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ABSTRACT. This paper aims to study the local behavior of solutions to quasi-
linear degenerate parabolic equations with a class of anisotropic weights, which
comprise two power-type weights of different dimensions. We first capture the
asymptotic behavior of the solution near the singular or degenerate point of
the weights. In particular, we find an explicit upper bound on the decay rate
exponent determined by the structures of the equations and weights. This
exponent can be achieved under certain condition and reflects the damage ef-
fect of the weights on the regularity of solution. Furthermore, we prove the
local Hélder regularity of solutions to non-homogeneous parabolic p-Laplace
equations with single power-type weights.

MSC numbers: 35K92; 35B40; 35B65.

1. INTRODUCTION AND MAIN RESULTS

Let ©Q be a smooth bounded domain in R™ with n > 2. For T > 0, denote
Qp := Q x (=T,0]. In this paper, we focus on a class of anisotropic weighted
quasilinear parabolic equations as follows:

wy 0w — div(wea(z, t,u, Vu)) = web(x, t,u, Vu), in Qp, (11)
[ull L= (@) < M < o0, .

where wy = |2/|%|z|%2, wy = |2|%|x|%, 2’ = (21, ...,7,_1), the ranges of 0;, i =
1,2,3, 4 are prescribed in the following theorems, the functions a : Qp x R*+! — R"
and b: Qp x R"! — R are only measurable and subject to the following structure
conditions: for p > 1 and (z.t) € Qr,

(H1) a(x,t,u, Vu) - Vu > A\ |VulP — ¢1(z,1),

(H2) |a(z,t,u, Vu)| < Aa|VulP~! + ¢o(z,t),

(H3) |b(z,t,u, Vu)| < A3|VulP~! + ¢3(x, t).
Here \;, ¢ = 1,2, 3 are given positive constants and ¢;, ¢ = 1,2,3 are nonnegative
functions such that

1
1o P P
16l Lo (@rr = (/ |¢10w2dxdt) <oo, Gimdy Ol 4ol (12)
T

where [ satisfies
n+p+6;+06;
—p )

lo > (1.3)
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Remark that the anisotropy of the weight |2/|%!|z|% comes from |z/|%'. From the
geometric point of view, |2/|%* represents a degenerate or singular line, while |z|%2
only exhibits singularity or degeneracy at the origin. In fluid mechanics, these
weights have been utilized to describe the singularities of (—1)-homogeneous ax-
isymmetric no-swirl solutions to the three-dimensional stationary Navier-Stokes
equations. Starting from Landau solution [35] with single point singularity of or-
der O(]z|™1), Li and Yan [40] recently classified those other homogeneous solutions
found in [38,39] into two types of singular solutions, which exhibit the singulari-
ties of orders O(|z| = In |2/|~t|z|) and O(|z’|~1), respectively. With regard to their
properties and more applications in weighted Sobolev spaces and relevant PDEs,
see e.g. [6,41,43,44].

The structure conditions in (H1)-(H3) were first proposed and studied in the
well-known work [19] completed by DiBenedetto, where the method of intrinsic
scaling was developed to establish the Holder estimates of solutions to degenerate
parabolic equations. We here would like to point out that the assumed conditions
in (1.2)—(1.3) imposed on ¢;, i = 1,2,3 are different from that in [19] and have
obvious advantages in simplifying the computations and presenting the following
proofs in a more concise manner. Given these structure conditions, the degeneracy
and singularity of (1.1) are of the same nature to the prototype as follows:

w1 Opu — div(wsz|Vu|P~2Vu) = 0.

When wy = wy = 1, it is the classical parabolic p-Laplace equation, which is
frequently used to describe a large variety of diffusion phenomena occurring in nat-
ural sciences and engineering applications such as nonlinear porous medium flows
and chemical concentration. For more relevant physical models and explanations,
see [3,9,49] and the references therein. On one hand, according to the diffused
feature of the flows, the equation can be divided into three types as follows. If
1 < p <2, it is termed fast diffusion equation and its solution will undergo extinc-
tion in finite time. The equation in the case of p > 2, by contrast, is called slow
diffusion equation and its solution always decays in the form of power-function to
the stable state. The borderline case of p = 2 corresponds to heat equation and
its solution decays exponentially in the time variable. On the other hand, from
the view of analysis, if p > 2, the equation is said to be degenerate since its mod-
ulus of ellipticity |[Vu|[P~2 degenerates to be zero at points where |Vu| = 0, while
if 1 < p < 2, the equation is singular because |Vu[P~2 blows up at points where
|[Vu| = 0. In contrast to the case of p = 2, these singular or degenerate nature in
the case of p # 2 weaken the smoothness of the solution to be of C1® for some
0 < a < 1. With regard to the regularity for quasilinear elliptic and parabolic equa-
tions without weights, the literature is very wide, see e.g. [1,3,4,7,8,15-25,36,37,48]
and the references therein.

For the weighted case, the situation becomes more complex. From the perspec-
tive of physical phenomena, the weights play a role in enhancing or reducing the
diffusion rate of the flows. This fact can be observed by using the standard separa-
tion of variables method to obtain exact solution for heat equation with monomial
weight |z|%. The problem of studying their enhancement and weakening effects on
the diffusion may possess a potential application in manufacturing porous medium
materials with special permeation rates and dominating diffusion processes accord-
ing to the requirements of the industry. From the angle of the structure of the above
weighted equations, the modulus of ellipticity consisting of |[Vu|[P~2 and the weight
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wy exhibits more complicated singular and degenerate behavior. This leads to that
the solution will become worse and its regularity may further fall to be only of C'*.
In fact, the damage effect induced by the weights is stronger than that of |[Vu[P~2.
Even when p = 2, the smoothness of the solution has always been reduced to be of
C*® due to their damage effect, except for some solutions of special structures such
as even solutions found in [45]. The weakening effect of the weight on the regularity
has been clearly presented in the recent work [10, 11], where Dong, Li and Yang
utilized spherical harmonic expansion to solve the sharp decay rate exponents of
solutions near the origin for the following weighted elliptic equations

div(k(z)|x]*Vu) = 0, in Bp,
0<u<M< oo, in Bg,
Jonoik2i =0, i=1,2,..,n, A= < k(x) <A, in Bg,

where R, A > 0 and S"~! denotes the (n — 1)-dimensional sphere. Specifically, they
obtained
—n+vn?+4\

u(@) = u(0) + O, o= —"IVIETIN gy,

where [O(1)| < C = C(n,A, M), A\; < n —1 is the first nonzero eigenvalue of the
eigenvalue problem as follows:

_diVSnfl(K(é-)VSnflu(g)) = /\K(ﬁ)u(§)7 te sr—1

Especially when x is a constant, Ay = n — 1. See Lemma 2.2 in [10] and Lemmas
2.2 and 5.1 in [11] for more details. More importantly, Dong, Li and Yang [10, 11]
used these exponents to find the optimal gradient blow-up rates for the insulated
conductivity problem arising from composite materials, which has been previously
regarded as a challenging problem.

The study on the weighted equations can date back to the famous work [26],
where Fabes, Kenig and Serapioni [26] proved the local Holder continuity of solu-
tions to second-order elliptic equations of divergence form with the weight ||% for
any 03 > —n. Recently, Miao and Zhao [44] studied a class of anisotropic Muck-
enhoupt weights having more general form of |z/|%|x|%|x,|% and raised a couple
of intriguing problems involving anisotropic weighted interpolation and Poincaré
inequalities and the classification for their enhancement and weakening effects on
the diffusion. One of the main motivations in [44] originates from the weight |z.,|%,
since this weight plays a significant role in the establishment of the global regu-
larity for fast diffusion equations in [31,32] completed by Jin and Xiong. Their
results especially answered an open question raised by Berryman and Holland [2].
Subsequently, Jin, Ros-Oton and Xiong [33] further extended the results to porous
medium equations. For more investigations related to weighted elliptic and para-
bolic equations, we refer to [5,12-14,27-29,34,43,45-47] and the references therein.

Before giving the definition of weak solution to problem (1.1), we first list the
required weighted spaces. Given a weight w, we use LP(Q,w), LP(Qr,w) and
WLP(Q,w) to denote the weighted LP spaces and weighted Sobolev spaces with
their norms, respectively, given by

=

1
[ullr@w) = (Jo lulPwda)®, Nulloe@rw) = ([, luPwdzdt)?,

1 1
Jullwrr@,w) = (fo [ufPwdz)?” + ([, [VulPwdz) .
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A function u € C((=T,0]; L?(Q,w)) N LP((=T,0); WHP(Q,ws)) is called a weak
solution of (1.1), provided that for any —T < t; < t3 <0,

/ ugpwldx / / —udypwy + wea(x,t,u, Vu) - Vo)daxdt

ta
/ / x, t, u, Vu)pwadzdt,
ty

for all € WH2((0,T); L2(Q,w1)) N LP((0, T); Wy P (2, ws)).
Define
={(01,02) : 64 > —(n—1), 62 > 0},
={(01,02): 01 > —(n—1), 02 <0, 6y + 02 > —n},
Cp={(01,02) : 61 < (n—1)(p—1), 62 <0},
Dp={(61,02): 601 <(n—1)(p—1),602>0,0,+0: <n(p—1)}

Introduce the following exponent conditions:

(K].) (01, 02) € [(AU B) N (Cp U Dp)] U {91 = 0, 92 Z n(p - 1)}, (93, 94) e AU B,

(K2) 01 + 6 >p—n, 0, > 03, 01+ 65 > 93 +94, 93—|—min{0,94} >1—n.
We here give some explanations for the implications of (K1)—-(K2). First, AUB
is called the measure condition, which makes w;dx, i = 1,2 become two Radon
measures. Second, (AUB)N(C,UD,) is introduced to guarantee that the considered
weight w; belongs to the Muckenhoupt class A, (see [42]) and we then obtain
anisotropic weighted Poincaré inequality, which is critical to the establishment of
the isoperimetric inequality of De Giorgi type. By contrast, the range of {f; =
0, 02 > n(p—1)} is added by using the theories of quasiconformal mappings for the
same purpose. See Section 2 in [43] and Corollary 15.35 in [30] for these statements.
As for (K2), the range of 6, +62 > p—n is required to establish anisotropic weighted
parabolic Sobolev inequality in Proposition 2.4 below, while other ranges are used
to ensure the validity of the switch from the measures widzdt to wodzdt, see the
proofs in Section 4.

Throughout this paper, let C be a universal constant depending only on the data
including n,p, lo, M, || o (7 ws)s Ais @ = 1,2,3 and 6;, i = 1,2,3, 4, whose value
may change from line to line.

For later use, define two constants as follows:

p(lo—l)—n—91—92
p(lofl)+2 ’

The first main result is concerned with the asymptotic behavior of solution to
problem (1.1) near the singular or degenerate point of the weights.

Ep = =01 + 605 — 03 — 04. (14)

Theorem 1.1. Assume thatp > 2, n > 2, (H1)-(H3), (1.2)—(1.3) and (K1)-(K2)
hold. Let u be a weak solution of problem (1.1) with Q x (=T,0] = By x (—1,0].
Then there exists a small constant 0 < a < g9 depending only on the above data,
such that for any fived to € (=1/2,0] and all (z,t) € By /o x (—=1/2,t0],

u(z,t) = u(0,t0) + O(1) (|2 + [t — to|77), (1.5)

where g9 and ¥ are defined by (1.4), |O(1)] < C for some positive constant C
depending only on the data.
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Remark 1.2. Fix the values of n,p,ly. The upper bound exponent g tends to
zero, as 01 + 02 — p(lo — 1) — n. Moreover, we see from Remark 4.12 below that
when gq is a sufficiently small positive constant, the value of o in (1.5) can attain
the upper bound ey. In this case, if we let the value of 67 4+ 65 increase towards
to p(lo — 1) — n and meanwhile decrease the value of 03 + 6,4, then the regularity
exponents €9 and pif 5 corresponding to the space and time variables all decrease,
which shows the weakening effect of the weights on the regularity of u and their
reduction effect on the diffusion rate of the flows.

When the weights w;, i = 1, 2 are chosen to be the same type of single power-type
weights and the considered equation becomes non-homogeneous weighted parabolic
p-Laplace equation as follows:

{wlatu — div(w2|[VuP72Vu) = we(A3|VulP~! + ¢3(z,t)), in Qr,

1.6
[ull Lo (@r) < M < o0, (16)

we further establish the Holder estimates for the solution as follows.

Theorem 1.3. Set p > 2, n > 2. Let (1.2)~(1.3) and (K1)-(K2) hold. Suppose
that u is a weak solution of problem (1.6) with Q x (=T,0] = By x (—1,0]. Then
there exists a small constant 0 < & < 35 with o determined by Theorem 1.1, such
that if (w1, w2) = (J'|’, [2’|%) or (wy,wa) = (Jx|*2, |2|*),

(e, t) = u(y, )| < C(Jz —y| + |t = s|77)", (17)
for any (x,t), (y,s) € Bija x (=1/2,0], where ¥ is given by (1.4).

Remark 1.4. According to the classical regularity theory for quasilinear parabolic
equations, we know that the regularity of solution should be of C1® at the points
away from the degenerate or singular points of the weights. This means that the
regularity of solution to the considered weighted equation is actually determined
by the behavior of the solution near these singular or degenerate points. Therefore,
although we have provided a clear control relationship between the decay rate
exponent « and the Hoélder regularity exponent & in Theorem 1.3, it is worth
expecting that the value of & in (1.7) can be further improved to be sufficiently
close to the value of « in (1.5). The reason why we don’t achieve this improvement
is purely technical, and the problem on how to achieve the improvement remains
open.

Remark 1.5. For any given Ry > 0, when we replace By x (—1,0] with Bg, x
(ngJrﬂ,O] in Theorems 1.1 and 1.3, we deduce from their proofs with minor
modification that the results in (1.5) and (1.7) hold with (—R5™/2,0], Bp, /2 x
(—R5™ /2,t0] and Br, 4 x (—R5 ™ /2, 0] substituting for (—1/2,0], By x (—1/2, to]
and By, x (—=1/2,0], respectively. A difference is that the constant C' will depend
upon Ry, but the exponents o and & are independent of Ry.

In order to complete the proofs of Theorems 1.1 and 1.3, the key lies in mak-
ing clear the behavior of the solution near the singular or degenerate point of the
weights, which will be achieved by combining intrinsic scaling technique developed
in [19] and exponential variable substitution introduced in [22]. The first step is to
establish local energy estimates in Section 3, which are the building blocks of the
method of intrinsic scaling. Before that, we do some preliminary work in Section
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2. Subsequently, Theorems 1.1 and 1.3 are proved in Section 4. The proofs rely
on the establishments of three main ingredients required in the parabolic version of
De Giorgi truncation method (see e.g. [32,43]), which consist of the expansion of
the distribution function of solution in time, the decay estimates and the oscillation
improvement of the solution, see Lemmas 4.5, 4.7 and 4.8 below for finer details.
Remark that the idea of intrinsic scaling is to choose suitably rescaled cylinders
whose dimensions accommodate the singularity and degeneracy of the equations
and weights. By working with these cylinders, we recover the homogeneity between
the space and time variables such that anisotropic weighted parabolic Sobolev in-
equality in Proposition 2.4 can be applied to the improvement on oscillation of the
solution in Lemma 4.8. By comparison, the purpose of exponential variable sub-
stitution is to produce sufficiently large time interval for the transformed solution,
which makes intrinsic scaling technique be successfully used to establish the desired
decay estimates and improve the oscillation of the solution in a large cylinder. Fi-
nally, we give an alternative proof for the expansion in time by making use of the
logarithmic estimates in the Appendix.

It is worth emphasizing that the anisotropic weights considered here will greatly
increase the difficulties of analyses and computations due to their sophisticated
forms. Especially it leads to distinct differences in the process of the technical
implementation compared to the unweighted case in [19,22]. In this paper, we
optimize the proof procedures as much as possible by picking the concise conditions
in (1.2)-(1.3) and presenting the proofs in the style resembling the classical De
Giorgi truncation method of parabolic version. These improvements contribute to
deepening the readers’ understanding on intrinsic scaling technique and exponential
variable substitution. More importantly, we capture an explicit upper bound ¢y on
the decay rate exponent a in Theorem 1.1, which can be attained under certain
condition and meanwhile reveals the damage effect of the weights on the regularity
of the solution and their weakening effect on the diffusion of the flows. Our results
are new and allow for further generalizations to the doubly non-linear parabolic
equations with anisotropic weights in future work.

2. PRELIMINARIES

We start by stating the following inequality.

Lemma 2.1. For any a,b >0 and p > 1, we obtain that for any € > 0,
(1) if p> 1 is an integer,

(a+bP <(1+¢e)a? + %b’”;

(ii) if p > 1 is not an integer,

C
(a+bP <(1+4¢e)a®?+ o 0P,

where [p] denotes the integer part of p.

For readers’ convenience, the proof of Lemma 2.1 is provided in the Appendix.
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Forr,p,q > 1,1et f € C((—1,0]; LP(By,w1))NL"((—1,0); LY(By, w2)). Introduce
the Steklov average as follows: for 0 < h < 1,

fuleat) = %ftt_h f(z,s)ds, t€(—1+h,0),
’ 0, t<—1+h,
and

L fa,s)ds, te (—1,-h),

2 (z,t) = h Jt
fa(z,t) {O, t> _h.

Lemma 2.2. Assume that (61,602),(03,04) € AUB. Forr,p,q > 1, if
feC((-1,0]; LP(By,w1)) N L"((—1,0); LY( By, w2)),
then for any d € (0,1),

sup ||(fn = S DlLe(srw) =0, as h =0,
te[—1+4,0]

and

0 %
([ 1= DO t) 0, ash 0.
146

Proof. From Minkowski’s inequality, we obtain that as h — 0,

1 [t
1 = 1) Ol e 1,0 <7 /t_h 1FCs) = FC DN LBy ) ds

< sup |f(s) = fC Loy wn) — O
t—h<s<t

Similarly, using Minkowski’s inequality twice, we have

0 L
(/ 5Wh—f%¢ﬂﬁmwmﬁ>

1+

1 0 0 I
< [ ([ M9 = F 01 i)
—h —144

1
-

0
< sw (/ umt+@—fmwmm%wwﬁ L0, ashos0,

—h<s<0 \J =1+
where in the last inequality we utilized the continuity of Lebesgue integrals with

respect to translations.
(]

Remark that Lemmas 2.1 and 2.2 will be used in the process of establishing local
energy estimates in Section 3. We next state anisotropic weighted isoperimetric
inequality and parabolic Sobolev embedding theorem.

Lemma 2.3. Forn >2and 1 <p < oo, let (61,02) € [(AUB)N(C,UD,)]U{0; =
0, 02 > n(p —1)}. Then there exists some constant 1 < p = p(n,p,01,02) < p such
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that for any R >0, 1 > k and uw € WY?(Bg, wy),

D
(1 - k)ﬁ </ wldx) / wydx
{u>l}NBr {u<k}NBgr

< C(n,p, by, 0) RPH0104025D) / |VulPwndz, (2.1)
{k<u<l}NBgr

P
(1—Ek)? </ wldz> / widx
{u<k}NBr {u>1}NBg

< C(n,p, 01, 92)Rﬁ(n+91+02+1)/ |VulPw;dz,
{k<u<l}NBgr

and

where wy = |2'|% |z|%2 du.

Proof. To begin with, making use of Theorem 2.6 in [43] and the open-end property
in Theorem 15.13 of [30], we obtain that if (61,602) € (AU B) N (Cp UD,), there
exists some constant 1 < p = p(n,p,01,62) < p such that the weight w; belongs
to the Muckenhoupt class Az. This, together with Theorem 15.21 and Corollary
15.35 in [30], gives the following weighted Poincaré inequality: if (61,602) € [(AU
B)N(Cp,UD,)]U{#1 =0, 0 >n(p—1)}, for any R > 0, u € WHP(Bpr,wy),

/ lu — g, [Purde < C(n,p, 91,02)R’3/ |Vu|Pw, dz, (2.2)
BR BR

uwqdzx
where upg,, 1= f'“il. Applying (2.2) to the proof of Proposition 2.10 in [43], we

fBR widx
derive that Lemma 2.3 holds.
O

Letn>2,p>1, R>0,and —1 < t; <ty <0. Foru € C((t1,t2); LP(Br,w1))N
LP((t1,t2); Wy P(Br,ws)), write

to -
g i = (s [ rwndes [0 ] 19uPwadodt)”
te(ti,t2) J Br ti JBr

where wy and wq are given in (1.1). We now state anisotropic weighted parabolic
Sobolev inequality as follows.

Proposition 2.4. Forn>2,p>1, R>0,0,+602 >p—n, and -1 <t; <ty <0,
let u € C((tl,tg);Lp(BR,wl)) N Lp((tl,tg); Wol’p(BR,UJQ)). Then

[l Lox (Brx (t142),w2) < C (150,01, 02) Ul e (B (b4 ,t2) w1 )

n+p+601+62

where x = OO,

Proof. Observe from the anisotropic Caffarelli-Kohn-Nirenberg inequality in [41]
that for any u € W, ?(Bg,ws),

n+01+05—p

p(n+61+62) , 03(n+01+05)—poy 04(n+01+02)—pbo n+601+02
|u‘ ni+01+05—p |x | nt01+05—p |1.| nt01+02-p (g
Br

§C’/ \VaulP|2'|%|z|% dz,
Br
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which, together with Holder’s inequality, reads that

el e

Br

_ / |u\p|x’|93_91(’<—1) |x|94_92(X—1) |u|p(x—1) |x'|91(X—1) |m|92(X—1)dx
Br

2—x x—1
03—07 (x—1) 04—05(x—1)
BR BR

x—1
gc/ |Vup|x'|03|:t|04dx</ |up|x’|91|z|92dz> . (2.3)
Br Br

Integrating (2.3) from ¢; to ¢t and using Young’s inequality, we obtain

" x = :
(/ / |u|pxw2) SC( sup / |u|pw1dsc> (/ |Vu|pw2dx>
t1 Br tG(tl,tz) Br Br
2
SC( sup / |u|pw1dx+/ / |Vu|pw2dxdt>.
te(ti,t2) J Br ty JBr

The proof is finished.

3. LOCAL ENERGY ESTIMATES

For later use, we first fix some notations. For zg € R", t; € R and p,7 > 0,
let B,(xo) be the ball of centre zy and radius p. We use [(zo,%0) + Q(p,7)] =
B,(x0) % (to — T,t0) to denote the backward cylinder of radius p and height 7 with
vertex at (xo,%o). For brevity, write B, := B,(0) and Q(p, ) := [(0,0) + Q(p, T)].
For k € R and u € C((—1,0]; L*(B1,w1)) N LP((—1,0); WHP(By, ws)), define

(u—k)y = max{u—k,0}, (u—k)_ =max{k —u,0}.
For E C By and E C By x (—1,0], let
|Elu,, = / widz, |E|,, = / widrdt, i=1,2. (3.1)
K2 E k2 E’
Local energy estimates for the truncated solution are now listed as follows.

Lemma 3.1. Suppose that u is the solution to problem (1.1) with Qp = By x(—1,0].
Let vy = (u — k)+ with k € R. For any [(zo,t0) + Q(p,7)] C By x (—1,0] and
£ € C™([(wo,to) + Q(p, T)]) which vanishes on OB,(xq) X (to — T,t0) and satisfies
that 0 < € <1, we derive

A
sup {/ vifp(x,s)wldx—i——l/ |V(Ui£)pw2da:dt}
se(to—t0) UJB, (o) 3 /B, (@) x(to—7,9)

< / V3P (x,ty — T)widz
Bp(ﬁo)
+ C/ (V3P0 lwy + VR (|VEIP + |€|P)ws)dadt
[(zo,to)+Q(p,7)]

1—-L
+ Clloll Lo (By % (~1,0),w0) [0, o) + Q(p, 7)) N {vz > 0} s,

where¢>:¢1+¢§j+¢§j,
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Proof. Without loss of generality, let (x,%9) = (0,0). Set ¢ = £(up —k)+&P. Then
picking the test function ¢y, we obtain that for any —7 < s <0,

/ ucphwldac
/ / (x,t, u, Vu)pjwadzdt. (3.2)

By a direct calculation, we deduce

/ / (—udrpjwr + wea(z, t,u, Vu) - Vy, )dxdt
-7JB,

/ / (Opruppwr + wala(z, t, u, Vu)y, - Vo)dzdt
—7JB,

:/ / [b(x, t, u, Vu)|ppwadzdt.
-7JB,

First, we have from integration by parts and Lemma 2.2 that

/ / Opuppwidadt = / / O[(up — k)1+]2€Pw dxdt

B %/ ((un — k)3LEP (2, 8) — (up — k)LEP (w, —7))wrdz
BP
B g ‘/BpX( T s)(Uh B k)igpilatgwldiﬂdt
5 ) (P s - - i e
BP
p U
- 5/B x( ‘rs)(u — k)& 0lwidadt, as h — 0.

With regard to the remaining parts in (3.2), by first sending A — 0 and then making
use of the structure conditions in (H1)—(H3), we obtain from Young’s inequality
and Lemma 2.2 that

/( / wala(z, t,u, Vu)lp, - Vdzdt
-7 JB,
— / / a(z, t,u,Vu) - [£V(u— k)2 £ plu— k)£ 'V wodzdt
-7 JB,
> /\1 / / i|p£p’LU2d$dt / ¢1§pw2dmdt
—T (Bpx(—7,8))N{(u—k)+>0}
- A219/ IV (u— k) [P~ (u — k)+.677 1 [VE|woddt
B, x(=1,s)
=7 (0 K028 Ve
B, ><( 7,8)
5)‘1 Pep p p
V(u— k) |PPwaddt — C (u— k)L |VEPwedadt
—7JB, B, x(—T,s)

(Bpx(=7,8))N{(u—k)+£>0}
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and
/ / [b(z, t,u, Vu)|pows — / / +b(x, t,u, Vu)(u — k) £EPws
-7 JB, -7 JB,

< / IV (u— k)2 [P (= k) £ €Pwp + / (i — k) £ ds€Pw
B, x(—T,s) B

P X (77-’5)

A
<[ Nu-RePeu o (0~ K€",
6 JB,x(~rs) B,x(—7.5)
+ / ¢35 wa. (3.4)
(Bpx(—7,8))N{(u—k)+ >0}
Combining these above facts, we deduce from Hoélder’s inequality that for any —7 <
s <0,

2
/ ’U:Ztgp(x7 8)U}1d$ + Tl |£Vvi|pw2dmdt
By, B, x(—T,s)
< / (@, ~Tywide +C | (WA DrElwy + o8 ([VEP + 6] )wn)dedt
BP Q(p,T)

+ C/ (614 ¢35 + 7 " wodadt
Qpm)N{(u—k)+ >0}

< / V2P (z, —r)wndz + C (W2 10, lwn + B ([VEP + |E|P s )dwdt
B, Q(p,7)

1

1—L
+ CllYll Lo (B, x (~1,00,2)| Q0 7) N {vz > 0}, ", (3.5)

where vy = (u— k)3 and ¢ = ¢1 + ¢35 + ¢2~'. Then applying Lemma 2.1 with
e =1 to (3.5), we complete the proof of Lemma 3.1.
(Il
4. LOCAL REGULARITY FOR WEAK SOLUTIONS
Denote
&0 := (p — 2)eo,
where g is given by (1.4). In light of p > 2 and using the exponent conditions

in (1.3) and (K1)-(K2), we obtain that for any R € (0,1] and ¢, € [—1,0], there
holds

[(0,t0) + Q(2R, RPT7=%0)] € By x (—1,0].

By a translation, in the following we assume without loss of generality that (0,ty) =
(0,0). Let

pt = sup u, po= inf u,
Q(2R,RP+9—%0) Q(2R,RPtY—¢0)
and
w= osc u = ,LL+ — U

Q(2R,RP+7=%0)
Construct the cylinder
w

QRaoR™), ao=(4)",
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where the constant A will be determined later, which depends only upon the data.
Observe that one of the following two relations must hold: either w < AR®°, or
w > AR®°. In the case when w > AR®°, we have

Q(R,agR**’) C Q(2R, RPT7~%0),
and thus,
os¢c  u<w. (4.1)
Q(R,aoRP+7)
Remark that this fact is generally not verifiable for such a given box since its
dimensions would have to be intrinsically matched with regard to the essential
oscillation of the solution inside it. So we introduce the cylinder Q(R, RP*?=%0) to

guarantee that (4.1) holds under the condition of w > AR®°. We further construct
subcylinders of smaller size inside Q(R, agRP*?) as follows:

Q(R,mRP™), m = (%)271),

where 0 < M < A. This implies that Q(R, mRP*?) C Q(R, agRP*?).
The key to the proofs of Theorems 1.1 and 1.3 lies in achieving the following
desired oscillation improvement of the solution u.

Proposition 4.1. The constants A, M (and then ag,m) can be determined and
there exists two constants k., > 1 and 1 < ¢, < AP™2, both depending only on the
data such that we have either w < AR®°, or

(i) if
|Br N {u(, —c.w® PRPY) > it — 27w}, < 271 By, (4.2)
then
u(x,t) < pt —27%w, for (z,t) € Q(R/2,m(R/2)P™); (4.3)
(i) if
|Br N {u(-, —c,w? PRPTY) < = + 2_1w}|le < 2_1\BR|M1, (4.4)
then
u(x,t) > p~ +27%w, for (z,t) € Q(R/2,m(R/2)PT). (4.5)

Remark 4.2. First, we would like to point out that the values of the constants

1
A, M are given by (4.20)—(4.21) below. Second, since % >¢gpand A > c¢f7?, then

we have

_1_ )
cw? PRPY <1 ifw > AR > 72 RYE
which indicates that the starting time —c,w? P RPTY lies in the interval (—1, 0] and
then the assumed conditions in (4.2) and (4.4) are valid.

4.1. The proof of Proposition 4.1. In the following we only give the proof of
(4.3). The proof of (4.5) is similar and thus omitted. We now begin with recalling
a measure lemma as follows.

Lemma 4.3 (see Lemma 2.1 in [43]). du := |2/|%|z|%dz is a Radon measure if
(601,602) € AU B. Moreover, C™'R" 01492 < 1)(Br) < CR"%1%% for any R > 0
and some constant C' = C(n, 01, 62) > 0.
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Making use of Lemma 4.3, we prove the following switch lemma from the mea-
sures widxdt to wadxdt.

Lemma 4.4. Assume that (01,02),(03,04) € AU B and 03 + min{0,0,} > 1 —n.
There ezists a positive constant Cy = Co(n,p, 01, 602,0s,04) such that for any e, p €

(0,1/2] and E C Q(p, p**?), if
B,
|Q(p, pP*7)

Vayy

<éP, (4.6)

then
1By,
1Q(p, pP9)],,

where 8 = n—14603+min{0, 0, } + max{0, 0, — 05} + max{0, 02 — 0,4}, the measures
Vi, , @ = 1,2 are defined by (3.1).

n—14603+min{0,0
S C(0&\ 3 { 4}7

Proof. Observe from Lemma 4.3 that

|El,,, c ( /
- < wodxdt + / wodzdt ).
‘Q(pa pp+19) Vapy pn+p+91+02 En{|a’'|<ep} En{|a’'|>ep}

For brevity, write

Il = ‘/~ ’wgdl'dt, IQ = ‘/~ U}le'dt.
En{|a’|<ep} En{|a’|>ep}

For the first term I, we discuss as follows:
(¢) if 64 > 0, then

I < Cp™ [ |20 dxdt < Cen™iFbs prtptoitos,
En{|z’|<ep}
(i7) if 64 < 0, then
I < /y |x/|93+94d1~dt < C€”*1+03+94pn+p+91+02.
Bn{le’|<ep}

As for the second term I, we deduce from (4.6) that
(Z) if 01 > 93, then

Iy < (ep)’e " /

En{|z’|>ep}

|’ |%" || dxdt,

which implies that for 6 > 6y,
L < (p) " |Ely,, < CeP0privtiitts,
and, for 6y < 04,
I < %% =9
(#3) if 0 < 03, then

I, < phs=t / |2’ |%" || dzedt,
Bn{la’|><p}

which leads to that for 65 > 04,
I2 § 594792p7’l9|E

< C’Eﬂ*91+93pn+;0+91+92 :

Vipy

b < C{_:ﬂ*92+94pn+p+91+02,
wy
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and, for 6y < 04,
I, < p—19|E|Vw1 < CePprtptbitos,
Therefore, combining these above facts, we have

|Elv,

n—1+03+min{0,04}
1Q(p, pP+7)],,, =ce '

In order to complete the proof of Proposition 4.1, we need to establish the follow-
ing three main lemmas required in the De Giorgi truncation method of parabolic
version. To begin with, we make use of the energy estimates to prove that the
distribution function of u expands in the time variable, which is also the first step
in the technical implementation for the expansion of positivity developed in [22],
see Chapter 4 in [24] for more detailed explanations.

Lemma 4.5. Then there exists a constant 6y € (0,1) depending only on the data
and independent of w such that we obtain either w < R, or if for some t €
[—1, —Sow? P RPHY],

Br O {uld) > i — 27w, < 27 Brlu, (4.7)
then
e 3 - _
[Br O {u(,8) > 1" = 279w}, < 1Bl VEE [T+ 00w PRI,

where cq is given by

In Y52

=1 25 4.
€o n2 (4.8)

Remark 4.6. An alternative proof for the similar expansion in time, which involves
application of the logarithmic estimates, is left in the Appendix.

Proof. For §p € (0,1] and k € [u—, u™], write
A%(k,R) = (Bg x [t, T+ dow® PRPT]) N {u > k}.
Choose a smooth cut-off function ¢ € C§°(Bg) satisfying that ¢ = 1 in B_)g,

and 0 < ¢ <1, |V(| < QLR in Br, where p € (0,1) is to be determined later. For
brevity, denote v = (u — (u* — 27 'w)),4. In light of (4.7) and &y € (0, 1], it follows
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from Lemmas 3.1 and 4.3 that if w > R®°,

sup / viwidz
tE(f,E+50RP+79) B(l—g)R

< / v*(x, 1)¢CP(2)wydr + C vP(IV{IP + [(|P)wadzdt
Br

BrXx[t,t+Sow2—PRptY]

_1
+ C‘A‘s"(/ﬁ' - 2_1w,R)’11/ o
wa
w? CwP \ ysor, 4 o1 So(,+ _ o—1 -7
S§|-BR ,uwl+ (QR)p|AO(M -2 WaR)|Vw2+C|A (/1“ -2 WvR)|Vw20
9 p(lol*1)+2 §
w w 0 _ 1—L
< §|BR‘uw1 + C( Sio-D—n—6,-0; T 1) ’A(so (M+ -2 1W7R)|,,w 0
D — 2
< iBa, (L4 O (0T 2w R, T (4.9)
=7 Rlppw, 2 oP |BR % [E’E+w2—pRp+19] Vs . .

For every t € [t,t + dow? PRPTY], we have

/ V% (z, t)w da
Bau-o)r

w? —(co—1)\2 —c
> I(l —g7(e 1)) |B(1—Q)R N {u(~,t) > .U+ -2 Ow}‘uwlv
where ¢ is defined by (4.8). Substituting this into (4.9), we obtain
|Ba—gr N {ul-,t) > p = 27w},

el (1, C( 1A -2 B, V'
T (1272 \ 2 P\ |Bg x [t,t + w2 PRPHI|, .

Observe that |Br \ B1—g)rlu,, < ColBrlu,,- Take

|A§0 (0 =27 w, R)|”uy2 l(;(ﬂp:rll)
¢~ \|Br x [, t + w> P RP 7] '

|Vw2
In view of the value of ¢y in (4.8), we have
|Br N {u(t) > p* —27%w},,,
‘BR|HU71
. 1__.c
—2(1 —2-(o=1))2 g

A% (u+ — 27w, R)],,, \'7%
|Br x [t,t + w2 PRPHI]|,

Qp+1+<

lg—1

5 _‘o—*
< g + C*déo(zﬂrl) .

| A% (ut — 27w, Ry, ) T

<2ic
=8 "\|Bg x [t,t + w2 PRPHY)

|1
lg—1
By picking §y = (80*)_10?P+1) , we obtain
+ —
|Br 0 {u(:,t) > p* — 27w},

|BR‘uw1

<

e~

The proof is complete.
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From the assumed condition in (4.7), we obtain that for any o € (0, 1],
B0 {u( ) > it =27 0w, <27 Brly, (4.10)

Since the constant §p captured in Lemma 4.5 is independent of w, then by using
(4.10) and replacing w with ow in the above proof, we have either w < o1 R0, or

_ - . 3
|Br N {u(-, 4 6o (ow)> PRPTY) >yt —2 Cowlly,, < 1|BR\M1, (4.11)

where cq is defined by (4.8) and £ € [~1, —dp(ow)? P RPTY]. Introduce the following
exponential variable substitution: for 7 € [0, c0),

. =

oc=c¢ 2, dz,T1)= ¢

(GoRPY?) 72 u(x, t + e"w? PG RPHY). (4.12)

Define it := ?((SORP‘W)ﬁMi. Then (4.11) implies that for any 7 > 0,

i _ 3 SoRP+?) 72
Brn (i(7) > i~ Ko, < Bl moe= O T aag)
For simplicity, denote
= 1
G:=G(r) = Z—(SoRPT?)i2.
A direct calculation shows that
wlaTﬂ :gpflwlé‘tu + gwl u
=GP~ div(waa(z, t,u, V) + wab(x, t,u, Vu)] + uw12
p—
= - div(wsa(z, 7, @, V) + wab(z, 7,1, Vi) + ““’12,
p—

where a: B; x Rt x R~ x R* - R™ and b : B; x Rt x R~ x R” — R are subject
to the following structure conditions:

a(x, 7,4, Vi) - Vi > M|ValP — ¢ (x,7),

la(z, 7,1, V)| < Ao|ValP~ + go(z,7),

b(z, 7, @, V)| < X3|ValP~' + gs(x, 7).

Here QNSi, 1 =1,2,3 are given by
(51(1‘77—) = gp(gl(xaT)a (gi(va) = gp—l(ﬁb(x’T)’ 1= 2737
where

bi(x,7) = ¢i(x, T+ eTw%p(SOR”J”g), i=1,2,3.

P p
Similarly as before, write (;3 = (51 + qggj + qBF . Remark that the admissible time
interval corresponding to the transformed solution % becomes the infinite interval
[0, 00), which allows us to establish the decay estimates and achieve the pointwise
oscillation improvement of the solution over a large cylinder in the following.
Define m := (42)*7P, where j, > 1 will be chosen later. For R € (0, 3], we
introduce the forward cylinders as follows:

Q* (2R, m(3R)PTY) := Byg x (0,m(3R)P+7],
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and
- ~ ~ 1
Qf(m) := Br x (mRPY? m(3R)PTY], for0< R < 3
We now establish the decaying estimates for the distribution function of @ as follows.

Lemma 4.7. There exists a constant Cy > 1 depending only on the data and
independent of j.,w such that we have either w < N,R® for some constant N, :=
N (j«,data) > 1, or

1QK() N {@ > it* = 2}, _ T

QF ), el

where p € (1,p) is given by Lemma 2.3, ko is defined by (4.13).

Proof. For i >0, write k; = it — 5% and
Making use of (4.13), we have from Lemma 4.3 that
1
1Br\ Ai(T)lwu, 2 §1BRlun, 2 C(n, 6y, 62) RHN+02 (4.14)

Using (2.1), we have

(kir1 — k)P | Aisa (T)5, 1Br \ Ai(7) .,

< C(napa 917 HQ)Rﬁ(n+01+92+l) / |Vﬂ|ﬁw1dx,

Ai(T\Aipa(7)

which, together with (4.14), reads that

. 1

20 _(n (F—1) _ F;

A (P, < 2R 1“( / |va|pw1dx)
ko Ai(T\Aip1(7)

Integrating this from mRPT? to m(3R)P+Y and utilizing Hélder’s inequality, we
deduce

p—1

. 1

C2'm 7 (ntp+9+01402)(5—1) - »

|Ai+1\yw1 < —R b +1 |Va|Pwydzdr
Ko Ai\Ait1

In view of 1 < p < p and using Holder’s inequality again, we derive

(/ |V@ﬁw1daﬁd7)
A\Ai11
1 ~
< ( / |Vﬂ|pw2dxd7> ( / ! |2 || PR dm)
Ai\Ai1 Ai\Ai1

E) B=p »
< RAAN A7 (/
ot (m)

V(& —ki)+ |pw2dajdr>

For simplicity, denote

po=2R, s =m(3R)"", and then Q" (po,s0) = QF (2R, m(3R)"?).
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Take a smooth cutoff function & € C*(Q™ (po,<0)) such that

0<¢<, in Q" (po; <o),
£E=1, in QE(T%),

§=0, on 9pa Q™ (po, o),
IVE| < E, 10-€] < s

where 9p,Q" (po,s0) represents the parabolic boundary of Q" (po,<p). Applying
the proof of Lemma 3.1 to @, we deduce from (K2) and Lemma 4.3 that if w >
N (4., data) R%0,

/@m V(@ — ki) |Pwadadr < /Q+< ) IV((@ — ki) €)[Pwodadr
r\M £0,50

= C/ (@ — k)2 102" |7 7% |2 %70 + (@ — k)% (IVEP + [€]P)) wodadr
Q7 (po,so)

~ _ 1—L
+ OBl 110 (Q+ (porc0)w2) QT (P0,50) N {@ > Ki}l,,

L =
> 2piRp ‘Q (POSO) N {u > kz} Vg
5 AR NIy + ~ -7
+CGMBR)P)0] Lo @+ (po.so),wn) | @ (P0,S0) N {E > Ki} o,
jx(p=2) _ - -5
021 lpo N* p(Lol01)+2 \QJF(POSO) N {u > ki}|uw;0
< plg—D—n=;=05 T (7) _ et (lg-1+2)
2 To lo(p—2)
Crrg RnH01+62

where C := C'(data), N, := N.(j«, data), and we also used the fact that

p(p+?
G(m(3R)PTY) < CRw;_) C. = C.(j.,data) > 1, (4.15)
and
_ wP™2 N1
191l Lo (@+ (po.c0),ws) < (W> 191l Lto (@(1,1)w2) - (4.16)
A combination of these above facts shows that
A 1la, CIAN Ait | 1QEE) o
Hence we obtain that for j > 1,
- i _
A2 < S A li? < Clagm)lz.? .
i=0

The proof is complete.
O

Utilizing Lemma 4.7, we obtain the following pointwise oscillation improvement
for the solution .
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Lemma 4.8. The constant j. can be chosen depending only on the data and in-
dependent of w such that we derive either w < AgR® for some large constant
A = Ap(data) > 1, or

Ko

w(x, ) < pt IS

for (x,7) € Brja ¥ (m(2R)PTY, m(3R)PT7),
where ko is defined by (4.13).
Proof. For 1 =0,1,2, ..., write
R R . " +9 —i +9
ri =5+ g 7= (27" 2P (1 - 27Y)) RPYY,
and
Ko Ko

gt Y
ki = i i+l Qfutl4i’

Denote Qf (i) := B,, x (s, m(3R)P?]. Choose a cutoff function & € C>(Q; (m))
such that

0<& <1, in Qf (M),

gi = 17 in Q:rl/v(m)a
& =0, on Opq Q;‘ (m),
V& < 22, 10:4] < 2

[CREE Y

where 9,,Q7F () denotes the parabolic boundary of QF (m). In light of (K2),
Lemma 4.3 and (4.15)—(4.16), it follows from the proof of Lemma 3.1 with a slight
modification that

sup m/ ki)E &P wida + M /~ V(@ — ki)+&)|Pwadzdr
3 Jg; )

re(mrPT? m(3R)P+?)

A
< sup / (@ — ki)2 & widr + 31 V(@ = k) +&) Pwadzdr
yJ By, m

TG(TYLT‘p+ﬂ m(3R)P+7

< c/ (@ — k)2 10-&]|2|" 0% |2|%2 7% + (@ — k)7 | V&P ) wadadT
of (m)

+ C||¢Hyo(g+ (), w2)|Q+( m) N{a >k }|uw2

Cop
< +
< (32) 18 @) 0 (> ki,
+CQ( (3R)p+ﬁ)”¢||yo Q+(m)w2)|Q+( )ﬂ{u>k}|,,w;
Cop
< +
< == (5) 195 @) 1 @ > ki,
_ (p+9)(p(lg—1)+2)
C.R  he-2
e O () N i > kM (4.17)
w to

where C' = C(data) and C. = C.(j«,data). Define a(x,7) = a(x,m?), &(z,7) =
&i(z,m7), and

A7) = By, n{a(,7) > ki), Ai=QF (1) N {a > ki)
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Combining Proposition 2.4 and (4.17), we obtain

— (i Ko \P, » L ~ 1

27 P(it2) (27) |Ait1|2,, = (Kig1 — ki)P[Aia |2,
ALY £ P Ay £ P

S H(ul kl)+€z||Ll"X(éj(l),w2) g C”(ul kl)*‘rfl||V0P(éz~(1)7wl7w2)

~ __p(ptd)

C2P% [ Ko \P | & C.R P2 . 1-4
< (5) Vil + e il
Rp 27 UVwy Wp(lolol)JrZ 1 Vwy
where y = %ﬁ;ﬁz and C, = C, (j«,data). Consequently, if w > N, (j.,data) R0,
we have
" c4ri . N(j,,data)\ 20522 o -2\ X
[ Ait1lv, << T |Aily,, + <T) * A, °
C4ri N (., data)\ o522 . -1
S|:< p(lg—1)—n—0,—0y + ( w ) ’ |Ai|vw2l0
to
C4rt L 1-A\X
<<p(lol)n9192|Ai|”wle> :
R To
Denote
Fo— |Ai|uw2
i= 9 9
|Br x (RP*Y, 3R)P7]|,,,
Therefore, we obtain
) x(lg—1) i ) (lg—1))* x(g=1)*Ft
Fipa <(C#)XF; o < ] [(Cari=))x] ()" g )
s=0
~ (x(z(rl))”l
<(CoFp)\ o ,
where Cy = Co(data). Fix the value of j, such that
C ~ s
20 < (20, Cly) T T (4.18)
j*m“)

where 8 and Cy are determined by applying Lemma 4.4 to the domain Bpr x
(RP+? (3R)P*Y], Oy is given by Lemma 4.7. Hence, it follows that

_(x<lo—1> i+l
Fi1 <2 to — 0, asi— oo.

The proof is then finished by letting Ay := Ag(data) = N, (j«, data).
O

Based on Lemma 4.8, we are now ready to complete the proof of Proposition 4.1
by rescaling back to u.

Proof of Proposition 4.1. Let
t=1t+e W PsRPTY.
When 7 € (m(2R)PT7, m(3R)P+?], we have

50— Lop+9+(pP—2)(jx+co)

_ _ — —lap+9o(p—2)(ix+cg) _
t+ dpe W2 TPRPYY < < T4 fgedo 32 w2 PRPTY,
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where cg, 0g, j« are, respectively, given by Lemma 4.5 and (4.18). Pick

— _ —lap+9q(p—2)(ix+cg)
t = —c,w? PRPTY ¢, = §pedo 372 . (4.19)

Remark that the value of ¢ chosen in (4.19) satisfies the requirement in (4.11), that
is,

te[-1,-00(ow)> PRPT?), as 7 e (m(2R)PT?, m(3R)PTY) and w > o LR,

—_ T
where o = e~ »—2. Choose

1 2—p

M = (b,2P*")5=2  and thus m = (%) = 2P T9p, 2P, (4.20)

where

60*13P+792(P*2>(j*+00) 50*12P+19+(P*2)(j*+60)
— e .

b* = 506 60

Then we have t € (—m(R/2)P*7,0], as 7 € (m(2R)P*?, m(3R)P*7]. From (4.12)
and Lemma 4.8, we have either

1
w < AR®® := max{Ag, cf ?} R*, (4.21)

or
w oy W
200+j*+16m(3ppjg+19 —- M 2“* )
for any (z,t) € Q(R/2, m(R/2)PT7), where
3p+99(co+i-)(p—2)
(50 In2

Therefore, (4.3) is proved. By the same argument, we obtain that (4.5) also holds.
(I

u(z,t) < pt —

K*:00+j*+1+

4.2. The proofs of Theorems 1.1 and 1.3. First, a direct application of Propo-
sition 4.1 gives the following result.

Lemma 4.9. Assume as in Theorems 1.1 and 1.8. Then we have either w < AR®°,
or

osc u<ntw, nt=1-27"
Q(R/2,m(R/2)P+?)

where A, m, k. are determined by Proposition 4.1.

Proof. Note that one of the following two inequalities must hold:

|Br N {u(, —caw® PRPY) > it — 27w}, < 271 By, (4.22)
and
|Br N {u(-, —c.w® PRPTY) < 7 + 27w}, <27 Bglp,, - (4.23)
From Proposition 4.1, it follows that if w > AR®°,
sup u<pt —27"%w, if (4.22) holds,
Q(R/2,m(R/2)PT?)
and

inf u>p +27%w, if (4.23) holds.
Q(R/2,m(R/2)7+7)
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In either case, we all obtain

osc u<(1—27%)w.
Q(R/2,m(R/2)P*7)
The proof is finished.
O

We proceed to use Lemma 4.9 to construct a series of nested and shrinking
cylinders with the same vertex such that the essential oscillation of u in these
cylinders goes to zero as the radius of the cylinder tends to zero. Denote

wo = max{w, AR}, (4.24)
and, for £ > 0,
2—p
Ry :=AR, wpy = max{n*wy, AR}, ay := (%) . (4.25)
Since A is a large constant, we have
5 p+o _ (Wht1) 2P sz dkRZM 5 ppt+o

which implies that Q(RkJrhdkHRzrf) c Q(Rk,dkRZ'w). Remark that ag < ag.
Lemma 4.10. Assume as in Theorems 1.1 and 1.8. Then for any k =0,1,2, ...,

osc u < wy. (4.26)
Q(Ry,,arRYT?)

Proof. Observe first that (4.26) holds obviously for £ = 0 in virtue of dg < ag. We
now suppose that (4.26) holds in the case of k = i for any given ¢ > 1. Then we

prove that it also holds for £ = i+ 1. Since osc u < w;, it then follows from
Q(Ri,&inJrﬁ)
the proof of Lemma 4.9 with minor modification that

M\"?
u < max{n*w;, AR’} = wit1, my; = () , o (4.27)

osc
Q(Ri/2,m;(R;/2)P*?) Wi

where M is given by (4.20). Due to the fact that w;11 > n*w; and A is a large
constant, we obtain

(Ri)erﬂ <M)p2 (Ri)pﬂ? - ( A >p2 (W*M p—2 R; p+9
m; | — =|— — > —
2 wi 2 Wit1 A 2
. 4o (0" M)P2A%HY
= aH_lRf_H T

> a; 1 R
which, in combination with (4.27), shows that

osc S < Wit1-
Q(Ri+1,ai+lRfI1 )

The proof is finished.
O

Based on the result in Lemma 4.10, we now give a more precise characterization
for the oscillation decay property of the solution w.
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Proposition 4.11. Assume as in Theorems 1.1 and 1.3. Then for any 0 < p <
R<1

— 27

Ex
osc  w < max{(n*) twy, AT R (£> ,
Q(p-aoprt?) {7 ) R

where n* is giwen in Lemma 4.9, wo and ag are, respectively, defined by (4.24)—
(4.25), and

£, := min {50,—%}. (4.28)

Remark 4.12. Observe that the value of g9 tends to zero, as 61 +62 7 p(lp—1)—n
or Iy \, %w. Then if g9 < flr;l—"A, €. becomes the explicit exponent &,
whose value is clearly determined by the structure of the considered equation and

the weights. By contrast, if g > — lfrll Z: , the effects of the weights on the regularity

Inn*

of the solution will be concealed beneath the inexplicit constant —3-4.

Remark 4.13. Recall that for any R € (0, %] and tg € [—%,O], if w> AR, we
have

[0, t0) + Q(R, agRP*?)] C [(0,t0) + Q(2R, RP+?=50)] ¢ By x (~1,0].

Therefore, by a translation, it follows from the proof of Proposition 4.11 with a
slight modification that for any 0 < p < R < %7 there holds either w < AR®°, or

wy—1 1426, pes ﬁ)a*
(0t Gy S () 0, AT (%)

Proof of Proposition 4.11. For any 0 < p < R < %, there exists an integer £ > 0

such that Ry 1 = A-F*DR < p < A=*R = Ry. In light of (4.28), we have

As+n* < 1. This, together with (4.26), shows that the conclusion obviously holds

for £ = 0. So in the following it suffices to consider the case when k > 1. Utilizing

the fact of A%+n* <1 again, we deduce

* . *\ k *\ ¢ *
wi <max{n*wr_1, ARy} < max{(n ) w07ogr?§a]3<_1A(n )’quﬂ'}

<max {(n*)ka’ [ max RE (n*)iAl—(k_l_i)E*}

gmax{(n*)kwo,A (Afl)e* } (4.29)

% and Rjiy1 < p, then

T Tn

* *\ — — * *\ — 4 £ R - *
(r)* < () rA e < )7 (£ A( Akl) <A g

Since &, <

Inserting this into (4.29), we have
wi < max{(n*)_lwo,AH%*Rs*} (%) "
Since

wk =max{n*wg_1, AR;* |} = max {(n*)*wo, o Jhax A" )Ry}

:max{(n*)kwm0<Izn<a]§(_1Rso(n*)iAlf(kflfi)Eo} < wy,
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then we have ag < ag. This implies that

Ex
osc u < osc u < max {(77*)_1wo7 A1+25*R8*} (ﬁ) .
Q(p.aopr+?) Q(Ry,arRET?) R
The proof is complete.
O

In the following we make use of Proposition 4.11 to complete the proofs of The-
orems 1.1 and 1.3, respectively.

Proof of Theorem 1.1. Denote g := 2°°®?=2). Then we obtain that for any 0 <
R<i,

A p2 A P2
g = 2°0(P—2) = < (- = ao.
max{2M, A2—¢o} ~ \max{w, AR®0}

Then using Proposition 4.11 and Remark 4.13, we deduce that there exists a con-
stant 0 < o < g¢ depending only on the data such that for any to € (—1/2,0] and

pe(0,3],

osc u < Cp“,
[(0,t0)+Q(p,dopP+19 )]

which leads to that for every (z,t) € By /s x (—1/2,t0],
(i) if |t — to| < ao2~ P+,

|u(z,t) — u(0,to)| <|u(z,t) —u(x, to)| + |u(z, to) — u(0,t)]
<C((ag [t — to) 77 + |2]*) < C (2] + |t — o 77) s

(i) if |t — to| > o2~ P+%) there exists an increasing set {t;}N,, 1 < N <
[ag '2PT7=1] 4+ 1 such that t < t; < - <ty < t,

lu(z,t) — u(0,to)| <|u(z,t) —ulx,t1)] + |u(z, t1) — ulx, to)| + |u(z, to) — u(0, to)]
<C((agtlt — t1])7%7 + (ag t|tr — to]) 757 + |2|*)
<C(|| + [t — to|™7)", N =1,
and

|u(z, t) — u(0,to)]

N-1
< Ju(z,t) —ulw, )| + Y Julz,t;) — ul@, tig))|
=1
+ lu(, t) = u(a, o) + fu(a, to) — u(0,to)|
N-1
< (g1t = )7 + 3 (a5 1 — i )75 + (a5 lew — to) 75 + [a]°)
i=1

< O(Jaf + [t —to]77)", N >2.

The proof is finished.
O

Proof of Theorem 1.3. In the following we take the proof in the case of (wq,ws) =
(J2'|%, |2"|%) for example. Another case is the same and thus omitted. In this
case, we have 05 = 04 = 0 and 9 = 6; — 03. By a translation, we deduce from
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the proof of Theorem 1.1 with a slight modification that there exists two constants
0 < a<eyand C > 1, both depending only on the data, such that for any given
z e {(0,Z,) : |Z,| <1/2} and ty € (—1/2,0],

[ula, t) = u(@,to)| < C(lx — 2| + |t — to|77)", (4.30)
for all (z,t) € By/4(2) x (—1/2,%0). For R € (0,1/4) and (y,s) € Q(1/R,1/RP?),
let ug(y, s) = u(Ry, RPT?s) and ¢3 r(y,s) = ¢3(Ry, RPTVs). Then ug solves

1y 191 0gur — div([y'|% | Vur|P~2Vur) = [v'|% (As|Vugr|? + RPds3.r),

for (y,s) € Q(1/R,1/RP*7).

For any given (z,t), (%,t) € B4 x (—1/2,0], suppose without loss of generality
that |Z'| < |2'|. Let R = |2’|. Then applying the proof of Theorem 1.1 with minor
modification, we obtain that there exist two constants 0 < v < 1 and C' > 1, both
depending only upon the data, such that for any fixed § € By/2r) N {|y’| = 1} and
5¢€ (—27'R-*Y) (],

[unly s) —un(@ )| < C(jy— 7+ (@51 = 5)"") ", (4.31)

for any (y, s) satisfying that |y — g| + (ag '|s — 5)'/? < 1/4. For later use, we limit
the range of v to be in (0,a]. Otherwise, if v > «, then (4.31) also holds for any
€ (0,a].
Note that

ua,t) —u(Z,1)| <u(z,t) —u(z, )] + [u(z, ) — ul@’, &, 1)
+ [u(a’, Zp, T) — u(Z,1)]. (4.32)
Set e1 > 1+ 25, I [t — 8] < agR ™), it follows from (4.31) that
u(z, t) — u(z,t)| = |ur(z/R, t/RP*") — up(x/R,t/RP*)|

< O|(t — )/ (aoRP*?)|»

By contrast, if |t — | > agRP+?) using (4.30), we obtain
u(,t) - u(,1)|
< u(z, t) — w(0, 2. t)| + |u(0, 20, t) — w(0, 20, £)| + (0, 20y, ) — u(z, 1]
< C(R* + (a5t - E)7) < Ol — 7765

We now proceed to deal with the remaining two terms in the right hand side of
(4.32). Choose ¢3 > 2. If |z, — &,| < R?, we have from (4.31) that

u(z,?) — u(z', &n,1)| = |ur(x/R,E/RP*") — up(a’ /R, &, /R, T/ RPT)|

(02 1)w

< Ol(@n — @n) /R < Clan — Il
while, if |z, — Z,| > R, it follows from (4.30) that
lu(z,t) — u(x', &, 1)
< u(w,t) — w(0, 2, 0)| + [w(0, 20, £) — (0, Ty, )| + (0, T, 8) — u(2’, T, 1))
< O/ + wn — @nl*) < Claon — 2.
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Similarly, if |2’ — Z'| < R2, we obtain from (4.31) that
lu(z’, 3, ) — w(Z,%)| = |ur(a’ /R, &n/R,t/RP*") — ug(Z/R,t/RP*7)|
< Cl(a’ ~ 3)/RP < Cla’ = 3|75
while, if |2/ — Z'| > R, utilizing (4.30), it follows that
(2, Zn, t) — w(®@, )| < |u(@’, Zn, t) — w(0, T, 1)| + (0, 0, 1) — u(Z,1)]
< O(R* +1#]°) < Cl! — &

e
c2

Based on these above facts, we pick ¢; = 1 + % and ¢z = 1+ £ such that

(c1 — 1)y a (c2—1)y  «
- , _— 4.33
c1p ci(p+ 1) cs ca ( )

ci—1
Ci
values of ¢; and ¢ taken in (4.33) maximize the Holder regularity exponent and thus

the choice is best. Therefore, we obtain that for any (z,t), (Z,1) € B4 x (—1/2,0),

Remark that since

increases in ¢; and C;I decreases in ¢; for 1 = 1,2, then the

(e, t) — u(@, )] < C(jo — & + [t — i|7) =7
This leads to that Theorem 1.3 holds.

5. APPENDIX

Proof of Lemma 2.1. On one hand, if p > 1 is an integer, we deduce from the
binomial theorem and Young’s inequality that

P P v
(a+b)P =a? + Z ClaPV < (1+¢€)a” + C(p)b” ngpa;']
j=1 j=1
C(p) : P!
S(l + 5)(Zp + gpi—lbp’ CIJ, = m, (51)

where j! represents the factorial of j.
On the other hand, if p > 1 is not an integer, using (5.1), we obtain

(a+b)? =(a+ b)[pH(p—[p]) < ((1 + E)a[p} + C[;(]i)]b[p]> (ap—[p] + bp—[p]>
€

_ Clp) ,_ C(p) ,,
=(1+¢&)a? + (1 +e)alPlpp~IP) 4 %a” [Plplel 4 %bp 2, (5.2)

A consequence of Young’s inequality gives that

(14 ¢e)aPlor=IPl < caP + Cffj) b, C(pl) a= Pl < qp C(pl)bp.
ep—1p] glp—1] ep—

Substituting the above inequalities into (5.2), we have
€M) 1o

[p]
ep—Ip]

(a+b)P < (14 3e)a” +

The proof is complete.
O

In the following, we provide an alternative proof in terms of the expansion of the
distribution function of u in time.
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Proposition 5.1. Assume as in Lemma 4.5. Then there exists two constants
Ay, jo > 2 depending only on the data such that we have either w < AjR®°, or if
for some t € [~1, —w? P RPHY],

|Br N {u(, 1) > pt — 2_1W}|uw1 < 2_1|BR‘Hw17 (5.3)
then

G 3 - _
|Bryo N {u(-,t) > pt —27 0oy, - < 1B/l VYt E £, 4+ w? PR,
We prepare to use the following logarithmic estimates to prove Proposition 5.1.
For that purpose, we first introduce the logarithmic function as follows:
Hy

., 0<d< HE, (54
H,f—(u—k)i—l—(s b (5.4)

Ui s (u) o= U(HE, (u—k)x,6) = In*

where HE = sup (u—k)+, InT means that In* s = max{lns, 0} for s > 0.
[(w0,t0)+Q(p,7)]

For any fixed B,(x9) C By, let ( € C°°(B;) be a smooth cutoff function satisfying

that

0<(¢<1, |[V(|<ooinBy, and (=0 inB;\ B,(zo). (5.5)
The required logarithmic inequalities are now stated as follows.

Lemma 5.2. Let u be the solution to problem (1.1) with Q x (=T,0] = By x (—1,0].
Then for any cylinder [(xo,to) + Q(p,T)] C B1 x (—1,0], we obtain

+ 2 P(x)wrdx
sup LNMWMWHWMC()d

to—T<t<to

< [, et ) e

+C \Pié(“)|8u\1’f,5(u)|27p(|v<\p + [P )wadxdt
[(z0,t0)+Q(p,T)]

C H,;t 1-4
45 (14175 ) 16l stoga x 1,00 @0, 10) + Qo] 1 s > O},

where ¢ is defined by (5.5) and ¢ = ¢ + @3 ' + d3 .
Proof. Without loss of generality, assume that (xg,t9) = (0,0). For simplicity,
denote

O(f) =W s(f), ¢ =0, f=uoru.

Set ¢ = [¥?(up)]'¢P. Let xx represent the characteristic function of the set . It
follows from a straightforward computation that

X (u—k) £ >0}

- let — (up — k) + 6’ U (un) = W/(Uh)]g,

P (un)

and

[0?(un)]” = 2(1 + W (un))¥"*(un) € Lise(B1 x (=1,0)),
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which implies that ¢ is an admissible test function. Similarly as before, we obtain
that for any —7 < s <0,

/ / (Oruppwy + wela(x, t, u, Vu)], - V)dzdt
—7JB,

_ [ ST /B 0o, Velpusd (5.6)

To begin with, integrating by parts and using Lemma 2.2, we have

/ / Brunpun = / Ot (un) (P
-rJB, B, x(—T,s)

- / 2 (un) (2, $)CP (2w i — / 2 (un) (&, —7)CP () wy e
B, B,

— 2 (u)(x, s)CP (z)wydx — P2 (u)(z, —7)CP(x)widz, as h — 0.
B, B,

For simplicity, denote
Qsk = (Bp x (=7,5)) N {(u—Fk)+ > 0}.

As for the remaining two terms in (5.6), by first letting h — 0, it then follows from
Lemma 2.2, (H1)-(H3) and Young’s inequality that

/ / a(z,t,u, Vu)ly, - Vowsdzdt

S a(z, t,u, Vu) - ([*(u)]"Vuc? + p[p* (w)] (P~ V() wadadt

> 2/\1/Q (1 + )Y | VulP Pwadzdt — 2/{02 (1 + )yp"? ¢y CPwadadt
- 2%“/62 DTV VP wadzdt |
2 /Q I T o

>\ /Q (1 + )| VulP(Pwodzdt — 2 /Q (1 + )2 p1CPwodxdt

s,k

o[ WPV Pwadadt — C | e T (Pwsdadt,
Qs,k Qs,k

and

/ / [b(z,t,u, Vu)|powedadt — b(w, t,u, Vu) [p? (u)] Pwodzdt
-7 o B, x(—T,s)
<2h [ UVl undedt +2 | i\ onuaduds
Qs,k Qs,k,
2
<2 [ ROV aPuadedi+ C [l P Pusdod
Qs,k Qs,k

2 HF
+>n (k> ¢3CPwodadt,
g g Qs k



LOCAL BEHAVIOR FOR WEIGHTED PARABOLIC EQUATIONS 29

+
where we also used the facts of ¥ < In By

% and [¢/| < 4. Combining these above
facts, we have from Holder’s inequality that

sup /B WP @ 00 @unda

—7<t<0

= /B (05 ()] (@, =7)¢P (z)wnda + C

P

o )‘I’f,g(U)Iau‘l’f,g(U)IQ‘p(IVCIP + [¢[P w2
p,T

C HF
+ = (1 +1In k) / Pwadxdt
g 5 ) JQ(m)n{(u—k)+>0}

< [ vk -ne s +0 [

o) Vi s (W0, 95 5 (W) PP (VP + ¢ [P )ws
P PT

C }Ii 1—-L
+ 5 (14105 ) 1000510100 @0 )0 (10 = s> O

The proof is complete.

We are now ready to use the logarithmic estimates in Lemma 5.2 to complete
the proof of Proposition 5.1.

Proof of Proposition 5.1. Let k = p™ — % and take § = 5%+ in (5.4) for some
positive constant jy > 2 to be determined later. For brevity, write

+
U :=1Int - i — —,
H —(u—(pt = 9)+ + zar

where

fi = s (u- (0" =5)) <5 Qi) =Brx i+ PR
Qr(w)

Let ¢ € C*°(Bg) be a smooth cutoff function satisfying that ¢ = 1 in B_,)r,

0<(¢<1land|V( < {_%R in Bg, where ¢ € (0,1) is to be chosen later. Observe
that

and

|0, V|?7P = ‘H* —(u—k)y+ + L’piz wP™2,
v k T 9jot1
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Based on these above facts, it follows from (5.3), Lemmas 4.3 and 5.2 that for any
t € [t, T+ w? PRPY] if w > A; R with A; := 47Tl 1773 1>+2

/ ‘1'2(ac,t)w1dx§/ U2 (2, 1)¢(x) wldx—l——/ |0, V|2 Pwydrdt
Bu-or Br Qf(w)

+C<2JO) <1+1 H+2JO>’QR {u>u+7%}1_

lo

Ve
In?2 . (lg—1)—n—01—6 _ plg—1)+2
< MlBR fiw, + CJO( —-pP +4JORP 0 lo 1 2w P 010 )|BR iy
. 1 C
< (jon2)*|Bgl,,, (2 + jogp) . (5.7)
Note that for (z,t) € {x € Bu_pp:u>pt — 2-UotDw} x [£, T + w2 PRPHY],

=+ w
% > In’ <f,> = (Jo — 1)2(ln2)2,
HiP =5+ 355 290

H;f
Hf =g+

2J0
deduce that for any ¢ € [t,f + w? P RPTY],

2 . 2 2 w
/B(l Ny U2 (2, hwrda > (jo — 1)2(In2) ‘B(l_g)R N {u(~,t) >t — 2j0+1}

W2(x,t) > In

where we also utilized the fact that In is decreasing in H ,j . Then we

Hawy

Substituting this into (5.7), we obtain that for any t € [f, + w? P RPH?],

. 2
1 c
< (727) Bae (54 55)-
Hn Jo—1 2 jooP
Observe that |Br \ Ba—g)rlu.,, < ColBrly,,- Then by choosing o = Jo o and

jo = (24C,)P*1, we deduce that for any t € [t,# + w? P RPTY],
|BrO{u(t) > u* = g},

w
‘B(I*Q)R N {u(7t) > :u+ - 9jo+1 }

‘BR|uw1
-2 al -2 Yal
Jo Cs ( P41 1) Jo 20, 3
<20 Tty ) < — + <=
2(jo—1)2 P Jo 2(jo— 1) o — 4

O
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