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Abstract

In this paper, we consider the model describing viscous incompressible liquid crystal
flows, which is called the Beris-Edwards model in the half-space. This model is a coupled
system by the Navier-Stokes equations with the evolution equation of the director fields Q.
The purpose of this paper is to prove the linearized problem has a unique solution satisfying
the maximal LP -L7 regularity estimates, which is essential for the study of quasi-linear
parabolic or parabolic-hyperbolic equations. Our method relies on the R-boundedness of
the solution operator families to the resolvent problem in order to apply operator-valued
Fourier multiplier theorems. Consequently, we also have the local well-posedness for the

Beris-Edwards model with small initial data.

MSC Numbers: 35A01, 35Q35, 76A15

1 Introduction

In this paper we study the Beris-Edwards model for nematic liquid crystals:

(0 — A)u+ Vp+ BDiv(A —a)Q = f(u,Q) in (0,T) x RY

(0r = A+a)Q — BD(u) = G(u,Q) in (0,7) x RY
divu =0 in (0,7) x RY (1)
u=h, DyQ=H on (0,T) x RY
u(0) = ug, Q(0) = Qo in RY,
with
N 2
(DivA), = > 0;Ap; VA:RYN SRV k=1,. N
j=1

Liquid crystals are a state of matter intermediate between the solid state and the liquid state:
such substances flow like liquids but they are strongly anisotropic. As the name suggested, the
model was introduced by Beris and Edward in [4]. Here u: (0,7) x RY — R" and p: (0,T) x
Rf — R for T' > 0 are respectively the velocity field of the particles and the pressure of the
material, while Q: (0,7) x RY — Sy(N,R) was introduced by [8] in order to measure the

anisotropy of the substance, where
So(N,R) = {A e RN ] AT = A, tr(A) = o} :

where AT and trA are respectively the transpose and the trace of a matrix A

N
(A7), = Ak (k=1 ,N), wA=Y A,
j=1
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and where Rf and R) are respectively the half-space and its boundary, i.e.
M::{(x' on) € RV R‘xN>O},
RY = {(:c',xN) eRNI xR ’ TN :0}.

Moreover, £,a,b,c € R, =2 h: (0,T) x RY = RN, H: (0,T) x RY — RN",

F0,Q) =~V )t Div [ 2688: Q (Q-+ 37 ) = (6 + DHQ -+ (1 - QK - Q0 VQ| - DL (@]

G, Q) = —(u-V)Q+&(D(u)Q+ QD () + W (w)Q— QW (u)— 26 <Q+ d)@ Vut LIFQ))

W(u) == (Vu—VTu), D) =< (Vu+VTu), F@Q)=0bQ>-QPQ,

l\.’)\»—~
I\DM—A

N
VQOVQlik= > 0;QushQap jk=1,...,N,

a,B=1
H = AQ — aQ + bL[Q?] — dQPQ.
where Id is the identity matrix of RN’ |A| and A: B of two symmetric matrices A, B € RN

are respectively the Frobenius norm and his associated scalar product

A B =tr BTA Z j'u

i,j=1

|A| = VA: A= Z A2,

3,j=1

and where
Id

N.

The Beris-Edwards model was mathematically studied by several authors. Concerning the

L[A] = A — tr(A)

case £ = 0, the first result was obtained by Paicu and Zarnescu [17]. They proved the existence
of global weak solutions in RY with N = 2,3 as well as weak-strong uniqueness for N = 2. An
improved result of [17] in R? was established in [7]. Huang and Ding [13] proved the existence of
global weak solutions with a more general energy functional in R3. Abels, Dolzmann, and Liu
[2] proved that the classical Beris-Edwards model, fluid viscosity depends on the Q-tensor, has
a unique local solution in a bounded domain with Dirichlet boundary conditions. The global
well-posedness was proved by Luo, Li, and Zhao [15] in a bounded with Dirichlet boundary
conditions under the assumption viscosity is sufficiently large. Xiao [25] proved the global
well-posedness in a bounded domain. The author constructed a strong solution in the LP-L9
maximal regularity class.

On the other hand, concerning the model with general parameter £, Abels, Dolzmann, and
Liu [1] showed the unique existence of a strong local solution and global weak solutions with
higher regularity in time in the case of inhomogeneous mixed Dirichlet/Neumann boundary
conditions in a bounded domain. Liu and Wang [14] improved the spatial regularity of solutions
obtained in [1] and generalized their result to the case of anisotropic elastic energy. The global
well-posedness and long-time behavior of the model in the two-dimensional periodic case was
investigated by Cavaterra et al. [6]. In [18] Schonbek and Shibata proved the global well-

posedness and the decay properties in the LP-L? maximal regularity class for the simplified
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model, which means that the linear terms AQ — a@ are removed from the first equation of (1).
Shibata and the second author obtained in [16] the unique existence and the decay properties
of a strong global solution in the same solution spaces as [18] for the Beris-Edwards model.
As far as we know, there is no result relating to the well-posedness for boundary value
problems in unbounded domains even if £ = 0. In this paper, we prove the LP-L? maximal

regularity for the linearized system in Rf :

Ou— Au+ Vp+ BDiv(A —a)Q = f in Ry x RY

hQ — (A—a)Q — BD(u) =G in Ry x RY
divu =0 in Ry x RY
u=h, DNyQ=H on R, x RY
u(0) = uo, Q(0) =Qo in RY.

For this purpose, R-boundedness of the solution operator families to the resolvent problem is
a key issue. Moreover, we prove the LP-L9 maximal regularity yields the local well-posedness

for the system (1) with small initial data in RY.

1.1 Notations
In this section, we summarize the symbols and functional spaces used through the paper.

Let 6 € (0, g) and r > 0, then we can define

Y9 :={2€ C\ {0} | |Arg(z)| < — 6}

and
Yor={2€%g ||z >}

We denote Ng = NU {0}, Ry = (0,+00) and R_ = (—00,0). For any ¢ € (1,00) we denote

the dual exponent ¢’ = q%l. For any multi-index a € N} we write

la| = a1 + -+ + ay,
a _ qoy N
D* =gt --- 0N

For any k € Ny, for any Q C R¥ open set and for any function f: @ — R, g: @ — RY and
A: Q = RY” we denote

VEf=(Df|lal = k), Vig=(D%;|lal =k j=1,....N),
VFA = (D*Agj | ol =k, £j=1,...,N).
We also denote C*°(Q2) the space of infinitely differentiable functions in ©Q and C2°(€2) the

C°(Q2)-functions with compact support.
Let F and F~! denote the Fourier transform and the Fourier inverse transform, respectively,

which are defined by setting

fir) = #Unn) = [ g FUAO = 5 [ e pen
Let X,Y be two Banach spaces, then we denote with £(X;Y") the linear bounded operators
between X and Y. We write £(X) when ¥ = X.
Let p,g € (1,00), m € Ng and s € R, then we denote L(Q2), W™4(Q2) and B; ()
respectively the Lebesgue, the Sobolev and the Besov spaces and we denote ||| La(q), [|[[wm.a(0)
B: (@) their norms. We denote H™((2) := Wm2(Q).

and || - |
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Let s € (0,1) and p € (1,00), then we recall the definition of
Hy(®) = {v e D) | FH (L + [7)/2F ] € P(R) |

with the norm

1]l 25g) = Hf—l [(1 + IT\Q)S/QQ} ’

LP(R)

Let now A C R open, then we define
H3(A) == {ve LP(A) | 30 € H3(R) such that 4 = v},

with the norm

[vllzsay = _inf [[0]|mrs (w)-
’U‘A—’U

Moreover, let X be a Banach space, then we denote L?((a, b); X), W™P?((a,b); X) and H*((a,b); X)
the previous spaces function for X-valued functions for any (a,b) C R.

Let N € N, Q CRY openset, 0 < k < s <m and p,q € [1,00], then we recall the definition
of the Besov spaces

By, () = (WFP (Q) . W™ (@), .

with s = (1 — 0)k + Om.
Let ¢ € (1,00) then we denote

Ty (RY) = {1 e L (RYRY) | (£,V9) =0, Ve HY RY)},

loc

iy (RY) = {pe L, (RY) | Vo € L (RY;RY) }.

Finally, in the paper we use C' to indicate a constant which depends on the parameters of
the problem. In the statements we use C(a,b,...) to underline the dependence from a,b, ...,

otherwise we use the symbols
f(2) S gl@) & 3C st f(2) < Cyla)

f(@) 2 g(x) & 3C st f(z) = Cg(x)
f(z) ~g(x) & 3C s.t. f(x) = Cg(x).

1.2 R-boundedness and main results

The main purpose of the paper is to prove the LP-L? maximal regularity for the linearized
system
ou—Au+Vp+ BDiv(A —a)Q =f in Ry xRY

hQ — (A—a)Q — D(u) =G in Ry x RY

divu =0 in Ry x RY (2)
u=h, DyQ=H on R, x RY

u(0) = w0, Q(0) = Qo in RY,

with
hf: Ry xRY RN, G, H: Ry x RY — So(N,R),

up: RY = RN, Qo: RY — Sy(N,R)
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in some suitable function spaces. We start from the study of the resolvent system:

(A= A)u+ Vp+ BDiv(A —a)Q = f in RY

A+a—-A)Q—-pDu)=G in Rf 3)
divu =0 in ]Rf
u=h, DNQ=H on RY.

As is done in [19], [20], [21], [18] and [16], we need to introduce the notion of R-boundedness:

Definition 1.2.1.

Let X and Y be two Banach spaces, then we say that a family .# C L£(X,Y) is R-bounded
if there is C' > 0 and p € [1,00) such that, for any m € N, for any T; € ., for any z; € X
with j = 1,...,m and for any sequence {r;(z)}7"; of independent, symmetric, random {—1,1}-
valued variables on [0, 1] it holds

p p
11| m

1]l m
/ er(z)Tj(zJ) dz<C er(z)xj dz.
o |Ii= . o |52 «

The minimal C' it is called R-bound of .# and it is denoted by R(.¥).

We prove in the case f = G = 0 that the solutions for (3) can be written as (u,p,Q) =
oa(h, H), with
{(r0:)'or | X €S} £=0,1
R-bounded for any 6 € (90, g) and r > 0 for some 0y > 0. In fact, the R-boundedness is crucial

not only for the study of solution for the resolvent system (3), but also for the existence of the

linear evolution system (2).

We are now ready to state the main result of the paper, that is the LP-L? maximal regularity

result for the linearized system (2):

Theorem 1.2.2. Let N > 2, a >0, 8 € R and p,q € (1,400) with 123 —|—% < 2, then there is
Y0 > 0 such that for any v > 7o, for any f,G,h, H with hxy =0 on R} and

e fe P (Ry; LY (RY;RY)), e G e LP (Ry; Whe (RY; So(N,R)))

2 2
e 'he (HY? (R W2he (RY;RY)), e H e () HY? (Ry; W20 (RY; So(NV,R)))
=0 =0

and ug € Bgy P (RY;RN) N J,(RY), Qo € Bap?/P(RY; So(N,R)) such that
ug — h(0) = DyQo — H(0) =0 on RY,

there is a solution (u,p,Q) for (2), unique up to additive functions c(t) on the pressure term
p, with p(t) € }AI; (RY) for a.e. t >0 and

2 2
e Mue (VHY? (Ry;W2He (RY;RY)), e7'Q € [ HY? (R W4 (RY; So(N,R))),
=0 =0
e M"Vp e LP (Ry; LY (RY;RY)),
with
2 2

Z ||e_ﬂytuHszj/z(RJr;szz,q(Rf)) + Z He_’YtQHH;/z(]R+;W3—l,q(]Rf)) + ||e_7tvaHLP(R+;Lq(Rf)) <
=0 =0
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2

<C Z ||67Wt(h7H)HH;/Q(RJF;WQ—IC,‘I(RQI)) + Hei’ﬂf”LP(R_*_;Lq(Rf)) + Hei’)/tG”LP(R_*_;Wl»‘I(Rf)_'_
=0

+||u0||B§f,}_1/”)(R$’) + ||Q0||Bg;2/P(Rf) ’
for some C = C(a, 3,p,q, N) > 0.

The conditions
ug — h(O) = DNQO — H(O) =0 on R(j)v

are called compatibility conditions, while hy = 0 on R follows by the divergence-free condition
of u. We notice that it is reasonable to take the trace for ug and DyQo thanks to the condition
% + % < 2 (see Theorem 6.6.1 of [3]). As we will see later in the paper, the resolvent estimate
follows from the proof of Theorem 1.2.2 and, in particular, from the R-boundedness of the map
¢ we introduced before:

Theorem 1.2.3. Let N > 2, a,r >0, €R, 0 € (90,%) with tan 6y > %, let ¢ € (1,00),
let f € LYRY;RY), G € WHI(RY; So(N,R)), h € W29(RY;RY) with hy = 0 on RY and
H € W*4(RY; So(N,R)), then for any X € g, there is a solution (u,p,Q) for (3), unique
up to additive constants on the pressure term p, with u € WQ’q(Rf;RN), pE ﬁ[} (Rf) and
Qe WB"Z(R_IX, So(N,R)), moreover there is C = C(a, 8,0,7,q, N) > 0 such that

| (W NETuD2)|| 4 IRl + | (N Q. AIVQ. N2 D2, D*Q))

La(RY) La(RY)

+ || (11, 1), N3V (8, H), D0, 1) )|

<c [ufnm(m +||(nEe.ve) |

La(RY) LQ(M)] '

Later in the paper, as an application of Theorem 1.2.2; we prove the local well-posedness

for the system (1) with small initial data:

Theorem 1.2.4. Let N > 2, {,b,c € R, a > 0, let p € (2,00) and g € (N,0), then we can
findeg >0 and T = T(gg) > 0 such that for any € < &g, for any h, H with hy =0 on R}’ such
that

2 2
he (VHY? (0,7); Wb (RY;RY)), H e () HY? ((0,T); W24 (RY; So(N,R)))
=0 =0

for any ug € J,(RY) N By P(RY;RN), Qo € Biy*/P(RY; So(N,R)) and
ug — h(0) = DyQo — H(0) =0 on RY,

with
||u0||B§§;*1/P)(R$) + ||Q0||B§;2/p(Rf) S g,

we can find a solution (u,p,Q) for (1), unique up to additive functions c(t) on the pressure
term p, with p(t) € ﬁ;(Rf) for a.e. t € (0,T) and

2
we (VHY? ((0,7); W (RY;RY)), VpeLP ((0,7); L7 (RY;RY)),
=0
2
Qe () HY? (Ry; W39 (RY; So(NV,R))) ,
=0
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moreover we can find C = C(&,a,b,¢,p,q,N) > 0 such that
||U|\H;((0,T);L4(M)) + HUHLP((O,T);WQ’(I(]Rf)"i'

""HQHH;((O,T);WL‘?(Rf)) + ||QHLP((O,T);W3&(]R$)) +IVpll e 0,1y L@y <
2

< C MRl o myawe-tayy + M L tra o rywe-vageary T Holl g2a-m gy + 1Q0ll ga-2/m gy
=0

The paper is organized as follows: in Section 2 we study the existence of a solution for the
system (2) composed with the partial Fourier Transformation in Rf ; in Section 3 we prove the
R-boundedness of the solution for (2) and the consequent proof of Theorem 1.2.3; in Section 4

we prove Theorem 1.2.2 and finally in Section 5 we prove Theorem 1.2.4.
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2 Existence and uniqueness of the solution for the Fourier

System

2.1 Solution formula for the Fourier System

As we said in the introduction, we firstly focus on the resolvent system (3) with f = G = 0,

that is
(A= A)u+ Vp+ BDiv(A —a)Q =0 in RY

A+a—-A)Q—BD(u) =0 in Rf @)
divu =0 in Rf
u=h, DnQ=H on RY.

Let us take the partial Fourier Transformation
(¢ zN) :z/ e‘im,f,v(x’,x]v)dx' g eRN L zy>0
RN-1

of the system (4):

N-1

A+ €] = DR)a; +ip+ 8 ; i€, (=€ > + D — ) Qs
+/3DN(_\5'|2+D]2V_G)@N;0 (G=1,...,N—1), -
(A +[¢']? = DY)y + Dnp+ 8 Ni ik (—1¢'|* + DY — a)Qni
+BDN(—¢']* + DYy — a)QNNk:o,
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N-1

> iy + Dyliy =0, (6)
k=1

A+ (¢ = DY +a)Qsn — §<isjak +itl;) =0 (i =1,...,N 1),

A+ €2 = D% +a)Q;n — g(igjaN + Dy =0 (j=1,...,N—1), (7)
(A+1¢)? - D} + a)@NN — SDyun =0,
Uk(0) = hg, DnQjr(0) = Hje (j,k=1,...,N). (8)

In order to find the solution formula of the systems (5), (6) and (7), we multiply the first
equation of (5) by i¢{; and sum with respect to j:

N-1
A+ €' = DR)ig;u; — |€'1°p
)
+B8 > igig(—|€'? + DX — a)Qur + B Y i&; Dy (—I€']* + D — a)Qjn = 0.
j k=1 j=1

Applying Dy to the second equation of (5), we have

(A+ €' = DY) Dty + DRP
s ) /2 2 2 2 ’|2 2 0O 10
+8Y i(—I¢'” + DX — a)DnQur + BDX(—€')? + D} — a)Q@ny = 0.
k=1
The summation of (9) and (10) gives us

N—-1
(—1€'12+ D)P+B > igji&n(—1€'|* + DX — a)Qjk
jk=1

N—-1 N (11)
+28 > i&;Dn(—I¢']> + Dy — a)Qjn

j=1
+ BD3(—|€')? + D% — a)Qny =0,

where we have used (6) and the fact that @ is a symmetric matrix. Then applying (A + |¢’|? —
D% + a) to (11) and using (6) and (7), we get

(=[€'] + D)+ [€']* = DYy +a)p = 0. (12)
Thanks to (6), (7), and (12), p and Q can be climinated from (5):
(=[¢']* + DX)L(Dn)a =0, (13)
where
L(t)= A+ P =) A +a+ €] - %) + %2 (= 1€'P)? = alt® — |€'1%)) -
Then applying (—|¢'|?> + D%,)L(Dy) to (7), we have
A+ ¢ = DX + a)(=[¢|> + DY) L(DN)@Q = 0. (14)
In term of (12), (13), and (14), we prove that
Uy = Adem4on 4 Alemlon 4 A2emlemN (=1, N)
Q)i = Ajpe A8 4 PjemBaan 4 Qb emlion 1 Q2 e7laty (j g =1,...,N)  (15)
p=Ce AN 4 De=Bazn,
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are solutions of the systems (5), (6) and (7), where
A=1¢l, Ba=+vAt+a+[EP,
and Lq o are the roots of L(t) with Re(Lq,2) > 0. It can be seen that
[L12(N €N = 1€ + 212(N),

where z; 2 are the roots of

— g+ B
Liz)=(A—2)(A+a z)+2 (2* —az) .

In particular,

_ 2 ta(l+8%/2)+ /@At a(l + 5%/2))? — (A +a) (1 + 5%/2)

211 72/2) -
2\ +a (1+5%/2) £ \/a2 (1+52/2)* —2X232
B 2(1+p2/2) '
Moreover, the coefficients of (15) satisfy the following relationships:
A0 = N1 j=1,...,N—1
é Ail 25]0 j ) 9 (17)
A% = A"1AC
(Ly — L1) {B3(L1 + Ly) — A’BZ — A’Ly Ly} A]
~ 18
(B 1B, - LalBala— )y - AV} (B 1) = 1N —1
AL —A 1 ~
1 A b2 . YN
Ay = /\L2_LlC L2_le§ h (19)
(Ly — L1) { B3(L1 + Ly) — A*B: — A’L1 Ly} A3
~ 20
(B2 = B — LBy — A - A} (B2 - 13) j=tN—1
a2 A=A L e w (21)

N NLy— Ly Ly— Ly
Ajp = =BX YA +a)igi&C g k=1,...,N—1
ANk:ﬁ)\_l()\—i—a)_lAika k=1,...,N—-1 (22)
Any = —ﬂ)\_l()\ + a)_lAQC'

B(i&rAS + i85 AL)
1 J _
= ) k=1,...,N—1
B(i&x AL, — L AL)
QL = 2(Bg_L%) Eook=1,...,N—1 (23)
1 _ ﬁLlA}\[
QNN - _Bg _ L%
B A2 +i€; A2)
2 7 J4k . _ _
= I jk=1,...,N—1
B(i&p A%y — Lo A7)
Q%) = 2(BJQVfL§) Eok=1,...,N-1 (24)
2 . 6L2A?\/
QNN - 7B3 _ L%
1 ) .
Py = =5 (Adj + LiQjy + Loy + H) (25)
a
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1> A h
7T 0= —-—" 26
(1+L2—L1))\ LQ—L1+%1’ (26)
B N-1
D = B, (; 1L Py — BaPNN> ) (27)

where

2¢;B, . 24 [R"=Z
Ej= By 24 (Z i€k Ajr — BaAjN>

B2 f\i=
+i&; J_L?I;QTAZNQ - % <Nz:1 &l i — BJ%‘N) ; (28)
a=1,2 k=1

I, = 53;2/12 {2,42 —~ A(B‘Z:/P)} : (29)
7= -l e, - (B (I3 + ) be

) (e, BT (30)

s [ e, - WA 1)

_ ﬂBgLQ % {2A2L2 _(Bat A;gfg 4 }] i’ 7, (31)

Hy = A%Hyy — 331;2142 infjﬁjN + Ni:l i€5i&, Hjr, (32)
=1 k=1

It is possible to write explicitly the value of the coefficients of (15), anyway these formulas are

complicated and, in the paper, we use just the relations from (17) to (31).

Our next task is to prove, as we anticipated, that

(u7p7 Q) = ¢A(h7H)7

with {¢x}r R-bounded. In order to do so, we need some estimates over the coefficients of (15).
We do it more specifically in Section 3. In this section, we prove that the relations from (17)

to (31) give us a solution for the Fourier system from (5) to (8). This is not so easy for the
1 Ly
CaM&) = Ti+ — ),
0o =3 (B+ 221
Ao\, €)= B3(Ly + L) — A2B2 — A?L, L.

presence of the functions:

As it can be seen from the relations from (17) to (31), it is crucial that these two quantities are
different from zero in order to have a well-defined solution. This is the main aim of the section.
Before going on, we notice that, if 8 =0, then Ly (\) # La(\) for any A € Xy, otherwise

1 2/2
L) = Lo() & A= +21E58/2)
V2|8
— a(1+8%/2) . i ; s
The value n = 2 s a positive real number, so it belongs to Yy for any 6 € (O, 2). For

this reason, in the following, we separate the case A # n and the case A = 7.

10
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2.2 The case A # 17

We want to prove that C, and A, do not vanish for any A\ € Xy, and & € RN for some
NS (0, %) and 7 > 0. The idea is the following: let us suppose h = H = 0 and let A and &
such that C, (A, £’) = 0, then (26) gives no conditions over the coefficient C. In other words, we
expect the value of C to be not unique for such a choice of A and &’. For this reason, we prove

a uniqueness result for the Fourier system:

Lemma 2.2.1. Let

~

ﬂ(f/, ')a Q(gl, ')7 ﬁ(g/a ) € COO((Ov +OO)) N H2((07 +OO))
be a solution for the systems (5), (6) and (7) with a > 0, 5 € R and with initial conditions

@(0) =0, DyQ(0)=0,

let 0 € [90, g) with tan 6y > %, let X € X, then u = @ = 0. Moreover p(&’) = 0 for any
g #0.
Proof.
Thanks to (7) and (6), for any £k =1,..., N we have that
N-1 R R
Y i&(— 1€ —a+ DR)Quj + Dv(=I¢']° — a+ DX)Qun =
j=1
(33)
N-1 R 3
= Zl i€Qrj + DnQin | + 5 (€' = DX )ik
=
Moreover, we know from the hypothesis that @ solves the system (7). Recalling that
1
D(u) = 5 (Vu+V'u),
the system (7) can be rewritten as
(A +a+¢] = D3)Qjr = BD(w);, Vik=1,...,N.
Moreover, DN@(O) =0 for any j,k =1,..., N by hypothesis, so
Qi = B+ a+ 1€~ Dylye) D)y Vik=1,....N,
where (A +a + €| = Dnfye,) ' f is the only solution in H?((0, +00)) of the system
(Ata+[g]?=DXv=1[ an€(0,+00)
DN’U(O) =0.
It is easy to see that
v = ()\ +a+ ‘£/|2 - D%V\Neu)ilf = ()\ +a+ |£/|2 - D?V)ilEeven[fh(O,—i-oo)a (34)

where (A + a + |¢'|> — D?)~! is the resolvent for D? in R and FEeyep[f] is the even extension of

f. In particular, it can be seen that (A +a + |¢/|? — D)7 E.yen[f] is still an even function in

11
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xn. If we use (33) in (5) we gain

ot (142 ) 06 - D30+ 6+ 50 S i6 0+ 117 — D) D)+
j=1
+B2ADN(A+ a+ |€' = Dafye) D)y =0 (k=1,...,N -1
32 Nl _—
ot (14 ) 6 - D30+ Dyi+ 823 X g0 a+ €~ D) Dl +
j=1

+ BADN(A+ a+ | = Dnfnen) "D(u)yy =0 (k= N).

(35)
Thanks to the divergence free condition, we also have that
(1¢'* = D%)i = —2Div(D(u). (36)

Let us multiply the k-th row of (35) for 4y, in the sense of L2((0,+oc)) for any k = 1,..., N
and then we sum the rows:

oo 2 o0
/\/ [u2dxy + (1 + i) / 1€ 2 a)? + | DnulPda -+
0 0

N-1 [oco . oo L
+ Z / 1€ppurda N Jr/ Dypundzy+
k=1 0 0

NoT oo | (37)
—] —
+AB2 Y / i (A +a+1€1* = Dniyen) ' D(u) - tdwy+
=170
(o) —N _
+A62/ DnA+a+ €' = Dyjnew) 'D(u) - Uday.
0
Firstly, we notice that
0o N—1 o o o [N—1
> kP + Dnplindey = —/ ﬁ(Z i€kt + DNaN> day =0, (38)
0 k=1 0 k=1

where we’ve used that u(0) = 0 and (6). Let us pass to the last terms of (37):

oo

0 Ty =
/ i€j(Aa+[¢'|* = Dnfye) ' D(u) 'udl’N:*/ A+a+[¢'*=Dnfyes) ' D(u) -djuday.
0

0
Analogously, using the condition @(0) = 0, we achieve

N

0 _——~_N _ 0 N ———
/ Dy (Atat|e 2= Do) " D(w) -adwy = — / (Aa-+[€'P~Dn?ye,) " D(u) -Duday.
0 0

Therefore

—j _—~—_N

/ €A+ a+ €' = Dnfyeu) 'D(w) -u+Dn(A+a+ €~ Dnfyen) 'D(w) - tdzy =
0

0 —_— —_—
— _/ (A+a+ ¢ = Dniyes) " D(u): Vuday,
0

where we recall A: B = tr(BT A) for any A, B € RN, It is easy to check that A: B = 0 when
A is symmetric and B is anti-symmetric, so

_ / (A+a+ 1€ — Dnyon) " D(a): D(w)dan.

12
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Now, thanks to (34) and the Plancherel Identity applied in zy, we have that

—_

= _% /R()\ +a+ |§/|2 - DJQV)_lEeven[D(u)]: Eev@n[D(u)]de =

= —= Z / )\+a+ |§ |2 DN) even[D/(\u)]jkEeven[D/(\u)]jkde =

jkl

Y Z /‘FN Ata+¢ |2 DN) even[m]jk} Fn [Eeven[m]jk}de,

]kl

where Fn(f) is the Fourier Transformation in zx. Since

Fn[v](€n)

Fulln— 02,07 i6n) = 0

i

for any v € L*(R) and for any u € C \ R_, then

1 Z /]__N A—i—a—&— €2 — D2,) ! even[@]jk} Fn [Eeven[m]jk}dx]v =

jkl

777/ ‘ Eeven| U)]HQdEN.

A+a+|§’|2+£2

On the other hand, thanks to (36), we can repeat the same argument for the free gradient part:
/ (¢ ~ D3 -y = 2 / Div(D(w)) - Adey =
0 0

—2 [ D)s Doy = [ Buven DGl = [ [ [Bn [DT0]]| v

Therefore, if we come back to (37), we gain that

A/OOO |ﬁ|2dx1v+/R [(1+ﬁ22> - Q(Aﬂif;“%)} Fn [Beven [@H\Qd&v =0. (39)

Now we notice that

. B2 ., Pt e
2 20 +a+ [P +&R) 20 Fa+[EP+&R)
If X € R, then A > 0 and (39) implies & = 0 a.e. in (0,400). Otherwise, we can take the
imaginary part of (39) we gain

ImA/OOO [l day = /le (2(A+a+w§2'|2 +£}"v)) Fo [ [P0 ‘Q&V. w0

It can be seen that

Im( A ) _ImAa+ €+ &X)
Atat+|§P+E) et P+ &P

therefore

[t = [ o g | [ (BT [

Applying (41) to (39) we get

2 2 92 -
/R Kl " 52 ) - 2|A+ai|§|2 +512V|2} [P [Beven [D@)]] ]2di ~o.

13
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Let us suppose for the moment that

(1 . ﬁ2> ) A28
2 20N +a+ €2 + &2

>0 VE=(¢,én) RN, (42)

In this case, it has to happen that

—

Fn[Eeven[D(w)])(€) =0 for ae. £ € RY,

and, thanks to (41), we get also in this case & =0 a.e. on (0,00). On the other hand, we have

now that for any k,7 = 1,..., N the function @kj resolves

(A+a+¢? = D3)Qu; =0 in (0, +00)
DnQ;;(0)=0

and it is well-known that it implies @kj =0.

Finally, if £ # 0, we can find &; # 0 for some j =1,..., N — 1. In this case, if we turn back to
the j-th row of (5) we have that p(¢') = 0 for any &' # 0. Finally, in order to verify property
(42) we can notice that, if we denote

1 1
= = R
/(@) A+a+z?  (Red+a+2x)?2+ ImA2 reR

then

1
Inaxf(x) — \A-{-ap Rel > —a
>0 Tma2 Re) S —a.

By standard analytic arguments and the condition tanf > %l it can be seen that

2)\2 2
ZRE s pigy <1+ 5

We are now ready to prove that C,,.A, # 0 for the case A\ # n:

Proposition 2.2.2. Leta >0, 5#0 and 6 € (O, %) with tan 6 > %, let us suppose that the

coefficients of (15) satisfy (17), (19), (21), conditions from (23) to (25) and (27), then (@,D, Q)
defined as in (15) is the only solution of the systems from (5) to (8) and

Aa\ ), CaXE) #0 VEeRYTL WA e B\ {1},

where n = 7(1(1\;—5’?;'/2).

Proof.

Let o = H = 0 and let us suppose by contradiction that there are A € 3o\ {n} and ¢ e RV-!
such that A, (A, &) =0 or Cu(N,€') = 0. Our claim is that we can find a solution of (5), (6),
(7) and (8) different from 0. If we prove it, we get the contradiction with Lemma 2.2.1.

In our first calculation, we consider C, A,1€ and Ai for k =1,...,N — 1 as free variables and
we substitute the other parameters according to the relationships in the hypothesis. With this
partial substitution, many of the equations of the systems (5), (6), (7) and (8) are satisfied. In

14
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particular, we want to find C, A} and A2 for k =1,..., N — 1 which solve the linear system
N-1
i&xD+ A8 Py — ABB.Piy =0 k=1,...,N -1
j=1
N-1
i€ Ap — LAY =0
k=1 (43)
N-1
i€ A7 — LoA% =0
k=1
A)+ AL+ A7 =0 k=1,...,N—1.

Let us see that the third equation follows from the fourth equation of (43) and the definition
of A% for j = 0,1,2 in (17), (19) and (21):

N-1 N-1 N-1
D iR AR — LAYy = = Y ik AY = Y i&kAj + DoAY + Lo Ay =
k=1 k=1 k=1
ALy —A)  A(L,— A
— (Lo - A + (L - Ll = |22 A= e
So we reduce to the system
N-1
D+ A8 i&Pyj — ABBuPrny =0 k=1,...,N—1
j=1
N—1 (44)
> igAL — LAy =0
k=1
A+ AL+ 45 =0 k=1,...,N—1.

Thanks to the relationships (17), (19), (21), from (23) to (25) and (27), we can rewrite the
system (44) in the following way:

Ozlde,1 0(21de1 Z'Ozcé./ Allg
i(€)" 0%+ A A [ =0an 1,
Tdn_1 Tdn_1 —i)\_lfl C

where 0, is the 0 vector of R for any d € N and

AB? [A(By— A)? | Ly(A®+ L3 —3B,Lo+ B2)(L1 — A)  Li(A*+ L3 —3B,L1 + B2)(La — A)
oo = —

B | Bi-A? 2(BZ — L3)(L2 — L) 2(B; — LY)(L2 — L) ’
_ AB?Ly(A? — B, L) _ AB?Lo(A? — B,Ly) _ LiA(Ly — A)
NT BBz 0 T T eB.B2-13) °  AMIa—Li)
Let us call M the previous matrix. By a computation we get
det M = (—1)N"Y(a; — ap)V-2 [AQ (% + ac) + Aoy — az)} . (45)

It can be seen that:
B2XN(La — L) A,

T T OB.(B2 — L) (B2 - L)
(%) - ﬂzLQ(AQ — BaLQ)
N tee= oy

15
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A [AZ(BG — A)> | ALy(A® + L3~ 3BoLo + B2)(Ly — A)  ALy(A® + L3 — 3B,Ly + B2)(Ly — A)
B2 B2 — A2 2(B2 — L3)(Ls — Ly) 2(B2 — L3) (L2 — L1)

Finally

This tell us that, if A, = 0 or C, = 0, we can find C, A} and A} different from 0 which resolves

the systems (5), (6), (7) and (8), which contradicts Lemma 2.2.1. O

2.3 The case A =1

In this chapter, we suppose a > 0. In order to understand what happens for A\ = 1 we need
the following remark: for any A\ # n we have already proved that the functions u, p, @ defined
in (15) solves the systems from (5) to (8). The representation formula (15) for A\ # n can be
rewritten as follows:

Uy = AYe " 4 (AL + A2)e o 4 A2(Ly — L)) M(Lo, Ly, zN),

Qrj = Agje A + Pyje Boov 4 (Qk; + Qrj)e "N + Q7 (Ly — Li)M(La, L1, xy),  (46)

p=Ce 47N 4 DeBarn

where
e~ nt _ g—v2t

M(y,72,t) = ——— Vne2€C, VteR
Y172
Let us call Ly := Lq(n) = La(n), then we claim that the functions
Uy = A= AN 4 Afelorn 4 A2y e Torn
@kj = Avkje_AzN + ﬁkje_BamN + @ije_LOIN + ézije—LofﬂN’ (47)

D= Ce A%~ 4 De~Batn
are the solutions for the system (5) to (8) for A\ =7, where

AY = lim AY(\) = AY(n), (48)

A—n

zkﬂ%’cé k<N

Al = lim AL(\) + AZ(N) = A (49)
K e k=N,
n
A? = — lim (La(N\) — L1(M\)AZ()) =
A—=n
— A (B2 = 13) { (B2 = LY Ei — Lo(BuLo — A (e = AD}| k<N (50)
—7A(L°_A)é—¢§’-ﬁ’ k=N,
"
Aji = ;1317 Ajr(AN) = Aji(n), (51)
Bl A} +i&AL)  BLo(i6r A7 +i6; A7) o N
2(BZ — L) (B2 - 13)" g
- ce A1 11 2 2\ 12 . 12
Lo 1im O () + 2 (\) = B(lgkAN — LOAk) /6[(Ba +L0)Ak — 2Zé.kLOAN] i— N
Qjk AH"Q]I@( )+Q5k(N) 2(B2 — 12) + 2(B2 — L2)2 k<j
_ BLoAy | B(B: + L§)A% k—j—N,
B: - Lj (BZ — L§)?
(52)
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Bli&x A2 +i&; A7)
j N
a1y NS
52 s _ 2 oy ) Blige A% — LoA?) .
@i= = m (La0) - QA = ¢ A=) cjon 69
BLy A% .
R k=i=N,
Py i= Jim Pe(\) = Piu(i), (54)
D := lim D(\) = D(n), (55)
A—n
and where
A, = hm A, =2B3L, — A’B? - A’L2. (56)
= 2B, ~ 24 [N .+ _
Ey = iz D- 5 ; i€jAj — BaArn +Z§kB —|—L0 Z &Hi; — Bl |
(57)
and C satisfies the identity
CuC = A7 [R+ 7] (58)
with
Cq = lim Co(N), (59)
A—n
T h(\) YRR _
h = )1\% m7 Hi = }\ILT}?Hl()\) =H1(n) (60)

where we recall the definition of () and H1(X) respectively in (31) and (32). We notice that

5; and % are well-defined: it can be seen that

1> _ 4,8AQBG[L1L2(B§ + L1L2) — ABg(Ll 4+ Lg)] n
Lo—L; 2B, (B2 — L%)(B2 — L3)

_ B(Ba + A*)(BE + A*)LiLo(Ly + Ly) — ABZ(LF + L1 Lo + L3 + A®) + AL1 Ly (L1 Ly — A%)]
2B4(B3 — L})(BZ — L3) ’

B 2BABALi+La) BB+ ANBII + Lala+ [3) + A°BE — IRI3 + ALl
Ly—Ly (B - L3)(B; - L3) 2Bo(B; — L3)(B] — L3) '
If we manage to prove that
C = lim C()),
A—n

we would have that the formula (47) can be obtained by passing to the limit as A — 7 in the
formula (46). However, as before, we need to check that C,(¢') # 0 for any ¢ € RV~=1. On the
other hand L3 = A% + 2, where

2n+a(1+52/2) a n

Therefore A < Ly < B, and, in particular, if we turned back to the definition of Za in (56) we
get that
A, = B2(B,Lo — A*) + Lo(B? — A%Lg) > 0.

Let us prove that C~a # 0 using again Lemma 2.2.1:
Proposition 2.3.1. Let a > 0, 8 # 0, then @(8) £ 0 for any & € RN~ and the functions
given by (47) are solution of the system from (5) to (8) for A =n.
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Proof.
As in the previous section, we want to use the relations from (48) to (57) in order to rewrite
the system from (5) to (8) as

M- (C,AL AT =V(h,H) k=1,...,N—1,

with M and V(ﬁ, H ) respectively a matrix and a vector of suitable dimensions depending on
¢ € RVN~1. The strategy is similar to what we did in Proposition 2.2.2: firstly we prove that,
if by contradiction, C,(¢') = 0 for some & € R¥N=1, then we can find a solution different from
zero which solves the system from (5) to (8) even if h = H = 0, which contradicts Lemma 2.2.1.
Once we proved that (E’;(f') # 0 for any ¢ € RV~ we are able to show that the functions
defined in (47) are solutions of the system from (5) to (8).

Let us suppose then h = H = 0. Let us substitute the functions (u,p, @) in the systems
from (5) to (8). As for Proposition 2.2.2, it can be seen that, thanks to the conditions from (48)
to (57), many equations of the problem are satisfied and what remains is the following system
in (5,2}6,11%) fork=1,...,N —1:

i&nacC + a1 AL +asA2 =0 k=1,...,N—1
N—-1 ~ _ _
i€ A} — LoAy + Ay =0
2 -
N-1 5 »
> i A} — LoAR = 0.
k=1
where
~ . ~ . ~ . 02(/\) - 041(>\)
— 1 = 1 = = 1 —
ac = lim ac(A), o Jim ar(A), az e Ry

and where aq, as, ac are the same of the proof of Proposition 2.2.2. Let us see that the second
equation of (61) depends linearly by the other conditions:

N—-1
> igpAf — LAl + A% =
k=1
~ . 70 AlLo—A) 70 70 AlLo—A4)
== Y AR + LoAY - ————=C = —AAY + Lo}, - ————=C =0.

k=1 " "

Finally, if we also substitute the formulas (49) and (50) in (61), our system becomes

{igk<ac+5;;)5+a2ﬁio k=1,... N—1
Yoiy ip A2 4 LeAlle=A @ g,

The matrix associated to (62) is

b <a21dN_1 ie! (ac + i)) |

enT LoA(Lo—A)
i(e)r  LeAte=d)

If we turn back to the matrix M of Proposition 2.2.2, we can notice that det M = (—=1)N=1det M,
with

a1 = &2,

Qg = 07

ac = deo + 5,

A = LoA(Lo=4)

n )
A=n.
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So, using the formula (45), we get that

det M = a)~ [AQ (ac+o7‘71) ; LoAlLo = 4)

Now we notice that

(65) ()\) — ()\)

lim 042()\) = lim (LQ()\) — L1(>\)) + Oél(A) = &1.

A—=n A—=n m
So
o(~ @\ LoA(Lo—A) .
A (ac-i—)—f—noéz—
= lim A7 (O‘QA()‘) +ac(>\)> + /\(Z?/\()Li;jz\))(m(/\) —az())) =
. PAX BAn =
-l G0 =G

We are now ready to conclude: let us suppose by contradiction that exists & € RN~! s.t.
Ca (&¢') = 0, then by the calculation we have just done, we have that Misa singular matrix and,
in particular, we can find (C, A2)7 € ker M. This means that we can find C' and A2 not zero
which solve the system (61) with h=H=o. Then, again by the calculation we have made
so far, we can find a solution (ﬁ,@,ﬁ) of systems from (5) to (8) with h = H = 0 and this
contradicts Lemma 2.2.1. Therefore 5a(§’) # 0 for any & € RVN71,

In order to conclude, it remains to prove that the functions (u, ;5,62) defined in (47) are
solutions for the system from (5) to (8). As we mentioned above, since now we know that
C # 0, the functions (u, D, Qv) are the limit of (u,p, @) defined in (15) for A — 7. Moreover, it
is easy to see that, for any o € N, it holds

D% limy ., AY(N)e= 42N = limy_,,, DY AY(N)e=Aon
DS limyy Aji(N)e™ 4% = limy_,,, DY A i (N)e= A%y
D limy ) Py (A)e PeoN = limy ), DY Pl (A)e™ Bern

D% limy s,y D(A)e=Be®~ =1limy_,, D% D(\)eBan

DS (limy—y (A} (A )+A2( ))e Fmn) = limy D%(Al(A)+A2( ))e L (63)
Dy (ﬁmMn(Ql (N) + Q% (V) e‘“‘””) = limy—yy DY (Qf4 (A) + Q3 (N))eFaew
D3, (lima-yn AF (A )(e‘L”N el )) = limy s DY A2

(e Ll.’tN e—LzacN)
)

Dy (hmA—m Q3 (N (e F2mv — eileN)) = limyoy, DY QT () (e7F1on — e~ 2w,

We already know that the functions (@, p, Q) are solutions of the system from (5) to (8) for
A # 1 so, thanks to (63), it is easy to conclude that (u, p, @) are solutions for the systems from
(5) to (7) for A =n. O

3 Resolvent Estimate

3.1 Lower bound for C, and A,

In this section, we start the proof of Theorem 1.2.3, in particular we want to prove that
(u,p, Q) = da(h, H) with {¢»}r a R-bounded family of functions. Firstly, we need an esti-
mate for the functions C, and A, extended to the case A = 1, that is

1 7,

Az 4+ A
. )\<1+L2—L1> 7
. 1 T

iﬂx(IﬁLQ—Ll) A=,
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B3(Ly + La) — A’B2 — A*Ly Ly AN#n

Ao = lim BY(Ly + Ly) = A*B} = ALiLy A=n.
—n

Let us start from the estimates of Z; for j = 1,2:

Lemma 3.1.1. Let a > 0 and § € R, let z; := )\Z—ia for j =1,2, then

~ A|=too 2—ilB1V2  _ Aot 2 +1i|8|vV2

5 ——z_ = . 2o 2y =
ﬁZ 62

2(1+5) 2(1+%)

Moreover, let 0 € (0, g) and r > 0, there are K., = Kp,(a,B,7) >0 and Ky = Kpy(a, B) such
that
K,, < ‘gj()‘)l < Ky Ve 2977. j = 1,2.

Proof.
It is easy to prove that Z; — z_ and 2o — 21 as |A\| — 4+00. Now we notice that z; # 0 for any
A € Xg,,: by definition of z; we have that

2

()\—zj)()\—l—a—zj)—k%(z?—azj)=0 VAEYy, j=1,2. (64)

Let us suppose by contradiction that exists A € Xg , such that z;(A) = 0 for some j = 1,2.
Therefore, turning back to (64), we should have that

AA+a) =0,

which is impossible if A € ¥g . Moreover, since the limits are different from 0 for any 8 € R,

by continuity in A we can conclude. O

In the previous section, we have proved that C, and A, are always different from 0. Since
these two functions are also regular, it means that they assume values far from 0 in every
compact of Xy, x R¥~1. Now we want to study the behaviour when X or £’ go to infinity. In

order to do so, we use a Laurent series with a special kind of rest term:

Definition 3.1.2.
Let « € Z and let A C C, then we denote

000 (A, t7) = {g

sup |g(A, )| [¢}* 1= o} :
AEA

Oo(A,ta) = {g

sup g4, 1)1 o} .

It is easy to see that such a symbols satisfy the rules of standard Landau Symbols:
Lemma 3.1.3. Let o, 5 € Ng and A, B C C then

1) If B> a, then 0so (A, 178) C 000 (A, 17%) and op(A, %) C 0g(A,t%);

2) If BC A, then 0s(A,t7%)) C 000(B,t7%) and og(A,t*) C 0o(B,t*);

3) We have that

tﬂooo (Av tia) = Oco (Aa tiadhg)a tﬁOO (Av ta) = 0o (Av ta+6);
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4) Let f(A) be s.t. supyeq |f(N)] < C, then
FN)0oo(A,t7%) C00o(A,t7Y),  f(N)oo(A,t%) C 0g(A,tY);
5) We have that

0o (A, T7%) + OOO(A,t_B) C ooo(A,t~ miIl{0"’6}), 00(A, %) + Oo(A,tﬁ) C oo(A, tmi“{o"ﬂ});

6) We have that
f(t) € 09(A,t%) & f(1/t) € 00o(A,t7°).

The idea is the following: we rewrite C, and A, in dependence of A and t = (A, &’). We
take the Laurent series with respect with ¢ using the rest expressions we have just introduced:

Proposition 3.1.4. Let a,r > 0, 8 0 and 0 € (0g,%) with tanfy > Iﬁl; we can find
2 V2
M = M(a, ,0,r) > 0 such that

inf Ca(N, €| > M.
g’eRNlIll,)\eng N>

Proof.
We have already notice that

I,  ABAB,[L1Ly(B2 + Li1Ly) — AB2(Ly + Lo)] N
Lo—L; 2B, (B2 — L3)(B2 — L3)

B(BE + A)[(BG + A?) L1 Ly(Ly + Lp) = ABG(LR + Ly Ly + L3 + A%) + AL Ly(Ln L, — A%)]
2B,(B2 — L})(B2 — L3)

Therefore it can be seen that, for any A\ € Xy and for any ¢ € RV~1, we have

!
I)\’/A+f<)\, €] >’ o
1( 6) 6( a) 1 \/m ( )
LY oe)=s0 0 B+ AR E] (o (66)
LQ—Ll 2 2 2 2 ,\/m ,
where
2 (2t2 112 t3 )
Fi(\t) =t _ . ,
Y iTe
FLAL) = 2 [VETIVET R +1+VET HVET ) _”2+1)(\/t2+z1+\/t2+22)]
5 (A t) = e
Fi(At) = @R DNVP+EAVEL B(VE+ R +VE+ )
5 (A1) W2 +1(1—7)(1 - 3) ,
P o ROV DEE A B+ 5B + P RVETS)
5 (A1) WE+1(1—7)(1— %)
Fioun = T DVEF AVEA BVE+AVE+E - 1)
2 (A T) = 2@(17%)(1752) )
where we recall that z; = A+a Let us call t(), &) = \/‘i The idea of the proof is to study

the behaviour of C, when |t(), £')] — 400 and when #(), £’) is bounded. For what concerns the
first part, it is sufficient to take the Laurent expression of F; and F3 for j = 1,2,3,4. In fact

1-21
~ t
A2+ 721/2 1+— ZCZ<21/2> +f<zl/2> VN € Ny,

J J

“ m\u
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The Beris-Edwards model in the half-space

with C; € R and f(z) € 0o (J2|72). Now we notice that

t
f ( 1/2> € 0co (20,7‘71572]\[) VA € 29,7« :
Z.
J

let € > 0, then we can find M > 0 such that

t 2 t t

—1/2 f <~1/2>’ <e Vigp|z2M
Zj & Zj

Then, for any [t| > MK}V;Q, we have that
2N
sup [t]*N |f )= sup |Z; |V t f o < KNe.
AEDp,, 71/2 AeSe, o |32 72 ) =M

J J J

Moreover, thanks to point 4 of Lemma 3.1.3, we have that
1
22000 (Zo.:t72N) C 0o (B0t ) VN €N,

Therefore

B2 HE = ch <~> + 00 (Zg,r,t7N) VN € Np.
z

J

Similarly it can be done the same for F; and ]-'g with 7 =1,2,3,4 and it can be seen that

. %1% _—
]:1+Zf 1—z1)(1—22)+0°°( 0., 1). (67)

We have already noticed that C, (X, &) = MFa()\,t()\,f')) where
4 .
Fa(\t) = Fi(\ 1)+ > F3(\t) YA teC.
Jj=1

In particular

B+ a)

&/e]RN—IEfAEZgJ | ()\ 5 )| teC, )\EEQ " )\ Fa(A’ t)‘ - K(a’ IB’ 0, r) tGC,lilgggw |Fa(>\; t)|
Let
M= inf |F,(\ )],
teC,\eXp

S0, it is sufficient to prove that M > 0. Let us suppose by contradiction that M = 0. In this
case we can find {\,, ¢, } such that F,(A\,,t,) — 0 as n — +oo. Thanks to (67)

2(1—21)(1 — z2)

In particular, for any € > 0, we can find 0 < Ry = R;(¢) such that

|[t|—=+o0

F,(\t)+ 0.

sup
Aeze,r

Z1%2
21—2z1)(1 - 2)
Thanks to Lemma 3.1.1 it is easy to see that 1 S |1 —%;| S1and 1 S [Z;| S 1 for any A € Xy,
and for j = 1,2. Therefore, choosing ¢ sufficiently small, we can find R; > 0 such that

F.(\t) + <e.

sup
[t|>R1, \€Xg,»

inf [F,(A\t)] >0 Vte By .
Aex 0,r

Since M = 0, it has to happen that |¢,,| < R; for any n € Ny. Less then subsequences, we can
suppose t, — t e C. We can distinguish two cases:
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e If |\,| < Ry for some Ry for every n € Ny, we can suppose that
)\n — //\\ € 297“
less then subsequences. In particular, by continuity of F', we should get

Fa(>\a t) = nBTooF ()\natn) = teC,IE\I"f‘EEe,T Fa(>\; t) =

which contradicts Propositions 2.2.2 (when A # 1) or 2.3.1 (when A = 7).

e Let us suppose, less then subsequences, that |[A,| = 400 as n — +00. Since the depen-

dence of F, from A and a derives from Zz; and 25, we can also write
F,(\t) = (zl(a An), 22(a, An), t)

for a suitable function F. We have already pointed out in Lemma 3.1.1 that z; — z4 =

2(11[1\2;\/52\ as |A| = 400 so, by continuity of F we have that
[l ~ n—+4oo. 5
F(Zl(a,)\n)722(a, An) ) e F(Zf Z+7t)

Now we notice that F(z_,z4,t) = Fy(1,t) for any t € C. The case a = 0 and XA = 1 is

still described in Proposition 2.2.2, so we get a contradiction as before.
O

Proposition 3.1.5. Let a,r > 0, § # 0 and 0 € (00,3) with tanfy > %, we can find
M = M{(a,B,0,r) >0 such that

inf Aa(\ €N > M.
€’eRNlr117/\eZe,r| X&) 2

Proof.

The idea of the proof is the same as before: it can be seen that

AaN €)= (A4 a)2Ga(\ t(N, E))

with ¢(),€') = =L and

GaMt) = (B +1)3(VE+ZH +VE2 +2) -2 +1) - 22 + V2 + 5.

Taking the Laurent expression for G, we get as before that

Ga(\ 1) =262 + 000 (B0, 1)

Therefore, we have that |G, (\,t)] = +oo as |t| = +oo. In particular, it remains far from 0
uniformly in A € ¥y ,. On the other hand, thanks to Propositions 2.2.2 and 2.3.1, we know
that A, (X, &) # 0 for any A € £y, and ¢’ € RV~L. Finally, we can conclude as in the previous

proposition. O

3.2 Fourier Multipliers

In order to get the LP-L? maximal regularity, we need to know the behaviour of the derivatives of
the coefficients in ¢’ and A. For this reason, we introduce these two classes of Fourier Multipliers
(see [21)):
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The Beris-Edwards model in the half-space

Definition 3.2.1.
Let 6 € (0,%), let r > 0, let m(&, A): RN =1\ {0} x By, — C be a C*° function in ¢’ and a C*
function in 7 € R\ {0}, where A = v + 47 with v € R such that A € Xg,.. If there is s € R such
that, for any ¢ € RV~1\ {0} and for any A € ., it holds

Dgm(€' | S (M + 1+l vaen) T,

Do m(€, V)| S (A} + 1+l vae Ny,

then we say that m(&’, \) is a Fourier Multiplier of Order s with type 1. Conversely, if
for any ¢ € RV=1\ {0} and for any A € Xy, it holds

Dgm(€, | S (NF+1+ €Dl vae Ny,
Dgrom(e’, V| S (INF +1+ (€)1 Va e Ny,

then we say that m(¢’,\) is a Fourier Multiplier of Order s with type 2. We denote
M i 0.r the set of the Fourier multipliers of order s and type .

Remark 3.2.2. In this chapter we follow the approach used in [21]. In this paper, the definition
of Fourier Multiplier is stated with |A|2 +|¢’| as right-hand side of the inequality. Anyway, in the
following, we consider the case of A\ € Xy, with r > 0 so, it is easy to see that |A|2 ~ |A|2 + 1.

The Fourier Multipliers satisfy the following algebraic rules:
Lemma 3.2.3. Let s;,s20 € R, i =1,2,0¢ (O, g) and r > 0, then

1. If my € Ms, 10, then mimo € Ms,45,1.0,r;

2. If m; € My, ;0,r, then mimo € My, 4s,2.0.r;

3. If m; € My, 2.0, then mimo € M, 45,207

The proof follows by the definition of Fourier Multipliers. From now on, our aim is to

rewrite the coefficients of the solution formula of (u,p, @) in (15) as a combination of Fourier
Multipliers. Some results are already known:
Lemma 3.2.4. Leta >0, 0 € (O, g), then

1. B € Ms 1,0 for any s € R;

2. A®° € Ms 20,0 for any s > 0.

The proof of this lemma can be found in [21] (Lemma 5.2) changing A with A 4+ a and using
the next well-known lemma:

Lemma 3.2.5. Let 0 € (O, g), a >0 and X € Xy, then
A+ a] > CO(N + ).

Now we need to understand that L; for j = 1,2 is a Fourier Multiplier. In order to do so,

we need some lemma. The first is a technical one:

Lemma 3.2.6. Let z € C with Re(z) >0, let o > 0, then

2 +al 2 |2 +a.
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Proof.

We can divide the proof in two cases:

o If Arg(z) < 7, then z = |z|(cos 6 + isin ) with cos€ > g Therefore

|z + a| = \/(|z\0059+a)2+ |z|2sin% 0 > |z| cos O + a > | 2| + c.

o If Arg(z) > 7, then sinf > g and Rez > 0, so

|z +a| = \/(Rez+a)2 + |z|2 sin? 0 > \/&2 + |2[2sin?0 > a + |z|sin 6 > |z| + a.

O

In the paper, we need not only to prove that L; is a Fourier Multiplier, we also need an
estimate for L] with s € R. In particular, for the case s < 0, we need an estimate from below
of L;. The strategy is the same used for C,, A,: we need firstly to prove that L;(X, ") # 0 for
any \ € 3y, and ¢’ € RV -1

Lemma 3.2.7. Let a > 0, r >0, 8 € R, 0§ € (O ”) and A € Xg,, if 0 € (90,%) with

2
tan 6y > % or if ReX > —%, then z;  R_ for j =1,2.

Proof.
Let us suppose by contradiction that z; = —a? for some o € R and j = 1,2 and for some
A € Yg,r. So, by definition of z;, we have that

()\+a2)()\+a+a2)+%2(a4+aa2) =0. (68)

If we take the imaginary part of (68) we get
ImA(ReX + a+ a?) 4+ (ReX + o) ImA = ImA(2a% + 2Re) + a) = 0.

If ImA = 0, then ReX = X\ > 0 and we have a contradiction with (68). So, if ReA > —%, we
have a contradiction. Otherwise, let us suppose

a
Red=—a® — 2.
€ [0 B

Let us take now the real part of (68):
B B
a? (1 + 2) +a? (QRe)\ +a <1 + 2)) + ReA(Re) + a) — (Im)\)? = 0.
Therefore

2 2 2 2
(Im))? = ot (1 + i) + a? [—2a2 + 2@] + (—a2 - %) (—a2 + g) = % [a* + aa®] — az.

Combining these two information and with standard analytic arguments, we get that

B> 2
tan? g < |[ImA|? 5 [a? + aa?] — & - B*
T |ReA? at+aa2+ < T 27
which contradicts the hypothesis on 6. O
As a consequence, we get that L; = \/[£'|? + z; # 0.
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Lemma 3.2.8. Leta,r >0, 8 €R and 0 € (90, %) with tan 6y > % and A € Xg ., then

Re(Lj) = C(a,8,0,7) (AF +1+1¢]) j=1,2

Proof.
Let ¢ € RV=! and X € Xy, then

1
Re (\/M) = ﬁ\/”flp + zj| + |€'|> + Rez;.

Let ¢ := S |1 , then
l2;12
Rez;
|£/|2 2+ + 2 + J _
< \[ ‘ J| |2;]
1 2 2
_ |2]2 \/<t2 N Rezj) N ’Imzj ey Rez;
V2 |21 |21 |21

Taking the Laurent expression in ¢, we get

Re <\/|g/|2 + zj> = 2|2t + 000 (Zo.r, 1).

1 1 2 (A2 +az
|A|%+a%+|§'|=zj|%<"1+t -

|22

On the other hand

Moreover, from Lemma 3.1.1 and 3.2.5, we have

M +a _ \Z+ad

- 3 <1,
SE prar 0
Therefore Re(L
__Belly) e,
Al +az + (¢
with
‘t2+ +t2+ Rez;
f Tz51 [2;]
G\ t) = L =14 00(Zg,r, 1). (69)
7"’4,15
‘ZJ‘Z

Let us see that ReL; # 0 for any ¢’ € RN-1and \ € Yot if ReLj =0 for some j = 0,1 then
=—|¢'|> —a?® for some a € R

and this contradicts Lemma 3.2.7. Finally, we can conclude: let us suppose by contradiction
that

inf GO =
A€Xg, ., teC

Thanks to (69), we know that G remains far from 0 uniformly in A € 3y, as [t| = +oo0. On
the other hand we have just seen that Re(L;) # 0 for any &' € RN=Land X\ € g, Finally, we
can get the contradiction as in the proof of the Proposition (3.1.4) (to be noticed that Lemma

3.2.7 is true also when a = 0). In this way we proved that
[ReL;| = Cla,8,0,r) (N} +1+1¢1).
On the other hand, by definition of L;, Re(L;) > 0 for any choice of A € ¥y and j = 1,2.

Therefore we conclude. O
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We are now ready to prove the estimate for L;:
Lemma 3.2.9. Leta,r >0, 6 €R and 0 € (90, g) with tan 6y > %, then

1. For any A € ¥g, we can find C1,Cy > 0 depending on a, 3,0, such that

A+ 1) <z < (A +1) 5 =1,

2. For any A € ¥y, we can find Cy,Cs > 0 depending on a, 8,6, r such that

Ci(IN+1) < A+a—z| <Co(]N+1) j=1,2
3. For any & € RN=L, for any X\ € Xy, for any s € R and for any a € Né\’*l we have
D31 < Cla,8,0r) (N +1+11)
4. For any & € RN~ for any A € Sy, and for any o € Név_l we have
1D (0, Ly)| < Cla 8,0,7) (INE +1+17)

Proof.
For the first point, it is sufficient to notice that, thanks to Lemma 3.2.5

% z.
’A|+1‘ il

and from Lemma 3.1.1 we know that 1 < |z;| < 1. For what concerns the second point, it is

sufficient to see that
)\+a—zj = ()\"‘r(l)(l —Ej)

and using the limits for Z; from Lemma 3.1.1 we get also that 1 < |1 —7%;| < 1. So using Lemma
3.2.5 we conclude also the proof of the second point. In order to prove the third point, we can

use Bell’s Formula:

el
DL S D IO + 2)) > D€' + 25)| -+ D (€' + 25)I, - (70)
=1 ar+-+ar=a, |ag|>1
where f(z) = 2%/2. We know from Lemma 3.2.8 that
L] > Re(Ly) 2 IA® +a? + €]
Moreover, it’s easy to see that

IDE (€12 + 2)] S (A7 +a +[¢)?1l va e NYL

In fact, the inequality is obvious for || > 2, while the other cases follow by a simple computation

and from the estimate of z; we have just proved. Finally, turning back to (70), we have that

]
ars s— 1 1 o 1 1 o
|DgL3| < E |72 E (IAZ +a2 + &2 1ol (A2 + a2 + €2l <

=1 ar+ta=a, |a|>1

d 1 1 11\s—21 1 1 1\ 20— |« 1 1 ys—| e
<D (AE +a2 + €D TH(AZ +az + D1 = (A2 +az + ¢l

=1
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Finally, let us study 70.L; for j = 1,2:

5L TOrz;  ATZ] Im)\z;-
T T . = = —_—
1T 9L, T oL, | 2L,

From the previous point we have then
D& (70, L;)] S (N2 + a2 +[¢/]) 771 ImAz)). (71)

So, in order to conclude, we need to estimate the last term uniformly in A:

S 1 94 2232
7 2(1432/2) \/a2(1+ﬁ2/2)2_2)\252 )
If 3 =0, then |70;z;| < |A|. Otherwise,

, 1 [2_(/3|m ]

Z5 T
n? =A%)z

77201+ 32)2)

. a(1+5%/2) ;
where 7 == 312 € R. We can now notice that
ImX\=—Im(n—M\).
Therefore L
2|8 ImA|| A ImA|z |\
Imaz)] < 2frma| + YA ) 1ImAE AL
n? — A%|2 I+ A2
Since n > 0, we can use Lemma 3.2.5. So, for any 5 € R
[70-2i| AL < (N2 +a2 +[€')? Vi=1.2 (72)
Finally, applying the previous estimate in (71), we conclude. O

Now, we need to rewrite C, in a different way from the previous chapters: we already know

that ) .
-z 2
Ca ) ( 1+ L2 — L1> )
with I -8 A2 " A(B? + A?)
1T A2 B, ’
L= A) (B2 + A?)(LF + A?) Lo(Li = A) [, .o (B2 + A?)(L3 + A%)
T 3732 s 2421, 2B +3 5212 2421, 35,

It will be useful in the following to underline the differences hided inside Z; and Z,. It can be
seen by a calculation that
T A3(B? — A2
Il + 2 _ 75 ( a )
Ly — Ly Bo(B, + A)?
L BAB,(L1 — A)(Ly — A)[(L1A — B2)(Ly — A) 4+ Ly(A? — B2)]
Bo(BZ - L3)(B2 - L3)
n B(Ba — A)P[(A*B} + A*L1Ly + BiL1 Ly + L3B)(A — L1) + AL (A + L1)(B; — L3)]
2B,(BZ - L7)(BZ - L3) '

+

(73)
As a consequence of Lemma 3.2.4 and Lemma 3.2.9, we have that many factors of (73) are

Fourier Multipliers.
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Lemma 3.2.10. Leta,r >0, 5 R, 0 € (90, %) with tan 6y > ‘Bl , let j = 1,2 then
1. (A+By) Y e 120.;
2. (Lj+A) et 1p0y;
3. (Lj+Bo) Y€ M 110,;

L;—A L;—B, L;j—A L;—B, B,—A . .
4 B2 L2 ’ 32 L2 QJ—AQ’ BJQ_A(; BQafLi c %—1,1,9,7“ fO’f’ any j7k = 1a2;

5. (%;TS;) , (AXG)S € Mo, for any s =1,—1 and for any S1,S2 = By, L1, La;

0. 5; € Mo, for any S = B, L1, Lo.

Proof.
The first point is proved in Lemma 5.2 of [21]. The proof of the second and third points is
almost the same, using that

|L; + Al > Re(L; + A) > Re(L;) > |\|? +a? + €.
For what concerns the fourth point, let 5,k = 1,2, then

Li—A L3-A* 1

B2—12 B2-LZL;+A

We already know that (L; + A)™' € .#_11,,. On the other hand

A2
A 2

BgfL% o )\Jrafzk

2

and thanks to Lemma 3.2.9, we have ‘ 22 2

<1 for any A € 3y .. Moreover

-9 L?—A2 _ Tasz _ (’iT—Tafzk)(L?—A2)
\en)mn wmonr

We have already seen in (72) that
|70-2;] SNl Vi=1,2.

2_
Therefore, as before, we have that ‘7'87 (22 122 )‘ < 1. The other results can be proved in the

same way. The last two points are obvious. O
Thanks to the previous lemma and (73) we can prove that C; ! is a Fourier Multiplier:

Lemma 3.2.11. Let a,r >0, 8 #£0 let 6 € (00, g) with tan 6y > %, then we can find L > 0
and p;j(§',\) € M_11,0» and mj € M1 29, forj=1,...,L such that

~

E)\mjé A).

Moreover, C;' € My 2,0,
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Proof.
The first part of the result comes from the decomposition of C, we have made in (73) and the
Lemmas 3.2.3, 3.2.4 and 3.2.10. In particular, C, € #y2,6,. Let now s € N, then by Bell’s

Formula we have
la
IDEC <D 1Ca > | DE*Cal -+ | DE/Cal.
=1 ar+...ta=ca, |ag|>1

Now, using that C, € .#p 2,9, and Proposition 3.1.4, we get that
Dgcf| S €71 WseN, Vae Ny

Now we notice that
70,:C,
cz -

Therefore, using again that C, € .# 2, ,, the previous estimate with s = 2 and the Leibniz

70,C; 1 = —

Formula we get
1D (r0:C; M S Y [DEr0-CallDLC? S €71,
Bty=a
O

Let us pass to A,. As for C,, it convenient to rewrite A, in order to highlight the cancella-

tions:

A, = B2(B,Ly — A?) + Ly(B2 — A*Ly) =
= B3(Ly — B,) + B2(B? — A?) + LyB,(B? — A?) + L, A*(B, — L) =
= (B — A)(B2 + LyBa) + (Ba — L1)[A*(Ly — Ba) + Ba(A” — B2)] =
= Ba(B} = A%)(L1 + La) — A*(By — L1)(Ba — Lo).

Lemma 3.2.12. Let a,7 > 0,  # 0 and 0 € (6p, T) with tan @y > ‘% then (A +a)~'A, €
.//271’97,« and ()\ + a)A;l S ./%72’173’%
Proof.
Thanks to the decomposition we just made
A, (Bqa — L1)(By — La)
= Bo(Ly + L) — A% . = .
Ata alli+ L) Ata

We know that B,, L1 + Ly € #11,0,r, so their product is in .#5 1 g ,. On the other hand, A% €
M1 .., while from Lemma 3.2.10 ]f;;—fal, If}%ﬁf € Mo 1,0, In particular, the decomposition
tells us that f;‘a € Ms1,0,. Thanks to Lemma 3.2.4, we have that (A++33f € Moo,
Moreover, we know from Proposition 3.1.5, that

Aa(N 1)
(A+a)B2

XX, E'ERN L
Let now s € N, then by Bell’s Formula

Ds <(>\ + a)Bg>S

<
Aa ~

@ Aa -
- |Df’ (orom)

A A
ay a  \|...|p | T <
De (33<A+a>>’ ’Dé’ (BE(Ma))‘ S

||

A, |~ 6D
S )3
=1

—(s+1
a |A—|—Cl| ( ) al+...fo=a, \Oék|21
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S (AE +a® g/

P A, 0. A, B 1T A,
T\ O+ a)B2 T Ata) (\ta)BY

Therefore, using that

Now we notice that

€ M1, and the Leibniz Formula, we get

A,
o _ Yta <
be (T&((Ha)Bz))‘N
A A
v a B
o (2| o

A+a)B2\ _ A, (A +a)’B?
Taf< A, =\ r B A2

Finally, using Leibniz Formula, we get

/\Jra

< Y IDLB

B+y=a

)12 S (M + o 1)

Now we notice that

(A +a)B?
Dgro, | ————2 )| <
T < A, ~
< pg (o A+“2B4 < (AR 4 ab 4ol
< > Dl (o S (A2 +a2 + €))7
Bty=a
Therefore M € Mp,1,0,r- This concludes the proof, because

A A B2
ta_ (A+a)B: B?e Moo

Aa A,
O
Also the term FEj. deserves a special treatment: it can be seen by a calculation that
~ N A~
E, = Eli¢' W + Z E;fﬂHjh (74)
jl=1
with E,ig’ - h = ﬁ and
__ B Ly 2 (B2 + A%)(LT + A?) Ly 2 (B +A%)(L3+ AP\ ].
G Lo o M 2B, B\ 2B, ’
h 2AB,
o= {5 |
B 2[(LeB2 — A%2B,) (L1 — A) + (AL1 Ly + AB,L1)(A — B,)] B AB, + LiLs }
(BZ — A?)(Ba + L1)(Ba + L2) (Ba + L1)(Ba + L)
72(B2(L1 + L) — A?B, + L1 Lo B,) n B, }

(Bg _AQ)(Ba+L1)(Ba +L2) (Ba+L1)(Ba+L2>
1395 2i&), B2

gy = kB o a —=1,...,N—1;
T BB - A e ’

_ B2 + A%)i&ig; B 4igiéB 2B
g — (B 17 Sk T ik =1,...,N 1,
'f BuACa BBz az) T g ok TIE=h ’
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H, 1€;1€15 8 2i& 1€, 1& 2. 2. . )
K, b= ])\Ca ﬁ(Bé_Az)—Elfj(skl—Blgldjk Vi k,l=1,....,N—1;
g 28 2(LaB2 - AB)(Ly— A) + (ALiLy + AB,Ly)(A - B |

T (Ba+A)? (Ba + L1)(Ba + L2)(BE — A?)

AB, + L1Ls
+ .
(Bq + L1)(Bq + L2)

Moreover, for what concerns &, the internal parenthesis are the same of ﬁ, SO

gh

_ BA{(Bo — Ls)[2Ba L1 (A — L1) + L3(Ba — L) + L3(By — L1)] — L1 La(Ba — A)* — B2 (L, — A)*}

(BZ — L)(B; — L3)

B(By — A)2[—A2B2 — L1LyA? — B2(L? + Ly Ly + L3) + L2L2]
2B.(B; — L3)(BZ — L3)

_|_

Lemma 3.2.13. Let a,r >0, 8#0 and 0 € (00, %) with tan 6y > %, then
1. &, = Amo + my with mg € MHo,1,0,» and my € M11,0.r;
2. Be M20o,r

The proof follows from the previous decomposition and Lemmas 3.2.3, 3.2.4 and 3.2.10.

3.3 Setting and technical lemmas

We are near to the proof of the main theorem of the resolvent part. Let us start writing the

solutions in a different way: for any k = 1,..., N, we have
Up = Afe” N 4 Aje 1IN 4 ARem 2N =
= AQe "N 4 (A} + A})e F1*N 4+ AZ(Ly — L1)M(La, Ly, zy) =
= (AL + A+ AD)e A 4 (A} + AR (L1 — AM(Ly, A, o) + AZ (L — L)) M (L, L1, 2 ),
where

e~ VIEIN _ o= 72N

M(’Yla’YvaN) = V1,72 € C.
71— 72

Thanks to the boundary conditions, we have that

A+ AL+ A} =hy, Vk=1,...,N.
Therefore
i = hie™ Y 4 (h — ALy = A)M(Ly, A,aw) + AR (Ly — L)M(Le, Ly, ay) =
= hy(e AN + M(L1, A, xn ) (L1 —A)) —AQ(Ly — A)M(Ly, A, x5) + A} (Ly—L1)M(La, Ly, ay) =
= ﬁkeileN — A%(Ll — A)M(Ll, A, QJN) + Ai(LQ — Ll)M(LQ, Ll7 JUN).
Now we use the Volhevic trick (see [23]): as an example, let us take v: RY — R such that
o) = F1[M(E, N)g(€/, 00 Nen ],

with Re(y) > 0, where F~! is the Fourier inverse transform in the tangential components.

Then we can rewrite v as
o) = | [ 0y (M€ V(€ ) €D ) |
0

In this section we will see that these kind of functions are strongly related with the R-

boundedness of the solution:
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Lemma 3.3.1. Let a,r >0, 8 € R and 0 € (90, g) with tan Oy > lﬂl , then for any ¢ = 0,1,
1=12 ac Né\Pl and for any A € Xg , it can be found d > 0 such that

o 1 ,
Dg (r0,) e 7| 5 (N + 1+ 1¢')) e,
D270, ML A ay)] S (N5 +1) or ay ) g tole (M +141€1),

1D (r0n) M(La, L)l S (A2 4+ 1) or ) (INE +1+ m)““' d(AEe)

The proof of these estimates, can be gained using Lemma 3.2.9 and following the proof of
Lemma 5.3 of [21].

Lemma 3.3.2. Let a,r >0, B €R, 0 € (90,3) with tan 6y > \/3\ , let ¢ € (1,00), let my €
Mo1,0,r, Mo € Mo 2,9y and m3 € M 20,r, let us define the followmg operators in L(LI(RY)):

(K1(N)g)(x) = [y Fo ma (A, &) (A2 + 1)e Lrentum)g(e! yn))(a)dyn
(K2(N)g)() = [y~ Fol [ma(X, &) Ae™ e TumIge! yn))(2')dyn

(K3(Ng)(x) = [~ fgl[mz(A,é’)AQM(LlaA N +yn)g(€, yn)] (@) dyn
(Ks(N)g) (@) =[5 Fer' Ima(X €)A(N 2 + DM(Ly, A,z + yn)G(E yn))(2')dyn
(Ks(N)g)(x) = [y~ Fo Ima(X, §) A2 M(Lg, Ly, xn + yn)g(€ yn) (@) dyn
(Ks(N)g)(@) = [y~ Fo ' Ima (A €) (A + )M (La, Ly, oy + yn)g(€ yn) (@) dyn
(Kr(Ng)(@) = [;~ Fe [ma (N &) (A2 + DAM(La, Li,zn + yn)G(E yn)) () dyn
(Ks(Ng)(2) = [g Fetma (A €)AM(La, Li, an + yn)g(E' yn)) (@) dyn-

Then, for £ =0,1, for h=1,2 and for j,s =1,..., N the sets
{(r0,) (Kn(N) | A € B}
are R-bounded, where the R-bound doesn’t exceed a constant C = C(0,r,N,q).
The proof can be done following the one of Lemma 5.4 of [21].

Lemma 3.3.3. Let a,7 >0, B €R, 6 € (00,3) with tan @y > ‘\Bf‘, let ¢ € (1,00), let ky €
M1,0,0 ke € M_220r, ks € M_12,0,r and ks € My1,0r, let us define the following operators
mn E(Lq(Rf)):

(Li(Ng) (@) = [~ Fe' k(A &)e B e tomIg(e! yn)) (=) dyn

(L2(N)g)(z) = [y~ Fer'Tka(A, &) Ae™ P owtum)g el y )] (a')dyn
(Ls(N)g) (@) = [)° Fe ko (AN €V AP M(L1, A, + yn)g(€ yn)] (@) dyn
(LaN)g) (@) =[5~ Fer koA VAN M(La, A,y + yn)G(E s yn)](2)dyn
(Ls(Ng) () =[5~ Fe' ka(A €)M (L2, L, zn +yn)g(€ yn)) (2" )dyn
(Le(Ng) (@) =[5~ Fetlka(A €NV AM(La, Li, an + yn)g(& yn)] () dyn

Then, for £ =0,1, fork=1,...,6 and for j,s =1,..., N the sets
{(T0) ALK(N) [ A€ g}, {(70-) (YLi(N)) | A € Sor }
{O) (AED; L) | A€ So}, {(700) (D3 DoLi(N) | A € S0}
are R-bounded, where the R-bound doesn’t exceed a constant C = C(0,r,N,q).

The proof can be done following the proof of Lemma 5.6 of [21] and using Lemma 3.3.2. It
is now clear the reason beyond the Volhevic trick and the study of the Fourier Multipliers. In
the proof of Theorem 1.2.3 we verify that our solution is a combination of functions like the

one of Lemma 3.3.3.
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3.4 Proof of Theorem 1.2.3

We are ready to prove the existence of the solution by R-boundedness. Before, we state Propo-
sition 3.4 of [9] and Theorem 3.3 of [10]:

Lemma 3.4.1. Let X,Y,Z be three Banach spaces,

1. Let T and S be two R-bounded families of functions in L(X;Y), then T + S is still an
R-bounded family of functions in L(X;Y) with

Rexiy(T+8) S Rexv)(T) + Rexivy (S);

2. Let T and S be two R-bounded families of functions in L(X;Y) and L(Y; Z) respectively,
then ST is still an R-bounded family of functions in L(X; Z) with

Rex;z)(ST) < Reyiz) (S)Rexivy(T).
Lemma 3.4.2. Let m € Mo 2,0 in RY for any 0 € (O, %), then
Rﬁ(an(RN))(L()\)) S C(q,N, 9) n = 0,1,

where
L) = F 7 (m,9)F(9)) -

We have already noticed that the case § = 0 is special for our problem: when g = 0, the
system (4) can be perfectly splitted in a Stokes system for u and a Laplace problem for @ and

it is easy to prove with the same approach the R-boundedness results for these problems:

Proposition 3.4.3. Let N > 2, ¢ € (l,00), 7 > 0, 0 € (O,g), A€ Xg, and let h €

W2YRY;RY) with hy = 0 on RY, then we can find a unique solution (u,p) of

A=Au+Vp=0 inRY
divu =0 m Rf
u=~nh on R(J)V

with w € W24(RY;RY) and p € ﬁ;(Rf) and
u= A\ {DQh, INEVA, |A|h} ,

with
A(X) € Hol (Sg,r; LW>9(RY;RY)))

and we can find K > 0 such that

R e (paeys) ({(TaT)fS(A)A(A) ’ TER, A=7+ n}) <K (=01

where S(\) = (D2, A2V, \).

Proposition 3.4.4. Let N > 2, g€ (1,00), 7 >0, 0 € (O7 %), A€ Xy, andlet H € WQ’q(Rf),
then we can find a unique solution v of

A=Aw=0 inRY
Dyv=H on RY
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with v e W4(RY) and
v=A(\) [D2H7 INEVH, \)\|H} :

with
A(N) € Hol (Sg,r; LWHURY); W4(RY)))

and we can find K > 0 such that
Re(pa@y)®) ({(T@T)ZS(/\)A()\) ‘ TER, A=+ n}) <K (=01
where S(\) = (D3, A2 D2 AV, \2).

We are finally ready to prove the main theorem: firstly we prove the existence result for the
case f=G=0:

Theorem 3.4.5. Let a,r > 0, 3 € R, 0 € (GO,g) with tanfy > %, let ¢ € (1,00), let
h € WQ’Q(Rﬁ;RN) and H € WQ’q(Rf; So(N,R)), then we can find (u,p, Q) which solves

(A—A)u+ Vp+ BDiv(A —a)Q =0 in RY

A+a—2)Q—FD(u)=0 in RY
divu = 0 in RY
u=h, DNQ=H on RY,

with uw € W24(RY;RY), p € ffql (RY) and Q € W3URY; So(N,R)); moreover, let us call
X = L9 (M ;RN3+N4) x L9 (Rﬁ ; RN2+N3) x L9 (M ;RN+N2) ,

then
(4, Q) = (AQ), BO) [D2(, H), 39 (h, 1), (b, )]

with
A(N) € Hol (Sg,05 £ (X; W24 (RY;RY)))

B(\) € Hol (X9,r; L (X;S0(N,R)))),
and we can find Ky, Ky > 0 such that

Re(xv) ({(TaT)fsl(A)A(A) } TER, A=+ w}) <K, (=01

Reixm ({(700) 20800 ‘ reR A=ytir}) <Ky (=01,
where S (\) = (D2,A2V, \), So(A) = (D3, A2 D% AV, \?) and
vi =19 (RYSRY) x 17 (RYGRY ) x LY (RYS RY)
Yo =24 (RY;RY) x 1 (RYRY) x 2 (RYGRY) x 1 (RYGRY)

Proof.
From Propositions 3.4.3 and 3.4.4 we have already the result for 5 = 0. So, from now on, we
suppose B # 0. Let k& < N, the we have already seen that

Uy, = /};ke_leN — Ag(Ll - A)M(Ll, A7.’L‘N) + Ai(LQ - Ll)M(LQ, L17.’17N).
It can be seen by (20) that

{(B2 = I})Byx — La(BuLs — A%) (i — A } (B2 - 13)
B3(Ly + La) — A’BZ — L1 L,

A2(Ly — Ly) =
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Using the Volhevic trick (see [23])
14 oo 3
ue =) U= —/ Fe' {ayzv (h(ﬁl,yN)’ele(mNWN))} dyn+
m=1 0
< & ln(Ly — A) ., ~
_/ Fe' [6211\/ (WW h(€yn) M(L1, A oy +yN)>] dyn+
0 a
[e%) 3 i .
—/ Fo! [&w (AcgkAAQ(Ll — A)HNN(E yn)M(L1, Az + yN)>:| dyn+
0 a

N-1 .
R Ly — A)(B?+ A% ~
> /0 o' [%N ( (o A )zfjHjN<§’,yN>M<L1,A,xN+yN>)}dyN+
j:1 a a

jl=1

N-1 ) )
_ Z / Fo' {@m ()\ZC&CA(M — A)i&i& Hp (€', yn) M(L1, A,z N +yN)>} ot
0 a

a

&S] B2 _ L2 B2 _ L2 -
—/ ]:g/l [@,N <( s 121( s Q)EfNNHNN(§/7:UN)M(L2,L1733N +yN))] dyn+
0 a

N-1
o B2~ L) (B2~ L2) m.n~
-> / Fet {(%N <( < 1% < 2)Ef] HjN(fl’yN)M(Lle,l"N+yN))]dyN+
j=170 ¢

0 B2 _I2)(B2 -2 s~
_/ ]_‘gl |:8’yN <( a 1)4( a Q)E;cllg . h(g 7yN)M(L27L17$N -|—yN)):| dyN+
0

N—1
00 B2~ L3)(B2—L3) m,

- Z / ]:571 {@,N << 2 126 2 Q)E;f] Hj (&, yn)M(Lg2, L1, zn +yN)>:| dyn+
0 a

=1

0 Ly(BaLi — A2)(B2 — L2)~
s [Tt o, (BUEL B B ¢y ML L + ) )
0 a

L i&kEn L1 (Bo Ly — A%)(B2 — L3) ., ~
—/ F! [ayN (lf’“ il e AA X 2)25’-h(éﬁw)’M(Lz,Ll,a:N+yN>>}dyN+
0 a a

= i€ L1(BaLi — A?)(B2 — L3)A?
/ ]:5,1 |:a7JN (}\;’CA 1( 1 A)( 2) HNN(Elny)M(L27L1"TN —|—yN)>:| dyN+
0 a a

N-1 .
R i€ L1(BaLy — A%)(Bs — L3) (Bf +A?) . =
- ; /0 Fer [%N ()\CaA A B, i HiN (€, yn)M (Lo, L, on +yn) | | dyn+
- Fo
| =

The idea is to write every U;* with m = 1,...,14 as one of the operators of Lemma 3.3.3. The
proof is almost the same for every term, so we see just few of them:

1
J
N-1
1

{ ( i€k L1(BoLy — A?)(B2 — L3)
Dy

e s ) /
2. oA A &3 Hu (&, yn)M (Lo, Ly, on + yN))] dyn.

<

Uy = _/ ]:5_'1 {aywﬁk(flayN)ele(zNﬂN) - L1Ek€7L1(1N+yN)} dyn.
0

Using the identity 1 = H;%JQAZ, we have that

ulz—/ Fit
k 0 ¢

oo I - Li o
0 a

a

N—-1 .
VA+a ~ i &5 . ~ iz
VAT ady, (€ yn)e bulontyn) _ A%ﬂfjaywhk(ﬁ/,ij)x‘l@ La N“””] dyn+

j=1
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We already that

Vi+a L i )
Bg s Fg € //_17179,“ X S %0,2,9,7”; Ba S /%_271,97,«.

Therefore, using Lemma 3.3.3 we get the R-boundedness for L{,%.

We can repeat a similar argument for all the terms:

e 1€xER (L — A) . ~
Ui = —/ Feot [%IA)ZS/ Oy h(€ yn)M(Ly, Aoy + yN):| dyn+
0 a

o0 1 € én (L1 —A) ., ~ —Li(zn+yn
‘/o Fe [ACGAZf'-h(é',yN) (e P o) — AM(Ly, Ao + ) ) | dy,

where we used the identity
ey M(L1, Ayzn) = —e 51N — AM(Ly, A, zy).
Now we notice that

Ll—A_Ll—A)\—i—a
A Ata A

c .//,1’1}9’T. (75)

Therefore:

N-1 o
* En(Li — AVAita A .
Ui = / 7o' {ZSHEJ 1 VA4 ady hi (€ yn) AN 2ZM(Ly, A, oy + dyn+
b ; 0o ¢ ACq A2| M| 2 B2 P (6, yn ) AJA| (L1 N+ yn)| dyn

1 [kEn(Lr — A) . >~ 2
*/O Fe [ACGABEZS“%N’L (€, yn) A M(L1, Aoy +yn) | dyn+

- [ i€ki&;En (L1 — A) 7
| f/l[ g A at A% (€ ) (Ae—L1<’”N+yN>+A2M<L1,A7xN+yN>)} dyn.
j=1 0 a a

Using (75) with Lemmas 3.2.4, 3.2.11 and 3.2.13, we have that

€k o1 En(L1 —A) Vi+a

-2
Za Ca ) )\ ) |)\|% S %0,2,9,7“7 Ba S %—2,1,9,7"-

Therefore we can apply Lemma 3.3.3. From the definition of E,}g and Lemma 3.2.9

ph_ i & mi(A, &)
DY B2 — A2’

mO(Aa 6/) + Zﬁk
with mg € Ay 2.0, and my € #1,29,». Therefore

U6 — _ / ¥ o1 [+ a)(BE = L3)(BE — LY)Enmo(A,€)
¥ o ¢ AANC, (N + a)

i€ 5yNﬁ/(€/a yn)AM(La, Ly, v N + Z/N)] dyn+

B /°° 7o {ifk(A +a)(B3 — L3) (B2 — L)mi (A, €)
5/
0

AAG<BZ — A2)<)\ + a) Zf : ayNh (5 7yN)AM(L2,L171’N —+ yN):| dyN+

VAT ai€’ - B (€ yn) Ae~ F2@vtun)

o . 3 2 72 2 _ 712 /
+/ ]__5_11 [lﬁk(A +a)2(B; — L3)(B; — L1)&mo(A, §) dyn+
0

B2ANCo(A + a)A

N-1 . .
3 * 1 [i&(\+a)(B2 — L3)(B2 — L2)Emo(N\,&)i& . .., =, s

- / 7 { . BQA2))\(C (A+a1))Ah oAV s e T (€, ) At Nﬂm)] dyn+
Jj=1 0 avta a

3
o0 ) 3(B2 — [2)(B2 - L2 ! -~
+/ ]:g/l [ng(A+a) ( a 2)( a 1)m1()"§) /)\-i-aif/~h/(§/,yN)A€_L2($N+yN) dyN+
0

B2A, (B2 — A2)(A + a)A
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N-1 _ .

e At Bg_L2 Bg_L2 /\a/ | o el e —Loy(z

- /O Fo' [sz( Cg(zA (B222(A2)()\J:)an)1;1( £)i; i€ ie’ (€, yn ) Ae~ L2 N+yw)} dyn+
j=1 avta a

< ig (3 +a)3 (B2 - L3)(B2 — L})&Lamy e L
+ [ Ft a a1 VA F ai& - b (€, yn)|AZAM(La, Ly, xn + dyn+
/0 3 i B2ZANCL (A + a) AN * 3 (€, yn)|Al (L2, Li,zn +yn) | dyn
* L [(\+a)(B?—-L3) (B2 - L})ELimy .. ., ~
b [t |t T BB i (€ ) AP ML o -+ ) it
0 av‘a a
< [ig(A +a)3 (B2 — L3)(B2 - L}) Ly e s
+ [ Fit a a - A+ ail’ W (€, yn) I N2AM(Ly, L1,z + dyn+
e i A AT B €y AM Ly, Ly )| do

1 [(A+a)(BE = L3)(BE = LY)Lama .y 50 2
+/0 ]:f, |: B(%Aa(Bg 7A2)(>\+a) Zé‘klé‘ h (5 7yN)A M(LQ,L17-'L'N +yN) dyN+

Thanks to Lemmas 3.2.12 and 3.2.13 we have that
ik B2-1% B2-13 | A+ a)Li&, AN+ a)iiE A+ a)Limi (A + a)mqié;

A P ) ) A+a yLg 1O, Aa P Aa 5 Aa ) .Aa € %0,2,9,’”
Vita A+a)i& A+a)im (A+a)PiE; A+a)ily c
|/\‘% ) Aa ) Aa ) Aa ’ Aa ) 0,2,0,r
A+a)é, A+a)my

-2
i A €M_120r By° € Mo1,,r

Then we can apply Lemma 3.3.3. We can divide U} = U,?’l +U,§’2 —&-U,f’g. The terms L{s’l and

8,2 8,3
U,’* can be treated as before. For what concerns U/,

® 1200 +a)3 (B2 - L?)(B2 - L2) .
8,3 1 a 1 a 2 !
7 = ! H 9 L 7L )
ty /0 Fe BB (X + a) A, VA+ a0y, Hon (&', yn )M(La, Ly, on + yn) | dyn+
+NZI/OOF1 26+ By — L) WBa — L) i (¢, yn) AM (Lo, Ly, oy + ye) | dyart
—~ Jo & BABa()\‘f'a)Aa 10yn11EN\S YN 2, L1, TN T YN YN
* 1 [200+a)(BE — LY)(B; — L3) 0 _

! o LR 7a 2 B2En (€ La(an+yn) 4 [y M(Ly, L dyn.
AR B e (€ (e + LM (L Loy +n)) | diw
Moreover

B2—1? (A\+a)(B?2-13) L i _

)\+a17( )ila 2)7F: 6%0,1,9,7’7 % 6%0,279,7«7 Bal 6%7171)977‘_

Then we can apply Lemma 3.3.3.
When k£ = N then ZN =0 and

aN = 7A?V(L1 - A)M(LlaA7xN) +14?\/'(112 - Ll)M(L27L17IN) =

AC(L; — A ALy — A
A ) (1, 2y 4 A=)

and we can conclude as before. Let us pass now to Q): @ solves the system

CM(La, Ly, 2n) + i€ - ' M(Lg, L1, xx)

A+a—A)Q=pD(u) inRY
DyQ=H on RY.

Then using Proposition 3.4.4 and the R-boundedness of u that we have just proved, we conclude.
O
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Remark 3.4.6. Considering the proof just done, it can be seen that S;(\) can be switched
with S;(y) for j = 1,2, where A = v + i1 (look at the proof of Lemma 5.6 of [21]).

Let us focus on the resolvent estimate for the system

(A=A)u+Vp+ BDiv(A —a)Q = f in RY

(A+a—A)Q—BD(u) =G in RY
divu =0 in RY
u|$N:0 = ha DNQ|1N:0 =H on Rév

The resolvent estimate for the case f = G = 0 follows just from the R-boundedness of the
solution (u,p, Q) (see m = 1 of the definition 1.2.1). The case with f,G # 0 is a consequence
of Theorem 3.4.5:

Corollary 3.4.7. Let a,7 > 0, 8 € R, 0 € (Ho,g) with tanfy > %, let ¢ € (1,00), let
f e LYRY;RY) and G € WH(RY; So(N,R)), then for any A\ € g, we can find u €
W24(RY;RN), p e HY(RY) and Q € W34(RY, So(N,R)) solution of the system

(A= A)u+ Vp+ BDiv(A —a)Q = f in RY

_ N
A+a—A0)Q—-pD(u)=G in RY (76)
divu =0 m Rf
Ulzny=0 = 0, DNQ\INZO =0 on R(I)V7

moreover

| (W, 712V, D) VPl ey + || (INFQ.IAVQ N D?Q, Q)|

HL‘l(Rf) LaRY)

<C(a,B,0,7,9,N) [|f||Lq(Rf) + H (W%G’VG)‘

La(RY )} '
Proof.
From [16] we know that (76) admits a solution in RY. Let

Md—A: LIRY; RV x WH(RY; So(N,R)) — W2IRY; RN )< HE (RN ; R)x W3(RY; So(N, R)),

be the operator correspondent to the system (76) in RY. Then our solution (u,p, Q) is the

summation of (v1, p1, V1) and (va, p2, Va), where
(v, 1, V1) = (A = A) "N (B[], Em[G)),
where F,, Ey; are suitable extensions from Rﬂ\: to RN and (va, p2, V2) is the solution of

(A= A)vy + Vps + BDiv(A —a)Vo =0 in RY

A+a— AV —D(ve) =0 in RY
divvog =0 in Rﬂ\_f
vy = —V1jgy—0, DnVa=—-DnxVijgy—o on RY.

It can be seen that, if choose E,, and E); as it follows

Eeven[fk] k:]_,.,,,N—l

Eulfi] = { Eoidlfn] k=N

Eeven[ij] ],k =1n. ,N —1
EnlGye] = Eoid[GNg)  j=N, k=1,...,N—1
MEIRTY BoGiy) j=1,....N—1,k=N
Eeven[GNN] ]:k:N,
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then (v1 - en)zy=0 = 0, so we can really find (v, p2, Vo) which resolves the previous system.
By construction (u,p, Q) solves (76) in RY and thanks to the resolvent estimate for (A —.A4)~*
in [16] we conclude. O

Finally, the uniqueness is a consequence of the existence result:

Corollary 3.4.8. Let a,r >0, B e R H € (90,3) with tan 6y > %, let g € (1,00), let f €
Lq(Rf;RN) and G € leq(]RﬂY; So(N,R)), then for any A € Xy, there are u € WQ’q(Rf;RN),
pE ﬁ(} (RY) and Q € W31(RY, So(N,R)) unique solution of (76), up to additive constants on

the pressure term p.

Proof.

For the uniqueness we use a duality argument: we can rewrite our system in the following way:

(A— (1+ﬂ—;) A>u+Vp+6)\Din:f+ﬂDivG in RY

A+a—-A)Q—-pDu) =G in RY
divu =0 in RY
’U’\INIO = 07 DNQI:ENIO =0 on Rév

It can be seen now that the adjoint system is

(Xf (1+%2) A)u+Vp+6Din:f+5DivG in RY

A+a—A)Q — BAD(u) =G in RY
divu =0 in Rf
u|£L’N:0 = 07 DNQ|IN:O =0 on R(J)V

which can be rewritten as

A=A)u+Vp+EDiv(A—a)Q = f in RY

" D T o
(Aa—A)Q —BAD(u) = \G in RY )
divu =0 in RY

Uzy=0 =0, DNQzy—0 =0 on RY.

Now we notice that (77) admits a solution: the previous system is equivalent to

(X = A) u+ Vp+ BDiv(A — a) (%) —f inRY

Ata—A) (%) — BD(u) =G in RY
divu =0 in RY
Uzy=0 =0, DNQzy=0=0 on RY.

So, (u,p, Q/A) is the solution of (76) with (f, ). Since (77) admits a solution, we can conclude
with the uniqueness: let (u,p, Q) be a solution of (76) with f = G = 0, let ¢ € C2°(RY;RY)
and ¢ € C°(RY; So(N,RY)) and let (v, p,V) be the solution of (77) with f = ¢ and G = ¢.

Therefore,

I

u-pdr + Q:&dx:/ u- (A — (14 82/2)A)v + Vp + BDivVdr+
RY RY

N
+ +

+ Q: A +a—A)V - BAD(v)da.

N
R+

Thanks to the boundary conditions on u and @ and thanks to divu = 0 we get

_ / (A= (1+82/2)A)u-5de —B | D(u): Vde+
R

N N
+ R
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()\Jra—A)Q:deJrﬁ)\/

DivQ - 5dz.
RN

+

.

Using the system solved by (u,p, @) and the property divv = 0 we get

N
+
=— BADIvQ - vdx — B/ D(u): Vdx + 3 D(u): Vdx + ﬁ)\/ Div@ - vdx = 0.

RY RY RY RY
So, u, @ = 0 a.e. and from the first equation of (76) it follows that Vp = 0. O

Finally, thanks to Theorem 3.4.5 and Corollaries 3.4.7 and 3.4.8, we get Theorem 1.2.3: we
have already proved the estimate for u and Q. For what concerns p, it is sufficient to see that

Vp = (A —XNu+ 8Div(ia — A)Q = (A — MNu — SADivQ + %ZAU in RY,

therefore

HVPHL'I(RQ’) S |>\|||“HLQ(RQ’) + ||D2UHL‘1(Rﬂr\]) + \)\|||VQHLQ(RQ’)~

4 [P-L7 maximal regularity

4.1 Semigroup Setting

Let us pass to the evolution problem. We focus on the linear one

Ou— Au+ Vp+ BDiv(A —a)Q = f in Ry x RY

HhQ — (A—a)Q — BD(u) =G in Ry x RY

divu =0 in Ry x RY (78)
u=0, DyQ= on R, x RY

u(0) = uo, Q(0) =Qo in RY,

The first standard step for the study of a linear evolution system, is to prove the existence of

the semigroup corresponding to the operator of the system. The linear resolvent system

(A—=A)u+Vp+ BDiv(A —a)Q = f in RY

A+a—A)Q—-pDu)=G in RY (79)
divu =0 in Rf
u=0, DnyQ=0 on RY.

is not written in the semigroup setting: we need to express p as a bounded linear operator with
respect to v and @ and we also need to erase the divergence-free condition. From (79) we have
that

(Vp, V) = (—Au+ Au — ADiv(A — ald)Q + f, V) Vo € HY(RY).

Thanks to divergence-free condition on u, we have then
: 53 N
(Vp. V) = (A — BDIV(A — ald)Q + /. V) Vo € Hj(RY).
Then we can use Theorem 2 and 3 of [11]:

Theorem 4.1.1.
Let g € (1,+00), let N > 2, then for any f € LY(RY;RN) there is a unique 7 € ﬁ; (RY) which
satisfies the Neumann weak problem

(Vm, Vo) = (f,Vy) Vpe HY (RY),
with

||V7T|\Lq(]R¢’) S Hf||Lq(Rf)-
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As a consequence, we get a representation formula for Vp:

Corollary 4.1.2. Let q € (1,400), N > 2, a,7r >0, € R, 0 € (Ho,g) with tan 6y > %,
A€ g, and let

(u,p, Q) € W7 (RY;RY) x H} (RY) x W4 (RY; So(N,R))

be the solution of (79) with f € LIRY;RY) and G € WH(RY;So(N,R)), then Vp =
VE4(u,Q)+ VEK.(f), where VK 4(u, Q) is the only solution in ﬁ; (RY) of

(VEa(u,Q), V) = (Au — BDiv(A — ald)Q,Vy) Vo € Hy (RY),
and VK. (f) is the only solution in ﬁ;(Rf) of
(VE(f), Vo) = {£,Ve) Vo e Hy (RY).

Proof.
By hypothesis, we know that there is p € ﬁ; (RY) which resolves (79) with f — VK. (f) in the
place of f. If we multiply the first equation of (79) by V¢ with ¢ € I/:?(}/ (RY), we get

(A= A)u+ Vp+ BDiv(A — ald)Q, V) = (f — VK(f), V) = 0.

Therefore
(Vp, V) = (Au — Div(A — ald)Q, V).

So, thanks to Theorem 4.1.1, Vp = VK (u,Q). On the other hand, we also know that the
solution of (79) is unique, so Vp = Vp+ VK, (f). O

We can now consider the reduced system

(A= A)u+ VEa(u,Q) + BDiv(A —a)Q = f — VK.(f) in RY
A+a—A2)Q—-pD(u)=G in RY (80)
u=0, DyQ=0 on RY,

This system is written in the semigroup setting, but before we need to prove that it is equivalent
to the system (78):

Corollary 4.1.3. Let ¢ € (1,400), N > 2, a,r >0,  €R, 0 € (90,§) with tan 6y > %,
A€ Xy, and f € LYRY;RY) and G € WH(REY; So(N,R)), then (u,Q) solves (80) if and only
if (u,p, Q) solves (79) with Vp = VK 4(u, Q) + VK (f). In particular, the solution for (80) is
unique.

Proof.

We have already seen that the solution of (79) is a solution for (80). On the other hand, we
only need to check that, if (u, Q) is a solution for (80), then w is divergence-free: let us multiply
the first equation (80) with Vi with ¢ € PAI;, RY)

<(>‘ - A)u + VKA(U’a Q) + 5D1V(A - a‘Id)Q7 v¢> = <f - Ke(f)7 V(P> :
By definition of K 4(u, Q) and K.(f) we have then
AMu,Voy =0 Vo€ ﬁ;(Rf).

Which implies (thanks to the Dirichlet boundary conditions on u) that divu = 0. O
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We are now ready to introduce the semigroup:

Proposition 4.1.4. Let us call A the operator which defines the resolvent system (80) for

a>0and B ER, let g € (1,00) and let us define the space
X, = Jy (RY) < W (RY: Sy(V. B))
then (A, D(A)) is the generator of an analytic semigroup {T(t)}+>0 on X4, where
D(A) = D1 (A) x Da(A),

with

Dy(A) = J, (RY) N {ve W (RY;RY) |v=0R}'}

Dy(A) = {V e W1 (RY; So(N,R)) | DNV =0 R }.
Moreover, there is vo > 0 such that for any t > 0 it holds

||T(t)(u07 QO)”Xq < C(Qa Na 70)6"/015”(“0’ QO)”Xq (u07 QO) € X!I
0T (t) (uo, Qo) x, < Clg, N,v0)t~ e (uo, Qo)llx, (10, Qo) € Xq
0.7 (t)(uo, Qo)llx, < Clq, N,v0)e"|(uo, Qo)llpay (w0, Qo) € D(A)

The proof follows from Corollary 4.1.2 and standard semigroup arguments.

4.2 Linear Evolution problem

We recall the evolution problem

Oy — Au+ Vp+ BDiv(A —a)Q = f in Ry X Rﬁ

(81)

(82)

(85)

HhQ — (A —a)Q —BD(u) =G in Ry x Rf
divu =0 in Ry x RY
u=h, DyQ=H on R, x RY
u(0) =uo, Q(0) =Qo in RY.
The aim of this section is to find a solution for (82). In order to find it, we consider the following
systems:
Opuy — Auy + Vpy + BDiv(A —a)Q = fi in Ry x RV
Q1 — (A —a)@Q1 — BD(u1) = Gy in Ry x RV
divu; =0 in Ry x RV
u1(0) =0, Q1(0)=0 in RY.
Opug — Aug + Vpy + fDiv(A —a)Q2 =0 in R x Rf
0:Q2 — (A —a)Q2 — BD(uz) =0 in R x }R_IX
divug =0 in R x Rf
us = hy, D,Qs = Hs onRxRév;
dyus — Auz + Vps + BDiv(A —a)Q3 =0 in Ry x RY
Qs — (A —a)Q3 — BD(u3) =0 in Ry x RY
divug =0 in Ry x RY
uz =0, DnQ3=0 on R, x RY
u3(0) =ul, Q3(0) = QY in ]Rf.

Firstly we find a solution for all these systems and then we use the results to get the existence

for the general linear problem (82). Let us start from the second system. We need to introduce

the Laplace Transformation:
£AM = [ e £0 = 5 [ Man A=y tin

R
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Remark 4.2.1. It follows from the definition that
LIFIN) = Fle " f)(r);  L7Hf) = F A1),
where F is the 1-dimensional Fourier Transformation. Moreover

L0 = / N0, f(t)dt = A / e f(t)dt,

R R
0L = 5 [ AN TN = £ DT,
T JR

Thanks to this remark, applying the Laplace Transformation to the system (84), we get
that Lx[(u, p, Q)] solve the resolvent system (3). We already know that such a system admits
a solution, but we want to transfer the resolvent estimate we got in the previous section to the
linear evolution estimate we need. In order to do so, we use again the R-boundedness and the
following Theorem:

Definition 4.2.2.
We say that a Banach space X is a UMD Space, if the Hilbert Transformation H is bounded
on LP(R; X) for some p € (1,00), where

Eds

— S

H)(E) = = Tim /|t— . teR.

T e—0+

Theorem 4.2.3. Weis’ Theorem [24]
Let X, Y be two UMD spaces and p € (1,00), let m € CH(R\ {0}; L(X;Y)) be such that

Rexiv) ({(T@T)Zm | 7€ R\ {O}}) <k £=0,1,
let Tpp: FID(R; X) — S'(R;Y) defined as
Tng = F ' [mFl¢]],

where D and S are respectively the distributional and the tempered functions spaces, then T,
can be extended as an operator from LP(R; X) to LP(R;Y") with

[T fll e vy < Cp)(ko + k)| fll e rix)-
In the following, we use these operators:
Aypf =L [|A\%c[f]u)] =M F, [|)\|§}"_1[6_7t]} k € No.
By the Mikhlin theorem it can be easily seen that
e B Flancey = €7 F ey k€N
Finally, we define

Hy (A) = {v eL? (A)|e "¢ H;(A)} Vs >0, pe(1,00),

loc

with the norm
— —t
”UHH;W(A) =le U||H;(A)

for any A C R open set. We are now ready to prove the existence and the estimate for the
system (84):
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Proposition 4.2.4. Leta,,v > 0 and p,q € (1,+00) then for any he, Hy such that hy-en =0
in RY, ha(t) = Ha(t) = 0 when t < 0 and

hy € ﬂ HZ2 (Ryw2ha (RYSRY)), Ha e ﬂ HYZ (R W27h (RY; So(N,R)))
then we can find (ug, p2, Q2) solution for (84) with pa(t) € }AI; (RY) for a.e. t >0 and
up € ﬂHW (R;W27ha (RY;RY)), Qq € ﬂHW (R; W31 (RY; S5 (N, R)))

V.2 € L2 (R; L7 (RY;RY)),
such that
Z||u2||Hl/2 W2-La(RY)) +ZHQ2”H”2 wa-ta@®y) T

=0
3

2
1
+> ||’Yl/2u2”LE,(R;W?*M(Rf)) +)° H'YZ/QQ2”L?,(]R;WB*W(Rf)) + 172 0:Qall 2 m; Lo ry )+
=0 =0

2

+||le2||Lp(R L‘I(RN)) < CZ H h27H2)HHl/2(]R w2-— lq(]RN))7
=0

for some C > 0.

Proof.
If we apply the Laplace transformation to the system (84), thanks to Remark 4.2.1, we get that

(A = A)L[us](N) + VL[p2) (A) + BDiv(A — a)L[Q2](A) =0 in RY

(A +a—A)L[Q:2](A) — BD(L[uz](A)) =0 in RY
divL[uz](A\) =0 in RY
Llus)(N) = L[ho)(N), Dy LIQa](N) = L[Hz](N) on RY.

If we call G = (D?(ha, H2), A1V (ha, H2), A 2(ho, H2)), then we know from Theorem 3.4.5
that for any A € C with ReA > 0,

(Lluz](A), £[Q2](V)) = (A(X), BA)L[GI(A) YA € Xp,p.

We define then
(ug, Q2) = LT'(A(N), BN))LIG](N)]
for ReX > 0. Thanks to Remark 4.2.1

(uz, Q2) = "' F7 1 [(AN), BON) Fle (D (he, Ha), Ay 1V (ha, Ha), Ay 2(ho, H2))]] -

Moreover, since ho = Hy = 0 for ¢t < 0, then £[G] is holomorphic for ReX > 0 and, by Cauchy’s
Integral Theorem, we get that for any fixed v9 > 0

(u2,Q2)(m1 +1i7) = (u2,Q2)(v2 +47) V71,72 > 70.

So, using Theorem 3.4.5, we can apply Theorem 4.2.3:

[(D3ug, Ay 1 Vg, Ay pus) HLZ(R;L‘I(Rf))"_
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+||(D3Q27A%1D2Q23A’y,QvQQaA7,3Q2)”Lﬁ(R;Lq(Rf)) < ClG e ®;Lay),

with C' > 0 which depends on 7. Analogously, thanks to Remark 3.4.6, we have that
[(D2uz,7"/?V yus, Yu2)ll Lg (r;na wy)) +

3 1
HI(D3Q2,7" 2 D3Q2, 7V Q2,72 Q2,72 Q) 12 (rera =) < ClIG | L izaay))-
Finally, we define py(z,t) := K (u2(t), Q2(t)), where for a.e. t >0
(VE A(ua(t), Qa(t)), Vo) = (Aug(t) — BDIv(A — a)Q2(t), V) Ve € f[;, (Rf)
Then, by construction, (usg, p2, @2) solves (84) and
VP2l Lz ®:Lory)) < C(ﬁ)”(atu%Diu2)HL§(R;L‘1(Rf))+

+||8tiQ2HL2(R;Lq(R$)) S HGHLQ(R;Lq(Rf))-

We conclude here the estimate, because, as we have noticed before, we can estimate the LP-
norm of e~ 7*A, ;G with the Hk/f—norm of G and the same we can do for the norms of u and

Q. O

Let us pass to the first system (83). Here the result is already known:

Theorem 4.2.5. (Theorem 2.1, [16])
Leta>0,B€R, v >1,pqe€ (1,00), let

ferls (Rt (RYRY)), Gelb (Rywh (RYRY)),
w € BXUD (RYRY) g, (RY), Vo € BI,27 (RVRYY),
then we can find a unique (v, p, V') which solves

(8 — A)v + Vp+ BDiv (AV —a (Id — Ltr(V)))

f oin Ry xRV

(0 — AWV +a (V- Lt (V) — BD(v) =G in Ry x RN (86)
dive =0 in Ry x RY
v(0) =wv, V(0)="V in RN

with p(t) € ﬁ; (RN) for a.e. t >0 and
2 2 ,
ve (VHY? (R W2 he RY;RY)), Ve (HY <R+; Wi3-la (RN;RN )) :
=0 =0

such that
2 2
Z HU”HZl){s(RJr;WQ—l,q(]RN)) + Z ||V||Hé{§(R+;W3—l,q(RN)) + HVp||L$(R+;L<1(RN)) S
=0 =0
Sl @psza@yy) + Gz @ wra@yy) + [voll g2a-1/m gy + [Voll ga—2/0 gy

Remark 4.2.6. We notice that, if tr(G) = 0 and tr(Vp) = 0, then tr(V') solves

(0, — A)tr(V) =0 in Ry x RV
tr(V)(0) =0 in RV,

Therefore, tr(V) = 0.
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Finally, we pass to the third system (85). We already know that there is a unique solution
(u3,Q3) = T(t)(ud, Q3), so we just need to prove that the solution satisfies the estimate wanted.

Firstly we need an interpolation lemma:

Lemma 4.2.7. Let Q C RN a uniform C? open set, then
1l 22wy S W llze@wz.ac)) + 106 flle @:La)),

190l 7272 @ w2002y S N9l Lo @wsa@)) + 1029l Lo @iwr.a(0))-
The proof of the first estimate comes from Proposition 1 of [19]. The other one can be

proven similarly. We are now ready to prove the estimate for (us, Qs):

Proposition 4.2.8. Let a >0 and B € R and p,q € (1,00), let (uz,Q3) = T(t)(ud, Q3) be the
solution of (85), let us call
Dyp = (Xq7D(-A))1—%,p7
let (u3, Q) € Dyp, then for any v > 2o we have that
2 2

Z ||u3||H1l,{3(R+;L‘1(Rf)) + Z ”Q?’||H;{§(R+;W3*l‘q(]l§f)) + Hvﬂﬁp3”L5,(R;L‘1(Ri’)) S H(ugv Qg)HDp,qv
=0 =0

where X, and D(A) are defined in Propostion 4.1.4 and o comes from Proposition 4.1.4.

The proof is the same of Theorem 3.9 of [20]. Now we state this lemma which follows from
the theory of [22]:

Lemma 4.2.9. Let X1, X5 be two Banach spaces such that Xo is dense in X1, then
LP(Ry; Xo) NWHP (Ry5 X,) € C ([0700)§ (X1,X2)171/p,p>
with
sup [lu()l(x,,x2)1 21,0 S ullze@yxo) + lullwie e, x,)-
teR,
We are now ready to prove the existence and the estimate for (82), i.e. Theorem 1.2.2:

Proof of Theorem 1.2.2.

We write the solution as

(u,p, Q) = (u1,p1, Q1) + (u2, p2, Q2) + (us, p3, Q3),

where (u1,p1, Q1) is the solution of (83) with (f1,G1) = (Ey[f], Em|[G]), where E, and Ej; are
the extension operators defined as in the proof of Corollary 3.4.7, (u2,p2, Q2) is the solution of
(84) with (ho, Ha) = (Eo[h — u1], Eo[H — Dy@1]), where Ej is the O-extension on ¢ < 0 and
where (ug,ps3, Q3) is the solution of (85) with (ug,@3) = (uo — u2(0), Qo — Q2(0)). We notice
that:

e The existence of (u1,p1,@1) follows from Theorem 4.2.5 and Remark 4.2.6;

e Thanks to the choice of f; and G;, we have that divu; = 0 for a.e. (t,z) € Ry x
R . Therefore, the existence of (uz, pa2, Q2) comes from the fact that the N-component of

uy is equal to 0 on RY;
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e The existence of (us,ps, Q3) comes from Proposition 4.2.8: from Lemma 4.2.9 we know
that (uze™7%)(0) = u2(0) € By P(RY) and (Qae™")(0) = Q2(0) € Byp P(RY);

moreover, if we call

BV (RY) = {v e B2UVP(RY) [0 =0 R},

q,p,0

BY HPRY) = {V e B3 YP(RY) | DyV =0 R},

q,p,N

then it is well-known (see Theorem 2.7 of [12]) that

(uo — u2(0), Qo — Q2(0)) € (J RY)n B2 1/”>(RN)) x B3 2P(RN) C D, .

q,p,0 q,p, N

Let us call now

2 2

I, = Z ||Uk||Hl/2(R+ w2-ta(RY)) + Z HQkHHZ/2(R+ ;Wi—La(RY)) + ”prk”Lp (Ry;L9(RY))
=0

for k =1,2,3. From Theorem 4.2.5 we know that

I Sl ey ey + G Lr @y wra@wy))-

From Proposition 4.2.4 we get that

2 2
B3 2 (=, H = DNQON e, vy < D1t Z 1 B g2 swo-ta ey
=0

For what concerns the third term, thanks to Proposition 4.2.8 we have that
I3 < [[(uo — u2(0), Qo — Q2(0))llp, -
From Lemma 4.2.9 we also have that
HuQ(O)Hngfl/P)(Rg) + HQQ(O)HBZ’;””(RQ) S

S lle™ | po ry w2, a®YRN)) T+ le™ (v + D) uzl oy sLa@®YRV)) T
+lle™ Q2||LP(R+;W3#(RQ’;RN2)) + e (v + at)Q?HL“’(IRJWVV“’(]MﬂRN?))'

Now we notice that

_ 1 _
e ’Ytu2||LP(]R+;Lq(]Rf)) < %H@ ’Yt'YUQHLP(RJr;LLI(Rf)) <

2
Z H h H HHl/2 (R4 W2-La(RY)) + ||fHL”(R+,LQ(RN)) + HG||L”(R+,W1 a(RY))»
=0

where we have used Proposition 4.2.4. In the same way we can get the other estimates. Finally,
we conclude by the uniqueness: since (82) is a linear system, it is sufficient to see that (u,p, Q) =
0 when f =G =h=H =uy = Qo = 0. This follows by the semigroup theory:

(u, Q) = T(t)(uo, Qo) =0 = Vp=Ka(u,Q) =0.
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5 Proof of Theorem 1.2.4

Finally, we conclude with an application of Theorem 1.2.2: let us consider the general Beris-

Edwards model:

(0 — A)u+ Vp+ BDiv(A —a)Q = f(u,Q) in (0,T) x RY

(0r — A +a)Q — BD(u) = G(u, Q) in (0,7) x RY

divu =0 in (0,7) x RY (87)
u=h, DyQ=H on (0,T) x RY

u(0) = w0, Q) = Qy in Y,

where

f(u, Q) = —(u-V)u+Div [QEH: Q (Q + ﬁ) —(E+1HQ+(1-QH-VQ © VQ] —BDIvL[F(Q)];
6(1,Q) = ~(u-¥)Q+E(DIQ+QD(W) + W (1)@~ QW (1) 26 (Q+ 37 ) @: Turt LIF (@]

N
(Vu—VTu), [VQOVQikr= > 0;QuptkQas jk=1,...,N,

a,f=1
H=AQ —aQ +bL[Q%] — c|Q*Q, F=0Q* - |QQ,

where £,a,b,c € R, g = % and

W(u) =

M| —

Id :
LIA]=A—t(A) 5 VA€ RN,
We recall the following two results from Theorem 2.1 and 2.2 of [5]:

Theorem 5.0.1.
Let Ne N, pe[l,o0], q,q1 € [1,00] and s > s1, then

Bjq (RY) = By, (RY).
Moreover, if m € N, then
B (RN) — w™P (RY) < B (RY).
We are now ready to prove Theorem 1.2.4:

Proof of Theorem 1.2.4.
The strategy is to use the Contraction theorem: let us define

1(w, @)l = Nlull mra 0,7y Loy y) + lullLo 0,7y w20y +

Rl a0,y wra@yyy + 1@l o 0,1y w0 (YY)
Let T € (0, 1], then we can define also

Y1 = Hy((0,7); LR RY)) 0 LP((0, T); W9(RY; RY));
Yy = Hy ((0,7); WH(RY; So(N, R))) N LP((0,7); W(RY; So(N, R))).
Let w > 0. We apply the theorem on the space

Y, = {(U,W) €Y xYs | H(’U,W)HT < w; V|t=0 = U0, W|t:0 = Q()7}.
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We consider the function ¢: (v, W) € Y,, = (u, Q) € Y1 x Y3 which solves

(0 — A)u+ Vp+ BDiv(A — a)Q = f(&1(v),E(W)) in (0,T) x RY

(0 — A+ a)Q — BD(u) = G(E1(v), E2(W)) in (0,7) x RY
dive =0 in (0,7) x RY
u==Es(h), DnQ =E4(H) on (0,T) x RY
u(0) =uo, Q(0) = Qo in RY,

with p(t) = Ka(u(t),Q(t)) and
&1(v) = Erfv — T1(t)(uo, Qo)] + () Tu ([t]) (uo, Qo),

E(W) = Ep[W — T (t)(uo, Qo)] + 1 (t) T (|t]) (o, Qo).
Es(h) = Exp[h — Ti(t)(uo, Qo)] + (t)T1([t]) (uo, Qo)
E4(H) = Ep[H — DnTo(t)(uo, Qo)] + ¢ (t) DnTo(|t])(uo, Qo).

where 9(t) is a C°°(R) function equal to 0 for ¢ < —2 and equal to 1 for t > —1, (T3 (t), T2(t)) =
T'(t) is the semigroup associated with the linearized problem (85) and

0 t<0

f(t) t€(0,T)
Br(f) = fT —t) te(T,27)

0 t>oT.

We have taken the extension Ep of (v, W)—T(t)(ug, Qo) and of (h, H)—(T(t), DNT(t))(uo, Qo)
because when the function f we are extending satisfies f(0) = 0, then Ep[f] € H)(R) with

0 t<0
. o f(t) te(0,7T)
OEr(f) = ~O,f(2T —t) te (T,27)
0 t>2T.

In order to find such (u,p, Q) we have to check that f(&1(v),E(W)), G(&E1(v),E(W)), Es(h)
and &, (H) satisfies the conditions of Theorem 1.2.2: let us start seeing that

le™ " E (M)l o @wa@yy + e Es(W) | ey s Loy S
S llpe o, mywzayy) + 1Al o,7); Laeyy) +
+le™ " () (uo, Qo)ll e (r w2y + lle="* Ty (t) (uo, Qo)ll 3y 520 m))-
Thanks to Proposition 4.2.8 we get that
le™ 7Ty (t) (uo, Qo)llrm s w2awy)) + lle™ 7Ty (t) (uo, Qolllmy (v ;rawy)) <
S “u0‘|33f;*1/P>(Rf) + ”QOHBZZ‘;Z/’D(Rf)'
Finally, thanks to Lemma 4.2.7, for £ = 0,1, 2, we have that

le™"€s(h) (83)

Iy @aws—ca@yyy S Wl o mywa-camyy +&
On the other hand
||€_7t54(H)HLP(R;WM(M)) + ||e_7tg4(H)HH;(R;LG(Rf)) S
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S H oo, mywza@yyy + H | mao,m);e @y +
+||€_7tDNT2(t)(U0»Q0)|\LP(R+;W2H(M)) + [le™* DT (t) (uo, Qo)ll 1 r ;o my))-
Again, thanks to Proposition 4.2.8, we get that

||e_7tT2(t)(uOvQO)||LP(R+;W3v‘1(Rf)) + ”e_’YtT2(t)(u0aQO)HH;(]R_,_;WLLI(]Rf)) S

5 HuOHBZ%*UP)(Rf) + ||Q0H32;2/P(]Rﬁ)'
So

—~t
He 7 84(H)||H£/2(R;szé,q(Rf)) S ”H”Hﬁ/Q((O,T);WZ*Lq(]Ri’)) +e.

Now, we list the main non-linearities that arise of f(u,Q): let j,k, ¢ =1,...,N
Li(u) = (u-Vu, I(Q) = 0;xQ0:Q, I3(Q) = 0;QQ04Q
14(Q) = 8;QQ I;(Q) = 9;,QQ°, Is(Q) = 9;QQ°, I:(Q) = 8;QQ*
I3(Q) = Q0;1eQ, Io(Q) = Q°0;1eQ;
Next, we list the main non-linearities of G(u,Q): let j,k,(=1,...,N
Ill(qu) = 6]@“5 IIQ(U7Q) = Qajua 113(U7Q) = Q2ajua II4(Q) = Qza II5(Q) = QS'
Therefore, we need to estimate
He_’ytlk(gl(v)’82(W))HLP(R+;LQ(R1)) k=1,...,8;
||€_WH£(51(U)752(W))HLP(R+;W1@(R$)) t=1,...,5.
We will write in details just some of the estimates: let us start with the estimates of I;:
1€2(0)VE) ] Lary) < 1E1 )| @) 1E10) lwraeyy S NELO)[Fyrary),
where we have used Sobolev embedding with ¢ > N. Therefore
e IVE W) ko) < Ne ™ 1€ @) B agan o = e 3 0) e, aaqany-
By definition of £&; we have that
Heigtgl(U)|‘%2p(R+;W1,q(RQ)) S ||”H%2p((o,T);W1‘q(Rf)) + HeigtTl(t)(UOaQO)||2L2P(R+;W1,q(R1+V))-

For what concerns the first term:
2 1 2 L 2 2
”U“LZ’P((O,T);WLQ(IRf)) <Tw ||UHL°°((0,T);WL<1(R§)) STrlle gl(v)HLm(R%leq(Ri)) S

1 2 2 X 2
ST (||e 2t€1(”)||Lp(R;W2,q(Rg)) +lle Ztgl(U)HH;(R;Lq(Rf))) )
where we have used Lemma 4.2.9 and the fact that, since p > 2, by Theorem 5.0.1 then

(LYRY), W24(RY)) = B20-YP(RY) < Bl (RY) — WHI(RN).

1-1/p,p
On the other hand

_x _a
le 2tT1(t)(U0’Q0)||2sz(m+;wl,q(ugf)) S lle 4tT1(t)(U0aQO)||%m(R+;W1,q(R1)) S e

where we have used Lemma 4.2.9 and Proposition 4.2.8. Finally, we get

— 1
e LE @ n oy £ € +TF (@ +€7). (90)
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Let us pass to I5: as before
e DE2(W )OS (W) oy snacay) S e € (W) s, agasy)

S Tl/p”ei%t&(w)||ioc(R+;W2‘q(Rf)) + Hei%tT2(t)(U07 QO)Hioo(RJr;Wz,q(Rf))-

We use Lemma 4.2.7 noticing as before that, since p > 2, by Theorem 5.0.1 we have the
embedding
(WHRY), WH(RY))1_1/p, = By, /P (RY) — W2RY).

q,p

So we get
1
||€_7t12(52(W))||LP(R+;LQ(R1)) SeE¥+Tr (WP 4e). (91)

The estimate for I3 is similar: with the same strategy we get that
le™70;E2(W)E2(W) D€ (W)l 1o (g Loy y) < ||€_§t52(W)||?£SP(R+;Wz,q(M)) <

< Tl/p||e_§tg2(W)Illzoo(R+;W2,q(Rf)) + [le™ ¥ o (t) (uo, QO)llim(Rﬁqu(Rf))-

Then we repeat the argument for I and I3. The estimate for I, with ¢ = 4,5,6,7 is the same

as before. Therefore, let us pass to Is:
le™ E2(W)Djket2 (W)L r, aqryry < / P NEL Wy 1E2 W)y <

< |le"FtE W “3tE,(W

)Hioo(]RJr;Wl.Q(Rf))He )||II)JP(R+?W3’q(R£)).

Since p > 2, we can use Sobolev embeddings:
_
le”F E(W) e @ swramy < e EW)llwr/zo @, wramy) S

_2 X
S lle™ 2 Bp[W — Ta(t) (uo, Qo)llw /20 (r swraey)) + lle” 2 " Ta(t) (wo, Qo)llwi/2m @, swa @y y)-
For what concerns the second part, we can just use the inequality

2 2

le™ =" Ta(t) (w0, Qo)llwi/2p .y swraqeny < le™ 2 Ta(t) (uo, Qo) sy m, wra@yy) S €
From the definition of E7 we have that
IE2[flle @y wrayy) S 1 f oo mywrawyyy, BT m@, wiawyy S 1m0,y wramy)):

So, since
Wl/z,P(R+) = (LP(R+),H;(R+))1/2,IJ>

By interpolation we have that
le™ 2" Ep[W — T2 (t)(uo, Qo)] lwirze @, wia@y)) S W = Ta(t) (w0, Qo) llw/2(0,m)wray)) <

S AW llwrzoo,mywra@yy) + [1T2() (w0, Qo)llw/zm 0,1y wra@y))-
In particular

||W”a/l/ZW((O,T);W“I(RN)) -

W (t) (S)||€V1q(RN [[E€2(W EW)($)yr.amy)
/ / t — 5|p/2+1 / / ﬁ — s|p/2+1 dtds.
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Since p > 1, we have that (W) € CO1=V/P (R, ; Wl’q(Rf;RN2)), =)

I By oy oy S €200 s wnacay / / o2 duds,

We also know that p > 2, so p/2 —2 > —1 and

T T T T—s T
/ / It — s|P/?2dtds = / / |t[P/22dtds ~ / (T — s)P/271 — (—s)P/27Yds ~ TP/2.
0 0 0 —s 0

2
”W”€V1/21P((07T);W1v‘1(Rf)) S v/ HEQ(W)||I;I;(R+;W1=Q(R$))'

Similarly,

1T2(t) (w0, Qo) llw/20((0,7)wra @Yy S < T2 Ty (t) (uo, Qo) (ry s wra w2y -

Therefore,
He_’ytl8(82(W))HLP(R+;LQ(Rf)) Sel+ T* (w?+€?). (92)

The estimate for Io is the same, so we pass to the I1;:

”e_’Ytang(W)gl (U) ”ip(]g_'_;wl,q(Rf)) 5

N
e i L IO AR

—pt P P
< / & PEL ) o €1 ) e -
So we can repeat the argument for I7 and we get
le™ " T1 (E0(0), E2(W)) | o o ey y) S &%+ T (w? +£2). (93)
Let us pass to I15:

||€_7t52(W)5j51 (U)||LP(R+;WM(R$)) < ||€_W52(W)8j51(7}) HLP(M;Lq(RQ’))‘F

+Z eV E(W) k& (v )HLP(&;LG(RQ)) + ||€77tak52(W)aj51(U)||LP(R+;LQ(1Rf))-
For what concerns the second term, we can repeat the argument of I1;. For the other one
||€_7t52(W)8jk51(U)||LP(R+;L<1(RN)) S e & W )||Lw(R+;W1vq(Rf))||€_%t51(U)||LP(R+;W2»4(R$))-
Then we can repeat the argument of I5, so
_ 1
He ’YtIIQ(gl(’U),52(W))||Lp(R+;W1,q(R$)) 5 62 + Tv (w2 + 52) . (94)
Repeating this kind of arguments also with 13, I1, and II5, if ¢ < 1, using (88), (89) and (90)

o (94), we get

2

1

||¢(U, W)HT <C (Z ||(h’H)HH;“;/Z((O,T);W2*‘5(R£)) +e+Tvr (WQ LWt l® _|_€)> ,
£=0

with C' > 0 which doesn’t depend on w, e and T. So, if we take w € R such that
2 w
C (g H(h, H)IlHﬁ/z((O’T)§W2*e(]R$)) +€> < 5,
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and we choose T' > 0 sufficiently small such that it holds
CT% (w? +w? +wt + Wb +¢) < %,

then the function ¢ is well-defined and ¢: Y,, — Y,,. Now, if we take (v1, W7), (va, Wa) € Y,,, it

can be seen as before that exists M > 0 independent from w, e, T such that
|61, W1) = Blea, Wa)llr < M (4T3 (w+w? +w® +w' +¢) ) [[(vr, Wh) = (03, W) |-

So, choosing ¢, T < 1 sufficiently small, ¢ is a contraction on Y, and therefore we have a

solution. The uniqueness follows from the contraction theorem. O
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