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Involutions on hyperelliptic curves and Prym maps

PAWE L BORÓWKA AND ANGELA ORTEGA

Abstract. We investigate the geometry of smooth hyperelliptic curves that pos-
sess additional involutions, especially from the point of view of Prym theory. Our
main result is the injectivity of the Prym map for hyperelliptic Z2

2
-coverings over

hyperelliptic curves of positive genus.

Mathematics Subject Classification (2020): 14H10 (primary); 14H30, 14H40
(secondary).

1. Introduction

A smooth complex hyperelliptic curveC is a Riemann surface of genus g > 1 that is
a double covering of the Riemann sphereP1. Having such a map makes hyperelliptic
curves distinguishable and more accessible in many aspects since, for example, they
can be described by an equation of the form y

2 D F.x/ and, in this way, one can see
an hyperelliptic curve as a subvariety of a weighted projective plane.

A covering f W C 0 ! C will be called hyperelliptic if both curves are hyperel-
liptic. Such assumption is actually quite strong: if f is cyclic and unbranched then
deg.f / D 2 (see [20,21]). If f is a hyperelliptic double covering, then the number
of branch points has to be at most 4 and there are constrains on a line bundle that
defines the covering (see Section 3 for details). On the other hand, surprisingly, a
non-Galois étale triple covering of a genus-2 curve is hyperelliptic (see [14]).

Prym theory investigates the (connected component of the) kernel of the norm
map Nmf W JC 0 ! JC that can also be seen as a complementary Abelian subvari-
ety to the image of the Jacobian f ⇤

.JC / inside JC 0 and is called the Prym variety
of the covering. One can then consider the Prym map that assigns to a covering its
Prym variety.

The Prym map restricted to the locus of hyperelliptic double coverings is never
injective (see the bigonal construction, [17], or Corollaries 3.2 and 3.5). Motivated
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by this fact, we investigate the Prym map of hyperelliptic Klein coverings, i.e.,
.4 W 1/-Galois coverings with Galois group isomorphic to the Klein group Z2

2
and

both curves hyperelliptic. In [6] we have shown the injectivity of the Prym map
for the special case of étale coverings over a genus-2 curve. Now, we are able to
show the injectivity of the hyperelliptic Prym map in full generality (any genus and
including ramified coverings). We show in Theorems 4.10, 4.13, 5.12 and 5.14 the
following:

Theorem 1.1. Let RHg;b be the moduli space of hyperelliptic Klein coverings

over a curve of genus g > 1 which are simply ramified at b points. If g > 1 and

b 2 f0; 4; 8; 12g or g D 1 and b 2 f8; 12g then the Prym map on RHg;b for

b 2 f0; 4; 8; 12g is globally injective.

The proofs of these theorems are based on geometric characterizations of such
coverings and the description of the 2-torsion points of the involved Jacobians in
terms of the Weierstrass points. In all the cases we construct an explicit inverse of
the Prym map.

It has been shown that the Prym map of double coverings branched over at
least 6 points (hence, not hyperelliptic) is globally injective [17]. Since hyperellip-
tic coverings make the bound on the number of branched points sharp, we believe
that our result is an important step in showing global injectivity of Klein Prym
maps (both étale and branched).

The paper is organised as follows: Section 2 contains the necessary basic facts
about involutions on hyperelliptic curves, following the top-down perspective. In
Section 3 we recall the constructions for double hyperelliptic coverings to see the
bottom-up perspective. Having both perspectives gives us a possibility to show
what kind of data is needed to set up a Klein covering construction.

In Section 4, we generalise some results from [6], i.e., we prove the injectivity
of the Prym map for étale hyperelliptic Klein coverings of any genus and we also
prove the so-called mixed case, i.e., coverings ramified in 8 points.

In Section 5, we show the injectivity of the Prym map for Z2
2

hyperelliptic cov-
erings branched at 12 points and another mixed case, namely coverings branched
at 4 points.

ACKNOWLEDGEMENTS. The second author warmly thanks the Jagiellonian Uni-
versity in Kraków for its hospitality during her stay when part of this work was
carried out.

2. Preliminaries

In this section we describe the geometry of hyperelliptic curves that contain at least
one more involution and its corresponding covering from the top-down perspective.
Some of the results can already be found in [12] that is devoted to hyperelliptic
curves with extra involutions.
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We start by recalling some basic facts about involutions on hyperelliptic curves.
LetH be a hyperelliptic curve of genus g.H/ D g. For simplicity, the hyperelliptic
involution will always be denoted by ◆ (or ◆H if it is important to remember the
curve). Let W D fw1; : : : ; w2gC2g denote the set of Weierstrass points, which
is the same as the set of ramification points of the hyperelliptic covering. The
following propositions are well-known facts (see for example [23]).

Proposition 2.1. Let H be a hyperelliptic curve and ◆ the hyperelliptic involution.

Then ◆ commutes with any automorphism of H . Every automorphism of H is a lift

of an automorphism of P1 and it restricts to a permutation of W . In particular, if

Zn
2

⇢ Aut.H/ then n  3.

Proposition 2.2. Let ⌧ 2 Aut.H/ be a (non-hyperelliptic) involution on H . By

H⌧ D H=⌧ we denote the quotient curve. If g.H/ D 2k then both ⌧ and ◆⌧ have

exactly 2 fixed points and g.H⌧ / D g.H◆⌧ / D k. If g.H/ D 2k C 1, then either

⌧ is fixed-point free and ◆⌧ has 4 fixed points or ⌧ has 4 fixed points and ◆⌧ is fixed

point free.

In order to make statements easier and more compact we abuse the notation by
saying that a genus-1 curve with a chosen double covering of P1 is called hyperel-
liptic.

Corollary 2.3. With the notation from Proposition 2:2, the curves H⌧ and H◆⌧ are

hyperelliptic whose hyperelliptic involution lifts to the involution ◆ on H .

Assume there are two involutions �; ⌧ 2 Aut.H/ such that �⌧ D ⌧� , (i.e., h�; ⌧i '
Z2
2
). In such a case, the covering H ! H=h�; ⌧i will be Galois with the deck

group isomorphic to the Klein four-group. Since we are interested in Prym maps,
we make another natural assumption, namely ◆ … h�; ⌧i, hence g.H=h�; ⌧i/ > 0.
The groups satisfying both conditions will be called Klein subgroups.

We start by excluding the case when the genus of the curve is even, using the
following fact.

Lemma 2.4. Let H be a hyperelliptic curve of genus g.H/ D 2k. Then, there

does not exist a Klein subgroup h�; ⌧i ⇢ Aut.H/.

Proof. If g.H/ is even, then jW j D 4k C 2, hence the action of the subgroup
h�; ⌧i ä Z2⇥Z2 cannot be free onW . On the other hand, Proposition 3.1 and Fig-
ure 3.1 show that the ramification points of any double covering cannot be Weier-
strass, see also [12, Lemma 1].

Now, we are left with two cases, either g.H/ D 4k C 1 or g.H/ D 4k C 3.
The next proposition is essentially rephrasing [6, Lemma 2.13].

Proposition 2.5. Let H be a hyperelliptic curve with the group of commuting in-

volutions h◆; �; ⌧i ⇢ Aut.H/. Then:

✏ There exists a unique Klein subgroup of fixed-point free involutions if and only

if g.H/ D 4k C 1;
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✏ There exists a unique Klein subgroup of involutions with fixed points if and only

if g.H/ D 4k C 3.

Proof. Assume g.H/ D 2nC1. Without loss of generality, by Proposition 2.2, we
can assume �; ⌧ are fixed-point free. Then, the existence of the group of the fixed-
point free involutions is equivalent to the fact that the involution �⌧ is fixed-point
free.

Denote by g˛ the genus of the quotient curve H=˛ for ˛ an involution and by
g0 the genus of H=h�; ⌧i. According to Accola’s theorem [1, Theorem 5.9] for the
group h�; ⌧i we obtain

2.2nC 1/C 4g0 D 2g� C 2g⌧ C 2g�⌧

2nC 1C 2g0 D g� C g⌧ C g�⌧

D 2nC 2C g�⌧ :

Since the left-hand side is odd, �⌧ is fixed-point free if and only if n D 2k.
Analogously, the group h◆�; ◆⌧i contains �⌧ , so it contains only involutions

with fixed points if and only if n D 2k C 1.
The uniqueness of the groups follows from the fact that any other subgroup

contains ◆ or contains both fixed-point free involutions and involutions with fixed
points.

3. Hyperelliptic double coverings

In this section we focus on the bottom-up perspective. According to Proposi-
tion 2.2, there are three possibilities for a hyperelliptic double covering, namely
étale coverings and coverings branched at 2 or 4 points.

3.1. Coverings branched at 2 points

Let us assume H is hyperelliptic and f W C ! H is a covering branched at 2
points. Firstly, we show a necessary and sufficient condition for C to be hyperel-
liptic.

Proposition 3.1. Let f W C ! H be a covering of a hyperelliptic curve H

branched at 2 points P;Q 2 H . Then, C is hyperelliptic if and only if P D ◆Q

and the line bundle defining the covering is OH .w/ for some Weierstrass point w.

Proof. Let ⌘ 2 Pic1.H/ be the element defining the covering f W C ! H , so
⌘
2 D OH .P C Q/. Suppose P D ◆Q and ⌘ D OH .w/ with w a Weierstrass

point. By the projection formula it holds

h
0
.C; f

⇤
⌘/ D h

0
.H; ⌘˝ f⇤OC /

D h
0
.H; ⌘/C h

0
.H;OH /

D 2:

Since deg f ⇤
⌘ D 2, this implies that C is hyperelliptic.
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Now assume that C is hyperelliptic. Let hC and hH be the hyperelliptic divi-
sors on C , respectively onH . Notice that the hyperelliptic involution on C is a lift
of the hyperelliptic involution on H . Since every automorphism of C commutes
with the hyperelliptic involution, the ramification locus of f is invariant under the
hyperelliptic involution, so either it consists of two points conjugated to each other
or of two Weierstrass points. In the latter case, ⌘ is a square root of OH .w1Cw2/,
where w1; w2 are Weierstrass points, but a necessary condition for the hyperellip-
tic involution ◆ to lift to an involution on C is ◆⇤⌘ ' OH .hH / ˝ ⌘

�1 ' ⌘, that
is, ⌘2 ' OH .hH /, a contradiction. Therefore, the branch locus is of the form
fP; ◆P g. By the projection formula we have

2 D h
0
.C;OC .hC // D h

0
.H; f⇤.f ⇤OH .w///

D h
0
.H;OH .w//C h

0
�
H;OH .w/˝ ⌘

�1�

with w 2 H a Weierstrass point. This implies that ⌘ is of the form OH .w/.

One constructs a commutative diagram of hyperelliptic curves (left Dia-
gram 3.1) starting from 2gC3 given points in P1. Let Œyç; Œzç; Œw1ç; : : : ; Œw2gC1ç 2
P1. Let H be the hyperelliptic genus g curve ramified in z; w1; : : : ; w2gC1 map-
ping to the corresponding points with brackets in P1, and let y1; y2 be the fibre over
Œyç. Let f W C ! H be a double covering branched at y1; y2 and defined by O.z/.
The hyperelliptic curveC of genus 2g can also be constructed in the following way.
Let p W P1 ! P1 be the double covering branched at Œyç; Œzç. For i D 1; 2 denote
by Œy0

ç; Œz
0
ç; Œw

i

1
ç; : : : ; Œw

i

2gC1ç 2 P1 the respective preimages. Then, C is a double
covering of P1 branched at Œwi

1
ç; : : : ; Œw

i

2gC1ç. Clearly, the preimages of Œy0
ç; Œz

0
ç

in C coincide with the appropriate preimages of y1; y2; z (see right Diagram (3.1)).

C2g

2W1
!!

2W1
}}

H
0
g

2W1 !!

Hg

2W1}}
P1

C

2W1
✏✏

f // H

2W1
✏✏

P1 p // P1:
(3.1)

According to [19], the Prym variety of an étale double covering f W C ! H over
an hyperelliptic curve is isomorphic to the product of the Jacobians of the curves,
obtained as the quotients by the two other involutions on C . In this case, since C
is hyperelliptic one of these quotient curves is isomorphic to P1 and the other is the
hyperelliptic curve H 0 of genus g, appearing in the left Diagram (3.1), defined by
exchanging the role of y and z. Hence, the Prym variety P.C=H/ of the covering
f W C ! H is isomorphic to JH 0. The distribution of the Weierstrass points is
illustrated in Figure 3.1.
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Weierstrass point

Ramification point

+ 2 + 2

H
g

H
g
‘

2 g + 1 2 g + 2

C
2g

Figure 3.1. Hyperelliptic coverings ramified in two points.

Corollary 3.2. The construction shows that the Prym map of a double covering

branched at 2 points is never injective, since the Jacobian ofH
0
does not recognise

the branching points. In particular, if one moves a point Œzç in P1, one gets a

one-dimensional family of coverings C ! H with the same Prym.

3.2. Étale coverings and coverings branched at 4 points

Now, we consider a hyperelliptic curve Y of genus g � 2 and a double étale
covering ⇡ W X ! Y , so X is of genus 2g � 1, that is, Y is the quotient of X by a
fixed-point free involution ⌧ . According to [5, Proposition 4.2]X is hyperelliptic if
and only if the 2-torsion point ⌘ defining ⇡ is of the form ⌘ D OY .w1�w2/ where
w1 and w2 are Weierstrass points. Assume that X is hyperelliptic and let ◆ be the
hyperelliptic involution. Let Y 0 WD X=h◆⌧i, which is of genus g � 1. The double
covering f W X ! Y

0 is ramified in four points. The hyperelliptic involution ◆ on
X descends to an hyperelliptic involution on Y 0, denoted by j (see Diagram (3.2)).

Conversely, starting from a hyperelliptic curve Y 0 of genus g� 1, we can give
a necessary and sufficient condition for X to be hyperelliptic.

Proposition 3.3. Let Y
0

be a hyperelliptic curve of genus g � 1 and f W X ! Y
0

a double covering ramified in four points defined by a line bundle ⌘ 2 Pic2.Y 0
/,

such that ⌘
2 ' OY 0.B/, where B is the branch locus of the covering. Then, X is

hyperelliptic if and only if ⌘ D OY 0.hY 0/, with hY 0 the hyperelliptic divisor on Y
0

and B 2 j2hY 0 j is reduced.
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Proof. Since f⇤OX ' OY 0 ˚ ⌘
�1, using the projection formula one computes

H
0
.X; f

⇤OY 0.hY 0// D H
0
.Y

0
;OY 0.hY 0//˚H

0
.Y

0
;OY 0/:

So dimH
0
.X; f

⇤OY 0.hY 0// D 3. According to Clifford’s theorem [2, Chapter III]
X is hyperelliptic and f ⇤

hY 0 is a multiple of the hyperelliptic divisor. Suppose
that X is hyperelliptic and the double covering f W X ! Y

0 is given by a line
bundle ⌘ such that ⌘2 ' OY 0.B/, with B the (reduced) branch locus of f . From
the commutativity of the Diagram (3.2) the union of B and the set of Weierstrass
points of Y 0 map to the branch locus of the map Y ! P1, which has cardinality
2g C 2. This implies that B 2 j2hY 0 j, so ⌘ is a square root of OY 0.2hY 0/. Since
X D Spec.OY 0 ˚ ⌘

�1
/ the involution j on Y 0 lifts to an involution on X if and

only if j ⇤
⌘ ' ⌘. Then, either ⌘ D OY 0.hY 0/ or h0.Y 0

; ⌘/ D 1. In the latter
case, if ⌘ D OY 0.p1 C q1/, then j.p1/ D p1 and j.q1/ D q1, that is, ⌘ is
defined by the sum of Weierstrass points, say ⌘ D OY 0.w1 C w2/. Since X is
hyperelliptic, f ⇤

⌘ 2 j2hX j but this contradicts the projection formula. Therefore,
⌘ D OY 0.hY 0/.

X2g�1
⇡

""

f

{{
Y

0
g�1

2W1 $$

Yg

2W1||
P1

X2g�1

2W1
✏✏

f // Y 0
g�1

2W1
✏✏

P1 p // P1:
(3.2)

One can see this construction from the perspective of points in P1. Let Œxç; Œyç,
Œw1ç; : : : ; Œw2g ç 2 P1 and let Yg be the hyperelliptic genus g curve branched at
these points. Let X2g�1 ! Yg be the étale double covering defined by O.x � y/,
where x; y are the preimages of Œxç; Œyç respectively. On the other hand, X2g�1
can be also constructed in the following way. Let p W P1 ! P1 be the double
covering branched at Œxç; Œyç. For i D 1; 2 denote by Œwi

1
ç; : : : ; Œw

i

2g
ç 2 P1 the

respective preimages under p. Then, X2g�1 is a double covering of P1 branched at
Œw
i

1
ç; : : : ; Œw

i

2g
ç. The curve Y 0

g�1 is constructed as double cover of P1 branched at
Œw1ç; : : : ; Œw2g ç and one obtains the commutativity of the right Diagram (3.2). The
coveringX2g�1 ! Y

0
g�1 is branched at x; ◆x; y; ◆y and defined by the hyperelliptic

bundle (see Figure 3.2).

3.2.1. The Prym map

Let RH

g�1;4 WD f.Y 0
; B/ j B 2 j2hY 0 jg be the space-parametrising double cover-

ings f W X ! Y
0 ramified in four points where both curves are hyperelliptic. Ac-

cording to the previous proposition, this depends only on the choice of the branch
divisor in j2hY 0 j. We denote by JH

g
⇢ Ag the locus of the hyperelliptic Jacobians

inside of the moduli space of principally polarised Abelian varieties of dimension
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Weierstrass point

Ramification point

Y
g

Y
g–1

X
2g–1

′

2g
2g

Figure 3.2. Distribution of Weierstrass points on hyperelliptic covers.

g, and by JH;.1;2;:::;2/

g the moduli of Abelian varieties which are quotients of hy-
perelliptic Jacobians by 2-torsions of the form wi � wj . Let RH

g
WD RH

g;0
be the

moduli space of hyperelliptic étale double coverings over curves of genus g. For
b D 0; 4 we define the Prym map Prg;b as the map which associates to a hyperel-
liptic double covering ŒX ! Y ç 2 RH

g;b
its Prym variety P.X=Y /.

Proposition 3.4. The relation given by the left Diagram (3.2) induces an isomor-

phism

� W Œf W X ! Y
0
ç 7! Œ⇡ W X ! Y ç

fitting in the following commutative diagram

RH

g�1;4
� //

Prg�1;4

✏✏ ##

RH

g

Prg;0

✏✏{{

JH;.1;2;:::;2/

g JH

g�1

(3.3)

where the diagonal arrows are the corresponding forgetful maps. In particular

deg Prg�1 jRH

g�1;4

D
�
2gC2
2

�
and Prg jRH

g
is a P2-bundle.

Proof. It is well known [19] that the Prym variety of an étale double covering
X ! Y over a hyperelliptic curve is isomorphic to the product of the Jacobians
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of the quotient curves X=◆ ' P1 and X=◆⌧ , which gives P.X=Y / ' J Y
0 as a

principally polarized Abelian variety. This proves the commutativity of the top-
right triangle of the diagram. Similarly, we have P.X=Y 0

/ ' J Y=hˇi, with ˇ D
wi � wj 2 J Y Œ2ç the element defining the étale covering ⇡ . This shows the
commutativity of the top-left triangle of the diagram.

Corollary 3.5. Hyperelliptic Prym maps of étale double coverings and double cov-

erings branched at 4 points are never injective.

3.3. Useful notation

We recall the following notation from [5], that helps with dealing with Abelian
subvarieties. Let X be an Abelian variety and Mi Abelian varieties such that there
exist embeddings Mi ,! X for i D 1; :::; k. We write

X D M1 �M2 : : :�Mk

if ✏M1
C✏M2

C: : :C✏Mk
D 1, where ✏Mi

are the associated symmetric idempotents.
In particular,X D M�N if and only if .M;N / is a pair of complementary Abelian
subvarieties ofX . If theMi ’s are general enough, then the decomposition is unique
up to permutation, see [5, Proposition 5.2]. We will also use the following notation.
If f W X ! Y is a covering and f ⇤ is not an embedding we will denote the image
Im.f ⇤

.J Y // by J Y ⇤.
In the sequel we will denote by the same letter an automorphism of the cover-

ing curve and its extension to the Jacobian, except for the hyperelliptic involution,
whose extension is �1. We will also denote the identity as 1. Bymk we denote the
multiplicity by k on an Abelian variety.

4. Prym maps of hyperelliptic étale Klein coverings

In [6], we have considered étale Klein coverings of genus 2 curves and have shown
that the Prym map is injective in this case. We now generalise the result to hy-
perelliptic Klein coverings of higher genera. Recall that a Klein subgroup h⌘; ⇠i '
Z2⇥Z2 of JHŒ2ç is called isotropic, respectively non-isotropic, if it is isotropic (re-
spectively non-isotropic) with respect to the Weil form e W JHŒ2ç ⇥ JHŒ2ç ! F2.

4.1. Construction from the perspective of bottom construction

Let H be a genus g hyperelliptic curve with Weierstrass points w1; : : : ; w2g�1; x,
y; z 2 H and let Œw1ç; : : : ; Œw2g�1ç; Œxç; Œyç; Œzç 2 P1 be the corresponding set of
2g C 2 branched points. Set ⌘ D OH .x � y/; ⇠ D OH .y � z/. According
to [5, Theorem 4.7], the covering eC associated to the non-isotropic Klein group
G D f0; ⌘; ⇠; ⌘ C ⇠g ⇢ JHŒ2ç is hyperelliptic and, since the 4 W 1 map eC ! H

is étale, eC is of genus 4g � 3. Let Cx be the double covering of H defined by
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⇠, Cy defined by ⌘C ⇠ and Cz defined by ⌘; all three of genus 2g � 1. Then, the
Prym varieties of these coverings are Jacobians of curves, denoted byHx; Hy ; Hz
respectively, of genus g� 1. Recall that for j 2 fx; y; zg, the curveHj is given by
choosing Œj ç; Œw1ç; : : : ; Œw2g�1ç as branch points. These curves fit into the follow-
ing commutative diagram (we draw only two curves to make it easier to read).

eC
et

!!
et

}}
Cx

et

  

C4
~~

Cy
C4
!!

et

~~
Hx

((

H

✏✏

Hy

vv
P1:

(4.1)

Here, C4 denotes a 2:1 map branched at 4 points and et stands for an étale 2:1 map.

4.2. Decomposition of J eC
In order to decompose the Jacobian of eC and describe the Prym variety P.eC=H/
of the covering eC ! H , we will use a top-down perspective. Let eC be a hyperel-
liptic curve of genus 4g�3 with commuting fixed-point free involutions �; ⌧; �⌧ 2
Aut.eC/. Without loss of generality, we can assume Cx D eC=�; Cy D eC=⌧; Cz D
eC=�⌧ and H D eC=h�; ⌧i. With this notation, we have that Hx D eC=h�; ◆⌧i and
the following diagram commutes

eC
C4

��

et

��
C4

✏✏
C�

C4
��

C◆⌧

C2
✏✏

C◆�⌧

C2��
Hx

(4.2)

where C˛ D eC=˛ with ˛ an involution. Analogously, one checks that Hy D
eC=h⌧; ◆�i and Hz D eC=h�⌧; ◆⌧i.

Proposition 4.1. The Jacobian of eC is decomposed in the following way

J eC D JH
⇤ � JHx � JHy � JHz :

In particular, P.eC=H/ D JHx � JHy � JHz .
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Proof. The proof follows from a straightforward computation. Firstly, note that
Diagram (4.2) shows that JHx is embedded in JC◆�⌧ which is embedded in J eC ,
hence JHx is embedded in J eC with the restricted polarisation type being four
times the principal polarisation on JHx . Analogously, JHy and JHz are also
embedded in J eC .

Since the covering eC ! H is étale, by [3, Proposition 11.4.3], the pullback
map is not an embedding, so we denote the image of JH as JH⇤. Moreover,
JH

⇤ D Im.1C � C ⌧ C �⌧/. Since the hyperelliptic involution extends to .�1/
on J eC we have that JHx D Im.1C � � ⌧ � �⌧/, JHy D Im.1 � � C ⌧ � �⌧/,
JHz D Im.1���⌧C�⌧/. Observe that sum of the endomorphisms defining these
Jacobians is 4, which is also the exponent of each subvariety in J eC , so ✏JH⇤ C
✏JHx

C✏JHy
C✏JHz

D 1. Since, by definition, the Prym variety is complementary
to JH⇤, we get that P.eC=H/ D JHx � JHy � JHz .

Proposition 4.2. The addition map  W JHx ⇥ JHy ⇥ JHz �! P.eC=H/ is a

polarised isogeny of degree 4
2g�2

and its kernel is contained in the set of 2-torsion

points.

Proof. In order to compute the kernel of  we consider the description of JHj ,
for j 2 fx; y; zg, as fixed loci inside the Jacobian of eC :

JHx ⇢ Fix.�; ◆⌧/; JHy ⇢ Fix.⌧; ◆�/; JHz ⇢ Fix.�⌧; ◆�/:

Let .a; b; c/ 2 ker , then c D �a � b. Applying ◆� and ◆⌧ to c D �a � b we get

�a � b D ◆�.�a � b/ D �◆a � b and � a � b D ◆⌧.�a � b/ D �a � ◆b;

so ◆a D a and ◆b D b, that is, a; b and c are 2-torsion points in their respective
Jacobians. This implies

ker D
˚
.a; b;�a � b/ j a 2 JHxŒ2ç; b 2 JHy Œ2ç

 
: (4.3)

The restricted polarisation to JHj is of type .4; : : : ; 4/. Since P.eC=H/ is comple-
mentary to JH⇤, it has complementary type which is .1; : : : ; 1; 1; 4; : : : ; 4/ with
g � 1 fours. Moreover,  as an addition map is polarised and the degree is exactly
4
2.g�1/.

Remark 4.3. We included a proof of Proposition 4.2 for the sake of completeness,
although it is proven in [22] (unpublished) and in the recently published book [15,
Corollary 5.2.6].

4.3. The Prym map

Let RHg;0 denote the moduli space parametrising the pairs .H;G/ with H a hy-
perelliptic curve of genus g and G a Klein subgroup of JHŒ2ç whose generators
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are differences of Weierstrass points, so the corresponding covering curve eC is hy-
perelliptic of genus 4g�3. We call the elements of RHg;0 étale hyperelliptic Klein
coverings. Set

ı WD .1; : : : ; 1„ ƒ‚ …
2g�2

; 4; : : : ; 4„ ƒ‚ …
g�1

/

and let Aı

3g�3 denote the moduli space of polarised Abelian varieties of dimen-
sion 3g � 3 and polarisation of type ı. The Prym map associates to the hyper-
elliptic Klein covering eC ! H induced by .H;G/, the polarised Prym variety
.P.eC=H/;„/, where „ is the restriction to P.eC=H/ of the principal polarisation
on J eC .

The main aim of this section is to prove that the Prym map

P r
H

4g�3;g W RHg;0 ! Aı

3g�3; .H;G/ 7! .P.eC=H/;„/
of étale hyperelliptic Klein coverings is injective. We will show this by constructing
the inverse map explicitly. We start by showing the following equivalence of data,
which generalises [6, Theorem 3.1].

Proposition 4.4. The following data are equivalent:

(1) A triple .H; ⌘; ⇠/, with H a hyperelliptic curve of genus g and ⌘ and ⇠ differ-

ences of Weierstrasss points such that Klein subgroup G D h⌘; ⇠i of JHŒ2ç is

non-isotropic;

(2) A hyperelliptic curve eC of genus 4g � 3 with Z3
2

⇢ Aut.eC/;
(3) A hyperelliptic curve H of genus g together with the choice of 3 Weierstrass

points;

(4) A set of 2g C 2 points in P1 with a chosen triple of them, up to projective

equivalence (respecting the triple).

Proof. Equivalences .1/ , .3/ , .4/ are obvious. The equivalence .3/ , .2/

follows from Subsection 3.1.

Corollary 4.5. The moduli space RHg;0 is irreducible.

Proof. It follows from the equivalence .1/ , .4/ of the Proposition 4.4.

Lemma 4.6. Let JHx; JHy ; JHz be as before and let P D P.eC=H/. Let Z D
.JHx ⇥ JHy ⇥ JHz/Œ2ç be the set of 2-torsion points on the product and let

GP D  .Z/. By m2 we denote the multiplication by 2. Consider the following

commutative diagram

JHx ⇥ JHy ⇥ JHz
 //

m2

✏✏

P

⇡P

✏✏
JHx ⇥ JHy ⇥ JHz

p // P=GP :

(4.4)

Then, the map p is a polarised isomorphism of principally polarised Abelian vari-

eties.
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Proof. Note that JHx ⇥JHy ⇥JHz in the top left has product polarisation of type
four times the principal one. Hence, Z is an isotropic subgroup of the kernel of
the polarising map. In particular m2, having Z as its kernel, is a polarised isogeny
(see also [3, Corollary 2.3.6]). Moreover, Z is also the kernel of ⇡P ı  , hence
both  and ⇡P are polarised isogenies. Then, the isomorphism theorems yield the
existence and uniqueness of the isomorphism p.

Corollary 4.7. Let „ be the restricted polarisation on P and �„ its polarising

isogeny. Then GP D ker.�„/ \ P Œ2ç ' Z2g�2
2

.

Proof. Clearly GP ⇢ P Œ2ç and since P=GP is principally polarised, GP is a
maximal isotropic subgroup of ker.�„/. Hence, GP ⇢ ker.�„/ \ P Œ2ç and the
claim follows by computing the cardinalities.

Lemma 4.8. It holds GP D JHx \ JHy \ JHz .

Proof. Let a 2 JHx \ JHy \ JHz , then a is fixed by all the involutions in J eC ,
in particular it is a 2-torsion point. Hence, a D aC aC a 2 Im .Z/. Conversely,
if a C b C c 2 GP , with a 2 JHx D Fix.�; ⌧/0, b 2 JHy D Fix.◆�; ⌧/0
and c 2 JHz D Fix.◆�; �⌧/0, then a; b; c 2 P Œ2ç. One checks that a; b; c 2
JHx \ JHy \ JHz .

Let ⇡j W eC ! Hj be the .4 W 1/-branched maps in the Diagram (4.1) for
j 2 fx; y; zg an let k W Pic4.eC/ ! Pic0.eC/ defined by D 7! D � 2g

1

2
, with 2g1

2

the hyperelliptic divisor. Hence, we have injective maps

˛j WD k ı ⇡⇤
j

W Pic1.Hj / ! Pic0.eC/ ' J eC :
Proposition 4.9. The maps ˛j have as common image in GP ⇢ P Œ2ç for j 2
fx; y; zg, the image of 2g � 1 Weierstrass points on each of the curves Hj .

Proof. Observe that by construction

˛x

�
Pic1Hx

�
\ ˛y

�
Pic1Hy

�
\ ˛z

�
Pic1Hz

�
⇢ JHx \ JHy \ JHz D GP :

On the other hand, for any Weierstrass point w 2 Hx , image of a Weierstrass point
Qw 2 eC we have

⇡
⇤
x
w ⇠ Qw C � Qw C ◆⌧ Qw C �⌧ Qw ⇠ Qw C � Qw C ⌧ Qw C �⌧ Qw

since ◆ Qw D Qw. Similarly, for every w D ⇡y. Qw/ or w D ⇡z. Qw/ image of a
Weierstrass point in eC , one checks that

⇡
⇤
j
w ⇠ Qw C � Qw C ⌧ Qw C �⌧ Qw:

Theorem 4.10. For g � 2, the hyperelliptic Klein Prym map P r
H

4g�3;g W RHg;0!
Aı

3g�3 is injective.
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Proof. Let .P;„/ be a polarised variety in the image of the Prym map. Let G D
P Œ2ç \ ker�„, which is an isotropic subgroup in ker�„. Let ⇡P W P ! P=G.
According to Corollary 4.7, we have that P=G is principally polarised and by
Lemma 4.6, P=G is polarised isomorphic to a product of the form JH1 ⇥ JH2 ⇥
JH3, for uniquely determined Jacobians JH1, JH2 and JH3.

Now, since P is in the image of the Prym map and the Hi , i 2 f1; 2; 3g,
are actually isomorphic to Hj , for j 2 fx; y; zg corresponding to some points
Œxç; Œyç; Œzç 2 P1. Let fi W Hi ! P1 be the hyperelliptic maps and W i the set of
Weierstrass points on each Hi . By Proposition 4.9 there exists an automorphism
of P1 such that

T
fi .W

i
/ consists of 2g � 1 points in such a way that ˛1.w1n/ D

˛2.w
2

n
/ D ˛3.w

3

n
/ 2 GP , for all n 2 f1; : : : ; 2g�1g. Moreover, there are uniquely

determined points Œxç; Œyç; Œzç 2 P1 that are images of the remaining Weierstrass
points. In this way, we have constructed the set fŒw1ç; : : : ; Œw2g�1ç; Œxç; Œyç; Œzçg
of 2g C 2 points in P1 with a distinguished triple. Hence, the obtained map
.P;„/ 7! fŒw1ç; : : : ; Œw2g�1ç; Œxç; Œyç; Œzçg provides the inverse to the Prym map
via the equivalence in Proposition 4.4.

Remark 4.11. Note that for g D 2, the curves Hi are actually elliptic, so one
uses the notion of 2-torsion points instead of Weierstrass points and some steps are
vacuous, see [6].

4.4. The mixed case

Consider a smooth curve eC of genus 4g � 3, with g � 2, admitting one fixed-
point free involution � and two involutions ◆⌧ , ◆�⌧ with 4 fixed points each. The
corresponding tower of curves is the same as in the case of étale Klein coverings
(see Diagram (4.1) or Figure 4.1). The starting data is now the base curve H�;◆⌧
(for instanceHx in the diagram) of genus g�1, a choice of two pairs of conjugated
points (branch points for the double covering Cx ! Hx) and a Weierstrass point.
According to Proposition 4.1, J eC D JH

⇤ � JHx � JHy � JHz , therefore the
associated Prym variety is P D P.eC=Hx/ D JH

⇤ � JHy � JHz . Moreover,
since the restricted polarisation to JHx is of type .4; : : : ; 4/, the Prym variety P is
of type

ı WD .1; : : : ; 1„ ƒ‚ …
2g�1

; 4; : : : ; 4„ ƒ‚ …
g�1

/:

Consider the canonical addition map

 W JH⇤ ⇥ JHy ⇥ JHz ! P:

Since JH⇤ ⇢ Fix.�; ⌧/, JHy ⇢ Fix.⌧; ◆�/ and JHz ⇢ Fix.�⌧; ◆�/, we can
conclude as before that

ker D
˚
.�.b C c/; b; c/ j b 2 JHy Œ2ç; c 2 JHzŒ2ç

 
: (4.5)

Analogously to Lemma 4.6 we have:
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4 g – 2

2 g – 1
2 g + 2

8 g – 4

Weierstrass point

Ramification point

H

C
~

C
x

H
x

et

+ 4

C

Figure 4.1. Weierstrass points on hyperelliptic Klein coverings.

Lemma 4.12. Let JH; JHy ; JHz be as before and let P D P.eC=Hx/. Let Z D
.JH ⇥ JHy ⇥ JHz/Œ2ç be the set of 2-torsion points on the product and let GP D
 .Z/. By m2 we denote the multiplication by 2. Then, one obtains the following

commutative diagram

JH ⇥ JHy ⇥ JHz
 

0
//

m2

✏✏

4W1
((

P

⇡P

✏✏

JH
⇤ ⇥ JHy ⇥ JHz

 

88

JH ⇥ JHy ⇥ JHz
p // P=GP

(4.6)

where p is an isomorphism of principally polarised Abelian varieties and the de-

grees of  , respectively ⇡P , are 4
2g�2

, respectively 4
g�1

.

In particular, GP D ker.�„/ \ P Œ2ç. One also computes, as in Lemma 4.8, that
GP D JH

⇤ \JHy \JHz . Let RHg;8 denote the moduli space parametrising hy-
perelliptic Klein coverings over hyperelliptic curves of genus g�1 simply ramified
in 8 points, so the covering curve is of genus 4g � 3.
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Theorem 4.13. For g � 2 the Prym map

P r
H

4g�3;g�1 W RHg�1;8 ! Aı

3g�1; .ŒeC ! H
0
ç/ 7! .P.eC ;H 0

/;„/

is injective.

Proof. The proof is very similar to that one of Theorem 4.10. Consider .P;„/ a
polarised Abelian variety in the image of P rH

4g�3;g�1. The subgroup G WD P Œ2ç\
ker�„ is isotropic and, according to Lemma 4.12, the quotient is isomorphic, as
principally polarised Abelian varieties, to a product JH1⇥JH2⇥JH3 of uniquely
determined Jacobians JH1; JH2 of dimension g � 1 and one Jacobian JH3, of
dimension g. Without loss of generality and keeping the notation as above, we set
JH1 D JHy and JH2 D JHz for some points Œyç; Œzç 2 P1 and set H WD H3.

Consider the image JH⇤ of JH in P . The map m2 W JH⇤ ! JH
⇤,

multiplication by 2, factors through the restriction to JH⇤ of the quotient map
⇡P W P ! P=G, since ker⇡ ⇢ kerm2.

JH
⇤ m2 //

⇡P jJH⇤
!!

JH
⇤

JH:

4W1
ˇ

==

(4.7)

Let V4 WD kerˇ, which is a subgroup of JH generated by two 2-torsion points. Let
⇡j W eC ! Hj the 4 W 1 branched maps for j 2 fy; zg and ⇡0 W eC ! H the étale
4 W 1 map (see Diagram 4.1). Consider the map k W Pic4.eC/ ! Pic0.eC/ defined as
before. So the maps ˛j WD k ı ⇡⇤

j
are injective for j 2 fx; yg and

˛0 WD k ı ⇡⇤
0

W Pic1.H/ ! Pic0.eC/ ' J eC
has in its kernel 3 Weierstrass points (i.e., its pullback under ⇡0 is ⇠ 2g

1

2
), whose

differences generate V4. The argument in Proposition 4.9 shows that

˛y.Pic1Hy/ \ ˛z.Pic1Hz/ \ ˛0.Pic1H/ D JHy \ JHz \ JH D G:

Therefore, one can find a suitable automorphism of P1 such that the images of the
hyperelliptic maps from Hj and H consist of 2g � 1 points in P1 and their Weier-
strass points have G as common image in P ⇢ J eC . In order to determine the
remaining point Œzç 2 P1, we consider the two Weierstrass points y; z 2 H above
Œyç; Œzç 2 P1, whose images are not in G. Then, there is a unique point x 2 H

(necessarily a Weierstrass point), such that V4 D hOH .x � y/;OH .y � z/i. One
recovers the base curve H 0 WD Hx as the only hyperellitptic curve branched at
Œxç; Œw1ç; : : : ; Œw2g�1ç 2 P1. Applying the equivalence .2/ , .3/ of Proposi-
tion 4.4 one recovers the Klein covering eC ! H

0 (see Figure 4.1).
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Corollary 4.14. The following data are equivalent:

(1) A triple .W;W
0
; B/ of disjoint sets of points in P1 such thatW is of cardinality

2g-1, W
0

is a pair of points and B is a point (up to a projective equivalence

respecting the sets);

(2) A hyperelliptic genus-.4g � 3/ curve with a choice of a Klein subgroup of

involutions h�; ◆⌧i, where � , ⌧ are fixed point free;

(3) A hyperelliptic genus-.g � 1/ curve together with a Weierstrass point x and

two pairs of points y; ◆y and z; ◆z.

Remark 4.15. Although, from our point of view, the mixed case is less natural, it
can be seen as the starting point of [8].

5. Branched ZZZ2
2
-coverings over hyperelliptic curves

5.1. Construction from the perspective of top curve

Let eC be a hyperelliptic curve of genus 4g C 3 admitting a subgroup of automor-
phisms generated by three commuting involutions, namely �; ⌧ and the hyperellip-
tic involution ◆. By Proposition 2.5 we have

j Fix.⌧/j D j Fix.�/j D j Fix.◆�⌧/j D 0;

j Fix.�⌧/j D j Fix.◆�/j D j Fix.◆⌧/j D 4:

For the convenience of the reader, we write ˛ 2 f�; ⌧; ◆�⌧g and ˇ 2 f◆�; ◆⌧; �⌧g.
By C˛ D eC=˛, we denote the quotient curves of genus 2g+2 and Tˇ the quotient
curves of genus 2g+1. We have the following commutative diagrams

eC
et

  

et

��
C⌧

C2
��

C2

��

C�

C2
��

C2

~~
H⌧;◆�

''

H�;�⌧

✏✏

H�;◆⌧

wwP1

eC
C4

��

C4

��
C4
✏✏

T�⌧

C4 ��

T◆⌧

C4
✏✏

T◆�

C4��
E

✏✏
P1

(5.1)

whereH˛;ˇ is the genus-.gC1/ curve quotient of eC by the subgroup h˛; ˇi andE
is the quotient of eC by h◆�; ◆⌧i which is the unique quotient curve of genus g in the
tower. Here C4, respectively C2, denotes a 2:1 map branched at 4, respectively
2 points. By Corollary 2.3, all the positive-genus curves in both diagrams are
hyperelliptic.
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In order to describe the images of the Jacobians of the quotient curves in J eC ,
we analyse the behaviour of the 2-torsion points under the pull-back maps. Ac-
cording to [3, Proposition 11.4.3], JTˇ and JE are embedded in J eC whereas the
image of JC˛ is not, so its image will be denoted by JC ⇤

˛
. Moreover, Diagram

(5.2) shows that JH˛;ˇ is not embedded in J eC , so we will use the notation JH⇤
˛;ˇ

for its image.

eC
C4

""

et

||
C˛

C2 ""

Tˇ

et||
H˛;ˇ :

(5.2)

By construction, JTˇ D Im.1 C ˇ/, JE D Im.1 � � � ⌧ C �⌧/. Moreover, we
have that JH⇤

⌧;◆�
D Im.1��C⌧��⌧/; JH⇤

�;�⌧
D Im.1C�C⌧C�⌧/; JH⇤

�;◆⌧
D

Im.1C � � ⌧ � �⌧/.
One can easily compute that

.1� � C ⌧ � �⌧/C .1C � C ⌧ C �⌧/C .1C � � ⌧ � �⌧/C .1� � � ⌧ C �⌧/ D 4

which shows that J eC D JE � JH⇤
⌧;◆�

� JH⇤
�;◆⌧

� JH⇤
�;�⌧

. As a result we get that

P.eC=E/ D JH
⇤
⌧;◆�

� JH⇤
�;◆⌧

� JH⇤
�;�⌧

:

5.1.1. 2-torsion points on Jacobians

We shall describe the images of the 2-torsion points in J eC of the Jacobians of
the quotient curves. We start by recalling well-known results concerning 2-torsion
points on hyperelliptic Jacobians.

Lemma 5.1. Let W D fw1; : : : ; w2gC2g be the set of Weierstrass points on a

hyperelliptic curve C of genus g. Let S D fs1; : : : ; s2kg ⇢ f1; : : : ; 2g C 2g be a

set of even cardinality with 2k  g C 1. By S
c

we denote the complement of S in

f1; : : : ; 2g C 2g. We consider degree-0 divisors as elements of JC D P ic
0
.C /,

hence equality means linear equivalence of divisors.

(1) For all i; j  2g C 2, we have wi � wj D wj � wi 2 JC Œ2ç. Consequently,

a divisor D D P
s2S ˙ws does not depend on a particular choice of pluses

and minuses, as long as its degree equals 0;

(2) We have the equality
P
si 2S ˙ws D P

t2Sc ˙wt , as long as degrees of both

sides equal 0.

From now on, we will write PS D P
k

iD1.ws2i
� ws2i�1

/ to have degree 0 auto-

matically and hence make notation more consistent.

(3) If g is even then for every P 2 JC Œ2ç; P ¤ 0 there exists a unique S of even

cardinality with jS j  g C 1 such that P D PS ;
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(4) If g is odd then for every P 2 JC Œ2ç; P ¤ 0 there exists a unique S of even

cardinality with jS j  g such that P D PS or unique complementary pair

S; S
c

of cardinality g C 1 such that PS D PSc .

Proof. A proof can be found in any of [10].

In the case of eC , we number the Weierstrass points as follows. Start with
any Weierstrass point and call it w1. Then we denote �w1; ⌧w1; �⌧w1 the other 3
Weierstrass points in the fibre of the map eC ! H�;�⌧ . Note that the four Weier-
strass points are indeed different because �; ⌧ are fixed-point free and �⌧ have fixed
points outside the set of Weierstrass points. Then proceed in the same way with the
rest of the Weierstrass points. Since there are 2.4g C 3/C 2 of them on eC , in the
end we will get the following numbering

W
eC D

˚
w1; �w1; ⌧w1; �⌧w1; w2; �w2; : : : ; ⌧w2gC2; �⌧w2gC2

 

of Weierstrass points of eC . One has to be aware that we made a particular choice,
however in Remark 5.3, we will show that a different choice will only result in a
permutation of indices and will not affect the results obtained.

For convenience, a Weierstrass point of eC when written in brackets will de-
note its image in the corresponding quotient curve. We start writing down the
2-torsion points of JE. Since E D eC=h◆�; ◆⌧i, on can easily check that W E D
fŒw1ç; : : : ; Œw2gC2çg. Setting ei WD wi C �wi C ⌧wi C �⌧wi and considering JE
as a subvariety of J eC , one checks that

fei � ej W 1  i < j  2g C 2g ⇢ JEŒ2ç: (5.3)

Note that ei � ej represents Œwi ç� Œwj ç 2 JE, so Lemma 5.1 shows that the sums
of up to gC1

2
elements with disjoint indices give, on one hand, different points of

J eC and on the other, represent all possible 2-torsion points on JE. Therefore, we
get that JEŒ2ç is generated by (5.3).

For the description of the 2-torsion points of JTˇ , we will compute explicitly
one case, namely T WD T�⌧ D eC=�⌧ . In this case, one checks that W T D
fŒw1ç; Œ⌧w1ç; : : : ; Œw2gC2ç; Œ⌧w2gC2çg. Again, denote by vi D wi C �⌧wi and
v

0
i

D ⌧wi C �wi , so the 2-torsion points of JT are generated by
˝
vi � vj ; v0

i
� vj ; vi � v0

j
; v

0
i

� v0
j

W 1  i < j  2g C 2
˛

considered as embedded in J eC Œ2ç. Indeed, using Lemma 5.1 one checks that, by
adding up to at most 2g C 1 generators, we generate all 24gC2

2-torsion points of
the image of JT .

For the computation of JH⇤
˛;ˇ
Œ2ç one has to take into account that half of the

2-torsion points on the quotient come from the 4-torsion points of JH˛;ˇ . We will
compute explicitly the points on JH⇤

�;�⌧
Œ2ç (and we will denote the curve by H ).

Note that H is a quotient of T (see Diagram (5.2)) hence we can use vi ; v0
i

to
represent 2-torsion points on JH . Set H WD H�;�⌧ .
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Recall that the map ⇡ W T ! H D T=� is an étale double covering of
hyperelliptic curves of genera 2g C 1 and g C 1 as illustrated in Figure 5.1. The
set of Weierstrass points of H equals W H D fŒw1ç; : : : ; Œw2gC2ç; u2gC3; u2gC4g
and the covering is defined by a two torsion point u2gC3 � u2gC4 2 JHŒ2ç. In
particular, ⇡⇤

.u2gC3 � u2gC4/ D 0.

4 g + 6

2 g + 4 2 g + 2

8 g + 8

4 g + 4

Weierstrass point

Ramification point

et

et

+ 4

+ 4

C

E

C
~

T
x

Figure 5.1. Weierstrass and ramification points on hyperelliptic branched coverings.

Set ui WD vi C v
0
i

and write the following subgroup of JH⇤
Œ2ç:

U WD
˝
ui � uj W 1  i < j  2g C 2

˛
:

The same computation as for JE shows that the subgroupU has 22g elements, so it
is 25% of all 2-torsion points of JH⇤. We can write the preimages ⇡�1

.u2gC3/ D
x C ◆x and ⇡�1

.u2gC4/ D y C ◆y, for some x; y 2 T . Now, we are able to
represent the preimage of ⇡⇤

.Œwi ç � u2gC3/ as:

⇡
⇤
.Œwi ç � u2gC3/ D ui � g1

2
D vi � v0

i
2 JT:

Note that, together with U , we can represent all these 2-torsion points as fPS DP
i2S vi � v

0
i

W jS j < g C 1g, (where S can be also of odd cardinality), so we get
2
2gC1 points which represent 50% of the 2-torsion points on JH⇤, precisely the

points that come from the 2-torsion points on JH .
The trickiest part is to represent 2-torsion points in JH⇤ that come from 4-

torsion points in JH , say R, satisfying 2R D u2gC3 � u2gC4. There are precisely
2
2gC1 of them. We will use the fact from Lemma 5.1 that

u2gC3 � u2gC4 D
X
igC1

Œw2i ç � Œw2i�1ç as divisors in JH:
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Now, ⇡�1
.Œwi ç/ D fŒwi ç; Œ⌧wi çg ⇢ T . Since vi 2 Pic2.eC/ represents Œwi ç and

v
0
i

represents Œ⌧wi ç, we set Qi 2 fvi ; v0
i
g and define Q D P

igC1Q2i �Q2i�1.
There are precisely 22gC2 of such representations with the relation

Q D Q
0 , 8j

�
Qj D Q

0
j

�
or 8j

�
Qj ¤ Q

0
j

�
:

Therefore, we have defined 22gC1 points in JT Œ2ç (seen as embedded in J eC Œ2ç).
In order to show that indeed ⇡⇤

.R/ D Q, it is enough to note the following facts.
Firstly, the cardinalities of both sets (of possible Q’s and possible ⇡⇤

.R/’s) are
equal to 22gC1. Secondly, for every Q we have that Nm⇡.Q/ D u2gC3 � u2gC4.
Thirdly, by definition, we have that Nm⇡ ı⇡⇤ D m2, where m2 is the multiplica-
tion by 2, therefore

Nm⇡.Q/ D u2gC3 � u2gC4 D 2R D Nm⇡.⇡
⇤
.R//

and lastly, ⇡⇤
.R/ are 2-torsion points and Q are the only 2-torsion points of JT

with the property that Nm⇡.Q/ D u2gC3 � u2gC4.
In the following proposition we compile the analogous results for all other

curves JH⇤
˛;ˇ

.

Lemma 5.2. We have the following generators of subgroups of 2-torsion points as

embedded in J eC Œ2ç:
JEŒ2ç D

˝
.wi C �wi C ⌧wi C �⌧wi / � .wj C �wj C ⌧wj C �⌧wj / W
1  i < j  2g C 2

˛
;

JH
⇤
�;�⌧

Œ2ç D JEŒ2çC hwi C �⌧wi � ⌧wi � �wi W 1  i  2g C 2i

C
* X
kgC1

.Q2k �Q2k�1/ W Qi 2 fwi C �⌧wi ; �wi C ⌧wig
+
;

JH
⇤
⌧;◆�
Œ2ç D JEŒ2çC hwi C ⌧wi � �wi � �⌧wi W 1  i  2g C 2i

C
* X
kgC1

.Q2k �Q2k�1/ W Qi 2 fwi C �wi ; ⌧wi C �⌧wig
+
;

JH
⇤
�;◆⌧
Œ2ç D JEŒ2çC hwi C �wi � ⌧wi � �⌧wi W 1  i  2g C 2i

C
* X
kgC1

.Q2k �Q2k�1/ W Qi 2 fwi C ⌧wi ; �wi C �⌧wig
+
;

JT�⌧ Œ2ç D JEŒ2çC
˝
.wi C �⌧wi / � .�wj C ⌧wj /; .wi C �⌧wi /

� .wj C �⌧wj / W 1  i; j  2g C 2
˛
;

JT◆� Œ2ç D JEŒ2çC
˝
.wi C �wi / � .�⌧wj C ⌧wj /;

.wi C �wi / � .wj C �wj / W 1  i; j  2g C 2
˛
;

JT◆⌧ Œ2ç D JEŒ2çC
˝
.wi C ⌧wi / � .�⌧wj C �wj /;

.wi C ⌧wi / � .wj C ⌧wj / W 1  i; j  2g C 2
˛
:
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Proof. The proof is completely analogous to what we have done for JH⇤
�;�⌧

. One
only needs to change the subscripts depending on the involution by which it is
divided. For example, for H�;◆⌧ , the only involution with fixed points is ◆⌧ , so
Qi 2 fwi C ⌧wi ; �wi C �⌧wig.

Remark 5.3. Note that a different choice of Weierstrass points w1; : : : ; w2gC2 2
eC will only result in a permutation of indices because all sets of generators are
invariant under h�; ⌧i. In particular, the statement of Lemma 5.2 does not depend
on the numbering of the Weierstrass points we started with.

5.2. Construction from the perspective of bottom curve

In order to construct a Z2
2
-branched covering of hyperelliptic curves, one only

needs to choose 2g+5 points in P1 with a distinguished triple, denoted by Œw1ç; : : :,
Œw2gC2ç; Œxç; Œyç; Œzç. Then, the curve E is the hyperelliptic curve that is a double
cover of P1 branched at Œw1ç; : : : ; Œw2gC2ç points. The curve Tx will be the double
cover of E branched at yE ; ◆yE ; zE ; ◆zE with the corresponding line bundle being
the hyperelliptic g1

2
. According to Proposition 3.3, Tx is hyperelliptic. Then, the

preimages of xE become xT ; x0
T

and therefore one chooses xT ; x0
T
; ◆xT ; ◆x

0
T

as a
branching for the map eC ! Tx with the line bundle being g1

2
. By construction

(and Proposition 3.3), eC is a hyperelliptic curve of genus 4g C 3. The covering
involution of the map Tx ! E lifts to eC , hence eC is a hyperelliptic curve with two
(additional) commuting involutions.

Moreover, the construction is uniquely defined up to a projective equivalence.
To see this, one can directly construct the curve eC as follows. Consider a Z2 ⇥Z2-
covering of P1 branched at Œxç; Œyç; Œzç with two simple ramifications on each fiber
(the existence is shown in Remark 5.4). By the Hurwitz formula, the covering
curve is of genus 0. Moreover, there are 8g C 8 points over Œw1ç; : : : ; Œw2gC2ç and
there is an action of Z2 ⇥ Z2 on them. Then eC is constructed as the double cover
branched at these 8gC8 points. Since the set of branching points is invariant under
the action of Z2 ⇥ Z2 the curve eC possesses two commuting involutions. In this
way, we constructed all the maps of the following commutative diagram.

eC
2W1

✏✏

4W1 // E

2W1
✏✏

P1 4W1 // P1:

(5.4)

Remark 5.4. An example of such a covering of the projective line can be described
as Œx W yç ! Œx

4 C y
4 W 2x2y2ç with the branching points Œ1 W 0ç; Œ1 W �1ç; Œ1 W 1ç.

The deck transformations are explicitly described as Œx W yç ! Œ�x W yç and
Œx W yç ! Œy W xç.

We finish this section by showing the equivalence of data needed to built a
branched Z2

2
covering.
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Proposition 5.5. For g � 1, the following data are equivalent:

(1) 2g C 5 points in P1 with a distinguished triple up to a projective transforma-

tion;

(2) A genus-.4g C 3/ hyperelliptic curve eC with 2 commuting involutions;

(3) A genus g-hyperelliptic curve E with three pairs of points x; ◆x; y; ◆y; z; ◆z up

to an isomorphism;

(4) 3 genus-.g C 1/ hyperelliptic curves Hx , Hy ;Hz that have branching points

that can be glued to get a set of 2g C 5 points with each of 3 distinguished

points shared by precisely 2 curves.

Proof. The equivalence 1 () 3 is given by the hyperelliptic covering. The
equivalence 2 () 3 follow from the construction of branched Z2

2
coverings

seen from the top and from the bottom. The implication 2 ) 4 comes from taking
3 quotient curves by 3 Klein subgroups (see Diagram (5.1)) and 4 ) 1 is obvious.

5.3. The Prym map

The aim of this section is to show that the Prym map for hyperelliptic Klein cov-
erings branched at 12 points is injective. In our construction the pullback of E
under the 4:1 map eC ! E defines a subvariety with polarisation of type .4; : : : ; 4/
therefore, as a complementary subvariety of E in J eC , the Prym variety P corre-
sponding to the map eC ! E, has a polarisation „ of type

ı WD .1; : : : ; 1„ ƒ‚ …
2gC3

; 4; : : : ; 4„ ƒ‚ …
g

/:

Let RHg;12 denote the moduli space of pairs .E; fq1; q2; q3g/ where E is a hy-
perelliptic curve and the points fq1; q2; q3g ⇢ E are not pairwise conjugated. In
view of Proposition 5.5 this moduli space parametrises also the hyperelliptic Z2

2
-

coverings branched at 12 points.

Proposition 5.6. The moduli space RHg;12 is irreducible.

Proof. It follows from the equivalence .1/ , .3/ of the Proposition 5.5.

We consider the Prym map

P r
H

4gC3;g W RHg;12 ! Aı

3gC3; .E; fq1; q2; q3g/ 7! .P.eC=E/;„/:
Observe that the image of this Prym map is contained in an irreducible component
of Aı

3gC3 whose elements admit a Z2⇥Z2 automorphism subgroup acting on them
and leaving invariant the algebraic class of the polarisation „.

Recall that the Prym variety of eC ! E decomposes as P.eC=E/ D JH
⇤
⌧;◆�

�
JH

⇤
�;◆⌧

� JH⇤
�;�⌧

.
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Lemma 5.7. We have the equality as subgroups of J eC
JH

⇤
⌧;◆�

\ JH⇤
�;◆⌧

\ JH⇤
�;�⌧

D JEŒ2ç

C hwi C ⌧wi � �wi � �⌧wi W 1  i  2g C 2i
D JEŒ2çC Z2.w1 C ⌧w1 � �w1 � �⌧w1/:

In particular, the intersection is of order 2
2gC1

.

Proof. According to Lemma 5.1 (1) and Lemma 5.2, we have the inclusion from
the right-hand side of the first equality. To prove the equality one uses the descrip-
tion of Lemma 5.2 and check the elements of the form

P
kgC1.Q2k � Q2k�1/

cannot be contained in the intersection. Indeed, there are precisely 2g C 2 sum-
mands, so two such divisors are linearly equivalent if and only if all summands
coincide or the summands are complementary. Since the involutions involved are
different, for different curves some summands (but not all) will be the same. The
second equality follows from the fact that one can write

.wi C ⌧wi C �wi C �⌧wi / � .w1 C ⌧w1 C �w1 C �⌧w1/

C w1 C ⌧w1 � �w1 � �⌧w1
D.wi C ⌧wi C �wi C �⌧wi / � 2�w1 � 2�⌧w1
⇠ .wi C ⌧wi C �wi C �⌧wi / � 2�wi � 2�⌧wi
D .wi C ⌧wi � �wi � �⌧wi /:

Remark 5.8. Note that, forQi 2 fwiC�wi ; ⌧wiC�⌧wig; Ri 2 fwiC⌧wi ; �wiC
�⌧wig, we have

X
kgC1

.Q2k �Q2k�1/C
X

kgC1
.R2k �R2k�1/ 2 JH⇤

�;�⌧
:

This relation gives many of the elements in the kernel of the addition map JH⇤
⌧;◆�

⇥
JH

⇤
�;◆⌧

⇥ JH⇤
�;�⌧

! P.eC=E/.
Now, we would like to use a modified version of [18, Proposition 3.1].

Proposition 5.9. Let .P;„/ be an element of Im.P rH
4gC3;g/. Then, the group of

automorphisms

˚
� 2 Aut.P;„/ j �.x/ D x; 8x 2 K.„/

 

is isomorphic to h◆�; ◆⌧i ' Z2 ⇥ Z2

Proof. Denote by f W eC ! E a hyperelliptic Klein covering with P.eC=E/ D
P.f / D P and Galois group h◆�; ◆⌧i ' Z2 ⇥ Z2. Note that K.„/ D f

⇤
JE \
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P.f / ⇢ Fix.⌧/ \ Fix.�/. Thus, there is an automorphism Q� W J eC ! J eC such
that the following diagram commutes:

0 // K.„/ //

D
✏✏

f
⇤
JE ⇥ P � //

.id;�/

✏✏

J eC
Q�
✏✏

// 0

0 // K.„/ // f ⇤
JE ⇥ P � // J eC // 0

(5.5)

where � is the addition map. Since � is a polarised isomorphism, we get from
Diagram 5.5 that �⇤ Q�⇤O

J eC . Q‚/ and �⇤O
J eC . Q‚/ are equal as polarisations.

Since�⇤ has a finite kernel, we have that Q�⇤O
J eC . Q‚/˝O

J eC . Q‚/�1 is a torsion
sheaf, hence it belongs to Pic0.J eC/. Therefore, Q�⇤O

J eC . Q‚/ induces the canoni-
cal principal polarisation on J eC and Q� is a polarised isomorphism. Since eC is
hyperelliptic, by the strong Torelli theorem [3, Example 11.12.19], there is an au-
tomorphism Q�eC of eC inducing Q� .

Now, since f is branched, f ⇤ is an embedding of JE in J eC and by construc-
tion Q�jJE D id . Hence Q�eC is a lift of idE , so it lies in the group of deck transfor-
mations of the covering f that is equal to h◆�; ◆⌧i. This shows that � 7! Q�eC gives
a desired isomorphism, because the inverse map is just the restriction of a deck
transformation of J eC to P .

Remark 5.10. Note that K.„/ contains 4-torsion points, so �1 does not belong
to the group fixing K.„/. Our result is stronger than [18, Proposition 3.1] because
we have shown the isomorphism for all Prym varieties and not only for the general
ones. Here have we used the fact that the top curve is hyperelliptic and the covering
is branched.

Corollary 5.11. Note that P D JH
⇤
⌧;◆�

� JH
⇤
�;◆⌧

� JH
⇤
�;�⌧

is the isotypical de-

composition for the group defined in Proposition 5:9.

Now, we are ready to prove the main result of this section.

Theorem 5.12. For g > 0, the Prym map P r
H

4gC3;g is injective.

Proof. Let P 2 Im.P rH
4gC3;g/. By Proposition 5.9 we can construct the Klein

four-group acting on P and we can perform the isotypical decomposition to obtain
three Abelian subvarieties uniquely determined by the action of Klein group on
P , called A;B;C (see Corollary 5.11). Let G D A \ B \ C and note that by
Lemma 5.7 the cardinality of G is 22gC1.

Set A=G DW JHx , B=G DW JHy , C=G DW JHz . Since G contains only
2-torsions, we can extend the quotient map to the map A ! A=G ! A such that
the composition is multiplication by 2. Moreover, since G is order 22gC1 we get
that A=G D JHx ! A is of order 2, hence given by a 2 torsion of the form
w
Hx

2gC3 � w
Hx

2gC4 2 kerJHx ! A. We denote the remaining Weierstrass points of
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H by wHx

1
; : : : ; w

Hx

2gC2. By taking the images under the hyperelliptic covering, we
get the points Œw1ç; : : : ; Œw2gC2ç 2 P1.

Similarly to the étale case, for j 2 fx; y; zg, we can define ˛j D k ı ⇡⇤
j

W
Pic1.Hj / ! J eC , (where k.D/ D D � 2g

1

2
) although note that ˛j is of degree 2,

since ⇡⇤
.w2gC3/ D ⇡

⇤
.w2gC4/ D 2g

1

2
. However, it is still true that ˛j .wp/ ¤

˛j .wq/ for p ¤ q < 2g C 3. Therefore, we can renumber the Weierstrass points
of Hy in such a way that ˛x.w

Hx

i
/ D ˛y.w

Hy

i
/ for i D 1; : : : ; 2g C 2.

This compatibility allows us to show that having the hyperelliptic covering of
Hy there exists an automorphism of P1 such that images of the Weierstrass points
coincide, i.e., ŒwHy

i
ç D Œw

Hx

i
ç, i D 1; : : : ; 2gC2. Since g � 1, this automorphism

is unique. Moreover, by construction, we get that ŒwHx

2gC3ç D Œw
Hy

2gC3ç DW Œzç and

Œw
Hx

2gC4ç D Œyç, ŒwHy

2gC4ç D Œxç are distinct.
We can perform a similar argument forHz to get the unique automorphism of

P1 such that the images of Weierstrass points of Hz become fŒwHx

1
ç; : : : ; Œw

Hx

2gC2ç,
Œxç; Œyçg.

Note that, although in the construction we have used ˛j that are a priori de-
fined for a chosen eC , in fact we only need the equality of images of the Weierstrass
points that lie in P , so the construction is intrinsic. In this way, we have con-
structed a unique set of 2g C 5 points of P1 with a distinguished triple (up to
projective equivalence). This proves the injectivity of P rH

4gC3;g .

Remark 5.13. Note that, unlike the étale case, a simple computation of degrees
shows that P ! P=G cannot be a polarised isogeny, so we need to divide each
subvariety individually.

5.4. The mixed case of genus 4g C 3

From up to bottom perspective, this case occurs when one starts with a genus 4gC3
curve with two fixed-point free involutions �; ⌧ (with �⌧ having 4 fixed points) and
takes a group generated by h�; ⌧i. The tower of curves can be found in Diagram 5.1
when we treat H�;�⌧ as the base curve. From what we have already described, one
can easily deduce that in this case, the Prym varietyP.eC=H�;�⌧ / D JE˚JH⇤

⌧;◆�
˚

JH
⇤
�;◆⌧

. Since most of the computations have already been done, we will focus on
stating the results and main steps.

For ı D .1; : : : ; 1„ ƒ‚ …
2gC1

; 2; 4; : : : ; 4„ ƒ‚ …
gC1

/, define the Prym map:

P r
H

4gC3;gC1 W RHgC1;4 �! Aı

3gC2:

Theorem 5.14. For g > 0, the Prym map P r
H

4gC3;gC1 is injective.
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Proof. Firstly, forP 2 Im.P rH
4gC3;gC1/we have a similar result as Proposition 5.9

in this case, so analogous to Corollary 5.11 we can distinguish three Abelian sub-
varieties of P appearing in the isotypical decomposition. One of the subvarieties
is of dimension g denoted by JE and the other two by B and C .

By Lemma 5.2, we note that JE \ B \ C D JEŒ2ç is of order 22g and
B \ C is of order 22gC1. Denote by w1; : : : ; w2gC2 the Weierstrass points of E
and Œw1ç; : : : ; Œw2gC2ç their images in P1.

Using results from the proof of Theorem 5.12, by taking G D B \ C , we see
that there exist unique curves Hy ;Hz such that B D JH

⇤
y
; C D JH

⇤
z

with the

quotient maps given by the differences wHj

2gC3 � wHj

2gC4 for j D y; z.
As before, consider the pullback map ⇡⇤

E
W Pic1.E/ ! Pic4.eC/ and k W

Pic4.eC/ ! J eC given by k.D/ D D � 2g
1

2
. Then k ı ⇡⇤

E
W Pic1.E/ ! J eC

is a monomorphism and the map ˛j WD k ı ⇡⇤
JHj

is of degree 2 for j D y; z.
Note that we can number the Weierstrass points on Hx;Hy using the condition
˛j .w

Hj

l
/ D ˛E .wl/ for l D 1; : : : ; 2g C 2 and by the fact that we are in the

Prym locus we get that, out of four points wHj

2gC3; w
Hj

2gC4 for j D y; z, precisely
two have the same projection to P1 denoted by Œxç, and we denote the image in
P1 of the other two by Œyç; Œzç respectively. To summarise, starting from the Prym
variety P , we have constructed 2gC 5 points in P1 with a chosen triple x; y; z and
a distinguished point x that yields the Prym variety we started with.

In this way, we have proved that the Prym map P rH
4gC3;gC1 has an inverse,

hence it is injective.

Corollary 5.15. In the process, we have shown that the following data equivalent:

(1) A triple .W;W
0
; B/ of disjoint sets of points in P1 such thatW is of cardinality

2gC 2, W
0
is a pair of points and B is a point (up to a projective equivalence

respecting the sets);

(2) A hyperelliptic genus-.4g C 3/ curve with a choice of a Klein subgroup of

involutions h�; ⌧i such that � and ⌧ are fixed-point free and �⌧ has 4 fixed

points;

(3) A hyperelliptic genus-.gC 1/ curve together with a pair of Weierstrass points

y; z and a pair of points x; ◆x.

6. Final remarks

We assumed g � 2 in the étale case, because g D 1 gives a trivial Prym and g D 0

is impossible. In the branched case, we assumed g � 1. For g D 0 one gets that
the Prym variety is the whole Jacobian. However, it must be noted that the mixed
case is ’non-trivial’ and the proof of Theorem 5.14 does not work for g D 0. This
case has been investigated in a joint paper of the first author with Anatoli Shatsila
where they have shown that the Prym map is generically of degree 2, see [7].
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Remark 6.1. We would like to point out that, throughout the paper, we used a
coordinate-free point of view. However, one can also work with equations. It can
be checked that a hyperelliptic curve given by y2 D .x

4 C a1x
2 C 1/ � : : : � .x4 C

anx
2 C 1/ has two additional commuting involutions given by .x; y/ 7! .�x; y/

and .x; y/ 7! .
1

x
;
y

x2n
/ (see [23]). This curve is of genus 2n � 1 and, since the

family depends on n parameters, one can use Propositions 4.4 and 5.5 to show that
a hyperelliptic Klein covering can be given by such an equation.
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