INTERSECTION NUMBERS WITH PIXTON’S CLASS AND THE
NONCOMMUTATIVE KDV HIERARCHY

ALEXANDR BURYAK AND PAOLO ROSSI

ABSTRACT. The Pixton class is a nonhomogeneous cohomology class on the moduli space
of stable curves Mg’m with nontrivial terms in degree 0,2,4,...,2g, whose top degree part
coincides with the double ramification cycle. In this paper, we prove our conjecture from a
previous work, claiming that the generating series of intersection numbers of the Pixton class
with monomials in the psi-classes gives a solution of the noncommutative KdV hierarchy.

1. INTRODUCTION

Consider the moduli space of stable maps of connected algebraic curves of genus g to rub-
ber P!, relative to 0, co € P!, with assigned ramification profile over these two points. Forgetting
the stable map and stabilizing the source curve provides a natural morphism from this space
to the moduli space of stable curves. The pushforward of the virtual fundamental class from
the space of rubber maps to the space of stable curves is a degree 2¢g cohomology class called
the double ramification (DR) cycle.

In the early 2000’s Yakov Eliashberg started popularizing the problem of finding an explicit
formula for the DR cycle as a tautological class in the moduli space of curves. A first partial
result was Hain’s formula [Hail3], which holds on the partial compactification of the moduli
space of smooth curves given by curves of compact type. Analyzing the structure of Hain’s for-
mula it is not hard to see that it is reminiscent of Givental’s R-matrix action on cohomological
field theories (see [PPZ15]). Building on this observation and using a clever regularization trick
to cure divergencies emerging when considering curves of non compact type, Aaron Pixton was
able to modify Hain’s formula to find an answer to Eliashberg’s problem for the full moduli
space of stable maps.

More precisely Pixton’s formula gives a nonhomogeneous tautological cohomology class on
the moduli space Mgm of stable curves of genus g with n marked points, with terms in all even
degrees. By a result from [CJ18], the terms in the degrees greater than 2¢g vanish. In [JPPZ17]
it is proved that the degree 2¢g part of this class coincides with the double ramification cycle.
As Pixton points out in his 2022 ICM sectional lecture, no geometric interpretation is known
for the lower degree terms of the Pixton class yet.

In this paper we show that the full Pixton class, including its terms of degree smaller than 2g,
plays a beautiful role in the relation between intersection theory of the moduli space of curves
and integrable systems.

Namely, given a ramification profile A = (ay,...,a,) € Z", satisfying > a; = 0, denote by
PI(A) € H*(My,,) the degree 2j term of Pixton’s class. Consider then the generating series
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for its intersection numbers with monomials in the psi-classes

Fen= Y Y2y % (/ Z‘JP;‘(A)H@&?)H@;

gn>0 =0 A=(az,.. 7an) €zZn di,..,dn>0 \Y Man i=1
2g—2+n>0 Zal
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where S(z) = M Then our main result states that u = u satisfies the infinite system
of compatible PDEs

ou uxu 2
11 I — :81 T A Wz )
(1.1) ot ( > Tt )
ou 9 u*u*u+€2< . o+ )+€4
— =0, | — U X Upy T Ugp * Uy T Ugpy XU P
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where t; = tJ, which is a noncommutative analogue of the celebrated KdV hierarchy with
respect to the noncommutative Moyal product

[*xg:= feXp(2 5;, @é?x)

for functions f, g on a 2-dimensional torus with coordinates x,y [BR21a].

Remark 1.1. In the formulation of our main result, instead of the substitution (-) in the

|t8»—>t8+w
definition of w™® one may alternatively say that we identify z = ¢3.

Notice that, when p = 0, the noncommutative KdV hierarchy collapses to the usual KdV
hierarchy and our result recovers the celebrated Witten-Kontsevich theorem [Wit91, Kon92]
for integrals on the moduli space of stable curves of monomials in the psi-classes.

We conjectured this result in [BR22], where we also proved that it would be a consequence of
the DR/DZ equivalence conjecture of [BDGR18]. The latter is still open in its full generality,
which states that two different constructions of integrable systems starting from a given (par-
tial) cohomological field theory, the Dubrovin-Zhang hierarchy [DZ01] and the DR hierarchy
[Burl5, BDGRI18], are related by a coordinate change in their phase space. However a partial
result in that direction, obtained in [BS22|, together with explicit computations of the flows of
these two hierarchies for the partial cohomological field theory at hand, turn out to be sufficient
to prove the DR/DZ equivalence specifically for the Pixton class, and hence our result. The
precise structure of the proof is explained at the end of Section 2.

Notice lastly that, together with the string and dilaton equation, equation (1.1) uniquely

determines the generating series F¥. An example was demonstrated in [BR22], where, assuming
that equation (1.1) is true, the authors proved that

i i 1 (S(apz) =2
(1.2) / 9 ]P](a, —a 3g—1—j m 2j ,39-1-j — ( e — 1) _
ISJZSg Mg, ! i z \ S(pz2)

Since we prove equation (1.1) in this paper, formula (1.2) is now established.
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Notations and conventions.
e We use the standard convention of sum over repeated Greek indices.

e When it doesn’t lead to a confusion, we use the symbol * to indicate any value, in the
appropriate range, of a sub- or superscript.

e For a nonnegative integer n, let [n] := {1,...,n}.

e For a topological space X, we denote by H'(X) the cohomology groups with the coef-
ficients in C. Let H***(X) := @5, H*(X).

e For a commutative associative ring A, we denote by A((t)) the ring of Laurent series
with the coefficients in A.

e We will work with the moduli spaces Mg,n of stable algebraic curves of genus g with n
marked points, which are defined for g,n > 0 satisfying the condition 2g — 2 +n > 0.
We will often omit mentioning this condition explicitly, and silently assume that it is
satisfied when a moduli space is considered.
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2. THE PIXTON CLASS AND THE NONCOMMUTATIVE KDV HIERARCHY

2.1. The double ramification cycle and the Pixton class. Denote by ¢; € H*(M,,)
the first Chern class of the line bundle £; over M, ,, formed by the cotangent lines at the i-th
marked point on stable curves. The classes v; are called the psi-classes. Denote by E the rank g
Hodge vector bundle over ﬂg,n whose fibers are the spaces of holomorphic one-forms on stable
curves. Let \; := ¢;(E) € H¥(M,,,).

Consider an n-tuple of integers A = (ay, ..., a,) such that Y a; = 0; it will be called a vector
of double ramification data. The positive parts of A define a partition po = (1, ..., tu)). The
negative parts of A define a second partition v = (v4,...,14)). Since the parts of A sum
to 0, the partitions p and v must be of the same size. We allow the case |u| = |v| = 0. Let
no :=n — l(u) — I(v). The moduli space

mg:nO (]P)l’ lu7 V)N

parameterizes stable relative maps of connected algebraic curves of genus g to rubber P! with
ramification profiles i, v over the points 0, 0o € P!, respectively. There is a natural map

st: My, (P11, v)~ = My
forgetting everything except the marked domain curve. The moduli space Mg,no (P p, )™
possesses a virtual fundamental class [Hgm (P, y)”]m, which is a homology class of degree
2(29g — 3+ n). The double ramification cycle
DR, (A) € H*(M,,,)

vir

is defined as the Poincaré dual to the push-forward st. [Mg (P!, 11, v)~] " € Haag—34n)(Mgn).

Let us now recall Pixton’s very explicit construction of a nonhomogeneous cohomology class
on M, ,, with nontrivial terms in degree 0,2,4,...,2¢g. By a result of [JPPZ17], the degree 2¢
part of this class coincides with the double ramification cycle.
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Let us first recall a standard way to construct cohomology classes on /Vg,n in terms of stable
graphs. A stable graph is the following data:
I'=(V,H,L,g: V — Zsp,v: H—V,1: H— H),

where

(1) V is a set of vertices with a genus function g: V' — Zs;

(2) H is aset of half-edges equipped with a vertex assignment v: H — V and an involution ¢;
(3) the set of edges E is defined as the set of orbits of ¢ of length 2;
(4)

4) the set of legs L is defined as the set of fixed points of ¢ and is placed in bijective
correspondence with the set [n], the leg corresponding to the marking i € [n] will be
denoted by [;;

(5) the pair (V, E) defines a connected graph;

(6) the stability condition 2g(v) —24n(v) > 0 is satisfied at each vertex v € V', where n(v)
is the valence of I' at v including both half-edges and legs.

An automorphism of I" consists of automorphisms of the sets V' and H that leave invariant the
structures L, g,v, and ¢. Denote by Aut(I') the authomorphism group of I'. The genus of a
stable graph I'is defined by ¢(T') := >~ .y, g(v) +h'(T"). Denote by G, the set of isomorphism
classes of stable graphs of genus g with n legs.

For each stable graph I' € G ,,, there is an associated moduli space

Mr = [ Moyt
veV
and a canonical map
fpi MF — Mg,n
that is given by the gluing of the marked points corresponding to the two halves of each
edge in E(I'). Each half-edge h € H(I') determines a cotangent line bundle £, — Mp. If
h € L(T), then L, is the pull-back via &p of the corresponding cotangent line bundle over M, ,,.
Let ¢y, := c1(L£y) € H*(Mr). The Pixton class will be described as a linear combination of

cohomology classes of the form
EI‘* <H %ﬂf(h)) )

heH
where I' € Gy, and d: H(I') = Z>o.

Let A = (ai,...,a,) be a vector of double ramification data. Let I' € Gy, and r > 1. A
weighting mod r of T' is a function

w: HI') —{0,...,r—1}
that satisfies the following three properties:
(1) for any leg l; € L(T"), we have w(l;) = a; mod r;
(2) for any edge e = {h,h'} € E(T'), we have w(h) + w(h') =0 mod r;
(3) for any vertex v € V(I'), we have D7,y ()=, w(h) =0 mod r.
Denote by Wr, the set of weightings mod r of I'. We have |Wr,| = T

We denote by P#"(A) € H*(M,,,) the degree 2d component of the cohomology class
(2.1)

1 1 . 2 1 — exp (—w(R)w (') (¥n + Yw))
2 2 Trgymee |Lewtv) I b+

TGy n weWr, e={h,W }€E(T)

in H*(M,,). Note that the factor PexP(_w%ng/)w”wh')) is well defined since the denominator

formally divides the numerator. In [JPPZ17], the authors proved that for fixed g, A, and d the
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class P{" is polynomial in r for all sufficiently large . Denote by P¢(A) the constant term of
the associated polynomial in 7.

In [JPPZ17], the authors proved that
DRy(A) =279PJ(A).
In [CJ18], the authors proved that the class PJ(A) vanishes for d > g.

2.2. The noncommutative KdV hierarchy. The classical construction of the KdV hierar-
chy as the system of Lax equations (see, e.g., [Dic03])

oL g2n

e S Ln+1/2 L:| >1

ot,  (2n+ DI [( Joo L nzt,
where L := 0% 4+ 2~ 2u, u is a function of z,ty, s, ..., € is a formal parameter, and (2n +1)!! :=
(2n+1)-(2n —1)---3 - 1, admits generalizations, called noncommutative KdV hierarchies,
where u and its z-derivatives uy, Uzy, . . . do not necessarily commute. In what follows, we will

work with a specific example from the class of noncommutative KdV hierarchies.

Let ug, k,, k1,k2 € Z>o, €, and p be formal variables and consider the algebra A =
Cl[ts «, €, 1], whose elements will be called differential polynomials in two space variables. Con-

sider a grading on A given by
deg ug, k, = (k1, k2), dege := (—1,0), degp = (0,—1).

We will denote by Alldrd2)] = A the space of differential polynomials of degree (dy,dy). The
space A is endowed with operators d, and 9, of degrees (1,0) and (0, 1), respectively, defined by

(91 = Z uk1+1,k2% 6y = Z Uky iyt 1 0

, _—
ou
k1 ,k2 >0 k1,k2 k1 k2 >0 k1,k2
We see that wg, x, = 8;?185%070. We will denote wug simply by w.

The algebra A is also endowed with the M. oyal star-product defined by

(2.2) f * g = f exp (%(Eaj _ E@)) g= Z (_1)k2 <i8M>k1+k2 (851852f)(6£28519)’

ohitk2 ) 1oy !
k1,k2>0

where f,g € C[[usx, e, p]]. The Moyal star-product is associative and it is graded: if deg f =
(11,12) and deg g = (j1, Ja), then deg (f * g) = (i1 + J1,42 + j2). Note also that when p = 0 the
Moyal star-product becomes the usual multiplication:

(2-3) (f * 9)|u:0 = f|u:0 ) 9|u:0-
Let us now consider the algebra of pseudo-differential operators of the form
(2.4) A= Zai x0L, n€Z, a; € Clluwn pul]((e)),
i<n
with the multiplication o given by
(@x 0050 =3 (| J(ax o820, abe Cllunpll(@), i€
k>0

The positive part of a pseudo-differential operator (2.4) is defined by Ay 1= ., a; d and,
as in the classical theory of pseudo-differential operators, a pseudo-differential operator A of
the form 9% + >_._, a; * 9°. has a unique square root of the form 8, + >_._, b; x 9., which we

denote by Az,

1<2 1<1
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Consider the operator L := 9% 4+ 2e?u. The noncommutative KdV hierarchy with respect to
the Moyal star-product (2.2) is defined by (see, e.g., [Ham05, DMO00])

oL &
ot,  (2n+ 1)

The noncommutative KdV hierarchy is integrable in the sense that its flows pairwise commute.
Explicitly, the first two equations of the hierarchy are

ou g (wru N g2
A, Yz “SUzz |
Oty 2 12

ou 5 u*u*u+€2( . st )+54
— =0, | —— U * Ugpy Uy * Uy Uge * U ——~Uggzx | -
Oty 6 24 240

(2.5) (L), ), w1

Remark 2.1. We see that the noncommutative KdV hierarchy is a system of evolutionary PDEs
with one dependent variable v and two spatial variables z and y, where the y-derivatives are
present in the Moyal product. Note that after the substitution v =) _, u®e'_ where u® are
new formal variables, the noncommutative KdV hierarchy becomes a system of evolutionary
PDEs with infinitely many dependent variables u®, a € Z and one spatial variable x. Let us

present, for example, the resulting equations for the flow at

aua — 2240 51%s) 62
(2.6) = 0, E e Ty T2 [ Z gl g e 7
8t1 a1,a2€Z 12
a1+az=a

Note that because of (2.3) the noncommutative KdV hierarchy becomes the classical KdV
hierarchy when p = 0.

2.3. Main result. Consider formal variables tj, where a € Z and d € Z>(. Let us introduce
the following generating series:

Flem=Y Y20 v % (/M PJ(A)ljlwfi)Htazect* il

g,n>0 j=0 ) A=(a1,...,an)EZ™ di,...,dn >0 g.n
> a;=0
Introduce a formal power series
22 _ g=2/2 52 o
== 1 —_— 6
S(z) - + 51 1930 T O
and let
. P FF
Pio = € Cl[z,t;, e, )], a€Z,
at ato to»—>t0+x
=Y whe™ e Cllx, 7, e, ][V, e "],
a€Z
S(enody) ,
2.7 P 20 0P e Clla, t, W e~
27) W = ey € Clie e e, <]

The following theorem was conjectured in [BR22, Conjecture 2].

Theorem 2.2. The series u' satisfies the noncommutative KdV hierarchy (2.5), where we
identify t9 =
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Remark 2.3. Introduce formal power series T,(2), a € Z, by T,(z) = %, and consider the

expansion u” =Y, u"*". Then formula (2.7) implies that
u™ = T, (ep0, )w".

So, equivalently, Theorem 2.2 says that the collection of formal powers series u"*¢, a € Z,
satisfies the noncommutative KdV hierarchy viewed as a system of evolutionary PDEs with
one spatial variable, see Remark 2.1.

The proof of this theorem is organised as follows.

To any finite rank partial cohomological field theory (CohFT), one can associate two systems
of evolutionary PDEs with one spatial variable: the Dubrovin-Zhang (DZ) hierarchy [DZ01,
BS22] and the double ramification (DR) hierarchy [Burl5, BDGRI18, BS22]. We will recall
the necessary definitions and constructions in Sections 3.1 and 3.2. Conjecturally, the two
hierarchies are Miura equivalent. This is not proved yet, but there is a partial result in this
direction, obtained in [BS22], which we will recall in Section 3.3. After that, in Section 3.4,
we will describe a class of integrable systems, containing the DZ and DR hierarchies, having
the property that any integrable system from this class is uniquely determined by the equation
of one particular flow, which we call the special flow. This is a slight generalization of a
result from [BG16, Section 5.2]. Pixton’s classes form an infinite rank partial CohFT [BR22,
Proposition 4.6]. Extending the constructions and results, developed for the finite rank case,
to the infinite rank case requires some care, as it was already mentioned in [BR21a, Section 3]
and [BR22, Section 4.1]. In Section 3.5, we will discuss how to extend the results that we need
to the infinite rank case.

After the preparatory work in Section 3, the proof of Theorem 2.2 is presented in Section 4.
In [BR21a], the authors proved that a part of the DR hierarchy corresponding to the partial
CohFT formed by Pixton’s classes coincides with the noncommutative KdV hierarchy, viewed
as a system of evolutionary PDEs with one spatial variable, see Remark 2.1. Therefore, for
the proof of Theorem 2.2, it is sufficient to prove that the DR and DZ hierarchies are Miura
equivalent. In Section 4.1, we will show that the Miura equivalence follows from Proposition 4.1,
which says that the DZ hierarchy is polynomial and explicitly describes the flow a%)' The two
parts of the proposition are then proved in Sections 4.2 and 4.3, respectively, using results
from [BPS12], [BSSZ15], and [BS22]. This will complete the proof of Theorem 2.2.

3. HIERARCHIES ASSOCIATED TO A PARTIAL COHOMOLOGICAL FIELD THEORY

Definition 3.1 ([LRZ15]). A partial cohomological field theory (CohFT) is a system of linear
maps

Con: VE" = HY(M,,), ¢,n>0, 2g—2+n>0,
where V' is an arbitrary finite dimensional vector space, together with a special element e € V|
called the unit, and a symmetric nondegenerate bilinear form 7 € (V*)®2, called the metric,
such that the following axioms are satisfied:

(i) The maps ¢y, are equivariant with respect to the S,-action permuting the n copies of V
in V¥" and the n marked points in M, ,, respectively.

(ii) T Cyn(®11v;) = Cony1(®Pv; @ e) for vy,...,v, € V, where m: My 1 — M., is
the map that forgets the last marked point. Moreover, cq3(v1 ® v2 ® €) = n(vy ® v2)
for v;,vy € V, where we use the identification H*(Mjy3) = C coming from the fact
that M 3 is a point.

(iii) Choosing a basis e, ..., eqmy of V, we have

* ni1+ne 17 . .
gl"Co14g2m14ms (@2 ea,) =1 Cg17n1+1(®zeleai ® eu) ® 692,n2+1(®j6J6aj ®ey)
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for 1 < ay,...,0n,4n, < dimV, where I U J = [ny + no), |I| = ny, |J| = ng, and
gl: My a1 X Mgy nas1 — Moy tgsmiins iS the corresponding gluing map, and where
Nap = N(ea ® ) and 7 is defined by n*n,s = o for 1 <, < dimV. Clearly the
axiom doesn’t depend on the choice of a basis in V.

The dimension of V' is called the rank of the partial CohFT.

For any partial CohFT, the tensor c§ = n*cy3(e, ® eg ® e,) defines a commutative asso-
ciative algebra. The partial CohF'T is called semisimple if this algebra doesn’t have nilpotents.

Definition 3.2 ([KM94]). A CohFT is a partial CohFT ¢,,: V" — H®**(M,,) such that
the following extra axiom is satisfied:

(iv) gl'cgr1n(®i€a;) = Coni2(®fiea, @ €y @ €) for 1 < ay,...,c, < dimV, where
gl: Mg o — Mgy, is the gluing map that increases the genus by identifying the last
two marked points.

Remark 3.3. One can introduce a partial CohFT (or a CohFT) with the coefficients in some
C-algebra K as a collection of linear maps {cg,n: Venr — HV"(M,,) @ K } satisfying the same
axioms as above. We will see that the Pixton class gives such a partial CohFT, with K = C[y].

3.1. The Dubrovin—Zhang hierarchy. A construction of a dispersive hierarchy, the so-called
Dubrovin-Zhang (DZ) hierarchy, associated to an arbitrary homogeneous semisimple Dubrovin—
Frobenius manifold was developed in a series of papers of Dubrovin and Zhang [Dub96, DZ98,
DZ99, DZ01]. Perhaps the most complete exposition of their theory is contained in [DZ01]. An
equivalent approach, which can also be generalized to the nonhomogeneous case, was presented
in [BPS12], where the authors also proved the polynomiality property of the equations of the DZ
hierarchy. A further generalization of the construction of the DZ hierarchy was given in [BS22],
where the authors also clarified a role of certain relations in the cohomology of M,,, for the
polynomiality property of the DZ hierarchy. In this section, we present the necessary definitions
and results from the theory of DZ hierarchies, following [BS22].

3.1.1. Construction. Let us fix an integer N > 1 and consider formal variables w', ... w”. Let
us briefly recall main notions and notations in the formal theory of evolutionary PDEs with
one spatial variable:

e To the formal variables w® we attach formal variables wj with d > 0 and introduce the
algebra of differential polynomials A, = C[lw*]|[w%,]. We identify w§ = w® and also
denote wg = wf, wy, = wg, .. ..

0

-
ow§

e An operator 0,: A, — A, is defined by 0, := Zdzo w§ 4

o A, C A, is the homogeneous component of (differential) degree d, where deg wf* := 1.

e The extended space of differential polynomials is defined by Ay = Ay[[e]]. Let /Tw;k C
A, be the homogeneous component of degree k, where dege := —1.

e A system of evolutionary PDEs (with one spatial V/z\xriable) is a system of equations

of the form 6;:)”—: = P* 1 < a < N, where P* € A,. Two systems 85”—: = P* and
ow®

= Q“ are said to be compatible (or, equivalently, that the flows % and % commute)

s
if ano (gigé)ﬁ@’g — %aQPﬁ)) =0forany 1 <a<N.

e A Miura transformation (that is close to identity) is a change of variables w®
w(wk, e) of the form w*(wf,e) = w* + e f*(wi,€), where f* € Ay..
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Consider an arbitrary partial CohFT {c,,: V& — H®"*(M,,)} with dimV = N, metric
n: V®? — C, and unit e € V. We fix a basis ej,...,ey € V, consider formal variables ¢§ with
1 <a < N and d > 0, and define the potential of our partial CohFT by

9 n n
F = Z €n—'g Z (/Mgncgn i=1€a; 1j[1¢ )];Il:tgz GCHt

gn>0 " 1<ay,..,an<N
d1,---7dn20

The potential satisfies the string and the dilaton equations:

oF
3.1 =) stotd ,
(3.) o2 G gTestSH] ¢ /M 1a(e)

OF _ 3.7:
3.2 = ta_ = _9oF ’
where atﬂ = AV a?‘” and the coefficients A" are given by e = A*e,. Let us also define formal
power series w' P = a“%, wrope = %, where 1 < a < N and n > 0 (so we have
’lUgOp’ — wtop;a)'

For d > 0, denote by C[[t]]¥ the subset of C[[t!]] formed by infinite linear combinations
of monomials []¢5" with > d; > d. Clearly, C[[t;]]Y C C[[t;]] is an ideal. From the string
equation (3.1) it follows that
(3.3) WP = 1% 4§, 1 A% + RY(t7) + O(e?)  for some R € C[[tz]]" V).

This implies that any formal power series in the variables t& and € can be expressed as a formal

. . top: . .
power series in <wb°p’ﬁ — 5b71A5> and € in a unique way.

So we denote by AYF the ring of formal power series in the shifted variables (w® — A%3,.1),

and let A" := A"k[[c]]. We have the obvious inclusion A, C A" We see that for any
(a,a), (B8,b) € [N] x Zx there exists a unique element Qg € A} such that

0*F
(3.4) o — gy

athory P lui=wern

Clearly we have 8“:;:; 2 = ang’g i —ytovn - Note also that Qa 10 = w®. Therefore, the N-tuple
b ’ c =We

of formal powers series wtOP?a|tg,_>tg 4 ang Satisfies the system of generalized PDEs
a «
(3.5) (;’ﬁ — 9,050, 1<a,8<N,b>0,

which we call the Dubrovin—-Zhang (DZ) hierarchy associated to our partial CohFT. We say
“generalized PDEs”, because the right-hand sides are not differential polynomials, but elements

of the larger algebra ,ng. The N-tuple (wt ) will be called
the topological solution of the DZ hierarchy.

top; N
t"/

op;1
’tgHthrA’Vx yeee, W Nt AT

Conjecture 3.4. For any partial CohF'T we have Q y € Aw, for all o, B € [N] and a,b € Z>y.

If, for a given partial CohFT, the conjecture is true, then the flows of the DZ hierarchy
pairwise commute. Also, from the dilaton equation (3.2) it follows that

0 0 0 0*F 0 0 0
- o e | —/—_ = _ to_— _ top;a _ top;a.
(at% ; "ot 6&;) oo <8t}1 Z "ot Eé%) O =

This implies that
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e the operator %_ano tg%—sg on C[[t;, ]] corresponds to the operator » wf{%—
e on AY¥, under the isomorphism C[[t}, ¢]] = A¥K;

(e} 3 8 @,a
. <ano Wn g — 5%) Qg = 0.

So if the conjecture is true for some partial CohFT, then automatically Qg; € ﬁw,o- The
conjecture is proved when a partial CohFT is a semisimple CohFT [BPS12, Theorem 22].

3.1.2. Polynomiality property and relations in the cohomology ofﬂgyn. Denote

oOF

fa,a e 2
T G

€ C[[t;,€]], «€[N], a€ Zs.
By [BS22, Theorem 4.6], there exists a unique differential polynomial @gz € .Zw;o such that

the difference
a,a
red;a,a | OF O0,a

m0 = g T b e € ClEC
satisfies the condition
nred;a,a
=T oty ot satisfying S d; < 2g.
n =0
We have the following equivalences:
(3.6) red, & Q=0 e Qnet=o.

In [BS22, Section 2.3], the authors defined cohomology classes
B§7(d17."7dn) - HQZdz(m ’n+2>, g Z 0, n Z 1, dl; C. 7dn & Zz()?
and proved that
nOred;a,a
8 Qﬁ,b

3.7) Coefy ———————
1) Cocten G gy

b
= / BS,(dl,...,dn)Cg,n+2 (®izi€a; ® n**e, ® es) Uni1¥ni2s

t*=0 Mgsn+2
*

for any g > 0, n > 1, dy,...,d, > 0, and 1 < «y,...,q, < N satisfying > d; > 29 + 1.
In [BS22, Conjecture 1], the authors conjectured that B;(d17.”’dn) = 0 for arbitrary g > 0,
n > 1, and dy,...,d, > 0 such that Y d; > 2g + 1. If this conjecture is true, then Qg; are
differential polynomials for an arbitrary partial CohFT.

3.2. The double ramification hierarchy. Let us recall important properties of the double

ramification cycle. The restriction DRy(ay,...,an)| e € H?*(MS,) depends polynomially
— g,m ’

on the a;-s, where by M;tn C M,,, we denote the moduli space of curves of compact type (see,

e.g., [JPPZ17]). This implies that the class A\,DR,(ay,...,a,) € H*(M,,) depends polyno-

mially on the a;-s. Moreover, the resulting polynomial (with the coefficients in H*9(M,,,)) is

homogeneous of degree 2g. The polynomiality of the class DRy(ay, ..., a,) € H* (Mg,n) was
proved recently in [Spe24], but we don’t need this result.

Consider again an arbitrary partial CohFT of rank N. Let u',...,u" be formal variables
and consider the associated ring of differential polynomials A,,. Define differential polynomials
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Qg,d S ‘/Z‘-\u;oa &75 S [N]a d S ZZO) by

(3.8)
N N e29 L
Qar=n™ D, —]]ux
g,n>0 T oj=1
ki, ki >0
> =1 k5=2g
d n
x Coef (4, k1 .. (q)n </ DRg( — Z a;j,0,a4,... ,an) AgW5Cynia(€e, @ eg ® ®j:1€aj)> )
Mg,n+2 le

The double ramification (DR) hierarchy [Burlb, BDGR18] is the following system of evolution-
ary PDEs with one spatial variable:

ou” N

5= 0:Q%4, 1< a,B€[N], dEeZs.

ot
In [BDGRI18, Proposition 9.1], the authors proved that all the flows of the DR hierarchy are
compatible with each other.

Consider the solution (u'(z,t;,¢),...,u™(z,t:,€)) of the DR hierarchy specified by the initial
condition u®(x,t},¢)|z=0 = A%r. Since QF, = u®, this solution has the form u®(z,t},¢) =

anustr;a

(@)™

U oL 4 ane for some formal power series u*" € C[[t}, €]]. We denote uj™ :

3.3. A relation between the two hierarchies. Consider an arbitrary partial CohFT. By
[BS22, Theorem 4.6], there exists a unique differential polynomial Q%* € A,,._; such that the
difference

Qred;a,a — JT_'a,a - ﬁa,a ' c C[[tiag]]
wZ:wZOp"y
satisfies the condition
gnQrediasa > . .
Coef.2, _0 for any g,n >0 and oy, ...,a, € [N], dy,...,d, € Z>g

=0

Consider the DR hierarchy associated to our partial CohF'T. Let us introduce N formal power
series FPR@ € CJ[tf, ¢]], 1 < a < N, by the relation

afDR;a

. o
b

. OFPRie stria
o0 T 0. Clearly, g = U

with the constant terms defined to be equal to zero, FPRi®
By [BS22, Theorems 2.2, 4.6, 4.9], we have

aQred;a,O
B
ot

a JT_'DR;a

3.9
(3.9) o

) @,5€[N],b€Z20-

=0 tx=0

Conjecturally [BS22, Section 4.4.3], we have a much stronger statement: Qredio0 = FDPRia,
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3.4. Reconstruction of a hierarchy from the equation of one flow. Consider an integer

N > 1 and the algebra of differential polynomials A,, associated to formal variables w', ..., w'.

Proposition 3.5. Consider a compatible system of PDEs
ow®
ot
and a nonzero N-tuple (A, ..., AN) € CN satisfying

oPg, {Pg‘,bl, ifb>1,
ow' 5 ifb=20

where Py = ATPY, and 5 505 = AY-2.. Then all the differential polynomials Pg, are uniquely
determined by the N tuple of dzﬁer@ntzal polynomials (Pil, e ,P]{Yl).

(310) _apﬁlw 766 [ ] EZ>07 Pgbeﬁw;07

P,é:ib = O’ pI?,O = woz’

K~
wi=e=0

The flow % will be called the special flow of the system (3.10).

Proof. The proof strongly uses the ideas from [BG16, Section 5.1 and 5.2]. Consider the solution
(w, ..., wPN) of the system (3.10) given by the initial condition w*™*|,_, = A%z,

Lemma 3.6. We have

OwsPe O
3.11 — t  —— = A"
( ) at[])l ; n+1 (91?71 )
dwre  gupe awsp o wpie
3.12 — tY =
(3.12) ot e Z o 0,
n>0
(313) WP,y = 12+ 8, AT+ Q3+ O(2) for some Q3 € T,
OwsP* N
(3.14) P = 05040.
b lg=tr=e=0

Proof. Consider formal variables v, a € [N], together with the associated variables v with
d > 0, and let us relate them to the variables wf by wg = vg,,. From the compatibility of the
system (3.10) it follows that the system

o P Be[N),beZ
@ 5 >0;
oy P >
is also compatible. We consider its solution (v*P, ... v*P*) given by the initial condition vSP® g =
Aax Clearly 0,v°P% = ‘9“85% — WP,
We claim that

oyspa Oy
3].5 — t’\/ — ta + Aa$7
( ) 8t(])l Z n+1 8t;{ 0

n>0

this is proved similarly to Lemma 4.7 from [Burl5]. Applying 0, to this equation, we obtain
equation (3.11). Note that equation (3.15) implies that w™¢|,. _, = t§ + A%, and therefore

equation (3.13) is true for n = 0. Equation (3.11) implies that

k>0

and therefore equation (3.13) is true for all n > 0.

Equation (3.12) is proved similarly to Proposition 5.1 from [BG16].
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To prove (3.14), we use (3.13) and obtain

owsPe

B

_org,

r=tt=e=0 ow” ws

_org,

AT =

1
=0 QW | e —e—g

B < %5 ‘w3=wf~m>

a=tr=e=0

= 69640,

=&

0

The property (3.13) implies that all the differential polynomials Pg, are uniquely determined

by the solution (w™!,... w) of the system (3.10) (see the discussion in Section 3.1). So it
remains to prove that this solution is uniquely determined by the differential polynomials Py,

. OSSP O1SPi¢ . . . . . .
1 < a < N. Since 282 — W it {5 sufficient to determine the formal power series W] .

oz ott
Denote by /g7 the coefficient of €3 - - -3 in w™*| _,. We will call these coefficients
c-coefficients. We W1ll say that the multi- 1ndex of the coefﬁc1ent Chgy ", compared with the

BiB1;--Pm

multi-index of another coefficient ¢ """,

e has smaller order if k < [;

e has smaller length if n < m;

e has smaller weight if Y d; < q;;

o is smaller if k <lor (k=landn<m)or (k=I0ln=m, and ) d; <> q;).

Equation (3.12) together with the equations for the flow 8t]1 imply that
a 8 Sp;& (6%
(316> <8%+;t28t2> (w v |x: ) <a P]ll} w) =wsP ) =0

Let us show that this equation allows us to compute all the c-coefficients recursively. Indeed,
the coefficient of €G! ---t5" on the left-hand side of (3.16) is equal to (k + n)cig ", Let
us look now at the coefficient of sktg‘ll ---t3" on the right-hand side of (3.16). Note that the
ko1 Qn 3
tdl Ce tdn

coefficient of ¢ in

(1) w1 >0, is a linear combination of the c-coefficients with multi-index of order &
and length n, but with weight less than > d; (this follows from equation (3.11));

(2) (Elwffl’;ﬁl X -wzlffm) |$:0, [ > 0, is a polynomial in the c-coefficients with multi-index of

order less than k;
(3) (wPhr ... PiPmyypih) |m:0’ m > 2, is a polynomial in the c-coefficients with multi-index
of order less than k, or of order k£ but length less than n;

(4) (wSp?Blwap;ﬁ) ‘z:O’ is equal to Aﬁcflc’lf“ " plus a polynomial in the c-coefficients with
multi-index of order less than k, or of order k but length less than n.

. OPf . .
Slnce ]1 LAY = S = PR = w®, we conclude that the coefficient of €3 - - - 5™ on the right-

hand Slde of (3.16) is equal to ¢, ;11’ " plus a polynomial in the c—coefﬁments with smaller
multi-index. Therefore, equation (3 16) “allows us to compute the coefficient c/g" ’CZL" in terms
of the c-coefficients with smaller multi-index unless k£ + n = 1. It remains to note that we

already know these exceptional coefficients: ¢ff = 0 and cpiy! = 0“4y, o O

Note that the DR hierarchy corresponding to an arbitrary partial CohFT satisfies the as-
sumptions of the proposition. The same is true for the DZ hierarchy, if Qgg are differential
polynomials.
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3.5. Comments about the infinite rank case. As it was already explained in [BR21a,
BR22|, a notion of infinite rank partial CohFT (i.e. a partial CohFT with an infinite dimen-
sional phase space V') requires some care, because one needs to clarify what is meant by the
matrix (n°?) and to make sense of the, a priori infinite, sum over y and v, both appearing in
Axiom (iii). One way to give a rigorous definition is the following. Consider a vector space V'
with basis labeled by integers, V' = span({e,}acz), and suppose that for any (g,n) in the
stable range and each ay,...,q, 1 € Z the set {8 € Z|cyn(®]eq, ® e5) # 0} is finite. In
particular, this implies that the matrix (7,5) is row- and column-finite (each row and each
column have a finite number of nonzero entries), which is equivalent to n*(V') C span({e*}aez),
where nf: V — V* is the injective map induced by the bilinear form 1 and {e*},¢z is the dual
“basis”. Let us further demand that the injective map n*: V' — span({e®},cz) be surjective
too, i.e. that a unique two-sided row- and column-finite matrix (7%%), inverse to (1.g), exists
(it represents the inverse map (n*)~!: span({e®}acz) — V). Then the equation appearing in
Axiom (iii) is well defined with the double sum only having a finite number of nonzero terms.
Such a partial CohFT will be called a tame partial CohF'T of infinite rank.

Note that if a tame partial CohF'T of infinite rank satisfies the condition

for any (g,n) in the stable range and «q,...,a, € Z,

(317> the class Cg,n<®zn:1€ai) is zero unless Z o; =0,

then e = ey for some A € C*, the matrices (1,5) and (n°?) are antidiagonal, and the double
sum on the right-hand side of the equation in Axiom (iii) has at most one nonzero term.

Let us now make comments regarding the theory of evolutionary PDEs with infinitely many
dependent variables. By a differential polynomial in infinitely many variables w®, o € Z,
we mean an element f € C[[w}]] consisting of an infinite linear combination of monomials
wy' - - -wg" such that ) d; < m for some m € Zo. The algebra of such differential polynomials
will be denoted by A,. Let A, := Ay[[e]]. As in the case of finitely many dependent variables,
we can consider systems of evolutlonary PDEs &4 = p* a € Z, P* € .A However, in general,
defining the compatibility of this system with another system % = (Q“ can be problematic.
Indeed, consider the example P* = Evezw and Q° = w°. Then we see that the sum
> pez <8Pa QP — %6§P5> is not well defined.

B
n€Z>0 wn

In order to overcome this problem, let us consider systems of PDEs of special form. Let
us introduce an additional grading deg on .A by deg w§ = o and dege = 0. We will say

that a system of evolutionary PDEs 2 7 = P% is homogeneous if deg P* = a. It is easy to
check that the notion of compatible homogeneous system of PDEs is well defined. Note that
the noncommutative KdV hierarchy, viewed as a system of evolutionary PDEs with one spatial

variable and infinitely many dependent variables, is homogeneous.

Consider now a tame partial CohFT of infinite rank satisfying (3.17). Then it is easy to
check that the DZ and DR hierarchies are well defined for such a partial CohFT. Moreover,
the DR hierarchy is homogeneous, the DZ hierarchy is also homogeneous if Qgg are differential
polynomials, and all the results from Sections 3.1-3.3 remain true. Regarding Proposition 3.5,
it remains true, with the same proof, if we require that the system under consideration is
homogeneous and A% = §9.

4. PROOF OF THEOREM 2.2

Let V be a vector space with basis e, indexed by integers a € Z. Consider a family of linear
maps

Chnt VE" = H(M,,) @ Clu]
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given by

g
b (®1eq,) = Z 272 Py, ... an), a,...,a, € Z.
d=0
By [BR22, Proposition 4.6], the maps c;n form a tame partial CohF'T of infinite rank with the
phase space V, the unit ey, and the metric given in the basis {€,}acz bY 7ap = datpo. This
partial CohFT satisfies the condition (3.17), and therefore, as it was explained in Section 3.5,
we can use all the results from Sections 3.1-3.4.

4.1. Using the computation of the DR hierarchy. For the partial CohFT {c/ .}, we
consider the associated DR and DZ hierarchies given by the differential polynomials QF ; € .,Zl\u

(see equation (3.8)) and the elements ngfl € .,Zl\gk (see equation (3.4)), respectively. Recall that

Tu(2) = 5.

Proposition 4.1. We have
a,0 -2 z a 2l x o 2
2. Q0,1 = %Za1+a2:a Ta(gluaz) (|:€ 2 €40 Tal (glua:v)w 1:| ’ [6 2 e Ta2 (gljlax)w 2i|> + i_szm

Before proving the proposition, let us show how to prove Theorem 2.2 using it. Indeed,
the collection of formal power series (w"®),ez is the topological solution of the DZ hierarchy.
Consider the Miura transformation

w® = u*(wy, p,e) = To(epd,)w
After this transformation, the DZ hierarchy has the form
ou® ~ ~
= 0,Q%,, Q5 € Aup.
P tﬁ B.b B8,b ;
We see that it is sufficient to check that the system of flows %, d > 1, of the transformed DZ
d

hierarchy coincides with the noncommutative KdV hierarchy, viewed as a system of evolution-
ary PDES with one spatial variable, see Remark 2.1. By [BR21a, Theorem 4.1], the system of

flows -2 2 d > 1, of the DR hierarchy coincides with the noncommutative KdV hierarchy. There-

fore, it is sufficient to check that Qf, = Q@b. By Part 2 of Proposition 4.1 and formula (2.6),
we have Qf | = QVS‘J. Then Proposition 3.5 implies that Q% , = @g}b, which completes the proof
of the Theorem 2.2.

The two parts of Proposition 4.1 will be proved in the next two sections, respectively.

4.2. Proof of Proposition 4.1: Part 1. By (3.6), Part 1 of the proposition is equivalent to
the vanishing Qg‘:‘;;a’“ = 0. By (3.7), this is equivalent to the vanishing

(4'1) / Bg,(dl,...,dn)05n+2 (®?:16ai Re_o® 66) ¢§+1¢2+2 =0,
Mg,n+2

forany ¢ > 0, n > 1, dy,...,d,, € Z>¢, and aq,...,q, € Z satisfying > d; > 2g + 1 and
a=p0+> .

In [BR22, proof of Proposition 4.6], for arbitrary r > 1, the authors constructed a cer-
tain semisimple CohF'T {€2}  } of rank r, with phase space V, = span({eo,...,e,_1}), metric
nr(€q, ) = %5a+b:0 mod r» and unit ep. Since the CohFT {€p } is semisimple, by [BPS12,
Theorem 22] and (3.6), we have

(4.2) /M Bg (d1,....d )( - QQQ;nH (® 1y, ®We, ®e >> +1wn+2
g,n+2
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where for an integer v we denote by 7 € {0,...,r—1} the unique number such that v =% mod r.
By [BR22, proof of Proposition 4.6], for fixed g,n, «, 3, , . .., o, the class

rl- 2992’%2 (@z 16a; ® e, ®e >

is a polynomial in r for r sufficiently large, and moreover the constant term of this polyno-
mial is equal to the class ¢}, (Q €, ® e_o ®eg). Thus, the vanishing (4.2) implies the
vanishing (4.1). This completes the proof of Part 1 of the proposition.

4.3. Proof of Proposition 4.1: Part 2. Since deg ng(al, ..., a,) = 27, dimension counting
gives

30 1
e 1_ P: P
( 2% 0z “a,ﬁz daﬂ>f 37

>0
L
which implies that
0?F* 0?FF ( 8) . .
L =(1+p+q)——, L+z— | (w,*) = (1—n)w,.
(&g@t?) 1+p Q)atgatqﬁ Oz (10%) = )
Therefore,
3 0 1 0 0
4. e Ly — 1 — Y Q%P 1 O%P
(4.3) <25ag 5 0u+n§( n)wn8w> (1+p+q)%;

Since Q3 € le\w;o, we have <e% = D50 MW 5oT > Qgy = 0, and combining this with (4.3) we
obtain

a a,p a,p
(4.4) (55% — §M@+Zw"awn> Qg = (1 +p+q)Qp7.

Note that F© € C[[t}, ?, (en)?]], which implies that the coefficient of €'4? in Q3% is zero
unless i, j are even and ¢ > j. Therefore, ng has the form

29
a0 E (€,LL 200797
(45) QOJ _ \eH) E Aﬁ,kh%kzwklwlm + ZE M Ba ngg: Aﬁ,kh%kza a,g € C
9>0 pr=a 9=1
k1+ko=2g
where Ag iy ke = Ay koifik -

It remains to prove that

T, T, ¢ —
(4.6) Ao brian ks = Coef 1y i L (21) T, (22) (122 — anz1) ’
sR1,002, 217 %9 Ta1+a2 (Zl + 22) 2
Og,1
4. B,,= 2.
(4.7) =5

where C 1= /% 4 /2,
Let us prove equation (4.6) or equivalently that

Tal(z1> Oc2<32) Z(alz2 - 04221)

Tal+a2(zl + 22) 2 ’

(48) Aa17a2 21,22 = § , Aal,k17a27k2z1 22 =

k1,k2>0
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where we define A, ky:00,k, := 0 When k; + ko is not even. Introduce the following notations:
Cog = / DR, (a, —a, 0)139,
Myg.3

DRy (an, a2, —ay — dip di-+d
j:/\/l n+3 g( 1, G2, —Q 062,0,,..’0) 11 227 1fg 1tdy—n -
n g, Z

a1,dy;a2,ds = n times
0, otherwise.

By [BSSZ15, Theorems 1 and 2] (see also [Burl7, Lemma 2.1]), we have

1 S(oyzg — anz
30y = S Dl et = (21t )" (12 — arz1)
g>0 (Z> d1,d2>0 Tal—i—az (Zl + 22)

Let us fix ap, ap € Z and a = a;+a,. On both sides of (4.5), let us now substitute w) = w’?7,
pu = ¢!, apply the operator Zdl >0 zflngﬁ, and finally set ¢ = tf = 2 = 0. On the

left-hand side, we obtain

% 2 </ _ DRy(a, 02,0, )y ¢§2w3)z1 o —

g>0 dy,d2>0
d1+d2=2g

= Z (dy +dy +1)DY, 410, 02025 =

dy,d2>0

0 0 S(a122 — 06221)
=(1+z5—+ .
( a7 322) Tostas (21 + 22)

Consider now the right-hand side of (4.5). Let us first substitute w] = w!, u = ¢!, and
set € = 0. We obtain
u61>

1 P P.

(4.9) 5 Z Aﬁ,ku%kak{Bwkj’ where wd’ﬁ : <wd 8
B+y=a

Let us now apply the operator »_,; ;- 2 ngﬁ to (4.9) and set x =t = 0, we obtain

’ dy “Vdo

e=0
k1,k22>0

0w, 0w,
(410) > 2 > Askk, L +
oty ot
dy,d2>2 Bty=a 1 2 x=tr=0
k1,k2>0
82{Epha
2h—1
+ Z 21 22 ZAO,Lth U Haigpee )
d1,d2>0 h>1 di =y ) {4
where we used that w,lf?ﬁ‘x:t*zo = 0705, ,. Note that
. ~p
ow P”B . (5a,ﬂCa7ng, if =k €Z>0, aQthal o%h
= o a ay,di;an,d
8153 o 0, othervvlse, Oty oty? R v

Therefore, the formal power series (4.10) is equal to

Aa1,a2<zla 22) 5(04122 - 04221
Ta1 (Zl)Ta2 (ZQ) Ta(Zl + Z2

ZA()lth 1(Z1+2’2) )

h>1
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and we obtain the equation
5 S(O{lZQ — Oégzl) .
(9,22 Ta(zl + ZQ) a

_ Aahaz('zl) 22) S(alz2 - 052731)
TOAl (Zl)TOéQ(ZQ) Ta(zl + 32)

(411) <1 + 21 aa + 20—

Z Ao tia2n—1(21 + 22)2h

h>1

We claim that the system of equations (4.11) for all oy, 0 € 7Z determines all the num-
bers Aq, di:a0.d,- Indeed, let us choose oy = 0. Then the coeflicient of 201282 on the right-hand
side of (4.11) is equal to Ao d,.0.d, + (d1+d2)A0’1;a7d1+d2_1 plus a linear combination of the num-

di
bers Ao ky.a.k, With k1+ks < di+ds =: d. Suppose that all the numbers Ag y,.q 1, With k1 +ks < d
are already determined. Note that for dy = 1 we have Ayg4,.0.4, + (dlidz)Ao71;a7d1+d2_1 =

(da + 2)Ap1.0.4,- So it is clear that considering the coefﬁcient of z1287" determines the num-
ber A 1,4,4—1. Then considering the coefficient of z1 22 for arbitrary d, dy satisfying d,+dy = d
determines the number Ag 4,.4.4,- Therefore, the system of equations (4.11) with oy = 0 and
arbitrary as determines all the numbers Ao,dl;a’dg, or equivalently this system determines the
second summand on the right-hand side of (4.11). It becomes obvious now that the full sys-
tem of equations (4.11) with a;, as € Z determines the first summand on the right-hand side
of (4.11) and hence the formal power series A,, a,(21, 22) is determined.

So in order to prove (4.8), it is sufficient to check that the formal power series
A’Z{cn (e %] (217 Z2) = Tal (Zl)Ta2 (22) Z<alz2 — a221)
’ Ta(zl -+ 22) 2
satisfies equation (4.11). Therefore, we have to check that

0 ) S(azg — aezy)

82’2 Ta(zl + 2’2)
_ Z(Oélz2 — 06221) S(OélZQ — 06221)

2Ta(21 -+ ZQ) Ta(zl + 22)

Z Ao 1.a2n-1(21 + 22)%

h>1

Note that {1+ 2122 + 29-2 ) S(agze — q9zy) = M, and therefore equation (4.12) is
0z1 Ozo 2

equivalent to

= Z AJO,l;a,thl(zl + 22)2}1'

B ) 1 S(onzo — asz)
Tolz1 + 22) To(z1 + 22) 1

0
S(OClZQ — 0422’1) (Zla_l + zZog— 822

So we have to check the identity

ZazT ZAO,l,th 12’
a h>1
which is true because
~ 0 ~ 0 1 1
A ja,2h— =z2—A o ) :Ta a7 o N :Ta az
Z O lz Zazl o (Zl Z) z1=0 (2)2821 Ta(zl +Z) 21=0 (Z)Z Ta(z)

h>1
This concludes the proof of equation (4.6).

Let us prove equation (4.7). We consider the formal power series F0 Qredie:0 FDRia "anq

differential polynomials Q%Y defined in Section 3.3. Since T,(z) = T,(—z), the expansion
of T,,(2) has the form T, (2) = 3 - Ta g2, Tay € Q.

Lemma 4.2. We have Q0 = — Zgzl(gﬂ)2gTa,gwgg—l'
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Proof. Let us denote 0y := %. We have to check that
0
(4.13)

n a,0
Coef .24 0" (Ta (ep1000) 77)

ot oty

for any g,n > 0 and ay,...,a, € Z, dy,...,d, € Z>g
satisfying > d; < 2g — 1.

r=t¥=0
For n > 2, this immediately follows from degree reasons and the string equation

<8t0 Z tn-i—l a{y) ‘Fa’o = tg'

For n = 1, the left-hand side of (4.13) vanishes unless a; = a, because ) -, V), gtfw = 0. For
d < 2g — 2, the vanishing
0 (Ta (8/1607()) .Foc,O)

=0
o3

=0

Coef 24

follows again from degree reasons and the string equation for F*9.
Then for g > 1 we compute

8 (T (6#80 0) fa,O)

Coef .2,
= otg,

g—1
= :U’Qg Z Ta,j / DRg*j (Oé, —Oé) fgiz]il + M2gTa,g =

9—J,2

S(az)
_ 29 2g_2j —m—’ =
=i JE 0 T, jCoef, 502)

= Coef 2 (Ta(z)%> B
_ 0.

For n = 0 and g > 2, the vanishing (4.13) again follows from degree reasons and the string
equation. It remains to check the case n =0 and g = 1:

=0 = (50"0M2</ DRl(()) + T(),l / 1) - 0
* My S=—=—~— \/1'/ Mo,3

=—A1 —

—24

Coef .2 (Ta (o) .7:0"0)

This completes the proof of the lemma. U

The lemma implies that

wred;a — aO’OQred;a,O — 8070 <]_—a,0 4 Z<€M)29Ta gw;(;p ?) — Ta<€’uaoyo)wtop;a’
g>1
and from (4.5) and (4.6) it then follows that

red o
22£000,0,,, red;0n ﬂau('?o’o red;az 2g ,,29—2 red;a
(4.14) E 80()( 2 w e w + E 9™ B gWy, T -
a1+a2 o g>1
Since uStr?O‘|t8Ht8 1o satisfies the noncommutative KdV hierarchy (after the identification 2 =
t,), we also have

(4 15) UStr;a 1 15, ( —22epdo,o, stryon 2L ep1do o, striae + 1 2 str;a
. 0 — & 00|€ 2 rutTT - e 2 Ut —E&usy .
a0~ 2 2 12

al1toas=a

Define an operator G : Clle, i, tf]] — Cl[e, p, z]] by

Galh) =S k| s feClemt]

a>0 t3=0
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Let us apply the operator G,, to both sides of equations (4.14) and (4.15).

Let us recall the string and dilaton equations for Q¢4 and FPRie,

a ~y a red;a,0 a Y a DR;c @
Zﬁg _'EE:tn+1zﬁﬁ' Q =20 __EE:t”+1EﬁZ FHY =g,

ato B

n>0 " 0 n>0

. 0 0 0 _
ZtZW +1 Qred,a,O = a_t(l) — €§ — Zt%m +1 fDR’a =0.

From (3.9) we then obtain that

wred;a U’Str;a res;o n res;o n str;a str;a
G a0 =G, 8—15(1) , Go(Wy™Y) = 2"Go (W) = 2"Go (u?hY) = Go(u)5).

Using also that w;

red;a

preg = US| = 5n1, we get

_ 22 . a1 .
Ga E : 80,0 (6 5 su@o,owred,al .e2 s,uagyowred,cm) —

al1tas=«

_ a2 . a1 .
— Ga § (9070 (6 5 €H80,0u8tr7041 .e2 Euaopustr,ag)

a1 tas=a

So we conclude that

2
_ 9 .
E Y2 B, 20T — — 2 | G (ut) = 0.
12
g>1

By [BS22, Theorem 4.9], we have

8ustr;a

COefE2HO a—tgé

1
= Coefaz/ MDRy(a, —a) = —.
tx=0 ﬂl,z 24

So Go(us™) #£ 0, and therefore the underlined expression above is equal to zero. This proves
equation (4.7), completes the proof of Proposition 4.1, and thus Theorem 2.2 is proved.
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