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Abstract. We produce affine interval exchange transformations (AIETs) which are
topologically conjugated to (standard) interval exchange maps (IETs) via a singular
conjugacy, i.e. a diffeomorphism h of r0, 1s which is C0 but not C1 and such that the
pull-back of the Lebesgue measure is a singular invariant measure for the AIET. In
particular, we show that for almost every IET T0 of d ě 2 intervals and any vector
ω belonging to the central-stable space EcspT0q, for the Rauzy-Veech renormalization,
any AIET T with log-slopes given by ω and semi-conjugated to T0 is topologically
conjugated to T . In addition, if ω R EspT0q, the conjugacy between T and T0 is
singular.

1. Introduction and main results

The study of circle diffeomorphisms is a classical topic in dynamical systems, initiated
by H. Poincaré (we refer, for example, to [21], [34] or [8] for a basic overview).

Two fundamental questions addressed by the theory of circle diffeomorphisms are
the existence and the regularity of a topological conjugacy between a minimal circle
diffeomorphism f and its linear, isometric model (which is a rigid rotation Rα, where α
is the rotation number α of f), namely of a homeomorphism h such that h ˝ f “ Rα ˝ h
(see for example M. Herman’s work [20]).

The initial motivation for Poincaré to study circle diffeomorphisms is that they appear
naturally as first-return maps of flows on surfaces of genus one. Interval exchange trans-
formations (IETs), or more precisely, generalized IETs (GIETs) and, as special cases,
affine or standard IETs, appear as first-return maps of flows on surfaces. Consequently,
they are seen as natural generalizations of circle diffeomorphisms to higher genera, with
rigid rotations and affine circle diffeomorphisms generalizing into IETs and affine IETs,
respectively. Therefore, it is natural to ask to what extent the theory of circle diffeomor-
phisms extends to generalized interval exchange maps.

Efforts in this direction have been ongoing since the early eighties and this is currently
an active area of research, see for example [14,16,18,25,28–30]. We refer the reader to the
articles [18, 30] for further references and a more in-depth discussion about linearization
and rigidity questions for GIETs.

In this paper, we give a contribution to the study of the regularity of conjugacies
between an affine interval exchange transformation (AIET) and its linear (piecewise)
isometric model, namely, a (standard) interval exchange transformation (IET). In partic-
ular, we produce AIETs that are conjugated to a minimal IET via a conjugacy h which
is C0 but fails to be C1. These AIETs are uniquely ergodic, and their unique invariant
measure is singular with respect to the Lebesgue measure; in this case, we say that they
have a singular conjugacy to a (minimal) IET. We remark that a one-parameter family
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of examples of AIETs with a singular conjugacy to a minimal IET was constructed by
Isabelle Liousse in [27]. In particular, we provide a criterium that allows constructing
AIETs having singular conjugacy with its (piecewise) isometric model for full measure
classes of IET rotation numbers (see the Theorem in § 1.2 below for an informal state-
ment, as well as Theorems 1 and 2 in § 3.4 for precise results).

AIETs can be seen as a generalization to higher genera of affine -also known as piece-
wise linear or for short PL- circle diffeomorphisms1. While it is well-known that suffi-
ciently regular circle diffeomorphisms (more precisely, Cr diffeomorphisms with r ą 2)
are smoothly conjugated to the corresponding linear rotation for a full measure set of
rotation numbers (in view of the celebrated result by M. Herman [20] and its subsequent
generalizations due to J.-C. Yoccoz [38], Y. Katznelson and D. Ornstein [22]), in the
setting of PL-circle diffeomorphisms, singularity of the conjugacy to the corresponding
linear model is a well-known phenomenon. It was first pointed out in the same seminal
work [20] by M. Herman and later generalized in several directions in the works by various
authors, see in particular [10–12,24,26].

Contrary to (PL-)circle diffeomorphisms, though, for which the existence of a topolog-
ical conjugacy follows from the classical work of A. Denjoy as long as there is sufficient
regularity (see § 1.1), for AIETs (and GIETs in general) semi-conjugated to a minimal
IET, the existence of a topological conjugacy is not granted, i.e., regularity assumptions
are not sufficient to exclude the presence of wandering intervals: several results (see
§ 1.1) show not only the existence but also the ubiquity of wandering intervals in AIETs.
Therefore, a crucial part of the present paper is to prove a criterion for the absence of
wandering intervals, which can be applied to full-measure sets of IETs rotation numbers.

Let us now summarize some of the results in the literature concerning the existence
of wandering intervals in circle homeomorphisms and AIETs (§ 1.1), before giving an
informal statement of the main result of this paper is given at the end of this introduction,
in § 1.2.

1.1. Existence and absence of wandering intervals. Given a piecewise continuous
map f : I Ñ I defined on a compact interval, a subinterval J Ď I is said to be a
wandering interval of f if the forward iterates of J by f are pairwise disjoint. It is also
common in the literature to include in the definition of a wandering interval the request
that the ω-limit set of J is not finite. Their existence or absence plays an important role
in one-dimensional dynamics, which has been widely studied in different settings.

A celebrated theorem of A. Denjoy [9] shows that sufficiently smooth circle diffeomor-
phisms (more precisely, as soon as the logarithm of the derivative has bounded variation)
with irrational rotation number do not admit wandering intervals. Several general-
izations of these results were proved in the contexts of smooth circle homeomorphisms
with non-flat critical points, starting from the work [39] of J.-C. Yoccoz, see also [31].
Similarly, several examples of transformations with wandering intervals exist in the liter-
ature, starting the seminal examples of C1 circle diffeomorphisms with irrational rotation
number and wandering intervals constructed by A. Denjoy [9], see for example [8,19,33].

1A homeomorphism of the circle f : T Ñ T is called a piecewise smooth circle homeomorphism if
it is a smooth orientation preserving homeomorphism, differentiable away from countable many points,
so-called break-points, at which left and right derivatives, denoted by Df´, Df` respectively, exist but do
not coincide, and such that logDf has bounded variation. A PL-homeomorphism is a piecewise smooth
homeomorphism which is linear (i.e. affine) in each domain of differentiability.
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In the setting of AIETs the first example of a (non-uniquely ergodic) affine interval
exchange transformations having wandering intervals is due to G. Levitt in [25]. The
first uniquely ergodic example was built by R. Camelier and C. Gutierrez in [5] and later
studied in detail by M. Cobo [6] and generalized by X. Bressaud, P. Hubert, and A.
Maass [4], see also [7]. All these examples of AIETs with wandering intervals belong
to an exceptional class of IETs (namely those whose combinatorial rotation number is
periodic, see also [3]). The general case is treated in [29] by S. Marmi, P. Moussa, and
J.-C. Yoccoz, who showed that AIETs which are semi-conjugated to a minimal IET of
d ě 4 intervals, under a full measure condition on the IET and on the vector of slopes,
possess wandering intervals.

1.2. Oseledets flags and the main result. Let T be an AIET with d ě 2 continuity
intervals, which we assume is semi-conjugated to a minimal IET T0. The IET T0 can be
thought of as a combinatorial (IET) rotation number for T , namely, it encodes combina-
torial information on the structure of orbits of T (see § 2.2 for a precise definition) and,
assuming that T0 is minimal, it plays the role of irrationality of the (IET) rotation num-
ber. In addition to the IET rotation number, the AIET is determined by the vector of
slopes s “ psiqdi“1 P Rd`, recording the slope si of each affine branch of T (see § 2.1). Let

w “ pwiqdi“1 P Rd denote the log-slope vector of T , whose entries are given by wi :“ log si
for 1 ď i ď d.

1.2.1. Regularity and Oseledets flags. A key realization by M. Cobo in [6] is that to
study wandering intervals as well as the regularity of conjugacies for AIETs (under a
full measure condition on the combinatorial rotation number), it is essential to know
the position of the log-slope vector ω in the Oseledet’s filtration of the Zorich cocycle
(a celebrated tool in the study of IETs which provide a multi-dimensional generalization
of the continued fraction entries, see § 2.2). The action of the Zorich cocycle on ω
describes indeed how log-slopes change under renormalization (see § 2.2). One can show
that for a.e. IET T0 on d ě 2 intervals there exist subspaces t0u Ĺ EspT0q Ď EcspT0q Ĺ Rd
(where s and cs stand for stable and central stable, respectively), such that if ω belongs
to EspT0q (resp. EcspT0q) then the norm of the log-slopes decreases exponentially (resp.
grows subexponentially) under renormalization, while if ω P RdzEcspT0q, the norm of
log-slopes grows exponentially.

More precisely, the combination of several classical works [1,15,35,42] shows that the
Zorich cocycle has 2g non-zero Lyapunov exponents (where 1 ď g ď d

2 is determined by
the combinatorics of the IET, see (5) in § 2.4) of the form

θ1 ą θ2 ą ¨ ¨ ¨ ą θg ą 0 ą ´θg ą ¨ ¨ ¨ ´ θ2 ą ´θ1,

and the Oseledets filtration of a generic T0 has the form

Rd “ Eg Ľ Eg´1 ¨ ¨ ¨ Ľ E1 Ľ E0 Ě E´1 Ľ ¨ ¨ ¨ Ľ E´g`1 Ľ E´g Ľ t0u,
where Ei :“ EipT0q (resp. E´i :“ E´ipT0q) is associated to the Lyapunov exponent
θg´i`1 (resp. ´θ´pg´i`1q), for 1 ď i ď g, and vectors in E0zE´1 are associated to a zero
Lyapunov exponent. We can then see that EspT0q :“ E´1pT0q and EcspT0q :“ E0pT0q.
The space E´g is called the strong-stable space and we denote it by Ess “ EsspT0q.

We remark that Ecs “ Es “ E´1 (i.e. there are no non-zero vectors associated with a
zero exponent) if and only if g “ d

2 .
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Under full measure conditions on T0, the log-slope vector ω of T , which necessarily
belongs to E2pT0q by [5, Lemma 3.3] (see also [29] and § 3.1 below), the following holds:

‚ If ω P EsspT0q then T is C8 conjugated to T0, by [6, Theorem 1].
‚ If ω P EspT0qzEsspT0q then T is C1, and not C2, conjugated to T0, by [6, Theorem

1] and [27, Theorem A],
‚ If g ě 2 and ω P Eg´1pT0qzEg´2pT0q, the AIET T possesses a wandering interval,

by [29, Theorem 3.2].

It is clear that in the first two cases, the AIET T has no wandering intervals.

1.2.2. The main result. The main results of this article (Theorem 1 and Theorem 2 stated
in § 3.4) imply the following:

Theorem. Under full measure conditions on T0, if the log-slope vector ω belongs to
EcspT0qzEspT0q, then T is C0 but not C1-conjugate to T0.

In particular, T as above does not admit wandering intervals. Moreover, it will follow
from Theorem 2 that, in this case, the unique invariant measure of T is singular with
respect to the Lebesgue measure. To prove the theorem above (in the form of Theorems 1
and 2), we introduce a full measure condition in the space of IETs (see Definitions 3.6
and 3.7 and Proposition 3.8) which allows us to control the behavior of the Zorich cocycle
when restricted to EcspT0q and then studying Birkhoff sums of the piecewise constant
function associated to the log-slope vector.

The existence of a topological conjugacy (namely Theorem 1, proved in § 1.1) general-
izes to full measure a result for periodic type IETs proved in the setting of substitutions
by X. Bressaud, P. Hubert and A. Maass in [3]. Let us point out that the absence of
wandering intervals might also be inferred from the deep dynamical dichotomy proved
in a recent work [18] by S. Ghazouani and the second author, but this would require as-
suming a much more subtle and technical Diophantine-like condition (see Definition 3.3.4
in [18]), while the proof we provide here is simpler and self-contained. Furthermore, we
prove a result about Birkhoff sums of piecewise constant functions in the space over IETs,
which is of independent interest (see Proposition 4.3 and, in particular, Corollary 4.4).
The singularity of the conjugacy (Theorem 2) can also be deduced from the work of M.
Cobo [6], which is in turn based on work by W. Veech [36] (see Appendix 7). We provide
an independent proof in § 5.

1.2.3. Applications to the study of GIETs. We conclude by commenting on the interest
of this result from the point of view of the study of generalized interval exchange trans-
formations (GIETs). The recent work [18] by S. Ghazouani and the second author
indicates that AIETs play a crucial role in the study of GIETs. Indeed, it is shown
in [18] that, to a given GIET, under a full measure condition on the rotation number in
the sense of IETs, one can associate an AIET called the (unstable) shadow, which helps
describe the GIET dynamics in the following sense: When the log-slope ω of this shadow
is non-zero, one expects wandering intervals and the lack of a topological conjugacy, a
result which for now was proved in genus two, see [18]. On the other hand, when ω is
zero, and the boundary of the GIET (an invariant defined by S. Marmi, P. Moussa, and
J.-C. Yoccoz in [30]) is zero, it is shown in [18] that one can prove, in the spirit of M.
Herman’s work [20] on circle diffeomorphisms, the existence of a differentiable conjugacy
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between the GIET and its IET model (see also [30] and [17] for local results describ-
ing Cr-conjugacy classes of IETs for r ě 2 and r “ 1 respectively). The result of this
paper indicates that the assumption that the boundary is zero is necessary to have a
non-singular conjugacy.

The study of GIETs which have non-zero boundary (but total non-linearity zero) is
undertaken in [2] by P. Berk and the first author. For these GIETs, when the log-slope ω
of the (unstable) shadow of [17] vanishes, one can define a finer notion of (central) shadow,
which allows recovering rigidity results that naturally generalize the known rigidity results
for PL-circle diffeomorphisms. The absence of wandering intervals for AIETs that we
prove in this paper (namely Theorem 1) is used in [2] to show the absence of wandering
intervals also for the considered GIETs.

2. Background material and notations

Let us start by recalling some of the basic notions and properties related to IETs and
introduce some notations. The objects we will consider are now classical; we refer the
interested reader to [37], [41] for a complete introduction to the subject as well as for
proofs and additional details.

2.1. Standard and affine interval exchange transformations. A standard inter-
val exchange transformation, or simply an interval exchange transformation (IET), is
a bijective right-continuous piecewise translation of an interval with a finite number of
discontinuities. More precisely, given a compact interval I Ď R, we say that a bijection
T : I Ñ I is an IET on d ě 2 intervals if there exists a partition of I on d disjoint
left-closed and right-open subintervals of I such that T is a translation when restricted
to each of the intervals on the partition. An IET with d ě 2 intervals can be described by
the way the intervals are exchanged and their lengths. For this, we fix a finite alphabet
A with d elements and consider pairs pπ0, π1q of bijections π0, π1 : A Ñ t1, . . . , du to
denote the order of the intervals before and after the exchange. We always assume that
the datum pπ0, π1q is irreducible, i.e.

π1 ˝ π´1
0 pt1, . . . , kuq“t1, . . . , ku ñ k “ d.

The class of irreducible IETs, i.e. IETs with irreducible data pπ0, π1q and d ě 2 intervals,
can then be parametrized by the set I `

A “ GA ˆ RA
`, where GA denotes the set of

irreducible pairs pπ0, π1q of bijections of d symbols, and the set of normalized IETs on d
intervals, that is, IETs defined on the unit interval I “ r0, 1q, by IA “ GA ˆ∆A, where

∆A “
 

λ P RA
` | |λ|1 “ 1

(

.

We endow GAˆRA
` and GAˆ∆A with the product measure dπˆLeb, where dπ denotes

the counting measure in GA. We say that a property holds for almost every IET on
d intervals if it holds for almost every point of GA ˆ RA

` with respect to this product
measure.

Affine interval exchange transformations. An affine interval exchange transformation
(AIET) is a bijective right-continuous piecewise affine of an interval with a finite number
of discontinuities and having a positive slope on each continuity interval. Similarly to
IETs, we encode AIETs using the order in which intervals are exchanged, their lengths,
and the logarithm of the slope on each continuity interval (the use of log-slopes instead
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of slopes will be justified later on, see (3)). Thus, eωα is, by definition, the slope of the
restriction of T to the interval indexed by α P A. Notice that if this interval has length
ηα ą 0, its image by T has length ηαe

ωα .
We can parametrize the set of AIETs on d intervals by

A `
A “

#

pπ, η, ωq P GA ˆ RA
` ˆ RA

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

αPA
ηαe

ωα “
ÿ

αPA
ηα

+

.

The last condition guarantees that the sum of the lengths of the images under T of the
subintervals is the same as the domain length. We parametrize the set of normalized
AIETs analogously by a set AA Ď GA ˆ∆A ˆ∆A.

2.2. Rauzy-Veech and Zorich induction. A classical induction procedure for IETs,
known as the Rauzy-Veech induction, as well as its subsequent normalizations and ac-
celerations, are well known to be extremely useful in studying IETs (as well as AIETs
and GIETs). We recall some basic definitions and notations in this section and refer the
reader to [37] or [41] for a detailed introduction.

Rauzy-Veech induction algorithm. The Rauzy-Veech induction associates to almost every
interval exchange transformation (IET) another IET, with the same number of intervals,
by inducing the initial transformation into an appropriate subinterval. The subinterval
is chosen according to the type of the IET, which encodes whether the ‘last’ interval in
the partition, i.e., Iπ´1

0 pdq, is longer or smaller than the interval going to the last position

after applying the transformation, i.e., Iπ´1
1 pdq. This procedure can be iterated infinitely

many times if and only if the IET satisfies Keane’s condition. By [23], any IET satisfying
Keane’s condition is minimal. The Rauzy-Veech induction defines an oriented graph
structure in GA, called the Rauzy graph. Each connected component in this graph is
called a Rauzy class. The infinite path in the Rauzy graph defined by an IET satisfying
Keane’s condition is called combinatorial rotation number.

We denote the set of IETs verifying Keane’s condition by XA Ď GA ˆ RA
`, and the

Rauzy-Veech induction and the Zorich acceleration by

RV : XA Ñ XA, Z : XA Ñ XA,

respectively. The map Z is defined as Zpπ, λq “ RVzpπ,λqpπ, λq where the measur-
able map z : XA Ñ N is defined so that zpπ, λq is the largest integer such that

pπ, λq,RVpπ, λq, . . . ,RVzpπ,λq´1pπ, λq all have the same type.

Notations. Given an IET T0 :“ pπ, λq P XA, we denote by α0 :“ π´1
0 pdq and α1 :“

π´1
1 pdq the symbols corresponding to the ‘last’ intervals in the partition before and after

applying T0, respectively. We define the type of T0 as the unique ε :“ εpπ,λq P t0, 1u such
that λαε ą λα1´ε . The winner (resp. loser) symbol (or simply the winner, resp. loser)
is then by definition αεpπ,λq (resp. α1´εpπ,λq). Assume that T0 “ pπ, λq verifies Keane’s
condition so that RVnpT0q is defined for any n P N. We denote the combinatorial rotation
number of pπ, λq by γpπ, λq: this is the sequence of arrows in the Rauzy-diagram which
correspond to successive iterates of RV (see, e.g., [41] for details). For any n ě 0, we
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denote

T pnq “ `

πpnq, λpnq
˘ “ RVnpT0q, orbit of pπ, λq by RV,

IpnqpT0q, domain of definition of T pnq “ RVnpT0q,
Ipnqα pT0q, α P A, intervals exchanged by RVnpT0q,
qpnqα pT0q, α P A, return time of Ipnqα to Ipnq under T0,

qpnqpT0q “
`

qpnqα pT0q
˘

αPA, vector of return times.

If there is no risk of confusion, we will omit the explicit dependence on T0 in all of the
above notations.

Dynamical partitions. Given an IET T0 “ pπ, λq verifying Keane’s condition, we can
associate a sequence of dynamical partitions and Rohlin towers as follows. We define the
dynamical partition Ppnq of I at level n as

Ppnq :“
ď

αPA
Ppnqα , where Ppnqα “  

Ipnqα , T
`

Ipnqα

˘

, . . . , T q
pnq
α ´1

`

Ipnqα

˘(

.

One can verify that Ppnq is a partition of r0, 1q into subintervals and that, for each α P A,

the collection Ppnqα is a Rohlin tower of height q
pnq
α . Notice that if n ą m, then Ppnq is a

refinement of Ppmq.

Zorich cocycle. In the following, for any F : X Ñ X, φ : X Ñ GLpd,Zq and n ą m ě 0,
we denote

φm,npxq “ φpFn´1pxqq ¨ ¨ ¨ ¨ ¨ φpFmpxqq.
The length vector and the return times of the iterates of an IET by the Zorich map can
be described via a cocycle

B : XA Ñ SLpA,Zq,
that we obtain as a proper acceleration of the cocycle

A : XA Ñ SLpA,Zq
pπ, λq ÞÑ Id` Eαεpπ,λq,α1´εpπ,λq

,

which encodes the change of the length vector after one step of Rauzy-Veech induction.
More precisely, for any n ą m ě 0, the cocycles A´1 and AT verify

λpnq “ A´1
m,npπ, λqλpmq,(1)

qpnq “ ATm,npπ, λqqpmq,(2)

where qp0q “ 1 P RA
` is the vector whose coordinates are all equal to 1.

Defining Bpπ, λq “ Apπ, λq . . . Apπpzpπ,λq´1q, λpzpπ,λq´1qq, the accelerated cocycles B´1

and BT verify analogous properties with respect to the Zorich map.
The cocycle BT is called the Zorich cocycle or Kontsevich-Zorich cocycle. Since B´1

is also sometimes referred to as the Zorich cocycle, and in view of (1), (2), to avoid any
possible confusion, we will refer to B´1 as the length cocycle and to BT as the height
cocycle.
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Dynamical interpretation of entries. The matrices ATm,n (and consequently their accel-
erations) have the following dynamical interpretation. The αβ-th entry of the incidence

matrix ATm,n is the number of times the orbit by T pmq of any x P Ipnqα visits I
pmq
β up to its

first return to Ipnq. The incidence matrix entries also have an interpretation in terms of
Rohlin towers. In fact, they describe how the Rohlin towers in the dynamical partition
Ppnq can be obtained by cutting and stacking Rohlin towers of Ppmq. More precisely, for

any α, the Rohlin tower Ppnqα is obtained by stacking subtowers of the Rohlin towers Ppmqβ ,

β P A (namely, sets of the form
 

T kpJq | 0 ď k ă q
pmq
β

(

for some subinterval J Ď I
pmq
β ).

Indeed, the αβ-th entry of the incidence matrix ATm,n is the number of subtowers of Ppmqβ

inside Ppnqα . It follows that Ppnqα is made by stacking exactly
ř

βPApATm,nqαβ subtowers of

Rohlin towers of Ppmq.

2.3. Rauzy-Veech induction for AIETs. The Rauzy-Veech induction and the Zorich
acceleration extend naturally to the space of AIETs, as well as all the notions introduced
above in the IET setting, such as combinatorial rotation number, dynamical partitions,
incidence matrices, etc. Given an AIET T “ pπ, η, ωq satisfying Keane’s condition we
denote its orbit under RV by

T pnq “ pπpnq, ηpnq, ωpnqq “ RVnpπ, η, ωq, n P N.
For the sake of simplicity, we will use the notations introduced in the IET setting to
denote the intervals of definition and the return times of iterates by RV of an AIET.

Let us point out that the incidence matrices ATm,n depend only on the combinatorial
rotation number. In particular, given an AIET T and an IET T0, both satisfying Keane’s
condition and such that γpT q “ γpT0q, the incidence matrices of T and T0 coincide.

In the context of AIETs, the height cocycle verifies an additional property of funda-
mental importance to us: the change in the log-slope vector of RV iterates of an AIET is
described by the height cocycle. More precisely, given an AIET T “ pπ, η, ωq satisfying
Keane’s condition, for any n ě m ě 0,

(3) ωpnq “ ATm,npπ, η, ωqωpmq.
2.4. Oseledet’s filtration. As mentioned before, the normalized version of Z, which is

defined in the subset rXA Ď GA ˆ ∆A of normalized IETs satisfying Keane’s condition
and that we denote by

rZ : rXA Ñ rXA,

admits a unique invariant probability measure µ
rZ equivalent to the Lebesgue measure on

rXA. Moreover, the height and length cocycles, BT and B´1 are integrable with respect
to this invariant measure, and thus they admit invariant Oseledet’s filtrations

Espπ, λq Ď Ecspπ, λq Ď RA,

Fspπ, λq Ď Fcspπ, λq Ď RA,

for a.e. pπ, λq P rXA, respectively.
With these notations, the sets Espπ, λq, Ecspπ, λq zEspπ, λq and RA zEcspπ, λq, corre-

spond to the set of vectors with negative, zero and positive Lyapunov exponents for the
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cocycle BT , respectively. That is, for a.e. pπ, λq P rXA and for every v P RA, the limit

θpπ, λ, vq “ lim
nÑ`8

log |BT
0,npπ, λqv|1
n

exists and verifies
$

&

%

θpπ, λ, vq ă 0 if v P Espπ, λq,
θpπ, λ, vq “ 0 if v P Ecspπ, λq zEspπ, λq,
θpπ, λ, vq ą 0 if v P RA zEcspπ, λq.

Analogous properties hold for the cocycle B´1 and its associated splitting.
We point out that the dimension of these vector spaces depends only on the permuta-

tion π. Indeed, denoting Ωπ : RA Ñ RA, where

(4) pΩπqα,β “
$

&

%

`1 if π1pαq ą π1pβq and π0pαq ă π0pβq,
´1 if π1pαq ă π1pβq and π0pαq ą π0pβq,
0 in other cases,

we have that

(5) dimpEspπ, λqq “ g, dimpEcspπ, λqq “ d´ g, where g :“ d´ dimpKerpΩπqq
2

,

for a.e. pπ, λq P rXA.

3. Statements of the results

In this section, we state our main results. Let us start by recalling some of the existent
results concerning the semi-conjugacies of AIET to IETs. Recall that the combinatorial
rotation number of an IET that satisfies Keane’s condition is, by definition, the infinite
path in the Rauzy graph produced by iterating the Rauzy-Veech induction procedure.

3.1. Semiconjugacies of AIETs to IETs. An infinite Rauzy path γ is said to be
8-complete if every symbol in A appears infinitely many times as a winner symbol in
γ. It is well-known that any IET satisfying Keane’s condition defines an 8-complete
Rauzy path in the Rauzy graph, and conversely, any 8-complete Rauzy path determines
a unique normalized IET (for a proof, see, e.g., [40, Section 7]).

Given an infinite path γ in the Rauzy graph and ω P RA, we denote by Affpγ, ωq the
set of normalized AIETs with log-slope ω and combinatorial rotation number γ. If a path
γ is 8-complete, maps in Affpγ, ωq are semi-conjugated to the unique IET whose rotation
number is equal to γ. More precisely, we have the following.

Proposition 3.2 (Proposition 7 in [40]). Let T0 be an IET such that γpT0q is 8-complete
and let ω P RA. Then, any T P AffpγpT0q, ωq is semi-conjugated to T0 via an increasing
surjective map h : r0, 1q Ñ r0, 1q, satisfying T0 ˝ h “ h ˝ T . Moreover, if T has no
wandering intervals, then h defines a conjugacy between T0 and T .

However, not all choices of γ and ω are compatible.

Proposition 3.3 (Proposition 2.3 in [29]). Let T0 “ pπ, λq be an IET such that γpT0q is
8-complete and let ω P RA. Then, AffpγpT0q, ωq ‰ H if and only if xω, λy “ 0.
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3.4. Main results. We now state the main results of this article.

Theorem 1. For almost every IET T0 and for any ω P EcspT0q zEspT0q, any AIET
T P AffpγpT0q, ωq is topologically conjugated to T0.

A special case of this theorem, namely, the same result for the (measure zero) set of IETs
whose combinatorial rotation number is periodic (also known as periodic-type IETs), was
proved in the setting and language of substitutions, in [3]. The proof of Theorem 1 is
presented in §4.

We also prove the following.

Theorem 2. For almost every IET T0 and for any ω P EcspT0q zEspT0q, any AIET
T P AffpγpT0q, ωq is uniquely ergodic and its unique invariant probability measure is
singular with respect to the Lebesgue measure.

Theorem 2 can be deduced combining Theorem 1 with a result proved by M. Cobo [6,
Theorem 1], which in turns rely on results by W. Veech [35] (see Appendix 7, where the
result and the deduction are presented). The proof we give in this paper, which is given
in § 5, has the advantage of being self-contained and perhaps more transparent.

Let us mention that by the duality of the heights and lengths cocycles it follows that

(6) EcspT0q Ď λK,

for a.e. IET T0 (we refer the interested reader to [43] for a precise definition of dual
cocycle and to [6, pages 384-385] for a proof of this fact). Thus, if π P GA is such that
KerpΩπq ‰ t0u, where Ωπ is the matrix given by (4), it follows from (5) and Proposition
3.3 that the set AffpγpT0q, ωq in Theorems 1 and 2 is non-empty.

3.5. The full measure Diophantine-type conditions. Let us now state explicitly
the generic condition satisfied by an IET T0 for Theorem 1 to hold. This condition is an
example of a Diophantine-type condition on an IET rotation number.

Definition 3.6 (The BC condition). We say that an IET T0 “ pπ, λq satisfies the
Bounded Central Condition (or, for short, the BC Condition) if it verifies Keane’s condi-
tion, it is Oseledets generic, γpT0q is 8-complete, and there exists a sequence pnkqkPN Ď N
verifying the following:

(i) There exists N P N and a constant K ą 0 such that

1 ď ATnk,nk`N pπ, λqαβ ď K, @α, β P A, @k P N.
(ii) There exists a constant V ą 0 such that

›

›AT0,nkpπ, λq |Ecspπ,λq
›

› ď V, @k P N.
As we shall see, this is a full measure condition in the space of IETs (see Proposition 3.8
below).

For the proof of Theorem 2, it is also useful to introduce the following condition.

Definition 3.7 (HS Condition). We say that an IET T0 “ pπ, λq satisfies the high
singularities Condition (or, for short, the HS Condition) if it verifies Keane’s condition
and there exist C ą 0 and pnkqkPN Ď N verifying the following:

(i) maxα,βPA
q
pnkq
α

q
pnkq

β

ă C.
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(ii) T0
i |Ipnkq is continuous for 0 ď i ď 1

10C max q
pnkq
α .

Proposition 3.8. Almost every irreducible IET satisfies the BC and HS Conditions.

For the sake of clarity of exposition, we postpone the proof of the above proposition to §6
as it requires the introduction of the natural extension of the Zorich renormalization as
well as several definitions and notations that will not appear anywhere else in the article.

We now prove Theorems 1 and 2, respectively in §4.5 and § 5.

4. Existence of a topological conjugacy

In this section, we prove Theorem 1 by showing the existence of a topological conjugacy
between an AIET and IET having the same combinatorial rotation number under the
BC condition (see Definition 3.6) on the IET.

4.1. Wandering intervals and Birkhoff sums. Let us recall that for T and T0 as in
Theorem 1, and under a full measure condition on T0, the assumption γpT q “ γpT0q au-
tomatically yields a semi-conjugacy h between T and T0. Moreover, this semi-conjugacy
is indeed a conjugacy if the map T has no wandering intervals (see Proposition 3.2).

The main criterion we will use to exclude the presence of wandering intervals on a given
AIET is stated in Lemma 4.2, and it is due to M. Cobo [6] (see also [4]). This criterion
reduces the question of the existence of wandering intervals to a study of Birkhoff sums
of the log-slope vector of the AIET. Let us first introduce some notation.
Let f : r0, 1s Ñ R be a real-valued function and let T be an AIET. For each n P Z, we
define the n-th Birkhoff sum of f over T by

(7) STn f :“

$

’

&

’

%

řn´1
j“0 f ˝ T j , if n ą 0,

0, if n “ 0,
ř´1
j“n f ˝ T´j , if n ă 0.

If there is no risk of confusion concerning the transformation being considered, we will
denote the Birkhoff sums simply by Snf . The definition of the Birkhoff sums Snf , for
n ď 0, is given so that pSnfqnPZ is a Z-additive cocycle, i.e. satisfies

(8) Sn`m f “ Sn f ` Smf ˝ Tn, for all n,m P Z.
The space of piecewise-constant real-valued functions, which are continuous on each

of the continuity intervals of T , can be identified with a vector in RA. Indeed, given a
vector ω P RA, we associate the piecewise constant function fT,ω :“ I Ñ R given by

(9) fT,ωpxq :“ ωα, if x P Iα for some α P A.
We will also write simply fω instead of fT,ω when the dependence on T is clear. In view of
the following criterium, the existence of wandering intervals for an AIET with log-slope
vector ω can be reduced to the study of Birkhoff sums of the function fω.

Lemma 4.2 (Wandering intervals via Birkhoff sums, [6]). An AIET T with log-slope
vector ω has a wandering interval if and only if there exists a point x0 P r0, 1s such that

ÿ

ně1

eSnfωpx0q ă `8,
ÿ

nď0

eSnfωpx0q ă `8.
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The proof of this lemma can be found in [6, pp. 392-393]. This criterion has also been
used in [4] and [29]. The result we prove in order to exploit this Lemma is the following.

Proposition 4.3. Let T0 be an IET satisfying the BC condition and let ω P EcspT0q.
Then, for any AIET T P AffpγpT0q, ωq and for any x P r0, 1s there exists a sequence
pmkqkPZ with |mk| Ñ 8 as |k| Ñ 8 such that

(10) sup
kPZ

|STmkfT,ωpxq| ă `8.
In particular, this proposition gives a result for Birkhoff sums over an IET T0 of a

piecewise constant function fT0,ω associated with a vector ω P EcspT0q, which we believe
is of independent interest, namely:

Corollary 4.4. For T0 and ω as in Proposition 4.3, for any x P r0, 1s there exists a
sequence pmkqkPZ with |mk| Ñ 8 as |k| Ñ 8 such that

sup
kPZ

|ST0
mk
fT0,ωpxq| ă `8.

The proof of Proposition 4.3 exploits the decomposition of Birkhoff sums into special
Birkhoff sums, which are building blocks controlled by the cocycle matrices produced by
Rauzy-Veech induction. In § 4.6, we recall their definition and some basic properties.

Before proving Proposition 4.3, whose proof we postpone to §4.7, let us show how to
use it to prove Theorem 1.

4.5. Proof of absence of wandering intervals. In this section, we prove Theorem 1
by showing the absence of wandering intervals under the theorem’s assumptions.

Proof of Theorem 1. Since γpT q “ γpT0q, by Proposition 3.2, there exists a semi-
conjugacy, i.e. a surjective continous increasing function h : r0, 1s Ñ r0, 1s such that
h ˝ T “ T0 ˝ h. To show that h is a homeomorphism and, therefore, a topological conju-
gacy, it is enough to show that it has no wandering intervals. This follows by Lemma 4.2,
since, by Proposition 4.3, for any x P r0, 1s, there exists C ą 0 and pmkqkPZ such that

sup
kPZ

|STmkfωpxq| ă C ñ STmkfωpxq ą ´C @k P Z.
Hence,

ÿ

ně1

eS
T
n fωpx0q ě

ÿ

kě1

eS
T
mk

fωpx0q ě
ÿ

kě1

e´C “ `8,

where we use the fact that the series above has only positive terms, and thus it is
bounded below by the sum of the terms along the subsequence pmkqkPZ.

Similarly,
ř

nď0 S
T
n fωpx0q “ `8. Therefore, Lemma 4.2 implies that T has no wan-

dering intervals. �

4.6. Birkhoff sums and special Birkhoff sums. Given an AIET T and a function
f : I Ñ R, the Birkhoff sums Snf , for n ě 0, can be studied via renormalization
exploiting the notion of special Birkhoff sums that we now recall. For any n P N, the
special Birkhoff sum of level n is the function Snf : Ipnq Ñ R obtained by inducing f
over the first return map T pnq. More precisely,

Snfpxq :“ S
q
pnq
α
fpxq “

q
pnq
α ´1
ÿ

`“0

f
´

T `pxq
¯

, if x P Ipnqα , for any α P A, n P N.
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Thus one can think of Snfpxq as the Birkhoff sum of f at x along the Rohlin tower of

height q
pnq
α over I

pnq
α . Given the n-th special Birkhoff sum Snf , we can build Sn`1f from

Snf and T pnq as

(11) Sn`1fpxq “
a
pnq
α
ÿ

k“0

Snf
`pT pnqqkpxq˘, for any x P Ipn`1q

α ,

where a
pnq
α “ ř

βPApATn,n`1qαβ. Equation (11) follows from the relation between Rohlin

towers of the partitions Ppn`1q and Ppnq described in §2.2.
Hence, if f “ fω for some ω P RA, it follows from the definition of special Birkhoff

sums that

(12) Snfωpxq “ AT0,nω.

4.7. Proof of the Birkhoff sums upper bound (Proposition 4.3). We are now
ready to prove Proposition 4.3. The argument behind the proof provides a generalization
of the key idea exploited in [3] to prove the analogous result in the special case of peri-
odic combinatorial rotation numbers. While the proof in [3] is written in the language of
substitutions and prefix-suffix decompositions, our proof below uses simply the decom-
position of Birkhoff sums in special Birkhoff sums and the BC condition. The key idea is
that for any point x P r0, 1s it is possible to find times pmkqkPZ such that Smkfωpxq can
be decomposed into a bounded number of special Birkhoff sums.

Proof of Proposition 4.3. Let pnkqkPN be the sequence of induction times given by the
BC condition (see Definition 3.6). For the sake of simplicity and clarity of exposition, let
us denote

Tk “ T pnkq, Ik :“ Ipnkq, Zkα :“ Zpnkqα , qkα :“ qpnkqα , Pk “ Ppnkq,

Ik` :“ Ipnk`Nq, Zk`α :“ Zpnk`Nqα , qk`α :“ qpnk`Nqα , Pk` “ Ppnk`Nq,
for any k P N and α P A, where N is given by the BC condition. Recall that, for
any n P N, Ipnq stands for the inducing subinterval of the n-th step of Rauzy-Veech

induction while Z
pnq
α , q

pnq
α and Ppnq denote the corresponding dynamical Rohlin towers,

their heights, and the associated dynamical partition, respectively.
Let x P r0, 1s be fixed. We will define a sequence pmkqkPZ such that (10) holds. Fix

k P N. Let α, β P A be such that x belongs to the towers Zkα and Z
k`
β , respectively, and

let 0 ď i ă qkα and 0 ď j ă q
k`
β be the indexes of the floors or Zkα and Z

k`
β respectively

which contains x, i.e. such that

x P T ipIkαq, x P T jpIk`β q.
Let β´ and β` the the indexes of the dynamical towers of the partition Pk` before and

after Z
k`
β which contain the orbit of x, namely such that

(13) T´j´1pxq P Zk`
β´
, T q

k`
β ´jpxq P Zk`

β`
.

The reader can refer to Figure 1, which provides a pictorial representation of the towers
and indexes described.
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Since by the BC condition ATnk,nk`1
is a positive matrix, each tower Z

k`
β of level k` 1

is obtained stacking at least once each the previous level Zkα, α P A. In particular, there

exists a floor F´ of Z
k`
β´

and a floor F` of Z
k`
β`

which belong to Ikα (both also shown in

Figure 1). Since the (full) orbit of x under T visits both Z
k`
β´

and Z
k`
β`

by definition of

β˘, see (13), it visits every floor of both, so there exists j´, j` ě 0 such that

(14) T´j´pxq P F´ Ď Ikα X Zk`β´ , T j`pxq P F` Ď Ikα X Zk`β` .
We can now define m´k and mk as

(15) m´k :“ ´j´ ` i, mk :“ j` ` i.
Notice that, by construction, in view of (14) and (15), Tm´kpxq and Tmkpxq both belong,
as x, to the i-th floor of the tower Zkα. (see Figure 1).

I
k`
β` I

k`
β´ I

k`
β

Ikα

F` F´

T
q
k`
β
´j
pxq P I

k`
β` Ď Z

k`
β`

T´j´1pxq P T
q
k`
β´´1`

I
k`
β´

˘

Ď Z
k`
β´

T j` pxq P F` Ď Ikα X Z
k`
β`

x P T ipIkαq X T
j
`

I
k`
β

˘

Ď Zkα X Z
k`
β

T´j´ pxq P F´ Ď Ikα X Z
k`
β´

Tmk pxq P T ipIkαq

Tm´k pxq P T ipIkαq

Figure 1. The Rohlin towers at the nk-th and pnk`Nq-th steps of induction
are represented by white and colored rectangles, respectively.

Let us show that with this definition, the sequence pmkqkPZ satisfies (10). We will only
prove that

sup
kPN

|Smkfωpxq| ă `8,
since the proof for the sequence m´k is completely analogous. Indeed, it suffices to
consider the backward orbit of x instead of the forward one.
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We start by showing that we can decompose the Birkhoff sum Smkfωpxq into a sum
of special Birkhoff sums of level nk plus an initial and final segment. More precisely, we
will show that we can express Smkfωpxq as

Smkfωpxq “ Sqkα´i fωpxq`
ÿ

0ď`ď`0

SnkfωpT `kpyqq ` Sifωpzq,(16)

for some `0 P N, where y :“ T q
k
α´ipxq and z :“ Tmk´ik pxq.

Let us prove (16). By definition of y and z, it follows that

(17) Smkfωpxq “ Sqkα´i fωpxq ` Smk´qkαfωpyq ` Sifωpzq.

Notice that, since x belongs to the i-th floor of the tower Zkα, we have y P Ik. Consider
now the successive iterates T `kpyq, ` P N, which by definition of the induced map Tk all

belong to Ik, and let `0 be the last one (in the natural order of the orbit of x under T )

before Tmkpxq. Notice that T `0k pyq “ z “ Tmk´h
k
αpyq. For 0 ď ` ď `0, let α` P A be such

that T `kpyq P Ikα` .
Since, for any 0 ď ` ď `0, we have

TkpT `kpyqq “ T h
k
α` pT `kpyqq, Shkα`

fωpT `kpyqq “ SnkfωpT `kpyqq,

it follows from the cocycle relation (8), that

(18) Smk´qkαfωpyq “
ÿ

0ď`ď`0

Shkα`
fωpT `kpyqq “

ÿ

0ď`ď`0

SnkfωpT `kpyqq,

which together with (17) conclude the proof of (16).
Notice now that, since `0 is bounded by the number of towers of level nk contained in

the union of Z
k`
β and Z

k`
β`

, by the interpretation of the entries of the incidence matrices

(see § 2.2) and the BC condition, it follows that

(19) `0 ` 1 ď 2}ATnk,nk`N} ď 2K.

Moreover, observe that the initial and final sum in (16) combine into a full special Birkhoff
sum since they combine to a sum over exactly one point for each floor of the tower Zkα,
and fω is constant on each floor of Zkα, so that

Sqkα´i fωpxq ` Sifωpzq “
qkα´i`1
ÿ

m“0

fωpTmxq `
qkα´1
ÿ

m“qkα´i

fωpTmpT´izq

“
qkα´1
ÿ

n“0

fωpTmxq “ Snkfωpxq “ ωpnkqα .
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Using these last two observations, we can estimate (16) with a bounded number of special
Birkhoff sums, which in turn, in view of (3), (12), (18), (19) and the BC condition, yields

}Smkfωpxq} ď
ˇ

ˇ

ˇ
ωpnkqα

ˇ

ˇ

ˇ
`
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

0ď`ď`0

SnkfωpT `kpyqq
ˇ

ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ
ωpnkqα

ˇ

ˇ

ˇ
`
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

0ď`ď`0

ωpnkqα`

ˇ

ˇ

ˇ

ˇ

ˇ

ď p`0 ` 2q}ωpnkq}
ď p2K ` 1qV }ω}.

Therefore supkPN |Smkfωpxq| ă `8, which concludes the proof. �

Let us also show how Corollary 4.4 follows from Proposition 4.3.

Proof of Corollary 4.4. Notice that since T0 satisfies the BC condition, in particular, its
rotation number γpT0q is 8-complete. Furthermore, since ω P EcspT0q and EcspT0q Ď λK

(see (6)), the assumptions of Proposition 3.3 hold and therefore there exists an AIET T
in AffpγpT0q, ωq. By Proposition 3.2, there also exists a semiconjugacy between T and T0

i.e. an increasing surjective map h : r0, 1q Ñ r0, 1q, satisfying T0 ˝ h “ h ˝ T . Notice that
h maps continuity intervals of T onto continuity intervals of T0. Therefore, by definition
of the functions fT,ω and fT0,ω (see Definition 9), fT0,ω ˝ h “ fT,ω. Thus, for every n P N
and any x P r0, 1s,

ST0
n fT0,ωphpxqq “

n´1
ÿ

k“0

fT0,ωppT0qk ˝ hpxqq “
n´1
ÿ

k“0

fT0,ωph ˝ T kpxqq “ STn fT,ωpxq.

Similarly (recalling Definition 7), one sees that ST0
n fT0,ω ˝hpxq “ STn fT,ωpxq for any n P Z.

Thus, the conclusion of the corollary follows immediately from Proposition 4.3. �

5. Singularity of the invariant measure

In this section, we present a direct proof of Theorem 2. We first prove a simple analysis
lemma (see Lemma 5.1 below), which will be helpful in the proof and roughly says that
an integrable function is locally constant when looking at it on a sufficiently small scale.

Given an integrable function ψ : r0, 1s Ñ R, for any x P r0, 1s and any r, δ ą 0, we
denote

Eψr px, δq “ ty P r0, 1s | |x´ y| ă r; |ψpxq ´ ψpyq| ą δu.
The set Eψr px, δq is the set of ‘exceptional points’ in the ball of radius r around x for
which the value of ψ differs from ψpxq by more than δ.

In the following, given a measurable set X Ď R, we denote its Lebesgue measure by
|X|.
Lemma 5.1. Let ψ : r0, 1s Ñ R be an integrable function and let δ ą 0. Given ε ą 0,
there exists r0 ą 0 such that

(20) Leb
´!

x P r0, 1s
ˇ

ˇ

ˇ

ˇ

ˇEψr px, δq
ˇ

ˇ ă 2rε
δ for all 0 ă r ă r0

)¯

ą 1´ ε.
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Proof. Let ψ and δ as in the statement of the lemma. By Lebesgue’s differentiation
theorem, there exists a measurable subset X Ď p0, 1q with |X| “ 1 such that

lim
rÑ0`

1

2r

ż

px´r,x`rqXp0,1q
|ψpyq ´ ψpxq|dy “ 0,

for any x P X. Define f : X ˆ r0, 1s Ñ R as

fpx, rq “
" 1

2r

ş

px´r,x`rqXp0,1q |ψpyq ´ ψpxq|dy if r ą 0,

0 otherwise.

Notice that for each r P r0, 1s, the function fp¨, rq is measurable, and for each x P X, the
function fpx, ¨q is continuous.

Fix ε ą 0. By Egoroff’s theorem on intervals (see, e.g., [13, §2.4]), there exists a subset
Xε Ď X satisfying |Xε| ą 1´ ε and such that fp¨, rq Ñ fp¨, 0q uniformly on Xε as r Ñ 0.
Thus, there exists r0 ą 0 such that

0 ď fpx, rq ă ε,

for any 0 ă r ă r0 and any x P Xε.

Hence, since Eψr px, δq Ď px´ r, x` rq X p0, 1q for any x P X and |ψpyq ´ ψpxq| ą δ for

any y P Eψr px, δq, we have

δ

2r
|Eψr px, δq| ď

1

2r

ż

px´r,x`rqXp0,1q
|ψpyq ´ ψpxq|dy “ fpx, rq ă ε,

for any x P Xε and any 0 ă r ă r0. �

Notice that for a uniquely ergodic AIET T , its unique invariant measure µ is either
singular or absolutely continuous with respect to the Lebesgue measure. Indeed, express-
ing µ “ µ0 ` µ1, where µ0 ! Leb and µ1KLeb, and since T preserves the sets of zero
Lebesgue measure, it follows that

T˚µ “ T˚µ0 ` T˚µ1 “ µ0 ` µ1, T˚µ0 ! Leb, T˚µ1KLeb.

Hence T˚µ0 “ µ0 and T˚µ1 “ µ1. By unique ergodicity, either µ0 or µ1 is zero.
We are now in a position to prove Theorem 2.

Proof of Theorem 2. Consider the set of Keane IETs which are uniquely ergodic and
satisfy both the HS Condition (see Definition 3.7) and the BS condition (see Definition
3.7) and assume that T0 belongs to this set. By Proposition 3.8 (together with a classical
result due to W. Veech [35] and H. Masur [32] concerning the set of uniquely ergodic
IETs) this set has full measure. Given any ω P EcspT0q zEspT0q, let T be any AIET
T P AffpγpT0q, ωq. By Theorem 1, T is topologically conjugated to T0. Denote by h the
associated conjugating map h verifying T ˝ h “ h ˝ T0.

From the existence of the conjugacy and unique ergodicity of T0, it follows that also
T has a unique invariant measure, that we denote µ. Recall that this measure is either
singular or absolutely continuous with respect to the Lebesgue measure. Suppose by
contradiction that µ is absolutely continuous with respect to Lebesgue and denote by ϕ
the associated Radon-Nykodim derivative, namely, µ “ ϕLeb. Since µ is T -invariant,

(21) pϕ ˝ T qT 1 “ ϕ



18 FRANK TRUJILLO AND CORINNA ULCIGRAI

almost surely. Recall that by Corollary 6.6,

δ :“ 1
4 inf
nPN

|ωpmkq| ą 0,

where the sequence mk denotes the sequence of Zorich times associated with T0. We
will derive a contradiction by showing that (21) implies that the norm of ωpmkq may be
arbitrarily small.
By iterating (21) and taking logarithm, it follows that, for any k P N,

plogϕ ˝ T kq ´ logϕ “ STk f
T
ω

almost surely, where ω denotes the log-slope vector of T . Composing the previous equality
with h and denoting ψ “ logϕ ˝ h, we obtain,

ψ ˝ T k0 ´ ψ “ ST0
k f

T0
ω

almost surely. Considering the return times given by the Rauzy-Veech induction yields

ψ ˝ T qpnqα
0 pxq ´ ψpxq “ ωpnqα ,

for x P Ipnqα and α P A.
Let pnkqkPN be the subsequence of Zorich times given by Proposition 3.8, and let us

denote

qk :“ qpnkq, ωk :“ ωpnkq, Ik “ Ipnkqα .

Notice that by Condition HS,

(22) ψ ˝ T qkα0 pxq ´ ψpxq “ ωα,

for any x P Ťhk
i“0 T

ipIkαq and any α P A, where hk “ 1
10CmaxαPAq

k
α and C is given by the

HS Condition. Since T0 verifies the BC Condition, there exists 0 ă c0 ă 1 such that

(23) min
αPA

|Ikα|
|Ik| ą c0,

for any k P N. Denote ε “ c0
20C mint1, δu, and let r0 be given by Lemma 5.1. Let k

sufficiently large so that |Ik| ă r0. Since

Leb

˜

ď

αPA

hk
ď

i“0

T ipIkq
¸

ą 1
10C ,

it follows from (20) that there exists xk “ T ikprkq, with rk P
“

|Ik|
2 , |Ik|˘ and 0 ď ik ď hk,

such that

|Eψrkpxk, δq| ă 2rkε
δ .

Fix α P A. Notice that

T ikpIkαq, T q
k
α`ikpIkαq Ď Brkpxkq,

and by (23),

|T ikpIkαq|, |T q
k
α`ikpIkαq| ě c0|Ik|.
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Hence

Leb
´!

y P T ikpIkαq
ˇ

ˇ

ˇ
y R Eψrkpxk, δq; T q

k
αpyq R Eψrkpxk, δq

)¯

ě |Ikα| ´ 2|Eψrkpxk, δq| ě |Ikα| ´
4rkε

δ

ě |Ikα|
ˆ

1´ 4ε

δc0

˙

ě 1

2
|Ikα|.

Thus, there exists ykα P T ikpIkαq, verifying (22), such that

ykα, T
qkαpykαq R Eψrkpxk, δq.

Hence

|ψpykαq ´ ψpT q
k
αpykαqq| ă 2δ,

and by (22), |ωkα| ă 2δ. Since α P A was arbitrary, and by definition of δ, we have
|ωk| ă 2δ, we reached a contradiction. This concludes the proof. �

6. Full measure of the IETs conditions

This section is devoted to the proof of Proposition 3.8, namely show simultaneously
that the BC and the HS Conditions introduced in § 3.5 (see Definitions 3.6 and 3.7)
are satisfied by a full measure set of (irreducible) IETs. We start by introducing a few
objects and notations needed in the proof.

6.1. Oseledet’s splittings. We denote the natural extensions of the Zorich map Z and

of the Zorich renormalization rZ by

Zext : XA Ñ XA, rZext : rXA Ñ rXA.

The points in the domains of these transformations are triples pπ, λ, τq P rXA Ď XAˆRA

and admit a geometric interpretation in terms of zippered rectangles (a construction
introduced by W. Veech [35] when considering suspensions over IETs): each triple can
be associated to a (translation) surface Xpπ, λ, τq obtained by gluing (zipping) sides of a
union of rectangles tRαuαPA (see, e.g., Chapter 15 in [37]).

Given pπ, λ, τq P rXA, the heights of the rectangles associated to Xpπ, λ, τq are given by

(24) phαqαPA :“ ´1

2
Ωπτ,

where Ωπ is the matrix given by (4), and the heights of the zips, that is, the heights until
which two adjacent rectangles are glued to each other, is given by

(25) ξα :“
ÿ

π0pβqďπ0pαq

τβ, α P A.

The IET pπ, λq appears then as the first return map to an appropriate section of the
vertical flow defined on Xpπ, λ, τq. See Figure 2 for an illustration of this construction.

Recall that rZ admits an unique invariant probability measure µ
rZ equivalent to the

Lebesgue measure and its natural extension rZext admits an unique invariant probability

measure µ
rZext

equivalent to Lebesgue and such that p˚pµ
rZext
q “ µ

rZ , where p : rXA Ñ XA
denotes the canonical projection ppπ, λ, τq “ pπ, λq.
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A
B C

D

D

C
B

A

A1

A1

x

T pxq

Figure 2. Zippered rectangles associated with an IET with four intervals and
a symmetric permutation. The black dots represent the discontinuities of the
IET, and the blue dots represent the heights of the zips.

Considering the natural extension of the Zorich renormalization and extending the

cocycle B trivially to rXA using the canonical projection p : rXA Ñ XA, the height and
length cocycles admit invariant Oseledet’s splittings

Espπ, λ, τq ‘ Ecpπ, λ, τq ‘ Eupπ, λ, τq “ RA,

Fspπ, λ, τq ‘ Fcpπ, λ, τq ‘ Fupπ, λ, τq “ RA,

respectively, corresponding to the sets of vectors with negative, zero, and positive Lya-
punov exponents. These spaces verify

(26)
Espπ, λ, τq “ Espπ, λq, Ecpπ, λ, τq ‘ Espπ, λ, τq “ Ecspπ, λq,
Fspπ, λ, τq “ Fspπ, λq, Fcpπ, λ, τq ‘ Fspπ, λ, τq “ Fcspπ, λq,

for a.e. pπ, λ, τq P rXA. Moreover, since the height and length cocycles are dual to each
other, we have

(27) Espπ, λ, τq “ Fcspπ, λ, τqK, Fspπ, λ, τq “ Ecspπ, λ, τqK,
for a.e. pπ, λ, τq P XA. We refer the interested reader to [43] for a precise definition of
dual cocycle.

For the sake of simplicity, for a.e. pπ, λ, τq P XA and for any n P Z, we denote
their iterates under Zext by pπn, λn, τnq and the associated Oseledets subspaces by
Enε pπ, λ, τq “ Eεpπn, λn, τnq, where ε P ts, c, uu.
6.2. Angle control between the splittings. Recall that the angle between two sub-
spaces t0u Ĺ E,F Ĺ RA is given by

=pE,F q “ min tarccos p|xv, wy|q | v P E,w P F, |v| “ 1 “ |w|u .
Denoting by πE,F : E Ñ F the projection of E to F , we have

}πE,F } ď cos =pE,F q.
This implies the following.
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Lemma 6.3. Let t0u Ĺ E,F Ď RA and δ “ cos =pE,F q. Then
?

1´ δ|v| ď |πFKpvq|,
for any v P E, where πFK denotes the orthogonal projection to FK.

The following observation will be of fundamental importance. For a proof see [41,
Proposition 7.6].

Proposition 6.4. For a.e. pπ, λ, τq P XA and for any n P Z,

B´1
0,npπ, λ, τqpKerpΩπqq “ KerpΩπnq.

Moreover, it is possible to pick a base of KerpΩπq, for each π P GA, such that, for a.e.
pπ, λ, τq P XA and for any n P Z, the matrix associated to the transformation

B´1
0,npπ, λ, τq |KerpΩπq: KerpΩπq Ñ KerpΩπnq,

with respect to the selected basis, is the identity.

The previous proposition shows that the central space for the length cocycle is given
by

(28) Fcpπ, λ, τq “ KerpΩπq,
for a.e. pπ, λ, τq P rXA. Applying Proposition 6.4, we can show the following.

Lemma 6.5. There exists C0 ą 1 such that for a.e. pπ, λq,
›

›πKerpΩπn q ˝BT
0,n

›

› ď C,

for any n P N. Moreover, if πn “ π for some n P N, then

πKerpΩπn q ˝BT
0,n “ πKerpΩπn q.

Proof. Let n P N be fixed. Notice that
`

BT
0,n

˘´1 “ `

B´1
0,n

˘T
. Hence, for any v P RA and

any w P KerpΩπnq,
@

BT
0,nv, w

D “ @

v,
`

BT
0,n

˘T
w
D “ @

v,
`

B´1
0,n

˘´1
w
D

.

By Proposition 6.4, it follows that
ˇ

ˇ

@

BT
0,nv, w

D
ˇ

ˇ ď C0|v||w|
for some constant C0 depending only on d, and if πn “ π,

@

BT
0,nv, w

D “ xv, wy,
which proves the lemma. �

Corollary 6.6. For a.e. pπ, λ, τq and for any v P Ecpπ, λ, τqzt0u
inf
nPN

|BT
0,nv| ą 0.
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ω

πKerpΩπqpωq

KerpΩπq

ωpnq

πKerpΩπq

`

ωpnq
˘

Ecpπ, λ, τq

Ecpπn, λn, τnq

Figure 3. Denoting ωpnq “ BT0,npπ, λ, τqω, for every n such that πn “ π the

projection of ωpnq to KerpΩπq remains constant (see Lemma 6.5). Moreover,
whenever the angle between Ecpπn, λn, τnq and KerpΩπq is small, the norm of
ωpnq is bounded, from above and below, by positive constants depending only on
ω (see Corollary 6.6 and Lemma 6.7).

Proof. By (27) (28),

Ecpπ, λ, τq XKerpΩπqK Ď Ecpπ, λ, τq XKerpΩπqK X Ecspπ, λ, τq
“ Ecpπ, λ, τq XKerpΩπqK X Fspπ, λ, τqK
“ Ecpπ, λ, τq X pKerpΩπq ‘ Fspπ, λ, τqqK
“ Ecpπ, λ, τq X Fcspπ, λ, τqK
“ Ecpπ, λ, τq X Espπ, λ, τq,

for a.e. pπ, λ, τq. Hence,

(29) Ecpπ, λ, τq XKerpΩπqK “ t0u,
for a.e. pπ, λ, τq, since, otherwise, the stable and central spaces associated with the
height cocycle would have a non-trivial intersection. By Lemma 6.5, the projection of
BT

0,nv to the spaces KerpΩπq is constant. Therefore, its norm is uniformly bounded from
below. �

Lemma 6.7. For a.e. pπ, λ, τq P rXA and for any n ě m ě 0, there exists a constant
Cpπn, λn, τnq ą 0, depending only on =pEnc pπ, λ, τq,KerpΩπnqKq, such that the linear
operator

BT
m,npπ, λ, τq |Emc pπ,λq: Emc pπ, λ, τq Ñ Enc pπ, λ, τq

verifies
›

›BT
m,npπ, λ, τq |Emc pπ,λ,τq

›

› ď Cpπn, λn, τnq.
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Proof. Let pπ, λ, τq P rXA be Oseledets generic and fix n ą m ě 0. By (29), we may
assume without loss of generality that

Enc pπ, λ, τq XKerpΩπnqK “ t0u,
for any n P N. Thus, by Lemma 6.3, applied to E :“ Emc pπ, λ, τq and F :“ KerpΩπnq,
(30)

›

›BT
m,n |Emc pπ,λ,τq

›

› ď Cpπn, λn, τnq ››πKerpΩπn q ˝BT
n,m |Emc pπ,λ,τq

›

› ,

for some constant Cpπn, λn, τnq depending only on =pEnc pπ, λ, τq,KerpΩπnqKq, where
πKerpΩπn q denotes the projection from RA onto KerpΩπnq.

The result now follows from Lemma 6.5 and (30). �

6.8. Full measure of the BC and HS conditions. We now have all the ingredients
to present the proof of full measure of the BC and HS conditions, i.e. Propostion 3.8.

Proof of Proposition 3.8. Clearly, it is enough to show that almost every IET in every
fixed Rauzy class verifies the conditions, so let us fix a Rauzy class R and a permutation
π˚ in R.

Let γ be a finite path in the Rauzy-graph, starting and ending at π˚, such that Aγ :“
AT0,|γ|pπ˚, λq is a positive matrix, where N :“ |γ| denotes the length of γ, and λ belongs

to the set ∆˚ of length vectors λ P ∆A such that pπ˚, λq satisfies Keane’s condition and
its combinatorial rotation number starts by γ ‹ γ, where ‹ denotes the justapposition of
two Rauzy paths.

For any π P GA, define

(31) Ξπ :“
"

τ P RA
ˇ

ˇ

ˇ

ˇ

hα
4
ă ξα, for α P Aztα0u

*

,

where phαqαPA and pξαqαPA are given by (24) and (25), respectively. Recall that α0 “
α0pπq is the symbol corresponding to the last interval in the partition of any IET whose
permutation is given by π, namely, α0 “ π´1

0 pdq.
By Lemma 6.7, there exists a measurable function

C : rXA Ñ p0,`8q,
such that for a.e. pπ, λ, τq P rXA and for any n ě 0,

›

›BT
0,npπ, λ, τq |Ecpπ,λ,τq

›

› ď Cpπn, λn, τnq.
Consider the set of triples pπ, λ, τq P rXA such that π “ π˚, λ P ∆˚ and τ pNq P Ξπ˚ ,

which is open and has positive measure. Thus, since C is measurable, by Luzin’s theorem
there exists a positive measure set

Y Ď  pπ, λ, τq P rXA | π “ π˚; λ P ∆˚ and τ pNq P Ξπ˚u
such that C restricted to ZN

extpY q is uniformly bounded by a constant V ą 0.

By ergodicity of the extended Zorich cocycle, for a.e. pπ, λ, τq P rXA with π P R there

exists an increasing sequence pmkqkPN Ď N such that pπpmkq, λpmkq, τ pmkqq P Y , for all
k P N. In particular, for any k P N, since |γ ‹ γ| “ 2N ,

AT0,2N pπpmkq, λpmkq, τ pmkqq “ Aγ ‹ γ “ AγAγ ,
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so that

AT0,N pπpmkq, λpmkq, τ pmkqq “ Aγ “ AT0,N pπpmk`Nq, λpmk`Nq, τ pmk`Nqq,(32)
›

›BT
0,mk`N

pπ, λ, τq |Ecpπ,λ,τq
›

› ď V,(33)

τ pmk`Nq P Ξπ˚ .(34)

Since for a.e. pπ, λ, τq P rXA,

sup
ně1

›

›BT
0,npπ, λ, τq |Espπ,λ,τq

›

› ă `8,

and by a standard Fubini argument, a full measure set in rXA gives a full measure set

of IETs rX 1A Ď rXA with the same forward cocycle matrices (see e.g. [18]), it follows from
the second equality in (32), (33) and (26) that a.e. pπ, λ, τq with π P R verifies the BC
Condition along the subsequence pnkqkPN given by nk :“ mk `N .

We claim that the HS Condition also holds for the IET T “ pπ, λq when pπ, λ, τq
belongs to the full measure set constructed above, along the subsequence pnkqkPN given
by nk :“ mk`N . It is indeed also standard to check that the first equality in (32) implies
assertion (i) for some C ą 0 depending only on Aγ . Thus, we are just left to show that
assertion (ii) holds. As we shall see, this will be a consequence of assertion (i) together
with (34).

Let pϕtqt denote the vertical linear flow on the surface X0 :“ Xpπ, λ, τq; then T is by

construction the Poincaré first return map of pϕtqt on the base Ip0q :“ r0, λs of X0 (see
Figure 4, left). Thus, if tnpxq denotes the n-th return time of x P I to I under the vertical
flow, by unique ergodicity of T we get (assuming that the area of X is 1) that

(35) Tnpxq “ ϕtnpxqpxq, where tnpxq “ n` opnq,
and the convergence of opnq is uniform in x.

The Rohlin towers for T described in § 2.2 can be seen embedded in the zippered
rectangles Xk :“ Xpπ˚, λpnkq, τ pnkqq, obtained from X0 iterating the natural extension of
the Zorich map Zext (which acts by cutting and stacking the rectangles of X0). Moreover,

the discontinuities of T are closely related to the heights of the zips
`

ξ
pnkq
α

˘

αPA (see
Figure 4).

Notice that the base of Xk is the nk-th inducing interval Ipnkq and, for any α P A, the

height h
pnkq
α of the rectangle R

pnkq
α is comparable to the return time q

pnkq
α of any point

x P I
pnkq
α . Indeed, since R

pnkq
α is obtained stacking q

pnkq
α towers of X0, we have that

h
pnkq
α “ t

q
pnq
α
pxq, so that in view of (35),

(36) hpnkqα “ qpnkqα ` opqpnkqα q, @α P A.
From the way zippered rectangles are glued (see e.g. Chapter 15 in [37]), it is clear

that the vertical flow pϕtqt restricted to the base Ipnkq of Xk is continuous for all 0 ď t ă
minαPAztα0u ξ

pnkq
α (which corresponds to the lowest height of a zip associated to τ pnkq, see

Figure 4). In particular, since τ pnkq P Ξπ˚ , by the definition in (31), the flow restricted to

Ipnkq is continuous for any 0 ď t ď minαPAh
pnkq
α {4. In view of the relation (35) between

the vertical flow and T , we get that T i |Ipnkq is continuous for all i ě 0 such that

maxxPIpnkq tipxq ď minαPA h
pnkq
α {4.
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cα

ξα

ξ
pnkq
α

ξα
h

pnkq
α

cα

T q
pnkq
α

Figure 4. Visualization of the Rohlin towers inside the zippered rectangles at
the nk-th iteration of the Zorich map. The black dots represent the discontinuities
of the initial IET, while the blue dots represent the heights of the zips. The
distance (on the surface) between the discontinuities and the height of the zips
remains constant when the (non-normalized) Zorich extension is applied to the
zippered rectangles.

Let, as in the desired conclusion, 0 ď i ď maxα q
pnkq
α {10C. By the Property (i) of

the HC Condition 3.7 proved above, we know that i ď minαPAq
pnkq
α {10. If k is suffi-

ciently large, for any α P A and any x P Ipnkqα , by (35), we have h
pnkq
α ě 4

5q
pnkq
α and

tipxq ď 2i. Consequently tipxq ď 2i ď q
pnkq
α {5 ď h

pnkq
α {4. Therefore maxxPIpnkq tipxq ď

minαPA h
pnkq
α {4, which, as explained above, implies that T i is continuous on Ipnkq.

Thus, we proved that, up to removing finitely many initial terms, we can assume that
the sequence pnkqkPN assertion (ii) in Condition HS. �

7. Appendix

In this section, we provide an alternative proof of Theorem 2 by showing that it follows
as an application of Theorem 1 from a result by M. Cobo (which in turn exploits the
work of W. Veech [35]) which says the following.
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Theorem 3 (Theorem 1 in [6]). For almost every IET T0, for any ω P EcspT0q zEspT0q
and for any AIET T P AffpγpT0q, ωq, any conjugating map between T0 and T is not an
absolutely continuous function.

Alternative proof of Theorem 2 using M. Cobo’s work in [6]. Recall that for a uniquely
ergodic AIET T , its unique invariant measure µ is either singular or absolutely continuous
with respect to the Lebesgue measure (see Section 5).

Let T0 and T as in Theorem 1. By Theorem 3, we may assume WLOG that the map
conjugating T0 and T is not absolutely continuous. Moreover, since almost every IET is
uniquely ergodic (see [32], [35]), we may assume WLOG that T0 (and hence T ) is uniquely
ergodic. Since the unique invariant probability measure µ of T is the push-forward of the
Lebesgue measure by the conjugating map, and this map is not absolutely continuous, it
follows that the µ is not absolutely continuous with respect to Lebesgue and thus, by the
remark at the beginning of the proof, it must be singular with respect to the Lebesgue
measure. �
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