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ABsTrRACT. We study time-changes of unipotent flows on finite volume quo-
tients of semisimple linear groups, generalising previous work by Ratner on
time-changes of horocycle flows. Any measurable isomorphism between time-
changes of unipotent flows gives rise to a non-trivial joining supported on its
graph. Under a spectral gap assumption on the groups, we show the following
rigidity result: either the only limit point of this graph joining under the action
of a one-parameter renormalising subgroup is the trivial joining, or the isomor-
phism is “affine”, namely it is obtained composing an algebraic isomorphism
with a (non-constant) translation along the centraliser.

1. INTRODUCTION

1.1. Parabolic and unipotent flows. Parabolic flows are dynamical systems
characterised by a “slow” divergence of nearby points, usually at a polynomial rate.
They presents an intermediate chaotic behaviour, in the sense that they have some
properties, like mixing, which are typical of highly chaotic systems, but also have
zero entropy, a feature of regular (i.e., non chaotic) systems. Fundamental examples
of (homogeneous) parabolic flows are unipotent flows on quotients of Lie groups and
nilflows on nilmanifolds. For more details and examples of parabolic systems we
refer to |13, Chapter 8] and the introduction of |1].

Let G be a connected semisimple Lie group, with Lie algebra g. We recall that
an element U € g\ {0} is unipotent if ad(U) = [U, -] is a nilpotent linear operator
on g. Given any quotient M = I'\G of G by a discrete subgroup I, the unipotent
flow {¢}; }1er on M generated by U is defined by ¢}, (I'x) = I'xexp(tU), with x € G.
One of the prime examples of unipotent flow is the horocycle flow on quotients of
SLo(R).

Unipotent flows on quotients of Lie groups have been heavily studied by many
authors. Their properties are useful in many number theoretic problems, as Mar-
gulis’ seminal proof of Oppenheim conjecture |22|. Ratner’s proof of Raghunathan
conjectures [29H31] at the beginning of the 1990s showed that unipotent flows are
well-behaved in many ways. In particular, their probability invariant measures are
of algebraic nature.

1.2. Rigidity in unipotent dynamics. One remarkable feature of unipotent
dynamics is the presence of several rigidity phenomena. Roughly speaking, rigidity
occurs when a weak form of equivalence implies a stronger one. In the homogeneous
setting, it translates to the surprising fact that, under only measure-theoretic
assumptions, one can, in some cases, deduce strong, algebraic (in particular, smooth)
conclusions. Several results of this type were proved in the 1980s by Marina
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Ratner. In [25], she showed that any mesurable isomorphism ¢ between horocycle
flows {h!};cr on quotients M; = T;\SLy(R) for i = 1,2 of SLy(R) is in fact
algebraic; namely, there exist x¢g € SLy(R) and so € R such that xoI'1x, Ler,
and ¥(I'1x) = h3®(Taxox). This result was generalised by Witte to unipotent flows
in [41,/42], and can now be seen as a corollary of the main results in [29].

A strengthening of this isomorphism result for horocycle flows was obtained by
providing a complete classification of all possible joinings between them. Let us
recall that a joining between two probability preserving flows ¢t : (X;, p;) — (X, 1)
for ¢ = 1,2 is a probability measure v on the product X; x Xo which is invariant by
the product flow ¢; X ¢2 and projects onto the measures p; under the canonical
projections onto the factors X; and X,. Clearly, the set of joinings is not empty,
since the product measure v = p; ® uoy is always a joining. In [26], Ratner proved
that all joinings of horocycle flows are algebraic. More precisely, using the same
notation as above, she showed that, if v is an ergodic joining of {h} };cr and {h}icr,
then either v is the product joining or the two lattices are commensurable in the
sense that there exist xg € SLo(R) and T'g such that Ty = 'y N X()FQXO_l and
the product flow {h! x h};cr is isomorphic to the horocycle flow on I'p\ SLa(R).
This joining result is stronger than the aforementioned one, since any isomorphism
between two flows defines a joining supported on the graph, which we call the graph
joining.

The classification of the ergodic invariant measures for horocycle flows by Dani
and Smillie [5] can also be seen as a further rigidity phenomenon. Ratner’s proof of
Raghunatan conjecture [29] extends this classification to any unipotent action on
quotients T'\G of Lie groups G, for which ergodic invariant probability measures are
always algebraic; that is, supported on “affine” homogeneous submanifolds (namely,
translates of closed subgroups of G intersecting I' in a lattice).

Remarkably, some of these results extend beyond the homogeneous setting, as we
are going to explain.

1.3. Time-changes of unipotent flows. Since there is not a precise definition
of parabolic flows, it is not clear what properties should be considered typical of
the parabolic class, and which should not. In order to gain some insight on this
problem, it is natural to look for more examples, especially for non-homogeneous ones.
However, it turns out that it is not easy to produce examples of non-homogeneous
parabolic flows, since perturbations usually break down the fragile parabolicity and
one typically obtains a hyperbolic flow. A simple class of parabolic flows consists of
(smooth) time-changes of unipotent ones. In this case points move along the same
orbits of the original flow, only with a different speed, determined by a smooth
function. In particular, time-changes of ergodic flows remain ergodic with respect
to an equivalent invariant measure. However, finer dynamical properties can change
drastically. For instance, nilflows are never weak-mixing, yet, given any ergodic
nilflow, non-trivial time-changes within a class of “trigonometric polynomials” on
the nilmanifold are mixing [11|2}(7,32]. For Heisenberg nilflows, a stronger dichotomy
holds: either a time-change is trivial or is weak-mixing [8]. In the case of the
horocycle flow, building on work by Kuschnirenko [19], Marcus proved in [21] that
smooth time-changes are mixing of all orders. The rate of mixing was studied by
Forni and Ulcigrai in |9]. In the same paper, it was shown that the spectrum is
Lebesgue. Independently, at the same time, absolute continuity of the spectrum
was proven by Tiedra de Aldecoa in [38].
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Much less is known for time-changes of general unipotent flows. Simonelli showed
that the spectrum is absolutely continuous for unipotent flows on semisimple Lie
groups |35], and the polynomial rate of mixing was studied by the third-named
author in [34].

Finally, let us mention that a new kind of parabolic perturbation of unipotent
flows on (compact) quotients of SL, (R), not given by a time-change, was defined
and studied by the third-named author in [33].

1.4. Rigidity of parabolic perturbations of unipotent flows. A natural
question is to ask when a smooth parabolic perturbation of a unipotent flow is
measurably isomorphic to the homogeneous unperturbed flow. In the case of time-
changes, if the time-change function is measurably cohomologous to a constant, it is
easy to see that the two flows are isomorphic and the regularity of the isomorphism
is given by the regularity of the transfer function. Ratner proved a rigidity result
for time-changes of horocycle flows [27] which, in particular, implies the converse
statement. She showed that any measurable isomorphism 1) between two time-
changes {h!}ier of horocycle flows on quotients M; is in fact algebraic in the sense
that there exists xg € SLy(R) and a measurable function o: My — R such that
xol1x5 " C Ty and ¢(T1x) = hS T2 (Dyxox). Hence, the problem of establishing
the triviality of time-changes is equivalent to solving the cohomological equation
for the horocycle flow. By the work of the second author and Forni [6], measurably
trivial time-changes are rare; namely, they form a closed subspace of countable
codimension.

A similar statement holds for time-changes of Heisenberg nilflows. Avila, Forni
and Ulcigrai proved that a function is a measurable coboundary if and only if it is a
smooth coboundary [2|. Therefore, they were able to provide explicit examples of
non-trivial (as a matter of fact, mixing) time-changes.

A weaker form of rigidity than the one discussed above has been showed to hold
for the perturbations constructed in [33]. As for time-changes, whenever a certain
cocycle associated to the flow is a coboundary, it is easy to see that the perturbation
is trivial. The third author showed that assuming that the perturbation is smoothly
trivial implies the former statement. Therefore, analogously as for time-changes, the
(smooth) triviality of the perturbation is equivalent to a cohomological statement.
It would be interesting to extend this result to the measurable setting.

Coming back to time-changes of horocycle flows, their factors and joinings are
also algebraic, by a further work of Ratner |28|. Interestingly, non-trivial horocycle
time-changes have disjoint rescalings, as shown by Kanigowski, Lemanczyk and
Ulcigrai [14], albeit this property is clearly false for the horocycle flow itself.

A partial generalisation of the works of Ratner to the Lorentz group has been
recently achieved by Tang [36]. He shows that the existence of a measurable
isomorphism between a unipotent flow in SO(n,1) and a time-change of itself
generated by a smooth function 7 implies that 7 and the composition of 7 with any
element in the centraliser of the unipotent flow are cohomologous. He then deduces
a full analougue of Ratner’s result under the additional assumption of the transfer
function being in L. This seems, however, difficult to check in most concrete cases.
Under similar assumptions, in [37], he investigates the extension of Ratner’s joining
result for time-changes of unipotent flows in SO(n, 1).
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1.5. Statement of results. In this paper, we generalise the aforementioned works of
Ratner and Tang to general semisimple linear groups satisfying a natural assumption
on the spectral gap. Given any two isomorphic time-changes of unipotent flows on
any finite-volume quotients, we show that the isomorphism is of a special algebraic
form.

In order to state our result precisely, let us introduce some notation. Let G; and
G2 be two connected, semisimple, linear groups. Consider two lattices I'1 < G and
I's < G2, and consider the quotient manifolds M; = T';\G; with the probability
measure y; inherited from the Haar measure on G, for i = 1,2. Let {ul};cr be two
one-parameter unipotent subgroups of G;. These define a unipotent flow ¢t = ¢t on
M; as before. Given two positive measurable functions a;: M; — R~ (, we consider
the time-changes of the unipotent flows ¢! denoted 255, where for simplicity we omit
the dependence on «;.

The Jacobson-Morozov Theorem (see, e.g., |18, Theorem 10.3]), ensure the
existence of a o(R)-sub-algebra s; = (U;, A;,U;) inside of g;. Exploiting this, we
let al = exp(tA;) be the Cartan one—parameter subgroup which renormalises the
unipotent flow defined by uf, meaning that alui = ug® al, for all s,¢ € R. Denote by
¢f41XA2: My x My — M x My the dlagonal action ¢A1xA2 (x1,%x2) = (x1a%,x2a}).

Having introduced the necessary notation, we are now ready to state our main
result. The precise assumptions about the time-change functions «; are described
in §2] and the definition of good time-change is given in Definition [2.1.3] The strong
spectral gap assumption is also explained in §2] For the definition of graph joining

o, We refer to

Theorem A. Let G; be connected, semisimple, linear groups and I'; be irreducible
lattices in G;. Assume that the manifolds M; = T;\G; satisfy the strong spectral gap
condition. Let ¢t be the unipotent flows on M; given by ul, i =1,2. Let q~5t be the
time-changes of the unipotent flows ¢! obtained by good tzme chcmges ;. Assume
that there is a measurable conjugacy ¥ : My, — Ms between (Z)t and ¢2, and let fuy,
be the graph joining defined by 1.

Suppose that (qbithQ)*uw does not converge to the trivial joining p1 ® po as
t — 4o00. Then, there exist § € Ga, an isomomorphism w: Gy — Ga, such that
w(uy) = ug, w(l1) C g 'T2g, and, up to passing to a finite quotient, we have that

(1) = Dagew(x)e(Tx)uy ™,

for py-a.e. T1x € My, where c(I'1x) commutes with ug, t(I'1x) € R, and both depend
measurably on I'1x.

If we restrict to a special class of groups and a specific kind of unipotent element,
we obtain a rigidity result without any assumption on the graph joining. In particular,
this allows us to recover Ratner’s original result on time-changes of the horocycle
flow |27].

Theorem B. Let G} be connected, semisimple, linear groups with finite centre
and without compact factors. Consider the groups G; = SLa(R) x G%, fori=1,2
and let T; be irreducible lattices in G;. Let ¢! be the unipotent flows on M; given
by ul = (§1) x e;, where ; € G} is the identity. Let q~5t be the time-changes of
the unipotent flows ¢t obtained by good time- changes ;. Assume that there is a
measurable conjugacy ¥ : My — My between qbt and c;SQ
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Then, there exist g € Go,an isomomorphism w: G1 — Ga, such that w(uy) = us,
w(T1) C g 'T28, and we have that

$(I1x) = Fagw(x)c(T1x)uy ™,

for py-a.e. T1x € My, where c(T'1x) commutes with ug, t(I'1x) € R, and both depend
measurably on I'1x.

Finally, as a consequence of our main technical result, we obtain the following
cohomological statement, which generalises |36, Theorem 1.1].

Theorem C. Let G1 and Gy be two connected, semisimple, linear groups. Let
T; be irreducible lattices in G; and assume that the manifolds M; = T';\G; satisfy
the strong spectral gap assumption, for i =1,2. Let %’i be the time-change of the
unipotent flow obtained from ¢¢ by a good time-change a.. Assume that there is a
measurable conjugacy v: My — My between (;Zﬁ and the unperturbed unipotent flow
Y. Then a(z) and a(zc) are measurably cohomologous for all ¢ in the centraliser
of uy.

For the precise formulation and the proof of the above result, we refer the reader

to Corollary

Nota Bene. After this article was finished, Lindenstrauss and Wei announced a
similar and stronger rigidity result for unipotent flows [20]. Notably, they are able to
prove that any measurable isomorphism 1 of time-changes is in fact cohomologous
to an algebraic isomorphism (as in our Theorem [A]l but without the assumption
on the graph joining). Furthermore, their result does not require any smoothness
assumption on the time-change function.

In both our and Lindenstrauss and Wei’s work, the fundamental tool is a version
of Ratner’s Basic Lemma, which controls the relative distance of the images of
points under ¢ in terms of the time their orbits stay close. In our proof, we employ
geometric arguments which are closer to Ratner’s work, whereas Lindenstrauss
and Wei’ approach is based on the study of Kakutani-Bowen balls under Kakutani
equivalence.

The main difference we can see with the arguments outlined in [20] is that they
manage to ensure the convergence of the conjugation of ¢ by the subgroups generated
by A; and As to a well-defined measurable map (which will be an isomorphism of the
homogeneous flows). This crucial step relies on a SL2(R) ergodic theorem |20, §6].

Outline of the paper. The paper is organized as follows.

We begin in §2| by giving all the precise definitions of the objects we deal with.
In particular, we explain our assumptions on both the time-changes and the groups
we consider.

In §3] using the Lie group structure, we study the geometry of the unipotent
flow, defining certain polynomials which measure the divergence of the orbit in the
2(R)-sub-algebra given by U; and in the remaining part of the Lie algebra. In this
section we explain carefully the construction of the blocks, which will be crucial
later on. We study the blocks exploiting the polynomial nature of the unipotent
flow.

Section[d]is dedicated to the proof of the key technical result we use: Ratner’s Basic
Lemma (Lemma. This result is applied in §5|to show that the isomorphism
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maps leaves tangent to the normaliser of U; to leaves tangent to the normaliser of
Us. At end of this section, we prove a more general version of Theorem [C]

In §6] we define the graph joining and exploit Ratner’s classification of joinings
of unipotent flows in [29] to prove Theorem [A] Finally, Theorem s proven in
by adapting Ratner’s original strategy from [27]. The Appendix [A] contains, for
completeness, a proof of a consequence of Chevalley’s Lemma.

Acknowledgments. M. A. was supported by the Fondo de Arranque project
“Rigidez en unos flujos parabdlicos” of the Universidad del Rosario.

We thank Giovanni Forni for many comments on a previous version of this article,
and Nimish Shah for useful discussions around [29].

2. PRELIMINARIES

In this section we introduce the class of homogeneous manifolds and times changes
of unipotent flow that we shall consider and we highlight their properties. We also
introduce two technical conditions to take into account the possibility that the
manifold M5 is not compact.

2.1. Time-changes and spectral condition. In general will have groups G
and Go, manifolds M; and Ms, flows (¢}) and (¢%), .... In this section we deal
with properties common to these objects. Thus, in order to lighten the notation,
we shall drop the indices 1 and 2, so that G, M, (¢?) ...will refer to both groups,
manifolds, flows, ....

2.1.1. Recall from the introduction that G is a connected semisimple linear group
and that the manifold M = T'\G is obtained as a quotient of this group by a
lattice I'. The manifold M is endowed with a probability measure p locally defined
by the Haar measures of G. A point in the group G will be written in boldface
characters: x € G.

We also recall that {u’},cr is a one-parameter unipotent subgroup of G, generated
by an element U € g = Lie(G). The subgroup {u’};cg defines a measure-preserving
smooth flow on M by letting

¢'(z) = xu’, (xr=TgeM).

We identify the vector field on M generating the flow (¢*) with U. In fact, elements
of the Lie algebra g can be considered as left invariant vector fields on the group G
and thus they project to the quotient space M.

We fix, once and for all, a (R)-sub-algebra s = (U, A, U) containing U, that is a
triple satisfying the commutation relations

(1) [Av U} =U, [Av U} = _Ua [Uv U] =2A.

The existence of such a sub-algebra s is ensured by the Jacobson-Morozov Theorem
(see, e.g., |18, Theorem 10.3]). We denote a’® = exp(tA) and ¢! (z) = za' the
induced flow on M.

Definition 2.1.1. Let a: M — Ry be a strictly positive measurable function
on M. The time-change of the unipotent flow (¢') with generator U determined by
«a is the flow (¢!) on M generated by the vector field a~1U.
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The definition above implies that the time-changed flow (¢!) preserves the
measures .
For x € M, let w(z,t) be defined by the equality

w(x,t)
(2) t= / a(zu”)dr.
0
Then
(3) 3 (x) = au ),

It is easily verified by its definition that the function w is a cocycle for the
time-changed flow (¢!), i.e., it satisfies the cocycle equation

(4) w(z, s +1) = w(z, s) + w(d* (@).t).

We also define £(x,t) to be the inverse function of w(z,t) with respect to the second
variable, so that

t =w(x,&(x,t)), V(z,t) € M x R.
The identities and may be rewritten as

t ~
&(x,t) :/ a(zu”)dr and ¢*@9(z) = 2u’.
0
By symmetry, the function £ is a cocycle for the U-flow (¢!).

2.1.2. A measurable cocycle w(z, t) for the time-changed flow (¢!) is a measurable
coboundary if there exists a function f: M — R, called the transfer function such
that N
w(z,t) = fo @ () — f(2),

for p-a.e. x € M and all t € R. Two cocycles are measurably cohomologous if their
difference is a measurable coboundary.

Cohomologous cocycles yield isomorphic time-changes, and the isomorphism is
exactly flowing along the orbit of the time-changed flow for time f(z). See |15} §9]
or |1, §2.1] for more details.

2.1.3. Next we state some of the assumptions on the time-change function «
indicating, for justification, their consequences later needed in the proofs.

Assumption 1. We will assume that « is uniformly bounded, and we let
C, = max{a(z),a  (z):2 € M} > 1.
This hypothesis easily implies the following rough bound on the cocycle w and its
inverse:
(5) Cy' <Lipw(,t)] < Ca, and Cg' < Lip[€(-,1)] < Ca,
where the symbol Lip, stands for the Lipschitz constant of a function with respect
to the variable denoted by t.

Another immediate consequence of the Assumption [1} is that the measure g := ap
which is preserved by the time-changed flows (¢!) is equivalent to the measures y:

(6) Colu< i < Cop.

Assumption 2. The time-change function « has average 1 with respect to the
Haar measure pu.
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This assumption is not restrictive, as we can always rescale the function by its
average and compose the isomorphism 1 with ¢!, for an appropriate amount.

2.1.4. The rough bound is insufficient for good estimates of the cocycles w(-,t)
and &(-,t) for large values of t. For precise estimates in this range we need an
effective version of the ergodic theorem, which will be derived from a quantitative
mixing result. The study of quantitative mixing results is the same of the study of
decay of matrix coefficients of the regular representation of G on L?(M, ). This
goes back to the work of Harish-Chandra [11,12] and Warner [39,40]. For more
details we refer the reader to the introduction of [3] and the references therein.

We say that M satisfies the strong spectral gap assumption if the restriction of
the regular representation of G on L?(M, i) to every noncompact simple factor of
G is isolated, in the Fell topology, from the trivial representation.

Assumption 3. The manifolds M; and M satisfy the strong spectral gap assump-
tion.

This assumption holds in a number of cases, for example if G has the Kazhdan
property (T) [23], or if G is a semisimple group with finite centre and no compact
factors and I is irreducible |16} p. 285] and [17]. We will use the following quantitative
mixing result, stated in [3].

Theorem 2.1.2. Assume that M satisfies the strong spectral gap assumption. There
exist constants Cpr,m > 0 and a Sobolev norm S for functions on M such that for
all sufficiently smooth f,g: M — C of average zero and for all t > 1 we have

[(fod' g)| < CuS()S(g)t™.

Without loss of generality we may suppose that sup,,|f| < S(f) for any f: M —
C with S(f) < oc.

Assumption 4. The time-change function « has finite Sobolev norm S(«).

Definition 2.1.3 (Good time-change). A time-change function a: M — R is
good if it satisfies Assumption and [4]

Assumption [] is needed to ensure we can apply Theorem 2.1.2 to «. In the case
of SLa(R), the polynomial decay in Theorem holds under weaker assumptions
(namely, it is sufficient to require Holder regularity along the rotation subgroup). In
this sense, our assumptions on the time-change function are a natural generalization
of Ratner’s ones in [27].

Under the assumptions of this quantitative mixing result, we deduce a polynomial
estimate on the ergodic averages of (¢') on a set of large measure.

Lemma 2.1.4. There exists constants ' € (0,1) and C),, depending only on M,
such that the following holds. Let f: M — C be a function with zero average and
finite Sobolev norm S(f). For all w > 0 there exists a set Y =Y (w, f) C M of
measure u(Y) > 1 —w and a number m' =m/(w) > 1 such that for allz € Y and

all t > m' we have ,
/ f(zu®) ds
0

si(x) = /Ot f(zu?®) ds.

< ChS(HL.

Proof. Let us denote
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Using Theorem [2.1.2] we have

sy = | </ f(ou) s)Qdu/ /t/tﬂxur)f(m) drds du
:/ /(f(x), drds</ K Faw’)| drds

2Cu S . _
<2t/| f(zu")| dr <]1”£’f)t T=Cy S(f)FA
By Chebyshev’s Inequality, we have that

ple € M« |s,(z)] > S(f) 1y <ot

For t > 0, we consider the sets Y; = {x € M : |s;(z)| < S(f)t'~"/*}. Choosing t,, =
n*/7_ we have that
i
Y; 1-—=
n(Ye,) = )
Given w > 0 we define k so that C; Zkz,; k% < w. Hence

wl¥)>1-—w, where Y = ﬂ Y, -
k>k

Any point x € Y satisfies sy, ()] < S(f)t,i_n/4
similar estimate for the remaining times ¢t > ¢z.

Let k > k such that ¢, < t < t;,1. There exists a constant Cy = Co(7}) > 0 such
that tp41 —ty = 02t11€7n/4' Writing ¢ = ¢ + ¢, with 0 < ¢ < C'Qt,lc /4 , we obtain,
forz ey,

for all k > k. We need to prove a

tk-‘rq ]
ls0(@)] < Jsu (@ |+] f(ou®) ds| <

with C}; = C1+C5. Setting m’ = ¢z and ' = 77/4, we have completed the proof. O

Corollary 2.1.5. There exists n € (0,1/4) such that for all w > 0 there exist a set
Y C M of measure p(Y) > 1 —w and a constant m > 1 such that for all x € Y and
all t > m,
1 1— 1 1—
1)~ < gt e t) — 1] < gt

(e [e3%

Proof. We begin with the estimate for £&. We have, for all ¢ > my,

€(z,t) — 1] = /0 (a(zu”) — 1) dr| < €Y S(a)—"

where we applied Lemma[2.1.4] to the zero mean function o — 1. In order to conclude,
it is enough to fix a smaller n < n’ < 1/4 and possibly a larger my.

For the second estimate, using the bound on the Lipschitz constants of w seen as
functions of time, we have

w(z, 1) —t] = lw(z,t) — w(z, {(z,1))| < Calé(z,t) -],

and the estimate follows, possibly by again reducing 7. [
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2.2. General setting. We now return to the general setting of Theorem [A] Thus
G, and G are two groups as in §2.1.1] and all objects and constants defined in §2.1.1]
have corresponding suffixes. We let C, = max{C,,,Ca,}, Crr = max{Chs,,Cs, },
7 = min{ny, N2}, m = max{ms,ms} so that all inequalities stated in holds in
M and in M. Thus we now have

The map v: My — My is a measurable conjugacy between the time-changes (El
and ¢ defined by the good time-change functions oy and as. We suppose that 1
maps the measure oy to the measure ausfio.

From the inequality (@ we immediately have the following bounds.
Lemma 2.2.1. For any measurable set A C My we have
(7) Cllia(A) < (™1 A) < Cafin(A).
By definition of 1, for almost all x € My,
dleui) = (67 0 (@) = 650 (0 (@) = plapuy S,
We define
2w, t) = wa(Y(2), &1(, 1)),

so that
Ylaul) = ()™, and C;2 < Lip,[2(-,1)] < C2.

Remark. The identity above exhibits 1) as a measurable isomorphism of the U;-flow
on M; and a reparametrization of the Us-flow on Ms. Observe, however, that we
cannot apply directly Corollary to the function z(z,t) because, a priori, it is
not sufficiently smooth.

Lemma 2.2.2. The map z is a cocycle over {u} };cr, namely for almost all x € My
and all t,s € R we have

z(x,t + 8) = z(x, 8) + z(zuj, t).
Moreover, if for some x € My, m >0, and t' >t > 0 we have
2(z,t') — 2(z,t) > m,

then
t'—t>mC%  and z(y,t') — z(y,t) > mOL* for all y € M.

Proof. By definition of z we have
(a)us ) = glani™) = plaud)uy Y = g)us e,

which implies the first claim.
As for the second, by the cocycle relation and the Lipschitz bound on z we get

m < z(z,t") — z(z,t) = 2z(axul, ' —t) < (¢ — )02,
so that ¢ —t > mC 2. Then, for all other y € M,
2(y,t) = 2(y, 1) = 2(yui, ¢’ =) > C2(t' = 1) > mCY,

and the proof is complete. [
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2.3. Two technical conditions. We now define two conditions which will be
relevant later on: the Injectivity Condition (IC) and the Frequently Bounded Radius
Condition (FBR).

In general, we show that these conditions hold on a set of arbitrarily large
measure.

Definition 2.3.1 (The Injectivity Condition (IC)). We say that a point z € Ms
satisfies the Injectivity Condition 1C(p, m) if, for any lift x € G5 of x and any y €
B(x, p), we have

d(xull,yyul?) > p forall yeTy\{e} andall t,ts€ [—m,m].

If the manifold M, is compact then, then there exists py such that the condition
IC(p, m) is satisfied for all p < pg and all m > 0. Then in the following proposition,
we may take Yic = My and ¢ = 0.

Proposition 2.3.2. Let m > 1 and ( > 0. There exist a compact set Yic =
Yic(m, () C Mz, with p2(Yic) > 1=, and p = p(m, () € (0,1) such that every x €
Yic satisfies the Injectivity Condition IC(p,m).

Proof. Let K C Ms be a compact set of measure us(K) > 1 — (. Let 4r be
the injectivity radius of K. Thus, for any two points x € K and y € Ms such
that d(z,y) < r and for any lift x € G of z, there exists a unique lift y € G5 of y
such that d(xub',yu?) < r for all ¢1,ts with |t1| < 7 and [to] < 7.

We recall that, if aj = exp(sAs), with As € 59 as in one has ajuba;®
us't. Let s such that e®r > m and set Yic = Ka3’. Clearly pa(Yic) = pa(K) >
1 —¢. Let L be the Lipschitz constant of the map g — ga;* on Ga. Set p = /L.

Arguing by contradiction, let x € 7, '(Yic) with d(x,y) < p and suppose
that d(xub', yyu?) < p for some v € T’y \ {e} and some t;,t5 € [~m, m].

Then, d(xa;*,ya,®) < Lp = r and d(xul'a;®, yyul?a;*) < Lp = r.

Set x' :=xa;* and y’ := ya; **. On one hand we have d(x’,y’) <r and

Vol

e_SUtg)

/..e 0ty / _ t1..—5So0 to . —So
d(x"u; VY Uy = d(xuy'a, ™, yyuysa,™) <.

On the other hand, since e™50t;, e~ %0ty € [—r, 7], we also have

730132

d(x',7y') < d(x',x'ug ") +d(x'ug T y'ag ) +dyyug U ) < 3

This shows that both points y’ and vy’ belong to the ball of radius 3r centred in x’.
Since x’ € m, *(K) and since the radius of injectivity of My at any point in K is
strictly greater than 3r we conclude that - is the identity of G, a contradiction. [J

In the above proof we used the existence of the subgroup (a®) to rescale the
orbits of the U-flow. In fact the above proposition holds for any volume preserving
smooth flow on a finite volume manifold provided that the set of periodic orbit has
measure Zzero.

2.3.1. We now introduce the second condition.

Definition 2.3.3 (The Frequently Bounded Radius Condition (FBR)). Given T >
0, 7o > 0, and ¢ € [0, 1], we say that a point x € My satisfies the Frequently Bounded
Radius Condition FBR(Ty, ¢, o) if, for any lift x € G5 of x and any T > Ty, there
exists ¢t € [T, T] such that the injectivity radius at xa® is bounded below by 7q.
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If the space Ms is compact, then there is 7o > 0 such that every point x € M,
satisfies FBR(Ty, ¢, o) for all To > 0 and ¢ € [0,1]. It is also clear that if a
point satisfies FBR(Tp, ¢, 70), then it also satisfies FBR(Tj), ¢/, r() for all T > Ty,
0<d <e¢ and 0 <) <.

Lemma 2.3.4. For every c € (0,1) there exists ro > 0 and Ty > 0 such that almost
every point x € My satisfies FBR(Ty, ¢, 19).

For every c € (0,1) and every w > 0, there exists ro > 0 and Ty > 0 such that the
measure of the set of points x € My which satisfy FBR(Tp, ¢, o) is at least 1 — w.

Proof. 1t easy to see from the definition that if  satisfies the condition FBR(Ty, ¢, ro),
then the point za™* satisfies FBR(Ty + s,¢,70), for all s > 0. Thus, for ¢ € (0,1)
and rg > 0 fixed, the set

oo

{z € My : x satisfies FBR(T",c,70)}
/=0

is invariant under at. By ergodicity, if ro is small enough, it has full measure.

Let A, = {x € M : z satisfies FBR(n,c,79)}. By the above, the A, are an
increasing sequence of sets whose union has full ps-measure. Hence, given w, there
exists an integer Ty such that

To
u2<UAn>le. O
n=0

3. THE GEOMETRY OF THE U-FLOW

In this section, to ease the notation, we again drop the indices 1 and 2, so that
the group G refers to both groups G; and Gs.

3.1. Irreducible 3(R)-modules and local transverse manifolds.

3.1.1.  We recall that we have fixed 2(R)-sub-algebras in

Considering G as the connected component of the identity of the real points of
an algebraic linear R-group G we have that S = exps is the connected component
of the identity of a Zariski closed subgroup S < G with Lie algebra s.

By Chevalley’s lemma (|4 7.9], [43, 3.1.4]) and the simplicity of S there exists a
linear representation ¢ of G on a finite vector space V and a vector vy € V' such
that S = Stabg (vg).

The group S acts on g by the adjoint action. By the simplicity of S, the
subspace s of g has an Ad(S) invariant complementary subspace m. Thus there
exists a neighbourhood O C G of the identity such that any g € O may be written as
a product g = gngs of elements g, € expm and g5 € exps. The following lemma,
whose proof is in Appendix [A] proves the uniqueness of such a decomposition.

Lemma 3.1.1. For every neighbourhoods On, Os of the identity, respectively
in expm and in exps, there exists a neighbourhood O C G of the identity such
that, if g € O and g = gmEs , With gy € expm and gs € exps , then gm € On
and g € Os.
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3.1.2.  As a consequence of this lemma, if g € O and

(8) g = 8mgs, With g €expm, g € exps,
we may set
d(e, g) = max{dm (ea gm)’ ds (ea gﬁ)}’

where dn,, ds are distances on expm and exps — (see and for their
definitions). Thus there exists ¢y such that d(e,g) < g¢ implies g € O and the
decomposition is uniquely determined.

3.1.3. For any g € G and any ¢ € (0,2¢), let

W(g,2) = {g gm exp(ad) exp(all) |
gn € exp(m), dm(e, gm) < &, ol <e, [a] <<}

The set W(g,e) is the local leaf through g transversal to the U-flow. We also define
the (global) leaf through g transversal to the U-flow by

W(g) = {g gm exp(ad) exp(ul) | gm € exp(m), a,u € R}.
Given x,y € G with d(x,y) < &, we define the continuous parametrization q(s) of
the U-orbit of y by the condition yu?*) € W(xu®). The parametrization ¢(s) is
well-defined at least for all sufficiently small values of s > 0 (see also Lemma
below).
3.1.4. Let now x,y € G, € € (0,¢9), and assume that
9) d(x,y) <e and d(xu® yu')<e.

for some s > 0, and ¢ > 0. This condition depends only on the relative position of x
and y: if we Setting g = x~'y we may rewrite @ as

(10) dle,g) <e and d(e,u*gu’)<e.
or, with g = gmgs as in ,
(11) dn(e,u gupu®) <e and ds(evu_sgsut) <e.

Thus the condition (9)) imposes strong restrictions on both ¢(s) and on the relative
position of x and y. If @ holds, with an appropriate definition of the distance ds,
there exists ¢(s) € R such that

(12) It—q(s)| <e, and yul® e W(xu® e)
With x~ 'y = g.gs as in , this condition may be rewritten as
(13) u*g,u?®) = exp(a(s)A) exp(u(s)0).

Thus, the second inequality in formula is equivalent the the requirement that
holds true and that |a(s)| < e/2 and |u(s)| < &/2.

It follows that in order to exploit the consequences of the condition @D we can
analyse separately the terms u *g,u® and usgu?(®).
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3.1.5. We start by considering the term u~*gy,u®. Since ad(U) is a nilpotent
endomorphism of m, there exists a basis of the vector space m which is a Jordan
basis for ad(U). More precisely, the subspace m splits into a direct sum of Ad(S)-
invariant subspaces m,, (¢ = 1,...,I), of dimension d, + 1, on which Ad(S) acts
irreducibly. By the elementary representation theory of o(IR), each subspace m, has
a basis (Ey,,,. .., Eqg,,) such that

d, .
(14) ad(U)Ej,L = Ej—l,L and ad(A)Em = <2 — ]> E]‘7L
We choose B={FE;,:0<j<d,1<:<I} asa convenient Jordan basis for ad(U)
and we let, for £ = ch, s
(15) Il = max|ej.|,  and  dw (e, exp(£)) = €]l

For any £ € m, Ad(u®){ = exp(sad(U))¢ is a m-valued polynomial in the variable s.
Indeed, the usual computation of the exponential of a Jordan block tells us that if

=2, ;¢ Ej. then

d,—j
k
exp(sad(U))¢ = ch, E;., c¢j.(s)= Z Clitjus K.
k=0

Since the highest degree polynomlals are given by the coefficients of the terms Ey ,,
which together with U span the centraliser 3(U) of U in g we are led to define for
gm =exp{and { =3}, ¢; Ej, the polynomials

7”m, 8m, S ch‘L k k/k'

and the vector valued polynomial

T (8m» 8) = (T, (8ms 8)s - -+ » s (8m» 8)) € RT @ R[]
which controls the growth of the term u=*g,u® = exp Ad(u=*)¢. Clearly

(16) [7m(8m, 8)| := sup |rm, (8m, )| < dm(e,u™*gnu’).
1<<T

3.1.6. We now turn to the term u *g,u?(®) € exps, where we recall that the
parametrisation ¢(s) is deﬁned by the identity (I3)).

For x5,ys € S and gs = x; 'y, = exp(ad) exp(alU)u
the “distance”

¥ it is convenient to define

(17) da(Xe,¥s) = da(€a, 85) = |a] + [a] + Jul.
Writing

(18) gs = exp(aA) exp(al)u”

the formula , after an easy computation, yields

(19) )2 = o720 _ i), u(s) = e *u(e® — us)
(20) q(s)zs_w_

e’ —us
Henceforth ¢(s), a(s), u(s) denote the functions of s defined by the formulas above
(depending on the initial parameters a, ¢ and u).
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The following lemma/definition expresses the condition yu?®) € W(xu®) in
terms of the initial parameters a, .

Lemma 3.1.2. Let x,y € G with x" 'y = gngs and gs = exp(ad) exp(ul)u®.
Then the condition yu?®) € W (xu®) is satisfied on the connected interval [0, s]U][s, 0]
if, and only if, s belongs to the interval of maximal tracking defined as

I(x,y) :=Z(gs) = {s€R:e* —us > 0}.
In particular if 0 < € < min (60, 1/(2M)) and d(x,y) < e, the condition yui®) ¢
W (xu®) can be fulfilled for all |s| < M.

Lemma 3.1.3. Let x,y € G with x™ 'y = gngs and gs = exp(aA) exp(ul)u®.
Assume 81,02 < min(eo,In2). If d(x,y) < &1 and d(xu®,yu'®) < dy for some sy >
0 and to € R. Then so belongs to the interval of mazimal tracking Z(x,y) and
lg(s0) — to] < d2 and |us| < 3(d1 4+ d2), Vs € ][0, s
Furthermore
(21) 1 — 8max(d1,02) < e* —us < 1+ 8max(dy,da), Vs € [0, so].
Setting uo := q(so) — to we have
yu' = (xu®) exp(a(sg)A) exp(u(so)U)u"".

Furthermore, for all s € [0, sg], we have

yu?® = (xu®) exp(a(s)A) exp(i(s)U)
with

la(s)| < 1181 + 602, la(s)| < 136;.
Proof. In the course of the proof we use the estimates 1 — |z]/2 < e® < 14 2|z| for
|z] <log2 < 1.

By §3.1.3] the condition d(xu®,yu') < d5 implies by ds(e,u"0gu’) < d. It
follows that the interval of orbit {yuto‘*‘t/}‘tqgtgz crosses the leaf W (xu®) in a point
yu? such that |q — tg| < d2. Then

u*°g.u? = exp(a’A) exp(@' U),
with |a/| + || < da.
From §3.1.6[the only solution of this identity is given by ¢ = q(s¢), a’ = a(so), @’ =

u(s0), where ¢(s), a(s), u(s) are the functions defined by the formulas ((19)—(20).
Since |a| + || + |u| < 1, using the first identity we have

|a’ + al S 1

5
proving that s € Z(x,y). Furtermore, since e* < 1+ 2|a| < 3 and e(@'~9/2 1 <
|a’ — a|, we have

e — sy = e @ T/2 > 1

|aso| = e?[1 — (@ =9/2] < 3(8; + 8)
and consequently |iis| < 3(8; + d2) for all s € [0, s¢]. Then, the estimate follows
easily.
Finally formula and the inequalities |as| < 3(d; + d2) < 6, for all s € [0, so],
and e® — s < 1+ 2|a| + |as| imply

la(s)| < |a| + 2|log(e® — @s)| < 1101 + 602
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and
ela()=a)/2 — 1 _ a5 < 13.
Consequently
la(s)| = e(“(s)_“)ﬂhﬂ < 1307
for all s € [0, s¢]. O

3.1.7. In the sequel we shall deal with parametrisations 7(s) of the orbit of y
satisfying, for sufficiently large s, the inequality

1
r(s) = 8] < (517" + ),

and such that -
den’, yu®) < 5

for some s > 0 and ¢ < min(eg,log2). By the previous lemma if this second
condition occurs we have s € Z(x,y) and |7(s) — q(s)| < /2. Then by the first
condition |g(s) — s| < 1/2s'7" + . From formulas and (20), the quantity
s+ s(1 — e) up to a factor close to 1 is the delay s — q(s) of the two orbits. Thus
we are led to define

(22) 74(gs, 8) 1= us® + s(1 — %),

and study the sub-level sets where |rs(gs, s)| < s'~7 +&. When these intervals are
not too spaced from each other the following proposition comes to aid.

Proposition 3.1.4. Let (V,|-|v) be a finite dimensional normed vector space
and P(s) = co + c15 + -+ + cs® be a V-valued polynomial of degree k bounded
by max{e, Cs'="} on consecutive intervals J; = [s1 = 0,51, ..., Jn = [Sn,3n]. (We
shall assume € < 0517".) Suppose that the intervals Jy, ..., Jy are b-close in the
sense that, for some b >0

d(Jj, Jig1) =801 — 5 <870, Vi=1,... h—1
Then, for some constants ki, K, depending only on k, we have

leily < (o)1 AT,

Thus if (h — 1)kb < n/2 we have

ey < i) s
Proof. Since the space of polynomials on [0, 1] of degree lesser or equal than k with
values in a finite vector space V has dimension (k + 1) x dim V', the norms || P||; =
supse[0,1}|P(s)|v and ||P|2 = supogigk\cﬂv are equivalent.

It follows there exists a constant ki > 1 such that, if a polynomial of degree k
such as P is bounded by a constant K on a interval [0, L], then |¢;|y < kK L™% .
Thus, with our assumptions, if h = 1 we have

|Ci|V < Iikcgl_i+1_n.
This inequality implies that on the interval [5;,5; + 5. 7°], the polynomial P(s) is
bounded by |Zf:0 cist (14 8y < CZ?:O ke(51)177(1+88) < Cﬁ%é}_"+kb.

In the case 55 " < k,51 " we deduce

A—ntkb —i it l—n+kb
(23) leily < Crprls; "85t < kprfs, TR
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If 55" > w},5 " then we deduce
i 1—
leily < Crpsy T
Thus the worse case scenario is given by the estimate (23). By induction we obtain
that

j—1-—i+1— j—1)kb
|Ci|VSC"fk(K/;g)j 15j i+1-n+(j—-1) . 0

We shall apply this proposition to the R’-valued polynomial 7y (g, s) bounded
by € (in this case in the proposition we choose C' = ¢ and n = 1), and to the
real valued polynomial r4(gs,s) bounded by max{e,Cs'~"}. We remark that
the set {s > 0 : rn(gm,s) < &,75(gs,s) < max{e,Cs'~"}} consists of at most
D=2 Hle d, connected components.

Proposition 3.1.5. There exists a constant k > 0 such that the following holds
true. Let x,y € G and X'y = gngs with gs = exp(ad) exp(ul)u® and gy =
Zj,L il
Suppose we have h < D intervals J; = [s1 = 0,81], ... Jn = [sh, 8 = L] such

that

(1) Tm(gm,s) < e and rs(gs,s) < max{e,Cs' ™"} for all s € U;'L:1 J; .

(2) the intervals Jy,... Jp are b-close for some b < n/(2D x max, d,).
Then,

la| < KL™"2 a| < kL7172,
and
|cj.| < keL™IH/2,

The role of the intervals Ji, ..., J, will become clear in the next subsection.
3.2. Blocks.

3.2.1.  'We now explain how we are going to apply Proposition [3.1.5] In order to do
it, we are going to introduce the notion of (p,e)-blocks (or simply blocks), which
will play a crucial role in the proof of Ratner’s Basic Lemma in the next Section.

In this section, for simplicity, we will write 7y (g, s) and r¢(g, s) instead of 7 (gm, $)
and 75(gs, s). We define

le(gm) :=sup{s > 0: |rn(g,t)| <c forall t €[0,s]},
l.(gs) :=sup{s > 0: |rs(g,t)] <t 77+ ¢ for all t € [0, 5]},
l-(g) = min{lc(gm), l-(8s)}-

Let p < ¢/2. Let x,y € G with d(x,y) < p be fixed, and let 7(s) be a
parametrization of the U-orbit of y satisfying 7(0) = 0 and |7(s) — s| < 3(s' ™" +¢)
for all s > I.(g) . Let now x; = xu® and y; = yu” (5% be two points on the U-orbits
of x and y satisfying d(x;,y;) < p. A (p,e)-block for x;,y; is an interval

J;i = [5i>§i]7 with |JZ‘ =5 —58 < lg(gi)7

where g; = X{lyi, such that
d(xu®,yu™ %)) < ¢,

in other words, if not only the initial points but also the final points are at distance
not larger than p. By definition, the translated interval J —s; = [0,5; — s;] is
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contained in a sub-level set of the polynomials r,(g;, s) and rs(g;, s). Since p and €
are fixed, we will simply say block.

Let J; = [s;, 5;] be a block for x;,y;, and assume that there exists s; > s;+l(gi) >
5; such that the points x; = xu® and y; = yu”(%3) are at distance d(xj,y;) <e.
Let J; be a block for x;,y;, hence we know that J; — s; is an interval contained in
a sub-level set for ry(g;, s) and r4(g;, s) (notice that these polynomials are defined
by g; = x;lyj and not by g; = x;lyi). The following lemma shows that J; — s; is
contained in a (slightly larger) sub-level set for ry(g;, s) and rs(g;, s).

Lemma 3.2.1. There exists an absolute constant & > 0 such that the following
holds. Let J; = [s;,5;] be a block for x;,y; as above. Then,

Jj = si=[sj = 50,5 — 5i] C {|rm(gi: 8)] < fe} N {Irs(8i, s)| < A(s"™" + )}

Proof. To simplify the notation, in this proof we will write g instead of g; and g
instead of g;.

Denote by |J| = 5; — s; the length of the block J; = J. By definition, for
all 0 < < |J|, we have that |rq(&,7)| < . By Proposition (applied with only
one interval), we get that the coefficients ¢;, in the expression g, = Z]ﬂ G5,
satisfy |¢;,| < welJ|~7+7/2. Hence, from it follows that dy (e, u""gnu") < ke
for some constant & depending on m only. By , we deduce that

7 (g, 7 + 5j — s5)| < dm(e’uf(’l‘+8j*5i)gmu’r‘+5]‘*5i) = dp(e,u"gmu") < e,

which shows that J — s; C {|rm(g, s)| < fe}.

Let us prove the other inclusion. By Lemma the whole interval [0, 5] is
contained in the interval of maximal tracking Z(x,y). Moreover, by Lemma
and the subsequent discussion, since d(x;,y;) < p < €/2, we have that

lq(s; —si) — (55— 50)| < (55— 5:)' "+
On the other hand, by assumption and by , we have that

_Irs(@ )
— 1—10e

for all 0 < r < |J|. Therefore, we get

lg(r) — 7| +e<2rtT 4 2,

a4+ 8 = ) = -+ 55 = 50)| < lalr) = 71+ lals; = s1) = (55 = )
<2t 4 (55— s) T+ 3e < A(r 455 — 5i) T + de.
Finally, again by , since

rs(g, 7+ 55 — si)|
la(r + 55 = s0) = (r + 55 = s0)| = = T T0e G

Y

1
ilrs(gvr—'_sj - 51)' -,

combining the two inequalities above, we conclude that J — s; C {|rs(g, )| <
8(s'™" +€)}, which completes the proof. O

In layman’s terms, the previous lemma says that all the blocks that we can
find along the future orbits of two fixed points x,y must be contained in a certain
sub-level set of a polynomial map determined only by the initial points x,y, whose
degree is bounded independently of the points.
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For any given x;,y;, let S1,...,Sp be the connected components of the sub-level
set
SubLev(x;,y:) = {|rm(gi, s)| < e} N {|rs(gi, s)| < R(s'™7 + )}
Note again that D is bounded by a constant depending on g only. By Lemma [3.2.1}
for any block J; as above, there exists S;; such that J; —s; C S5;;. We now use
Proposition [3.1.5] to deduce the following corollary.

Corollary 3.2.2. There exists a constant k > 0 such that the following holds.
Let x,y € G and 7(s) be as above. Let J; = [s1 = 0,51] be a (p,e)-block for x,y.
Assume that there exists so > l.(g1) such that xo = xu®? and y = yu"(”) are at
distance at most p < /2, and, as before, let Jo = [s2,52] be a (p,e)-block for xa,y>.
Assume that this procedure can be repeated j times, and let Jy, ..., J; =[s57,8; = L]
be the resulting blocks.

Let S1, ..., Sk be the connected components of SubLev(x,y) as above, with h < D
minimal so that U?:l S; covers U§:1 J;. If the intervals S1, ..., Sy are b-close (in
the sense of Proposition for some b < n/(2D x max, d,), then,

lu| <e, la| <KL™"? Ja| <wL7V20 and  ej,| < keLTIHE/2,

Proof. We apply Proposition to the intervals Sy, ..., Sp—1,5,NJ;: by assump-
tion they are b-close and by Lemma the assumption 1 of Proposition [3.1.5]is
satisfied as well. O

If the assumptions of Corollary are satisfied, it is possible to see that the a’-
orbits of x and y stay close for all times up to (1 + n)log L, as the next lemma
shows.

Lemma 3.2.3. Under the assumptions of Corollary[3.2.3, for every 0 <r <1 we
have

d(xa(H’”) l0g L ya(1+7) logLy < 35 (Lf%Jr% + L*%‘F’r‘) )
Proof. CallT = (147r)logl. Asin let us write x 1y = exp(€)gs, where £ € m
and g € s satisfy . Then,
d(xaT,yaT) = d(e,a Tx 'yal) = max{|ja~T¢a’|, ds(e,a Tg;al)}.
We now focus on the first term corresponding to { = 3" ¢; Ej,. By (14)), we have
la="¢a” || = max [ej..| la=" B 2" = max fej..| [Ad(a™") B, |

= max|e;, e~ ()7,
Iy

By Corollary and the trivial bounds j < d, and d, > 1, we obtain

(24) ||a_T€aT|| < HEL—j-F%—(l—i—r)(%_j) < K&‘L_%"'Nzrn.

We now look at the term corresponding to gs. Writing it as in , by definition
, we have

ds(e,;a Tgea”) = |eT | + |a| + e T ul.
By Corollary we conclude
ds(e,a Tgeal) < kLI =1=3 4 wr=3 4 o[-0+ < 3347,
Together with , this completes the proof. [
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4. RATNER’'S BAasic LEMMA

4.1. Construction of the Good Set G. Here we construct a set of large measure
which satisfies simultaneously the various conditions proved or assumed in the
previous section. The first condition obviously guarantees that two orbits, that
are geometrically close, are mapped to two orbit segments that are geometrically
close. By choosing in the source space initial points sufficiently close, we obtain,
both in the source space and the target space, orbit segments of length larger than
myg. Then, the second condition guarantees that the time change on these orbit
segments is sub-linear, which yields important consequences for the relative position
of the initial points of these orbit segments, thanks to the Lemma The third
condition assures that in the target space the orbit segments with close initial points
and close endpoints have continuous lifts to Gs.

These three conditions are sufficient to deal with the conjugacy of the centraliser
of uf. The fourth condition is used to control the conjugacy of the normaliser. In
that case we need to push orbits along the flow of a normalising element. The
fourth condition guarantees that along these pushes we can keep track of the initial
positions of orbit segments.

4.1.1. Recall that n € (0,1/4) is given by Corollary Let us fix b > 0 satisfying
U L+m

P E—— d defi b) = ——.

5D max,q, 0 define c(b) T+n—b

Let Ay € g2 be the semi-simple element of a o(R)-triple as defined in §2.1.1f for the

unipotent element Uy € go. As usual, let {al},cr the associated one-parameter
subgroup.

(25) b<

Proposition 4.1.1 (Construction of G). For every w > 0, there exist mg > 1,
p € (0,1) and a compact set G C My with measure p11(G) > 1 — w, such that the
following properties hold.

(1) Uniform continuity: the map ¥ is uniformly continuous on G.
(2) Sub-polynomial deviations: for all x € G and all t > mgy we have

[€1(z,t) —t] SCHTT and [ (y(),t) —t| < O,

where 1 is given by Corollary[2.1.5

(3) IC(p,2C%mg) on the image (G): for x € m, ' (¢(G)) and d(x,y) < p, then
d(xus, yyub) > p for all v € Ty \ {e} and all s,t € [-2C2mg,2C4my).

(4) The condition FBR is satisfied on the image ¥(G): for all x € G, the point
Y(x) satisfies the condition FBR(Ty, ¢(b), o) with

1 _n=2b
To < 3 log %, and 1o > 206Comgy 2 .

«

Proof. The set G will be given as the intersection of four sets of measure larger than
1 —w/4 on which the conditions 2)-5) hold. Without mentioning it, we use several
times the estimate (7).

By Lusin’s Theorem we can choose a compact set K1 C M; of measure larger
than 1 — w/4 on which v is uniformly continuous.

By Lemma there exist Ty > 1 and ry > 0 such that the set Ky C M
of points which satisfy the condition FBR(Tp, ¢(b), ro) has measure greater than
1 — 3¢ Thus, p1(Y1Ky) > 1 —w/4. In order to satisfy the statement (4) of the

n—2b

Proposition, we choose mg > 1 so large that T < %log g—s and rg > 20cCym, = .
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By Corollary (applied twice with w replaced by w/(4C,)), there exist
m’ > 1 and a set Ko C M; of measure greater than 1 — w/4 such that for all
x1 € Ko, e € (K>) and all ¢ > m’ we have

|61 (z1,t) —t] < CLMYT and  |€o(wa,t) —t] < CHT.
Up to increasing mg, we can assume mgy > m/'.
By Proposition with ¢ = w/(4C2) and m = 2C%my, there exist p > 0
and a compact set K3 C My with uz(K3) > 1 — w/(4C?) on which the Injectivity

Condition IC(p, 2C*myg) holds for any point in K3.
Then 1 (K1 N Ko Ny~ K3 N~ tKy) > 1 —w. We can choose a compact set

GC K NKyNY 'KsNyp 1K,

of measure 1(G) > 1 —w. The construction is complete, and the properties of G
follow from its definition. O

In the following, we will denote m = 2C%mg > mo.

4.2. Statement and proof of Ratner’s basic lemma. In this section we will
prove the main technical result of this paper, which is an adaptation of Ratner’s
Basic Lemma in |27 for G = SLy(R). A similar result was also proved by Tang
in 36| for G = SO(n, 1).

For a given w > 0 (which will be fixed in the next section), let mg, p, To, 79, and
G be given by Proposition

4.2.1. Standing assumptions. We fix e < 1/10 (the specific choice of € plays no role).
Up to possibly taking a smaller p < &/2, we can assume that if d(g,e) < p then
l-(g) > m, where, we recall, I.(g) was defined in For any such g, we write

g =exp (Z cj,LEj,L) exp(ad) exp(al)u"
3]

as in the previous section.

Lemma 4.2.1 (Ratner’s Basic Lemma). There exists 0 € (0,1) such that the
following holds. Let x,y € My. Assume that there exist A > m, a compact set A =
A(z,y) C [0,A], and a strictly increasing Lipschitz function T = 7,4, [0, \] = Ry,
with 7(0) = 0, such that
(1) 0,As € A;
(2) If r € A then the point xu} satisfies the Injectivity Condition IC(p, m) and
the Frequently Bounded Radius Condition FBR(Ty, ¢(b), ro).
(3) Ifr € A then

d (wug,yug(”) <p,
(4) ifre Aandr' —r>m or7(r') —7(r) > m, then
[(r(r") = 7(r)) = (' = )| < 40" =)',
for some n > 0.

If the relative density of A in [0, A] is greater than 1 — 0/8, then there exists s € A

such that zudg = yug(g), where g satisfies

lu| <e, Ja| < /<;/\*’7/27 la] < /9)\*1*”/2, le,,;] < KeXTITN/2,
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/

FIGURE 1. A schematic drawing of the relation between blocks.
Below are the orbits, under u}, of z and y on Ms, which are close
for two blocks of times. The lifts of these orbits to G5 could either
be the orbit of x and y as in the top left figure, or be the orbit of
x and several lifts of y, as in the top right figure.

Moreover, if the assumptions above hold for all X > g > m, then y = zg,
where g commutes with ul for all t € R and satisfies d(e, uz_ggug(s)) < e for some

0<35< ).

4.3. Comments on the proof of the Basic Lemma [4.2.1] Before diving into
the details of the proof of the Basic Lemma[4:2.1] let us sketch the general strategy.
Let z,y € M two points at distance lesser than p, and fix two lifts x,y € G2 at the
same distance. From the assumption that the orbits of z and y (parametrized by r
and 7 = 7(r)) stay close in Ms for a large portion of times, we construct a collection
of what we call blocks: lifts to G2 of segments of ué-orbits of x and y which are
close together. The lifts are chosen so that the one for x lies on the ub-orbits of x,
and the one for y so that the two lifts are close in Gs; these conditions uniquely
determine such lifts. Note that two cases are possible: either the lift of the orbit
segment of y also lies in the orbit of y, or not, see Figure I} This type of dichotomy
will result in a relation between blocks, which we define below.

The goal is to apply Solovay’s Lemma [£.31] to the collection of time intervals
determined by the blocks (namely, the intervals of time for which xu} belong to
some block in the collection), in order to deduce that the orbits of x and y stay
close for all future times. The main difficulty is to check the first condition in the
statement of Lemma[4.3.1] We will argue as follows: if two blocks are not in relation,
then this condition is automatically satisfied, see Lemma [£:3.3 below. On the other
hand, if two blocks are related, this may not necessarily be true. In this case, we
“force” the condition by “gluing” together related blocks which are too close to each
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other. We will then show that the new collection of superblocks we obtain in this
way satisfies the assumptions of Lemma [£.3.1] and hence the proof of the Basic
Lemma will follow.

4.3.1. Solovay’s Lemma. In the proof of Ratner’s Basic Lemma [£:2.1] we will use
the following result about a collection of intervals on the real line. This result first
appeared in [24], the proof being attributed to Solovay.

For an interval I C R, we denote its length by |I]|. Let 7 = {Ji,...,J,} be
a collection of disjoint subintervals of I. The density of the collection J in the
interval I is the ratio of the Lebesgue measures of |J_, J; and I. The distance of
two intervals I and J is the number d(I, J) = infzer yes|z — y|.

Lemma 4.3.1 (Solovay). Given a b > 0 there exists a real number 0 = 0(b) € (0,1)
such that, for any collection J = {J1,...,Jn} of disjoint subintervals of an interval
I C R, if the following conditions hold true

(1) d(J’,J") > min{|J’|, |J"|}} TP, for all distinct J',J" € J;

(2) the density of the collection J in I is larger than 1 — 0;

(3) |C| > 1 for each connected component C' of I\ Ul J;;

then there exists an interval J € J with |J| > 3/4[1].

4.3.2. The proof of Lemma [£.:2.] will be divided in several steps and concluded
on page [28 For the rest of the section, again to lighten the notation, we will again
drop the indices 2 that refer to objects in the target space.

4.3.3. Fix w >0 and let 6 € (0,1) be given by Solovay’s Lemma (Lemma [4.3.1)) for
the choice of b in . Let now my, p, Ty, o, and G be given by Proposition
and recall that, if d(g, e) < p then I.(g) > m. Observe also that if d(xu®, yu™®)) < p
then there is t € [7(s) — p,7(s) + p] with d(xu®,yu’) < p and yu' € W(xu?,2p) C
W (xu?,e).

Let now =,y € M be given as in the statement of the Basic Lemma. We are going
to follow the U-orbits of x and y on M, and construct (p, €)-blocks for appropriate
lifts of x and y to G. Again, since p and ¢ are fixed, here and henceforth we will
simply say blocks.

4.3.4. Let z and y be as in the statement of the Basic Lemma. Since 0 € Ag,
and 7(0) = 0 we have that d(z,y) < p. Let x; and y; be lifts of z; and y; with
d(x1,y1) < p. Since the point x satisfies the Injectivity Condition IC(p, m), given
X1, the lift y; is unique.

Set s1 = 0. We define the interval J; = [0, 51] = [s1, 51] where

31 = sup {r €A, N[0,8]| r<l(x'y1), dxiu",y; uT(T)) < p}.

Notice that Ji is a (p,€)-block for x; and yq, in particular the points x;u®! and
y1u™®1) are at distance not larger than p. We stress that, however, it is not true
that d(x; u”,y; u™) < p for all times r € J;.
Assuming that we have defined, for j > 1, Jy = [s1,51],...,Jj—1 = [sj—1, 5j-1]
and x1,y1,...,Xj-1,yj—1, we let
sj =inf{r >5;_1 | r e As}.
As s; € A, setting

_ S o T(s;
Ty =xu”,  Y; =yu (1),



24 MAURO ARTIGIANI, LIVIO FLAMINIO, AND DAVIDE RAVOTTI

we have d(z;,y;) < p. Thus if x; := x;u* we may define y;, in a unique manner,
asking that

(26) mo(y;) =), d(x;,y;) < p.
Finally, we define
(27)

5j :=sup {r € A;N[sj,s]| r—s; < ls(xjflyj), dx;u" " %y; uT(T)*T(SJ')) < p}.
This means that we have lifted the orbit xyu” to an orbit x;u”, and we have
chosen, at the times s;, the unique lift y; of y1u” (%5 satisfying d(x;j,y;) < p. The
uniqueness of this lift is justified by the fact that s; € A, and therefore the point
x; = xu® satisfies the injectivity condition IC(p, m).

With these definitions we have

(28) Vi<j: x;=xuT% x; =ma(x;).

Moreover, setting

we also have

(29) Tj =T u’i—s Y =i thj—ti,

We stress that it does not necessarily hold that y; = y; u’ ~*. We have therefore
a collection J = (Ji,...,Jj,...) of closed intervals J; = [s;,5;] with disjoint
interiors and whose union covers A,. These intervals .J; are blocks for the lifts x;,
y; constructed above of the points zu®,yu”5?) € M.

4.3.5.  Our previous remark leads to the following definition. Given two blocks J;
and J; we say that

(30) Jj ~Jp = yp = Y;j utx =t

4.3.6. Suppose that for some j < k we have J; ~ Ji. Then
(31) sk — s > 1 (y;7'%5).

If not, considering that d(xy,yx) < p and that y, = y;u"*~% we would have
5j > sk, by the definition of 5;.
The above inequality implies

(32) sk — 85 > m,

by the choice of €.

4.3.7. If J; o Jy, with j < k, we claim that we have
(33) max(sy — §;,tp —t;) > m.

Assume by contradiction that max(sy — §;,t, —t;) < m, and let v € 'y \ {e} such
that y, = vy, u'* . Let us notice that, by definition, 5; — s; € Ay and thus the
point x;u® % satisfies the injectivity condition IC(p, m). Applying this property
to this point and noticing that we have d(x; u® =%, y;u%~%) < p we get

p > d(xp,yr) = d(x;u® % yyutt )

— d(Xj qu—Sj usk_sj,’YYj utj—tj utk—tj) > p7
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Sl _ 52 SB - —_ _54
J1 Jj 1 Jj st J Ja J Js
Sy
Ji Jjs

FIGURE 2. The blocks Ji, J;,, ..., Jj;, in thick black, are equivalent.
The levels S1, Sz, and Ss, in grey, are b-close. Hence k; = 3, and
J; = ja. We define the superblock J{ = Conv(Jy, J;,).

which is our desired contradiction. As a consequence of the formula and of the
fact 5; € As we have

(34) |t = 1) = (55— 5;)] < 4(s = 5;)" "
Remark. By the and the number of blocks in the interval [0, s] is finite.

4.3.8. Construction of the superblocks. The above constructions yields a collection
of disjoint blocks J = (Ji, ..., J,). We can construct a new collection of intervals
J' = (Ji,...,J};) that we will call superblocks and later show that this collection
satisfies the assumptions of Solovay’s Lemma [1.3.1]

We will always assume that a collection of intervals is ordered in the obvious way.
Moreover, given two intervals J' and J” we will denote with Conv(J’, J") their
convex hull.

To construct J’ from 7 we will do the following, see Figure

e If there is no interval J; > J; with J; ~ J; then we set Ji = J; and we
next consider Js.

o If J;,,Jj,,... with1 < j; < jo <... are intervals equivalent to J; we define
Ji as follows:
— Let S1,...,Sp (ordered in the obvious way) be the connected compo-

nents of SubLev(xy,y1) defined as in By Lemma [3.2.1] any Jj, is
contained in one of these S’s.

— Let k; be maximal with the property that Sy, contains one of the J;,
and the intervals Sy = Sy, ..., Sk, are b-close. Let j; be maximal with
the property that J;. C Si. (note that there could be several blocks
inside a single interval Sy)

— We define

J{ = COHV(Jl, JJZ) = COHV(Jl7 JQ, ey Jj;)
— We restart the procedure from Jj. ;1.

Given any ordered list of blocks J = (Ji,...,J,) and an equivalence relation
among blocks the above algorithm produces a ordered list of closed intervals 7/ =
(J1,...,J;,) such that each J' € J’ is the convex hull of some intervals in J.

We say that two intervals J', J" are b-separated if d(.J}, J;) > min{|.J'|,|J"|}1+0.
Applying the algorithm above to the list of blocks J = (J,. .., J,) defined in §[4.3.4]
we obtain

Lemma 4.3.2. The collection of super-blocks J' = (J1,...,J},) satisfies the follow-
mg:



26 MAURO ARTIGIANI, LIVIO FLAMINIO, AND DAVIDE RAVOTTI

(1) it covers the set As: U el D Usesld D As.
(2) Any super-block J' = Conv(J;, J;) can be written as the convex hull of h < D
intervals contained in SubLev(x;,y;) which are b-close.

(3) Any two equivalent super-blocks are b-separated.
(4) d(J;, Jy) > m/5>1 for any J; # J; € J'.

Proof. For the first part, it is enough to notice that every J' € J' is defined as a
convex hull of elements in J.
For the first superblock, we have

J{ = Conv(S; N J1,5,,. .., Sk;—l, Sk; N Jjg),

with the convention that the term on the right is simply Conv(S; N Ji,S1 N Jj,)
if k; = 1. In any case, we can write J; as a convex hull of at most D intervals
contained in SubLev(x1,y1), which are b-close by the definition of the algorithm.
This proves 2 for the first superblock, the proof for the others is the same.

Part 3 follows from the definition of the algorithm, in particular from the definition
of k‘g.

For the last statement, part 4, we reason as follows. If J; ~ J;, then the estimate
follows from and the proven estimate d(J}, J;) > |JJ'»|1+b. If J; o Ji, then the

estimate follows from and .
O

Next we prove that also non-equivalent super-blocks are b-separated.

Lemma 4.3.3. Let J, # Jg, with p < q be two non-equivalent super-blocks. Assume
that

(i) xpu® % satisfies IC(p,m),

(ii) zp and x4 satisfy FBR(To, c(b),10).
Then, J, and J; are b-separated, namely

d(Jp, Jg) = min{| Jp|, [ o[},
Proof. Let us start by recalling that, by definition,
1+n 1 m _n=2b

b)=——, Tp < =log— > 20k4/Cy
) =15y Tosgleg 10> 20k Camm

Let us call L = min{|J,|, |J,|}; we will show that if d(Jp,J,) < L'*°, then
Jp ~ Jy. Assume that this is not the case. Then, there exists v € I'z \ {e} such that
Yq = 7ypule~tr. Note that by the definition of 5, we have d(x, u®» %, y, u’»~'r) <
p. The fact that the point z, u®~*» satisfies the IC(p,m) injectivity condition
implies that either 5, — s, > m or ¢, — t, > m. In either case, we conclude that
5, — 8p = d(Jp, J;) > m/C,, from which we get L > (m/Cy)Y/*Y >\ /m/C,. Let

1 1 1 m
To=(1+= =b)logL > = log — > Ty, d
0 <+377+3>0g 2OgC’a*0 an
1 2
c,:1+877+§b< 1+T] _
T+in+3b " 14n-b
Since, by assumption, x, satisfies the Frequently Bounded Radius Condition
FBR(Tj, ', 7o), there exists T € [(1+ gn+ %b) log L, (1+ 31+ 3b)log L] such
that the injectivity radius at xan is bounded below by rg.

e(b) < 1.
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u

FIGURE 3. The points involved in the proof of equation . The
dashed lines are the distances we are estimating. Distances have
exagerated in order to make the picture clear.

We will show that

d(y'x,a’, x,aT) < 20k\/Com™ < To,
which is our contradiction. This will follow immediately once we show that
( d(x,a’, x,u " 7a’) + d(x, u**ra’y, ufp*tPaT)
35

~

+d(y,utr~tal y,uti—ral) + d(y,al, x,aT) < 206/ Com™ el

since d(y, uls~ral y~lx,al) = d(y,a’,x,a’). Let us consider each of the four
summands above separately.
For the first summand, we have

d(anT, Xp ugP*SPaT) = d(e’ a*Tu8q7§paT) — d(e, ue_Td(Jp,Jq))

n—2b
6

_ C_Td(Jp,Jq) S L—(l+é"7+§b)+(l+b) S L~

which is smaller than \/Cam_n%b. In a similar way, we can bound the third
summand by

d(yp ufpftpaT,yp utqftpaT) _ d(ue%T(tq*{p)’ e),
which, in turn, is less than 5«/Cam*n%22b, since either s, — 5, > m or ty —t, > m,
and hence t, —t, < s, — 5, + 4(sg — 5,)1 7" < 5(s4 — 5p)-

It remains to bound the second and fourth term. Let us start from the latter.
By Lemma [£.3.2] we are precisely in the setting of Corollary [3:2.2] Hence, we can
apply Lemma since T' < (1 + %77 + %b) log L, we get

d(yan,xan) < 3k (L—%‘*‘%’l + L—%+%n+%b) — 6k

The proof of the desired inequality

d(xp u’»*ral Vp ul»~tral)
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for the remaining summand is completely analogous: it follows again from
Lemma by considering the negative parametrizations s’ = —s and t/(s) =
—t(—s), s € [-L,0]. This completes the proof of and hence yields the result. [

4.3.9. We can finally complete the proof of Ratner’s Basic Lemma.

Proof of Lemma[{.2.1, We start by recalling that all the choice of the relevant
constants were done in §4.1.1} In particular, we have chosen b. Let § = 6(b) given
by Solovay’s Lemma [4.3.1
Let z,y € M5, and let A\ and A, with
|[A N0, A 0

12
N TR

be as in the statement. We consider x; and y; lifts of  and y such that d(x1,y1) < p.
With these data we build blocks {Jy, ..., J,} asin By applying the superblocks
algorithm to this collection of blocks we obtain a collection of superblocks as in
Lemma

The collection of superblocks we have obtained thus satisfies the assumptions
of Lemma This implies that there exists a superblock J = [s, §7] of length
|J| > 3/4X. Lemma[4.3.2 guarantees that we can apply Corollary to the points
x; and y; which are lifts to G of the points zu®’ and yu™®7) respectively. We
obtain that

g=x;'ys=exp (Z cj’LEj’L> exp(ad) exp(al)u*
3

satisfies
lul <e, la| <A Ja| < RATI2 e, | < keATIT/Z,

which proves the first part
Let us now show the second claim. Since, by assumption, there exists A\g > m
such that we have that |[AN[0, \]| > (1—6/8)) for all A > Ay, we can find a sequence
An — o0 such that A, < Apy1 < 8A,/7. For all such \,, we can repeat the above
construction and obtain an interval J,, = [s,, $,] having length |J,| > 3/4\,. By
our choice of \,, we have
Jn N Jn+1 7é a,

and hence J,, C J,,41 for all n; more precisely, J,, = [so, $,] where so < Ag. Applying
the same bounds given by Corollary we have, for g = (xu®)~lyu(s0)

lul <e, Ja] <AV Jal < RAT2) and  op,| < weX T,

for all n. This implies that |al|, |a| and |¢;,| are 0, if j # 0. Thus, there exists g,
commuting with u such that y = xg as we wanted. O

5. NORMALISER

5.0.1. In this section we will apply the Basic Lemma[{:2.1] Before we state formally
the main result of this section, let us recall all the constants we have defined so far.

The two functions oy and as defining the time-changes ¢} and ¢4, define the
constant Cy, > 0 in Assumption The strong spectral gap yields € (0,1/4)
in Corollary From equation we obtain the constants b and ¢(b). Finally
0 =0(b) € (0,1) is the one given by Solovay’s Lemma and used in the Basic
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Lemma [£2.1] Having recalled all the important constants, we pick an w > 0
satisfying
0

W< ——.
50C1
Using Proposition we obtain a set G and constants mg, p. Let § > 0 be the
uniform continuity constant of 1) on G so that, if =,y € G, then

d(z,y) <6 = d(¥(z),¥(y)) < p.

Finally, we choose 6’ < p and we recall that m = 2C%mg > my.
For any n € N, there exist s, > 0 and a set Ky, (n) C M; of measure greater
than 1 — 27" such that for all z € Ky, (n) and all s > s,

0

We can take s, > mw, ! This section, is devoted to the proof of the following
result.

Proposition 5.0.1. Let g1 € G1, g2 € Go, with d(e1,81) < 0 and d(ez,g2) < ¢,
. : : ty—1 c ty—1 ¢t

satisfy the commuting relations giuig;  =uf * and gousg, =u§ " for allt € R.

Fizn € N, and let © € Ky, (n), y = g € Ky, (n). Then, for every s > s, there

exist

® points rg = xuio, Yo = yu‘ft0 = x0g, with 0 < ty < dws,
an interval [0, \s] C [0, s], with A\ > C2 (1 B ) s,

1607

a compact subset As C [0, \s],
a strictly increasing Lipschitz function T = T4y o @ [0, As] = Rso with 7(0) =
07
such that, if we set xfy = (o), yh = ¥(yo), and Th = ¥(yo)gs *, then
e 0.\, € A,
o |4 > (1-9)N,,
e zyul and ff)u;(r) belong to ¥(G) for all v € Ay and satisfy

d (wpus, 7uz™) < p,

ifr',r € As and v’ —r >m or 7(r') — 7(r) > m, then
|7(r") = 7(r) — (r' = )| < 4@ =)t

5.0.2. Let g1, =, and y be as in the assumptions of Proposition [5.0.1] in particular
d(z,y) < 6. We can assume that 3 < c < 2.

Clearly,
yui® = zgiuf’ = zuigy,
and
Plau}) = vz, yug) = ly)us.
Define

Vs>0: Bg:={rel0,s]:au] €g,yui €g},
which is a compact subset of [0, s]. By definition of Ky, (n), the estimate on the
measure of G in Proposition and our choice of w, since ¢ < 2, we have

0
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Let us assume now that d(e,g) = d(z,y) < 4, and consequently d(zuf,yus®) < ¢
for all s € R. Then, by Proposition [f.1.1] we have

(37) d (w(x)ug(w’s),w(y)u;(y’cs)> < p, forall s€ Bs.
Lemma 5.0.2. Lett € B,. Assume that there exists t <t < s such that
2(z,t') — z(z,t) >em  or z(y,t') — z(y,t) > cm.
Then,
|c*1(z(y,ct’) — z(y,ct)) — (2(z,t') — z(:c,t))| <4(z(z,t') — Z(a:,t))k77 .

Proof. Using Lemma and the definition of m = 2C2mg, under our assumption
it is easy to see that

2(x,t') — 2(x,t) >mo and  z2(y,t') — z(y,t) >mg and t' —t > mo.
Recall the definition z(z,t) := wa (¢ (), & (2, t)), of we and of &;. By Lemma[2.2.2]
Z(l‘, t/) - Z(J}, t) - (51(377 t/) - fl(x7 t))
w2 (Y (2),61(x,t"))

o t) — (o t) — / o ((z)u3) ds

wa (Y (2),861(x,t))

2(z,t") z(zul ,t' —t)
= [ a—en@upas= [0 — an) (@it ds

(z,t)

Since zu} € G and z(x,t') — z(x,t) > mg, by Corollary

o, t) = 2(2,0) — (€1(,#) — &1 ()] < g (o, = 1)1 77 < S (= 1)
Similarly,
i@, t) = &ila,t) — (' — 1)
= |§1(x’t/) - gl(xat) - (wl(xvgl(m7tl)) - wl(xﬂgl(x’t)))l
wi (@61 (x,t")) ¢ 1
= / (1 —aq)(zui)ds| = / (1 —aq)(zui)ds| < T(t’ft)lf”.
w1 (z,&1(z,t)) t a

Therefore,

/ / 2 / 1—n
lz(x,t") — z(xz,t) — (t' — )| < E(t —t)

[e3

We can apply the same reasoning for y instead of z, yielding

— ! ! 2 / -n
e ol et = 2y, et)) = (= 0)| < g/ =)'

‘We deduce that

_ 4 _
|7 2y, o) = 2(y, o)) — (2, #) — 2(x, 1)) < 7 (' =)'
The rough bounds on z and the cocycle relation in Lemma [2:2.2] conclude the
proof. O
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5.0.3. Proof of Proposition[5.0.1l By the compactness of By, the points
to =inf By and t; =sup B,
are in B,. Let
ty = 2(z,t0), th=2z2(z,t1) and As=1t] —t.
Set
B, = z(z, Bs) C [to, 1]
From we have

t )s<t1—t0<s.

< —s, 1— —
0= 1601° ( 16C4
By the uniform Lipschitz estimate on z(z, ), this yields

0
c;? (11604)5§/\5t’1t6§035,

and ,
Bl L, 0
As 16

We let
AL ={to} U (BNt + m.t1]),  As = AL — 1.
Then, since s > s,, if n is sufficiently large, we have
/
L
As 8
Let
2o = zup’, Yo =yui’ = rog
;o _ z(x,to) _ S0 r o z(y,cto)
2o = Y(x0) = P(@)uy " = P()uy’s v = b(yo) = Y(y)uy .
By Lemma we have
Plaout) = d(eui™) = dla)uy ™ = o juy T < y(aguy 0,
and similarly
dlyous’) = w(yo)us™ .
We know from that the Us-orbit of y{, shadows the Us-orbit of z{, at times
rescaled by c¢. We now define a point T, whose Us-orbit shadows the Us-orbit of z,

at synchronous times.
Let g, with d(e,g) < ¢’, be as in the assumptions: an element in the normaliser

of U, such that gusg—! = u§ *. We set
zo = Y(y0)8 -
Then
wous = (blyo)ug )&, VEER,
and therefore,
(38) d(zpub, (yo)ust) < &', VteR.
Define

’T(?“) = Tzo,y0 (T’) = Cilz(yOa 077(250,7’))7
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where n(zo,-) is the inverse of z(zg,). It follows from the definition of A, and
Proposition [I.1.1] that for 7 € Ay we have

whus € ¥(G), ypuy ™" € v(G),
and d(xgug,%u;m“”’”(r)) <p+d <2p,
where we used and (38). In particular
d(zg, () < p.
since 0 € A;. Suppose

v —r>m, or Taowo (7)) = Tag.yo (1) > M.

These conditions are equivalent to z(z,t') — z(z,t) > m or z(y, ct') — z(y, ct) > m.
If furthermore r € A,, then Lemma applies and we have

(39) (oo (1) = T () = (/=) | <407 =)' 7",
The proof is then complete. (]

5.1. Action of the conjugacy on the normaliser. Thanks to the Basic Lemma,
we can now show that the isomorphism 1 maps the foliation with leaves tangent to
the normaliser of U; to the one with leaves tangent to the normaliser of Uy. More
precisely, we prove the following proposition.

Proposition 5.1.1. Let g € Gy with d(e,g) < § be such that gu$® = ulg for
some ¢ € (1/2,2). For almost every x € My there exists ®(x,g) € Ga satisfying
b (z,g)us’ = ub®(x,g) and such that
V(zg) = ¥(2)P(z, 8).
Moreover, for every y € R, we have
d(ruj,g) B(r,g) " = uy"H T,

Finally, ®(z,g) exp(Ruz) € Ng,(uz)/ exp(Rug) is constant almost everywhere and
for almost all x € My, the map

®(x,-): Ng,(u1)/exp(Ru;) = Ng, (uz)/ exp(Ruy)
18 a group homomorphism.

Proof. From we have that for every n € N, the measure of the set Ky, (n) N
Ky, (n)g™!is at least 1 — 27" F1. Therefore, for almost every x € Mj, there exists
n =n(x) € N such that x € Ky, (n) and y = xg € Ky, (n). Choose g € G such that
d(e,g) < ¢ and gu§’ = ubg. Combining Proposition with Lemma we
deduce that there exists gy = go(z) € G2, depending on g and possibly on x, which
commutes with u} and with d(e, gg) < ¢ such that

(40) Y(yui)g™" =y (zuy’)go,

where 0 < tg5 < Sn(x)-
We can rewrite (40)) as

(ag) = @)y goguy ")

_ d}(x)gogugz(z,to)7z(y,ct0),

(41)
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where the element gog satisfies d(e, gog) < ¢’ 4+ p < 2p and belongs to the normaliser
Ng,(uz) of ub, namely (gog)ust = ub(gog). Equality proves the existence of

®(z,8) € Ng, (u2) satistying ¢ (zg) = ¢(2)®(z,8).
We have a well-defined measurable map

(I)gi Ml — Ng(UQ)/eXp(RUQ)
x — go(x)g exp(RU3).
By construction, it is easy to see that ®g(zul) = ®g(z) for all ¢ € R. Since Pg
is bounded, by ergodicity of the unipotent flow u, the map ®; must be constant.

This proves that ®(z,g) exp(Rus) is constant almost everywhere. Note that the
map P satisfies

O(z,8182) = P(v,81)P(rg1,82)

for all g1,go in the normaliser of u;. In particular, ®(z,-) descends to a group
homomorphism between Ng, (u;)/exp(Ru;) and Ng, (uz)/ exp(Ruy).
Finally, let t € R be fixed. Then,

P(rubg) = (eg)ui BN = y(2)d(z, g)u;"E
= ( ﬁ) Z(lt)(p( ) ;(uEg,Ct)

( ) ( ) —cz(z,t)+z(xg,ct)

Since the expression above also equals ¢ (zu})®(zul, g), the proof of the cocycle
relation for @ is complete. O

Let us fix g € M;, and denote ®(g) = P(xg,g). Since P(z,g)exp(Ruy) =
®(g) exp(Rusy) almost everywhere, for almost every « € M; there exists 8(z,g) € R
such that

O(z,g) = D(g)uy 8.
The proof of Proposition implies that
d(e,®(g)) <e, and ifze Ky (n), then |5(z,g)| < sp.

With this notation, from Proposition [5.1.1} we now obtain the following result about
the cohomology of the time-change functions «; and as, which is a more general
version of Theorem

Corollary 5.1.2. Let g € G with d(e,g) < & be such that gu§t = ulg for some
c€(1/2,2). Then we have

t z(x,t)
/ o (zug) ds — / an((x)usd(g)) ds = f(aul) — f(z),
0 0

where

B(z,g)
fla) =2 / an((2)®(g)u3) ds.

Cc

In particular, if ag =1, then aq(x) is cohomologous with «q(xzc), where ¢ belongs
to the centraliser of uy, and the same holds for as if aq is trivial.
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Proof. By a direct computation, recalling the definition of z(x,t), we have

t ct
1
l/m@@@®=f/cMm@Ms
0 ¢ Jo

1 (zg,ct)
=—/ an((zg)u3) ds
0

c

1 z(zg,ct) Bag)+s
=f/ s (W(2)®(g)u “B+) ds,
0

c
which we can write as
1 (zg,ct)+B(z,8) 1 [Bz.8)
3 aa(b(@)(g)us) ds ¢ [ ax(v(@)blg)u) ds,
0 0

c

using B(zul,g) — B(z,g) = z(xg, ct) — cz(x,t), we have

t
/ aq(zujg) ds =
0

1 [ezlat)+B(zul.g) 1 [B.g)
/ axb(@()us) ds— ¢ [ aslul@)(e)us) ds
0 0

c
Since
z(x,t) 1 cz(z,t)
| atv@usee) ds=1 [ axv@ig) ds,
0 0
joining these two pieces we obtain the Corollary. O

6. PROOF OF THE MAIN RESULT

In this section we prove our main result, namely Theorem [A]

6.1. Joinings and a map (. We recall that a joining of the flows al and &52 is a
measure 4 on M7 X My which is invariant under the action of 251 X 52 and such that,
when projected to any of the two factors M;, coincides with a;u;. The measure
obtaine by projections to the factors are called marginals. For more details, see,
e.g., |10].

Since 1 is a measurable conjugacy between the two flows, we can construct a
joining, supported on the graph Gry = {(z,v¢(x)),z € M;}, such that

py(B) = m({z € My : (z,¢(z)) € BY) = i2({y € Mz : (¥ (y),y) € B}).

Let ¢!y = ¢y 4, M1 X My the diagonal action given by (x,y) — (zal,yab). If
we push forward the joining g, by the action of A* we obtain a new measure whose
support is given by

¢y Gry = {(za], ¥(x)ay), x € M1} = {(z,¢(x)),z € M1} = Gry,,

where 1, (z) = ¢ (za;")al. The marginals of this measure are given by
(prodh)spy = (mog )m  and  (paodl)upy = (120 G412,
where p;: My x My — M; is the projection on the i*" coordinate. Hence 1) is a
measurable conjugacy between the (ergodic) flows generated by (71 o gi)zf)*lUl and
(r90 qﬁgz)*lUg.
In this section, to ease the notation, let us call G = Gy x G5 and M = M, x M.



RIGIDITY OF TIME-CHANGES OF UNIPOTENT FLOWS 35

Lemma 6.1.1. The set {(¢%)«py : t > 0} is relatively sequentially compact in the
space of probability measures on M with the topology of weak convergence.

Proof. Tt is sufficient to prove that {(¢%).«uy : t > 0} is tight. For any given
e > 0, there exist compact sets K; C M; of measure p;(K;) > 1 —¢/(2C,). Let
K =K; x Ky C M. Then,

(0)epiy (K) = in{z € My sz € Kiay", ¢(2) € Kpay'}
>1— (M \ Kray") — iz (M2 \ Koay")
>1—Copur (M1 \ K1) — Caua(Ma\ K9) > 1 —¢.
This proves tightness and hence the compactness claim. (I

By Lemma [6.1.1] there exist weak-* limit points of the family {(¢%).py : ¢ > 0}
The following result shows that any such limit point ¥ must be invariant under
diagonal action of the unipotent flows (z,y) — (zu}, yud).

Lemma 6.1.2. Let v a weak-* limit point of {(¢Y )y : t > 0}. Then, (¢7,)v = v,
where ¢y (z,y) = (zuy, yuy).

Proof. Let t, — oo be an increasing sequence such that pu, := ((bif’)* ey converges
weakly to v. It is enough to show that

(42) T [(80)epn) (1 © f2) = in(f2 @ f2)] =0,

for every pair of bounded Lipschitz functions f;: M; — C.
Let us call 7, = el»r. We compute

(D) tn) (f1 ® f2) = pn(f1 0 &F ® f2 0 $5) = py(f10 ¢} 0 ¢'7 @ fa0 dho¢'t)
= py(f10 0, 0 1" @ fao ¢l 0 ¢y")
= puy(f10 0%, o
t N&l( n t N§2('1rn)*rn
= py(fio ¢} ot @ fao¢p 0 po )s

where, in the last line, we used the invariance of y,, under the product flow Q;E X Eg
We will now call e;(z,n) := & (x,r,) — r,. Denoting by C; the Lipschitz constant of
fi, we obtain

~&2(-,7n)
@ faodlf o )

TR )T

ei(z,n)

(@) = fi 00y, ()] = |filwu Dl — f(zaln))|
= ‘fi(z-atnufit"wi(%ei(%"))) _ fi(xa?l” < Ci67t7l

for all z € M;.
Fix € > 0. By Corollary there exist sets Y; C M; of measure 1;(Y;) > 1—¢
and N > 1 such that for all x € Y; and n > N we have

() = fio ¢f (2)] < Cie™™
< C; Coe eg(x,n)| < C;O3e Ml =1 < ¢,
The claim follows combining the bounds

|fiodlf ° ;

wi(x7ei(xvn))|

ei(z,n)

| fio t,&"i ° ¢;

’LUZ'(Z', el(x7n))‘

—~e1(-,n) —~ea(-,n)
1

(@) ktn) (fr @ f2) = piy (D, - (fro¢F, 00 )@ 1y, - (f20 ¢34, 0 2
< filloo - I f2lloc [ My \ Y1) + F1 (07 (Mo \ Y2))] < 2] frllos - [l follooe

I
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and

—~e1(-,n) ea(-,n)

i (f1 @ f2) = pg (T, - (fr0 ¢} 0 )®11Y2'(f20¢f&;°$2 )
z(w(m),n)(¢(x))

—~e1(z,n)

( —~e
<|/ frod 0o @)oo, 06
Yiny—1(Yz)

— fro ¢, (@) f2 0 0%, (V(@)) dii(@)| + | filloc - [ falloc - ma[Mi\ (Y1 N7 (Y2))]
< ([f1llee + I f2lloe + 2l filloo - [[f2lloc e

thus the proof is complete. ([

By Lemma the projections (p;).v of any limit point v as above are invariant
under the action of uf. Thanks to Ratner’s Measure Classification Theorem [29-31],
any of its ergodic component is an algebraic measure supported on a closed sub-
group exp(Ru;) < L; < G;. Since the measures (p;).[(¢%)«py] are all absolutely
continuous with respect to the Haar measure on G; with density uniformly bounded
away from 0, it follows that L; = G;. Therefore, the projections (p;).v are the Haar
measures p; on GG;. In summary, we have shown that any weak-* limit v is in turn
an ergodic joining of u} and ub. To this we can apply the Joinings Theorem of |29],
as we will now explain.

We want to use the limiting joining v to construct a measurable map (: My — Ms.
By construction this map will be the limit of the sequence 1, .

By algebraicity of v there exists a point x(r) € M such that the measure v is
supported on the orbit x(v)A(r), where A(v) = Stabg(v) are the elements of G
which leave invariant the measure v. Let us define the groups

AMW)={g e G :(g,e) e A(v)}, Ay(v)={g € Gsy:(e,g) € A(v)}.

In [29], it is shown that these groups are closed normal subgroups of G and Go
respectively and, moreover, I'; N A; is a lattice in A;. In particular, this means that
I';A; is a closed orbit in M; = I';\G;. Therefore, I';A; is a discrete subgroup of the
factor G;/A;. Since the lattices I'; are irreducible, this implies that either A; = G;,
or A; is finite. We remark that the first possibility occurs if and only if v is the
trivial joining p1 ® po, thus we now assume that v is not pu; ® pue.

For x € M let

() = C(@) ={y € Mz : (z,y) € z(v)A(v)}

the fiber of v at x. The finiteness of the A;’s implies that this fiber is finite. In fact,
it follows from [29, Theorem 2| that there exist an element § € G5 and a continuous
surjective homomorphism w: G; — Ga/As, with kernel A; such that w(u;) = ugAs
and

C(le) = {FQEﬂzw(x)ﬂ’ = 17 ce n}a

where w(I'1) = {T'3; :i = 1,...,n}, with T = (1) N g 'T'2gA> of finite index,
equal to n, inside both @(I';) and g 'T'sgA,. Up to passing to a finite quotient,
we can assume that both A; are trivial and that w: G; — G5 is an isomorphism,
with w(I';) € g 'TI'>g. Hence, we obtain a map ¢: M; — Mo, given by ¢(I'1x) =
Iogw(x), for pi-a.e. T'1x, which, by construction satisfies {(zu$) = ((x)uj.
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6.1.1. We are now ready to prove our main result.

Proof of Theorem[4] We want to show that the conjugacy v is given by ¢ (z) =
C(x)c(x)ug(x), where c(z) belongs to the centraliser of ug, and t(z) € R.

By compactness of the set G, we can find an ng such that if n > ng and x € G
then d(¢y, (x),¢(z)) < p. Let G, = qbifl (G) NG, whose measure is p1(Gp) > 1 — 2w.
Denote @ the generic set of G,, for u} and Q, = G,NQ. Then for x € Q, we
introduce the set

A=A(zx)={seR;t:zuj €G,}.
By genericity we have that the relative length of A is large. In fact, as T'— oo, we
have
w —-1-2w>1- g
where the last inequality follows by our choice of w in

Let ' = 9y, () € M,. By Proposition we can define a function o such
that
2ug® =y, (zud).
We want to apply Ratner’s Basic Lemma to the pair of points 2’ and ((z) and
the set A. By construction, if s € A, then

d(a'u3™, ¢(2)u3) = d(th, (vui), C(wui)) < p.
Since 0 € A, it only remains to check the last condition in the Lemma. Let us assume
that s’ —s > m and show that |(o(s') =0 (s))— (s’ —s)| < 4(s’—s)!~". The case when
o(s') — a(s) > m is similar. We have that zuja; ™ € G and ¥ (zuja;’'") € ¥(G).
Moreover
5, —tn __ So—tn 7"71,(8/—8)
ruj a; " =zuja; "u, ,
and
(muia;t",rn(s/—s)).

Y(azuj ar’) = y(zuia; ' )u;

Hence, by definition of o(s) we have
2y = gy, (ra)

— 1t ’
sy, z(zujal ey (s'—s)) /Tn
= 1, (zuf)u,

s —t,
T e =)/ as).

which implies

z(zuja; ™, ra (s’ — s))

o(s') —o(s) =
As in Lemma, we have

Tn

|z(wuja; ™, m(s' = 8)) = ra(s = )| < Sorals’ —8)" 7,
[e3%

and, finally,
(o(s) = o(s) = (' = 8)| < 4(s" — 5)'7".
By the Basic Lemma we have that 2’ = ((z)cul, for some time ¢ = t(z) € R
and where ¢ = ¢(z) commutes with us.
By construction, we have that o¢’ = ¢%_ o(. Then, for every point = € (b;‘f" Qn
we have 1(z) = ((x)cub, as above. The set

{x € My : ¢(z) = {(z)cub, for some ¢t € R and ¢ commuting with uy}
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is u}-invariant. Since it contains the set gi)zf" .., which has positive measure, we
conclude by ergodicity of uf, that ¥ (z) = ((x)cub, for pi-a.e. x, as we wanted. [J

7. PROOF OF THEOREM [Bl

In this section we prove Theorem [B] which is a direct generalisation of the main
result of [27]. We will specialise to the case G; = SLa(R) x G}, where, for i = 1,2, G,
is a connected semisimple linear group with algebra g}, and I'; < G; is an irreducible
lattice. We consider the unipotent 1-parameter subgroup

i (1),
T\ 1)

where e = e; € G/, is the identity. We remark that u! commutes with multiplication
by elements in G;. We let

¢ ez 0 4 (10
ai_<0 6£;>><e, and ui_(t 1>><e,

and denote by U;, A; and U; the corresponding elements in the Lie algebras g;.
Note that any element g; € Ng,(u;) of the normaliser Ng;,(u;) of u; can be written
as g; = alu;'g;, where g; € G and a,u € R.

7.1. Convergence of 1) . In the previous section, in order to ensure the conver-
gence, up to a subsequence, of 1, we had to pass to joinings, and then exploit the
fact that sequences of (tight) measures have limit points. In the more restricted
setting of this section, we can prove directly, following Ratner’s original strategy
in |27], that ¢;, converges. The key difference is that now we know that the only
direction which is expanded, when we push by the Cartan elements a;, is the one of
the unipotent flow.

7.1.1.  We recall that, in we have constructed, for any n € N a set Ky, (n) C
M; of measure greater than 1 — 27" such that, if z € Ky, (n) and s > s,, then the
u;-orbit of z enters G before time s,,, and actually belongs to G for a large frequency
of times.

Fix a constant 0 < v < ¢ and let ¢, = logs,™. As in §6| we will consider the
sequence of isomorphisms given by v, (z) = ¥(za; " )al". Let
(43) V=[] ¢4, (Ku,(n)-

neN

Since p1(Ky, (n)) > 1 —27", then p1 (V) > 1.
We now show that the restriction to V' of 1, “commutes in the limit” with the
multiplication by elements in the normaliser of u;.

Lemma 7.1.1. Let g1 € Ng, (uy) with d(a, g1) < 0. There exists ®(g1) € Ng,(uz)
with d(e, ®(g1)) < & such that for any x € V, and any y = xg1 € V we have

A, (2)2(g), ¥, (y)) = 0,

as n — Q.

Proof. We can write g1 = gjafu? for some |al, |u| < d and g} € G} with d(e,g}) < 4.
Define z = zgfaf.
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p— —_ —_ 1+’Y .
Let z,, = za] t", Zn = za b — zpgiaf, and y, = ya] tn — znui" “. Since
Zn € Ky, (n), Proposition and the discussion after it imply that we can write

1/J(Zn) = zﬁ(xn)q)(glla‘ll)ug"’
where |8,] < s, and ®(gjaf) € exp(RAy @ g3). Therefore, since ¥(y,) =

2(2n,s )

¥(zn)uy , we deduce that
57 U (Brt2(2n,85T " w)

U(yn) ay" = Y(zn)ay d(gaf)u,

Note that |5;(1+7)ﬂn| — 0 as n — oo, hence we can focus on the term
sn I 22, s5H700).

By definition, since z, € Ky, (n), there exists 0 < r,, < s,, such that z,ui" € G.
Using the cocycle relation of Lemma and the properties of the set G in
Proposition we deduce that

|2 (20, 85770) — 82T Vu| < |2(2n, )| + |2(200]", 55U — 1) — 5174
< C%sp 1 + CA (LT u — )t
Thus, it follows that s;(H’Y)z(zn, sLT7u) — u. We conclude that
d(tr,, (y), e, (2)@(grat)ug) < |s;, T 2(z0, 8,7 7u) —ul = 0,
which proves the lemma. ([
Lemma 7.1.2. For any x € V and y = 20" € V, with |0o| < &, we have
d(r, (2)85°, 9, (1)) = 0,

as n — O0.

The proof of this result follows the same strategy and actually follows quite closely
the proof of Proposition We will use the parametrisation ¢(t) we defined in

B4
Proof. Let x, = za;'™ € Ky, (n) and y, = ya; " = z,00" € Ky, (n), where
0p = 805,177, Let t* € [0,5,] the first time that both the u;-orbit of x,, and vy,
belong to G. Call v, = z,u} and w, = y,u} . Then, we have that w, = v,ada’
for some very small a and u. More precisely, using , we have that
(44) a = 2log(1 — §,t%), = 0,(1 — 0,t%),
in particular, & < §,. Using the notation of §3.1.4] the parametrization ¢(t) is
defined by
vpul exp(a(t)Ay) exp(u(t)U;) = wnu‘f(t).
where, by ,
at? +t(1 — e?)
y=t——— "7
a®) (ev — at)

Call

B, ={t€[0,s,]:v,u} €G and wnutf(t) € G},
which is a compact subset of [0, s,]. We remark that 0 € B,,.

The fact that z, € Ky, (n) implies that its u;-orbit is outside of G for at most
ﬁsn time, and the same holds for y,. Since we are assuming that ¢* is the first

time both their orbits are in G, then the orbits of v, and w,, under uy, spend at
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least (1 — 5557 )85y of their time inside G. Finally, as |¢/(t) — 1| < dos,, 7, which is
arbitrarily small if n is sufficiently large, we deduce that

| By 4
2> (11— .
(45) o =\ 18C4

By definition, using again , we have that

d(vaut, w,ul®) < la(t)| + [a(t)] < 46,5, < 6
for all t € B,,. Therefore the points v}, = ¥ (v,) and w], = ¥(w,) satisfy

Y u;(vn,t) € ¥(g), w;lug(wn,q(t)) € ¥(Q),

and
(v uzmh ! w1y < ) for all t € B,,.

Let us consider the point ¥/, = v/,auy. As before, we have that
d(w,ul", v uh) < p,

for all t € B,,, where the function ¢(t) is the same as above.
Let ¢ = t(r) be the Lipschitz function with ¢(0) = 0 uniquely defined by r =
z(wp, q(t)), and let
X(r) = q(z(vn, t(r))).
It is easy to see that also y is Lipschitz and satisfies x(0) = 0. Then, by the triangle
inequality,

d@, X" wla}) < p, for all r € B], := z(wn, q(By))-
We remark that B], is compact and that 0 € BY,.
Let t; = sup B, and A, = z(wp, q(t1)). From we have

0
1——— < < s,
( 180;1‘) Sn > tl = Sn

By the uniform Lipschitz estimate on z, this yields

and )
| Bl >1-— i .
An 16

We let
A, ={0}U (B, N[m,s]).
Then, if n is sufficiently large, we have

a0,
An 8
Since r € By, if and only if t(r) € By, then w),u} = w;ug(w"’qu)) € ¥(G) and
hence statisfies the Injectivity Condition IC(p,m) and the Frequently Bounded
Radius Condition FBR(Tp, ¢(b), o).
We want to apply the Basic Lemma, to the parametrization x and the points w,
and 7}, with the exponent ~ instead of n in Lemma It only remains to verify
Condition 4. To do so, let r',r € B}, and assume that either r' — r > m or that
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x(r") — x(r) > m. Let ' = t(r') and t = t(r) be the corresponding times in B,,. We
claim that we have that
(46) q(t') — q(t) > mo, and ' —t > mo.

Assuming the claim for a moment, let us estimate |(x(r') — x(r)) — (+' — r)|.
By the cocycle relation, we have that

(47) v =1 = 2w, q(t) — 2(wn, q(t)) = 2(waui® q(t') — q(t)),
with wnu‘f(t) € G. Then, by Corollary applied to z (see also the proof of
Lemma [5.0.2)), and using our claim, we obtain
1 _
2(wanf q(t') = q(t)) < (a(t') = () + Frla(t) = a(t)) "
«

<) ((t’ — 1)+ gyl -0,

for some £ € [0, s,,). )
Similarly we have, for some ¢ € [0, s,,], that

X(r) = x(r) = q(2(vn, 1)) = q(z(vn, 1))

= q'(§)(2(vn, ') = 2((vn, 1))
(48) = q'(g)z(vnui, t'— t)

<@ (0 =0+ g ).

since v,u} € G.
Putting the previous inequalities together, we obtain

(49)  [(x(") = x(r) = (" = )| < (' =) - 1" (€) = ' (€)] + %(t’ —t)' .

Using again the mean value theorem, we obtain a point {* such that |¢'(§) — ¢ ) =
1€ —&]-|¢"(€*)]. By a direct computation,
2ue <2,

(50) l¢"(€)] = m =

where we used the estimates and the fact that £* € [0, s,,] to deduce that
u€* < dgs,;” and hence the denominator is between 0 and 1.

Moreover, since € and & belong to the interval [¢,#] and both are lesser than s,,,
we have that

(51) On =00, <o [E— €T (- 1)
Plugging and into ([49)), we get

[(x(r') = x(r) = (" = )] < 200(¢' =)' 77 + %(t’ — )"

We now go back from (#' —t) to (' — 7). Using and the Lipschitz estimate on
z we have

a

(52) i(t’ —t) <

202 (q(t') —q(t)) < 7' —r < C2(q(t') — q(t)) < 2C%(t' —t).

Qw"_l
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Thus, we have shown that

[(x(r') = x(r) = (" = )] <A@ =)',

which proves Condition 4 of the Basic Lemma [£.2.1] as we wanted.
It remains to prove that, if ¥’ —r > m or x(r') — x(r) > m then holds. In
the former case, from we have

/

t’—t2%>ﬂ2>mo.
202~ 202
Similarly, since % < q’(é) <2,
t—t _r—r m
(t') —a(t) = (O 1) =2 —— = =5 > 172 > ™o

The latter case, when x(r') — x(r) > m, can be dealt similarly using (48) to
obtain

soa (' = 1) < X07) = x(r) < 202 1)

Having verified all the assumptions of the Basic Lemma [£.2.1] we conclude that
there exists a T’ € [0, s,,] such that

_ T _ o=
T ul = w;lu;(( )gc exp(arAsz) exp(urUs)us?,

with g. € G such that d(e,g.) < ¢, and
(53) lar] < Csn?,  |ar| <Csn'™ 2,  |er| <e.
By the definition of ©},, we have

vpagug = wiulMgagruy ugr T
applying a’;" to both side, this yields

sttty —(1+7) sty —(1+7)
ropatty—=us, gt x(T)s ar==Urs (er—=T)s,
Vpdy MUy " = wjay"uy " gcay Uy " Uy " .

Using the definition of v/, the left hand side is equal to

1+

o (= Yo
Since t* < s,,, using the definition of ¢,, and (44)), we have

14~

d (¢tn (xui*eft"> agﬁgs" Uy, (x)ﬁgo) =0
as n — 00. In a similar fashion,
ety =, ()
which approaches ¥, (y) for large n. Finally, by the estimates 7 since vy < 2,

Vs~ (1+7) sttty T~ (1+7)
a (o, (), uy @ geagray e ) 0

7
as n — oo. In summary, we have obtained

(¥, ()T, ¥y, () = 0,

as we wanted. O
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We want to show that the sequence of isomorphisms v, converges to a function

¢, which we will later show to be a measurable conjugacy of the unipotent flows

Ilfh and gi%?. Using elementary arguments, given a point = € M;, we could

find a subsequence, depending on the point, such that ¢ (x) converges along that

subsequence. However, thanks to the previous Lemmas, we can obtain a subsequence

which is independent of the point, and ensure convergence of v, on a full measure
set, as we now show.

Corollary 7.1.3. There exist a ¢f; -invariant set Q@ C My with 41, () =1 and a
subsequence (ng)ken such that, if © € Q then limg_ Vt,, (z) =: ((x) € My exists
and {(xzut) = ((z)ub, for allx € Q and t € R.

Proof. We begin by showing that, on a set of full measure, the sequence of isomor-
phisms ,, has a converging subsequence.

Let K,, be an exhaustion of compact sets of My such that us(Ms \ K,,) < 277,
for all n € N. Denote KE the complement of K,, inside M, and

F, = ¢’X‘1 o~ to (ﬁ;‘Z" (KEL)
Since Y07 | pu1(Fy,) < o0, by the Borel-Cantelli lemma the set
F ={x € M; : z belongs to finitely many F,}

has full p;-measure. If € F, then ¢, (z) belongs to finitely many sets KE,» SO
there exists a subsequence ny = ny(x) such that ¢, (z) converges in M.

Since the set V', defined in , has positive measure, and F has full measure,
we can assume V' C F. Moreover, there exists a point z* € V' such that, if W(z*, )
is the local stable leaf of z*, then V' N W (z*, ) has positive measure, with respect
to the natural Riemannian volume on the leaf itself. As z* € F', there exists a
subsequence ny, = ny(z*) such that ¢, (2*) converges in M. Let

Q={zul,teRxc VNW(x* 4}

By construction, the set © is invariant under the flow defined by uf, and has positive
p1-measure. By ergodicity, u1(Q2) = 1.

Thanks to Lemma and Lemma we can define ((z) = limy_oc ¥1,, (2),
for every x € 2, which satisfies ((zut) = ((z)uf for all t € R and z € Q.

We can now complete the proof of Theorem

Proof of Theorem[B. Let € and ny be given by Corollary [7.1.3] We assume, for
simplicity, that 2 = M; and np = n. Then, for every x € M; we can define the
function

C(x) := lim oy, (z),

n—oo
which satisfies
((zu}) = ¢(z)uj,

for all x € M, and all times t € R. In other words, (: M; — M, is a measurable
conjugacy between the two unipotent flows (bf]l and (bsz. By the Rigidity Theorem
in |29], there exists an isomorphism w: G1 — Ga, with @w(T'1) C g 'I'yg, such that
¢(I'x) = Tagw(x), for pi-a.e. I'1x. From here, the proof follows verbatim the one
of Theorem [Al O
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APPENDIX A. A CONSEQUENCE OF CHEVALLEY’S LEMMA

In this short appendix we prove a more precise version of Lemma [3.1.1] We begin
by recalling the setup.

Let H < G be a Zariski closed subgroup of G isomorphic to SLz(R), and let s < g
be its Lie algebra. Let us write g = m @ s, where m is a s-submodule of g. Then,
any g € G with d(e,g) < 1 can be written in a unique way as g = exp(Y)h € G,
with h € H and Y € m such that d(e,h) < 1 and d(e,exp(Y)) < 1. In the following
lemma, we prove the converse result, namely we will show that if an element g € G
sufficiently close to the identity can be written as g = exp(Y)h with h € H and
Y € m, then automatically we have that exp(Y) and h are close to the identity in
G.

Lemma A.0.1. For every e > 0 there exists § > 0 such that if g = exp(Y)h € G,
withh € H andY € m, is such that d(e,g) < ¢, then d(e,h) < ¢ and d(e,exp(Y)) <
€.

In the proof of this result, we will use Chevalley’s Lemma, whose proof can be
found in, e.g., |4} 7.9] or |43, 3.1.4].

Lemma A.0.2 (Chevalley’s Lemma). Let G be a linear algebraic group over C and
let H < G be a Zariski closed subgroup. Assume that H is semisimple. There exist
a rational representation p: G — GL(V'), where V is a finite-dimensional vector
space, and a vector v € V such that H = Stabg(v).

A.0.1. Proof of Lemma[A-0.1l Let V,v, and p be given by Chevalley’s Lemma. In
the following, we will identify the tangent space T,V at v with V, so that we can
simply write the exponential map expr, y: T,V >~V — V as expr, v (w) = v + w.
Let us also fix a norm || - || on V, and for simplicity assume |v|| = 1.

Call e,,: GL(V) — V the evaluation map e, (L) = Lv. Note that we can write
its differential de, : gl(V') — V as de,(A) = expgivy(A)v — v. Indeed, if A € gl(V),
then we have

dey(A) +v = (expp,y odey)(A) = (ey © expg[(v))(A) = exPgy(v) (A)v,
which proves the claim.

Define & = ¢, 0 p: G — V. Then, by the chain rule, we can write its differential
do: g - T,V ~V as

d®: X = expyvy)(dp(X))v — v = p(exp(X)).v — v.

It is immediate to see that d®(X) = 0 if and only if p(exp(X)).v = v; that is, if and
only if exp(X) € Stabg(v) = H. This shows that ker d® = s. Identifying m with
g/s, we obtain a linear isomorphism (which, by a little abuse of notation, we still
denote by d®) between m and the image d®(g).

Let now € > 0 be fixed. There exists do > 0 such that if | X||; < Jo then
d(e,exp(X)) < /2. Since the inverse (d®)~! is a linear, and hence continuous,
map, there exists d; > 0 such that for all w € d®(g) with |w|| < d;, we have
[(d®)'w|g < do. Finally, by continuity of p, let 6 > 0 be such that if g € G is
such that d(e,g) < d, then ||p(g) —Id || < §;. Without loss of generality, we can
assume that § < /2.

Let g = exp(Y)h € G be such that d(e,g) < . Then, we have

lp(exp(Y)).v — [l = [|p(exp(Y))p(h).v — v]| = [lp(g).v — v| < [|p(g) —Id || < 01,
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and, clearly, p(exp(Y)).w —v = d®(Y) € d®(g). Since Y € m, we deduce that
Y = (d®)~1(d®(Y)), and therefore

IYllg = [1(d®) ™" (p(exp(Y)).v — )|l < do.

We conclude that d(e,exp(Y)) < /2 and d(e,h) = d(e,exp(—Y)g) < d+¢/2 < ¢,
hence the proof is complete.
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