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ABSTRACT. We consider Green’s function G of an elliptic operator in divergence form
Lx = —div(K(z)V) on a bounded smooth domain 2 C R"(n > 2) with zero Dirichlet
boundary condition, where K is a smooth positively definite matrix-valued function on
Q. We obtain a high-order asymptotic expansion of Gk (x,y), which defines uniquely a
regular part Hg (x,y). Moreover, we prove that the associated Robin’s function Rk (z) =
Hpg (z,x) is smooth in €2, despite the regular part Hx ¢ C*(Q x Q) in general.
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1. INTRODUCTION AND MAIN RESULTS

Our purpose in this article is to study the expansion of Green’s function and regularity
of Robin’s function for second-order elliptic operators in divergence form in all dimensions.
Let 2 C R™ be a bounded smooth domain with n > 2. Consider the following elliptic
operator:

Lru = —div(K(x)Vu),
where K = (K j)nxn is a positively definite matrix satisfying
(K1). K;; € C=(Q) for 1 <i,j <mn;
(K2). There exist constants Ay, Ay > 0 such that

M|CP < (K(2)C[¢) S Aol¢)?, Yz eQ, (eR™

Let Gk (z,y) be the Green’s function of Lx associated to zero Dirichlet boundary condition,
i.e., for any y € 2,

EKGK(JI,y) = 5y in Q,
(1.1)
Gi(z,y) =0 on 0f).

Here ¢, is the Dirac measure centered at y. Multiplying both sides of the first equation
of () by test functions and integrating on 2, we get the equivalent characterization of
Green’s function in integral form, that is, for any u € C*(Q2) N C3(Q)

u(y) = /QGK(:c,y)ﬁKu(x)dx, Yy € QL. (1.2)
1
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Here C2(2) NCZ(Q) is the space of all functions which are twice continuously differentiable
and equal 0 on the boundary 0f). The well-posedness of Green’s function Gx defined by
(L.1)) is considered in many articles. When the dimension n > 3, it is well known that
Green’s function of Lk exists and is unique, see [30]. Similar results are obtained in [25]
when the dimension n = 2. More results can be found in [9, 15, 20, 22, B1, B5] for instance.

The asymptotic expansion of Green’s function of Lk, meanwhile, has also been widely
concerned in recent decades. The understanding of the expansion of Green’s function plays
an essential role in many fields, especially in the study of concentration phenomena for some
fluid mechanics models and semilinear elliptic equations, see, e.g., [3, 4, b, 12, 1§, B3, B6, BY].
For many concentration phenomena, the location of possible singularities of solutions is
always determined by the corresponding Green’s function, and the solutions are always
perturbations of Green’s function. A typical example is the construction of concentrated
vortex solutions to two dimensional, three dimensional axisymmetric and three dimensional
helical symmetric incompressible Euler equations. For planar Euler equations, one always
gets concentrated vortex solutions by solving an elliptic problem

—Au=Af(u) in; uw=0 on 09,

and proving the asymptotic behavior of solutions uy as A tends to infinity, see e.g., [4, B,
11}, B2, B4]. The limiting location is determined by the Kirchhoff-Routh function (see [29]),
which is a combination of Green’s function of —A and the corresponding Robin’s function.
For the construction of concentrated vortex solutions to 3D axisymmetric Euler equations
(called vortex rings) and 3D Euler equations with helical symmetry, corresponding elliptic
operators appeared in elliptic problems are —ﬁdiv(a(m)V) and —div(Kg(z)V) for some
positive function a and positively definite matrix Ky respectively, see e.g., [6, [1, 12, [14, 1§].
When constructing a family of vortex solutions concentrating near several points, one
always need to use the asymptotic expansion of the corresponding Green’s function for
these elliptic operators. Another example is the construction of bubbling solutions to the
following anisotropic Emden-Fowler equations in dimension two

div(a(x)Vu) + a(r)e” =0 in Q, u=0 on . (1.3)

[B8] constructed a family of boundary bubbling solutions by using the asymptotic expansion
of Green’s function of the operator —ﬁdiv(a(m)V). See also [B7]. Note that both in the
construction of vortex solutions of incompressible Euler equations and in the construction of
bubbling solutions of the above elliptic equations, the C! regularity of the corresponding
Robin’s function is necessary when constructing concentrated solutions by perturbation
arguments, see [b, 8, B7] for example.

The most common case is K = Id,,«,, i.e., the identity matrix of order n, and then the
operator Ly is the standard Laplacian. In this case the associated Green’s function Gy,
of —A in a domain Q with Dirichlet condition is of the decomposition (see [20])

Gra(7,y) = Qo(r —y) — Ho(w,y), (1.4)
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where ®g is the fundamental solution of —A defined by

— L log ||, for n = 2;
bo(a) = { 3 o8 (15)

m|l’|27n7 for n Z 3,

with w, the Lebesgue measure of the unit ball in R”, and Hg, is the regular part of G4
satisfying for any y € €2

{ —AHg(z,y) =0, z €9, (1.6)

Hq(z,y) = ®o(z —y), 1z €00

Clearly Hg is a function determined by . Moreover, Hq is smooth and symmetric in
Q xQ, ie, Ho(x,y) = Hq(y,z). Thus Ro(x) = Hq(x,x), called the Robin’s function, is
smooth in €.

When K is a positively definite constant coefficient matrix K, we can also get explicitly
the expansion of associated Green’s function. Let T be the positively definite matrix
satisfying

Ty ' Tyt = Ko,
where T, is the transpose of 75", Denote TyQ = {Tyx | # € Q}. Using the coordinate
transformation (see Lemma in Appendix), we find that Green’s function G, of L,

has the decomposition

-1 -1
Gry(z,y) = Vdet Ky Oo(To(z —y)) — v det Ko Hrpyo(Tow, Toy) Va,y €Q, x #y,
where Hr,q : T2 x To2 — R satisfies for any y' € T({2

_AHTOQ<IJ’ yl) - Oa l’l < TOQ7
Hrpo(2',y) = ®o(a' —y'), 2’ € 01,0

Clearly the corresponding Robin’s function Rpq(z) = +/det KO_IHTOQ(TQ.I,TOQZ) is also
smooth in €.

When K is a matrix-valued function rather than a constant coefficient matrix, the situ-
ation turns out to be less clear. If K is a diagonal matrix with the same diagonal elements,
i.e., K(-) = a(-)Idpxn for some positive smooth function a, [26] constructed the expansion
of Green’s function and proved the smoothness of the corresponding Robin’s function. For
any [ € N, it was proved in [26] that Green’s function G, of —A, = —ﬁdiv(a(x)V) has
the high-order expansion

n+l—2
Ga(z,y) = Po(x — y) + Z Orp(z —y) + H (z,y) in QxQ,
k=1
where H!(z,y) € C*(Q x Q), see also [37]. An interesting phenomena is, for any n > 2
if Va(y) # 0, then x — H?(x,y) does not belong to H*(Q) since —A,HY(z,y) ¢ L*().
However, HO(z,x) is smooth in €, see Proposition 2.7 in [26]. For the case K being a
general positively definite matrix-valued function, it follows from [[7] that Green’s function
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Gk of the operator —div(K (z)V) has the following structure when n = 2 (see [7], theorem
1.2)

Grlry) = R VCRY g (LD ) s e, )

where T, is a positively definite matrix satisfying 7717 1) = K(x) for x € Q, Sk €
C*"(Q x Q) for all v € (0,1) and Sk(x,y) = Sk(y,x) for z,y € Q. See also [6]. This
implies that the regular part Sk of Gk is just C%7, not smooth. Note that (i) does
not give us a high-order expansion of Green’s function G (x,y), nor proves whether the
corresponding Robin’s function Sk (z,x) is smooth. For the dimension n > 3, such results
are also unknown for our knowledge. In this article, we intend to study this aspect. For
the cases that dimension n > 2, we construct a high-order asymptotic expansion of Green’s
function G of (), which permits us to define uniquely a regular part Hx. Then we
prove the smoothness of the corresponding Robin’s function R (x) = Hg(x,z). We find
that Ry € C*(9), although Hx does not belong to C'(Q x Q) in general. Note that the
fundamental solution of —A for n = 2 has a logarithmic term, which is different from that
of n > 3. Therefore, we get results by dealing with the odd and even cases of n separately.
Before stating our main results, let us first introduce some notations. Let n > 2 and
define T, a C'*° positively definite matrix-valued function determined by K satisfying

YT = K(x) VzeqQ. (1.8)

xT x

Clearly such T, exists and is unique (see for example, [21]). For any multi-index oo = (o;) €
N" and = € R", we denote |a| = Y "" | a; and z® = II?" ;2. For any k € N*,m € N, we
define a linear space E’Zi;m as follows

Definition 1.1. Given k£ € N*, m € N, denote
«
2 x
E]ZLIQ:; = sSpan {W | |a| = k4 2m,a € Nn} ,
where r = ||z|| is the classical Euclidean norm of z.

Our first result is on the expansion of Green’s function of () when 7 is odd.

Theorem 1.2. Let n > 3 be odd and v € (0,1) be an arbz’tmry constant. Then for any

I € N, there exists a unique ®; € E;f;gz(?ll 1 fori=1,--- n+1—2 depending on y €

and H'(z,y) = H.(z) € C (Q,C™ Q)N C’Z(Q x Q) such that

n+l—2

y) = vdetK(y)ilq)o (Ty(z — Z D, ( y)) + H'(z,y) in Q x Q.

Remark 1.3. Note that from Theorem @, each term in the expansion of Green’s function
Gk is determined by @ (T,(x —y)), which is different from the term ®;(xz — y) in the
expansion of Green’s function of —A and —A, = —ﬁdiv (a(x)V), see [20, 26]. However,
if we choose K to be Id,y, and ald,,, the expansion of Gg in Theorem

with the classical results in [20, 26].

2 coincides
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Concerning the cases with even dimension, since the fundamental solution of —A in
dimension two is —%log|.’17|, we need to introduce some notations about singular and

™

logarithmic terms. Let n € 2N* k € N*,m € N and Egjj;f be defined as in Definition
. Let R[z] be the set of real polynomials with variables z;. When k > n, we denote by

E;i;:;s the singular set of E}f)™ ie., Eﬁ'gﬂ"js = B2\ R[z]. Denote
L,, =span{z®logr | |a| = m,a € N"}.

We define F"2™ as

k+2m
n+2m
Fn+2m _ Ek+2m k < n,
k+2 - +2m,
+am E]Z+2:nns S Lk:—n k Z n.

When the dimension n is even we have the following result concerning the expansion of
Green’s function.

Theorem 1.4. Let n € 2N* and v € (0,1) be an arbitrary constant. Then for any |l € N,

there exists a unique ®; € Frt2(2i-1)

242(2i1) fori=1,--- n+1—2 depending on y € ) and
H'(z,y) = H.(z) € C (Q,C™ (Q2)) NCHQ x Q) such that

n+l—2

Gilr,y) = VAXK(y) '@ (Tyfa—y)) + Y @ (Tylo—y) + Hiwy) inGx 0.

Remark 1.5. Compare with Theorem , the only difference is ®; € 2121(2222_@1—)1)7 rather

than E"72%~D - Note also that when taking n = 2 and [ = 0, Theorem @ yields that

i+2+2(2i—1)
—1
Gr(z,y) = Vdet K(y) Po(T(z —y)) + H(z,y),

where H°(z,y) € C%(Q x Q). This expansion coincides with () in [[7], since in this case

-1 e x ! e '
Sic(,y) = HO(e,y)+ /AU K () @o(T, (a—y))— VL VLKD) g (LT )
belongs to C%7(Q x Q).

Our last result is on the smoothness of Robin’s function, regardless of the parity of n.
Let us define the regular part of Gk and the associated Robin’s function Ry

HK(m7y) = HO(Iay) Vl’,y € Qa

Rk (x) = Hg(xz,x) Yz € Q.

It follows from Theorem @ and Theorem [1.4 that Hx € C (Q,C% (Q))NC (2 x Q). Note
that this regularity is optimal since generally Lx Hp (-, y) ¢ L*(2) and thus Hg(-,y) does
not belong to H%(Q) for n > 2. However, we have

Theorem 1.6. Letn > 2 be an integer, €2 be a bounded smooth domain and K be a positively
definite smooth matriz-valued function in Q. Then the Robin’s function Ri(-) € C*°(9Q).
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Remark 1.7._Note that for n = 2, it is proved in [[7] that Green’s function G has a
structure (@), where the regular part Sk belongs to C%7. Since Sk (x,z) = Rg(z) for
any x € €, using Theorem [L.6, we actually show that Sk (z,z) is not just C%?, but smooth
indeed, which improves the regularity results of the regular part Sk (z,z) in [6, [7].

Remark 1.8. We give a remark about some applications of our results.

Example 1. As mentioned earlier, when n = 2 and K (-) =_a(-)Idax2, [37, B8] constructed
bubbling solutions of anisotropic Emden—Fowler equations () by using Lyapunov-Schmidt
reduction method. The key is to use the high-order expansion of Green’s function of the
operator —ﬁdiv(a(m)V) and the C' regularity of Robin’s function. For K in general,
it is possible to construct bubbling solutions of the following Emden—Fowler equations in
divergence form

div(K(z)Vu) +e%“ =0 in Q, u=0 on 99,

by using the expansion of Green’s function and the regularity of Robin’s function in The-
orems @ and [1.6.

Example 2. The study of the Green’s functions of the Laplace-Beltrami operators in a
complete Riemannian manifold is also a classical problem in geometric analysis and partial
differential equations. Let (M, g) be a complete Riemannian manifold with metric g = g,
and (z1,--- ,x,) be its local chart. The Laplace-Beltrami operator for a smooth function
¢ can be written as (using the Einstein notation for repeated indexes)

1 .
m@‘ ( det gg”@w) )
which is an elliptic operator in divergence form in local charts. When M is a compact
manifold with or without boundary, the existence and lower and upper bounds of Green’s
function of A, can be found in [L, 23]. When M is a non-compact manifold without
boundary, the existence and the number of critical points of Green’s function of A, are
proved in [16, 28]. However, to our knowledge there are few results showing the expansion
of Green’s function and the regularity of Robin’s function like Theorems @, and .
Using our results, it is possible to study the qualitative analysis of bubbling solutions of
several kinds of elliptic equations on manifolds. For more results, see, e.g., [2, [10, 13, 17].
Example 3. Another related problem is the expansion of fundamental solutions for a
second-order elliptic operator with analytic coefficients, see [19, 24]. For n > 2, let

£ = Aijaij + bﬁz + C,

where A;j, b;, ¢ are analytic in the unit ball By C R™ and A(-) is a positive symmetric
matrix-valued function in B;. Given an open set U C B; which contains the origin, a
function u € L}, .(U) is a fundamental solution for the operator £ in U if Lu = § in U in
the distributional sense, where § is the Dirac delta distribution. Recently, [19] constructed
explicitly an expansion of the fundamental solution of £ in homogeneous terms (homoge-
neous polynomials divided by a power of |x|, plus homogeneous polynomials multiplied by
log |x] if the dimension n is even), which improves the classical results of [24, 27]. Note that

the expansion of Green’s function in Theorems and are different from the expansion

Ay =div, (Vyp) =
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of fundamental solutions in [19]. It is interesting whether one can use the method in [19]
to construct the asymptotic expansion of Green’s function of —div(K (z)V).

The paper is organized as follows. In section 2, we prove the expansion of GG when

n is odd. By similar strategy we prove the even dimensional case in section 3. Based on
Theorem @and , we finish the proof of Theorem at the end of section 3.

2. ODD DIMENSIONAL CASE

Now we begin to prove the expansion of Green’s function G'x of (@) when n > 3 is odd.
For any subset A; in a vector space V', we denote Ao+ Ay +---+ A4, = {>°0_jv; [ v; € A;}.
We write Ag @ A @ --- @ A, when the sum is direct. For any [ € N, 2l < k +2m, we define

rn+2m72l

E?If&”z = Spaﬂ{m— |lal=k+2m —2l,a € N“}.

Note that from Definition , for any k£ € N*| E,’jggf € L} (R") and for any m € N,
i,j €N i

B, 0 Effy = {0}
Moreover, for any m,i € N*

n n—+2 n—+2m
E; ;Cthjé ;Ct """ ;C¢E1++2m
and for any k € N* m, 1 e N2(I+1) < k+2m

n-+2m C n+2m
Ek+2m,l+1 Z= Ek+2m,l :

Using algebraic construction, we first show that E,?ng is contained in A(Ezjg;’; ) for
any k € N*.m € N.

Lemma 2.1. Let n be odd. Then for any k € N*, m € N
En+2m g A(En+2m )

k+2m k+2m+2
That is, for any f € E}[3", there exists g € Eff3M. . such that Ag = f.
Proof. Note that E[3m = 37 _ooyiom Eptam,. Given f(z) = —te—s € Ejf2m, with
la| =k +2m —20 >0, let §(x) = r*f(z) = Zmw—am € EZIQQTZZHJH. Then using the fact
that x - V(2°) = |8|2°, VB € N, we obtain

¢ Az®
<Tn+2m—2(l+1)> - ynt2m—2(1+1) +2(20+2—n—2m)(|la| +1-m)f.

Ag = A

Since n is odd, 2l +2 —n —2m # 0. Since k > 1, |o| +1 —m = k%w > (. Thus
2(2l +2 —n —2m)(|la| + 1 —m) # 0, which implies that
1
AG —
ST 2—n—am)(ali—m) 7
B 1 Az®
220+ 2 —n —2m)(|al + 1 — m) rrt2m=20+1

(2.1)

n+2m
y € By omit-



8 DAOMIN CAO AND JIE WAN

From (@), we know that if a function f € E,?ﬁgl, then f — 2(2l+2—n—2}n)(|a\+l—m) Ag €
E,?IQQ;I”JH. In the case |a] < 1, we already have 2(2l+2_n_271ﬂ)(|a‘+l_m)Ag —f =0, ie.,

a solution. If |a] > 1, then we can construct g by decreasing

1 _ .
20l 2—n—2m)(ajri—m)J 18
induction on |«/|, that is, using (@) repeatedly to construct the solution g. To be precise, by

(R.1)) there exist gy € Eyf3r ., and fi € Ef3" | such that f = Agy + fi. For fi, using

(R.1]) again there exist go € EZI;Z‘JFZHQ and fy € E,figﬁlw such that f; = Age+ fo. Thus by

a recursive method there exist g; € EZigxw,Hj and f; € E,ZIQQZJJH forj=2,--, [gJ +m—I

such that f;_1 = Ag; + f;. Note that when j = |4] + m — [, the index of the numerator

of fL%Hm—l is 0 or 1. Thus by (R.1]) there exists 91k j+m—ts1 € EZI§$+2,L§J+m+1 such that

E | fm—
f[§j+m—l = A9L§J+m—l+1' Let g = Z}ijﬁ o gj, then g is a solution. Therefore, we prove

the existence of g € Egﬁx o such that Ag = f.

g

Remark 2.2. One computes directly that A(E; ™ ) C EZF2m . Thus the above lemma
shows that for any £k € N*, m € N

n+2m n+2m n+2m-+2
Eiom € A(Egomes) © Epioms.

Moreover, the function g constructed in Lemma @ is indeed unique. Let g € E}f;™

such that Ag = 0. Since n is odd, g cannot be in E]"™™\{0} for any | € N*. Thus the
uniqueness of g holds.

Let z € Q1 be fixed and T, be the positively definite matrix defined by (@) We define
a linear space

Byl (T:) ={foT. | f € By}

Clearly, E?*Qm(TZ)ﬂE?LQnT (T.) = {0} forany m € N, i, 5 € N* i # j. A direct consequence
of Lemma H is

Lemma 2.3. Let n be odd and z € ) be fized. Then for any k € N*, m € N
Eifm(Te) © —di( K (2)V) (B o(T2).

k+2m
That is, for any f € E,ZIS;?(TZ), there exists g € EQIQQHTH(TZ) such that —div(K(2)V)g = f.
Proof. For any f € EZf2"(T.), we can find fe Epfom such that f = foT,. Hence by
Lemma P.1|, there exists g € E,?ﬁ:r’f o such that —Ag = f . Let g = goT,. One computes

directly that g € Epfym ,(T.) and —div(K(2)V)g = f. O

Using Lemma @, we can solve elliptic equations in divergence form with constant

coefficient matrix K(z) when f € Ef2m(T).

Lemma 2.4. Let n be odd and z € Q be fived. Let Sdy be a bounded smooth domain
in R™ containing the origin 0 and ¢ be a smooth function defined on Qy. Then for any
ke N*m,leN, fe E,?ng(Tz), there exists

g€ E”;:’:2277:LL+2(TZ) b EQI;ZLH(TZ) ©---D EZZI%%;(TZ) D Cm(ﬁo) (2-2)
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such that
—div(K(2)Vg) =c(z)f inQo; g=0 on 0.

Moreover, the expansion of g is unique.

Remark 2.5. If k > n+1—1, we just think of B2 (T.) @ E}w o(T.)®- - @ EEm (1)
as {0}.

Proof. For x € R", we denote the operator [z-V] = >""  2;0;. It follows from the Taylor’s
formula that

1
1 . . m/ (1 . t)nJrlfk[x . V]nJrlkarlc(tm)dt.
_ ' Jo

Thus one has

c(2)f € Bifm(T) & Bifon(T) & - @ Epign (T) & C7(Qu).

Using Lemma @, we get the existence of g1 € EF" (T.) ® EFfyN o(T.) @ -+ @
Erm o (T.) & C'27(Qp) such that —div(K(2)Vg1) = f. Since the trace of any func-
tion in E}**™(T.) on 0% is smooth, there exists a function go € C*() such that

—div(K(2)Vgs) = 01in Qg and go = g3 on 9. Note that E' 2" (T)SEM"., ,(T.) C
C'(Qy), we conclude that g = g; — g is the desired solution. The uniqueness of the de-
composition of g follows directly from the maximum principle and the fact that the sum
in (@) is direct.

0

Based on Lemma @, we can extend results of Lemma @ to the case of operators
—div(K(z)V), when the coefficient matrix satisfies K(0) = K (z).

Proposition 2.6. Let n be odd, z € §Q, o and ¢ be as in Lemma . Let K €
C>®(Q, R™™) be a positively definite matriz-valued function with K(0) = K(z). Then

forany ke N* . m,leN, fe Egign";(Tz), there exists

n+2m n+2m n+2m+4(n+l—k—2 e}
¢e Ekjme(Tz) © Ekﬁmﬁ(TZ> &0 Eni2m—tl-i(-4?;t+l—k—)2) (T%) & ! 7($20)

such that

—div(K(z)V() = c(x)f inQo; (=0 on 0.
Moreover, the expansion of ( is unique.
Remark 2.7. If k > n + 1 — 1, we just think of E'T2™ (T,) @ B2 T) @ --- @

( : k+2m—+2 k+2m~+7
n+2m~+4(n+l—k—2
En+2m+l+4(n+l—k—2)(TZ> as {0}

Proof. Consider the case ¢ = 1. To find a solution (, let us first construct a sequence
{Cj}?ié_kﬂ by iteration. Let (y satisfy
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It follows from Lemma @ that

Co € BEam o(T.) @ B (1) @ - @ B, o (T2) & C727(Q).

Thus using Taylor’s formula, we have

n

div((K () = K(0))V¢o) = > (Kij(w) = Ki5(0))0560 + Y 0:Kij()9;¢0

ij=1 ij=1
€ Epfomis (1) @ Bt (L) @ - @ Bt (1) @ OV ().

Let (; satisfy
—div(K(0)V() = div((K(z) — K(0))V{) in Qo: & =0 on 9.
Using Lemma @ again, we obtain

G € Bz (To) ® Binf(T) & - & Byl (T) @ O (o),

which implies that

div((K(x) — K(0))VG) € B (1) @ Bty (1) @ - & B o(Th) & € ()

and so on. Thus by a recursive method we conclude that there exists ¢; for j =1,--- ,n+
Il —k+1 with

—div(K(0)V¢;) = div((K(x) — K(0))V¢_1) in Qy; ¢ =0 on dQ (2.4)
and

n+2m+4j n+2m+4j n+2m+-4j +2v (O
G € Epyomisio(T2) @ By o is]a(Te) @ @ By o i (1) @ C 27(Qo).

In particular, C,4;—rr1 € C'27(Qp). Finally, we solve
—div(K (2)Vh) = div((K(z) — K(0))V{pi—ks1) in Qo; h=0 on 9. (2.5)

By the classical theory for elliptic equations, h € C**27(Q).

Denote ¢ = Y " G+h € Bl (T B mtH(T)a- @B i (T)8

— 2m+-2
C*27(Qp). By (@), (@) and (@L), using direct computation we get

—div(K(z)V() = f inQy; (=0 on 0%.

n+2m+4(n+l—k—1) n+2m+4(n+l—k) e .
Note that E 5 o k1)1 (1) © B on iatnrimyriio(T:) € C7(€), therefore ¢ is

the desired solution. For the case c¢(x) being a smooth function, we can use the Taylor’s
expansion as that in Lemma to get the result. The proof is thus finished.
O

We are now able to prove the expansion of Green’s function when n is odd.

Proof of Theorem : We extend K(z) : Q — R™" to a positively definite smooth
matrix-valued function in R™. This can be done since (2 is smooth. For any w € €2, define
Qy={r—w|zeQ}and T,(Q) = {Ty(x) | x € Q}. By the positively definiteness and
smoothness of K, we can choose M > 0 sufficiently large such that T,,(£2,) C By (0) for
all w € Q.
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Now we give the expansion of Gg(x,y). Note that &y € EZ. For fixed y € €2, we define

= y/det K(y)flcbooTy € E3(T,). Then direct computation yields that —div(K (y)V®y) =
do. Consider solutions ¢, of the following equations

{ —div(K, (2)V¢,) = div((K,(z) — K(y))V®), € Bu(0), (26)
Cyzo, JZGaBM(O), ’

where the coefficient matrix K, (-) = K (-+y). By assumptions, we have K, € C*(B,;(0), R™*")
and K,(0) = K(y). Moreover, one computes directly that for any [ € N

div((K,(z) — K(y))Vd) € E3*(T,) © Ey*(T,) @ --- ® Ef3,,(T,) @ C (Bu(0)).
Therefore using Proposition @ with z =y, Qo = By(0) and K= f(y, we get the unique
solution ¢, of @) such that

n+l—2

gy: Z (i)z"‘h

i=1

n n n+2+4(n+1—3 AN
€ B2(T,) @ B S(T,) @ -~ @ Bl ot i) (T,) @ C¥(Byr(0)),

where ®; € Egi+2+4(i_1)(Ty) fori=1,---,n+1—2and h € C"(By(0)).
Define n,(x) = Gg(z,y) — ®o(x —y) — (y(x — y) for any = € Q. It follows from the
definition of G that

EKGK(x>y) = 5y7 YIS Q; GK(xay) = Oa YIS aQ?

which implies that for any x € Q)

Licny (@) =div((Ky(z) = K (y)) Vo) (x — y) + div(K,(2) V) (x — y) = 0. (2.7)
Here we have used_@ Note that @) also holds in sense of distribution. Thus by Weyl’s

lemma, 7, € C*°(12) since it is smooth on 0. To conclude, we have

n+l—2

Gr(r,y) = Po(z —y) + > Pilz —y) + H'(z,y), (2.8)

i=1
where ®; € Egi+2+4(i_1)(Ty) fori =1,--- ,n+1—2and 2 — H'(z,y) € C"(Q). Define
o, = d; 0 T, ' e EZHGD This combined with (@) yields the expansion for G (z,y)

n+l—2

r,y) = VAt K(y) @o(Ty(w—y) + > (T, (x —y)) + H'(x.y).

i=1

where z — H'(z,y) € C*(Q).
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We now prove the regularity of H', i.e., H'(z,y) = H.(z) € C (Q,C" (Q)) NC (2 x Q).
Indeed, from the above construction of G, we know that H'(z,y) satisfies for all y € Q

n+l—2
LxH' (x,y) =LxGk(x,y) — LxPo(z —y) — Lk ( Z O, (x — y))

=1

:&v“K@)—K@DV@@%—m)+&VGH@V<}j@Wx—@))

i=1

n+2+4(n+1—3 n+2+4(n+1—3 = AN
e T (T @ —y) @ BN (1) (@ — y) & OV (Bu(0)(z — y).
(2.9)

n+2+4(n+1—3 n+2+4(n+1—3
Here we denote BT 70 (D) (x —y) = {f(x —y) | f € Bl (T,)} and

CY(By(0))(z—y) = {f(x—y) | f € CY(Bun(0))}. Moreover, it follows from Gg(-,y) = 0
on 0f2 that

n+l—2

A A

H'(z,y) = —Po(z —y) — »_ Pi(z—y) =z €0
i=1
By the continuity of the right-hand side of (@) and the boundary condition with respect
to y in C'"%7(Q) and C"(9RQ), respectively, we can get H'(z,y) € C(Q, C*7(Q)) and thus
8H;(;,y), 821;;(2%.@)7 . Bljgéf,y) € C(QxQ). B
Similarly, taking V, to both sides of (2.9), we can check that V,H'(z,y) € C(Q, C'=17(Q)),
which implies that 8Hl6(;’y), 8222(%’”), e 8{;5815?_"1{) € C(Q2 x Q). Moreover, we can get that
for any integer k,m with 0 < k <m <1,
0" H'(x,y)
0ykaxm7k

€ C(Qx Q).

Thus we conclude that H'(z,y) is a C* function over Q x .
O
Note that the regular part of G and the associated Robin’s function Ry are deﬁned
1.9,

Hi(z,y) = H(z,y) and Ry (x) = Hg(x,z) for any x,y € Q. Therefore by Theorem
for any [ € N*

n+l—2

1=n—1

Now we can prove Theorem when n is odd.

Proposition 2.8. Let n be odd, €2 and K be as in Theorem . Then the Robin’s function
Ri(-) € C™(Q).

Proof. For any | € N*, it follows from () that Ry (z) = H'(z, ) since ®;(0) = 0 for
any i >n — 1. So Rg € C'(Q2). By the arbitrariness of I, we get the result. O
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3. EVEN DIMENSIONAL CASE: PROOF OF THEOREMS AND

Now we prove the even dimensional case. Let n € 2N*. Clearly from the definition of

E}T2ms we have Epfsm = BT 7™ @ Rlz] for any k > n,m € N. For L,,, we first have

Lemma 3.1. For any m € N, L,, € A(Ly42 @ Rz]).

Proof. We prove it by a direct algebraic construction. Let [ € N, 2l < m, and L,,; =
span{z®r? logr | |a| =m — 21}. Then Ly, = Yy <y Lmg- For f =27 logr € Ly, let
g =1’f ¢ L4241, then one computes directly that

Agp = logrA(z®) + (2|al +n + 41+ 2)z*r* + (20 + 2) (20 + |a| +n) f.

Let go be a polynomial with order m + 2 satisfying Agy = (2|a| +n + 41 + 2)x°r?. Since
(21+2)(2l+|a|+n) > 0, we find that there exists g3 = WM(@ —g2) € Lo ®R[z]
such that

1
Ags — f = r? 2 log rA(x®) € Ly 1.
9:—f (20 +2) (20 + |a| +n) grae?) s
Thus we can get the result by decreasing induction on |«|. U
Let us define
Eram B k<n,
htam Fri2m g Rlz] k> n.

Similar to Lemma @, using the definition of F; 5122721 and E,ZIQQ:; , we get
Lemma 3.2. There holds

Ertim C A(EEm,) Vke N meN.

Proof. If k < n — 2, then Epf2m = Epi2m Epim = prt2m - The results follows from
Lemma P.1].

When k=n—2orn—1,let f € E}m with 0 <[ < 2=2E2m Jf | < D=242m e cap

repeat the construction in Lemma with decreasing induction on |a| to get the results.
The only case that we need to pay attention to is 2 = n — 2 + 2m, i.e., f = f,—; with
la| =k —n+2< 1. Let g = 2%logr € Ly_nis C EJT3™ .. One computes directly that
Ag = (2|a|+n—2)f. Note that 2|a|+n—2 > 0 for n > 4. For n = 2, only the case |a| =1
occurs since k > 1. Thus 2|a| +n — 2 # 0 and we get the results.

For the case k > n, if f € L;_,®R][z], the result is shown by Lemma @ Let f € Eﬁ'gn";l
for some 0 < 2] < k+2m. If 21 < n—2+42m, we can get the result by decreasing induction
on |a]. If 21 > n+2m, then f is a polynomial with order k—n. So there exists a polynomial
g € Rlz] C E,’:ﬁn’zﬁ such that Ag = f. It remains to solve the case 2l = n — 2 + 2m, i.e.,

f= f—g with |a] =k —n+ 2. Let go = 2“logr € Lyyo_,,. Then
l.OC
Ago = (2la) +n — Q)ﬁ +logr x A(x®),

which implies that A(mgo) — f € Lg_y. Since Ly_,, € A(Lg_pnio @ R[z]), we get the
existence of g € R[x] C E’Zig;ﬁf ', such that Ag = f.
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U
Let z € Q be fixed and T, be the positively definite matrix defined by (@) We define

Frfgn (L) = {foT. | f € FI5mys ERSn(T) = {fo L. | f € By5m}

A direct consequence of Lemma @ is
Lemma 3.3. Let n be even and z € ) be fized. Then for any k € N*,m € N

Epiam(T.) € —div(K (2)V) (B (T2).

Based on Lemma @, we get the existence of solutions to elliptic equations in divergence

form with constant coefficient matrix K(z) when f € FJ/27(T.,).

Lemma 3.4. Let n be even and z € ) be fized. Let Qg be a bounded smooth domain

in R™ containing the origin 0 and c be a smooth function defined on Q. Then for any

ke N mleN, fe ngfg‘(Tz), there exists

g€ Bl o(To) @ Friam (1) @ - @ Erfge (1) @ CY ()
such that
—div(K(2)Vg) = c(x)f inQy; g=0 on 0.
Moreover, the expansion of g is unique.

Proof. Using Taylor’s formula, we have

c(x)f S Fl?jfg(Tz) D F£:22nT+1(Tz) DD Fﬁfgﬁﬂ(Tz) S Clﬁ(ﬁo)’

By Lemma @, we get the existence of gy € B (T.)®ER " (1)@ - @B o (T.)®
C27(Qp) such that —div(K(2)Vg1) = f. So g1 € Fipm o(T.) & Fm o (T.) & -+ &
Erim o(T2) @ CT27(Qp). Let go € C(Qp) be a function satisfying —div(K (2)Vgs) =0

in Qy and go = g1 on 9. Since F2m  (T.) & Firiom., o(T.) € CH(Q), we conclude
that ¢ = g1 — go is the desired solution.

g

Then, we further extend results of Lemma @ to elliptic operators in divergence form,
which is close to —div(K (z)V) near the origin 0 when n is even.

Proposition 3.5. Let n be even, z € 2, g and c be as in Lemma . Let K €
C*®(Q, R™™) be a positively definite matriz-valued function with K(0) = K(z). Then for

any k e N* m,l €N, [ € F,?:Q%;”(Tz), there exists

n—+2m n+2m n+2m+4(n+l—k—2 =
€ ij22m+2(Tz) b Fkﬁmﬁ(Tz) & Fn+2m+lJ£4(n+lfkf)2) (Tz) @ CM(QO)

such that
—div(K(z)VE) = c(z)f inQy; €=0 on 0.

Moreover, the expansion of ¢ is unique.
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Proof. The idea is similar to the proof of Proposition @ and we prove it here just for
completeness. Consider the case ¢ = 1. To find a solution &, we construct a sequence
{ﬁj}?ié_k“ by iterating as follows. First, let &, satisfy

—div(K(0)V&) = f in Qp; & =0 on 9.
It follows from Lemma @ that
fo € Fitam o (Te) @ Fim (T @ -~ @ R L, @ C727(Qy),

from which we deduce,

n

div((K(z) — K(0)V&) = Y (Kij(x) — Kij(0)):6 + > 0:iKi(x)0560

i,j=1 ,j=1
S Fl?i22nT—§—+54(Tz) ® F£j22$:64(TZ> DD FSEWTLL(TZ) D CZ’NﬁO)-

Let & satisfy
—div(K(0)V&)) = div((K (z) — K(0)V&) in Qp; & =0 on 9.
By Lemma @, & € ng;g‘jf(Tz) O F N T @@ Friymit (1) @ C'27(Qyp). This

yields that div((K (z) — K(0))V&) € Fiipmt (1) & Fligm S (T @ - - @ From s (T.) &
C'7(€) and so on. Hence we can find &; for j = 1,--- ,n + 1 — k + 1 satisfying

—div(K(0)VE;) = div((K(z) — K(0))V&_1) in Qo; & =0 on 99
and

n+2m-+47j n+2m-+475 n+2m-+475 +27(0O
53’ € Fk+2m+5f+2(TZ) © Fk+2m+5jj+3(Tz) ©--- D Fn+2m+4j+l+2(TZ) o 7(QO)-

In particular, &,y k11 € C'27(Qp). Finally, we solve h € C*27(Qy) satisfying
—div(K (2)Vh) = div((K(x) — K(0))V&u—re1) in Qy; h =0 on 9.
Denote é— _ Zfl+l7k+1 gl + h c Fn+2m (Tz> D Fn+2m+4(Tz) D - @Fn+2m+4(n+l_k) (TZ) @

~ 5 =0 k+2m+2 k+2m—+7 n+2m+4(n+l—k)+14+2
CH27(Qp). One computes directly that

—div(K(2)VE) = f inQy; ¢ =0 on dQ.
Thus ¢ is the desired solution. For the case ¢ being a smooth function, we can use the

same Taylor’s expansion as in Lemma to get the result.
O

Proof of Theorem : Based on Proposition @, we can use similar method as that
in Theorem to get the expansion of Green’s function G of the operator Ly in case
that n is even, just by replacing B} with F}'/"". We omit the proof here. O

Similar to the odd dimensional case, we define the regular part of Gx by Hg(z,y) =

H%z,y) for any z,y € Q and Robin’s function Ri(z) = Hy(z,z) for any = € Q. By
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Theorem @, for any [ € N*
n4l—2
Hi(z,y) = Y (T, (x—y)+ H'(z,y), Vo,ye. (3.1)

i=n—1
Since ®;(0) = 0 for any i > n — 1, we can get that Ry is smooth when n is even, which
is summarized as follows.

Proposition 3.6. Let n be even, Q) and K be as in Theorem . Then Robin’s function
Rk () € C*(Q).

Proof of Theorem @: Using Propositions @ and @, we finish the proof of Theorem
. O

Remark 3.7. We give a final remark that the smoothness of K and €2 is indeed used to
obtain the smoothness of Robin’s function Rg. If our aim is to get Rx € C' for some I,
the assumptions on K and €2 can be weakened.

APPENDIX

In this Appendix, we give proof of the expansion of Green’s function of Lx when the
coefficient matrix K is a constant coefficient matrix K.

Lemma A.1. Let Tj be the positively definite matrix satisfying
T, Tyt = K.

Denote TpQ2 = {Tox | x € Q). Let Gg, be the Green’s function of Lk, in Q with zero
Dirichlet boundary condition. Then

—1 —1
Gr,(z,y) = Vdet Ky ®o(To(z—y)) —/det Ky  Hpya(Tox, Toy) Va,y € Q,x # vy, (3.2)
where Hr,q : TpS2 x To€2 — R is the regular part satisfying for any y' € Ty(2

{ —AHro(2',y) =0, ' e Ty,

3.3
Hrpo(2',y') = ®o(a’ —¢/), 2’ € dTo. (3.3)

Proof. For any u € C*(Q) N C§(Q) with f = Lk,u, let u(z') = u(Ty'2') = u(z) and
flz) = f(T;'2)) = f(z) for any 2’ € T2 Here we set 2’ = Tpz. Then one computes
directly that —Au = f in TyQ and u € C*(Ty) N CA(TY). From (), we have
u(y') = / (Po(z' — o) — Hpya(2',y)) f(2')da', Vy' € ToQ, (3.4)
0
where Hr,q : ToS2 X Tp2 — R satisfies (@) Using coordinate transformation, (@) yields

u(y) = / (®o(Toz — Toy) — Ho(Tow, Toy)) £(x) - det Toda

Q
—1
=+/det K() / (Cbo(T()JJ — To’y) — HTOQ(T()ZL‘,TOy)) f(ZL‘)dZL‘, Vy € Q.
Q

This implies that Gk, has decomposition (@) The proof is thus complete. O
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