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Abstract. The Pixton class is a nonhomogeneous cohomology class on the moduli space
of stable curves Mg,n, with nontrivial terms in degree 0, 2, 4, . . . , 2g, whose top degree part
coincides with the double ramification cycle. In this paper, we prove our conjecture from a
previous work, claiming that the generating series of intersection numbers of the Pixton class
with monomials in the psi-classes gives a solution of the noncommutative KdV hierarchy.

1. Introduction

Consider the moduli space of stable maps of connected algebraic curves of genus g to rub-
ber P1, relative to 0,∞ ∈ P1, with assigned ramification profile over these two points. Forgetting
the stable map and stabilizing the source curve provides a natural morphism from this space
to the moduli space of stable curves. The pushforward of the virtual fundamental class from
the space of rubber maps to the space of stable curves is a degree 2g cohomology class called
the double ramification (DR) cycle.

In the early 2000’s Yakov Eliashberg started popularizing the problem of finding an explicit
formula for the DR cycle as a tautological class in the moduli space of curves. A first partial
result was Hain’s formula [Hai13], which holds on the partial compactification of the moduli
space of smooth curves given by curves of compact type. Analyzing the structure of Hain’s for-
mula it is not hard to see that it is reminiscent of Givental’s R-matrix action on cohomological
field theories (see [PPZ15]). Building on this observation and using a clever regularization trick
to cure divergencies emerging when considering curves of non compact type, Aaron Pixton was
able to modify Hain’s formula to find an answer to Eliashberg’s problem for the full moduli
space of stable maps.

More precisely Pixton’s formula gives a nonhomogeneous tautological cohomology class on
the moduli spaceMg,n of stable curves of genus g with n marked points, with terms in all even
degrees. By a result from [CJ18], the terms in the degrees greater than 2g vanish. In [JPPZ17]
it is proved that the degree 2g part of this class coincides with the double ramification cycle.
As Pixton points out in his 2022 ICM sectional lecture, no geometric interpretation is known
for the lower degree terms of the Pixton class yet.

In this paper we show that the full Pixton class, including its terms of degree smaller than 2g,
plays a beautiful role in the relation between intersection theory of the moduli space of curves
and integrable systems.

Namely, given a ramification profile A = (a1, . . . , an) ∈ Zn, satisfying
∑
ai = 0, denote by

P j
g (A) ∈ H2j(Mg,n) the degree 2j term of Pixton’s class. Consider then the generating series
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for its intersection numbers with monomials in the psi-classes

FP(t∗∗, ε, µ) :=
∑
g,n≥0

2g−2+n>0

g∑
j=0

ε2gµ2j

n!

∑
A=(a1,...,an)∈Zn∑

ai=0

∑
d1,...,dn≥0

(∫
Mg,n

2−jP j
g (A)

n∏
i=1

ψdii

)
n∏
i=1

taidi ,

and let

wP;a :=
∂2FP

∂t00∂t
−a
0

∣∣∣∣
t00 7→t00+x

, a ∈ Z, wP :=
∑
a∈Z

wP;aeiay, uP :=
S(εµ∂x)

S(iεµ∂x∂y)
wP,

where S(z) := ez/2−e−z/2

z
. Then our main result states that u = uP satisfies the infinite system

of compatible PDEs

∂u

∂t1
=∂x

(
u ∗ u
2

+
ε2

12
uxx

)
,(1.1)

∂u

∂t2
=∂x

(
u ∗ u ∗ u

6
+
ε2

24
(u ∗ uxx + ux ∗ ux + uxx ∗ u) +

ε4

240
uxxxx

)
,

...

where td = t0d, which is a noncommutative analogue of the celebrated KdV hierarchy with
respect to the noncommutative Moyal product

f ∗ g := f exp

(
iεµ

2
(
←−
∂x
−→
∂y −

←−
∂y
−→
∂x)

)
g

for functions f, g on a 2-dimensional torus with coordinates x, y [BR21a].

Remark 1.1. In the formulation of our main result, instead of the substitution (·)
∣∣
t00 7→t00+x

in the

definition of wP;a, one may alternatively say that we identify x = t00.

Notice that, when µ = 0, the noncommutative KdV hierarchy collapses to the usual KdV
hierarchy and our result recovers the celebrated Witten-Kontsevich theorem [Wit91, Kon92]
for integrals on the moduli space of stable curves of monomials in the psi-classes.

We conjectured this result in [BR22], where we also proved that it would be a consequence of
the DR/DZ equivalence conjecture of [BDGR18]. The latter is still open in its full generality,
which states that two different constructions of integrable systems starting from a given (par-
tial) cohomological field theory, the Dubrovin-Zhang hierarchy [DZ01] and the DR hierarchy
[Bur15, BDGR18], are related by a coordinate change in their phase space. However a partial
result in that direction, obtained in [BS22], together with explicit computations of the flows of
these two hierarchies for the partial cohomological field theory at hand, turn out to be sufficient
to prove the DR/DZ equivalence specifically for the Pixton class, and hence our result. The
precise structure of the proof is explained at the end of Section 2.

Notice lastly that, together with the string and dilaton equation, equation (1.1) uniquely
determines the generating series FP. An example was demonstrated in [BR22], where, assuming
that equation (1.1) is true, the authors proved that

∑
1≤j≤g

(∫
Mg,2

2−jP j
g (a,−a)ψ

3g−1−j
1

)
µ2jz3g−1−j =

1

z

(
S(aµz)

S(µz)
e

z3

24 − 1

)
.(1.2)

Since we prove equation (1.1) in this paper, formula (1.2) is now established.
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Notations and conventions.

• We use the standard convention of sum over repeated Greek indices.

• When it doesn’t lead to a confusion, we use the symbol ∗ to indicate any value, in the
appropriate range, of a sub- or superscript.

• For a nonnegative integer n, let [n] := {1, . . . , n}.
• For a topological space X, we denote by H i(X) the cohomology groups with the coef-
ficients in C. Let Heven(X) :=

⊕
i≥0H

2i(X).

• For a commutative associative ring A, we denote by A((t)) the ring of Laurent series
with the coefficients in A.

• We will work with the moduli spacesMg,n of stable algebraic curves of genus g with n
marked points, which are defined for g, n ≥ 0 satisfying the condition 2g − 2 + n > 0.
We will often omit mentioning this condition explicitly, and silently assume that it is
satisfied when a moduli space is considered.

Acknowledgements. The work of A. B. is an output of a research project implemented as
part of the Basic Research Program at the National Research University Higher School of
Economics (HSE University). P. R. was partially supported by the BIRD-SID-2021 UniPD
grant and is affiliated to GNSAGA–INDAM (Istituto Nazionale di Alta Matematica) and to
INFN (Istituto Nazionale di Fisica Nucleare).

We thank the anonymous referee for a careful reading of the paper and various useful sug-
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2. The Pixton class and the noncommutative KdV hierarchy

2.1. The double ramification cycle and the Pixton class. Denote by ψi ∈ H2(Mg,n)
the first Chern class of the line bundle Li overMg,n formed by the cotangent lines at the i-th
marked point on stable curves. The classes ψi are called the psi-classes. Denote by E the rank g
Hodge vector bundle overMg,n whose fibers are the spaces of holomorphic one-forms on stable
curves. Let λj := cj(E) ∈ H2j(Mg,n).

Consider an n-tuple of integers A = (a1, . . . , an) such that
∑
ai = 0; it will be called a vector

of double ramification data. The positive parts of A define a partition µ = (µ1, . . . , µl(µ)). The
negative parts of A define a second partition ν = (ν1, . . . , νl(ν)). Since the parts of A sum
to 0, the partitions µ and ν must be of the same size. We allow the case |µ| = |ν| = 0. Let
n0 := n− l(µ)− l(ν). The moduli space

Mg,n0(P1, µ, ν)∼

parameterizes stable relative maps of connected algebraic curves of genus g to rubber P1 with
ramification profiles µ, ν over the points 0,∞ ∈ P1, respectively. There is a natural map

st :Mg,n0(P1, µ, ν)∼ →Mg,n

forgetting everything except the marked domain curve. The moduli space Mg,n0(P1, µ, ν)∼

possesses a virtual fundamental class
[
Mg,n0(P1, µ, ν)∼

]vir
, which is a homology class of degree

2(2g − 3 + n). The double ramification cycle

DRg(A) ∈ H2g(Mg,n)

is defined as the Poincaré dual to the push-forward st∗
[
Mg,n0(P1, µ, ν)∼

]vir ∈ H2(2g−3+n)(Mg,n).

Let us now recall Pixton’s very explicit construction of a nonhomogeneous cohomology class
onMg,n, with nontrivial terms in degree 0, 2, 4, . . . , 2g. By a result of [JPPZ17], the degree 2g
part of this class coincides with the double ramification cycle.
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Let us first recall a standard way to construct cohomology classes onMg,n in terms of stable
graphs. A stable graph is the following data:

Γ = (V,H, L, g : V → Z≥0, v : H → V, ι : H → H),

where

(1) V is a set of vertices with a genus function g : V → Z≥0;

(2) H is a set of half-edges equipped with a vertex assignment v : H → V and an involution ι;

(3) the set of edges E is defined as the set of orbits of ι of length 2;

(4) the set of legs L is defined as the set of fixed points of ι and is placed in bijective
correspondence with the set [n], the leg corresponding to the marking i ∈ [n] will be
denoted by li;

(5) the pair (V,E) defines a connected graph;

(6) the stability condition 2g(v)−2+n(v) > 0 is satisfied at each vertex v ∈ V , where n(v)
is the valence of Γ at v including both half-edges and legs.

An automorphism of Γ consists of automorphisms of the sets V and H that leave invariant the
structures L, g, v, and ι. Denote by Aut(Γ) the authomorphism group of Γ. The genus of a
stable graph Γ is defined by g(Γ) :=

∑
v∈V g(v)+h

1(Γ). Denote by Gg,n the set of isomorphism
classes of stable graphs of genus g with n legs.

For each stable graph Γ ∈ Gg,n, there is an associated moduli space

MΓ :=
∏
v∈V

Mg(v),n(v)

and a canonical map
ξΓ :MΓ →Mg,n

that is given by the gluing of the marked points corresponding to the two halves of each
edge in E(Γ). Each half-edge h ∈ H(Γ) determines a cotangent line bundle Lh → MΓ. If
h ∈ L(Γ), then Lh is the pull-back via ξΓ of the corresponding cotangent line bundle overMg,n.
Let ψh := c1(Lh) ∈ H2(MΓ). The Pixton class will be described as a linear combination of
cohomology classes of the form

ξΓ∗

(∏
h∈H

ψ
d(h)
h

)
,

where Γ ∈ Gg,n and d : H(Γ)→ Z≥0.

Let A = (a1, . . . , an) be a vector of double ramification data. Let Γ ∈ Gg,n and r ≥ 1. A
weighting mod r of Γ is a function

w : H(Γ)→ {0, . . . , r − 1}
that satisfies the following three properties:

(1) for any leg li ∈ L(Γ), we have w(li) = ai mod r;

(2) for any edge e = {h, h′} ∈ E(Γ), we have w(h) + w(h′) = 0 mod r;

(3) for any vertex v ∈ V (Γ), we have
∑

h∈H(Γ), v(h)=v w(h) = 0 mod r.

Denote by WΓ,r the set of weightings mod r of Γ. We have |WΓ,r| = rh
1(Γ).

We denote by P d,r
g (A) ∈ H2d(Mg,n) the degree 2d component of the cohomology class

(2.1)∑
Γ∈Gg,n

∑
w∈WΓ,r

1

|Aut(Γ)|
1

rh1(Γ)
ξΓ∗

 n∏
i=1

exp(a2iψli)
∏

e={h,h′}∈E(Γ)

1− exp (−w(h)w(h′)(ψh + ψh′))

ψh + ψh′


in H∗(Mg,n). Note that the factor

1−exp(−w(h)w(h′)(ψh+ψh′ ))
ψh+ψh′

is well defined since the denominator

formally divides the numerator. In [JPPZ17], the authors proved that for fixed g, A, and d the
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class P d,r
g is polynomial in r for all sufficiently large r. Denote by P d

g (A) the constant term of
the associated polynomial in r.

In [JPPZ17], the authors proved that

DRg(A) = 2−gP g
g (A).

In [CJ18], the authors proved that the class P d
g (A) vanishes for d > g.

2.2. The noncommutative KdV hierarchy. The classical construction of the KdV hierar-
chy as the system of Lax equations (see, e.g., [Dic03])

∂L

∂tn
=

ε2n

(2n+ 1)!!

[(
Ln+1/2

)
+
, L
]
, n ≥ 1,

where L := ∂2x+2ε−2u, u is a function of x, t1, t2, . . ., ε is a formal parameter, and (2n+1)!! :=
(2n + 1) · (2n − 1) · · · 3 · 1, admits generalizations, called noncommutative KdV hierarchies,
where u and its x-derivatives ux, uxx, . . . do not necessarily commute. In what follows, we will
work with a specific example from the class of noncommutative KdV hierarchies.

Let uk1,k2 , k1, k2 ∈ Z≥0, ε, and µ be formal variables and consider the algebra Â :=
C[[u∗,∗, ε, µ]], whose elements will be called differential polynomials in two space variables. Con-

sider a grading on Â given by

deg uk1,k2 := (k1, k2), deg ε := (−1, 0), deg µ := (0,−1).

We will denote by Â[(d1,d2)] ⊂ Â the space of differential polynomials of degree (d1, d2). The

space Â is endowed with operators ∂x and ∂y of degrees (1, 0) and (0, 1), respectively, defined by

∂x :=
∑

k1,k2≥0

uk1+1,k2

∂

∂uk1,k2
, ∂y :=

∑
k1,k2≥0

uk1,k2+1
∂

∂uk1,k2
.

We see that uk1,k2 = ∂k1x ∂
k2
y u0,0. We will denote u0,0 simply by u.

The algebra Â is also endowed with the Moyal star-product defined by

f ∗ g := f exp

(
iεµ

2
(
←−
∂x
−→
∂y −

←−
∂y
−→
∂x)

)
g =

∑
k1,k2≥0

(−1)k2(iεµ)k1+k2
2k1+k2k1!k2!

(∂k1x ∂
k2
y f)(∂

k2
x ∂

k1
y g),(2.2)

where f, g ∈ C[[u∗,∗, ε, µ]]. The Moyal star-product is associative and it is graded: if deg f =
(i1, i2) and deg g = (j1, j2), then deg (f ∗ g) = (i1 + j1, i2 + j2). Note also that when µ = 0 the
Moyal star-product becomes the usual multiplication:

(f ∗ g)|µ=0 = f |µ=0 · g|µ=0.(2.3)

Let us now consider the algebra of pseudo-differential operators of the form

A =
∑
i≤n

ai ∗ ∂ix, n ∈ Z, ai ∈ C[[u∗,∗, µ]]((ε)),(2.4)

with the multiplication ◦ given by

(a ∗ ∂ix) ◦ (b ∗ ∂jx) :=
∑
k≥0

(
i

k

)
(a ∗ ∂kxb) ∗ ∂i+j−kx , a, b ∈ C[[u∗,∗, µ]]((ε)), i, j ∈ Z.

The positive part of a pseudo-differential operator (2.4) is defined by A+ :=
∑

0≤i≤n ai ∗∂ix and,
as in the classical theory of pseudo-differential operators, a pseudo-differential operator A of
the form ∂2x +

∑
i<2 ai ∗ ∂ix has a unique square root of the form ∂x +

∑
i<1 bi ∗ ∂ix, which we

denote by A
1
2 .
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Consider the operator L := ∂2x+2ε−2u. The noncommutative KdV hierarchy with respect to
the Moyal star-product (2.2) is defined by (see, e.g., [Ham05, DM00])

∂L

∂tn
=

ε2n

(2n+ 1)!!

[(
Ln+1/2

)
+
, L
]
, n ≥ 1.(2.5)

The noncommutative KdV hierarchy is integrable in the sense that its flows pairwise commute.
Explicitly, the first two equations of the hierarchy are

∂u

∂t1
=∂x

(
u ∗ u
2

+
ε2

12
uxx

)
,

∂u

∂t2
=∂x

(
u ∗ u ∗ u

6
+
ε2

24
(u ∗ uxx + ux ∗ ux + uxx ∗ u) +

ε4

240
uxxxx

)
.

Remark 2.1. We see that the noncommutative KdV hierarchy is a system of evolutionary PDEs
with one dependent variable u and two spatial variables x and y, where the y-derivatives are
present in the Moyal product. Note that after the substitution u =

∑
a∈Z u

aeiay, where ua are
new formal variables, the noncommutative KdV hierarchy becomes a system of evolutionary
PDEs with infinitely many dependent variables ua, a ∈ Z, and one spatial variable x. Let us
present, for example, the resulting equations for the flow ∂

∂t1
:

∂ua

∂t1
= ∂x

 ∑
a1,a2∈Z
a1+a2=a

e−
a2
2
εµ∂xua1 · e

a1
2
εµ∂xua2

+
ε2

12
uaxxx, a ∈ Z.(2.6)

Note that because of (2.3) the noncommutative KdV hierarchy becomes the classical KdV
hierarchy when µ = 0.

2.3. Main result. Consider formal variables tad, where a ∈ Z and d ∈ Z≥0. Let us introduce
the following generating series:

FP(t∗∗, ε, µ) :=
∑
g,n≥0

g∑
j=0

ε2gµ2j

n!2j

∑
A=(a1,...,an)∈Zn∑

ai=0

∑
d1,...,dn≥0

(∫
Mg,n

P j
g (A)

n∏
i=1

ψdii

)
n∏
i=1

taidi ∈ C[[t∗∗, ε, µ]].

Introduce a formal power series

S(z) :=
ez/2 − e−z/2

z
= 1 +

z2

24
+

z4

1920
+O(z6)

and let

wP;a :=
∂2FP

∂t00∂t
−a
0

∣∣∣∣
t00 7→t00+x

∈ C[[x, t∗∗, ε, µ]], a ∈ Z,

wP :=
∑
a∈Z

wP;aeiay ∈ C[[x, t∗∗, ε, µ]][[eiy, e−iy]],

uP :=
S(εµ∂x)

S(iεµ∂x∂y)
wP ∈ C[[x, t∗∗, ε, µ]][[eiy, e−iy]].(2.7)

The following theorem was conjectured in [BR22, Conjecture 2].

Theorem 2.2. The series uP satisfies the noncommutative KdV hierarchy (2.5), where we
identify t0d = td.
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Remark 2.3. Introduce formal power series Ta(z), a ∈ Z, by Ta(z) := S(z)
S(az)

, and consider the

expansion uP =
∑

a∈Z u
P;aeiay. Then formula (2.7) implies that

uP;a = Ta(εµ∂x)w
P;a.

So, equivalently, Theorem 2.2 says that the collection of formal powers series uP;a, a ∈ Z,
satisfies the noncommutative KdV hierarchy viewed as a system of evolutionary PDEs with
one spatial variable, see Remark 2.1.

The proof of this theorem is organised as follows.

To any finite rank partial cohomological field theory (CohFT), one can associate two systems
of evolutionary PDEs with one spatial variable: the Dubrovin–Zhang (DZ) hierarchy [DZ01,
BS22] and the double ramification (DR) hierarchy [Bur15, BDGR18, BS22]. We will recall
the necessary definitions and constructions in Sections 3.1 and 3.2. Conjecturally, the two
hierarchies are Miura equivalent. This is not proved yet, but there is a partial result in this
direction, obtained in [BS22], which we will recall in Section 3.3. After that, in Section 3.4,
we will describe a class of integrable systems, containing the DZ and DR hierarchies, having
the property that any integrable system from this class is uniquely determined by the equation
of one particular flow, which we call the special flow. This is a slight generalization of a
result from [BG16, Section 5.2]. Pixton’s classes form an infinite rank partial CohFT [BR22,
Proposition 4.6]. Extending the constructions and results, developed for the finite rank case,
to the infinite rank case requires some care, as it was already mentioned in [BR21a, Section 3]
and [BR22, Section 4.1]. In Section 3.5, we will discuss how to extend the results that we need
to the infinite rank case.

After the preparatory work in Section 3, the proof of Theorem 2.2 is presented in Section 4.
In [BR21a], the authors proved that a part of the DR hierarchy corresponding to the partial
CohFT formed by Pixton’s classes coincides with the noncommutative KdV hierarchy, viewed
as a system of evolutionary PDEs with one spatial variable, see Remark 2.1. Therefore, for
the proof of Theorem 2.2, it is sufficient to prove that the DR and DZ hierarchies are Miura
equivalent. In Section 4.1, we will show that the Miura equivalence follows from Proposition 4.1,
which says that the DZ hierarchy is polynomial and explicitly describes the flow ∂

∂t01
. The two

parts of the proposition are then proved in Sections 4.2 and 4.3, respectively, using results
from [BPS12], [BSSZ15], and [BS22]. This will complete the proof of Theorem 2.2.

3. Hierarchies associated to a partial cohomological field theory

Definition 3.1 ([LRZ15]). A partial cohomological field theory (CohFT) is a system of linear
maps

cg,n : V
⊗n → Heven(Mg,n), g, n ≥ 0, 2g − 2 + n > 0,

where V is an arbitrary finite dimensional vector space, together with a special element e ∈ V ,
called the unit, and a symmetric nondegenerate bilinear form η ∈ (V ∗)⊗2, called the metric,
such that the following axioms are satisfied:

(i) The maps cg,n are equivariant with respect to the Sn-action permuting the n copies of V
in V ⊗n and the n marked points inMg,n, respectively.

(ii) π∗cg,n(⊗ni=1vi) = cg,n+1(⊗ni=1vi ⊗ e) for v1, . . . , vn ∈ V , where π : Mg,n+1 → Mg,n is
the map that forgets the last marked point. Moreover, c0,3(v1 ⊗ v2 ⊗ e) = η(v1 ⊗ v2)
for v1, v2 ∈ V , where we use the identification H∗(M0,3) = C coming from the fact
thatM0,3 is a point.

(iii) Choosing a basis e1, . . . , edimV of V , we have

gl∗cg1+g2,n1+n2(⊗n1+n2
i=1 eαi

) = ηµνcg1,n1+1(⊗i∈Ieαi
⊗ eµ)⊗ cg2,n2+1(⊗j∈Jeαj

⊗ eν)
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for 1 ≤ α1, . . . , αn1+n2 ≤ dimV , where I ⊔ J = [n1 + n2], |I| = n1, |J | = n2, and
gl :Mg1,n1+1 ×Mg2,n2+1 → Mg1+g2,n1+n2 is the corresponding gluing map, and where
ηαβ := η(eα ⊗ eβ) and ηαβ is defined by ηαµηµβ = δαβ for 1 ≤ α, β ≤ dimV . Clearly the
axiom doesn’t depend on the choice of a basis in V .

The dimension of V is called the rank of the partial CohFT.

For any partial CohFT, the tensor cαβγ := ηαµc0,3(eµ ⊗ eβ ⊗ eγ) defines a commutative asso-
ciative algebra. The partial CohFT is called semisimple if this algebra doesn’t have nilpotents.

Definition 3.2 ([KM94]). A CohFT is a partial CohFT cg,n : V
⊗n → Heven(Mg,n) such that

the following extra axiom is satisfied:

(iv) gl∗cg+1,n(⊗ni=1eαi
) = cg,n+2(⊗ni=1eαi

⊗ eµ ⊗ eν)η
µν for 1 ≤ α1, . . . , αn ≤ dimV , where

gl :Mg,n+2 →Mg+1,n is the gluing map that increases the genus by identifying the last
two marked points.

Remark 3.3. One can introduce a partial CohFT (or a CohFT) with the coefficients in some
C-algebra K as a collection of linear maps

{
cg,n : V

⊗n → Heven(Mg,n)⊗K
}
satisfying the same

axioms as above. We will see that the Pixton class gives such a partial CohFT, with K = C[µ].

3.1. The Dubrovin–Zhang hierarchy. A construction of a dispersive hierarchy, the so-called
Dubrovin–Zhang (DZ) hierarchy, associated to an arbitrary homogeneous semisimple Dubrovin–
Frobenius manifold was developed in a series of papers of Dubrovin and Zhang [Dub96, DZ98,
DZ99, DZ01]. Perhaps the most complete exposition of their theory is contained in [DZ01]. An
equivalent approach, which can also be generalized to the nonhomogeneous case, was presented
in [BPS12], where the authors also proved the polynomiality property of the equations of the DZ
hierarchy. A further generalization of the construction of the DZ hierarchy was given in [BS22],
where the authors also clarified a role of certain relations in the cohomology of Mg,n for the
polynomiality property of the DZ hierarchy. In this section, we present the necessary definitions
and results from the theory of DZ hierarchies, following [BS22].

3.1.1. Construction. Let us fix an integer N ≥ 1 and consider formal variables w1, . . . , wN . Let
us briefly recall main notions and notations in the formal theory of evolutionary PDEs with
one spatial variable:

• To the formal variables wα we attach formal variables wαd with d ≥ 0 and introduce the
algebra of differential polynomials Aw := C[[w∗]][w∗

≥1]. We identify wα0 = wα and also
denote wαx := wα1 , w

α
xx := wα2 , . . . .

• An operator ∂x : Aw → Aw is defined by ∂x :=
∑

d≥0w
α
d+1

∂
∂wα

d
.

• Aw;d ⊂ Aw is the homogeneous component of (differential) degree d, where degwαi := i.

• The extended space of differential polynomials is defined by Âw := Aw[[ε]]. Let Âw;k ⊂
Âw be the homogeneous component of degree k, where deg ε := −1.
• A system of evolutionary PDEs (with one spatial variable) is a system of equations

of the form ∂wα

∂t
= Pα, 1 ≤ α ≤ N , where Pα ∈ Âw. Two systems ∂wα

∂t
= Pα and

∂wα

∂s
= Qα are said to be compatible (or, equivalently, that the flows ∂

∂t
and ∂

∂s
commute)

if
∑

n≥0

(
∂Pα

∂wβ
n
∂nxQ

β − ∂Qα

∂wβ
n
∂nxP

β
)
= 0 for any 1 ≤ α ≤ N .

• A Miura transformation (that is close to identity) is a change of variables wα 7→
w̃α(w∗

∗, ε) of the form w̃α(w∗
∗, ε) = wα + εfα(w∗

∗, ε), where f
α ∈ Âw;1.



PIXTON’S CLASS AND THE NONCOMMUTATIVE KDV HIERARCHY 9

Consider an arbitrary partial CohFT {cg,n : V ⊗n → Heven(Mg,n)} with dimV = N , metric
η : V ⊗2 → C, and unit e ∈ V . We fix a basis e1, . . . , eN ∈ V , consider formal variables tαd with
1 ≤ α ≤ N and d ≥ 0, and define the potential of our partial CohFT by

F :=
∑
g,n≥0

ε2g

n!

∑
1≤α1,...,αn≤N
d1,...,dn≥0

(∫
Mg,n

cg,n(⊗ni=1eαi
)

n∏
i=1

ψdii

)
n∏
i=1

tαi
di
∈ C[[t∗∗, ε]].

The potential satisfies the string and the dilaton equations:

∂F
∂t110

=
∑
n≥0

tαn+1

∂F
∂tαn

+
1

2
ηαβt

α
0 t
β
0 + ε2

∫
M1,1

c1,1(e),(3.1)

∂F
∂t111

=
∑
n≥0

tαn
∂F
∂tαn

+ ε
∂F
∂ε
− 2F + ε2

∫
M1,1

ψ1c1,1(e),(3.2)

where ∂
∂t110

:= Aµ ∂
∂tµ0

, and the coefficients Aµ are given by e = Aµeµ. Let us also define formal

power series wtop;α := ηαµ ∂2F
∂tµ0∂t

11
0
, wtop;α

n := ∂nwtop;α

(∂t110 )
n , where 1 ≤ α ≤ N and n ≥ 0 (so we have

wtop;α
0 = wtop;α).

For d ≥ 0, denote by C[[t∗∗]](d) the subset of C[[t∗∗]] formed by infinite linear combinations
of monomials

∏
tαi
di

with
∑
di ≥ d. Clearly, C[[t∗∗]](d) ⊂ C[[t∗∗]] is an ideal. From the string

equation (3.1) it follows that

wtop;α
n = tαn + δn,1A

α +Rα
n(t

∗
∗) +O(ε2) for some Rα

n ∈ C[[t∗∗]](n+1).(3.3)

This implies that any formal power series in the variables tαa and ε can be expressed as a formal

power series in
(
wtop;β
b − δb,1Aβ

)
and ε in a unique way.

So we denote by Awk
w the ring of formal power series in the shifted variables (wαn − Aαδn,1),

and let Âwk
w := Awk

w [[ε]]. We have the obvious inclusion Âw ⊂ Âwk
w . We see that for any

(α, a), (β, b) ∈ [N ]× Z≥0 there exists a unique element Ωα,a
β,b ∈ Âwk

w such that

ηαµ
∂2F
∂tµa∂t

β
b

= Ωα,a
β,b

∣∣
wγ

c=w
top;γ
c

.(3.4)

Clearly we have ∂wtop;α

∂tβb
= ∂xΩ

α,0
β,b

∣∣
wγ

c=w
top;γ
c

. Note also that Ωα,0
11,0 = wα. Therefore, the N -tuple

of formal powers series wtop;α|tγ0 7→tγ0+A
γx satisfies the system of generalized PDEs

∂wα

∂tβb
= ∂xΩ

α,0
β,b , 1 ≤ α, β ≤ N, b ≥ 0,(3.5)

which we call the Dubrovin–Zhang (DZ) hierarchy associated to our partial CohFT. We say
“generalized PDEs”, because the right-hand sides are not differential polynomials, but elements

of the larger algebra Âwk
w . The N -tuple

(
wtop;1|tγ0 7→tγ0+A

γx , . . . , w
top;N

∣∣
tγ0 7→tγ0+A

γx

)
will be called

the topological solution of the DZ hierarchy.

Conjecture 3.4. For any partial CohFT we have Ωα,a
β,b ∈ Âw, for all α, β ∈ [N ] and a, b ∈ Z≥0.

If, for a given partial CohFT, the conjecture is true, then the flows of the DZ hierarchy
pairwise commute. Also, from the dilaton equation (3.2) it follows that(

∂

∂t111
−
∑
n≥0

tαn
∂

∂tαn
− ε ∂

∂ε

)
∂2F
∂tαa∂t

β
b

= 0,

(
∂

∂t111
−
∑
n≥0

tαn
∂

∂tαn
− ε ∂

∂ε

)
wtop;α
n = nwtop;α

n .

This implies that
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• the operator ∂
∂t111
−
∑

n≥0 t
α
n

∂
∂tαn
−ε ∂

∂ε
on C[[t∗∗, ε]] corresponds to the operator

∑
n≥0w

α
n

∂
∂wα

n
−

ε ∂
∂ε

on Âwk
w , under the isomorphism C[[t∗∗, ε]] ∼= Âwk

w ;

•
(∑

n≥0w
α
n

∂
∂wα

n
− ε ∂

∂ε

)
Ωα,a
β,b = 0.

So if the conjecture is true for some partial CohFT, then automatically Ωα,a
β,b ∈ Âw,0. The

conjecture is proved when a partial CohFT is a semisimple CohFT [BPS12, Theorem 22].

3.1.2. Polynomiality property and relations in the cohomology ofMg,n. Denote

Fα,a := ηαµ
∂F
∂tµa
∈ C[[t∗∗, ε]], α ∈ [N ], a ∈ Z≥0.

By [BS22, Theorem 4.6], there exists a unique differential polynomial Ω̃α,a
β,b ∈ Âw;0 such that

the difference

Ωred;α,a
β,b :=

∂Fα,a

∂tβb
− Ω̃α,a

β,b

∣∣∣
wγ

c=w
top;γ
c

∈ C[[t∗∗, ε]]

satisfies the condition

Coefε2g
∂nΩred;α,a

β,b

∂tα1
d1
· · · ∂tαn

dn

∣∣∣∣∣
t∗∗=0

= 0
for any g, n ≥ 0 and α1, . . . , αn ∈ [N ], d1, . . . , dn ∈ Z≥0

satisfying
∑
di ≤ 2g.

We have the following equivalences:

Ωα,a
β,b ∈ Âw ⇔ Ωα,a

β,b = Ω̃α,a
β,b ⇔ Ωred;α,a

β,b = 0.(3.6)

In [BS22, Section 2.3], the authors defined cohomology classes

B2
g,(d1,...,dn)

∈ H2
∑
di(Mg,n+2), g ≥ 0, n ≥ 1, d1, . . . , dn ∈ Z≥0,

and proved that

Coefε2g
∂nΩred;α,a

β,b

∂tα1
d1
· · · ∂tαn

dn

∣∣∣∣∣
t∗∗=0

=

∫
Mg,n+2

B2
g,(d1,...,dn)

cg,n+2 (⊗ni=1eαi
⊗ ηαµeµ ⊗ eβ)ψan+1ψ

b
n+2,(3.7)

for any g ≥ 0, n ≥ 1, d1, . . . , dn ≥ 0, and 1 ≤ α1, . . . , αn ≤ N satisfying
∑
di ≥ 2g + 1.

In [BS22, Conjecture 1], the authors conjectured that B2
g,(d1,...,dn)

= 0 for arbitrary g ≥ 0,

n ≥ 1, and d1, . . . , dn ≥ 0 such that
∑
di ≥ 2g + 1. If this conjecture is true, then Ωα,a

β,b are
differential polynomials for an arbitrary partial CohFT.

3.2. The double ramification hierarchy. Let us recall important properties of the double
ramification cycle. The restriction DRg(a1, . . . , an)|Mct

g,n
∈ H2g(Mct

g,n) depends polynomially

on the ai-s, where byMct
g,n ⊂Mg,n we denote the moduli space of curves of compact type (see,

e.g., [JPPZ17]). This implies that the class λgDRg(a1, . . . , an) ∈ H4g(Mg,n) depends polyno-
mially on the ai-s. Moreover, the resulting polynomial (with the coefficients in H4g(Mg,n)) is
homogeneous of degree 2g. The polynomiality of the class DRg(a1, . . . , an) ∈ H2g(Mg,n) was
proved recently in [Spe24], but we don’t need this result.

Consider again an arbitrary partial CohFT of rank N . Let u1, . . . , uN be formal variables

and consider the associated ring of differential polynomials Âu. Define differential polynomials
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Qα
β,d ∈ Âu;0, α, β ∈ [N ], d ∈ Z≥0, by

Qα
β,d :=η

αµ
∑
g,n≥0

k1,...,kn≥0∑n
j=1 kj=2g

ε2g

n!

n∏
j=1

u
αj

kj
×

(3.8)

× Coef(a1)k1 ···(an)kn

(∫
Mg,n+2

DRg

(
−

n∑
j=1

aj, 0, a1, . . . , an

)
λgψ

d
2cg,n+2(eµ ⊗ eβ ⊗⊗nj=1eαj

)

)
.

The double ramification (DR) hierarchy [Bur15, BDGR18] is the following system of evolution-
ary PDEs with one spatial variable:

∂uα

∂tβd
= ∂xQ

α
β,d, 1 ≤ α, β ∈ [N ], d ∈ Z≥0.

In [BDGR18, Proposition 9.1], the authors proved that all the flows of the DR hierarchy are
compatible with each other.

Consider the solution
(
u1(x, t∗∗, ε), . . . , u

N(x, t∗∗, ε)
)
of the DR hierarchy specified by the initial

condition uα(x, t∗∗, ε)|t∗∗=0 = Aαx. Since Qα
11,0 = uα, this solution has the form uα(x, t∗∗, ε) =

ustr;α|tγ0 7→tγ0+A
γx for some formal power series ustr;α ∈ C[[t∗∗, ε]]. We denote ustr;αn := ∂nustr;α

(∂t110 )
n .

3.3. A relation between the two hierarchies. Consider an arbitrary partial CohFT. By

[BS22, Theorem 4.6], there exists a unique differential polynomial Ω̃α,a ∈ Âw;−1 such that the
difference

Ωred;α,a := Fα,a − Ω̃α,a
∣∣∣
wγ

c=w
top;γ
c

∈ C[[t∗∗, ε]]

satisfies the condition

Coefε2g
∂nΩred;α,a

∂tα1
d1
· · · ∂tαn

dn

∣∣∣∣
t∗∗=0

= 0
for any g, n ≥ 0 and α1, . . . , αn ∈ [N ], d1, . . . , dn ∈ Z≥0

satisfying
∑
di ≤ 2g − 1.

Consider the DR hierarchy associated to our partial CohFT. Let us introduce N formal power
series FDR;α ∈ C[[t∗∗, ε]], 1 ≤ α ≤ N , by the relation

∂FDR;α

∂tβb
:= Qα

β,b

∣∣
uγn=u

str;γ
n

,

with the constant terms defined to be equal to zero, FDR;α
∣∣
t∗∗=0

:= 0. Clearly, ∂F
DR;α

∂t110
= ustr;α.

By [BS22, Theorems 2.2, 4.6, 4.9], we have

∂Ωred;α,0

∂tβb

∣∣∣∣∣
t∗∗=0

=
∂FDR;α

∂tβb

∣∣∣∣∣
t∗∗=0

, α, β ∈ [N ], b ∈ Z≥0.(3.9)

Conjecturally [BS22, Section 4.4.3], we have a much stronger statement: Ωred;α,0 = FDR;α.
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3.4. Reconstruction of a hierarchy from the equation of one flow. Consider an integer

N ≥ 1 and the algebra of differential polynomials Âw associated to formal variables w1, . . . , wN .

Proposition 3.5. Consider a compatible system of PDEs

∂wα

∂tβb
= ∂xP

α
β,b, α, β ∈ [N ], b ∈ Z≥0, Pα

β,b ∈ Âw;0,(3.10)

and a nonzero N-tuple (A1, . . . , AN) ∈ CN satisfying

Pα
β,b

∣∣
w∗

∗=ε=0
= 0, Pα

11,0 = wα,
∂Pα

β,b

∂w11
=

{
Pα
β,b−1, if b ≥ 1,

δαβ , if b = 0,

where Pα
11,0 := AγPα

γ,0 and
∂

∂w11 := Aγ ∂
∂wγ . Then all the differential polynomials Pα

β,b are uniquely

determined by the N-tuple of differential polynomials (P 1
11,1, . . . , P

N
11,1).

The flow ∂
∂t111

will be called the special flow of the system (3.10).

Proof. The proof strongly uses the ideas from [BG16, Section 5.1 and 5.2]. Consider the solution
(wsp;1, . . . , wsp;N) of the system (3.10) given by the initial condition wsp;α|t∗∗=0 = Aαx.

Lemma 3.6. We have
∂wsp;α

∂t110
−
∑
n≥0

tγn+1

∂wsp;α

∂tγn
= Aα,(3.11)

∂wsp;α

∂t111
− ε∂w

sp;α

∂ε
− x∂w

sp;α

∂x
−
∑
n≥0

tγn
∂wsp;α

∂tγn
= 0,(3.12)

wsp;α
n |x=0 = tαn + δn,1A

α +Qα
n +O(ε) for some Qα

n ∈ C[[t∗∗]](n+1),(3.13)

∂wsp;α

∂tβb

∣∣∣∣∣
x=t∗∗=ε=0

= δαβ δb,0.(3.14)

Proof. Consider formal variables vα, α ∈ [N ], together with the associated variables vαd with
d ≥ 0, and let us relate them to the variables wβq by wαd = vαd+1. From the compatibility of the
system (3.10) it follows that the system

∂vα

∂tβb
= Pα

β,b, α, β ∈ [N ], b ∈ Z≥0,

is also compatible. We consider its solution (vsp;1, . . . , vsp;N) given by the initial condition vsp;α|t∗∗=0 =

Aα x
2

2
. Clearly ∂xv

sp;α = ∂vsp;α

∂t110
= wsp;α.

We claim that
∂vsp;α

∂t110
−
∑
n≥0

tγn+1

∂vsp;α

∂tγn
= tα0 + Aαx,(3.15)

this is proved similarly to Lemma 4.7 from [Bur15]. Applying ∂x to this equation, we obtain
equation (3.11). Note that equation (3.15) implies that wsp;α|t∗≥1=0 = tα0 + Aαx, and therefore

equation (3.13) is true for n = 0. Equation (3.11) implies that

wsp;α
n |x=0 = δn,1A

α +

(∑
k≥0

tγk+1

∂

∂tγk

)n

(wsp;α|x=0),

and therefore equation (3.13) is true for all n ≥ 0.

Equation (3.12) is proved similarly to Proposition 5.1 from [BG16].
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To prove (3.14), we use (3.13) and obtain

∂wsp;α

∂tβb

∣∣∣∣∣
x=t∗∗=ε=0

=
(
∂xP

α
β,b

∣∣
wγ

r=w
sp;γ
r

)∣∣∣
x=t∗∗=ε=0

=
∂Pα

β,b

∂wγ

∣∣∣∣
w∗

∗=ε=0

Aγ =
∂Pα

β,b

∂w11

∣∣∣∣
w∗

∗=ε=0

= δαβ δb,0.

□

The property (3.13) implies that all the differential polynomials Pα
β,b are uniquely determined

by the solution (wsp;1, . . . , wsp;N) of the system (3.10) (see the discussion in Section 3.1). So it
remains to prove that this solution is uniquely determined by the differential polynomials Pα

11,1,

1 ≤ α ≤ N . Since ∂wsp;α

∂x
= ∂wsp;α

∂t110
, it is sufficient to determine the formal power series wsp;α|x=0.

Denote by cα;α1,...,αn

k;d1,...,dn
the coefficient of εktα1

d1
· · · tαn

dn
in wsp;α|x=0. We will call these coefficients

c-coefficients. We will say that the multi-index of the coefficient cα;α1,...,αn

k;d1,...,dn
, compared with the

multi-index of another coefficient cβ;β1,...,βml;q1,...,qm
,

• has smaller order if k < l;

• has smaller length if n < m;

• has smaller weight if
∑
di <

∑
qj;

• is smaller if k < l or (k = l and n < m) or (k = l, n = m, and
∑
di <

∑
qj).

Equation (3.12) together with the equations for the flow ∂
∂t111

imply that(
ε
∂

∂ε
+
∑
r≥0

tγr
∂

∂tγr

)
(wsp;α|x=0) =

(
∂xP

α
11,1

∣∣
wγ

r=w
sp;γ
r

)∣∣∣
x=0

.(3.16)

Let us show that this equation allows us to compute all the c-coefficients recursively. Indeed,
the coefficient of εktα1

d1
· · · tαn

dn
on the left-hand side of (3.16) is equal to (k + n)cα;α1,...,αn

k;d1,...,dn
. Let

us look now at the coefficient of εktα1
d1
· · · tαn

dn
on the right-hand side of (3.16). Note that the

coefficient of εktα1
d1
· · · tαn

dn
in

(1) wsp;α
l |x=0, l > 0, is a linear combination of the c-coefficients with multi-index of order k

and length n, but with weight less than
∑
di (this follows from equation (3.11));

(2)
(
εlwsp;β1

q1
· · ·wsp;βm

qm

)∣∣
x=0

, l > 0, is a polynomial in the c-coefficients with multi-index of
order less than k;

(3)
(
wsp;β1 · · ·wsp;βmwsp;β

x

)∣∣
x=0

, m ≥ 2, is a polynomial in the c-coefficients with multi-index
of order less than k, or of order k but length less than n;

(4)
(
wsp;β1wsp;β

x

)∣∣
x=0

, is equal to Aβcβ1;α1,...,αn

k;d1,...,dn
plus a polynomial in the c-coefficients with

multi-index of order less than k, or of order k but length less than n.

Since
∂Pα

11,1

∂wγ A
γ =

∂Pα
11,1

∂w11 = Pα
11,0 = wα, we conclude that the coefficient of εktα1

d1
· · · tαn

dn
on the right-

hand side of (3.16) is equal to cα;α1,...,αn

k;d1,...,dn
plus a polynomial in the c-coefficients with smaller

multi-index. Therefore, equation (3.16) allows us to compute the coefficient cα;α1,...,αn

k;d1,...,dn
in terms

of the c-coefficients with smaller multi-index unless k + n = 1. It remains to note that we
already know these exceptional coefficients: cα1 = 0 and cα;α1

0;d1
= δα,α1δd1,0. □

Note that the DR hierarchy corresponding to an arbitrary partial CohFT satisfies the as-
sumptions of the proposition. The same is true for the DZ hierarchy, if Ωα,0

β,b are differential
polynomials.



14 ALEXANDR BURYAK AND PAOLO ROSSI

3.5. Comments about the infinite rank case. As it was already explained in [BR21a,
BR22], a notion of infinite rank partial CohFT (i.e. a partial CohFT with an infinite dimen-
sional phase space V ) requires some care, because one needs to clarify what is meant by the
matrix (ηαβ) and to make sense of the, a priori infinite, sum over µ and ν, both appearing in
Axiom (iii). One way to give a rigorous definition is the following. Consider a vector space V
with basis labeled by integers, V = span({eα}α∈Z), and suppose that for any (g, n) in the
stable range and each α1, . . . , αn−1 ∈ Z the set {β ∈ Z | cg,n(⊗n−1

i=1 eαi
⊗ eβ) ̸= 0} is finite. In

particular, this implies that the matrix (ηαβ) is row- and column-finite (each row and each
column have a finite number of nonzero entries), which is equivalent to η♯(V ) ⊆ span({eα}α∈Z),
where η♯ : V → V ∗ is the injective map induced by the bilinear form η and {eα}α∈Z is the dual
“basis”. Let us further demand that the injective map η♯ : V → span({eα}α∈Z) be surjective
too, i.e. that a unique two-sided row- and column-finite matrix (ηαβ), inverse to (ηαβ), exists
(it represents the inverse map (η♯)−1 : span({eα}α∈Z) → V ). Then the equation appearing in
Axiom (iii) is well defined with the double sum only having a finite number of nonzero terms.
Such a partial CohFT will be called a tame partial CohFT of infinite rank.

Note that if a tame partial CohFT of infinite rank satisfies the condition

for any (g, n) in the stable range and α1, . . . , αn ∈ Z,
the class cg,n(⊗ni=1eαi

) is zero unless
∑
αi = 0,

(3.17)

then e = λe0 for some λ ∈ C∗, the matrices (ηαβ) and (ηαβ) are antidiagonal, and the double
sum on the right-hand side of the equation in Axiom (iii) has at most one nonzero term.

Let us now make comments regarding the theory of evolutionary PDEs with infinitely many
dependent variables. By a differential polynomial in infinitely many variables wα, α ∈ Z,
we mean an element f ∈ C[[w∗

∗]] consisting of an infinite linear combination of monomials
wα1
d1
· · ·wαn

dn
such that

∑
di ≤ m for some m ∈ Z≥0. The algebra of such differential polynomials

will be denoted by Aw. Let Âw := Aw[[ε]]. As in the case of finitely many dependent variables,

we can consider systems of evolutionary PDEs ∂wα

∂t
= Pα, α ∈ Z, Pα ∈ Âw. However, in general,

defining the compatibility of this system with another system ∂wα

∂s
= Qα can be problematic.

Indeed, consider the example Pα =
∑

γ∈Zw
γ and Qβ = w0. Then we see that the sum∑

β∈Z
n∈Z≥0

(
∂Pα

∂wβ
n
∂nxQ

β − ∂Qα

∂wβ
n
∂nxP

β
)
is not well defined.

In order to overcome this problem, let us consider systems of PDEs of special form. Let

us introduce an additional grading d̃eg on Âw by d̃egwαd := α and d̃eg ε := 0. We will say

that a system of evolutionary PDEs ∂wα

∂t
= Pα is homogeneous if d̃egPα = α. It is easy to

check that the notion of compatible homogeneous system of PDEs is well defined. Note that
the noncommutative KdV hierarchy, viewed as a system of evolutionary PDEs with one spatial
variable and infinitely many dependent variables, is homogeneous.

Consider now a tame partial CohFT of infinite rank satisfying (3.17). Then it is easy to
check that the DZ and DR hierarchies are well defined for such a partial CohFT. Moreover,
the DR hierarchy is homogeneous, the DZ hierarchy is also homogeneous if Ωα,0

β,b are differential
polynomials, and all the results from Sections 3.1–3.3 remain true. Regarding Proposition 3.5,
it remains true, with the same proof, if we require that the system under consideration is
homogeneous and Aα = δα,0.

4. Proof of Theorem 2.2

Let V be a vector space with basis ea indexed by integers a ∈ Z. Consider a family of linear
maps

cPg,n : V
⊗n → Heven(Mg,n)⊗ C[µ]
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given by

cPg,n (⊗ni=1eai) :=

g∑
d=0

2−dµ2dP d
g (a1, . . . , an), a1, . . . , an ∈ Z.

By [BR22, Proposition 4.6], the maps cPg,n form a tame partial CohFT of infinite rank with the
phase space V , the unit e0, and the metric given in the basis {ea}a∈Z by ηab = δa+b,0. This
partial CohFT satisfies the condition (3.17), and therefore, as it was explained in Section 3.5,
we can use all the results from Sections 3.1–3.4.

4.1. Using the computation of the DR hierarchy. For the partial CohFT {cPg,n}, we

consider the associated DR and DZ hierarchies given by the differential polynomials Qα
β,d ∈ Âu

(see equation (3.8)) and the elements Ωα,0
β,d ∈ Âwk

w (see equation (3.4)), respectively. Recall that

Ta(z) =
S(z)
S(az)

.

Proposition 4.1. We have

1. Ωα,a
β,b ∈ Âw;0,

2. Ωα,0
0,1 = 1

2

∑
α1+α2=α

1
Tα(εµ∂x)

([
e−

α2
2
εµ∂xTα1(εµ∂x)w

α1

]
·
[
e

α1
2
εµ∂xTα2(εµ∂x)w

α2

])
+ ε2

12
wαxx.

Before proving the proposition, let us show how to prove Theorem 2.2 using it. Indeed,
the collection of formal power series (wP;α)α∈Z is the topological solution of the DZ hierarchy.
Consider the Miura transformation

wα 7→ uα(w∗
∗, µ, ε) := Tα(εµ∂x)w

α.

After this transformation, the DZ hierarchy has the form

∂uα

∂tβb
= ∂xQ̃

α
β,b, Q̃α

β,b ∈ Âu;0.

We see that it is sufficient to check that the system of flows ∂
∂t0d

, d ≥ 1, of the transformed DZ

hierarchy coincides with the noncommutative KdV hierarchy, viewed as a system of evolution-
ary PDEs with one spatial variable, see Remark 2.1. By [BR21a, Theorem 4.1], the system of
flows ∂

∂t0d
, d ≥ 1, of the DR hierarchy coincides with the noncommutative KdV hierarchy. There-

fore, it is sufficient to check that Qα
β,b = Q̃α

β,b. By Part 2 of Proposition 4.1 and formula (2.6),

we have Qα
0,1 = Q̃α

0,1. Then Proposition 3.5 implies that Qα
β,b = Q̃α

β,b, which completes the proof
of the Theorem 2.2.

The two parts of Proposition 4.1 will be proved in the next two sections, respectively.

4.2. Proof of Proposition 4.1: Part 1. By (3.6), Part 1 of the proposition is equivalent to

the vanishing Ωred;α,a
β,b = 0. By (3.7), this is equivalent to the vanishing∫

Mg,n+2

B2
g,(d1,...,dn)

cPg,n+2 (⊗ni=1eαi
⊗ e−α ⊗ eβ)ψan+1ψ

b
n+2 = 0,(4.1)

for any g ≥ 0, n ≥ 1, d1, . . . , dn ∈ Z≥0, and α1, . . . , αn ∈ Z satisfying
∑
di ≥ 2g + 1 and

α = β +
∑
αi.

In [BR22, proof of Proposition 4.6], for arbitrary r ≥ 1, the authors constructed a cer-
tain semisimple CohFT {Ωr

g,n} of rank r, with phase space Vr = span({e0, . . . , er−1}), metric

ηr(ea, eb) = 1
r
δa+b=0 mod r, and unit e0. Since the CohFT {Ωr

g,n} is semisimple, by [BPS12,
Theorem 22] and (3.6), we have∫

Mg,n+2

B2
g,(d1,...,dn)

(
r1−2gΩr

g,n+2

(
⊗ni=1eα̃i

⊗ e−̃α ⊗ eβ̃
))

ψan+1ψ
b
n+2 = 0,(4.2)



16 ALEXANDR BURYAK AND PAOLO ROSSI

where for an integer γ we denote by γ̃ ∈ {0, . . . , r−1} the unique number such that γ = γ̃ mod r.
By [BR22, proof of Proposition 4.6], for fixed g, n, α, β, α1, . . . , αn, the class

r1−2gΩr
g,n+2

(
⊗ni=1eα̃i

⊗ e−̃α ⊗ eβ̃
)

is a polynomial in r for r sufficiently large, and moreover the constant term of this polyno-
mial is equal to the class cPg,n+2 (⊗ni=1eαi

⊗ e−α ⊗ eβ). Thus, the vanishing (4.2) implies the
vanishing (4.1). This completes the proof of Part 1 of the proposition.

4.3. Proof of Proposition 4.1: Part 2. Since degP j
g (a1, . . . , an) = 2j, dimension counting

gives (
3

2
ε
∂

∂ε
− 1

2
µ
∂

∂µ
+
∑
d≥0

(1− d)tγd
∂

∂tγd

)
︸ ︷︷ ︸

=:L

FP = 3FP,

which implies that

L

(
∂2FP

∂tαp∂t
β
q

)
= (1 + p+ q)

∂2FP

∂tαp∂t
β
q

,

(
L+ x

∂

∂x

)(
wP;α
n

)
= (1− n)wP;α

n .

Therefore, (
3

2
ε
∂

∂ε
− 1

2
µ
∂

∂µ
+
∑
n≥0

(1− n)wγn
∂

∂wγn

)
Ωα,p
β,q = (1 + p+ q)Ωα,p

β,q .(4.3)

Since Ωα,a
β,b ∈ Âw;0, we have

(
ε ∂
∂ε
−
∑

n≥0 nw
γ
n

∂
∂wγ

n

)
Ωα,p
β,q = 0, and combining this with (4.3) we

obtain (
1

2
ε
∂

∂ε
− 1

2
µ
∂

∂µ
+
∑
n≥0

wγn
∂

∂wγn

)
Ωα,p
β,q = (1 + p+ q)Ωα,p

β,q .(4.4)

Note that FP ∈ C[[t∗∗, ε2, (εµ)2]], which implies that the coefficient of εiµj in Ωα,p
β,q is zero

unless i, j are even and i ≥ j. Therefore, Ωα,0
0,1 has the form

Ωα,0
0,1 =

∑
g≥0

(εµ)2g

2

∑
β+γ=α
k1+k2=2g

Aβ,k1;γ,k2w
β
k1
wγk2 +

∑
g≥1

ε2gµ2g−2Bα,gw
α
2g, Aβ,k1;γ,k2 , Bα,g ∈ C,(4.5)

where Aβ,k1;γ,k2 = Aγ,k2;β,k1 .

It remains to prove that

Aα1,k1;α2,k2 = Coef
z
k1
1 z

k2
2

[
Tα1(z1)Tα2(z2)

Tα1+α2(z1 + z2)

ζ(α1z2 − α2z1)

2

]
,(4.6)

Bα,g =
δg,1
12

.(4.7)

where ζ := ez/2 + e−z/2.

Let us prove equation (4.6) or equivalently that

Aα1,α2(z1, z2) :=
∑

k1,k2≥0

Aα1,k1;α2,k2z
k1
1 z

k2
2 =

Tα1(z1)Tα2(z2)

Tα1+α2(z1 + z2)

ζ(α1z2 − α2z1)

2
,(4.8)
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where we define Aα1,k1;α2,k2 := 0 when k1 + k2 is not even. Introduce the following notations:

Cα,g :=

∫
Mg,3

DRg(α,−α, 0)ψ2g
1 ,

Dn
α1,d1;α2,d2

:=


∫
Mg,n+3

DRg(α1, α2,−α1 − α2, 0, . . . , 0︸ ︷︷ ︸
n times

)ψd11 ψ
d2
2 , if g := d1+d2−n

2
∈ Z≥0,

0, otherwise.

By [BSSZ15, Theorems 1 and 2] (see also [Bur17, Lemma 2.1]), we have∑
g≥0

Cg,αz
2g =

1

Tα(z)
,

∑
d1,d2≥0

Dn
α1,d1;α2,d2

zd11 z
d2
2 = (z1 + z2)

nS(α1z2 − α2z1)

Tα1+α2(z1 + z2)
.

Let us fix α1, α2 ∈ Z and α = α1+α2. On both sides of (4.5), let us now substitute wγn = wP;γ
n ,

µ = ε−1, apply the operator
∑

d1,d2≥0 z
d1
1 z

d2
2

∂2

∂t
α1
d1
∂t

α2
d2

, and finally set ε = t∗∗ = x = 0. On the

left-hand side, we obtain∑
g≥0

∑
d1,d2≥0
d1+d2=2g

(∫
Mg,4

DRg(α1, α2, 0,−α)ψd11 ψd22 ψ3

)
zd11 z

d2
2 =

=
∑

d1,d2≥0

(d1 + d2 + 1)D0
α1,d1;α2,d2

zd11 z
d2
2 =

=

(
1 + z1

∂

∂z1
+ z2

∂

∂z2

)
S(α1z2 − α2z1)

Tα1+α2(z1 + z2)
.

Consider now the right-hand side of (4.5). Let us first substitute wγn = wP;γ
n , µ = ε−1, and

set ε = 0. We obtain

1

2

∑
β+γ=α
k1,k2≥0

Aβ,k1;γ,k2w̃
P;β
k1
w̃P;γ
k2
, where w̃P;β

d :=

(
wP;β
d

∣∣∣
µ=ε−1

)∣∣∣∣
ε=0

.(4.9)

Let us now apply the operator
∑

d1,d2≥0 z
d1
1 z

d2
2

∂2

∂t
α1
d1
∂t

α2
d2

to (4.9) and set x = t∗∗ = 0, we obtain

(4.10)
∑

d1,d2≥2

zd11 z
d2
2

∑
β+γ=α
k1,k2≥0

Aβ,k1;γ,k2

(
∂w̃P;β

k1

∂tα1
d1

∂w̃P;γ
k2

∂tα2
d2

)∣∣∣∣∣
x=t∗∗=0

+

+
∑

d1,d2≥0

zd11 z
d2
2

∑
h≥1

A0,1;α,2h−1

(
∂2w̃P;α

2h−1

∂tα1
d1
∂tα2
d2

)∣∣∣∣∣
x=t∗∗=0

,

where we used that wP;β
n

∣∣
x=t∗∗=0

= δβ,0δn,1. Note that

∂w̃P;β
k

∂tαd

∣∣∣∣∣
x=t∗∗=0

=

{
δα,βCα, d−k

2
, if d−k

2
∈ Z≥0,

0, otherwise,

∂2w̃P;α
2h−1

∂tα1
d1
∂tα2
d2

∣∣∣∣∣
x=t∗∗=0

= D2h
α1,d1;α2,d2

.

Therefore, the formal power series (4.10) is equal to

Aα1,α2(z1, z2)

Tα1(z1)Tα2(z2)
+
S(α1z2 − α2z1)

Tα(z1 + z2)

∑
h≥1

A0,1;α,2h−1(z1 + z2)
2h,
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and we obtain the equation

(4.11)

(
1 + z1

∂

∂z1
+ z2

∂

∂z2

)
S(α1z2 − α2z1)

Tα(z1 + z2)
=

=
Aα1,α2(z1, z2)

Tα1(z1)Tα2(z2)
+
S(α1z2 − α2z1)

Tα(z1 + z2)

∑
h≥1

A0,1;α,2h−1(z1 + z2)
2h.

We claim that the system of equations (4.11) for all α1, α2 ∈ Z determines all the num-
bers Aα1,d1;α2,d2 . Indeed, let us choose α1 = 0. Then the coefficient of zd11 z

d2
2 on the right-hand

side of (4.11) is equal to A0,d1;α,d2 +
(
d1+d2
d1

)
A0,1;α,d1+d2−1 plus a linear combination of the num-

bers A0,k1;α,k2 with k1+k2 < d1+d2 =: d. Suppose that all the numbers A0,k1;α,k2 with k1+k2 < d

are already determined. Note that for d1 = 1 we have A0,d1;α,d2 +
(
d1+d2
d1

)
A0,1;α,d1+d2−1 =

(d2 + 2)A0,1;α,d2 . So it is clear that considering the coefficient of z1z
d−1
2 determines the num-

ber A0,1;α,d−1. Then considering the coefficient of zd11 z
d2
2 for arbitrary d1, d2 satisfying d1+d2 = d

determines the number A0,d1;α,d2 . Therefore, the system of equations (4.11) with α1 = 0 and
arbitrary α2 determines all the numbers A0,d1;α,d2 , or equivalently this system determines the
second summand on the right-hand side of (4.11). It becomes obvious now that the full sys-
tem of equations (4.11) with α1, α2 ∈ Z determines the first summand on the right-hand side
of (4.11) and hence the formal power series Aα1,α2(z1, z2) is determined.

So in order to prove (4.8), it is sufficient to check that the formal power series

Ãα1,α2(z1, z2) :=
Tα1(z1)Tα2(z2)

Tα(z1 + z2)

ζ(α1z2 − α2z1)

2

satisfies equation (4.11). Therefore, we have to check that

(4.12)

(
1 + z1

∂

∂z1
+ z2

∂

∂z2

)
S(α1z2 − α2z1)

Tα(z1 + z2)
=

=
ζ(α1z2 − α2z1)

2Tα(z1 + z2)
+
S(α1z2 − α2z1)

Tα(z1 + z2)

∑
h≥1

Ã0,1;α,2h−1(z1 + z2)
2h.

Note that
(
1 + z1

∂
∂z1

+ z2
∂
∂z2

)
S(α1z2 − α2z1) = ζ(α1z2−α2z1)

2
, and therefore equation (4.12) is

equivalent to

S(α1z2 − α2z1)

(
z1

∂

∂z1
+ z2

∂

∂z2

)
1

Tα(z1 + z2)
=
S(α1z2 − α2z1)

Tα(z1 + z2)

∑
h≥1

Ã0,1;α,2h−1(z1 + z2)
2h.

So we have to check the identity

z∂z
1

Tα(z)
=

1

Tα(z)

∑
h≥1

Ã0,1;α,2h−1z
2h,

which is true because∑
h≥1

Ã0,1;α,2h−1z
2h = z

∂

∂z1
Ã0,α(z1, z)

∣∣∣∣
z1=0

= Tα(z)z
∂

∂z1

1

Tα(z1 + z)

∣∣∣∣
z1=0

= Tα(z)z∂z
1

Tα(z)
.

This concludes the proof of equation (4.6).

Let us prove equation (4.7). We consider the formal power series Fα,0, Ωred;α,0, FDR;α, and

differential polynomials Ω̃α,0 defined in Section 3.3. Since Tα(z) = Tα(−z), the expansion
of Tα(z) has the form Tα(z) =

∑
g≥0 Tα,gz

2g, Tα,g ∈ Q.

Lemma 4.2. We have Ω̃α,0 = −
∑

g≥1(εµ)
2gTα,gw

α
2g−1.
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Proof. Let us denote ∂0,0 :=
∂
∂t00

. We have to check that

Coefε2g
∂n (Tα (εµ∂0,0)Fα,0)

∂tα1
d1
· · · ∂tαn

dn

∣∣∣∣
x=t∗∗=0

= 0
for any g, n ≥ 0 and α1, . . . , αn ∈ Z, d1, . . . , dn ∈ Z≥0

satisfying
∑
di ≤ 2g − 1.

(4.13)

For n ≥ 2, this immediately follows from degree reasons and the string equation(
∂

∂t00
−
∑
n≥0

tγn+1

∂

∂tγn

)
Fα,0 = tα0 .

For n = 1, the left-hand side of (4.13) vanishes unless α1 = α, because
∑

m≥0 γt
γ
m
∂FP

∂tγm
= 0. For

d ≤ 2g − 2, the vanishing

Coefε2g
∂ (Tα (εµ∂0,0)Fα,0)

∂tαd

∣∣∣∣
t∗∗=0

= 0

follows again from degree reasons and the string equation for Fα,0.
Then for g ≥ 1 we compute

Coefε2g
∂ (Tα (εµ∂0,0)Fα,0)

∂tα2g−1

∣∣∣∣
t∗∗=0

= µ2g

g−1∑
j=0

Tα,j

∫
Mg−j,2

DRg−j(α,−α)ψ2g−2j−1
1 + µ2gTα,g =

= µ2g

g∑
j=0

Tα,jCoefz2g−2j

S(αz)

S(z)
=

= Coefz2g

(
Tα(z)

S(αz)

S(z)

)
=

= 0.

For n = 0 and g ≥ 2, the vanishing (4.13) again follows from degree reasons and the string
equation. It remains to check the case n = 0 and g = 1:

Coefε2
(
Tα (εµ∂0,0)Fα,0

)∣∣
t∗∗=0

= δα,0µ2

(∫
M1,1

DR1(0)︸ ︷︷ ︸
=−λ1

+ T0,1︸︷︷︸
= 1

24

∫
M0,3

1

)
= 0.

This completes the proof of the lemma. □

The lemma implies that

wred;α := ∂0,0Ω
red;α,0 = ∂0,0

(
Fα,0 +

∑
g≥1

(εµ)2gTα,gw
top;α
2g−1

)
= Tα(εµ∂0,0)w

top;α,

and from (4.5) and (4.6) it then follows that

wred;α

∂t01
=

1

2

∑
α1+α2=α

∂0,0

(
e−

α2
2
εµ∂0,0wred;α1 · e

α1
2
εµ∂0,0wred;α2

)
+
∑
g≥1

ε2gµ2g−2Bα,gw
red;α
2g+1 .(4.14)

Since ustr;α|t00 7→t00+x
satisfies the noncommutative KdV hierarchy (after the identification t0n =

tn), we also have

ustr;α

∂t01
=

1

2

∑
α1+α2=α

∂0,0

(
e−

α2
2
εµ∂0,0ustr;α1 · e

α1
2
εµ∂0,0ustr;α2

)
+

1

12
ε2ustr;α3 .(4.15)

Define an operator Gα : C[[ε, µ, t∗∗]]→ C[[ε, µ, z]] by

Gα(f) :=
∑
a≥0

∂f

∂tαa

∣∣∣∣
t∗∗=0

za, f ∈ C[[ε, µ, t∗∗]].
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Let us apply the operator Gα to both sides of equations (4.14) and (4.15).

Let us recall the string and dilaton equations for Ωred;α,0 and FDR;α:(
∂

∂t00
−
∑
n≥0

tγn+1

∂

∂tγn

)
Ωred;α,0 =

(
∂

∂t00
−
∑
n≥0

tγn+1

∂

∂tγn

)
FDR;α = tα0 ,(

∂

∂t01
− ε ∂

∂ε
−
∑
n≥0

tγn
∂

∂tγn
+ 1

)
Ωred;α,0 =

(
∂

∂t01
− ε ∂

∂ε
−
∑
n≥0

tγn
∂

∂tγn
+ 1

)
FDR;α = 0.

From (3.9) we then obtain that

Gα

(
wred;α

∂t01

)
= Gα

(
ustr;α

∂t01

)
, Gα(w

res;α
n ) = znGα(w

res;α) = znGα(u
str;α) = Gα(u

str;α
n ).

Using also that wred;α
n |t∗∗=0 = ustr;αn |t∗∗=0 = δα,0n,1 , we get

Gα

[ ∑
α1+α2=α

∂0,0

(
e−

α2
2
εµ∂0,0wred;α1 · e

α1
2
εµ∂0,0wred;α2

)]
=

= Gα

[ ∑
α1+α2=α

∂0,0

(
e−

α2
2
εµ∂0,0ustr;α1 · e

α1
2
εµ∂0,0ustr;α2

)]
.

So we conclude that (∑
g≥1

ε2gµ2g−2Bα,gz
2g+1 − ε2

12
z3

)
Gα(u

str;α) = 0.

By [BS22, Theorem 4.9], we have

Coefε2µ0
∂ustr;α

∂tα3

∣∣∣∣
t∗∗=0

= Coefa2

∫
M1,2

λ1DR1(a,−a) =
1

24
.

So Gα(u
str;α) ̸= 0, and therefore the underlined expression above is equal to zero. This proves

equation (4.7), completes the proof of Proposition 4.1, and thus Theorem 2.2 is proved.
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