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Abstract. We consider Green’s function GK of an elliptic operator in divergence form
LK = −div(K(x)∇) on a bounded smooth domain Ω ⊆ Rn(n ≥ 2) with zero Dirichlet
boundary condition, where K is a smooth positively definite matrix-valued function on
Ω. We obtain a high-order asymptotic expansion of GK(x, y), which defines uniquely a
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1. Introduction and main results

Our purpose in this article is to study the expansion of Green’s function and regularity
of Robin’s function for second-order elliptic operators in divergence form in all dimensions.
Let Ω ⊂ Rn be a bounded smooth domain with n ≥ 2. Consider the following elliptic
operator:

LKu = −div(K(x)∇u),

where K = (Ki,j)n×n is a positively definite matrix satisfying
(K1). Ki,j ∈ C∞(Ω) for 1 ≤ i, j ≤ n;
(K2). There exist constants Λ1,Λ2 > 0 such that

Λ1|ζ|2 ≤ (K(x)ζ|ζ) ≤ Λ2|ζ|2, ∀ x ∈ Ω, ζ ∈ Rn.

Let GK(x, y) be the Green’s function of LK associated to zero Dirichlet boundary condition,
i.e., for any y ∈ Ω, {

LKGK(x, y) = δy in Ω,

GK(x, y) = 0 on ∂Ω.
(1.1)

Here δy is the Dirac measure centered at y. Multiplying both sides of the first equation
of (1.1) by test functions and integrating on Ω, we get the equivalent characterization of
Green’s function in integral form, that is, for any u ∈ C2(Ω) ∩ C1

0(Ω)

u(y) =

∫
Ω

GK(x, y)LKu(x)dx, ∀y ∈ Ω. (1.2)
1
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Here C2(Ω)∩C1
0(Ω) is the space of all functions which are twice continuously differentiable

and equal 0 on the boundary ∂Ω. The well-posedness of Green’s function GK defined by
(1.1) is considered in many articles. When the dimension n ≥ 3, it is well known that
Green’s function of LK exists and is unique, see [30]. Similar results are obtained in [25]
when the dimension n = 2. More results can be found in [9, 15, 20, 22, 31, 35] for instance.

The asymptotic expansion of Green’s function of LK , meanwhile, has also been widely
concerned in recent decades. The understanding of the expansion of Green’s function plays
an essential role in many fields, especially in the study of concentration phenomena for some
fluid mechanics models and semilinear elliptic equations, see, e.g., [3, 4, 5, 12, 18, 33, 36, 38].
For many concentration phenomena, the location of possible singularities of solutions is
always determined by the corresponding Green’s function, and the solutions are always
perturbations of Green’s function. A typical example is the construction of concentrated
vortex solutions to two dimensional, three dimensional axisymmetric and three dimensional
helical symmetric incompressible Euler equations. For planar Euler equations, one always
gets concentrated vortex solutions by solving an elliptic problem

−∆u = λf(u) in Ω; u = 0 on ∂Ω,

and proving the asymptotic behavior of solutions uλ as λ tends to infinity, see e.g., [4, 5,
11, 32, 34]. The limiting location is determined by the Kirchhoff-Routh function (see [29]),
which is a combination of Green’s function of −∆ and the corresponding Robin’s function.
For the construction of concentrated vortex solutions to 3D axisymmetric Euler equations
(called vortex rings) and 3D Euler equations with helical symmetry, corresponding elliptic
operators appeared in elliptic problems are − 1

a(x)
div(a(x)∇) and −div(KH(x)∇) for some

positive function a and positively definite matrix KH respectively, see e.g., [6, 7, 12, 14, 18].
When constructing a family of vortex solutions concentrating near several points, one
always need to use the asymptotic expansion of the corresponding Green’s function for
these elliptic operators. Another example is the construction of bubbling solutions to the
following anisotropic Emden–Fowler equations in dimension two

div(a(x)∇u) + ε2a(x)eu = 0 in Ω, u = 0 on ∂Ω. (1.3)

[38] constructed a family of boundary bubbling solutions by using the asymptotic expansion
of Green’s function of the operator − 1

a(x)
div(a(x)∇). See also [37]. Note that both in the

construction of vortex solutions of incompressible Euler equations and in the construction of
bubbling solutions of the above elliptic equations, the C1 regularity of the corresponding
Robin’s function is necessary when constructing concentrated solutions by perturbation
arguments, see [5, 8, 37] for example.

The most common case is K ≡ Idn×n, i.e., the identity matrix of order n, and then the
operator LK is the standard Laplacian. In this case the associated Green’s function GId

of −∆ in a domain Ω with Dirichlet condition is of the decomposition (see [20])

GId(x, y) = Φ0(x− y)−HΩ(x, y), (1.4)
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where Φ0 is the fundamental solution of −∆ defined by

Φ0(x) =

{
− 1

2π
log |x|, for n = 2;

1
n(n−2)wn

|x|2−n, for n ≥ 3;
(1.5)

with wn the Lebesgue measure of the unit ball in Rn, and HΩ is the regular part of GId

satisfying for any y ∈ Ω {
−∆HΩ(x, y) = 0, x ∈ Ω,

HΩ(x, y) = Φ0(x− y), x ∈ ∂Ω.
(1.6)

Clearly HΩ is a function determined by Ω. Moreover, HΩ is smooth and symmetric in
Ω × Ω, i.e., HΩ(x, y) = HΩ(y, x). Thus RΩ(x) = HΩ(x, x), called the Robin’s function, is
smooth in Ω.

When K is a positively definite constant coefficient matrix K0, we can also get explicitly
the expansion of associated Green’s function. Let T0 be the positively definite matrix
satisfying

T−1
0 T−t

0 = K0,

where T−t
0 is the transpose of T−1

0 . Denote T0Ω = {T0x | x ∈ Ω}. Using the coordinate
transformation (see Lemma A.1 in Appendix), we find that Green’s function GK0 of LK0

has the decomposition

GK0(x, y) =
√

detK0

−1
Φ0(T0(x− y))−

√
detK0

−1
HT0Ω(T0x, T0y) ∀x, y ∈ Ω, x 6= y,

where HT0Ω : T0Ω× T0Ω → R satisfies for any y′ ∈ T0Ω{
−∆HT0Ω(x

′, y′) = 0, x′ ∈ T0Ω,

HT0Ω(x
′, y′) = Φ0(x

′ − y′), x′ ∈ ∂T0Ω.

Clearly the corresponding Robin’s function RT0Ω(x) =
√
detK0

−1
HT0Ω(T0x, T0x) is also

smooth in Ω.
When K is a matrix-valued function rather than a constant coefficient matrix, the situ-

ation turns out to be less clear. If K is a diagonal matrix with the same diagonal elements,
i.e., K(·) = a(·)Idn×n for some positive smooth function a, [26] constructed the expansion
of Green’s function and proved the smoothness of the corresponding Robin’s function. For
any l ∈ N, it was proved in [26] that Green’s function Ga of −∆a = − 1

a(x)
div(a(x)∇) has

the high-order expansion

Ga(x, y) = Φ0(x− y) +
n+l−2∑
k=1

Φk(x− y) +H l
a(x, y) in Ω× Ω,

where H l
a(x, y) ∈ C l,γ(Ω × Ω), see also [37]. An interesting phenomena is, for any n ≥ 2

if ∇a(y) 6= 0, then x 7→ H0
a(x, y) does not belong to H2(Ω) since −∆aH

0
a(x, y) /∈ L2(Ω).

However, H0
a(x, x) is smooth in Ω, see Proposition 2.7 in [26]. For the case K being a

general positively definite matrix-valued function, it follows from [7] that Green’s function
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GK of the operator −div(K(x)∇) has the following structure when n = 2 (see [7], theorem
1.2)

GK(x, y) =

√
detK(x)

−1
+
√

detK(y)
−1

2
Φ0

(
Tx + Ty

2
(x− y)

)
+ SK(x, y), (1.7)

where Tx is a positively definite matrix satisfying T−1
x (T−1

x )t = K(x) for x ∈ Ω, SK ∈
C0,γ(Ω × Ω) for all γ ∈ (0, 1) and SK(x, y) = SK(y, x) for x, y ∈ Ω. See also [6]. This
implies that the regular part SK of GK is just C0,γ, not smooth. Note that (1.7) does
not give us a high-order expansion of Green’s function GK(x, y), nor proves whether the
corresponding Robin’s function SK(x, x) is smooth. For the dimension n ≥ 3, such results
are also unknown for our knowledge. In this article, we intend to study this aspect. For
the cases that dimension n ≥ 2, we construct a high-order asymptotic expansion of Green’s
function GK of (1.1), which permits us to define uniquely a regular part HK . Then we
prove the smoothness of the corresponding Robin’s function RK(x) = HK(x, x). We find
that RK ∈ C∞(Ω), although HK does not belong to C1(Ω× Ω) in general. Note that the
fundamental solution of −∆ for n = 2 has a logarithmic term, which is different from that
of n ≥ 3. Therefore, we get results by dealing with the odd and even cases of n separately.

Before stating our main results, let us first introduce some notations. Let n ≥ 2 and
define Tx a C∞ positively definite matrix-valued function determined by K satisfying

T−1
x (T−1

x )t = K(x) ∀x ∈ Ω. (1.8)
Clearly such Tx exists and is unique (see for example, [21]). For any multi-index α = (αi) ∈
Nn and x ∈ Rn, we denote |α| =

∑n
i=1 αi and xα = Πn

i=1x
αi
i . For any k ∈ N∗,m ∈ N, we

define a linear space En+2m
k+2m as follows

Definition 1.1. Given k ∈ N∗,m ∈ N, denote

En+2m
k+2m = span

{
xα

rn+2m
| |α| = k + 2m,α ∈ Nn

}
,

where r = ||x|| is the classical Euclidean norm of x.
Our first result is on the expansion of Green’s function of (1.1) when n is odd.

Theorem 1.2. Let n ≥ 3 be odd and γ ∈ (0, 1) be an arbitrary constant. Then for any
l ∈ N, there exists a unique Φi ∈ E

n+2(2i−1)
i+2+2(2i−1) for i = 1, · · · , n + l − 2 depending on y ∈ Ω

and H l(x, y) = H l
y(x) ∈ C

(
Ω, C l,γ

(
Ω
))

∩ C l(Ω× Ω) such that

GK(x, y) =
√

detK(y)
−1
Φ0 (Ty(x− y)) +

n+l−2∑
i=1

Φi (Ty(x− y)) +H l(x, y) in Ω× Ω.

Remark 1.3. Note that from Theorem 1.2, each term in the expansion of Green’s function
GK is determined by Φk (Ty(x− y)), which is different from the term Φk(x − y) in the
expansion of Green’s function of −∆ and −∆a = − 1

a(x)
div (a(x)∇), see [20, 26]. However,

if we choose K to be Idn×n and aIdn×n, the expansion of GK in Theorem 1.2 coincides
with the classical results in [20, 26].
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Concerning the cases with even dimension, since the fundamental solution of −∆ in
dimension two is − 1

2π
log |x|, we need to introduce some notations about singular and

logarithmic terms. Let n ∈ 2N∗, k ∈ N∗,m ∈ N and En+2m
k+2m be defined as in Definition

1.1. Let R[x] be the set of real polynomials with variables xi. When k ≥ n, we denote by
En+2m,s

k+2m the singular set of En+2m
k+2m , i.e., En+2m,s

k+2m = En+2m
k+2m\R[x]. Denote

Lm = span{xα log r | |α| = m,α ∈ Nn}.

We define F n+2m
k+2m as

F n+2m
k+2m =

{
En+2m

k+2m k < n,

En+2m,s
k+2m ⊕ Lk−n k ≥ n.

When the dimension n is even we have the following result concerning the expansion of
Green’s function.

Theorem 1.4. Let n ∈ 2N∗ and γ ∈ (0, 1) be an arbitrary constant. Then for any l ∈ N,
there exists a unique Φi ∈ F

n+2(2i−1)
i+2+2(2i−1) for i = 1, · · · , n + l − 2 depending on y ∈ Ω and

H l(x, y) = H l
y(x) ∈ C

(
Ω, C l,γ

(
Ω
))

∩ C l(Ω× Ω) such that

GK(x, y) =
√

detK(y)
−1
Φ0 (Ty(x− y)) +

n+l−2∑
i=1

Φi (Ty(x− y)) +H l(x, y) in Ω× Ω.

Remark 1.5. Compare with Theorem 1.2, the only difference is Φi ∈ F
n+2(2i−1)
i+2+2(2i−1), rather

than E
n+2(2i−1)
i+2+2(2i−1). Note also that when taking n = 2 and l = 0, Theorem 1.4 yields that

GK(x, y) =
√

detK(y)
−1
Φ0(Ty(x− y)) +H0(x, y),

where H0(x, y) ∈ C0,γ(Ω×Ω). This expansion coincides with (1.7) in [7], since in this case

SK(x, y) = H0(x, y)+
√
detK(y)

−1
Φ0(Ty(x−y))−

√
detK(x)

−1
+
√

detK(y)
−1

2
Φ0

(
Tx+Ty

2
(x− y)

)
belongs to C0,γ(Ω× Ω).

Our last result is on the smoothness of Robin’s function, regardless of the parity of n.
Let us define the regular part of GK and the associated Robin’s function RK

HK(x, y) = H0(x, y) ∀x, y ∈ Ω,

RK(x) = HK(x, x) ∀x ∈ Ω.

It follows from Theorem 1.2 and Theorem 1.4 that HK ∈ C
(
Ω, C0,γ

(
Ω
))

∩C(Ω×Ω). Note
that this regularity is optimal since generally LKHK(·, y) /∈ L2(Ω) and thus HK(·, y) does
not belong to H2(Ω) for n ≥ 2. However, we have

Theorem 1.6. Let n ≥ 2 be an integer, Ω be a bounded smooth domain and K be a positively
definite smooth matrix-valued function in Ω. Then the Robin’s function RK(·) ∈ C∞(Ω).
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Remark 1.7. Note that for n = 2, it is proved in [7] that Green’s function GK has a
structure (1.7), where the regular part SK belongs to C0,γ. Since SK(x, x) = RK(x) for
any x ∈ Ω, using Theorem 1.6, we actually show that SK(x, x) is not just C0,γ, but smooth
indeed, which improves the regularity results of the regular part SK(x, x) in [6, 7].

Remark 1.8. We give a remark about some applications of our results.
Example 1. As mentioned earlier, when n = 2 and K(·) = a(·)Id2×2, [37, 38] constructed

bubbling solutions of anisotropic Emden–Fowler equations (1.3) by using Lyapunov-Schmidt
reduction method. The key is to use the high-order expansion of Green’s function of the
operator − 1

a(x)
div(a(x)∇) and the C1 regularity of Robin’s function. For K in general,

it is possible to construct bubbling solutions of the following Emden–Fowler equations in
divergence form

div(K(x)∇u) + ε2eu = 0 in Ω, u = 0 on ∂Ω,

by using the expansion of Green’s function and the regularity of Robin’s function in The-
orems 1.4 and 1.6.

Example 2. The study of the Green’s functions of the Laplace-Beltrami operators in a
complete Riemannian manifold is also a classical problem in geometric analysis and partial
differential equations. Let (Mn, g) be a complete Riemannian manifold with metric g = gij
and (x1, · · · , xn) be its local chart. The Laplace-Beltrami operator for a smooth function
φ can be written as (using the Einstein notation for repeated indexes)

∆gφ = divg (∇gφ) =
1√
det g

∂i

(√
det ggij∂jφ

)
,

which is an elliptic operator in divergence form in local charts. When M is a compact
manifold with or without boundary, the existence and lower and upper bounds of Green’s
function of ∆g can be found in [1, 23]. When M is a non-compact manifold without
boundary, the existence and the number of critical points of Green’s function of ∆g are
proved in [16, 28]. However, to our knowledge there are few results showing the expansion
of Green’s function and the regularity of Robin’s function like Theorems 1.2, 1.4 and 1.6.
Using our results, it is possible to study the qualitative analysis of bubbling solutions of
several kinds of elliptic equations on manifolds. For more results, see, e.g., [2, 10, 13, 17].

Example 3. Another related problem is the expansion of fundamental solutions for a
second-order elliptic operator with analytic coefficients, see [19, 24]. For n ≥ 2, let

L = Aij∂ij + bi∂i + c,

where Aij, bi, c are analytic in the unit ball B1 ⊆ Rn and A(·) is a positive symmetric
matrix-valued function in B1. Given an open set U ⊆ B1 which contains the origin, a
function u ∈ L1

loc(U) is a fundamental solution for the operator L in U if Lu = δ in U in
the distributional sense, where δ is the Dirac delta distribution. Recently, [19] constructed
explicitly an expansion of the fundamental solution of L in homogeneous terms (homoge-
neous polynomials divided by a power of |x|, plus homogeneous polynomials multiplied by
log |x| if the dimension n is even), which improves the classical results of [24, 27]. Note that
the expansion of Green’s function in Theorems 1.2 and 1.4 are different from the expansion
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of fundamental solutions in [19]. It is interesting whether one can use the method in [19]
to construct the asymptotic expansion of Green’s function of −div(K(x)∇).

The paper is organized as follows. In section 2, we prove the expansion of GK when
n is odd. By similar strategy we prove the even dimensional case in section 3. Based on
Theorem 1.2 and 1.4, we finish the proof of Theorem 1.6 at the end of section 3.

2. Odd dimensional case

Now we begin to prove the expansion of Green’s function GK of (1.1) when n ≥ 3 is odd.
For any subset Aj in a vector space V , we denote A0+A1+ · · ·+Ap = {

∑p
j=0 vj | vj ∈ Aj}.

We write A0⊕A1⊕· · ·⊕Ap when the sum is direct. For any l ∈ N, 2l ≤ k+2m, we define

En+2m
k+2m,l = span

{
xα

rn+2m−2l
| |α| = k + 2m− 2l, α ∈ Nn

}
.

Note that from Definition 1.1, for any k ∈ N∗, En+2m
k+2m ∈ L1

loc(Rn) and for any m ∈ N,
i, j ∈ N∗, i 6= j

En+2m
i+2m ∩ En+2m

j+2m = {0}.
Moreover, for any m, i ∈ N∗

En
i ⫋ En+2

i+2 ⫋ · · · · · · ⫋ En+2m
i+2m

and for any k ∈ N∗,m, l ∈ N, 2(l + 1) ≤ k + 2m

En+2m
k+2m,l+1 ⫋ En+2m

k+2m,l.

Using algebraic construction, we first show that En+2m
k+2m is contained in ∆(En+2m

k+2m+2) for
any k ∈ N∗,m ∈ N.

Lemma 2.1. Let n be odd. Then for any k ∈ N∗,m ∈ N
En+2m

k+2m ⊆ ∆(En+2m
k+2m+2).

That is, for any f ∈ En+2m
k+2m , there exists g ∈ En+2m

k+2m+2 such that ∆g = f.

Proof. Note that En+2m
k+2m =

∑
0≤2l≤k+2m En+2m

k+2m,l. Given f(x) = xα

rn+2m−2l ∈ En+2m
k+2m,l with

|α| = k + 2m− 2l ≥ 0, let ḡ(x) = r2f(x) = xα

rn+2m−2(l+1) ∈ En+2m
k+2m+2,l+1. Then using the fact

that x · ∇(xβ) = |β|xβ, ∀β ∈ Nn, we obtain

∆ḡ = ∆(
xα

rn+2m−2(l+1)
) =

∆xα

rn+2m−2(l+1)
+ 2(2l + 2− n− 2m)(|α|+ l −m)f.

Since n is odd, 2l + 2 − n − 2m 6= 0. Since k ≥ 1, |α| + l − m = k+|α|
2

> 0. Thus
2(2l + 2− n− 2m)(|α|+ l −m) 6= 0, which implies that

1

2(2l + 2− n− 2m)(|α|+ l −m)
∆ḡ − f

=
1

2(2l + 2− n− 2m)(|α|+ l −m)

∆xα

rn+2m−2(l+1)
∈ En+2m

k+2m,l+1.

(2.1)



8 DAOMIN CAO AND JIE WAN

From (2.1), we know that if a function f ∈ En+2m
k+2m,l, then f − 1

2(2l+2−n−2m)(|α|+l−m)
∆ḡ ∈

En+2m
k+2m,l+1. In the case |α| ≤ 1, we already have 1

2(2l+2−n−2m)(|α|+l−m)
∆ḡ − f = 0, i.e.,

1
2(2l+2−n−2m)(|α|+l−m)

ḡ is a solution. If |α| > 1, then we can construct g by decreasing
induction on |α|, that is, using (2.1) repeatedly to construct the solution g. To be precise, by
(2.1) there exist g1 ∈ En+2m

k+2m+2,l+1 and f1 ∈ En+2m
k+2m,l+1 such that f = ∆g1+ f1. For f1, using

(2.1) again there exist g2 ∈ En+2m
k+2m+2,l+2 and f2 ∈ En+2m

k+2m,l+2 such that f1 = ∆g2+f2. Thus by
a recursive method there exist gj ∈ En+2m

k+2m+2,l+j and fj ∈ En+2m
k+2m,l+j for j = 2, · · · , bk

2
c+m−l

such that fj−1 = ∆gj + fj. Note that when j = bk
2
c +m − l, the index of the numerator

of f⌊ k
2
⌋+m−l is 0 or 1. Thus by (2.1) there exists g⌊ k

2
⌋+m−l+1 ∈ En+2m

k+2m+2,⌊ k
2
⌋+m+1

such that

f⌊ k
2
⌋+m−l = ∆g⌊ k

2
⌋+m−l+1. Let g =

∑⌊ k
2
⌋+m−l+1

j=1 gj, then g is a solution. Therefore, we prove
the existence of g ∈ En+2m

k+2m+2 such that ∆g = f.
□

Remark 2.2. One computes directly that ∆(En+2m
k+2m+2) ⊆ En+2m+2

k+2m+2 . Thus the above lemma
shows that for any k ∈ N∗,m ∈ N

En+2m
k+2m ⊆ ∆(En+2m

k+2m+2) ⊆ En+2m+2
k+2m+2 .

Moreover, the function g constructed in Lemma 2.1 is indeed unique. Let g ∈ En+2m
k+2m+2

such that ∆g = 0. Since n is odd, g cannot be in En+2m
l \{0} for any l ∈ N∗. Thus the

uniqueness of g holds.
Let z ∈ Ω be fixed and Tz be the positively definite matrix defined by (1.8). We define

a linear space
En+2m

k+2m (Tz) = {f ◦ Tz | f ∈ En+2m
k+2m}.

Clearly, En+2m
i+2m (Tz)∩En+2m

j+2m (Tz) = {0} for any m ∈ N, i, j ∈ N∗, i 6= j. A direct consequence
of Lemma 2.1 is
Lemma 2.3. Let n be odd and z ∈ Ω be fixed. Then for any k ∈ N∗,m ∈ N

En+2m
k+2m (Tz) ⊆ −div(K(z)∇)(En+2m

k+2m+2(Tz)).

That is, for any f ∈ En+2m
k+2m (Tz), there exists g ∈ En+2m

k+2m+2(Tz) such that −div(K(z)∇)g = f.

Proof. For any f ∈ En+2m
k+2m (Tz), we can find f̂ ∈ En+2m

k+2m such that f = f̂ ◦ Tz. Hence by
Lemma 2.1, there exists ĝ ∈ En+2m

k+2m+2 such that −∆ĝ = f̂ . Let g = ĝ ◦ Tz. One computes
directly that g ∈ En+2m

k+2m+2(Tz) and −div(K(z)∇)g = f. □
Using Lemma 2.3, we can solve elliptic equations in divergence form with constant

coefficient matrix K(z) when f ∈ En+2m
k+2m (Tz).

Lemma 2.4. Let n be odd and z ∈ Ω be fixed. Let Ω0 be a bounded smooth domain
in Rn containing the origin 0 and c be a smooth function defined on Ω0. Then for any
k ∈ N∗,m, l ∈ N, f ∈ En+2m

k+2m (Tz), there exists
g ∈ En+2m

k+2m+2(Tz)⊕ En+2m
k+2m+3(Tz)⊕ · · · ⊕ En+2m

n+2m+l(Tz)⊕ C l,γ(Ω0) (2.2)
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such that
−div(K(z)∇g) = c(x)f in Ω0; g = 0 on ∂Ω0.

Moreover, the expansion of g is unique.

Remark 2.5. If k ≥ n+l−1, we just think of En+2m
k+2m+2(Tz)⊕En+2m

k+2m+3(Tz)⊕· · ·⊕En+2m
n+2m+l(Tz)

as {0}.

Proof. For x ∈ Rn, we denote the operator [x ·∇] =
∑n

i=1 xi∂i. It follows from the Taylor’s
formula that

c(x) =
n+l−k∑
j=0

1

j!
[x · ∇]jc(0) +

1

(n+ l − k)!

∫ 1

0

(1− t)n+l−k[x · ∇]n+l−k+1c(tx)dt.

Thus one has
c(x)f ∈ En+2m

k+2m (Tz)⊕ En+2m
k+2m+1(Tz)⊕ · · · ⊕ En+2m

n+2m+l(Tz)⊕ C l,γ(Ω0).

Using Lemma 2.3, we get the existence of g1 ∈ En+2m
k+2m+2(Tz) ⊕ En+2m

k+2m+3(Tz) ⊕ · · · ⊕
En+2m

n+2m+l+2(Tz) ⊕ C l+2,γ(Ω0) such that −div(K(z)∇g1) = f . Since the trace of any func-
tion in En+2m

j (Tz) on ∂Ω0 is smooth, there exists a function g2 ∈ C∞(Ω0) such that
−div(K(z)∇g2) = 0 in Ω0 and g2 = g1 on ∂Ω0. Note that En+2m

n+2m+l+1(Tz)⊕En+2m
n+2m+l+2(Tz) ⊆

C l,γ(Ω0), we conclude that g = g1 − g2 is the desired solution. The uniqueness of the de-
composition of g follows directly from the maximum principle and the fact that the sum
in (2.2) is direct.

□

Based on Lemma 2.4, we can extend results of Lemma 2.4 to the case of operators
−div(K̃(x)∇), when the coefficient matrix satisfies K̃(0) = K(z).

Proposition 2.6. Let n be odd, z ∈ Ω, Ω0 and c be as in Lemma 2.4. Let K̃ ∈
C∞(Ω0,Rn×n) be a positively definite matrix-valued function with K̃(0) = K(z). Then
for any k ∈ N∗,m, l ∈ N, f ∈ En+2m

k+2m (Tz), there exists

ζ ∈ En+2m
k+2m+2(Tz)⊕ En+2m+4

k+2m+7 (Tz)⊕ · · · ⊕ E
n+2m+4(n+l−k−2)
n+2m+l+4(n+l−k−2)(Tz)⊕ C l,γ(Ω0)

such that
−div(K̃(x)∇ζ) = c(x)f in Ω0; ζ = 0 on ∂Ω0.

Moreover, the expansion of ζ is unique.

Remark 2.7. If k ≥ n + l − 1, we just think of En+2m
k+2m+2(Tz) ⊕ En+2m+4

k+2m+7 (Tz) ⊕ · · · ⊕
E

n+2m+4(n+l−k−2)
n+2m+l+4(n+l−k−2)(Tz) as {0}.

Proof. Consider the case c ≡ 1. To find a solution ζ, let us first construct a sequence
{ζj}n+l−k+1

j=0 by iteration. Let ζ0 satisfy

−div(K̃(0)∇ζ0) = f in Ω0; ζ0 = 0 on ∂Ω0. (2.3)
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It follows from Lemma 2.4 that
ζ0 ∈ En+2m

k+2m+2(Tz)⊕ En+2m
k+2m+3(Tz)⊕ · · · ⊕ En+2m

n+2m+l+2(Tz)⊕ C l+2,γ(Ω0).

Thus using Taylor’s formula, we have

div((K̃(x)− K̃(0))∇ζ0) =
n∑

i,j=1

(K̃ij(x)− K̃ij(0))∂ijζ0 +
n∑

i,j=1

∂iK̃ij(x)∂jζ0

∈ En+2m+4
k+2m+5 (Tz)⊕ En+2m+4

k+2m+6 (Tz)⊕ · · · ⊕ En+2m+4
n+2m+l+4(Tz)⊕ C l,γ(Ω0).

Let ζ1 satisfy
−div(K̃(0)∇ζ1) = div((K̃(x)− K̃(0))∇ζ0) in Ω0; ζ1 = 0 on ∂Ω0.

Using Lemma 2.4 again, we obtain
ζ1 ∈ En+2m+4

k+2m+7 (Tz)⊕ En+2m+4
k+2m+8 (Tz)⊕ · · · ⊕ En+2m+4

n+2m+l+6(Tz)⊕ C l+2,γ(Ω0),

which implies that

div((K̃(x)− K̃(0))∇ζ1) ∈ En+2m+8
k+2m+10(Tz)⊕ En+2m+8

k+2m+11(Tz)⊕ · · · ⊕ En+2m+8
n+2m+l+8(Tz)⊕ C l,γ(Ω0)

and so on. Thus by a recursive method we conclude that there exists ζj for j = 1, · · · , n+
l − k + 1 with

−div(K̃(0)∇ζj) = div((K̃(x)− K̃(0))∇ζj−1) in Ω0; ζj = 0 on ∂Ω0 (2.4)
and

ζj ∈ En+2m+4j
k+2m+5j+2(Tz)⊕ En+2m+4j

k+2m+5j+3(Tz)⊕ · · · ⊕ En+2m+4j
n+2m+4j+l+2(Tz)⊕ C l+2,γ(Ω0).

In particular, ζn+l−k+1 ∈ C l+2,γ(Ω0). Finally, we solve
−div(K̃(x)∇h) = div((K̃(x)− K̃(0))∇ζn+l−k+1) in Ω0; h = 0 on ∂Ω0. (2.5)

By the classical theory for elliptic equations, h ∈ C l+2,γ(Ω0).

Denote ζ =
∑n+l−k+1

i=0 ζi+h ∈ En+2m
k+2m+2(Tz)⊕En+2m+4

k+2m+7 (Tz)⊕· · ·⊕E
n+2m+4(n+l−k)
n+2m+4(n+l−k)+l+2(Tz)⊕

C l+2,γ(Ω0). By (2.3), (2.4) and (2.5), using direct computation we get
−div(K̃(x)∇ζ) = f in Ω0; ζ = 0 on ∂Ω0.

Note that E
n+2m+4(n+l−k−1)
n+2m+4(n+l−k−1)+l+1(Tz) ⊕ E

n+2m+4(n+l−k)
n+2m+4(n+l−k)+l+2(Tz) ⊆ C l,γ(Ω0), therefore ζ is

the desired solution. For the case c(x) being a smooth function, we can use the Taylor’s
expansion as that in Lemma 2.4 to get the result. The proof is thus finished.

□
We are now able to prove the expansion of Green’s function when n is odd.
Proof of Theorem 1.2: We extend K(x) : Ω → Rn×n to a positively definite smooth

matrix-valued function in Rn. This can be done since Ω is smooth. For any w ∈ Ω, define
Ωw = {x − w | x ∈ Ω} and Tw(Ω) = {Tw(x) | x ∈ Ω}. By the positively definiteness and
smoothness of K, we can choose M > 0 sufficiently large such that Tw(Ωw) ⊆ BM(0) for
all w ∈ Ω.
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Now we give the expansion of GK(x, y). Note that Φ0 ∈ En
2 . For fixed y ∈ Ω, we define

Φ̂0 =
√

detK(y)
−1
Φ0◦Ty ∈ En

2 (Ty). Then direct computation yields that −div(K(y)∇Φ̂0) =
δ0. Consider solutions ζy of the following equations{

−div(K̃y(x)∇ζy) = div((K̃y(x)−K(y))∇Φ̂0), x ∈ BM(0),

ζy = 0, x ∈ ∂BM(0),
(2.6)

where the coefficient matrix K̃y(·) = K(·+y). By assumptions, we have K̃y ∈ C∞(BM(0),Rn×n)

and K̃y(0) = K(y). Moreover, one computes directly that for any l ∈ N

div((K̃y(x)−K(y))∇Φ̂0) ∈ En+2
3 (Ty)⊕ En+2

4 (Ty)⊕ · · · ⊕ En+2
n+2+l(Ty)⊕ C l,γ(BM(0)).

Therefore using Proposition 2.6 with z = y, Ω0 = BM(0) and K̃ = K̃y, we get the unique
solution ζy of (2.6) such that

ζy =
n+l−2∑
i=1

Φ̂i + h

∈ En+2
5 (Ty)⊕ En+6

10 (Ty)⊕ · · · ⊕ E
n+2+4(n+l−3)
n+2+4(n+l−3)+l(Ty)⊕ C l,γ(BM(0)),

where Φ̂i ∈ E
n+2+4(i−1)
5i (Ty) for i = 1, · · · , n+ l − 2 and h ∈ C l,γ(BM(0)).

Define ηy(x) = GK(x, y) − Φ̂0(x − y) − ζy(x − y) for any x ∈ Ω. It follows from the
definition of GK that

LKGK(x, y) = δy, x ∈ Ω; GK(x, y) = 0, x ∈ ∂Ω,

which implies that for any x ∈ Ω

LKηy(x) =div((K̃y(x)−K(y))∇Φ̂0)(x− y) + div(K̃y(x)∇ζy)(x− y) = 0. (2.7)

Here we have used (2.6). Note that (2.7) also holds in sense of distribution. Thus by Weyl’s
lemma, ηy ∈ C∞(Ω) since it is smooth on ∂Ω. To conclude, we have

GK(x, y) = Φ̂0(x− y) +
n+l−2∑
i=1

Φ̂i(x− y) +H l(x, y), (2.8)

where Φ̂i ∈ E
n+2+4(i−1)
5i (Ty) for i = 1, · · · , n + l − 2 and x 7→ H l(x, y) ∈ C l,γ(Ω). Define

Φi = Φ̂i ◦ T−1
y ∈ E

n+2+4(i−1)
5i . This combined with (2.8) yields the expansion for GK(x, y)

GK(x, y) =
√

detK(y)
−1
Φ0(Ty(x− y)) +

n+l−2∑
i=1

Φi(Ty(x− y)) +H l(x, y),

where x 7→ H l(x, y) ∈ C l,γ(Ω).
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We now prove the regularity of H l, i.e., H l(x, y) = H l
y(x) ∈ C

(
Ω, C l,γ

(
Ω
))

∩C l(Ω×Ω).
Indeed, from the above construction of GK , we know that H l(x, y) satisfies for all y ∈ Ω

LKH
l(x, y) =LKGK(x, y)− LKΦ̂0(x− y)− LK

(
n+l−2∑
i=1

Φ̂i(x− y)

)

=div
(
(K(x)−K(y))∇Φ̂0(x− y)

)
+ div

(
K(x)∇

(
n+l−2∑
i=1

Φ̂i(x− y)

))
∈En+2+4(n+l−3)

n+1+4(n+l−3)+l(Ty)(x− y)⊕ E
n+2+4(n+l−3)
n+2+4(n+l−3)+l(Ty)(x− y)⊕ C l,γ(BM(0))(x− y).

(2.9)

Here we denote E
n+2+4(n+l−3)
n+1+4(n+l−3)+l(Ty)(x − y) = {f(x − y) | f ∈ E

n+2+4(n+l−3)
n+1+4(n+l−3)+l(Ty)} and

C l,γ(BM(0))(x−y) = {f(x−y) | f ∈ C l,γ(BM(0))}. Moreover, it follows from GK(·, y) = 0
on ∂Ω that

H l(x, y) = −Φ̂0(x− y)−
n+l−2∑
i=1

Φ̂i(x− y) x ∈ ∂Ω.

By the continuity of the right-hand side of (2.9) and the boundary condition with respect
to y in C l−2,γ(Ω) and C l,γ(∂Ω), respectively, we can get H l(x, y) ∈ C(Ω, C l,γ(Ω)) and thus
∂Hl(x,y)

∂x
, ∂

2Hl(x,y)
∂x2 , · · · , ∂

lHl(x,y)
∂xl ∈ C(Ω× Ω).

Similarly, taking ∇y to both sides of (2.9), we can check that ∇yH
l(x, y) ∈ C(Ω, C l−1,γ(Ω)),

which implies that ∂Hl(x,y)
∂y

, ∂
2Hl(x,y)
∂y∂x

, · · · , ∂
lHl(x,y)
∂y∂xl−1 ∈ C(Ω × Ω). Moreover, we can get that

for any integer k,m with 0 ≤ k ≤ m ≤ l,

∂mH l(x, y)

∂yk∂xm−k
∈ C(Ω× Ω).

Thus we conclude that H l(x, y) is a C l function over Ω× Ω.
□

Note that the regular part of GK and the associated Robin’s function RK are defined by
HK(x, y) = H0(x, y) and RK(x) = HK(x, x) for any x, y ∈ Ω. Therefore by Theorem 1.2,
for any l ∈ N∗

HK(x, y) = H0(x, y) =
n+l−2∑
i=n−1

Φi(Ty(x− y)) +H l(x, y), ∀x, y ∈ Ω. (2.10)

Now we can prove Theorem 1.6 when n is odd.

Proposition 2.8. Let n be odd, Ω and K be as in Theorem 1.6. Then the Robin’s function
RK(·) ∈ C∞(Ω).

Proof. For any l ∈ N∗, it follows from (2.10) that RK(x) = H l(x, x) since Φi(0) = 0 for
any i ≥ n− 1. So RK ∈ C l(Ω). By the arbitrariness of l, we get the result. □
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3. Even dimensional case: proof of Theorems 1.4 and 1.6

Now we prove the even dimensional case. Let n ∈ 2N∗. Clearly from the definition of
En+2m,s

k+2m , we have En+2m
k+2m = En+2m,s

k+2m ⊕ R[x] for any k ≥ n,m ∈ N. For Lm, we first have
Lemma 3.1. For any m ∈ N, Lm ⊆ ∆(Lm+2 ⊕ R[x]).
Proof. We prove it by a direct algebraic construction. Let l ∈ N, 2l ≤ m, and Lm,l =
span{xαr2l log r | |α| = m− 2l}. Then Lm =

∑
0≤2l≤m Lm,l. For f = xαr2l log r ∈ Lm,l, let

g1 = r2f ∈ Lm+2,l+1, then one computes directly that
∆g1 = r2l+2 log r∆(xα) + (2|α|+ n+ 4l + 2)xαr2l + (2l + 2)(2l + |α|+ n)f.

Let g2 be a polynomial with order m + 2 satisfying ∆g2 = (2|α| + n + 4l + 2)xαr2l. Since
(2l+2)(2l+|α|+n) > 0, we find that there exists g3 = 1

(2l+2)(2l+|α|+n)
(g1−g2) ∈ Lm+2⊕R[x]

such that
∆g3 − f =

1

(2l + 2)(2l + |α|+ n)
r2l+2 log r∆(xα) ∈ Lm,l+1.

Thus we can get the result by decreasing induction on |α|. □
Let us define

Ẽn+2m
k+2m =

{
F n+2m
k+2m k < n,

F n+2m
k+2m ⊕ R[x] k ≥ n.

Similar to Lemma 2.1, using the definition of F n+2m
k+2m and Ẽn+2m

k+2m , we get
Lemma 3.2. There holds

Ẽn+2m
k+2m ⊆ ∆(Ẽn+2m

k+2m+2) ∀k ∈ N∗,m ∈ N.

Proof. If k < n − 2, then Ẽn+2m
k+2m = En+2m

k+2m , Ẽn+2m
k+2m+2 = En+2m

k+2m+2. The results follows from
Lemma 2.1.

When k = n − 2 or n − 1, let f ∈ En+2m
k+2m,l with 0 ≤ l ≤ n−2+2m

2
. If l < n−2+2m

2
, we can

repeat the construction in Lemma 2.1 with decreasing induction on |α| to get the results.
The only case that we need to pay attention to is 2l = n − 2 + 2m, i.e., f = xα

r2
with

|α| = k − n + 2 ≤ 1. Let g = xα log r ∈ Lk−n+2 ⊆ Ẽn+2m
k+2m+2. One computes directly that

∆g = (2|α|+n−2)f. Note that 2|α|+n−2 > 0 for n ≥ 4. For n = 2, only the case |α| = 1
occurs since k ≥ 1. Thus 2|α|+ n− 2 6= 0 and we get the results.

For the case k ≥ n, if f ∈ Lk−n⊕R[x], the result is shown by Lemma 3.1. Let f ∈ En+2m
k+2m,l

for some 0 ≤ 2l ≤ k+2m. If 2l < n−2+2m, we can get the result by decreasing induction
on |α|. If 2l ≥ n+2m, then f is a polynomial with order k−n. So there exists a polynomial
g ∈ R[x] ⊆ Ẽn+2m

k+2m+2 such that ∆g = f. It remains to solve the case 2l = n− 2 + 2m, i.e.,
f = xα

r2
with |α| = k − n+ 2. Let g0 = xα log r ∈ Lk+2−n. Then

∆g0 = (2|α|+ n− 2)
xα

r2
+ log r ×∆(xα),

which implies that ∆( 1
2|α|+n−2

g0)− f ∈ Lk−n. Since Lk−n ⊆ ∆(Lk−n+2 ⊕ R[x]), we get the
existence of g ∈ R[x] ⊆ Ẽn+2m

k+2m+2 such that ∆g = f.
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□

Let z ∈ Ω be fixed and Tz be the positively definite matrix defined by (1.8). We define

F n+2m
k+2m (Tz) = {f ◦ Tz | f ∈ F n+2m

k+2m }; Ẽn+2m
k+2m (Tz) = {f ◦ Tz | f ∈ Ẽn+2m

k+2m}.

A direct consequence of Lemma 3.2 is

Lemma 3.3. Let n be even and z ∈ Ω be fixed. Then for any k ∈ N∗,m ∈ N

Ẽn+2m
k+2m (Tz) ⊆ −div(K(z)∇)(Ẽn+2m

k+2m+2(Tz)).

Based on Lemma 3.3, we get the existence of solutions to elliptic equations in divergence
form with constant coefficient matrix K(z) when f ∈ F n+2m

k+2m (Tz).

Lemma 3.4. Let n be even and z ∈ Ω be fixed. Let Ω0 be a bounded smooth domain
in Rn containing the origin 0 and c be a smooth function defined on Ω0. Then for any
k ∈ N∗,m, l ∈ N, f ∈ F n+2m

k+2m (Tz), there exists

g ∈ F n+2m
k+2m+2(Tz)⊕ F n+2m

k+2m+3(Tz)⊕ · · · ⊕ F n+2m
n+2m+l(Tz)⊕ C l,γ(Ω0)

such that
−div(K(z)∇g) = c(x)f in Ω0; g = 0 on ∂Ω0.

Moreover, the expansion of g is unique.

Proof. Using Taylor’s formula, we have

c(x)f ∈ F n+2m
k+2m (Tz)⊕ F n+2m

k+2m+1(Tz)⊕ · · · ⊕ F n+2m
n+2m+l(Tz)⊕ C l,γ(Ω0).

By Lemma 3.3, we get the existence of ḡ1 ∈ Ẽn+2m
k+2m+2(Tz)⊕Ẽn+2m

k+2m+3(Tz)⊕· · ·⊕Ẽn+2m
n+2m+l+2(Tz)⊕

C l+2,γ(Ω0) such that −div(K(z)∇ḡ1) = f . So ḡ1 ∈ F n+2m
k+2m+2(Tz) ⊕ F n+2m

k+2m+3(Tz) ⊕ · · · ⊕
F n+2m
n+2m+l+2(Tz)⊕C l+2,γ(Ω0). Let ḡ2 ∈ C∞(Ω0) be a function satisfying −div(K(z)∇ḡ2) = 0

in Ω0 and ḡ2 = ḡ1 on ∂Ω0. Since F n+2m
n+2m+l+1(Tz) ⊕ F n+2m

n+2m+l+2(Tz) ⊆ C l,γ(Ω0), we conclude
that g = ḡ1 − ḡ2 is the desired solution.

□

Then, we further extend results of Lemma 3.4 to elliptic operators in divergence form,
which is close to −div(K(z)∇) near the origin 0 when n is even.

Proposition 3.5. Let n be even, z ∈ Ω, Ω0 and c be as in Lemma 3.4. Let K̃ ∈
C∞(Ω0,Rn×n) be a positively definite matrix-valued function with K̃(0) = K(z). Then for
any k ∈ N∗,m, l ∈ N, f ∈ F n+2m

k+2m (Tz), there exists

ξ ∈ F n+2m
k+2m+2(Tz)⊕ F n+2m+4

k+2m+7 (Tz)⊕ · · · ⊕ F
n+2m+4(n+l−k−2)
n+2m+l+4(n+l−k−2)(Tz)⊕ C l,γ(Ω0)

such that
−div(K̃(x)∇ξ) = c(x)f in Ω0; ξ = 0 on ∂Ω0.

Moreover, the expansion of ζ is unique.
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Proof. The idea is similar to the proof of Proposition 2.6 and we prove it here just for
completeness. Consider the case c ≡ 1. To find a solution ξ, we construct a sequence
{ξj}n+l−k+1

j=0 by iterating as follows. First, let ξ0 satisfy

−div(K̃(0)∇ξ0) = f in Ω0; ξ0 = 0 on ∂Ω0.

It follows from Lemma 3.4 that

ξ0 ∈ F n+2m
k+2m+2(Tz)⊕ F n+2m

k+2m+3(Tz)⊕ · · · ⊕ F n+2m
n+2m+l+2 ⊕ C l+2,γ(Ω0),

from which we deduce,

div((K̃(x)− K̃(0))∇ξ0) =
n∑

i,j=1

(K̃ij(x)− K̃ij(0))∂ijξ0 +
n∑

i,j=1

∂iK̃ij(x)∂jξ0

∈ F n+2m+4
k+2m+5 (Tz)⊕ F n+2m+4

k+2m+6 (Tz)⊕ · · · ⊕ F n+2m+4
n+2m+l+4(Tz)⊕ C l,γ(Ω0).

Let ξ1 satisfy

−div(K̃(0)∇ξ1) = div((K̃(x)− K̃(0))∇ξ0) in Ω0; ξ1 = 0 on ∂Ω0.

By Lemma 3.4, ξ1 ∈ F n+2m+4
k+2m+7 (Tz)⊕F n+2m+4

k+2m+8 (Tz)⊕ · · · ⊕F n+2m+4
n+2m+l+6(Tz)⊕C l+2,γ(Ω0). This

yields that div((K̃(x)− K̃(0))∇ξ1) ∈ F n+2m+8
k+2m+10(Tz)⊕F n+2m+8

k+2m+11(Tz)⊕· · ·⊕F n+2m+8
n+2m+l+8(Tz)⊕

C l,γ(Ω0) and so on. Hence we can find ξj for j = 1, · · · , n+ l − k + 1 satisfying

−div(K̃(0)∇ξj) = div((K̃(x)− K̃(0))∇ξj−1) in Ω0; ξj = 0 on ∂Ω0

and

ξj ∈ F n+2m+4j
k+2m+5j+2(Tz)⊕ F n+2m+4j

k+2m+5j+3(Tz)⊕ · · · ⊕ F n+2m+4j
n+2m+4j+l+2(Tz)⊕ C l+2,γ(Ω0).

In particular, ξn+l−k+1 ∈ C l+2,γ(Ω0). Finally, we solve h ∈ C l+2,γ(Ω0) satisfying

−div(K̃(x)∇h) = div((K̃(x)− K̃(0))∇ξn+l−k+1) in Ω0; h = 0 on ∂Ω0.

Denote ξ =
∑n+l−k+1

i=0 ξi+h ∈ F n+2m
k+2m+2(Tz)⊕F n+2m+4

k+2m+7 (Tz)⊕· · ·⊕F
n+2m+4(n+l−k)
n+2m+4(n+l−k)+l+2(Tz)⊕

C l+2,γ(Ω0). One computes directly that

−div(K̃(x)∇ξ) = f in Ω0; ζ = 0 on ∂Ω0.

Thus ξ is the desired solution. For the case c being a smooth function, we can use the
same Taylor’s expansion as in Lemma 3.4 to get the result.

□

Proof of Theorem 1.4: Based on Proposition 3.5, we can use similar method as that
in Theorem 1.2 to get the expansion of Green’s function GK of the operator LK in case
that n is even, just by replacing En+2m

k+2m with F n+2m
k+2m . We omit the proof here. □

Similar to the odd dimensional case, we define the regular part of GK by HK(x, y) =
H0(x, y) for any x, y ∈ Ω and Robin’s function RK(x) = HK(x, x) for any x ∈ Ω. By
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Theorem 1.4, for any l ∈ N∗

HK(x, y) =
n+l−2∑
i=n−1

Φi(Ty(x− y)) +H l(x, y), ∀x, y ∈ Ω. (3.1)

Since Φi(0) = 0 for any i ≥ n− 1, we can get that RK is smooth when n is even, which
is summarized as follows.
Proposition 3.6. Let n be even, Ω and K be as in Theorem 1.6. Then Robin’s function
RK(·) ∈ C∞(Ω).

Proof of Theorem 1.6: Using Propositions 2.8 and 3.6, we finish the proof of Theorem
1.6. □
Remark 3.7. We give a final remark that the smoothness of K and Ω is indeed used to
obtain the smoothness of Robin’s function RK . If our aim is to get RK ∈ C l for some l,
the assumptions on K and Ω can be weakened.

Appendix

In this Appendix, we give proof of the expansion of Green’s function of LK when the
coefficient matrix K is a constant coefficient matrix K0.
Lemma A.1. Let T0 be the positively definite matrix satisfying

T−1
0 T−t

0 = K0.

Denote T0Ω = {T0x | x ∈ Ω}. Let GK0 be the Green’s function of LK0 in Ω with zero
Dirichlet boundary condition. Then

GK0(x, y) =
√

detK0

−1
Φ0(T0(x−y))−

√
detK0

−1
HT0Ω(T0x, T0y) ∀x, y ∈ Ω, x 6= y, (3.2)

where HT0Ω : T0Ω× T0Ω → R is the regular part satisfying for any y′ ∈ T0Ω{
−∆HT0Ω(x

′, y′) = 0, x′ ∈ T0Ω,

HT0Ω(x
′, y′) = Φ0(x

′ − y′), x′ ∈ ∂T0Ω.
(3.3)

Proof. For any u ∈ C2(Ω) ∩ C1
0(Ω) with f = LK0u, let ū(x′) = u(T−1

0 x′) = u(x) and
f̄(x′) = f(T−1

0 x′) = f(x) for any x′ ∈ T0Ω. Here we set x′ = T0x. Then one computes
directly that −∆ū = f̄ in T0Ω and ū ∈ C2(T0Ω) ∩ C1

0(T0Ω). From (1.4), we have

ū(y′) =

∫
T0Ω

(Φ0(x
′ − y′)−HT0Ω(x

′, y′)) f̄(x′)dx′, ∀y′ ∈ T0Ω, (3.4)

where HT0Ω : T0Ω× T0Ω → R satisfies (3.3). Using coordinate transformation, (3.4) yields

u(y) =

∫
Ω

(Φ0(T0x− T0y)−HT0Ω(T0x, T0y)) f(x) · detT0dx

=
√

detK0

−1
∫
Ω

(Φ0(T0x− T0y)−HT0Ω(T0x, T0y)) f(x)dx, ∀y ∈ Ω.

This implies that GK0 has decomposition (3.2). The proof is thus complete. □
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