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Abstract

How can one lift a functional defined on maps from a space 𝑋 to a space 𝑌 into a functional defined
on maps from 𝑋 into P(𝑌 ) the space of probability distributions over 𝑌? Looking at measure-valued maps
can be interpreted as knowing a classical map with uncertainty, and from an optimization point of view the
main gain is the convexification of 𝑌 into P(𝑌 ). We explain why trying to single out the largest convex
lifting amounts to solve an optimal transport problem with an infinity of marginals which can be interesting
by itself. Moreover we show that, to recover previously proposed liftings for functionals depending on the
Jacobian of the map, one needs to add a restriction of additivity to the lifted functional.

2020 Mathematics Subject Classification. Primary 49Q22; Secondary 49J45.

1 Introduction

We take for given 𝐸 a functional defined on (a subset of) maps 𝑢 : 𝑋 → 𝑌 . As a running example, the reader
can think that 𝑋 , 𝑌 are Euclidean spaces and

𝐸 (𝑢) = 1
2

ˆ
𝑋

|∇𝑢 |2 (1.1)

is the Dirichlet energy, or more generally a functional of the type

𝐸 (𝑢) =
ˆ
𝑋

𝑊 (∇𝑢(𝑥)) d𝑥 +
ˆ
𝑋

𝑓 (𝑥, 𝑢(𝑥)) d𝑥. (1.2)

Here ∇𝑢 denotes the Jacobian matrix of 𝑢, and 𝑊 is convex. We consider measure-valued maps: instead of
𝑢 we take 𝝁 : 𝑋 → P(𝑌 ) valued in the space of probability distributions over 𝑌 . This can be interpreted
as knowing 𝑢(𝑥) ∈ 𝑌 only up to uncertainty, thus replacing 𝑢(𝑥) by a probability distribution over 𝑌 . A
classical map is recovered if we set 𝝁(𝑥) = 𝛿𝑢(𝑥 ) for any 𝑥, being 𝛿𝑢(𝑥 ) the Dirac mass located at 𝑢(𝑥). From a
mathematical point of view the major gain is that the space P(𝑌 ) is convex, whatever structure one has on 𝑌 .
In this framework, we study the following question.

Question (raw). How can one lift the functional 𝐸 defined on maps 𝑋 → 𝑌 into a functional T defined on the
space of measure-valued maps 𝑋 → P(𝑌 )?

This question is not new, in particular in the imaging community where functionals like (1.2) are of great
importance but typically suffer from non-convexity. In such a context, there have been several proposals for
lifting of (1.2) to measure-valued maps with a particular emphasis on the case of total variation, that is, when
𝑊 is a norm [23, 39, 38]. Non-convexity either comes from the term

´
𝑋
𝑓 (𝑥, 𝑢(𝑥)) d𝑥, usually referred as

“data-fitting term”, or from the space itself if 𝑌 is a manifold: relaxing from 𝑌 to P(𝑌 ) is really about gaining
convexity. Another proposal, equivalent to [38], is to focus on the Dirichlet energy (1.1) and to extend it to a
Dirichlet energy for measure-valued maps. This has been suggested by Brenier [11, Section 3] and we worked
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on it in [25, 24]. The motivation was to define harmonic maps valued in the Wasserstein space, in analogy with
the concept of geodesic valued in such space. Some independent work motivated by applications in surface
matching [36] proposed a similar definition of Dirichlet energy with the purpose of gaining convexity when 𝑋
and𝑌 are surfaces. Most proposed answers concentrate on functionals 𝐸 containing only first order derivatives,
though there has been recently some proposal for functionals depending on the second order derivatives of the
function 𝑢 [40, 27, 38]. Even if it is not the concern of this article, most of the aforementioned works also
include a discretization and an algorithm to find minimizers of the (discretized) lifted functional.

Refining our investigation In the present work rather than proposing a new answer we aim at designing
a framework to characterize the “best” possible relaxation. The starting point of our investigation is the
following remark of Savaré and Sodini [35] about the optimal transport problem, somewhat elementary, but
very insightful. Given a function 𝑐 : 𝑌 × 𝑌 → [0, +∞] of two variables, one can try to lift it up into a
function T : P(𝑌 ) × P(𝑌 ) → [0, +∞] defined over pair of measures. Following the canonical embedding
𝑦 ∈ 𝑌 ↦→ 𝛿𝑦 ∈ P(𝑌 ), we can lift 𝑐 into a map T̃𝑐 defined over P(𝑌 )2 by

T̃𝑐 (𝜇, 𝜈) =
{
𝑐(𝑦1, 𝑦2) if 𝜇 = 𝛿𝑦1 and 𝜈 = 𝛿𝑦2 ,

+∞ otherwise,

but this extension is not convex nor lower semi-continuous for the topology of narrow convergence. To cope
with these issues, it is natural to look for the convex and lower semi-continuous envelope, that is, the largest
convex and lower semi-continous function below T̃𝑐. The work [35] characterizes this envelope, under suitable
topological assumptions, as the optimal transport cost, defined for 𝜇, 𝜈 probability distributions over 𝑌 by

T𝑐 (𝜇, 𝜈) = min
𝜋

{ˆ
𝑌×𝑌

𝑐(𝑦1, 𝑦2) 𝜋(d𝑦1, d𝑦2) : 𝜋 ∈ Π(𝜇, 𝜈)
}
.

Here Π(𝜇, 𝜈) is the set of probability distributions over 𝑌 × 𝑌 having marginals 𝜇, 𝜈. In [35] the authors use
this observation to derive a very elegant proof of the Kantorovich duality.

We can apply the same strategy in our case. Given a map 𝑢 : 𝑋 → 𝑌 , we can embed it as a measure-valued
map 𝝁𝑢 : 𝑋 → P(𝑌 ) via 𝝁𝑢 (𝑥) = 𝛿𝑢(𝑥 ) . Following the observation of Savaré and Sodini we investigate the
following.

Question (refined). Writing T̃𝐸 for the functional defined on the space of measure-valued maps 𝑋 → P(𝑌 ) by

T̃𝐸 (𝝁) =
{
𝐸 (𝑢) if 𝝁 = 𝝁𝑢 for some 𝑢 : 𝑋 → 𝑌,

+∞ otherwise,
(1.3)

what is its convex and lower semi-continuous envelope, that is, the largest convex and lower semi-continuous
functional T such that T ≤ T̃?

We need to specify the topology on the space of measure-valued map for this question to be well-defined.
We will put the topology of narrow convergence on the measures over the product space 𝑋 × 𝑌 , as we detail
below. We will show that the envelope is the “Lagrangian” lifting T𝐸 , which consists in solving a multimarginal
optimal transport problem with an infinity of marginals. On the other hand, this lifting T𝐸 does not coincide with
the liftings introduce in the imaging or optimal transport community [39, 41, 11, 25, 36]. These works rather
rely on a “Eulerian” lifting introduced below, that we call T𝐸,Eul. We will also give a characterization of the
lifting T𝐸,Eul, as a convex lower semi-continuous envelope, but with an additional requirement of subadditivity.

The largest relaxation We first concentrate on the convex and lower semi-continuous envelope of T̃𝐸 , defined
in (1.3). In this setting 𝑋,𝑌 are Polish spaces. As in the case of the Dirichlet energy the maps 𝑢 are only
defined up to a negligible set, we allow for a reference measure 𝑚 on 𝑋 , and we work rather with 𝐿0(𝑋,𝑌 ;𝑚)
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or 𝐿0(𝑋,P(𝑌 );𝑚) the space of equivalence classes of maps from 𝑋 to 𝑌 or to P(𝑌 ), quotiented by the relation
of being equal 𝑚-a.e. Under a suitable assumption displaying an interplay between the functional 𝐸 , the spaces
𝑋,𝑌 and the measure 𝑚 (see Assumption A), we are able to prove that to the convex and lower semi-continuous
envelope of T̃𝐸 is

T𝐸 (𝝁) = inf
𝑄

{ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢) : 𝑄 ∈ Π(𝝁)
}
, (1.4)

where now 𝑄 is now a probability measure on 𝐿0(𝑋,𝑌 ;𝑚) generalizing the transport plan 𝜋, and the assertion
𝑄 ∈ Π(𝝁) generalizing the marginal condition reads, as an equality 𝑚-a.e. of P(𝑌 )-valued maps,

𝝁 =

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝝁𝑢𝑄(d𝑢).

The first main contribution of this article is to formalize properly the right hand side of (1.4) and
prove (see Theorem 3.9) that it coincides with the convex and lower semi-continuous envelope of
T̃𝐸 defined in (1.3). A corollary of this result is the dual formulation of T𝐸 (see (3.3)).

Reinterpreting previous results Problem (1.4) can actually be seen as a multimarginal optimal transport
problem with an infinity of marginals. Specifically, when the space 𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑁 } is finite and contains
𝑁 points, and 𝑚 is the counting measure, unpacking (1.4) reveals a multimarginal problem with 𝑁 marginals.
In this case, the cost function 𝑐 : 𝑌𝑁 → [0, +∞] is recovered as

𝑐(𝑢(𝑥1), 𝑢(𝑥2), . . . , 𝑢(𝑥𝑁 )) = 𝐸 (𝑢),

and a map 𝝁 from 𝑋 to P(𝑌 ) is naturally seen as a collection of 𝑁 marginals, that is, an element of P(𝑌 )𝑁 .
More interestingly, when (𝑋, 𝑚) is a segment of R endowed with the Lebesgue measure, say 𝑋 = [0, 1],

while 𝑌 is a Banach space, and 𝐸 is an functional of the type

𝐸 (𝑢) = 1
𝑝

ˆ 1

0
| ¤𝑢𝑡 |𝑝 d𝑡

for some 𝑝 ∈ (1, +∞), then the problem (1.4) is the one which appears when studying the probabilistic
representation of the continuity equation, also known as superposition principle. In this case 𝝁 = (𝜇𝑡 )𝑡∈[0,1] is
a curve valued in the space P(𝑌 ), and the seminal work of Lisini [26] (see also [5, Chapter 8]) yields alternative
and meaningful expressions for the lifted functional T𝐸 :

T𝐸 ((𝜇𝑡 )𝑡∈[0,1]) = min
𝑣

{
1
𝑝

ˆ 1

0

ˆ
𝑌

|𝑣(𝑡, 𝑦) |𝑝 𝜇𝑡 (d𝑦) d𝑡 : 𝜕𝑡𝜇 + div(𝑣𝜇) = 0
}

(1.5)

=


1
𝑝

ˆ 1

0
| ¤𝜇𝑡 |𝑝 d𝑡 if 𝜇 ∈ AC𝑝 ( [0, 1], (P𝑝 (𝑌 ),𝑊𝑝)),

+∞ otherwise.
(1.6)

In the first equation the minimum is taken over all 𝑣 = 𝑣(𝑡, 𝑦) such that ∥𝑣(𝑡, ·)∥ 𝑝
𝐿𝑝 (𝑌,𝜇𝑡 ) is integrable in time,

and where the continuity equation 𝜕𝑡𝜇 + div(𝑣𝜇) = 0 is understood in a weak sense. In this context, (𝜇𝑡 )𝑡∈[0,1]
describes the evolution in time of a distribution of mass, and 𝑣(𝑡, 𝑦) is interpreted as the velocity of the particle
located at time 𝑡 in position 𝑦. The formula (1.4) for T𝐸 corresponds to a Lagrangian point of view: the
measure 𝑄 tracks the distributions of all trajectories (𝑢(𝑡))𝑡∈[0,1] . The right hand side of (1.5) is usually called
the Eulerian point of view: one only records 𝑣(𝑡, 𝑦) the velocities at different instant and positions. If both 𝑄
and 𝑣 are the optimal ones, we have precisely ¤𝑢(𝑡) = 𝑣(𝑡, 𝑢(𝑡)) for a.e. 𝑡 and for 𝑄-a.e. curve 𝑢. In the second
equation above, AC𝑝 stands for “𝑝-absolutely continuous curves” [5, Chapter 1], and these curves are valued
in (P𝑝 (𝑌 ),𝑊𝑝) the Wasserstein space of order 𝑝 built over 𝑌 [5, Chapter 7]. The expression | ¤𝜇𝑡 | stands for the
metric derivative [5, Chapter 1].
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In the case 𝐸 is an functional of higher order, specifically if

𝐸 (𝑢) =
ˆ 1

0
| ¥𝑢𝑡 |2 d𝑡,

then the functional T𝐸 has been proposed as quantity to minimize in order to recover splines valued in the
Wasserstein space [6, 12]. In [6], at least three possible models for splines valued in the Wasserstein are
investigated. The one corresponding to T𝐸 , with 𝐸 as above, is what the authors called “the Kantorovich
relaxation” and it is proposed by analogy with relaxations proposed in fluid dynamics [10]. Our result shed a
new light on this “Kantorovich relaxation”, by proving it is the convex and lower semi-continuous envelope of
the functional for splines for classical curves.

Beyond the case of curves When 𝑋 = Ω is a bounded subset of an Euclidean space R𝑑 , endowed with its
Lebesgue measure 𝑚, while 𝑌 is a Euclidean space or a Riemannian manifold, the situation becomes more
intricate. Concentrating on the case

𝐸 (𝑢) =
ˆ
Ω

𝑊 (∇𝑢(𝑥)) d𝑥

for a convex function𝑊 : 𝑇𝑌 ⊗R𝑑 → [0, +∞] taking in argument the Jacobian matrix of 𝑢, several authors have
followed the Eulerian point of view and have proposed a functional mimicking the dynamical formulation (1.5)
for curves of measures, which is different than T𝐸 and which reads

T𝐸,Eul(𝝁) = min
𝑣

{ˆ
Ω×𝑌

𝑊 (𝑣(𝑥, 𝑦)) 𝝁𝑥 (d𝑦) d𝑥 : ∇𝑥𝝁 + ∇𝑦 · (𝑣𝝁) = 0
}
,

where the minimum is taken over 𝑣 : Ω × 𝑌 → 𝑇𝑌 ⊗ R𝑑 which can be interpreted as a “field of Jacobian
matrix”, that is, 𝑣(𝑥, 𝑦) represents a linear operator fromR𝑑 = 𝑇𝑥Ω into𝑇𝑦𝑌 . The equation ∇𝑥𝝁+∇𝑦 · (𝑣𝝁) = 0
which has to be interpreted in a weak sense is the natural extension of the continuity equation 𝜕𝑡𝜇 + ∇ · (𝑣𝜇)
featured in (1.5). We refer to the works [11, 36, 25, 38] already mentioned and to Section 4 of the present work
to see T𝐸,Eul presented in this way. It also has a “dual” formulation which reads

T𝐸,Eul(𝝁) = sup
𝜑

{
−
ˆ
Ω×𝑌

(
∇𝑥 · 𝜑(𝑥, 𝑦) +𝑊∗(∇𝑦𝜑(𝑥, 𝑦))

)
𝝁𝑥 (d𝑦) d𝑥 : 𝜑 ∈ 𝐶1

𝑐 (Ω × 𝑌,R𝑑)

and𝑊∗(∇𝑦𝜑) < +∞ on Ω × 𝑌
}
,

where now the supremum is taken over smooth and compactly supported test functions. The works [23, 39, 41]
introduced T𝐸,Eul via this dual formulation.

In the present work we focus on 𝑌 being a Euclidean space instead of a Riemannian manifold, as it is
challenging enough to analyze the difference between T𝐸 and T𝐸,Eul in this setting.

Understanding the difference between T𝐸 and T𝐸,Eul Though the Eulerian lifting is convex, lower semi-
continuous, and below T̃𝐸 , and even though T𝐸,Eul = T𝐸 in the case 𝑋 = [0, 1] as stated in (1.5), in general one
has T𝐸,Eul(𝝁) < T𝐸 (𝝁).

Our second contribution is to explain precisely why this discrepancy happens, and to characterize T𝐸,Eul as
a convex and lower semi-continuous envelope of T̃𝐸 , but over a restricted class of measure-valued functional.
The problem has to do with the integral representation of T𝐸,Eul, which implies locality and additivity, while
T𝐸 does not satisfy it. Precisely, following the literature on Γ-convergence [15, Chapter 14 and 15], we see our
functionals as depending on both a function 𝑢 and an open set 𝐴 ⊆ Ω, that is

𝐸 (𝑢, 𝐴) =
ˆ
𝐴

𝑊 (∇𝑢(𝑥)) d𝑥.
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Such a functional is local (the value of 𝐸 (𝑢, 𝐴) only depends on the restriction of 𝑢 to 𝐴) and moreover additive,
in the sense that

𝐸 (𝑢, 𝐴1 ∪ 𝐴2) = 𝐸 (𝑢, 𝐴1) + 𝐸 (𝑢, 𝐴2)

provided 𝐴1, 𝐴2 are disjoint sets. By construction T𝐸,Eul is also additive, so that for disjoint sets 𝐴1, 𝐴2,

T𝐸,Eul(𝝁, 𝐴1 ∪ 𝐴2) = T𝐸,Eul(𝝁, 𝐴1) + T𝐸,Eul(𝝁, 𝐴2).

On the other hand, the example of the theory of 𝑄-functions [16] already mentioned in one of our previous
work [25] shows that T𝐸 is not additive, but only superadditive: T𝐸 (𝑢, 𝐴1 ∪ 𝐴2) ≥ T𝐸 (𝑢, 𝐴1) + T𝐸 (𝑢, 𝐴2), and
the inequality is strict in general. Actually, this is the case when 𝑋 = S1 is the unit circle.

Our second main contribution, in Theorem 5.10, is to prove that the Eulerian lifting T𝐸,Eul is the
convex, lower semi-continuous and subadditive envelope of the functional T̃𝐸 defined in (1.3).

An open question Consider a functional of second order for a map 𝑢 : Ω ⊂ R𝑑 → R𝑞:

𝐸 (𝑢) =
ˆ
Ω

𝐻 (∇2𝑢(𝑥)) d𝑥,

being 𝐻 a convex function over 𝑞 × 𝑑 × 𝑑 tensors. What is the convex, lower semi-continuous and subadditive
envelope of the functional T̃𝐸 in this case? Though some lifting have been proposed [27, 40], it is not clear that
they are optimal ones, and their theoretical properties are not well understood. We leave this investigation for
future work.

Other possible lifting spaces In this work we restrict the study to the convexification of 𝑌 into P(𝑌 ). There
are other fruitful ways to embed the space of functions from 𝑋 to𝑌 into a larger space to gain convexity. If𝑌 = R
is one dimensional, then one could replace 𝑢 by its sublevel set function (𝑥, 𝑧) ↦→ 1{𝑧≤𝑢(𝑥 ) } and optimize in this
larger space of hypographs [31, 30]. This method, which originated from calculus of variations [2] has been
extended also to the vector-valued case [37]. We refer the reader to Section 2.6.1 of [38] for some connections
between this approach and the one of the present work. More recently the authors of [28] proposed to embed 𝑢
as a current on the space 𝑋 ×𝑌 (concentrated on the graph of 𝑢) in order to obtain a convex relaxation of (1.2)
when 𝑊 is not convex, but only polyconvex. As a side remark, for the lifting of a subclass of polyconvex
functionals, we also proposed in [18] a formulation for measure-valued maps based on a generalization of
T𝐸,Eul, but such generalization is probably not additive and does not fit well in the framework of this article.

Organization of the paper After recalling some notations and classical results in Section 2, we state the
multimarginal optimal transport problem with an infinity of marginals in Section 3, and show it is the convex
and lower semi-continuous envelope of T̃𝐸 . We then move to the Eulerian lifting and its main properties in
Section 4. Eventually we explain the difference between the two liftings: that T𝐸 is in general not additive,
while T𝐸,Eul is the convex, lower semi-continuous and subadditive envelope of T̃𝐸 . This is done in Section 5.
We collect some technical results which would have overburden the core of the article in an appendix.

Acknowledgments

We would like to thank Giuseppe Savaré for several interesting discussions and for introducing us to the
literature on the localization of functionals presented in Section 5.1, Simone Di Marino for pointing out an
error in an earlier version of this article, as well as an anonymous referee for suggestions improving the clarity
of this work. The author is affiliated to the Bocconi Institute for Data Science and Analytics (BIDSA).

5



2 Running assumptions and some preliminaries

We first settle some notations, recall standard results, and introduce measure-valued maps.
Note that all functionals that we consider will take values in [0, +∞]: they are non-negative (the extension

to functionals bounded from below by a constant is straightforward) and they may take the value +∞. We use
the abbreviation “l.s.c.” for “lower semi-continuous”.

Some standard notations We will use 𝑎 · 𝑏 to denote either the canonical scalar product between vectors
𝑎, 𝑏 ∈ R𝑑 , or the canonical scalar product between matrices 𝑎, 𝑏 ∈ R𝑞×𝑑 , given some integers 𝑑, 𝑞 ≥ 1. On
the other hand, the product 𝑎𝑏 will stand for the matrix vector product between 𝑎 ∈ R𝑞×𝑑 and 𝑏 ∈ R𝑑 .

For two metric spaces 𝑋 and𝑌 we denote by𝐶𝑏 (𝑋,𝑌 ) the space of continuous and bounded functions from
𝑋 to𝑌 . If𝑌 is a vector space then 𝐶𝑐 (𝑋,𝑌 ) is the space of continuous and compactly supported functions from
𝑋 to 𝑌 . If 𝑌 = R then we omit it and only write 𝐶𝑏 (𝑋) and 𝐶𝑐 (𝑋).

Measure theory on Polish spaces On the questions of measure theory we refer the reader to the monographs
[4, Chapters 1 and 2] and [5, Chapter 5].

We always take 𝑋,𝑌 Polish spaces, that is, topological separable spaces whose topology is generated by
a complete metric. We endow them with their Borel 𝜎-algebra. For a Polish space 𝑋 we denote by M(𝑋)
the space of finite Borel measures on it, by M+(𝑋) the space of finite non-negative measures, and by P(𝑋)
the space of probability measures. The space M(𝑋)𝑞𝑑 for integers 𝑞, 𝑑 ≥ 1 will stand for the space of 𝑞 × 𝑑
matrix-valued measures. For 𝜎 ∈ M(𝑋) or in M(𝑋)𝑞𝑑 , we denote by |𝜎 | ∈ M+(𝑋) its total variation
measure [4, Definition 1.4].

A sequence (𝜎𝑛)𝑛∈N of measures over 𝑋 is said to converge narrowly to 𝜎 if for every continuous and
bounded function 𝜑 ∈ 𝐶𝑏 (𝑋), there holds

lim
𝑛→+∞

ˆ
𝑋

𝜑(𝑥) 𝜎𝑛 (d𝑥) =
ˆ
𝑋

𝜑(𝑥) 𝜎(d𝑥).

Endowed with the topology of narrow convergence, the space M+(𝑋) is metrizable [7, Theorem 8.3.2], in
particular the topology is characterized by converging sequences. A property that we will use repeatedly is the
following, see [5, Equation (5.1.15)] for the proof.

Lemma 2.1. If 𝜑 : 𝑋 → [0, +∞] is l.s.c. and non-negative then the function 𝜎 ↦→
´
𝑋
𝜑(𝑥) 𝜎(d𝑥) is l.s.c. for

the topology of narrow convergence on M+(𝑋).

A subset K of P(𝑋) is said tight if for every 𝜀 > 0 we can find a compact set 𝐾 ⊆ 𝑌 such that 𝜇(𝐾) ≥ 1− 𝜀
for any 𝜇 ∈ K. Prokhorov’s theorem states that a subset K of P(𝑋) is tight if and only if it is relatively compact
for the topology of narrow convergence.

On the other hand, on the set M(𝑋) we can also consider weak-★ converging sequences. A sequence
(𝜎𝑛)𝑛∈N converges weak-★ if for every continuous and compactly supported function 𝜑 ∈ 𝐶𝑐 (𝑋), there holds

lim
𝑛→+∞

ˆ
𝑋

𝜑(𝑥) 𝜎𝑛 (d𝑥) =
ˆ
𝑋

𝜑(𝑥) 𝜎(d𝑥).

Clearly, weak-★ convergence is implied by narrow convergence, but the converse does not hod except if 𝑋 is
compact. For K a subset of M(𝑋) to be sequentially relatively compact for weak-★ convergence, it is enough
to have |𝜎 | (𝑋) uniformly bounded for 𝜎 ∈ K [4, Theorem 1.59].

Given a measure 𝜇 on 𝑋 and a measurable map 𝑇 : 𝑋 → 𝑌 , we call 𝑇#𝜇 the image measure of 𝜇 by 𝑇 ,
defined by (𝑇#𝜇) (𝐵) = 𝜇(𝑇−1(𝐵)) for any Borel set 𝐵 ⊆ 𝑌 .
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The space 𝐿0(𝑋,𝑌 ;𝑚) For 𝑋,𝑌 Polish spaces and 𝑚 ∈ M+(𝑋) a finite non-negative measure on 𝑋 , we
define 𝐿0(𝑋,𝑌 ;𝑚) as the space of measurable maps from 𝑋 to 𝑌 quotiented by the equivalence relation of
coinciding 𝑚-a.e. We put on it the distance 𝑑𝐿0 (𝑋,𝑌 ;𝑚) (𝑢, 𝑣) =

´
𝑋

min(𝑑𝑌 (𝑢(𝑥), 𝑣(𝑥)), 1) 𝑚(d𝑥) being 𝑑𝑌
a complete distance metrizing the topology of 𝑌 . Convergence of a sequence for the 𝑑𝐿0 (𝑋,𝑌 ;𝑚) distance is
equivalent to requiring that any subsequence has a subsequence which converges pointwise 𝑚-a.e. The space
𝐿0(𝑋,𝑌 ;𝑚) is Polish.

Measure-valued maps and disintegration theorem We fix 𝑚 ∈ M+(𝑋) a non-negative finite measure on
the space 𝑋 . We consider measurable maps 𝝁 from 𝑋 to P(𝑌 ), but most of the time we will see them as
measures on the product space 𝑋 × 𝑌 .

Definition 2.2. A measure 𝝁 ∈ M+(𝑋 ×𝑌 ) is said to have first marginal 𝑚 if 𝜋1#𝝁 = 𝑚, being 𝜋1 : 𝑋 ×𝑌 → 𝑋

the projection on the first coordinate. We denote by M𝜋1→𝑚(𝑋 ×𝑌 ) the set of non-negative measures on 𝑋 ×𝑌
whose first marginal is 𝑚 and we endow it with the topology of narrow convergence.

The set M𝜋1→𝑚(𝑋 × 𝑌 ) is easily seen to be closed for the topology of weak convergence. The identifi-
cation between measure-valued maps 𝑋 → P(𝑌 ) and measures on the product space 𝑋 × 𝑌 comes from the
disintegration theorem [4, Theorem 2.28].

Theorem 2.3. A positive measure 𝝁 on 𝑋 × 𝑌 belongs to M𝜋1→𝑚(𝑋 × 𝑌 ) if and only if there exists a
measurable family (𝝁𝑥)𝑥∈𝑋 of probability distributions on 𝑌 such that, for every measurable and bounded
function 𝜑 : 𝑋 × 𝑌 → R ,

ˆ
𝑋×𝑌

𝜑(𝑥, 𝑦) 𝝁(d𝑥, d𝑦) =
ˆ
𝑋

(ˆ
𝑌

𝜑(𝑥, 𝑦) 𝝁𝑥 (d𝑦)
)
𝑚(d𝑥).

In such a case, the family (𝝁𝑥)𝑥∈𝑋 is uniquely determined by 𝝁 up to a 𝑚-negligible set.

We we call (𝝁𝑥)𝑥∈𝑋 the disintegration of 𝝁 with respect to the first coordinate. Theorem 2.3 can be reformulated
as: the set M𝜋1→𝑚(𝑋 × 𝑌 ) coincides as a set (but not topologically) with the space 𝐿0(𝑋,P(𝑌 );𝑚).

Elements of convex analysis We recall here some results of convex analysis which can be found in [17].
We consider the general case where we have two vector spaces 𝑉,𝑉 ′ paired by a non-degenerate bilinear
form ⟨·, ·⟩. The space 𝑉 is endowed with the topology 𝜎(𝑉,𝑉 ′), that is, the coarsest topology making the
maps 𝑣 ∈ 𝑉 ↦→ ⟨𝑣, 𝑤⟩ continuous for any fixed 𝑤 ∈ 𝑉 ′. As an example, if 𝑉 is the space of finite signed
measures while𝑉 ′ is the space of continuous and bounded functions (resp. continuous and compactly supported
functions), then 𝜎(𝑉,𝑉 ′) coincides with the topology of narrow convergence (resp. weak-★ convergence).

Given a function 𝐹 : 𝑉 → [0, +∞] which is not identically +∞, we define its Legendre transform 𝐹∗ over
𝑉 ′ by, for 𝑤 ∈ 𝑉 ′,

𝐹∗(𝑤) = sup
𝑣∈𝑉

⟨𝑣, 𝑤⟩ − 𝐹 (𝑣).

The Fenchel-Moreau duality [17, Propositions 3.1 and 4.1] implies that, by defining

𝐹∗∗(𝑣) = sup
𝑤∈𝑉 ′

⟨𝑣, 𝑤⟩ − 𝐹∗(𝑤),

then 𝐹∗∗ is the convex and l.s.c. envelope of 𝐹 (for the 𝜎(𝑉,𝑉 ′) topology). In particular, if 𝐹 is convex, l.s.c.
and not identically +∞, then as functions over 𝑉

𝐹∗∗ = 𝐹. (2.1)

Eventually, as it will be useful, we call convex indicator of a set 𝐴 ⊆ 𝑉 the function defined over 𝑉 which
takes the value 0 on 𝐴 and +∞ outside of 𝐴. The usual indicator of the set 𝐴 taking the value 1 on the set and
0 otherwise is 1𝐴.
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Notations for Sobolev spaces As it will not be the focus of this article, we only recall the notations we use
and point to textbooks for more details. When Ω is an open subset of R𝑑 endowed with its Lebesgue measure𝑚
while 𝑘 ≥ 1 is an integer and 𝑝 ∈ (1, +∞), we denote by𝑊 𝑘, 𝑝 (Ω,R𝑞) ⊆ 𝐿0(Ω,R𝑞;𝑚) the set of maps having
all derivatives up to order 𝑘 in 𝐿 𝑝, see for instance [1]. In the case 𝑘 = 1 and 𝑝 = 1, we rather consider the
space BV(Ω,R𝑞) of functions of bounded variations, that is, whose first derivative is a finite (vector-valued)
measure, see [4, Chapter 3].

For a map 𝑢 : Ω ⊆ R𝑑 → R𝑞, we denote by ∇𝑢 its Jacobian matrix, when it exists. It is a 𝑞 × 𝑑

matrix-valued field given as (𝜕𝑥 𝑗
𝑢𝑖)1≤𝑖≤𝑞, 1≤ 𝑗≤𝑑 representing the differential of 𝑢 in the canonical basis of R𝑞

and R𝑑 .

3 The Lagrangian lifting, or the multimarginal optimal transport problem
with an infinity of marginals

We fix 𝑌 a Polish space, which would be the one over which “mass” is transported. The space 𝑋 is the one
indexing the marginals. It is also a Polish space, and is endowed with a finite measure 𝑚 ∈ M+(𝑋).

As described above, the set of measure-valued maps is identified with M𝜋1→𝑚(𝑋×𝑌 ), and is endowed with
the topology of narrow convergence. If 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚), we define 𝝁𝑢 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) as the measure on
𝑋 × 𝑌 defined as (Id, 𝑢)#𝑚. It has first marginal 𝑚 and is characterized by: for every continuous and bounded
function 𝜑 : 𝑋 × 𝑌 → R , ˆ

𝑋×𝑌
𝜑(𝑥, 𝑦) 𝝁𝑢 (d𝑥, d𝑦) =

ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥).

The disintegration of the measure 𝝁𝑢 with respect to its first coordinate is given by (𝛿𝑢(𝑥 ) )𝑥∈𝑋: the notation
𝝁𝑢 is consistent with the one we used in the introduction.

Given 𝐸 : 𝐿0(𝑋,𝑌 ;𝑚) → [0, +∞], we define T̃𝐸 by the formula (1.3), that is, T̃𝐸 (𝝁𝑢) = 𝐸 (𝑢) for
𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚) and +∞ otherwise. In this section, we want to characterize the convex and l.s.c. envelope of
T̃𝐸 , that is, the largest convex and l.s.c. functional on M𝜋1→𝑚(𝑋 × 𝑌 ) below T̃𝐸 .

3.1 The case of functionals of order zero

We start with a case where our whole new framework is too heavy: the case of functionals of order zero,
that is, of functionals 𝐸 which can be written 𝐸 (𝑢) =

´
𝑋×𝑌 𝑓 (𝑥, 𝑢(𝑥)) 𝑚(d𝑥) for some non-negative and l.s.c.

function 𝑓 . Indeed, in this case, the lifting is not only convex, but linear. It is reminiscent of the classical lifting
in optimalization which replaces the minimization of a real-valued function 𝑔 over 𝑌 by the minimization of´
𝑌
𝑔(𝑦) 𝜇(d𝑦) over all probability distributions 𝜇 over 𝑌 in order to convexify the problem. In our case, the

result reads as follows.

Proposition 3.1. Let 𝑓 : 𝑋 × 𝑌 → [0, +∞] a non-negative l.s.c. function. We define 𝐸 on 𝐿0(𝑋,𝑌 ;𝑚) by

𝐸 (𝑢) =
ˆ
𝑋

𝑓 (𝑥, 𝑢(𝑥)) 𝑚(d𝑥).

Then the functional T𝐸 defined on M𝜋1→𝑚(𝑋 × 𝑌 ) by

T𝐸 (𝝁) =
ˆ
𝑋×𝑌

𝑓 (𝑥, 𝑦) 𝝁(d𝑥, d𝑦),

is the convex and l.s.c. envelope of T̃𝐸 . It satisfies in addition T𝐸 (𝝁𝑢) = T̃𝐸 (𝝁𝑢) = 𝐸 (𝑢) for all 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚).
Proof. It is straightforward to prove that T𝐸 is linear and l.s.c. (see Lemma 2.1), and moreover that T𝐸 (𝝁𝑢) =
T̃𝐸 (𝝁𝑢) = 𝐸 (𝑢) for all 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚).

The proof of the maximality of T𝐸 is more delicate and we rely on results proved below. We first claim
that T𝐸 , introduced in Proposition 3.1 coincides with T𝐸 introduced in (3.2) thanks to Proposition 3.5. Thus
Proposition 3.14 shows that any T : M𝜋1→𝑚(𝑋 ×𝑌 ) → [0, +∞] which is convex, l.s.c. and such that T ≤ T̃𝐸
satisfies T ≤ T𝐸 .
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3.2 The multimarginal optimal transport problem with an infinity of marginals

We now move on to the general case: we first define the multimarginal optimal transport problem with an
infinity of marginals, and then show that it characterizes the convex and l.s.c. envelope. As a safety check in
this section, the reader can always take 𝑋 a finite set endowed with 𝑚 the counting measure, which corresponds
ultimately to the case of multimarginal optimal transport with a finite number of marginals indexed by 𝑋 , see
Section 3.3 for more details.

We will consider transport plans 𝑄 as probability measures on the space 𝐿0(𝑋,𝑌 ;𝑚). The first step is to
understand what the marginals of a probability measure 𝑄 are.

Definition 3.2. Let 𝑄 ∈ P(𝐿0(𝑋,𝑌 ;𝑚)) a probability measure on functions, and 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) a
measure on the product space 𝑋 × 𝑌 whose first marginal is 𝑚. We say that 𝑄 ∈ Π(𝝁), to be read “𝑄 has
marginals 𝝁” if: for every continuous and bounded function 𝜑 : 𝑋 × 𝑌 → R , there holds

ˆ
𝑋×𝑌

𝜑(𝑥, 𝑦) 𝝁(d𝑥, d𝑦) =
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥)
)
𝑄(d𝑢).

Standard arguments yield that the identity above can be extended to any measurable and bounded function
𝜑 : 𝑋 × 𝑌 → R . Note that the definition can be read as

𝝁 =

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝝁𝑢𝑄(d𝑢), (3.1)

where the equality holds as elements of M𝜋1→𝑚(𝑋 ×𝑌 ), and the integral in the right hand side is interpreted a
the intensity measure [21, Section 2.1] of the random measure 𝝁𝑢 when 𝑢 is a random map with law 𝑄.
Example 3.3. To give an intuition to the reader, and as we will use it throughout the course of this work, let us
expand what happens if we try to write 𝑄 in “parametric” form to reduce complexity.

Consider a “latent” measurable space 𝑍 , and assume that we have a function Ψ : 𝑋 × 𝑍 → 𝑌 jointly
measurable. For any 𝑧 ∈ 𝑍 , we can look at Ψ(·, 𝑧) = 𝑢𝑧: it yields a measurable function from 𝑋 to 𝑌 . The
map 𝑧 ↦→ 𝑢𝑧 ∈ 𝐿0(𝑋,𝑌 ;𝑚) is measurable thanks to Fubini’s theorem. Thus, for 𝜆 ∈ P(𝑍), we can define
𝑄 = (𝑧 ↦→ 𝑢𝑧)#𝜆 as a probability measure on 𝐿0(𝑋,𝑌 ;𝑚). From a probabilistic point of view, 𝑄 denotes the
law of 𝑢𝑧 = Ψ(·, 𝑧) if the “latent variable” 𝑧 follows the law 𝜆.

For 𝑥 ∈ 𝑋 , let 𝝁𝑄
𝑥 = Ψ(𝑥, ·)#𝜆 ∈ P(𝑌 ). We claim that 𝑄 ∈ Π(𝝁𝑄) where 𝝁𝑄 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) has

disintegration with respect to the first coordinate given by (𝝁𝑄
𝑥 )𝑥∈𝑋. Indeed, for a continuous and bounded

function 𝜑 : 𝑋 × 𝑌 → R we have
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥)
)
𝑄(d𝑢) =

ˆ
𝑍

(ˆ
𝑋

𝜑(𝑥,Ψ(𝑥, 𝑧)) 𝑚(d𝑥)
)
𝜆(d𝑧)

=

ˆ
𝑋

(ˆ
𝑍

𝜑(𝑥,Ψ(𝑥, 𝑧)) 𝜆(d𝑧)
)
𝑚(d𝑥)

=

ˆ
𝑋

(ˆ
𝑌

𝜑(𝑥, 𝑦) 𝝁𝑄
𝑥 (d𝑦)

)
𝑚(d𝑥),

where we have used successively the definition of 𝑄, Fubini’s theorem, and the definition of 𝝁𝑄
𝑥 . In the last

term we recognize the measure whose disintegration with respect to the first coordinate is 𝑚-a.e. equal to
(𝝁𝑄

𝑥 )𝑥∈𝑋, see Theorem 2.3.
Remark 3.4. An interesting case of the example above is when we take for 𝑍 a set of functions. For instance if𝑄
is concentrated on𝐶 (𝑋,𝑌 ) the space of continuous functions then we can take 𝑍 = 𝐶 (𝑋,𝑌 ) and Ψ(𝑥, 𝑢) = 𝑢(𝑥),
and put on 𝑍 the measure𝑄 itself. With 𝑒𝑥 : 𝑢 ↦→ 𝑢(𝑥) ∈ 𝑌 which maps a function 𝑢 ∈ 𝐶 (𝑋,𝑌 ) to its evaluation
at the point 𝑥, we have 𝝁𝑄

𝑥 = 𝑒𝑥#𝑄 ∈ P(𝑌 ). Thus for a 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) with disintegration with respect
to the first coordinate given by (𝝁𝑥)𝑥∈𝑋, Example 3.3 yields

𝑄 ∈ Π(𝝁) ⇔ for 𝑚-a.e. 𝑥 ∈ 𝑋, 𝝁𝑄
𝑥 = 𝝁𝑥 .
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That is, the marginals of the measure 𝑄 are given by the collection 𝝁𝑄
𝑥 = 𝑒𝑥#𝑄 for 𝑥 ∈ 𝑋 .

The problem to extend this computation to an arbitrary 𝑄 ∈ P(𝐿0(𝑋,𝑌 ;𝑚)) relies on the evaluation
operator: indeed as the elements of 𝐿0(𝑋,𝑌 ;𝑚) are only defined 𝑚-a.e., 𝑒𝑥 : 𝑢 ↦→ 𝑢(𝑥) is a priori not
well-defined, nor measurable, on 𝐿0(𝑋,𝑌 ;𝑚). That is why in this latter case we resort to Definition 3.2.

The set Π(𝝁) is actually never empty in our setting, that is, for 𝑋,𝑌 Polish spaces. If 𝑋 were countable it
would be enough to take the independent coupling. In the general case we reason as follows.

Proposition 3.5. Let 𝑋,𝑌 be Polish spaces, 𝑚 ∈ M+(𝑋) and 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ). Then Π(𝝁) is not empty.

Proof. We can find a Borel isomorphism of 𝑌 with a subset of the real line R [21, Theorem 1.1], and thus
without loss of generality we consider the case 𝑌 = R . We write (𝝁𝑥)𝑥∈𝑋 for the disintegration of the measure
𝝁 with respect to the first coordinate. For 𝑡 ∈ R and 𝑥 ∈ 𝑋 , we define the cumulative distribution function
𝐹 (𝑥, 𝑡) = 𝝁𝑥 ((−∞, 𝑡]) ∈ [0, 1]. Then for each 𝑥 ∈ 𝑋 we look at Ψ(𝑥, ·) = 𝐹 [−1] (𝑥, ·) its generalized inverse,
or quantile function, see [33, Definition 2.1]. The function Ψ is jointly measurable as can be seen by an easy
adaptation of the arguments for the Carathéodory case [3, Lemma 4.51], using here thatΨ(𝑥, ·) is non-decreasing
and left continuous for any 𝑥 ∈ 𝑋 . Calling 𝜆 the Lebesgue measure on [0, 1], there holds Ψ(𝑥, ·)#𝜆 = 𝝁𝑥 for
𝑚-a.e. 𝑥 ∈ 𝑋 [33, Proposition 2.2]. For 𝑧 ∈ [0, 1], we can look at the function 𝑢𝑧 : 𝑥 ↦→ Ψ(𝑥, 𝑧) which belongs
to 𝐿0(𝑋,R ;𝑚). We define𝑄 as𝑄 = (𝑧 ↦→ 𝑢𝑧)#𝜆, this defines a probability distribution over 𝐿0(𝑋,R ;𝑚). The
computations of Example 3.3 guarantee that 𝑄 ∈ Π(𝝁) as 𝝁𝑄

𝑥 = Ψ(𝑥, ·)#𝜆 = 𝝁𝑥 at least for 𝑚-a.e. 𝑥 ∈ 𝑋 .

We now have all the tools at our disposal to state the multimarginal optimal transport problem with an
infinity of marginals.

Definition 3.6. Let 𝐸 : 𝐿0(𝑋,𝑌 ;𝑚) → [0, +∞] a non-negative measurable function and 𝝁 ∈ M𝜋1→𝑚(𝑋 ×𝑌 ).
We consider

T𝐸 (𝝁) = inf
𝑄

{ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢) : 𝑄 ∈ P(𝐿0(𝑋,𝑌 ;𝑚)) such that 𝑄 ∈ Π(𝝁)
}
. (3.2)

Abstractly, it can still be seen as an infinite dimensional linear program, with the minimization of the linear
function 𝑄 ↦→

´
𝐸 d𝑄 under the convex linear constraint 𝑄 ∈ Π(𝝁).

Remark 3.7. Requiring 𝐸 to be defined over the whole 𝐿0(𝑋,𝑌 ;𝑚) is not a limitation as it is allowed to take the
value +∞: indeed a functional defined on a subset of 𝐿0(𝑋,𝑌 ;𝑚) can always be extended to 𝐿0(𝑋,𝑌 ;𝑚) by
setting to +∞ outside of its natural domain of definition. Actually this will be the case for most of the examples
we will consider.
Example 3.8. We continue Example 3.3 in the case 𝑋 = Ω is a subset of R𝑑 endowed with 𝑚 the Lebesgue
measure and𝑌 = R𝑞, while we assume that 𝐸 is of the form 𝑢 ↦→

´
𝑊 (∇𝑢). Then for𝑄 given as in Example 3.3

we have ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢) =
ˆ
𝑍

(ˆ
Ω

𝑊 (∇𝑥Ψ(𝑥, 𝑧)) d𝑥
)
𝜆(d𝑧).

Of course with this method one only “generates” feasible 𝑄’s with no guarantee of finding the optimal one.
We now want to move to our main theorem which characterizes T𝐸 as the convex and l.s.c. envelope of T̃𝐸 .

It will require an additional assumption to get tightness of (a subset of) Π(𝝁). The idea is that this tightness
comes from an interaction between the tightness of the marginals 𝝁 but also the coercivity of the functional 𝐸 .
When 𝑋 is finite the tightness of the marginals is enough, but not in the general case. We phrase the general
condition as the following assumption.

Assumption A. The functional 𝐸 : 𝐿0(𝑋,𝑌 ;𝑚) → [0, +∞] is l.s.c. and is such that: for every function
𝜓 : 𝑌 → [0, +∞) with compact sublevel sets, the function

𝑢 ↦→ 𝐸 (𝑢) +
ˆ
𝑋

𝜓(𝑢(𝑥)) 𝑚(d𝑥)

has relatively compact sublevel sets for the 𝐿0(𝑋,𝑌 ;𝑚) topology.
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We refer to Appendix A.1 for sufficient conditions for Assumption A to hold, in particular for functionals of
the form (1.2). It relies on the standard techniques to prove existence of a minimizer in calculus of variations.
Under this assumption we now state our main result.

Theorem 3.9. Let 𝑋,𝑌 be Polish spaces, 𝑚 ∈ M+(𝑋) a finite non-negative measure on 𝑋 and a functional
𝐸 : 𝐿0(𝑋,𝑌 ;𝑚) → [0, +∞] which satisfies Assumption A.

Then the functional T𝐸 is the convex and lower semi-continuous envelope of T̃𝐸 , and it satisfies T𝐸 (𝝁𝑢) =
T̃𝐸 (𝝁𝑢) = 𝐸 (𝑢) for all 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚). In addition, for any 𝝁 ∈ M𝜋1→𝑚(𝑋 ×𝑌 ) we have the duality formula

T𝐸 (𝝁) = sup
𝜑

{ ˆ
𝑋×𝑌

𝜑(𝑥, 𝑦) 𝝁(d𝑥, d𝑦) : 𝜑 ∈ 𝐶𝑏 (𝑋 × 𝑌 )

and ∀𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚),
ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥) ≤ 𝐸 (𝑢)
}
. (3.3)

Remark 3.10. It is easy to check that, under the setting of Proposition 3.1, the functional T𝐸 introduced in
Proposition 3.1 coincides with T𝐸 introduced in (3.2). In particular it shows that Assumption A is not a
necessary condition for T𝐸 to coincide with the convex and l.s.c. envelope of T̃𝐸 .

The rest of this section is dedicated to the proof of this theorem, which will be broken down in intermediate
results interesting in their own right. Let us first collect the easy results which hold even if Assumption A does
not hold.

Lemma 3.11. The function 𝝁 ↦→ T𝐸 (𝝁) is convex over M𝜋1→𝑚(𝑋 × 𝑌 ), and for every 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚) it
satisfies T𝐸 (𝝁𝑢) = 𝐸 (𝑢).

Proof. Convexity if straightforward: let 𝝁1, 𝝁2 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) and take also 𝜆 ∈ [0, 1]. For any 𝑄1, 𝑄2 in
respectively Π(𝝁1),Π(𝝁2) (which are never empty), it is clear that (1 − 𝜆)𝑄1 + 𝜆𝑄2 ∈ Π((1 − 𝜆)𝝁1 + 𝜆𝝁2).
Thus, by linearity of the integral,

T𝐸 ((1 − 𝜆)𝝁1 + 𝜆𝝁2) ≤
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢) [(1 − 𝜆)𝑄1 + 𝜆𝑄2] (d𝑢)

= (1 − 𝜆)
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄1(d𝑢) + 𝜆
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄2(d𝑢).

Taking the infimum in 𝑄1, 𝑄2 yields convexity.
Then, assume that 𝝁 = 𝝁𝑢. In this case we claim that Π(𝝁𝑢) = {𝛿𝑢} and this yields T𝐸 (𝝁𝑢) = 𝐸 (𝑢). To

prove the claim, following the formulation (3.1), it is enough to notice that the measure 𝝁𝑢 is an extreme point
of the set of measures with first marginal 𝑚. To prove this extremality property, note that if 𝝁𝑢 = (𝝁1 + 𝝁2)/2
for 𝝁1, 𝝁2 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ), then by disintegration for 𝑚-a.e. 𝑥 ∈ 𝑋 , we have 𝛿𝑢(𝑥 ) = (𝝁1,𝑥 + 𝝁2,𝑥)/2, being
(𝝁1,𝑥)𝑥∈𝑋 and (𝝁2,𝑥)𝑥∈𝑋 the disintegrations of respectively 𝝁1 and 𝝁2 with respect to the first variable. As
Dirac masses are extreme points of the set of probability distributions, 𝝁1,𝑥 = 𝝁2,𝑥 = 𝛿𝑢(𝑥 ) for 𝑚-a.e. 𝑥 ∈ 𝑋 ,
thus 𝝁1 = 𝝁2 = 𝝁𝑢 and the conclusion follows.

Let us then state the key technical lemma which justifies the introduction of Assumption A.

Lemma 3.12. Assume that Assumption A holds. Let K be a tight set of M𝜋1→𝑚(𝑋 ×𝑌 ) and 𝐶 ∈ R . Then the
set

Π≤𝐶 (K) :=
{
𝑄 ∈ P(𝐿0(𝑋,𝑌 ;𝑚)) : 𝑄 ∈ Π(𝝁) for some 𝝁 ∈ K and

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢) ≤ 𝐶
}

is tight for the topology of 𝐿0(𝑋,𝑌 ;𝑚) convergence.
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Proof. Note that Assumption A implies that the sublevel sets of 𝑢 ↦→ 𝐸 (𝑢) +
´
𝑋
𝜓(𝑢) d𝑚 are not only relatively

compact, but also compact, as the function 𝜓 is l.s.c. (having compact thus closed sublevel sets) and thus
𝑢 ↦→

´
𝑋
𝜓(𝑢) d𝑚 is l.s.c. for the convergence in 𝐿0(𝑋,𝑌 ;𝑚) by Fatou’s lemma.

We then proceed to prove the lemma. As K is tight, so is its projection onto 𝑌 . By [5, Remark 5.1.5] we
can find 𝜓 : 𝑌 → [0, +∞) a function with compact sublevel set such that

sup
𝝁∈K

ˆ
𝜓(𝑦) 𝝁(d𝑥, d𝑦) < +∞.

Using the definition of 𝑄 having given marginals we deduce

sup
𝑄∈Π≤𝐶 (K)

{ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(
𝐸 (𝑢) +

ˆ
𝑋

𝜓(𝑢(𝑥)) 𝑚(d𝑥)
)
𝑄(d𝑢)

}
≤ 𝐶 + sup

𝝁∈K

ˆ
𝜓(𝑦) 𝝁(d𝑥, d𝑦) < +∞.

Following [5, Remark 5.1.5], Assumption A is enough to conclude to the tightness of Π≤𝐶 (K).

With the help of this lemma we can prove existence of an optimal coupling𝑄 and the lower semi-continuity
of T𝐸 .

Proposition 3.13. Assume that Assumption A holds. If 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) is such that T𝐸 (𝝁) < +∞, then
the infimum in (3.2) is attained. Moreover, the function T𝐸 is lower semi-continuous for the topology of narrow
convergence on M𝜋1→𝑚(𝑋 × 𝑌 ).

Proof. Let us first prove existence of a solution providedT𝐸 (𝝁) < +∞. Take 𝝁 ∈ M𝜋1→𝑚(𝑋×𝑌 ) and𝑄 ∈ Π(𝝁)
such that𝐶 :=

´
𝐸 (𝑢)𝑄(d𝑢) < +∞. Lemma 3.12 implies that the setΠ≤𝐶 ({𝝁}) is tight thus relatively compact

for the topology of narrow convergence, and it is non empty. As moreover𝑄 ↦→
´
𝐸 (𝑢)𝑄(d𝑢) is l.s.c. for such

topology thanks to Lemma 2.1, the direct method of calculus of variations yields the result.
Then let us move to lower semi-continuity. We take a sequence (𝝁𝑛)𝑛≥1 inM𝜋1→𝑚(𝑋×𝑌 ) which converges

narrowly to 𝝁, and we assume without loss of generality that 𝐶 := lim inf𝑛 T𝐸 (𝝁𝑛) < +∞. For each 𝑛, let
𝑄𝑛 ∈ Π(𝝁𝑛) attaining the infimum. Building K = {𝝁} ∪⋃

𝑛{𝝁𝑛}, this set is compact thus tight, and moreover
𝑄𝑛 ∈ Π≤𝐶+1(K), at least for 𝑛 along a subsequence. Lemma 3.12 guarantees that we can extract a subsequence
of (𝑄𝑛)𝑛≥1 which converges narrowly to 𝑄, which we do not relabel. Using directly the definition of having
marginals 𝝁, it is not hard to pass to the limit the relation 𝑄𝑛 ∈ Π(𝝁𝑛) to see that 𝑄 ∈ Π(𝝁). Thus we get

T𝐸 (𝝁) ≤
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢) ≤ lim inf
𝑛→+∞

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄𝑛 (d𝑢) = lim inf
𝑛→+∞

T𝐸 (𝝁𝑛),

where in the second inequality we use again the lower semi-continuity of 𝑄 ↦→
´
𝐸 (𝑢)𝑄(d𝑢) for the topology

of narrow convergence, justified by Lemma 2.1.

On the other hand the functional T𝐸 is an upper bound for any convex and l.s.c. functional satisfying the
lifting identity even if Assumption A does not hold.

Proposition 3.14. Let us take T : M𝜋1→𝑚(𝑋 × 𝑌 ) → [0, +∞] convex and l.s.c. such that T (𝝁𝑢) ≤ 𝐸 (𝑢) for
all 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚). Then T ≤ T𝐸 .

Proof. Fixing 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) we want to prove T (𝝁) ≤ T𝐸 (𝝁). For any 𝑄 ∈ Π(𝝁),

T (𝝁) = T
(ˆ

𝐿0 (𝑋,𝑌 ;𝑚)
𝝁𝑢𝑄(d𝑢)

)
≤
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

T (𝝁𝑢)𝑄(d𝑢) ≤
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 (𝑢)𝑄(d𝑢),

and taking the infimum in 𝑄 ∈ Π(𝝁) yields the conclusion. The only delicate step here is the first inequality,
namely Jensen’s inequality, that we detail now. We obtain it following the standard proof: being convex and
l.s.c. for the topology of narrow convergence, the functional T is the supremum of affine functionals, see (2.1):

T (𝝁) = sup
𝜑∈𝐶𝑏 (𝑋×𝑌 )

{ˆ
𝑋×𝑌

𝜑 d𝝁 − T ∗(𝜑)
}
.
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For any 𝜑 ∈ 𝐶𝑏 (𝑋 × 𝑌 ), thanks to the definition of Π(𝝁),
ˆ
𝑋×𝑌

𝜑 d𝝁 − T ∗(𝜑) =
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(ˆ
𝑋×𝑌

𝜑 d𝝁𝑢 − T ∗(𝜑)
)
𝑄(d𝑢) ≤

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

T (𝝁𝑢)𝑄(d𝑢).

Taking the supremum in 𝜑 in the left hand side yields Jensen’s inequality and concludes the proof.

Proof Theorem 3.9. Lemma 3.11 and Proposition 3.13 guarantee thatT𝐸 is convex, l.s.c. and satisfiesT𝐸 (𝝁𝑢) =
𝐸 (𝑢) for all 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚). On the other hand Proposition 3.14 proves thatT𝐸 is the l.s.c. and convex envelope
of T̃𝐸 .

Eventually following the approach of [35], we prove the second part of Theorem 3.9, that is, the duality
formula (3.3). We extend T𝐸 by 1-homogeneity over M+(𝑋 × 𝑌 ), and then by +∞ for measures which are not
non-negative. That is, for 𝝁 ∈ M(𝑋 × 𝑌 ) we define

F (𝝁) =


𝜆T𝐸 (𝝁/𝜆) if 𝝁/𝜆 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ) for some 𝜆 ∈ (0, +∞),
0 if 𝝁 = 0,
+∞ otherwise.

As T𝐸 is convex and l.s.c., the function F is easily checked to still be convex and l.s.c. for the topology of
narrow convergence. Thus it is equal to F ∗∗ its double Legendre transform, see (2.1). Computing the Legendre
transform over 𝐶𝑏 (𝑋 × 𝑌 ):

F ∗(𝜑) = sup
𝝁,𝑄,𝜆

{
𝜆

ˆ
𝑋

𝜑 d𝝁 − 𝜆
ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

𝐸 d𝑄 : 𝝁 ∈ M𝜋1→𝑚(𝑋 × 𝑌 ), 𝑄 ∈ Π(𝝁) and 𝜆 ∈ [0, +∞)
}

= sup
𝑄,𝜆

{
𝜆

ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥) − 𝐸 (𝑢)
)
𝑄(d𝑢) : 𝑄 ∈ P(𝐿0(𝑋,𝑌 ;𝑚)) and 𝜆 ∈ [0, +∞)

}
= sup

𝑄̃

{ˆ
𝐿0 (𝑋,𝑌 ;𝑚)

(ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥) − 𝐸 (𝑢)
)
𝑄̃(d𝑢)

}
where the supremum is now taken over all 𝑄̃ non-negative measure on 𝐿0(𝑋,𝑌 ;𝑚), and not only probability
measure. Thus taking the supremum yields +∞ except if the integrand is non-positive, that is, if 𝜑 ∈ C where

C =

{
𝜑 ∈ 𝐶𝑏 (𝑋 × 𝑌 ) : ∀𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚),

ˆ
𝑋

𝜑(𝑥, 𝑢(𝑥)) 𝑚(d𝑥) ≤ 𝐸 (𝑢)
}
.

Thus F ∗ is the convex indicator of C. Writing T𝐸 (𝝁) = F ∗∗(𝝁) yields the theorem.

3.3 Reinterpreting already known results

In this section, we make briefly the link between some well established results in the literature and the framework
we just presented.

The multimarginal optimal transport problem We take 𝑋 = {1, 2, . . . , 𝑁} a finite space. We endow it
with 𝑚 the counting measure. In that case 𝐿0(𝑋,𝑌 ;𝑚) reduces to 𝑌𝑁 with the product topology, and thus 𝐸
becomes a l.s.c. function from 𝑌𝑁 to [0, +∞] that we denote by 𝑐.

A measure 𝝁 on 𝑋 × 𝑌 coincides with the collection of 𝑁 measures 𝜇1, . . . , 𝜇𝑁 corresponding to 𝜇𝑘 =

𝝁({𝑘} ×𝑌 ) for any 𝑘 ∈ {1, . . . 𝑁}. Thus M𝜋1→𝑚(𝑋 ×𝑌 ) is in bijection with P(𝑌 )𝑁 , and this is true as well for
the topology on these spaces. Moreover, a probability distribution 𝑄 over 𝑌𝑁 belongs to Π(𝝁) if its marginals
are 𝜇1, . . . , 𝜇𝑁 following Remark 3.4. We write Π(𝜇1, . . . , 𝜇𝑁 ) rather than Π(𝝁) in this case. In summary,

T𝑐 (𝜇1, . . . , 𝜇𝑁 ) = min
𝑄

{ˆ
𝑌𝑁

𝑐(𝑦1, . . . , 𝑦𝑁 )𝑄(d𝑦1, . . . , d𝑦𝑁 ) : 𝑄 ∈ P(𝑌𝑁 ) and 𝑄 ∈ Π(𝜇1, . . . , 𝜇𝑁 )
}
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coincides with the value of the multimarginal optimal transport problem [29] with cost 𝑐. Moreover, the cost
function 𝑐 always satisfies Assumption A, as actually the function (𝑦1, . . . , 𝑦𝑁 ) ↦→ 𝜓(𝑦1) + . . . + 𝜓(𝑦𝑁 ) has
always compact sublevel sets in𝑌𝑁 if 𝜓 has compact sublevel sets in𝑌 . This is well known for classical optimal
transport: the tightness needed to get existence of an optimal transport plan comes only from tightness of the
marginals, not from the coercivity of the cost function 𝑐. Theorem 3.9 reads as follows in this context.

Theorem 3.15. If 𝑌 is a Polish space, then the functional T𝑐 is the convex and lower semi-continuous envelope
of the functional T̃𝑐 defined on P(𝑌 )𝑁 by T̃ (𝛿𝑦1 , . . . , 𝛿𝑦𝑁 ) = 𝑐(𝑦1, . . . , 𝑦𝑁 ) for any (𝑦1, . . . , 𝑦𝑁 ) ∈ 𝑌𝑁 and
+∞ otherwise.

Of course, one does not need all of our machinery to prove the result: a straightforward adaptation of the
arguments of [35] would yield it, in the more general setting where 𝑌 is a completely regular space.

Measures on curves and curves of measures A more elaborate case, but already well studied, is when one
faces curves of measures, that is, when 𝑋 = 𝐼 = [0, 1] is a segment of R endowed with 𝑚 the Lebesgue
measure. We also take 𝑌 = R𝑞 a Euclidean space to simplify the presentation, more general settings are
covered in the references [26, 5] cited in the introduction. In this case we will only consider, for 𝑝 ∈ (1, +∞)
an exponent and 𝑘 ≥ 1 an integer, the functional

𝐸 (𝑢) =


1
𝑝

ˆ 1

0
|𝑢 (𝑘 ) (𝑡) |𝑝 d𝑡 if 𝑢 ∈ 𝑊 𝑘, 𝑝 (𝐼,R𝑞),

+∞ otherwise,
(3.4)

being 𝑢 (𝑘 ) the 𝑘-th derivative of the function 𝑢. As proved in Proposition A.1 deferred in the appendix, this
functional 𝐸 always satisfies Assumption A. Contrary to the case of multimarginal optimal transport, here
coercivity of 𝐸 really matters.

In this case, we are in the framework of Remark 3.4, as any 𝑄 “measure on curves” yielding finite cost´
𝐸 d𝑄 is concentrated on continuous functions from 𝐼 to R𝑞. We denote by 𝑒𝑡 : 𝐶 (𝐼,R𝑞) → R𝑞 the

evaluation map at time 𝑡 ∈ [0, 1]. Furthermore, following Remark 3.4, for any 𝑄 with finite cost the curve of
marginals 𝑡 ↦→ 𝑒𝑡#𝑄 will be continuous for the topology of narrow convergence. Thus the lifted functional
reads as follows for a “curve of measures” (𝜇𝑡 )𝑡∈𝐼 which is narrowly continuous

T𝐸 ((𝜇𝑡 )𝑡∈𝐼 ) = min
𝑄

{ˆ
𝑊𝑘,𝑝 (𝐼,R𝑞 )

1
𝑝

ˆ 1

0
|𝑢 (𝑘 ) (𝑡) |𝑝 d𝑡 : 𝑄 ∈ P(𝑊 𝑘, 𝑝 (𝐼,R𝑞)) and ∀𝑡 ∈ 𝐼, 𝑒𝑡#𝑄 = 𝜇𝑡

}
.

With Theorem 3.9 we see that it is the convex and l.s.c. envelope of T̃𝐸 .
The lifted functional T𝐸 is central in the optimal transport theory as discussed in the introduction: the case

𝑘 = 1 relates to the velocity of curves in Wasserstein space, and the case 𝑘 = 2 and 𝑝 = 2 is linked to splines in
the Wasserstein space.

4 The Eulerian lifting for functionals depending only on first order
derivatives

In this section we introduce the Eulerian lifting T𝐸,Eul and present its main properties. We will discuss the
difference between T𝐸,Eul and T𝐸 in the next section. We concentrate on the case where 𝑋 = Ω is an open
bounded subset of R𝑑 with 𝑑 ≥ 1, while 𝑌 = R𝑞 is a Euclidean space. We take 𝑚 to be the Lebesgue measure
restricted to Ω, and we denote integration with respect to it by d𝑥. We are interested in functionals 𝐸 of the
form (1.2), that is,

𝑢 ↦→
ˆ
Ω

𝑊 (∇𝑢(𝑥)) d𝑥 +
ˆ
Ω

𝑓 (𝑥, 𝑢(𝑥)) d𝑥.
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The second part 𝑢 ↦→
´
Ω
𝑓 (𝑥, 𝑢(𝑥)) d𝑥 of the functional has already been dealt with in Proposition 3.1, and

can be lifted without any problem as it becomes linear. The more involved part is 𝑢 ↦→
´
𝑊 (∇𝑢), so we will

consider only this case in this section.
Some lifted version T𝐸,Eul mimicking the “fluid dynamic” formulation (1.5) for curves of measures, or

“Eulerian” formulation, has already been proposed as discussed in the introduction. We will introduce T𝐸,Eul,
present some results about well-posedness, dual formulation and lifting identity. Most of the results can already
be found in the literature, either in a slightly more specific or slightly more general setting. We only require the
following on𝑊 .

Assumption B. The function𝑊 : R𝑞𝑑 → [0, +∞) is convex and finite everywhere on R𝑞𝑑 . Moreover, it grows
at least like |𝑣 |𝑝 for 𝑝 ∈ [1, +∞) in the sense

𝑊 (𝑣) ≥ 𝐶1 |𝑣 |𝑝 − 𝐶2,

for some 𝐶1 > 0 and 𝐶2 ≥ 0. Here, | · | denotes any norm on the space of matrices.

Remark 4.1. It could be possible to allow 𝑊 to depend on 𝑥, that is, to take a functional of the form 𝑢 ↦→´
Ω
𝑊 (𝑥,∇(𝑢)) d𝑥. Though we think most of the results of this section to carry through without any major

difficulty, it is not the case for the next section as Lemma A.4 would break down. Thus we stick to𝑊 independent
of 𝑥.

For such a function𝑊 , we define its recession function [4, Definition 2.32], written𝑊 ′
∞, by

𝑊 ′
∞(𝑣) = lim

𝑡→+∞
𝑊 (𝑡𝑣)
𝑡

,

which is well-defined thanks the convexity of 𝑊 . It is 1-homoegenous, convex, and moreover under Assump-
tion B

𝑊 ′
∞(𝑣) ≥

{
𝐶1 |𝑣 | if 𝑝 = 1,
+∞ if 𝑝 > 1, 𝑣 ≠ 0.

(4.1)

We also define its Legendre transform𝑊∗(𝑟) = sup𝑣 𝑟 · 𝑣 −𝑊 (𝑣). Under Assumption B we can check that𝑊∗

is defined at least on a neighborhood of 0.

Definition 4.2. Let𝑊 which satisfies Assumption B. We define 𝐸 (𝑢) ∈ [0, +∞] for 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚) as

𝐸 (𝑢) =

ˆ
Ω

𝑊 (∇𝑎𝑢(𝑥)) d𝑥 +
ˆ
Ω

𝑊 ′
∞

(
d∇𝑠𝑢

d|∇𝑠𝑢 |

)
d|∇𝑠𝑢 | if 𝑢 ∈ BV(Ω,R𝑞),

+∞ otherwise,

being ∇𝑢 = (∇𝑎𝑢)𝑚 + ∇𝑠𝑢 the Radon-Nikodym decomposition of the distributional Jacobian matrix of 𝑢 with
respect to the Lebesgue measure.

In the case 𝑝 > 1, the second term forces ∇𝑠𝑢 = 0 for 𝐸 (𝑢) to be finite, and thus 𝐸 has the simpler expression

𝐸 (𝑢) =

ˆ
Ω

𝑊 (∇𝑢(𝑥)) d𝑥 if 𝑢 ∈ 𝑊1, 𝑝 (Ω,R𝑞),

+∞ otherwise.

The case 𝑝 = 1 requires special care as usual for functions with sublinear growth in the calculus of variations.
As we prove in Appendix A.1, specifically in Proposition A.1 and Proposition A.2, the functional 𝐸 is l.s.c. for
the topology of 𝐿0(Ω,R𝑞;𝑚) convergence and satisfies Assumption A, including for the case 𝑝 = 1.

Next we move on to the definition of T𝐸,Eul, built by mimicking the fluid dynamic formulation for measure-
valued curves (1.5). We add an additional variable 𝐽, a 𝑞 × 𝑑 matrix-valued measure on Ω×R𝑞, that we see as
the collection of 𝑞 × 𝑑 signed measures. If it exists, its density with respect to 𝝁, called 𝑣 in the introduction,
could be interpreted as the “density of Jacobian matrix”.
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Definition 4.3. For 𝝁 ∈ M+(Ω × R𝑞) and 𝐽 ∈ M(Ω × R𝑞)𝑞𝑑 , writing 𝐽 = 𝑣𝝁 + 𝐽⊥ the Radon-Nikodym
decomposition of 𝐽 with respect to 𝝁, we define

B𝑊 (𝝁, 𝐽) =
ˆ
Ω×R𝑞

𝑊 (𝑣(𝑥, 𝑦)) 𝝁(d𝑥, d𝑦) +
ˆ
Ω×R𝑞

𝑊 ′
∞

(
d𝐽⊥

d|𝐽⊥ |

)
d|𝐽⊥ |.

Note that if 𝑝 > 1 then thanks to (4.1) the second term is the convex indicator of the set |𝐽⊥ | (Ω×R𝑞) = 0, that
is, of the constraint 𝐽 ≪ 𝝁. We defer to Appendix A.2 for some standard properties of the functional B𝑊 .

Eventually we add a constraint ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0 and minimize over 𝐽 to obtain T𝐸,Eul. Expanded in
coordinates it reads:

∀ 𝑗 ∈ {1, 2, . . . , 𝑑}, 𝜕𝑥 𝑗
𝝁 +

𝑞∑︁
𝑖=1

𝜕𝑦𝑖 𝐽𝑖 𝑗 = 0,

where 𝐽𝑖 𝑗 for 𝑖 ∈ {1, 2, . . . , 𝑞} and 𝑗 ∈ {1, 2, . . . , 𝑑} correspond to the entries of the matrix-valued measure
𝐽. We will impose this constraint in a weak sense: to express it we will need test functions 𝜑 = (𝜑 𝑗)1≤ 𝑗≤𝑑 :
Ω × R𝑞 → R𝑑 , for which we define the differential operators ∇𝑥 · 𝜑 and ∇𝑦𝜑, respectively real-valued and
𝑞 × 𝑑 matrix-valued, by:

∇𝑥 · 𝜑 =

𝑑∑︁
𝑗=1
𝜕𝑥 𝑗
𝜑 𝑗 , ∇𝑦𝜑 =

(
𝜕𝑦𝑖𝜑 𝑗

)
1≤𝑖≤𝑞, 1≤ 𝑗≤𝑑 .

Remark 4.4. We do a small abuse of notations in order to lighten them: here we see ∇𝑦𝜑 as a 𝑞 × 𝑑 matrix, so
it would rather correspond to the transpose of the Jacobian matrix of the map 𝜑 with respect to the 𝑦 variables,
which is rather a 𝑞 × 𝑑 matrix. Thanks to this convention, ∇𝑦𝜑 and 𝐽 have both the same dimension.

Definition 4.5. For 𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞) we define

T𝐸,Eul(𝝁) = min
𝐽

{
B𝑊 (𝝁, 𝐽) : 𝐽 ∈ M(Ω ×R𝑞)𝑞𝑑 such that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0

}
,

where the equation ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0 is understood in a weak sense, that is, for every smooth compactly
supported test function 𝜑 : Ω ×R𝑞 → R𝑑 ,

ˆ
Ω×R𝑞

∇𝑥 · 𝜑(𝑥, 𝑦) 𝝁(d𝑥, d𝑦) +
ˆ
Ω×R𝑞

∇𝑦𝜑(𝑥, 𝑦) · 𝐽 (d𝑥, d𝑦) = 0.

Following Remark 4.4, this equation reads in coordinates:

𝑑∑︁
𝑗=1

ˆ
Ω×R𝑞

𝜕𝑥 𝑗
𝜑 𝑗 d𝝁 +

𝑞∑︁
𝑖=1

𝑑∑︁
𝑗=1

ˆ
Ω×R𝑞

𝜕𝑦𝑖𝜑 𝑗 d𝐽𝑖 𝑗 = 0.

Now that we have our definition, there are a few properties that we want to collect: first that T𝐸,Eul is convex
and l.s.c., and then a duality formula which enable to prove that T𝐸,Eul coincides with T̃𝐸 on maps 𝝁𝑢 with
𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚).

Lemma 4.6. For 𝝁 ∈ M𝜋1→𝑚(Ω × R𝑞) such that T𝐸,Eul(𝝁,Ω) < +∞, there exists 𝐽 ∈ M(Ω × R𝑞)𝑞𝑑 such
that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0 in a weak sense and T𝐸,Eul(𝝁) = B𝑊 (𝝁, 𝐽). Such a measure 𝐽 is said tangent to 𝝁.

If𝑊 is strictly convex, then there exists a unique tangent 𝐽.

Proof. We use the direct method of calculus of variations. For a minimizing sequence (𝐽𝑛)𝑛∈N the estimate (A.1)
guarantees that the mass of |𝐽𝑛 | is bounded, thus weak-★ converges. Lower semi-continuity of B𝑊 together
with closedness of the continuity equation in its weak form with respect to weak-★ convergence enable to
conclude.
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Proposition 4.7. The functional T𝐸,Eul is convex and lower semi-continuous over M𝜋1→𝑚(Ω ×R𝑞).

Proof. Convexity is straightforward. Take 𝝁1, 𝝁2 ∈ M𝜋1→𝑚(Ω × R𝑞) and take 𝐽1, 𝐽2 ∈ M(Ω × R𝑞)𝑞𝑑
tangent to respectively 𝝁1 and 𝝁2. If 𝝁 = (1 − 𝜆)𝝁1 + 𝜆𝝁2 for 𝜆 ∈ [0, 1], then with 𝐽 = (1 − 𝜆)𝐽1 + 𝜆𝐽2 it is
clear by linearity that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0. Moreover, by joint convexity of B𝑊 (see Proposition A.3) we have
B𝑊 (𝝁, 𝐽) ≤ (1 − 𝜆)B𝑊 (𝝁1, 𝐽1) + 𝜆B𝑊 (𝝁2, 𝐽2) and this is enough to conclude.

Then we proceed to lower semi-continuity. To that end, if (𝝁𝑛)𝑛≥1 is a sequence in M𝜋1→𝑚(Ω × R𝑞)
converging narrowly to 𝝁 with lim inf𝑛 T𝐸,Eul(𝝁𝑛) < +∞, we take 𝐽𝑛 the tangent measure to 𝝁𝑛 for any 𝑛.
Then, again thanks to (A.1) the sequence of measure (𝐽𝑛)𝑛∈N converges weak-★, up to extraction, to some 𝐽.
Taking the weak limit of ∇𝑥𝝁𝑛 + ∇𝑦 · 𝐽𝑛 = 0 yields ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0, and the (joint) lower semi-continuity of
B𝑊 (see Proposition A.3) yields

T𝐸,Eul(𝝁) ≤ B𝑊 (𝝁, 𝐽) ≤ lim inf
𝑛→+∞

B𝑊 (𝝁𝑛, 𝐽𝑛) = lim inf
𝑛→+∞

T𝐸,Eul(𝝁𝑛).

We move to a duality formula, which is not surprising as the problem defining T𝐸,Eul(𝝁) is a convex
optimization problem with a linear constraint. The duality can be thought as “𝝁 is given and only 𝐽 is the
optimization variable”, and is an easy adaptation of the techniques we learned in [34], originally taken from [8].

Theorem 4.8 (duality for T𝐸,Eul). If𝑊 satisfies Assumption B, for any 𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞), there holds

T𝐸,Eul(𝝁) = sup
𝜑

{
−
ˆ
Ω×R𝑞

(
∇𝑥 · 𝜑 +𝑊∗(∇𝑦𝜑)

)
d𝝁 : 𝜑 ∈ 𝐶1

𝑐 (Ω ×R𝑞,R𝑑)

and𝑊∗(∇𝑦𝜑) < +∞ on Ω ×R𝑞

}
. (4.2)

Proof. Let us introduce 𝑉 the set of R𝑑-valued distributions over Ω × R𝑞 which can be written ∇𝑦 · 𝐽 for a
measure 𝐽 ∈ M(Ω ×R𝑞)𝑞𝑑 . We also introduce 𝑉 ′ = 𝐶1

𝑐 (Ω ×R𝑞,R𝑑) the set of 𝐶1 and compactly supported
functions in Ω ×R𝑞 and valued in R𝑑 . There is a natural non-degenerate pairing ⟨·, ·⟩𝑉,𝑉 ′ between 𝑉 and 𝑉 ′:
the one between distributions and functions.

We introduce over 𝑉 the function F : 𝑉 → [0, +∞] defined by

F (ℎ) = min
𝐽

{
B𝑊 (𝝁, 𝐽) : 𝐽 ∈ M(Ω ×R𝑞)𝑞𝑑 such that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = ℎ

}
,

in such a way that F (0) = T𝐸,Eul(𝝁). The same arguments as in Proposition 4.7 prove that F is convex and
l.s.c. for the 𝜎(𝑉,𝑉 ′) topology, hence it is equal to its double Legendre transform. The Legendre transform
reads, for 𝜑 ∈ 𝑉 ′,

F ∗(𝜑) = sup
ℎ∈𝑉

⟨ℎ, 𝜑⟩𝑉,𝑉 ′ − F (ℎ) = sup
𝐽,𝐽∈M(Ω×R𝑞 )𝑞𝑑

{
⟨∇𝑦 · 𝐽, 𝜑⟩𝑉,𝑉 ′ − B𝑊 (𝝁, 𝐽) : ∇𝑥𝝁 + ∇𝑦 · 𝐽 = ∇𝑦 · 𝐽

}
,

where we just expanded the definition of F and wrote ℎ = ∇𝑦 · 𝐽. We can eliminate 𝐽 using the constraint on
∇𝑥𝝁 + ∇𝑦 · 𝐽 = ∇𝑦 · 𝐽 and then proceed to an integration by parts:

F ∗(𝜑) = sup
𝐽∈M(Ω×R𝑞 )𝑞𝑑

{ˆ
Ω×R𝑞

∇𝑥 · 𝜑 d𝝁 +
ˆ
Ω×R𝑞

∇𝑦𝜑 · d𝐽 − B𝑊 (𝝁, 𝐽)
}

=

ˆ
Ω×R𝑞

∇𝑥 · 𝜑 d𝝁 + sup
𝐽∈M(Ω×R𝑞 )𝑞𝑑

{ˆ
Ω×R𝑞

∇𝑦𝜑 · d𝐽 − B𝑊 (𝝁, 𝐽)
}

=


ˆ
Ω×R𝑞

∇𝑥 · 𝜑 d𝝁 +
ˆ
Ω×R𝑞

𝑊∗(∇𝑦𝜑) d𝝁 if𝑊∗(∇𝑦𝜑) < +∞ on Ω ×R𝑞,

+∞ otherwise,
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where the last equality comes from the expression of the Legendre transform of B𝑊 with respect to its second
variable, which we obtain from (A.3), see Appendix A.2.

With the Fenchel-Moreau identity (2.1) we get T𝐸,Eul(𝝁) = F (0) = F ∗∗(0) = sup𝑉 ′ −F ∗ which is our
claim.

Corollary 4.9. Under Assumption B, and with 𝐸 defined as in Definition 4.2, for any 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚) there
holds T𝐸,Eul(𝝁𝑢) = T̃𝐸 (𝝁𝑢) = 𝐸 (𝑢).

Proof. First assume that 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚) is such that 𝐸 (𝑢) < +∞. We use the “primal” formulation, that
is, Definition 4.5. Calling ∇𝑢 the distributional Jacobian matrix of 𝑢 (which is at least a measure), we define
𝐽𝑢 ∈ M(Ω ×R𝑞)𝑞𝑑 via its action on test functions 𝜑 ∈ 𝐶𝑏 (Ω ×R𝑞,R𝑞𝑑):

ˆ
Ω×R𝑞

𝜑 · d𝐽 =
ˆ
Ω

𝜑(𝑥, 𝑢(𝑥)) · (∇𝑢) (d𝑥).

With this definition, it is now standard to check that ∇𝑥𝝁𝑢 + ∇𝑦 · 𝐽𝑢 = 0 in the weak sense: we leave
it as an exercise to the reader, and we refer to [25, Proposition 5.2] where we did it. Moreover, writing
∇𝑢 = (∇𝑎𝑢)𝑚 + ∇𝑠𝑢 the Radon-Nikodym decomposition of the (distributional) Jacobian matrix of 𝑢 with
respect to the Lebesgue measure 𝑚, we obtain the Radon-Nikodym decomposition of 𝐽𝑢 with respect to 𝝁𝑢:
with the notations of Definition 4.3, we have 𝑣(𝑥, 𝑢(𝑥)) = ∇𝑎𝑢(𝑥) while 𝐽⊥ is the pushforward of ∇𝑠𝑢 by the
map 𝑥 ↦→ (𝑥, 𝑢(𝑥)). Thus following the definitions we get B𝑊 (𝝁𝑢, 𝐽𝑢) = 𝐸 (𝑢). We conclude to our first
inequality T𝐸,Eul(𝝁𝑢) ≤ B𝑊 (𝝁𝑢, 𝐽𝑢) = 𝐸 (𝑢).

We then proceed to prove the converse inequality, and for that we rely on Theorem 4.8. We take 𝑢 ∈
𝐿0(Ω,R𝑞;𝑚) with T𝐸,Eul(𝝁𝑢) < +∞. We restrict to test functions 𝜑(𝑥, 𝑦) = 𝜓(𝑥)⊤𝑦 where 𝑦 ∈ R𝑞 and
𝜓 : Ω → R𝑞𝑑 is a 𝐶1 and compactly supported 𝑞 × 𝑑 matrix-valued field, so that 𝜓(𝑥)⊤𝑦 is a matrix vector
product between the transpose of 𝜓 and 𝑦 ∈ R𝑞. Theorem 4.8 yields that for any such 𝜓

−
ˆ
Ω

(∇𝑥 · 𝜓(𝑥)) · 𝑢(𝑥) d𝑥 −
ˆ
Ω

𝑊∗(𝜓(𝑥)) d𝑥 ≤ T𝐸,Eul(𝝁𝑢).

As 𝑊∗ finite in a neighborhood of 0 we see that −
´
Ω
(∇𝑥 · 𝜓) · 𝑢 is finite if sup |𝜓 | is small enough, thus we

deduce that the weak derivative of 𝑢 in the sense of distributions is at least a measure. Proceeding with an
integration by parts, we obtain that for any 𝜓 as above,

ˆ
Ω

𝜓(𝑥) · (∇𝑢) (d𝑥) −
ˆ
Ω

𝑊∗(𝜓(𝑥)) d𝑥 ≤ T𝐸,Eul(𝝁𝑢).

Taking the supremum in 𝜓 in the left hand side yields 𝐸 (𝑢), this is classical result of convex analysis that can be
found for instance in the proof [33, Proposition 7.7]. Thus we obtain the other inequality𝐸 (𝑢) ≤ T𝐸,Eul(𝝁𝑢).

Remark 4.10. An important case is when 𝑊 is an operator norm on the space of matrices, and it yields a TV
penalization. Specifically, let 𝑁R𝑑 and 𝑁R𝑞 be two norms on respectively R𝑑 and R𝑞. For a norm 𝑁 on a
Euclidean space we denote by 𝑁∗ its dual norm, defined as 𝑁∗(𝑎) = sup𝑏{𝑎 · 𝑏 : 𝑁 (𝑏) ≤ 1}, being 𝑎 · 𝑏
the canonical scalar product between vectors. The dual of the dual norm is the norm itself. We denote by
∥ · ∥𝑁R𝑑→𝑁R𝑞 the operator norm on 𝑞 × 𝑑 matrices:

∥𝑎∥𝑁R𝑑→𝑁R𝑞 = sup
𝑏∈R𝑑

{𝑁R𝑞 (𝑎𝑏) : 𝑁R𝑑 (𝑏) ≤ 1}.

One can check that ∥𝑎⊤∥𝑁 ∗
R𝑞→𝑁 ∗

R𝑑
= ∥𝑎∥𝑁R𝑑→𝑁R𝑞 for any 𝑞 × 𝑑 matrix. Taking 𝑊 = ∥ · ∥𝑁R𝑑→𝑁R𝑞 , which

satisfies Assumption B with 𝑝 = 1, a direct computation yields

𝑊∗(𝑟) =
{

0 if ∥𝑟 ∥𝑁 ∗
R𝑑

→𝑁 ∗
R𝑞

≤ 1,

+∞ otherwise.
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Thus in this context Theorem 4.8 implies

T𝐸,Eul(𝝁) = sup
𝜑

{
−
ˆ
Ω×R𝑞

∇𝑥 · 𝜑 d𝝁 : 𝜑 ∈ 𝐶1
𝑐 (Ω ×R𝑞,R𝑑) and ∀𝑥 ∈ Ω, 𝜑(𝑥, ·) is 1-Lipschitz

}
, (4.3)

where 1-Lipschitz is understood when putting 𝑁R𝑞 on the domain R𝑞 and 𝑁R𝑑 on the codomain R𝑑 . Indeed
thanks to the computations above, and given that ∇𝑦𝜑 is understood as the transpose of the Jacobian matrix of
𝜑 (see Remark 4.4), it is equivalent to requiring𝑊∗(∇𝑦𝜑) < +∞ everywhere on Ω×R𝑞. The formulation (4.3)
is how the Eulerian lifting was actually defined in the works [23, 39, 41].

Remark 4.11. In the case 𝑊 is the squared Froebenius norm and the measure 𝝁 is supported in Ω × 𝐷 for
𝐷 ⊆ R𝑞 convex and bounded the functional T𝐸,Eul has a metric counterpart: it corresponds to the Dirichlet
energy in the sense of Korevaar, Schoen and Jost [22, 20] of the map 𝑥 ↦→ (𝝁𝑥)𝑥∈𝑋 seen as a map valued in the
metric space P(𝐷) endowed with the quadratic Wasserstein distance [25, Section 3.4]. This can be read as the
generalization of formula (1.6) which holds for measure-valued curves. Moreover, in this case it is possible to
make sense of the trace of the measure-valued map on the boundary of Ω, provided the latter is e.g. Lipschitz.

5 On the difference between the Lagrangian and the Eulerian lifting

In this section we still take 𝑋 = Ω an open bounded subset of R𝑑 with 𝑑 ≥ 1, while 𝑌 = R𝑞 is a Euclidean
space. We take 𝑚 to be the Lebesgue measure restricted to Ω, and we denote integration with respect to it by
d𝑥. As in the previous section we focus on functionals 𝐸 : 𝑢 ↦→

´
Ω
𝑊 (∇𝑢) for𝑊 convex.

We now have two liftings, T𝐸 and T𝐸,Eul, respectively the Lagrangian and the Eulerian one, and we know
that the former is the convex and l.s.c. envelope of T̃𝐸 , see Theorem 3.9. In particular this theorem implies
T𝐸,Eul ≤ T𝐸 thanks to Proposition 4.7 and Corollary 4.9. In this section, we want to explain that the inequality
is strict, and provide a characterization of T𝐸,Eul. A key characteristic of functionals 𝐸 of the type (1.2) is that
they are local and can be seen as measures, that is, they decompose additively when restricted to disjoint open
sets. Generically, this property is not preserved by the lifting T𝐸 , while on the other hand T𝐸,Eul is the largest
lifting also preserving this property.

We will first discuss how to formalize the dependence of functionals on sets, borrowing for that purpose
concepts, definitions and results coming from the literature on Γ-convergence [15, Chapters 14 and 15]. Next,
we provide examples (already present in our previous work [25]) justifying that T𝐸 is not additive. Eventually,
we characterize T𝐸,Eul as the convex, l.s.c. and subadditive envelope.

5.1 Localization of functionals

We fix Ω an open subset of R𝑑 . We denote by A(Ω) the set of open subset of Ω. We first recall some
definitions, in case we have a functional 𝐹 : 𝑍 ×A(Ω) → [0, +∞], which depends both on a function space 𝑍
(generically a Polish space) and on a open set in A(Ω).

Definition 5.1. A functional 𝐹 : 𝑍 × A(Ω) → [0, +∞] is said:

(i) lower semi-continuous if 𝑍 is a topological space and for every 𝐴 ∈ A(Ω), the function 𝑧 ∈ 𝑍 ↦→ 𝐹 (𝑧, 𝐴)
is lower semi-continuous,

(ii) convex if 𝑍 is a convex subset of a vector space and if for every 𝐴 ∈ A(Ω), the function 𝑧 ∈ 𝑍 ↦→ 𝐹 (𝑧, 𝐴)
is convex,

(iii) local if 𝑍 is a subset of 𝐿0(Ω,R𝑞;𝑚), and 𝑢 = 𝑣 a.e. on 𝐴 ∈ A(Ω) implies 𝐹 (𝑢, 𝐴) = 𝐹 (𝑣, 𝐴),

(iv) increasing if 𝐹 (𝑧, 𝐴1) ≤ 𝐹 (𝑧, 𝐴2) for 𝑧 ∈ 𝑍 and 𝐴1 ⊆ 𝐴2 open sets of Ω,

19



(v) inner regular if for every 𝑧 ∈ 𝑍 and every 𝐴 ∈ A(Ω) there holds

𝐹 (𝑧, 𝐴) = sup
𝐵

{𝐹 (𝑧, 𝐵) : 𝐵 ∈ A(Ω), 𝐵 compactly included in 𝐴} ,

(vi) subadditive if 𝐹 (𝑧, 𝐴1 ∪ 𝐴2) ≤ 𝐹 (𝑧, 𝐴1) + 𝐹 (𝑧, 𝐴2) for 𝑧 ∈ 𝑍 and 𝐴1, 𝐴2 open sets of Ω,

(vii) superadditive if 𝐹 (𝑧, 𝐴1 ∪ 𝐴2) ≥ 𝐹 (𝑧, 𝐴1) + 𝐹 (𝑧, 𝐴2) for 𝑧 ∈ 𝑍 and 𝐴1, 𝐴2 disjoint open sets of Ω,

(viii) a measure if for every 𝑧 ∈ 𝑍 the set function 𝐴 ↦→ 𝐹 (𝑧, 𝐴) is the restriction to A(Ω) of a regular Borel
measure on the Borel 𝜎-algebra of Ω.

The first two properties are only concerned with the (classical) functional 𝐹 (·, 𝐴) for a fixed 𝐴. Starting from
the fourth one, all properties are only concerned with the set function 𝐹 (𝑧, ·) for fixed 𝑧. Only the third one,
locality, displays an interplay between the two arguments of the function 𝐹.

Note that a measure is always subadditive, superadditive, increasing and inner regular. A celebrated result
[15, Theorem 14.23] guarantees that an increasing functional which is subadditive, superadditive and inner
regular is in fact a measure.
Example 5.2. Let 𝑊 : R𝑞𝑑 → [0, +∞) a convex function satisfying Assumption B. We define for 𝑢 ∈
𝐿0(Ω,R𝑞;𝑚) and 𝐴 ∈ A(Ω),

𝐸 (𝑢, 𝐴) =

ˆ
𝐴

𝑊 (∇𝑢(𝑥)) d𝑥 if 𝑢 ∈ 𝑊1, 𝑝 (𝐴,R𝑞),

+∞ otherwise

in the case 𝑝 > 1, with the natural extension (following Definition 4.2) in the case 𝑝 = 1. Then this function is
convex, l.s.c. and a measure, see [15, Example 15.4].

We then want to lift such localized functionals. We apply the same localization procedure and we see the
lifted functional as defined over the product space M𝜋1→𝑚(Ω×R𝑞) ×A(Ω). All points of Definition 5.1 carry
through, expect the one on locality. We can adapt easily by saying thatT : M𝜋1→𝑚(Ω×R𝑞)×A(Ω) → [0, +∞]
is local if for every 𝝁, 𝝂 measures on M𝜋1→𝑚(Ω × R𝑞) and for every open set 𝐴 ∈ A(Ω), if 𝝁 = 𝝂 when
restricted to 𝐴 ×R𝑞 then T (𝝁, 𝐴) = T (𝝂, 𝐴).

Localized lifting T𝐸 There is a clear way to adapt Definition 3.6 to lift a localized functional 𝐸 defined
on 𝐿0(Ω,R𝑞;𝑚) × A(Ω) into a functional T𝐸 on M𝜋1→𝑚(Ω × R𝑞) × A(Ω): for 𝐴 ∈ A(Ω) and 𝝁 ∈
M𝜋1→𝑚(Ω ×R𝑑) we define

T𝐸 (𝝁, 𝐴) = T𝐸 ( ·,𝐴) (𝝁) = inf
𝑄

{ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴)𝑄(d𝑢) : 𝑄 ∈ P(𝐿0(Ω,R𝑞;𝑚)) such that 𝑄 ∈ Π(𝝁)
}
,

that is, we lift 𝐸 (·, 𝐴) into T𝐸 (·, 𝐴), for any fixed 𝐴 ∈ A(Ω). If 𝐸 is local we can derive an alternative
expression.

Lemma 5.3. Assume 𝐸 : 𝐿0(Ω,R𝑞;𝑚) × A(Ω) → [0, +∞] is local. Then, for any set 𝐴 ∈ A(Ω) and any
𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞), calling 𝝁 |𝐴 the restriction of 𝝁 to 𝐴 ×R𝑞,

T𝐸 (𝝁, 𝐴) = inf
𝑄̃

{ˆ
𝐿0 (𝐴,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴) 𝑄̃(d𝑢) : 𝑄̃ ∈ P(𝐿0(𝐴,R𝑞;𝑚)) such that 𝑄̃ ∈ Π(𝝁 |𝐴)
}
. (5.1)

Proof. The left hand side is always larger then the right hand side as, for any 𝑄 ∈ Π(𝝁), we can look at
𝑄̃ = 𝑒𝐴#𝑄, being 𝑒𝐴 : 𝐿0(Ω,R𝑞;𝑚) → 𝐿0(𝐴,R𝑞;𝑚) the restriction operator to 𝐴. It gives 𝑄̃ ∈ Π(𝝁 |𝐴), and´
𝐸 (·, 𝐴) d𝑄 =

´
𝐸 (·, 𝐴) d𝑄̃ by locality of 𝐸 .

On the other hand, consider 𝑄̃ ∈ P(𝐿0(𝐴,R𝑞;𝑚)) such that 𝑄̃ ∈ Π(𝝁 |𝐴). We write 𝐴𝑐 = Ω \ 𝐴, and 𝝁 |𝐴𝑐

for the restriction of 𝝁 to 𝐴𝑐 ×R𝑞. Taking any 𝑄̂ ∈ P(𝐿0(𝐴𝑐,R𝑞;𝑚)) such that 𝑄̂ ∈ Π(𝝁 |𝐴𝑐 ) (the latter is not

20



empty, see Proposition 3.5), we can build 𝑄 = 𝑄̃ ⊗ 𝑄̂ ∈ P(𝐿0(Ω,R𝑞;𝑚)): that is, a 𝑢 drawn according to 𝑄 is
such that the restriction of 𝑢 to 𝐴 (resp. 𝐴𝑐) follows 𝑄̃ (resp. 𝑄̂), and the values on 𝐴 and 𝐴𝑐 are independent.
The probability measure 𝑄 satisfies 𝑄 ∈ Π(𝝁) and

´
𝐸 (·, 𝐴) d𝑄 =

´
𝐸 (·, 𝐴) d𝑄̃, again by locality of 𝐸 . That

gives us that the left hand side is always smaller then the right hand side in (5.1).

We collect the properties that the lifting T𝐸 inherits from the functional 𝐸 in the following proposition.

Proposition 5.4. Let 𝐸 : 𝐿0(Ω,R𝑞;𝑚) × A(Ω) → [0, +∞] a localized functional. The localized lifting
T𝐸 : M𝜋1→𝑚(Ω ×R𝑞) × A(Ω) → [0, +∞] satisfies the following properties.

(i) It is convex and satisfies T𝐸 (𝝁𝑢, 𝐴) = 𝐸 (𝑢, 𝐴) for any 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚) and any 𝐴 ∈ A(Ω).

(ii) If functional 𝐸 is local, then so is T𝐸 .

(iii) If functional 𝐸 is local and for any 𝐴 ∈ A(Ω), the functional 𝐸 (·, 𝐴) when restricted to 𝐿0(𝐴,R𝑞;𝑚)
satisfies Assumption A, then T𝐸 is l.s.c.

(iv) If the functional 𝐸 is superadditive, then so is T𝐸 .

Note that, for the functionals 𝐸 of Example 5.2, we obtain that T𝐸 is convex, l.s.c., local, superadditive and
satisfies the lifting identity.

Proof. Point (i) is the same as Lemma 3.11.
Point (ii) is a direct consequence of (5.1).
Point (iii) follows from (5.1) together with Proposition 3.13.
Eventually for (iv), if 𝑄 ∈ Π(𝝁) and 𝐴1, 𝐴2 are disjoint open sets in Ω,
ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴1 ∪ 𝐴2)𝑄(d𝑢) ≥
ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴1)𝑄(d𝑢) +
ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴2)𝑄(d𝑢)

≥ T𝐸 (𝝁, 𝐴1) + T𝐸 (𝝁, 𝐴2),

where we first used superadditivity of 𝐸 and then the definition of T𝐸 . Taking the infimum over 𝑄 yields the
conclusion.

As we will see in the sequel, even if the functional 𝐸 is a measure, it is not guaranteed for T𝐸 to be a
measure and the best we can conclude is superadditivity.

Localized lifting T𝐸,Eul When we take 𝐸 as in Example 5.2 the localized version of T𝐸,Eul is very easy build
too. Following Definition 4.5, we set for 𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞) and 𝐴 ∈ A(Ω),

T𝐸,Eul(𝝁, 𝐴) = min
𝐽

{
B𝑊 (𝝁, 𝐽, 𝐴) : 𝐽 ∈ M(𝐴 ×R𝑞)𝑞𝑑 such that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0 in 𝐴 ×R𝑞

}
, (5.2)

being B𝑊 (𝝁, 𝐽, 𝐴) the localized version of B𝑊 , following the notations of Definition 4.3:

B𝑊 (𝝁, 𝐽, 𝐴) =
ˆ
𝐴×R𝑞

𝑊 (𝑣(𝑥, 𝑦)) 𝝁(d𝑥, d𝑦) +
ˆ
𝐴×R𝑞

𝑊 ′
∞

(
d𝐽⊥

d|𝐽⊥ |

)
d|𝐽⊥ |.

Proposition 5.5. The function T𝐸,Eul is convex, l.s.c., local and a measure over M𝜋1→𝑚(Ω ×R𝑞) × A(Ω). It
satisfies T𝐸 (𝝁𝑢, 𝐴) = 𝐸 (𝑢, 𝐴) for any 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚) and any 𝐴 ∈ A(Ω).

Proof. Convexity and lower semi-continuity of T𝐸,Eul are already proved in Proposition 4.7. The identity
T𝐸 (𝝁𝑢, 𝐴) = 𝐸 (𝑢, 𝐴) comes from Corollary 4.9. Locality is immediate given our definition.

Then we claim the following: for 𝐴1 ⊆ 𝐴2 open sets of Ω, if 𝐽 is tangent for 𝝁 on 𝐴2, then its restriction
to 𝐴1 is tangent for T𝐸,Eul(𝝁, 𝐴1). Indeed, assume that the restriction of 𝐽 to 𝐴1 is not optimal, that is,
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T𝐸,Eul(𝝁, 𝐴1) < B𝑊 (𝝁, 𝐽, 𝐴1). Take 𝐽 in M(𝐴1 × R𝑞)𝑞𝑑 which is tangent for 𝝁 on 𝐴1. Then the competitor
𝐽1𝐴1 + 𝐽1𝐴2\𝐴1 still satisfies the generalized continuity equation over 𝐴2 ×R𝑞 while

B𝑊 (𝝁, 𝐽1𝐴1 + 𝐽1𝐴2\𝐴1 , 𝐴2) = B𝑊 (𝝁, 𝐽, 𝐴1) + B𝑊 (𝝁, 𝐽, 𝐴2 \ 𝐴1) < B𝑊 (𝝁, 𝐽, 𝐴2),

which is a contradiction with 𝐽 tangent to 𝝁 on 𝐴2. This claim, together with the integral representation of B𝑊 ,
yields that T𝐸,Eul is subadditive, superadditive, increasing and inner regular, thus it is a measure [15, Theorem
14.23].

5.2 Counterexamples to the additivity of the Lagrangian lifting

A heuristic argument Before diving into the counterexamples to the additivity of T𝐸 , it is instructive to
understand why it fails by trying to prove it. To simplify the reasoning, we assume that 𝑄 is concentrated on
continuous functions. Following Remark 3.4, we can therefore introduce the evaluation map 𝑒𝑥 : 𝐶 (Ω,R𝑞) →
R𝑞 which maps 𝑢 onto 𝑢(𝑥). The condition𝑄 ∈ Π(𝝁) then reads 𝑒𝑥#𝑄 = 𝝁𝑥 for 𝑚-a.e. 𝑥 ∈ 𝑋 , being (𝝁𝑥)𝑥∈Ω
the disintegration of 𝝁 with respect to the first variable. More generally, for any set 𝐴 ⊆ Ω, we can consider
the restriction operator 𝑒𝐴 : 𝐶 (Ω,R𝑞) → 𝐶 (𝐴,R𝑞), so that 𝑒{𝑥} coincides with 𝑒𝑥 .

Let us take 𝐴1, 𝐴2 two disjoint open sets, and for simplicity assume that their closure intersect on a common
boundary Γ. By Proposition 5.4,

T𝐸 (𝝁, 𝐴1) + T𝐸 (𝝁, 𝐴2) ≤ T𝐸 (𝝁, 𝐴1 ∪ 𝐴2)

and we would like to prove the other inequality. The natural strategy is to take 𝑄1 optimal for 𝝁 on 𝐴1 and
𝑄2 optimal for 𝝁 on 𝐴2, and try to glue them into a 𝑄 which would be optimal for 𝝁 over 𝐴1 ∪ 𝐴2. That is,
we would like to have 𝑄 ∈ P(𝐶 (Ω,R𝑞)) such that 𝑒𝐴1#𝑄 = 𝑄1 and 𝑒𝐴2 = 𝑄2. However, this would imply
by continuity 𝑒Γ#𝑄1 = 𝑒Γ#𝑄2 as probability distributions over 𝐶 (Γ,R𝑞). If Γ = {𝑥0} is a singleton, then
𝑒{𝑥0}#𝑄1 = 𝑒{𝑥0}#𝑄2 as they both coincide with 𝝁𝑥0 . However, as soon as Γ contains more than two points,
there is no guarantee that 𝑒Γ#𝑄1 = 𝑒Γ#𝑄2.

When Ω is a segment of R and 𝐴1 and 𝐴2 are disjoint intervals then the above reasoning works as their
closure intersect at at most one point. In this case T𝐸 is additive, actually it coincides with T𝐸,Eul as stated
in (1.5). But even if Ω is one dimensional, it is enough to take a periodic domain (e.g. the unit circle), so that
there exist disjoint intervals 𝐴1, 𝐴2 whose closure intersect at two distinct points, and additivity may already
not hold in this case. Our counterexample precisely tackles this case.

Maps defined on the unit circle Let S1 be the unit circle of R2, that we see as a subset of C. We take
𝑋 = 𝑌 = S1, and we endow S1 with the Lebesgue measure 𝑚 (a.k.a. Haar measure in this case). The functional
𝐸 we consider is the classical action of a curve, that is,

𝐸 (𝑢, 𝐴) =


1
2

ˆ
𝐴

| ¤𝑢𝑡 |2 d𝑡 if 𝑢 ∈ 𝑊1,2(𝐴, S1),

+∞ otherwise.

We consider T𝐸 the Lagrangian lifting of the functional to M𝜋1→𝑚(S1 × S1) × A(S1). As curve of measures,
we take 𝝁 : S1 → P(S1) given as

𝝁 : 𝑥 ↦→ 𝝁𝑥 =
1
2
(𝛿√𝑥 + 𝛿−√𝑥), (5.3)

where
√
𝑥 stands for a complex square root of 𝑥, see Figure 1. Equivalently we can see it as a measure on the

product space S1 × S1 whose first marginal is 𝑚 and whose disintegration is (𝝁𝑥)𝑥∈S1 .

Lemma 5.6. If 𝐴 is an open set of S1 which is not dense in S1 then T𝐸 (𝝁, 𝐴) ≤ 𝑚(𝐴)/8, while on the other
hand T𝐸 (𝝁, S1) = +∞.
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Figure 1: Two representations of the measure-valued map defined in (5.3), seen as a measure on the product
space S1 × S1 ≃ (R/2𝜋) × (R/2𝜋). Left: representation in the space R2, with the lateral and vertical sides
of the square having to be identified. Right: representation in the space R3, where S1 × S1 is embedded
as a submanifold. For each interval strictly included in R/2𝜋, the measure-valued map can be seen as the
superposition of two smooth classical maps. However it is not possible to represent it with maps which are
continuous over the whole space R/2𝜋: one would need a 4𝜋 periodic map instead of a 2𝜋 periodic one. See
Lemma 5.6 for the formalization of this idea.

Clearly this lemma shows that T𝐸 is not subadditive as we can easily find 𝐴1, 𝐴2 both not dense in S1 such that
S1 = 𝐴1 ∪ 𝐴2.

Proof. Take 𝐴 an open set not dense in S1, say which does not contain a neighborhood of exp(𝑖𝑡0). For
𝑡 ∈ [𝑡0, 𝑡0 + 2𝜋) such that exp(𝑖𝑡) ∈ 𝐴, we define 𝑢1(exp(𝑖𝑡)) = exp(𝑖𝑡/2) and 𝑢2(exp(𝑖𝑡)) = − exp(𝑖𝑡/2). This
defines 𝑢1, 𝑢2 two smooth functions over 𝐴. We set 𝑄̃ = (𝛿𝑢1 +𝛿𝑢2)/2 as a probability measure on 𝐿0(𝐴,R𝑞;𝑚)
and we use it in (5.1) to estimate T𝐸 (𝑢, 𝐴). We have | ¤𝑢𝑖 (𝑡) | = 1/2 for 𝑖 = 1, 2 on 𝐴, thus we obtain the estimate
T𝐸 (𝑢, 𝐴) ≤ 𝑚(𝐴)/8.

On the other hand, if we look at the whole circle S1 and if 𝑄 ∈ Π(𝝁) is such that
´
𝐸 (𝑢, S1)𝑄(d𝑢) < +∞,

then 𝑄-a.e. 𝑢 is such that 𝑢(𝑥)2 = 𝑥 for a.e. 𝑥 ∈ S1. That is, 𝑄-a.e. 𝑢 is a 𝑊1,2(S1, S1), thus continuous,
selection of the complex square root. This is not possible, which implies that there is no 𝑄 ∈ Π(𝝁) with´
𝐸 (𝑢, S1)𝑄(d𝑢) < +∞, hence T𝐸 (𝑢, S1) = +∞.

Maps defined on the unit disk The example can be extended to maps defined on the unit disk. Still we
identify R2 with the complex plane C. Calling B2 the unit disk of R2 and 𝑚 the Lebesgue measure on it, we
consider the Dirichlet energy 𝐸 defined on 𝐿0(B2,B2;𝑚) × A(Ω) by

𝐸 (𝑢, 𝐴) =


1
2

ˆ
𝐴

|∇𝑢 |2 if 𝑢 ∈ 𝑊1,2(𝐴,B2),

+∞ otherwise.

We also look at T𝐸 the lift of the functional 𝐸 onto M𝜋1→𝑚(B2 ×B2) × A(B2). Given a point 𝑥 that we write
in polar coordinates 𝑥 = 𝑟 exp(𝑖𝑡), we look at the map of probability measure

𝝁 : 𝑟 exp(𝑖𝑡) ↦→ 𝝁𝑥 =
1
2
(𝛿𝑟 exp(𝑖𝑡/2) + 𝛿−𝑟 exp(𝑖𝑡/2) ),

and we see it as a measure on B2 ×B2 whose first marginal is 𝑚 and whose disintegration is given by (𝝁𝑥)𝑥∈B2 .
Similarly to the previous case, we can prove the following.
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Lemma 5.7. Let 𝐴 an open set of B2 which does not contain a neighborhood of the half line {𝑟 exp(𝑖𝑡0) :
𝑟 ∈ [0, 1]} for some 𝑡0, then T𝐸 (𝝁, 𝐴) ≤ 5𝑚(𝐴)/8, while on the other hand if 𝐴 is any corona centered at 0,
T𝐸 (𝝁, 𝐴) = +∞.

Proof. For the first claim, for 𝑡 ∈ [𝑡0, 𝑡0 + 2𝜋) and 𝑟 ≥ 0 such that 𝑟 exp(𝑖𝑡) ∈ 𝐴 we can define 𝑢1, 𝑢2 by
𝑢1(𝑟 exp(𝑖𝑡)) = 𝑟 exp(𝑖𝑡/2) and 𝑢2(𝑟 exp(𝑖𝑡)) = −𝑟 exp(𝑖𝑡/2). Similarly to the proof of Lemma 5.6, we take
𝑄̃ = (𝛿𝑢1 + 𝛿𝑢2)/2 as a competitor in expression (5.1). As |∇𝑢𝑖 |2 ≤ 5/4 on 𝐴 for 𝑖 = 1, 2, we get our estimate
T𝐸 (𝝁, 𝐴) ≤ 5𝑚(𝐴)/8.

On the other hand, take a corona 𝐴, in particular it contains a circle 𝐶 = {𝑥 : |𝑥 | = 𝑟} centered at the
origin. If 𝑄 ∈ Π(𝝁) with

´
𝐸 (𝑢, 𝐴)𝑄(d𝑢) < +∞, then 𝑄-a.e. 𝑢 is such that 𝑢(𝑥)2 = |𝑥 |𝑥 for a.e. 𝑥 ∈ 𝐴. As

𝑄-a.e. 𝑢 is a 𝑊1,2(𝐴,B2) function, we can consider the trace of 𝑢 on 𝐶, and we obtain that 𝑄-a.e. function
𝑢 has a trace on 𝐶 which is (up to rescaling) a 𝑊1/2,2(𝐶,𝐶) selection of the complex square root. Although
𝑊1/2,2 functions are not continuous in one dimension, it is still impossible for them to be a selection of the
complex square root as we already showed in our previous work [25, Lemma 5.4].

A smoothing argument In the counterexamples above the measures 𝝁 are very singular, as they are valued
in the set of finite combinations of Dirac masses. However, we can still prove that additivity is lost even when
the measures are smoothed. Indeed, suppose that for some 𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞) and some open sets 𝐴1, 𝐴2
in A(Ω) we have

T𝐸 (𝝁, 𝐴1) + T𝐸 (𝝁, 𝐴2) < T𝐸 (𝝁, 𝐴1 ∪ 𝐴2), (5.4)

with the right hand side being potentially +∞. To smooth out, we rely on the following lemma that we state in
its un-localized version.

Lemma 5.8. Assume Ω is a subset of R𝑑 endowed with its Lebesgue measure 𝑚, and consider a functional 𝐸 :
𝐿0(Ω,R𝑞;𝑚) → [0, +∞] which is translation invariant, in the sense 𝐸 (𝑢+𝑧) = 𝐸 (𝑢) for any 𝑢 ∈ 𝐿0(Ω,R𝑞;𝑚)
and any fixed 𝑧 ∈ R𝑞. Then, for any non-negative mollifier 𝜒 on R𝑞, and any 𝝁 ∈ M𝜋1→𝑚(Ω ×R𝑞),

T𝐸 (𝜒 ∗𝑦 𝝁) ≤ T𝐸 (𝝁).

Here 𝜒 ∗𝑦 𝝁 ∈ M𝜋1→𝑚(Ω × R𝑞) is defined via its disintegration ((𝜒 ∗𝑦 𝝁)𝑥)𝑥∈𝑋 with respect to the first
coordinate: for 𝑚-a.e. 𝑥 ∈ Ω, the measure (𝜒 ∗𝑦 𝝁)𝑥 is the convolution of 𝜒 with 𝝁𝑥 .

Proof. If𝑄 ∈ Π(𝝁), and if 𝑧 ∈ R𝑞, we define𝑄𝑧 as the push forward of𝑄 by the map 𝑢 ↦→ (𝑢 − 𝑧), and we set

𝑄̃ =

ˆ
R𝑞

𝑄𝑧 𝜒(𝑧) d𝑧.

We can check that 𝑄̃ ∈ Π(𝜒 ∗𝑦 𝝁): for any test function 𝜑 : Ω ×R𝑞 → R , using Fubini’s theorem,
ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

(ˆ
Ω

𝜑(𝑥, 𝑢(𝑥)) d𝑥
)
𝑄̃(d𝑢) =

ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

(ˆ
R𝑞

(ˆ
Ω

𝜑(𝑥, 𝑢(𝑥) − 𝑧) d𝑥
)
𝜒(𝑧) d𝑧

)
𝑄(d𝑢)

=

ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

(ˆ
Ω

(𝜑 ∗𝑦 𝜒) (𝑥, 𝑢(𝑥)) d𝑥
)
𝑄(d𝑢)

=

ˆ
Ω×R𝑞

(𝜑 ∗𝑦 𝜒) (𝑥, 𝑦) 𝝁(d𝑥, d𝑦).

Moreover
´
𝐸 d𝑄̃ =

´
𝐸 d𝑄 as 𝐸 is invariant by translation. The conclusion follows.

If we take (𝜒𝑛)𝑛≥1 a sequence of mollifiers which is an approximation of unity, it is clear that 𝜒𝑛 ∗𝑦 𝝁
converges narrowly to 𝝁 as 𝑛→ +∞. By lower semi-continuity of T𝐸 and Lemma 5.8,

lim
𝑛→+∞

T𝐸 (𝜒𝑛 ∗𝑦 𝝁) = T𝐸 (𝝁).
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Going back to the localized version and to the notations of (5.4), applying this reasoning, we deduce that
for 𝑛 large enough additivity still fails:

T𝐸 (𝜒𝑛 ∗𝑦 𝝁, 𝐴1) + T𝐸 (𝜒𝑛 ∗𝑦 𝝁, 𝐴2) < T𝐸 (𝜒𝑛 ∗𝑦 𝝁, 𝐴1 ∪ 𝐴2).

The difference with (5.4) is that 𝜒𝑛 ∗𝑦 𝝁 is arguably “smoother” than 𝝁: it always has a density with respect to
the Lebesgue measure on Ω ×R𝑞, and this density can be made smooth if (𝜒𝑛)𝑛≥1 is smooth.

5.3 Characterization of the Eulerian lifting

We arrive to the main result of this section: we characterize T𝐸,Eul as the convex, l.s.c. and subadditive
envelope of T̃𝐸 . As a preliminary result we first prove in the general case the existence of the convex, l.s.c. and
subadditive envelope of a localized functional 𝐸 . Similarly to (1.3) we define

T̃𝐸 (𝝁, 𝐴) =
{
𝐸 (𝑢, 𝐴) if 𝝁 = 𝝁𝑢 for some 𝑢 ∈ 𝐿0(𝑋,𝑌 ;𝑚),
+∞ otherwise.

Proposition 5.9. For any 𝐸 : 𝐿0(Ω,R𝑞;𝑚) ×A(Ω) → [0, +∞], there exists a unique subadditive, increasing,
inner regular, convex and l.s.c. functional which is the largest among all subadditive, increasing, inner regular,
convex l.s.c. functionals T : M𝜋1→𝑚(Ω × R𝑞) × A(Ω) → [0, +∞] such that T ≤ T̃𝐸 . We denote this
functional by T 𝐸 .

Note that by definition we always have T 𝐸 ≤ T𝐸 ≤ T̃𝐸 .

Proof. We first define
T̂𝐸 = sup

T
T ,

where the supremum is taken over T increasing, subadditive, convex, l.s.c. (but not necessarily inner regular)
and such that T ≤ T̃𝐸 . Using that increasing, convex, l.s.c and subadditive functionals are stable by (uncount-
able) supremum, we see that T̂𝐸 is increasing, convex, l.s.c and subadditive (but a priori not inner regular) and
T̂ ≤ T̃𝐸 . Then we define T 𝐸 ≤ T̂𝐸 ≤ T̃𝐸 as the inner regular envelope of T̂𝐸 following [15, Definition 14.4],
that is,

T 𝐸 (𝝁, 𝐴) = sup
𝐵

T̂𝐸 (𝝁, 𝐵),

where the supremum is taken over 𝐵 ∈ A(Ω) compactly included in 𝐴. The functional T 𝐸 is still convex,
l.s.c. (these properties are preserved by supremum), increasing, and moreover it is subadditive [15, Proposition
14.19].

Eventually, let T : M𝜋1→𝑚(Ω × R𝑞) × A(Ω) → [0, +∞] such that T ≤ T̃𝐸 and which is subadditive,
increasing, inner regular, convex and l.s.c. Given how T̂𝐸 is constructed, T ≤ T̂𝐸 . Thus by inner regularity of
T and given how T 𝐸 (𝝁, 𝐴) is defined, we have T (𝝁, 𝐴) ≤ T 𝐸 (𝝁, 𝐴) for any 𝝁 and any 𝐴. That proves the
maximality of T 𝐸 .

Our main result will hold for functionals 𝐸 of the form 𝑢 ↦→
´
𝑊 (∇𝑢), but we will need a slightly stronger

assumption than Assumption B. This additional technical condition will be used only in Lemma A.4.

Assumption C. The function𝑊 : R𝑞𝑑 → [0, +∞) is convex. Moreover it is approximately radial and growing
at least like |𝑣 |𝑝 for 𝑝 ∈ [1, +∞) in the sense

𝐶1 𝑓 ( |𝑣 |) − 𝐶2 ≤ 𝑊 (𝑣) ≤ 𝐶3 𝑓 ( |𝑣 |) + 𝐶4,

for a non-decreasing function 𝑓 : [0, +∞) → [0, +∞) which satisfies 𝑓 (𝑟) ≥ 𝑟 𝑝, some constants 𝐶3 ≥ 𝐶1 > 0
and 𝐶2, 𝐶4 ≥ 0. Here, | · | denotes any norm on the space of matrices.
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Theorem 5.10 (characterization of T𝐸,Eul). For Ω a bounded open set of R𝑑 and 𝑊 which satisfies Assump-
tion C, we define the localized functional 𝐸 : 𝐿0(Ω,R𝑞;𝑚) × A(Ω) → [0, +∞] as the localized version of
Definition 4.2, see Example 5.2. Then

T 𝐸 = T𝐸,Eul,

that is, the localized version of the Eulerian lifting (see (5.2)) is the subadditive, increasing, inner regular,
convex and l.s.c. envelope of 𝐸 on measure-valued maps.

In particular this envelope T 𝐸 is actually local and a measure by Proposition 5.5. Note that even though the
theorem is stated here for a functional depending only on ∇𝑢, it is easy to add any continuous zero order term
as they are linear, so that we deal with functionals like (1.2) as presented in the introduction.

Corollary 5.11. Let Ω,𝑊 and 𝐸 as in Theorem 5.10. For a continuous and bounded function 𝑓 : Ω×R𝑞 → R
we define 𝐸𝐿 : (𝑢, 𝐴) ↦→

´
𝐴
𝑓 (𝑥, 𝑢(𝑥)) d𝑥, and following Proposition 3.1 we define

T𝐸𝐿
(𝝁, 𝐴) =

ˆ
𝐴×R𝑞

𝑓 (𝑥, 𝑦) 𝝁(d𝑥, d𝑦).

Then T 𝐸+𝐸𝐿
, the subadditive, increasing, inner regular, convex and l.s.c. envelope of 𝐸 + 𝐸𝐿 on measure-

valued maps, is equal to T𝐸,Eul + T𝐸𝐿
.

Proof. This is straightforward once we notice that, T𝐸𝐿
being continuous, local and a measure, the functional

T 𝐸+𝐸𝐿
− T𝐸𝐿

should be the subadditive, increasing, inner regular, convex and l.s.c. envelope of 𝐸 , and thus
we can apply Theorem 5.10.

Before moving on to the proof of Theorem 5.10, let us give a heuristic argument to explain why it is
plausible. Let us fix 𝝁 ∈ M𝜋1→𝑚(Ω × R𝑞), and assume for simplicity that 𝑊 is strictly convex and that the
(unique) tangent 𝐽 has density 𝑣 : Ω × R𝑞 → R𝑞𝑑 with respect to 𝝁. We also take 𝑄 ∈ P(𝐿0(Ω,R𝑞;𝑚))
optimal for T𝐸 . We claim that, if we had T𝐸 (𝝁,Ω) = T𝐸,Eul(𝝁,Ω), then, for 𝑄-a.e. 𝑢, there holds

for 𝑚-a.e. 𝑥 ∈ Ω, ∇𝑢(𝑥) = 𝑣(𝑥, 𝑢(𝑥)). (5.5)

Indeed, consider 𝐽 =
´
𝐽𝑢𝑄(d𝑢) ∈ M(Ω × R𝑞)𝑞𝑑 where 𝐽𝑢, tangent to 𝝁𝑢, is defined in the proof of

Corollary 4.9. As ∇𝑥𝝁𝑢 + ∇𝑦 · 𝐽𝑢 = 0, averaging w.r.t. 𝑢 we find that ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0. Using Equation (A.2)
to represent B𝑊 ,

T𝐸,Eul(𝝁,Ω) ≤ B𝑊 (𝝁, 𝐽,Ω) = sup
𝑏

{ˆ
Ω×R𝑞

𝑏 d𝐽 −
ˆ
Ω×R𝑞

𝑊∗(𝑏) d𝝁
}

= sup
𝑏

{ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

(ˆ
Ω

[𝑏(𝑥, 𝑢(𝑥)) · ∇𝑢(𝑥) −𝑊∗(𝑏(𝑥, 𝑢(𝑥)))] d𝑥
)
𝑄(d𝑢)

}
≤
ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

(ˆ
Ω

𝑊 (∇𝑢(𝑥)) d𝑥
)
𝑄(d𝑢)

=

ˆ
𝐿0 (Ω,R𝑞 ;𝑚)

𝐸 (𝑢,Ω)𝑄(d𝑢) = T𝐸 (𝑢,Ω)

where the supremum is taken over all functions 𝑏 : Ω × R𝑞 → R𝑞𝑑 , and the second inequality comes from
the definition of𝑊∗. Thus we see that T𝐸,Eul(𝝁) ≤ T𝐸 (𝑢) (that we already knew), and if there is equality then
the inequalities are equalities, so that 𝐽 = 𝐽 is tangent and that 𝑄-a.e. 𝑢 satisfies ∇𝑢(𝑥) = (∇𝑊∗) (𝑏(𝑥, 𝑢(𝑥)))
for the optimal 𝑏. This implies that the density of 𝐽 with respect to 𝝁 is (∇𝑊∗) (𝑏), which coincides with 𝑣 as
𝐽 = 𝐽. Thus we get that 𝑄-a.e. 𝑢 satisfies ∇𝑢(𝑥) = (∇𝑊∗) (𝑏(𝑥, 𝑢(𝑥))) = 𝑣(𝑥, 𝑢(𝑥)) for 𝑚-a.e. 𝑥, that is, (5.5).

If Ω is a segment of R then (5.5) is an ODE, it can be solved (regularity issues aside): this is precisely how
the identity (1.5) is proved, see [5, Theorem 8.2.1]. When Ω is of dimension more than 2 then (5.5) is a much
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stronger constraint and it implies conditions on 𝑣 which have no reason to be satisfied as we already explained
in our previous work [25, Section 5.3].

On the other hand, if Ω is small enough, then there is a hope that we can solve (5.5) approximately: this is
what is done in the proof below by projecting (5.5) on rays emanating from a point in Ω, see the estimate (5.7).
If Ω is not small, we cut it in small pieces, use the approximate version (5.7) on each piece, and then patch the
results. We can patch the results precisely because T 𝐸 is sudadditive, it could not be possible with T𝐸 .

Proof of Theorem 5.10. As T𝐸,Eul is convex, l.s.c, a measure, and satisfies T𝐸,Eul ≤ T̃𝐸 (see Proposition 5.5),
we only need to show that

T 𝐸 (𝝁, 𝐴) ≤ T𝐸,Eul(𝝁, 𝐴).

for any 𝝁 ∈ M𝜋1→𝑚(Ω × R𝑞) and any open set 𝐴 ∈ A(Ω). We fix such 𝝁, 𝐴 until the end of the proof and
without loss of generality we can assume T𝐸,Eul(𝝁, 𝐴) < +∞.

First step. Regularization. This step is rather classical and we will refer Lemma A.4 that we put in the
appendix for to the precise statement and the proof. With the help of this lemma, given 𝜀 > 0, 𝐴̃ an open set
compactly embedded in 𝐴 and V a neighborhood of the restriction of 𝝁 to 𝐴̃ ×R𝑞 for the topology of narrow
convergence, we find 𝝁̃ ∈ V which has a density 𝜌̃ with respect to the Lebesgue measure. This density 𝜌̃ is
supported on 𝐴̃ × 𝐵 and is smooth and bounded from below by a strictly positive constant on 𝐴̃ × 𝐵, being
𝐵 a ball in R𝑞. Moreover, there is also 𝑣̃ ∈ 𝐶∞( 𝐴̃ × 𝐵,R𝑞𝑑) such that ( 𝝁̃, 𝑣̃ 𝝁̃) satisfy (A.4) the generalized
continuity equation as well as the estimate (A.5) which reads B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̃) ≤ T𝐸,Eul(𝝁, 𝐴) + 𝜀. In the next
two steps we will prove that

T 𝐸 ( 𝝁̃, 𝐴̃) ≤ B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̃). (5.6)

It will be enough to prove the theorem. Indeed, from (5.6),we obtain T 𝐸 ( 𝝁̃, 𝐴̃) ≤ T𝐸,Eul(𝝁, 𝐴) + 𝜀 from (A.5),
thus we can take 𝜀 > 0 going to 0 and the neighborhood V shrinking to {𝝁} to obtain T 𝐸 (𝝁, 𝐴̃) ≤ T𝐸,Eul(𝝁, 𝐴)
thanks to the lower semi-continuity of T 𝐸 (·, 𝐴̃). Then we take the supremum over 𝐴̃ ⊂ 𝐴 with compact
inclusion in 𝐴 and get T 𝐸 (𝝁, 𝐴) ≤ T𝐸,Eul(𝝁, 𝐴) thanks to the inner regularity of the envelope T 𝐸 , which is
our conclusion. Thus, we are now left with the proof of (5.6).

Second step. Approximation on small sets. Now we fix 𝝁̃, 𝜌̃, 𝑣̃ and 𝐴̃ as given in the first step, and we write
𝐴̃ × 𝐵 for the support of 𝜌̃. We denote by ≲ an equality which holds up to a multiplicative constant which
depends only on 𝑣̃ as well as its derivatives. We consider 𝝁̃𝑥 = 𝜌̃(𝑥, 𝑦)d𝑦 for any 𝑥 ∈ 𝐴̃: the family ( 𝝁̃𝑥)𝑥∈ 𝐴̃ is
the disintegration of 𝝁̃ with respect to its variable.

We will prove that if 𝐴̂ is a starshaped domain included in 𝐴̃, then we can find 𝑄 ∈ Π( 𝝁̃) such that

1
𝑚( 𝐴̂)

����ˆ
𝐿0 ( 𝐴̂,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴̂)𝑄(d𝑢) − B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̂)
���� ≲ diameter( 𝐴̂). (5.7)

To that end, fix 𝑥0 ∈ 𝐴̂ such that the segment connecting 𝑥0 to any 𝑥 ∈ 𝐴̂ stays in 𝐴̂. For a fixed 𝑥 ∈ 𝐴̂, we call
𝜌̃𝑥𝑡 (𝑦) = 𝜌̃((1 − 𝑡)𝑥0 + 𝑡𝑥, 𝑦) for 𝑡 ∈ [0, 1]: this is the density on the segment joining 𝑥0 to 𝑥. Projecting the
(smooth) continuity equation (A.4) on the line (𝑥 − 𝑥0), we see that this curve of measures solve the classical
continuity equation{

𝜕𝑡 𝜌̃
𝑥
𝑡 + ∇𝑦 · (𝑤𝑥 𝜌̃𝑥𝑡 ) = 0 in [0, 1] × 𝐵,

𝑤𝑥 · n𝐵 = 0 on [0, 1] × 𝜕𝐵
with 𝑤𝑥 (𝑡, 𝑦) = 𝑣̃((1 − 𝑡)𝑥0 + 𝑡𝑥, 𝑦) (𝑥 − 𝑥0), (5.8)

where 𝑣̃((1 − 𝑡)𝑥0 + 𝑡𝑥, 𝑦) (𝑥 − 𝑥0) is to be read as a matrix vector product and n𝐵 is the outward normal to 𝐵.
For this equation we can apply the classical superposition principle, see [5, Proposition 8.1.8] or [33, Theorem
4.4]. Specifically for any 𝑥 ∈ 𝐴̂, we call Ψ(𝑥, 𝑦) the solution at time 𝑡 = 1 of the ODE starting at 𝑥0 at time 0
which reads

¤𝑦𝑡 = 𝑤𝑥 (𝑡, 𝑦𝑡 ) = 𝑣̃((1 − 𝑡)𝑥0 + 𝑡𝑥, 𝑦𝑡 ) (𝑥 − 𝑥0)
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It defines a function Ψ : 𝐴̂ × 𝐵 → 𝐵 which is smooth (of class 𝐶∞) by classical regularity for flows of ODEs.
From the classical superposition principle [5, Proposition 8.1.8] applied to (5.8), there holds Ψ(𝑥, ·)#𝝁̃𝑥0 = 𝝁̃𝑥

for any 𝑥 ∈ 𝐴̂. Moreover, as 𝑤𝑥 (𝑡, 𝑦) = 𝑣(𝑥0, 𝑦) (𝑥−𝑥0) +𝑜(𝑥−𝑥0) uniformly in 𝑡 ∈ [0, 1], that is, 𝑤𝑥0 (𝑡, 𝑦) = 0
and ∇𝑥𝑤

𝑥 (𝑡, 𝑦) |𝑥=𝑥0 = 𝑣(𝑥0, 𝑦), standard theory of ODEs yields that we can differentiate the flow and obtain:

Ψ(𝑥0, ·) = Id, ∇𝑥Ψ(𝑥0, ·) = 𝑣̃(𝑥0, ·).

To produce a competitor in (5.6) we follow the idea of a “parametric” 𝑄 developed in Example 3.3, where
now 𝑦 ∈ 𝐵 is the “parameter”. Indeed for every 𝑦, we can look at 𝑢𝑦 : 𝑥 ↦→ Ψ(𝑥, 𝑦), and we simply set 𝑄 as
the pushforward of 𝝁̃𝑥0 = 𝜌̃(𝑥0, 𝑦)d𝑦 by the map 𝑦 ↦→ 𝑢𝑦 . In particular 𝑄 is concentrated on 𝐶∞( 𝐴̂, 𝐵) and as
Ψ(𝑥, ·)#𝝁̃𝑥0 = 𝝁̃𝑥 , the computations of Example 3.3 guarantee 𝑄 ∈ Π( 𝝁̃). On the other hand for the value of
the functional following Example 3.8 we find

ˆ
𝐿0 ( 𝐴̂,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴̂)𝑄(d𝑢) =
ˆ
𝐵

(ˆ
𝐴̂

𝑊 (∇𝑥Ψ(𝑥, 𝑦)) d𝑥
)
𝜌̃(𝑥0, 𝑦)d𝑦.

To write the other term in the left hand side of (5.7), we use Ψ(𝑥, ·)#𝝁̃𝑥0 = 𝝁̃𝑥 = 𝜌̃(𝑥, 𝑦)d𝑦 and obtain

B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̂) =
ˆ
𝐴̂×𝐵

𝑊 (𝑣̃(𝑥, 𝑦)) 𝜌̃(𝑥, 𝑦) d𝑥d𝑦

=

ˆ
𝐴̂

(ˆ
𝐵

𝑊 (𝑣̃(𝑥, 𝑦)) 𝜌̃(𝑥, 𝑦)d𝑦
)

d𝑥

=

ˆ
𝐴̂

(ˆ
𝐵

𝑊 (𝑣̃(𝑥,Ψ(𝑥, 𝑦))) 𝜌̃(𝑥0, 𝑦)d𝑦
)

d𝑥

=

ˆ
𝐵

(ˆ
𝐴̂

𝑊 (𝑣̃(𝑥,Ψ(𝑥, 𝑦))) d𝑥
)
𝜌̃(𝑥0, 𝑦)d𝑦

where the last equality is Fubini’s theorem. The two terms in the left hand side of (5.7) now look alike:����ˆ
𝐿0 ( 𝐴̂,R𝑞 ;𝑚)

𝐸 (𝑢, 𝐴̂)𝑄(d𝑢) − B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̂)
����

=

����ˆ
𝐵

(ˆ
𝐴̂

𝑊 (∇𝑥Ψ(𝑥, 𝑦)) −𝑊 (𝑣̃(𝑥,Ψ(𝑥, 𝑦))) d𝑥
)
𝜌̃(𝑥0, 𝑦) d𝑦

���� .
We use smoothness of Ψ and 𝑣̃ to conclude: as Ψ is a 𝐶∞ function on 𝐴̂ × 𝐵, with derivatives controlled only
by the ones of 𝑣̃, and as ∇𝑥Ψ(𝑥0, 𝑦) = 𝑣̃(𝑥0, 𝑦) = 𝑣̃(𝑥0,Ψ(𝑥0, 𝑦)) for any 𝑦, we obtain uniformly in 𝑦 ∈ 𝐵

|∇𝑥Ψ(𝑥, 𝑦) − 𝑣̃(𝑥,Ψ(𝑥, 𝑦)) | ≲ |𝑥 − 𝑥0 | ≤ diameter( 𝐴̂).

Thanks to𝑊 convex and finite everywhere thus Lipschitz on bounded sets, we conclude to����ˆ
𝐵

(ˆ
𝐴̂

𝑊 (∇𝑥Ψ(𝑥, 𝑦)) −𝑊 (𝑣̃(𝑥,Ψ(𝑥, 𝑦))) d𝑥
)
𝜌̃(𝑥0, 𝑦) d𝑦

����
≤ Lip(𝑊)

ˆ
𝐵

(ˆ
𝐴̂

|∇𝑥Ψ(𝑥, 𝑦) − 𝑣̃(𝑥,Ψ(𝑥, 𝑦)) | d𝑥
)
𝜌̃(𝑥0, 𝑦) d𝑦

≲ Lip(𝑊)𝑚( 𝐴̂) diameter( 𝐴̂),

being Lip(𝑊) a Lipschitz constant of𝑊 on the image of 𝑣̃ and ∇𝑥Ψ. This implies our estimate (5.7) which we
rewrite

T 𝐸 (𝝁, 𝐴̂) ≤ T𝐸 (𝝁, 𝐴̂) ≤ B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̂) + 𝐶𝑚( 𝐴̂)diam( 𝐴̂),

where 𝐶 depends only on𝑊 and 𝑣̃ as well as its derivatives.

28



Third step. Conclusion. Fix 𝛿 > 0. We take a partition (up to a negligible set) of 𝐴̃ into 𝑛 pieces 𝐴̂1, . . . , 𝐴̂𝑛,
each of them starshaped and of diameter at most 𝛿. As T 𝐸 is subadditive but B𝑊 is additive, we obtain

T 𝐸 (𝝁, 𝐴̃) ≤
𝑛∑︁
𝑖=1

T 𝐸 (𝝁, 𝐴̂𝑖) ≤
𝑛∑︁
𝑖=1

(
B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̂𝑖) + 𝐶𝛿𝑚( 𝐴̂𝑖)

)
= B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̃) + 𝐶𝛿𝑚( 𝐴̃).

As we take more and more pieces and send 𝛿 → 0, we get exactly T 𝐸 (𝝁, 𝐴̃) ≤ B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̃), that is, (5.6).

A Some technical results

In this appendix we collect some results which are quite classical and/or use techniques which are not central
in the present work.

A.1 Checking the assumption of coercivity of the functional 𝐸

We present a setting tailored for the applications in the rest of this article in which Assumption A is satisfied.
It illustrates that checking Assumption A is more or less equivalent to checking existence of a minimizer for a
problem of calculus of variations for classical maps, thus techniques are by now well-established.

Proposition A.1. We fix 𝑋 = Ω a bounded open set of R𝑑 that we endow with 𝑚 the Lebesgue measure.
On the other hand the space 𝑌 is taken to be 𝑌 = R𝑞. For an integer 𝑘 ≥ 1 and 𝑝 ∈ (1, +∞), let
𝐿 = 𝐿 (𝑥, 𝑢, 𝑣1, 𝑣2, . . . , 𝑣𝑘) ∈ (0, +∞) a Lagrangian which is Carathéodory, continuous in its last 𝑘 + 1
variables for fixed 𝑥 ∈ Ω and and convex in its last variable when the other ones are fixed. We also assume that
it grows at least like |𝑣𝑘 |𝑝 in its last variable, that is

𝐿 (𝑥, 𝑢, 𝑣1, 𝑣2, . . . , 𝑣𝑘) ≥ 𝐶1 |𝑣𝑘 |𝑝 − 𝐶2

for some constants 𝐶1 > 0, 𝐶2 ≥ 0, uniformly in the variables 𝑥, 𝑢, 𝑣1, . . . , 𝑣𝑘−1. We consider the functional 𝐸
defined over 𝐿0(Ω,R𝑞;𝑚) by

𝐸 (𝑢) =

ˆ
Ω

𝐿 (𝑥, 𝑢(𝑥),∇𝑢(𝑥),∇2𝑢(𝑥), . . . ,∇𝑘𝑢(𝑥)) d𝑥 if 𝑢 ∈ 𝑊 𝑘, 𝑝 (Ω,R𝑞),

+∞ otherwise,

being 𝑊 𝑘, 𝑝 (Ω,R𝑞) the standard Sobolev space of functions having 𝑘 derivatives in 𝐿 𝑝. Then the functional
𝐸 satisfies Assumption A.

Proof. Using [19, Theorem 4.5], we know that 𝐸 is l.s.c. along sequences 𝑢𝑛 such that ∇𝑘𝑢𝑛 converges locally
weakly in 𝐿 𝑝 (Ω) while 𝑢, ∇𝑢, . . ., ∇𝑘−1𝑢 converge locally strongly in 𝐿 𝑝 (Ω).

First step: a preliminary observation. Let us start with a preliminary observation, by looking at what we
can say about a sequence (𝑢𝑛)𝑛≥1 such that

sup
𝑛

𝐸 (𝑢𝑛) < +∞.

Without loss of generality, in the sequel we assume that Ω is bounded, connected and has a smooth boundary:
indeed, as [19, Theorem 4.5] requires only local convergence, we can always decompose Ω in a countable union
of subdomain which are bounded, connected and with smooth boundaries, and patch pieces via a diagonal
argument.

By the growth assumption on 𝐿, we know that ∇𝑘𝑢 is bounded in 𝐿 𝑝 (Ω). We write 𝑢𝑛 = 𝑢̃𝑛 + 𝑃𝑛 where
(𝑃𝑛)𝑛∈N is a sequence of polynomials in Ω of degrees at most 𝑘 − 1 which match the moments up to order
𝑘 − 1 of 𝑢𝑛. By Sobolev embeddings we know that up to extraction the sequence (𝑢̃𝑛)𝑛≥1 converges strongly
in𝑊 𝑘−1, 𝑝 and weakly in𝑊 𝑘, 𝑝 to some 𝑢̃ ∈ 𝑊 𝑘, 𝑝.
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Second step: lower semi-continuity of 𝐸 . Armed with this preliminary observation, let us prove lower
semi-continuity of 𝐸 for the convergence in 𝐿0(Ω,R𝑞;𝑚). Indeed, following [19, Theorem 4.5], it is enough
to prove that the polynomial 𝑃𝑛 converges to a limit. But 𝑃𝑛 matches the moment up to order 𝑘 − 1 of 𝑢𝑛, and
the latter converges in 𝐿0(Ω,R 𝑝;𝑚) while Ω is bounded: it implies that the moments of 𝑢𝑛 converge to the
ones of 𝑢, thus implying convergence of (𝑃𝑛)𝑛∈N to a limit polynomial.

Third step: compactness of the sublevel sets. Then, let us take 𝜓 : R𝑞 → [0, +∞) with compact sublevel
sets, and (𝑢𝑛)𝑛∈N a sequence in 𝐿0(Ω,R𝑞;𝑚) such that

sup
𝑛

{
𝐸 (𝑢𝑛) +

ˆ
Ω

𝜓(𝑢𝑛 (𝑥)) d𝑥
}
< +∞.

Without loss of generality we can assume that 𝜓 is radial and converges to +∞ at infinity. We want to prove
that, up to extraction, (𝑢𝑛)𝑛∈N converges to a limit in 𝐿0(Ω,R𝑞;𝑚). By the preliminary observation we can
write 𝑢𝑛 = 𝑢̃𝑛 +𝑃𝑛, with 𝑃𝑛 polynomial of degree 𝑘 −1 and 𝑢̃𝑛 a sequence which converges strongly in𝑊 𝑘−1, 𝑝.
We only need to prove that, up to extraction, the sequence of polynomials 𝑃𝑛 converge, and for this we will use
the function 𝜓. Assume by contradiction it is not the case. As (𝑃𝑛)𝑛≥1 belongs to a space of finite dimension,
it means that any norm of 𝑃𝑛 should diverge as 𝑛→ +∞, for instance the 𝐿 𝑝 (Ω) norm. In particular, writing

𝑢𝑛 = 𝑢̃𝑛 + 𝑃𝑛 = ∥𝑃𝑛∥𝐿𝑝

(
𝑢̃𝑛

∥𝑃𝑛∥𝐿𝑝

+ 𝑃𝑛

∥𝑃𝑛∥𝐿𝑝

)
,

we know that 𝑢̃𝑛/∥𝑃𝑛∥𝐿𝑝 converges to zero in 𝐿 𝑝 (Ω,R𝑞;𝑚), while the second term 𝑃𝑛

∥𝑃𝑛 ∥𝐿𝑝
converges also in

𝐿 𝑝 (Ω,R𝑞;𝑚), up to extraction, to a polynomial 𝑃 of degree at most 𝑘 − 1 which is non zero as it belongs to
the unit sphere of 𝐿 𝑝 (Ω,R𝑞;𝑚). In particular, with the help of Markov’s inequality, again up to extraction of
a subsequence, we can find a set 𝐴 of positive measure such that, for 𝑛 large enough and every 𝑥 ∈ 𝐴,���� 𝑢̃𝑛 (𝑥)∥𝑃𝑛∥𝐿𝑝

+ 𝑃𝑛 (𝑥)
∥𝑃𝑛∥𝐿𝑝

���� ≥ 1
2
|𝑃(𝑥) | ≥ 𝑐

for some constant 𝑐 > 0 independent on 𝑛. We conclude by noticing that
ˆ
Ω

𝜓(𝑢𝑛 (𝑥)) d𝑥 ≥
ˆ
𝐴

𝜓(𝑢𝑛 (𝑥)) d𝑥 =
ˆ
𝐴

𝜓

(
∥𝑃𝑛∥𝐿𝑝

(
𝑢̃𝑛

∥𝑃𝑛∥𝐿𝑝

+ 𝑃𝑛

∥𝑃𝑛∥𝐿𝑝

))
≥ 𝑚(𝐴)𝜓(𝑐∥𝑃𝑛∥𝐿𝑝 ),

and that the right hand side goes to +∞ as 𝑛→ +∞ which clearly contradict our assumption.

For the sake of completeness, and as we use it in the case of variational models with TV regularization, we
also present the result in the case 𝑝 = 1. We only sketch the arguments of the proof as they are very similar to
the one of Proposition A.1.

Proposition A.2. We fix 𝑋 = Ω a bounded open set of R𝑑 that we endow with 𝑚 the Lebesgue measure.
On the other hand the space 𝑌 is taken to be 𝑌 = R𝑞. We take 𝐸 : 𝐿0(Ω,R𝑞;𝑚) → [0, +∞] defined as in
Definition 4.2, where𝑊 : R𝑞𝑑 → [0, +∞] satisfies Assumption B with 𝑝 = 1.

Then the functional 𝐸 satisfies Assumption A.

Proof. Using [4, Theorem 2.34] we know that 𝐸 is l.s.c. along sequences 𝑢𝑛 such that ∇𝑢𝑛 converges locally
weakly as a measure.

Reasoning as in the proof of Proposition A.1, we can always restrict to the case where Ω is bounded,
connected and has a smooth boundary. Similarly for any sequence (𝑢𝑛)𝑛≥1 which satisfies sup𝑛 𝐸 (𝑢𝑛) < +∞
by embedding results [4, Corollary 3.49] we can write 𝑢𝑛 = 𝑢̃𝑛 + 𝑦𝑛 where (𝑦𝑛)𝑛≥1 is the sequence of the means
of 𝑢𝑛 and (𝑢̃𝑛)𝑛≥1 a sequence such that (𝑢̃𝑛)𝑛≥1 converges strongly in 𝐿1 while (∇𝑢̃𝑛)𝑛≥1 converges weakly-★
as a measure.

The rest of the proof follows mutatis mutandis the second and third step of the proof of Proposition A.1, by
replacing 𝑃𝑛 by 𝑦𝑛.
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A.2 Functional of measures

In this appendix, we state some standard properties of the functional B𝑊 introduced in Definition 4.3.
First, note that with Assumption B it is easy to derive the coercivity estimate

B𝑊 (𝝁, 𝐽) ≥ 𝐶1 |𝐽 | (Ω ×R𝑞)𝑞𝑑 − 𝐶2 |𝝁 | (Ω ×R𝑞) = 𝐶1 |𝐽 | (Ω ×R𝑞)𝑞𝑑 − 𝐶2𝑚(Ω). (A.1)

The main result of this appendix is the “dual” representation of the functional.

Proposition A.3. The function (𝝁, 𝐽) ↦→ B𝑊 (𝝁, 𝐽) is jointly l.s.c. for weak-★ convergence and convex.
Moreover, being𝑊∗ the Legendre transform of𝑊 there holds

B𝑊 (𝝁, 𝐽) = sup
𝑎,𝑏

{ˆ
Ω×R𝑞

𝑎 d𝝁 +
ˆ
Ω×R𝑞

𝑏 · d𝐽 : 𝑎 +𝑊∗(𝑏) ≤ 0
}

(A.2)

where the supremum is taken over all pairs (𝑎, 𝑏) of continuous compactly supported functions from Ω × R𝑞

to R and R𝑞𝑑 respectively.

Proof. The dual representation formula (A.2), at least on compact subsets of Ω × R𝑞, can be for instance
found in [14, Lemma 2.9], where the authors quote Theorem 6 of [32] together with Lemma A.2 of [9] for the
proof. Extension to the non-compact set Ω × R𝑞 is immediate by inner regularity of the integral. The lower
semi-continuity, which is a consequence of (A.2), can be also be found in [4, Theorem 2.34].

Note also that as soon as 𝝁 is non-negative it is always optimal to choose 𝑎 = −𝑊∗(𝑏) if𝑊∗(𝑏) < +∞, thus
the formula reads

B𝑊 (𝝁, 𝐽) = sup
𝑏

{ˆ
Ω×R𝑞

𝑏 · d𝐽 −
ˆ
Ω×R𝑞

𝑊∗(𝑏) d𝝁
}

(A.3)

where the supremum is taken among all 𝑏 ∈ 𝐶𝑐 (Ω×R𝑞,R𝑞𝑑) continuous, compactly supported and such that
𝑊∗(𝑏) < +∞. It yields directly that the Legendre transform of the map 𝐽 ↦→ B𝑊 (𝝁, 𝐽) is 𝑏 ↦→

´
𝑊∗(𝑏) d𝝁,

restricted to 𝑏 such that𝑊∗(𝑏) < +∞ everywhere.

A.3 Regularizing maps of measures

In this appendix we have also included the following lemma to regularize maps of measures. The arguments
are by now classical in the case of curves of measures and can be found in [5, Chapter 8] or [33, Chapter 5].
As we use it in Section 5 we state it here for the localized version of T𝐸,Eul, see Section 5.1 for the notations.

Lemma A.4. Let 𝝁 ∈ M𝜋1→𝑚(𝐴 × R𝑞). If 𝜀 > 0, 𝐴̃ is an open set compactly embedded in 𝐴 and V is a
neighborhood of 𝝁 in M𝜋1→𝑚(𝐴 ×R𝑞) for the topology of narrow convergence, then there exists 𝝁̃ ∈ V and
𝑣̃ : 𝐴̃ ×R𝑞 → R𝑞𝑑 such that:

1. Absolute continuity: the measure 𝝁̃ has a density with respect to d𝑥 ⊗ d𝑦 the Lebesgue measure on
𝐴̃ × R𝑞 that we denote by 𝜌̃. Moreover, for each 𝑥, the measure 𝜌̃(𝑥, 𝑦)d𝑦 is a probability measure on
R𝑞.

2. Compact support in 𝑦: there exists 𝐵 a ball of R𝑞 such that 𝜌̃ is supported on 𝐴̃ × 𝐵.

3. Smoothness of 𝜌̃: the density 𝜌̃ can be extended to a function of class 𝐶∞ on 𝐴̃ × 𝐵 and bounded from
below by a strictly positive constant.

4. Smoothness of 𝑣̃: the velocity field 𝑣̃ is of class 𝐶∞ on 𝐴̃ × 𝐵.
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5. The velocity is almost tangent: the equation ∇𝑥 𝝁̃ + ∇𝑦 · (𝑣̃ 𝝁̃) = 0 is satisfied in the sense of distribution
over 𝐴̃ ×R𝑞, so that, being n𝐵 the outward normal to 𝐵,{

∇𝑥 𝜌̃ + ∇𝑦 · (𝑣̃ 𝜌̃) = 0 in 𝐴̃ × 𝐵,
𝑣̃ · n𝐵 = 0 on 𝐴̃ × 𝜕𝐵,

(A.4)

holds in the classical sense and moreover there holds

B𝑊 ( 𝝁̃, 𝑣̃ 𝝁̃, 𝐴̃) =
ˆ
𝐴̃×R𝑞

𝑊 (𝑣̃(𝑥, 𝑦)) 𝜌̃(𝑥, 𝑦) d𝑥d𝑦 ≤ T𝐸,Eul(𝝁, 𝐴) + 𝜀. (A.5)

Proof. Let 𝐽 ∈ M(𝐴 × R𝑞)𝑞𝑑 tangent to 𝝁, that is, ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0 is satisfied in the sense of distributions
and T𝐸,Eul(𝝁, 𝐴) = B𝑊 (𝝁, 𝐽, 𝐴). We will apply successive transformations to 𝝁 and 𝐽 in order to obtain the
regularity properties while staying in the neighborhood V of 𝝁, and keeping the estimate (A.5) valid.

First step: retraction on a ball in the 𝑦 variable. For simplicity we assume 𝐽 ≪ 𝝁. In the case 𝑝 = 1 of
Assumption C, we can always fall back to this case by doing a small mollification of the (𝜇, 𝐽) variables, see
the second step. Calling 𝐵𝑅 the centered ball of radius 𝑅, let us consider 𝐹 : R𝑞 → 𝐵𝑅 a smooth injective
contraction onto 𝐵𝑅, the centered ball of radius 𝑅, which is the identity over 𝐵𝑅/2. Extending 𝐹 to 𝐴 ×R𝑞 by
𝐹̃ (𝑥, 𝑦) = (𝑥, 𝐹 (𝑦)), we consider

𝝁 (1) = 𝐹̃#𝝁, 𝐽 (1) = 𝐹̃#(∇𝑦 𝐹̃ 𝐽).

A simple change of variable yields ∇𝑥𝝁
(1) + ∇𝑦 · 𝐽 (1) = 0. Moreover, calling 𝑣 the density of 𝐽 with respect to

𝝁, there holds
d𝐽 (1)

d𝝁 (1) (𝑥, 𝑦) = (∇𝑦𝐹 ◦ 𝐹−1) (𝑦)𝑣(𝑥, 𝑦).

Assumption C, and in particular that𝑊 is approximately radial, together with ∇𝑦𝐹 being non-expansive, yields

𝑊 ((∇𝑦𝐹 ◦ 𝐹−1) (𝑦)𝑣) ≤ 𝐶5𝑊 (𝑣) + 𝐶6

for any 𝑦 ∈ R𝑞 and any 𝑣 ∈ R𝑞𝑑 for some non-negative constants 𝐶5, 𝐶6. Thus we estimate as follows, taking
in account that 𝐹 is the identity over 𝐵𝑅/2, so that (𝝁, 𝐽) and (𝝁 (1) , 𝐽 (1) ) coincide on 𝐴 × 𝐵𝑅/2:

B𝑊 (𝝁 (1) , 𝐽 (1) , 𝐴) =
ˆ
𝐴×R𝑞

𝑊

(
d𝐽 (1)

d𝝁 (1)

)
d𝝁 (1)

=

ˆ
𝐴×𝐵𝑅/2

𝑊

(
d𝐽 (1)

d𝝁 (1)

)
d𝝁 (1) +

ˆ
𝐴×(R𝑞\𝐵𝑅/2 )

𝑊

(
d𝐽 (1)

d𝝁 (1)

)
d𝝁 (1)

≤
ˆ
𝐴×𝐵𝑅/2

𝑊

(
d𝐽
d𝝁

)
d𝝁 +

ˆ
𝐴×(R𝑞\𝐵𝑅/2 )

(
𝐶5𝑊

(
d𝐽
d𝝁

)
+ 𝐶6

)
d𝝁

≤ B𝑊 (𝝁, 𝐽, 𝐴) +
ˆ
𝐴×(R𝑞\𝐵𝑅/2 )

(
𝐶5𝑊

(
d𝐽
d𝝁

)
+ 𝐶6

)
d𝝁.

As 𝑅 → +∞ the second term converges to zero thanks to B𝑊 (𝝁, 𝐽, 𝐴) < +∞, thus can be made arbitrary small:
by appropriately choosing 𝑅 we can keep the validity of (A.5). Moreover as 𝑅 → +∞ the measure 𝝁 (1) clearly
converges to 𝝁.

Second step: smoothing by convolution. We take a sequence (𝜒𝑛)𝑛∈N of smooth and compactly supported
mollifiers over R𝑑 × R𝑞 which form an approximation of unity, with support shrinking to 0 as 𝑛 → +∞. For
𝑛 large enough, we set

(𝝁 (2) , 𝐽 (2) ) = (𝜒𝑛 ∗ 𝝁, 𝜒𝑛 ∗ 𝐽).
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When restricted to 𝐴̃ × R𝑞, the first marginal of 𝝁 (2) is the Lebesgue measure, and the support is included in
𝐴̃ × 𝐵𝑅+1 at least for 𝑛 large enough. Moreover as ∇𝑥𝝁

(1) + ∇𝑦 · 𝐽 (1) = 0 and that convolution commutes with
differential operators we get ∇𝑥𝝁

(2) + ∇𝑦 · 𝐽 (2) = 0 on 𝐴̃ × R𝑞. The measures 𝝁 (2) and 𝐽 (2) have a density
with respect to d𝑥 ⊗ d𝑦 and this density is smooth provided 𝜒𝑛 is smooth. We call 𝜌̃ (2) the density of 𝝁̃ (2) .
Eventually, it is standard that convolution decreases the energy B𝑊 (see e.g. [13, Lemma 1.1.23]), thus:

B𝑊 (𝝁 (2) , 𝐽 (2) , 𝐴̃) ≤ B𝑊 (𝝁 (1) , 𝐽 (1) , 𝐴).

Of course by choosing 𝑛 large enough the restriction of 𝝁 (2) to 𝐴̃ × R𝑞 will be close to 𝝁 (1) for the topology
of narrow convergence.

Third step: adding a positive constant. Let 𝑐 > 0 the constant such that 𝑐1𝑦∈𝐵𝑅+1 d𝑦 is a probability
measure. We set, for a parameter 𝜆 ∈ (0, 1],

𝜌̃ (3) (𝑥, 𝑦) = (1 − 𝜆) 𝜌̃ (2) (𝑥, 𝑦) + 𝜆𝑐1𝑦∈𝐵𝑅+1 , 𝐽 (3) = (1 − 𝜆)𝐽 (2) ,

and we write 𝝁 (3) for the measure with density 𝜌 (3) with respect to the Lebesgue measure. Note that (𝝁 (3) , 𝐽 (3) )
is a convex combination of (𝝁 (2) , 𝐽 (2) ) and (𝑐1𝑦∈𝐵𝑅+1d𝑥d𝑦, 0). As both satisfy the equation ∇𝑥𝝁 + ∇𝑦 · 𝐽 = 0,
so does their convex combination. Moreover, again by convexity of B𝑊 , we have

B𝑊 (𝝁 (3) , 𝐽 (3) , 𝐴̃) ≤ (1 − 𝜆)B𝑊 (𝝁 (2) , 𝐽 (2) , 𝐴̃) + 𝜆𝑚( 𝐴̃)𝑊 (0).

By taking 𝜆 > 0 small enough, we still satisfy (A.5), and by sending 𝜆 → 0 we have that the measure 𝝁 (3)

converges to 𝝁 (2) . Note that the density 𝜌̃ (3) is bounded uniformly from below by 𝑐𝜆 > 0 on 𝐴̃ × 𝐵𝑅+1.

Fourth step: conclusion. We take 𝝁̃ = 𝝁 (3) which has density 𝜌̃ = 𝜌̃ (3) with respect to the Lebesgue
measure. The bounded support, smoothness and positivity of 𝝁̃ comes respectively from the first, second
and third point. We define 𝑣̃ as the density of 𝐽 (3) with respect to 𝝁 (3) . The smoothness of 𝑣̃ comes
from the smoothness of 𝐽 (3) and 𝜌 (3) , as well as the strict positivity of 𝜌 (3) . Equation (A.4) holds because
∇𝑥𝝁

(3) + ∇𝑦 · 𝐽 (3) = 0 holds in the sense of distributions. The estimate (A.5) also holds as we made sure of it
during the first, second and third step. If 𝑅 is large enough, 𝑛 is large enough and 𝜆 > 0 small enough then 𝝁̃
indeed belongs to V.
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