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Abstract

In this paper, we obtain a quantitative version of the classical comparison result of Talenti
for elliptic problems with Dirichlet boundary conditions. The key role is played by quantitative
versions of the Polya-Szeg6 inequality and of the Hardy-Littlewood inequality.
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1 Introduction

Symmetrization techniques in the context of qualitative properties of solutions to second-order elliptic
boundary value problems have been widely studied in the last decades. In the seminal paper [48],
Talenti considers an open and bounded set 2 C R™ and the problem
—Au=f inQ
(1)
u=20 on 0f).

where f € Ln%(ﬂ) ifn>2 feLP(Q),p>1ifn=2 and he proves that it is possible to compare
the solution to (1) with the solution to the symmetrized problem

2
v=20 on 9OF, @

{—Av =ft inQf
where QF is the ball centered at the origin with the same measure as  and f* is the Schwarz
rearrangement of f (see Definition 2.3). More precisely, the following point-wise comparison is proved

uf(2) <wv(z) Ve QF (3)

and it also holds for a generic uniformly elliptic linear operator in divergence form.

The result by Talenti is a very powerful tool, as it adapts well to solving various types of variational
problems. For instance, let us mention Saint Venant’s conjecture, which asserts that the torsional
rigidity, that is the L'—norm of the solution to (1) in the case f = 1, is maximum on balls among
sets of given measure. Indeed, this conjecture can be proved by integrating (3).

Over the years, the topic of comparison results has gained more and more interest. A version of the
aforementioned result of Talenti for nonlinear operators in divergence form is contained in [46], which
includes the case of the p—Laplace operator as a special instance; see also [13]. Further extensions
can be found, for instance, in [2] for anisotropic elliptic operators, in [4] for the parabolic case, in
[12, 47] for higher-order operators, and in [6], where the Steiner symmetrization is used in place of
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the Schwarz one. In the recent paper [5], the authors consider problem (1) replacing the Dirichlet
boundary conditions with the Robin ones, proving a comparison result involving Lorentz norms of «
and v whenever f is a non-negative function in L?(Q). In particular, in the case f = 1 and n = 2, they
recover the point-wise inequality as in [48]. Generalizations of the results contained in [5] can be found
for the anisotropic case in [8, 45], for mixed boundary conditions in [1], in the case of the Hermite
operator in [16] and in the nonlinear case in [9]. Eventually, a refined version of Talenti’s comparison
principle for open sets with holes has been recently provided in [37]. Under additional assumptions
on u, the author proved that if equality is almost achieved in (3), necessarily the measure of the holes
must be small, and, as a result, he is able to prove the optimality of the ball for the Rayleigh conjecture
concerning the clamped plate in some special cases. For further generalizations and general overviews
of comparison results, we refer, for instance, to [7, 17, 20, 32, 42] and to the references therein,
not claiming to give here a comprehensive list of all the results developed in this context. Another
interesting question about this topic is trying to understand if comparison inequalities are rigid, as it
has been done in [3]. Indeed, the authors characterize the equality in (3) in the case f > 0, proving
that if equality occurs, then Q is a ball, u is radially symmetric and decreasing, and f = ff. Rigidity
results for a generic linear, elliptic second-order operator can be found in [23] and [33] and for Robin
boundary conditions in [39, 40].

Once a comparison result and a rigidity result hold, it is natural to ask whether the comparison
result can be improved in a quantitative version. More precisely, considering the rigidity result in [3],
if equality almost holds in (3), is it true that the set 2 is almost a ball, and the function v and f are
almost radially symmetric and decreasing? The main objective of this paper is to study the stability
of (3) and to answer the following question: if u* is close to v in some sense, can we say that the set
) and the functions u and f are almost symmetric? One of the difficulties we have to deal with is to
give the most suitable notions of "closeness" for this type of problem.

More precisely, we state our main result in the following way.

Theorem 1.1. Let Q be a bounded open set of R™ and let f be a non-negative function in L*(Q).
Suppose that v and v are the solutions to (1) and (2), respectively. Then, there exist some positive
constants 01 = 01(n), 0y = Oz(n) and Cy := Cyi(n,|Q, f1), Cy := Ca(n, |Q|, f*), C3 := C3(n,|Q|, f*),
such that

02

L1(R"

3 . # 01
Cra”(2) + Cy inf Hu—u (- 4+ z0)
roER™

Cs inf
Lt (Rn) + 3 :L‘;an

f = FA(-+ o)

) < o = uf]| ooy (4)

Moreover, the dependence of Cy, Cy and Cs from |Q] and ft is explicit.

The choice of the L*-norm to bound the left-hand side in (4) is motivated by the fact that we
are quantifying the pointwise inequality established by Talenti. It is possible to replace the L°°-norm
with a weaker one but in this case, we only obtain the bound of the asymmetry of the domain, see
Appendix 7.

In order to prove Theorem 1.1, we show that the quantity |[v — uf||sc bounds from above each
term on the left-hand side: this is the aim of Theorems 1.2, 1.3 and 1.4.

The first step is contained in Theorem 1.2, where we prove that, if the L™ distance between
and v is small, then the set 2 has a small Fraenkel asymmetry index, defined as

a(@) = iy { 55 1B, @) = 1}, ®)
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where the symbol A stands for the symmetric difference and || is the measure of the set. This is a
standard way to measure how much a set 2 differs from a ball B, with the same measure in the L'
norm.

Theorem 1.2. Let f € L%(Q) ifn>2, feLP(Q), p>1ifn=2 be a non-negative function and
let u and v be the solutions to (1) and (2) respectively, and let uf be the Schwarz rearrangement of .
Then, there exists a constant Cy = Cy(n) > 0, such that

Hv B ﬁHLoo(m (©)

a3(Q) < O
Q= HfHLl(Q)

where
_ 2\3 2
Ci = max { <8n2wﬁ1) , (167126077 %)} , (7)

wn 18 the measure of the unit ball of R™ and =, is the constant appearing in the quantitative isoperi-
metric inequality (see Theorem 2.6 ).

To prove this result we make use of a clever idea introduced in [30], used for obtaining non-sharp
quantitative isoperimetric inequalities for the principal frequency and the capacity. This idea is also
explained and exploited in the survey paper [14] to prove a quantitative version of the Pélya-Szegé
principle (see Theorem 2.4). Moreover, we observe that Theorem 1.2 implies the quantitative result
contained in [35] in the case f = 1.

In Theorem 3.2, we obtain a similar bound for the Fraenkel asymmetry of almost any superlevel
set Uy = {u > t} of the function u solution to (1).

The second step for proving Theorem 1.1 is contained in Theorem 1.3. We prove that the L'(R™)
distance between v and u? is small, assuming that u? is close to v with respect to the L>-distance.

Theorem 1.3. Let f € L%(Q) ifn>2, feLP(Q),p>1ifn=2 beanon-negative function and
let u and v be the solution to (1) and (2) respectively. Then, there exist two constants 01 =01(n) >0
and Cy = Ca(n) > 0 such that

g
ﬁ Hle: ' 1+(2-1)8 ¥
J— . n o ;7 !
x;gf llu —u*(- + xo)|| 1y < C Hle — |9 [lv - ”meﬁ)

(8)

In order to prove this result, we observe in Lemma 4.1 that a small L™ distance between u? and
v forces the Pélya-Szegd inequality, that is

/ |Vuﬁ]2d:v§/|Vu|2d:n,
ot Q

to hold almost as an equality. So, at this stage, it is natural to consider the Pdlya-Szegd quantitative
result proved in [18]:

u(x) — uﬁ(:ﬂ + xo)’ de < C My (E(u)") + E(u)]®
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where
]{yvum <spnfo<ui< ||u||oo}]
[{|ul > 0} '

[ Iva
E(u)=-———1and M, (0) =

/nVu‘

Hence, to prove the closeness of u to u! it remains to bound from above these quantities in terms of
v — ]| oo

Eventually, to conclude the proof of Theorem 1.1, we show the closeness of f and f¥, that is the
third and last step, contained in Theorem 1.4. Here, we prove that it is possible to bound the L™
distance between f and f*, for all m < 2, provided f € L2.

Theorem 1.4. Let f € L?(Q) be a non-negative function and let u, v be the solutions to (1) and (2)
respectively. Then, for all 1 < m < 2 there exist O = t2(n,m) > 0, 03 = 03(n,m) > 0 and a positive
constant C3 = C3(n,m) > 0 such that

inf
xoE€R™

0. 1—05—6. 2 = 0
Call FISNF13" 010 357 O — 22 )

f= £t 20)] i, <

We prove this result using the quantitative version of the Hardy-Littlewood inequality (see (11))
proved in [19].

The paper is organized as follows: in Section 2 we introduce the notation and the preliminary
results that we will need throughout the paper; Section 3 is devoted to the proof of Theorem 1.2;
in Section 4 we prove Theorem 1.3, and in Section 5 we prove Theorem 1.4. In Section 6 we prove
Theorem 1.1 and we collect a list of open problems. Finally, in Appendix 7 we bound the asymmetry
index a(f2) in terms of the difference of the L? norm of v and w.
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2 Notation and preliminary results

Throughout this article, we will denote by |€2| the Lebesgue measure of an open and bounded set of
R™, with n > 2, and by P(2) the perimeter of € in the sense of De Giorgi (see [11]).
For convenience, we will denote by || - [[, the norm |[ - ||z or || - [|zr(q); otherwise, we will write
the space explicitly.

If © is an open and Lipschitz set, it holds the following coarea formula. Some references for results
relative to the sets of finite perimeter and the coarea formula are, for instance, [11, 38].
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Theorem 2.1 (Coarea formula). Let f : Q@ — R be a Lipschitz function and let u : Q@ — R be a
measurable function. Then,

= u 1 .
Jrvseiae = far ] )t )

The rest of this Section is dedicated to stating some useful results on the rearrangement of func-
tions, on quantitative inequalities and rescaling properties.

2.1 Rearrangement of functions

For a general overview of this topic, we refer, for instance, to [34].

Definition 2.1. Let u :  — R be a measurable function, the distribution function of u is the function
[0, 400[— [0, 400[ defined as the measure of the superlevel sets of u, i.e.

p(t) =z e ulx)] >t}

In particular, if w is the solution to (1) and v is the solution to (2), we fix the following notations,
fort >0
U={zeQ:ulx) >t}, upt)=|U

and
Vi = {a; e O ou(z) > t}, v(t) = |V4l.

By using the Coarea formula (9), one can deduce the following expression for p

u(t) = [{u > £} 0 {|Vau| = 0}] +/t+°o (/uzswmdwl) ds,

as a consequence, for almost all t € (0, +00),

1
> (¢ >/ —au" ! 10
o p(t) > vl (10)

and if p is absolutely continuous, equality holds in (10).

Definition 2.2. Let u : 2 — R be a measurable function, the decreasing rearrangement of u, denoted
by u*(-), is defined as
u*(s) =inf{t > 0: u(t) < s}.

From Definitions 2.1 and 2.2, one can prove that

p(u*(s)) <s Vs>0.

Remark 2.1. Let us notice that the function p(-) is decreasing and right continuous and the function
u*(-) is its generalized inverse.

Definition 2.3. The Schwarz rearrangement of u is the function uf whose superlevel sets are balls
with the same measure as the superlevel sets of u.
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We have the following relation between uf and u*:
u(x) = u* (wala|"),

where w,, is the measure of the unit ball in R”. One can easily check that the functions u, u* e uf are
equi-distributed, i.e. they have the same distribution function, and it holds

Hqu = ||u*||, = HuﬁHp, for all p > 1.

*
Iy
The following Lemma characterizes the absolute continuity of p (we refer, for instance, to [15, 20]).

Lemma 2.2. Let u € WYP(R™), with p € (1,4+00). The distribution function u of u is absolutely
continuous if and only if

{0 < u < [Juf[oc} N {| V2| = 0}] = 0.

An important property of the decreasing rearrangement is the Hardy-Littlewood inequality, see

[31].
Theorem 2.3 (Hardy-Littlewood inequaliy). Let us consider h € LP(Q) and g € LP (). Then

1¢]
/mmmwms/ B ()g" (s) ds. (1)
Q 0

By choosing g = X{ju|>¢} in (11), one has

w(t)
/ |h(z)|dx < / h*(s)ds.
Ju|>t 0

If we require that the function u is a Sobolev function, i.e. u € Wol’p(Q), then also u* is a Sobolev
function and, moreover, the gradient does not increase under symmetrization, as a consequence of the
Pélya-Szegd inequality (see [44]).

Theorem 2.4 (Pélya-Szegé inequality). Let u € Wol’p(Q), then u¥ € Wol’p(ﬂﬁ) and
IVl < [V,
The following remark will be useful in the sequel.

Remark 2.2. We explicitly observe that the function

1 S
cp:s%/f*
s Jo

is decreasing, as f* is decreasing.

We recall now some properties of the symmetric solution. The explicit expression of v, solution

to problem (2), is
1€2] 1 ¢
o) = [ s [ roaa, (12)
walz® p2pn¢2=3 Jo
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and its gradient is
1 wn |z|™ §
Vel@) = ey [ £ dn (13)
nwy || 0
From (13) we can deduce that the gradient of v vanishes at most at the origin and Lemma 2.2
ensures that the distribution function v is absolutely continuous and it satisfies

2 = 2—-2 / v *
nwpv(t) " = (=1 (t)) /0 . (14)
While for the distribution function p
2 ! u(t)
nQWﬁL < K (t)Q / f*(T’) d?”, (15)
p(t)* = Jo

As we want to obtain a quantitative version of (3), it is useful to recall briefly the outline of its
proof.

Theorem 2.5 (Talenti, [18]). Let f € LH%(Q) ifn>2, felP(Q),p>1ifn=2andlet u and v
be the solutions to problems (1) and (2) respectively. Then,

u(z) < v(x).

Proof. Let us observe that u is a weak solution to (1) if and only if

/Vqupd:B = / fedx, Vo € W 2(Q). (16)
Q Q
Let us fix ¢t € [0, |lul| [ and h > 0, and let us define the function ¢:
0 ifu<t
o) =qu—t ift<u<t+h (17)
h ifu>t+h.

Using (17) as a test in the weak formulation (16), with an approximation argument we obtain

/ |\Vu|dx = [ f(z)dz,
oU Ui

that can be intended as the divergence theorem. Applying the isoperimetric inequality to the su-
perlevel set U, the Holder inequality and the Hardy-Littlewood inequality, we get, for almost every

t,
2
/ d?-l”l(x)>
U
n—1 L n—1 T

o et} ([, e mee0)
/fﬂc )(—u’(t))
Ut

(z) dx
w(t)
/ f*(s) d8> (—1'(1)) -

0

2

n%uﬁ,u(t)%% < PX(h) < <
“(
<
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Equivalently, we can write

, 0)
1< ! Fu(t) 2 (/OM fr(s) dS) (—1'(1)),

n2wp
and, integrating from 0 to ¢, we obtain

1 1 —242 " * o
P 1 /M(t)r /0 F(s) ds dr = v (u(t)). (18)

n2w,;

Since u*(r) = inf{7 | u(r) < r}, (18) implies
w*(r) = inf{r [ u(r) <r} <inf{o™(u(7)) | p(r) <7} <0*(r),
that gives (3). O

Remark 2.3. With the same techniques used for proving (3), it is possible to prove that

/\Ws/ Vo, 0<q<2,
Q Ot

and it is possible to estimate the L%-norm of the gradient of v in terms of LP—norm of f via Bliss
inequality (we refer to [48, Equation (23.a)]), obtaining, for a suitable constant K1 (n,q),

LRl N, 2 g\
Lwelr == [T (3 [ ) stas < moa ([ 5 ) T (19)
Qf ndwp J0 sJo 0

2.2 Some quantitative inequalities

We recall now some quantitative results that we need to prove our main results Theorem 1.2, Theorem
1.3 and Theorem 1.4. Let us start with the quantitative isoperimetric inequality, proved in [26] (see
also [21, 25, 28, 29]).

Theorem 2.6. There exists a constant v, such that, for any measurable set  of finite measure

P(Q) > nwi |05 <1 + 0‘2(9)) , (20)

where a(Q) is defined in (5).

We observe that the constant -, is explicitly computed in [24].

In the proof of Theorem 1.2, we apply the quantitative isoperimetric inequality (20) to the super-
level set Uy of the solution to (1). In order to do that, it is useful to estimate the asymmetry of U; in
terms of the asymmetry of €2, as in the following lemma (we refer to [14, Lemma 2.8]).

Lemma 2.7. Let Q C R"™ be an open set with finite measure and let U C Q, |U| > 0 be such that

\U] _ 1
< - .
Q= 4(1(9) (21)
Then, we have
1
aU) > 504(9).
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As already stressed in the introduction, a key role will be played by the quantitative version of
Pélya-Szeg6 inequality (2.4), proved in [18].

Theorem 2.8 (Quantitative Pélya-Szegé inequality). Let u € WH2(R"), n > 2. Then, there exist
positive constants r, s and C, depending only on n, such that, for every u € WH2(R™), it holds

/n u(z) £ uﬂ(x+a:0)) dx
inf <

2ER" Ly > 0} 73 | Vb,

where

B \{\vuﬂ\ <spn{o<ui< HuHOOH

/]R" Vu|?
Eu)=-7F—-1 and M,,:(9) Tl > 07

/ Vel |?
]Rn

We will also use a quantitative version of the Hardy-Littlewood inequality (11), proved in [19]. In
order to state the result, we need to introduce the following notation:

(22)

gn(x) = g*(un(h(x))),

and we observe that if the set 2 is a ball and the function b is radial and decreasing, then gj,(z) = g% ().
Moreover, let us introduce the following Lorentz-type norm

1/q

1€2]
19lla2() = (/0 97 (5)104(s) d8> 7

where, for s € [0, [92|), 1/p
s P
)= ([ Coyo) o ar) "

Theorem 2.9 (Quantitative Hardy Littlewood inequality). Let h and g be two measurable functions
such that hg € LY(Q) and let us assume that there exist p € (1,+00) and q € [1,+00) such that
0p(s) < oo for every 0 < s < | and HgHAZ(Q) < 00. Then, by setting

qp+1
m =
p+1

I

it holds 9l
1 —qp 1+pq * *
| 1@ do + ol lo =l < [ 005 ds.

2.3 Rescaling properties

For simplicity, we will often prove our results under two extra assumptions:

Q] =1, LAl =1



3 PROOF OF THEOREM 7? 10

If this is not the case, we recover the result in the more general setting in the following way. Let us

set )
Qe

1
=BT =0
£l
If v and v are solutions to (1) and (2) respectively, we define the functions w(z) = au (%) and
z(x) = av (§), that are solutions to
—Aw=g inQ —Az=g! inQF
w=20 on 9, z=0 on 90,

with |Q = 1 and ||g||, = 1. Furthermore, the following holds

a(§) = a(Q);
)=
12— wH]oo = o = ]| oo;
171l
o
o — wlfy = S5 — w1
171,
lall, = 1P+ v e )

I1f1ly

Moreover, if o(t) and u(t) are the distribution functions of w and u respectively, then
t
=10 "ul~).
o) =191 ()

3 Proof of Theorem 1.2

The following Lemma is inspired by Lemma 2.9 (Boosted Pdélya-Szegd principle) contained in [14].

Lemma 3.1. Let f € L%(Q) ifn>2, feLP(Q),p>1ifn=2 andlet u and v be the solutions
to (1) and (2) respectively.
Let sq be defined as follows

sQ:sup{t>0:u(t)>|Q] (1_04(Q)>}€R (23)

then, it results

1 2
i 0) < _ ot
-s00”(8) < [0 e

where 7y, is the constant appearing in the quantitative isoperimetric inequality (20).
Let us point out that sq € (0, +00):

o It is greater then zero whenever «(€2) > 0 since t — pu(t) is right-continuous and u(0) = |Q;
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o It is finite since there exists r small enough that u*(r) > sq. Indeed, by contradiction let us
assume that Vr, u*(r) < sq, then Vr

r > p(u*(r)) > Q] (1 — 04(49)) :

This is a contradiction for r sufficiently small.

e By the definition of decreasing rearrangement 2.2 it follows that

e ((1-22)).

Proof. We assume that «(2) > 0, otherwise the result is trivial. Let us apply the quantitative
isoperimetric inequality (20) to the superlevel set U; and, then, argue as in the proof of Theorem 2.5,

2, 2 2, 3 1 2
n2wi p? " (t) (1 + a2(Ut)> < nPwh p? (b (1 + 042(Ut)> < PX(yy)

Tn Tn
[ owu [ ([ ) -
< u [ =< ) (= (1))
u=t u=t |VU| 0
2
If we divide by n2w/; /ﬂ_%(t) and we integrate between 0 and 7, we get
2 T 9 |Q‘ 1 t
T+ — | o (Uyp) dtg/ 22/ 1) dt = v*(u(r)).
In Jo w(r) n2wgt27ﬁ 0
The previous inequality, using the definition of decreasing rearrangement, becomes
9 rut(r) 1€2] 1 t
— 2 (Uy) dt < / 2/ 1) dt —u*(r) =v(r) —u*(r). (25)
Tn Jo r 712(,07?252_% 0
We define the set 0
A= {tzo:u(t)zm (10‘(4)>}

and we observe that A # whenever a(2) > 0, as 0 € A and it is an interval since p is a decreasing
function. Moreover, for all t € A, it holds

€2\ Uy p(t) 1
=1—-"=<-a().
€2 ] ~ 4
Therefore, we can apply Lemma 2.7 and we get
Q
a(Uy) > 04(2) Vi € A

On the other hand, from (25) it follows

QZ(Q) 2 w(r) 2 *
2 < %/0 a”(Uy) dt <wo(r)—u*(r), Vrelo,|Q]], (26)

min {u*(r), sq}
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and, choosing r sufficiently small in (26), we can conclude that

1 2
— Q) < [|v — u||sc.
3 -500%() < lv ]l

We are now in a position to prove Theorem 1.2.

Proof Theorem 1.2. Firstly, let us suppose |2] = 1, and || f||; = 1. Let us assume that a(2) > 0,
otherwise the inequality (6) is trivial. We set

€= Hv—uﬁ||oo, (27)

and we suppose that e < 1. If this is not the case, inequality (6) holds, being a(f2) < 2 and K; > 8.
Definition (27) implies

v(z) —e < uf(z) < ov(z), for almost any z € QF

and it follows that
v(t+e) < ult) < w(d). (28)

Moreover, as v is absolutely continuous,

we have )
t+e t+e 2, n
—nNn w”

y(t+a)—1/(t)=/ V':/ T2 o0 4y

t t o v f

2

t+e 2,710 2

> / T Y N
¢ Q"= £

where the inequality follows from Remark 2.2. So, (28) becomes

2

v(t) —nPwpe < p(t) < v(t). (29)

By the definition of sq and the property of decreasing rearrangement, we get

u(sq) = p (u* <1 - 04(49))) <1- 0[(4(2)‘ (30)

So, combining (29), (30) and the absolutely continuity of v(t), we have

O[(Q) ) 2 5Q ’ 9 2
—— <1—u(sq) <1l-v(sq)+n w;;e?:/ —V(t)dt + n“wf e
0

4
, 2
sQ n 2 2 2 2
N / % dr +nfwie < n?wi |QP 77 0 4 nPwi = nwg (sq + €),
U2 O 1£1l4
that gives
Q
s> )2 —e (31)
An2wp

We now distinguish two cases.
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a()

2
Case 1 Let us assume that n’w;e < g then by (31) and Lemma 3.1, we obtain

L ad@) < (32)

16n2wy Yn

a(Q)

2
20.1{{6 > 5 then

Case 2 Let us assume that n

2 2

() < 8nwie < 8nwp €3 (33)

From (32) and (33), we get the claim (6) by choosing
~ 2\3 2
C1 = max <8n2wﬁ> , (16n2wl£ Tn)

in the case |2] = 1 and ||f||1 = 1. For the general case, using the scaling properties contained in
Section 2.3, we obtain the desired claim (6).

O
An equivalent result holds for almost every superlevel set U, = {u > t}.

Theorem 3.2. Let u and v be the solutions to (1) and (2) respectively, and let uf be the Schwarz
rearrangement of u. Then, it holds

QP [ »
EOREN

*(Uy) < Cy o — oo, (34)

where C\ is defined in (7).

Proof. Firstly, let us assume that |Q] =1, and || f||; = 1.

As in the proof of Theorem 1.2, let us suppose that a(Uy) > 0 and ||[v — uf||s < 1, otherwise the
inequality (34) is trivial. By applying the quantitative isoperimetric inequality (20) to the superlevel
sets Uy, and arguing as in (24), we have

) o u(t) .
1+~ a®(U) < — 0 | f
Tn n2wﬁu(t)2’ﬁ 0

and, integrating from ¢ to 7 > t, we obtain

T

T o w(r)
S OzQ(Ur)drS/ 2;1(7«)/ £ dr.
t 0

n Jt anEu(r)Q_%

Performing the change of variables p(r) = s on the right-hand side, we have
T

2
T—t4 — az(Ur)dT'S/
Tn Jt

w(t) s
[ ds =t () - o)

E 2
w(T) n2wﬁl3 —% Y0
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that implies
9 [ur(r)
o ?(Uy) dr < v*(r) — u*(r) < [Jo = u¥||oc,
n Ji

obtained using (18) and the definition of decreasing rearrangement.
Arguing as in Lemma 3.1, we define the set

ac={rztiu 2 ue (1- 24

that is non-empty whenever a(U;) > 0. Moreover, we define s; = sup(A;) and we observe that
o 5; > 1, as we are assuming a(U;) > 0;

e s; is finite;

. st (M(t) (1 - O‘f”));

o for all < s, the set U, verifies the hypothesis (21) and, so,

Combining (35) and (36) we have

Let us observe that

so, we have

M(t)a(Ut) < p(t) — plsy) <w(t) —v(sy) + nzwéa = /:t =V (r)dr + nQu;T%s

4 H
2 2 2
st 2,,n 2 2,7 Q12w 2
- / o w:(r)* dr+nwie< L " il (st — t) + nwie,
. R f 14T
that gives
a(U,
(0= 1) = () 2
4n2wn

Now, we distinguish two cases.

2
Case 1 Let us assume that n’wye < p(t) , then by (38) and (37), we obtain

a(Ut)
8

1612w v

14

(35)

(38)
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2 U,
Case 2 Let us assume that n’w;e > u(t)a(St) then

M

2 2
p(t)a(Uy) < 8nwie < 8n’wp 3 (40)

From (39) and (40), we get the claim (34) with the same costant C; defined in (7). As in Theorem
1.2, we prove the Theorem in the case |2 = 1 and ||f||1 = 1, and we recover the general case using
the rescaling properties from Section 2.3. O

4 Proof of the Theorem 1.3

The aim of this Section is to prove Theorem 1.3, and as a first step, we observe that the following
lemma holds.

Lemma 4.1. Let f € Ln%(Q) ifn>2 felLP(Q),p>1ifn=2 and let u be the solution to (1)
and let v be the solution to (2), then

J1vut = [ 190 <2l = (4)

Proof. We observe that the solution v to (2) is the unique minimizer in I/VO1 ’Q(Qﬁ) of the functional

_ 1 2_ [ g
Fio) =g [ Vel = [ Fe

1 1
/ ]Vuﬁ|2—/ fruf > / |Vv|2—/ fro.
2 Jo ok 2 Jo 0t

Hence, by the Talenti’s inequality (see Remark 2.3 with ¢ = 2),

[va< [ ve,
Q Qf
and the Holder inequality, we obtain

/\WF—/ |Vuﬂ|2s/ \w?—/ |Vuﬁ|2§2/ £ — ) < 2011l 1o — 0¥]]oc,
Q Ot Of Of Off
and the thesis (41) follows. O

that implies

In particular, (41) suggests that the Pélya-Szegé inequality holds true almost as an equality when
Hv—uﬂ‘ |oo is small enough. So it is natural to consider the Pélya-Szeg6 quantitative inequality, recalled
in Theorem 2.8.

At this point, to prove the closeness of u to u! it is enough to show that, for every positive §, the
quantity M, (d), defined in (22), can be estimated from above by some power of §. This is not true
in general for every Sobolev function, but it holds for u because it is the solution of (1).

The main idea to bound from above the quantity M,;(J) is to write the set {|Vu| < §} as the
union of suitable subsets, and to bound from above the measure of each of them. In order to do that,
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in Lemma 4.2 we define a set I C [0, ||u|| ] and, in (47), we define a positive number ¢, g € [0, ||ul| ],
so that we have

{Vuf < 8} =({|Ved] < 8} Nt~ (1° N (0. )
U ( {|vuﬁ| < 5} NI (0, taﬂ))
U ({IVed] < 8} Nt~ (te 5, +00) ).

In Propositions 4.4 and 4.5 and in Remark 4.1, we study separately the above sets.
We will prove Lemma 4.2, Propositions 4.3, 4.4, 4.5, 4.6 under the additional assumptions

Il =1, 12 =1, [jv—ufle < &0,
where g will be suitably chosen later.

Lemma 4.2. Let us fir 0 < a < 1, let € = ||v — u*||oo and let us define the set I as follows

= {t € [0, Jull ] : /v:t Vo] - /uu:t Vu| > ga} . (42)

1] < 2¢17% (43)

/t Vol — /H V| < e, (44)

Proof. Claim (44) is a direct consequence of the definition of the set I in (42). Moreover, using the
Coarea formula (9), we have

€ﬂﬂf€A<Z;JVW—1AMd“VMQf§/+w<Z;JVN-1/_\Vﬁo

ull=t
Vol? —/ IVuf|? < 2,
Ot

Then,

and, for everyt € I¢, it holds

0
= m’
and claim (43) follows. O
Proposition 4.3. Let § > 0 and let v be the solution to (2). Then, there exists a positive constant

K9 = Ka(n) such that
{IVo] < 8} < Kod™, (15)

where
Ko =w,n".
Proof. To prove (45), it is enough to show
{IVv] <6} C{]z| <nd}.
Indeed, if we take x € {|Vv| < ¢}, we have, using (12), (13) and Remark 2.2

wn |z|™ z Q] .
0 > ]Vv](a:):l_/o fr(r) dr>u f*(r) dr = i

nwp 2" — 1l Jo

’
n
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and, as a consequence, we have

Vol(e) =

and we can conclude.

(46)

O
Proposition 4.4. Let u be the solution to (1), let uf be its Schwarz rearrangement and I as in (42).
If we define the following quantity

N . n'B ’ n
tg,g—sup{t>0 cop(t) >e }, w= (47)
then, for every é > 0, it holds

nn

{1V < 6} Nt~ (19N (0,1..9))| < 1(5 + 6a_ﬁ)n,
nwy

for every o, B € R such that0<ﬂ<a<1,ﬁ<ﬁ.

Proof. We observe that (44) in Lemma 4.2 is equivalent to

P(v =t)|Vu|(y) — P(u* = t)|Vif|(z) < &%, (49)
for every y € {v =t} and = € {uf = t}. If we fix z € {uf =t} and we consider y = ¢(t)x, where
1

ot) = (%) ", we have that y € {v = t}.

Then, for every t € I¢ such that ¢t < t. g, (49) becomes

P(v = t)|Vv|(l(t)x) — P(uf = t)|Vud|(z) < e,

and, since
P(uf =t) < P(v=t),
we have
[Vol(t(t)2) ~ IVedl(@) < 5 —- (50)
Now, from definition (47), follows
Pv=1t)\" )
on <(Wn>> — () > p(t) > &P, (51)
and, combining (50) with (51), we obtain

a—p3
[Vol(E(t)2) = V| (@) < . (52)
Nnwyy
Moreover, combining (46) and (52) and the fact that ¢(¢) > 1, we have

=

2 vl (@) < Vel — [Vedl@) < Sr, e e w0 (0,1 )

NwWyy

(53)
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From (53), follows that

a—p
{\Vu” < 5} muﬁ—l(_fcm (0,te3)) C {|CE| < nd+ c T }7

Wny

and, consequently,

{IVef < o} nud(1° 0 (0,1.5)| < wn (né + 5a_lﬂ>n-

wn

Remark 4.1. We observe that
‘uﬂ’l(te,g, +oo)) <eh ﬁ, (54)

indeed
pltep) = lim p(t) <™,

+
t—t]
since p is right continuous.

Proposition 4.5. Let u be the solution to (1), let uf be its Schwarz rearrangement, and let I and te
defined as in (42) and (47), respectevelly. Then, there ezists a positive constant Kz = Ks(n) and a
real number 64 = 04(n) such that

I N0, 8.9))| < Kas™, (55)

1
where K3 = dn"wy,, for every a,f € R such that 0 < f<a <1, 8 < —.

n
Proof. From (14) and (15), we have

—/(t) v(t) i} 1 (t) p(t) . — 1 (¢) v(t) .
G Eh 0w | e SR e

and, consequently, using (29), for all ¢ € (0,t. g), it holds

—H(z ) (’:EQ)Q > —z/(t)<1 = ”i"{t’zg)z > —u’(t)<1 - nzwéaln’ﬁ)zi. (56)

Moreover, it is easily seen that

_ c — —(J€ 0 - \V/ Icn(0
‘uti 1([ ( 7t5,,8))‘ ‘uﬂ 1( (]( ,t€7@))ﬂ{|§7uﬁ| “}) /m( t )/ﬁ tm >/ - /_
0 — <n(0, .8 ut= ¢ te,B

I

Hence, from (56) and the fact that the distribution function of v is absolutely continuous, we get

2_2
2 / n
‘uﬁfl(Ic N (O,te,g))‘ > (1 —nwiel™ 5) / -/
Icm(ovte,ﬁ)

9_2
2 , n
= (1 —nlwpel™ 6) ‘vil(IC N (O,tsﬁ))’

2 2 /
> ‘Ufl(IC N (O,ts,g))‘ (1 - (2 — n) n2wi et B) ,
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where the last inequality is the Bernoulli inequality, which holds true as

1
1 1-n/B
e <¢gg = ) .
n2wp

LN (0,19))] = 1= [ 112N (0,12,9))| = [1F7 (ke 5, +00)|

<1 w0 (0,89)) | — pltep)

So, we have that

92 2 , 2 57
<1-[oT N (0,2 ) (1 - (2 - > n2wpeln B) —u(teg) +nPwie (57)
n
2 2 ’
= ’v_l(Iﬂ (O,ta,ﬁ))‘ + nwh <(2 - n) gl=m'h 4 5) .

Arguing as in [18, Lemma 3.2], we can deduce that

ol )]

1 / 1

- +
/I/{Ut}ﬂ{|Vv|§6} Vol J=nngvessy [V
1 1
< |{|Vv| <6 +//
Vel < 83+ 5 1 J=t3ngvo|>sy [V

<HIVol <8} + 5 [ n, (V<t>>

Wn

1 1
= {IVol < 6} + 5nwi |1

and, by Proposition 4.3 and Lemma 4.2,
1

nwy 1

el (58)

Combining (57) and (58), we obtain, setting 6 =e?, for 0 < ¢ <1—«

\zrl(f N (0, ta,g))\ < ]qu(f)\ < wn™6" +

2 2 , 1
’uﬁfl(I N (0, ts,g))‘ < nPwp ((2 - ) gl=m'h 4 5) + W™ 4wy el T4
n
Choosing
04 = min{l —n/B,1 — a — q,nq},
we get the desired claim for a positive constant Ks. O

Proposition 4.6. Let u be the solution to (1) and let M, be the quantity defined in (22). Then, for
every r > 0, there exist 65 = 05(n,r) > 0 and K4 = K4(n) such that

M, (") < Kye%,

u

where K4 = Tn"w,.
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Proof. We have

M (8) < [{|Ve| < 6]
= {1 <5}muﬁ HI°N (0, 5))

IVai| < 5V NI N (o, teg))‘

N+ +

{ ju
{IVed] < 8} nut=' 55,+oo)]
{Ivefl <} e (0, 1e)|
W IN (O,tsﬂ))’ + plte,s)

1 A :
(5+5 >+K3594+a”5,
nTL

nwyy

+

| /\

where in the last inequality we have used (48), (54) and (55). So, evaluating M, (d) in ", we obtain

1 gvh 0 ,
M (e )§<z—: + ) + K3 4 e"F,

nn
nwyy
so we can conclude, by setting
05 = min{nr,n(a — B),04,n' B},
obtaining the desired claim for a positive constant K. O
We are now in position to conclude with the proof of Theorem 1.3.

Proof of Theorem 1.3. Firstly, let us assume |Q] =1, and ||f||; = 1 and € < g¢. If this is not the case,
i.e. € > gq, the thesis (8) by choosing Cs sufficiently big.
On the other hand, from Theorem 2.8, we have that there exist two positive exponents r and s

such that
o Jge ju x)—uﬁ(:r:—&-xo)‘d:c . )
inf, 2] < C(n) [My(E(u)") + B(u))*,
z 2
where ) )
fm |Vut|?
By using Lemma 4.1, we have that
[lv — ||
Eu) <2—————. 59

Hence, using (59) and Proposition 4.6, we get

— b+ n
inf l|u —u*(- $0)||/:11R)§C(n)

ro€ER™ (fQﬁ ’VUM )

9 S
Ky 2/[v — u*|oo 5+2Hv—uﬂl|oo
Jo [Vt Jos VU2
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So, there exists K5 = K5(n), such that

]
inf ||u_uﬁ('+x0)HL1(R") < K <Hv—uﬁ|oo> '
zoER™ 3 ﬁ2
T (e Ivu?)? Jou 1944

being 0, = s65. Moreover, if we apply the Talenti’result (19) with ¢ = 2 there exists K1 = K1(n,2)
such that

IVaf]]2 < ||Vol]2 < K[ fl zn -

Hence, it follows that there exists a constant Cy > 0 such that

. ~ 6 9§
inf [Ju—uf(- + )| < Collo —ufl| || FII'a?
zoER L1(R™) n+2

Finally, we remove the additional assumptions |2 = 1 and || f||1 = 1 using the rescaling properties
in Section 2.3.
O

Remark 4.2. We can improve estimate (8) by replacing the L'-norm with the L9-norm, with ¢ €
[1, % [, by exploiting the classical Gagliardo-Nirenberg estimate (see [43, pag.125]). In particular,
for ¢ = 2, we obtain

| £

n+2 _Zn_ 2 ~ ~

. f _ ﬁ . 2 . < K n+2 _ Q 1+(E71)91 _ ]i 91'

oinf, [|u — u*( +ZCO)HL2(R ) S ﬁinf”}_?)@l €] v — || (60)

where Kg = Kg(n) > 0 is a positive constant.

5 Proof of Theorem 1.4

The aim of this Section is to prove Theorem 1.4. We are assuming that f is in L2(R™), |©2] = 1 and
Al = 1.

Furthermore, without loss of generality, we can assume that xy = 0 achieves the infimum in

; _ . | P
x(}?ﬂf@ u—ui( +$0)’ L2(R™) Hu v ‘LQ(R")’
and by the arguments in [18] it is possible to show that
]QAQWg(ﬁ&p (61)

Indeed, from [18, Lemma 4.5], there exists o < C’si, such thhat QFf is concentric to the ball which
achieves the infimum in

a(Uy,) = inf

roER™

|Utoy A By, | }

—— | |Us, | = | B .
{ |Bt0 | | | to | | to ‘
Moreover, using (28), we have

to+e n2w7§ to+e n2w7§ ‘Q| 9 2
MMZV%+@=1—/ 21—/ — L 12w (tg +e). (62)
0 u*”%fo”(r) f o |t AL :
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Eventually, taking into account Theorem 3.2, formula (62) implies
A0 = 2]\ 0¥
= 2|({u > to} U {u < to}) \ |
= 2|{u > to} \ | + 2[{u <t} \ |

< 2|{u > to} \ Bt + 2[{u < to}|
= a(Uy,) + 2(1 — p(to))

Cy
<
u(to)
~ 2
< 2(3’1€é + 22w (Cs% +e)

~ 1
< Cyet

2
e3 + 202wy (to + €)

The main idea of this section is to apply the quantitative Hardy-Littlewood inequality (Theorem
2.9) to h = v, the solution to (2), and the function g defined as follows

9 = [Xaina- (63)
Next lemma ensures us that the functions h and g are admissible functions for Theorem 2.9.

Lemma 5.1. Let f € L*(Q) and let g be the function defined in (63). Then , there exist p € (1,+00)
and q € [1,+00) such that, we have

_1
] _ 4. < p+1 pq t 1+pq
x;gfm 9-9 +xO)HLm(Rn) = ((2 eq)Hg‘AZ(Q) /m(g 9)”) ; (64)
where !
m—®TL
p+1

and moreover, it holds m < 2.

Proof. In order to prove (64), we apply Theorem 2.9 to the function h = v and g defined in (63). Let
us check that the assumptions of the theorem are satisfied, namely

Op(s) <005 lgllpgiq) < o0,

for some p, q € [1,400). Indeed,

S 1 t . p
Op(s) = /0 (W]éf(r) dr) dt

1

2 P s
< (il (/i%15%%> < +00,
/1]y 0

e
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for all p > 1, and
R 1 [l s 1 tNTET
ol = [ @) = [ ([ (1) )
P 0 P Jo 0 \p2uptt=nJ0
1 S Pt
s )
1 2] . 2-2 Jo
< ,/ (f)1
P Jo

s t -1 2
[ )] e
0 n2w§t2—% 0
We observe that, if t < s, we have
t s
. /f*g/ f*, since f* is positive;
0 0
o f*(t) > f*(s), since f* is decreasing.
It follows that
1
2) 1 P 1
1 el E e 1 s 5
oy < [0 | e | (s [ 1) Tas
P Jo /t(2_n)p_1 n2wﬁ”s2_ﬁ 0
0
1
1€2] 1 3(27%)72 21
<K - 0-2)t
7(]7,71)/0‘ (f) P (8(2_2)7’11+1 § ras
12| 12 12 p—% =5 ds
< Kalpon) [ (7R ds = Kepn) [ (1) T
0 0

where

So, we have that
1
lgllys < Kr(p, )l f[Izesn),

where 1 1
po=l -l
pP—9 p
By imposing [ > 0 and 0 < k < 2, we obtain the following constraints on p and ¢:
1 4\ 1
p>1, §q<2+<1—>. (65)
p n/,p

So, by the classical embedding Theorem for Lorentz space (see [30]), we have
L¥? — LM

Now, we are in position to use Theorem 2.9 and we obtain
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1

ti p+1 pq t_ e
9=+ a0 < (@ eDlol o) [ =900) ™"

_gp+1 2n(k—1)4 2kl
T op+1 2k+nk—1)
Moreover, we observe that, from (65), it follows that m < 2.

inf
zoER™

where

O
Let us prove now Theorem 1.4.
Proof of Theorem 1.J. Firstly, let us observe that
it 11 = £+ o)y < N1 = Pl
< f = gl pmny + 119 = gFllmny + 11f* = Gl Lom (emy -
Let us estimate from above the quantities || f* — g*||mgn) and || f — 9l pm oy
1% = gl mmny < IIf = Ilpm@ny = 1l Lm0
11
<|onef|™ 2, (66)

= 2-m
< Cyl fllpesm

where in the last inequality we have used Holder’s inequality and (61).
It only remains to estimate ||g — g%||;m (), and thanks to Lemma 5.1 and (60), it is enough to
estimate the following quantity

/m(gﬁ—g)vS/mfﬁv—/gfu—i—/Rnf(u_uﬁ)+/mf(ujj_v)
:/m|V’U|2—/Q\Vu|2+/wf(u_uﬁ)

< 2+ || fllyllu — v p2mny
2

0 n+2
S%+mwm@wm4l)
G s
<2+ Kol /s e,
Hence,
1 L
= 0, _2 0 1+pq
Iy = Fllmen < (27 a) ™ LI (224 Ky " estan ) 7 (67)

Combining (66) and (67), there exists a constant Cs depending only on m and the dimension 7,
such that

inf < Csl|f)152<%

it I

f = F+ o)

Lm(R"Y) —
where

~ 86, 1 ~ _[2-m 1 20, 1
0 =max<1,|2+pg— , f3 = min , , .
n-+2 1+ pq 8m 1+pg \n+2/ 1+4+pq

d
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Remark 5.1. We explicitly observe that in Theorem 1.4 we cannot obtain a comparison result for
the quantity ||f — fﬁ|| r2rr)- Indeed, let B be the unitary ball, centered at the origin, in the plane,
and let us consider the following problem and its symmetrized:

—Auy=f; B —Av, = fg inB
{ug =0 on dB." {vg =0 ondB,
where
folx) =1+ UﬁlXBg(l/Q,o) ().
and, consequently,
fi)y=1+ UﬁlXBo(o,o)(x)-

With these choices, we obtain

_ —
Hf" Jo L*(B) 2m
and )
ot _ 1/r _2/r—1
fo— 12 LB = 2m)/ "o —0

as 0 — 0 and r < 2. In order to conclude, we refer now to [27, Theorem 8.16], that states that the
following estimate holds

lwl, < C (supw 4 ||g||q)
o0 2

where w solves in
-Aw=g

with g € L%, q > 2. So, in our case, we can choose w = v, — u, and any r > 1, obtaining

v — UUHLOO(B) =

_fo' L7(B)

so it is clear that, if 1 <7 <2, [[vo — tg|| oo () = 0.

6 Conclusions and Open Problems

Now, we are in position to prove the main result.

Proof of Theorem 1.1. The proof of the main Theorem follows directly by combining Theorem 1.2,
Theorem 1.3, and Theorem 1.4, by choosing

and

LI g a0

1 2—n
Cr==I19|fll,, Co=
1 G Hle 0

1
O 1-m  (n=2\4.\ 03
Cy = <03||f||§2||f|!1 Gt | 5+ 525 >93) "
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where 6’1, Cy and Cj are the constants appearing, respectively, in Theorem 1.2, Theorem 1.3, and
Theorem 1.4, 8y is the exponent in Theorem 1.3 and 6 and 03 are the exponents appearing in Theorem
1.4. O

We conclude with a list of open problems.

Open problems

o It remains open the issue regarding the sharpness of the exponents of the quantities a/(f2),
[lu — UﬂHLl(Rn) and ||f — fﬂHLl(Rn)in Theorem 1.1. As far as the exponent of «(f2), it may
depend on the function f and it remains open to establish if there is a function f for which it
is sharp.

e It would be interesting to see if any of the techniques used in this work can be applied to other
problems and/or operators, such as the p-Laplace operator. For instance, in [22], the authors
made use of similar techniques to prove a quantitative version of the Gidas-Ni-Nirenberg result.

o In [5] it is proved that a Talenti comparison result holds, when replacing the Dirichlet boundary
conditions with the Robin boundary conditions with a positive boundary parameter. It could
be interesting to study a quantitative version of this result, as it has already been proved in [10)]
that the estimates are rigid.

¢ Recent developments concern the quantitative Talenti type comparison result in the case of the
Hamilton-Jacobi operator and the Hessian operator with Dirichlet boundary condition, which
have been proven in [10] and [41] respectively. In all these cases, the sharpness remains an open
problem.

7 Appendix: LP—bound of the asymmetry

In Theorem 1.2, we bound the Frankel asymmetry of the set Q with the quantity ||u® — v||o. We

observe that it is possible to obtain an analogous result in terms of ||v||, — ||u||, and this kind of
estimate might seem more natural, as the solution to (1) and (2)are in L™ only if f € LP with
p>n/2.

Arguing as in the proof of Theorem (1.2), the following estimate holds
a®(Q) < O([vlly — [full})-
Indeed, let us observe that, if we multiply (24), i.e.

nzwélﬁ_%(t) (1 + 2a2(Ut)> < (/Ou(t) f*> (—1'(t)),

Tn

by the quantity
Pt ()2

Z
n2wp
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and integrate between 0 and ||u||sc, We obtain

[lulloo 12|00
| e e, [ p a0 di <
0 0

le/ /O”u”w P ()3 (4 (1) ( / " f*(s)ds) i
F(l) = /wn‘1</ F(s ds)dw

and, since F(-) is an increasing function and the Talenti comparison in Theorem 2.5 holds, we have

Fu(t)) < F(v(t)).

We define now

So, (68), becomes

hlle o pllulle 1 e d
/ pt?” M(tH/ pt?™ p(t)o” (Uy)dt < 2/n/ —pt"™ —(F(u(t))) dt
0 Yn Jo n2wn 0 dt

1l B 1 el B
~ [P = D) < 0 | o= ner )

2/n
n2w?> /

HvH
= / ptP (1) dt.
0

Then,
y o (e , ,
2 / PP (1) (U) < = Pt ()02 (U3) < loll,? — lul,

and by deﬁnitlon of sq in (23),

2 [ 2 a(Up)\ o?(Q) |2
— P u(t)a? >Q<1— ) P> 0% (Q)sh.
ol ut)a”(Ue) 2 19 1 g 5" 2 e (g
Hence,
Q
T shat(@) < ol ~ Jull (69)

In order to conclude, we have to define t; such that

1
ven) =19] (1= a(®).
for which it holds the following bound

2t1
K2 ) =101 - 19 (1 - ;a(9)> — 0(0) — v(2t) = —/0 V() ds

8
2 2
2t ann n2UJn
- T Do,
0 ®f " f !Q| £l

Now let us distinguish two cases:
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e sq >1t1 > Ca(f) then from (69), we obtain

2
Joll? = lull,? > - Ca (0

e sq < t; we have

9]l oo 2t
loll,” = llul,? = /0 Pt (w(t) — p(t)) dt > / N w(t) — p()) dt. (70)
Since sq < t1 <t < 2t1, we have both
()= v(zt) = 9] (1= ga(®). (71)
and )
u(t) <191 (1~ (). (72)

Consequently, combining (70), (71) and (72) we have
2t ’Q| 2t1
ol =l = [ o o) — ey an > Ll [ ot ar
t1 t1

> Bla@@ -y 2 o - e 2 o@ - ) Blazw),

since a(Q2) < 1.
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