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Abstract

In this paper, we consider the model describing viscous incompressible liquid crystal
flows, which is called the Beris-Edwards model in the half-space. This model is a coupled
system by the Navier-Stokes equations with the evolution equation of the director fields Q.
The purpose of this paper is to prove the linearized problem has a unique solution satisfying
the maximal Lp -Lq regularity estimates, which is essential for the study of quasi-linear
parabolic or parabolic-hyperbolic equations. Our method relies on the R-boundedness of
the solution operator families to the resolvent problem in order to apply operator-valued
Fourier multiplier theorems. Consequently, we also have the local well-posedness for the
Beris-Edwards model with small initial data.

MSC Numbers: 35A01, 35Q35, 76A15

1 Introduction

In this paper we study the Beris-Edwards model for nematic liquid crystals:

(∂t −∆)u+∇p+ βDiv(∆− a)Q = f(u,Q) in (0, T )× RN
+

(∂t −∆+ a)Q− βD(u) = G(u,Q) in (0, T )× RN
+

divu = 0 in (0, T )× RN
+

u = h, DNQ = H on (0, T )× RN
0

u(0) = u0, Q(0) = Q0 in RN
+ ,

(1)

with

(DivA)k =

N∑
j=1

∂jAk,j ∀A : RN → RN2

, k = 1, . . . , N.

Liquid crystals are a state of matter intermediate between the solid state and the liquid state:
such substances flow like liquids but they are strongly anisotropic. As the name suggested, the
model was introduced by Beris and Edward in [4]. Here u : (0, T )× RN

+ → RN and p : (0, T )×
RN

+ → R for T > 0 are respectively the velocity field of the particles and the pressure of the
material, while Q : (0, T ) × RN

+ → S0(N,R) was introduced by [8] in order to measure the
anisotropy of the substance, where

S0(N,R) :=
{
A ∈ RN2

∣∣∣AT = A, tr(A) = 0
}
,

where AT and trA are respectively the transpose and the trace of a matrix A

(
AT
)
j,k

= Ak,j (j, k = 1, . . . , N), trA =

N∑
j=1

Aj,j
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and where RN
+ and RN

0 are respectively the half-space and its boundary, i.e.

RN
+ :=

{
(x′, xN ) ∈ RN−1 × R

∣∣∣ xN > 0
}
,

RN
0 :=

{
(x′, xN ) ∈ RN−1 × R

∣∣∣ xN = 0
}
.

Moreover, ξ, a, b, c ∈ R, β = 2ξ
N , h : (0, T )× RN

+ → RN , H : (0, T )× RN
+ → RN2

,

f(u,Q) = −(u·∇)u+Div

[
2ξH : Q

(
Q+

Id

N

)
− (ξ + 1)HQ+ (1− ξ)QH−∇Q⊙∇Q

]
−βDivL[F(Q)],

G(u,Q) = −(u ·∇)Q+ξ(D(u)Q+QD(u))+W (u)Q−QW (u)−2ξ

(
Q+

Id

N

)
Q : ∇u+L[F(Q)],

W (u) =
1

2

(
∇u−∇Tu

)
, D(u) =

1

2

(
∇u+∇Tu

)
, F(Q) = bQ2 − c|Q|2Q,

[∇Q⊙∇Q]jk =

N∑
α,β=1

∂jQαβ∂kQαβ j, k = 1, . . . , N,

H = ∆Q− aQ+ bL[Q2]− c|Q|2Q,

where Id is the identity matrix of RN2

, |A| and A : B of two symmetric matrices A,B ∈ RN2

are respectively the Frobenius norm and his associated scalar product

A : B := tr
(
BTA

)
=

N∑
i,j=1

BjiAji,

|A| :=
√
A : A =

√√√√ N∑
i,j=1

A2
ij ,

and where
L[A] = A− tr(A)

Id

N
.

The Beris-Edwards model was mathematically studied by several authors. Concerning the
case ξ = 0, the first result was obtained by Paicu and Zarnescu [17]. They proved the existence
of global weak solutions in RN with N = 2, 3 as well as weak-strong uniqueness for N = 2. An
improved result of [17] in R2 was established in [7]. Huang and Ding [13] proved the existence of
global weak solutions with a more general energy functional in R3. Abels, Dolzmann, and Liu
[2] proved that the classical Beris-Edwards model, fluid viscosity depends on the Q-tensor, has
a unique local solution in a bounded domain with Dirichlet boundary conditions. The global
well-posedness was proved by Luo, Li, and Zhao [15] in a bounded with Dirichlet boundary
conditions under the assumption viscosity is sufficiently large. Xiao [25] proved the global
well-posedness in a bounded domain. The author constructed a strong solution in the Lp-Lq

maximal regularity class.
On the other hand, concerning the model with general parameter ξ, Abels, Dolzmann, and

Liu [1] showed the unique existence of a strong local solution and global weak solutions with
higher regularity in time in the case of inhomogeneous mixed Dirichlet/Neumann boundary
conditions in a bounded domain. Liu and Wang [14] improved the spatial regularity of solutions
obtained in [1] and generalized their result to the case of anisotropic elastic energy. The global
well-posedness and long-time behavior of the model in the two-dimensional periodic case was
investigated by Cavaterra et al. [6]. In [18] Schonbek and Shibata proved the global well-
posedness and the decay properties in the Lp-Lq maximal regularity class for the simplified
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model, which means that the linear terms ∆Q− aQ are removed from the first equation of (1).
Shibata and the second author obtained in [16] the unique existence and the decay properties
of a strong global solution in the same solution spaces as [18] for the Beris-Edwards model.

As far as we know, there is no result relating to the well-posedness for boundary value
problems in unbounded domains even if ξ = 0. In this paper, we prove the Lp-Lq maximal
regularity for the linearized system in RN

+ :

∂tu−∆u+∇p+ βDiv(∆− a)Q = f in R+ × RN
+

∂tQ− (∆− a)Q− βD(u) = G in R+ × RN
+

divu = 0 in R+ × RN
+

u = h, DNQ = H on R+ × RN
0

u(0) = u0, Q(0) = Q0 in RN
+ .

For this purpose, R-boundedness of the solution operator families to the resolvent problem is
a key issue. Moreover, we prove the Lp-Lq maximal regularity yields the local well-posedness
for the system (1) with small initial data in RN

+ .

1.1 Notations

In this section, we summarize the symbols and functional spaces used through the paper.

Let θ ∈
(
0, π2

)
and r > 0, then we can define

Σθ := {z ∈ C \ {0} | |Arg(z)| < π − θ}

and
Σθ,r := {z ∈ Σθ | |z| > r}.

We denote N0 = N ∪ {0}, R+ = (0,+∞) and R− = (−∞, 0). For any q ∈ (1,∞) we denote
the dual exponent q′ = q

q−1 . For any multi-index α ∈ NN
0 we write

|α| = α1 + · · ·+ αN ,

Dα = ∂α1
x1

· · · ∂αN
xN
.

For any k ∈ N0, for any Ω ⊆ RN open set and for any function f : Ω → R, g : Ω → RN and
A : Ω → RN2

we denote

∇kf = (Dαf | |α| = k), ∇kg = (Dαgj | |α| = k, j = 1, . . . , N),

∇kA = (DαAℓ,j | |α| = k, ℓ, j = 1, . . . , N).

We also denote C∞(Ω) the space of infinitely differentiable functions in Ω and C∞
c (Ω) the

C∞(Ω)-functions with compact support.
Let F and F−1 denote the Fourier transform and the Fourier inverse transform, respectively,

which are defined by setting

f̂(τ) = F [f ](τ) =

∫
R
e−itτf(t)dt, F−1[f ](t) =

1

2π

∫
R
eitτf(τ)dτ.

Let X,Y be two Banach spaces, then we denote with L(X;Y ) the linear bounded operators
between X and Y . We write L(X) when Y = X.

Let p, q ∈ (1,∞), m ∈ N0 and s ∈ R, then we denote Lq(Ω), Wm,q(Ω) and Bs
q,p(Ω)

respectively the Lebesgue, the Sobolev and the Besov spaces and we denote ∥·∥Lq(Ω), ∥·∥Wm,q(Ω)

and ∥ · ∥Bs
q,p(Ω) their norms. We denote Hm(Ω) :=Wm,2(Ω).
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Let s ∈ (0, 1) and p ∈ (1,∞), then we recall the definition of

Hs
p(R) :=

{
v ∈ Lp(R)

∣∣∣ F−1[(1 + |τ |2)s/2F [v]] ∈ Lp(R)
}

with the norm
∥v∥Hs

p(R) :=
∥∥∥F−1

[
(1 + |τ |2)s/2û

]∥∥∥
Lp(R)

.

Let now A ⊆ R open, then we define

Hs
p(A) :=

{
v ∈ Lp(A) | ∃ ṽ ∈ Hs

p(R) such that ṽ|A = v
}
,

with the norm
∥v∥Hs

p(A) := inf
ṽ|A=v

∥ṽ∥Hs
p(R).

Moreover, letX be a Banach space, then we denote Lp((a, b);X),Wm,p((a, b);X) andHs((a, b);X)

the previous spaces function for X-valued functions for any (a, b) ⊆ R.
Let N ∈ N, Ω ⊆ RN open set, 0 ≤ k < s < m and p, q ∈ [1,∞], then we recall the definition

of the Besov spaces
Bs

p,q (Ω) :=
(
W k,p (Ω) ,Wm,p (Ω)

)
θ,q
,

with s = (1− θ)k + θm.
Let q ∈ (1,∞) then we denote

Jq
(
RN

+

)
:=
{
f ∈ Lq

(
RN

+ ;RN
) ∣∣∣ ⟨f,∇φ⟩ = 0, ∀φ ∈ Ĥ1

q′
(
RN

+

)}
,

Ĥ1
q

(
RN

+

)
:=
{
φ ∈ Lq

loc

(
RN

+

) ∣∣∣∇φ ∈ Lq
(
RN

+ ;RN
)}
.

Finally, in the paper we use C to indicate a constant which depends on the parameters of
the problem. In the statements we use C(a, b, . . .) to underline the dependence from a, b, . . .,
otherwise we use the symbols

f(x) ≲ g(x) ⇔ ∃C s.t. f(x) ≤ Cg(x)

f(x) ≳ g(x) ⇔ ∃C s.t. f(x) ≥ Cg(x)

f(x) ≃ g(x) ⇔ ∃C s.t. f(x) = Cg(x).

1.2 R-boundedness and main results

The main purpose of the paper is to prove the Lp-Lq maximal regularity for the linearized
system 

∂tu−∆u+∇p+ βDiv(∆− a)Q = f in R+ × RN
+

∂tQ− (∆− a)Q− βD(u) = G in R+ × RN
+

divu = 0 in R+ × RN
+

u = h, DNQ = H on R+ × RN
0

u(0) = u0, Q(0) = Q0 in RN
+ ,

(2)

with
h, f : R+ × RN

+ → RN , G,H : R+ × RN
+ → S0(N,R),

u0 : RN
+ → RN , Q0 : RN

+ → S0(N,R)
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in some suitable function spaces. We start from the study of the resolvent system:
(λ−∆)u+∇p+ βDiv(∆− a)Q = f in RN

+

(λ+ a−∆)Q− βD(u) = G in RN
+

divu = 0 in RN
+

u = h, DNQ = H on RN
0 .

(3)

As is done in [19], [20], [21], [18] and [16], we need to introduce the notion of R-boundedness:

Definition 1.2.1.
Let X and Y be two Banach spaces, then we say that a family I ⊆ L(X,Y ) is R-bounded
if there is C > 0 and p ∈ [1,∞) such that, for any m ∈ N, for any Tj ∈ I , for any xj ∈ X

with j = 1, . . . ,m and for any sequence {rj(z)}mj=1 of independent, symmetric, random {−1, 1}-
valued variables on [0, 1] it holds

∫ 1

0

∥∥∥∥∥∥
m∑
j=1

rj(z)Tj(xj)

∥∥∥∥∥∥
p

Y

dz ≤ C

∫ 1

0

∥∥∥∥∥∥
m∑
j=1

rj(z)xj

∥∥∥∥∥∥
p

X

dz.

The minimal C it is called R-bound of I and it is denoted by R(I ).

We prove in the case f = G = 0 that the solutions for (3) can be written as (u, p,Q) =

ϕλ(h,H), with {
(τ∂τ )

ℓϕλ
∣∣ λ ∈ Σθ,r

}
ℓ = 0, 1

R-bounded for any θ ∈
(
θ0,

π
2

)
and r > 0 for some θ0 > 0. In fact, the R-boundedness is crucial

not only for the study of solution for the resolvent system (3), but also for the existence of the
linear evolution system (2).

We are now ready to state the main result of the paper, that is the Lp-Lq maximal regularity
result for the linearized system (2):

Theorem 1.2.2. Let N ≥ 2, a > 0, β ∈ R and p, q ∈ (1,+∞) with 2
p + 1

q < 2, then there is
γ0 > 0 such that for any γ ≥ γ0, for any f,G, h,H with hN = 0 on RN

0 and

e−γtf ∈ Lp
(
R+;L

q
(
RN

+ ;RN
))
, e−γtG ∈ Lp

(
R+;W

1,q
(
RN

+ ;S0(N,R)
))
,

e−γth ∈
2⋂

l=0

H l/2
p

(
R+;W

2−l,q
(
RN

+ ;RN
))
, e−γtH ∈

2⋂
l=0

H l/2
p

(
R+;W

2−l,q
(
RN

+ ;S0(N,R)
))
,

and u0 ∈ B
2(1−1/p)
q,p (RN

+ ;RN ) ∩ Jq(RN
+ ), Q0 ∈ B

3−2/p
q,p (RN

+ ;S0(N,R)) such that

u0 − h(0) = DNQ0 −H(0) = 0 on RN
0 ,

there is a solution (u, p,Q) for (2), unique up to additive functions c(t) on the pressure term
p, with p(t) ∈ Ĥ1

q (RN
+ ) for a.e. t > 0 and

e−γtu ∈
2⋂

l=0

H l/2
p

(
R+;W

2−l,q
(
RN

+ ;RN
))
, e−γtQ ∈

2⋂
l=0

H l/2
p

(
R+;W

3−l,q
(
RN

+ ;S0(N,R)
))
,

e−γt∇p ∈ Lp
(
R+;L

q
(
RN

+ ;RN
))
,

with
2∑

l=0

∥e−γtu∥
H

l/2
p (R+;W 2−l,q(RN

+ ))
+

2∑
l=0

∥e−γtQ∥
H

l/2
p (R+;W 3−l,q(RN

+ ))
+ ∥e−γt∇xp∥Lp(R+;Lq(RN

+ )) ≤
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≤ C

[
2∑

l=0

∥e−γt(h,H)∥
H

l/2
p (R+;W 2−k,q(RN

+ ))
+ ∥e−γtf∥Lp(R+;Lq(RN

+ )) + ∥e−γtG∥Lp(R+;W 1,q(RN
+ )+

+∥u0∥B2(1−1/p)
q,p (RN

+ )
+ ∥Q0∥B3−2/p

q,p (RN
+ )

]
,

for some C = C(a, β, p, q,N) > 0.

The conditions
u0 − h(0) = DNQ0 −H(0) = 0 on RN

0

are called compatibility conditions, while hN = 0 on RN
0 follows by the divergence-free condition

of u. We notice that it is reasonable to take the trace for u0 and DNQ0 thanks to the condition
2
p + 1

q < 2 (see Theorem 6.6.1 of [3]). As we will see later in the paper, the resolvent estimate
follows from the proof of Theorem 1.2.2 and, in particular, from the R-boundedness of the map
ϕλ we introduced before:

Theorem 1.2.3. Let N ≥ 2, a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞),

let f ∈ Lq(RN
+ ;RN ), G ∈ W 1,q(RN

+ ;S0(N,R)), h ∈ W 2,q(RN
+ ;RN ) with hN = 0 on RN

0 and
H ∈ W 2,q(RN

+ ;S0(N,R)), then for any λ ∈ Σθ,r there is a solution (u, p,Q) for (3), unique
up to additive constants on the pressure term p, with u ∈ W 2,q(RN

+ ;RN ), p ∈ Ĥ1
q (RN

+ ) and
Q ∈W 3,q(RN

+ , S0(N,R)), moreover there is C = C(a, β, θ, r, q,N) > 0 such that∥∥∥(|λ|u, |λ| 12∇u,D2u
)∥∥∥

Lq(RN
+ )

+ ∥∇p∥Lq(RN
+ ) +

∥∥∥(|λ| 32Q, |λ|∇Q, |λ| 12D2Q,D3Q
)∥∥∥

Lq(RN
+ )

≤

≤ C

[
∥f∥Lq(RN

+ ) +
∥∥∥(|λ| 12G,∇G)∥∥∥

Lq(RN
+ )

+
∥∥∥(|λ|(h,H), |λ| 12∇(h,H), D2(h,H)

)∥∥∥
Lq(RN

+ )

]
.

Later in the paper, as an application of Theorem 1.2.2, we prove the local well-posedness
for the system (1) with small initial data:

Theorem 1.2.4. Let N ≥ 2, ξ, b, c ∈ R, a > 0, let p ∈ (2,∞) and q ∈ (N,∞), then we can
find ε0 > 0 and T = T (ε0) > 0 such that for any ε < ε0, for any h,H with hN = 0 on RN

0 such
that

h ∈
2⋂

l=0

H l/2
p

(
(0, T );W 2−l,q

(
RN

+ ;RN
))
, H ∈

2⋂
l=0

H l/2
p

(
(0, T );W 2−l,q

(
RN

+ ;S0(N,R)
))
,

for any u0 ∈ Jq(RN
+ ) ∩B2(1−1/p)

q,p (RN
+ ;RN ), Q0 ∈ B

3−2/p
q,p (RN

+ ;S0(N,R)) and

u0 − h(0) = DNQ0 −H(0) = 0 on RN
0 ,

with
∥u0∥B2(1−1/p)

q,p (RN
+ )

+ ∥Q0∥B3−2/p
q,p (RN

+ )
≤ ε,

we can find a solution (u, p,Q) for (1), unique up to additive functions c(t) on the pressure
term p, with p(t) ∈ Ĥ1

q (RN
+ ) for a.e. t ∈ (0, T ) and

u ∈
2⋂

l=0

H l/2
p

(
(0, T );W 2−l,q

(
RN

+ ;RN
))
, ∇p ∈ Lp

(
(0, T );Lq

(
RN

+ ;RN
))
,

Q ∈
2⋂

l=0

H l/2
p

(
R+;W

3−l,q
(
RN

+ ;S0(N,R)
))
,
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moreover we can find C = C(ξ, a, b, c, p, q,N) > 0 such that

∥u∥H1
p((0,T );Lq(RN

+ )) + ∥u∥Lp((0,T );W 2,q(RN
+ )+

+∥Q∥H1
p((0,T );W 1,q(RN

+ )) + ∥Q∥Lp((0,T );W 3,q(RN
+ )) + ∥∇p∥Lp((0,T );Lq(RN )) ≤

≤ C

[
2∑

l=0

∥h∥
H

l/2
p ((0,T );W 2−l,q(RN

+ ))
+ ∥H∥

H
l/2
p ((0,T );W 2−l,q(RN

+ ))
+ ∥u0∥B2(1−1/p)

q,p (RN
+ )

+ ∥Q0∥B3−2/p
q,p (RN

+ )

]
.

The paper is organized as follows: in Section 2 we study the existence of a solution for the
system (2) composed with the partial Fourier Transformation in RN

+ ; in Section 3 we prove the
R-boundedness of the solution for (2) and the consequent proof of Theorem 1.2.3; in Section 4
we prove Theorem 1.2.2 and finally in Section 5 we prove Theorem 1.2.4.
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2 Existence and uniqueness of the solution for the Fourier
System

2.1 Solution formula for the Fourier System

As we said in the introduction, we firstly focus on the resolvent system (3) with f = G = 0,
that is 

(λ−∆)u+∇p+ βDiv(∆− a)Q = 0 in RN
+

(λ+ a−∆)Q− βD(u) = 0 in RN
+

divu = 0 in RN
+

u = h, DNQ = H on RN
0 .

(4)

Let us take the partial Fourier Transformation

v̂(ξ′, xN ) :=

∫
RN−1

e−ix′·ξ′v(x′, xN )dx′ ξ′ ∈ RN−1 xN > 0

of the system (4):

(λ+ |ξ′|2 −D2
N )ûj + iξj p̂+ β

N−1∑
k=1

iξk(−|ξ′|2 +D2
N − a)Q̂jk

+ βDN (−|ξ′|2 +D2
N − a)Q̂jN = 0 (j = 1, . . . , N − 1),

(λ+ |ξ′|2 −D2
N )ûN +DN p̂+ β

N−1∑
k=1

iξk(−|ξ′|2 +D2
N − a)Q̂Nk

+ βDN (−|ξ′|2 +D2
N − a)Q̂NN = 0,

(5)
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N−1∑
k=1

iξkûk +DN ûN = 0, (6)


(λ+ |ξ′|2 −D2

N + a)Q̂jk − β

2
(iξj ûk + iξkûj) = 0 (j, k = 1, . . . , N − 1),

(λ+ |ξ′|2 −D2
N + a)Q̂jN − β

2
(iξj ûN +DN ûj) = 0 (j = 1, . . . , N − 1),

(λ+ |ξ′|2 −D2
N + a)Q̂NN − βDN ûN = 0,

(7)

ûk(0) = ĥk, DN Q̂jk(0) = Ĥjk (j, k = 1, . . . , N). (8)

In order to find the solution formula of the systems (5), (6) and (7), we multiply the first
equation of (5) by iξj and sum with respect to j:

N−1∑
j=1

(λ+ |ξ′|2 −D2
N )iξj ûj − |ξ′|2p̂

+ β

N−1∑
j,k=1

iξjiξk(−|ξ′|2 +D2
N − a)Q̂jk + β

N−1∑
j=1

iξjDN (−|ξ′|2 +D2
N − a)Q̂jN = 0.

(9)

Applying DN to the second equation of (5), we have

(λ+ |ξ′|2 −D2
N )DN ûN +D2

N p̂

+ β

N−1∑
k=1

iξk(−|ξ′|2 +D2
N − a)DN Q̂Nk + βD2

N (−|ξ′|2 +D2
N − a)Q̂NN = 0.

(10)

The summation of (9) and (10) gives us

(−|ξ′|2 +D2
N )p̂+ β

N−1∑
j,k=1

iξjiξk(−|ξ′|2 +D2
N − a)Q̂jk

+ 2β

N−1∑
j=1

iξjDN (−|ξ′|2 +D2
N − a)Q̂jN

+ βD2
N (−|ξ′|2 +D2

N − a)Q̂NN = 0,

(11)

where we have used (6) and the fact that Q is a symmetric matrix. Then applying (λ+ |ξ′|2 −
D2

N + a) to (11) and using (6) and (7), we get

(−|ξ′|2 +D2
N )(λ+ |ξ′|2 −D2

N + a)p̂ = 0. (12)

Thanks to (6), (7), and (12), p̂ and Q̂ can be eliminated from (5):

(−|ξ′|2 +D2
N )L(DN )û = 0, (13)

where

L(t) = (λ+ |ξ′|2 − t2)(λ+ a+ |ξ′|2 − t2) +
β2

2

(
(t2 − |ξ′|2)2 − a(t2 − |ξ′|2)

)
.

Then applying (−|ξ′|2 +D2
N )L(DN ) to (7), we have

(λ+ |ξ′|2 −D2
N + a)(−|ξ′|2 +D2

N )L(DN )Q̂ = 0. (14)

In term of (12), (13), and (14), we prove that

ûj = A0
je

−AxN +A1
je

−L1xN +A2
je

−L2xN (j = 1, . . . , N)

Q̂jk = Ajke
−AxN + Pjke

−BaxN +Q1
jke

−L1xN +Q2
jke

−L2xN (j, k = 1, . . . , N)

p̂ = Ce−AxN +De−BaxN ,

(15)

8



The Beris-Edwards model in the half-space

are solutions of the systems (5), (6) and (7), where

A = |ξ′|, Ba =
√
λ+ a+ |ξ′|2,

and L1,2 are the roots of L(t) with Re(L1,2) > 0. It can be seen that

[L1,2(λ, ξ
′)]2 = |ξ′|2 + z1,2(λ),

where z1,2 are the roots of

L(z) = (λ− z)(λ+ a− z) +
β2

2

(
z2 − az

)
.

In particular,

z1,2 =
2λ+ a(1 + β2/2)±

√
(2λ+ a(1 + β2/2))2 − 4λ(λ+ a)(1 + β2/2)

2(1 + β2/2)

=
2λ+ a

(
1 + β2/2

)
±
√
a2 (1 + β2/2)

2 − 2λ2β2

2 (1 + β2/2)
.

(16)

Moreover, the coefficients of (15) satisfy the following relationships:{
A0

j = −λ−1iξjC j = 1, . . . , N − 1

A0
N = λ−1AC

(17)

(L2 − L1)
{
B3

a(L1 + L2)−A2B2
a −A2L1L2

}
A1

j

= −
{
(B2

a − L2
2)Ej − L2(BaL2 −A2)(ĥj −A0

j )
}
(B2

a − L2
1) j = 1, . . . , N − 1

(18)

A1
N = −A

λ

L2 −A

L2 − L1
C − 1

L2 − L1
iξ′ · ĥ′ (19)

(L2 − L1)
{
B3

a(L1 + L2)−A2B2
a −A2L1L2

}
A2

j

=
{
(B2

a − L2
1)Ej − L1(BaL1 −A2)(ĥj −A0

j )
}
(B2

a − L2
2) j = 1, . . . , N − 1

(20)

A2
N =

A

λ

L1 −A

L2 − L1
C +

1

L2 − L1
iξ′ · ĥ′ (21)

Ajk = −βλ−1(λ+ a)−1iξjiξkC j, k = 1, . . . , N − 1

ANk = βλ−1(λ+ a)−1AiξkC k = 1, . . . , N − 1

ANN = −βλ−1(λ+ a)−1A2C

(22)



Q1
jk =

β(iξkA
1
j + iξjA

1
k)

2(B2
a − L2

1)
j, k = 1, . . . , N − 1

Q1
Nk =

β(iξkA
1
N − L1A

1
k)

2(B2
a − L2

1)
k = 1, . . . , N − 1

Q1
NN = − βL1A

1
N

B2
a − L2

1

(23)



Q2
jk =

β(iξkA
2
j + iξjA

2
k)

2(B2
a − L2

2)
j, k = 1, . . . , N − 1

Q2
Nk =

β(iξkA
2
N − L2A

2
k)

2(B2
a − L2

2)
k = 1, . . . , N − 1

Q2
NN = − βL2A

2
N

B2
a − L2

2

(24)

Pjk = − 1

Ba

(
AAjk + L1Q

1
jk + L2Q

2
jk + Ĥjk

)
(25)

9



The Beris-Edwards model in the half-space

(
I1 +

I2
L2 − L1

)
A

λ
C =

ℏ
L2 − L1

+H1, (26)

D =
βλ

Ba

(
N−1∑
k=1

iξkPNk −BaPNN

)
, (27)

where

Ej =
2iξjBa

β2λ
D − 2A

β

(
N−1∑
k=1

iξkAjk −BaAjN

)

+ iξj
∑

α=1,2

LαA
α
N

Ba + Lα
− 2

β

(
N−1∑
k=1

ξkĤjk −BaĤjN

)
, (28)

I1 = β
A2

B2
a −A2

{
2A2 − A(B2

a +A2)

Ba

}
, (29)

I2 = −βL1(L2 −A)

B2
a − L2

1

{
2A2L1 −

(B2
a +A2)(L2

1 +A2)

2Ba

}
+

+ β
L2(L1 −A)

B2
a − L2

2

{
2A2L2 −

(B2
a +A2)(L2

2 +A2)

2Ba

}
, (30)

ℏ =
[
β

L1

B2
a − L2

1

{
2A2L1 −

(B2
a +A2)(L2

1 +A2)

2Ba

}
− β

L2

B2
a − L2

2

{
2A2L2 −

(B2
a +A2)(L2

2 +A2)

2Ba

}]
iξ′ · ĥ′, (31)

H1 = A2ĤNN − B2
a +A2

Ba

N−1∑
j=1

iξjĤjN +

N−1∑
j,k=1

iξjiξkĤjk, (32)

It is possible to write explicitly the value of the coefficients of (15), anyway these formulas are
complicated and, in the paper, we use just the relations from (17) to (31).

Our next task is to prove, as we anticipated, that

(u, p,Q) = ϕλ(h,H),

with {ϕλ}λ R-bounded. In order to do so, we need some estimates over the coefficients of (15).
We do it more specifically in Section 3. In this section, we prove that the relations from (17)
to (31) give us a solution for the Fourier system from (5) to (8). This is not so easy for the
presence of the functions:

Ca(λ, ξ′) =
1

λ

(
I1 +

I2
L2 − L1

)
,

Aa(λ, ξ
′) = B3

a(L1 + L2)−A2B2
a −A2L1L2.

As it can be seen from the relations from (17) to (31), it is crucial that these two quantities are
different from zero in order to have a well-defined solution. This is the main aim of the section.
Before going on, we notice that, if β = 0, then L1(λ) ̸= L2(λ) for any λ ∈ Σθ, otherwise

L1(λ) = L2(λ) ⇔ λ = ±a(1 + β2/2)√
2|β|

.

The value η := a(1+β2/2)√
2|β| , is a positive real number, so it belongs to Σθ for any θ ∈

(
0, π2

)
. For

this reason, in the following, we separate the case λ ̸= η and the case λ = η.

10
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2.2 The case λ ̸= η

We want to prove that Ca and Aa do not vanish for any λ ∈ Σθ,r and ξ′ ∈ RN−1 for some
θ ∈

(
0, π2

)
and r ≥ 0. The idea is the following: let us suppose h = H = 0 and let λ and ξ′

such that Ca(λ, ξ′) = 0, then (26) gives no conditions over the coefficient C. In other words, we
expect the value of C to be not unique for such a choice of λ and ξ′. For this reason, we prove
a uniqueness result for the Fourier system:

Lemma 2.2.1. Let

û(ξ′, ·), Q̂(ξ′, ·), p̂(ξ′, ·) ∈ C∞((0,+∞)) ∩H2((0,+∞))

be a solution for the systems (5), (6) and (7) with a ≥ 0, β ∈ R and with initial conditions

û(0) = 0, DN Q̂(0) = 0,

let θ ∈
[
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let λ ∈ Σθ, then û = Q̂ ≡ 0. Moreover p̂(ξ′) = 0 for any

ξ′ ̸= 0.

Proof.
Thanks to (7) and (6), for any k = 1, . . . , N we have that

N−1∑
j=1

iξj(−|ξ′|2 − a+D2
N )Q̂kj +DN (−|ξ′|2 − a+D2

N )Q̂kN =

= λ

N−1∑
j=1

iξjQ̂kj +DN Q̂kN

+
β

2
(|ξ′|2 −D2

N )ûk.

(33)

Moreover, we know from the hypothesis that Q̂ solves the system (7). Recalling that

D(u) =
1

2

(
∇u+∇Tu

)
,

the system (7) can be rewritten as

(λ+ a+ |ξ′|2 −D2
N )Q̂jk = βD̂(u)jk ∀j, k = 1, . . . , N.

Moreover, DN Q̂(0) = 0 for any j, k = 1, . . . , N by hypothesis, so

Q̂kj = β(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1(D̂(u))kj ∀j, k = 1, . . . , N,

where (λ+ a+ |ξ′|2 −DN
2
|Neu)

−1f is the only solution in H2((0,+∞)) of the system{
(λ+ a+ |ξ′|2 −D2

N )v = f xN ∈ (0,+∞)

DNv(0) = 0.

It is easy to see that

v = (λ+ a+ |ξ′|2 −D2
N |Neu)

−1f = (λ+ a+ |ξ′|2 −D2
N )−1Eeven[f ]|(0,+∞), (34)

where (λ+ a+ |ξ′|2 −D2)−1 is the resolvent for D2 in R and Eeven[f ] is the even extension of
f . In particular, it can be seen that (λ+ a+ |ξ′|2 −D2)−1Eeven[f ] is still an even function in

11
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xN . If we use (33) in (5) we gain[
λ+

(
1 +

β2

2

)
(|ξ′|2 −D2

N )

]
ûk + iξkp̂+ β2λ

N−1∑
j=1

iξj(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)kj+

+ β2λDN (λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)kN = 0 (k = 1, . . . , N − 1)[
λ+

(
1 +

β2

2

)
(|ξ′|2 −D2

N )

]
ûN +DN p̂+ β2λ

N−1∑
j=1

iξj(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)Nj+

+ β2λDN (λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)NN = 0 (k = N).

(35)
Thanks to the divergence free condition, we also have that

(|ξ′|2 −D2
N )û = −2 ̂Div(D(u)). (36)

Let us multiply the k-th row of (35) for ûk in the sense of L2((0,+∞)) for any k = 1, . . . , N

and then we sum the rows:

λ

∫ ∞

0

|û|2dxN +

(
1 +

β2

2

)∫ ∞

0

|ξ′|2|û|2 + |DN û|2dxN+

+

N−1∑
k=1

∫ ∞

0

iξkp̂ûkdxN +

∫ ∞

0

DN p̂ûNdxN+

+λβ2
N−1∑
j=1

∫ ∞

0

iξj(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)
j
· ûdxN+

+λβ2

∫ ∞

0

DN (λ+ a+ |ξ′|2 −DN |Neu)
−1D̂(u)

N
· ûdxN .

(37)

Firstly, we notice that

∫ ∞

0

N−1∑
k=1

iξkp̂ûk +DN p̂ûNdxN = −
∫ ∞

0

p̂

(
N−1∑
k=1

iξkûi +DN ûN

)
dxN = 0, (38)

where we’ve used that û(0) = 0 and (6). Let us pass to the last terms of (37):∫ ∞

0

iξj(λ+a+|ξ′|2−DN
2
|Neu)

−1D̂(u)
j
·ûdxN = −

∫ ∞

0

(λ+a+|ξ′|2−DN
2
|Neu)

−1D̂(u)
j
·∂̂judxN .

Analogously, using the condition û(0) = 0, we achieve∫ ∞

0

DN (λ+a+|ξ′|2−DN
2
|Neu)

−1D̂(u)
N
·ûdxN = −

∫ ∞

0

(λ+a+|ξ′|2−DN
2
|Neu)

−1D̂(u)
N
·D̂NudxN .

Therefore∫ ∞

0

iξj(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u)
j
· û+DN (λ+ a+ |ξ′|2 −DN

2
|Neu)

−1D̂(u)
N
· ûdxN =

= −
∫ ∞

0

(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u) : ∇̂udxN ,

where we recall A : B = tr(BTA) for any A,B ∈ RN2

. It is easy to check that A : B = 0 when
A is symmetric and B is anti-symmetric, so

= −
∫ ∞

0

(λ+ a+ |ξ′|2 −DN
2
|Neu)

−1D̂(u) : D̂(u)dxN .
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Now, thanks to (34) and the Plancherel Identity applied in xN , we have that

= −1

2

∫
R
(λ+ a+ |ξ′|2 −D2

N )−1Eeven[D̂(u)] : Eeven[D̂(u)]dxN =

= −1

2

N∑
j,k=1

∫
R
(λ+ a+ |ξ′|2 −D2

N )−1Eeven[D̂(u)]jkEeven[D̂(u)]jkdxN =

= −1

2

N∑
j,k=1

∫
R
FN

[
(λ+ a+ |ξ′|2 −D2

N )−1Eeven[D̂(u)]jk

]
FN

[
Eeven[D̂(u)]jk

]
dxN ,

where FN (f) is the Fourier Transformation in xN . Since

FN [(µ− ∂2xN
)−1v](ξN ) =

FN [v](ξN )

µ+ ξ2N
,

for any v ∈ L2(R) and for any µ ∈ C \ R−, then

−1

2

N∑
j,k=1

∫
R
FN

[
(λ+ a+ |ξ′|2 −D2

N )−1Eeven[D̂(u)]jk

]
FN

[
Eeven[D̂(u)]jk

]
dxN =

= −1

2

∫
R

∣∣∣FN

[
Eeven[D̂(u)]

]∣∣∣2
λ+ a+ |ξ′|2 + ξ2N

dξN .

On the other hand, thanks to (36), we can repeat the same argument for the free gradient part:∫ ∞

0

(|ξ′|2 −D2
N )û · ûdxN = −2

∫ ∞

0

̂Div(D(u)) · ûdxN =

= 2

∫ ∞

0

D̂(u) : D̂(u)dxN =

∫
R
|Eeven[D̂(u)]|2dxN =

∫
R

∣∣∣FN

[
Eeven

[
D̂(u)

]]∣∣∣2 dξN .
Therefore, if we come back to (37), we gain that

λ

∫ ∞

0

|û|2dxN +

∫
R

[(
1 +

β2

2

)
− λβ2

2(λ+ a+ |ξ′|2 + ξ2N )

] ∣∣∣FN

[
Eeven

[
D̂(u)

]]∣∣∣2 dξN = 0. (39)

Now we notice that

1 +
β2

2
− β2λ

2(λ+ a+ |ξ′|2 + ξ2N )
= 1 +

β2(a+ |ξ′|2 + ξ2N )

2(λ+ a+ |ξ′|2 + ξ2N )
.

If λ ∈ R, then λ > 0 and (39) implies û = 0 a.e. in (0,+∞). Otherwise, we can take the
imaginary part of (39) we gain

Imλ

∫ ∞

0

|û|2dxN =

∫
R
Im

(
λβ2

2(λ+ a+ |ξ′|2 + ξ2N )

) ∣∣∣FN

[
Eeven

[
D̂(u)

]]∣∣∣2 ξN . (40)

It can be seen that

Im

(
λ

λ+ a+ |ξ′|2 + ξ2N

)
=
Imλ(a+ |ξ′|2 + ξ2N )

|λ+ a+ |ξ′|2 + ξ2N |2
,

therefore ∫ ∞

0

|û|2dxN =

∫
R

β2(a+ |ξ′|2 + ξ2N )

2|λ+ a+ |ξ′|2 + ξ2N |2
∣∣∣FN

[
Eeven

[
D̂(u)

]]∣∣∣2 dξN . (41)

Applying (41) to (39) we get∫
R

[(
1 +

β2

2

)
− |λ|2β2

2|λ+ a+ |ξ′|2 + ξ2N |2

] ∣∣∣FN

[
Eeven

[
D̂(u)

]]∣∣∣2 dξN = 0.
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Let us suppose for the moment that(
1 +

β2

2

)
− |λ|2β2

2|λ+ a+ |ξ′|2 + ξ2N |2
> 0 ∀ξ = (ξ′, ξN ) ∈ RN . (42)

In this case, it has to happen that

FN [Eeven[D̂(u)]](ξ) = 0 for a.e. ξ ∈ RN ,

and, thanks to (41), we get also in this case û = 0 a.e. on (0,∞). On the other hand, we have
now that for any k, j = 1, . . . , N the function Q̂kj resolves{

(λ+ a+ |ξ′|2 −D2
N )Q̂kj = 0 in (0,+∞)

DN Q̂ij(0) = 0

and it is well-known that it implies Q̂kj ≡ 0.
Finally, if ξ′ ̸= 0, we can find ξj ̸= 0 for some j = 1, . . . , N − 1. In this case, if we turn back to
the j-th row of (5) we have that p(ξ′) = 0 for any ξ′ ̸= 0. Finally, in order to verify property
(42) we can notice that, if we denote

f(x) :=
1

|λ+ a+ x|2
=

1

(Reλ+ a+ x)2 + Imλ2
x ∈ R,

then

max
x≥0

f(x) =

{
1

|λ+a|2 Reλ ≥ −a
1

Imλ2 Reλ ≤ −a.

By standard analytic arguments and the condition tan θ ≥ |β|√
2

it can be seen that

β2|λ|2

2
max
ξ∈RN

f(|ξ|2) ≤ 1 +
β2

2
.

We are now ready to prove that Ca,Aa ̸= 0 for the case λ ̸= η:

Proposition 2.2.2. Let a ≥ 0, β ̸= 0 and θ ∈
(
0, π2

)
with tan θ ≥ |β|√

2
, let us suppose that the

coefficients of (15) satisfy (17), (19), (21), conditions from (23) to (25) and (27), then (û, p̂, Q̂)

defined as in (15) is the only solution of the systems from (5) to (8) and

Aa(λ, ξ
′), Ca(λ, ξ′) ̸= 0 ∀ξ′ ∈ RN−1, ∀λ ∈ Σθ \ {η},

where η = a(1+β2/2)√
2|β| .

Proof.
Let ĥ = Ĥ ≡ 0 and let us suppose by contradiction that there are λ ∈ Σθ \ {η} and ξ′ ∈ RN−1

such that Aa(λ, ξ
′) = 0 or Ca(λ, ξ′) = 0. Our claim is that we can find a solution of (5), (6),

(7) and (8) different from 0. If we prove it, we get the contradiction with Lemma 2.2.1.
In our first calculation, we consider C, A1

k and A2
k for k = 1, . . . , N − 1 as free variables and

we substitute the other parameters according to the relationships in the hypothesis. With this
partial substitution, many of the equations of the systems (5), (6), (7) and (8) are satisfied. In
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particular, we want to find C, A1
k and A2

k for k = 1, . . . , N − 1 which solve the linear system

iξkD + λβ

N−1∑
j=1

iξjPkj − λβBaPkN = 0 k = 1, . . . , N − 1

N−1∑
k=1

iξkA
1
k − L1A

1
N = 0

N−1∑
k=1

iξkA
2
k − L2A

2
N = 0

A0
k +A1

k +A2
k = 0 k = 1, . . . , N − 1.

(43)

Let us see that the third equation follows from the fourth equation of (43) and the definition
of Aj

N for j = 0, 1, 2 in (17), (19) and (21):

N−1∑
k=1

iξkA
2
k − L2A

2
N = −

N−1∑
k=1

iξkA
0
k −

N−1∑
k=1

iξkA
1
k + L2A

0
N + L2A

1
N =

= (L2 −A)A0
N + (L2 − L1)A

1
N =

[
A(L2 −A)

λ
− A(L2 −A)

λ

]
C = 0.

So we reduce to the system

iξkD + λβ

N−1∑
j=1

iξjPkj − λβBaPkN = 0 k = 1, . . . , N − 1

N−1∑
k=1

iξkA
1
k − L1A

1
N = 0

A0
k +A1

k +A2
k = 0 k = 1, . . . , N − 1.

(44)

Thanks to the relationships (17), (19), (21), from (23) to (25) and (27), we can rewrite the
system (44) in the following way:α1IdN−1 α2IdN−1 iαCξ

′

i(ξ′)T 0TN−1 Λ

IdN−1 IdN−1 −iλ−1ξ′


A1

k

A2
k

C

 = 02N−1,

where 0d is the 0 vector of Rd for any d ∈ N and

αC =
Aβ2

B2
a

[
A(Ba −A)2

B2
a −A2

+
L2(A

2 + L2
2 − 3BaL2 +B2

a)(L1 −A)

2(B2
a − L2

2)(L2 − L1)
− L1(A

2 + L2
1 − 3BaL1 +B2

a)(L2 −A)

2(B2
a − L2

1)(L2 − L1)

]
,

α1 =
λβ2L1(A

2 −BaL1)

2Ba(B2
a − L2

1)
, α2 =

λβ2L2(A
2 −BaL2)

2Ba(B2
a − L2

2)
, Λ =

L1A(L2 −A)

λ(L2 − L1)
.

Let us call M the previous matrix. By a computation we get

detM = (−1)N−1(α1 − α2)
N−2

[
A2
(α2

λ
+ αC

)
+ Λ(α1 − α2)

]
. (45)

It can be seen that:

α1 − α2 =
β2λ(L2 − L1)Aa

2Ba(B2
a − L2

1)(B
2
a − L2

2)
,

α2

λ
+ αC =

β2L2(A
2 −BaL2)

2Ba(B2
a − L2

2)
+

15
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+
β2

B2
a

[
A2(Ba −A)2

B2
a −A2

+
AL2(A

2 + L2
2 − 3BaL2 +B2

a)(L1 −A)

2(B2
a − L2

2)(L2 − L1)
− AL1(A

2 + L2
1 − 3BaL1 +B2

a)(L2 −A)

2(B2
a − L2

1)(L2 − L1)

]
.

Finally

A2
(α2

λ
+ αC

)
+
L1A(L2 −A)

λ(L2 − L1)
(α1 − α2) = −βA

Ba

(
I1 +

I2
L2 − L1

)
.

This tell us that, if Aa = 0 or Ca = 0, we can find C, A1
k and A2

k different from 0 which resolves
the systems (5), (6), (7) and (8), which contradicts Lemma 2.2.1.

2.3 The case λ = η

In this chapter, we suppose a > 0. In order to understand what happens for λ = η we need
the following remark: for any λ ̸= η we have already proved that the functions û, p̂, Q̂ defined
in (15) solves the systems from (5) to (8). The representation formula (15) for λ ̸= η can be
rewritten as follows:

ûk = A0
ke

−AxN + (A1
k +A2

k)e
−L1xN +A2

k(L2 − L1)M(L2, L1, xN ),

Q̂kj = Akje
−Axn + Pkje

−BaxN + (Q1
kj +Q2

kj)e
−L1xN +Q2

kj(L2 − L1)M(L2, L1, xN ),

p̂ = Ce−AxN +De−BaxN ,

(46)

where

M(γ1, γ2, t) =
e−γ1t − e−γ2t

γ1 − γ2
∀γ1,2 ∈ C, ∀t ∈ R.

Let us call L0 := L1(η) = L2(η), then we claim that the functions

ũk = Ã0
ke

−AxN + Ã1
ke

−L0xN + Ã2
kxNe

−L0xN ,

Q̃kj = Ãkje
−AxN + P̃kje

−BaxN + Q̃1
kje

−L0xN + Q̃2
kjxNe

−L0xN ,

p̃ = C̃e−AxN + D̃e−BaxN .

(47)

are the solutions for the system (5) to (8) for λ = η, where

Ã0
k := lim

λ→η
A0

k(λ) = A0
k(η), (48)

Ã1
k := lim

λ→η
A1

k(λ) +A2
k(λ) =


ĥk +

iξk
η
C̃ k < N

− A

η
C̃ k = N,

(49)

Ã2
k := − lim

λ→η
(L2(λ)− L1(λ))A

2
k(λ) =

=


− Ã−1

a

[
(B2

a − L2
0)
{
(B2

a − L2
0)Ẽk − L0(BaL0 −A2)(ĥk − Ã0

k)
}]

k < N

− A(L0 −A)

η
C̃ − iξ′ · ĥ′ k = N,

(50)

Ãjk := lim
λ→η

Ajk(λ) = Ajk(η), (51)

Q̃1
jk := lim

λ→η
Q1

jk(λ)+Q
2
jk(λ) =



β(iξkÃ
1
j + iξjÃ

1
k)

2(B2
a − L2

0)
−
βL0(iξkÃ

2
j + iξjÃ

2
k)

(B2
a − L2

0)
2

j, k < N

β(iξkÃ
1
N − L0Ã

1
k)

2(B2
a − L2

0)
+
β[(B2

a + L2
0)Ã

2
k − 2iξkL0Ã

2
N ]

2(B2
a − L2

0)
2

k < j = N

− βL0Ã
1
N

B2
a − L2

0

+
β(B2

a + L2
0)Ã

2
N

(B2
a − L2

0)
2

k = j = N,

(52)

16
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Q̃2
jk := − lim

λ→η
(L2(λ)− L1(λ))Q

2
jk(λ) =



β(iξkÃ
2
j + iξjÃ

2
k)

2(B2
a − L2

0)
j, k < N

β(iξkÃ
2
N − L0Ã

2
k)

2(B2
a − L2

0)
k < j = N

− βL2Ã
2
N

B2
a − L2

0

k = j = N,

(53)

P̃jk := lim
λ→η

Pjk(λ) = Pjk(η), (54)

D̃ := lim
λ→η

D(λ) = D(η), (55)

and where
Ãa := lim

λ→η
Aa = 2B3

aL0 −A2B2
a −A2L2

0. (56)

Ẽk =
2iξkBa

β2η
D̃ − 2A

β

N−1∑
j=1

iξjÃkj −BaÃkN

+ iξk
L0Ã

1
N

Ba + L0
− 2

β

(
N−1∑
k=1

ξjĤkj −BaĤjN

)
,

(57)
and C̃ satisfies the identity

C̃aC̃ = A−1
[
ℏ̃+ H̃1

]
, (58)

with
C̃a := lim

λ→η
Ca(λ), (59)

ℏ̃ := lim
λ→η

ℏ(λ)
L2(λ)− L1(λ)

, H̃1 = lim
λ→η

H1(λ) = H1(η) (60)

where we recall the definition of ℏ(λ) and H1(λ) respectively in (31) and (32). We notice that
C̃a and ℏ̃ are well-defined: it can be seen that

I2
L2 − L1

=
4βA2Ba[L1L2(B

2
a + L1L2)−AB2

a(L1 + L2)]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
+

−β(B
2
a +A2)[(B2

a +A2)L1L2(L1 + L2)−AB2
a(L

2
1 + L1L2 + L2

2 +A2) +AL1L2(L1L2 −A2)]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
;

ℏ
L2 − L1

= − 2βA2B2
a(L1 + L2)

(B2
a − L2

1)(B
2
a − L2

2)
+
β(B2

a +A2)[B2
a(L

2
1 + L1L2 + L2

2) +A2B2
a − L2

1L
2
2 +A2L1L2]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
.

If we manage to prove that
C̃ = lim

λ→η
C(λ),

we would have that the formula (47) can be obtained by passing to the limit as λ → η in the
formula (46). However, as before, we need to check that C̃a(ξ′) ̸= 0 for any ξ′ ∈ RN−1. On the
other hand L2

0 = A2 + z, where

z := z1(η) = z2(η) =
2η + a(1 + β2/2)

2(1 + β2/2)
=
a

2
+

η

1 + β2/2
∈ (0, a+ η).

Therefore A < L0 < Ba and, in particular, if we turned back to the definition of Ãa in (56) we
get that

Ãa = B2
a(BaL0 −A2) + L0(B

3
a −A2L0) > 0.

Let us prove that C̃a ̸= 0 using again Lemma 2.2.1:

Proposition 2.3.1. Let a > 0, β ̸= 0, then C̃a(ξ′) ̸= 0 for any ξ′ ∈ RN−1 and the functions
given by (47) are solution of the system from (5) to (8) for λ = η.
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Proof.
As in the previous section, we want to use the relations from (48) to (57) in order to rewrite
the system from (5) to (8) as

M̃ · (C̃, Ã1
k, Ã

2
k)

T = V (ĥ, Ĥ) k = 1, . . . , N − 1,

with M̃ and V (ĥ, Ĥ) respectively a matrix and a vector of suitable dimensions depending on
ξ′ ∈ RN−1. The strategy is similar to what we did in Proposition 2.2.2: firstly we prove that,
if by contradiction, C̃a(ξ′) = 0 for some ξ′ ∈ RN−1, then we can find a solution different from
zero which solves the system from (5) to (8) even if ĥ = Ĥ = 0, which contradicts Lemma 2.2.1.
Once we proved that C̃a(ξ′) ̸= 0 for any ξ′ ∈ RN−1, we are able to show that the functions
defined in (47) are solutions of the system from (5) to (8).

Let us suppose then ĥ = Ĥ = 0. Let us substitute the functions (ũ, p̃, Q̃) in the systems
from (5) to (8). As for Proposition 2.2.2, it can be seen that, thanks to the conditions from (48)
to (57), many equations of the problem are satisfied and what remains is the following system
in (C̃, Ã1

k, Ã
2
k) for k = 1, . . . , N − 1:

iξkα̃CC̃ + α̃1Ã
1
k + α̃2Ã

2
k = 0 k = 1, . . . , N − 1

N−1∑
k=1

iξkÃ
1
k − L0Ã

1
N + Ã2

N = 0

N−1∑
k=1

iξkÃ
2
k − L0Ã

2
N = 0.

(61)

where
α̃C := lim

λ→η
αC(λ), α̃1 := lim

λ→η
α1(λ), α̃2 := − lim

λ→η

α2(λ)− α1(λ)

L2 − L1
,

and where α1, α2, αC are the same of the proof of Proposition 2.2.2. Let us see that the second
equation of (61) depends linearly by the other conditions:

N−1∑
k=1

iξkÃ
1
k − L0Ã

1
N + Ã2

N =

= −
N−1∑
k=1

iξkÃ
0
k + L0Ã

0
N − A(L0 −A)

η
C̃ = −AÃ0

N + L0Ã
0
N − A(L0 −A)

η
C̃ = 0.

Finally, if we also substitute the formulas (49) and (50) in (61), our system becomes{
iξk

(
α̃C + α̃1

η

)
C̃ + α̃2Ã

2
k = 0 k = 1, . . . , N − 1∑N−1

k=1 iξkÃ
2
k + L0A(L0−A)

η C̃ = 0.
(62)

The matrix associated to (62) is

M̃ :=

(
α̃2IdN−1 iξ′

(
α̃C + α̃1

η

)
i(ξ′)T L0A(L0−A)

η

)
.

If we turn back to the matrixM of Proposition 2.2.2, we can notice that det M̃ = (−1)N−1 detM ,
with 

α1 = α̃2,

α2 = 0,

αC = α̃C + α̃1

η ,

Λ = L0A(L0−A)
η ,

λ = η.
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So, using the formula (45), we get that

det M̃ = α̃N−2
2

[
A2

(
α̃C +

α̃1

η

)
+
L0A(L0 −A)

η
α̃2

]
.

Now we notice that

lim
λ→η

α2(λ) = lim
λ→η

α2(λ)− α1(λ)

L2(λ)− L1(λ)
(L2(λ)− L1(λ)) + α1(λ) = α̃1.

So
A2

(
α̃C +

α̃1

η

)
+
L0A(L0 −A)

η
α̃2 =

= lim
λ→η

A2

(
α2(λ)

λ
+ αC(λ)

)
+

L1A(L2 −A)

λ(L2(λ)− L1(λ))
(α1(λ)− α2(λ)) =

= lim
λ→η

−βAλ
Ba

Ca(λ) = −βAη
Ba

C̃a.

We are now ready to conclude: let us suppose by contradiction that exists ξ′ ∈ RN−1 s.t.
C̃a(ξ′) = 0, then by the calculation we have just done, we have that M̃ is a singular matrix and,
in particular, we can find (C̃, Ã2

k)
T ∈ ker M̃ . This means that we can find C̃ and Ã2

k not zero
which solve the system (61) with ĥ = Ĥ = 0. Then, again by the calculation we have made
so far, we can find a solution (û, Q̂, p̂) of systems from (5) to (8) with ĥ = Ĥ = 0 and this
contradicts Lemma 2.2.1. Therefore C̃a(ξ′) ̸= 0 for any ξ′ ∈ RN−1.

In order to conclude, it remains to prove that the functions (ũ, p̃, Q̃) defined in (47) are
solutions for the system from (5) to (8). As we mentioned above, since now we know that
C̃a ̸= 0, the functions (ũ, p̃, Q̃) are the limit of (û, p̂, Q̂) defined in (15) for λ→ η. Moreover, it
is easy to see that, for any α ∈ N, it holds

Dα
N limλ→η A

0
k(λ)e

−AxN = limλ→ηD
α
NA

0
k(λ)e

−AxN

Dα
N limλ→η Ajk(λ)e

−AxN = limλ→ηD
α
NAjk(λ)e

−AxN

Dα
N limλ→η Pjk(λ)e

−BaxN = limλ→ηD
α
NP

0
jk(λ)e

−BaxN

Dα
N limλ→ηD(λ)e−BaxN = limλ→ηD

α
ND(λ)e−BaxN

Dα
N

(
limλ→η(A

1
k(λ) +A2

k(λ))e
−L1xN

)
= limλ→ηD

α
N (A1

k(λ) +A2
k(λ))e

−L1xN

Dα
N

(
limλ→η(Q

1
jk(λ) +Q2

jk(λ))e
−L1xN

)
= limλ→ηD

α
N (Q1

jk(λ) +Q2
jk(λ))e

−L1xN

Dα
N

(
limλ→η A

2
k(λ)(e

−L2xN − e−L1xN )
)
= limλ→ηD

α
NA

2
k(λ)(e

−L1xN − e−L2xN )

Dα
N

(
limλ→η Q

2
jk(λ)(e

−L2xN − e−L1xN )
)
= limλ→ηD

α
NQ

2
jk(λ)(e

−L1xN − e−L2xN ).

(63)

We already know that the functions (û, p̂, Q̂) are solutions of the system from (5) to (8) for
λ ̸= η so, thanks to (63), it is easy to conclude that (ũ, p̃, Q̃) are solutions for the systems from
(5) to (7) for λ = η.

3 Resolvent Estimate

3.1 Lower bound for Ca and Aa

In this section, we start the proof of Theorem 1.2.3, in particular we want to prove that
(u, p,Q) = ϕλ(h,H) with {ϕλ}λ a R-bounded family of functions. Firstly, we need an esti-
mate for the functions Ca and Aa extended to the case λ = η, that is

Ca =


1

λ

(
I1 +

I2
L2 − L1

)
λ ̸= η

lim
λ→η

1

λ

(
I1 +

I2
L2 − L1

)
λ = η,
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Aa =

B
3
a(L1 + L2)−A2B2

a −A2L1L2 λ ̸= η

lim
λ→η

B3
a(L1 + L2)−A2B2

a −A2L1L2 λ = η.

Let us start from the estimates of z̃j for j = 1, 2:

Lemma 3.1.1. Let a ≥ 0 and β ∈ R, let z̃j :=
zj

λ+a for j = 1, 2, then

z̃1
|λ|→+∞−−−−−−→ z− :=

2− i|β|
√
2

2
(
1 + β2

2

) , z̃2
|λ|→+∞−−−−−−→ z+ :=

2 + i|β|
√
2

2
(
1 + β2

2

) .
Moreover, let θ ∈

(
0, π2

)
and r > 0, there are Km = Km(a, β, r) > 0 and KM = KM (a, β) such

that
Km ≤ |z̃j(λ)| ≤ KM ∀λ ∈ Σθ,r j = 1, 2.

Proof.
It is easy to prove that z̃1 → z− and z̃2 → z+ as |λ| → +∞. Now we notice that zj ̸= 0 for any
λ ∈ Σθ,r: by definition of zj we have that

(λ− zj)(λ+ a− zj) +
β2

2
(z2j − azj) = 0 ∀λ ∈ Σθ,r j = 1, 2. (64)

Let us suppose by contradiction that exists λ ∈ Σθ,r such that zj(λ) = 0 for some j = 1, 2.
Therefore, turning back to (64), we should have that

λ(λ+ a) = 0,

which is impossible if λ ∈ Σθ,r. Moreover, since the limits are different from 0 for any β ∈ R,
by continuity in λ we can conclude.

In the previous section, we have proved that Ca and Aa are always different from 0. Since
these two functions are also regular, it means that they assume values far from 0 in every
compact of Σθ,r × RN−1. Now we want to study the behaviour when λ or ξ′ go to infinity. In
order to do so, we use a Laurent series with a special kind of rest term:

Definition 3.1.2.
Let α ∈ Z and let A ⊆ C, then we denote

o∞(A, t−α) :=

{
g

∣∣∣∣∣ supλ∈A
|g(λ, t)||t|α |t|→+∞−−−−−→ 0

}
,

o0(A, t
α) :=

{
g

∣∣∣∣∣ supλ∈A
|g(λ, t)||t|−α |t|→0−−−→ 0

}
.

It is easy to see that such a symbols satisfy the rules of standard Landau Symbols:

Lemma 3.1.3. Let α, β ∈ N0 and A,B ⊆ C then

1) If β ≥ α, then o∞(A, t−β) ⊆ o∞(A, t−α) and o0(A, tβ) ⊆ o0(A, t
α);

2) If B ⊆ A, then o∞(A, t−α)) ⊆ o∞(B, t−α) and o0(A, tα) ⊆ o0(B, t
α);

3) We have that

tβo∞(A, t−α) = o∞(A, t−α+β), tβo0(A, t
α) = o0(A, t

α+β);
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4) Let f(λ) be s.t. supλ∈A |f(λ)| ≤ C, then

f(λ)o∞(A, t−α) ⊆ o∞(A, t−α), f(λ)o0(A, t
α) ⊆ o0(A, t

α);

5) We have that

o∞(A, t−α) + o∞(A, t−β) ⊆ o∞(A, t−min{α,β}), o0(A, t
α) + o0(A, t

β) ⊆ o0(A, t
min{α,β});

6) We have that
f(t) ∈ o0(A, t

α) ⇔ f(1/t) ∈ o∞(A, t−α).

The idea is the following: we rewrite Ca and Aa in dependence of λ and t = t(λ, ξ′). We
take the Laurent series with respect with t using the rest expressions we have just introduced:

Proposition 3.1.4. Let a, r > 0, β ̸= 0 and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, we can find

M =M(a, β, θ, r) > 0 such that

inf
ξ′∈RN−1,λ∈Σθ,r

|Ca(λ, ξ′)| ≥M.

Proof.
We have already notice that

I2
L2 − L1

=
4βA2Ba[L1L2(B

2
a + L1L2)−AB2

a(L1 + L2)]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
+

−β(B
2
a +A2)[(B2

a +A2)L1L2(L1 + L2)−AB2
a(L

2
1 + L1L2 + L2

2 +A2) +AL1L2(L1L2 −A2)]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
.

Therefore it can be seen that, for any λ ∈ Σθ and for any ξ′ ∈ RN−1, we have

I1(λ, ξ′) = β(λ+ a)F1

(
λ,

|ξ′|√
λ+ a

)
, (65)

(
I2

L2 − L1

)
(λ, ξ′) = β(λ+ a)

[
F1

2 + F2
2 + F3

2 + F4
2

](
λ,

|ξ′|√
λ+ a

)
, (66)

where

F1(λ, t) := t2
(
2t2 − t

√
1 + t2 − t3√

1 + t2

)
,

F1
2 (λ, t) :=

2t2
[√
t2 + z̃1

√
t2 + z̃2(t

2 + 1 +
√
t2 + z̃1

√
t2 + z̃2)− t(t2 + 1)(

√
t2 + z̃1 +

√
t2 + z̃2)

]
(1− z̃1)(1− z̃2)

,

F2
2 (λ, t) := − (2t2 + 1)2

√
t2 + z̃1

√
t2 + z̃2(

√
t2 + z̃1 +

√
t2 + z̃2)

2
√
t2 + 1(1− z̃1)(1− z̃2)

,

F3
2 (λ, t) :=

t(2t2 + 1)(t2 + 1)(3t2 + z̃1 + z̃2 +
√
t2 + z̃1

√
t2 + z̃2)

2
√
t2 + 1(1− z̃1)(1− z̃2)

,

F4
2 (λ, t) := − t(2t

2 + 1)
√
t2 + z̃1

√
t2 + z̃2(

√
t2 + z̃1

√
t2 + z̃2 − t2)

2
√
t2 + 1(1− z̃1)(1− z̃2)

,

where we recall that z̃j =
zj

λ+a . Let us call t(λ, ξ′) := |ξ′|√
λ+a

. The idea of the proof is to study
the behaviour of Ca when |t(λ, ξ′)| → +∞ and when t(λ, ξ′) is bounded. For what concerns the
first part, it is sufficient to take the Laurent expression of F1 and F j

2 for j = 1, 2, 3, 4. In fact

√
t2 + z̃j = z̃

1/2
j

√
1 +

t2

z̃j
= z̃

1
2
j

 N∑
l=0

Cl

(
t

z̃
1/2
j

)1−2l

+ f

(
t

z̃
1/2
j

) ∀N ∈ N0,
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with Cl ∈ R and f(x) ∈ o∞(|x|−2N ). Now we notice that

f

(
t

z̃
1/2
j

)
∈ o∞

(
Σθ,r, t

−2N
)

∀λ ∈ Σθ,r :

let ε > 0, then we can find M > 0 such that∣∣∣∣∣ t

z̃
1/2
j

∣∣∣∣∣
2N ∣∣∣∣∣f

(
t

z̃
1/2
j

)∣∣∣∣∣ ≤ ε ∀

∣∣∣∣∣ t

z̃
1/2
j

∣∣∣∣∣ ≥M.

Then, for any |t| ≥MK
1/2
M , we have that

sup
λ∈Σθ,r

|t|2N
∣∣∣∣∣f
(

t

z̃
1/2
j

)∣∣∣∣∣ = sup
λ∈Σθ,r

|z̃j |N
∣∣∣∣∣ t

z̃
1/2
j

∣∣∣∣∣
2N ∣∣∣∣∣f

(
t

z̃
1/2
j

)∣∣∣∣∣ ≤ KN
Mε.

Moreover, thanks to point 4 of Lemma 3.1.3, we have that

z̃
1
2
j o∞

(
Σθ,r, t

−2N
)
⊆ o∞

(
Σθ,r, t

−2N
)

∀N ∈ N0.

Therefore √
t2 + z̃j =

N∑
l=1

Cl

(
t1−2l

z̃−l
j

)
+ o∞

(
Σθ,r, t

−2N
)

∀N ∈ N0.

Similarly it can be done the same for F1 and F j
2 with j = 1, 2, 3, 4 and it can be seen that

F1 +

4∑
j=1

F j
2 = − z̃1z̃2

2(1− z̃1)(1− z̃2)
+ o∞(Σθ,r, 1). (67)

We have already noticed that Ca(λ, ξ′) = β(λ+a)
λ Fa(λ, t(λ, ξ

′)) where

Fa(λ, t) := F1(λ, t) +

4∑
j=1

F j
2 (λ, t) ∀λ, t ∈ C.

In particular

inf
ξ′∈RN−1, λ∈Σθ,r

|Ca(λ, ξ′)| ≥ inf
t∈C, λ∈Σθ,r

∣∣∣∣β(λ+ a)

λ
Fa(λ, t)

∣∣∣∣ ≥ K(a, β, θ, r) inf
t∈C, λ∈Σθ,r

|Fa(λ, t)|.

Let
M := inf

t∈C,λ∈Σθ,r

|Fa(λ, t)|,

so, it is sufficient to prove that M > 0. Let us suppose by contradiction that M = 0. In this
case we can find {λn, tn} such that Fa(λn, tn) → 0 as n→ +∞. Thanks to (67)

sup
λ∈Σθ,r

∣∣∣∣Fa(λ, t) +
z̃1z̃2

2(1− z̃1)(1− z̃2)

∣∣∣∣ |t|→+∞−−−−−→ 0.

In particular, for any ε > 0, we can find 0 < R1 = R1(ε) such that

sup
|t|≥R1, λ∈Σθ,r

∣∣∣∣Fa(λ, t) +
z̃1z̃2

2(1− z̃1)(1− z̃2)

∣∣∣∣ ≤ ε.

Thanks to Lemma 3.1.1 it is easy to see that 1 ≲ |1− z̃j | ≲ 1 and 1 ≲ |z̃j | ≲ 1 for any λ ∈ Σθ,r

and for j = 1, 2. Therefore, choosing ε sufficiently small, we can find R1 > 0 such that

inf
λ∈Σθ,r

|Fa(λ, t)| > 0 ∀t ∈ Bc
R1
.

Since M = 0, it has to happen that |tn| ≤ R1 for any n ∈ N0. Less then subsequences, we can
suppose tn → t̂ ∈ C. We can distinguish two cases:
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• If |λn| ≤ R2 for some R2 for every n ∈ N0, we can suppose that

λn → λ̂ ∈ Σθ,r,

less then subsequences. In particular, by continuity of F , we should get

Fa(λ̂, t̂) = lim
n→+∞

Fa(λn, tn) = inf
t∈C, λ∈Σθ,r

Fa(λ, t) = 0,

which contradicts Propositions 2.2.2 (when λ̂ ̸= η) or 2.3.1 (when λ̂ = η).

• Let us suppose, less then subsequences, that |λn| → +∞ as n → +∞. Since the depen-
dence of Fa from λ and a derives from z̃1 and z̃2, we can also write

Fa(λ, t) = F̃ (z̃1(a, λn), z̃2(a, λn), t)

for a suitable function F̃ . We have already pointed out in Lemma 3.1.1 that z̃l → z± :=
2±i

√
2|β|

2(1+β2/2) as |λ| → +∞ so, by continuity of F̃ , we have that

F̃ (z̃1(a, λn), z̃2(a, λn), tn)
n→+∞−−−−−→ F̃ (z−, z+, t̂).

Now we notice that F̃ (z−, z+, t) = F0(1, t) for any t ∈ C. The case a = 0 and λ = 1 is
still described in Proposition 2.2.2, so we get a contradiction as before.

Proposition 3.1.5. Let a, r > 0, β ̸= 0 and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, we can find

M =M(a, β, θ, r) > 0 such that

inf
ξ′∈RN−1,λ∈Σθ,r

|Aa(λ, ξ
′)| ≥M.

Proof.
The idea of the proof is the same as before: it can be seen that

Aa(λ, ξ
′) = (λ+ a)2Ga(λ, t(λ, ξ

′))

with t(λ, ξ′) = |ξ′|√
λ+a

and

Ga(λ, t) = (t2 + 1)
3
2 (
√
t2 + z̃1 +

√
t2 + z̃2)− t2(t2 + 1)− t2

√
t2 + z̃1

√
t2 + z̃2.

Taking the Laurent expression for G, we get as before that

Ga(λ, t) = 2t2 + o∞(Σθ,r, t).

Therefore, we have that |Ga(λ, t)| → +∞ as |t| → +∞. In particular, it remains far from 0
uniformly in λ ∈ Σθ,r. On the other hand, thanks to Propositions 2.2.2 and 2.3.1, we know
that Aa(λ, ξ

′) ̸= 0 for any λ ∈ Σθ,r and ξ′ ∈ RN−1. Finally, we can conclude as in the previous
proposition.

3.2 Fourier Multipliers

In order to get the Lp-Lq maximal regularity, we need to know the behaviour of the derivatives of
the coefficients in ξ′ and λ. For this reason, we introduce these two classes of Fourier Multipliers
(see [21]):
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Definition 3.2.1.
Let θ ∈

(
0, π2

)
, let r ≥ 0, let m(ξ′, λ) : RN−1 \ {0}×Σθ,r → C be a C∞ function in ξ′ and a C1

function in τ ∈ R \ {0}, where λ = γ + iτ with γ ∈ R such that λ ∈ Σθ,r. If there is s ∈ R such
that, for any ξ′ ∈ RN−1 \ {0} and for any λ ∈ Σθ,r, it holds∣∣∣Dα

ξ′m(ξ′, λ)
∣∣∣ ≲ (|λ| 12 + 1 + |ξ′|)s−|α| ∀α ∈ NN−1

0 ,∣∣∣Dα
ξ′τ∂τm(ξ′, λ)

∣∣∣ ≲ (|λ| 12 + 1 + |ξ′|)s−|α| ∀α ∈ NN−1
0 ,

then we say that m(ξ′, λ) is a Fourier Multiplier of Order s with type 1. Conversely, if
for any ξ′ ∈ RN−1 \ {0} and for any λ ∈ Σθ,r, it holds∣∣∣Dα

ξ′m(ξ′, λ)
∣∣∣ ≲ (|λ| 12 + 1 + |ξ′|)s|ξ′|−|α| ∀α ∈ NN−1

0 ,∣∣∣Dα
ξ′τ∂τm(ξ′, λ)

∣∣∣ ≲ (|λ| 12 + 1 + |ξ′|)s|ξ′|−|α| ∀α ∈ NN−1
0 ,

then we say that m(ξ′, λ) is a Fourier Multiplier of Order s with type 2. We denote
Ms,i,θ,r the set of the Fourier multipliers of order s and type i.

Remark 3.2.2. In this chapter we follow the approach used in [21]. In this paper, the definition
of Fourier Multiplier is stated with |λ| 12 +|ξ′| as right-hand side of the inequality. Anyway, in the
following, we consider the case of λ ∈ Σθ,r with r > 0 so, it is easy to see that |λ| 12 ∼ |λ| 12 + 1.

The Fourier Multipliers satisfy the following algebraic rules:

Lemma 3.2.3. Let s1, s2 ∈ R, i = 1, 2, θ ∈
(
0, π2

)
and r ≥ 0, then

1. If mi ∈ Msi,1,θ,r, then m1m2 ∈ Ms1+s2,1,θ,r;

2. If mi ∈ Msi,i,θ,r, then m1m2 ∈ Ms1+s2,2,θ,r;

3. If mi ∈ Msi,2,θ,r, then m1m2 ∈ Ms1+s2,2,θ,r.

The proof follows by the definition of Fourier Multipliers. From now on, our aim is to
rewrite the coefficients of the solution formula of (û, p̂, Q̂) in (15) as a combination of Fourier
Multipliers. Some results are already known:

Lemma 3.2.4. Let a > 0, θ ∈
(
0, π2

)
, then

1. Bs
a ∈ Ms,1,θ,0 for any s ∈ R;

2. As ∈ Ms,2,θ,0 for any s ≥ 0.

The proof of this lemma can be found in [21] (Lemma 5.2) changing λ with λ+ a and using
the next well-known lemma:

Lemma 3.2.5. Let θ ∈
(
0, π2

)
, α ≥ 0 and λ ∈ Σθ, then

|λ+ α| ≥ C(θ)(|λ|+ α).

Now we need to understand that Lj for j = 1, 2 is a Fourier Multiplier. In order to do so,
we need some lemma. The first is a technical one:

Lemma 3.2.6. Let z ∈ C with Re(z) ≥ 0, let α ≥ 0, then

|z + α| ≳ |z|+ α.
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Proof.
We can divide the proof in two cases:

• If Arg(z) ≤ π
4 , then z = |z|(cos θ + i sin θ) with cos θ ≥

√
2
2 . Therefore

|z + α| =
√
(|z| cos θ + α)2 + |z|2 sin2 θ ≥ |z| cos θ + α ≳ |z|+ α.

• If Arg(z) > π
4 , then sin θ >

√
2
2 and Rez ≥ 0, so

|z + α| =
√

(Rez + α)2 + |z|2 sin2 θ ≥
√
α2 + |z|2 sin2 θ ≳ α+ |z| sin θ ≳ |z|+ α.

In the paper, we need not only to prove that Lj is a Fourier Multiplier, we also need an
estimate for Ls

j with s ∈ R. In particular, for the case s < 0, we need an estimate from below
of Lj . The strategy is the same used for Ca, Aa: we need firstly to prove that Lj(λ, ξ

′) ̸= 0 for
any λ ∈ Σθ,r and ξ′ ∈ RN−1:

Lemma 3.2.7. Let a ≥ 0, r > 0, β ∈ R, θ ∈
(
0, π2

)
and λ ∈ Σθ,r, if θ ∈

(
θ0,

π
2

)
with

tan θ0 ≥ |β|√
2

or if Reλ > −a
2 , then zj ̸∈ R− for j = 1, 2.

Proof.
Let us suppose by contradiction that zj = −α2 for some α ∈ R and j = 1, 2 and for some
λ ∈ Σθ,r. So, by definition of zj , we have that

(λ+ α2)(λ+ a+ α2) +
β2

2
(α4 + aα2) = 0. (68)

If we take the imaginary part of (68) we get

Imλ(Reλ+ a+ α2) + (Reλ+ α2)Imλ = Imλ(2α2 + 2Reλ+ a) = 0.

If Imλ = 0, then Reλ = λ > 0 and we have a contradiction with (68). So, if Reλ > −a
2 , we

have a contradiction. Otherwise, let us suppose

Reλ = −α2 − a

2
.

Let us take now the real part of (68):

α4

(
1 +

β2

2

)
+ α2

(
2Reλ+ a

(
1 +

β2

2

))
+Reλ(Reλ+ a)− (Imλ)2 = 0.

Therefore

(Imλ)2 = α4

(
1 +

β2

2

)
+ α2

[
−2α2 +

β2

2
a

]
+
(
−α2 − a

2

)(
−α2 +

a

2

)
=
β2

2

[
α4 + aα2

]
− a2

4
.

Combining these two information and with standard analytic arguments, we get that

tan2 θ ≤ |Imλ|2

|Reλ|2
=

β2

2

[
α4 + aα2

]
− a2

4

α4 + aα2 + a2

4

≤ β2

2
,

which contradicts the hypothesis on θ.

As a consequence, we get that Lj =
√
|ξ′|2 + zj ̸= 0.
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Lemma 3.2.8. Let a, r > 0, β ∈ R and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
and λ ∈ Σθ,r, then

Re(Lj) ≥ C(a, β, θ, r)
(
|λ| 12 + 1 + |ξ′|

)
j = 1, 2.

Proof.
Let ξ′ ∈ RN−1 and λ ∈ Σθ,r, then

Re

(√
|ξ′|2 + zj

)
=

1√
2

√
||ξ′|2 + zj |+ |ξ′|2 +Rezj .

Let t := |ξ′|
|zj |

1
2
, then

Re

(√
|ξ′|2 + zj

)
=

|zj |
1
2

√
2

√∣∣∣∣t2 + zj
|zj |

∣∣∣∣+ t2 +
Rezj
|zj |

=

=
|zj |

1
2

√
2

√√√√√(
t2 +

Rezj
|zj |

)2

+

∣∣∣∣Imzj|zj |

∣∣∣∣2 + t2 +
Rezj
|zj |

.

Taking the Laurent expression in t, we get

Re

(√
|ξ′|2 + zj

)
= |zj |

1
2 t+ o∞(Σθ,r, 1).

On the other hand

|λ| 12 + a
1
2 + |ξ′| = |zj |

1
2

(
|λ| 12 + a

1
2

|zj |
1
2

+ t

)
.

Moreover, from Lemma 3.1.1 and 3.2.5, we have

|λ| 12 + a
1
2

|zj |
1
2

=
|λ| 12 + a

1
2

|λ+ a| 12
· |z̃j |−

1
2 ≲ 1.

Therefore
Re(Lj)

|λ| 12 + a
1
2 + |ξ′|

= G(λ, t(λ, ξ′)),

with

G(λ, t) :=

1√
2

√∣∣∣t2 + zj
|zj |

∣∣∣+ t2 +
Rezj
|zj |

|λ|
1
2 +a

1
2

|zj |
1
2

+ t
= 1 + o∞(Σθ,r, 1). (69)

Let us see that ReLj ̸= 0 for any ξ′ ∈ RN−1 and λ ∈ Σθ,r: if ReLj = 0 for some j = 0, 1 then

zj = −|ξ′|2 − α2 for some α ∈ R

and this contradicts Lemma 3.2.7. Finally, we can conclude: let us suppose by contradiction
that

inf
λ∈Σθ,r, t∈C

|G(λ, t)| = 0.

Thanks to (69), we know that G remains far from 0 uniformly in λ ∈ Σθ,r as |t| → +∞. On
the other hand we have just seen that Re(Lj) ̸= 0 for any ξ′ ∈ RN−1 and λ ∈ Σθ,r. Finally, we
can get the contradiction as in the proof of the Proposition (3.1.4) (to be noticed that Lemma
3.2.7 is true also when a = 0). In this way we proved that

|ReLj | ≥ C(a, β, θ, r)
(
|λ| 12 + 1 + |ξ′|

)
.

On the other hand, by definition of Lj , Re(Lj) > 0 for any choice of λ ∈ Σθ and j = 1, 2.
Therefore we conclude.
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We are now ready to prove the estimate for Lj :

Lemma 3.2.9. Let a, r > 0, β ∈ R and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, then

1. For any λ ∈ Σθ,r we can find C1, C2 > 0 depending on a, β, θ, r such that

C1(|λ|+ 1) ≤ |zj(λ)| ≤ C2(|λ|+ 1) j = 1, 2;

2. For any λ ∈ Σθ,r we can find C1, C2 > 0 depending on a, β, θ, r such that

C1(|λ|+ 1) ≤ |λ+ a− zj | ≤ C2(|λ|+ 1) j = 1, 2;

3. For any ξ′ ∈ RN−1, for any λ ∈ Σθ,r, for any s ∈ R and for any α ∈ NN−1
0 we have

|Dα
ξ′L

s
j | ≤ C(a, β, θ, r)

(
|λ| 12 + 1 + |ξ′|

)s−|α|
;

4. For any ξ′ ∈ RN−1, for any λ ∈ Σθ,r and for any α ∈ NN−1
0 we have

|Dα
ξ′(τ∂τLj)| ≤ C(a, β, θ, r)

(
|λ| 12 + 1 + |ξ′|

)1−|α|
.

Proof.
For the first point, it is sufficient to notice that, thanks to Lemma 3.2.5∣∣∣∣ zj

|λ|+ 1

∣∣∣∣ ∼ |z̃j |

and from Lemma 3.1.1 we know that 1 ≲ |z̃j | ≲ 1. For what concerns the second point, it is
sufficient to see that

λ+ a− zj = (λ+ a)(1− z̃j)

and using the limits for z̃j from Lemma 3.1.1 we get also that 1 ≲ |1− z̃j | ≲ 1. So using Lemma
3.2.5 we conclude also the proof of the second point. In order to prove the third point, we can
use Bell’s Formula:

|Dα
ξ′L

s
j | ≲

|α|∑
l=1

|f (l)(|ξ′|2 + zj)|
∑

α1+···+αl=α, |αl|≥1

|Dα1

ξ′ (|ξ
′|2 + zj)| · · · |Dαl

ξ′ (|ξ
′|2 + zj)|, (70)

where f(x) := xs/2. We know from Lemma 3.2.8 that

|Lj | ≥ Re(Lj) ≳ |λ| 12 + a
1
2 + |ξ′|.

Moreover, it’s easy to see that

|Dα
ξ′(|ξ′|2 + zj)| ≲ (|λ| 12 + a

1
2 + |ξ′|)2−|α| ∀α ∈ NN−1

0 .

In fact, the inequality is obvious for |α| > 2, while the other cases follow by a simple computation
and from the estimate of zj we have just proved. Finally, turning back to (70), we have that

|Dα
ξ′L

s
j | ≲

|α|∑
l=1

|Lj |s−2l
∑

α1+···+αl=α, |αl|≥1

(|λ| 12 + a
1
2 + |ξ′|)2−|α1| · · · (|λ| 12 + a

1
2 + |ξ′|)2−|αl| ≤

≤
|α|∑
l=1

(|λ| 12 + a
1
2 + |ξ′|)s−2l(|λ| 12 + a

1
2 + |ξ′|)2l−|α| = (|λ| 12 + a

1
2 + |ξ′|)s−|α|.
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Finally, let us study τ∂τLj for j = 1, 2:

τ∂τLj =
τ∂τzj
2Lj

=
iτz′j
2Lj

=
Imλz′j
2Lj

.

From the previous point we have then

|Dα
ξ′(τ∂τLj)| ≲ (|λ| 12 + a

1
2 + |ξ′|)−1−|α||Imλz′j |. (71)

So, in order to conclude, we need to estimate the last term uniformly in λ:

z′j =
1

2(1 + β2/2)

[
2± 2λβ2√

a2(1 + β2/2)2 − 2λ2β2

]
.

If β = 0, then |τ∂τzj | ≲ |λ|. Otherwise,

z′j =
1

2(1 + β2/2)

[
2− |β|

√
2λ

(η2 − λ2)
1
2

]
,

where η := a(1+β2/2)

|β|
√
2

∈ R. We can now notice that

Imλ = −Im(η − λ).

Therefore

|Imλz′j | ≤ 2|Imλ|+
√
2|β||Imλ||λ|
|η2 − λ2| 12

≲ |λ|+ |Imλ| 12 |λ|
|η + λ| 12

.

Since η > 0, we can use Lemma 3.2.5. So, for any β ∈ R

|τ∂τzj | ≲ |λ| ≤ (|λ| 12 + a
1
2 + |ξ′|)2 ∀j = 1, 2. (72)

Finally, applying the previous estimate in (71), we conclude.

Now, we need to rewrite Ca in a different way from the previous chapters: we already know
that

Ca =
1

λ

(
I1 +

I2
L2 − L1

)
,

with

I1 = β
A2

B2
a −A2

{
2A2 − A(B2

a +A2)

Ba

}
,

I2 = −βL1(L2 −A)

B2
a − L2

1

{
2A2L1 −

(B2
a +A2)(L2

1 +A2)

2Ba

}
+β

L2(L1 −A)

B2
a − L2

2

{
2A2L2 −

(B2
a +A2)(L2

2 +A2)

2Ba

}
.

It will be useful in the following to underline the differences hided inside I1 and I2. It can be
seen by a calculation that

I1 +
I2

L2 − L1
= −βA

3(B2
a −A2)

Ba(Ba +A)2
+

+
βABa(L1 −A)(L2 −A)[(L1A−B2

a)(L1 −A) + L2(A
2 −B2

a)]

Ba(B2
a − L2

1)(B
2
a − L2

2)
+

+
β(Ba −A)2[(A2B2

a +A2L1L2 +B2
aL1L2 + L2

2B
2
a)(A− L1) +AL1(A+ L1)(B

2
a − L2

2)]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
.

(73)
As a consequence of Lemma 3.2.4 and Lemma 3.2.9, we have that many factors of (73) are
Fourier Multipliers.
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Lemma 3.2.10. Let a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let j = 1, 2 then

1. (A+Ba)
−1 ∈ M−1,2,θ,r;

2. (Lj +A)−1 ∈ M−1,2,θ,r;

3. (Lj +Ba)
−1 ∈ M−1,1,θ,r;

4. Lj−A

B2
a−L2

k
,
Lj−Ba

B2
a−L2

k
,

Lj−A
B2

a−A2 ,
Lj−Ba

B2
a−A2

Ba−A
B2

a−L2
k
∈ M−1,1,θ,r for any j, k = 1, 2;

5.
(

S1−S2√
λ+a

)s
,
(
λ+a
λ

)s ∈ M0,1,θ,r for any s = 1,−1 and for any S1, S2 = Ba, L1, L2;

6. S−A√
λ+a

∈ M0,2,θ,r for any S = Ba, L1, L2.

Proof.
The first point is proved in Lemma 5.2 of [21]. The proof of the second and third points is
almost the same, using that

|Lj +A| ≥ Re(Lj +A) ≥ Re(Lj) ≳ |λ| 12 + a
1
2 + |ξ′|.

For what concerns the fourth point, let j, k = 1, 2, then

Lj −A

B2
a − L2

k

=
L2
j −A2

B2
a − L2

k

1

Lj +A
.

We already know that (Lj +A)−1 ∈ M−1,1,θ,r. On the other hand

L2
j −A2

B2
a − L2

k

=
zj

λ+ a− zk

and thanks to Lemma 3.2.9, we have
∣∣∣ L2

j−A2

B2
a−L2

k

∣∣∣ ≲ 1 for any λ ∈ Σθ,r. Moreover

τ∂τ

(
L2
j −A2

B2
a − L2

k

)
=

τ∂τzj
B2

a − L2
k

−
(iτ − τ∂τzk)(L

2
j −A2)

(B2
a − L2

k)
2

.

We have already seen in (72) that

|τ∂τzj | ≲ |λ| ∀j = 1, 2.

Therefore, as before, we have that
∣∣∣τ∂τ ( L2

j−A2

B2
a−L2

k

)∣∣∣ ≲ 1. The other results can be proved in the
same way. The last two points are obvious.

Thanks to the previous lemma and (73) we can prove that C−1
a is a Fourier Multiplier:

Lemma 3.2.11. Let a, r > 0, β ̸= 0 let θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, then we can find L > 0

and ρj(ξ′, λ) ∈ M−1,1,θ,r and mj ∈ M1,2,θ,r for j = 1, . . . , L such that

Ca =
λ+ a

λ

L∑
j=1

ρj(ξ
′, λ)mj(ξ

′, λ).

Moreover, C−1
a ∈ M0,2,θ,r.
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Proof.
The first part of the result comes from the decomposition of Ca we have made in (73) and the
Lemmas 3.2.3, 3.2.4 and 3.2.10. In particular, Ca ∈ M0,2,θ,r. Let now s ∈ N, then by Bell’s
Formula we have

|Dα
ξ′C−s

a | ≲
|α|∑
l=1

|Ca|−s−l
∑

α1+...+αl=α, |αk|≥1

|Dα1

ξ′ Ca| · · · |D
αl

ξ′ Ca|.

Now, using that Ca ∈ M0,2,θ,r and Proposition 3.1.4, we get that

|Dα
ξ′C−s

a | ≲ |ξ′|−|α| ∀s ∈ N, ∀α ∈ NN−1
0 .

Now we notice that
τ∂τC−1

a = −τ∂τCa
C2
a

.

Therefore, using again that Ca ∈ M0,2,θ,r, the previous estimate with s = 2 and the Leibniz
Formula we get

|Dα
ξ′(τ∂τC−1

a )| ≲
∑

β+γ=α

|Dβ
ξ′τ∂τCa||D

γ
ξ′C

−2
a | ≲ |ξ′|−|α|.

Let us pass to Aa. As for Ca, it convenient to rewrite Aa in order to highlight the cancella-
tions:

Aa = B2
a(BaL1 −A2) + L2(B

3
a −A2L1) =

= B3
a(L1 −Ba) +B2

a(B
2
a −A2) + L2Ba(B

2
a −A2) + L2A

2(Ba − L1) =

= (B2
a −A2)(B2

a + L2Ba) + (Ba − L1)[A
2(L2 −Ba) +Ba(A

2 −B2
a)] =

= Ba(B
2
a −A2)(L1 + L2)−A2(Ba − L1)(Ba − L2).

Lemma 3.2.12. Let a, r > 0, β ̸= 0 and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, then (λ + a)−1Aa ∈

M2,1,θ,r and (λ+ a)A−1
a ∈ M−2,1,θ,r.

Proof.
Thanks to the decomposition we just made

Aa

λ+ a
= Ba(L1 + L2)−A2 · (Ba − L1)(Ba − L2)

λ+ a
.

We know that Ba, L1 +L2 ∈ M1,1,θ,r, so their product is in M2,1,θ,r. On the other hand, A2 ∈
M2,1,θ,r, while from Lemma 3.2.10 Ba−L1√

λ+a
, Ba−L2√

λ+a
∈ M0,1,θ,r. In particular, the decomposition

tells us that Aa

λ+a ∈ M2,1,θ,r. Thanks to Lemma 3.2.4, we have that Aa

(λ+a)B2
a

∈ M0,1,θ,r.
Moreover, we know from Proposition 3.1.5, that

inf
λ∈Σθ,r, ξ′∈RN−1

∣∣∣∣ Aa(λ, t)

(λ+ a)B2
a

∣∣∣∣ > 0.

Let now s ∈ N, then by Bell’s Formula∣∣∣∣Dα
ξ′

(
(λ+ a)B2

a

Aa

)s∣∣∣∣ =
∣∣∣∣∣Dα

ξ′

(
Aa

(λ+ a)B2
a

)−s
∣∣∣∣∣ ≲

≲
|α|∑
l=1

|Aa|−(s+l)

B
−2(s+l)
a |λ+ a|−(s+l)

∑
α1+...+αl=α, |αk|≥1

∣∣∣∣Dα1

ξ′

(
Aa

B2
a(λ+ a)

)∣∣∣∣ · · · ∣∣∣∣Dαl

ξ′

(
Aa

B2
a(λ+ a)

)∣∣∣∣ ≲
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≲ (|λ| 12 + a
1
2 + |ξ′|)−|α|.

Now we notice that

τ∂τ

(
Aa

(λ+ a)B2
a

)
= B−2

a τ∂τ

(
Aa

λ+ a

)
− iτAa

(λ+ a)B4
a

.

Therefore, using that Aa

λ+a ∈ M2,1,θ,r and the Leibniz Formula, we get∣∣∣∣Dα
ξ′

(
τ∂τ

(
Aa

(λ+ a)B2
a

))∣∣∣∣ ≲
≲

∑
β+γ=α

|Dβ
ξ′B

−2
a |
∣∣∣∣Dγ

ξ′τ∂τ

(
Aa

λ+ a

)∣∣∣∣+ |λ|
∣∣∣∣Dβ

ξ′

(
Aa

λ+ a

)∣∣∣∣ |Dγ
ξ′B

−4
a | ≲ (|λ| 12 + a

1
2 + |ξ′|)−|α|.

Now we notice that

τ∂τ

(
(λ+ a)B2

a

Aa

)
= −τ∂τ

(
Aa

(λ+ a)B2
a

)
(λ+ a)2B4

a

A2
a

.

Finally, using Leibniz Formula, we get∣∣∣∣Dα
ξ′τ∂τ

(
(λ+ a)B2

a

Aa

)∣∣∣∣ ≲
≲

∑
β+γ=α

∣∣∣∣Dβ
ξ′

(
τ∂τ

(
Aa

(λ+ a)B2
a

))∣∣∣∣ ∣∣∣∣Dγ
ξ′

(
(λ+ a)2B4

a

A2
a

)∣∣∣∣ ≲ (|λ| 12 + a
1
2 + |ξ′|)−|α|.

Therefore (λ+a)B2
a

Aa
∈ M0,1,θ,r. This concludes the proof, because

λ+ a

Aa
=

(λ+ a)B2
a

Aa
·B−2

a ∈ M−2,1,θ,r.

Also the term Ek deserves a special treatment: it can be seen by a calculation that

Ek = Eh
k iξ

′ · ĥ′ +
N∑

j,l=1

E
Hjl

k Ĥjl, (74)

with Ehiξ′ · ĥ′ := ℏ
L2−L1

and

Eh =
β

L2 − L1

[
L1

B2
a − L2

1

(
2A2L1 −

(B2
a +A2)(L2

1 +A2)

2Ba

)
− L2

B2
a − L2

2

(
2A2L2 −

(B2
a +A2)(L2

2 +A2)

2Ba

)]
;

Eh
k := iξk

{
Eh
λCa

[
2ABa

(Ba +A)2
+

−2[(L2B
2
a −A2Ba)(L1 −A) + (AL1L2 +ABaL1)(A−Ba)]

(B2
a −A2)(Ba + L1)(Ba + L2)

− ABa + L1L2

(Ba + L1)(Ba + L2)

]
+

−2(B2
a(L1 + L2)−A2Ba + L1L2Ba)

(B2
a −A2)(Ba + L1)(Ba + L2)

+
Ba

(Ba + L1)(Ba + L2)

}
.

EHNN

k :=
iξkB
λCa

A2 +
2iξkB

2
a

β(B2
a −A2)

∀k = 1, . . . , N − 1;

E
HjN

k := − (B2
a +A2)iξkiξjB
BaλCa

− 4iξjiξkBa

β(B2
a −A2)

+
2Ba

β
δjk ∀j, k = 1, . . . , N − 1;
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E
Hjl

k =
iξjiξkiξlB

λCa
+

2iξjiξkiξl
β(B2

a −A2)
− 2

β
iξjδkl −

2

β
iξlδjk ∀j, k, l = 1, . . . , N − 1;

B :=
2A2

(Ba +A)2
+

2[(L2B
2
a −A2Ba)(L1 −A) + (AL1L2 +ABaL1)(A−Ba)]

(Ba + L1)(Ba + L2)(B2
a −A2)

+

+
ABa + L1L2

(Ba + L1)(Ba + L2)
.

Moreover, for what concerns Eh, the internal parenthesis are the same of I2

L2−L1
, so

Eh =
βA{(Ba − L2)[2BaL1(A− L1) + L2

1(Ba − L2) + L2
1(Ba − L1)]− L1L2(Ba −A)2 −B2

a(L2 −A)2}
(B2

a − L2
1)(B

2
a − L2

2)
+

+
β(Ba −A)2[−A2B2

a − L1L2A
2 −B2

a(L
2
1 + L1L2 + L2

2) + L2
1L

2
2]

2Ba(B2
a − L2

1)(B
2
a − L2

2)
.

Lemma 3.2.13. Let a, r > 0, β ̸= 0 and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, then

1. Eh = Am0 +m1 with m0 ∈ M0,1,θ,r and m1 ∈ M1,1,θ,r;

2. B ∈ M0,2,θ,r

The proof follows from the previous decomposition and Lemmas 3.2.3, 3.2.4 and 3.2.10.

3.3 Setting and technical lemmas

We are near to the proof of the main theorem of the resolvent part. Let us start writing the
solutions in a different way: for any k = 1, . . . , N , we have

ûk = A0
ke

−AxN +A1
ke

−L1xN +A2
ke

−L2xN =

= A0
ke

−AxN + (A1
k +A2

k)e
−L1xN +A2

k(L2 − L1)M(L2, L1, xN ) =

= (A0
k +A1

k +A2
k)e

−AxN + (A1
k +A2

k)(L1 −A)M(L1, A, xN ) +A2
k(L2 − L1)M(L2, L1, xN ),

where

M(γ1, γ2, xN ) :=
e−γ1xN − e−γ2xN

γ1 − γ2
∀γ1, γ2 ∈ C.

Thanks to the boundary conditions, we have that

A0
k +A1

k +A2
k = ĥk ∀k = 1, . . . , N.

Therefore

ûk = ĥke
−AxN + (ĥk −A0

k)(L1 −A)M(L1, A, xN ) +A2
k(L2 − L1)M(L2, L1, xN ) =

= ĥk(e
−AxN+M(L1, A, xN )(L1−A))−A0

k(L1−A)M(L1, A, xN )+A2
k(L2−L1)M(L2, L1, xN ) =

= ĥke
−L1xN −A0

k(L1 −A)M(L1, A, xN ) +A2
k(L2 − L1)M(L2, L1, xN ).

Now we use the Volhevic trick (see [23]): as an example, let us take v : RN
+ → R such that

v(x) = F−1
[
M(ξ′, λ)g(ξ′, 0)e−γ(ξ′,λ)xN

]
,

with Re(γ) > 0, where F−1 is the Fourier inverse transform in the tangential components.
Then we can rewrite v as

v(x) = F−1

[∫ ∞

0

∂yN

(
M(ξ′, λ)g(ξ′, yN )e−γ(ξ′,λ)(xN+yN )

)
dyN

]
.

In this section we will see that these kind of functions are strongly related with the R-
boundedness of the solution:
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Lemma 3.3.1. Let a, r > 0, β ∈ R and θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, then for any ℓ = 0, 1,

j = 1, 2, α ∈ NN−1
0 and for any λ ∈ Σθ,r it can be found d > 0 such that

|Dα
ξ′(τ∂τ )

ℓe−LjxN | ≲
(
|λ| 12 + 1 + |ξ′|

)−|α|
e
−d

(
|λ|

1
2 +1+|ξ′|

)
xN ;

|Dα
ξ′(τ∂τ )

ℓM(L1, A, xN )| ≲
((

|λ|− 1
2 + 1

)
or xN

)
|ξ′|−|α|e

−d
(
|λ|

1
2 +1+|ξ′|

)
;

|Dα
ξ′(τ∂τ )

ℓM(L2, L1, xN )| ≲
((

|λ|− 1
2 + 1

)
or xN

)(
|λ| 12 + 1 + |ξ′|

)−|α|
e
−d

(
|λ|

1
2 +1+|ξ′|

)
.

The proof of these estimates, can be gained using Lemma 3.2.9 and following the proof of
Lemma 5.3 of [21].

Lemma 3.3.2. Let a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞), let m1 ∈

M0,1,θ,r, m2 ∈ M0,2,θ,r and m3 ∈ M1,2,θ,r, let us define the following operators in L(Lq(RN
+ )):

(K1(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m1(λ, ξ

′)(|λ| 12 + 1)e−L1(xN+yN )ĝ(ξ′, yN )](x′)dyN

(K2(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m2(λ, ξ

′)Ae−L1(xN+yN )ĝ(ξ′, yN )](x′)dyN

(K3(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m2(λ, ξ

′)A2M(L1, A, xN + yN )ĝ(ξ′, yN )](x′)dyN

(K4(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m2(λ, ξ

′)A(|λ| 12 + 1)M(L1, A, xN + yN )ĝ(ξ′, yN )](x′)dyN

(K5(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m2(λ, ξ

′)A2M(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN

(K6(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m1(λ, ξ

′)(|λ|+ 1)M(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN

(K7(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m2(λ, ξ

′)(|λ| 12 + 1)AM(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN

(K8(λ)g)(x) :=
∫∞
0

F−1
ξ′ [m3(λ, ξ

′)AM(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN .

Then, for ℓ = 0, 1, for h = 1, 2 and for j, s = 1, . . . , N the sets{
(τ∂τ )

ℓ(Kh(λ)) | λ ∈ Σθ,r

}
are R-bounded, where the R-bound doesn’t exceed a constant C = C(θ, r,N, q).

The proof can be done following the one of Lemma 5.4 of [21].

Lemma 3.3.3. Let a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞), let k1 ∈

M−1,1,θ,r, k2 ∈ M−2,2,θ,r, k3 ∈ M−1,2,θ,r and k4 ∈ M0,1,θ,r, let us define the following operators
in L(Lq(RN

+ )):

(L1(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k1(λ, ξ

′)e−L1(xN+yN )ĝ(ξ′, yN )](x′)dyN

(L2(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k2(λ, ξ

′)Ae−L1(xN+yN )ĝ(ξ′, yN )](x′)dyN

(L3(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k2(λ, ξ

′)A2M(L1, A, xN + yN )ĝ(ξ′, yN )](x′)dyN

(L4(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k2(λ, ξ

′)A|λ| 12M(L1, A, xN + yN )ĝ(ξ′, yN )](x′)dyN

(L5(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k4(λ, ξ

′)M(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN

(L6(λ)g)(x) :=
∫∞
0

F−1
ξ′ [k3(λ, ξ

′)AM(L2, L1, xN + yN )ĝ(ξ′, yN )](x′)dyN .

Then, for ℓ = 0, 1, for k = 1, . . . , 6 and for j, s = 1, . . . , N the sets{
(τ∂τ )

ℓ(λLk(λ)) | λ ∈ Σθ,r

}
,
{
(τ∂τ )

ℓ(γLk(λ)) | λ ∈ Σθ,r

}
,{

(τ∂τ )
ℓ(|λ| 12DjLk(λ)) | λ ∈ Σθ,r

}
,
{
(τ∂τ )

ℓ(DjDsLk(λ)) | λ ∈ Σθ,r

}
,

are R-bounded, where the R-bound doesn’t exceed a constant C = C(θ, r,N, q).

The proof can be done following the proof of Lemma 5.6 of [21] and using Lemma 3.3.2. It
is now clear the reason beyond the Volhevic trick and the study of the Fourier Multipliers. In
the proof of Theorem 1.2.3 we verify that our solution is a combination of functions like the
one of Lemma 3.3.3.
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3.4 Proof of Theorem 1.2.3

We are ready to prove the existence of the solution by R-boundedness. Before, we state Propo-
sition 3.4 of [9] and Theorem 3.3 of [10]:

Lemma 3.4.1. Let X,Y, Z be three Banach spaces,

1. Let T and S be two R-bounded families of functions in L(X;Y ), then T + S is still an
R-bounded family of functions in L(X;Y ) with

RL(X;Y )(T + S) ≤ RL(X;Y )(T ) +RL(X;Y )(S);

2. Let T and S be two R-bounded families of functions in L(X;Y ) and L(Y ;Z) respectively,
then ST is still an R-bounded family of functions in L(X;Z) with

RL(X;Z)(ST ) ≤ RL(Y ;Z)(S)RL(X;Y )(T ).

Lemma 3.4.2. Let m ∈ M0,2,θ,0 in RN for any θ ∈
(
0, π2

)
, then

RL(W q,n(RN ))(L(λ)) ≤ C(q,N, θ) n = 0, 1,

where
L(λ)[f ] := F−1

(
m(λ, ξ)f̂(ξ)

)
.

We have already noticed that the case β = 0 is special for our problem: when β = 0, the
system (4) can be perfectly splitted in a Stokes system for u and a Laplace problem for Q and
it is easy to prove with the same approach the R-boundedness results for these problems:

Proposition 3.4.3. Let N ≥ 2, q ∈ (1,∞), r > 0, θ ∈
(
0, π2

)
, λ ∈ Σθ,r and let h ∈

W 2,q(RN
+ ;RN ) with hN = 0 on RN

0 , then we can find a unique solution (u, p) of
(λ−∆)u+∇p = 0 in RN

+

divu = 0 in RN
+

u = h on RN
0

with u ∈W 2,q(RN
+ ;RN ) and p ∈ Ĥ1

q (RN
+ ) and

u = A(λ)
[
D2h, |λ| 12∇h, |λ|h

]
,

with
A(λ) ∈ Hol

(
Σθ,r;L(W 2,q(RN

+ ;RN ))
)

and we can find K > 0 such that

RL(Lq(RN
+ )3)

({
(τ∂τ )

ℓS(λ)A(λ)
∣∣∣ τ ∈ R, λ = γ + iτ

})
≤ K ℓ = 0, 1

where S(λ) = (D2, λ
1
2∇, λ).

Proposition 3.4.4. Let N ≥ 2, q ∈ (1,∞), r > 0, θ ∈
(
0, π2

)
, λ ∈ Σθ,r and let H ∈W 2,q(RN

+ ),
then we can find a unique solution v of{

(λ−∆)v = 0 in RN
+

DNv = H on RN
0
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with v ∈W 3,q(RN
+ ) and

v = A(λ)
[
D2H, |λ| 12∇H, |λ|H

]
,

with
A(λ) ∈ Hol

(
Σθ,r;L(W 2,q(RN

+ );W 3,q(RN
+ ))
)

and we can find K > 0 such that

RL(Lq(RN
+ )3)

({
(τ∂τ )

ℓS(λ)A(λ)
∣∣∣ τ ∈ R, λ = γ + iτ

})
≤ K ℓ = 0, 1

where S(λ) = (D3, λ
1
2D2, λ∇, λ 3

2 ).

We are finally ready to prove the main theorem: firstly we prove the existence result for the
case f = G = 0:

Theorem 3.4.5. Let a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞), let

h ∈W 2,q(RN
+ ;RN ) and H ∈W 2,q(RN

+ ;S0(N,R)), then we can find (u, p,Q) which solves
(λ−∆)u+∇p+ βDiv(∆− a)Q = 0 in RN

+

(λ+ a−∆)Q− βD(u) = 0 in RN
+

divu = 0 in RN
+

u = h, DNQ = H on RN
0 ,

with u ∈W 2,q(RN
+ ;RN ), p ∈ Ĥ1

q (RN
+ ) and Q ∈W 3,q(RN

+ ;S0(N,R)); moreover, let us call

X := Lq
(
RN

+ ;RN3+N4
)
× Lq

(
RN

+ ;RN2+N3
)
× Lq

(
RN

+ ;RN+N2
)
,

then
(u,Q) = (A(λ),B(λ))

[
D2(h,H), |λ| 12∇(h,H), |λ|(h,H)

]
,

with
A(λ) ∈ Hol

(
Σθ,r;L

(
X;W 2,q

(
RN

+ ;RN
)))

B(λ) ∈ Hol (Σθ,r;L (X;S0(N,R)))) ,

and we can find K1,K2 > 0 such that

RL(X;Y1)

({
(τ∂τ )

ℓS1(λ)A(λ)
∣∣∣ τ ∈ R, λ = γ + iτ

})
≤ K1 ℓ = 0, 1

RL(X;Y2)

({
(τ∂τ )

ℓS2(λ)B(λ)
∣∣∣ τ ∈ R, λ = γ + iτ

})
≤ K2 ℓ = 0, 1,

where S1(λ) = (D2, λ
1
2∇, λ), S2(λ) = (D3, λ

1
2D2, λ∇, λ 3

2 ) and

Y1 = Lq
(
RN

+ ;RN3
)
× Lq

(
RN

+ ;RN2
)
× Lq

(
RN

+ ;RN
)

Y2 = Lq
(
RN

+ ;RN5
)
× Lq

(
RN

+ ;RN4
)
× Lq

(
RN

+ ;RN3
)
× Lq

(
RN

+ ;RN2
)
.

Proof.
From Propositions 3.4.3 and 3.4.4 we have already the result for β = 0. So, from now on, we
suppose β ̸= 0. Let k < N , the we have already seen that

ûk = ĥke
−L1xN −A0

k(L1 −A)M(L1, A, xN ) +A2
k(L2 − L1)M(L2, L1, xN ).

It can be seen by (20) that

A2
k(L2 − L1) =

{
(B2

a − L2
1)Ek − L1(BaL1 −A2)(ĥk −A0

k)
}
(B2

a − L2
2)

B3
a(L1 + L2)−A2B2

a − L1L2
.
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Using the Volhevic trick (see [23])

uk =

14∑
m=1

Um
k := −

∫ ∞

0

F−1
ξ′

[
∂yN

(
ĥ(ξ′, yN )′e−L1(xN+yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
iξkEh(L1 −A)

λCaA
iξ′ · ĥ(ξ′, yN )′M(L1, A, xN + yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

A2(L1 −A)ĤNN (ξ′, yN )M(L1, A, xN + yN )

)]
dyN+

−
N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

(L1 −A)(B2
a +A2)

Ba
iξjĤjN (ξ′, yN )M(L1, A, xN + yN )

)]
dyN+

−
N−1∑
j,l=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

(L1 −A)iξjiξlĤjl(ξ
′, yN )M(L1, A, xN + yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
(B2

a − L2
1)(B

2
a − L2

2)

Aa
Eh

k iξ
′ · ĥ(ξ′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
(B2

a − L2
1)(B

2
a − L2

2)

Aa
EHNN

k ĤNN (ξ′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
(B2

a − L2
1)(B

2
a − L2

2)

Aa
E

HjN

k ĤjN (ξ′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
N−1∑
j,l=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
(B2

a − L2
1)(B

2
a − L2

2)

Aa
E

Hjl

k Ĥjl(ξ
′, yN )M(L2, L1, xN + yN )

)]
dyN+

+

∫ ∞

0

F−1
ξ′

[
∂yN

(
L1(BaL1 −A2)(B2

a − L2
2)

Aa
ĥk(ξ

′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
iξkEhL1(BaL1 −A2)(B2

a − L2
2)

λCaAAa
iξ′ · ĥ(ξ′, yN )′M(L2, L1, xN + yN )

)]
dyN+

−
∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

L1(BaL1 −A2)(B2
a − L2

2)A
2

Aa
ĤNN (ξ′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

L1(BaL1 −A2)(B2
a − L2

2)

Aa

(B2
a +A2)

Ba
iξjĤjN (ξ′, yN )M(L2, L1, xN + yN )

)]
dyN+

−
N−1∑
j,l=1

∫ ∞

0

F−1
ξ′

[
∂yN

(
iξk
λCaA

L1(BaL1 −A2)(B2
a − L2

2)

Aa
iξjiξlĤjl(ξ

′, yN )M(L2, L1, xN + yN )

)]
dyN .

The idea is to write every Um
k with m = 1, . . . , 14 as one of the operators of Lemma 3.3.3. The

proof is almost the same for every term, so we see just few of them:

U1
k = −

∫ ∞

0

F−1
ξ′

[
∂yN

ĥk(ξ
′, yN )e−L1(xN+yN ) − L1ĥke

−L1(xN+yN )
]
dyN .

Using the identity 1 = λ+a+A2

B2
a

, we have that

U1
k = −

∫ ∞

0

F−1
ξ′

√λ+ a

B2
a

√
λ+ a∂yN

ĥk(ξ
′, yN )e−L1(xN+yN ) −

N−1∑
j=1

iξj
AB2

a

iξj∂yN
ĥk(ξ

′, yN )Ae−L1(xN+yN )

 dyN+

+

∫ ∞

0

F−1
ξ′

[
L1

B2
a

(λ+ a)ĥke
−L1(xN+yN ) +

L1

B2
a

A2ĥke
−L1(xN+yN )

]
dyN .
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We already that
√
λ+ a

B2
a

,
L1

B2
a

∈ M−1,1,θ,r,
iξj
A

∈ M0,2,θ,r, B
−2
a ∈ M−2,1,θ,r.

Therefore, using Lemma 3.3.3 we get the R-boundedness for U1
k .

We can repeat a similar argument for all the terms:

U2
k = −

∫ ∞

0

F−1
ξ′

[
iξkEh(L1 −A)

λCaA
iξ′ · ∂yN

ĥ(ξ′, yN )M(L1, A, xN + yN )

]
dyN+

−
∫ ∞

0

F−1
ξ′

[
iξkEh(L1 −A)

λCaA
iξ′ · ĥ(ξ′, yN )

(
−e−L1(xN+yN ) −AM(L1, A, xN + yN )

)]
dyN ,

where we used the identity

∂xN
M(L1, A, xN ) = −e−L1xN −AM(L1, A, xN ).

Now we notice that
L1 −A

λ
=
L1 −A

λ+ a

λ+ a

λ
∈ M−1,1,θ,r. (75)

Therefore:

U2
k = −

N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
iξkiξjEh(L1 −A)

√
λ+ a

λCaA2|λ| 12B2
a

√
λ+ a∂yN

ĥj(ξ
′, yN )A|λ| 12M(L1, A, xN + yN )

]
dyN+

−
∫ ∞

0

F−1
ξ′

[
iξkEh(L1 −A)

λCaAB2
a

iξ′ · ∂yN
ĥ′(ξ′, yN )A2M(L1, A, xN + yN )

]
dyN+

+

N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
iξkiξjEh(L1 −A)

λCaA2B2
a

[λ+ a+A2]ĥj(ξ
′, yN )

(
Ae−L1(xN+yN ) +A2M(L1, A, xN + yN )

)]
dyN .

Using (75) with Lemmas 3.2.4, 3.2.11 and 3.2.13, we have that

iξk
A
, C−1

a ,
Eh(L1 −A)

λ
,

√
λ+ a

|λ| 12
∈ M0,2,θ,r, B−2

a ∈ M−2,1,θ,r.

Therefore we can apply Lemma 3.3.3. From the definition of Eh
k and Lemma 3.2.9

Eh
k =

iξkEh
λCa

m0(λ, ξ
′) + iξk

m1(λ, ξ
′)

B2
a −A2

,

with m0 ∈ M0,2,θ,r and m1 ∈ M1,2,θ,r. Therefore

U6
k = −

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)Ehm0(λ, ξ
′)

AAaλCa(λ+ a)
iξ′ · ∂yN

ĥ′(ξ′, yN )AM(L2, L1, xN + yN )

]
dyN+

−
∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)m1(λ, ξ
′)

AAa(B2
a −A2)(λ+ a)

iξ′ · ∂yN
ĥ′(ξ′, yN )AM(L2, L1, xN + yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)

3
2 (B2

a − L2
2)(B

2
a − L2

1)Ehm0(λ, ξ
′)

B2
aAaλCa(λ+ a)A

√
λ+ aiξ′ · ĥ′(ξ′, yN )Ae−L2(xN+yN )

]
dyN+

−
N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)Ehm0(λ, ξ
′)iξj

B2
aAaλCa(λ+ a)A

iξjiξ
′ · ĥ′(ξ′, yN )Ae−L2(xN+yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)

3
2 (B2

a − L2
2)(B

2
a − L2

1)m1(λ, ξ
′)

B2
aAa(B2

a −A2)(λ+ a)A

√
λ+ aiξ′ · ĥ′(ξ′, yN )Ae−L2(xN+yN )

]
dyN+
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−
N−1∑
j=1

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)m1(λ, ξ
′)iξj

B2
aAa(B2

a −A2)(λ+ a)A
iξjiξ

′ · ĥ′(ξ′, yN )Ae−L2(xN+yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)

3
2 (B2

a − L2
2)(B

2
a − L2

1)EhL1m0

B2
aAaλCa(λ+ a)A|λ| 12

√
λ+ aiξ′ · ĥ′(ξ′, yN )|λ| 12AM(L2, L1, xN + yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)EhL1m0

B2
aAaλCa(λ+ a)

iξkiξ
′ · ĥ′(ξ′, yN )A2M(L2, L1, xN + yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
iξk(λ+ a)

3
2 (B2

a − L2
2)(B

2
a − L2

1)L1m1

B2
aAa(B2

a −A2)(λ+ a)A|λ| 12
√
λ+ aiξ′ · ĥ′(ξ′, yN )|λ| 12AM(L2, L1, xN + yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
(λ+ a)(B2

a − L2
2)(B

2
a − L2

1)L1m1

B2
aAa(B2

a −A2)(λ+ a)
iξkiξ

′ · ĥ′(ξ′, yN )A2M(L2, L1, xN + yN )

]
dyN+

Thanks to Lemmas 3.2.12 and 3.2.13 we have that

iξk
A
,
B2

a − L2
1

λ
,
B2

a − L2
2

λ+ a
, C−1

a ,m0,
(λ+ a)L1Eh

Aa
,
(λ+ a)iξjEh

Aa
,
(λ+ a)L1m1

Aa
,
(λ+ a)m1iξj

Aa
∈ M0,2,θ,r,

√
λ+ a

|λ| 12
,
(λ+ a)

3
2 Eh

Aa
,
(λ+ a)

3
2m1

Aa
,
(λ+ a)

3
2 iξj

Aa
,
(λ+ a)

3
2L1

Aa
,∈ M0,2,θ,r,

(λ+ a)Eh
Aa

,
(λ+ a)m1

Aa
∈ M−1,2,θ,r B

−2
a ∈ M−2,1,θ,r.

Then we can apply Lemma 3.3.3. We can divide U8
k = U8,1

k + U8,2
k + U8,3

k . The terms U8,1
k and

U8,2
k can be treated as before. For what concerns U8,3

k

U8,3
k = −

∫ ∞

0

F−1
ξ′

[
2(λ+ a)

3
2 (B2

a − L2
1)(B

2
a − L2

2)

βBa(λ+ a)Aa

√
λ+ a∂yN

ĤkN (ξ′, yN )M(L2, L1, xN + yN )

]
dyN+

+

N−1∑
l=1

∫ ∞

0

F−1
ξ′

[
2iξl(λ+ a)(B2

a − L2
1)(B

2
a − L2

2)

βABa(λ+ a)Aa
iξl∂yN

ĤkN (ξ′, yN )AM(L2, L1, xN + yN )

]
dyN+

+

∫ ∞

0

F−1
ξ′

[
2(λ+ a)(B2

a − L2
1)(B

2
a − L2

2)

β(λ+ a)BaAa
B2

aĤjN (ξ′, yN )
(
e−L2(xN+yN ) + L1M(L2, L1, xN + yN )

)]
dyN .

Moreover

B2
a − L2

1

λ+ a
,
(λ+ a)(B2

a − L2
2)

Aa
,
L1

Ba
∈ M0,1,θ,r,

iξl
A

∈ M0,2,θ,r, B
−1
a ∈ M−1,1,θ,r.

Then we can apply Lemma 3.3.3.

When k = N then ĥN = 0 and

ûN = −A0
N (L1 −A)M(L1, A, xN ) +A2

N (L2 − L1)M(L2, L1, xN ) =

= −AC(L1 −A)

λ
M(L1, A, xN ) +

A(L1 −A)

λ
CM(L2, L1, xN ) + iξ′ · ĥ′M(L2, L1, xN )

and we can conclude as before. Let us pass now to Q: Q solves the system{
(λ+ a−∆)Q = βD(u) in RN

+

DNQ = H on RN
0 .

Then using Proposition 3.4.4 and the R-boundedness of u that we have just proved, we conclude.
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Remark 3.4.6. Considering the proof just done, it can be seen that Sj(λ) can be switched
with Sj(γ) for j = 1, 2, where λ = γ + iτ (look at the proof of Lemma 5.6 of [21]).

Let us focus on the resolvent estimate for the system
(λ−∆)u+∇p+ βDiv(∆− a)Q = f in RN

+

(λ+ a−∆)Q− βD(u) = G in RN
+

divu = 0 in RN
+

u|xN=0 = h, DNQ|xN=0 = H on RN
0 .

The resolvent estimate for the case f = G = 0 follows just from the R-boundedness of the
solution (u, p,Q) (see m = 1 of the definition 1.2.1). The case with f,G ̸= 0 is a consequence
of Theorem 3.4.5:

Corollary 3.4.7. Let a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞), let

f ∈ Lq(RN
+ ;RN ) and G ∈ W 1,q(RN

+ ;S0(N,R)), then for any λ ∈ Σθ,r we can find u ∈
W 2,q(RN

+ ;RN ), p ∈ Ĥ1
q (RN

+ ) and Q ∈W 3,q(RN
+ , S0(N,R)) solution of the system

(λ−∆)u+∇p+ βDiv(∆− a)Q = f in RN
+

(λ+ a−∆)Q− βD(u) = G in RN
+

divu = 0 in RN
+

u|xN=0 = 0, DNQ|xN=0 = 0 on RN
0 ,

(76)

moreover∥∥∥(|λ|u, |λ| 12∇u,D2u
)∥∥∥

Lq(RN
+ )

+ ∥∇p∥Lq(RN
+ ) +

∥∥∥(|λ| 32Q, |λ|∇Q, |λ| 12D2Q,D3Q
)∥∥∥

Lq(RN
+ )

≤

≤ C(a, β, θ, r, q,N)

[
∥f∥Lq(RN

+ ) +
∥∥∥(|λ| 12G,∇G)∥∥∥

Lq(RN
+ )

]
.

Proof.
From [16] we know that (76) admits a solution in RN . Let

λId−A : Lq(RN ;RN )×W 1,q(RN ;S0(N,R)) →W 2,q(RN ;RN )×Ĥ1
q (RN ;R)×W 3,q(RN ;S0(N,R)),

be the operator correspondent to the system (76) in RN . Then our solution (u, p,Q) is the
summation of (v1, ρ1, V1) and (v2, ρ2, V2), where

(v1, ρ1, V1) = (λ−A)−1(Ev[f ], EM [G]),

where Ev, EM are suitable extensions from RN
+ to RN and (v2, ρ2, V2) is the solution of

(λ−∆)v2 +∇ρ2 + βDiv(∆− a)V2 = 0 in RN
+

(λ+ a−∆)V2 − βD(v2) = 0 in RN
+

divv2 = 0 in RN
+

v2 = −v1|xN=0, DNV2 = −DNV1|xN=0 on RN
0 .

It can be seen that, if choose Ev and EM as it follows

Ev[fk] =

{
Eeven[fk] k = 1, . . . , N − 1

Eodd[fN ] k = N

EM [Gjk] =


Eeven[Gjk] j, k = 1n . . . , N − 1

Eodd[GNk] j = N, k = 1, . . . , N − 1

Eodd[GjN ] j = 1, . . . , N − 1, k = N

Eeven[GNN ] j = k = N,
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then (v1 · eN )xN=0 = 0, so we can really find (v2, ρ2, V2) which resolves the previous system.
By construction (u, p,Q) solves (76) in RN

+ and thanks to the resolvent estimate for (λ−A)−1

in [16] we conclude.

Finally, the uniqueness is a consequence of the existence result:

Corollary 3.4.8. Let a, r > 0, β ∈ R θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
, let q ∈ (1,∞), let f ∈

Lq(RN
+ ;RN ) and G ∈W 1,q(RN

+ ;S0(N,R)), then for any λ ∈ Σθ,r there are u ∈W 2,q(RN
+ ;RN ),

p ∈ Ĥ1
q (RN

+ ) and Q ∈W 3,q(RN
+ , S0(N,R)) unique solution of (76), up to additive constants on

the pressure term p.

Proof.
For the uniqueness we use a duality argument: we can rewrite our system in the following way:

(
λ−

(
1 + β2

2

)
∆
)
u+∇p+ βλDivQ = f + βDivG in RN

+

(λ+ a−∆)Q− βD(u) = G in RN
+

divu = 0 in RN
+

u|xN=0 = 0, DNQ|xN=0 = 0 on RN
0 .

It can be seen now that the adjoint system is

(
λ−

(
1 + β2

2

)
∆
)
u+∇p+ βDivQ = f + βDivG in RN

+

(λ+ a−∆)Q− βλD(u) = G in RN
+

divu = 0 in RN
+

u|xN=0 = 0, DNQ|xN=0 = 0 on RN
0 .

which can be rewritten as
(
λ−∆

)
u+∇p+ β

λ
Div(∆− a)Q = f in RN

+

(λ+ a−∆)Q− βλD(u) = λG in RN
+

divu = 0 in RN
+

u|xN=0 = 0, DNQ|xN=0 = 0 on RN
0 .

(77)

Now we notice that (77) admits a solution: the previous system is equivalent to

(
λ−∆

)
u+∇p+ βDiv(∆− a)

(
Q

λ

)
= f in RN

+

(λ+ a−∆)
(

Q

λ

)
− βD(u) = G in RN

+

divu = 0 in RN
+

u|xN=0 = 0, DNQ|xN=0 = 0 on RN
0 .

So,
(
u, p,Q/λ

)
is the solution of (76) with (f,G). Since (77) admits a solution, we can conclude

with the uniqueness: let (u, p,Q) be a solution of (76) with f = G ≡ 0, let φ ∈ C∞
c (RN

+ ;RN )

and ϕ ∈ C∞
c (RN ;S0(N,RN )) and let (v, ρ, V ) be the solution of (77) with f = φ and G = ϕ.

Therefore,∫
RN

+

u · φdx+

∫
RN

+

Q : ϕdx =

∫
RN

+

u · (λ− (1 + β2/2)∆)v +∇ρ+ βDivV dx+

+

∫
RN

+

Q : (λ+ a−∆)V − βλD(v)dx.

Thanks to the boundary conditions on u and Q and thanks to divu = 0 we get

=

∫
RN

+

(λ− (1 + β2/2)∆)u · vdx− β

∫
RN

+

D(u) : V dx+
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+

∫
RN

+

(λ+ a−∆)Q : V dx+ βλ

∫
RN

+

DivQ · vdx.

Using the system solved by (u, p,Q) and the property divv = 0 we get

= −
∫
RN

+

βλDivQ · vdx− β

∫
RN

+

D(u) : V dx+ β

∫
RN

+

D(u) : V dx+ βλ

∫
RN

+

DivQ · vdx = 0.

So, u,Q = 0 a.e. and from the first equation of (76) it follows that ∇p = 0.

Finally, thanks to Theorem 3.4.5 and Corollaries 3.4.7 and 3.4.8, we get Theorem 1.2.3: we
have already proved the estimate for u and Q. For what concerns p, it is sufficient to see that

∇p = (∆− λ)u+ βDiv(a−∆)Q = (∆− λ)u− βλDivQ+
β2

2
∆u in RN

+ ,

therefore
∥∇p∥Lq(RN

+ ) ≲ |λ|∥u∥Lq(RN
+ ) + ∥D2u∥Lq(RN

+ ) + |λ|∥∇Q∥Lq(RN
+ ).

4 Lp-Lq maximal regularity

4.1 Semigroup Setting

Let us pass to the evolution problem. We focus on the linear one

∂tu−∆u+∇p+ βDiv(∆− a)Q = f in R+ × RN
+

∂tQ− (∆− a)Q− βD(u) = G in R+ × RN
+

divu = 0 in R+ × RN
+

u = 0, DNQ = 0 on R+ × RN
0

u(0) = u0, Q(0) = Q0 in RN
+ ,

(78)

The first standard step for the study of a linear evolution system, is to prove the existence of
the semigroup corresponding to the operator of the system. The linear resolvent system

(λ−∆)u+∇p+ βDiv(∆− a)Q = f in RN
+

(λ+ a−∆)Q− βD(u) = G in RN
+

divu = 0 in RN
+

u = 0, DNQ = 0 on RN
0 .

(79)

is not written in the semigroup setting: we need to express p as a bounded linear operator with
respect to u and Q and we also need to erase the divergence-free condition. From (79) we have
that

⟨∇p,∇φ⟩ = ⟨−λu+∆u− βDiv(∆− aId)Q+ f,∇φ⟩ ∀φ ∈ Ĥ1
q′(RN

+ ).

Thanks to divergence-free condition on u, we have then

⟨∇p,∇φ⟩ = ⟨∆u− βDiv(∆− aId)Q+ f,∇φ⟩ ∀φ ∈ Ĥ1
q′(RN

+ ).

Then we can use Theorem 2 and 3 of [11]:

Theorem 4.1.1.
Let q ∈ (1,+∞), let N ≥ 2, then for any f ∈ Lq(RN

+ ;RN ) there is a unique π ∈ Ĥ1
q (RN

+ ) which
satisfies the Neumann weak problem

⟨∇π,∇φ⟩ = ⟨f,∇φ⟩ ∀φ ∈ Ĥ1
q′
(
RN

+

)
,

with
∥∇π∥Lq(RN

+ ) ≲ ∥f∥Lq(RN
+ ).
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As a consequence, we get a representation formula for ∇p:

Corollary 4.1.2. Let q ∈ (1,+∞), N ≥ 2, a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
,

λ ∈ Σθ,r and let

(u, p,Q) ∈W 2,q
(
RN

+ ;RN
)
× Ĥ1

q

(
RN

+

)
×W 3,q

(
RN

+ ;S0(N,R)
)
,

be the solution of (79) with f ∈ Lq(RN
+ ;RN ) and G ∈ W 1,q(RN

+ ;S0(N,R)), then ∇p =

∇KA(u,Q) +∇Ke(f), where ∇KA(u,Q) is the only solution in Ĥ1
q (RN

+ ) of

⟨∇KA(u,Q),∇φ⟩ = ⟨∆u− βDiv(∆− aId)Q,∇φ⟩ ∀φ ∈ Ĥ1
q′
(
RN

+

)
,

and ∇Ke(f) is the only solution in Ĥ1
q (RN

+ ) of

⟨∇Ke(f),∇φ⟩ = ⟨f,∇φ⟩ ∀φ ∈ Ĥ1
q′
(
RN

+

)
.

Proof.
By hypothesis, we know that there is p̃ ∈ Ĥ1

q (RN
+ ) which resolves (79) with f −∇Ke(f) in the

place of f . If we multiply the first equation of (79) by ∇φ with φ ∈ Ĥ1
q′(RN

+ ), we get

⟨(λ−∆)u+∇p̃+ βDiv(∆− aId)Q,∇φ⟩ = ⟨f −∇Ke(f),∇φ⟩ = 0.

Therefore
⟨∇p̃,∇φ⟩ = ⟨∆u− βDiv(∆− aId)Q,∇φ⟩ .

So, thanks to Theorem 4.1.1, ∇p̃ = ∇KA(u,Q). On the other hand, we also know that the
solution of (79) is unique, so ∇p = ∇p̃+∇Ke(f).

We can now consider the reduced system
(λ−∆)u+∇KA(u,Q) + βDiv(∆− a)Q = f −∇Ke(f) in RN

+

(λ+ a−∆)Q− βD(u) = G in RN
+

u = 0, DNQ = 0 on RN
0 ,

(80)

This system is written in the semigroup setting, but before we need to prove that it is equivalent
to the system (78):

Corollary 4.1.3. Let q ∈ (1,+∞), N ≥ 2, a, r > 0, β ∈ R, θ ∈
(
θ0,

π
2

)
with tan θ0 ≥ |β|√

2
,

λ ∈ Σθ,r and f ∈ Lq(RN
+ ;RN ) and G ∈W 1,q(RN

+ ;S0(N,R)), then (u,Q) solves (80) if and only
if (u, p,Q) solves (79) with ∇p = ∇KA(u,Q) +∇Ke(f). In particular, the solution for (80) is
unique.

Proof.
We have already seen that the solution of (79) is a solution for (80). On the other hand, we
only need to check that, if (u,Q) is a solution for (80), then u is divergence-free: let us multiply
the first equation (80) with ∇φ with φ ∈ Ĥ1

q′(RN
+ )

⟨(λ−∆)u+∇KA(u,Q) + βDiv(∆− aId)Q,∇φ⟩ = ⟨f −Ke(f),∇φ⟩ .

By definition of KA(u,Q) and Ke(f) we have then

λ ⟨u,∇φ⟩ = 0 ∀φ ∈ Ĥ1
q′(RN

+ ).

Which implies (thanks to the Dirichlet boundary conditions on u) that divu = 0.
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We are now ready to introduce the semigroup:

Proposition 4.1.4. Let us call A the operator which defines the resolvent system (80) for
a > 0 and β ∈ R, let q ∈ (1,∞) and let us define the space

Xq := Jq
(
RN

+

)
×W 1,q

(
RN

+ ;S0(N,R)
)
,

then (A, D(A)) is the generator of an analytic semigroup {T (t)}t≥0 on Xq, where

D(A) = D1(A)×D2(A),

with
D1(A) = Jq

(
RN

+

)
∩
{
v ∈W 2,q

(
RN

+ ;RN
)
| v = 0 RN

0

}
D2(A) =

{
V ∈W 3,q

(
RN

+ ;S0(N,R)
)
| DNV = 0 RN

0

}
.

Moreover, there is γ0 > 0 such that for any t > 0 it holds

∥T (t)(u0, Q0)∥Xq
≤ C(q,N, γ0)e

γ0t∥(u0, Q0)∥Xq
(u0, Q0) ∈ Xq

∥∂tT (t)(u0, Q0)∥Xq
≤ C(q,N, γ0)t

−1eγ0t∥(u0, Q0)∥Xq
(u0, Q0) ∈ Xq

∥∂tT (t)(u0, Q0)∥Xq
≤ C(q,N, γ0)e

γ0t∥(u0, Q0)∥D(A) (u0, Q0) ∈ D(A)

(81)

The proof follows from Corollary 4.1.2 and standard semigroup arguments.

4.2 Linear Evolution problem

We recall the evolution problem

∂tu−∆u+∇p+ βDiv(∆− a)Q = f in R+ × RN
+

∂tQ− (∆− a)Q− βD(u) = G in R+ × RN
+

divu = 0 in R+ × RN
+

u = h, DNQ = H on R+ × RN
0

u(0) = u0, Q(0) = Q0 in RN
+ .

(82)

The aim of this section is to find a solution for (82). In order to find it, we consider the following
systems: 

∂tu1 −∆u1 +∇p1 + βDiv(∆− a)Q1 = f1 in R+ × RN

∂tQ1 − (∆− a)Q1 − βD(u1) = G1 in R+ × RN

divu1 = 0 in R+ × RN

u1(0) = 0, Q1(0) = 0 in RN
+ .

(83)


∂tu2 −∆u2 +∇p2 + βDiv(∆− a)Q2 = 0 in R× RN

+

∂tQ2 − (∆− a)Q2 − βD(u2) = 0 in R× RN
+

divu2 = 0 in R× RN
+

u2 = h2, DnQ2 = H2 on R× RN
0 ;

(84)



∂tu3 −∆u3 +∇p3 + βDiv(∆− a)Q3 = 0 in R+ × RN
+

∂tQ3 − (∆− a)Q3 − βD(u3) = 0 in R+ × RN
+

divu3 = 0 in R+ × RN
+

u3 = 0, DNQ3 = 0 on R+ × RN
0

u3(0) = u03, Q3(0) = Q0
3 in RN

+ .

(85)

Firstly we find a solution for all these systems and then we use the results to get the existence
for the general linear problem (82). Let us start from the second system. We need to introduce
the Laplace Transformation:

L[f ](λ) =
∫
R
e−λtf(t)dt, L−1[f ](t) =

1

2π

∫
R
eλtf(τ)dτ, λ = γ + iτ.
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Remark 4.2.1. It follows from the definition that

L[f ](λ) = F [e−γtf(t)](τ); L−1[f ](t) = eγtF−1[f ](t),

where F is the 1-dimensional Fourier Transformation. Moreover

L[∂tf ](λ) =
∫
R
e−λt∂tf(t)dt = λ

∫
R
e−λtf(t)dt,

∂tL−1[f ](t) =
1

2π

∫
R
λeλtf(λ)dλ = L−1[λf(λ)](t).

Thanks to this remark, applying the Laplace Transformation to the system (84), we get
that Lλ[(u, p,Q)] solve the resolvent system (3). We already know that such a system admits
a solution, but we want to transfer the resolvent estimate we got in the previous section to the
linear evolution estimate we need. In order to do so, we use again the R-boundedness and the
following Theorem:

Definition 4.2.2.
We say that a Banach space X is a UMD Space, if the Hilbert Transformation H is bounded
on Lp(R;X) for some p ∈ (1,∞), where

H(f)(t) =
1

π
lim

ε→0+

∫
|t−s|>ε

f(s)

t− s
ds t ∈ R.

Theorem 4.2.3. Weis’ Theorem [24]
Let X,Y be two UMD spaces and p ∈ (1,∞), let m ∈ C1(R \ {0};L(X;Y )) be such that

RL(X;Y )

({
(τ∂τ )

ℓm | τ ∈ R \ {0}
})

< kℓ ℓ = 0, 1,

let Tm : F−1D(R;X) → S ′(R;Y ) defined as

Tmϕ := F−1 [mF [ϕ]] ,

where D and S are respectively the distributional and the tempered functions spaces, then Tm

can be extended as an operator from Lp(R;X) to Lp(R;Y ) with

∥Tmf∥Lp(R;Y ) ≤ C(p)(k0 + k1)∥f∥Lp(R;X).

In the following, we use these operators:

Λγ,kf = L−1
[
|λ| k2 L[f ](λ)

]
= eγtFτ

[
|λ| k2 F−1[e−γt]

]
k ∈ N0.

By the Mikhlin theorem it can be easily seen that

∥e−γtΛγ,kf∥Lp(R) ≃ ∥e−γtf∥
H

k/2
p (R) k ∈ N.

Finally, we define

Hs
p,γ(A) :=

{
v ∈ Lp

loc(A) | e
−γtv ∈ Hs

p(A)
}

∀s ≥ 0, p ∈ (1,∞),

with the norm
∥v∥Hs

p,γ(A) := ∥e−γtv∥Hs
p(A)

for any A ⊆ R open set. We are now ready to prove the existence and the estimate for the
system (84):
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Proposition 4.2.4. Let a, β, γ > 0 and p, q ∈ (1,+∞) then for any h2, H2 such that h2 ·eN = 0

in RN
0 , h2(t) = H2(t) = 0 when t < 0 and

h2 ∈
2⋂

l=0

H l/2
p,γ

(
R;W 2−l,q

(
RN

+ ;RN
))
, H2 ∈

2⋂
l=0

H l/2
p,γ

(
R;W 2−l,q

(
RN

+ ;S0(N,R)
))
,

then we can find (u2, p2, Q2) solution for (84) with p2(t) ∈ Ĥ1
q (RN

+ ) for a.e. t > 0 and

u2 ∈
2⋂

l=0

H l/2
p,γ

(
R;W 2−l,q

(
RN

+ ;RN
))
, Q2 ∈

3⋂
l=0

H l/2
p,γ

(
R;W 3−l,q

(
RN

+ ;S0(N,R)
))
,

∇xp2 ∈ Lp
γ

(
R;Lq

(
RN

+ ;RN
))
,

such that
2∑

l=0

∥u2∥Hl/2
p,γ(R;W 2−l,q(RN

+ ))
+

3∑
l=0

∥Q2∥Hl/2
p,γ(R;W 3−l,q(RN

+ ))
+

+

2∑
l=0

∥γl/2u2∥Lp
γ(R;W 2−l,q(RN

+ )) +

3∑
l=0

∥γl/2Q2∥Lp
γ(R;W 3−l,q(RN

+ )) + ∥γ 1
2 ∂tQ2∥Lp

γ(R;Lq(RN
+ ))+

+∥∇xp2∥Lp
γ(R;Lq(RN

+ )) ≤ C

2∑
l=0

∥(h2, H2)∥Hl/2
p,γ(R;W 2−l,q(RN

+ ))
,

for some C > 0.

Proof.
If we apply the Laplace transformation to the system (84), thanks to Remark 4.2.1, we get that

(λ−∆)L[u2](λ) +∇L[p2](λ) + βDiv(∆− a)L[Q2](λ) = 0 in RN
+

(λ+ a−∆)L[Q2](λ)− βD(L[u2](λ)) = 0 in RN
+

divL[u2](λ) = 0 in RN
+

L[u2](λ) = L[h2](λ), DNL[Q2](λ) = L[H2](λ) on RN
0 .

If we call G := (D2(h2, H2),Λγ,1∇(h2, H2),Λγ,2(h2, H2)), then we know from Theorem 3.4.5
that for any λ ∈ C with Reλ > 0,

(L[u2](λ),L[Q2](λ)) = (A(λ),B(λ))L[G](λ) ∀λ ∈ Σθ,r.

We define then
(u2, Q2) := L−1[(A(λ),B(λ))L[G](λ)]

for Reλ > 0. Thanks to Remark 4.2.1

(u2, Q2) = eγtF−1
τ

[
(A(λ),B(λ))F [e−γt(D2(h2, H2),Λγ,1∇(h2, H2),Λγ,2(h2, H2))]

]
.

Moreover, since h2 = H2 = 0 for t < 0, then L[G] is holomorphic for Reλ > 0 and, by Cauchy’s
Integral Theorem, we get that for any fixed γ0 > 0

(u2, Q2)(γ1 + iτ) = (u2, Q2)(γ2 + iτ) ∀γ1, γ2 > γ0.

So, using Theorem 3.4.5, we can apply Theorem 4.2.3:

∥(D2
xu2,Λγ,1∇xu2,Λγ,2u2)∥Lp

γ(R;Lq(RN
+ ))+
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+∥(D3
xQ2,Λγ,1D

2
xQ2,Λγ,2∇Q2,Λγ,3Q2)∥Lp

γ(R;Lq(RN
+ )) ≤ C∥G∥Lp

γ(R;Lq(RN
+ ),

with C > 0 which depends on γ0. Analogously, thanks to Remark 3.4.6, we have that

∥(D2
xu2, γ

1/2∇xu2, γu2)∥Lp
γ(R;Lq(RN

+ ))+

+∥(D3
xQ2, γ

1/2D2
xQ2, γ∇Q2, γ

3
2Q2, γ

1
2 ∂tQ2)∥Lp

γ(R;Lq(RN
+ )) ≤ C∥G∥Lp

γ(R;Lq(RN
+ )).

Finally, we define p2(x, t) := KA(u2(t), Q2(t)), where for a.e. t > 0

⟨∇KA(u2(t), Q2(t)),∇φ⟩ = ⟨∆u2(t)− βDiv(∆− a)Q2(t),∇φ⟩ ∀φ ∈ Ĥ1
q′(RN

+ ).

Then, by construction, (u2, p2, Q2) solves (84) and

∥∇p2∥Lp
γ(R;Lq(RN

+ )) ≤ C(β)∥(∂tu2, D2
xu2)∥Lp

γ(R;Lq(RN
+ ))+

+∥∂t∇xQ2∥Lp
γ(R;Lq(RN

+ )) ≲ ∥G∥Lp
γ(R;Lq(RN

+ )).

We conclude here the estimate, because, as we have noticed before, we can estimate the Lp-
norm of e−γtΛγ,kG with the Hk/2

p,γ -norm of G and the same we can do for the norms of u and
Q.

Let us pass to the first system (83). Here the result is already known:

Theorem 4.2.5. (Theorem 2.1, [16])
Let a > 0, β ∈ R, γ0 ≥ 1, p, q ∈ (1,∞), let

f ∈ Lp
γ

(
R+;L

q
(
RN ;RN

))
, G ∈ Lp

γ

(
R+;W

1,q
(
RN ;RN2

))
,

v0 ∈ B2(1−1/p)
q,p

(
RN ;RN

)
∩ Jq

(
RN
)
, V0 ∈ B3−2/p

q,p

(
RN ;RN2

)
,

then we can find a unique (v, ρ, V ) which solves
(∂t −∆)v +∇ρ+ βDiv

(
∆V − a

(
Id− Id

N tr(V )
))

= f in R+ × RN

(∂t −∆)V + a
(
V − Id

N tr(V )
)
− βD(v) = G in R+ × RN

divv = 0 in R+ × RN

v(0) = v0, V (0) = V0 in RN

(86)

with ρ(t) ∈ Ĥ1
q (RN ) for a.e. t > 0 and

v ∈
2⋂

l=0

H l/2
p,γ

(
R+;W

2−l,q
(
RN ;RN

))
, V ∈

2⋂
l=0

H l/2
p,γ

(
R+;W

3−l,q
(
RN ;RN2

))
,

such that

2∑
l=0

∥v∥
H

l/2
p,γ(R+;W 2−l,q(RN ))

+

2∑
l=0

∥V ∥
H

l/2
p,γ(R+;W 3−l,q(RN ))

+ ∥∇ρ∥Lp
γ(R+;Lq(RN )) ≲

≲ ∥f∥Lp
γ(R+;Lq(RN )) + ∥G∥Lp

γ(R+;W 1,q(RN )) + ∥v0∥B2(1−1/p)
q,p (RN )

+ ∥V0∥B3−2/p
q,p (RN )

.

Remark 4.2.6. We notice that, if tr(G) = 0 and tr(V0) = 0, then tr(V ) solves{
(∂t −∆)tr(V ) = 0 in R+ × RN

tr(V )(0) = 0 in RN .

Therefore, tr(V ) ≡ 0.
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Finally, we pass to the third system (85). We already know that there is a unique solution
(u3, Q3) = T (t)(u30, Q

3
0), so we just need to prove that the solution satisfies the estimate wanted.

Firstly we need an interpolation lemma:

Lemma 4.2.7. Let Ω ⊆ RN a uniform C2 open set, then

∥f∥
H

1/2
p (R;W 1,q(Ω))

≲ ∥f∥Lp(R;W 2,q(Ω)) + ∥∂tf∥Lp(R;Lq(Ω)),

∥g∥
H

1/2
p (R;W 2,q(Ω))

≲ ∥g∥Lp(R;W 3,q(Ω)) + ∥∂tg∥Lp(R;W 1,q(Ω)).

The proof of the first estimate comes from Proposition 1 of [19]. The other one can be
proven similarly. We are now ready to prove the estimate for (u3, Q3):

Proposition 4.2.8. Let a > 0 and β ∈ R and p, q ∈ (1,∞), let (u3, Q3) = T (t)(u30, Q
3
0) be the

solution of (85), let us call
Dq,p := (Xq, D(A))1− 1

p ,p
,

let (u30, Q3
0) ∈ Dq,p, then for any γ ≥ 2γ0 we have that

2∑
l=0

∥u3∥Hl/2
p,γ(R+;Lq(RN

+ ))
+

2∑
l=0

∥Q3∥Hl/2
p,γ(R+;W 3−l,q(RN

+ ))
+ ∥∇xp3∥Lp

γ(R;Lq(RN
+ )) ≲ ∥(u30, Q3

0)∥Dp,q
,

where Xq and D(A) are defined in Propostion 4.1.4 and γ0 comes from Proposition 4.1.4.

The proof is the same of Theorem 3.9 of [20]. Now we state this lemma which follows from
the theory of [22]:

Lemma 4.2.9. Let X1, X2 be two Banach spaces such that X2 is dense in X1, then

Lp(R+;X2) ∩W 1,p (R+;X1) ⊆ C
(
[0,∞); (X1, X2)1−1/p,p

)
with

sup
t∈R+

∥u(t)∥(X1,X2)1−1/p,p
≲ ∥u∥Lp(R+;X2) + ∥u∥W 1,p(R+;X1).

We are now ready to prove the existence and the estimate for (82), i.e. Theorem 1.2.2:

Proof of Theorem 1.2.2.
We write the solution as

(u, p,Q) = (u1, p1, Q1) + (u2, p2, Q2) + (u3, p3, Q3),

where (u1, p1, Q1) is the solution of (83) with (f1, G1) = (Ev[f ], EM [G]), where Ev and EM are
the extension operators defined as in the proof of Corollary 3.4.7, (u2, p2, Q2) is the solution of
(84) with (h2, H2) = (E0[h − u1], E0[H − DNQ1]), where E0 is the 0-extension on t ≤ 0 and
where (u3, p3, Q3) is the solution of (85) with (u30, Q

3
0) = (u0 − u2(0), Q0 − Q2(0)). We notice

that:

• The existence of (u1, p1, Q1) follows from Theorem 4.2.5 and Remark 4.2.6;

• Thanks to the choice of f1 and G1, we have that divu1 = 0 for a.e. (t, x) ∈ R+ ×
RN .Therefore, the existence of (u2, p2, Q2) comes from the fact that the N -component of
u1 is equal to 0 on RN

0 ;

47



The Beris-Edwards model in the half-space

• The existence of (u3, p3, Q3) comes from Proposition 4.2.8: from Lemma 4.2.9 we know
that (u2e

−γt)(0) = u2(0) ∈ B
2(1−1/p)
q,p (RN

+ ) and (Q2e
−γt)(0) = Q2(0) ∈ B

3−2/p
q,p (RN

+ );
moreover, if we call

B
2(1−1/p)
q,p,0 (RN

+ ) := {v ∈ B2(1−1/p)
q,p (RN

+ ) | v = 0 RN
0 },

B
3−2/p
q,p,N (RN

+ ) := {V ∈ B3−2/p
q,p (RN

+ ) | DNV = 0 RN
0 },

then it is well-known (see Theorem 2.7 of [12]) that

(u0 − u2(0), Q0 −Q2(0)) ∈
(
Jq(RN

+ ) ∩B2(1−1/p)
q,p,0 (RN

+ )
)
×B

3−2/p
q,p,N (RN

+ ) ⊆ Dq,p.

Let us call now

Ik :=

2∑
l=0

∥uk∥Hl/2
p,γ(R+;W 2−l,q(RN

+ ))
+

2∑
l=0

∥Qk∥Hl/2
p,γ(R+;W 3−l,q(RN

+ ))
+ ∥∇xpk∥Lp

γ(R+;Lq(RN
+ ))

for k = 1, 2, 3. From Theorem 4.2.5 we know that

I1 ≲ ∥f∥Lp
γ(R+;Lq(RN

+ )) + ∥G∥Lp
γ(R+;W 1,q(RN

+ )).

From Proposition 4.2.4 we get that

I2 ≲
2∑

l=0

∥(h− u1, H −DNQ1)∥Hl/2
p,γ(R+;W 2−l,q(RN

+ ))
≤ I1 +

2∑
l=0

∥(h,H)∥
H

l/2
p,γ(R+;W 2−l,q(RN

+ ))
.

For what concerns the third term, thanks to Proposition 4.2.8 we have that

I3 ≲ ∥(u0 − u2(0), Q0 −Q2(0))∥Dq,p
.

From Lemma 4.2.9 we also have that

∥u2(0)∥B2(1−1/p)
q,p (RN

+ )
+ ∥Q2(0)∥B3−2/p

q,p (RN
+ )

≲

≲ ∥e−γtu2∥Lp(R+;W 2,q(RN
+ ;RN )) + ∥e−γt(γ + ∂t)u2∥Lp(R+;Lq(RN

+ ;RN ))+

+∥e−γtQ2∥Lp(R+;W 3,q(RN
+ ;RN2 )) + ∥e−γt(γ + ∂t)Q2∥Lp(R+;W 1,q(RN

+ ;RN2 )).

Now we notice that

∥e−γtu2∥Lp(R+;Lq(RN
+ )) ≤

1

γ0
∥e−γtγu2∥Lp(R+;Lq(RN

+ )) ≲

≲
2∑

l=0

∥(h,H)∥
H

l/2
p,γ(R+;W 2−l,q(RN

+ ))
+ ∥f∥Lp

γ(R+;Lq(RN
+ )) + ∥G∥Lp

γ(R+;W 1,q(RN
+ )),

where we have used Proposition 4.2.4. In the same way we can get the other estimates. Finally,
we conclude by the uniqueness: since (82) is a linear system, it is sufficient to see that (u, p,Q) =

0 when f = G = h = H = u0 = Q0 = 0. This follows by the semigroup theory:

(u,Q) = T (t)(u0, Q0) = 0 ⇒ ∇p = KA(u,Q) = 0.
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5 Proof of Theorem 1.2.4

Finally, we conclude with an application of Theorem 1.2.2: let us consider the general Beris-
Edwards model:

(∂t −∆)u+∇p+ βDiv(∆− a)Q = f(u,Q) in (0, T )× RN
+

(∂t −∆+ a)Q− βD(u) = G(u,Q) in (0, T )× RN
+

divu = 0 in (0, T )× RN
+

u = h, DNQ = H on (0, T )× RN
0

u(0) = u0, Q(0) = Q0 in RN
+ ,

(87)

where

f(u,Q) = −(u·∇)u+Div

[
2ξH : Q

(
Q+

Id

N

)
− (ξ + 1)HQ+ (1− ξ)QH−∇Q⊙∇Q

]
−βDivL[F(Q)];

G(u,Q) = −(u ·∇)Q+ξ(D(u)Q+QD(u))+W (u)Q−QW (u)−2ξ

(
Q+

Id

N

)
Q : ∇u+L[F(Q)],

W (u) =
1

2

(
∇u−∇Tu

)
, [∇Q⊙∇Q]jk =

N∑
α,β=1

∂jQαβ∂kQαβ j, k = 1, . . . , N,

H = ∆Q− aQ+ bL[Q2]− c|Q|2Q, F = bQ2 − c|Q|2Q,

where ξ, a, b, c ∈ R, β = 2ξ
N and

L[A] = A− tr(A)
Id

N
∀A ∈ RN2

.

We recall the following two results from Theorem 2.1 and 2.2 of [5]:

Theorem 5.0.1.
Let N ∈ N, p ∈ [1,∞], q, q1 ∈ [1,∞] and s > s1, then

Bs
p,q

(
RN
)
↪→ Bs1

p,q1

(
RN
)
.

Moreover, if m ∈ N, then

Bm
p,1

(
RN
)
↪→Wm,p

(
RN
)
↪→ Bm

p,∞
(
RN
)
.

We are now ready to prove Theorem 1.2.4:

Proof of Theorem 1.2.4.
The strategy is to use the Contraction theorem: let us define

∥(u,Q)∥T := ∥u∥H1
p((0,T );Lq(RN

+ )) + ∥u∥Lp((0,T );W 2,q(RN
+ ))+

+∥Q∥H1
p((0,T );W 1,q(RN

+ )) + ∥Q∥Lp((0,T );W 3,q(RN
+ )).

Let T ∈ (0, 1], then we can define also

Y1 := H1
p ((0, T );L

q(RN
+ ;RN )) ∩ Lp((0, T );W 2,q(RN

+ ;RN ));

Y2 := H1
p ((0, T );W

1,q(RN
+ ;S0(N,R))) ∩ Lp((0, T );W 3,q(RN

+ ;S0(N,R))).

Let ω > 0. We apply the theorem on the space

Yω := {(v,W ) ∈ Y1 × Y2 | ∥(v,W )∥T ≤ ω; v|t=0 = u0, W|t=0 = Q0, }.
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We consider the function ϕ : (v,W ) ∈ Yω 7→ (u,Q) ∈ Y1 × Y2 which solves

(∂t −∆)u+∇p+ βDiv(∆− a)Q = f(E1(v), E2(W )) in (0, T )× RN
+

(∂t −∆+ a)Q− βD(u) = G(E1(v), E2(W )) in (0, T )× RN
+

divu = 0 in (0, T )× RN
+

u = E3(h), DNQ = E4(H) on (0, T )× RN
0

u(0) = u0, Q(0) = Q0 in RN
+ ,

with p(t) = KA(u(t), Q(t)) and

E1(v) = ET [v − T1(t)(u0, Q0)] + ψ(t)T1(|t|)(u0, Q0),

E2(W ) = ET [W − T2(t)(u0, Q0)] + ψ(t)T2(|t|)(u0, Q0),

E3(h) = ET [h− T1(t)(u0, Q0)] + ψ(t)T1(|t|)(u0, Q0),

E4(H) = ET [H −DNT2(t)(u0, Q0)] + ψ(t)DNT2(|t|)(u0, Q0),

where ψ(t) is a C∞(R) function equal to 0 for t < −2 and equal to 1 for t > −1, (T1(t), T2(t)) :=
T (t) is the semigroup associated with the linearized problem (85) and

ET (f) =


0 t < 0

f(t) t ∈ (0, T )

f(2T − t) t ∈ (T, 2T )

0 t > 2T.

We have taken the extension ET of (v,W )−T (t)(u0, Q0) and of (h,H)−(T (t), DNT (t))(u0, Q0)

because when the function f we are extending satisfies f(0) = 0, then ET [f ] ∈ H1
p (R) with

∂tET (f) =


0 t < 0

∂tf(t) t ∈ (0, T )

−∂tf(2T − t) t ∈ (T, 2T )

0 t > 2T.

In order to find such (u, p,Q) we have to check that f(E1(v), E2(W )), G(E1(v), E2(W )), E3(h)
and E4(H) satisfies the conditions of Theorem 1.2.2: let us start seeing that

∥e−γtE3(h)∥Lp(R;W 2,q(RN
+ )) + ∥e−γtE3(h)∥H1

p(R;Lq(RN
+ )) ≲

≲ ∥h∥Lp((0,T );W 2,q(RN
+ )) + ∥h∥H1

p((0,T );Lq(RN
+ ))+

+∥e−γtT1(t)(u0, Q0)∥Lp(R+;W 2,q(RN
+ )) + ∥e−γtT1(t)(u0, Q0)∥H1

p(R+;Lq(RN
+ )).

Thanks to Proposition 4.2.8 we get that

∥e−γtT1(t)(u0, Q0)∥Lp(R+;W 2,q(RN
+ )) + ∥e−γtT1(t)(u0, Q0)∥H1

p(R+;Lq(RN
+ )) ≲

≲ ∥u0∥B2(1−1/p)
q,p (RN

+ )
+ ∥Q0∥B3−2/p

q,p (RN
+ )
.

Finally, thanks to Lemma 4.2.7, for ℓ = 0, 1, 2, we have that

∥e−γtE3(h)∥Hℓ/2
p (R;W 2−ℓ,q(RN

+ ))
≲ ∥h∥

H
ℓ/2
p ((0,T );W 2−ℓ,q(RN

+ ))
+ ε. (88)

On the other hand

∥e−γtE4(H)∥Lp(R;W 2,q(RN
+ )) + ∥e−γtE4(H)∥H1

p(R;Lq(RN
+ )) ≲
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≲ ∥H∥Lp((0,T );W 2,q(RN
+ )) + ∥H∥H1

p((0,T );Lq(RN
+ ))+

+∥e−γtDNT2(t)(u0, Q0)∥Lp(R+;W 2,q(RN
+ )) + ∥e−γtDNT2(t)(u0, Q0)∥H1

p(R+;Lq(RN
+ )).

Again, thanks to Proposition 4.2.8, we get that

∥e−γtT2(t)(u0, Q0)∥Lp(R+;W 3,q(RN
+ )) + ∥e−γtT2(t)(u0, Q0)∥H1

p(R+;W 1,q(RN
+ )) ≲

≲ ∥u0∥B2(1−1/p)
q,p (RN

+ )
+ ∥Q0∥B3−2/p

q,p (RN
+ )
.

So
∥e−γtE4(H)∥

H
ℓ/2
p (R;W 2−ℓ,q(RN

+ ))
≲ ∥H∥

H
ℓ/2
p ((0,T );W 2−ℓ,q(RN

+ ))
+ ε. (89)

Now, we list the main non-linearities that arise of f(u,Q): let j, k, ℓ = 1, . . . , N

I1(u) = (u · ∇)u, I2(Q) = ∂jkQ∂ℓQ, I3(Q) = ∂jQQ∂kℓQ

I4(Q) = ∂jQQ I5(Q) = ∂jQQ
2, I6(Q) = ∂jQQ

3, I7(Q) = ∂jQQ
4

I8(Q) = Q∂jkℓQ, I9(Q) = Q2∂jkℓQ;

Next, we list the main non-linearities of G(u,Q): let j, k, ℓ = 1, . . . , N

II1(u,Q) = ∂jQu, II2(u,Q) = Q∂ju, II3(u,Q) = Q2∂ju, II4(Q) = Q2, II5(Q) = Q3.

Therefore, we need to estimate

∥e−γtIk(E1(v), E2(W ))∥Lp(R+;Lq(RN
+ )) k = 1, . . . , 8;

∥e−γtIIℓ(E1(v), E2(W ))∥Lp(R+;W 1,q(RN
+ )) ℓ = 1, . . . , 5.

We will write in details just some of the estimates: let us start with the estimates of I1:

∥E1(v)∇E1(v)∥Lq(RN
+ ) ≤ ∥E1(v)∥L∞(RN

+ )∥E1(v)∥W 1,q(RN
+ ) ≲ ∥E1(v)∥2W 1,q(RN

+ ),

where we have used Sobolev embedding with q > N . Therefore

∥e−γtE1(v)∇E1(v)∥Lp(R+;Lq(RN
+ )) ≲ ∥e−γt∥E1(v)∥2W 1,q(RN

+ )∥Lp(R+) = ∥e−
γ
2 tE1(v)∥2L2p(R+;W 1,q(RN

+ )).

By definition of E1 we have that

∥e−
γ
2 tE1(v)∥2L2p(R+;W 1,q(RN

+ )) ≲ ∥v∥2L2p((0,T );W 1,q(RN
+ )) + ∥e−

γ
2 tT1(t)(u0, Q0)∥2L2p(R+;W 1,q(RN

+ )).

For what concerns the first term:

∥v∥2L2p((0,T );W 1,q(RN
+ )) ≤ T

1
p ∥v∥2L∞((0,T );W 1,q(RN

+ )) ≲ T
1
p ∥e−

γ
2 tE1(v)∥2L∞(R+;W 1,q(RN

+ )) ≲

≲ T
1
p

(
∥e−

γ
2 tE1(v)∥2Lp(R;W 2,q(RN

+ )) + ∥e−
γ
2 tE1(v)∥2H1

p(R;Lq(RN
+ ))

)
,

where we have used Lemma 4.2.9 and the fact that, since p > 2, by Theorem 5.0.1 then(
Lq(RN

+ ),W 2,q(RN
+ )
)
1−1/p,p

= B2(1−1/p)
q,p (RN

+ ) ↪→ B1
q,1(RN

+ ) ↪→W 1,q(RN ).

On the other hand

∥e−
γ
2 tT1(t)(u0, Q0)∥2L2p(R+;W 1,q(RN

+ )) ≲ ∥e−
γ
4 tT1(t)(u0, Q0)∥2L∞(R+;W 1,q(RN

+ )) ≲ ε2,

where we have used Lemma 4.2.9 and Proposition 4.2.8. Finally, we get

∥e−γtI1(E1(v))∥Lp(R;Lq(RN
+ )) ≲ ε2 + T

1
p
(
ω2 + ε2

)
. (90)
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Let us pass to I2: as before

∥e−γt∂jkE2(W )∂ℓE2(W )∥Lp(R+;Lq(RN
+ )) ≲ ∥e−

γ
2 tE2(W )∥2L2p(R+;W 2,q(RN

+ )) ≲

≲ T 1/p∥e−
γ
2 tE2(W )∥2L∞(R+;W 2,q(RN

+ )) + ∥e−
γ
4 tT2(t)(u0, Q0)∥2L∞(R+;W 2,q(RN

+ )).

We use Lemma 4.2.7 noticing as before that, since p > 2, by Theorem 5.0.1 we have the
embedding

(W 1,q(RN
+ ),W 3,q(RN

+ ))1−1/p,p = B3−2/p
q,p (RN

+ ) ↪→W 2,q(RN
+ ).

So we get
∥e−γtI2(E2(W ))∥Lp(R+;Lq(RN

+ )) ≲ ε2 + T
1
p
(
ω2 + ε2

)
. (91)

The estimate for I3 is similar: with the same strategy we get that

∥e−γt∂jE2(W )E2(W )∂kℓE2(W )∥Lp(R+;Lq(RN
+ )) ≲ ∥e−

γ
3 tE2(W )∥3L3p(R+;W 2,q(RN

+ )) ≲

≲ T 1/p∥e−
γ
3 tE2(W )∥3L∞(R+;W 2,q(RN

+ )) + ∥e−
γ
6 tT2(t)(u0, Q0)∥3L∞(R+;W 2,q(RN

+ )).

Then we repeat the argument for I2 and I3. The estimate for Iℓ with ℓ = 4, 5, 6, 7 is the same
as before. Therefore, let us pass to I8:

∥e−γtE2(W )∂jkℓE2(W )∥p
Lp(R+;Lq(RN

+ ))
≤
∫ ∞

0

e−γpt∥E2(W )∥p
W 1,q(RN

+ )
∥E2(W )∥p

W 3,q(RN
+ )
dt ≤

≤ ∥e−
γ
2 tE2(W )∥p

L∞(R+;W 1,q(RN
+ ))

∥e−
γ
2 tE2(W )∥p

Lp(R+;W 3,q(RN
+ ))

.

Since p > 2, we can use Sobolev embeddings:

∥e−
γ
2 tE2(W )∥L∞(R+;W 1,q(RN

+ )) ≲ ∥e−
γ
2 tE2(W )∥W 1/2,p(R+;W 1,q(RN

+ )) ≲

≲ ∥e−
γ
2 tET [W − T2(t)(u0, Q0)]∥W 1/2,p(R+;W 1,q(RN

+ )) + ∥e−
γ
2 tT2(t)(u0, Q0)∥W 1/2,p(R+;W 1,q(RN

+ )).

For what concerns the second part, we can just use the inequality

∥e−
γ
2 tT2(t)(u0, Q0)∥W 1/2,p(R+;W 1,q(RN

+ )) ≤ ∥e−
γ
2 tT2(t)(u0, Q0)∥H1

p(R+;W 1,q(RN
+ )) ≲ ε.

From the definition of ET we have that

∥ET [f ]∥Lp(R+;W 1,q(RN
+ )) ≲ ∥f∥Lp((0,T );W 1,q(RN

+ )), ∥ET [f ]∥H1
p(R+;W 1,q(RN

+ )) ≲ ∥f∥H1
p((0,T );W 1,q(RN

+ )).

So, since
W 1/2,p(R+) = (Lp(R+), H

1
p (R+))1/2,p,

By interpolation we have that

∥e−
γ
2 tET [W − T2(t)(u0, Q0)]∥W 1/2,p(R+;W 1,q(RN

+ )) ≲ ∥W − T2(t)(u0, Q0)∥W 1/2,p((0,T );W 1,q(RN
+ )) ≤

≤ ∥W∥W 1/2,p((0,T );W 1,q(RN
+ )) + ∥T2(t)(u0, Q0)∥W 1/2,p((0,T );W 1,q(RN

+ )).

In particular
∥W∥p

W 1/2,p((0,T );W 1,q(RN
+ ))

=

=

∫ T

0

∫ T

0

∥W (t)−W (s)∥p
W 1,q(RN

+ )

|t− s|p/2+1
dtds =

∫ T

0

∫ T

0

∥E2(W )(t)− E2(W )(s)∥p
W 1,q(RN

+ )

|t− s|p/2+1
dtds.
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Since p > 1, we have that E2(W ) ∈ C0,1−1/p(R+;W
1,q(RN

+ ;RN2

)), so

∥W∥p
W 1/2,p((0,T );W 1,q(RN

+ ))
≲ ∥E2(W )∥p

H1
p(R+;W 1,q(RN

+ ))

∫ T

0

∫ T

0

|t− s|p/2−2dtds.

We also know that p > 2, so p/2− 2 > −1 and∫ T

0

∫ T

0

|t− s|p/2−2dtds =

∫ T

0

∫ T−s

−s

|t|p/2−2dtds ≃
∫ T

0

[(T − s)p/2−1 − (−s)p/2−1]ds ≃ T p/2.

so
∥W∥p

W 1/2,p((0,T );W 1,q(RN
+ ))

≲ T p/2∥E2(W )∥p
H1

p(R+;W 1,q(RN
+ ))

.

Similarly,

∥T2(t)(u0, Q0)∥W 1/2,p((0,T );W 1,q(RN
+ )) ≲ T 1/2∥T2(t)(u0, Q0)∥H1

p(R+;W 1,q(RN
+ )).

Therefore,
∥e−γtI8(E2(W ))∥Lp(R+;Lq(RN

+ )) ≲ ε2 + T
1
2

(
ω2 + ε2

)
. (92)

The estimate for I9 is the same, so we pass to the II1:

∥e−γt∂jE2(W )E1(v)∥pLp(R+;W 1,q(RN
+ ))

≲

≲
N∑

k=1

∥e−γt∂jkE2(W )E1(v)∥pLp(R+;Lq(RN
+ ))

+ ∥e−γt∂jE2(W )∂kE1(v)∥pLp(R+;Lq(RN
+ ))

≲

≲
∫ ∞

0

e−γpt∥E2(W )∥p
W 2,q(RN

+ )
∥E1(v)∥pW 1,q(RN

+ )
dt.

So we can repeat the argument for I7 and we get

∥e−γtII1(E1(v), E2(W ))∥Lp(R+;W 1,q(RN
+ )) ≲ ε2 + T

1
p
(
ω2 + ε2

)
. (93)

Let us pass to II2:

∥e−γtE2(W )∂jE1(v)∥Lp(R+;W 1,q(RN
+ )) ≤ ∥e−γtE2(W )∂jE1(v)∥Lp(R+;Lq(RN

+ ))+

+

N∑
k=1

∥e−γtE2(W )∂jkE1(v)∥Lp(R+;Lq(RN
+ )) + ∥e−γt∂kE2(W )∂jE1(v)∥Lp(R+;Lq(RN

+ )).

For what concerns the second term, we can repeat the argument of II1. For the other one

∥e−γtE2(W )∂jkE1(v)∥Lp(R+;Lq(RN
+ )) ≲ ∥e−

γ
2 tE2(W )∥L∞(R+;W 1,q(RN

+ ))∥e−
γ
2 tE1(v)∥Lp(R+;W 2,q(RN

+ )).

Then we can repeat the argument of I5, so

∥e−γtII2(E1(v), E2(W ))∥Lp(R+;W 1,q(RN
+ )) ≲ ε2 + T

1
p
(
ω2 + ε2

)
. (94)

Repeating this kind of arguments also with II3, II4 and II5, if ε ≤ 1, using (88), (89) and (90)
to (94), we get

∥ϕ(v,W )∥T ≤ C

(
2∑

ℓ=0

∥(h,H)∥
H

ℓ/2
p ((0,T );W 2−ℓ(RN

+ ))
+ ε+ T

1
p
(
ω2 + ω3 + ω4 + ω5 + ε

))
,

with C > 0 which doesn’t depend on ω, ε and T . So, if we take ω ∈ R such that

C

(
2∑

ℓ=0

∥(h,H)∥
H

ℓ/2
p ((0,T );W 2−ℓ(RN

+ ))
+ ε

)
≤ ω

2
,
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and we choose T > 0 sufficiently small such that it holds

CT
1
p
(
ω2 + ω3 + ω4 + ω5 + ε

)
≤ ω

2
,

then the function ϕ is well-defined and ϕ : Yω → Yω. Now, if we take (v1,W1), (v2,W2) ∈ Yω, it
can be seen as before that exists M > 0 independent from ω, ε, T such that

∥ϕ(v1,W1)− ϕ(v2,W2)∥T ≤M
(
ε+ T

1
p
(
ω + ω2 + ω3 + ω4 + ε

))
∥(v1,W1)− (v2,W2)∥T .

So, choosing ε, T ≪ 1 sufficiently small, ϕ is a contraction on Yω and therefore we have a
solution. The uniqueness follows from the contraction theorem.
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