QUANTITATIVE AND QUALITATIVE PROPERTIES FOR
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ABSTRACT. We provide some new integral estimates for solutions to Hamilton-Jacobi equations
and we discuss several consequences, ranging from LP-rates of convergence for the vanishing
viscosity approximation to regularizing effects for the Cauchy problem in the whole Euclidean
space and Liouville-type theorems. Our approach is based on duality techniques a la Evans and
a careful study of advection-diffusion equations. The optimality of the results is discussed by
several examples.

1. INTRODUCTION

The powerful theory of viscosity solutions, by means of the maximum principle, allows to obtain
general existence, uniqueness and regularity results for the first-order Hamilton-Jacobi equation
Opu+ H(x, Du) = f(x,t) in Qr:=M x (0,7T),

) u(z,0) = up(x) in M.

(see [3, Bl 20, 19]). Nonetheless, a recent approach known as the nonlinear adjoint method was
developed by L.C. Evans in [25] (see also [41] [45] for related results) to capture finer properties of
the solution u for a nonconvex Hamiltonian H left open by the viscosity theory. The core idea of
this strategy is the study of the linear (backward) problem

—Owp —eAp — div(DpH(z,Duc)p) =0 in Q, := M x (0,7),

pla, ) = pr(z) in M,

where 7 € (0,7) and

(2)

pr >0 and / pr(x)de =1,
M

which is the adjoint problem of the linearized of the viscous regularization of , ie.

Opue — eAue + H(z, Due) = f(z,t) in Qr,

) Ue(x,0) = ug(x) in M.
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It makes little use of the maximum principle (only to show that p > 0) and provides a better
understanding of the convergence u. to u, along with the gradient shock structures of the solution
U.

Here, for various choices of the regularity properties of the terminal condition p,., we derive
estimates for the solution p to to retrieve useful properties of u., sometimes stable with respect
to the viscosity parameter e. We confine our analysis on M = R" or the flat torus M = T". In the
latter case the data of the problem are assumed Z™-periodic with respect to the space variable.
We first exploit this approach to investigate some second-order regularity properties of solutions to
Hamilton-Jacobi equations in LP-spaces, 1 < p < co. Examples of them are the one-side bounds

T
(4) Uee < (Up)ee —|—/ cr(t)ydt, foreeR", le| =1, fee <cy(t) € L*(0,T)
0

and
Au < C(x,t) € Li(L3), 1 < p < oo,

which are motivated by uniqueness and stability properties initiated in [45] [46]. As a byproduct,
we address the following issues, referring to the introductory part within each section for a detailed
comparison and the improvements with respect to the literature:

e Convergence rates for the vanishing viscosity approximation in L? norms. These are
done in Sections [4.2] and

e Stability estimates for Hamilton-Jacobi equations, including numerical schemes of Godunov-
type. These are done in Section [4.4}

e Regularizing effects for the Hamilton-Jacobi equation posed on the whole space. These
are the subject of Section [5.1}

e Liouville-type properties for first- and second-order equations, see Section [5.2

Among the main results, we will prove by duality techniques the following rates of convergence
for the vanishing viscosity process of semiconcave solutions to . First, we obtain the one-side
rate of order O(e)

(e — ) [l @n) < C,
see Theorem [4.3] We discuss its sharpness in Example [£:2] and the dependence of the constant
C on the dimension of the ambient space, see Remark The best rate from below on the
difference u. — u known in the literature is the classical O(y/¢) bound for Lipschitz solutions. We
try to enhance this order, at the expenses of confining the analysis on compact manifolds, by
investigating (two-side) rates of convergence in L? norms. In particular, we prove in Theorem
that semiconcave solutions of satisfy the estimate

Hus — u”Loo(O,T;Ll(’H‘n)) S Ce.
This is crucial to achieve the interpolated bound, cf. Corollary
11
llue — ull oo (0,70 (1)) < Cezta,

which appears to our knowledge the best two-side estimate available in the literature for semicon-
cave solutions. We complement our analysis with LP convergence of gradients in the vanishing
viscosity process, see Remark Our results improve the known requirements on the data in
the literature, see e.g. Section [3]and Remark [£.9] One could expect, possibly combining the effect
of the diffusion and certain nonlinearities H (for instance, uniformly convex ones), a linear rate in
the viscosity for the estimate from below on u. — u, but this remains open.

Another development is the application of duality methods to address the regularization effect
1 1
[ Duc ()] Lo vy £ — (0SCrnx(0,7)Ue) ™ -
CHtV
for Hamiltonians of the form H = H(p) having power-growth |p|? with v > 1 (see below).
Remarkably, such bounds are sharp, cf. Remark and imply new Liouville properties for first-
order equations, being independent of the viscosity. They also aim to complete some regularity
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results for equations with nonlocal diffusion initiated in [55], as detailed in Section

In perspective, the previous results can lead to new developments in the context of Mean Field
Games, local and nonlocal fully nonlinear equations and Porous-Medium equations, that will be
the matter of future research. As a further advance, our duality method suggests, by means of
, a connection among second-order properties for first-order Hamilton-Jacobi equations and
integrability conditions on the advection term for continuity equations arising from the Ambrosio-
Diperna-Lions theory [I} 28, 44]. Indeed, when D?u < ¢(t) € L} and the velocity field of with
e =01is b(z,t) = —D,H(z, Du), as in Mean Field Games theory, we have from

D*u < c(t) € L = [div(b)]” < cge(t) € Li, namely [div(b)]~ € Ly (L).

This is a classical condition which, along with a suitable growth of the coefficients in the equation,
ensures the validity of stability estimates in Lebesgue spaces for inviscid transport and continuity
equations. This observation plays a fundamental role in the proof of the L' rate of convergence
of the vanishing viscosity process. We also outline in the course of the paper several connections
with estimates for conservation laws, see e.g. Remarks and for which we propose
a new proof by means of duality methods. In particular, Remark provides a new rate of
convergence for a special class of hyperbolic systems for which the convergence to the inviscid
system was proved in [40].

To conclude, we recall that since its introduction by L.C. Evans [25], the nonlinear adjoint method
has been intensively applied to several different contexts in the field of nonlinear PDEs, mostly of
Hamilton-Jacobi type. To mention a few: weak KAM theory [24] [59], infinity Laplacian equations
[27], large-time behavior of Hamilton-Jacobi equations and Mean Field Games [T}, [18], uniqueness
principles for weak solutions of viscous Hamilton-Jacobi equations [16] and, more recently, maximal
regularity properties for viscous Hamilton-Jacobi equations in LP spaces, in connections with a
P.L. Lions’ conjecture, and classical regularity of solutions to Mean Field Games [16}, 17, 32} 33].

2. SOME PRELIMINARY NOTIONS AND DEFINITIONS

In this section, we introduce various notions of unilateral second-order bounds which arise in
the study of Hamilton-Jacobi equations.
We start with the classical definition of semiconcavity.

Definition 2.1.

(i) A function v € C(Q) is said to be semiconcave with constant C' if it satisfies
u(z + 2,t) — 2u(z,t) +u(z — z,t) < Oz, z,z e R",t € (0,T).

(ii) A function u € C(Q) is said to be semiconcave for positive times if there exists a constant
C such that

1
u(z + z,t) — 2u(z,t) +ulx — 2,t) < C (1 + t) |z|%, x,z € R",t € (0,T).

Some remarks on the previous definition are in order

Remark 2.2. Definition 2.1}(i) is equivalent to the existence of a constant C' > 0 such that
u(x,t) — £Cx|? is concave on R", see e.g. Proposition 5.2 of [] or [13]. Moreover, a result
of P.-L. Lions [47] and H. Ishii [35] shows that the semiconcavity is also equivalent to the validity
of D%y < C1, for t > 0 in the viscosity sense.

Definitions (1) and (ii) are also equivalent to the following properties, respectively:
(i) A function u € C(Q) is semiconcave if and only if
Uee := D*ue-e < Cin D'(Q), Ve € R",

namely when D?u < C1T,, in the sense of distributions.
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(ii) A function u € C(Q) is semiconcave for positive times if and only if there exists a constant
C such that

Uge < C (1 + 1) in D'(Q), Ve e R”, t > 0.

We refer to [4] for other equivalent characterizations of convexity/concavity in terms of fully
nonlinear Hessian PDEs.

Remark 2.3. Definition (i) will be used if the initial datum of the problem is semiconcave,
see for instance Theorem Instead, the semiconcavity for positive times (ii) is related to non-
semiconcave initial and source term data and it is connected with mild regularization effects of
solutions to Hamilton-Jacobi equations, see Theorem and Section 3.3 of [26].

Following [45], we introduce a generalization of the notion of semiconcavity connected with the
LP properties of solutions to Hamilton-Jacobi equations.

Definition 2.4. A function u € C(Q) is said to be L{(LP)-semiconcave if there exists a function
k(z,t) in L9(0,T; LY (R™)), for 1 < ¢,p < 00, and in L4(0,T; L2 (R™)), for p = oo, such that

loc loc

Uee < Kk in DI(Q)7 Ve € ]an |€‘ =1.

When p = oo and g = 1, the above definition reduces to the semiconcave stability in Definition
2.1 of [45].
Following [46, Remark 3.6], we introduce a weaker second-order regularity notion for solutions of
Hamilton-Jacobi equations:

Definition 2.5. A function u € C(Q) is said to be L}(LP)-semisuperharmonic (L{(L?)-SSH in
short) if there exists a function k(z,t) as in Definition such that

Au < k(x,t) in D'(Q).

A result of H. Ishii (see [35]) shows that, for p = g = oo, Definition 2.5 is equivalent to u being
a viscosity supersolution of C'— Au =0 in Q.
We now introduce the notions of solution for the Hamilton-Jacobi equations. In all the paper, we
assume that H, f and ug are at least continuous. For ¢ > 0, we consider classical solutions to (3)
(existence and uniqueness results can be found in [46]).

Definition 2.6. A classical solution to is a function u € C’itl(Q) solving the problem in
pointwise sense.

When H (x, Du) is bounded, C*! regularity can be achieved by classical maximal regularity for
heat equations, see [17].
To study some properties of solutions in the limit € = 0, we will consider two notions of solutions:
viscosity solutions and generalized solutions. We start with that of viscosity solution, cf. [19] 20].

Definition 2.7. A continuous function v : @ — R is said to be a viscosity subsolution (respec-
tively, supersolution) of if for any (x¢,t9) € Q and for any ¢ € C*(Q) such that u — ¢ has a
local maximum (respectively, minimum) point at (zg,to), then we have

at¢(x07t0) + H((Eo, D¢(x07t0)) S f(xoﬂto)
(respectively, 8t¢($07 to) + H(’IOa D(ZS(:EOa to)) Z f(IOa tO))

and u(z) < ug(z) (respectively, u(x) > ug(x)) in R™. A continuous function u : @ — R is said to
be a viscosity solution of if it is a viscosity subsolution and supersolution.

The second one is that of generalized solution in the sense of S.N. Kruzhkov [40].
Definition 2.8. A Lipschitz continuous function u : @ — R is said to be a generalized solution
of provided that
(i) u(z,0) = ugp(z) for € R™, with ug Lipschitz;

(ii) the equation dyu + H(x, Du) = f(x,t) holds a.e. on Q;
(iii) w is semiconcave for positive times on Q.
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Remark 2.9. Both the definitions of solutions for satisfy existence and uniqueness results. As
for Definition we refer to [3, 9] for general Hamiltonians H, while corresponding results for
generalized solutions are due to S.N. Kruzhkov [43], but only in the case H € C? and convex in p.
In P.-L. Lions [46, Theorems 3.1 and 10.1], assumption (iii) in Definition [2.8 was relaxed to Lg<-
SSH, obtaining existence and uniqueness results for SSH solutions to Hamilton-Jacobi equations.
When u is L}(LP)-SSH and solves a stationary Hamilton-Jacobi equation with H convex, P.-L.
Lions proved in [46] a stability estimate in L. This result is however conditional to the validity
of unilateral bounds in L? of Au and cannot be reached, as the author in [46] explains, using the
sole maximum principle. We provide a way to derive these bounds in Section [3.3

These two notions of solutions for are intimately connected as shown in the next proposition,
cf. [46] and Proposition I11.3 in [20].

Proposition 2.10. Let H be convez in p. If u is a weak a.e. subsolution of (i.e., in the
sense of Deﬁnition but without assuming (iii)), then u is a viscosity subsolution of . If u
is a generalized supersolution of , then w is a viscosity supersolution of . Hence, if u is a
generalized solution to , then u is a viscosity solution to the same problem.

3. SECOND-ORDER ESTIMATES FOR HAMILTON-JACOBI EQUATIONS

We start by reviewing the literature on (one-side) second-order bounds for solution to Hamilton-
Jacobi equations. The following list summarizes the main approaches to derive semiconcavity
estimates and convexity preserving properties for semilinear equations of Hamilton-Jacobi type:

(a) The first one consists in approximating the first-order problem adding a viscosity term
eAu,. Using the maximum principle for elliptic and parabolic equations to derive a semi-
concavity estimate independent of € > 0, one brings to the limit as € — 0 the properties
of the solution of the second-order equation to the first-order one;

(b) The second one is based on control theoretic techniques working at the level of represen-
tation formulas, an example being the Hopf-Lax formula.

(¢) Another method exploits the doubling of variable argument in the viscosity solutions
theory, which avoids the differentiation of the equation. Indeed, the low regularity of
viscosity solutions to first-order problems prevents from the formal differentiation of the
equation as in the viscosity regularization described in (a).

(d) Finally, spatial convexity preserving properties can be proved by the analysis of the convex
envelope if the comparison principle holds.

All the above methods usually require convexity-type assumptions of the Hamiltonian. The para-
bolic regularization to prove semiconcavity (or SSH) properties was first used by S. N. Kruzhkov
[38, [40], see also P.-L. Lions [46]. The method in (c) is due to H. Ishii and P.-L. Lions [36] for
second-order fully nonlinear equations, see also [, 12} [I3] for a proof for first-order equations and
[31] for convexity preserving properties. These works have their roots in [37], where a concavity
maximum principle was established. We do not focus on the approach in (b), referring to [I3] for
further details, mentioning, however, that it allows weaker differentiability properties on H and,
sometimes, it encompasses also some non-convex cases, cf. [I3, Theorem 5.3.9]. The approach in
(d), based on the properties of the convex envelope of solutions to elliptic equations, was developed
in [2] and applies even to fully nonlinear equations. A survey on the previous approaches can be
found in Section 5.3 of [13], while other recent results based on different techniques can be found
in [49].

The recent introduction of the nonlinear adjoint method by L.C. Evans [25] provides an alternative
to the use of the maximum principle in the method (a) and allows to get most of the known results
by means of stability properties of the (dual) Fokker-Planck equations, see also [33, 59, [60] and
the more recent [15].

Exploting the adjoint method, we obtain second-order bounds for solutions to Hamilton-Jacobi
equations under suitable assumptions on H that do not necessarily involve convexity or strict
convexity. This will be done first assuming semiconcavity properties of the data and then re-
moving this assumption, showing thus a regularizing effect. Moreover, via a refinement of the
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method, we will prove some new one-side second-order bounds in LP spaces inspired by [45] [46]
that provide new results for the rate of convergence of the vanishing viscosity method. This will
also complement the results in [46] about uniqueness and stability for convex Hamilton-Jacobi
equations.

We consider the viscous Hamilton-Jacobi equation and suppose that H is C?(R" x R"),
H(z,p) > H(x,0) = 0 and there exist constants v > 1 and Cg,; > 0, C’Hl > 0 such that

(H1) DyH(z,p)-p— H(z,p) > Cralpl” — Cua1
(H2) |D2,H(x,p)| < Cpalpl” + Chya

(H3) |D2mH($aP)| < Cpuslp ™ +Chys .

(H4) D2 H(z,p)¢ - &> Cralp|" ?I€)° = Cra.

Note that (H1)) and (H4) are convexity-type assumptions, but weaker than convexity. For instance,
the Hamiltonian
(P —1)* -1

=

is nonconvex and satisfies the assumption (H1) with v =2, Cy1 =1 and 61{71 = —6. It can be
written as

HET

1+ |p|?

Another nonconvex example satisfying both (H1|) and (H4]) is

Hy(p) = |p|* + z(p), z(p) = =3+

Hy(p) = (Ip|* = 1)* - 2.
In fact, we have
DyH(p) - p— Ha(p) = 4lp*(Ip]* = 1) = (IpI* = 1) +2 = 3(|p* — 1)* + 2.
Using now that (a — b)? > % — b for all a,b € R we conclude
DyHs(p) - p — Ha(p) > 3p|* — 1.

It is easy to check (H4)), at least when n = 1.
A strictly (but not uniformly) convex function satisfying both (H1)) and (H4) with v € (1,2) is

2
2

Hs(p) = (n+1pl)?, n>0.

Indeed, we have
=2
Do) p = Halr) = (3 (0 102) T b = (-4 102 ).
and (HIJ) holds with Crr; = v —1 and C’H,l = n2. Indeed,

=2 ~ n
Yym+1plP) T P -m+pP)? =——F——
(n+p*) =

[N

|

To check (H4) (more precisely, its regularized version D2 H(p) - € > Cya(n+ \p|2)%2 |€]?), note
that

y—4

Dy, Ha(p) = (W =2)(n+1pP*) * pipj +0i(n+ Ip2)31> .
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Then, using that v € (1,2) and the Cauchy-Schwarz inequality we get
- a4
D2, Haw)s€s 7 (IR + ) = 2 =) (0 + %) 7 -6

> <€I2(n DI @) (4 )T p|2|£|2>

=EPm+p) 22 (n+ |p* — 2 —p?)

Oy =1D)pl* +n
n+ [pl?

> (v = DIEPMm + [p*)z L

Some remarks on the hypotheses and are in order. Regarding semiconcavity esti-
mates, these are typically obtained when H is uniformly convex. However, in this context, we
derive second-order bounds by relaxing this traditional condition, at the cost of imposing the
coercivity assumption 7 highlighting that the estimate is independent of the viscosity. To our
knowledge, has already been employed to derive one-side second-order bounds for Hamilton-
Jacobi equations with mixed local and nonlocal diffusion, under stronger assumptions on the data
(cf. [15]). As a byproduct, this analysis allows us to relax the known assumptions on H to estab-
lish the rate of convergence for the vanishing viscosity process, which will be discussed in detail
in Section 2] and Section .3
As for first-order estimates, mild coercivity conditions on H are required to obtain gradient bounds
for these nonlinear equations; see, for example, [46]. To our knowledge, Hamiltonians H satisfying
conditions similar to have appeared in the theory of viscosity solutions. See [0, hypothesis
(H8) p. 1319] as a general reference, where the authors use maximum principle methods (via the
doubling of variables technique) to prove a Lipschitz-preserving estimate. The work in [48] proved
Lipschitz regularizing effects under the condition

= €2+ [p*)?

D,H(p)-p— H(p) = +c0 as [p| = +oo,

obtaining a result similar to Theorem [5.1] through the Bernstein method combined with the max-
imum principle. The coercivity condition , for H = H(z,p) depending smoothly on xz, was
recently used in [16] to study Lipschitz smoothing effects, even in the presence of LP right-hand
sides, using the nonlinear adjoint technique. However, our result in Theorem is more aligned
with the analysis in [48] than in [I6], as the regularization mechanism arises from the nonlinearity,
rather than from the diffusion. In fact, the estimate in Theorem [5.1]is independent of the viscosity.

3.1. Second-order one-side bounds under semiconcavity assumptions. We start with the
following example, which motivates the main result of the section on the conservation of semicon-
cavity properties for Hamilton-Jacobi equations

Ezample 3.1 (Example (ii) in Section 3.3 of [26]). Consider the initial-value problem

du+ 3|Dul*=0 inR" x (0,00),
u(z,0) = —|z| in R™.

The unique viscosity solution of the problem can be find by means of the Hopf-Lax formula

u(e,t) = inf {uo(y) +tL (”3 - y) } ,

where L = H* is the Fenchel conjugate of H, which in this case gives

t
u(z,t) = —|z| — 2 t>0.

The initial condition is semiconcave, see [I3, Example 2.2.5], and the above explicit formula shows
that the solution preserves the semiconcavity for positive times.



8 FABIO CAMILLI, ALESSANDRO GOFFI, AND CRISTIAN MENDICO

We start by proving the preservation of semiconcavity properties from the data. From now
on, we will exploit integral methods to get zero, first- and second-order a priori estimates, so we
implicitly assume that w and its derivatives belong to a suitable energy class when deriving the
next estimates by duality. This in particular allows to justify the variational formulations we use
throughout the proofs.

From now on, throughout the proofs we use u to denote u., but we will take care of the dependence
of the constants on €. We premise the following

Lemma 3.2. Let u. be a solution to with H satisfying (H1). There exists a constant K
depending on ||uc||re,, Cr,1, Cu and independent of € such that

// |Duc|"pdxdt < K, T € (0,7,
Qr
where p is the solution to the linear advection-diffusion equation

{—&gp —eAp —div(DyH (z, Du)p) =0, inR" x (0,7),
p

5) (x,7) = pr(x), in R™.

with p; € CF(R™), pr >0 and ||p7||p1(wn) = 1.

Proof. To show the estimate, we test the solution p to against the solution of the Hamilton-
Jacobi equation, and use the solution u as a test function for the transport equation . We thus
have

/nu($,7')p7'(-73) dz — / u(x,0)po(x) de —/ s F(x, O)p(a, t) dedt
/ / (DpH (2, Du(w,7)) - Du(z,7) = H(z, Du(z,7))p(x,7) drdr.

and, by (H1|), we deduce

/T ) (DpH (z, Du(x, 7)) - Du(z,7) — H(z, Du(z, 7))p(x, 7) dedr

>CH1/ / |Dul|”p dmdt—CHl/ / pdxdt.
We conclude that

/ / |Du|”p dzdt < ! [/ u(z, 7)pr(x) daz—/ u(z,0)po(x) dz
0 n CH’I n n
—/ f(x,t)p(m,t)dxdt—éH,l/ / pdmdt} =
0 Rn 0 n

Note that K < oo since p € L>=([0,7]; L*(R™)) (or even by using merely that [, p(t)dz < 1) by
Lemma [AJ] O

We are now ready to prove the main result of the section.

Theorem 3.3. Assume that H satisfies (H1|)-(H4)) with ug : R™ — R bounded and semiconcave,
i.e. D*uy < col,, and f € C(Q), bounded and L}(LS°)-semiconcave, i.e. D*f < c¢(t)I, with
cy € LY0,T). Then, the classical solution to ([B) is semiconcave, i.e.

(7) D?u. < C1,,

where C' depends on the constants Cr ;, co, fOT c(t)dt, |luclre, and || f||ze,. Moreover, if H =
H(p), we have the explicit bound

(8) D?u (1) - € <co+ /T cr(t)dt + 51{’47', veEeR™ | =1,7€(0,T).
0
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Remark 3.4. A similar result continues to hold if the semiconcavity assumptions on the data
are replaced by weaker SSH bounds, i.e. if Aug < ¢o and Af < c¢(t), ¢y € L'(0,T). These
assumptions imply estimates on Au, instead of the full Hessian (in the sense of measures) using
the same method, providing a different proof than those obtained in [46] exploiting the maximum
principle.

Proof. Let n € C°(R™), let ns(z) = 5-n(%) and set fs(x,t) = ns * f(z,t). Then, fs uniformly
converges to f as § | 0 and {f5}s>0 is a family of semiconcave functions with the same modulus
cf(t), indeed given £ € R™ with [£] =1

D2 fs(at)e €= | ns(y) D2z —y)E € dy < / ns(y)es () dy = ey (t).

R™ n

Let us consider the classical solution uS to the regularized Hamilton-Jacobi equation

) Ol — eAud + H(zx, Dul) = fs(x,t) in Q,
ud(z,0) = ug(z) in R™.

Observe that, since f5(-,t) belongs to C2(R") then we have u®(-,t) € C*(R™). One also needs to
further regularize the initial datum as done at p.19 of [I7], but we avoid this technical step as
introduces an additional regularization parameter. For simplicity of notation we drop the indices
€,6 in u and we set u = u . Differentiating twice the equation, we get for v = Ue,

(10) O —eAv+ DipH(ac, Du)Du, - Duc + DpH(z, Du) - Dv
+2D2 H(x, Du)Du, + D2, H(x, Du) = (f5)ee

Multiplying by p and integrating over R™ x [0, 7], we get
T ) B
/ v(z, 7)pr () de + /0 . Du, - Dy, H(z, Du)Duep dvdt =

/ / (2D2,H xDu)Due—|—D92mH(x,Du))pdxdt+/
0 "

On the one hand, by (H4|) we have

v(zx,0)po(z) dasdt—|—AT /n(f(;)eepda:dt.

n

/0 - DZQ,Z)H(J;7 Du)Du, - Duep dxdt > C’HA/O /" | Du|""2|Du,|*p dxdt — 51{,4/0 /n pdxdt
Moreover, by (H2)) and (H3|), we obtain
/ v(z, 7)pr(z) dx + CH,4/ / | Du|"~2|Du,|*p dadt — CNZ'HA/ / pdxdt
n 0 n O n

SCH,Q/ / |Dul|”p dxdt +CH73/ / |Du|"" | Du,|p dxdt +(6’H,2+5H,3)/ / p dxdt
0 n O R’VL O n

—|—/n v(x,0)po(z) dxdt+/0T /n(f(s)eepdxdt.

By the weighted Young’s inequality we get for all ¢ > 0

T 2 . T T
CH,3/ / | Du|" | Du,|p dadt < %/ / | Du|"~2| Du,|*p dadt —1—0}2’3 / / |Dul|”p dxdt.
0 n 0 n o 0 Jrn

U2CH,3
2

We choose = Cp 4, and conclude that

/n v(z, 7)pr(z) dv < /n v(x,0)po(x) dedt + /T/ (f5)eep dudt

(11)
.
<4CH4+CH2>/ /ﬂ | Du|” p dxdt.
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/ / |Du|"p dxdt < K,
O n
and in view of Lemma [A 1]

/n u(z, 7)pr(x) do — /n u(z,0)po(x) dz — /OT - flz, t)p(x,t) dedt

By Lemma we have

i / / pdadt < 2|ullo + (Iflloo + Crr.0)7
O n

Therefore, passing to the supremum over p, in , we deduce for u = ug

O T 02
D? u ee < C()-l-/ / f§ cep dxdt+ +CH2 K < Co-‘r/ Cf(t) dt+ +Chy2
n O H,4 0 4CH4

where we used that the {f5}s>0 preserves the modulus of semiconcavity cy(t). Finally, passing to
the limit as 6 | 0 we get . Piecing together all the estimates we finally conclude

T 02 _
| oenp @i <ot [t o <4C ) 20l + (1o + Cira)7]

+ (aH,2 + 51{,3 + éHA)T- O

Remark 3.5. The dependence of the constant on ||ug||p~ in can be removed, and the semi-
concavity constant can be bounded only in terms of |jug||r=. To show this, one can argue by
duality as in Proposition 3.7 of [16] using that the solution of the adjoint problem belongs to
L ([0, 7]; LY(R™)), the only difference with [16] being that f € L>°(Q) instead of f € LY(Q).

Remark 3.6. When H = H(p) is convex, the equation satisfied by ue. reads as
dyv — eAv + D2 H(Du)Du, - Due + DpyH(Du) - Dv = fee.

By duality one gets the semiconcavity estimate

T
Uee(T,1) < Uee(x,0) +/0 ||<fee<33))+||L°°(R“) dt.

We conclude with an application of Lemma[3.2] to prove the conservation of Lipschitz regularity
for . This is already known by means of the maximum principle, cf. [5], using slightly different
hypotheses on H.

Lemma 3.7. Let H € WITJCOO(R”) be satisfying (HL|). Then any solution u. to with ug €
WLee(R™) satisfies

[ Ducl|r (@) < [Duollzoe®ny + D fll ()T
In particular, the estimate does not depend on €.

Proof. We proceed by the adjoint method. After a regularization argument we may assume that
u, is sufficiently smooth to perform a differentiation procedure. We set v = u., e € R, |e| = 1,
to find

0w —eAv+ D,H(Du) - Dv = f.

By duality, using p solving (b)) we get

/n v(m)pr(z) du < / v(0)p(0) d:ch/OT [ fepdudt

We now use that |[p(t)||1 = 1 by Lemma[A.I]and Lemma[3.2]to conclude the estimate, recalling
that ug € WHe(R"). O

Remark 3.8. Note that the semiconcavity estimates and are independent of the viscosity
parameter . So, appealing to [I3] Theorem 3.3.3] and using the global uniform bound of Du, (see,
for instance, [46] or Lemma we deduce that the vanishing viscosity limit « is a semiconcave
solution to with the same modulus of semiconcavity C' as in .
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Remark 3.9. The obtainment of Lipschitz estimates typically requires to impose some mild coer-
civity assumptions on H with respect to Du. This is done for instance in [5, 46] in the theory of
viscosity or generalized solutions. Here what we really need is the conservation of mass for the
dual problem solved by p. In the periodic setting this property is automatically satisfied by using
the test function identically equal to 1, and a locally Lipschitz H is enough to run the argument.
The whole space R™ requires more care, and some additional assumptions, as for instance ,
than the sole local Lipschitz continuity are needed, cf. Lemma [A1]

3.2. Second-order regularizing effects for equations with Lipschitz data. In this section
we focus on Hamiltonians depending only on p without source terms in the equation. We show, on
the line of [26] or Proposition 2.2.6 in [I3], that in this case solutions to Hamilton-Jacobi equations
satisfy a mild regularization effect even though the initial datum is not semiconcave, provided that
the Hamiltonian satisfies convexity-type hypotheses. The next is an explicit example of such a
phenomenon and motivates Theorem [3.11]

Ezample 3.10 (Example (i) in Section 3.3 of [26]). The initial-value problem
dyu+ 5|Dul> =0 in R™ x (0, 00).
u(z,0) = |z| in R™.
admits the viscosity solution given by the Hopf-Lax formula
eyl
t) = L A .
u(z,t) min { 57+ 1Yl

In particular, one has

The initial condition is not semiconcave, see [13, Example 3.3.9], but the solution becomes semi-
concave for positive times.

The next result prove a semiconcavity result for positive times, weakening the requirement of
uniform convexity in [26] 25, [[3]. A similar result was obtained by S. Kruzhkov [40] and by W.
Fleming [30] using different methods under an assumption similar to . Moreover, it provides a
first step towards a Lipschitz regularization effect for first-order Hamilton-Jacobi equations which
will be discussed in Section (.11

Theorem 3.11. Assume that H satisfies (H4)) and f =0 (no further hypotheses are assumed on
up). Then, any solution to with Du € L2°, satisfies

x,t
C
(te)ee < 71||Du€H§O” + Cat when v < 2,

where C1,Cy depend on Cy 4, 5}1,4, and do not depend on €. Moreover Cy = 0 if 5H,4 =0.

Proof. We follow of an idea introduced by L.C. Evans in Theorem 4.2 of [25]. We differentiate the
equation twice with respect to an arbitrary unitary direction e € R™ to find for w = e,

(12) dyw — eAw + D2, H(Du)Du, - Duc + DyH(Du) - Dw =0 in Q.
Assume for the moment a regularized version of (H4)), i.e.,

y—2

D2 H(p)E - € > Cra(d+1p|*) 77 |€]* — Crra

The result will follow by letting § to 0. Taking a smooth function y : [0,7] — R to be chosen later
and setting z = yw we have

Oz — eAz + xD}, H(Du)Du, - Duc + DpyH(Du) - Dz = X' (t)ce.
We consider the adjoint problem
—Op —eAp —div(D,H(Du)p) =0 inR" x (0,7)
p(xz,7) = pr(x) in R"
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and we choose x(t) = t? on [0, 7], observing that this implies [, 2(0)p(0) dz = 0. This choice is
crucial to shift the time horizon away from the initial time ¢ = 0, and avoids to require second-order
properties on the initial datum. We test the equation of z by p to get

/ z2(7T)pr(x) dz + // t2D12)pH(Du)Due - Ducpdzdt = // 2tUeep dxdt.

-

On the one hand, we have

// t*D2 H(Du)Du,- Du(,pdasdt>C’H4// 2| D?ul2(5+|Dul?) = p dadt— 0H4/ / t2p dxdt.

On the other side, by the Young inequality we conclude

_2 1 —2
// 2tucepdrdt < Cpa // 2| D*u?(6 + |Dul?) = pdadt + —— // p(6 + | Dul?)~ "7 dadt.
Q Q- Cuallg.

-

This implies
2 1 2y 352 5 T
Ttee < =—[|(0 + [Dul") 7 [|oo™ + Ca—
CH,4 3

which implies the assertion in the subquadratic case by letting ¢ | 0. O

Some remarks on the optimality of the constants are in order.

Remark 3.12. We observe that the modulus of semiconcavity % in Theorem cannot be in
general improved. We show this for the model case of uniformly convex H, i.e. v = 2 in (H4).
Indeed, let u be a solution to the problem

Owu+ H(Du) =0

u(z,0) = |z|

with H satisfying Dng(p)f &€ > 0|¢]? for some 6 > 0 (so Cyr 4 = 6 and 5H74 = 0). Then, we
have that L, the Fenchel conjugate of H, is semiconcave with modulus %, and, from the Hopf-Lax
formula, we have

w(z + z,t) + u(z — z,t) — 2u(x, t) §t<L (“’*'z’y) +L<x;y> Y <xty>)

< 12 ==
S HE
It is easy to see that the semiconcavity estimate in Theorem [3.11] now reads

| 2

Uee < %

Remark 3.13. In the subquadratic case, when 5H74 = 0, we recover by a different method estimate
3.2 in Proposition 3.2 of [§].

Remark 3.14. When n = 1, equation reduces to
O — elgy + H(uy) = 0.

In the special case H(uy) = |uy|”, one has that U = u, solves the regularized conservation law
OU — Uy + (U )z =

The estimate in Theorem leads to the Oleinik-type one-side Lipschitz estimate, cf. [23],

C _
U, < S0

In general dimension n one can apply a similar duality argument as that in Theorem to the
multidimensional conservation law dyu + div(F(u)) = eAu with flux F : R — R”, written in
nondivergence form

Ou+ F(u)u,, = eAu,
obtaining an estimate as that in [34]. Some other related results by duality for multidimensional
scalar conservation laws can be found in Section 7 of [25].
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3.3. Second-order L? one-side bounds. In this section, we extend the L* bounds on second-
order derivatives of the two previous subsections to LP bounds on the same quantities.

Theorem 3.15. Assume that H € Wll’w(R”) satisfies (H1)-(H4) and let ug : R™ — R be LP-SSH

oc

and f be L}(L°)-SSH. Then, any classical solution to satisfies the one-side bound
(13) I(Aue) ™ (Bl g @) < C, t € (0,T).

Proof. The proof is the same as that in Theorem the only difference being that we consider
the solution of the adjoint problem

—Op —eAp —div(D,H(z,Du)p) =0 inR" x (0,7),
plx, ) = pr(x) in R™.

with p, € C®(R"), p, € LY'(R") N LY (R"), p, > 0 and o7l L2 &mynLw @ny = 1, p* > 1. This
implies that

/n pr(x)de < 1.

Moreover, using the same localization argument of Lemma we have

(14) / plx,t) dedt < 1.

Hence the proof continues along the same lines of that in Theorem [3.3] Note that by duality
one gets a global estimate of [(ue)ee]™ in the space L>®(R™) + LP(R™), which is embedded into
L (R™). O

loc

4. QUANTITATIVE PROPERTIES OF HAMILTON-JACOBI EQUATIONS

4.1. A survey on the rate of convergence for the vanishing viscosity approximation
of Hamilton-Jacobi equations. It is well-known that the viscosity solution to the first order
Hamilton-Jacobi equation can be obtained as the limit as £ — 0 of the solutions to (3f), see
e.g. Chapter VI in [3]. This limiting procedure is indeed fundamental to select a solution of the
first-order problem, as in general uniqueness for a.e. solutions is not always expected, cf. Example
in Section 3.3.3 of [26]. The uniform convergence of u. to u has been proved in Theorem 3.1 in
[19] and Theorem VI.3.1-3.2 in [3]. We note that the global convergence requires extra regularity
hypotheses on the solution, as discussed in Chapter VI of [3]. Moreover, one can prove more refined
quantitative properties such as the rate of convergence (with respect to €) of the vanishing viscosity
process. The first results in this direction appeared in [41] for stationary problems with H convex,
and later refined in [21I] and [56] using doubling variables methods: for Wli’COO(R”) Hamiltonians,
not necessarily convex, and an initial datum ug € W1°°(R"), it is proved the following rate for
Lipschitz viscosity solutions

sup  |ue —u| < cv/e,
R x[0,T]

where ¢ depends on H, ug and T'. Another proof of such a rate uses smoothing arguments through
sup-inf convolutions (which are semiconvex-semiconcave), cf. p.76 of [I2]. The same rate for
Lipschitz solutions has been proved via the adjoint method in [25], see also [60], [33] and Theorem
We further emphasize that the O(y/€) rate is in general optimal, as the following example
with H =0 (i.e. when there is no control) adapted from [51] shows:

Ezample 4.1. The function

cosh (x?é/z)

sinh (2\1/5

us(z) = Ve

N—

solves
—eu(z) + uc(z) =0 in (=1,1)
with boundary conditions u(0) = u(1) = cosh(1/4/€)/sinh(1/4/€) and
lue —u| < Cv/e
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where v = 0 is the solution of the problem with ¢ = 0 and null boundary datum. We should
emphasize here that the boundary condition depends on ¢, and a more general example can be
found in the recent paper [54].

The rate of convergence is sensitive to the regularity assumptions on the solution and on the
Hamiltonian. Indeed, if one assumes that u € C%*(R"), a € (0,1], still with locally Lipschitz
Hamiltonians, the rate becomes

sup  |ue —u| < ce?,
R”x[0,T]
see [3l Theorem 3.2]. The rate would become slower if the Hamiltonian is less regular, say only
Holder continuous with exponent 8 € (0,1), and it would depend also on this new parameter.
This latter point can be seen by a direct inspection of the proof in [3| Theorem 3.2]. Nonetheless,
sometimes better rates are expected under additional assumptions, as in the next

Ezample 4.2. Following [12], one can observe that the solution to
—eul(z) + [ul(x)|=1forz € (-1,1) CR
satisfying u.(—1) = u.(1) =0 is

|| 1

us(x)=1—|z| —e(e”= —e =)
and |u — us| < Ce, where u(x) = 1 — |z| is the viscosity solution to same problem with ¢ = 0.
The difference with Example is related to the additional properties satisfied by the solution of
this problem. Indeed, such solutions are semi-superharmonic with a constant independent of ¢ or,
better, semiconcave.

In general, knowing that Au. < C' (note that this condition is much weaker than the semicon-
cavity condition) independently of £ > 0, one can show the one-side rate

Ue — U < CE.

The previous bound holds for nonconvex, locally Lipschitz Hamiltonians, but it is conditional to
the unilateral bound on w. which usually requires convexity type assumptions. This improved
rate has been first proved in Section 11 of [46] using probabilistic methods under the assumption
that H is convex and the initial datum is SSH (i.e. Aug < ¢p), and in [3] using techniques from
viscosity solution theory.

A related two-side O(e) rate has been proved by S.N. Kruzhkov in Lemma 2 of [41] for semiconcave
solutions in L' and L>, and by C.-T. Lin and E. Tadmor in L'-norms under the assumption that
u is semiconcave stable (i.e. L} L semiconcave in our notation), H is uniformly convex and in the
case of periodic boundary conditions. Both these works exploit duality arguments. Nonetheless,
the bound from below on u. — u in sup-norm remains an open problem.

Moreover, P.-L. Lions proved the convergence of u. to u in L for any p in Chapter 6 of [46], so it
is natural to determine the rate of convergence (possibly both for the positive and negative part
of ue —u) in Lebesgue norms. We also mention that H. V. Tran [59, Theorem 1.43] proved a rate
of order O(e) when the Hamiltonian is uniformly convex.

Recent works have considered the problem of establishing the rate of the vanishing viscosity
process in the context of Mean Field Games. The work [58] proved the rate of convergence of the
vanishing viscosity process both in the case of local and nonlocal coupling among the equations
using duality methods, while [22] shows that the convergence problem in mean field control can
be reduced to a problem of vanishing viscosity for finite dimensional Hamilton-Jacobi equations,
as studied in the present paper.

In this section we provide a unifying method for proving rates of convergence in any LP norm
1 < p < oo using duality methods and properties of transport equations, extending all the previous
results under weaker assumptions on H. We further mention that the approach is flexible enough
to cover various boundary conditions (periodic, Cauchy-Dirichlet, Neumann, whole space,...) as
well as stationary problems. We will also give precise results on the size of the estimates taking
care of the constants in the bounds.

4.2. Rate of convergence: the non-compact case.
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4.2.1. L* rate of convergence. We consider, for simplicity, the viscous Cauchy problem

{atug —eAu, + H(Du.) = f(z,t) inQ

(15) u(z,0) = up(x) in R™.

and the first-order equation

(16) {atu L H(Du) = f(z,t) inQ

w(x,0) = up(x) in R™.

From now on, we will mainly consider H € Wli’coo (R™) and exploit the Lipschitz estimate

||Du||Lao(Q) < ||Du0||Loo(Rn) +T||Df||Loo(Q) fore >0

to make the gradient of u globally bounded and ensure the conservation of mass for Fokker-Planck
equations. Lipschitz estimates are in general known under rather general conditions of coercivity,
an example being , those in Corollary 4.1 p.100 in [46], Section 8 in [5] or Chapter 1 in [59].
We start proving a two-side rate of convergence for the vanishing viscosity of Lipschitz solutions.
The result is already known from [25], we only slightly reword the proof and take care of the
constants in the estimates to compare it with the corresponding results obtained in [46], see also
[29] p. 207] and Remark

Theorem 4.3. Let H € Wb (R™), up € WH(R™) and ue, u, be two solutions to with
f=0. Then

e — gl (@) < VERT(VE = v/D)|| Dto]| e ey, Ve = > 0.

Moreover u. converges in L>®(R™) to the viscosity solution u € WY (Q) of the first-order
Hamilton-Jacobi equation and we have the rate

||u5 — UHLOO(Q) § V 2”T||Du0||Lcc(Rn)\/g.
Proof. We can assume that H € W1°(R") by the global Lipschitz estimate in Lemma Indeed,
one can consider (since f = 0), setting R = || Dug||c, the truncated Hamiltonian
~ . ~ R .
() = ) it < B, AG) =11 () i1l > R
and argue with H € W°°(R") instead of H, which is only locally Lipschitz. We first estimate

25// |D?u.|?p dxdt < ||Du0H%oo(Rn).
Q

We use the Béchner’s identity to find for g = |Du,|?
Org — eAg + 2¢|D*u.|* + D,H(Du.) - Dg = 0.

We test the above equation with the adjoint variable p solving

(17) {@p —eAp —div(b(z,t)p) =0 in R™ x (0,7),

plx, 1) = pr(x) in R™.
with b(z,t) = D,H(Du.), pr € C°(R"™), pr >0, pr € LY(R"), |lp-|l: =1, to find

2 [ [ 1D*ufpandt <~ [ giriprydot [ g(0)p(0)do < |Duol e
Q n n

We now consider the equation satisfied by z = % (or alternatively arguing with the finite

Uegtn—Ue

difference z, = and then sending n — 0), that is,

)
Oz —eAz+ DpH(Du,) - Dz = Au,.
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By duality, using that p > 0 and 2(0) = 0, along with the conservation of mass fR" pdx =1 (note
that the drift is now globally bounded) and the Cauchy-Schwarz inequality, we obtain

/ 2(1)pr(x) do = // Aucpdrdt < \/ﬁ// | D?u,|p dxdt
™ Q Q
3 3
<+n (// |D2u5|2pd:z:dt) <// pdxdt)
Q Q
”T”DUOH%m(Rn) nT
< \/2 VAL W

The estimate on the negative part is similar. This gives

nT
[2(T)] <4/ 75||Du0||Lw(Rn)
and hence for e5 >¢1 >0

[ (tey — e, )(T)|[ oo ®ny < V20T || Dug || oo (mr) (vVE2 — V/E1)-

O

Remark 4.4. Theorem[£.3]provides an explicit dependence of the constant in the vanishing viscosity
process. In contrast, the earlier results from [21] provided an implicit and less precise constant
independent of the dimension n, but dependent on the Lipschitz constants of the data ug, H, as
well as T'. In this case, we require H to be locally Lipschitz, and the size of the estimate depends on
the dimension n, without explicit dependence on the Lipschitz constant of H. A similar estimate
for Lipschitz solutions was stated, without proof, in Proposition 11.2 of [46].

Remark 4.5. The rate of convergence in Theorem can be proved also for equations with a
globally Lipschitz right-hand side f, but the estimates will depend also on |Df||. Indeed one
would have

[ iptueodi < = [ o@otm)des [ o) dr+ 1DF i 1Dl T

||DUOH%°O(R") 2
< T D gy + T Duel =1 D1 o)

One can also directly require H € W1°°(R") since the conservation of mass for the adjoint problem
continues to hold. Under the assumptions of [60], H can also be considered as a function of = and
t, and the proof above demonstrates that the same rate holds.

We now turn to SSH solutions, and propose a new proof by a PDE method of a result obtained
by P.-L. Lions in [46] through a related probabilistic argument. Differently from [46], we require
on u. the weaker condition Lj(L°)-SSH.

Theorem 4.6. Let H € W, (R"), ug € WH(R"), u. be a L} (L)-SSH solution to and
u, another solution of with viscosity € replaced by n and the same initial condition as u..
Then

(e = wn) oo (@) < (Aue) 10,7500 mny) (€ = 1), € =1 > 0.
Proof. We start again with the difference w = u. — u,, satisfying
Oyw — nAw + H(Du,) — H(Du,) = (¢ — n)Au,.
As above, we have
1
Orw — nAw + (/ D,H(sDu. + (1 — s)Du,,) ds> - Dw = (e — n)Aue.
0
Using the solution p > 0 to and arguing by duality we obtain

[ oy < [ wp0)+ =) [ 18w ey [ psit
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Since fRn pdz = 1 due to the standing assumptions on H (and using the same truncation argument
of Theorem and the fact that w(0) = 0, we get
(e = ) * ooy < N 110,750 Ry (= ) O

Remark 4.7. Theorem can be extended to more general Hamiltonians depending also on (z, t)
as soon as the regularity of D,H ensures the well-posedness and the conservation of mass for
transport equations with degenerate diffusion, see e.g. [44]. Under such assumptions, we would
conclude the same rate of convergence.

Combining the previous result with the second-order bounds of Theorem [3.3| we get the following
one-side O(e) rate of convergence.

Corollary 4.8. Assume that H € W,2°(R™) satisfies (H1)) and (B4)), f is L} (L°)-SSH and uq is

loc

L°-SSH and Lipschitz continuous. Then, the unique solution u. of converges to the unique
bounded viscosity solution u € W12 (Q) of . In addition, we have the following bound for all
te[0,7T)

(e = ug) T (W)L @ny < AT MLr0,7:L5 @) + 1(Auo) || Loo @n)) T(e — 1), € > 1> 0.
Moreover, for f =0, we have the two-side rate
VAT Dt | e )V < tte — 1 < [[(Atig)* | oo e T

Proof. The convergence of u. towards u has been already discussed in the introduction. We prove
the bound on u. —u,. Since Af < ¢(t) with ¢ € L*(0,T), this implies by Theorem [3.3|and Remark
the following bound

Au, < ||(Af)+||L1(O,T;L°C(R")) + H(AuO)JFHL(x,(Rn),
Then, the result follows immediately by Theorem [£.6] using that
1(Aue) | 10,7 n0 mmy) < 1(Au) e @ T < (IAF) 220,300 ey + [[(Auo) || oo @n)) T

When f = 0 the second statement follows from the above estimate combined with Theorem

4.3l O
Remark 4.9. If f=0and H = H(p) € I/Vhlj’cOQ (R™) is convex, one has by Corollary
1(Au)* ()] oo mny < [[(Auo) || Low (rn)-
Consequently, the estimate for the one-side rate of convergence becomes
e — uy < [[(Aug) ¥ oo @) T(€ = 1), € 212 0.

This is the same estimate stated by P.-L. Lions in Proposition 11.2 of [46]. The corresponding
estimate for the stationary problem has been proved in Section 6.2 of [46] via probabilistic methods.
Our proofs and the results in the previous Theorems and Corollary are new and valid for
possibly nonconvex Hamiltonians.

4.2.2. LP rate of convergence. In the next proposition, we extend the L>° estimate in Theorem
@ to L} . norms for Lipschitz continuous solutions.

Theorem 4.10. Let H € W,"®(R™), ug € WH(R") and u. be a solution to (15). Then, u.

loc

converges in L>(Q) to the viscosity solution u € Wh*(Q) of the first-order Hamilton-Jacobi
equation , We have the rate

||u5 - u”Lﬁ)c(Q) < C\/g7 1 < p < oo,
where C' depends on n, T, || Dug|| e ®n), P-

Proof. The proof is the same as that in Theorem but we have to introduce the adjoint problem
with terminal data p, € L' N L”', as in Theorem g

We next prove a one-side estimate by duality for SSH solutions on the whole space.
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Theorem 4.11. Let H € Wlf)’fo(R"), us be a L} (L)-SSH solution to ([15)), and u, be another
solution (with viscosity € replaced by n) with the same initial condition. Then, there exists a
constant C' > 0 such that for all t € (0,T)

(e =) (O)llzz_ ey < CHAU) s 0,11y = 1)y €200, p> 1.
Proof. The difference w = u. — u,, satisfies
0w — nAw + H(Du.) — H(Du,) = (¢ — n)Aue, w(0) = 0.
As in Theorem we linearize the equation and then introduce the adjoint problem with

b(x,t) = —fol DpH(sDu. + (1 — s)Du,) ds with terminal datum p, € C5°(R"), p, > 0, p, €
LY(R™) N LP (R™), |p+llp1qzer = 1. Note that, arguing as in Theorem we have
(18) / pr(x)dr <1 and / plz,t)de <1, Vt € [0,7).

Moreover, p > 0 by the maximum principle. By duality, we obtain

T
| w@etarde < [ w@p)+ =) [ 130 i) [ pdadt
Using that w(0) = 0 and (I8), we have

12tz = 1) * Ol ey 27y < Cll(Ate)* 230,102 ey & — )
Moreover, appealing to the embedding L>®(R") + LP(R") — L (R"), we have that, for all

loc
K CC R", there exists a constant Cy depending on C1, p, K such that
e = )" ()l ogaey < Coll(Buue) L3 o271 oy (& = ).

O

Remark 4.12. One can remove the bound on |[(Auc)*||L1(0,7;10rn)) in Theorem as in
Corollary using the one-side bounds in Theorem [3.3] and obtain a more precise estimate.

The next result shows instead that a one-side rate in L? for p > 1 holds globally in R™ under the
additional assumption that u,, is semiconcave and H fulfills . These further assumptions are
fundamental to apply the stability estimates for transport equations in Theorem However, we
weaken the requirement on u., which will now be assumed in LP-SSH, p > 1. Note that uniqueness
and stability for LP-SSH solutions require the restriction p > n, cf. Remark 3.6 of [40].

Theorem 4.13. Let H € W, (R") be convex and satisfying (H4), u. be a L} (L2)-SSH solution

loc

to (15), and u, be another L} (LS®)-semiconcave solution (with viscosity  replaced by n) having
the same initial condition. Then, there exists a constant C > 0
[ (ue — un) ™ ()| Lr@ny < Cll(Au) |10, 100y (E—1), €20 >0, p> 1.
where C depends on the data of the problem and also on ||(D2u,,)+|\L%(Lgo).
Proof. The proof is similar to the previous result, since the difference w* = (u. — u,))* satisfies
the inequality
dyw™ —nAw™ 4+ DyH(Duy) - Dwx(wsoy < (€ = n)Aucx{wsoy, w(0) = 0.

Now, we consider the adjoint problem

9p —nAp — div(DpH (Duy)pXw>0y) =0 in R" x (0,7)

p(z,7) = pr(2) in R".
with terminal datum p, := (w*(7))?~'/||wt |7, that belongs only to L?" having ||p,|,» < 1 (and
not on the intersection L' N L?"). This yields a (global) bound on (u. — u,)*(t) € LP(R") for all

t € (0,7). However, one has to estimate the term involving Au. on the right-hand side of the
equation satisfied by w by the Holder’s inequality as follows:

1

T 2
(e — n)/ [ (Aue)t || Lo rn) </R |p|p> dxdt.
O n
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Then, one applies the L" stability estimates in Theorem with r = p’ to bound ||p(t)||,s in
terms of [|(D%uy) ™ || L1 (po0)- O

4.3. Rate of convergence: an improved estimate for compact state spaces. We now
address LP rates of convergence using duality methods, as initiated in [45]. In this setting we need
to strengthen the requirement both on u. and u,, and work in a compact state space, but we are
able to get a two side control on the difference u. — u,, in any L? space and for semiconcave or
semi-superharmonic solutions.

The next is the main result of the section. It contains an estimate on the rate of convergence
of the solution of the viscous equation u. towards the inviscid solution u in the space L{°(LL)
under the assumption that both of them are L}(L2°)-semiconcave. It also provides a second rate
of convergence in the stronger norm L°(LP) at the expenses of assuming a two-side a priori bound
on the solution.

Theorem 4.14. Let uc,u, be L} (L°)-semiconcave solutions of with viscosity € and, respec-

tively, 1. Let also H € W,)°(R™) be such that () holds. Then, there exists a constant C' > 0
such that

lue — upllLoo,r:01(Tr)) < Cle—1), € 20 >0.
where C depends on the semiconcavity constant of u. and uy. If, in addition, —u, is L} (LY)-SSH
we conclude
[ue — upllLoe 0,100 (1)) < Cle—=1), €21 >0, 1<p<oo,
Proof. Consider w = u. — u,, satisfying the equation
Oyw — nAw + H(Du.) — H(Du,) = (¢ — n)Aus, w(0) = 0.

We thus have
Orw — nAw — b(x,t) - Dw = (¢ — n)Aue, w(0) = 0,
where b is the average velocity

1
b(x,t) = —/ D,H(sDu. + (1 — s)Duy,) ds.
0

We now recall that since ., u,) are semiconcave stable we have, using (H4)), the following estimate
for the average velocity

1
div(b) = 7/ SZ Df)ipj HOp,z;ue + (1 —8) Z Dfnpj HOy,q,uyds > —c(t) € L'
0 — —
1,] 2]
We start with the case p = 1 as in Theorem by using the adjoint method. Here, we
consider the adjoint problem

Op — nAp + div(b(z,t)p) =0 in T" x (0,7),
(19) .
plz,7) = pr(x) in T,
but with terminal datum p(7) = sgn(w(7)) on T™. Note that
1) €1 = () ey < 1

Arguing by duality we get

T
/” w(7)pr(z) dx = /n w(0)p(0) dx + (e — 77)/0 . Auepdrdt

< [lw(O) [z lp(0) [ oo (zmy + (6 = M AucllLr @ Pl (@)
We note that, since u. is smooth and ||(Auc ()™ || (re) < ¢(t) € L', we can get the estimate

/n A (8)] dx < /T le(t) — Aua(t)] dz + c(t)
- / (elt) — Duc() di +(t) = 2e(t) + / (—Au) dz = 2¢(t).

n
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It implies

(20) // |Au| dadt < 2[4@ dt < .

It remains to estimate ||p|| (g, in terms of the final datum of the adjoint problem, since w(0) = 0.
A classical stability estimate for continuity equations that follows from the Gronwall’s inequality
or the Feynman-Kac formula [28, Theorem 4.12] (see also p.710 in [45]) leads to

1p(0)] L my < Nl0() || oo pmyedo 1AVE Tz e [0, 7).

To prove the general case for p = oo, we argue by duality as in Theorem [£.6] to find the bound on
Ue — Uy from above. The bound from below follows noting that z = u, — u. solves

Oz — Az + H(Duy) — H(Du.) = —(e — n)Auy,
and hence
Oz —eAz —b(z,t) - Dz = —(e — n)Auy,,
where

1
b(x,t) = —/ DpH(sDu, + (1 — s)Du.) ds.
0

We can now proceed again by duality using that Au, > —c,(t), and hence testing equation solved
by z against the solution of having p, € L'. This implies, since [, p(t)dz =1 and p > 0,
the inequality

/Tn ()pe(@) dz = (= — 1) //Q(—Au,,)pda:dtg (e—1) //Qc,,(t)pdxdt:(s—n)/OTc,,(t)dt.

The case p € (1,00) follows by the compactness of the flat torus or by interpolation. O

Corollary 4.15. Under the assumptions of Theorem let ue and u, be L} (L°)-semiconcave
with viscosity € and, respectively, n. Then
[ue = upllLo 0,121 (1)) < Ce — 7).
where C depends on cg(t) € L'(0,T), co and the constants C 4 appearing in .
Remark 4.16. Quite sharp assumptions ensuring that u, is in W?2°° can be found in Proposition

7.1 of [46]. In the second part of Theorem for the LP case we are requiring only a control on
the trace of the Hessian of u, from below, in addition to the semiconcavity of u.,u,.

Under the assumptions ensuring the rate O(y/€) in L° norm in Theorem and those guar-
anteeing the L' rate of order O(g) in Theorem [4.14] we can remove the two-side assumption on
u, and obtain a two-side rate of convergence in L? norms, p > 1.

Corollary 4.17. Assume that uc,u are L} (L3®)-semiconcave and Lipschitz continuous solutions
of and . Then we have the LP rate of convergence

11
||u€ - u”Loo(O’T;Lp(’H"n)) < Ce2"2,
Proof. By interpolation, if u., u are L} (L°)-semiconcave solutions with ug € W1 and D?ug < C,
we have
» -3 I+4
”ue - u”L’;’O(Li) < ||u5 - u”LgO(LglE)HuE - UHLgO(L;o) < Cezp
for any finite p > 1. O
Remark 4.18. The estimate in Theorem [£.14] was stated for semiconvex solutions of some stationary
equations in Theorem 4 of [42], eq. (16), in L' norms with the slower order O(g"), v € (0,1), and

in eq. (17) of [42] in LP norms for p sufficiently large. The L' rate for semiconcave solutions is
also the subject of Lemma 2 in [39] for uniformly convex H.
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Remark 4.19. It is worth remarking that combined with the rates ||u: — uy||pe < Cle — 1)
or |lue — uy|lL~ < C(y/€ —/n) obtained in Theorems and [4.3| imply the integral estimates

ess supyg, T]/ ue —uy)|? dodt < C(e —n) or ess supyo, T]/ ue —uy)|? dodt < C(ve—/1).

This slightly improves Remark 6.9 in [46], being valid for possibly nonconvex H (i.e. under (H1)-
(H4])). Indeed, an integration by parts and Lemma [20| give

/ D (t) — (1)) ? didt = — / (e (£) — g () A(ue (£) — (1)) drdl
< Yute(£) — 1 (8) | o gy 1A (8) — g (8] 21
S C||UE(t) - un(t)HLoo(Tn).
This implies
||D’U,5 - DuHL”(O,T;lﬂ(T”)) S C\/g
or

[ Due — Dul| o (0,112 (1)) < Ce.
S.N. Kruzhkov obtained in [39] a L! rate of convergence of the gradient with order O(g2) us-
ing Gagliardo-Nirenberg inequalities and (ii) in Lemma The Gagliardo-Nirenberg inequality
implies
1D () = Dy (8)3 0y < CrlmID2ue(t) — D2y (822 oo e (8) =ty (D]} s o
+ Colluc(t) — un(®)ll L1 (rn)-
The estimate on D?u € L(T"™) shows that

||D’LLE — DuHLx(O,T;Ll(T")) S C\ﬁ
Also, we can use the LP rate of Corollary to find by the Gagliardo-Nirenberg interpolation

| Du. — Dul| < Ceitis,
L (0,T; Lt (T™))

Remark 4.20. As noticed in Section 16.1 of [46], starting with a solution w of
Owu+ H(Du) =0 in Q,
one obtains that v = Du (with v; = u,,) solves the hyperbolic quasilinear system

Ov; + (H())z, =01in Q.

Existence, stability and further properties of solutions for such special systems can be thus obtained
following the lines of Theorem 16.1 in [46] or Theorem 8 of [40]. In particular, S.N. Kruzhkov in
Theorem 8 of [40] obtained the convergence of the solution of the viscous quasilinear system

0wvf + (H(v%))s, = €Av in Q

towards the inviscid system solved by v;, which arise from a Hamilton-Jacobi equation with uni-
formly convex H. In this case, as already observed in Remark the semi-superharmonic
condition on u becomes the classical Oleinik one-side Lipschitz condition on v ensuring uniqueness
of entropy solutions with convex fluxes, cf. [26].

By means of Remark one obtains for instance a new O(y/z) rate in L' (or even L?) for the
convergence of v¢ to v. This kind of relation between Hamilton-Jacobi equations and hyperbolic
systems has been used in [40] and also recently in the context of Mean Field Games [14], while L*
rates for the vanishing viscosity approximation of hyperbolic systems were considered in [10] for
n=1.
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4.3.1. Eztensions to stationary problems. Throughout this section we briefly discuss how to extend
the previous rate of convergence results for the stationary problem

(21) Mu(z) + H(Du(x)) = f(z) in R®, A > 0.
As before, we consider the regularized problem
(22) —eAu(z) + Aue(z) + H(Du(z)) = f(z) in R™.

We state a model result that extends the rate of convergence for Lipschitz solutions obtained in
Theorem 2.1 of [60] to norms weaker than L°°. This holds for non-convex H.

Theorem 4.21. Assume that H, f € VV&DCOO(R") Let u, u. be a solution of and, respectively,
of . Then

Vvn
ue — ull poo gy < FHDJC”L“’(]R")\/E-
In addition, there exists a constant C > 0 independent of € such that
[ue —ullr @®ny < CVe.

Proof. The proof can be done as in [60], using the transformation w(z,t) = e'u(x), which is a
solution of the parabolic problem. One can then exploit the proof of the parabolic case and then
go back to the elliptic case as in Theorem 2.7 of [60]. O

One can formulate similar results with rate O() up to L! for SSH solutions as it is done in the
parabolic case. An example is the following

Theorem 4.22. Assume that H € W'licoc(R"), f being L>*-SSH. Assume that u. is L°°-SSH.
Then

1
ue =0 < S IA e
In addition, for p > 1 there exists a constant C' > 0 independent of € such that
®) < CIAS) ] oo mnye.

4.4. Rate of convergence for numerical methods: the Godunov scheme. In this part,
we exploit the results of the previous sections in order to obtain a L' rate of convergence for
Godunov-type approximation schemes for Hamilton-Jacobi equations. This part improves the L!
estimate obtained in [45, Theorem 2.3] where the same rate was obtained for uniformly convex
Hamiltonians.

For simplicity, we consider Hamilton-Jacobi equation of the type

Owu+ H(Du) =0 inT" x (0,00),
u(z,0) = up(x) inT™.
with n = 2. We fix a time grid t" = nAt, n € N, and a rectangular grid of cells of size A = Az x Ay

which satisfies the non degeneracy condition 0 < ¢ < Az/Ay < Cp and the CFL condition
Ly At/ max{Az, Ay} < 1/4 where Ly is the Lipschitz constant of H. A Godunov scheme reads a

E(t —t"YHul () te (i)
A _ ’ ’ _
(24) u? (-, t) = { Ay (g L n=12...

I(ue —w) Ly

loc

(23)

with u®(-,0) = P?ug(-), where E(-) is the exact solution operator associated to the Hamilton-
Jacobi equation , PA a projection operator on the grid and u® (-, t™~) = E(t"—t"~)u? (-, t"1).
We need two preliminary results. The first one gives an estimate of the truncation error in terms
of the L'-norm of the error introduced by the projection operator P> (see [45, Lemma 2.1]).

Lemma 4.23. Let u® be a family of functions given by the scheme (24). Then

T
A A < _ pAy A qn,—
(25) [0u™ + H(Du®)|[p1 < A7 oHax (I = P2)u=(t" 7)1

(I denotes the identity operator).



QUANTITATIVE AND QUALITATIVE PROPERTIES FOR HAMILTON-JACOBI PDES 23

The second lemma is a stability result that can be proved in the same way of the L' estimate
in Theorem via the adjoint method.

Lemma 4.24. Assume that H satisfies (H1)-(H4). For i = 1,2, let u; be L}(LS°)-semiconcave
solution to

(26) Oyu; + H(Dul) = f; in T™ x (O, T)
ui(x,0) = ud () in T™.
Then
(27) [(ur = u2)(@)llzy < C(ll(ug —wgllzy + 1 fr = follLrczyy),  t€(0,T).

Given w : T? x [0,7] — R, ¢ € R? with [(] = 1 and h > 0, we define second-order finite
difference operator
w(z + h&,t) + w(z — hE, t) — 2w(z, t)
2

D}2L7£w(x, t) =

and the norm

lw®)w2my == sup || DR cw(w,t)]|p1.
h>0,/¢|=1

A family {2}, A > 0, is said to be uniformly semiconcave in L} (L) if it satisfies Definition
with the same function k € L}(LS°) for any A. In the following result, we give an abstract L'
estimate for the rate of convergence of Godunov schemes.

Theorem 4.25. Assume that H satisfies ([1)-(H4). Let u® be a family of functions given by the
scheme and assume that

(i) For anyt >0,

(28) I = P2)u ()2 < CA?[[u () lwzry, T € (0,T).
(ii) There exists a family of functions Y™ such that
(29) Y2 is uniformly semiconcave in L} (L) for A > 0,
(30) 19: (u® (8) = > ()l + D () =2 (1)) [l2r < CAIL2 (O |w2(am)-
Then u® converges to the viscosity solution u of and
(31) Ju() — A @Ol <€A, te0,T]

Proof. By (29), it follows that |42 (t)|lwz2m) < C, t € [0,T], and by

lu®) = w® (O)las < lu(®) = 02 Wlley + 1950 = w2 @)1y
< Jlu(t) = 2 (@) + CA

By Lemma and (29), we have for t € [0,T]

(32) Ju(t) — b2 ()2 < C ([u(0) — 2 (0)]| 11 + [|00p™ + H(DY™)| 11 ) -
By and (30]), we estimate
(33) [w(0) = ¥2(0) |21 < [[u(0) = u®(0)||z1 + [u®(0) — ¥2(0)[|1 < CA.

Moreover, by , and we have
10:92 + H(DY?)[| 2y < 0w + H(Du®)|| 1 + 10 (u® — )| 1
+ Lyl D(® — )|y < CA

Replacing and in , we get . O

(34)
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Note that, for the estimate , the family of approximate solutions {u®} is not required to
satisfy a uniform semiconcavity estimate, as it fails in general for numerical schemes. Instead, it
is sufficient to find a family {¢)®}, uniformly semiconcave in A, which is “close” in a certain sense
to that given by the Godunov scheme. In this context, the key property is the following discrete
semiconcavity introduced in [45]: a family u®, A > 0, is said semiconcave stable if there exists
k(t) € L*(0,T) such that for all h > ho(A) > 0, there holds

D2 culw,t) < k(t) Vgl = 1.

The previous property allows the construction of a family {¢*} satisfying (29)-(30) for several
examples of Godunov schemes as described in [45], Section 3] to which we refer for further details.

5. QUALITATIVE PROPERTIES FOR HAMILTON-JACOBI EQUATIONS

5.1. Regularizing effects for Cauchy problems in the whole space R".

5.1.1. Hamiltonians satisfying (H4]). We consider in this section Lipschitz regularizing effects for
the Hamilton-Jacobi equation

{&uE —eAus + H(Dus) =0 in R™ x (0, 00),

(35) u(z,0) = up(x) in R,

namely we inquire whether the solution of the Cauchy problem for the Hamilton-Jacobi equation
is smoother, as time evolves, than the initial condition ug. We prove the following

Theorem 5.1. Let ug be bounded and assume that H satisfies (H4) with 5’H74 =0,v <2
and f = 0. Let us be any bounded classical solution to . Then, for any 6 > 0 we have
ue € WH(R™ x (6, T)) and, in particular, the following a priori estimate holds

1

1
IDU(E) | ey < Cll oyt~
for a positive constant C' > 0.

Proof. We drop the subscript € for simplicity of notation. By Thereom [3.11] we have for all
7 € (0,00)

~

C(5 + || Dul%) =
t

S = Co(t)

ee

The one-side interpolation inequality, cf. [46],

1 1
| Du(t)| e gy < VEND?(0)) 1 gy It O e

implies for a.e. t € (0,7

2—y 1

1 1 2=y 1
[Du(t)[| o ) < @l|u(®)]| oo @nyCot))2 = V2Ot oo () (0 + [1Dul 1o ) T 2.
Rearranging the terms this implies
11 i 1
[Du(t)]| oo mn) < 270”||UHZoc(Q)t v
and concludes the proof. O

Remark 5.2. Recalling the relation among Hamilton-Jacobi equations and conservation laws, one
can exploit the one side interpolation inequality due to E. Tadmor [45], along with the Oleinik
one-side Lipschitz condition from Remark to conclude for the solution w of the conservation
law

Ou+ (Fi(u))z, =0
the time-decay in sup-norm for large times due to R. Diperna
_1
[u(, e S 72,

see e.g. Theorem 5 and 6 in Section 3.4 of [26], and the references therein.
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5.1.2. Coercive Hamiltonians satisfying (HL|). In this section we discuss regularizing effects for
general coercive Hamiltonians as initiated in [7, [48]. The main result is the following

Theorem 5.3. Let ue be a classical solution of with H € Wli)’coo satisfying (HL|) with 5H71 =
0. Then

==

||DUE(T)||LOO(R7L) S (OSCR"X(O,T)UE) , T € (O,T)

1
CH,lTV

Proof. We first differentiate the PDE along a unitary direction e € R™ to find the equation for
v = (Ue)e
0w —eAv+ D,H(Du) - Dv = 0.

From now on we drop the subscript €. Then, the function w = tv solves
Oyw — eAw + D,H(Du) - Dw = u,.

By duality we find, using u, = Du - e, the Holder’s inequality and the bound @ (applied with
f=0and Cyg1 =0)

/ w(T)pT(x)dxg// |ue|pdxdt§// | Du|p dxdt
" Q Q
% % 1 1
< <// |Du|7pdxdt) (// pdzdt) < (0sCrnx(o,yu) " T
Q Q Cua

-
7| Du(7)]| o0 <

2

This implies

2=

2

(OSCRnx(o,T)U) = [|Du(7)]| < (OSCRnx(o,T)U)

1
1 H1T?
O

Remark 5.4. The above result, being independent of the diffusion, applies even to problems
with nonlocal diffusion driven by (—A)?®, provided that the solution of the dual problem satisfies
Jgn p(t) < 1. This allows to complete some results in [55], see Remark 7.3 therein. In particular,
it applies to the first-order equation d;u + H(Du) = 0 after the vanishing viscosity regularization.

In the case H(Du) = IDme, v > 1, we have Cy = % and find the estimate (independent of the

viscosity)
1
<0 1
[Du(T)|[Lee < 5= (08CRnx(0,7) 1) 7 -
T

The Hopf-Lax formula shows that the estimate is attained as an equality, as observed in Remark
(iil), p. 286, of [48].

5.2. Liouville-type theorems for first-order Hamilton-Jacobi equations. In this section
we establish some non-existence properties for generalized (ancient) solutions to the parabolic
problem

(36) Ou+ H(Du) =0 in R" X (—o0,0),

when H satisfies (H4) with v € (1,2]. Our main result generalizes the Liouville type property
appeared in Section 1 of [40]. These results are rather unnatural due to the absence of diffusive
terms in the equation. We may assume without loss of generality that H(0) = 0, otherwise replace
u with @ solving

u=u—tH(0).
The result reads as follows:

Theorem 5.5. Let u be a solution of with H(0) = 0 and satisfying the one-side decay
condition
u(z,t) > —|z|p(|z])) + K(t), u(r) >0,u(r) = 0 as r — oo,

for a bounded function K. Then u must be constant.
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Remark 5.6. The previous decay condition is satisfied if u is bounded from below or has sublinear
decay at infinity. In such a case p(r) = r*= 1, r = |z|, a € (0,1), satisfies the condition u(r) —
0 as 7 — oo with u(r) > 0.

To prove the vanishing property, we premise the following lemma of convex analysis taken from
Lemma 2 in Section 1 of [40]. It extends the classical result saying that a concave function bounded
from below must be constant, allowing for a more general unilateral decay condition.

Lemma 5.7. Let u: R — R be a concave function. If
u(s) > —[slu(ls|) + C, p(r) =0, u(r) >0, p(r) =0 asr— oo
then u is constant.

Proof of Theorem[5.5. The proof relies on showing that in the long-time regime the solution of
becomes concave. We can view a solution to as a solution of the problem on the layer
{-T <t <0} by letting T — oo with initial condition u(—7") = u(x, —T). By Theorem we
have

2

D ue-e< T

We fix xg, tg and restrict w on the line u(xg, to +es). Letting 7' — oo in the second-order estimate
we conclude that u is a concave function satisfying the growth conditions of the lemma. This
implies that u must be constant in space, i.e. u(x,t) = k(t). Then, by the equation we have

Opu = —H(Dk(t)) = —H(0) =0,
which implies that u is also constant in the time-variable. O

Remark 5.8. The Liouville-type result for the evolutive problem is determined by the nonlin-
earity. Indeed, even for the simplest heat equation d;u —uz, = 0 in R? or R x (—o0, 0] the Liouville
property does not hold for solutions satisfying only one-side bounds: the function u(z,t) = e**
is caloric, bounded from below and it is not a constant.

Furthermore, Remark 2 in [40)] shows that the lower bound on u cannot be replaced by an upper
bound (e.g. u < 0). Other polynomial Liouville theorems can be obtained following the lines of
[40].

Remark 5.9. Since the semiconcavity estimates of Theorem [3.11| are independent of € > 0, one
can prove with the same proof of Theorem a Liouville theorem for ancient solutions to the
following model viscous problem

Oy — Au+|Du|” =0 in R™ x (—00,0).
P. Souplet and Q.S. Zhang [57, Theorem 3.3] proved by the Bernstein method that any classical
solution to the above equation such that |u(z,t)] = o(|z| + |t|%)7 v € (1,2], as |z| + |t|% — 00,
must be a constant. In particular, any bounded solution to the above equation is a constant. Our
result, instead, requires only a one-side condition in space, but asks an a priori sublinear decay

in . Clearly, if u is bounded, Theorem leads to the same conclusion as that in [57, Theorem
3.3].

APPENDIX A. WELL-POSEDNESS AND STABILITY ESTIMATES FOR EQUATIONS WITH
DIVERGENCE-TYPE TERMS

A.1. Some useful properties of advection-diffusion equations with bounded drifts. We
consider here some preliminary properties of the Fokker-Planck equation

{—atp — eAp +div(b(z,t)p) =0, in R" x (0, 7),

(37) plx,7) = pr (), in R™.

We have the following
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Lemma A.1. Assume b € L{S (R™ x (0,7)). Then there exists a distributional solution p to
verifying [g. p(t)dz < 1. If in addition b € L*(R™ x (0,7)), |b] € L*(pdadt) for some k > 1,
e > 0, we have a unique weak (energy) solution of which satisfies p € L>([0,7]; L*(R™)).
Moreover, if ||p-|l1 =1 and pr > 0, we have ||p(t)||l1 =1 for allt € [0,7) and p > 0 in Q.

Proof. The existence of a distributional solution with a locally bounded drift follows from Theorem
6.2.2 in [9]. Theorem 2.1 and Remark 2.2 in [50] imply also that [, p(t) dz < 1 for all positive
times. The equality case (i.e. the conservation of mass) requires a global property on the velocity
field b. The estimate p € L>(0,7; L'(R")) follows by approximating the Cauchy problem in R"
via a Cauchy-Dirichlet problem on a sequence of expanding domains like Qg := Bg(0) x (0,7)
and using Proposition 3.10-(i) in [62], which is in turn based on testing the equation against an
approximation of the sign function. The uniqueness statement from Theorem 3.7 of [53] gives the
existence and uniqueness of a weak energy solution. We now prove the conservation of mass by
means of a cut-off argument and this last bound. First, we apply Lemma 9.1.1 in [9] and choose
X € C°(R™) such that x(z) =1 for any = € B; and x(x) = 0 for any « € R™\Bsy. Then, setting
xr(x) =x (%) and testing the Fokker-Planck equation against such a function y g via the identity
in [9] we get

/ plt)xn(r) dr + / /Q epAxr(x) + pb- Dxnlx) drdt = / p(F)xr(x) da.

n

1 C
//Q PAXR(x) dxdt < Vo //Q pAx dxdt < o

and
// pb - Dxr(z)dzdt < 1 // |blp| Dx| dxdt
Q R’JJq

C A * Yoo i % 3
< = ; |b%p dxdt dexdt < R ; |6 p dadt ||p||Lm(07T:L1(Rn)).

The conservation of the L' norm follows then from the dominated convergence theorem and the
estimate of p € L>(0,7; L'(R")). O
Remark A.2. When b = —D,H(Du.) € LS (R" x (0, 7)), where u. solves (3), the global condition
b € L*(p dxdt) with k =+ is satisfied under the assumption (HI)). Such a requirement is needed
for the conservation of mass and is verified in view of Lemma 3.2l Note that Lemma [3.2] itself
requires to test against the solution p, but to deduce such a result we only need the existence of
densities, cf. Theorem 6.2.2 of [9] valid under the sole assumption of local boundedness of the
velocity field b, and the condition p € L>°(0,7; L*(R™)). Lemma does not require the validity
of the L! preserving property. In case b € L>=°(R™ x (0,7)) or in the case of compact domains, the
further integrability condition |b| € L*(pdzdt) is no longer needed to prove the preservation of L!
norms.

We thus have

A.2. L" stability estimates. In this section we consider the Cauchy problem

{atp — (aij (@, )Pz, + div(b(z,t)p) =0 in Q

(38) p(x,0) = po(x) in R™.

when div(b) is not divergence-free, and find sufficient conditions that guarantee the validity of
LP-stability estimates.

The next result concerns the degenerate case, cf. Theorem 6.7.4 of [9].
Theorem A.3. Let ¢ > 1, b€ L0, T; LL (R™)) and a;; € L=(0,T; W,29(R™)) with A > 0 (no

loc oc

strict parabolicity is needed). Let r = qzl and suppose that

(39) (r=1) [ div(d) = > (aij)z.a, e L'(0,T; L= (R™))

4,3
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along with py € L™(R™). Then, there exists a solution p of in L>(0,T; L™ (R™)) and it holds
the estimate.
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