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Abstract

In this paper, we provide a proof that functions belonging to Besov spaces Bg’oo(RN ,RY),

q € [1,00), r € (0,1), satisfy the following formula under a certain condition:

1 )l
1 K =N li ————dyd 0.1
3 T elwragee oy = N g /RN N / |:C—y|’”q z.  (01)

Here, [-]yrq represents the Gagliardo seminorm, and u. denotes the convolution of u with

a mollifier 7 (z) = }Nn (%), n € WEYRY), [on n(2)dz = 1. Furthermore, we prove that
every function u in BV (RY,RY) N B;,/o%(RN, RY),p € (1, 00), satisfies

lim L[ue]q = N lim / / yl* ————dydzx

e—07t Hn 6’ wi/aa(RN RY) e—0t JpN eN Be(z) ’.’E — y|

- (/SN1|Z1|dHN_1(z)> /J ut (@) — ()| 't @), (02)

for every 1 < g < p. Here u*,u™ are the one-sided approximate limits of u along the jump
set Ju-
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1 Introduction

The so-called 'BBM formula’, as presented by Bourgain, Brezis, and Mironescu in [3], provides a
characterization of Sobolev functions W(Q2) for 1 < ¢ < oo and of functions of bounded variation
BV () using double integrals and mollifiers, where 2 C R is an open and bounded set with a
Lipschitz boundary. The full characterization for BV (Q2) functions is attributed to Davila [7]. A
revised version of the BBM formula was presented in [5]. See also [2, 6] for the I'-limit treatment
of a problem related to the BBM formula.

Before describing it, let’s recall some definitions.

Definition 1.1. (Decreasing Support Property)

Let a € (0,00] and p. : (0,00) — [0,00),e € (0,a), be a family of £'-measurable functions.
We say that the family {p.}.c(0,a) has the N-dimensional decreasing support property if for every
5 € (0,00)

lim pe(r)r¥tdr = 0. (1.1)
e—0t 5
Note that by using polar coordinates (see Proposition 10.4), we obtain an alternative form for
(1.1):

lim p=(|z])dz = 0. (1.2)
e—0t RN\ Bs(0)
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Definition 1.2. (Kernel)

Let a € (0,00]. Let p. : (0,00) — [0,00),¢ € (0,a), be a family of £!-measurable functions. We
say that the family {p.}.c(0,q) is a kernel if [,y p:(|z])dz = 1,Ve € (0,a), and it has the decreasing
support property as defined in Definition 1.1.

The BBM formula states that for an open and bounded set Q C R¥ with a Lipschitz boundary,
1 < g < oo, and u e WH(Q), for every kernel {p; }.c(0,0) (as defined in Definition 1.2), we have

. |u(x) — u(y)|? _ g
lim ) (/Q pe(lz — ?/|)WC@ dz = Con | Vull7a@)- (1.3)
Similarly, for v € BV (2), we have

lim ) (/Q p(|z — y\)wdy) dz = Cy y|| Dul|(), (1.4)

=0 |z =yl
where C, y := fov-1 |21|9dHN "1 (2) for every ¢ > 1.
In [16], the following question was investigated:

Question 1.1. What does happen if we replace the left-hand side of equation (1.3), where ¢ > 1,

by the following expression:

tim [ ([ o= M= ) (15)

Here the limit (1.5) is obtained by replacing M&=2WI* iy, (1 3) by lulol W[t

lz—yla lz—y|
Then, the following limit was studied

i, | ( /Q ! u(z) = u(y)|qdy> dz, (1.6)

e—0t nB.() LY (B1(0))eN [z —y

for 1 < ¢ < oo, © C RY is an open set with a bounded Lipschitz boundary, and u € BV (£, R¢) N
L>(Q,R?). This is a particular case of the expression (1.5) with the specific choice of the kernel
p<(1) given by

B o —aNﬁN%Bl(O)) if 0<r<e

p=(r) == . , €€ (0,00). (1.7)
0 if r>e

Here, we refer to such a specific kernel as the 'trivial kernel’ (see Definition 5.3). The space
BV4(Q,RY) was also considered in [16]: we define u € BV?(Q, R?) if and only if u € L(Q, R?) and

1 _ q
lim sup/ (/ _N—]u(:c) u(y)| dy) dx < 00 (1.8)
e=0+t Ja \JanB.(z) € [z =y

holds. In [16], it was proved that the limit in (1.6) is determined solely by the jump part of the

distributional derivative of u, without involving the absolutely continuous and Cantor parts:



Theorem. (Theorem 1.1 in [16])
Let 2 C RY be an open set with bounded Lipschitz boundary and let u € BV (Q, R*)NL>(Q, R?).
Then for every 1 < q¢ < oo we have u € BV(Q, R?) and

_ _ . L Ju(z) —u(y)]®
C u () —u ()7 dHY " (z) = lim (/ —~— 0 ——dy | dz, 1.9
o A R e O R Ty A R e (19)
where
Cy:i=— 21| dHY TN (2), 2= (21, ..., 28). (1.10)
N SN-—1

Here 7, is the jump set of the function u, and u™ and u~ are the one-sided approximate limits of

u on J,.

Recall the definition of Besov space B; (RN, R?):

Definition 1.3. (Besov spaces)
Let 1 < g < oo andr € (0,1). Define

u( +h) — u(z)|*
||

r N dy .__ N dy .
B (R ,]R)._{ueLq(]R RY: sup /RN

dr < oo}. (1.11)
heRN\{0}

For an open set  C RY, the local space (Bg,oo)loc (2, R?) is defined to be the set of all functions
u e LE (Q,R?) such that for every compact K C € there exists a function ux € B (RY,R?)

such that ug(x) = u(zx) for LV -almost every x € K.
The following proposition gives us a connection between Besov functions in B;/O% and BVY—functions.

Proposition. (Proposition 1.1 in [16]) For 1 < q < oo we have:
BVY(RN,RY) = B2 (RV,RY). (1.12)
Moreover, for every open set 2 C RN we have

BV}

loc

(Q,RY) = (B)2), (2,RY), (1.13)

,O0

where the local space BV,! (Q,R?) is defined in a usual way.

loc

A more general result than the proposition above was independently obtained by Brasseur in
[4]. For a comprehensive introduction to Besov spaces, a recommended reference is [14].

Next, recall the notion of Gagliardo seminorm:

Definition 1.4. (Gagliardo Seminorm)
Let 1 < ¢ < oo, E C RY be an LY-measurable set, u € LI(E,R%) and r € (0,1). The Gagliardo
seminorm of v in E is defined by

| ju(z) —u()|”, .\
[u]W“q(E,Rd) = (/Ev‘ B Wdl’dy . (114)
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In [15], the following result was proved: for a Lipschitz domain €, ¢ € (1,00), u € BV (Q,R4)N
L>(Q,R?), and n € WHH(RY) such that [,y n(2)dz = 1, if we mollify u by setting for every e > 0

and z € RY .
y—x
Ue(x) = €_N/RN77( 5 >U(y)dya (1.15)

AHN Y (), (1.16)

then

. 1 = _
lim m [Ua]%vl/qu((l’Rd) = CN/ )u"—(x) — U (I)

e—0t

with an appropriate dimensional constant Cly > 0 (where u in (1.15) is assumed to be continued
from ©Q to RY such that u € BV(RY,R%) N L>®(RY R?) and || Dul|(0S2) = 0). It is worth noting
that the particular case of (1.16) with 1 as the Gaussian, ¢ = 2, and Q = R was previously
proved by Figalli and Jerison in [11] for the characteristic function of a set, and by Herndndez in

[13] for a general function u. Combining (1.9) and (1.16), we deduce that

lim

. 1 Ju(z) - u(y)l
u)? _ li dx. 1.17
e—0t | Ineg] [l naome CN Ei%l* / (/QOBE(:E N Jr—yl W) )

This naturally leads us to pose the following interesting question: does (1.17) hold also for u €
BV®\ (BV N L*)?

Our first two main results are related to this question:

Theorem 1.1. Let g € [1,00) and r € (0,1). Suppose u € B; (RY,R?), E C RN be an LV-

measurable set and n € WLHRYN). For each ¢ € (0,00) we denote

us(x) = /RN n(z)u(z — ez)dz. (1.18)

Then,

/ 2)dz
RN

e—0t

q
hmmf/ /XE v+ en) |u(m+5n) u(z)] da:d?—[Nfl(n)
SN-1

< lim inf [u ]qu(ERd) < limsup — [u ]qu(ERd)

e—0+ |ln | -0+ |Inegl
q
< / z)dz hmsup/ /XE T +en) |u(x—|—5n) u(@)l dzdH™"(n). (1.19)
RN e=0t JSN-1

Theorem 1.2. Let g € [1,00), 7 € (0,1). Let u € B (RN, RY), E C R be an LN -measurable
set and € WH (RY). For each e € (0,00) we denote u.(x) := [on n(2)u(x —ez)dz. Assume that

the following limit exists:

. u(z +en) —u(@)|? 0 N
lim /SN 1 /EXE(;E—l—sn) g dzdH™ " (n). (1.20)

e—07t



Then, for every kernel p. we get

1
lim

N T
e—0+ | Ing| [l aqi

/RNU()
/RN dz

Our next result refers to jumps of functions in Besov spaces B;,/OZQ which are also functions of

bounded variation. This result generalizes (1.9) (The main improvement is that we don’t assume
that u € L™):

€—>0Jr

hm /SN 1/XE T +en) ]u(x+€n) ( )l dzdHN "1 (n). (1.21)

e—0t

Theorem 1.3. Let 1 < p < oo, u € BV(RY R?) N B;/&(RN,Rd) and 1 < q < p. Then, for every
n € RY and every Borel set B C RY such that HN=Y(0BN J,) = 0, we have

— q
lim [ xg(z +en) [ulz +en) — u()] dr = / lut(z) —u™(@)|" [vu(z) - nfdHV ' (2), (1.22)
e—0t B 19 BNTw

and for every kernel p., we have

: IU) u(y)|
alggg//pakr—yl Pe— ——— —dydx

— q
= lim][ /XB T+ en) [u(@ + en) — u(@)) dzdH" " (n)
SgN-1

e—0t £

_ <]£N al dHN )) ij‘u”L(x)—u_(x) "N (2. (1.23)

Here ut,u~ are the one-sided approzimate limits of u, v, is a unit normal and T, is the jump set
of u (see Definition 10.4).

Corollary 1.1. Let 1 < ¢ < p < 0o, and u € BV(RY,RY) N BYZ(RY,RY). Let n € Wh! (RY),
and define, for each e € (0,00) and x € RN, the mollification u.(x) := [on n(2)u(x — 2)dz. Let
B C RY be a Borel set such that HN=Y (OB N J,) = 0. Let p. be a kernel.

Then we have the following equalities:

1 o
AT (ST 8 T ]Wl/wB i)

q
/ (2) dz lim / / P (| Md@/dm
RN e—0+ |z — y

/RNn(z)dz lim ]iN 1/XB (2 + enyl@ ) Z W@ ) v

em0+ -
/RN n(2)dz| <]£N 24| dHN—l(z>> /MB @) - (@ ), (120
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Notation 1.1. Throughout the paper, we adopt the following notation: N and d are natural num-
bers (N,d € N). We denote S¥~1 as the (N — 1)-dimensional sphere in RN . The N-dimensional
Lebesque measure is denoted as LV, while HN~' represents the (N — 1)-dimensional Hausdorff
measure. For an open ball in RY centered at x with a radius of r, we use the notation B,(x). The
characteristic function of a set E is denoted as xg. Furthermore, we use the notation A CC B to

indicate that A is a compact set and A C B, where A represents the topological closure of A.

1.1 Overview of Methodological Framework

In this article, we provide a structured approach to understanding function discontinuities within
the framework of Besov spaces, focusing on ” Approximations in Besov Spaces and Jump Detection
of Besov Functions with Bounded Variation.” We outline our proof strategy and main tools as
follows:

Approximation Theorems in Besov Spaces: We develop approximation theorems to ex-
press functions in Besov spaces as limits of smoother, more regular functions. These approxima-
tions are crucial for analysing small-scale variations without relying on potentially discontinuous
functions.

Jump Detection Mechanisms: By utilizing specialized norms and metrics for Besov spaces,
we develop techniques to detect jumpssignificant discontinuities that highlight essential features
in data. These tools are versatile and applicable to various function classes within Besov spaces,
aligning with bounded variation constraints.

Combining Approximation and Jump Detection: In the concluding sections, we integrate
our approximation strategies with jump-detection methods. This combination is vital as it enables
us to quantify the accuracy and reliability of jump detection in practical applications.

Each step builds upon the previous one: approximation manages discontinuities smoothly,

while jump detection identifies significant variations within a function.

2 Estimates for Gagliardo Seminorm of Mollified Besov

Functions in Terms of Besov Seminorm

In this section we establish estimates for the Gagliardo seminorm of mollified Besov functions
in relation to the Besov seminorm of the functions themselves, without mollification (refer to
Corollary 2.1). These estimates will enable us to establish a continuity property for the upper and

lower G-functionals in the next section (refer to Definition 3.1 and Lemma 3.1).

Definition 2.1. (Besov Seminorm)
Let 1 < ¢ < oo, r € (0,1) and E C RY be an LY-measurable set. Let v : E — R? be an



LY -measurable function. The Besov seminorm of u with parameters 7, ¢ in E is defined by

u(x —u(x)|? 14
[uly _(emy = sup ( [ e xE<x+h>xE<x>dx) e

heRN\ {0} |h|a

Definition 2.2. (Mollification and Mollifier)

Let 7 : RV — R be a function. For each € € (0,00) we denote ne)(x) := Zgn (%), € RN. The
function 7. is called an e-mollifier obtained by n. We call {n)}ec(0,00) & family of mollifiers. For
ne LYRY), 1< q< oo, and u € LI(RY,RY), let us define

Ue () 1= u* ey (x) = /]RN Ne(x — 2)u(z)dz = / n(z)u(z — ez)dz. (2.2)

RN

The convolution u. is called mollification of u by the family of mollifiers {7 }ce(0,00)-

Lemma 2.1. (Boundedness of Mollified Functions in Besov and Gagliardo Seminorms)
Let 1 < g < oo, u€ LYRN R and n € L'(RY). Then, for every z € RY and ¢ € (0, 0)

/RN [ue(2) = ue(z + 2)[*de < (/RN |n(v>|dv)q /RN lu(z) — u(z + 2)|%da. (2.3)

In particular, for every r € (0, 1)

sup (fulagnven) < ([ 101 ) il o 2.4
€€(0,00) RN

sup ([us]wnq(RN,Rd)> < (/ ]n(v)]dv) [U}qu(RN,Rd)- (2.5)
e€(0,00) RN

Proof. By (2.2), Holder’s inequality, Fubini’s theorem and change of variable formula

/RN ue(z) — el + 2)|1de = /RN /RN n(v) (u(x — ev) — ulz + = — 2v)) dv
g/RN (/N |17(v)|]u(a:—sv)—u(a:+z—ev)\dv)qu
:/RN </ () ()l yu<x—gv)—u<x+z—gv)\)dv>qu
< (/RN |dv> /RN/ o)l [l — £v) — ulz + = — )| dvdz
_ </RN\ (v )\dv) /RN n(v)| (/RN \u(x—ev)—u(x+z—gv)|qu) dv
= ([ o) [ o) = ato+ a0

Let r € (0,1). Dividing the inequality (2.6) by |2|"?, z # 0, taking the supremum over z € RV \ {0}
and then the supremum over € € (0, 00), we obtain (2.4). By Definition 1.4 (Gagliardo seminorm),

q

dx
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change of variable formula, Fubini’s theorem and (2.3) we get

. (@) = w I Y (a4 ) ~ w(9)
[UE]WT,Q(]RN’Rd) - /]RN (/]RN |x _ y|N+rq dr | dy = v - |x’N+rq dz | dy
1
— _ q
- /RN [N+ (/RN |ue(z +y) — ue(y)] dy) dx
! ula) ~ u(y)l
< |lnlle, — Iy | doe = ) dz | dy.
< Il [ v ([ oo+ =l ) o =l [ ([ B2 a0)ay

(2.7)

Inequality (2.5) follows from (2.7). O

Lemma 2.2. (Estimates for Gagliardo Seminorm of Mollified Besov Functions - part 1)
Let1 < g < oo, 7€ (0,1), u e By (RY,R?) and n € WH(RY). For every e € (0,00) and

z € RV \ {0} we denote
: a(0) — e+ )l
6 (2) = /R E = (2.8)

Then, for every 0 < B < v < oo it follows that

fHN—l (SN—I)
97 (2)dz < [[nl|7: @y 2 lull —— (2.9)
/RN\BW(O) LY®Y) LARN.RY rqy"d
/ o )9€<Z)dz < Il Gy 1), gy YT (SYTF) (In(y) = In(B))s (2.10)
(0 ’
. q . HN-1 (SN—l) Bq—rq
/Bﬂ(o) g (2)dz < </RN |V77(v)|dv) 2 Hu||Lq RV R T e (2.11)
If e = (3, then we have the following alternative to (2.11) estimate:
) 2N-1 (SN—l)
/ g7 (2)dz < ”VUHLl (RN RN)[U]%r (RN R4) (/ [Vn(v)|(Jv] + 2) qdv) - (2.12)
BS(O) Beok RN q—Tq
The right hand side of (2.12) can be infinite.
Proof. By Lemma 2.1 and the convexity of the function r — r4,r € [0, 00), we have
. H77H%1(RN) q q 1
g°(2) < e fo |u(z) = u(z + 2)|"dz < [Inll7: @n) 2wl 7o mn ) [N (2.13)
Thus, by polar coordinates (refer to Proposition 10.4)
Lo o < il a2l [ s
RN\B, (0) RN\B, (0) |27
fHN—l (SN—I)
||77||L1 (RN 2q||u||%Q(RN,Rd)TW' (2'14)



It proves (2.9). By (2.8), (2.4) and polar coordinates

1 € - UWe 1
/ gE(Z)dZ _ — (/ ’U (13) U ($+Z)| dx) dz
B,(0)\B5(0) B, (0\Bs(0) |7]

q
1
< ([, ki) wlh, e [ e
RN Bj o0 RY.RY B+ (0)\Bg(0) ER

— < /R N |?7(v)|dv>‘1 [u]qB;»m(RN,Rd)HNfl (SN (In(7) — In(B)) . (215)

It proves (2.10). We now prove (2.11). By (2.8) and Fubini’s theorem

/B,B(O) e /RN (/BB(O) el |;|fofa+(i i Z)|qdz> dx. (2.16)

Assume for a moment that n € C*(RY) N WHHRY). By (2.2), change of variable formula, the
fundamental theorem of calculus, Fubini’s theorem and Jensen’s inequality we obtain for every
reRN

_ q
[l
Bg(0)

|Z|N+rq

_1 |4 r—y rTH+z—y a

- eV —n\—— dy| d -

/Bﬁ(o) |z|Ntra | eN /RN (77 ( - ) 77( - )) u(y)dy| dz, [z = ew)
1 1 1 T —y r—y ‘

e eV - dy| d S
" Jp,,.0) jw|N+ra | eN /RN (77( - ) 77( - +w>) u(y)dy| dw, [y =z — ev]

q

dw

/RN (n(v) —n(v+w))u(z — ev)dv

1 / 1
€ JB,,.(0) |w|N+ra

_ 1 ; /RN (n(v +w) = n(v)) (u(w — ev) — u(x)) dv

— E BB/E(O) |w|N+rq
: v [ ( /1v<+t e ) (ute )~ u(w)) d
= — _ w - 772] w U\xr —ev) —u\x v
€™ Jp,, 0 (W[N] Jrw 0
1 1 ! I
< — —— V(v +tw)| |u(x —ev) —u(z dvdt) dw
= o ([ [, 1900+ tollatz = z0) = uto)
1/t 1 1
< — _ Vn(v + tw)| |lu(z — ev) — u(x dv) dwdt
=/ o ([ 190+t ute - 20) = uta)

_ i /01 /Bg/m IwIN;*H (/RN V()] |u(z — (v — tw)) — u(z)| dv)qdwdt. (2.17)

q

dw

q

dw
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In the forth equality we use [,y (n(v+w) —n(v)) dv = 0,w € RY. By Hélder’s inequality

(/1930 ute —et0 - ) ~ u(o)l o)

(/ V()T V()]s Ju (:c—e(v—tw»—u(:c)ldv)q
< </RN V(v )Idv) /RN|V77(v)||u(x—5(v—tw))—u(x)|qdv. (2.18)

By (2.18) and Fubini’s theorem

[ (190 o) = o)
<(/. !Vn(v)\dv>q_1 [ ([ ate = cto—tw) - utopas ) o

q
< (/RN !V'rz(v)ldv> 29[| e ey (2:19)

By (2.17) and (2.19) we get

_ q
[ 0w,
RN JB3(0) |2| N+
< ([ Vo) Pl s [
v)|dv u
=\ aw n LI(RN RY) _rg By u(0) |w|N+ra—a w
q 1 HN—I (SN—I) ﬁ q—rq
— q - | =
= ([RN |Vn(v)|dv) 2 ||u||Lq RV Zrd g — rg (5)

q HN—I (SN—I) Bq_rq
= </RN |V17(v)]dv) 2‘1HuHLq R I — s (2.20)

It proves (2.11) in case n € CHRN) N WHL(RY). We now prove (2.12) in case n € CHRY) N
WHL(RY). By (2.18) and Definition 2.1 (definition of Besov seminorm)

[ (1901 -0~ i)

q—1
<ot ([ 1Vlio) lulh, o [ 19000 tol e, 220
RN q,00 ’ RN

11



By (2.17) with ¢ = 8 and (2.21)

_ q
[ ] e wtrear,,
RN J B.(0) 2| 4

1
1
< a S — — twl|"
(N0 e (o / / o T ( / V)l - tl dv) dwdt
1
1
< ||V [u]L, _ Vv D"dv | dwdt
A2 T A (/[ [wldel + 1y7av ) o
, 1
= ||V77||L1 (RN RN)[U](JIBS,OO(RN,W) </RN [Vn(v)|(lv] + 1) qd“) /Bl(O) ’w’NJrrqfqdw

N-1 (SN—I)
||V77||L1 (RN ]RN)[ ]q (RN Rd) (/ [Vn(v)|(lv] + 1)rqdv)
RN

2.22
p— (2.22)
It proves (2.12) in case n € CH(RY) N WHL(RY). We now generalize (2.11) and (2.12) for n €
WELRN). For n € WEH{(RN), let ns := 1% Y(5), ¥s)(v) := 557 (%), where v € C'(RY), supp(y) C
B1(0), v > 0 and |||/, e~y = 1. Here supp(y) stands for the support of 7. By (2.22) we get for
every 0 < 9 <1

[ [ e e,
RN JB.(0)

|Z|N+rq
fHNfl (SNfl)

q—rq
N-1 (SNfl)

A Frr N 1 ( / IVl + 1)“1dv>

< IVl g [l v g ( / V)] + 2>mdv) (2.23)

qg—rq

Let us explain the last inequality of (2.23): Since

Vs ()| = |V * v (v)] = Vn(z) e (v — z)dz

V(o - 5y)’y(y)dy‘

RN

< [ 19n = 5)hdy. (224

then we get by Fubini’s theorem, change of variable formula and properties of

/RN [Vns(v)|dv < /RN </RN V(v — 6y)]dv) v(y)dy = /RN |V (v)]|dv, (2.25)

and

[ 1vmlel + o < [ (/RN V(o - 6y)l(fel + 1)%) )y
- /Bl(o) (/RN (Vi (v)|(lv + dy| + 1)rqdv) v(y)dy < /RN Vn()|([o] + 2)dv. (2.26)

12



The second inequality in (2.23) follows from (2.25) and (2.26). Note that

x (16) () = ux (N 76) (o = u* (U(a) * (%6))(5)) = ux (77(5) * (7(5))(5)> = (uxne) * (%) () -
(2.27)

Since u * 1) € LYRYN,RY), v € CHRY), v > 0 and |y l|pi@yy) = 1, then the family of
functions {u * (1) (E)}{0<5<1} converges in LY(RY,R?) to the function u . as § — 0%, and hence
has a subsequence converging almost everywhere. Thus, by (2.23) and Fatou’s Lemma we get
(2.12) for n € WHYRY).

Using the same technique we get also (2.11) for n € WHH(RY): Let {u * (15,) ) tnen be a
sequence converging £V-almost everywhere to the function u % 7). By (2.20) and (2.25) we have

for every n € N

U * T) — U * T+ z)4
/ / u (05,) ) (%) (M6.) ) ( )| dode
RN J Bg(0)

2|V +ra
q ’]_[N—l (SN—I) /Bq—rq
q
< (/RN |V775n(v)]dv) 2|l T e gy pra——— "
q HN_l (SN—I) ﬁqfrq
< </RN |V77(v)|dv) 2l gy == (229)
Taking the limit as n goes to oo and using Fatou’s lemma we get (2.11) for n € WHH(RY). ]

Corollary 2.1. (Estimates for Gagliardo Seminorm of Mollified Besov Functions - part 2)
Let 1 < q < o0, 7 € (0,1), u € By ((RY,RY) and n € W (RN). For every ¢ € (0,00) and
0< B <y <o it follows that

HN—I (SN—I)

gy
+ 9l % oy [, v ey (S™77) (In(y) = In(B))

q HN*l (SN*l) ﬁqfrq
+ (/RNWU(U)WU) 2|l T v gy p— - (229)

[ua]qu(RN Rty < Izl (RN) QqHUHLq RN Rd)

In particular,

fHNfl (SNfl)
q < q 24 - N @7
563(1)136 |1n€| [Ue]wr,q(RNRd) = HnHLl(RN HuHLq RN R4) rq
_ - q
s il (57—
q HN—I (SN—I)
+ Vn(v)|dv | 2¢ =¥ ) (230
(19000 ) 2l (230

Proof. By definition of Gagliardo seminorm (Definition 1.4), change of variable formula, Fubini’s
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theorem and additivity of integral we get

q _ |ue () — ue(y)| B |ue () — ue(z + 2)|7
[Us}wr,q(RN,Rd) = /]RN (/]RN o= gV dy | dx = U 2 dz | dx

_ q
= [ A e Y o= [ e Fz [ g
RN \JrN 2|V RN\B, (0) B, (0)\B5(0) B5(0)
(2.31)

where we denote

g (2) = /RN [ue () — uelw + Z)‘qu, z € R\ {0}. (2.32)

B
Therefore, we get (2.29) by (2.9),(2.10),(2.11) and (2.31). Inequality (2.30) follows from (2.29)
choosing v = 1, 3 = -7, and using that ﬁ < 1 for every € € (0,1/e). O

3 Continuity of G-Functionals

In this section, we define the upper and lower G-functionals (see Definition 3.1). We prove conti-
nuity properties for these functionals (see Lemma 3.1). These continuity properties, in particular,
allow us to generalize results involving n € C}(RY) to cases where n € WHH(RY) (refer to the proof
of Corollary 7.2). Additionally, we introduce the Gagliardo constants, which are specific instances

of the G-functionals where the function 7 is fixed (see Definition 3.2).

Definition 3.1. (The Upper and Lower G-Functionals)
Let us define for ¢ € [1,00), 7 € (0,1) and an L£Y-measurable set £ C RY the upper G-

functional and the lower G-functional, respectively, to be

Gg,Gp Bgm(RN,Rd) x WEHRYN) — [0, 00),

Gg(u,n) :=limsu
E( 77) <€_)0_'_p ‘hl&“

Remark 3.1. (Well-definedness of the Upper and Lower G-Functionals)

The well-definedness of the upper and lower G-functionals follows immediately from (2.30).
Note that [u 7] Wra®N R4 € [0, 00) for every ¢ € (0, 00) assuming only that v € L4(RY, RY) and
n € WHHRY): One can show by Hélder’s inequality that the convolution u * 7 lies in LI(RY | R?),
1 < g < oo, whenever u € LY(RY R?) and n € LY(RY). Therefore, if 1 < ¢ < oo, u € LI(RN,R?)
and n € WHY(RY), then u. € LI(RV,R?), and it has weak derivatives g-u. = u * 527
LY(RN RY) for each 1 < i < N. Therefore, u. € WH(RN R?) ¢ W™4(RN, RY), for every r € (0, 1).
Thus, [u * 77(&)]

[U * 77(5)} (‘])Vr,q(EJRd) ) QE(u> 77) ;= lim inf [U * 77(5)] ?A/T,Q(E’Rd) y (31>

e—0t | Ine]

Wra(RN Rd) € [0,00) for every ¢ € (0, 00).

Lemma 3.1. (Continuity of the Upper and Lower G-Functionals)
Let g € [1,00), r € (0,1) and E C RY be an LY -measurable set.
1. Ifu e By (RN, RY) and {n,};2, € WH(RY) is a sequence such that n, converges to n in
WL RYN), then
lim Gp(u, ) = Gp(u,n),  lim Gp(u,m) = Ggu,mn). (3.2)

n—o0
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2. If n € WH(RY) and {u,};2, C B} (RN, RY) is a sequence such that u, converges to u in

B;oo(RN’ R%), which means that lim,, . <Hu — Un|| LoV Ra)y + [U — un]B;m(RN’Rd)> =0, then

n—o0 n—oo

Proof. 1. For every n € N we get by (2.30)

1 a 1
x (1, < Y < 0. 3.4
Ees;l{)/e |ln€| [ (77 )(5)] Wra(B,RY) o0, Eesgl%)/e) Hng‘ [U ) )}W 4 (E,R4) 0 ( )
Therefore, by Lemma 10.6 we get
li f—l lim i f—l
it (e [ 0 1y~ TS0 T [ 0o
) 1
= hiigp |Ine|l/a [u * (nn)(s):|WT7Q(E,]Rd) B [u * n(e)}W“q(E:Rd) , (35)
and
imsup ————— |u* (9, — limsup ———— |u * .
Dot Tef/a 7 V@ yyragpmey ~ LGP Thea T O wracez
) 1
T B e R
By the triangle inequality for Gagliardo seminorm we get
limsup# [u*(n) ] — [u*ne]
ol [Ine|te ") ] yrra(p R ©Jwra(rd)
1 1
< e (g [ g = o], = e s [u () =m0
= et |Ing|t/a ux (e =11 WraERY) Lot | Inell/a ux ey = e Wra(ERY)
1 1
S e [ (= )e) wraprdy — ool Tne|a [ (= )¢e) Wra(RN RY) (3.7)

Therefore, by (2.30)

. q 1 ]
hizljp [u * (nn)(e)} wra(BRY) [u i 77(5)} Wra(E,R) = hiiljp |Ine| [ (1 — 7))(5)} Wa(RN R4
1 q YN-1 (SNfl)
= B < n 1 2q - 7
= core el [“ * (1 ”)<e>} weage gy < 1 = 5 ullF oz gy -

N
= sy [l v e B (7))

(9 = ) 2l ey ) (38)
(L )

q—rq
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Taking the limit as n — oo in (3.8) we get (3.2) from (3.5) and (3.6).

2. Replacing 7,, with  and « with w,, we get in the same way

HN_l (SNfl)
hsnj)gp |Ine| ‘[“n * n(a)}WW(E,Rd) — [ux n(f)}W“q(E,Rd ‘< 2 vy 2= in 7 o RO g
N-1 (gN-1 q
+ ||77||qL1(RN)[“ - un]qB;w(RN,Rd)% (S ) q—rq
q fHN—l (SN—l)
\Y d 29| — uy | —. (39
(19001 ) 2 g (39)
Taking the limit as n — oo we get (3.3). O

Definition 3.2. (Gagliardo constants)
Let g € [1,00), 7 € (0,1), let E C RY be an £N-measurable set, and n € WH(RY). We define
the (r,q) upper Gagliardo constant of u in E with respect to n as the quantity:

lim sup

q
o+ |Inel [0 Wra(ERd) ° (3.10)

Similarly, replacing the limsup by the liminf, we define the (r,q) lower Gagliardo constant of u
in E with respect to n. If the limit exists, we refer to it as the (r,q) Gagliardo constant of u in E

with respect to 1.

4 B"%-Functions

In this section, we introduce the space of functions B™(FE,R?) (see Definition 4.2). We establish
several properties of these functions, as detailed in Propositions 4.1 and 4.2, as well as Corollary

4.1. Additionally, we prove the equivalence between the space B™¢(RY R?) and the Besov space
B! (RN R?) (refer to Theorem 4.1).

Definition 4.1. (B™?Seminorms)
Let us define for r € (0,1), ¢ € [1,00), an LY-measurable set £ C RY and £¥-measurable
function v : E — R? the following two quantities:

The B™1-seminorm is defined by

1
q q
U] gra(pray = sup (/ / ugy” dydx) : (4.1)
cc0,) \JE & JpnB. (2 —yl|r

the upper infinitesimal B™9-seminorm is defined by

1
q q
[u] gra(prey = lim sup / / —ulw)| — =" dydx | . (4.2)
’ e—0t £ Y JenB. o —y|"

Definition 4.2. (The Space B™)
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Let 7 € (0,1), ¢ € [1,00) and an £N-measurable set £ C RY. We define a set
B™(E,RY) = {u € LYE,R?) : |u| gra(pre) < oo} (4.3)

We define the local space B])Y(E,R?) as follows: u € BlY(E,R?) if and only if u € L]

loc loc

u € B™(K,R%) for every compact set K C E.

(E,R%) and

loc

Proposition 4.1. (Properties of B™?-Seminorms)
Letr € (0,1), g € [1,00) and E C RY be an LY -measurable set. Then,
1. The B™-seminorm and the upper infinitesimal B™1-seminorm are seminorms on B™(E R%);
2. Foru € LY(E,R?), || gra(prey < 00 if and only if [u] gre(p Ry < 00;
3. For an open set Q@ C RN, u € B(Q,RY) if and only if for every compact set K C Q we have

loc

q
limsup/ N/ uly) ———————dydx < oc. (4.4)
K& < (

e—0t |£B - y|rq

4. Let us denote:

[ully := [u]prare) + ull Lo ray,  lull2 = |ulpraEre) + [[ullpogsra)- (4.5)
Then, || - |1, || - |2 are norms on the space B™(E,R*)* and (B™(E,R?), | - ||2) is a Banach space.

Proof. 1. Let u,v € B"(E,RY) and a € R. It follows immediately from definitions that
|u| gra(g ray, U] pra(prey are non-negative and homogeneous, which means that |au|pr.prey =

|al|u| gra(prey and [au] groprey = |a|[u] proprey. We have by Minkowski’s inequality

(/ /EmBE - (|x)_y(|2fq+v)( 2L dq;);
<// {XBE(:L« |“| r) — |( y)| +XBE(x)(y)W]qdydx>é |
(/ / {XBE ‘ (@) ;(?ﬂ'] dydl“) (/ / {XBE | (=) ;(y)!} iy dx)q. o

The triangle inequality for [-|gra(pra), | - |pra(ere) follows from (4.6).

2. Since for every L£LV-measurable function u : E — R¢ we have [u] pra(Erd) < |U|progrey, then
the finiteness of |u|pgrq(pre) implies the finiteness of [u] gra(pre). Assume [u]gro(gray < 00. Then,
there exists a number 0 < g9 < 1 such that

1 |u(x) —u(y)|? )
su ——d dr < 0. 4.7
se(ogo]/E </EmBE(x) N Y 47

1 As usual, on the space of equivalent classes obtained by equality £~ -almost everywhere.
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We have

- /(/ 1 Jufz) — uly)° dy> ws [/ 1 lufe) = u)l”,
ccleo) JE \JENB.(2) EY T —y[™ - JE \VEnB.,(2) g |z —ylm

1 — q
e€leo.)) JE \JEA(B:(0)\Bzy () € [z — y|r
and

]_ _ q
c€leo,) J B \JEN(Be(2)\Bey () € |z — y|m
4, 1
<21 1—N+Tq sup / / u(z)|*dy | dz
€0 e€leo,l) JE \ J EN(B:(2)\Bey ()
sup / / lu(y)|ldy | dv < 27—
e€leo,1) JE \ J EN(B:(2)\Bzy(2)) 0

Thus, |u|grapre < 00.

+ 2071

e e LY (BuOD 2 ) < 0.

(4.9)

3. If for a compact set K C RY we have (4.4), then [u] pra(x,ray < 00 and by item 2 we have also
Ul pra(x ey < 00, hence u € B™(K,R?). For the opposite implication, let u € BiI(Q2,R?) and

K C ) be a compact set. Let 0y CC €2 be an open set containing K. Since () is open, then we
have for every small enough e € (0,00) that K + B.(0) C Q. Hence, by item 2 we have

q
limsup/ / [u(z) — u(y)|" —————dydx < hmsup/ / [ulz) = uly)] ————dydx < o0.
ot Jr Y JB.() ’33 - yfrq e—ot Joo € - ()N ’37 —y|r
(4.10)

4. Since by assertion 1, [-|gra(gra), | - |pra(pre) are seminorms and || - || agre) is @ norm, then
|- I, || - |2 are norms on the space B"¢(E,R?). The space (B"(E,R%),||-||2) is complete: let
{un,}2, C B™(E,R?) be a Cauchy sequence. Then, it is also a Cauchy sequence in L(E,R%), so,
since LY(E,R%) is complete, there exists a function u € LI(E,R?) such that {u,}>, converges to
u in LIY(E,R?). Let {uy, }>, be a subsequence that converges to u also £N-almost everywhere.
Since {un, }o2, is a Cauchy sequence, then it is bounded, so there exists a number M such that

|Un, | Bro(prey < M for every k € N. By Fatou’s lemma we get

1
q q
u| gra(gra) < hmmf sup (/ / [un () =t (9)] dydm) < M. (4.11)
peN ENB.(z) |x —y|re

e€(0,1)

Thus, u € B"(E,R?). Let us prove that u, converges to u in B"Y(E,R?). Let £ > 0. Since
{u,}22, is a Cauchy sequence in B"(E,R?), there exists Ny € N such that for every n,k > N,
we get

c€(0,1 |z — y|"

— — _ q
§ > |up — uklpraprey = SUP/ / (@) = otn = ) ()] dydz. (4.12)
g el ENB.(z

18



Therefore, for every n > Ny, we obtain

_ _ q
& > liminf | sup / / — ) (@) = (tn = U ) (1) dydx
k—=oo \ec(0,1)JE el ENBe(z) |55 —ylr
_ _ q
- ap (i [ X / ) 1 00,
cco) \ k=< JpeN Jpap ) |z — y|"
_ _ q
-~ sup (/ / )(ZL’) (%n U)<y)| dydx> = |un — U|Bra(E,Rd)- (413)
5601) £ & JenB.(a |z — y|re

Proposition 4.2. (Continuous Embedding of W™ into B™?, and Negligibility of the Upper In-
finitesimal B™-Seminorm for Sobolev Functions)

Let r € (0,1), g € [1,00) and E C RY be an LN -measurable set. Then, the space W™ (E,R?)
with the norm [lyra(pra) + || - |o(pray is continuously embedded in the space B™(E,R?) with the
norm || - || defined in (4.5). Moreover, [u]prapgray =0 for every u € WH(E,R?).

]

Proof. We have for every € € (0,00) and u € W"(E,R?)

[u(z) — uly)]° / ( / Ju(e) — u(y)|? )
oo > ————"dydx > ————"dy | dx
/E g |r—yNtr e \JEnB.(2) |7 — Y[Vt
/ / Jutw) = w) ) e (414
£ €Y JenB.(2) |$—y|rq

By (4.14) we conclude that W"?(E,R?) is continuously embedded in B™4(FE,R%). Notice that

|u(x) — u(y)|? |u(x) — u(y)|*
sup / ———————dy | dx < / —rdyd:v < 00;
/E (86(0,00) EnB.(z) T —y[NTTa E |z — y[Ntra
uw) )l

lim [ — [V

=0, for £N-almost every z € E. (4.15)
e=0% JENB. (2)

Therefore, by Dominated Convergence Theorem

: u(y)|?
Uu| r, d ghmsup// ———————dydx
sy <tmewe [ f IS

— q
:/ lim (/ Mdy) dr =0. (4.16)
g0t \Jpnp. () |7 —y[VTme

]

Corollary 4.1. (Non-equivalence of the Seminorms |- |gra, [-]gra)
Letr € (0,1), ¢ € [1,00) and Q C RN be an open set which is not empty. Let || - ||1, || - |2 be the
norms defined in (4.5). Then, the space (B™(S,R?), || - ||1) is not a Banach space. In particular,

the seminorms | - |gra, [-|gra are not equivalent.
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Proof. Let v € LI(Q,R?) such that [u]grere) = 00. Let {u,}52; € CH(Q,RY) be a sequence
which converges to u in L9(2,R%), so it is also a Cauchy sequence in L4(Q,R?). Therefore, by
Proposition 4.2 we have that {u,}5, C Wn(Q,R?) C B™(Q,R?) and this sequence is also a
Cauchy sequence with respect to the norm || - ||, because ||u, — ux||1 = |[un — ur||Lo(ray for every
k,n € N. Thus, {u,}>
have a limit in the space. Since by item 4 of Proposition 4.1 (B’“’q(Q, R%), || - Hg) is a Banach space,

n=1

is a Cauchy sequence in the space (B™(Q,R?), | - ||1) which does not

then the norms || - [|1, || - ||2 are not equivalent and so as the seminorms | - |gra, [-] pra. O

Theorem 4.1. (Equivalence Between B™-Spaces and Besov Spaces B} )
Letr € (0,1), g € [1,00). Then,

r N d\ __ r, N d
B, (R™,R?) = B™(RY,RY), (4.17)
and for every open set Q C RY

(Bjoo) o (L RY) = BLA(Q,RY). (4.18)

loc

Proof. Assume that u € B;OO(]RN, R?). Then, for every ¢ € (0, 00)

q _ q
/ N/ ’ddx_/ / e v ey g
RN €7 J B |9U - ?/|Tq RN B1(0 |52'|rq

_ /Bl@ (/RN [uz) — ulz + 52)' dm) 4z < [, o g £ (Bi(0)) < 00 (4.19)

2]

Thus, we get

u(y)|? N
sup /RM / ) y,rq ) = e <l vy £ (Ba(0) < 00, (4.20)

€€(0,00)

Thus, u € B"(RY R%). Assume that u € B"(RY R?).
Step 1: for every hy, ho € RY such that 0 € {hy, ho, b1 + ho} we have

/ |u(z + (hy + he)) — u(x)|qu _ / | (w(z 4+ (hy + ha)) —u(z + hy)) + (u(z + hy) — u(zx)) ’qu

|hy + ho|r \hy + ho|"d
< 2(]71 / |U($ + (hl + h?)) — U(I‘ + h1)|qu + 2(171 / |U(I + hl) — U($)|qu
— RN ‘hl + h2|7’q RN |h1 -+ h2’rq
= 2Vl / ulo 1) = wlz)lt | 2T / ule M) ey, (42n)
|1 + ho|™® Jgw | hg|"d |h1 + ho|"? Jg || '

Step 2: let v € SV ¢ € (0,00) and z € RY. Denote h; := ez and hy := ¢(v — z). Note that
Bijs (3v) € B1(0) N By(v). For z € Byjs (3v), we get by (4.21)
_ q
/ |u(x + ev) — u(x)| i
RN

er

< 2q—1|V_Z|rq/ ’U(Z’—FE(I/—Z)) _u(x)‘qu+2q—l|zqu/ ‘U(.T—i—SZ) —U<$)’qu
- RN le(v —2)[ RN |ez]m

1 [ e telv—2)) —u@? g [ Juleter) —u@)]?
<2 /RN o= da + 2 /RN T dr. (4.22)
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Taking the average with respect to dz on the ball B, (%V) of both sides of the inequality (4.22),

we get

/ |u(z + ev) — u(x)|qu < o7 ™ / / u(rz+elv—2)) — u(x)|qudz
RN g L 31/2 3v)) By, % RN le(v —2)["
2q—-1 q
7 / / u(z +ez) — u(x)| drds
»C Bl/2 By (3v) JRNY |52|Tq
2N+q 1 _
< / / |UZE+6V 2)) —u(x )lddz
£N Bl Bi(v) JRN |€ V — Z) rq

§N+‘1 ! / / |u(z + £2) —u( )’qdmdz / / u(z + €2) u(m)lqudz.
E Bl B1(0 RN |€Z|rq Bl B1(0) RN |€Z|Tq

(4.23)

Therefore, since u € B™(RY,R%), then

— q oN q
limsup [ sup / [ule +ev) — u(z)] dz hm sup/ / ulz +e2) — ulz)l dxdz
e—0+t  \vesN-1JRN et EN (Bl em0+ 31 RN |ez|

2y / / Julx) =W ) e < o, (120)
11m su X Q. .
EN (Bl 5%0+p RN 8 < (2) ’x — y’“] Y

Step 3: notice that

u(z +h) — u()|*
[u],, = sup / dx
B0 (RY,RY) heRN\ {0} J RN |h|re

h) — a h) — q
= sup sup/ [u(@ + h) — u(@) dr | = sup ( sup / [u +eh) — u(@) dx).
ce(0,00) \ |h|=¢ JRN e c€(0,00) \heSN-1 JRN en

(4.25)
By (4.24) there exists § € (0,00) such that
h) — q
56(0,5) heSN-1 JRN e

Therefore, by (4.25) and (4.26) we get

q |u(z +eh) — u(x)|? |u(z +eh) — u(x)|?
[u] By (RN RY) < sup ( sup /R § g dzr )+ sup sup . = dx

c€(0,0) \hesN=1 e€[6,00) \heSN-1
|u(x + eh) — u(x)|? 2q

i dz u < oo, (427

N EE(OI,)é) (hegl\lfj—l /RN erq 5rq H ”Lq RN Rd) ( )

Thus, u € B (RY,R?). It completes the proof of (4.17). We will derive the local case (4.18)
from the global one (4.17).

Assume now that u € (B;OO) (Q,RY). Let K C Q be a compact set and let 2y CC 2 be an open

loc
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set such that K C Q. Let g € B} (R",R?) be such that u = g LN-almost everywhere in . We
have for € € (0,00) such that K 4+ B.(0) C €

g(y)|
dd " dyd
/KeN/E ra:—yrm e /KsN/E \x—y\rq !

9
" dydr. (4.28
/RNgN/E ’x_y’rq Z ( )
By (4.17), we get

1 _ q
limsup/ / )| — " dydr < hmsup/ —N/ |g(x)—g(y)|dydx < oco. (4.29)
—ot Jr eV [ =0t JRN € @ |T—ylm

By item 3 of Proposition 4.1 we conclude that u € B[ ?(€,RY). Assume that u € B?(Q,R?).

loc loc

Let K C Q be a compact set and let 2y CC €; CC 2 be open sets such that K C . Let
f € Co"(RY)? which is constant 1 on K and constant 0 outside Qy. We have for g := uf and
e € (0,00) such that RV \ ©Q; + B.(0) C RV \

/ / 9(w)|" " dydx
gy €N L ]x — y[W

/ / —u(@)f(y) + u(@)f(y) —uy)f (y)!qdydw

|z —y|

N o 5N Be(2) |33—y| I (®Y) - (z) ’m_y’rq

<20 (B0) [ (o) + 27 / / ’“

|x_y|rq)‘ dydz, (4.30)

where C' is a number such that |f(z) — f(y)] < C’|x —y|" for z,y € RY. Therefore,

q
limsup/ / 9(x) = 9(v)| —————dydzr < o0, (4.31)
vy €Y Jp ]x - y[’”‘l

e—0t

and by (4.17) we conclude that g € Bl (RY,R?). Thus, v € (B ), (Q,R?). O

loc

5 Kernels

In this section, we analyse the concept of a kernel (see Definition 1.2). Additionally, we discuss spe-
cific kernels, namely the logarithmic and trivial kernels (see Definitions 5.2 and 5.3), and establish

their properties.

Definition 5.1. (Compact Support Property)

Let a € (0,00] and p. : (0,00) — [0,00),e € (0,a), be a family of functions. We say that the
family {p:}cc(0,0) has the compact support property if for every r > 0 there exists d, > 0 such that
supp(pe) C B, (0) for every € € (0, ;).

2The space of Hlder continuous functions with exponent r and compact support.
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Note that, if the functions {p: }.c(0,q) are £L'-measurable, the compact support property implies
the decreasing support property (see Definition 1.1).

Definition 5.2. (Logarithmic Kernel)
For every € € (0,1/e) and w € (0,1) let us define a function

1 1
£,w = N Ale ) ew - 07 07 ) 5.1
Pe, (7”) HN-1 (SN_l) (| 111€| — |lnR5,wD TNX[ ,Ra,w)(r) Pe, ( OO) — [ OO) ( )
where R, , 1= ﬁ, and X[ r..) is the characteristic function of the interval [e, R.,,). We call the

family of functions {p.u}ec(0,1/¢) the N-dimensional logarithmic kernel, or just logarithmic kernel.

Remark 5.1. (Comments about the Logarithmic Kernel)

1. Note that for every e,w € (0,1) we have ¢ < R.,: € < R., if and only if ¢ < W if and only

if e/“In (1) < 1. The last inequality holds since In(z) < z for every z € (0, 00).

2. Note that for e € (0,1), nR.,, = —wln (In (1)), and for e € (0,1/e), [InR.,| = wln (In (1)),

so |lne| — |mR.,] =In(2) —wln(In (%)) = In (L —i—ln(%) = ln(%) > (0. The
[ Inef — | wl (2) (In(2)) (2) (n( ) (1)

last inequality holds since ¢ (ln (%))w < 1.

3. By L’hopital’s rule we have lim, ., % = 0, so we get by definition of R,

1
hm | ln R€7w| — hm w hl (ln (E ))
e—0t | In 8| e—0+ In (%)

~0. (5.2)

Proposition 5.1. (Properties of the Logarithmic Kernel)

For w € (0,1), the logarithmic kernel {pz.}ec0,1/¢) has the following properties:
1. The logarithmic kernel is a kernel that also possesses the compact support property;
2. lim, o+ € [on ps";—gz‘)dz =0, Va e (0,00).

Proof. 1. Tt is easy to see that for every e € (0,1/e), w € (0, 1), the function p., is £!-measurable.
By polar coordinates

A R o A = )Y
_X57Ra,w z z = —az = _ z T
ry |2 [ ) Br. ., (0)\B:(0) | 2|V £ 8B..(0) ER

Re
— / iNerl'HNfl (SNfl) dr = HN ! (SNfl) (InR., —Ine) = HNL (SNfl) (|lne| — [InR. ).

r

(5.3)

Note that, since e € (0,1/e), thene, R.,, < 1, and therefore —Ine = |Ine|andIn R, , = —|In R, |,
solnR.,—Ine=|ln¢|—|In R, ,|. Thus, fRN pew(|2])dz = 1. The logarithmic kernel satisfies the
compact support property: for every r € (0,00) let 9, := ¢ 775, Note that if ¢ € (0,9,), then
R.. <1, s0supp(pe.) C Bg.,(0) C B,(0), where R, :=

" |lnglw-
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2. By polar coordinates

Pe,w(|z|> . 1 1
o dz = N—-1(QN-1 N+adz
Ry |2 RSN ([Ine| = [In Rew]) Vg, on\5.0) 1]

1 Bew 1 1 NC1 [ aN-1
~ SN (SN d
HVL(SNT) (|Ine| — |lnR5,w|)/5 TN—&-ozT H (S ) r

B 1 1/1 1y 1 L 1 1 —&*|Inelo
~ (lnel = |InR.,[)a \e*  Re,) ae* \|lng|—|InR..| )  ae* \|lne| —wln|lne| )

(5.4)
Hence,
1 w\a 1
» 1 1 — &% Ilng|ow 1 oz — (E[e[*)" s 0
limaa/ p’(|Z|)dz:—lim e Ine| — = lim ¢ el _ 2 .
=0t Jpno |2]@ ae=0t |Inel —wln|lng| a0t 1 —wlﬂfj‘ 1
(5.5)
O
Definition 5.3. (The Trivial Kernel)
Let us define the N-dimensional trivial kernel, or just trivial kernel, to be
1 .
~NFN BT O<r<e
pe(r) = { LN BO0) / , €€ (0,00). (5.6)

0 if r>e¢

Remark 5.2. Notice that the trivial kernel is a kernel. Moreover, it satisfies the compact support
property: for every r € (0,00), let 8, := r. Thus, if € € (0,4,), then supp(p.) C B-(0) C B,(0).

Definition 5.4. (o-Approximating Kernels)
For every number o € (0,00), the N-dimensional o-approzimating kernel is defined to be

1

pg(,r) = 2JHN_1(SN_1)TN_1 X[E—O’,E-’ro'}(r)? pg : (0700) — [0700) (57>

Remark 5.3. (o-Approximating Kernels Give us Kernels)

Note that o-approximating kernels are not kernels because they lack the decreasing support
property (see Definition 1.1). However, if we select a number o, € (0, ¢) for every € € (0,00), then
the family {pZ°}.c(0,00) POssesses the compact support property, and in particular, it satisfies the
decreasing support property. By employing polar coordinates, we find that [,y pZ(|2])dz = 1 for
every choice of € and ¢ in (0,00) with o < . Therefore, {pZ°}.c(0,00) is a kernel, as defined in
Definition 1.2.

6 Variations and Besov constants

In this section, we introduce the notion of (r, ¢)-Variation (see Definition 6.1). We prove that (r, q)-
variations control Besov Constants (see Lemma 6.1). Furthermore, we demonstrate that (r,q)-

variation can be represented as a Besov constant (see Corollary 6.1). Additionally, we establish
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the continuity of Variations and Besov constants with respect to convergence in Besov Space (see
Lemma 6.3).

Definition 6.1. ((r, ¢)-Variation and Directional (r, ¢)-Variation)

Let r,q € (0,00), and u : RY — R? be an £Y-measurable function. Suppose E C R¥ is an
LN-measurable set, and let n € SV~ be a direction. Then, the (r,q) upper variation of u in E in
the direction n is defined by

lu(z +en) —u(z))?
erd

(r,q) — V(u,E,n) = limsup/ Xe(T +en)
E

e—0t

dx. (6.1)

Similarly, replacing the lim sup by the liminf, we define the (r,q) lower variation of u in E in the
direction n and denote it by (r, q)—V (u, E,n). If the limit exists, we denote it by (r,q)—V (u, E, n),
and we call it the (r, q) variation of u in E in the direction n.

The (7, q) upper variation of u in E is defined by

(r,q) = V(u, E) := limsup /SN1 /EXE(x fepylilz ) Z @ vy, (6.2)

e—0t el

Similarly, replacing the limsup by the liminf, we define the (r,q) lower variation of u in E and
denote it by (r,q) — V(u, E). If the limit exists, we denote it by (r,q) — V' (u, E), and we call it the
(r,q) variation of u in E. We also define the notions of (r,q) lower (upper) essential variation of

u in E, replacing the lower (upper) limit by the essential lower (upper) limit.

Definition 6.2. (Besov Constants)
Let r,q € (0,00), and u : RY — R? be an £Y-measurable function. Suppose E C R¥ is an
LN-measurable set, and let {p.}.e(0,a) be a kernel for some a € (0,00]. The upper infinitesimal

(r,q) Besov constant of u in E with respect to the kernel p. is defined as the quantity:

limsup/E/Epgﬂx—y])Mdydx. (6.3)

e—0t |{L‘ |rq

Similarly, replacing the lim sup by the lim inf, we define the lower infinitesimal (r, q) Besov constant
of u in E with respect to the kernel p.. If the limit exists, we refer to it as the infinitesimal (r,q)

Besov constant of u in E with respect to the kernel p..

Remark 6.1. (The Upper Infinitesimal B™?-seminorm is a Besov Constant)

Note that if we select the trivial kernel as defined in Definition 5.3 in (6.3), multiply the result
by £LN(B1(0)), and then take the result to the power of %, we obtain the upper infinitesimal
B™%-seminorm as defined in 4.1.

Remark 6.2. (Variations of W4, BV and B )
From the BBM formula, for an open and bounded set  C RY with a Lipschitz boundary,
where 1 < ¢ < oo and u € W4(Q), we have

(L) = V(1,Q) = Con [Vul £, 0 (6.4)
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for u € BV (£2), we have
(1,1) = V(u, Q) = Cy | Dull(2), (6.5)

where Cy v := [gn-1 |21|%dHY " (n) for every ¢ > 1. For proof of this result see [17].

For r € (0,1) and ¢ € [1,00), we observe from Sandwich Lemma 6.1 and Theorem 4.1 that the
finiteness of the upper variation (r,q) — V (u, RY) of u together with u € LI(RY,R?) is equivalent
to u € By (RN, RY).

Lemma 6.1. (The Sandwich Lemma with Variations and Besov Constants Included)

Let E C RY be an LN -measurable set and v : E — R? be an LN -measurable function. Let
a € (0,00] and let p. : (0,00) = [0,00),e € (0,a), be a kernel, and o, q € (0,00). Assume that at
least one of the following three assumptions holds:

1. eSSSUP.(0.00) Jon-1 [ XE(T + en) e w@ g0 g3 N=1(n) < oo;

2. u € LI(RN,RY);

8. The kernel {p:}ec(0,0) has the compact support property as defined in Definition 5.1.

Then,
— q
lim inf][ / Xe(x +en) lu(z +en) — u(z)] dl‘d'HN_l(n)
e—0t sN-1 JE o
— q
< ess liminf][ / xe(r +¢en) lu(z 4+ en) — u(x)| dedH 1 (n)
e—0t sN-1 Jg e
— q . q
= liminf/ / pe(lx — ?/|)Mdyd:ﬂ < limsup/ / pe(lz — y|)Mdydx
=0t JpJE ‘x—y‘a o e ) ’x_y’a

— q
< ess limsupf / x5(z + en) Ju(z + 672[ u(z)| drdHN 1 (n)
sN-1.JE

e—0t

_ q
< lim sup][ / Xe(r +en) ule + Ez)a u(z)l dedH™"*(n). (6.6)
sN-1.JE

e—0t

In particular, for r € (0,00) and o = rq, we get (6.6) for (r,q) variations and Besov constants.
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Proof. By using polar coordinates, we get for every § € (0, 00)

//pa %d dm—/E(/RN xE(y)pa(lw—yl)%dy) dzx

= [ ([ et M= I g

= [ ([ et + M0 =22 ) s
-[7] . ([ xeto+ )M ) i g
— /OOO /SN 1tN’1 (/E XE(x—irtn)pE(t)W(x) _inx—'_m”qd ) dHYN " (n)dt

—/6tN1p€(t)V(t)dt+/ootN1p€(t)V(t)dt. (6.7)

In formula (6.7) we denote

= / / Xe(x +1tn) ule) = ula + m)|qud7-lN_1(n). (6.8)
sN-1JE

By polar coordinates we see that

/RN pell)dz =1 —> m:/om#“pg(t)dt. (6.9)

Since {pe}ec(o0) i @ kernel, then it has the decreasing support property (see Definition 1.1).
Therefore, for every § > 0, we get lim._o+ [tV 'pc(t)dt = 0, and by (6.9) we obtain

1 5 . 5
N oN—Ty = il { / " pe(t)dt + / tN‘lpa(t)dt} = lim [ t"p(t)dt.  (6.10)
HNZH(SN) 0 5

e—0+ e=0% Jo

By equation (6.7) we obtain

0 00
esssupV(t)/ tN_lpE(t)dt+/ N o )V (t)dt
0

te(0,9)
u
//p€|l'—y|| |) |(a)|ddx

> cssinf V(¢ )/ N1 (1 )dt+/ Nl (Y (H)dt. (6.11)
t€(0,9) 0 5

If €55 SUP; (g 00y V() < 00, then we get limo_o+ [ tN ' pc(t)V (t)dt = 0. If uw € LY(RY,R?), then

g/ N—-1 N-1
sup V() < 25T

5o ullTo v gy < 00 (6.12)
te(9,00)
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So we get again that lim._o+ [~ " p:(t)V (t)dt = 0. Therefore, in both cases, we obtain (6.6)
by first taking the liminf(limsup) as e — 0" and then the limit as 6 — 0 in inequality (6.11).

In case {p:}ec(0,0) has the compact support property, for r > 0 there exists 0, such that for
every ¢ € (0,0,) we obtain supp(p.) C (0,7), and by (6.7) we get

[ [ ptie=l ’“,) ,( Dayas = [ 6.y

"N _ 1
< (/0 t ps(t)dt) esssup V (t) = HA-1(5hT) esssup V' (¢), (6.13)

te(0,r) te(0,r)

/E/Epa(lx—yl)Md dx—/OTtN_lpa(t)V(t)dt

@ =yl
" 1
N-1 :

Taking the upper limit as ¢ — 07 and then the limit as » — 07 in (6.13), we obtain the forth
inequality in (6.6). Similarly, taking the lower limit as ¢ — 0" and then the limit as r — 0% in
(6.14), we obtain the second inequality of (6.6). O

Lemma 6.2. (Variations and Essential Variations)
Let q,a € (0,00), and let u € LY(RY,R?). Assume that E C RY is a Lebesgue measurable set
such that for every v € RN we have LY (EN (OE +v)) = 0. Then,

— q
SN-1JE v

e—0t

_ q
— ess liminf][ / (o 4 epy e e @ N1y (6.15)
sN-1Jp

e—0t o
and
_ q
lim sup][ / Xe(r +¢en) [uz +en) - u(z)] drdH " (n)
esot Jsv-1JE e«

— q
= ess limsup][ / xe(r +¢en) Jute + 521 u(z)l dzdH""(n). (6.16)
sv-1JE

e—0t

In particular, for r € (0,00) and o = rq, we get the result for (r,q) essential variations and Besov

constants.

Proof. Let us denote

— /SN1 /EXE(CL‘ +tn) lu(x) — Zix + m)lqud}[N’l(n), (6.17)
and
= /SN_1 /EXE(ﬁ +tn)|u(z + tn) — w(z)|?dzdH" " (n), F:R—=R. (6.18)
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Note that F(t) = t*V(t). We prove the continuity of F' in R, and consequently establish the

continuity of V' in (0,00). Thus, every point in (0,00) is a Lebesgue point of V. Therefore, by
Proposition 10.1 and Corollary 10.1, we conclude that

liminf V(e) = essliminf V(¢), limsup V' (g) = esslimsup V' (e). (6.19)

e—0* e—0t e—07t e—07t

Let ty € R be any number, and let us show that F' is continuous at tg. Note first that

Xe(r +tn)|u(z + tn) —u(z)|? — xeg(x + ton)|u(x + ton) — u(z)|?

< xu(z + tn)’|u(x +tn) — u(@)]? — |u(z + ton) — u(z)|?

+ |xe(x +tn) — xe(z + ton)| |u(z + ton) — u(x)[?
< ’]u(x 4 tn) — u(@)]? — |ulz + ton) — ulz)|?

+ X(B-tn)A(E-ton) (T)|u(@ + ton) — u(x)|?.  (6.20)

Therefore, by (6.20)

[F'(t) = Fto)| =

[Sm /EXE(I +tn)u(z + tn) — u(z)|*dedHN " (n)

B /SNl /EXE(I + ton)|u(z + ton) — u(x)|'dzdH" " (n)

< /SN_1 /E ‘XE(I + tn)|u(z + tn) — u(x)|? — x5z + ton)|u(z + ton) — u(x)|?|dzdH " (n)

< /le /E ‘|“($ +tn) — u(x)|* — |u(z + ton) — u(z)|*

dzdH" " (n)

[ e @l +tan)  u(o)lded Y ). (621
sN-1JE
By Dominated Convergence Theorem and continuity of translations in L? we obtain

q

dxdH™ "1 (n)

Jim /SN_1 /E e+ tn) —~ u(@)]? — fuz + tgn) — u()
_ /SN_I (EL%/E e+ tn) — u(@)]? ~ fu(z + ton) — u(2)]"

We utilized the continuity of translations in L7 as follows: since u(-+tn) converges to u(-+tyn) in
L% as t tends to to, then u(-+tn) —u converges to u(-+tyn)—u in L? as ¢ tends to ty. Consequently,
|u(- +tn) — u| converges to |u(-+ton) —ul in LY as t tends to tg, and thus |u(- +tn) — u|? converges
to |u(- +tgn) — u|? in L' as ¢ tends to to.

Let us define for every ¢ € (0, 00) the e-neighbourhood of OF — tyn by

dx) dHY "t (n) = 0. (6.22)

E. = {z € R |dist(z,0F —ton) < ¢} . (6.23)
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Note that N.c(o,00)le = OF — ton. Therefore, for every € € (0,00), there exists R(c) € (0,00)
such that for every ¢ € R with |t — ¢y| < R(e), we have (E — tn)A(E — ton) C E. and so
X(E—tn)a(E—ton) () < Xp. (z) for every & € RY. Therefore,

lim sup /N 1 / X(E—tn)A(E—ton) (@) [u(x + ton) — u(x)|qda:dHN_1(n)
sN-1 JE

S/SN_lexExxNu(xwon)—u(x)\qucm (). (6.24)

Therefore, taking the limit as ¢ — 07 in (6.24), we get by Dominated Convergence Theorem and

the assumption about £
lim SUP/ / X(E—tn)A(E—ton) (@) |u(z + ton) — u(z)|2dedHN 1 (n)
t—=to Jsn-1JE
< / / lu(x + ton) — u(x)|?dxdH™ 1 (n)
SN71 Em(me>0Es)

= / / lu(z + ton) — u(z)|dedHY 1 (n) = 0. (6.25)

SN-1 JEN(OE ton)
Using (6.21), (6.22), and (6.25), we conclude the continuity of F' at ¢, € R. It completes the
proof. O

Proposition 6.1. (Besov Constants and Essential Variations)
Let ¢, € (0,00), and let u € LY(RY,RY). Assume that E C RN is a Lebesque measurable set.

Then, there exists a kernel {pe}oc(0,00) Such that

liminf//pe |) u|(y)| dydx:esshmlnf/ / pe(|z — yl) |u |) |( Ol dydx
ya (e

e—=0t e—=0t
_esshmlnf][ / (x +¢en) ]u :L’—l—sn) u(z)” dzdHN " (n), (6.26)
e—0t SN-1
and
q
hmsup/ / (] Mdydx:esslimsup/ / pe(|z —yl) |u ) —uly)l’ — " dydx
e—0t | |a e—0t | |
:esslimsup][ /XE x—iren)'u rten) - u(@)) dzdH™"(n). (6.27)
e—0t SN-1 e

In particular, forr € (0,00) and a = rq, we get the result for (r,q) variations and Besov constants.

Proof. For every € € (0,00) and o € (0,¢) let pZ as in (5.7). By (6.7), we get

//pg |z —yl) ,) ,( I dydz
:/ N1y </SN 1/XEx+tn (:E)_l;iertn)'qudHN‘l(n)) dt

_ QUHN_}@N_I) / v, (6.99)

E—0O
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where

= /N1 / Ye(x + tn) lu(z) — T;C(XI + tn)lqudHNA(n)- (6.29)

Since u € LY(RY,R?), the function V is locally integrable in (0, 00), so almost every point in
(0,00) is a Lebesgue point of V. Let ¢ € (0,00) be a Lebesgue point of V. There exists 0 < 0. < &
such that |5 - fﬂga V(t)dt — V(e)‘ < . Therefore,

/ / (ﬁ u|(a oI dydx = % HNll G /E ig V(t)dt

1 1 1 e+oe
- WV(&) + W (2_‘76/5 V(t)dt — V(s)) . (6.30)

—0c

By taking the lower limit in (6.30) as ¢ — 0%, with € being a Lebesgue point of V', we derive the
second equation in (6.26) using Proposition 10.1 and Corollary 10.1. Similarly, by taking the upper
limit in (6.30) as ¢ — 0T, with ¢ being a Lebesgue point of V| we obtain the second equation in
(6.27). Note that {pZ° }.c(0,00) is a kernel as was explained in Remark 5.3.

By the definition of essliminf and the second equation of (6.26) we obtain

ju(z) — u(y)|

. 1

hsrgégf/ / yl) P— ——————dydx < essslir(glnf WV(S). (6.31)
By Lemma 6.1, we get

lim inf/ / “(lz —yl|) [u(z) = uly)" ———————dydz > essliminf ————————V(¢). (6.32)

e—0t ’ y’ 0+ HN*l(SNfl)

We get the first equation of (6.26) by (6.31) and (6.32). We get the first equation of (6.27) in a

similar way. O]

Corollary 6.1. (Representability of Variations as Besov Constants)

Let q,a € (0,00), and let u € LY(RY ,R?). Assume that E C RY is a Lebesgue measurable set
such that for every v € RN we have LY (E N (OFE +v)) = 0. Then, there exists a kernel {pe }ee(0,00)
such that

liminf//pg (| — y = |) v e

e—0+ y|0‘
— q
:hminf][ /XE<$+€n)|u(:c—|—en) ux)l dzdH""'(n), (6.33)
e—=0t Jon-1 JE I
and
lims.up//p8 |z — yl) ]u (z) —uly)[" —— 2 dydx
e—07t ‘ ‘

= lim sup ]iN ) /EXE(:U +en) ulz +en) = u(x)lqda:dHNfl(n). (6.34)

e—0t e*

In particular, forr € (0,00) and o = rq, we get the result for (r,q) variations and Besov constants.
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Proof. Formulas (6.33) and (6.34) follow immediately from Lemma 6.2 and Proposition 6.1. [

Lemma 6.3. (Continuity of Variations and Besov Constants in Besov Spaces By )
Let ¢ € [1,00), r € (0,1), and E C RN be an LN-measurable set. Consider a sequence
{ur}i2, C By (RN, RY) such that uy, converges to u in B} (RN, R?). Then,

1. for every n € RY, we have

_ q
lim (lim sup/ XEe(z +¢en) sz + en) = ue()| dx)
E

k—o0 e—0+ E:Tq
_ q
= limsup/ xe(x +5n)|u(x +en) — u(@)| dx, (6.35)
e=0t JE et
and a similar result also holds when replacing the lim sup with the liminf.
2. 1t follows that
_ q
lim (limsup/ /XE<$+€n)]uk(x+en) (@) d:cd’HNl(n)>
k=00 \ esot JsNv-1JE erd
— q
= lim sup/ / xe(r +¢en) [u(z + en) = u(w) dzdH""'(n), (6.36)
0t Jsv-1JE g

and a similar result also holds when replacing the lim sup with the liminf.

3. Let a € (0,00]. For every kernel p. : (0,00) — [0,00),e € (0,a), we get

_ q
lim (limsup/ / p5(|x—y|)‘uk(x) us(y) dydx)
k=00 EJE |z =y

zlimsup/E/Epg(|$—y|)Mdydx, (6.37)

e—0t |.1' - y|rq

and a similar result also holds when replacing the lim sup with the liminf.

Proof. Let us prove assertion 1. Note that if n = 0, then equation (6.35) in both liminf and

lim sup cases trivially holds. Assume n # 0. Let us denote

|un(z + en) — ug(x)|

I.(ug,n)(z) := xg(z + en) g , (6.38)
. e + 2n) — u(e))
u(z +en) —u(z
I.(u,n)(z) := xp(x + en) = . (6.39)
By Lemma 10.6, Minkowski’s inequality, and the definition of the Besov seminorm [-|p; _, we
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obtain

hi?ﬁp (/E Ia(uk,n)(az)dg;); _ hi(s)ljp (/E L(u,n) (:L“)dg;> ‘
(/E If(“km)(x)d:c)é _ ([E Ie(%n)(x)dx)‘l?

([ [ttmmen ] )" = ([ [owmey]"a)’
.\
)

e+ ) ] ) i)
€

Q=

< lim sup
e—0t

= lim sup
e—=0t

< tmsup | [(F: e )0)" = ()0

e—0t

1
q q
= lim sup < / dm)
e—07t E

= lim sup (/ XE(z +en) |luk(z + en) — ug(z)| — |u(x + en) — u(l,)qux);

e—0t erd

< limsup ( JRECEEIEEEs = “W’qu) " <l g — el e

e—0t gl

Xe(r +en)

=

(6.40)

We take the limit as kK — oo on both sides of (6.40) to obtain (6.35). Similarly, we get

lim inf </ ]a(uk,n)(x)dx> " liminf (/ ]8(u,n)(x)dx)
e—0t B e—0t E

Assertion 2 of the Lemma is proven in the same way. By replacing the integral [, (-)dz with
the integral [on_, [, (-)dzdHN~*(n) in (6.40) throughout, we obtain

lim sup (/ / (up, n)(x)dzdHY " (n )) — limsup (/ / (u,n)(x)dzdHY " (n ))
e—0t SN-1 e—0F SN-1

S (HNil(SNil)) |n|r[Uk — u]B;OO(RN,Rd% (642)

< |n| [Uk — U] (]RN Rd)- (641)

and

lim inf (/ / (up, n)(x)dzdH" " (n )) — lim inf (/ / (u,n)(x)dzdH" " (n ))
e—0t SgN-1 e—0t gN-1

< (MY SN Yl g — uly g mey. (6.43)

Taking the limit as k tends to infinity in inequalities (6.42) and (6.43), we get formula (6.36) in
both cases liminf and lim sup.

We prove assertion 3. Let us denote

_ y’) |Uk<$) - Uk(y)lq Bau($’y) —

B. ., ) = )
& k(x y) pE(’x ‘l’—y‘w
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As in (6.40), for n # 0, by Lemma 10.6, Minkowski’s inequality, Sandwich Lemma with o = rq
(Lemma 6.1) and the definition of the Besov seminorm []p; _, we obtain

lim sup (/ / Bavuk(:v,y)dydx) " _lim sup (/ / B, .(z, y)dyd:z:) ’
e—0t EJE e—07t

</E/E[<Bw<xwdx> ([ flmteny '
~tmswp ([ [ [t -0’ ‘“’*’) y,”‘—@gu y|))%qdydx);

S |n|T[Uk — U]BQ,W(RNde)' (645)

Taking the limit as k — oo in the inequality (6.45), we obtain (6.37). We get this result for lim inf

in a similar way. [

Remark 6.3. In Lemma 6.3, we can utilize Corollary 6.1 to derive assertion 2 from assertion 3 in

Lemma 6.3, provided that we limit ourselves to sets E satisfying the conditions of Corollary 6.1.

7 Equivalence Between Gagliardo Constants and Besov

Constants

In this section, we demonstrate that the upper and lower variations control Gagliardo constants
(refer to Theorem 7.1). Furthermore, we establish that, under certain conditions, Gagliardo con-
stants and Besov constants are equivalent (see Theorem 7.2). As a special case, we derive the

equivalence between Gagliardo constants and infinitesimal B™?-seminorms (refer to Corollary 7.4).

Corollary 7.1. (Besov Constants Bounded by Besov Seminorms)
Let q € [1,00), r € (0,1) and u € B, (RY,RY). Let p. : (0,00) = [0,00),e € (0,a), be a

kernel for some a € (0,00). Then

limsup/RN/ pe(|z —yl) \u(‘ *) = ‘<q)’ dydz < [u ] (@~ pay < 0O (7.1)

e—0t
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Proof. By Lemma 6.1 with a = rq and £ = R", Definition 2.1 (definition of Besov seminorm)
and the assumption u € Bg,oo(RN ,RY) we get

thUP/RN/ p=(lz —yl) ’u(| )_ |( )l dydz

e—0t

]ua:—i—en u(z)|? N-1
< N 1(SN - hmsup/SN 1/RN drdH (n) <[u ] (@~ gy < 00 (7.2)

e—0t

]

Lemma 7.1. (Approxzimation of Gagliardo Constants by Besov Constants through the Logarithmic
Kernel)

Let 1 < g < oo, r e (0,1). Let w € (0,1) be such that rq < 1/w. Let u € B) (RN, R?),
E C RY be an LN -measurable set, and let n be such that

newh (RY), / |Vn(v)||v]"dv < co. (7.3)
RN

Then for every e € (0,1/e) it follows that

Wld (el fyrampey = HY T (SYT) /E/Eps,w(\x —yl) |u6(|$>_ ;f( D gy + o.(1),  (7.4)

where us(x) = [on n(z)u(x — e2)dz, lim._,o+ 0-(1) = 0 and p., is the logarithmic kernel defined
i Definition 5.2.

Proof. Let € € (0,1/e) be fixed. By definition of Gagliardo seminorm [-];., (Definition 1.4),
change of variable formula, Fubini’s theorem and additivity of integral

|ue(z) — u=(y)|
= dy ) d
et hensan = g, (e ) 4
_ 1 |ue(2) — ue(a + 2)|?
e (/RN BT Xe(x+ 2)xe(x)dz | dx
1 |uc(x) — us(x + 2)|9
- e (/RN BT xe(x+ 2)xe(x)ds | dz
1
— e / gs(z)dz—l—/ g (2 dz—l—/ , (7.5)
RM\Bg. ,,(0) Bre ., (0)\B:(0) (0)
where we set
. |ue () — ue(x + 2)|*
g (2) s = /R e v+ (e (7.6)

Using (2.9) with v = R, := |Ine|™ we get

1 HN 1 SN 1
( )dZ < ”nHLI (RN QqHUHLq(RN Rd)ﬁ = 05(1)' (7'7>

|Ine| RN\BRE’W(O) I=rwrg
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Using (2.12) we get

|Ine

HN*I SN*l 1
< ||V77||L1 (RN RN) (/RN V()| (Jv] + 2)rqdv) [u ] (RN Rd) ( )

q—rq |lng

= 0.(1). (7.8)

Therefore, we obtain by (7.5),(7.7),(7.8) and the definition of the logarithmic kernel p. ,

1 1
[ueliyr, a(BRD)

g (2)dz + o-(1)

| In €| | 111€| Br. ., (0\B:(0)

1 (/ |uc(z) — ue(z + 2)[?
— . xe(r+ 2)xe(x)dr | dz + o-(1)
el Jp,onbe0) \Jry 2|V

L[ xer(ED) ( [ () = u( + 2|

= dr | d =(1
e B xe(r+ 2)xe(x) x) z 4 0:(1)

= (1= By g 59 [ patie) ([ DI o ) ot

|Ine| |z|"4

_ N-1 SNl //Pw z — y]) ’Ua() ()|ddy

|z =yl

_ I Reel g v (le)/ PR(E) (/ ue(w) —uele £ )1, (:U—l—z)XE(x)d:c> dz + o0(1)

|Inel |z|ra

=HNH (S //pgw |z —y|) |u5(| >_y| (y )‘qudy—i-og(l). (7.9)

rq

In the last equality we used (5.2), item 1 of Proposition 5.1, (2.4) and u € B (R",R?) in order
to get

|1an|,HN (g 1)/R P12 (/RN . () _uf(m+z)|qXE(x+z)XE(x)dx> dz

|Inel |z|r9

< I Belg v (gnny (/RN |77(v)|dv)q[u]qum(RN,Rd) = 0.(1). (7.10)

|Ine

It completes the proof. O

Lemma 7.2. (The n-Separating Lemma)
Assume q € [1,00), r € (0,1) and u € B] (RV,RY). Let n € L'(RY) be such that

/RN In(2)]|2]"dz < 0. (7.11)

Let {pe}ee(o,a), @ € (0,00], pe : (0,00) = [0,00), be a kernel such that

lim g?‘q/ pell=l) . (7.12)
R

e—0t N |Z|rq
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Then for every LY -measurable set E C RY we have

liminf/E/EpE(\:c—wae( 7) = e ()" dydzx

R |z — y|r

/ 2)dz
RN
and

limsup//pE |z — yl) |u€( ) — u=(y)" dydz

e—0t |‘T y|rq
hmsup//pE |z —yl|) |u |) u(w)l” dydz. (7.14)

/ 2)dz -
RN e—0t y| a

Proof. Let 0 < a < 1. It follows for £¥-almost every z, z € RY that

= hmlnf//p(E |z —y|) ]u z )_ |( I dydzx, (7.13)

e—0t

lu(x) —u(z + 2)|7 = |(u(z) — us(2)) + (ue() — uc(x + 2)) + (ue(x + 2) — u(z + 2))|?
< (Ju(@) = ue(@)| + |ue(z) — ue(w + 2)| + [uc(z + 2) — u(z + 2)|)*

1 (lu(x) = ue(@)] + [ue(z + 2) —u(z + 2)[)*. (7.15)

a1

< lue(x) —us(x + 2)|7 +

1
(1 —a)it
In the last inequality we use the following convex inequality: for numbers A, B > 0 and convex
function W : [0, 00) — R it follows that

\D(A+B):\Il(ozé+(1—a) B )gaw(é)+(1—am( b ) (7.16)

o 11—« 1l—«

In the inequality (7.15) we choose
A =u(x) —u.(x+2)|, B=lu(x)—uz)+ |uc(x+ 2) —u(zx+2)|, ¥(r)=r. (7.17)

Therefore, by (7.15)

//pa ool V“|) y|’“q = dx_/RN/ pelle =ul) MI) ylgq)| e(y)xe(z)dydx
/]RN /]RNpE 21 |“ |z|(36+2)| Xe(r + 2)xp(r)dzds

/RN /RN po(I2]) lue(x) — ue(z + 2)| vl 4 2)xp(@)dade

aq_l |z|7’q

e el B B e e

|27

1 |u5(x) _ue(y)|q
- (| — dyd
! /E/Ep (f =4l @y P

+ %«ql /RN /RN pg(|2’|)(‘u(x) — us(x)‘ + |UE(:C + Z) — u(l‘ + Z>|>qdzdx (718)

|27
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Notice that

[ [ ottt =it e 2 D e 290 g,

|27

o ettt ke m e 2 g,

|27

= |’U,(£C) — u€<x)|q . ps(‘z|)
_gq/RN /RN p=(|2]) P dzdx = 2¢ N ’Z‘m 2 ) = el g gy (719)

Assume for a moment that [,y 7(2)dz = 1. Then, by Hlder’s inequality
o= 8y = [ @) = () = 1(v) (ulx) — ulz — 2v)) do
RYRY RN RN |JRN
q
-1 1
< [ (Lol (ol futo) = ate — o) o) o
RN \JRN

< Il [ ([, 0 luto) =t = 2oy ) ao
= Il [ o) ( [t = uta - ev>|qu) "

< Ml il sz [ Il (7.20)

q

dx

Hence, by (7.18), (7.19) and (7.20)
) =)l

//pa =3l I) yl’(“q)| Ay |z — y|r

K APy P
+(1—2# (5“1/RN pf(: 2 )H AT M /RN (o)l . (7.21)

By (7.11), (7.12), u € B}, (]RN ]Rd) and (7.21) we obtain

e—0t |rq Tt &0t q
(7.22)

ps (lz =

q . q
hmsup//pe Mdydxg hmsup//,o6 |u6(x) u=(y)| dydz.
r—y

e—0t e—0t |IE - y|rq
(7.23)

Taking the limit as o« — 17 we get

liminf/ / p:(|z — yl) [ulz |) |< v’ dydx<11m1nf//p5 (lx —yl) |u5(| )—y|’”( Ol dydz,

e—0t e—0t q
(7.24)
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and

limsup/ / pe(|z —yl) \u B )_ ’( Ol dydx<hmsup/ /Epg(|3:—y|)’u€(‘?__yv( Ol dydzx.

e—0t e—0t a
(7.25)

Replacing the roles of u.(x),u.(y) with u(x),u(y), respectively, one can prove similarly (to the

inequality (7.21)) the inequality
o=l |U Ju(z) =), o

//ps ==yl |U€(\) y\”(’ = |z —y["

+W (gq /R i ’)‘*" ’) )|| 1 oy [, vz /[R ()l v (7.26)

in order to obtain

liminf//pg (|lz — y)) ‘“E(|) ue(y)l dyd:t<hm1nf//p6 lz — y|) |) U -

e—=0t y|rq e—0t y|rq
(7.27)
and
limsup/ / pg(|x—yl)‘u€(x)_ u=(y)[" dyda:<hmsup//p€ |z —yl) \u v) —u)l’ ————" dydx.
o+ JeJE |z —y|" e—0+ |z — y|
(7.28)
Assume now that fRN z)dz # 0. Replacing n with cn, where ¢ = m, and using

the homogeneity of the convolution u * (¢n) = c¢(u=mn), one can get (7.13) and (7.14). In case
Jan n(2)dz = 0, let us choose any 79 € Co(RY) such that [;yno(z)dz = 1, and for each n € N
define n, :==n — %770. It follows that

1 1
Mt =m0 (x)—ux|n,+=n0) (v)
LVAO) /(e

: (m)@ + (m) (E)) (@)~ ((W@ + (m) @) )
(% Oy () = () ) + <u (m) @ () <y>> ‘ - 29)

}u 1)) () — u* U(s)(y)} = |u *

Therefore,

}u * 1y (x) — u* U(a)(y)}q

< 0t ()u () () — 1% () e, )]

1
+_
nd

wr Ow) (@) = (w1 ) - (730
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Thus, since [y 7,(v L 40, [onno(v)dv =10, then

nmsup[E/Epa(m—mﬂ“f(”‘ wW g gy

e—0t "T - y‘m
q
N [ () ) (@) = () ) ()
< imsp [ [ o=y _ dydz
e—0t |l’ B y|
q
U * (770)(5) (x) —u= (770)(5) (y)
/ / pe(|z — dydzx
e—0t | y|'rq

h?ii:_lp//pe lz—yl) |u )_ |( )l msu //ps lz—yl) |u )_ ,( )l dydzx

:—hmsup//pg |:L’—y| |u | )_ |( )| d dz. (7.31)

e—0t

Taking the limit as n — oo and using Corollary 7.1 we get

lim //Epg(]x—y])lus( ) = ueWl 0 o (7.32)

=0t |z — y|re

O

Corollary 7.2. (Equivalence Between Gagliardo and Besov Constants Including the Logarithmic
Kernel)

Letq e [1,00), r € (0,1). Letw € (0,1) be such that rq < 1/w. Letu € B} (RN, R?), E C RY
be an LN -measurable set and n € W (RY). Then,

lim nf 1y L 06 o
1 q
= / 77( ) ?_[N 1 SN 1 hmll’lf//pgw Mdydl’, (733)
RN e—0+ |z — y|re
I
1€rri>(s)1+1p |Ine| [ % me )]W”(EW)

IREE

where p.,, is the logarithmic kernel.

HN 1(SN 1 hmsup//pw |z — yl) |u(|) |( vl dydz, (7.34)

e—0t

Proof. Assume for a moment that n € C}(R"). By Lemma 7.1 we have

1 N—1 ({aN— 1 |u5(x)—u€(y)|q
hgéfrlfm[ ]Wr,q(Ede =HN1 (S h{_géﬁlf pgw P—T dydz, (7.35)
limsup —— [u ]W,.,q(ERd = HN- 1(SN 1 hmsup//paw |z —y|) ]uE( ) —u(y)l” dydzx. (7.36)
e—0t “HS’ ’ e—0t ‘ _y‘rq
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Note that by item 2 of Proposition 5.1 with a = rq, the logarithmic kernel satisfies condition
(7.12) of Lemma 7.2. Therefore, by Lemma 7.2

_ q
liminf//pg,w(\l'—?/‘)h%(x) u<(y) dydx
EJE

e—0+ |z — y|m
hmlnf//paw |z —yl) ]u(|) |(q)‘ dydz, (7.37)

2)dz
RN e—0t

hmsup//pw 5 — yl) Ius( )= uwW i

e—0t |.I' |

/RN(dz

Now, (7.33) and (7.34) follow from (7.35),(7.36),(7.37),(7.38). For n € WLH(RY) choose any
sequence {n,}52,; C C}(RY) which converges to 7 in I/V1 1(RY). So we have (7.33) and (7.34) for
N, for every n € N. Taking the limit as n goes to oo and using item 1 of Lemma 3.1, we obtain
(7.33) and (7.34) for n € WHLLHRN). O

hmsup//pw |z —yl) |u(|) y|£q)| dydx. (7.38)

e—0t

Corollary 7.3. (Gagliardo Constants are Controlled by Besov Seminorms)
Let 1 < g < oo, r e (0,1), ue B (RV,RY) and E C RYN be an LN -measurable set. Let

n € WH{(RN). Then,
IRECLE
RN

Proof. Let w € (0,1) be such that r¢ < 1/w and p., be the logarithmic kernel as defined in
Definition 5.2. By (7.34), (6.6) and Definition 2.1 (Definition of Besov seminorm) we get

HN 1(SN ! hmsup//paw lz—y|) |u(‘ )_ ‘( Ol dydx

e—0t

hmsup/ /XE $+€n)|u(x+€n)—u (z)|* dedHN " (n)
gN-1

e—0F e
/ n(z)dz
RN

Theorem 7.1. (Variations Control Gagliardo Constants)
Let g € [1,00) and r € (0,1). Suppose u € B (RY,R?), E C RY be an LN -measurable set
and n € WLHRYN). Then,

q
/ dZ hmlnf/ /XE' x+5n |U(Z’+€n) ( )‘ ddeNfl(n)
RN SN-1

e—0t

[UE](‘J/VT,q(E’Rd) S

lim sup —— HN SN Y [u ]BT < 00. (7.39)

e—0+ ‘ In 6‘

oo (E,RY)

lim su . z)dz
0 Ty s = [ 769

IRCE

<

< ’HN LSN ) ] < o0, (7.40)

Bl o (ER?)

O

< liminf ——
e—0t | ns]

/RN n(z)dz qlim sup /SN 1 /EXE(ZC +en) u(z +en) = u(x)lqd:cd"HNfl(n). (7.41)
41

< limsup

P Ty ez

[U‘E]W'r q(E ]Rd

<
e—0t el




Proof. Let w € (0,1) be such that r¢ < 1/w and p., be the logarithmic kernel as defined in
Definition 5.2. By Sandwich Lemma (Lemma 6.1) we get for o = rq and p. = p.,

— q
lim inf][ / xe(7 +en) u(z + 5n) u(z)] dodH ()
gN-1

e—07t
_ q
§liminf//p5w |z — yl) |u( )= ( ) dydx<hmsup//p€7w(|x—y|)Mdydx
e—=0% |z — y|" e—0+ E |z — y[m

_ q
< lim sup][ / xe(r +¢en) Ju(z + 8:2(1 u()l drdHN"(n). (7.42)
sN-1JE

e—0t

If [onn(z)dz = 0, then (7.41) follows from Corollary 7.3. Assume that [y 7(2)dz # 0. By
Corollary 7.2 and (7.42) we get

—_ q
lim inf][ / (@ + en) Ju(x + 5n)q u(z)] dedN 1 (n)
SN-1JE e’

e—0t
L. q . q
_ liminf, o+ \Tld [u * n(g)}wr’q(ERd) lim sup,_, o+ \Tld [u * n(g)}wr,q(ERd)
T | fann(R)dz|THNL (SN T | fon n(z)dz|THN L (SN
_ q
< lim sup][ / xe(r +¢en) [u(z +en) = u(w) dzdH™ " (n). (7.43)
esot Jov-1JE el

Multiplying both sides of inequality (7.43) by | v n(z)dz|q7-LN_1 (SN=1) we obtain (7.41). O

Theorem 7.2. (Equivalence Between Gagliardo and Beosv Constants)
Let g € [1,00), € (0,1). Let u € B, (RV,RY), E C RN be an LN -measurable set and
n € WHH (RY). If the following limit ewists:

. u(z +en) —u(@)|? 0 no
lim /SN—l /EXE(x +en) = dxdH”™ " (n), (7.44)

e—0t

then, for every kernel p. we get
|u r+en)—

q
/ n(z)dz llr[r)l+ /XE x+en) - u(w)| drdHY 1 (n)
RN e— gN-1 JE
T NZ1 (- 1 ’U( ) — u(y)|?
/ n(=)dz| HY(SY) lim / / ) Z ety 0 (745
RN EJE

|z =yl
Proof. Formulas (7.45) follow from assumption (7.44), Theorem 7.1 and Sandwich Lemma with

[tte v, a(ERD)

im
e—0+ |Ineg|

a =rq (Lemma 6.1). O

Corollary 7.4. (Equivalence Between Gagliardo Constants and B™1-Seminorms) Let 1 < q < 0o,
re (0,1), ue B, (RY,RY), E C RN be an LN-measurable set and n € W' (RN). If the
following limit exists:

. u(z +en) —u(@)|? 0 N
lim /SN—l /EXE(x +en) = dxdH" " (n), (7.46)

e—0t
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then

[us]?/V“q(E,]Rd) =N

Z
RN

hm / / —uly)l” ———"dydx
=0t /g eV Jpnp. () |$—?/|rq

AN<wf

[u]qB,ﬂ,q(Ede), (7.47)
where [U]Br,q(EJRd) 15 the upper infinitesimal B™1-seminorm defined in 4.1.

im ——
e—0+ |Ineg|

=N

Proof. By Remark 5.2 the trivial kernel, p., is a kernel. Therefore, by assumption (7.46) and

z/RNn()

q 'HN 1 SN 1 q
/ n(z)dz / / |u —ulw)l — L dydx
RN LN (Bi(0) Bl 6—>0+ £ €Y JEnB. () |$ - y|rq

Theorem 7.2 we obtain

q
Wra(ER%)

5—)0Jr y|7"q

=N / dz hm / / ]u —uw)” — " dydx. (7.48)
RN e=0" )5 €Y JpnB.(a —yl
HN—1(5N71>
The equation £V (B1(0)) = ———— follows from polar coordinates.

Remark 7.1. (Consistency with Previous Results)

Equation (7.47) can be derived for functions u € BV (RY RY) N L®(RY R?), 1 < ¢ < oo,
ro= %, n € WHY(RY), and an open set © C RY with a bounded Lipschitz boundary such that
| Du||(0€2) = 0. By combining Theorem 1.2 in [15] and Theorem 1.1 in [16], we get

1
lim —— [u ]q i
e—0+ |Ine| = Twalrde)

B Janv-12(1+ ]0\2)7% dv
o Tl ()

/ dz hm/ / —u)l ————dydz. (7.49)
RN =0t Jo e Jonp. (@) |l’—y|

According to Proposition 10.3, we obtain [y, 2 (1 + |v|2)_% dv = [ony |21|dHN 1 (2).

8 Jump Detection in BV N BY/pr

In this section we prove formulas for lim,_,q+ where u € BV N BYPP and

B C RY is a Borel set (refer to Corollary 8.2).
Remark 8.1. (BV N L* is a Subset of B

q,007

1 q
[Inel [UE]Wl/qvq(B,Rd)’

rq < 1)
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Let u € BV (RY,R?) N L> (RY,R?). Let 1 < ¢ < oo and r € (0,1) be such that r¢ < 1. By
Lemma 10.9 we get

jue + B) — u(z)]
/RN N

h) — q n) — q
B = LG A i BV T
heRN\ By (0) JRN |h|re he B (0)\{0} JRN |h|"e

sup
heRN\{0}

) ) + h) — u(z)|
I 420y sup / u(x dx
[ul| 70 v may el v e he By (0\{0} JEN 1A

< 2Ju, o oy + 27 Tl e | Dl (BY) < o0 (8.1)

Note that since u € L' (RY,R?) N L*> (RY,R?), then u € L7 (RY,R?). Thus, by Definition 1.3
(definition of Besov space) we get u € Bf (RN, R?).

Lemma 8.1. (Interpolation for Besov Seminorms)
Let p € (1,00) and u € BV (RN,R%) N BYPP(RN RY). Then for every q € (1,p) we have
u € BY49(RN RY) and

o 11—«
020 o gy < (IDUIR) (20 n ) (8.2)

where o = 2=

hS]

Proof. Since a = g%‘l], then ¢ = oo + (1 — a)p. By Holder’s inequality and Lemma 10.9 we get

[u]] = sup /RN Julz + 1) - u(x)|qu

ByL RV RY) p pv (o) |h
h) — a B) — p\ -«
[ (D (et Doy,
heRN\ {0} JRN | ]

[ l—«a
_ _ p
< sp [ e ou@ly)'( L, [ lerhouob,
heRN\{0} JRN |h| heRN\{0} JRN |h|

< (1Dl R ([ ) - (53)

]
Corollary 8.1. (Convergence of the Truncated Family in Besov Seminorm,)
Let p € (1,00) and u € BV(RY,R%) N By2 (RN, RY). Then, for every q € (1,p) we have
= g = 5

where {u; }1c(0,00) @5 the truncated family obtained by v as defined in Definition 10.2. In particular,
the truncated family u; converges to u in the norm of the space B;/o% (RN, RY), which means that

lim ([u - ul]B;/o%(RN,Rd) + HU - UZHLq(RNJRd)) = 0. (85)

l—o0
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Proof. Let q € (1,p) and denote o := g%‘lz. From Lemma 8.1 we get
o -«
e = s ey < (DG = w)lI(R) <[u —ulg (RN,Rd)> (86)
Note that
[u — ] = sup / lu —u)wth) — (w—w)@P
BylL(RNRY) y pvy (o) Jr Al
cot gy [ MDAy, [ D o,
- heRN\{0} JRY |h| heRN\{0} JRN Al
< 2P[ul? < oo. (8.7)

- By/E (RN RY)
Since by Lemma 10.11 we have lim;_,, [|D(u — ;) ||(RY) = 0, then (8.4) follows. The convergence
of u; to u as I — oo in the norm of the space Byl (RY, R?) follows from (8.4) and Lemma 10.10. [

Recall Definition 10.4 for u™, u™, Jy, Vy.

Theorem 8.1. (Proposition 2.4 in [16])
Let Q C RY be an open set, 1 < q < 00, u € BV (Q,RY) N L2 (Q,RY). Then, for every

h € RN and every compact set K C ) such that || Dul| (OK) = 0 we have

lim / ue +eh) —u@)l, / [t (z) —u (@)|" [vu(z) - hldHY " (2). (8.8)
e—=0t J i € KN,
Remark 8.2. (Variation Negligibility of Boundaries of Sets)

The purpose of this remark is to explain the condition ||Dul| (0K) = 0 in Theorem 8.1. For
an open set 2 C RY and a function v € BV (Q,RY), it follows that ||Dul| > |ut — u"|HN 1L,
(refer to Lemma 3.76 in [1]). It is important to note that according to Definition 10.4, |u™(z) —
u (z)] > 0 for x € J,. Therefore, for a set £ C Q, the assumption ||Dul|(0F) = 0 indicates
that HV "1 (OE N J,) = 0, implying that the portion of the jump set 7, within the topological
boundary of F is negligible with respect to H¥ .

Lemma 8.2. (Equivalence Between Variation and Jump Variation in the BV Case)
Let 1 < p < oo, u € BV(RY RY) N B%’p(RN,Rd) and 1 < g < p. Then, for every n € RY and
every Borel set B C RN such that HN"Y(0B N J,) = 0 we have

_ q
lim xB(T +en) [u(z +en) — u(z)|
€—>0+ B 13

dr = /iju [ut(z) = u™(2)|" [vu(@) - n|dH ' (2).  (8.9)

In particular, the following limit exists:

lim /SN_1 /BXB(f +en) |u(x +en) — u(x)!qudHN—l(n)

e—0t 15

_ ( /S a d’HN_l(z)) /B ) @ ). (810)
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Remark 8.3. (The Assumption of Bounded Variation in Lemma 8.2)

In Lemma 8.2, the assumption that u has bounded variation cannot be dropped in general to
obtain inequality (8.10). There are examples of functions in Br? (RN, RY) for which equation (8.10)
does not hold. Examples can be found in [12]. Here, we will mention that bi-Holder functions can
be used to demonstrate that the jump variation of such a function is zero (the right-hand side of
(8.10)), but the variation of u (the left-hand side of (8.10)) is positive.

Proof. Step 1: u € L*¥(RY R?). Let n € RY, and let B C RY be a Borel set. Let K C B° be a
compact set such that ||Dul| (0K) = 0, where B° is the topological interior of B. By Theorem 8.1

we obtain

lu(z + en) —u(x)|? |u(z +en) — u(z)|?

3

dx

liminf/ xs(x +en)

e—0t

dx > lim inf/ XBe(z +¢€n)

e—0t

>hm1nf/ [u(z +en) = ulw)l* dx :/ij lut(z) —u (2)|" [vu(z) - n|dHY " (2). (8.11)

e—0t
Taking the supremum over compact sets K C B° such that || Dul| (0K) = 0 we get by Lemma 10.2

lu(z +en) — u(z))?
5

liminf/ xB(x +en)
B

e—0t

dx > / jut(2) — u (2)|" [vu(z) - n|dH" ().
BN
(8.12)

Let Q be an open set such that B C © and || Dul| (99Q) = 0. By Lemma 10.1, there exists a sequence
of numbers { Ry}, such that for every k € N: Ry > 0, Ry < Rii1, ||Du| (0Bg,(0)) = 0, and
limy,_, Ry, = 00. Note that since d (2N B, (0)) C 0QUIBE,(0), then || Dul| (8 (2N Bg,(0))) =
0. Note that if n = 0, then equation (8.9) holds trivially. Assume n # 0. It follows from Theorem
8.1, Lemma 10.9 and Remark 8.2

_ q _
i Sup/ vz + en) lu(x + 5n) u(z)| de < lim sup lu(x + en) — u(x)| s
e—0t B e—0t €
<hmsup/ [uz + en) —u( ) dx
e—0t
_ _ q
< lim Sup/ lu(x + en) — u(x)|? i + Tim Sup/ |u(z +en) — u(z)| s
e—0+ ﬁﬂERk_H (0) € e—0t §\§Rk+1(0) €

< ut(z) — u (@) v () - nldHN Yz
_/(WRM(OW| () —u (@)|" () - mldHY " ()

2l e imasup [ ju(z +en) —u(@)]
RN\ERk+1(O)

e—0t €

S/ |ut (2) — ™ (@)|" [vu@) - nldHY (@) + 207wl ]2 o g [0 D] (RY\ By (0)) -
QT
(8.13)
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Taking the limit as & — oo in (8.13), we get,
|u(z +en) — u(z)|?
£

lim sup/ xB(z +¢en)
B

e—0t

dr < / [ut(2) — u (2)|" [vu(z) - n|dHY ().
QNTu
(8.14)
Therefore, by the Lemma 10.3 we get

lu(z + en) — u(x)[?
€

lim sup/ xs(x +en)
B

e—0t

dr < /iju lut(z) — u™ (2)|" [vu(2) - n|dHV " (2).
8.15)

(
By (8.12) and (8.15) we get (8.9) for every Borel set B C RY such that HY"1(0B N J,) = 0.
Since by Lemma 10.9

sup (/BXB<$+€n)]u(:c+5n)—u( x)|? das)_ sup </ |ux+5n —u(x))? d)

e€(0,00) € e€(0,00)

ux—l—gn —Uu
<2 a4 v ey SUD (/| ) ()\dx)

e€(0,00) €

< 277 Y|ull v gy I Dl | (RY) < 00, (8.16)

then we get by Dominated Convergence Theorem, equation (8.9), Fubini’s Theorem and Proposi-
tion 10.2

q
lim/ /XB T +en) \u($+€n) u(z)l dxdH™ "t (n)
SN 1

N a /SN 1 ( lim /BXB(x + sn)| e - U(x”qu) )

e—0t £

= |ut (z) = u” ()] [vu(x) - n|dHN "N (z) ) dHN N (n)
SN-1 BNJu
[ @@l ([ ) ) ) a )
([ e @) [t @ ). s

In particular, the limit in (8.10) exists.

Step 2: wu is not necessarily bounded. For every [ € [0,00) we have u; € L®(RY R?), where
{wi}ic0,00) is the truncated family defined in Definition 10.2. So we get for every [ € [0, 00) by the
previous step the formulas

lug(x 4+ en) — wy(x)|9

!
lim . xB(z +en)

io= | @) = )@ )l ),
(8.18)

q
hm/ /XB T +en) |ul(x+6n) (@) drdH" "1 (n)
SN-1

| ([, 1l omN—%z)) / o @@ = @ @ 1 ). (319
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By Lemma 10.8 we obtain

lim | () * (@) = (w) ™ (2)|" |, () 0] dHY " (2) =/ |t (2) = u (2)|" (@) n|dH " (@),
l—00 ijul BNJu
(8.20)
and
lim |(w) " () — (ul)_(x)‘q dHN () = / jut(z) — u_(:v)|qd7-[N_1(x). (8.21)
l—o00 BNJ, BNT.
By Corollary 8.1, we know that the truncated family u; converges to u in Besov space B;/O%. Let
us denote .
F.(u):= / xB(x +¢en) Jutz + sng) — u(@)] dx. (8.22)
B
By Lemma 6.3, we get
hm (lim sup Fa(ul)) = limsup F.(u), hm (lim inf Fg(ul)) = liminf F.(u). (8.23)
=00 es0t 0+ l—o00 e—0t e—0t

By (8.18) the limit lim,. ,o+ F.(u;) exists for every [ € [0,00). Thus, by (8.23), we conclude the
existence of the limit lim. o+ F.(u), and

lim <1im FE(ul)> = lim F.(u). (8.24)

=00 \ e—=0t e—0t

Taking the limit in (8.18) as [ — 0o, and using (8.20) and (8.24), we obtain (8.9). By the Dominated

Convergence Theorem, we deduce (8.10) from (8.9), as shown in calculation (8.17). O

Definition 8.1. (¢-Jump Variation)
Let Q C RY be an open set, u € Ll _(,R?), ¢ € R, and S C Q is an HY¥ " '-measurable set.
We define the g-jump variation of uw in S by
JViug(S) == / lut(z) — u™ (z)|2dHY (). (8.25)
SNTu
Let n € SN=1. We define the g-jump variation of u in S in direction n by
IVign(S) = / lut(x) —u™ (2)|9|vy(z) - n|dHY (). (8.26)
SNTu
Corollary 8.2. (Equivalence Between Gagliardo Constants and the q-Jump Variations)
Let p € (1,00), q € (1,p), u € BV(RY,R%) 0 Br?(RY, RY), n € Wkt (RY) and B C RY be a
Borel set such that HN=1(0B N J,) = 0. Then, for every kernel p., we obtain

loc

lim — “
B8 Tine] Melwivmaaa

/RN n(z)dz
/RN n(z)dz
/R (e)iz

E—>0+ |

lim /SN 1/XB x+€n)|u(a:—|—gn)—u( >|qd dHN " (n)

e—0*t €

4 ( /S =l d?—[N—l(z)> /J umB‘U+($)_u_(x) dHN " (x). (8.27)
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Proof. By Lemma 8.2 the limit

: |u(z +en) — u(z)| N-1
lim /SN 1 /BXB(x—i-an) . dxdH" " (n) (8.28)

e—0t

exists, and

lim /SN_1 LXB(x+5n)‘U($+€ng) - u<x>’qudHN_l(”)

_ (/SN_l EA dHN_l(z)) /B% jut(z) —u (2)|" dHN " (z). (8.29)

Since the limit in (8.28) exists, we get by Theorem 7.2 with r = % and £/ = B that

HNI SNl hm//pa lz—y)) |U |) u(y)|? dydz

e—0t |

lim /SN 1/XB x -+ en) |u(x+€") U a1 (). (8.30)

e—0t

. 1
jfgi m [Us]%vl/q,q(g Rd) ‘/ n(z)dz

dz
RN

We get (8.27) by equations (8.29) and (8.30). O

8.1 Some observations about jumps of functions in B, ., = B

Lemma 8.3. (Besov Spaces Embed in Fractional Sobolev Spaces)

Let 0 <r<s<1,q€ll,00). Then,
s N md ra(mN Td
B: (RY RY) C WLY(RY,RY). (8.31)

loc

Proof. Let u € Bi (RN, R?) and K C R" be a compact set. We have by additivity of integral
_ q
[ [ st
kJx |z =yl

By Change of variable formula, Fubini’s theorem, definition of the Besov seminorm, polar coordi-
nates and the assumption u € B; (R, R?), we have that

/K (/KﬁBl(x) %C@) = /K (/Bl(:p) xx(y) ’u|95 ?J|rq+N )
— /K (/Bl(o) Xk (z+ 2) [u(z) ’;’ZYNjL Z)lqdz) dx = /Bl(o) (/K Xk (T + z)‘ u(@) ‘;ﬂ(fNJr z)]qu) dz

_ q
:/ ‘Z’Sq—rq—N </ XK(1'+Z)|U(x) u£$+z)‘ dx) d
B1(0) K |2]*

< [u]? |2|* 7N dy = [u]? w < o00. (8.33)
— VB o (RN RY) B1(0) B ®YRY (5 —p)g : :
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By monotonicity of integral, the convexity of the function r — r% 7 € [0,00), and u € LI(K, R?)

we obtain that

/K (/K\Bl(x) %C@) = /K (/K\Bl(x) fulz) - U(y)de) o
<[ ( CE u(y)l"dy) ws [ (z [ @+ |u<y>|qdy) e

_ /K (27 ) LY () + 20 L gy ) = 202 g £ () < 0. (8.34)

Thus, we derive from (8.32), (8.33) and (8.34) that u € W4 (RY RY). O

loc
Theorem 8.2. (HN~1-Negligibility of the Jump Set of Fractional Sobolev Functions, Theorem 1.7

Let Q C RY be an open set, g € (1,00) and u € Wl/q’q(Q,Rd). Then HN=Y(7,) = 0.

loc

Corollary 8.3. (HN~1-Negligibility of the Jump Set of u € B* __,rq > 1)

q,007

Let r € (0,1) and q € [1,00) be such that rq > 1 and u € Bj (RY,R?). Then HN"'(J,) = 0.
Proof. By Lemma 8.3 we have B} _(R",R?) C WY %9(RN RY), so by Theorem 8.2 we get H¥~1(7,) =

loc

0. [l

Remark 8.4. (Functions in B} _,rq < 1, Have Jumps) If r € (0,1), ¢ € [1, 00) are such that rq < 1,
then, as was proved in Remark 8.1, BV(R",R?) N L>*(RY,R?) C B, (R",R?). Therefore, for
functions u € B;OO(RN ,RY), the measure of the jump set with respect to Hausdorff measure,

HY"HJ,), can be any value in the interval [0, oo].

9 Open questions

Question 9.1. Let 1 < g < 0o and u € By4 (RN, R%). Does the following limit exist?

: |u(e + en) — u(x)| N1
lim /SN—I /]RN dedH"™ " (n). (9.1)

e—0t 15

Note that if the limit

i [ e ten) u@ (9.2)
e=0T JprN 3 ’
exists for HV~1-almost every n € SV~! then the limit in (9.1) exists by Dominated Convergence

Theorem: Since u € B;/&(RN ,RY), then we get by Definition 2.1 that

u(z +en) —u(x)|?
sup  sup / Jut )~ ulo) dx < [u]él/q ey < 00 (9.3)
neSN—-1ec(0,00) J RN € .00 (RN ,R%)

so by Dominated Convergence Theorem we have the existence of the limit in (9.1) and

lim /SNl /RN [ule +en) = u<x>’qudHN_1(n)

_ / i [ Eten) Zul@f vy (9.4
S

N-1e=0t JpN IS
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Question 9.2. Let 1 < ¢ < 00, u € Bql/o%(RN,Rd)7 n € WHHRY). Does the following inequality
hold?

1
liminf ——

em0+ \1n€|[ elriaagen o

/RNU(z)dzq(/SN el AN )/‘ | aH1(2). (95)

Question 9.3. Let 1 < q < oo, u € LY(RY R?). Does the following implication hold?

>

vn € WH(RY),  limsup ——

e—0t | In 8|

[y jaa@y ey <00 = u € BL(RY,RY). (9.6)

Theorem 9.1. (Theorem 1.5 in [12]) Let 1 < q¢ < oo, Q@ C RY be an open set and u € L}, (O, R?).
Then,

(% / al d?—[Nl(z)) @) @l

_ q
ghmmf/ (/ %Mdy) dz. (9.7)
=0t Jo \JonB.(x) € |z =y

Remark 9.1. If the limit in (9.1) exists, then the answer on the other questions is yes: If the limit
in (9.1) exists, then we get (9.5) from equation (7.47), Theorem 9.1 and Proposition 10.3; and we
get (9.6) from equation (7.47) and Theorem 4.1.

Question 9.4. Assume r € (0,1), ¢ € [1,00) and u € Bg,OO(RN, R%). Does the following limit hold?

h) — q
lim sup / Ju(z + >T u(@)l dx | =0. (9.8)
=00 \ heRN\{0} J {z€RN ||u(z)|>1} ||

10 Appendix

10.1 Aspects of Measure Theory

Lemma 10.1. (Countability of Measurable Sets with Finite Measure)

Let (X,E,0) be a measure space, which means that X is a set, £ is a sigma-algebra on X and
o: & — [0,00] is a measure. Assume that E € & is such that o(E) < co. Assume {Eq}aer is
a family of sets, where I is a set of indexes, such that for every a € I, E, C E,FE, € &£, and
E,NEy =0 for every different o, € I. Define the set

F = {a el:o(E,) > 0}. (10.1)

Then, F is at most countable.

o1



Proof. Let us decompose F' = UpenF}, F) := {oz €l:o(E,) > %} For each k£ € N the set F}, is

finite. Otherwise, there exists a sequence {a;}jen C Fj, of different elements such that

1

>o(F) > E, | = E,)> — = o0. 10.2

> U()_U<U J) 2 0(Fa) 2D g =00 (10-2)
JjEN JEN JEN

This contradiction shows that each Fj is a finite set and hence F' is at most countable set as a

countable union of finite sets. O

Lemma 10.2. (The Compact Negligible Boundary Property)
Let (X,d) be a locally compact metric space and let j1 be a positive Borel measure on X which

1s finite on compact sets. Then for every compact set K C X there exists a compact set E C X
such that K C E and p(0F) = 0.

Proof. Since K is compact and X is locally compact, then there exists an open set W such that
K C W and W is compact, where W is the topological closure of . Note that since W C X\ W,
then d (OW, K) > d (X \ W, K). Since K is compact and X \ W is closed and K N (X \ W) = 0,
then d (X \ W, K') > 0. Therefore, D := d (0W, K) > 0. For each ¢ € (0, 00) we define a set

Wg:{erNd@ﬁWUzs} (10.3)

Note that K C W, for every € € (0,D). If W = (), then we can choose E = W, because E is
compact and since OE C OW = (), then pu(0F) = 0. So we can assume that OW # (). Notice that
for a general non-empty set S C X, the map f(z) := d(z,S), f: X — [0,00) is Lipschitz and so
continuous. Thus, the set W, is a closed set. Since W, is a subset of the compact set W, then it
is compact. For every different ¢,&" € (0, D) we have OW, N OW. = ): since W is open and the
distance function f is continuous, then W N {:U € X :d(x,0W) > 5} is an open set, and it is a
subset of W.. Therefore, {a: eW :d(xz,0W) > 8} C W2, where W2 is the topological interior of
W.. Hence,

OWe=WA\W2CWN\{zeW :d(z,0W) >e} ={zeW :d(z,0W) =¢}, (10.4)

and the sets {x € W : d(z,0W) = ¢} are disjoint for different numbers . Using Lemma 10.1 with
the family of sets {0W.}oco,0) € W, (W) < oo, we derive the existence of € € (0, D) such that
pu(OW,) = 0. We choose E := W.. O

Lemma 10.3. (The Open Negligible Boundary Property)
Let (X, d) be a metric space and let i be a finite positive Borel measure on X. Let C C X be a

closed set. Then, there exists a monotone decreasing sequence of open sets ), C X such that for
every k € N pu(0;) = 0, and C = (e -

Proof. Define for every ¢ € (0, 00)
Q. :={zeX:dzC)<e} (10.5)
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Assume that C' # 0; if C' = (), then we can choose ) = ). Since the function z — d(x,C) is

continuous, then (). is an open set. We have
00 =0\ C{reX dxC)<e}\ L ={zeX:dxC)=¢}. (10.6)

Therefore, for every different 1,25 € (0,00) we get 9Q., N 9N, = . Thus, we get by Lemma
10.1 for the family {0 }.c(0,00) the existence of an infinitesimal sequence €5, € (0,00) such that
(09, ) = 0. Since C'is closed we have C' = [, oy 2, - O

Proposition 10.1. (Eztremal Sets for Essential Infimum and Supremum,)
Let X be a set and pu be a positive measure on X. Let f: X — R be a p-measurable function.

Assume that K C X is a set with the following two properties:
1 (X \ K)=0;
2. For every o € (0,00) and g € K, p({z € X ||f(z) — f(z0)| < o}) > 0.

Then,

essinf f(x) = inf f(z), esssup f(z) =sup f(x). (10.7)
zeX TeK rxeX zeK

We call K an extremal set for the function f.

Proof. Recall that

zeX OCX,u(0)=0 \2€X\O zeX OCX,u(©)=0 \ zex\0

essinf f(z) :=  sup ( inf f(x)) , esssup f(x) := inf ( sup f(:):)) . (10.8)

By property 1 of K, we obtain

essinf f(z) = essinf f(x), esssup f(z) = esssup f(x). (10.9)
zeX zeK zeX €K

Let us consider a set © C K such that ;(©) = 0. We aim to show that inf,c e f(2) = infoer f(2).
By taking the supremum over all such ©, we obtain essinf,cx f(x) = inf.cx f(z), and hence
essinf ey f(z) = inf ex f(2).

It follows from the definition of infimum that inf,c e f(z) > inf,ex f(x). Suppose, by contra-
diction, that inf,cx\e f(2) > infex f(x). This implies that infyex f(2) = infreo f(x). Otherwise,
if infyex f(2) < infyee f(2), then inf ek f(2) = min {inf,co f(z), infrexe f(2)} > infrex f(2),
which leads to a contradiction.

Therefore, for any ¢ € (0,00), there exists o € O such that f(z¢) — inf.cx f(z) <
properties 1,2 of K, there exists y € K \ © such that [f(y) — f(zo)| < §5. Hence,

By

< i f(o) = inf ) = (flau) = nf 1)) + (70 = e + i FG0) = £0)) <
(10.10)

Since ¢ is arbitrarily small, we arrive at a contradiction, which proves that infycx\e f(z) =

inf,ex f(x). The proof of of formula esssup,cy f(z) = sup,cx f(x) is similar. O
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Corollary 10.1. (Existence of Extremal Sets for Lebesque Functions)

Let X be a metric space, and let p be a Borel measure on X such that 0 < pu(B,(x)) < oo for
every r € (0,00) and every x € X. Suppose p € [1,00) and f € LP(X). Then, there ezists a set
K C X with properties 1 and 2 as outlined in Proposition 10.1. More precisely, the set of Lebesgue

points of f possesses these properties.

Proof. Since f € LP(X), by the Lebesgue Differentiation Theorem, we know that almost every
point in X is a Lebesgue point of f with respect to u. Let us denote this set by K. Therefore, we
have property 1: pu(X \ K) = 0. To establish property 2, let zy € K and « € (0,1). Note that for

an arbitrary positive number o, there exists R such that

[ 1) = Fan)Pdu(o) < a0’y (Ba(a). (10.11)
Br(wo)
By Chebyshev’s inequality

i ({z € Brlzo) | [f(z) — f(xo)| > 0}) _ 1 e <
ERES) <o @b <o (012)

Since f is py-measurable, we obtain

p{e € Ba@o) [1/(2) — f(zo)l > 0}) | p{z € Balao) [If(@) —f@wl <ob) _ )14 3

p(Br(zo)) 1(Br(zo))
Hheretore, ({o € Balw) | |/(x) - flao)] < o})
p({z € Br(xo) || f(z) — f(x0)| < o
u{Br(0)) SR (1014
and hence,
W (e € X [1f(@) = fao)] < o)) = (1 - a)u(Balan)) > 0. (10.15)
]

10.2 Vector Valued Measures and Variation

Definition 10.1. (Vector Valued Measures and Variation)

Let X be a set and £ be a o-algebra on X. Let u : £ — R? be a measure, which means
that (@) = 0 and for any sequence {E}};en C € of pairwise disjoint sets we have p <U] N Ej> =
> jen M (Ej). The variation of p is defined to be

|pl|(E) := sup { > |u(E))| : E; € € pairwise disjoint, E = |_J Ej}, Ecé&. (10.16)

jeN jeN

Lemma 10.4. (Variation of Multiplication of a Vector Valued Function with Positive Measure,
Proposition 1.23 in [1])

o4



Let p be a positive measure on the measurable space (X, E), X is a set and & is a o-algebra on
X. Let f € LY(X,RY). Then, the variation of the RY -valued measure

:/fdu, Be& (10.17)
B

satisfies

1B / fldu, Bek. (10.18)

Lemma 10.5. (Variation of Multiplication of Scalar Function with Vector Valued Measure)
Let X be a set, £ be a o-algebra on X and pu : £ — RN be a measure. Let f: X — R be such
that f € LY X, ||ul). Then,

I full(B) < NY2|f[llpll(B), Eecé&. (10.19)
Proof. Let us denote p := (uq, ..., ). For every E € &

N 1/2
|fr(E) = [(fra(E), ..., fun(E))| = (Z(fm(@f)

=1

N 1/2 N 1/2
< (Z(Hfﬂi||(E))2) (Z fIllall (£ ) < N'2|fl|ul(E).  (10.20)

i=1

Therefore,
| ful|(E) = sup { Z |fu(E;)| - E; € € pairwise disjoint, £ = UjeNEj}
jEN
< NY2sup { Z |flllwll(E;) - E; € € pairwise disjoint, £ = UjenE)} } = NY2|f|lxll(E). (10.21)
JEN
0
10.3 Aspects of Integration on SV~ with respect to H"V !
Proposition 10.2. For every vy, vs € SV we have
/ vy - n| dHN " (n) = / vy - | dHN (). (10.22)
SN-1 SN-1
Proof. Take an isometry A : RY — RY such that A(vy) = v;. Then,
[ tomlan ) = [ A Aw) Y ) = [ el aH ),
SN-1 A-1(SN-1) gN-1
(10.23)
O
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Proposition 10.3. It follows that

2dv / N—1
/ = |z1|dHY " (2), 2= (21,..., 2N)- (10.24)
RN-1 ( /1 + ’U|2)N+1 GN-1

Proof. Note that (10.24) holds for N = 1. So we can assume that N > 1. Let B ~*(0) be the ball

of radius 1 around the origin in RV~!. Define

g: B{V_l(o) — RNa 9(22, 7ZN) = (f(z27 "'7ZN)722a "'7ZN)7 f(227 7ZN) =

(10.25)

The image of g is ST := {z = (z1,...,2n) € SV : 21 > 0}. Denote z = (21,2'), 2" := (22, ..., 2n).

By the area formula

N
/ |21 |dHY 7 (2) :2/ |21 |dHY 7 (2) :2/ I—Zz? VI IVE)2dLN ()
SN-1 S+ BN=10) =2
N 1 N
:2/ 1=) 22 |14+ ———— ) 24 '(2) =2(£VN (B '(0)) ). (10.26)
B 0) ; ’ 1=, 2 ; ! ( )

In addition, by polar coordinates we obtain for N > 2

dv N-2(qN-2 N2y
/RN_1 (\/TW)NH = (H (S ))/0 W (10.27)

0 N-2
Ay = / T—dTNH. (10.28)
o (V1+r?)

Assume for the moment that N > 3. Integration by parts gives

> 2
Ay = / S —’
0 2(1+r2) 2

Let us denote

1 r=00 > 1
= N3 — —/ (N —3)rN -4 ~—dr
(I-N)(1+4r2) = ) = 0 1-N)(1+72) =
N-=-3 [* N4 1 N -3
= — r dr = An_o. 10.29
N_l/o (14_7,2)% N—1"7N7 ( )
We got a recursive sequence. Note for example
N -3 N—-3N-5 N -5 N-5N-T7 N -7
Ay = An_o = —— 4= Anv_y = —— _6 = An_
N NPT NN T N1 T NN T N
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Therefore, we get from (10.29) for every natural m > 1

1 2

A2m = o — 1A2 and A2m+1 = %Ag . (1031)

Let us calculate Ay, A3 separately. Note that

©  rdr 1 e |
Ay e . . 10.32
’ /0 2(1+r2)2 2(1+72) |,y 2 ( )

Let us prove that

o 1
Ay = / ————dr=1. (10.33)
0o (VIT )
Changing variables r = £ — i in the last integral gives:
o 1 1 1 o 1 1/,
Az—/l — (5*@)“—/1 ) S5 (P 1)z
( 1+<§—5)) ( 1—1—@(22—1)

1

/1 <\/4z2+<z21>2>342<z+1)dz/1 ( <z2—|—1>2>

342 (22 + 1>dz

< 4z 2 77
= ——dz = — =1. (10.34
/1 @12 2| (10-34)
Therefore, by (10.31), (10.32) and (10.33)
1
Agm = om — 1 and A2m+1 = % (1035)
Thus, for every natural N > 1
1
Ay = —. 10.36
N= (10.36)
Therefore, by (10.27), (10.28), (10.36) and polar coordinates we get for every N > 1
/ dv N (HN—Q(SN—2)> L £Y(BY1(0). (10.37)
RN-1 ( /1—|—|U’2) N -1
Thus, by (10.26) and (10.37) we get (10.24). O

Proposition 10.4. (Polar coordinates, see 3.4.4 in [9])
Let g € Lt (RN,Rd). Then

/R 9(@)de = /0 ) ( /8 o) g(Z)dHNl(z)) dr = /O v ( /S o g(rz)d?—lNl(z)) dr. (10.38)
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10.4 Sequences of Real Numbers

Lemma 10.6. (Liminfsup Lemma)
Let {ar}32,, {bx}32, C R be bounded sequences. Then,

max {| lim mf ap — hm 1nf bk, | lim sup aj, — lim sup bk\} < lim sup |ag — bg|. (10.39)
k—o00 k—00 k—o00
Proof. Recall the general inequalities:
lim sup(ag + bx) < limsup ag + lim sup by, (10.40)
k—o0 k—o0 k—o0
lim inf(ay, + b)) < limsup ax, + hm mf b (10.41)
k—ro0 k—o0
By (10.40) we get
lim sup a; = limsup(ay — by + bx) < limsup(ay — bg) + lim sup by. (10.42)
k—00 k—o0 k—o00 k—o00
Changing the roles of a; and b, we get
lim sup ay — limsup by | < limsup |ay, — by (10.43)
k—o00 k—o00 k—o00
By (10.41) we get
liminf a;, = lim mf(ak — b + bg) < limsup(ag — by) + lim inf by. (10.44)
Changing the roles of a; and by, we get
lim inf ay, — lim inf by| < limsup |ay — by (10.45)
k—o0 k—o00 k—00

10.5 The Truncated Family

Definition 10.2. (Truncated Family)

Let £ C RY be a set and let u : E — R% u = (u!,...,u?) be a function. For every 1 < i <
dyi € N, [ € [0,00) and z € E we define u}(z) := I A (=1 V u'(z)), where a A b := min{a, b},
a Vb := max{a,b}, for a,b € R; and we define u(x) := (u} (), ...,ul(x)). We call the family of

functions {u;}ic(0,00) the truncated family obtained by wu.

Proposition 10.5. (Properties of the Truncated Family)

Let E C RN be a set and let u: E — R u = (u',...,u?) be a function. Let {w}icp,00) be the
truncated family obtained by w. Then,
1. limy oo wy(z) = u(x), Vo e E;
2. For every x,y € E and l,m € [0,00),1 < m, we have |u(z) — w(y)| < |Jum(z) — un(y)| <
|u(z) — u(y)l;

3. For every x,y € E, the family {|u(x) — w(y)|}icp,00) is monotone increasing to [u(x) — u(y)|.
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Proof. For x € R, € [0,00) we define z; := [ A (=] V x). Notice that for every z,y € R and
l,m € ]0,00),l < m, we have |z; —y| < |Tm — Ym|. For a point z = (21, ...,2¢) € R% and [ € [0, 00)
we define z; := (z},...,z%). Similarly, we have for every z,y € R? and I,m € [0,00),l < m, the
inequality |z; —yi| < |2m —ym|. Notice also that for z € R?, the family {z;},e[0,00) has the property
lim;_, 7; = x. In particular, for every z,y € R?, the family {|z; — 1| }ie[o,00) is monotone increasing
to |z —y|. Therefore, we get items 1,2 and 3 by choosing the points u(x), u(y) in place of the points
x,. O

1

loc-functions

10.6 Approximate Continuity and Differentiability of L

Definition 10.3. (Approximate Limit)
Let Q C RY be an open set and u € L{ (2, R?). We say that u has approximate limit at z €

loc

if and only if there exists z € R? such that

lim lu(y) — z|dy = 0. (10.46)
P=0" J By (x)

The set S, of points where this property does not hold is called the approximate discontinuity set.
For any = € Q the point z, uniquely determined by (10.46), is called the approximate limit of u at
z and denoted by u(x).

Definition 10.4. (Approximate Jump Points)
Let Q C RY be an open set, u € L{_(Q,R?) and z € Q. We say that x is an approzimate jump
point of u if and only if there exist different a,b € R? and v € SV~! such that

1
lim — / uz—adz+/ u(z) —bldz | =0, 10.47
p~>0+ PN ( B;"(m,y) | ( ) | BP_(I,I/) | ( ) | ) ( )

where
Bf(z,v):={yeBy(x): (y—x)-v>0}, B, (x,v):={yeB,(z):(y—x)-v<0}. (10.48)

The triple (a, b, v), uniquely determined by (10.47) up to a permutation of (a,b) and the change
of sign of v, is denoted by (u™(x),u"(x), v, (z)). The set of approximate jump points is denoted
by J.. Note that 7, C S,.

Definition 10.5. (Approximate Differentiability, definition 3.70 in [1])
Let © C RY be an open set and let u € LL _(Q,R%). Let z € Q\ S,. We say that u is

loc

approximately differentiable at z if there exists a d x N matrix L such that

lim uly) Z ) = Lly = o)l ) (10.49)

=0T S By (@) P

If u is approximately differentiable at x, the matrix L, uniquely determined by (10.49), is called the
approzimate differential of u at z and denoted by Vu(z). The set of approximate differentiability
points of u is denoted by D,.

29



Proposition 10.6. (Properties of Approzimate Differential, Proposition 3.71 in [1])
Let Q C RY be an open set and let u € L} (Q,R?). Then, D, is a Borel set and the map
Vu: D, — R¥N is a Borel map.

Proposition 10.7. (Locality Properties of Approzimate Differential, Proposition 3.73 in [1])
Let Q C RY be an open set, u,v € L} (Q,RY). If v € D, ND, and the set {u = v} has

density 1 at z, then Vu(z) = V(). In particular, Vu(z) = Vo(x) for LN -almost every z € {u =
v} ND, ND,.

Proposition 10.8. (Properties of Approzimate Limits, Proposition 3.64 in [1])

Let Q C RN be an open set and u € L}, (2, R?).
(a) S, is a Borel set, LN(S,) =0 and @ : Q\ S, — R? is a Borel function, coinciding L~ —almost
everywhere in Q\ S, with u;
(b) if f:RY — RP is a Lipschitz map and v = fou, then S, C S, and v(z) = f(u(z)) for any
r € Q\S,.

Proposition 10.9. (Properties of One-Sided Approximate Limits, Proposition 3.69 in [1])
Let Q© C RN be an open set and u € L}, (2, R?).

loc

(a) The set J, is a Borel subset of S, and there exist Borel functions
(v u, ) Ty = RO xR x SN (10.50)
such that for every x € J, we have

lim lu(y) — u*(z)|dy =0, lim lu(y) —u™ (z)|dy = 0. (10.51)
p—0F B (z,vu(z)) p—0F B, (z,vu(x))

(b) if f: RY — RP is a Lipschitz map, v = fou and x € J,, then v € J, if and only if
fut(x)) # f(u(x)), and in this case

(0" (), v (@), @) = (FQ™ @), Fu™ (@), (@) (10.52)
Otherwise, x ¢ S, and v(z) = f(ut(z)) = f(u™(z)).
Proposition 10.10. (Truncation and Jumps)

Let Q C RY be an open set, and let u € L, (Q,R?Y). For each | € [0,00), let us define the

loc
I-truncated function by T; : RT — R% Ty(z) := x;, where x; is defined as in the proof of Proposition
10.5. Then we have the following assertions:
1. Ty is a Lipschitz map;

2. The jumps set of u can be decomposed in terms of the jump sets of T} o u through the formula:

Jo=J Tneun s (10.53)

l€[0,00)

3. For every l,m € [0,00) such that | < m we have the following monotonicity property:
jTlou N ju - ijou N ju (1054)
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Proof. 1. For each [ € [0,00), by Proposition 10.5 we get that the map T; : R? — R4, T;(z) := a,
is Lipschitz.

2. For u € L _(Q,R?), where Q C R" is an open set, and x € J,, we know by Proposition 10.9
that € Jr0, if and only if Tj(ut(z)) # T;(u ™ (x)), and in this case

((Th o u)*(2), (T 0 u)™ (@), vpen(2)) = (T (@), T () vaa)) s (10.55)

and if T)(u™(z)) = Ti(u™(x)), then = ¢ Spo,. Thus, since for every x € 7, there exists a big
enough [ € [0, 00) such that Tj(ut(z)) = u™(z) # v (x) = T)(u" (x)), we have

Jo=|J Tneun . (10.56)

1€[0,00)
3. we have for every I,m € [0,00),l < m, that Trou N Ju C Trpou N Tu: If © € Try0u N To, then
Ti(ut(z)) # Ty(u (z)) and so T, (ut(x)) # T,n(u(x)). If not, then T,,(u™(x)) = T, (v (2)) and
then x ¢ S7, 04, and since T; o (T,,, o u) = T} o u, then, by part (b) of Proposition 10.8 with 7} in
place of f and T, o u in place of u, we obtain Sro, C S7,,0n and 80 & & Sroy. It is a contradiction
since & € Jrou C Styjou. From T, (u(x)) # Tn(u™(x)) and x € J,, we get © € Jr,0u N Tu- O

Lemma 10.7. (Lower Semi-Continuity for Jump-Integral with respect to the Truncated Family)
Let Q C RY be an open set, u € L} (Q,RY), h: RN — R be a non-negative, HN"'-measurable

loc

function and F : R — R be a non-negative continuous function. Then,

“mi?f/J F(|(w)* (@) = (w)~ (@)]) h(x)dH" () > / F (Ju* (@) —u(@)]) h(z)dH" ! (2),

(10.57)
where {u; }icpo,00) 15 the truncated family obtained by wu.

Proof. By Proposition 10.10 we obtain

/j F ()" @) = () @) B @) = [ F () @) - ) @) A @)

Ty

= [ R @ @) A @)
:/ Xy (T)F (J(ut(2)) = (u™ (2))i]) h(z)dHN " (z). (10.58)

u

By Proposition 10.10 we have lim;,0 X7,,n7.(2) = X7,(2),Vz € J,, and by Proposition 10.5 we
have limy o |(u™(2)); — (v (2))i| = [uT(x) —u™(z)|,Vz € J,. Taking the lower limit as | — oo on
both sides of (10.58) and using Fatou’s lemma we obtain (10.57). O

10.7 Aspects of BV-Functions

Definition 10.6. (Definition of BV Functions) Let Q@ C RY be an open set. We say that u €
BV (2, R?) if and only if u € L'Y(Q,RY) and there exists an d x N matrix valued measure p :
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B(Q)? — RPN such that for every ¢ € C°(Q) it follows that

/Qu(a:)Vgo(x)dx: —/cp(a:)du(:v). (10.59)

Q

In this case we denote p := Du. In formula (10.59) we think about u as a column vector u =
<U1, "'7ud)T and th = (81907 78NQ0)

Lemma 10.8. (Continuity for Jump-Integral with respect to the Truncated Family)
Let  C RY be an open set, u € BVjo(QQ,RY). Let h : RN — R be a non-negative H™~1-
measurable function, and F : R — R be a non-negative, monotone increasing function. Let

{witico,00) be the truncated family obtained by u. Then,

1.

lim [ F (|(u)(2) = (w)(2)]) h(z)dH" () =/ F (Ju*(z) — u™(2)]) h(z)dH" " (2).

l—00 Jul

u

(10.60)

2. For everyn € RN

lim [ F (J(u)*(2) = () (@)]) [, (2) - nlh(z)dH " (2)

l—00 T,

= / F(Jut(z) —u (2)]) [vu(z) - n|h(z)dHY " (z). (10.61)

u

Proof. Let us prove assertion 1. Since u € BVjy.(Q, R?), then for every [ € [0, 00) we have by chain
rule for BV-functions (refer to Theorem 10.5) that u; € BVi,.(Q,R%), and by Federer-Vol'pert
theorem (refer to Theorem 10.2) we have HY"1 (S, \ J.) = HY 1 (S, \ Ju,) = 0. Therefore,
HY (T \ Tu) = HYH(S,, \ Su) = 0, because S, C S,. Therefore, by item (b) of Proposition
10.9 we get

[ 00" @) = @ @) @) = [P () )~ ) @) )i @

TuyNTu

wf P (@) @) - ) @) e)dh @) = [ F (@) - e @)l) bla)dh )
Tu\Tu

TN

:/ X0 (@) F (|(ut () = (u™(2))i]) h(z)dHY ' (x). (10.62)

u

By Proposition 10.5, Proposition 10.10 and monotone convergence theorem we get (10.60) by
taking the limit as [ — oo on both sides of (10.62).

3Borel sigma algebra
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For assertion 2, note that, by item (b) of Proposition 10.9 we get
[ F (00 @) = ) @) ) - nlb)r o
— [ () @) = () @) ) - al() i )
Ty T
[ P () @~ @) @) (o) nlb@)an @
Tu\Tu
= /j F ([(u)*(2) = ()~ (2)]) [vu(@) - nlxg, (2)h(z)dH " (2). (10.63)

Using item 1 with |v,(x) - n|x 7, (z)h(x) in place of h(x), we conclude (10.61). O

Theorem 10.1. (Calderon-Zygmund, Theorem 3.83 in [1])

Let Q C RY be an open set. Any function u € BV (Q,R?) is approzimately differentiable at LN -
almost every point of Q). Moreover, the approximate differential Vu is the density of the absolutely
continuous part of Du with respect to LV, in particular Vu € L' (2, R>N).

Theorem 10.2. (Federer-Vol’pert Theorem, Theorem 3.78 in [1])
Let Q C RY be an open set, and u € BVj,.(2,R%). Then, the jump set J, is countably (N —
1)—rectifiable set, oriented with the jump vector v,(z), and moreover, we have HN ! (Su\ju) =0.

In particular, S, is o-finite with respect to HYN 1.

Lemma 10.9. (Variation Inequality)
Let Q C RY be an open set and uw € BV (Q,R?). Let E C Q be an LN -measurable set and let
h € RV \ {0}. Assume that dist(E,08) > |h|. Then,

1)
|“ v i =@ 4 < 1Duf (). (10.64)
In particular, if Q =RY, then
sup / @+ 1) = ul@)l ) | pul(RY). (10.65)
heRN\{0} JRN |h|

Proof. Let {u;}32, € C1(,RY) be a sequence of functions which converges to u LY-almost ev-
erywhere and limy_,, ||Dug||(2) = || Dul|(2). Then, for every k € N, by the fundamental theorem

of calculus and Fubini’s theorem we get

1
_ v th) - hdt !
/ ulz +h) —u(z)| , | Jo Vuk(z +th) |dx§/ /|Vuk(x+th)|dxdt
E Al E 7l 0 JE

- / / Vg < D). (1060

Taking the lower limit as & — oo and using Fatou’s Lemma we get (10.64). To get (10.65) note
that for every h € RY, dist(RY,0) = oo > |h]. O
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10.8 Negligibility of Sets with respect to ||Dul|

Definition 10.7. (Measure-theoretic Boundary)
Let £ C RY be a set. We write z € 9*E if and only if the following two inequalities hold:

. LN (B.(x) N E) , LY (B:(z) N (RN \ E))
IV E@) " T N B@)

> 0. (10.67)

Equivalently, 2 € 9*F if and only if E and its complement RY \ E do not have density 0 at z; if
and only if the set E does not have density neither 0 nor 1. In other words, if we denote by E°
the set of points at which £ has density 0 and by E' the set of points at which E has density 1,

namely

0. )0 cRY . Iim LY (B(z)NE) _ 1 )2 e RY - lim LY (B(x)NE) _
g {remt iy S0 —op B {rern i S0 1

(10.68)

then x € 9*F if and only if z ¢ E°U E'. We call 9*E the measure-theoretic boundary of the set
E.

Theorem 10.3. (The Co-Area Formula for BV -Functions, see equation (3.63) in [1])
Let Q C RY be an open set, and let u € BV (). Then, for every Borel set B C

| Dul|(B) = /R MYV (B Ao {u> t}) dH(2). (10.69)

Proposition 10.11. (Variation-Negligibility of Sets with H'-Negligible Images) Let Q C RY be
an open set and u € BV (,RY). Let B C Q\' S, be a Borel set such that H' (i(B)) = 0. Then,
[ Dull(B) = 0.

Proof. Assume first that d = 1. Let us first prove that for every ¢t € R we have
a((Q\Su) N {z € Q:u(z) >t}) C {t}. (10.70)

It means that the approximate limit @ takes the measure-theoretic boundaries of super-level sets
8*{2 € Q:ulz) > t}, which are outside S,, to the corresponding points t. We use the short
notation {u > ¢} := {z € Q : u(z) > t}, as well as for similar sets. Assume that zo € (2\ S,) N
O*{u > t}. Therefore, if @(2p) < t, then for every e € (0, 00) we have by Chebyshev’s inequality

LN (Ba(z0) N {u>1}) _ LN (Bo(20) N {u —i(z0) > t — (20)})
LY (Be(2)) LY (Be(2))
1

< — ]{35(20) |u(z) — t(zo)|dx. (10.71)

t —u(z)

Since zp € Q\ Sy, then we get from (10.71) that the density of {u > t} at z is zero, which
contradicts the assumption that zo € 0*{u > t}. Similarly, if @(zo) > ¢, then for every e € (0, 00)
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we have by Chebyshev’s inequality

LY (Be(z0) N{u < t}) LY (Be(20) N {ii(20) — u > (20) — t})
LY (B(=0)) LN (B:(2))
1

<o ]i o) oz (1072

Since zp € Q\ Sy, then we get from (10.72) that the density of {u < t} at 2y is zero, which
contradicts the assumption that zy € 0*{u > t}. We conclude that @(zp) = ¢, which proves
(10.70).

By (10.70) we get that, if ¢t ¢ @(B), then BN d*{u >t} = . We get from the co-area formula
(Theorem 10.3) and the assumption H' (a(B)) = 0 that

a(B)

| Dul|(B) = /RHN—l (BN {u>t})dH'(t) = / HN Y (BN o {u>t})dH' (t) = 0. (10.73)

In the general case, d € N, let us denote u = (uy, ..., uq). Notice that for every natural 1 < j <d
we have S,; C Sy, and for z € S, we have by uniqueness of approximate limit (u;)(z) = (a@); (v).

Therefore,
BCQ\S, CQ\S,, H'((u)(B)=H"((@),;(B)=H(PiB))<H (iB)) =0. (10.74)

Here P; : R? — R is the projection on the j-th coordinate which is a Lipschitz function. Therefore,

| Dul|(B) < Z | Du,||(B (10.75)

O

Proposition 10.12. (Properties of Cantor Part Du, Proposition 3.92 in [1])

Let Q C RY be an open set, and let u € BV (Q,RY). Then, the Cantor part Du (see Definition
10.8) of the distributional derivative Du vanishes on sets which are o-finite with respect to HN=1
and on sets of the form a1 (E) with E C R¢, H(E) = 0.

Remark 10.1. (Variation of Cantor Part Vanishes on HY~! o-Finite Sets)

Since Du vanishes on sets which are o-finite with respect to HY~!, and any subset of such
a set is also o-finite with respect to HYV~!, then the variation ||Du|| vanishes on sets which are
o-finite with respect to HY~! (recall that a variation of a vector valued measure p vanishes on a
set if and only if p vanishes on every subset of the set).

10.9 Decomposition of Du and the Chain Rule for BV-Functions

Definition 10.8. (Jump and Cantor Parts)
Let Q C RY be an open set, and let u € BV (Q,R?). Let Du = D*u+ D*u be the decomposition

of the distributional derivative Du of u into the absolutely continuous and singular parts with
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respect to £V. We define the jump part and the Cantor part of Du, respectively, to be the
following measures:

Diu:= D*uLd,, Du:=Du(Q\S,). (10.76)

Theorem 10.4. (Decomposition of Du into the Absolutely Continuous, Jump and Cantor Parts)
Let Q C RY be an open set, and let u € BV (Q,RY). Then,

Du = D"+ Diu + Du, (10.77)

where D%, D’u, D are defined in Definition 10.8. They have the following properties:
1. D%, D’u, D°u are finite Radon measures in Q (it means that they are measures from B()), the
Borel o-algebra, into RN | the set of all matrices of size d x N with entries from R);
2. They are orthogonal to each other;
3. It follows that:
Dy =vVuly, Du=(ut—u")@v,H ' T, (10.78)

where for points a = (ay, ..., aq) € R4, b= (by,...,by) € RY we define a @b to be the d x N matriz
gwen by (a ® b);; == a;b;.
4. We have

| Dul| = [Vul LY + |u" —u™ | HN 'L Ty + || DCul. (10.79)

One can find proofs for the assertions of Theorem 10.4 in section 3.9 in [1].

Theorem 10.5. (Chain Rule in BV, Theorem 3.99 in [1])
Let Q C RY be an open set. Let u € BV(,R) and let f : R — R be a Lipschitz function
satisfying f(0) = 0 if LN(Q) = oco. Then, v := f ou belongs to BV (£, R) and

Dv = f'(u)Vul® + (f(u") = f(u7)) v HN ' T + f/(@) D u. (10.80)

Remark 10.2. (Well-Definedness of Compositions in Chain Rule for BV -Functions) In this remark
we would like to explain why f ou € L*(Q,|Vu|LY) and f'ou € L'(, || Dul|). Let Q C RY be
an open set, and let u € BV (2,R). Let f: R — R be a Lipschitz function.

1. By Rademacher’s theorem there exists a Borel set © C R such that f is differentiable at every
r €R\ O and H'(O) = 0.

2. Since the approximate limit @ : Q\ S, — R is a Borel function, then @~ '(0) C 2\ S, is a Borel
set.

3. Therefore, we get by Proposition 10.11 that || Dul/(a~'(©)) = 0.

4. Since f is Lipschitz, then its £!-almost everywhere derivative f’ : R\ © — R is a Borel function.
Therefore, the composition f' o : Q\ (S, Ua 1(0)) — R is a Borel function.

5. Since by Remark 10.1 we have ||Dl|(S,) = 0, then f’ o @ is defined almost everywhere in
with respect to the measure || D/||. Since ||Dul| is a Borel measure, then f’ o @ is a measurable
function with respect to the measure ||Du||. Since f is Lipschitz and v € BV (£2,R), then

Alf’(ﬂ(w))ld|lDCUI|(I) <N Moo @ I Dull(2) < [|fllzoe @y | Du| (€2) < oo (10.81)
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Therefore, f'ou € LY(Q, | D ul)).
6. Without loss of generality assume that the £V-almost everywhere defined function u is defined

on all of 2 and it is a Borel function. Let us denote by
E:=8,U{zeQ\S, ux)#u(z)} Ua " (O)U(Q\D,). (10.82)

The function f'ou: Q\ E — R is a Borel function because it is a restriction of the Borel function
f'ow to the Borel set Q\ E. Hence, it is a measurable function with respect to the Borel measure
|Vu|LY. The function f’ou is defined almost everywhere in  with respect to the measure |Vu|LV:
by item (a) of Proposition 10.8 and Theorem 10.1 we get that [Vu|LY (E) = 0. Since f is Lipschitz
and u € BV (Q,R), then

/Qlf’(u(m))\dIVuIEN(x) < 1 ooy VUl £5(2) < (1| ooy | Dull () < oo (10.83)

Therefore, f'ou € L'(Q, |[Vu|LN).

10.10 Convergence of the Truncated Family in the Space BV

Lemma 10.10. (Convergence of the Truncated Family in Lebesque Spaces)
Let p € (0,00), E C RN be an LN -measurable set and u € LP(E,R?). Then,

lim /E u(z) — w(=)PdLY (=) = 0, (10.84)

l—00

where {u;}icpo,00) @5 the truncated family obtained by u.

Proof. Since for LN-almost every z € E lim;_,o |u(2) — w(2)] = 0, |u(z) — w(2)| < 2lu(z)|, and
u € LP(E,RY), then we get (10.84) from Dominated Convergence Theorem. O

Lemma 10.11. (Convergence of the Truncated Family in BV')
Let Q C RY be an open set and u € BV (Q,R?). Let {w }iepo,00) be the truncated family obtained
by u. Then, for everyl € [0,00) we have w; € BV (Q,RY), and

i [ D(w = w)[[(2) = 0. (10.85)

In particular, u; converges to u as | — oo in the norm of the space BV (2, R?), which means that
limy_, o (HD(u —w)|[(Q) + ||u— uz’lLl(Q,Rd)) =0.

Proof. Assume first that u € BV (2, R). By Theorem 10.4, we can decompose the distributional

derivative Du into the sum of the absolutely continuous part, the jump part and the Cantor part:
Du = Vul™ + (u" —u v, H¥ LT, + D u. (10.86)

For each [ € [0,00) let us define a function f; : R — R, fi(2) := I A (=1 V z). By Proposition 10.5
we have that f; is a Lipschitz function and by the definition of the truncated family (Definition
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10.2) we have u; = f; o u. By the chain rule for BV-functions (refer to Theorem 10.5) we have
w € BV(Q,R) and

D = f@) VL + (fi(u*) — flw ) HY LT, + Fi@) D (10.87)
By (10.86), (10.87) and Remark 10.2 we have

D(u—w) = (1 — f(u)) Vul?
F () — () — f) S (L= (@)D, (10.88)

By Lemma 10.4 we get
(1 = fi(w) Vul™[[(Q) = /Q 11— fi(u(@)][Vu(z)| dL™ () (10.89)
and

(" =) = (filw") = filu))) VUHN”L%H(Q)
\ (z)) = (filut(x)) = filu"(x)))] dH " (2). (10.90)

Note that for getting (10.90) we use that |v,| = 1 (refer to Definition 10.4). By Lemma 10.5 we
get

(1 = fi (@) Dul|(2 Nm/ 1= fi(a(x))| | Dul|(x), (10.91)

where || - || stands for the variation (refer to Definition 10.1). Therefore, we get by (10.88), the
triangle inequality of the variation, (10.89),(10.90) and (10.91) that

1D = w)l© / 1= fiu(a)| |Vulo) ¥ @)
| (2)) = (filu* (@) = filu (@) dH" " (2)

+N1/2/Q|1 — fi(a(z))[d|| Dul|(z). (10.92)

For every [ € [0, 00), from item (a) of Proposition 10.8 we get
Vul£Y ({z € Q:|u(x)| =1}) = |Vu| LY ({z € Q\ S, : |u(z)| =1}), (10.93)

and from Proposition 10.11 we have

|D7ull ({2 € \ .- a@)| = 1}) = [Vul£™ ({r € O\ S+ fi(a)| =1}) =0 (1094)
Note that for getting (10.94) we use the assumption that u is a scalar function in order to get that
H (0 (B) <H'({1,-1}) =0, E :={zecQ\S,:ulx) =1} (10.95)
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For every [ € (0,00) we have

fi) = b Z:f 2l <t (10.96)
0, if |z]>1

By (10.93) and (10.96) we get for every [ € (0, 00) that
,/“‘ﬁ DN [Vu(z)|dL™(z) t/H—ﬂ )| d |Vl LN (x)
- —f] d|\VvV EN — dlVv £N
AIEQ lu I)|>l} ’1 fl( ( ))| | u| /{er ()= l} |1 fl( ( >>| | u| (ZE)

1= filu(@))|d|Vul L (z) /{em >l}d!VUIﬁN( ). (10.97)

o
{zeulu@)<t}
By Calderén-Zygmund theorem (refer to Theorem 10.1), we have Vu € L'(Q, RY). Therefore, we
get by (10.97) and the decreasing monotonicity of the measure |Vu| LY that

lim/|1—fl V| V()] deN (z) = 0. (10.98)

l—00

Since u € BV (£, R), then we get from Federer-Vol'pert Theorem (refer to Theorem 10.2) that S,, is
o-finite with respect to H™~1. Thus, by Proposition 10.12 and Remark 10.1 we have || Dul|(S,) =
0. Therefore, by (10.94) and (10.96) we obtain

t/H—ﬁ )| df| Dul) () = LwIL:MM@HWD%W@

1= fi(a())| d| Dul| (2 1= fi(a(x))| d|| Dul|(x)

/{xEQ\Su |a(z)|= l}

1= fi(@(z))| d]| Dul|(x /{ i Ld|| D%l (x).  (10.99)

B /{meg\su:m(wpz}
a/
{eea\suifat)<t}

Note that since S, is a Borel set in Q and 4 : 2\ S, — R is a Borel function (refer to Proposition
10.8), then the sets {z € Q\S, : |a(z)| >}, {z € Q\S, : |u(z)| <} and {z € Q\S, : |a(z)| = I}
are Borel sets in (2, so they are measurable with respect to the measure || Dul|, because ||Dul| is
a Borel measure (refer to Theorem 10.4). Since ||Du|| is a finite Borel measure in €2, then we get
by (10.99) and the decreasing monotonicity of the measure || Dul| that

i [ 1= (@) | dl0"ul ) = Jim [ D7l ({z € @\ S, - fale)] > 1))

=0

= || Dl (ﬂ {z € Q\S,:|u(z)| > z}) = || D%]|(@) = 0. (10.100)

leN

At last, by Proposition 10.5 we get

i | (u* () = ™ (&) = (il () = filw (@) =0, @€ T (10.101)
!WW@—UT@%%ﬁwW@%:MW@%HSQWW@—UT@L red.  (10102)
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By Theorem 10.4 we get
lut —u| € LY (T, HY ). (10.103)

Therefore, Dominated Convergence Theorem gives

lim / [t (2)) — (flu* (@) — fulu~ (@) dH¥ () = 0. (10.104)

=00

Equation (10.85) follows from (10.92), (10.98), (10.100) and (10.104) in case u € BV (§,R). The
general case, u € BV (2, R%), follows from the inequality

‘ < D 10.1
s [[Du(0) < a0 Z D (0 (10.105)
where u = (u?, ...,u?). Indeed, note that by the definition of the truncated family, Definition 10.2,

it follows that (u;)* = (u'); for every natural 1 <4 < d and [ € [0,00). Therefore, we get

1D(u — w)[|(Q2) < ZIID u—u)'[[ (2 ZIID u' = (u))[[(2). (10.106)

Therefore, since for every natural 1 < i < d we have that v’ € L'(Q,R), then we get by (10.105)
that v* € BV(Q,R). Therefore, we obtain (10.85) from (10.106) taking the limit as [ goes to
infinity. The convergence of u; to u as [ — oo in the norm of the space BV (2, R?) follows from
Lemma 10.10 with p = 1 and (10.85). O
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