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Abstract. The purpose of this paper is twofold. First, we describe one (pre-
sumably) new case, in which Busemann�Hausdor� densities are convex. We
apply the corresponding result to prove the existence of minimizing recti�able
chains of codimension two in complex �nite dimensional normed vector spaces.
Second, we prove that for each n ⩾ 4, there exists an n dimensional normed
vector space in which the corresponding two dimensional Busemann�Hausdro�
density is not totally convex. This gives a negative answer to a question posed
by H. Busemann and E. Strauss, see [8].

1. Introduction

This paper mostly concerns geometry of �nite dimensional normed vector spaces.
We point out from the very beginning that in each �nite dimensional normed vec-
tor space E, discussed in the current paper, we �x an Auerbach basis and the
corresponding dual basis in the dual space E∗. We shall sometimes call these
bases canonical. Also, we �x in E a Euclidean structure, which is a choice of a
symmetric, positive de�nite, real valued quadratic form de�ned on E. Natural ob-
jects related to this Euclidean structure (such as: sets, norms, metrics, measures,
etc.) will be referred to as Euclidean.
Let E be a �nite dimensional normed vector space. Recall that, for a natural

number m satisfying 1 ⩽ m ⩽ dim(E), the Grassmann cone of dimension m
consists of all simple (also called decomposable)m vectors and is denoted G(m,E).
The correspondingm'th exterior power is denoted Λm(E); it naturally inherits the
Euclidean norm | · |2 and the inner product ⟨·, ·⟩ of the ambient space E. The m'th
Grassmannian of E is the set that consists of all m dimensional linear subspaces in
E and is denoted Gr(m,E). The elements of Gr(m,E) will be called m planes. For
the sake of brevity, when m = 2, we shall sometimes say �planes� instead of �two
planes�. Givenω ∈ G(m,E) withω = w1∧. . .∧wm for some linearly independent
vectors w1, . . . ,wm in E, we shall denote by span(ω) the corresponding element
of Gr(m,E), i.e. span(w1, . . . ,wm).
The following property of functions on Grassmann cones is classical. Let E

be an n dimensional normed vector space and let ϕ be a function de�ned on
the Grassmann cone G(m,E). We say that ϕ is extendibly convex if it is the
restriction of a norm de�ned on Λm(E). Note that when m is di�erent from either
1 or n − 1, then the corresponding set G(m,E) is not convex, which motivates
the de�nition above. On the other hand, in the cases when m = 1 or m = n− 1,

2010 Mathematics Subject Classi�cation. 28A75, 49Q15, 49Q20, 28A78, 52A51.
Key words and phrases. Plateau Problem, recti�able chains, Hausdor� measures, �nite di-

mensional Banach spaces.
1



2 IOANN VASILYEV

the notion of extendible convexity coincides with the usual convexity. Extendibly
convex functions were extensively studied by H. Busemann and his school in the
articles [5], [6], [8] and [20].
We would like to remind the reader of two important types of functions de�ned

on Grassmann cones. Let E be a �nite dimensional normed vector space of di-
mension n and let 1 ⩽ m ⩽ n. An m density function (or simply an m density)
is a continuous function ϕ : G(m,E) → R+ that is positively homogeneous of
degree one. An m density ϕ is an m volume density if for all e ∈ G(m,E) one
has ϕ(e) ⩾ 0 with equality if and only if e = 0.

Remark. Let E and m be as in the previous de�nition and let ϕ be an m volume
density on E. Then, for an m recti�able subset (see [14] for a de�nition and
related notions) S ⊂ X one de�nes the corresponding volume Volϕ(S) by the
following formula

Volϕ(S) :=

∫
S

ϕ(TxS)dH
m(x),

where TxS stands for the corresponding approximate tangent m plane and Hm is
the Euclidean Hausdor� measure.

Recall one classical volume density, since it will be very important for us in
what follows.

De�nition 1. (Busemann�Hausdor� density) Let E be an n dimensional normed
vector space with the unit ball B. For each 1 ⩽ m ⩽ n we de�ne the m Busemann�
Hausdor� density ϕm,BH,B : G(m,E) → R+ by the following formula

ϕm,BH,B(·) =
α(m)| · |2

Hm(B ∩ span(·))
,

where α(m) := πm/2/Γ(m/2+ 1). We shall sometimes write BH densities to save
space. For the same reason, we shall also regularly omit the third subscript B,
especially when the choice of the ambient space E (and hence also of its unit ball
B) is evident.

Remark. It is well known that the volume, that corresponds to a Busemann�
Hausdor� density coincides with the corresponding intrinsic Hausdor� measure in
E, i.e. with the one induced by the norm of E.

In 1949, in his famous article [5], H. Busemann proved the following result con-
cerning the so-called cross-sections of convex bodies in �nite dimensional normed
vector spaces.

Theorem A. Let E be an n dimensional normed vector space with the unit ball
B. Then the function ϕn−1,BH,B is extendibly convex.

In his proof of Theorem A, H. Busemann bene�ted much from the fact that
G(n − 1,E) is a convex set. That makes the proof in [5] very geometrical. For a
slightly di�erent approach to Theorem A which gives a more general statement,
see [19].

Remark. It is maybe worth noting that the density ϕ1,BH is obviously convex in
any �nite dimensional normed vector space.



BUSEMANN�HAUSDORFF DENSITIES OF DIMENSION AND CODIMENSION TWO 3

Up to the late 1950s, much e�ort was made to prove analogues of Theorem A for
codimensions di�erent from 1 and n − 1, without substantial progress, however.
That culminated in the following problem formulated by H. Busemann and C.
Petty (see [7], Problem 10).

Problem 1. For which m di�erent from 1 and n−1 are BH densities of a normed
vector space of dimension n extendibly convex ?

It was more than 50 years later that a new result of this type appeared in the
literature. We mean the following theorem proved in the article [4].

Theorem B. Let E be a �nite dimensional normed vector space with the unit ball
B. Then the BH density ϕ2,BH,B is extendibly convex.

It is interesting to remark that the proof of Theorem B in [4] is in a certain
sense more analytical than geometrical. For an alternative proof of Theorem B,
see [3].

The following version of convexity of volume densities on Grassmann cones is
strictly stronger than the extendible convexity.

De�nition 2. (Totally convex densities) Let E be a �nite dimensional normed
vector space of dimension n and let 1 ⩽ m ⩽ n be a natural number. A volume
density ϕ on G(m,E) is totally convex if for every m dimensional linear subspace
there exists a linear projection onto that subspace which does not increase the
volume Volϕ corresponding to the density ϕ.

Remark. Further in the text, we shall sometimes call such linear projections the
area contractions.

Indeed, it turns out that totally convex volume densities are extendibly convex
but the reciprocal to this statement is false. Both these facts are explained in the
article [8].
Euclidean nearest point projections have Lipschitz constant 1. Thus, thanks

to Eilenberg's inequality, Euclidean densities are totally convex. This argument,
however, can not be generalized even to the case of the space ℓ3∞. Indeed, an
easy computation shows that in this space, any linear projection onto the plane
{(x1, x2, x3) : x1 + x2 + x3 = 0} has Lipschitz constant strictly bigger than 1.
However, a similar argument does show that one dimensional BH densities ϕ1,BH

are totally convex in all �nite dimensional normed vector spaces, thanks to the
Hahn theorem.
Note that from the geometric measure theory and the calculus of variation points

of view, the existence of area contractions is very useful in constructing compact
supported solutions to the Plateau Problem, see [2]. Reader, interested in the
Plateau Problem is welcomed to contact the articles [11], [12] and [13], as well as
the book [14].
There exists an equivalent way of de�ning totally convex densities. We mean

the following result discussed in [1].

Proposition A. Let E and m be as above. A function ϕ on G(m,E) is totally
convex if and only if it is extendibly convex and moreover the following holds. If
Φ : Λm(E) → R is a convex extension of ϕ, then through every point of the unit
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sphere S = {x ∈ Λm(E) : Φ(x) = 1} there passes a supporting hyperplane of the
form ξ = 1, where ξ is a simple m vector in Λm(E∗).

In the literature, the total convexity is also sometimes refereed to as the Gromov
compressing property.
Note that it can be derived from Theorem A that in the codimension one case,

each BH density ϕn−1,BH is totally convex, see [6]. The author of the present paper
together with Professor T. De Pauw have used this observation in their article [10]
to prove the existence of compactly supported codimension one minimal G chains
(i.e. solutions to the corresponding version of the Plateau Problem) in �nite
dimensional normed vector spaces. However, in the two dimensional case in [10]
we had to use a weighted average of several projections (which we call in [10] a
density contractor) instead of just one projection. This allowed us to prove the
existence of minimal G chains of dimension two (alas, not necessary compactly
supported) in the same context. As we shall see in this paper, there are some
situations where sole projections are not available and one indeed has to consider
those density contractors.
In the view of the discussion above and of Theorem B, it is natural to pose the

following question: �Are two dimensional BH densities always totally convex ?�
Some time ago, the author of the current paper has been asked this question in-
dependently by Professors T. De Pauw and E. Stepanov. Note that the very same
question had been already posed by H. Busemann and E. Strauss in [8]. In more de-
tails, the authors in [8] write that they do no know whether Busemann�Hausdor�
densities are always totally convex in Minkowski spaces outside of dimension one
and codimension one cases. In [8], by Minkowski spaces the authors mean �nite
dimensional metric spaces.

We shall prove in the present paper that there are no two dimensional Hausdro�
area contractions onto some planes in certain n dimensional normed vector spaces
for any n ⩾ 4. This means that there are two dimensional BH densities that are
not totally convex. We shall give a detailed proof in the case when n = 4, the
general case will follow from the four dimensional case.

Remark. From now on, X will stand for a certain �xed four dimensional (real)
vector space, in which we �x a Euclidean structure. The vectors of a �xed or-
thonormal basis B in X will be denoted e1, e2, e3, e4.

To this end, we start by noting that the unit ball of the space ℓ41, is given by
the formula

O := {x1e1 + x2e2 + x3e3 + x4e4 ∈ X : |x1|+ |x2|+ |x3|+ |x4| ⩽ 1}.

As the matter of fact, this set is nothing but the unit four dimensional cross-
polytope, also called regular octahedron. However, it will be convenient for us to
consider a set C which is a rotated version of the unit cross-polytope. The former
set is convex and symmetric, it is de�ned by C = f(O), where f is the linear
mapping given by the following orthogonal matrix
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M :=
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2

 .

It is easy to check that the set C likewise can be de�ned as follows

(1) C =

{
y1e1 + y2e2 + y3e3 + y4e4 ∈ X :∣∣∣ y1√

2
+

y3√
2

∣∣∣+ ∣∣∣ y2√
2
−

y4√
2

∣∣∣+ ∣∣∣y1 − y2 − y3 − y4

2

∣∣∣+ ∣∣∣y1 + y2 − y3 + y4

2

∣∣∣ ⩽ 1

}
.

We �x in the space X the norm ∥ . . . ∥ given by the Minkowski functional of the
set C. Moreover, H2

∥...∥ will stand for the Hausdor� measure induced by the norm

∥ . . . ∥. By H2 we shall mean the Euclidean Hausdor� measure of the space X,
which we shall also sometimes call �area�.
Here is the �rst main result of this paper.

Theorem 1. In the space X, there is no linear contraction of the Hausdor� mea-
sure H2

∥...∥ onto the two dimensional plane span(e1, e2).

Remark. As we have already mentioned, in [8], the authors constructed a density
that is extendibly convex, but fails to be totally convex. This density belongs to
a class of so-called quadratic densities. However, in the very same paper [8], the
authors formulate that if a BH density of some Minkowski space is quadratic, then
the space is Euclidean. So, their counterexample does not cover the result of our
Theorem 1.

Obviously, the space X is neither uniformly smooth, nor uniformly convex. Nev-
ertheless, we can always approximate X by such a regular space, according to
Lemma 2.3.2 in [16]. This yields uniformly smooth and uniformly convex �nite
dimensional normed vector spaces with non-totally convex two dimensional BH
densities.
Of course, a similar result to that of our Theorem 1 holds if in the construction

of the space X, the four dimensional cross-polytope is replaced by an n dimensional
one with any n ⩾ 4. However, based on Theorem 1, we prefer to derive for all
n ⩾ 4 easier examples of n dimensional normed vector spaces, in which the density
ϕ2,BH is not totally convex. These examples are based on the Cartesian product
of certain spaces. We shall comment on these examples once again in the last
remark of this paper.
The restriction on the dimension (i.e. n ⩾ 4) is dictated by the fact that if the

dimension of the ambient space is less than or equal to three, then by the already
discussed all BH densities are totally convex. On the other hand, Proposition A
indicates that the larger n, the harder it is to construct an example of a totally
convex but not extendibly convex two dimensional density. This, together with
the discussion in the last paragraph justi�es our choice to concentrate on the case
n = 4 and to prove the lack of total convexity even in this case.

In order to get some intuition of the proof of Theorem 1, we describe it here
brie�y. We give ourselves a linear mapping in X which we assume to be an area
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contraction onto the plane span(e1, e2). Since it is a linear projection, it has a
matrix relative to the �xed orthonormal base of a very particular form depending
only on certain four real coe�cients (we shall call them a,b,c and d). We want to
show �rstly that the only possibility is that it is the orthogonal linear projection,
that is to say that all four coe�cients are zero. Secondly, we will show that this
orthogonal linear projection itself is not a contraction. This is the aim of the
proof: we will have found a standardized space and a plane on which there is no
linear contraction.
To show that the coe�cients a,b,c and d are all zero, we �x ε > 0 and asso-

ciate it with several planes which depend on this ε. They are all �very close� to
span(e1, e2). We reduce everything to purely Euclidean calculations, in particular
to

• exact calculations of Jacobians (which are norms of exterior products of
matrices in the orthogonal basis) and

• exact calculations and approximations of areas of polygons in Euclidean
planes.

The symmetry of the initial norm (that is to say of its unit ball) intervenes in the
calculations to the extent that pairs of planes above are �symmetrical� with respect
to each other, which means that in matrices which are involved in the calculations,
some of the four coe�cients (but not all) change sign. An asymptotic expansion to
order 2 in ε of a certain auxiliary coe�cient λ will allow us to conclude that, since
the �xed linear mapping is a contraction, all four mentioned above coe�cients are
zero (and this will be a subtle calculation). As a consequence, this will yield that
if π is an area contraction onto span(e1, e2), then π is necessarily the orthogonal
projection.
It will remain afterwords to show only that the orthogonal projection onto

span(e1, e2) is not an area contraction. There, we will use yet another plane that
in turn will be quite �far away� from span(e1, e2).

Our second main result describes a (probably) new situation, where the ex-
tendible convexity holds. In order to state our second main result, recall the
notion of complex normed spaces. We call a normed vector space (Y,∥∥∥ . . .∥∥∥) com-
plex if the corresponding norm satis�es ∥∥∥λ(·)∥∥∥ = ∥∥∥(·)∥∥∥ for all complex numbers
λ. In other words, complex normed vector spaces possess unit balls with many
rotational symmetries.
We are now in position to formulate our second theorem.

Theorem 2. In complex normed vector spaces, real codimension two BH densities
are extendibly convex.

We also have, in the notations of the article [10] the following existence result
for the Plateau Problem.

Theorem 3. Assume that: (Y,∥∥∥ . . .∥∥∥) is a complex normed vector space of di-
mension 2k for some natural k ⩾ 2, (G, | · |) is an Abelian normed locally compact
White group, B ∈ R2k−3(Y,G) and ∂B = 0. It follows that the Plateau Problem

(2)

{
minimize MH(T)

among all T ∈ R2k−2(Y,G) such that ∂T = B,
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admits solutions.

Recall that R2k−3(Y,G) and R2k−2(Y,G) stand for the groups of recti�able
chains with coe�cients in the group G of dimensions 2k − 3 and 2k − 2 corre-
spondingly and MH is the Hausdor� mass.
Both Theorems 2 and 3 follow from Theorem B, a result that generalizes The-

orem A for complex normed vector spaces, and certain properties of the Hodge
star operator. Note that in general Theorem 3 does not follow from an extendtible
convexity result. However, Theorem 3 does follow from Theorem 2 in the cases
where G = R and G = Z2 as explained in [4].

Before proceeding to the proofs of our main results, let us discuss some problems
that we leave open. First of all, we still do not know whether there are always
compact solutions to the Plateau Problem in �nite dimensional normed vector
spaces in the context of G chains of arbitrary dimension. We would like to stress
that this question was discussed in [2] by L. Ambrosio and T. Schmidt. Second of
all, it would be interesting to �nd out in which �nite dimensional normed vector
spaces the density ϕ2,BH is totally convex. Third of all, we hope to generalize our
Theorem 2 to all �nite dimensional normed vector spaces. Yet another problem
to solve is to rule out (or to prove ?) the existence of nonlinear contractions of
the Hausdor� measure onto two dimensional planes. Let us �nally mention once
again Problem 1. This question is at present far from being solved and is very
intriguing. We conjecture the answer to Problem 1 be negative and our hope is
that the calculations, carried out in the proof of our �rst main result might be
helpful to construct the desired counterexample. The author of the current paper
plans to work on the �rst three of the aforementioned questions in the nearest
future.
The rest of the paper is organized as follows. The second section is entirely

devoted to the proof of Theorem 1. The third section contains the proof of The-
orems 2 and 3. In our fourth section which is the Appendix we give examples
of spaces with non-totally convex BH densities of any dimension greater than or
equal to four.

Acknowledgments. The author is grateful to Thierry De Pauw and to Laurent
Moonens for helpful discussions.

2. Proof of Theorem 1.

Proof: First of all, note that any linear projection π : X → X onto W0 :=
span(e1, e2) is given by a matrix of the following type

(3)


1 0 a b
0 1 c d
0 0 0 0
0 0 0 0

 ,

where a,b, c,d are real numbers. Indeed, the elements in the last two lines of the
matrix must be zeros, because the range of π equals W0 and in the left up corner
there must be the 2× 2 identity submatrix, since π is a projection.
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We shall prove the theorem by contradiction. Suppose, there exists a linear
projection π onto W0, such that for any V ∈ G(2,X) and for any two dimensional
Euclidean disc A in V holds

(4) H2
∥...∥(π(A)) ⩽ H2

∥...∥(A).

According to Busemann's theorem, see [21], Theorem 7.3.5, we see that the in-
equality (4) reads

(5)
H2(π(A))

H2(C ∩W0)
⩽

H2(A)

H2(C ∩ V)
.

In order to reach a contradiction we shall further apply the inequality (5) to
nine speci�c planes V1, . . . ,V9, to be disclosed in the rest of this section. In order
to get some intuition for this, we remark that the �rst eight of these planes will
be in�nitesimal perturbations of the plane W0 and the ninth plane will be rather
�far away� from W0.
So, we �x an ε > 0 and we �rst choose

V1 := span

(
e1 + εe3√
1+ ε2

,
e2 + εe4√
1+ ε2

)
and V2 := span

(
e1 − εe3√
1+ ε2

,
e2 − εe4√
1+ ε2

)
.

Maybe, it is worth noting that the pairs of vectors(
e1 + εe3√
1+ ε2

,
e2 + εe4√
1+ ε2

)
and

(
e1 − εe3√
1+ ε2

,
e2 − εe4√
1+ ε2

)
form orthonormal bases of the planes V1 and V2 correspondingly. Let (f1, f2)
denote the following orthonormal basis of V1

f1 :=
(e1 + εe3)√

1+ ε2
and f2 :=

(e2 + εe4)√
1+ ε2

.

Next, we approximately calculate areas of the intersections of the set C with V1

and V2.

Lemma 1. The following asymptotic relations hold, provided that positive ε is
small enough

H2(C ∩ V1) = H2(C ∩ V2) ⩾ 12
√
2− 16+ (272

√
2− 384)ε2 + o(ε2).

Moreover, holds

H2(C ∩W0) =
8

4+ 3
√
2
= 12

√
2− 16.

Proof: A point that belongs to V1 has the following coordinates in the basis B(
x√

1+ ε2
,

y√
1+ ε2

,
εx√
1+ ε2

,
εy√
1+ ε2

)
,

where x and y are some real numbers. Recalling the de�nition of the set C, we
readily see that the coordinates of a point xf1 + yf2 in C ∩ V1 should ful�ll the
following inequality

(6)
|x|(1+ ε)√
2
√
1+ ε2

+
|y|(1− ε)√
2
√
1+ ε2

+
|x(1− ε) − y(1+ ε)|

2
√
1+ ε2

+
|x(1− ε) + y(1+ ε)|

2
√
1+ ε2

⩽ 1.
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In other words, C ∩ V1 is a planar set that consists of points with coordinates
satisfying the inequality (6). It is not di�cult to prove that for ε small enough,
geometrically, the set C ∩ V1 is an octagon. However we shall not use this fact
later on. What we shall use and what is obvious is that the octagon C ∩ V1 is
symmetric with respect to the horizontal and the vertical axes. Let S1 denote the
area of the set C ∩ V1. We want to minorize S1, i.e. to �nd a lower bound on this
quantity. To this end, we intersect C ∩V1 with the rays that are the halves of the
planar lines de�ned by the equations x = 0, y = 0 and x(1 − ε) = y(1 + ε) that
belong to the �rst quadrant. In a moment, we shall �nd the intercepts that these
rays have on the boundary of the set C ∩ V1.
Thanks to the symmetries discussed in the previous paragraph we see that in

order to estimate from below the area S1, it su�ces �rst to minorize the area of
the intersection of C ∩ V1 with the �rst quadrant and then to multiply the latter
area by 4. This intersection contains the quadrilateral Q whose vertices are at the
origin and at points y0f2, x0f1 and x1f1 +y1f2, where x0,y0, x1 and y1 are certain
positive numbers, to be calculated in a moment. Note that the last three of these
four points are the intercepts discussed just above and that the area of Q equals
(x0y1/2+ x1y0/2).
Let us now express the numbers x0,y0, x1,y1 in terms of ε. Obviously, x0 is the

positive solution of the equation
√
2|x0|(1+ ε) + |x0|(1− ε) + |x0|(1− ε) = 2

√
1+ ε2,

from where we get the following formula

x0 =
2
√
1+ ε2

2+
√
2− ε(2−

√
2)
.

Analogously, we have that

y0 =
2
√
1+ ε2

2+
√
2+ ε(2−

√
2)
.

We further use the formula x1(1− ε) = y1(1+ ε) in order to calculate the value
|y1|:

|y1|

(√
2(1+ ε)2

1− ε
+
√
2(1− ε) + 2(1+ ε)

)
= 2

√
1+ ε2.

This readily allows us to derive the following expressions for the coordinates x1
and y1

x1 =
(1+ ε)

√
2

1+
√
2− ε2 +

√
2ε2

, y1 =
(1− ε)

√
2

1+
√
2− ε2 +

√
2ε2

.

We are now in position to establish an asymptotic inequality for the area S1.
We already know that S1 ⩾ 2(x0y1 + x1y0). This means that

S1 ⩾ 4
(x0y1

2
+

x1y0

2

)
⩾

4(1+ ε2)

1+
√
2− ε2 +

√
2ε2

·
(

1− ε

2+
√
2− ε(2−

√
2)

+
1+ ε

2+
√
2+ ε(2−

√
2)

)
= 12

√
2− 16+ (272

√
2− 384)ε2 + o(ε2),

(7)
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where the equality above is an easy computation of Taylor series. We do not detail
its proof here.
To end up the proof of the �rst part of the lemma, it is now left to explain why

holds

H2(C ∩ V1) = H2(C ∩ V2).

Indeed, this follows from the fact that the set C ∩ V2 is de�ned in coordinates
(x,y) by the very same formula as the set C ∩ V1 (we mean formula (6)). Hence,
the �rst statement of the lemma is proved.
In order to prove the second statement of the lemma, i.e. the formula

H2(C ∩W0) =
8

4+ 3
√
2
= 12

√
2− 16,

it su�ces �rst to replace ε by 0 in calculations carried out in the proof of the �rst
statement. This gives the inequality H2(C ∩ W0) ⩾ 12

√
2 − 16. The reciprocal

inequality is a simple exercise in planar geometry. It is left to the reader as an
exercise. Hence, the proof of the �rst lemma is �nished. □

The next choices of planes are

V3 := span

(
e1 − εe3√
1+ ε2

,
e2 + εe4√
1+ ε2

)
and V4 := span

(
e1 + εe3√
1+ ε2

,
e2 − εe4√
1+ ε2

)
.

Let (g1,g2) denote the following orthonormal basis of V1

g1 :=
(e1 − εe3)√

1+ ε2
and g2 :=

(e2 + εe4)√
1+ ε2

.

As before, we calculate approximately the areas of intersections of the set C with
the planes V3 and V4.

Lemma 2. The following asymptotic relations hold, provided that positive ε is
small enough

H2(C ∩ V3) = H2(C ∩ V4) ⩾ 12
√
2− 16+ (408

√
2− 576)ε2 + o(ε2).

Proof: Note that a point that belongs to V3 has the following coordinates in the
basis B (

x√
1+ ε2

,
y√

1+ ε2
,

−εx√
1+ ε2

,
εy√
1+ ε2

)
,

for some real numbers x and y. Recalling the de�nition of C, we see that a point
xg1 + yg2 in the set C ∩ V3 should satisfy the inequality

(8)
√
2(1− ε)(|x|+ |y|) + (1+ ε)(|x+ y|+ |x− y|) ⩽ 2

√
1+ ε2.

Formula (8) de�nes the set C ∩ V3 in the coordinates of the basis (g1,g2). As
in Lemma 1, once ε is small enough and positive, this set is an octagon, whose
area will be denoted here S2. It can be proved exactly as in the �rst lemma that
this area is greater than or equal to four times the area of the quadrilateral with
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vertices at the origin and at the following points
√
2
√
1+ ε2g1√

2+ 1− ε+
√
2ε

,

√
2
√
1+ ε2g2√

2+ 1− ε+
√
2ε

,

√
2
√
1+ ε2g1√

2+ 2− 2ε+
√
2ε

+

√
2
√
1+ ε2g2√

2+ 2− 2ε+
√
2ε

.

These coordinates can be calculated exactly as in the proof of Lemma 1.
We further infer the estimates

S2 ⩾ 8

(
1

2
·

√
2
√
1+ ε2√

2+ 1− ε+
√
2ε

·
√
2
√
1+ ε2√

2+ 2− 2ε+
√
2ε

)
=

8(1+ ε2)

(
√
2+ 1− ε+

√
2ε)(

√
2+ 2− 2ε+

√
2ε)

= 12
√
2− 16+ (408

√
2− 576)ε2 + o(ε2).

These estimates are much the same as the bounds (7). We leave them without any
comments. This together with the fact that the sets C ∩ V3 and C ∩ V4 obviously
have the same area allow us to conclude that the second lemma is proved. □

Next, armed with Lemmas 1 and 2, we shall show that the two coe�cients that
are at the main diagonal of the 2× 2 right up corner submatrix of the matrix (3)
are equal to zero.

Proposition 1. Let π be a linear projection onto span(e1, e2) which is a contrac-
tion of the Hausdor� measure H2

∥...∥. Then one necessarily has a = d = 0.

Proof: We claim that for any two dimensional Euclidean disc A in V1 holds

(9) H2(π(A)) = λ(V1,W0,π)H
2(A),

where λ(V1,W0,π) is a positive coe�cient, to be calculated in a moment.
Consider two auxiliary linear mappings: the mapping I de�ned by

I : V1 → R2

∈ ∈

xf1 + yf2 7→ (x,y)t,

where by (x,y)t we customly denote the transpose vector and the mapping J
de�ned by

J : R2 → W0

∈ ∈

(x,y)t 7→ xe1 + ye2.

Introduce an auxiliary matrix

N :=

(
1+ εa√

1+ε2
εb√
1+ε2

εc√
1+ε2

1+ εd√
1+ε2

)
,

and the corresponding linear mapping P : R2 → R2 that sends a vector ν ∈ R2 to
the vector Nν ∈ R2. It is easy to verify that for v ∈ V1 holds J(P(I(v))) = π(v).
Since J is an isometry, we infer the formula

H2(π(A)) = H2(P(I(A)).
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The area of the linear mapping P can be easily expressed explicitly in terms of
its Jacobian. Thanks to this observation and to the fact that I is an isometry, we
have that

H2(π(A)) = |det(N)|H2(A)

=

∣∣∣∣(1+ εa√
1+ ε2

)
·
(
1+

εd√
1+ ε2

)
−

ε2bc

1+ ε2

∣∣∣∣ ·H2(A),

and our claim follows.
Therefore, taking into account the �rst lemma we see that line (5) applied to

V1 reads as follows

1+
ε(a+ d)√
1+ ε2

+
ε2(ad− bc)

1+ ε2
⩽

12
√
2− 16

12
√
2− 16+ (272

√
2− 304)ε2 + o(ε2)

.

From here, we infer that for ε small enough holds a + d ⩽ εc, where c is some
real number. Letting ε tend to 0, we arrive at the inequality a+ d ⩽ 0.
Further, we apply the same reasoning as that in the three paragraphs just

above, but now to the plane V2. This leads to the following chain of equalities and
inequalities

det

(
1− εa√

1+ε2
εb√
1+ε2

εc√
1+ε2

1− εd√
1+ε2

)

=

(
1−

εa√
1+ ε2

)
·
(
1−

εd√
1+ ε2

)
−

ε2bc

1+ ε2

⩽
12
√
2− 16

12
√
2− 16+ (408

√
2− 576)ε2 + o(ε2)

.

Letting ε tend to zero, we conclude that −(a+d) ⩽ 0 and in turn that a+d = 0.
Finally, armed with Lemma 2, we are now able to apply the same reasoning as

in the previous part of the proof of Proposition 1, but now to the planes V3 and
V4. This leads to the inequalities a− d ⩽ 0 and −(a− d) ⩽ 0 respectively.
Hence, a = d = 0 and the current proposition is thus proved. □

Further four choices of planes are like this:

V5 := span

(
e1 + εe4√
1+ ε2

,
e2 + εe3√
1+ ε2

)
, V6 := span

(
e1 − εe4√
1+ ε2

,
e2 − εe3√
1+ ε2

)
,

V7 := span

(
e1 − εe4√
1+ ε2

,
e2 + εe3√
1+ ε2

)
, V8 := span

(
e1 + εe4√
1+ ε2

,
e2 − εe3√
1+ ε2

)
.

Acting as before, one can obtain approximate values of the area of the intersections
of the set C with the planes V5, . . . ,V8.

Lemma 3. There exist two positive absolute constants c1 and c2 such that follow-
ing asymptotic relations hold, provided that positive ε is small enough

H2(C ∩ V5) = H2(C ∩ V6) ⩾ 12
√
2− 16+ c1ε

2 + o(ε2)

H2(C ∩ V7) = H2(C ∩ V8) ⩾ 12
√
2− 16+ c2ε

2 + o(ε2).
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Proof: The proof of this statement is similar to that of Lemma 1 and Lemma 2,
so it is not detailed here. □

With the help of the third lemma, we are now in position to show that all
coe�cients of the 2 × 2 right up corner submatrix of the matrix (3) are equal to
zero.

Proposition 2. Let π be a linear projection de�ned onto span(e1, e2) which is a
contraction of the Hausdor� measure H2

∥...∥. Then one necessarily has a = b =
c = d = 0.

Proof: By Proposition 1 we have that a = d = 0, and the proof of the fact that
b = c = 0 is similar to that of Proposition 1, so it is not detailed here and is left
to the reader as an easy exercise. □

Remark. Note that Propositions 1 and 2 show that the projection π must be
orthogonal.

How to conclude then as for the proof of Theorem 1 ? Consider the �nal special
choice of a plane. Put

V9 := span

((
1√
2
, 0,

1√
2
, 0

)
,

(
0,

1√
2
, 0,−

1√
2

))
.

We claim that H2(C ∩ V9) = 2. Indeed, this results from the following two
observations

f(e1) =

(
1√
2
, 0,

1√
2
, 0

)
and f(e2) =

(
0,

1√
2
, 0,−

1√
2

)
and from the fact that obviously H2(O ∩ span(e1, e2)) = 2.
Propositions 1 and 2 tell us that the projection π is de�ned by the following

matrix 
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 .

From here, acting as in the proof of formula (9) one can easily deduce that for any
two dimensional Euclidean disc A in V9 holds

H2(π(A)) = λ(V9,W0,π)H
2(A),

where

λ(V9,W0,π) = det

( 1√
2

0

0 1√
2

)
=

1

2
.

Inequality (5) applied to V9 thus implies 1/2 ⩽ (12
√
2 − 16)/2, which is a

contradiction, since an easy computation shows that (12
√
2−16)/2 < 0.49. Hence,

Theorem 1 is proved.
□
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Remark. It is interesting to mention that the plane span(e1, e2) is the section of the
least two dimensional area of the set C. Here, a �section� means an �intersection
with a two dimensional linear subspace�. This has been recently proved in [9] by
elementary methods. It is plausible that the calculations, carried out in our proof
above, namely in the proofs of our three lemmas, might provide an alternative
proof of this fact.

3. Extendible convexity in codimension two case in complex

convex spaces

Let us now show how to deduce Theorem 2 from Theorem B and a Busemann
type result from paper [17].
Proof: So, let Y be a complex normed vector space of dimension 2k with an
integer k > 1 and let B denote the unit ball of the space Y. Fix ω ∈ G(2k− 2,X)
and recall that ⋆ : Λ2(Y) → Λ2k−2(Y) denotes the Hodge star operator (see e.g.
in [15] for a de�nition). According to [17], Theorem 7.1, there exists a convex
symmetric body K ⊂ Y such that for all ω ∈ G(2k− 2, Y) holds

H2k−2(B ∩ span(ω)) = H2(K ∩ span(⋆ω)).

Thanks to the last line above we have

ϕ2k−2,BH,B(ω) =
α(2k− 2)|ω|2

H2k−2(B ∩ span(ω))

=
α(2k− 2)|ω|2

H2(K ∩ span(⋆ω))

=

√
2!

(2k− 2)!

α(2k− 2)|⋆ω|2

H2(K ∩ span(⋆ω))

=

√
2!

(2k− 2)!

α(2k− 2)

α(2)
ϕ2,BH,K(⋆ω),

where the penultimate equality above is an easy consequence of Example 1.12
in [18].
The function ϕ2,BH,K is extendibly convex thanks to Theorem B. As a conse-

quence of the linearity of the Hodge star, we conclude that the function ϕ2k−2,BH,B
is extendibly convex. □

Let us now prove Theorem 3. We would like to stress that we adopt notations
of the article [10].
Proof: As in Theorem 2, we let B denote the unit ball of the space Y. According to
Theorems 4.3 and 3.1 in [10], it su�ces to prove the following triangular inequality
for cycles.

Proposition 3. For every integer κ ⩾ 2, every oriented simplexes σ1, . . . ,σκ of
dimension 2k− 2 in Y and every g1, . . . ,gκ ∈ G, if ∂

∑κ
i=1 gi[σi] = 0, then

MH(g1[σ1]) ⩽
κ∑

i=2

MH(gi[σi]).
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Proof: We know that each σi belongs to some a�ne 2k−2 dimensional subspace
in Y, i.e. that for all natural i from 1 to κ holds σi ⊂ span(ωi) + hi for some
decomposable 2k − 2 vectors ωi of unit norm and some hi ∈ Y. Taking into
account the de�nition of the Hausdor� mass (see [10]) and the Busemann theorem
(see [21], Theorem 7.3.5) we see that what we need to prove is the following
inequality

(10) |g1|
H2k−2(σ1)

H2k−2(B ∩ span(ω1))
⩽

κ∑
i=2

|gi|
H2k−2(σi)

H2k−2(B ∩ span(ωi))
.

Let K be as in the proof Theorem 2. We apply Theorem 7.1 from [17] to �nd
that

(11)

κ∑
i=2

|gi|
H2k−2(σi)

H2k−2(B ∩ span(ωi))
=

κ∑
i=2

|gi|
H2k−2(σi)

H2(K ∩ span(⋆ωi))
.

Note that by Theorem 1.8 in [18], each ⋆ωi is a decomposable two vector. Choose
an orthonormal basis (v1,i, v2,i) of the plane span(⋆ωi).
Fix ϵ > 0 and approximate using Lemma 2.3.2 in [16] the convex symmetric

body K by a convex symmetric polyhedron Kϵ, which is the unit ball of some
crystalline norm in Y in a way that

max
i∈[1,...,κ]

|H2(Kϵ ∩ span(ωi)) −H2(K ∩ span(ωi))| < ϵ.

As a consequence, we have

(12)

κ∑
i=2

|gi|
H2k−2(σi)

H2(K ∩ span(⋆ωi))
⩾

κ∑
i=2

|gi|
H2k−2(σi)

H2(Kϵ ∩ span(⋆ωi))
− ϵ̂,

where ϵ̂ > 0 tends to zero, when ϵ tends to zero.
Taking into account Theorem 5.6 in [10], we see that

κ∑
i=2

|gi|
H2k−2(σi)

H2(Kϵ ∩ span(⋆ωi))

⩾
κ∑

i=2

|gi|H
2k−2(σi)

∑
1⩽r<l⩽p

λrλl|⟨αr ∧ αl, v1,i ∧ v2,i⟩|,
(13)

for certain natural p, real {λr}
p
r=1 and αr ∈ Y for all natural r from 1 to p. Based

on Example 1.12 in [18] we deduce that
κ∑

i=2

|gi|H
2k−2(σi)

∑
1⩽r<l⩽p

λrλl|⟨αr ∧ αl, v1,i ∧ v2,i⟩|

=

κ∑
i=2

|gi|H
2k−2(σi)

2!

(2k− 2)!

∑
1⩽r<l⩽p

λrλl|⟨⋆(αr ∧ αl),ωi⟩|

=
∑

1⩽r<l⩽p

λrλl

2!

(2k− 2)!

κ∑
i=2

|gi|H
2k−2(πr,lσi),

(14)

where πr,l are certain linear projections from Y onto span(ω1), very much the
same as those in the proof of Theorem 5.9 in [10]. Using the Euclidean triangular
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inequality for cycles (see e.g. [10], Theorem 5.3) and once again Example 1.12
in [18] we infer that∑

1⩽r<l⩽p

λrλl

2!

(2k− 2)!

κ∑
i=2

|gi|H
2k−2(πr,lσi)

⩾
∑

1⩽r<l⩽p

λrλl

2!

(2k− 2)!
|g1|H

2k−2(πr,lσ1)

= |g1|H
2k−2(σ1)

∑
1⩽r<l⩽p

λrλl|⟨αr ∧ αl, v1,1 ∧ v2,1⟩|.

(15)

By virtue of the equality case in Theorem 5.9 from [10] and of Theorem 7.1
from [17] we conclude that

|g1|H
2k−2(σ1)

∑
1⩽r<l⩽p

λrλl|⟨αr ∧ αl, v1,1 ∧ v2,1⟩|

= |g1|
H2k−2(σ1)

H2(Kϵ ∩ span(⋆ω1))

⩾ |g1|
H2k−2(σ1)

H2(K ∩ span(⋆ω1))
− ϵ̃

= |g1|
H2k−2(σ1)

H2k−2(B ∩ span(ω1))
− ϵ̃,

(16)

where ϵ̃ tends to zero, when ϵ tends to zero. Here above, in the last equality we
have used Theorem 7.1 in [17] once again.
Getting the inequalities (11), (12), (13), (14), (15) and (16) together and letting

ϵ tend to zero yield the triangle inequality (10). This �nishes o� the proof of
Proposition 3. □

Thus, Theorem 3 follows from Proposition 3, by virtue of Theorem 4.3 and
Theorem 3.1 in [10]. □

4. Appendix

Let us now give for each natural n > 4 an example of an n dimensional normed
vector space Y in which the two dimensional BH density is not totally convex. To
this end, recall the set C (see formula (1)) and let C denote the body C × Bn−4

2 .
Here, × stands for the Cartesian product and Bn−4

2 for the Euclidean unit ball of
dimension n− 4. Consider the n dimensional normed vector space Y, whose norm
||| . . . ||| is de�ned by the Minkowski functional of C.

Proposition 4. In the space Y, there is no linear contraction of the Hausdor�
measure H2

|||...|||
onto the two dimensional plane span(e1, e2).

Proof: Suppose the controrary, i.e. suppose that in this space there was a linear
projection onto the plane span(e1, e2) which is a contraction of the Hausdor�
measure H2

|||...|||
. Denote this projection Π. Let X and W0 be as in the proof of

Theorem 1. Thus, any plane V in X and for any two dimensional Euclidean disc
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A in V would satisfy

H2
|||...|||(Π(A)) ⩽ H2

|||...|||(A).

But then, by the construction of the norm ||| . . . ||| we would also have the following
inequality

H2
∥...∥(Π W0(A)) ⩽ H2

∥...∥(A),

which contradicts Theorem 1. □

Remark. It is plausible that this construction allows to generalize � once it is
constructed � a counterexample to Problem 1 to all higher dimensions and codi-
mensions.
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