A POINCARE MAP FOR THE HOROCYCLE FLOW ON PSL(2,Z)\H AND THE
STERN-BROCOT TREE
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ABSTRACT. We construct a Poincaré map Pp for the positive horocycle flow on the modular surface
PSL(2,Z)\H, and begin a systematic study of its dynamical properties. In particular, we give a com-
plete characterisation of the periodic orbits of P, and show that they are equidistributed with respect
to the invariant measure of Pj and can be organised in a tree by using the Stern-Brocot tree of rational
numbers. In addition we introduce a time-reparameterisation of P;, which gives an insight into the dynamics
of the non-periodic orbits.

1. INTRODUCTION

Hyperbolic geometry has been a crucial ground for the development of important ideas of ergodic theory
since its inception. Geodesic flows on surfaces of constant negative curvature were the first non-trivial
examples of ergodic flows. In addition, several geometric coding techniques have been developed for such
flows, stemming from a 1898 work of J. Hadamard, later developed by M. Morse and G. Hedlund in the
1920s and 30s. Subsequently, interest also grew in the study of positive and negative horocycle flows, which
move respectively along the stable and unstable manifolds for the geodesic flow. More concretely, these types
of flow move tangent vectors sideways along the horocycle whose center is in the direction of the tangent
vector.

The geodesic flow is also one of the first systems for which coding was used to study its dynamical
properties. It was E. Artin in the 1920s who noticed that by coding a geodesic on the hyperbolic Poincaré
half-plane H by means of the continued fraction expansions of its end points, it was possible to deduce
the existence of periodic and everywhere dense geodesic on the modular surface M := PSL(2,Z)\H. This
observation was later developed in the 80s in papers by R. L. Adler and L. Flatto, and by C. Series (see
[1L 27]). Nowadays it is a classical result that the geodesic flow on the unit tangent bundle of the modular
surface SM has a Poincaré section for which the associated Poincaré map has a factor map on one of the
coordinates which is the Gauss map. This connection has been very useful in the study of the rich dynamics
of the geodesic flow, and has led to connections between different aspects of the two systems, such as S. G.
Dani’s correspondence ([I0]) between Diophantine approximation properties and the behaviour of certain
orbits of the geodesic flow on the modular surface, and the D. H. Mayer’s correspondence ([20]) between the
Selberg Zeta function and the dynamical zeta function of the Gauss map.

Many dynamical properties have been studied also for the (positive/negative) horocycle flow on surfaces
of constant negative curvature (see e.g. [I1]). In particular it is known that the dynamics is less rich than
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that of the geodesic flow. In the case of the modular surface M, the only invariant measures on SM are
the hyperbolic volume form and the measures supported on the periodic orbits. Instead in the case of
compact surfaces, the horocycle flow is uniquely ergodic and has no periodic orbits. Finer and quantitative
ergodic properties are also known: the rigidity of the flow and its rate of mixing have been studied by M.
Ratner ([22] 23]); in the case of the modular surface, the periodic orbits are known to be asymptotically
equidistributed on SM (|34} 26], 17, 28, B2]); the Birkhoff averages of suitably regular observables have been
proved to have a polynomial rate of convergence ([I3} (29, 24]). However the beautiful results that we have
recalled have been obtained by methods of harmonic analysis and representation theory. Notable exceptions
are equidistribution results in [I2] and [28], which are proved by dynamical methods but do not contain
estimates for the rate of convergence. In a more general context, it is also worth mentioning the very general
construction of O. Sarig and M. Schmoll which builds the horocycle flow as a suspension flow over adic
transformations [25].

The main objective of this work is to construct a Poincaré map for the positive horocycle flow on the unit
tangent bundle SM, and begin a systematic study of its properties. We believe that this paper represents
a first step in the study of the ergodic properties of the horocycle flow without using other structures of
the modular surface. First of all, we work in the same framework used to approach the geodesic flow. We
define a Poincaré map P, for the positive horocycle flow using a cross-section with respect to which the
geodesic flow has a Poincaré map whose factor map on the first coordinate is the extended Farey map, the
slow version of the Gauss map (see Appendix. We obtain a map P which is defined on a two-dimensional
set W homeomorphic to RT x R*, whose action on the first coordinate is defined in terms of matrices in
SL(2,7), and preserves an infinite measure v which is absolutely continuous with respect to the Lebesgue
measure (the same holds for the Poincaré map of the geodesic flow). The map Pp, is defined in Section
in which we also give the explicit expression of the first return time function to the cross-section along the
horocycle flow, thus constructing a suspension flow isomorphic to the horocycle flow on SM.

Let us remark that as far as we know the only other Poincaré maps for the horocycle flow on the modular
surface which have been constructed are those in [6] (see also [I§]) and, more recently, in [I9]. These maps
use a cross-section defined in terms of the identification of SM with the space of unimodular lattices. The
methods of [6] have been applied to construct sections for the horocycle flow on quotients of SH with respect
to other groups than PSL(2,7Z), see [B, [15], B3, B1] and the review [4].

Looking at the previous constructions from the ergodic theoretical point-of-view, the main difference with
our approach is that the Poincaré map on which the suspension flow is built preserves an infinite measure.
This is a difficulty as we cannot use the standard methods of ergodic theory and we need to appeal at the
results of infinite ergodic theory, but we are confident that this is the feature of the system responsible
for example for its slow mixing behaviomﬂ We believe that our approach will turn useful in studying the
horocycle flow by looking at the dynamical properties of its Poincaré map and its first return time function
only without using any geometric or algebraic structure of the modular surface.

In Section [5| we study the periodic points of P,. Without appealing to known results, we give a complete
characterisation of the periodic points. We prove that there exists a one-parameter family of periodic points
which are characterised by having the first coordinate in Q% (Theorem , and show that the periodic
orbits are asymptotically equidistributed on W with respect to the invariant measure v (Theorem .
The behaviour of the periodic points may be studied also by looking at their rational coordinate. Using
the Stern-Brocot tree, which is a binary tree containing all the rational numbers in QT, we construct an
algorithm to obtain all the points in a periodic orbit and to list them in the dynamical order (see Appendix
. It is immediate to realise that as the period of the orbit diverges, the rational coordinates of the points
in the periodic orbit cover all the positive rational numbers.

1Recently7 attention to ergodic properties of suspension flows based on nonuniformly hyperbolic maps has increased.



In Section [6] we study the behaviour of the non-periodic orbits. We show that there exists a time-
reparameterization 7T, of Pj, which has factor map on the first coordinate isomorphic to the so-called backward
continued fraction map, whereas the second coordinate of 7Ty is strictly increasing for non-periodic orbits.
This can be interpreted as a proof of the existence of a subsequence of times along which the non-closed
horocycles converge to the cusp of M.

Lastly, in Section m we discuss the relations with the construction in [6].

Before getting into the construction of the Poincaré map Py, in Section[d] we collect what the reader needs
to know about the properties of the Stern-Brocot tree in Section [2] and about the modular surface M in
Section [3l

2. STERN-BROCOT TREES OF POSITIVE RATIONAL NUMBERS

In this section we recall the Stern-Brocot tree and its permuted versions, binary trees containing all the
positive rational numbers in their reduced form exactly once. The Farey sum of two fractions is defined to

be
a b a+b

c @ d’ c+d
and is used to generate all the positive fractions. Let 1/0 denote the “fraction” of infinity, and let F_; =
{0/1, 1/0}. Then for k > 0 we recursively define the Stern-Brocot sets F} as the set of fractions containing
Fi._1 and the Farey sum of two consecutive fractions in Fj_;. In each set the fractions are arranged in
increasing order. Recall that the Farey sum of two fractions a/c and b/d satisfies a/c < a/c ® b/d < b/d.
Thus we find

11 1121 1121 2 1
FO: Qafaf y Flz 9a7a77777 ) F3: 9a75777777§a7a§57 )
1°'1°0 1'2°1°1°0 1'3°'2°3'1"'2°1°'1°0

and so on. A Farey pair consists of two consecutive fractions in a Stern-Brocot set. In the following we use
that a Farey pair p/q,p’/q with p/q < p’/q satisfies p'q — ¢'p = 1.

2.1. The Stern-Brocot tree. The Stern-Brocot sets form a strictly increasing sequence of sets which
eventually contain all positive rational numbers in reduced form. One can then arrange the fractions in a
binary tree, the Stern-Brocot tree T, according to the order they appear in the Stern-Brocot sets. Figure
shows the first few levels of the Stern-Brocot tree. The fractions 0/1 and 1/0 are the generators of all the
fractions, hence they constitute the first level of the tree, 7_1. Then the level Ty is given by 1/1 the only
fraction in Fy \ F_1. Recursively, the k-th level T of the tree is given by the fractions in Fy \ Fr_1. The
fractions are arranged in increasing order, and each is connected to a fraction of the previous level. It is
clear by definition of the Stern-Brocot sets that each fraction p/q in Fj which is not in Fy_; is the Farey
sum of two fractions a/e¢,b/d in Fy_1, of which exactly one, say a/c, is in the level T;_; of the Stern-Brocot
tree. In this case we say that a/c is a parent of p/q, which in turn is the daughter of a/c. In addition, all
fractions in a level Ty, excluding 0/1 and 1/0, have two daughters in 7. This induces a natural notion of
sisters fractions, two fractions which have a parent in common.

The structure of binary tree of 7 makes it possible to code each fraction p/q € QT by the path one has to
follow on 7 from the root 1/1 to p/q by using L for left and R for right to denote the motion from a fraction
to the left and to the right daughter respectively. Analogously, using the matrices in SL(2,Z)

1 0 1 0 11
I == L = —
o) =) )
and considering the set {L, R}* of all finite words with letters in the alphabet {L, R}, one can set

1
o] and p<—>M<p) € {L,R}"
1 q q
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Figure 1. The first six levels of the Stern-Brocot tree.

where a motion on the tree corresponds to right multiplication by L if we move to the left and by R if we
move to the right. In this way

Pom()=(" b € SL(2,Z) with a,b,c,d>0 and 7:9@7,
q q c d d

sothat p=a+band g =c+d.

Ezxample 2.1. We have
1HM 1 =1, 1<—>M 1 =1L, g(—)M 2 =R,
1 1 2 2 1 1

5 ) 2 3 5 2 3

and thus for example

This coding can be extended to all x € R by using the continued fraction expansion of an irrational number

and its slow convergents { Ay /By }r, so that
A

R\Q3z < M(z) € {L,R}Y and M(z)= Jim M (B> ,
— 00 k

where now {L, R} denotes the set of infinite words with letters in the alphabet {L, R}.
Remark 2.2. Note that using this coding
xel0,])&M(x)=L--- and z€ (l,00) < M(z)=R---

2.2. The permuted Stern-Brocot tree. Starting from 7 and the {L, R} coding of the fractions, the
permuted Stern-Brocot tree 7 (also known as Calkin-Wilf tree [9]) is obtained from the Stern-Brocot tree
T by moving each fraction to the position reached by the motions of its coding on T as read from right to
left. Figure [2] shows the first few levels of the the permuted Stern-Brocot tree. For example, since

2 2
— e M(=)|=L
3<—> (3) R

the fraction 2/3 can be reached in T by the motions RL, that is starting from 1/1 we first go downward to
the right and then downward to the left. This sequence of motions describes the new position of 2/3 in 7.
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Figure 2. The first six levels of the permuted Stern-Brocot tree.

Given a finite word w = (wyws - - - wn—1wy) let @ denote its reverse, that is @ = (wpwy—1 -+ - - wowy ). Then
M denotes the reverse sequence of motions of a rational number, that is M (p/q) is the reverse of the word
M(p/q), so that looking at the examples we have considered above we have

M <§) =RL and M (Z) = RLRL.
Lemma 2.3. The matrices M (p/q) and its reverse M(p/q) satisfy the following relation

vB)-C) < v
()

One easily verifies that JL™ = R".J and JR" = L™J for all n > 1. In addition, the transpose L’ coincides
with R. Hence, if

Proof. Let J be the matrix

M <p> — [MRM[P2R™M2 | [ RMs
q

for any s > 1 and n;, m; > 0, then a standard computation gives

t
M(?) — RMsIMs | RM2IM2RMALM — (M <p)> J.
q

The lemma immediately follows. O

It is interesting to notice that 7 is closely related to the eztended Farey map U : R — R

, ifo<az<l,
Ulg) =4 1—7 (2.1)
r—1, ifz>1.

Indeed, given p/q its daughters in T are p/(p+q) and (p+q)/q which correspond to the elements of U~1(p/q).
In Appendix [A] the map U will pop up as the factor map on the first coordinate of the Poincaré map for
the geodesic flow with respect to a section C (to be defined below) on the unit tangent SM of the modular
surface. For more details about the Stern-Brocot trees and their relations with one-dimensional maps we
refer to [g].



3. PRELIMINARIES FROM HYPERBOLIC GEOMETRY
We shall consider the upper half-plane
H={z=z+1iy: z,yeR, y >0}

with the hyperbolic metric ds? = (dz? + dy?)/y?, so that H becomes a Riemannian manifold with constant
negative curvature —1. The boundary of the hyperbolic plane is 0H = RU{oo}, where R := {z+iy : y = 0}.
Given I' € SL(2,R) we let T : Hl — H act as a Mobius transformation

a b az+b
r= I'(z) = .
(c d> » TE) cz+d
As the action of T and —I" coincide, the group of orientation preserving isometries of H is taken to be

PSL(2,R) = SL(2,R)/{£I}. An important quantity related to a matrix I' € SL(2,R) is its deformation
factor at a point z, which we denote by def (I'(z)) and is given by

r= <‘; Z) . def (D(2)) = dilzr(z) = (cz+d)2. (3.1)
The deformation factor of a matrix is related to its lift as an action on the tangent bundle of H.

Let us denote by ¢ € T,H the tangent vectors to H at the point z, then to each tangent vector ( we associate
the angle 6(¢) € (—m,x], which is the angle between ¢ and the positive y-axis measured counterclockwise
from the y-axis. The unit tangent bundle SH can be identified with PSL(2,R), to the effect that for each
(2,¢) € SH there exists a unique I'r, ¢y € PSL(2,R) such that

z=T0o0) and ¢ =di([0)(0), (32)

where i € T;H is the unit vector based at i € H with 0(i) = 0. Note that using the lift (I'(. ¢))« of ' ¢) to
SH, we can restate the above conditions as (z,() = (I'(z,¢))«(4,1).

3.1. Geodesic and horocycle flow on SH. As it is well known, the geodesics of H are the half lines
orthogonal to OH and the half circles with center on 0H. Given (z,¢) in the unit tangent bundle SH, we
denote by 7. ¢(t) the (unique) geodesic tangent to ¢ at z and set

Vog = lim . (t) € OHL

)

Note that fyjc = oo if and only if §(¢) = 0, and V,.¢ = oo if and only if 0(¢) = m. In these two cases
the geodesic is a vertical half line with the other limit point on R. The geodesic flow is defined as the
one-parameter group g; acting on the unit tangent bundle SH as

ge: SH = SH,  g:(2,¢) = (vz,¢(t), 72 £ (1)),

where 7, (t) is the unit vector tangent to the geodesic at 7, ¢(¢). Thanks to the identification of SH
with PSL(2,R), we can read the geodesic flow on SH as the action by right multiplication of matrices in
PSL(2,R). In particular, for t € R

et/? 0
Ly 20 =Tz ( 0 e—t/2> : (3.3)

One defines the horocycle flow analogously. Let W™ (z, () denote the (positive) horocycle at (z,¢). If0(¢) # 0,
the horocycle W(z,() is the circle tangent to R at 'YZC’ passing at z and orthogonal to ¢, with ¢ pointing
inward. In this case we denote by r7(z,() its radius. If instead 6(¢) = 0, then W (z,() is a horizontal line
passing at z with ¢ pointing upward. The (positive) horocycle flow is defined as the one-parameter group
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k¥ on SH which moves vectors orthogonal to W (z, () rightward on W (2,¢) at unit speed. In terms of
PSL(2,R) matrices, for all s € R

1 s
Fh:’(zﬁi) =T (0 1) . (3.4)

Thanks to the reinterpretation of the flow action by right multiplication of matrices, it is straightforward to
verify the following commutation rules:

g1 0gs = gsogs and gtohj:h;_togt , Vi, seR.

3.2. The modular surface. We now consider the modular group PSL(2,Z), that is the subgroup of
PSL(2,R) generated by the two matrices

0 1 11
5 = (1 0) and R <0 1)

S(z) = f% and R(z)=z+1

which act on H as

Since S? = (SR)3 = I the modular group is not free.
The modular surface is then defined to be the quotient M := PSL(2,7Z)\H, with the quotient topology. The
standard fundamental domain F for M is the geodesic polygon

1
]—':{z:x+iy€H:|x|<2, |z>1}.

The identification of SH with PSL(2,R) implies that SM is identified with PSL(2,Z)\ PSL(2,R). Let
7w : H — M be the projection on the modular surface and let 7, : SH — SM be its lift to the unit tangent
bundles. We let §; : SM — SM and iLj 1 SM — SM be the projection of the geodesic and horocycle flows
on the modular surface, that is

gt ome =T 0¢g; and B:Oﬂ'* =m.oh7.
Motion on a geodesic or on a horocycle on M corresponds to the motion on one of the equivalent geodesics
or horocycles on H, up to identification of equivalent points.
4. THE POINCARE MAP FOR THE HOROCYCLE FLOW AND ITS SUSPENSION
Given n € Z, let Z,, denote the vertical line in H given by
I, ={z+iyeH : 2 =n}
and let
It =TgyNF={2€H:2=0,y>1} and I =Z\I " ={z€H:2=0, 0<y<1}.
Our Poincaré section for the geodesic and the horocycle flows on SM will be the set
C:={(z,{) €SM : z€ Tt 0(¢) #0,7}.

Set moreover C := {(z,¢) € SH : m.(2,¢) € C}. Using S(i) = ¢ and S(Z* \ {i}) = Z~, and the fact that the
lift S, : SH — SH satisfies

0(S.(2,¢)) =60(¢) + 7 (mod 27) V(z,¢) € SH with z € T,

for each (z,¢) € C there exists (z/,(’) € SH with 2’ € Zy and 6(¢’) € (—x,0) such that 7.(',{') = (2, ).
Hence in the following we identify C with the set of points on Zy with tangent unit vector ¢ pointing towards
the half-plane of points with strictly positive real part, in accordance with

C:m({(z,C)ESH : zEIO,G(C)e(—ﬂ',O)}). (4.1)
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Stated otherwise, when we write (z,{) € C we think of it as a couple with z € Zy and 6({) € (—m,0).
Analogously we set

C={(z,() € SH : 3T € PSL(2,Z) such that T'(z) € Iy, (T« (2,¢)) € (—m,0)} . (4.2)

Subsets of C' which play an important role in the rest of the paper are points with base on the lines Z,, and

. 1\, 1
Ini=qx+iyeH: Ton— o +y:Z .

Note that Z,, = R™(Zp) and J,, = R"L(Zy), where

on the half-circles

L G (1)) € PSL(2,7).

Note moreover that for each n € Z the lines Z,,, J,, and Z,,;1 are the sides of the hyperbolic triangle

2
1 1
An::{x—l—iyeH:nSxSn—i—l, (az—n—Z) +y224}

with vertices in n, n +1 € R and oo (each A,, contains three copies of the fundamental domain F).

We now proceed with the construction of the Poincaré map on C for the horocycle flow Bj for negative
times s (the Poincaré map on C for the geodesic flow g; is already known, but we recall its construction in
Appendix . Let’s start by defining the set

W= {(y,r,e) e R" xRT x {~1,0,+1} : » >, e =0 if and only if r =~}

which is homeomorphic to RT x RT. Now, for each (z,{) € C the positive horocycle W (z,() is tangent
to R at VZC and intersects Zy. Its radius thus satisfies r*(z,¢) > fy;’:c, with strict inequality if and only if
W(z,¢) intersects Zg in two different points. We can therefore code (z,¢) € C with a point in W using its
horocycle W (z,¢). We set

=1, if6(¢) € (=7/2,0);
= ’V;L,C’ ri=r*(z,(), and =140, if0(C)=—-7/2;
+1, if0(C) € (—m,—7/2).

The variable ¢ is equal to 0 if the horocycle W™ (z, () is tangent to Zy at z, whereas is equal to +1 or to —1
if 2 is the point of intersection of W (z, () with Zg of highest, respectively lowest, variable y. We have thus
defined a map

W:C—->W, (z,0)—W(z() = ('Y::C’ rt(z,Q), €). (4.3)

Given (z,¢) € C let us consider the horocycle flow h(z,¢) for s € (—00,0), and let (2/,¢’) be its first return
to C. We can thereby view the Poincaré map of h} on C as a map

Pr W —->W

(’777.7 5) = W(Z7 C) = 'Ph(’}/J}E) = (7/77,/75/) = W(Z/7 C/) .

It is clear that (2/,¢’), viewed as a point of the set C (with slight abuse of notation), depends on the
configuration of W (2,() and on the value of ¢ (see Figures [3| and [4| below). In particular the first return
to C for h¥ with negative s occurs on one of the following sets: J_1, Z_1 or Iy if ¢ = —1; Iy, Zy or Jp if
e = 0,+1 (here we are using that 0(¢’) # —n). Then W (2/,(’) will be the positive horocycle defined by
(#/,¢") as apoint in C. If T" € PSL(2,Z) sends 2’ € C to Zp, that is I'(z’) € Zy is the representative of z’ in
C, then W (2, ") =T(WT(z,()).

Our aim is now to describe the map P, on the points of W, also in relation with the {L, R} coding of
~v € RT introduced in Section [2| The following lemma is a key result in order to characterize the map Py, in
dependence on the subset of C' on which the first return occurs.



Lemma 4.1. For (z,¢) € C, let (v,7,e) = W(z,(). If the first return to C for hi with negative s along
WT(2,¢) occurs on T=Y(Zy) for some T € PSL(2,Z), then (v',7,€") = Pu(7,r,¢€) satisfies

v =T(y) and " =def(T'(y))r,
where def (I'(+)) is the deformation factor defined in (3.1]).

Proof. The statement for 4" simply follows from W (z', (') = T'(W™(z,¢)) whenever the first return occurs
on I'"1(Zy). Let us now see how the radius of the positive horocycle W+(z, () changes when a matrix in
PSL(2,7Z) acts on it. We first consider the action of the generators R and S. If I' € {R,R™'} then the
horocycle T'(W(z,()) is obtained by just translating W (z,¢) to the right or to the left. Therefore the
radius does not change, and def (I'(z)) = 1 for all z. If, on the other hand, I' = S = S~!, one easily checks
that o + iy € W (2,(), a circle of radius r and center at ~ + ir, if and only if (x — )2 + y* — 2ry = 0, and
S(z+iy) = X +iY satisfies (X —7/)+Y2—2r'Y = 0 with 4/ = =1/ and v’ = /2. Since def (S(vy)) =2
the result is proven also in this case. The general case now follows by noting that

def (I'1T2(z)) = def (T'1(T'2(2))) def (T'2(2))
for all z and all I'y, 'y € PSL(2,7Z). O

The following tables describe the different cases that have to be considered to define Pj, on W, providing

the following information: the subset of C' on which the first return occurs; the matrix I' as in Lemmal4.1} the
image (v',7r,€") = Pp(v,r, &) computed using the lemma along with simple arguments for ¢’; the finite word
M(v') € {L, R}* as a function of M () as defined in Section [2| using the notation o : {L, R}* — {L, R}*
for the shift map.
We start with the case e = +1, for which we refer to Figure [3] We need to distinguish between the cases
v > 1and v < 1. In the first case the first return occurs on Z;, but in the last case it may occur on Z; or Jy
depending on the value of the radius r of the horocycle. The case v = 1 is special because the case 6(') =0
is not admissible for points in C. The different possibilities are described in Table We remark that in
some circumstances it is necessary to add the action of S to have 6({’) in the interval (—m,0). Moreover
the action on M () has been computed by concatenation of the letters describing I' and M (+y), using some
relations among the matrices such as SR~' = RL™!.

Conditions on v and r | First return | T Pr(vy,r€) M)
v >1 T R (y—1r+1) o(M(v))
y=1 I SR2 (1,7,-1) M(7v)

y<lr>1—v 7 SR™! (ﬁ7ﬁ’_1) Ro(M(7))
y<1l,r=1—7 T SR~! (ﬁ,ﬁ,o) Ro(M(v))
y<lr<l_~ Jo L | (25w +1) | o)

Table 1. Definition of the map Pj for e = +1.

In the case e = —1, following ﬁj with s negative, the points slide on the negative abscissa half-plane, so the
first return may occur on J_1 or on Z_1, or back on Zy (see Figureld]). The different possibilities are described
in Table |2l In this case note that » € (1 + ~,v(1 4 7)) is possible only when v > 1, and it corresponds to
the only situation for which the return occurs on Z_;, since the horocycle does not intersect J_; but does
intersect Z_1.

It remains to describe the case ¢ = 0. In this case we necessarily have r = v and everything works analogously
to the case ¢ = +1. See Table



Figure 3. Action of the first return map P, for € = +1. The red horocycle has v < 1 and r > 1 — ~, so that the first
return occurs on Zp; the blue horocycle has v < 1 and r < 1 — =, so that the first return occurs on Jo; the green horocycle
has v = 1 so that the first return occurs on Zs.

Conditions on v and r | First return | T Pr(vy,r,e) M)
r>~(1+7) J-1 L (ﬁ,ﬁ,—l) L M(y)
r=9(1+7) g1 o] (5150) | LM

vy>1L,1+y<r<vy(1l+7%) T, R (y+1,r,—1) RM(7)

v>1Lr=1+9 = R| (y+1,9+1,0) | RM(y)

< i1+ 7, 4(1+ )} i T (o) | MO
Table 2. Definition of the map P}, for e = —1.

Conditions on v and r | First return | T Pr(y,r,€) M)
y=r>1 . R | (=174 | o(M(y)
y=r=1 T, SR™? (1,1,0) M ()

ley=r<i 1, SR | (5, a2 1) | Re(u()
y=r=1 I, SR™1 (2,2,0) Ro(M(v))
77T< % \70 L71 ﬁaﬁa‘kl O—(M(f}/))

Table 3. Definition of the map P}, for e = 0.

Having constructed the map (W,P,), we now proceed to construct the associated suspension flow. Let
(2,¢) € C and (v,r,¢) := W(2,(). The first return of the horocycle flow h} along W (z,() for negative

10



Figure 4. Action of the first return map P}, for € = —1. The red horocycle has v < 1 and r > (1 4 7), so that the first
return occurs on J_1; the blue horocycle has v > 1 and 1 + v < r < (1 4+ «), so that it does not intersect J_1 and thus

the first return occurs on Z_1; the green horocycle has v < 1 and » < min{1 + v, v(1 + «)}, so that the first return occurs
on Zg.

times s occurs at a time sp(z,¢) < 0, which can accordingly be written as a function s (vy,r,€). Set
Spi={(y,re,8) e WxR : sp(y,1,6) <€ <0}

and use the map P}, to define the flow ¢, : ) — X, by

(v, 6,6+ 8)  if sp(y,me) <€4+s<0

(’Ph(’YaTa 5)70) lfg +s= Sh(%T, 5)

We made explicit the flow for s negative, the case s positive is defined analogously as Py, is an invertible
map. The next Proposition summarizes some basic ergodic properties of the dynamical systems (W, P,,) and

(Eha¢s)'

Proposition 4.2. (i) The map Py : W — W preserves the infinite measure v which is absolutely continu-
ous with respect to the Lebesque measure on W with density k(vy,r,€) = r—2.

¢s(’7ar7€a§) = { (44)

(ii) The flow ¢s : Xy, — Xy preserves the measure v which is absolutely continuous with respect to the
Lebesgue measure on X with density k(vy,r,e,&) = r=2. Moreover v(Xy,) = 4mw2/3.

(iil) The dynamical system (3p, D, ¢s) is isomorphic to the system (SM,m, izj‘), where ™ is the projection
on SM of the Liouville measure dm(z,y,0) = y~2dx dydf on SH, with z = x + iy and 0 = 6(().

Proof. Given (z,() € SH with 6(¢) & {0, '}, consider its coordinates (v, r, £) defined as v = ’yZC, r=r%(2,()
being the radius of the horocycle W+ (z,¢), and £ € R such that (z,() = hg— (', (') where 2’ is the point in

11



W(z,¢) with maximum value of the y component. We obtain the following expressions for the coordinates
(x,y,0) of (2,¢), where z = x + iy and 6 = 6(():

2 2 1
- @Lﬁ ) y(’% T, 5) = ggﬁ 9 9(7? T, 6) =-2 arCtanE . (45)

From ([{4.5)) it follows that the Liouville measure dm(z,y, ) = y~2 dx dy df becomes

37(’)/,7“, 6) =7

1
dm(y,r,&) = ﬁdVdeﬁ

in the coordinates (v, 7,€), and we set div = r~2dydrd¢. Moreover by the definition of ¢, the horocycle flow
ht acts in the coordinates (v, 7,&) simply by translation on &, that is

hE(y,r &) = (v, 6+ ).

These facts, together with m(SM) = 272 /3, prove (ii) and (iii). Finally (i) follows from (ii). O

Let us calculate an explicit expression for the return time sp(7y,r,¢). From Lemma it follows that
sp(7,r,€) is the time spent by flowing along the horocycle until its intersection with the right representative
of Zo. Now, by the identification of SH with PSL(2,R) (see (3.2)), the map W can be defined also as a map
from PSL(2,R) to W. In particular

v r+e/r2—~2

_ Var Ver
(Z7 C) =W 1(’% T, E) = F(Z,C) = . e \/ﬁ (46)
Ver yV2r

Proposition 4.3. For (z,() = W™ (y,r,e) € C with z € Iy and 0(¢) € (—,0), let T, ) € PSL(2,R) be
as in . Assume that the first return to C for izj with negative s along W (z,¢) occurs on T'=*(Zy) with
I' € PSL(2,Z), and set (7/,1",€") = Pu(y,r,¢) and (2',¢') = W=L(y/,1",€"). Write also the corresponding
matriz U, ¢y in the form . Then sp(7y,r,€) satisfies the equation

1 Sh(%ﬁ 5) 1 1
== F(Z C) F F(Z’,C/) .
0 1 '

Proof. The horocycle flow is represented by the right action of matrices in PSL(2,R) as in (3.4)). Hence

r r 1 Sh(’Y,T, 5)
h:—h("hr,s)(‘z)c) = (20 0 1 !

In addition, if the first return to C occurs on I'"1(Zy) at the point T=1(2’, ('), we have

L+

sp(vame

-1
)(274) :F F(Z’,C’)'

This concludes the proof. O

Using the above Proposition along with Tables and Equation (4.6]), we can make the form of s; (v, r, )
explicit for all (v, r,e) € W. By means of the functions

r2 — 2 r
u('%?nv E) = _Ef ) ’U(’Y,T, E) = 5; ’ 6(777"75) = 50(5)’ (47)
where dp(+) takes the value 1 at 0, and vanishes elsewhere, we get the expressions collected in the following
two tables. One may readily check that s, (7y,7,€) < 0 for all (y,r,¢) € W and also s, € L*(W,v), so that

the set (X, 7) as defined in Proposition is a finite measure space.
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Conditions on v and r su(y,7m,€)

r<l-—n ((u=v) o Pp)(y;1,8) = (u—v)(y,7,6) + (6 0 P+ 0)(7,1,€)
r>1—v ((u+v) o Pp)(y,7,8) — (u+v)(y,7,8) — (6 0o P, + 0) (7,7, €)

Table 4. The return time s for e € {0, +1} in terms of the functions defined in (4.7).

Conditions on v and r sp(y,r,€)
r<min{1+%’y(1+'y)} (uoph—u)(’y7r75)
L+y<r<y(l+7) | ((u=v)oPu)(y,m6) — (u—v)(y,7,6) + (0 0 Pp +6)(7,7,€)
r>~(1+7) ((u+v) o Pp)(y,7,8) — (u+v)(y,7m,8) — (6 0o P, + 0) (7,7, €)

Table 5. The return time s; for e = —1 in terms of the functions defined in (4.7).

Remark 4.4. The expressions for the return time sp, (v, ) displayed in Table 4| and [5| show that the sus-
pension flow ¢5 : Xy, — X, over (W, Py,), defined in (4.4)), has roof function which is not cohomologous to a
constant. If it were, there should be a function ¥ : W — R so that

Sh—/ spdv=VoP,—VU.
W

This does not happen because the sets on which we have defined the return time are not Pj-invariant. For
example, choosing (vy,7,¢) with e = +1 and r € ((1 —v)(1 — 27v),1 — ), we see that (v/,r',e") = Pn(~,r,€)
satisfies ¢’ = +1 and 7/ = /(1 —v)? > 1 — 4" = /(1 — 7). On the other hand, the reader will have noticed
that the function v changes sign when passing from the first to the second row in Table [

5. CLOSED HOROCYCLES AND THE PERMUTED STERN-BROCOT TREES

We have shown in Proposition that the suspension flow ¢, over the system (W,P,) is isomorphic
to the horocycle flow on SM with respective invariant measures. This implies that there is a one-to-one
correspondence between the closed horocycles on SM which intersect C and the periodic points of the map
Pr. This correspondence may be stated by saying that for a point (z,() € C with (y,r,e) = W(2,{) € W,
there exist I' € SL(2,Z) and s € (—oc,0) such that (z,¢) = (At (z,¢)) if and only if there exists n € N
such that P (v, r,e) = (y,7,¢€).

It is well-known (see e.g. [II], chap. 11]) that the closed horocycles are generated by the points (iy,:) € SM.
More precisely, they are the projections on SM of the horocycles W (iy,4) in SH given by the set of points
(z +1y,4) with x € R. Since bl : (z +1iy,i) — (x + sy + iy, i), they have length 1/y when projected on SM.

Proposition 5.1. Ify < %, the projection of the horocycle W (iy,i) on SM intersects C.

Proof. By applying S to W (iy,i) we see that S(W(iy,i)) is the circle tangent to R at 0 and of ra-
dius 1/(2y) > 1. Then R(S(W™(iy,7))), the circle tangent to R at 1 and of radius 1/(2y), is equal to
Wt(z,¢) with (2,¢) € C and z € Zy. If y < 1/2, we can choose (z,{) to be the determined by the
intersection of R(S(W™(iy,i))) with Zy with smaller value of the variable y, therefore it follows that
W(z,¢) = (1,1/(2y),—1). If y = 1/2, the intersection of R(S(W™(iy,4))) with Zy consists of a single
point, and therefore W(z, () = (1, 1,0). |

Remark 5.2. In the previous Proposition, one can use the identification between SH and PSL(2,R) recalled
in Section (3| to prove that for the point (z,() € C in the intersection between R(S(W™ (iy,i))) and Zy we
have

—14y/1—4y?
VY 2V

Lo = ey
VY 27
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Moreover h (z,¢) = (z,¢) for s = —1/y since

—14+/1—4y2 1 —144/1—4y2

pe |V T2 (1 y>: VI e
1++4/1-4y? 0 1 144/1—4y2

VY e VY 27

A consequence of Proposition [5.1] is that closed horocycles of length ¢ > 2 correspond to periodic points of
the map Py, and in particular the horocycle of length ¢ corresponds to the point (1,4/2,¢) € W with e = £1
if £ > 2, and e = 0 if £ = 2. In the following we characterise the periodic points of Py, their orbits, and their
periods.

Ezample 5.3. Let us follow the orbits of two points of the form (1,7,e) with » € N under the action of Py,.
First, setting » = 1, the point (1,1,0) is a fixed point of P}, as shown in Table

Setting instead r = 2, we can consider the point (1,2, —1). Applying P, according to Tablefor r=v(1+7),
we find Py (1,2, —1) = (1/2,1/2,0). Then P;(1/2,1/2,0) = (2,2,0) and P,(2,2,0) = (1,2,+1) by Table ]
Finally we use Table to get Pp(1,2,4+1) = (1,2,—1). Hence (1,2,—1) is periodic of period 4.

First we characterise the periodic points of Pj, without using the known results on closed horocycles.
Proposition 5.4. If a point (y,r,e) € W is periodic for Py then v € Q.

Proof. By using the map W given in , one realises that a closed horocycle on SM which intersects C
can be associated to a point (y,r,e) in W with € € {—1,0}. Indeed, if (y,7,+1) = W(z,() is periodic, then
also (v, 7, —1) must be periodic, since they define the same closed horocycle.

Then, looking at Table [3|it follows that if (v,r,0) is periodic then either (y,7) = (1,1) or (2,2), and we are
dealing with the fixed point or the period 4 orbit of Example [5.3] or else it can be reduced to a periodic
point with e = —1.

We are thus left to study a periodic point of the form (y,7,—1). Studying its orbit and the structure of
the correspondent closed horocycle (see Figure [4)), one readily checks that there exists k > 1 such that
Pk(y,r,—1) = (v,7,+1). Hence by Lemma there exists I'y € SL(2,7Z) which yields v = T'y(y) and r =
def (I'1(7y)) r. Moreover, since the orbit of (v, r, —1) is periodic, there exists m > 1 such that P;*(y,r,+1) =
(v,7,—1), so that n = m + k is the period of (v, r, —1). Again this implies that there exists I'y € SL(2,Z)
which yields v = T'a(7) and r = def (T2(7)) r.

From Tables (1| and [2|it follows that I'y could also be the identity, but I's cannot be such since I'y 1(Io) is the
set on which one of the return along the horocycle occurs, after the return corresponding to (v,r,+1). This
means that ~ satisfies

=~ and |ey+dl=1
for a,b,c,d € Z. Therefore v € Q. O

The following analysis of the relationship between the periodic orbits and the permuted Stern-Brocot tree
T provides the opposite implication, that if v € Q then (v, r,¢) is periodic for all 7, e.

5.1. Periodic orbits of P, and the permuted Stern-Brocot tree. We start by studying the orbit of
the points (1,7, —1) € W with » > 1. The case r = 1 is easy since the corresponding point in W is (1,1,0)
and has been already discussed in Example [5.3

From the argument in the proof of Proposition it follows that there exists k > 1 such that PF(1,r, —1) =
(1,7,+1). We then apply Table [1| to get Py (1,7,+1) = (1,r,—1). Hence the points (1,r,—1) are periodic
for all » > 1, and all the points in their orbits correspond to returns to C occurring on sets I'(Zp), for
I' e SL(2,Z), in {z € H : Re(z) < 0}. In particular, let W, be the horocycle which is tangent to R at 1
and has radius r > 1. We need to determine all the sets I ~1(Zy) with ' € SL(2,Z) which intersect W, in
{z e H: Re(z) < 0}.
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The easy case is given by the lines Z,, = R"(Zy) with n < 0. It is clear that W,F NZ, is not empty if and only
if » > 1 —n. It turns out that it is more useful to study the intersections with the geodesics with rational
end points in the intervals [n — 1,n] for n < 0.

For a Farey pair p/q,p’'/q' € QF with p/q < p’'/q’ (see Section , let

g(ppl>-— x+iyeH'<$+1p+1pl)2+y2— ! (5.1)
a4q) ' 2q 2¢ (2qq’)? '

be the geodesic with end points in —p/q and —p’/q’. For example g(0/1,1/1) = J_;.

Lemma 5.5. For a Farey pair p/q,p’' /¢ € QT we have

o(25)= (1 (3=%)) -

where M(a/b) € {L,R}* is the reverse word associated to the rational number a/b as in Section and
every symbol in M(a/b) is interpreted as a matriz in SL(2,7) acting on H.

Proof. Let p/q < p’/q, then by the discussion in Section 2.1} and Lemma

/ / /
M(p@p,>=(p, p) and M(p@p,>=<q, p,)
q q ¢ q q q ¢ p
AN P —p
<M (q@fz’» N (—q’ Q>

which as a matrix in SL(2,Z) acting on H maps the end points 0,00 of the geodesic Zy into the points
—p/q and —p'/q’ respectively, which are the end points of the geodesic g(p/q,p’/q’). Hence the lemma is
proved. ([l

Then

From the previous lemma it follows that the geodesics g(p/q,p’/q’) may be arranged in a tree which corre-
sponds to the Stern-Brocot tree 7 by the bijection

m _p p p v
noraf o o(22)
s q q qq

with the convention that 1/1 corresponds to Zo = g(0/1,1/0). If m/s is a daughter of m//s’ in T, then the
two corresponding geodesics have one end point in common, given by the common parent of m/s and m’/s’,
and the geodesic corresponding to m/s lies in H below that of m'/s’.
At the same time, the tree of geodesics is in bijection with the permuted Stern-Brocot tree 7T, since for
a(p/q,p'/q') the word M(p/q @& p'/q’) gives the position of m/s = p/q @ p'/q’ in T. This relation plays a
fundamental role when studying the action of the map P}, thanks to Lemma

We now give an elementary result on the intersection of g(p/q,p’/q’) with the horocycle W, tangent to
R at 1 and of radius r > 1.

Lemma 5.6. For a Farey pair p/q,p’/q € QF, the horocycle tangent to R at p > 0 and of radius r > p
intersects g (p/q,p'/q') if and only if r > (gp+p)(d'p +P').

Proof. We look for an equivalent condition to the existence of solutions to the system given by the polynomial
equation in (5.1)) describing g(p/q,p’/q’) and the polynomial equation (z — p)? + 32 — 2ry = 0 describing the
horocycle tangent to R at p > 0 and of radius r > p. The two circles have a tangency point if and only if

1 \? 1/(p ¢ 2
_ .2 I i
(H 2qtz’) - <p+ 2 (q * q’))
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which, using that p’q — pg’ = 1 and elementary computations, is equivalent to r = (gp + p)(¢’p + p’). Then
the two circles intersect if and only if the radius r is greater than or equal to the values for which they are
tangent. 0

We are now ready to state the main result of this section, which provides a precise characterisation of the
orbits under P}, of the periodic points (1,7, —1) for all » > 1 and of all the periodic points of Pj,.

Definition 5.7. Given p/q € Q" with p, ¢ coprime, we call energy of p/q the number &(p/q) := pq.
Theorem 5.8. For all r > 1, the point (1,7,—1) € W is periodic for P and has period per(r) given by
per(r) =2-#{(a,b) e Nx N : (a,b) =1,ab<r} +#{(a,b) e Nx N : (a,b) =1, ab=r}.

In addition, a point (y,r,e) € W is periodic if and only if v € Q, and in this case if v = a/b with a,b
coprime, it is in the orbit of the point (1,76%, —1).

Proof. Let us consider a point (1,7,—1) € W with » > 1. Note that the case r = 1 has been already
discussed in Example from which per(1) = 1. Then let » > 1. We have seen that (1,r,—1) is periodic
and that (1,7,+1) are in the same orbit. Moreover, all the other points in the orbit of (1,r,—1) are given
by the intersections of W}, the horocycle tangent to R at 1 and of radius 7, with the sets T=1(Z,) for
some I' € SL(2,7Z). In particular, by Lemma if W,F intersects I ~1(Zy) then the point (v/,77,¢’), with
v =T(1) and r' = def (I'(1))r, is in the orbit of (1,r,—1) for Pj,. From this it follows first of all that a
first class of points in the orbit of (1,r,—1) are given by the intersections of W& with Z,, = R"(Z,) for
1—7r<mn<0. If n =1~ r there is only one intersection, which gives ¢’ = 0 for the corresponding point,
and if n > 1 —r there are two intersections giving ¢’ = +1 for the point in the orbit. By Lemma the sets

{1+ |n|,r,£1) :neZ , 1< |n|<r—1}U{(1+|n|,r,0) : n€Z™,|n|=r—1} (5.2)

are made of points in the orbit of (1,r, —1). In the formula for the period of (1,7, —1), together with (1, r,+1)
they correspond to all the points with p € N and ¢ = 1.

The other class of points in the orbit of (1,r,—1) is given by the intersections of W, I with the geodesics
9(p/q,p'/q") defined in . It is an elementary observation that, together with Z,,, these geodesics cover
all the sets T'1(Zy) for some I' € SL(2,Z) in HN {Re(z) < 0}. By Lemma the horocycle W, intersects
a(p/q,p'/q) if and only if r > (p + q)(p' + ¢'), and by Lemma the intersection corresponds to the point

(v, 7', e) with
/ /
N =M (2 ® 2/) (1), r = def (M <§ ® Z) (1)>r,

with ¢’ = 0 if the two circles are tangent, ¢’ = +1 if there are two intersections. Let m/s = p/q ® p'/¢ .
Then v = M (m/s)(1) is the fraction that in T occupies the place of m/s in T.
Using the notations introduced in Section [2.I] and Lemma [2.3] we have

/ / /
M<p@p,>:(p, p) and M<p@p,>:<q, p,)
¢ q ¢ q ¢ q ¢ p

In particular, setting v = m’/s’, it follows that

/ m :p+q
s p/+q/'

Moreover, using Definition of the energy of a positive rational number, we obtain
- (p P - -
€0 =+ +a) and aof (31 (Lo L)) =+ ) =), (5.3
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We can sum up the consequences of (5.2)) and (5.3) by stating that a rational number a/b, with (a,b) = 1,
is the first component of a point in the orbit of (1,7, —1) under P}, if and only if r is greater or equal than
the energy £(a/b), and more precisely the orbit of (1,r,—1) is given by

{(%,b%,s:) c(a,b)=1,ab<r,c€ {71,+1}} U {(%,b%,O) : (a,b) =1, ab:r}.
The first part of the statement of the theorem is proved. Proposition [5.4] and the characterisation of the
orbit of (1,7, —1) readily imply the second part of the statement. O

The result of Theorem may be refined by studying the dynamical ordering of the points in the orbit of
(1,7,—1). By looking at the intersections of a horocycle W, with the geodesics g(p/q,p’/q’) defined in (5.1)),
and at the ordering of these intersections described by the relative geometrical positions of the geodesics in
H, we can produce an algorithm to determine the points of the periodic orbit of (1,7, —1) in their dynamical
order up to (1,r,+1) by using the permuted Stern-Brocot tree T. A description of this algorithm is given

in Appendix

Remark 5.9. Adopting an alternative point of view, we can look at the period per(r) of the Pp-periodic
orbit containing (1,7, —1) as the number of intersections of the horocycle W+ (iy,i) = {x + iy : © € R},
with y = 1/(2r), with the (geodesic) sides of the triangles forming the Farey tassellation of the domain
{r+iy e H : 0 <z <1} (see Figure [ below).

W (iyy,14)
4 3 5 2 5 3 4

Figure 5. Farey tassellation of the domain {z +iy € H : 0 < z < 1} up to level 4 as defined in Section We also show
two horizontal horocycles W+ (iyy, i) with y = 1/(2ry), k = 1,2: the blue horocycle has 7, = 2 and is tangent to some of
the geodesic sides of the triangles of the Farey tassellation; the red horocycle has 4 < ro < 5.

In particular, the horocycle W (iy, i) intersects the geodesic joining a Farey pair p/q,p’/q" € [0,1], with
p/q < p'/q, if and only if y < 1/(2qq’). Note moreover that given a Farey pair p/q, p'/q’ € [0,1], the
symmetric pair (¢ —p)/q, (¢ — p’)/q' is in [0,1] and yields a geodesic side of equal “height” (= 1/(2¢q")),
and there are no other pairs with this property. By the way, this symmetry accounts for the corresponding
symmetry of the walks associated to the dynamics of the periodic points of P, on the permuted Stern-Brocot
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tree (see Appendix . The formula for the period can thus be rewritten as

/ /
per(r) =2 # {z, %Farey pairs in [0,1] : ¢¢ < r} + # {z, %Farey pairs in [0,1] : ¢¢’ = r} .
To further clarify the connection with the construction made in the proof of Theorem 5.8} we observe that the
projection on SM of the geodesic joining a Farey pair p/q,p’/q’, via RS, is the geodesic joining P/Q, P’'/Q’
with P = ¢ — p and @ = p (and similar primed relations), so that (P + Q)(P' + Q') = q¢'.

Finally, this picture would also provide a sort of duality between periodic horocycles and scattering geodesics
(i.e. vertical geodesics landing at rational points), in the sense that, in order to know the corresponding
paths on the tree, in the first case we have to look at the intersections (of the horocycle) with Farey triangles
(arcs of geodesics), while in the second case we have to look at the intersections (of the scattering geodesics)
with Ford circles (horocycles).

5.2. Distribution of periodic orbits. According to Theorem the periodic orbits of P} are nothing
more than the orbits of the one-parameter family of points {(1, R, —=1)} ge(1,00) in W. Denoting by O(1, R, —1)
the orbit of (1, R, —1), which consists of per(R) points, we first prove the following proposition.

Proposition 5.10. The period per(R) of the Pp-periodic orbits O(1, R, —1) satisfies
12
per(R) = — Rlog R+ O(R), R — 0.
T

Proof. By the formula for the period per(R) of the point (1, R, —1) given in Theoremm we have to estimate
the asymptotic behaviour of the cardinality of the set II(R) := {(a,b) € Nx N : (a,b) =1, ab < R}, that is

R
#OR)=> > 1

n=1 (a,b)=1, ab=n

Now, the inner sum counts the number of ways in which one can split the set of prime numbers dividing n
into two disjoint sets. This in turn is equal to the number of square-free divisors of n. It is a standard result
in number theory (see e.g. [3]) that is obtained by summing over the divisors on n, denoted d|n, the square
of the Mébius function u(-), that is p?(d) = 1 if d|n and it is square-free, and p?(d) = 0 if d|n but is not
square-free. Therefore,

R R
#MR) =" > 1= Y uad).

n=1 (a,b)=1, ab=n n=1 d|n

The last sum may be rewritten by letting d vary between 1 and R and writing n = qd < R, hence we get
R R R R R 12(d)
S X =Y i) X 1= i@ 5] =k Y D o),
n=1 d|n d=1 QS% d=1 d=1

where in the last equality we have used that p?(d) < 1 for all d. At this point, using D od<R p*(d) =
6R/72 4+ O(VR) (see e.g. [14, Theorem 333]), we can write by means of Abel’s identity (see e.g. [3, Theorem
4.2])

R 2 R
ped) 1 1 _
> —Rd§ju2<d>+/1 & (X @) de—1=

d=1 =1 d<t

T2

6 . 6 (1 R
= +O(R = —dt tT2dt) —1=
OB + /1 t +O(/1 )

6
=— log R+ O(1).
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Finally

R
per(R) = 2#TI(R) + O(R) = 2R ) | “igd) +O(R) = 13 log R + O(R).
d=1

w2
and the proof is finished. O

Furthermore, a more refined number-theoretic argument allows us to conclude that the periodic orbits are
equidistributed with respect to the Pj-invariant measure v. Although this is not surprising after the results
in [34], 26], 28] 6], we believe it is interesting as a further case of equidistribution of the periodic orbits for a
dynamical system with infinite invariant measure (see [16]).

Theorem 5.11. Let v be the Py-invariant measure on W with density k(y,r,€) = r=2. Then for all A C W
measurable sets with 0 < v(A) < oo, we have

3
Z XA(’}/vrvE):ﬁRV(A)'FO(\/RlOgR) .
(v,r,e)€O(L,R,—1) &

In particular, for A, B CW measurable sets with 0 < v(A),v(B) < oo, we have

lim Z(’y’rvs)eo(LR’—l) Xa(7s75€) _ v(A)
R—oo 2(777»,5).50(1,12,_1) X5 (v,m8)  v(B)

Proof. We know from Theorem [5.§] that

O(1,R,—1) = {(Z,g,il) : (a,b):l,ab<R}U{(Z,£,0> S (a,b) =1, ab:R} .

We study the distribution of the points of the orbits O(1, R, —1) as R — oo for a set of the form
A={(y,re)eW : :s<y<t,u<r<wv,e# -1} (5.4)

with s,t,u,v € RT. The choice ¢ # —1 in A does not reduce the generality of the result as it is evident
from the structure of points in O(1, R, —1) and the fact that the set W N {e = 0} has vanishing v-measure.
Moreover if the result holds for all open rectangles in (y,r) it holds for all measurable sets. Finally, it is
enough to prove the result for 0 < s < ¢t < 1, because if a point with v = a/b is in O(1, R, —1) then also
a point with v = b/a is in O(1, R, —1), and in the r-components of the two points the roles of a and b are
exchanged. Hence any set in W can be split in two subsets, one with ~-component in (0,1) and the other
with y-component in (1,00), and it is enough to prove the result for one of these.

Let then s,t,u,v € Rt with 0 < s <t <1 and A4 as in . The set

R
HA(R)::{G : (a,b)zl,abgR,s<Z<t,u<b2<U}

characterizes the y-component of the points in AN O(1, R, —1), so that
> Xa(7,1€) = #1a(R).
(v,r,e)€O(1,R,—1)

First of all, I14(R) can be written as

HA(R){Z :(a,b)=1,ab< R, sb<a<bt, ,/f‘<b<,/f}

so that the order of s,t,u,v in RT changes the description of the set. One realizes that it is enough to
consider the cases

s<t=u<wv and s<u<wv=t.
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as the sets satisfying any of the other possibilities can be reduced to the union of sets falling in one of these
two cases. Anyway the computations are similar and the result follows by applying the same ideaeﬂ

We are now ready to study the asymptotic behaviour of #(ANO(1, R, —1)) as R — oo for A defined as in
with 0 < s <t =wu < v and t < 1. Note that A is a rectangle in W as the condition r > ~ is satisfied

for all points in A. Hence
V(A)—/t /Ur_zdr dy = (t — s) 1.1 (5.5)
=/ s vy = S I .

#a(R) = Z Z L.

VER/v<b<\/Rju (a:0)=1

bs<a<bt

We have

The inner sum can be expressed in terms of the Legendre totient function ¢(x,n), a generalisation of the
Euler totient function which counts the number of positive integers less or equal than x which are prime to
n. We get
#IA(R) = D> (6(bt,0) — d(bs,b)) . (5.6)
VR/v<b<\/R/u

The Legendre totient function has been studied less extensively than the Euler function. We refer the reader
to [30] where estimates of ¢(z,n) are given in terms of ¢(n), such as

d(e.n) = =)+ 0 | Y- 12(d) | - (5.7)

d|n
Moreover, as shown in the proof of Proposition [5.10} we have

N
> 2 (d) :%NlogNJrO(N), N — oo.
™
d

n=1

Using this estimate in (5.7)) and then inserting the result in (5.6) we get

H#TA(R) = (t — s) Y e +0 (JE log R) .
v/ R/v<b<+/R/u
On the other hand, a classical result in number theory (see [3]) states that:
l 3
p(n) = — N2+ O(N log N) (5.8)
e
n=1
and therefore

u v

#11,4(R) = %R(t—s) (1 1) +O(\/ElogR) .

Comparing with (5.5 have thus proved that in this first case
3
> Xa(v,m8) = 5 Rv(4) +0 (\/T% log R) . (5.9)

(v,re)€O(1,R,—1)

Let us now study the asymptotic behaviour of #(ANO(1, R, —1)) as R — oo for the second case, namely
for a set A defined as in (5.4]) with 0 < s <wu <wv =1t and ¢t < 1, which is a trapezoid in W, and

V(A)—[Jv(/:rzdfy> dr_logZ—s(i—i>. (5.10)

2The result follows also noticing that IT 4 (R) represents the set of coprime lattice points in a trapezoid T4 (R) and estimating
the set of coprime lattice points in T4 (R) with the area of T4 (R) times 6/72 plus an error term due to the perimeter of T4 (R).
This is a standard technique applied for example in [7, Lemma 2].
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In this case we find

#UA(R) = Z Z 1

/Rjv<b<+/Rju (a:b)=1
bs<a<R/b

so that using again the Legendre totien function and (5.7)) we get
R R
#Ta(R) = > <¢ (b,b) - qb(bs,b)) = > (b2 p(b) - sso(b)) +0 (x/?% log R) .
vV R/v<b<y/R/u vV R/v<b< /R/u
Using (5.8)) along with [3],

N
n 6
Z 90722) = log N + O(1)

n=1

ATIA(R) = > R <10gf—logf> —%Rs <1 1) +0(\/ElogR) .

we obtain

2 u v
Comparing with we see that holds also in this case.
In conclusion, we have proved that all the sets A as in satisfy . This immediately implies the
statement of the theorem for all couples of sets A, B of this form. The extension to all measurable sets with
finite v-measure is straighforward. |

6. NON-PERIODIC ORBITS

In this section we study the map P}, on non-periodic orbits. In particular we introduce a “time leap” for
Pp, to rewrite it as a map from X := ([1,00) x [1,00) x {0, +1}) "W to itself. We need the following result.

Proposition 6.1. For the map Pp : W — W we have:

1 or eac ,T,E) € wit € , ana € —1, there exists ni(7y,r) such that , 7)) =
(i) f h (y,r,e) € W with v € (0,1) and e # —1, th ' (7,7) such that (v',r',€’)

P,’:l(y’r)(’y,r,s) satisfies ' € [1,00);

(ii) for each (vy,r,e) € W with e = —1, there exists na(7y,r) such that 73,?2(7’” (v,r,—1) = (y,r,+1), and
na(v,71) = 2-#{(a,b) ENxN: (a,0) =1,(qv +p)(d"y +p) <7} +
+#{(a,b) eNxN : (a,b) =1,(¢y +p)({v+p)=r} -1

aN_ (1 P).

M(b) B <q’ p’)7

(iil) for each (y,r,e) € W with v ¢ N and € # —1, we have PFJ (v, e) = (v — |v],7me);

(iv) for each (y,r,e) € W with v € N, v > 2 and € # —1, we have P,(l’y_l)(%n e)=(1,r,+1).

where

Proof. (i). Let (y0,70,€0) := (v,7,¢) € W with v € (0,1) and € # —1 and use the notation (y,,7n,&n) =
Pi(vy,r,e) for all n > 1. To obtain (y1,71,€1) we use Table [1| or Table Let g = +1. If rg > 1 —
we obtain y; = 1/(1 — ) > 1 and we are done with ni(v,r) = 1. If ro < 1 — 79, we obtain (y1,71,€1) =
(70/(1 =0),70/(1 —~0)?,+1), hence either 7; > 1 and we are done with ni(y,7) =1, or 7; € (70,1) and we
consider (7y2,72,€2). In the case g = 0, when 79 = r¢ > 1/2 then as before 1 = 1/(1 —7) > 1 and we are
done with ny(y,7) = 1. If 49 = 79 < 1/2 we obtain again (y1,71,1) = (v0/(1 — 70),70/(1 — 70)?, +1), now
Y1 € (70,1) and we consider (42, 73,€2). By repeating the argument, if we are not done at the n-th step, we
have v, = 70/(1 —=n%) € (Yn_1,1), 7 = 70/(1 — ny0)? and &, = +1. At this point, if r, > 1 —~,,, which is
equivalent to ro > (1 — (n + 1)y0)(1 — nyo), then v,41 = 1/(1 — ) > 1. Instead, if 7, < 1 —~,, we have
Yrt1 = Yn/(1 =) = v/(1 — (n+ 1)) and again there are two cases: either v,41 > 1 and we are done,
or Y41 < 1 and we proceed with the (n + 1)-th step.
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We can conclude that either there exists @i such that ro > (1 — (7 + 1)v0)(1 — fiyo), and then vyz41 > 1, or
the sequence {v,} is given by =, = v9/(1 — nyo) for all n > 1, and since for all vo € (0, 1) there exists 71 such
that v > 1/n, we have v511 > 1. Therefore

ny(y,r) = 1—|—min{min{k >1:r>1—-(k+1)y)A-ky)}, min{j >1: . _’ij > 1}}
(ii). If v = 1, we are looking at the periodic point (1,7, —1), and we have argued that Pier(r)fl(l, r,—1) =
(1,7,41) where per(r) is defined in Theorem [5.8] Hence ny(1,7) = per(r) — 1. For a general v > 0 we need
to count the intersections of the horocycle tangent to R at v and of radius r, with the sets Z,, with n < 0
and with the geodesics g(p/q,p’/q') defined in . The number of these intersections give na(y,r) — 1.
The intersections with the lines Z,, exist for all n such that v —r < n < 0. In the formula for ny(v,r)
they correspond to the cases s = 1 and m = |n/|, for which

o(5)-(: )

and the condition is v + |n| < r. By Lemma the intersections with the geodesic g(p/q,p’/q’) occur if
r > (qy+p)(¢'y+p'), and by Lemmas[5.5 and[4.1] to such an intersection it corresponds a point (v/,7/,’) € W

with
/ /
v =M <p ® p/) (7), 1’ =def (M <p ) p/) (’y))r.
q9 g qa g

Since in Section [2] we have shown that for all a,b € N with (a,b) = 1 we have

a p 7 P’ p) . (p p’) (q p)
Ml=)=M - = | = and M - b=)]= )
(b> (q q/> (fJ’ q q g v

we obtain the formula for na(vy,r).

(iii) and (iv). It is enough to repeatedly apply P}, as defined in Tables 1| and |

Theorem 6.2. Let X := ([1,00) x [1,00) x {0,+1}) "W. For all (y,r,e) € W there exists i(~y,r) € N such
that PZ(%T) (v,7,€) € X. In particular it is well defined the map Ty, : X — X given by

)+ 14 (= oemr=e) - T EN;
Y= 1 ) foy € Nz'
and na(y,r) defined as in Proposition . More specifically

1 r ~
nond = (T AR )

Taly,re) = PR (y,re)  with 7(y,7) =

withé=+1ify#1andé=cif y=1.

Proof. From Proposition we know that for all (y,r,—1) we end up at (vy,r,+1) with na(y,r) iterations
of Py, whereas if v € (0,1) and € # —1 a point with 4/ > 1 is reached with ny(y,r) iterations. Together,
these two steps imply the first part of the statement.

It is then possible to define a map Ty, from X to itself. Let us check that the times 7(,r) may be chosen as
in the statement. Considering first the case v ¢ N, Proposition (iii) entails that the points (y,7,¢) € X
hit (v — |v],r,+1) after || iterations of Pp. Since v— || € (0,1) and r > v > 1, we can apply Proposition
6.1+(1) with ni(y — |v],7) =1, to get

R ! : N
PR (rme) <1+HJ—7’(1+M—7)2’ 1>'
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We can now apply Proposition (ii) and conclude the computation of 7(y,r) for v € N. If v € N the
result immediately follows from Proposition (iv)7 with the standard convention that Py is the identity
map. ([l

Remark 6.3. We point out that the map 7Ty, is not the first return map of P, onto X. For (v,r, &) with
v € N and v > 2, the map Ty, simply corresponds to (y — 1) applications of the translation R~! on the
horocycle tangent at 7. One is then reduced to the case (1,r,¢) which is fixed by 75 and corresponds to
going once round the periodic orbit. If v € N, the action of 7, has three steps. First one applies the
translation R~! on the horocycle || times, obtaining (v',7’,&’) = (v — |v], 7, +1) which is not in X since
v— 7] € (0,1), and then applies SR~* according to Tableto get (Y, 1", ") = (1/(1—~"),r"/(1—=+")%,—1)
which again is not in X. The horocycle tangent at " is close to horocycles tangent at rational approximation
of 7" which describe periodic orbits for the horocycle flow on SM, and the last step brings (v”,r”,&"”) to
Trn(v,7,¢) = (7", r",+1) € X by shadowing these periodic orbits.

Looking at the first component of the map 7y, we are led to study the map
1
T:[1 -1 Tt) = ———
[109) = [Lo0) . T(0) = 17—
for which an easy computation yields the following result.

Proposition 6.4. The dynamical system ([1,00),T) is topologically conjugate to the backward continued
fraction system ([0,1), F) given by

1
with conjugacy ¢ : [1,00) — [0,1) given by ¢(t) =1 — % As a consequence the map T preserves the infinite
measure du(t) = dt/(t(t — 1)). In particular, if t € Q there exists ky > 0 such that T* (t) = 1, and therefore
T*(t) =1 for all k > k;.

Let us now consider the action of 7, on the second component. One notes that if (7,7, ¢) is not periodic,
the second component is strictly increasing since (1 + |y] —7) < 1 for all ¥ ¢ N. Hence if we wait enough
time, the map P, makes the radius of the horocycle to increase, thus converging to the cusp of M.

Remark 6.5. The map F' defined in Proposition [6.4] gets its name because can be obtained by flipping the
standard continued fraction transformation about the vertical line 2 = 1/2. Adler and Flatto showed in [2]
that F' is the map obtained by inducing on (0, 1) the first component of the Poincaré map on C of the geodesic
flow §; (see the map P, constructed in Appendix @ Equation ) On the other hand, we showed above
that F' is (conjugate to) the map on [1,00) obtained by a time-reparameterization of the first component
of the Poincaré map on C of the horocycle flow izj We believe that this result helps to highlight how the
parabolic horocycle flow also contains an “expanding component”, which can be detected by an appropriate
reparameterization.

7. RELATIONS WITH [0]

In [6] the authors have introduced a Poincaré section for the horocycle flow on M using the identification
of SM with the space of unimodular lattices. By adapting their argument to our notations, let

C={(z,0)eSM :y>1,0<z<1,0(() =7},

that is all the vectors pointing downwards with base point in the subset of the fundamental domairﬂ of M
with imaginary part greater than or equal to 1. As in Section [4] we set

¢ = {(z,g) € SH : m.(2,C) eé} .

3Here we are thinking of the fundamental domain in the strip = € (0, 1].
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Setting

Q:={(a,) €R*: 0,8 € (0,1], a+ > 1},
the set C may be identified with Q by
Lot +ik wlez

[
z =

(7.1)
1+it if 2eN

Theorem 7.1 ([6]). The Poincaré map of the horocycle flow izj with negative s on the section C in the

variables (o, B) € Q is the Boca-Cobeli-Zaharescu map studied in [7] and defined to be

V050, V()= (,@,—a+ F;CVM) .

One of the main features of the map V is its relation with the Farey sequences. We recall that for each fixed
Q € N the Farey sequence F(Q) is the collection of fractions in [0, 1] which written in reduced form have
denominator less than or equal to Q. If
]—"(Q):{Ozpo<1:pl<p2<...<p]v1 <1:pN}’
I 9 @ @ ¢ gn-1 1 gy
the relation between V and F(Q) introduced in [7] is that

v <Qi1 q:) _ (% Qi+1>
Q’Q QN Q
foralli =1, ..., N, with the convention gn4+1 = qo. Hence the denominators of the fractions in the Farey
sequence F(Q) describe a periodic orbit of V' of period N = N(Q), one less than the cardinality of F(Q).
Moreover, it is shown in [6] that this periodic orbit corresponds to a closed horocycle of length Q2.

Let us find the corresponding periodic orbit for the Poincaré map Pj. As explained in Remark the
closed horocycle of length Q2 corresponds to the Pj,-periodic point (1,Q?%/2,—1) € W for Q > 2, with orbit

2 2 2 2 2
0(1,%,—1) :{<Z,2Qb2,j:1) : (a,b):l,ab<%}u{<z,fb2,0) : (a,b):l,ab:%}.

Therefore if one follows the closed horocycle Wa} /20 tangent to R at 1 and of radius Q2/2, from its lowest

point on Zy until it closes on SM, then one finds N(Q) passages through the section C. Each of these
passages occurs between two consecutive returns to the section C we have used to define the map Pj. In
particular, we use the suspension flow ¢4 defined in (4.4) in terms of the map Pj to identify the passages
through C.

Proposition 7.2. For all Q > 2, for a point (y,7,¢) € O(1,Q?/2,—1) there exists s, € (sn(y,7,€),0) such
that ¢s, (7,7,¢,0) € C if and only if v = a/b and r = Q?/(2b?), with (a,b) € N x N in the set

. 2 2

F(Q) = {(a,b) =1,a<b<@Q,ab< QZ}U{(a,b) =1l,a>ba+b<Q,ala+b) > %}
Hence # F(Q) = N(Q) for all Q > 2. In addition, the point ¢, (a/b,Q?/(20%),€,0) corresponds to the point
(aa,b), B(a,b)) € 2 given by

(a(a,b), B(a,b)) =
(£, 8) ife>1
Proof. Let @ > 2 and consider all points (vy,7,¢) € O(1,Q?%/2,—1). Looking at the part of the horocycle

flow from the point in C corresponding to (v, ) to its first return to C, we need to determine whether there
is a passage through C.
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Let us first consider the case e = +1. If v = a/b > 1 then, by Table|[1] the first return to C occurs on Z; with
Pr(a/b,Q?/(2b%),+1) = ((a — b)/b, Q*/(2b?), +1). Therefore along this portion of the horocycle flow there
is no passage through C, since the vector never points downward. If v = a/b =1, then a = b =1 and the
first return to C occurs on Z,. In this case, before the return to Z,, the horocycle Wgz /2 intersects Z; and
on this intersection the vector points downward. The intersection point is z = 1 + iQ?, so that from

1
a(l,1) = —=
(L1 0
and f/a € N, which implies
Q
S(1,1)=1=—=.
(1,1) 0
If y=a/b<1and b < Q, then the return to C occurs after a passage through the point
a .Q?
Z = g —+ ZbT

with vector pointing downward. This yields a passage through C with

b b [B@b)| e
@W=3 a@) Ly(a,b)J

b

by (7.1), from which

Bla,b) = ——-t—==

If instead b > Q, then there is no passage through C before the first return to C. Otherwise, there would be
a point (z,{) € SM with z € TF, that is with imaginary part greater or equal than 1, and 6(¢) € (-, 0),
equivalent in SM to (z,¢) = W™ (a/b,Q?/(2b%),+1). But this is impossible, since S, (z, () has base point
in Z* and angle in (0, 7).
For the case e = 0 we can repeat exactly the same argument. We have thus proved half of the result. Indeed,
we have proved that for € = 0, +1, for a point (y,7,¢) € O(1,Q?/2, —1) there exists s, € (sn(7,7,¢),0) such
that ¢,_(v,7,¢,0) € C if and only if v = a/b and r = Q?/(2b%), with (a,b) € N x N in the set
Q2
{(a7b):1,a<b<Q,ab<2}.

In addition the point ¢, (a/b, Q*/(2b),¢,0) corresponds to the point
b oa+|%2b
a(a,b),Bla,b) = | =, —=L—1] e Q.
(a(a, b), 5(a, b)) (Q 0
We now consider the case ¢ = —1. Looking at Table [2] if the radius is big enough the first return to C
occurs on J_;. Hence we are dealing with the portion of the flow on the horocycle W tangent to R at a

point vy and of radius r between Zy and J_;. Let us consider the action of the matrix S € SL(2,Z) on this
horocycle. Since S(Zy) = Zp and S(J_1) = I1, we get the flow on S(W™T) between Zy and Z;. In addition,

if (z,0) = W™ (y,1,—1) (see [£3)), then (2,¢) = S.(z,() satisfies 8(() € (r/2,7) since 6(¢) € (—7/2,0).
Therefore along the portion of the flow on S(W™) we are looking at, there is no passage through C because
the vector never points downward. Since W and S(W™) are equivalent in SM, this shows that in this first
case there is no passage through C before the first return to C.

By Tablewe are thus left with two cases to consider. The first corresponds to v = a/b > 1, r = Q2%/(2b%) <
¥(1+7) = a(a + b)/b%, and first return to C on Z_;. We argue as before by looking at the action of the
matrix L € SL(2,Z). If W is the horocycle tangent to R at v and of radius r, then L(W™) is the horocycle

tangent to R at L(y) = v/(1 ++) € (0,1) and of radius /(1 + ) < L(v). This new horocycle does not
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intersect Zy, and since L(Zy) = Jy and L(Z_1) = Z;, we look at the portion of the flow along this horocycle
from Jy to Z;. Since L(7) € (0,1), there exists a point

2 2
pp— +1 r___¢ 9
1+y  (1+49)?

BT R CEDE

at which the vector points downward. Therefore, if Q?/(a + b)? > 1, we have found a passage through C. If
instead Q?/(a + b)? < 1 there is no passage through C as can be shown by arguing as in the case ¢ = +1,
v > 1 and b > @ before. Therefore, in this first case we obtain a passage through C if and only if (a,b) is in
the set

2
{(a,b)zl,a>b,a+b§Q, ab§Q2<a(a+b)}

and one realises that the condition (a 4+ b) < @ implies ab < Q*/2. In addition, using (7.1]), we obtain
Catb Bab)  |Bab)]| a
afa,b) = Q °  afa,b) ala,b) |  Q°

It follows that a > @Q/2, hence 2a + b > @, so that §(a,b) = a/Q.
The second case we need to consider corresponds to r < 1+ and the first return to C occuring on Zy. In this
case, the horocycle W7 along which we are flowing is equivalent to L(W™), which needs to intersect Jy in

two points, without intersecting other copies of Zy in the meantime. Again we are using that L(Zp) = Jp. It
means that the radius /(1 +v)? of L(W ™) is smaller than 1/2. Hence no point along the horocycle L(W ™)
is in C.

We have thus examined all the points in the orbit of (1,Q?/2,—1), finding all the passages through C. The
proof is finished. (|

The ideas in the proof of Proposition may be used also for non-periodic orbits. One can show that
following the orbit of a point (yo,70,£0) € W, there is a passage through the section C between two consecutive
returns to C, (Yn, Tn,€n) = Pp(v,7,€) and (Y41, Tnt1,Ent1) = ’P,?H(*y, r,e) for n > 0, if and only if

(149)?
2

1
(%,rn,en)e{7§17r22,€#—1}u{7>1, §r<7(1+7)76=—1}-

APPENDIX A. THE POINCARE MAP FOR THE GEODESIC FLOW AND ITS SUSPENSION

In this appendix we show for completeness the construction of the Poincaré map for the geodesic flow
with respect to the Poincaré section C defined in . This is similar in spirit to the results in [T}, 27] and
uses essentially the same Poincaré section as in [2]].

Let (2,¢) € C and 7. ¢(t) be the geodesic tangent to ¢ at z. Since 0(¢) € (—,0) we have '7:,( € Rt and
Ve € R™. We let

G:={(y.n) : vn,neR"}
and consider the map
G:CoG (50060 = (1)

Using the identification of SH with PSL(2,R), the map G can be defined also as a map from SL(2,R) to
G. Following the notation of Section 3] we have

1 1
1\" _a 7(1)2 A
_ Y Y+n n Y+n
(Z>C) :g 1(777’) = F(Z,C) = 1 1 (Al)
Nam () F
v) A \n) A
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We now consider the Poincaré map on C of the geodesic flow g; starting from a point (z,¢) € C and along
vz,¢(t) for positive times ¢. Let (v,m) = G(2,¢). Given (Z/,{’) the point in C of the first return, we can
describe the Poincaré map as a map

Py:G =G, Pylv,n)=0"n") =6~ ().

Our aim is now to describe the map P, on the points of G, also in relation with the {L, R} coding of v € R™
introduced in Section The map P, depends on the set of C' defined in (4.2) on which the first return
occurs. The following analogue of Lemma holds and the proof is similar.

Lemma A.1. For (z,() €C, let (v,n) = G(2,C). If the first return to C for g, with positive t along v, ¢(t)
occurs on T =1 (Zy) for some I' € PSL(2,Z), then (7',n') = Py(v,n) satisfies

7' =T(y) and 7' =-T(-n).

Different cases have to be considered (see Figure @ Given (z,¢) = G~ Y(v,n), if v > 1 the first return
to C for g, with ¢ positive along v, ¢(t) occurs on Z; = R(Zp). On the other hand, if v < 1 it occurs on
Jo = L(Zy). Finally, when v = 1 there are no returns to C along . ¢(t) for positive t. However we can
extend the map also to this case, and using Lemma [A-1] we obtain

(7717n+1)v lf’Y>17
() =P =4 (5, 5) v <l (A.2)
(0,00) , if vy =1;

so that we recognise the map U defined in (2.1)) as the factor map of P, on the first coordinate.

Ifl IO I’l

Figure 6. Action of the first return map P4. The red geodesic has v > 1 and thus the first return to C of the geodesic
flow occurs on Z;; the blue geodesic has v < 1, so that the first return to C of the geodesic flow occurs on Jy.

Let us now consider the {L, R} coding of v € R*. Using that M(y) = R--- when v > 1, M(y) = L---
when v < 1, and M(v) = I when v = 1, we obtain

qu{TMﬁnvizi?

where A denotes the empty word.
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We can now construct the suspension flow associated to (G,Py). Let (2,¢) € C and apply the geodesic flow
along v, ¢(t) for ¢ positive. Letting (y,7n) := G(z, (), the first return of the geodesic flow g,(z,¢) on C occurs
at a time t,(z,¢) > 0, which can then be written as a function of (v,n) as py(v,n) = t,(G7*(7,n)). Let
us now compute pg(7y,n). When v > 1, we have seen that the first return on C along ~, ¢(t) for ¢ positive
occurs on Z;. Hence, using the identification between SH and PSL(2,R) and , we write

a b e 0 a b
th(z7c) = <c d> (0 6;) where F(Z7C) = <C d) R

from which it follows that ¢4(z, () is the positive solution of

aezi+be *
Re I — =1.
ce2i+de 2
A straightforward computation and (A.1) give

1 ac + d? 1 141 .
tg(2,¢) =5 log< ) and  py(7,7) = 5 log (1 — | iy > 1L
Y

ac — c2

When v < 1, we have seen that the first return on C along 7. ¢(t) for ¢t positive occurs on Jy. Hence, as
before it follows that t4(z, () is the positive solution of

aezi+be 2 1
cerit+de? 2
A straightforward computation and (A.1) give

1 b? — bd 1 1+nY .
te(2,Q) = 3 log <ac— a2) and py(v,m) = 3 log (1_7) if vy < 1.

1

5"

Let now
Do ={(7,n,7) ERT xRT xR : y#1,0<7 < pg(v,m)}
and consider the flow ¢; : ¥, — 3, defined by

(v, m+t), HO<THE<pg(y,n);
(Pg(7v,m),0), if 7+t=py(v,n);

and analogously for other values of t. Then (X,, ¢;) is the suspension flow over the map Py, for which the
following proposition holds.

¢t (’77 , T) =

Proposition A.2. The following properties hold:

(i) The map Py : G — G preserves the infinite measure p which is absolutely continuous with respect to
the Lebesgue measure on G with density h(y,n) = (v +n)~2.

(ii) The flow ¢y : ¥, — X, preserves the measure [i which is absolutely continuous with respect to the
Lebesgue measure on ¥, with density h(v,n,7) = (v +n)"2. Moreover ji(X,) = 7?/3.

(i) The dynamical system (X,, i, ¢¢) is isomorphic to the system (SM,m, §:), where m is the projection
on SM of the Liouville measure dm(z,y,0) = y~2dx dydf on SH, where z = x + iy and 0 = 6(().

Proof. Given (z,¢) € SH with 6(¢) & {0, 7}, consider its coordinates (y,n,7) defined by (v,n) = G(z,(),
and 7 € R such that (z,{) = g-(2/,{’) where 2’ is the point of the geodesic 7. ¢(t) with maximum value of
the y component. We obtain the following expressions for the coordinates (z,y, ) of (z,(), where z = z + iy
and 0 = 0(():

T

v+
eT+e T’

ver —ne”
o(y,n,7) = ————, yl,n7)=

pE— 0(v,n,7) = —2 arctan(e”) . (A.3)
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From ([A.3)) it follows that the Liouville measure dm(x,y,6) = y~2 dx dy df becomes

2dp = 5 dydndr

2
(vy+n)

in the coordinates (v, n, 7). Moreover by the definition of 7, the geodesic flow acts in the coordinates (v, n, 7)
simply by translation on 7, that is

gi(v,m, 1) = (v, 1, T+ 1)

These facts, together with m(SM) = 272 /3, prove (ii) and (iii). Finally (i) follows from (ii). O

APPENDIX B. THE DYNAMICS OF THE PERIODIC POINTS OF P; ON THE PERMUTED STERN-BROCOT

TREE

Here we describe the algorithm to find the points of the periodic orbit of (1,7, —1) for P}, in their dynamical
order up to (1,7, +1) (refer to Figure [7| where the case r € (10,11) is shown):

(a)

the initial condition is the point (1,7, —1) € W and for completeness we consider the case r € N, with
r > 2 (the case r = 1 has already been studied and for r € [1,2) no fraction other than 1/1 in 7 has
energy small enough to be in the periodic orbit). If € N then the points with € = 0 should be excluded
in the next steps. Then we start with the fraction 1/1;

go down on the left along 7 finding the fractions 1/n for n < r (here we are applying L to the ~-
components). These fractions correspond to the points (1/n,r/n? —1) € W if 2 < n < 7, and to the
point (1/n,1/n,0) € W if n = r. Note that for the energy {(1/r) = r, and it is an elementary remark
that there is only another fraction at the same level in T with energy greater than or equal to r, namely
r/1;

if r = 2, it is clear that the only other fraction in T with energy less than or equal to r = 2 is 2/1,
hence we obtain the point (2/1,2,0), from which we get (1,7, +1);

if > 3 go up back to the fraction 1/(r — 1) (applying L~!), to find the corresponding point (1/(r —
1),7/(r—1)%,+1) € W. The right sister of 1/(r—1) is the fraction (r—1)/(r—2), and £((r—1)/(r—2)) > r
for all » > 4. If r = 3, the right sister of 1/2 is 2/1, we get the point (2/1,3, —1) € W, and we continue
as in step (i);

if » > 4, keep going up back to the fractions 1/n with 2 < n < r — 1 (applying L™!), to find the
corresponding point (1/n,7/n2,+1) € W, and stop going up at n, if the right sister n. /(n. — 1) satisfies
€(ny/(ns — 1)) = nu(n. — 1) < r. In this case we go to the right (applying RL™! = SR™1) to the
fraction n./(n. — 1), corresponding to the point (n./(n. —1),7/(n, —1)%,—1) € W if n.(n. — 1) <r,
and to the point (n./(n. — 1),n./(n. —1),0) € W if ny(n. — 1) = r;

repeat the same algorithm: first go left until possible with points with e = —1 or € = 0; then go back up
with points with € = 41 until the energy of the right sister of the fraction is small enough to go right
with e = —1; eventually we reach a fraction which is a right descendant (hence it has no right sisters)
and in correspondence with a point with ¢ = +1, from which we cannot go down; then we go up back
visiting all the already seen fractions, this time with ¢ = +1, until we get to the fraction n./(n, — 1) of
step (e), in correspondence with the point (n./(n. — 1),7/(n. — 1)%,+1) € W;

move up to the fraction 1/(n, — 1), the direct parent of 1/n, and n./(n.—1), (applying R~!) obtaining
the point (1/(ns — 1),7/(n. — 1)?,4+1). The same pattern described in (e) and (f) repeats, that is we
move to the right to the fraction (n, —1)/(n. —2) with e = —1, and then apply step (f), until we reach
again (n. — 1)/(n. — 2), this time with ¢ = +1, and then go back to 1/(n. — 2);
repeat step (g) moving up until reaching 1/2 in correspondence with the point (1/2,7/4,+1) € W, then
go right to 2/1 with e = —1;
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now apply the steps in (b)-(g) by interchanging left with right. This follows from the symmetry of the
Stern-Brocot trees, for which a reflection of the tree along a vertical line passing through 1/1 sends the
fraction p/q to the fraction ¢/p. In particular the energy of these specular fractions is the same. Then
we visit all the fractions with energy less than or equal to » which lie on this right side of ’7', until we
reach back 2/1 in correspondence with the point (2/1,r,+1) € W. The last step is to go back to 1/1
and to (1,7,+1), the last point in the periodic orbit of (1,r,—1).
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Figure 7. Representation on the permuted Stern-Brocot tree of the periodic orbit of (1,r, —1) for P}, in the case r € (10,11).
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