HILBERT PROPERTIES UNDER BASE CHANGE IN SMALL EXTENSIONS

LIOR BARY-SOROKER, ARNO FEHM, AND SEBASTIAN PETERSEN

ABSTRACT. We study the preservation of the Hilbert property and of the weak Hilbert property
under base change in field extensions. In particular we show that these properties are preserved
if the extension is finitely generated or Galois with finitely generated Galois group, and we also
obtain some negative results.

1. INTRODUCTION

The Hilbert property HP of Colliot-Théléene—Sansuc and Serre [5, 23] and the weak Hilbert property
WHP introduced later by Corvaja—Zannier [7] are derived from Hilbert’s irreducibility theorem
and have been studied intensively in recent years, see for example the list of references in the
introduction of [4].

It is known that if a variety X over a field K of characteristic zero has HP respectively WHP,
then so does the base change X, for any finite field extension L/K. Building on [6], the work [4]
proves that in the case of X = A an abelian variety over a number field, the same holds true (for
WHP) also in very specific infinite Galois extensions L/K.

The aim of this note is to provide a few more such base change results, which are less arithmetic
in nature but more general:

Theorem 1.1 (cf. Cor. . Let K be a field of characteristic zero, X a normal K -variety, and
L/K a finitely generated field extension. If X has HP (respectively WHP), then so does X7,.

As an application we then give a new proof of the fact that the class of varieties with HP is
closed under products (Corollary [3.5)).

Our second base change result is for field extensions L/K that are small in the concrete sense
that L/K is algebraic and has only finitely many subextensions of degree n, for every n € N.

Theorem 1.2 (cf. Cor. . Let K be a field of characteristic zero, X a mormal K-variety and
L/K a small extension. If X has HP (respectively WHP), then so does Xr,.

In fact most of our results are stated for thin and strongly thin sets rather than HP and WHP,
adding flexibility. As opposed to many results in the literature we also try to avoid assuming our
varieties are proper and smooth.

In the last section we discuss further questions regarding base change of HP and WHP and
obtain a few negative results. In particular, HP and WHP do not go down finite extensions (in a
strong sense, see Proposition , and neither “not HP” nor “not WHP” is preserved in unions
of chains, even if the extension is small (Proposition .

2. FINITE EXTENSIONS

We begin by fixing notation and definitions for this note. Let K always be a field of characteristic
zerﬂ A K-variety is a separated integral scheme of finite type over K. The degree deg(f) of a
finite morphism f: X — Y of K-varieties is the degree of the associated function field extension.
A cover is a finite surjective morphism of normal K-varieties. For a normal K-variety X, a subset
T of X(K) is thin (resp. strongly thin) in X if T C C(K) U U;_, fi(Z;(K)) for some proper
closed subscheme C' of X and a finite collection (f;: Z; — X);=1,..., of covers with deg(f;) > 1

1Some of our results for HP carry over to positive characteristic, but for WHP so far not even a convincing
definition in positive characteristic has emerged.
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(resp. with f; ramiﬁecﬂ) for each i. See [4, §2] for basics on covers. A normaﬂ K-variety X has
the Hilbert property HP (resp. the weak Hilbert property WHP) if X (K) is not thin (resp. not
strongly thin) in X. We can and will always assume that the Z; are geometrically irreducible,
since otherwise Z;(K) = (. Also note that every normal K-variety with WHP is automatically
geometrically irreducible.

The following lemma, which like many of our results in this work treats thin and strongly
thin sets simultaneously, should be considered known to experts, and we include the proof only
for completeness: For thin sets, this is precisely [23, Prop. 3.2.1], and for strongly thin sets, [Gl
Prop. 3.15] gives a proof for the case X smooth proper and T' = X (L), which we follow closely.

Lemma 2.1. Let X be a normal K-variety, let L/K be a finite extension and let T C X(L). If
T is thin (resp. strongly thin) in X, then T N X (K) is thin (resp. strongly thin) in X.

Proof. Tt suffices to consider the cases T = C(L) and T = f(Z(L)) for C a closed proper subscheme
of X; and f: Z — X a cover with deg(f) > 1 (resp. a ramified cover) and Z geometrically
irreducible. As the projection p: X — X is closed, C' = p(C) is a proper closed subset of
X, and so C(L) N X(K) C C'(K) is strongly thin in X. For the case T = f(Z(L)), we may
assume that X is affine. Then the Weil restriction Resy,/x (f): Resy/x(Z) — Resp x(XL) exists
and is a cover of K-varieties (see [22) 4.10.2] for all properties except for integrality, which is
spelled out in [8, Lemma 1.10], and normality, which can be deduced from [24] Thm. 1.3.1]). With
A: X — Resp/k(Xr) the diagonal morphism (cf. [22} 4.2.5]), the cartesian square

Resp /g (Z) <——V

RCSL/K(f)l ig
A

Resp k(X)) <=—X
gives rise to the following commutative diagram in the category of sets:

Z(L) <—— Resy x (2)(K) <—— V(K
~—X

)
fi ResL/K(f)i lg
X(L) =——Resp/x(X1)(K) (K)
The right hand square is cartesian and the composition of the lower horizontal maps is just
the inclusion, hence f(Z(L)) N X(K) C g(V(K)), and so it suffices to prove that ¢g(V(K)) is
thin (resp. strongly thin) in X, i.e. that g(W(K)) is thin (resp. strongly thin) in X for every
irreducible component W of V. As g is finite and therefore closed, we can assume without loss
of generality that g|lw: W — X is surjective. The normalization 7: W — W is an isomorphism
above a nonempty open subset W’ of W. Then h := gor: W — X is a cover and B := g(W \W’)
is a proper closed subset of X with g(W (X)) C h(W(K))U B(K). Thus it is enough to show that
h(W(K)) is thin (resp. strongly thin) in X. For this we have to check that deg(h) > 1 (resp. h is
ramified). Again we can assume that the K-variety W is geometrically irreducible. The following
diagram commutes, where p’ and p” denote the projections:

ZéRESL/K(Z)L <6;WL

fl RESL/K(f)l J/hL
1" A

Xy <-— Resr, x(X1) <——— X1

2in the sense that there exists y € Z; at which f; is not unramified, equivalently, is not étale, cf. [4, Lemma 2.4(a)]
31t makes sense to define HP also for non-normal varieties, but in order for us to treat HP and WHP simulta-
neously we restrict to normal ones.
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Asp” oA =idy, (see again [22] 4.2.5]), the map a :=p'0é: W — Z is a cover with hy, = foa.
This implies deg(h) = deg(hr) > deg(f) > 1. If f is ramified, then so is hz (cf. [4, Lemma 2.4(d)])
and thus also h. (]

3. FINITELY GENERATED EXTENSIONS

In this section we discuss HP and WHP — and more precisely thin and strongly thin sets — under
base change in finitely generated extensions.

Lemma 3.1. Let S be a K-variety with S(K) dense in S, and write L = K(S). Let X be a
normal K -variety, and let T C X(L). If T is thin (resp. strongly thin) in X, then T N X (K) is
thin (resp. strongly thin) in X.

Proof. Tt suffices to consider the case T = C(L)U f(Z(L)) with C a closed proper subscheme of X,
and f: Z — X a cover with deg(f) > 1 (resp. a ramified cover) and Z geometrically irreducible.
There is a nonempty open subscheme U of X7, \ C such that V := f~1(U) — U is étale.

After replacing S by a suitable nonempty open subscheme we can assume that S is normal, and
that Z and U extend to S-schemes & and % of finite type (cf. [15] IV.8.8.2]) in such a way that
the morphisms 2 — S and % — S are flat, separated and surjective (cf. [I5], IV.8.9.4, IV.8.10.5]).
Moreover, as Z and U are geometrically irreducible normal varieties, we can assume that all fibers
of Z — S and of  — S are geometrically irreducible normal varieties (cf. [I5, 1V.9.9.5, IV.9.7.7],
[13] T11.9.1.13)).

After again replacing S by one of its nonempty open subschemes and replacing the rest ac-
cordingly, f: Z — X extends to a finite surjective S-morphism F': 2 — Xg, and the inclusion
U — X, extends to an open S-immersion % — Xg (cf. [15, IV.8.8.2, IV.8.10.5]). Then V is the
generic fiber of ¥ := F~1(%). For every s € S we have the following diagrams with cartesian
squares.

T ! X Spec(L) YJ// Ilv [I' Spec(L)
Z, L Xk (s) — Spec(K(s)) Vs Ll Us — Spec(K(s))

Since f|y is étale, after shrinking S once more we can assume that for every s € S the morphism
Fsly,: Vs — s is étale and deg(Fs|y,) = deg(f) (cf. [I6, IV.17.7.11]). As 2 is flat over S, it
follows that the morphism F|y: ¥ — % is étale (cf. [I6, IV.17.8.2]). Finally, if f is ramified, we
can assume that Fj is ramified for every s € S [16] IV.17.7.11].

As S(K) is dense in S there exists s € S(K), and

T = (X(K)\ %(K)) U Fo(Z:(K))

is thin (resp. strongly thin) in X, so it suffices to prove that TN X(K) C T,. Let x € TN X (K).
If © ¢ %;(K) we are done, so assume = € %,(K). We prove that z € F,(Z,(K)). Let

2: 8> Xs=Xxg S, t—(,t)

be the constant S-morphism corresponding to z. The set £7(%) is open in S and contains s.
We replace S by 271(%) and can thus view # as a section &: S — % of % — S. Consider the
cartesian square

S

|

l» w
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and note that F~1(#) is a finite étale S-scheme whose generic fiber is f~1(z) and whose fiber over
s is F,7!(x). In particular, every connected component of F~!(2) is an étale cover of S. So since
f71(z) — Spec(L) has a section by the assumption z € T, also F~1(#) — S has a section, and
this implies that F; (z) — Spec(K) has a section. It follows that z € F,(2;(K)) as desired. O

Proposition 3.2. Let X be a normal K-variety, L/K a finitely generated field extension and
T CX(L). If T is thin (resp. strongly thin) in X, then T N X (K) is thin (resp. strongly thin) in
X.

Proof. Fix an intermediate field K C F C L such that F/K is purely transcendental, i.e. F =
K(A™) for some n, and L/F is algebraic, hence finite. The claim then follows from Lemma
applied to L/F and Lemma [3.1] applied to S = A", O

Corollary 3.3. Let X be a normal K-variety and L/K a finitely generated field extension. If X
has HP (resp. WHP), then X, has HP (resp. WHP).

In the special case X = A™, Proposition for thin sets can be deduced from result in the
literature on so-called Hilbert sets, see [10, Remark 11.8(b)].

In [23, problem on p. 20-21], Serre had asked whether the product of two varieties with HP
has again HP. This was positively answered in [3] by proving and applying a fibration theorem for
HP, which was improved by Luger [20] to a fibration theorem for thin sets. We now give another
proof of this product theorem by first proving a variant of the fibration theorem for HP using the
generic fiber and then combining this with Corollary

Proposition 3.4. Let p: & — S be a dominant morphism of normal K-varieties. Assume that
S has HP and that the generic fiber X of p is normal and has HP. Then 2 has HP.

Proof. Let % be a nonempty open subset of 27, and let (F;: 25 — £ )i=1,.., be a family
of covers with deg(F;) > 1 and Z; geometrically irreducible for all 7. We have to show that
% (K)\U;_, F;(Z(K)) is nonempty. After replacing % by a smaller nonempty open set we can
assume that F, ' (%) — % is étale for all i. Thus, replacing 2~ by %, we can assume the F; étale
right from the outset and have to prove that 2 (K) \ U;_, F;(Z;(K)) is nonempty. For each 4,
the generic fiber f;: Z; — X of F; is an étale cover of X with deg(f;) = deg(F;) > 1. As X has
HP, there exists a point

xe X(L)\ U fi(Zi(L)),

where L = K (). After replacing S by one of its nonempty open subsets (and replacing the rest
accordingly) = extends to a section o: S — 2 of p. Form the cartesian square

Fi,o'
Lo —> S

| L)

and note that the generic fiber of the finite étale morphism Fj, is f;'(z) and that f; !(z) —
Spec(L) does not admit a section by our choice of . Thus F; , does not admit a section. It follows
that for every i the connected components of Z; , are all of degree > 1 over S. As S has HP,
there exists s € S(K)\U;_, Fi,o(Z;+(K)). Thus o(s) € Z(K)\U,_, Fi(Z(K)), as desired. O

Corollary 3.5 (|3, Cor. 3.4]). Let X and Y be normal K -varieties. If both X and Y have HP,
so does X xg Y.

Proof. Since X has HP, by Corollary@also the generic fiber X (y) of the projection X x Y — Y
has HP. Therefore X X Y has HP by Proposition [3.4 O

By [6 Thm. 1.9], Corollary holds for WHP (and X,Y smooth proper K-varieties) instead
of HP when K is finitely generated, but the case of general K is open. Such a product theorem
for WHP would follow from Corollary [3-3]if one could prove Proposition [3.4] for WHP instead of
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HP. Even the following weaker version seems open (but see [I8, Theorem 1.3] for another form of
fibration theorem mixing HP and WHP):

Question 3.6. In Proposition [3.4] if we assume that X has only WHP instead of HP, does it still
follow that 2~ has WHP?

4. SMALL EXTENSIONS

In this section we discuss HP and WHP — and again more precisely thin and strongly thin sets
— in small extensions as defined in the introduction. A Galois extension is small if and only if
its Galois group is small in the sense that it has only finitely many open subgroups of index n
for every n € N. For example, every (topologically) finitely generated profinite group is small.
See [II, Chapter 16.10] for a discussion of small profinite groups and their relation to finitely
generated profinite groups. An arithmetically important example of a small Galois extension is
the maximal Galois extension of a number field unramified outside a given finite set of primes,
see [11 Example 16.10.9]. For a combinatorial sufficient condition for a Galois extension to have
small Galois group see [I, Proposition 2.5]. Small absolute Galois groups play an important role
in many model theoretic results, see [9].

Lemma 4.1. Let X be a normal K-variety and f: Z — X a cover of degree n. Let L/K be an
algebraic extension and let Ly be the compositum of all subextensions of L/K of degree at most n.
Then f(Z(L) N X (K) = f(Z(Lo)) N X (K).

Proof. Since X is normal, the finite surjective morphism f is universally open [I5, 14.4.4]. As
char(K) = 0, [I5, 15.5.2] therefore gives for x € X (K) that

Z [K(2): K] <n,

zEf~H(x)
in particular f~1(x)(L) = f~*(x)(Lo). Thus = € f(Z(L)) if and only if z € f(Z(Ly)). O

Proposition 4.2. Let X be a normal K-variety, L/K a small extension and T C X (L). If T is
thin (resp. strongly thin) in X, then T N X (K) is thin (resp. strongly thin) in X.

Proof. Tt suffices to consider the case T = C(L) U f(Z(L)) for a proper closed subset C of X,
and f: Z — X a cover of degree n > 1 (resp. a ramified cover). Since L/K is algebraic, there
exists a finite extension K'/K in L, a proper closed subset C’ of X+ and a cover f': Z/ — Xy
of degree n (resp. a ramified cover f': Z' — Xg/) such that C; = C, Z;, = Z and f; = f. We
will now show that
T =TNX(K')=C(K"YU(f(Z'(L))n X(K"))
is thin (resp. strongly thin) in X g/, which by Lemma [2.1] will prove that TN X(K) =T' N X(K)
is thin (resp. strongly thin) in X. Clearly C'(K’) is strongly thin in Xk, and Lemma applied
to f’ gives that
f(Z/(L) N X(K') = f'(Z'(Lo)) N X (K),

where L is the compositum of all subextensions of L /K’ of degree at most n. As Z}  is irreducible
(because even Z7 is irreducible), and in particular f7 is a cover of degree n (resp. a ramified cover,
cf. [14, IV.2.7.1]), we have that f'(Z’(Lg)) is thin (resp. strongly thin) in X,,. As the extension
Ly/K’ is finite because L/K is small, this implies that f/(Z’(Lo)) N X(K') is thin (resp. strongly
thin) in Xg by Lemma Hence T" is thin (resp. strongly thin) in Xk . O

Corollary 4.3. Let X be a normal K-variety and L/K a small extension. If X has HP (resp.
WHP), then X1 has HP (resp. WHP).

The case X = P! and L/K Galois of this corollary appears already as [I1, Prop. 16.11.1].
The proof, however, uses irreducible specializations and therefore does not carry over from HP to
WHP, which is why the introduction of [4] stated (in the special case of Galois extensions with
finitely generated Galois group) that at that point we did not know how to prove it for WHP.
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Ezample 4.4. For example, if L denotes the cyclotomic Zy-extension of QQ, and £ is an elliptic
curve over Q of positive rank, then E has WHP (as follows from Falting’s theorem, see [7]), and
thus by Corollary [4.3|so has Er. By [19] (see also [2I, Example 1.2]), E(L) is finitely generated.
This is in stark contrast with the results from [4], where, for abelian extensions M/Q, in order to
prove that Ej; has WHP we needed to assume that E(M) has infinite rank. In particular, the
results of [4] do not give that Fy has WHP.

5. COUNTEREXAMPLES

It is obvious that neither HP nor WHP is preserved in unions of chains of fields. In this final
section we discuss two other potential preservation theorems for these two properties and their
negation. Both constructions will make use of the following result for fields K that are Hilbertian
(i.e. P} has HP) and pseudo-algebraically closed (PAC, see e.g. [I1, Chapter 11]):

Proposition 5.1. Let K be a Hilbertian PAC field. Then every normal K-variety X has HP.

Proof. By a theorem of Fried—Voélklein [12], the absolute Galois group of a Hilbertian PAC field
is what is called w-free [I7, Theorem 5.10.3], and [I1], Prop. 27.3.4] gives that over an w-free PAC
field every variety has HP. O

Also Proposition below, which is a strengthening of [23] p. 20 Exercise 1], will be applied
to both our examples:

Lemma 5.2. Let g: X — Y be a smooth surjective morphism of normal K-varieties, and let
T CY(K) be strongly thin in Y. If

(a) the generic fiber of g is geometrically irreducible, or

(b) g is proper,

then T := {x € X(K) : g(z) € T} is strongly thin in X.

Proof. If T'= C(K) for some proper closed subset C' of Y, then C = g~1(C) is a proper closed
subset of X containing 7', thus T is strongly thin. It hence suffices to consider the case where
T = f(Z(K)) for a ramified cover f: Z — Y with Z geometrically irreducible. In the cartesian
square

Zxy X 27

b

x—7 .y

the fiber product Z xy X is normal because ¢’ is smooth and Z is normal. As T is contained in
F'((Z xy X)(K)), it suffices to prove that the latter set is strongly thin in X in both cases (a)
and (b).

First assume that the generic fiber g=1(n) of g is geometrically irreducible. Then if ¢ denotes
the generic point of Z, (¢')~(¢) = g7 (n) X k(y) K(¢) is irreducible. Thus as (¢') "' (¢) = Z xy X
is dominant, because it is the pullback of the dominant map Spec(K(¢)) — Z by the surjective
morphism ¢, we get that Z xy X is irreducible and thus f’ is a cover. Since f is ramified and ¢
is surjective, it follows that f’ is ramified [16] 17.7.3(1)]. Thus f'((Z xy X)(K)) is strongly thin
in X.

Now assume instead that g is proper. Let Z1,..., Z, be the irreducible components of Z xy X,
and denote by f;: Z; — X (resp. gj: Z; — Z) the restrictions of f’ (resp. g’) to Z;. Note that
fog;=go f; for every j. Each Z; is open in Z xy X because Z xy X is normal. We have to
show that 7} := [i(Z;(K)) is strongly thin in X for every j. As f} is finite, hence closed, we can
assume that f]’ is surjective, and therefore a cover. It is enough to show that f]’ is ramified. Since
g’ is smooth and proper, hence open and closed, and Z is connected, g§: Z; — Z is surjective and
smooth. In particular g} is flat (cf. [16, 17.5.1]). As f is not smooth it follows that f o g; is not
smooth (cf. [16, 17.7.7]). Hence g o f} is not smooth and f; cannot be étale, as desired. O
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Remark 5.3. In the special case where X and Y are smooth and proper over K, and T' = Y (K),
the previous lemma is implied by [6, Thm. 3.7]; we need it in the non-proper case however. By
the proof of [5, Prop. 7.13], Lemma a) holds for “thin” instead of “strongly thin”. Lemma
b) though does not hold for “thin” instead of “strongly thin”: The set T = Q*? is thin in
X := Gy, the morphism g: X — X,z — 22 is smooth, proper and surjective, but {z € X(Q) :
g(x) € T} =Q* is not thin in X.

Lemma 5.4. Let B,C C PY(K) be finite sets. There exists T € Aut(Pg) with 7(B) N C = 0.

Proof. Without loss of generality, B,C' C A(K). Choose a € Q\ (B — C) and let 7 be the
translation by a. O

Proposition 5.5. If some normal K-variety X has WHP, then K is Hilbertian.

Proof. Let (fj: Zj — Pk)j=1,..» be a family of covers with deg(f;) > 1 and Z; geometrically
irreducible for every j. Let T = U;Zl [i(Z;(K)), and let U be a nonempty open subset of P}.
We have to show that U(K) \ T is nonempty. By the Riemann-Hurwitz formula, f; is ramified
for every j. In particular, T is strongly thin in P}

As char(K') = 0, there exists a nonempty open subset X’ of X and an étale cover p: X' — V
where V' is some nonempty open subscheme of A%, n = dim(X). Let ¢: V — Al C PL be the
projection onto the first coordinate followed by the inclusion. Then (q o p)(X’) is open in P*. By
Lemma there exists an automorphism 7 of P such that 7(g(p(X’))) contains the finitely many
branch points of each f;. Let g = Togop. Note that Toq is smooth and has geometrically connected
fibers, and recall that p is an étale cover, in particular smooth and proper. By Lemma we
conclude that T := {z € X'(K) : g(x) € T} is strongly thin in X’. It follows that T is strongly
thin in X. Since X has WHP, ¢g~}(U)(K) \ T contains a point x¢, and g(zo) € U(K)\ T as
desired. O

Our first example shows that HP and WHP do not go down finite extensions. More precisely,
“not HP” and “not WHP” are not preserved under base change in finite extensions L/K, in a
strong sense:

Proposition 5.6. Let K = Q' be the mazimal totally real Galois extension of Q and let L =
Qb (i). Then every normal L-variety X has HP, but no normal K-variety has WHP.

Proof. The first claim follows from Proposition [5.1|since L is Hilbertian by a theorem of Weissauer,
and PAC by results of Moret-Bailly and Green—Pop-Roquette, see [17, Example 5.10.7]. The
second claim follows from Proposition since K is not Hilbertian, see e.g. [2, Thm. 1]. t

Our second example is motivated by attempts to prove a general product theorem for WHP
(see discussion before Question at least over small extensions L of Q: If X,Y are L-varieties
with WHP, one could try to descend X and Y to varieties with WHP over a number field K C L,
apply the product theorem of [6] there, and then use Corollary for the small extension L/K
to conclude that X xp Y has WHP. The following Proposition [5.8 shows that this strategy fails.

Lemma 5.7. Let K be a countable Hilbertian field. There exists a PAC field that is a small
extension of K.

Proof. Let (C;)ien be an enumeration of the geometrically integral K-curves. For each ¢ we apply
the stabilizing basis theorem [IIl Theorem 18.9.3] to obtain an integer n; and a non-constant
rational map f;: C; — P! of degree n; with the following properties:
(1) 5<n; <ng <ng<...and
(2) The monodromy group of f; (that is, the Galois group of the Galois closure of K (C;)/K (P!)
viewed as a permutation group acting on the generic fiber) and the geometric monodromy
group of f; (i.e., the monodromy group of (f;)7: (Ci)z — }P’lﬁ) are both S,,, for each i.

As in the proof of [II], Lemma 16.2.6], since K is Hilbertian, we may inductively construct a; €
P!(K) such that, for each 1,
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(3) The fiber f; '(a;) of f; above a; is integral. In particular, f; *(a;) = Spec(E;) for some
field extension E;/K of degree n;. (In the notation of [II, Lemma 16.2.6], E; = K (b;).)

(4) If L; denotes the Galois closure of E;/K, we have Gal(L;/K) = S,, and L; is linearly
disjoint over K from the compositum Lq--- L;_1.

Let E =[[;2, E; and L = [];~, L; be the field composita. By construction, C;(E) # 0 for every
i, hence F is PAC [II Theorem 11.2.3]. Also, by construction, L/K is Galois, Gal(L/K) =T :=
[1:2, Sn:, and Gal(L/E) =Ty := [[;2; Sn,—1, where S,,_1 < S, is the stabilizer of a point. The
profinite group A := [[2; A,, < T is finitely generated, hence small, i.e. the number N, (A) of
open subgroups of A of index r is finite, for every r € N. Indeed, each A,,, is generated by two
elements, say A,, = (04, 7;), so the finitely generated subgroup ((o;)ien, (7:)ien) < A projects
onto each A,,, therefore by the Jordan-Hélder theorem also onto []!", A,, for every m (as the
A,,, are distinct simple groups), and thus it is dense in A. On the other hand, since n; > 5 > 3,
Sni,1 . Am = Snl (Where we denote Hy - Hy = {h1h2 chy € Hy, hy € HQ}) Sol'1 -A=T.

Let G be the set of open subgroups of I" containing I'y. For G € G, the inclusion A — IT" induces
a bijection A/(GNA) — T'/G, hence (T : G) = (A : GNA). In particular, the map G 5 G — GNA
is injective, which implies that there are at most N,.(A) many open subgroups of ' of index r
containing I'1. So by the Galois correspondence, there at most N,.(A) many subextensions of E/K
of degree r, for every r, hence E//K is small. O

Proposition 5.8. There exists a small extension L/Q and a smooth proper Q-variety X such
that X1, has HP but Xk does not have WHP for any number field K.

Proof. Let X be any smooth proper Q-curve of genus at least 2, e.g. the Fermat curve z*+y* = 2%

By Lemma there exists a small extension L of Q which is PAC. As L/Q is small and Q is
Hilbertian, so is L (cf. Proposition . So by Proposition X1 has HP. By Falting’s theorem,
X (K) is not dense in X, so X does not have WHP, for any number field K. O

In particular, “not HP” and “not WHP” do not go up in chains of number fields even when
the union of the chain is a small extension of Q. We remark that the extension L/Q constructed
here has Galois closure which is not small over Q.

Question 5.9. Does there exist a small Galois extension L/Q with L PAC?
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