≤
δΩ(x) ≤ Cξd.

6.2. Some estimates. (1) Let θ > 0 and for any m ≥ 1, we establish that there exists
a constant C = C(θ) > 0 such that

Lθ
m(t) ≤ CL2

m+1(t), ∀ t ∈ (0, 1). (6.1)

First, assume 0 < θ ≤ 1, and let Lm(t) = e−x. Then, if t = 0, x → ∞, and if t = 1, x = 0.
Define

gθ(x) :=
eθx

(1 + x)2
=

(
1

1− ln (Lm(t))

)2
1

Lθ
m(t)

=
L2

m+1(t)

Lθ
m(t)

, ∀ x ∈ (0,∞).

Clearly,
L2

m+1(t)

Lθ
m(t)

≥ min
x∈(0,∞)

gθ(x) = gθ

(
−1 +

2

θ

)
=

(
θ

2

)2

e2−θ.

Therefore, we have

Lθ
m(t) ≤

(
2

θ

)2

eθ−2L2
m+1(t), ∀ t ∈ (0, 1). (6.2)

Now, assume θ > 1. Then, θ = n1 + r, where r ∈ (0, 1]. Therefore, using Lm(t) ≤ 1 and
above inequality, we have

Lθ
m(t) = Ln1

m (t)Lr
m(t) ≤ Lr

m(t) ≤
(
2

r

)2

er−2L2
m+1(t)

This establishes the required inequality for any θ > 0.

(2) Let Lm be defined in the introduction section, and let R > 1. We prove that

Lm

(
1

R

)
≥ 1

(m+ 1)R
. (6.3)
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Since 1− ln
(
1
R

)
= 1 + lnR ≤ 2R, we have

L1

(
1

R

)
=

1

1− ln
(
1
R

) ≥ 1

2R
.

From above inequality, we have ln
(
L1

(
1
R

))
≥ ln

(
1
2R

)
. Therefore, we get

1− ln

(
L1

(
1

R

))
≤ 1− ln

(
1

2R

)
= 1 + ln (2R) ≤ 3R.

Using the definition of L2, we have

L2

(
1

R

)
=

1

1− ln
(
L1

(
1
R

)) ≥ 1

3R
.

From the definition of Ym, and using recursively, we obtain

Lm

(
1

R

)
≥ 1

(m+ 1)R
.

This establishes the inequality.

(3) Let Ωn = (−n, n)d−1 × (0, 1), and Ak as defined in Lemma 4.1. We aim to show
that

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1) ≤ 2[u]W s,1(Ωn). (6.4)

Consider two families of sets:

E := {Ak ∪ Ak+1 : −k is even and k ≤ −1}

and

O := {Ak ∪ Ak+1 : −k is odd and k ≤ −1} .
Then E and O are collections of mutually disjoint sets respectively. Define

Fe :=
−2⋃
k=ℓ

−k is even

Ak ∪ Ak+1 and Fo :=
−2⋃
k=ℓ

−k is odd

Ak ∪ Ak+1.

From the definition of Ak, we have Fe ⊂ Ωn and Fo ⊂ Ωn. Therefore, we have

−2∑
k=ℓ

[u]W s,1(Ak∪Ak+1) =
−2∑
k=ℓ

−k is even

[u]W s,1(Ak∪Ak+1) +
−2∑
k=ℓ

−k is odd

[u]W s,1(Ak∪Ak+1)

≤ [u]W s,1(Fe) + [u]W s,1(Fo) ≤ 2[u]W s,1(Ωn).

(6.5)

This establishes the desired inequality.

(4) Let Ai
k and Aj

k+1 be the cubes defined in Lemma 4.1 such that Ai
k lies below the

cube Aj
k+1. Let G

j
k+1 be a cube of side length 2×3k+1+2×3k such that Ai

k∪Aj
k+1 ⊂ Gj

k+1

and Gj
k+1 ⊂ Ak ∪ Ak+1. Also, there are 3d−1 cubes of side length 2 × 3k (like Ai

k) lies

below the cube Aj
k+1 and the same cube Gj

k+1 will work for all 3d−1 such cubes (like Ai
k).

Therefore, we will establish:
σk+1∑
j=1

[u]W s,1(Gj
k+1)

≤ 2[u]W s,1(Ak∪Ak+1). (6.6)
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According to the construction of Gj
k+1, the families of sets {Gj

k+1 : j is even and 1 ≤ j ≤
σk+1} and {Gj

k+1 : j is odd and 1 ≤ j ≤ σk+1} are collections of mutually disjoint sets
respectively. Therefore, similarly as the previous case, we have

σk+1∑
j=1

[u]W s,1(Gj
k+1)

=

σk+1∑
j=1

j is even

[u]W s,1(Gj
k+1)

+

σk+1∑
j=1

j is odd

[u]W s,1(Gj
k+1)

≤ 2[u]W s,1(Ak∪Ak+1).

This establishes our inequality.
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