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Abstract. This paper provides a local and global Calderón-Zygmund type estimate of a weak
solution to the parabolic double-phase system. The proof of local estimate is based on compar-
ison estimates and the scaling invariant property of the parabolic double-phase system in the
intrinsic cylinders of the stopping time argument setting. For the proof of the global estimate,
we have applied the reflection and approximation techniques.

1. Introduction

This paper considers the gradient estimate of the degenerate parabolic double-phase system

ut − div(b(z)(|∇u|p−2∇u+ a(z)|∇u|q−2∇u)) = −div(|F |p−2F + a(z)|F |q−2F )

in the parabolic cylinder CR defined in (2.1). The double-phase operator consists of two parts.
The first part is the p-Laplace part and the second part is the q-Laplace part for 2 ≤ p < q.
The coefficient b(·) of the double-phase operator is bounded from below and above by positive
constants while the coefficient a(·) of the q-Laplace part is a non-negative Hölder continuous.

We aim to prove the Calderón-Zygmund type estimate of the implication

H(z, |F |) ∈ Lσ(CR)⇒ H(z, |∇u|) ∈ Lσ(CR) for all σ ∈ (1,∞),

where H(z, s) = sp + a(z)sq. The higher integrability estimate of Theorem 2.2 was proved in [24].
It says that there exists ε0 > 0 sufficiently close to 0 such that the local estimate of the above
implication holds for σ ∈ (1, 1 + ε0]. The proof there is based on the stopping time argument,
the reverse Hölder inequality and the Vitali covering argument by dividing intrinsic geometry
into two cases. In order to prove the local estimate for any σ ∈ (1 + ε0,∞), the comparison
estimate with weak solutions of the homogeneous parabolic double-phase systems and the local
regularity properties of such weak solutions are necessary rather than the reverse Hölder inequality.
Proposition 3.1 and Proposition 3.11 contain the comparison estimate in each intrinsic geometry.
Moreover, these estimates with the stopping time argument prove the Vitali covering lemma and
Theorem 2.3.

The main idea of comparison estimates is to construct the Dirichlet boundary problems of
the parabolic double-phase system and to obtain a sufficiently small energy estimate of u and a
constructed weak solution in each intrinsic geometry. Since the existence of the Dirichlet boundary
problem of the parabolic double-phase system is incomplete, we assume infimum a(·) is strictly
positive in Theorem 2.3. The scaling invariant property in each intrinsic geometry is used to
get the quantitative estimate for the regularity properties of constructed weak solutions. These
estimates and Theorem 2.2 are applied to make energy estimates smaller and to prove the Vitali
covering argument.

The global estimate in Theorem 2.5 is proved by the local estimate in Theorem 2.3 and reflection
argument. Since the obtained estimate is stable with respect to the value of the infimum of a(·),
the global estimate can be extended when the infimum of a(·) is 0, see Corollary 2.6.

The regularity properties of the elliptic double-phase problems were established in [18, 3, 10, 11].
The generalized double-phase settings also have been introduced and regularity properties have
been studied in [21, 22]. The results of the parabolic double-phase problem are only recent. For
applications, we refer to [20, 30]. The existence result of the parabolic double-phase system has
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been proved in [8, 31]. For the gradient regularity properties, the difference quotient method was
applied in [31], the higher integrability was proved in [24] and the Lipschitz truncation method,
existence and uniqueness of the Dirichlet boundary problem have been researched in [25].

The Calderón-Zygmund estimate was proved for the elliptic p-Laplace system (a(·) ≡ 0) in
[16, 23, 27, 7] and for the parabolic p-Laplace system in [1, 4, 5, 6]. It was also proved in the
general structure of the Orlicz setting in [9, 29], the parabolic p(·)-Laplace system in [2] and elliptic
double phase system in [12, 13].

2. Notation and main results

2.1. Notations. For x0 ∈ Rn, t0 ∈ R and ρ > 0, we denote the ball and cube as

Bρ(x0) = {x ∈ Rn : |x− x0| < ρ},
Dρ = {x = (x1, ..., xn) ∈ Rn : |xi| < R for all i ∈ n}

and denote the time interval as

Iρ(t0) = (t0 − ρ2, t0 + ρ2).

We omit the center point if it is the origin. The parabolic cylinders are defined as the product of
the ball and the time interval or product of the cube and the time interval

Qρ(z0) = Bρ(x0)× Iρ(t0), CR = DR × IR (2.1)

for z0 = (x0, t0) ∈ Rn × R.
For non-negative function a(·) : CR −→ R+, we defined the function H(z, s) : CR×R+ −→ R+

as H(z, s) = sp + a(z)sq. Throughout this paper, a(·) will be chosen as a coefficient of q-Laplace
operator in the referenced double-phase system and thus H(·, ·) is also used as a fixed notation.

For a function f ∈ L1(Qρ(z0)) and a measurable set E ⊂ Qρ(z0), the integral average of f over
E is denoted as

fE = −−
¨
E

f dz.

2.2. Main results. This paper is concerned with the parabolic double-phase system{
ut − div (b(z)A(z,∇u)) = −divA(z, F ) in CR,

u = 0 on ∂pCR.
(2.2)

Here b(·) : CR −→ R+ is a non-negative measurable function satisfying the ellipticity condition,
that is, there exist positive constants ν, L such that

0 < ν ≤ b(z) ≤ L <∞ for a.e. z ∈ CR, (2.3)

the map A(z, ξ) : CR×RNn −→ Rn with N ≥ 1 is the parabolic double-phase operator defined as

A(z, ξ) = |ξ|p−2ξ + a(z)|ξ|q−2ξ,

where a(·) : CR −→ R+ is a non-negative function. The source term F : CR −→ RNn is a given
vector field satisfying ¨

CR

H(z, |F |) dz <∞. (2.4)

Throughout the paper, we assume that exponent 2 ≤ p < q < ∞ and non-negative function a(·)
satisfy assumptions

q ≤ p+ 2α
n+2 , 0 ≤ a ∈ Cα,α/2(CR) for some α ∈ (0, 1]. (2.5)

The condition a ∈ Cα,α/2(CR) means that a ∈ L∞(CR) and there exists a constant [a]α,α/2;CR =
[a]α > 0 such that for (x, y) ∈ DR and (t, s) ∈ (0, T ),

|a(x, t)− a(y, t)| ≤ [a]α,α/2;CR |x− y|
α, |a(x, t)− a(x, s)| ≤ [a]α,α/2;CR |t− s|

α
2 . (2.6)
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We further assume that b has the following VMO condition

lim
r→0+

sup
|I|≤r2

sup
x0∈DR

−
ˆ
I∩IR

−
ˆ
Br(x0)∩DR

|b(x, t)− b(Br(x0)×I)∩CR | dx dt = 0, (2.7)

where supremum is taken over all balls Br(x0) ⊂ Rn with x0 ∈ DR and all intervals I ⊂ R with its
length |I| is less than or equal to r2. The weak solution to (2.2) is defined in the following sense.

Definition 2.1. A measurable function u : CR −→ RN such that

u ∈ C(IR;L2(DR,RN )) ∩ L1(IR;W 1,1
0 (DR,RN )) with¨

CR

H(z, |∇u|) dz <∞

is a weak solution to (2.2) if for every ϕ ∈ C∞0 (CR,RN )
¨
CR

(−u · ϕt + b(z)A(z,∇u) · ∇ϕ) dz =

¨
CR

A(z, F ) · ∇ϕdz.

Moreover, the initial boundary condition holds in the sense that

lim
h→0+

−
ˆ −R2+h

−R2

ˆ
DR

|u(x, t)|2 dx dt = 0. (2.8)

To simplify the dependency of constant, we write

datag = n,N, p, q, α, ν, L, [a]α, R, ‖H(z, |F |)‖1,
data = datag, ‖u‖L∞(IR;L2(DR)), ‖H(z, |∇u|)‖1,

where we also shorten ‖ · ‖σ = ‖ · ‖Lσ(CR) for σ ∈ [1,∞]. Before we state the main results in this
paper, we state the local higher integrability result.

Theorem 2.2 ([24], Higher integrability). Suppose 0 ≤ inf
z∈CR

a(z) and let u be the weak solution to

(2.2). Then there exist ε0 = ε0(data) ∈ (0, 1) and c = c(data, ‖a‖∞) such that for any Q2ρ(z0) ⊂
CR and ε ∈ (0, ε0] there holds

−−
¨
Q2ρ(z0)

(H(z, |∇u|))1+ε dz ≤ c

(
−−
¨
Q2ρ(z0)

H(z, |∇u|) dz

) qε
2 +1

+ c

(
−−
¨
Q2ρ(z0)

(H(z, |F |))1+ε dz + 1

) q
2

.

Throughout this paper, ε0 denotes the constant in the above theorem. We now state the main
theorems. The first result is the local estimate.

Theorem 2.3. Suppose 0 < inf
z∈CR

a(z) and let u be the weak solution to (2.2). Then there exists

ρ0 = ρ0(data, ‖H(z, |F |)‖1+ε0 , ‖a‖∞) ∈ (0, 1) such that for any σ ∈ (1 + ε0,∞) and Q2ρ0(z0) ⊂
CR/2, there holds

−−
¨
Qρ(z0)

(H(z, |∇u|))σ dz ≤ c

(
−−
¨
Q2ρ(z0)

H(z, |∇u|) dz

) q(σ−1)
2 +1

+ c

(
−−
¨
Q2ρ(z0)

(H(z, |F |))σ dz + 1

) q
2

,

where c = c(data, ‖a‖∞, σ) and ρ ∈ (0, ρ0).
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Remark 2.4. Since Theorem 2.3 is local, the estimate holds without assumptions on the boundary
is not necessary. In particular, (2.8) is not used and we may replace the global VMO condition
(2.7) with the following local VMO condition

lim
r→0+

sup
Br(x0)×Iτ (t0)⊂CR,

τ≤r2

−−
¨
Br(x0)×Iτ (t0)

|b(x, t)− bBr(x0)×Iτ (t0)| dx dt = 0. (2.9)

We also remark that the assumption 0 < inf
z∈CR

a(z) is necessary for comparison estimates. See

Section 3 for the detail.

The next two results are the global estimate. The estimate is deduced from the extension
argument using the reflection in [14, Chapter X] and [28]. Note that we may replace the constant
dependency data by datag for ε0 by using the standard energy estimate.

Theorem 2.5. Suppose 0 < inf
z∈CR

a(z) and let u be the weak solution to (2.2). Then for any

σ ∈ (1,∞), there holds

−−
¨
CR

(H(z, |∇u|))σ dz ≤ c
(
−−
¨
CR

(H(z, |F |))σ dz + 1

) q
2

,

where ε0 = ε0(datag) ∈ (0, 1) and

c =

{
c(datag, ‖a‖∞, σ) if σ ∈ (1, 1 + ε0],

c(datag, ‖a‖∞, σ, ‖H(z, |F |)‖1+ε0) if σ ∈ (1 + ε0,∞).

The above estimate can be extended when the infimum of a is zero.

Corollary 2.6. Suppose inf
z∈CR

a(z) = 0 and let u be the weak solution to (2.2). Then for any

σ ∈ (1,∞), there holds

−−
¨
CR

(H(z, |∇u|))σ dz ≤ c
(
−−
¨
CR

(H(z, |F |))σ dz + 1

) q
2

,

where ε0 = ε0(datag) ∈ (0, 1) and

c =

{
c(datag, ‖a‖∞, σ) if σ ∈ (1, 1 + ε0],

c(datag, ‖a‖∞, σ, ‖H(z, |F |)‖1+ε0) if σ ∈ (1 + ε0,∞).

3. Comparison estimates

In this section, we assume 0 < inf
z∈CR

a(z) and provide comparison estimates which are used for

the proof of Theorem 2.3. This assumption is required to guarantee the existence of non-zero
Dirichlet boundary value problems. Indeed we observe for any ξ ∈ RNn

inf
z∈CR

a(z)|ξ|q ≤ A(z, ξ) · ξ and |A(z, ξ)| ≤ 2q−1(1 + ‖a‖∞)(1 + |ξ|q−1),

which means A(z, ξ) is a q-Laplace type operator and corresponding weak solution u to (2.2)
satisfies

u ∈ C(IR;L2(DR) ∩ Lq(IR;W 1,q
0 (DR,RN )), ut ∈ Lq

′
(IR;W−1,q′(DR,RN )).

The existence result of the parabolic q-Laplace type system is applicable in this section.
For the comparison estimates, it is necessary to keep track of the dependency of constants. We

will use ε, δ,K, ρ0 as constants. For ε ∈ (0, 1) will be determined later as 1
2q+3 in (4.13), constants

δ ∈ (0, 1), K > 1 and ρ0 > 0 will be chosen in this section. To be specific, δ will be determined
depending on data and ε while K will be chosen to be

K = 180(1 + [a]α)

(
1

|B1|

¨
Q2ρ0

(z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz + 1

) α
n+2

.
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Finally, ρ0 ∈ (0, 1) is determined depending on data, ‖a‖∞, ε and ‖H(z, |F |)‖1+ε0 and plays a
role in the multiplication of K by ρ0 small enough. The circular logic never appears since ρ0 is
determined after δ is chosen. For each lemma, we take δ and ρ0 sufficiently small and the constants
δ and ρ0 are the smallest constants among lemmas. In order to simplify our notation, we denote

c(dataδ) = c(data,K) and V = 9K,

where V will be chosen to be a covering constant in the Vitali covering argument.
Employing the intrinsic geometry approach in [24], we consider the p-intrinsic cylinder case and

the (p, q)-intrinsic cylinder case.

3.1. p-intrinsic case. The p-intrinsic cylinder is defined as

Qλρ(z0) = Bρ(x0)× Iλρ (t0), Iλρ (t0) = (t0 − λ2−pρ2, t0 + λ2−pρ2),

with a center point z0 = (x0, t0) ∈ Rn × R, ρ > 0 and λ ≥ 1.
This subsection aims to prove the following estimates.

Proposition 3.1. Let ε > 0 be a fixed constant. There exist δ = δ(data, ε) ∈ (0, 1), ρ0 =

ρ0(data, ‖a‖∞, ‖H(z, |F |)‖1+ε0 , ε) ∈ (0, 1) such that if there exists an intrinsic cylinder Qλw16V ρw
(w) ⊂

Q2ρ0(z0) ⊂ CR/2 for some λw > 1 satisfying

(i) p-intrinsic case: K2λpw ≥ a(w)λqw,
(ii) stopping time argument for p-intrinsic cylinder:

(a) −−
¨
Qλw16V ρw (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz < λpw,

(b) −−
¨
Qλwρw (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz = λpw,

then there exists a weak solution vw to

∂tvw − div(b0(|∇vw|p−2∇vw + as|∇vw|q−2∇vw)) = 0

in Qλw2V ρw
(w) such that ¨

QλwV ρw (w)

H(z, |∇u−∇vw|) dz ≤ ελpw|Qλwρw |

and the following local Lipschitz estimate holds

sup
z∈QλwV ρw (w)

|∇vw(z)| ≤ cλw,

where c = c(dataδ) > 0,

b0 = bQλw4V ρw (w) and as = sup
z∈Qλw2V ρw (w)

a(z).

For simplicity, we assume w = 0 and write a0 = a(0), λ = λw and ρ = ρw. We also denote the
assumption in the above proposition K2λp ≥ a0λ

q,

−−
¨
Qλ16V ρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz < λp (3.1)

and

−−
¨
Qλρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz = λp. (3.2)

Denoting u0 = uQλ8V ρ , we first provide L∞ − L2 and Lp estimates of u.

Lemma 3.2. There exists c = c(dataδ) such that

λp−2 sup
t∈Iλ8V ρ

−
ˆ
B8V ρ

|u(x, t)− u0|2

(8V ρ)2
dx+−−

¨
Qλ8V ρ

|u− u0|p

(8V ρ)p
dz ≤ cλp.
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Proof. The assumptions (3.1) gives

−−
¨
Qλ16V ρ

(H(z, |∇u|) +H(z, |F |)) dz ≤ λp.

Since we have K2λp ≥ a0λ
q, the conclusion follows from [24, Lemma 4.2 and Lemma 5.1]. �

The next lemma will be used in this and the next section.

Lemma 3.3. Suppose c = c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0) is a constant. Then there exists ρ0 =
ρ0(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0 , ε) ∈ (0, 1) such that

cραλq ≤ 1

(2V )n+222q3
ελp.

Proof. From Theorem 2.2, there exist c = c(data, ‖a‖∞) and ε0 = ε0(data) ∈ (0, 1) such that

−−
¨
CR/2

(H(z, |∇u|))1+ε0 dz ≤ c
(
−−
¨
CR

H(z, |∇u|) dz
)1+

qε0
2

+ c

(
−−
¨
CR

(H(z, |F |))1+ε0 dz

) q
2

.

Since we assumed Qλ16V ρ ⊂ CR/2, there exists c = c(data, ‖a‖∞, ‖H(z, |F |)‖1+ε0) such that¨
QλV ρ

(H(z, |∇u|))1+ε0 dz ≤ c. (3.3)

By applying Hölder’s inequality to (3.2), it follows that

λp = −−
¨
Qλρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

≤

(
−−
¨
Qλρ

(H(z, |∇u|) + δ−1H(z, |F |))1+ε0 dz

) 1
1+ε0

≤ c(dataδ)

(
−−
¨
QλV ρ

(H(z, |∇u|) +H(z, |F |))1+ε0 dz

) 1
1+ε0

.

Denoting γ = αp
n+2 , there holds

ραλq = ραλq−γλγ

≤ c(dataδ)ραλq−γ
(
−−
¨
QλV ρ

(H(z, |∇u|) +H(z, |F |))1+ε0 dz

) γ
p(1+ε0)

.

Since we have (
−−
¨
QλV ρ

(H(z, |∇u|) +H(z, |F |))1+ε0 dz

) γ
p(1+ε0)

≤ c(dataδ)(V ρ)
− (n+2)γ
p(1+ε0)λ

(p−2)γ
p(1+ε0)

×

(¨
QλV ρ

(H(z, |∇u|) +H(z, |F |))1+ε0 dz

) γ
p(1+ε0)

,

(3.3) leads to

ραλq ≤ c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0)ρ
α− (n+2)γ

p(1+ε0)λ
q−γ+

(p−2)γ
p(1+ε0) .

Note that the following inequalities hold
(n+ 2)γ

p(1 + ε0)
=

α

1 + ε0
and q − γ +

(p− 2)γ

p
= q − 2γ

p
≤ p
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and we obtain

ραλq ≤ c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0)ρ
αε0
1+ε0
0 λp.

The conclusion follows by taking ρ0 sufficiently small enough. �

We now construct suitable homogeneous functions to obtain the comparison estimates. Let
ζ ∈ C(Iλ8V ρ;L

2(B8V ρ,RN )) ∩ Lq(Iλ8V ρ;W 1,q(B8V ρ,RN )) be the weak solution to{
ζt − div(bA(z,∇ζ)) = 0 in Qλ8V ρ,

ζ = u− u0 on ∂pQ
λ
8V ρ.

(3.4)

Since ∇u = ∇(u− u0) and ∂tu = ∂t(u− u0), it is clear that u− u0 is a weak solution to

∂t(u− u0)− divA(z,∇u) = −divA(z, F ) in Qλ8V ρ.

To derive a suitable energy estimate, we use the following mollification in the time variable since
the time derivative of a weak solution for the parabolic system has no function representative
in general. For f ∈ L1(CR) and 0 < h < T , we define the Steklov average fh(x, t) of f for all
0 < t < T by

fh(x, t) =

−
ˆ t+h

t

f(x, s) ds, if 0 < t < T − h,

0, if T − h ≤ t.

For the basic properties of the Steklov average, we refer to [14].

Lemma 3.4. There exist δ = δ(data, ε) ∈ (0, 1) and ρ0 = ρ0(dataδ, ‖H(z, |F |)‖1+ε0 , ε) ∈ (0, 1)
such that

1

|Qλρ |

¨
QλV ρ

H(z, |∇u−∇ζ|) dz ≤ 1

2q3
ελp.

Also, there exists c = c(dataδ) such that

λp−2 sup
t∈Iλ8V ρ

−
ˆ
B8V ρ

|ζ|2(x, t)

(8V ρ)2
dx+−−

¨
Qλ8V ρ

(
|ζ|p

(8V ρ)p
+H(z, |∇ζ|)

)
dz ≤ cλp.

Proof. We take arbitrary τ1, τ2 ∈ Iλ8V ρ such that τ1 < τ2 and consider small enough h > 0, which
is chosen to be used for the Steklov average, satisfying τ1, τ2 ∈ Iλ8V ρ−h. For small enough ϑ > 0,
let ζϑτ1,τ2 ∈W

1,∞
0 (Iλ8V ρ−h) be a cut-off function defined as

ζϑτ1,τ2(t) =


1
ϑ (t− (τ1 − ϑ)) for τ1 − ϑ ≤ t ≤ τ1,

1 for τ1 ≤ t ≤ τ2,
1− 1

ϑ (t− τ2) for τ2 ≤ t ≤ τ2 + ϑ,

0 otherwise.

We take [u− u0 − ζ]hζ
ϑ
τ1,τ2 as a test function to

∂t[u− u0 − ζ]h − div[b(A(z,∇u)−A(z,∇ζ))]h = −div[A(z, F )]h

in B8V ρ × Iλ8V ρ−h. Since ∇[u− u0]h = [∇(u− u0)]h = [∇u]h = ∇[u]h, we have

I + II = −−
¨
Qλ8V ρ

∂t[u− u0 − ζ]h · [u− u0 − ζ]hζ
ϑ
τ1,τ2 dz

+−−
¨
Qλ8V ρ

[b(A(z,∇u)−A(z,∇ζ))]h · ∇[u− ζ]hζ
ϑ
τ1,τ2 dz

= −−
¨
Qλ8V ρ

[A(z, F )] · ∇[u− ζ]hζ
ϑ
τ1,τ2 dz = III.
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We estimate each term in the above display. Applying the integration by parts, there holds

I = −−
¨
Qλ8V ρ

(
∂t

1

2
|[u− u0 − ζ]h|2

)
ζϑτ1,τ2 dz

= −−
¨
Qλ8V ρ

−1

2
|[u− u0 − ζ]h|2∂tζϑτ1,τ2 dz

=
−1

2|Iλ8V ρ|
−
ˆ τ1

τ1−ϑ
−
ˆ
B8V ρ

|[u− u0 − ζ]h|2 dz

+
1

2|Iλ8V ρ|
−
ˆ τ2+ϑ

τ2

−
ˆ
B8V ρ

|[u− u0 − ζ]h|2 dz.

Therefore, using the convergence property of the Steklov average and then letting ϑ go to 0+, we
obtain

lim
ϑ→0+

lim
h→0+

I = − 1

2|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|(x, τ1) dx

+
1

2|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|2(x, τ2) dx.

Again it follows from the convergence property of the Steklov average that

lim
h→0+

II = −−
¨
Qλ8V ρ

b(A(z,∇u)−A(z,∇ζ)) · ∇(u− ζ)ζϑτ1,τ2 dz.

Using (2.3) and [14, Chapter 1, Lemma 4.4], there exists c = c(n,N, p, q, ν) such that

lim
ϑ→0+

lim
h→0+

II ≥ c−−
¨
Qλ8V ρ

H(z, |∇u−∇ζ|)χ{τ1≤t≤τ2} dz.

While Young’s inequality gives

lim
ϑ→0+

lim
h→0+

III ≤ c−−
¨
Qλ8V ρ

H(z, |F |)χ{τ1≤t≤τ2} dz

+
c

2
−−
¨
Qλ8V ρ

H(z, |∇u−∇ζ|)χ{τ1≤t≤τ2} dz.

Combining estimates of I, II and III, we get

1

|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|2(x, τ2) dx+−−
¨
Qλ8V ρ

H(z, |∇u−∇ζ|)χ{τ1≤t≤τ2} dz

≤ c

|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|2(x, τ1) dx+ c−−
¨
Qλ8V ρ

H(z, |F |)χ{τ1≤t≤τ2} dz.

Since τ1 and τ2 are arbitrary, u, ζ ∈ C(Iλ8V ρ;L
2(B8V ρ,RN )) and u − u0 ≡ ζ in B4ρ × {t =

−λ2−p(8V ρ)2}, letting τ1 to −λ2−p(8V ρ)2 and τ2 to λ2−p(8V ρ)2 to have

−−
¨
Qλ8V ρ

H(z, |∇u−∇ζ|) dz ≤ c−−
¨
Qλ8V ρ

H(z, |F |) dz.

Meanwhile, letting τ1 to −λ2−p(8V ρ)2 and keeping τ2 be arbitrary, we also get

1

|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|2(x, τ2) dx ≤ c−−
¨
Qλ8V ρ

H(z, |F |) dz.
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Therefore, combining these estimates and using (3.1), we obtain

sup
t∈Iλ8V ρ

1

|Iλ8V ρ|
−
ˆ
B8V ρ

|u− u0 − ζ|2(x, t) dx+−−
¨
Qλ8V ρ

H(z, |∇u−∇ζ|) dz

≤ c−−
¨
Qλ8V ρ

H(z, |F |) dz ≤ cδλp,
(3.5)

where c = c(n,N, p, q, ν, L). In particular, since δ ∈ (0, 1), we have

λp−2 sup
t∈Iλ8V ρ

−
ˆ
B8V ρ

|u− u0 − ζ|2(x, t)

(8V ρ)2
dx+−−

¨
Qλ8V ρ

H(z, |∇u−∇ζ|) dz ≤ cλp.

Applying the triangle inequality and Lemma 3.2, we get

λp−2 sup
t∈Iλ8V ρ

−
ˆ
B8V ρ

|ζ|2(x, t)

(8V ρ)2
dx+−−

¨
Qλ8V ρ

H(z, |∇ζ|) dz ≤ c(dataδ)λp.

Employing the Poincaré inequality in the spatial direction and Lemma 3.2, we also have

−−
¨
Qλ8V ρ

|ζ|p

(8V ρ)p
dz ≤ 2p−−

¨
Qλ8V ρ

|ζ − (u− u0)|p

(8V ρ)p
dz + 2p−−

¨
Qλ8V ρ

|u− u0|p

(8V ρ)p
dz

≤ c(dataδ)

(
−−
¨
Qλ8V ρ

|∇ζ −∇u|p dz + λp

)
≤ c(dataδ)λp.

The proof of the second estimate is completed. To obtain the first estimate, we further estimate
(3.5). With V = 9K, we write (3.5) as

1

|Qλρ |

¨
QλV ρ

H(z, |∇u−∇ζ|) dz ≤ cKn+2δλp.

Recalling 1
180(1+[a]α)Kδ

1
n+2 is equivalent to(

δ
1
α

|B1|

¨
Q2ρ0 (z0)

H(z, |∇u|) dz + δ
1
α + δ

1−α
α

¨
Q2ρ0 (z0)

H(z, |F |) dz

) α
n+2

,

we observe
1

180(1 + [a]α)
Kδ

1
n+2

≤

(
δ

1
α

|B1|

¨
CR

H(z, |∇u|) dz + δ
1
α + δ

1−α
α

¨
CR

H(z, |F |) dz

) α
n+2

.

If α ∈ (0, 1) holds, then we have cKn+2δ ≤ 1
2q3ε provided δ = δ(data, ε) is sufficiently small. On

the other hand, if α = 1 holds, then a further estimate is necessary since we have δ
1−α
α = 1. Since

Hölder’s inequality gives
¨
Q2ρ0 (z0)

H(z, |F |) dz ≤ |Q2ρ0 |
ε0

1+ε0

(¨
Q2ρ0 (z0)

(H(z, |F |))1+ε0 dz

) 1
1+ε0

,

it follows

1

180(1 + [a]α)
Kδ

1
n+2 ≤

(
δ

1
α

|B1|

¨
CR

H(z, |∇u|) dz + δ
1
α

+|Q2ρ0 |
ε0

1+ε0

(¨
CR

(H(z, |F |))1+ε0 dz

) 1
1+ε0

) α
n+2

.

Hence by taking sufficiently small δ = δ(data, ε) and ρ0 = ρ0(data, ‖H(z, |F |)‖1+ε0 , ε), the desired
estimate follows. �
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The next lemma provides the quantitative estimate of the higher integrability for |∇ζ| under
the setting of the intrinsic cylinder. The constant εδ in the next lemma depends on dataδ and it
may be different from ε0(data) in Theorem 2.2.

Lemma 3.5. There exists εδ = εδ(dataδ) ∈ (0, 1) and c = c(dataδ) such that

−−
¨
Qλ4V ρ

(H(z, |∇ζ|))1+εδ dz ≤ cλp(1+εδ).

Proof. For (x, t) ∈ Q8V and ξ ∈ RNn, we set the scaled functions and maps

ζλ(x, t) = 1
ρλζ(ρx, λ2−pρ2t),

bλ(x, t) = b(ρx, λ2−pρ2t),

aλ(x, t) = λq−pa(ρx, λ2−pρ2t),

Aλ(z, ξ) = |ξ|p−2ξ + aλ(z)|ξ|q−2ξ,

Hλ(z, s) = sp + aλ(z)sq.

Note that bλ still satisfies the ellipticity condition (2.3) in Q8V . Moreover, it follows from
Lemma 3.3 that aλ ∈ Cα,α/2(Q8V ) with

[aλ]α,α/2;Q8V
= ραλq−p[a]α ≤ [a]α. (3.6)

We claim that ζλ is a weak solution to the type of (3.4). For any ϕλ ∈ C∞0 (Q8V ,RN ), there exists
ϕ ∈ C∞0 (Qλ8V ρ,RN ) such that ϕλ(x, t) = ϕ(ρx, λ2−pρ2t) in Q8V . Then we observe that the change
of variables gives

−−−
¨
Q8V

ζλ(x, t) · ∂tϕλ(x, t) dz

= −−−
¨
Q8V

λ1−pρζ(ρx, λ2−pρ2t) · ∂tϕ(ρx, λ2−pρ2t) dz

= −−−
¨
Qλ8V ρ

λ1−pρζ(x, t) · ∂tϕ(x, t) dz.

Recalling ζ is the weak solution to (3.4), there holds

−−−
¨
Q8V

ζλ(x, t) · ∂tϕλ(x, t) dz

= −−−
¨
Qλ8V ρ

λ1−pρb(z)(|∇ζ(z)|p−2 + a(z)|∇ζ(z)|q−2)∇ζ(z) · ∇ϕ(z) dz.

Again applying the change of variables to the last term, we get

−−
¨
Qλ8V ρ

λ1−pρb(z)|∇ζ(z)|p−2∇ζ(z) · ∇ϕ(z) dz

= −−
¨
Q8V

b(ρx, λ2−pρ2t) |∇ζ(ρx,λ
2−pρ2t)|p−2

λp−2

∇ζ(ρx,λ2−pρ2t)
λ · ρ∇ϕ(ρx, λ2−pρ2t) dz

= −−
¨
Q8V

bλ(x, t)|∇ζλ(x, t)|p−2∇ζλ(x, t) · ∇ϕλ(x, t) dz

and similarly

−−
¨
Qλ8V ρ

λ1−pρb(z)a(z)|∇ζ(z)|q−2∇ζ(z) · ∇ϕ(z) dz

= −−
¨
Q8V

bλ(x, t)aλ(x, t)|∇ζλ(x, t)|q−2∇ζλ(x, t) · ∇ϕλ(x, t) dz.
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Therefore, it follows

−−−
¨
Q8V

ζλ · ∂tϕλ dz = −−−
¨
Q8V

bλ(|∇ζλ|p−2 + aλ|∇ζλ|q−2)∇ζλ · ∇ϕλ dz,

or equivalently, ζλ is a weak solution to

∂tζλ − div(bλAλ(z,∇ζλ)) = 0 in Q8V .

Employing Theorem 2.2, there holds

−−
¨
Q4V

(Hλ(z, |∇ζλ|))1+εδ dz ≤ c
(
−−
¨
Q8V

Hλ(z, |∇ζλ|) dz + 1

) qεδ
2 +1

,

where εδ depending on

n, p, q, α, ν, L, [aλ]α, 8V, ‖ζλ‖L∞(I8V ;L2(B8V )), ‖Hλ(z, |∇ζλ|)‖1
and c depending on

n, p, q, α, ν, L, [aλ]α, 8V, ‖ζλ‖L∞(I8V ;L2(B8V )), ‖Hλ(z, |∇ζλ|)‖1, ‖aλ‖∞.

We now investigate the constant dependency of εδ and c in the above. Note that change of variables
implies

−−
¨
Q8V

Hλ(z, |∇ζλ|) dz =
1

λp
−−
¨
Qλ8V ρ

H(z, |∇ζ|) dz.

Therefore we get from Lemma 3.4 that

sup
t∈I8V

−
ˆ
B8V

|ζλ|2 dx+−−
¨
Q8V

Hλ(z, |∇ζλ|) dz

= sup
t∈Iλ8V ρ

−
ˆ
B8V ρ

|ζ|2

λ2ρ2
dx+

1

λp
−−
¨
Qλ8V ρ

H(z, |∇ζ|) dz ≤ c(dataδ).

Meanwhile, (3.6) and a0λ
q ≤ K2λp gives

‖aλ‖∞ ≤ λq−pa0 + [aλ]α(8V )α ≤ K2 + [a]α(8V )α ≤ c(dataδ). (3.7)

Therefore we conclude εδ = εδ(dataδ) and

−−
¨
Q4V

(Hλ(z, |∇ζλ|))1+εδ dz ≤ c(dataδ).

Finally, it comes from the change of variable that

−−
¨
Qλ4V ρ

(H(z, |∇ζ|))1+εδ dz ≤ c(dataδ)λp(1+εδ).

This completes the proof. �

We next consider the weak solution η ∈ C(Iλ4V ρ;L
2(B4V ρ,RN ))∩Lq(Iλ4V ρ;W 1,q(B4V ρ,RN )) to{

ηt − div(b0A(z,∇η)) = 0 in Qλ4V ρ,

η = ζ on ∂pQ
λ
4V ρ,

where recall b0 = bQλ4V ρ . We have the following comparison estimate.

Lemma 3.6. There exists ρ0 = ρ0(dataδ, ε) ∈ (0, 1) such that
1

|Qλρ |

¨
QλV ρ

H(z, |∇ζ −∇η|) dz ≤ 1

22q3
ελp.

Also, there exists c = c(dataδ) such that

λp−2 sup
t∈Iλ4V ρ

−
ˆ
B4V ρ

|η|2(x, t)

(4V ρ)2
dx+−−

¨
Qλ4V ρ

(
|η|p

(4V ρ)p
+H(z, |∇η|)

)
dz ≤ cλp.
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Proof. Note that b0 still satisfies (2.3). We follow the same argument in the proof of Lemma 3.4.
For sufficiently small h, ϑ > 0 and τ1, τ2 ∈ Iλ4V ρ−h, we take [ζ − η]hζ

ϑ
τ1,τ2 as a test function to

∂t[ζ − η]h − div[b0(A(z,∇ζ)−A(z,∇η))]h = −div[(b0 − b)A(z,∇ζ)]h

in B4V ρ × Iλ4V ρ−h. Then there exists a constant c = c(n,N, p, q, ν, L) such that

λp−2 sup
t∈Iλ4V ρ

−
ˆ
B4V ρ

|ζ − η|2(x, t)

(4V ρ)2
dx+−−

¨
Qλ4V ρ

H(z, |∇ζ −∇η|) dz

≤ c−−
¨
Qλ4V ρ

|b0 − b(z)||A(z,∇ζ)||∇ζ −∇η| dz.
(3.8)

To estimate the last term, we apply Young’s inequality to have

c−−
¨
Qλ4V ρ

|b0 − b(z)||A(z,∇ζ)||∇ζ −∇η| dz

≤ c−−
¨
Qλ4V ρ

|b0 − b(z)||H(z,∇ζ)| dz +
1

4L
−−
¨
Qλ4V ρ

|b0 − b(z)|H(z, |∇ζ −∇η|) dz

≤ c−−
¨
Qλ4V ρ

|b0 − b(z)||H(z,∇ζ)| dz +
1

2
−−
¨
Qλ4V ρ

H(z, |∇ζ −∇η|) dz.

Therefore, absorbing the last term to the left-hand side of (3.8), it becomes

λp−2 sup
t∈Iλ4V ρ

−
ˆ
B4V ρ

|ζ − η|2(x, t)

(4V ρ)2
dx+−−

¨
Qλ4V ρ

H(z, |∇ζ −∇η|) dz

≤ c−−
¨
Qλ4V ρ

|b0 − b(z)||H(z,∇ζ)| dz.

We continue to estimate the last term. Applying Hölder’s inequality and Lemma 3.5, we get

−−
¨
Qλ4V ρ

|b0 − b(z)||H(z,∇ζ)| dz

≤

(
−−
¨
Qλ4V ρ

|b0 − b(z)|
1+εδ
εδ dz

) εδ
1+εδ

(
−−
¨
Qλ4V ρ

(H(z,∇ζ))1+εδ dz

) 1
1+εδ

≤ c(dataδ)

(
−−
¨
Qλ4V ρ

|b0 − b(z)|
1+εδ
εδ dz

) εδ
1+εδ

λp

Recalling (2.3), we have

−−
¨
Qλ4V ρ

|b0 − b(z)|
1+εδ
εδ dz ≤ −−

¨
Qλ4V ρ

|b0 − b(z)|(|b0|+ |b(z)|)
1
εδ dz

≤ (2L)
1
εδ −−
¨
Qλ4V ρ

|b0 − b(z)| dz.

We apply the local VMO condition in (2.9). Taking ρ0 = ρ0(dataδ) small enough, there holds

λp−2 sup
t∈Iλ4V ρ

−
ˆ
B4V ρ

|ζ − η|2(x, t)

(4V ρ)2
dx+−−

¨
Qλ4V ρ

H(z, |∇ζ −∇η|) dz

≤ 1

(4V )n+222q3
ελp.

This completes the proof of the first statement of the lemma. The second statement of the lemma
also follows from Lemma 3.4 and the above estimate. We omit the details. �
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By considering the scaled map ηλ(x, t) = 1
ρλη(ρx, λ2−pρ2t) for (x, t) ∈ Q4V as in the proof of

Lemma 3.5, we deduce that ηλ is a weak solution to

∂tηλ − div(b0Aλ(z,∇ηλ)) = 0 in Q4V (3.9)

and there holds

sup
t∈I4V

−
ˆ
B4V

|ηλ(x, t)|2 dx+−−
¨
Q4V

(
|ηλ|p + (Hλ(z, |∇ηλ|))1+εδ

)
dz ≤ c(dataδ). (3.10)

Note that if q ≤ p(1 + εδ), then we have |∇ηλ| ∈ Lq(Q2V ) since we have (3.10) and |∇ηλ|p(1+εδ) ≤
(Hλ(z, |∇ηλ|))1+εδ . We will prove |∇ηλ| ∈ Lq(Q2V ) for p(1+εδ) < q. For this, we use the following
iteration lemma in [19, Lemma 8.3].

Lemma 3.7. Let 0 < r < R <∞ and h : [r,R] −→ R+ be a non-negative and bounded function.
Suppose there exist ϑ ∈ (0, 1), A,B ≥ 0 and γ > 0 such that

h(r1) ≤ ϑh(r2) +
A

(r2 − r1)γ
+B for all 0 < r ≤ r1 < r2 ≤ R.

Then there exists a constant c = c(ϑ, γ) such that

h(r) ≤ c
(

A

(R− r)γ
+B

)
.

Lemma 3.8. There exists c = c(dataδ) such that

−−
¨
Qλ2V ρ

|∇η|q dz ≤ cλq.

Proof. We enough to show

−−
¨
Q2V

|∇ηλ|q dz ≤ c(dataδ).

We revisit the proof in [31, Lemma 4.2]. In this reference, the above estimate is obtained when
α ∈ (0, 1) and q ∈ (p, p+ 2α

n+2 ). We will modify the proof therein and extend the above estimate to
the case when α ∈ (0, 1] and q ∈ (p, p+ 2α

n+2 ] by utilizing the higher integrability estimate (3.10).
We divide the proof into two cases α ∈ (0, 1) and α = 1.

Case α ∈ (0, 1): First of all, we remark that the structural condition in (3.9) satisfies the
hypothesis there. We recall Aλ(z, ξ) = |ξ|p−2ξ + aλ(z)|ξ|q−2ξ and define Hλ(z, |ξ|) = 1

p |ξ|
p +

1
qaλ(z)|ξ|q. It follows from (3.6) and (3.7) that there exists c = c(data) such that

1
c |ξ|

p ≤ Hλ(z, |ξ|) ≤ c(1 + |ξ|)q,
|∂ξAλ(z, ξ)| ≤ c(1 + |ξ|)q−2,

|ξ|p−2|ξ′|2 ≤ c (∂ξAλ(z, ξ)ξ′ · ξ′) ,
|Hλ(x1, t, ξ)−Hλ(x2, t, ξ)| ≤ c|x1 − x2|α(1 + |ξ|)q.

(3.11)

In the reference domains of the proof in [31, Lemma 4.2], we set Qρ1(z0) = Q2V , Qρ2(z0) = Q3V

and replace Mz0,R by

sup
t∈I3V

ˆ
B3V

|ηλ(x, t)|2 dx+

¨
Q3V

(
|ηλ|p + |∇ηλ|p(1+εδ)

)
dz + 1.

Then for any 2V ≤ r1 < r2 ≤ 3V and s ∈ (p, p + 2α
n+2−α ), there exist c = c(dataδ, s) and

β = β(dataδ, s) such that
¨
Qr1

|∇ηλ|s dz ≤
c

(r2 − r1)β

(¨
Qr2

|∇ηλ|q dz +Mz0,R

)1+ s−p
2

.

For any q ∈ (p, p+ 2α
n+2 ], if s ∈ (p+ 2α

n+2 , p+ 2α
n+2−α ) and µ > s

q > 1 satisfy

1

µ

(
1 + s−p

2

)
< 1 and

µq − s
µ− 1

≤ p(1 + εδ), (3.12)
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then using |∇ηλ|q = |∇ηλ|
s
µ |∇ηλ|

qµ−s
µ , Hölder’s inequality and Young’s inequality, we obtain¨

Qr1

|∇ηλ|s dz ≤
c

(r2 − r1)β
M

1+ s−p
2

z0,R

+
c

(r2 − r1)β

(¨
Qr2

|∇ηλ|s dz

) 1
µ (1+ s−p

2 )(¨
Qr2

|∇ηλ|
qµ−s
µ−1 dz

)γ
≤ 1

2

¨
Qr2

|∇ηλ|s dz +
c

(r2 − r1)β′

(¨
Q3V

|∇ηλ|p(1+εδ) dz

)χ
+

c

(r2 − r1)β
M

1+ s−p
2

z0,R

for γ = µ−1
µ

(
1 + s−p

2

)
, c = c(dataδ, s, µ), χ = χ(p, s, µ) and β′ = β′(β, p, s, µ). The conclusion

follows from Lemma 3.7 and (3.10). Hence, in the remaining proof we will show that for any
q ∈ (p, p + 2α

n+2 ], there exist s ∈ (p + 2α
n+2 , p + 2α

n+2−α ) and µ > s
q satisfying (3.12). We observe

(3.12) is equivalent to

1 +
s− p

2
< µ and µ ≤ s− p(1 + εδ)

q − p(1 + εδ)
.

Note s−p(1+εδ)
q−p(1+εδ)

> s
q holds. We may take µ = s−p(1+εδ)

q−p(1+εδ)
provided

1 +
s− p

2
<
s− p(1 + εδ)

q − p(1 + εδ)
⇐⇒ q − p(1 + εδ) < 2− 4 + 2εδp

2 + s− p
.

Since q ≤ p+ 2α
n+2 , the last inequality holds if

2α

n+ 2
< 2− 4

2 + s− p
+ εδp

(
1− 2

2 + s− p

)
,

Using p+ 2α
n+2 < s, the above inequality is true when

2α

n+ 2
< 2− 4

2 + s− p
+

εδαp

n+ 2 + α
.

Substituting s = p+ 2α
n+2−α − κ for sufficient small κ, the above inequality becomes

α

n+ 2
< 1− 1

1 + α
n+2−α −

κ
2

+
εδαp

2(n+ 2 + α)

Replacing n+2−α
2 κ by κ, there holds

α

n+ 2
< 1− n+ 2− α

n+ 2− κ
+

εδαp

2(n+ 2 + α)
.

Finally, the above inequality is equivalent to

n+ 2− α
n+ 2− κ

<
n+ 2− α
n+ 2

+
εδαp

2(n+ 2 + α)
.

Therefore, taking κ = κ(dataδ) ∈ (0, 1) sufficiently small, it is possible to take µ = s−p(1+εδ)
q−p(1+εδ)

.
This completes the proof when α ∈ (0, 1).

Case α = 1: In this case, we take α′ ∈ (0, 1) and κ ∈ (0, 1) satisfying

p+
2

n+ 2
< p+

2α′

n+ 2− α′
(3.13)

and
n+ 2− α′

n+ 2− κ
<
n+ 1

n+ 2
+

εδp

2(n+ 3)
. (3.14)
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Note that the above inequalities hold for κ ∈ (0, 1) sufficiently small and α′ ∈ (0, 1) sufficiently
close to 1 depending on n, p, εδ. Indeed, note that (3.14) is equivalent to

n+ 2− α′ < n+ 1 +
εδp(n+ 2)

2(n+ 3)
− κ

(
n+ 1

n+ 2
+

εδp

2(n+ 3)

)
.

Thus we may choose κ < εδp(n+2)
8(n+3)

(
n+1
n+2 + εδp

2(n+3)

)−1

and α′ > 1 − εδp(n+2)
4(n+3) . Note that the last

structure condition in (3.11) holds by replacing α = 1 with α′ ∈ (0, 1). Then for any 2V ≤ r1 <

r2 ≤ 3V and s ∈ (p, p+ 2α′

n+2−α′ ), there exist c = c(dataδ, s) and β = β(dataδ, s) such that

¨
Qr1

|∇ηλ|s dz ≤
c

(r2 − r1)β

(¨
Qr2

|∇ηλ|q dz +Mz0,R

)1+ s−p
2

.

Therefore, we enough to show that for any q ∈ (p, p+ 2
n+2 ], there exist s ∈ (p+ 2

n+2 , p+ 2α′

n+2−α′ )
and µ > s

q > 1 such that

1

µ

(
1 +

s− p
2

)
< 1 and

µq − s
µ− 1

≤ p(1 + εδ).

Note that (p + 2
n+2 , p + 2α′

n+2−α′ ) is nonempty since (3.13) holds. Again, the above inequality is
equivalent to

1 +
s− p

2
< µ and µ ≤ s− p(1 + εδ)

q − p(1 + εδ)
.

As in the previous case, we take µ = s−p(1+εδ)
q−p(1+εδ)

by proving

1 +
s− p

2
<
s− p(1 + εδ)

q − p(1 + εδ)
⇐⇒ q − p(1 + εδ) < 2− 4 + 2εδp

2 + s− p
.

Using the fact that q ≤ p+ 2
n+2 < s, we suffice to show

2

n+ 2
< 2− 4

2 + s− p
+

εδp

n+ 3
.

Substituting s = p+ 2α′−2κ
n+2−α′ to the above inequality, it is equivalent to (3.14). This completes the

proof. �

Finally, consider the weak solution v ∈ C(Iλ2V ρ;L
2(B2V ρ,RN )) ∩ Lq(Iλ2V ρ;W 1,q(B2V ρ,RN )) to{

vt − div(b0(|∇v|p−2∇v + as|∇v|q−2∇v)) = 0 in Qλ2V ρ,

v = η on ∂pQ
λ
2V ρ,

where as = sup
z∈Qλ2V ρ

a(z).

Lemma 3.9. There holds
1

|Qλρ |

¨
QλV ρ

(|∇η −∇v|p + as|∇η −∇v|q) dz ≤
1

22q3
ελp.

Also, there exists c = c(dataδ) such that

−−
¨
Qλ2V ρ

(|∇v|p + as|∇v|q) dz ≤ cλp.

Proof. The proof is similar to the proof of Lemma 3.6. There exists c = c(n,N, p, q, ν, L) such
that

−−
¨
Qλ2V ρ

(|∇η −∇v|p + as|∇η −∇v|q) dz

≤ c−−
¨
Qλ2V ρ

|a(z)− as||∇η|q−1|∇η −∇v| dz.
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Since there holds |a(z)− as| ≤ [a]α(2V ρ)α in Qλ2V ρ, we apply Young’s inequality to have

c−−
¨
Qλ2V ρ

|a(z)− as||∇η|q−1|∇η −∇v| dz

≤ c−−
¨
Qλ2V ρ

|a(z)− as||∇η|q dz +−−
¨
Qλ2V ρ

|a(z)− as|
4

|∇η −∇v|q dz

≤ c(V ρ)α−−
¨
Qλ2V ρ

|∇η|q dz +−−
¨
QλV ρ

as
2
|∇η −∇v|q dz.

Therefore we obtain

−−
¨
Qλ2V ρ

(|∇η −∇v|p + as|∇η −∇v|q) dz ≤ c(V ρ)α−−
¨
Qλ2V ρ

|∇η|q dz.

For the last term, we use Lemma 3.8 and Lemma 3.3 to get

c(V ρ)α−−
¨
Qλ2V ρ

|∇η|q dz ≤ c(dataδ)ραλq ≤
1

(2V )n+222q3
ελp.

Therefore it follows that
1

|Qλρ |

¨
Qλ2V ρ

H(z, |∇η −∇v|) dz ≤ 1

22q3
ελp.

To prove the second statement, we use Lemma 3.6, Lemma 3.8 and the first statement. Then
there holds

−−
¨
Q2V ρ

(|∇v|p + as|∇v|q) dz

≤ 2q−−
¨
Q2V ρ

(|∇v −∇η|p + as|∇v −∇η|q) dz + 2q−−
¨
Q2V ρ

(|∇η|p + as|∇η|q) dz

≤ c(dataδ)(λp + asλ
q).

Recalling as ≤ a0 + [a]α(2V ρ)α, it follows from a0λ
q ≤ K2λp and Lemma 3.3 that

−−
¨
Q2V ρ

(|∇v|p + as|∇v|q) dz ≤ c(dataδ)λp.

This completes the proof. �

The weak solution v satisfies the local Lipschitz regularity in the spatial direction.

Lemma 3.10. There exists c = c(dataδ) such that

sup
z∈QλV ρ

|∇v(z)| ≤ cλ.

Proof. We again use the scaling argument. For (x, t) ∈ Q2V , let

vλ(x, t) = 1
ρλv(ρx, λ2−pρ2t),

Bλ(ξ) = b0(|ξ|p−2ξ + asλ
q−p|ξ|q−2ξ).

Then vλ is a weak solution to

∂tvλ − divBλ(∇vλ) = 0 in Q2V .

Applying the change of variable to the second inequality in Lemma 3.9, we get

−−
¨
Q2V

(
|∇vλ|p + asλ

q−p|∇vλ|q
)
dz ≤ c(dataδ). (3.15)

We define a convex function ϕλ on [0,∞) as

ϕλ(s) = b0

(
1

p
sp +

1

q
asλ

q−psq
)
.
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Then ϕλ ∈ C∞(0,∞) and ∂ξϕλ(|ξ|) = Bλ(ξ) with ϕλ(0) = 0, ϕ′λ(0) = 0, lim
s→∞

ϕλ(s) = ∞.

Moreover, it is easy to see that there exists a constant c = c(p, q) such that 1
c sϕ

′′
λ(s) ≤ ϕ′λ(s) ≤

csϕ′′λ(s). Therefore applying [17, Theorem 2.2], then there exists c = c(p, q) such that

min

{
sup
QV

(ϕλ(|∇vλ|)
n
2 |∇vλ|2−n), sup

QV

|∇vλ|2
}

≤ c−−
¨
Q2V

(
|∇vλ|2 + ϕλ(|∇vλ|)

)
dz.

Observe that if sup
QV

|∇vλ| ≤ 1, the there is nothing to prove. Suppose 1 ≤ sup
QV

|∇vλ|. Since we

have p ≥ 2 and ν
ps
p ≤ ϕλ(s) for s ≥ 1, there holds

sup
QV

(
ν
p

)n
2 |∇vλ|2 ≤ sup

QV

(
ν
p

)n
2 |∇vλ|

np
2 +2−n ≤ sup

QV

ϕλ(|∇vλ|)
n
2 |∇vλ|2−n.

It follows that

min

{
1,
(
ν
p

)n
2

}
sup
QV

|∇vλ|2 ≤ min

{
sup
QV

(ϕλ(|∇vλ|)
n
2 |∇vλ|2−n), sup

QV

|∇vλ|2
}

≤ c−−
¨
Q2V

(
|∇vλ|2 + ϕλ(|∇vλ|)

)
dz.

On the other hand recalling asλq−p ≤ c(dataδ), we obtain

−−
¨
Q2V

|∇vλ|2 dz ≤ −−
¨
Q2V

(|∇vλ|+ 1)p dz ≤ 1

ν
−−
¨
Q2V

ϕλ(|∇vλ|+ 1) dz

≤ c(dataδ)−−
¨
Q2V

(ϕλ(|∇vλ|) + 1) dz ≤ c(dataδ),

where we used (3.15) to obtain the last inequality. We conclude

sup
z∈QV

|∇vλ(z)| ≤ c(dataδ).

The proof is completed by applying the change of variables. �

Combining lemmas in this subsection and the estimate below, the conclusion of Proposition 3.1
is followed.

H(z, |∇u−∇v|) ≤ 2qH(z, |∇u−∇ζ|) + 2qH(z, |∇ζ −∇v|)
≤ 2qH(z, |∇u−∇ζ|) + 22qH(z, |∇ζ −∇η|) + 22qH(z, |∇η −∇v|).

3.2. (p, q)-intrinsic case. The (p, q)-intrinsic cylinder is defined as

Gλρ(z0) = Bρ(x0)× Jλρ (t0), Jλρ (t0) = (t0 − λ2

H(z0,λ)ρ
2, t0 + λ2

H(z0,λ)ρ
2),

with a center point z0 = (x0, t0) ∈ Rn × R, ρ > 0 and λ ≥ 1. This subsection considers the
comparison estimate in (p, q)-intrinsic case K2λpw < a(w)λqw.

Proposition 3.11. Let ε > 0 be a fixed constant. There exist δ = δ(data, ε) ∈ (0, 1), ρ0 =

ρ0(data, ‖a‖∞, ‖H(z, |F |)‖1+ε0 , ε) ∈ (0, 1) such that if there exists an intrinsic cylinder Gλw5V %w
(w) ⊂

Q2ρ0(z0) ⊂ CR/2 for some λw > 1 satisfying

(i) (p, q)-intrinsic case: K2λpw < a(w)λqw,
(ii) stopping time argument for (p, q)-intrinsic cylinder:

(a) −−
¨
Gλw5V %w (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz < H(w, λw),

(b) −−
¨
Gλw%w (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz = H(w, λw),
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then there exists a weak solution vw to

∂tvw − div(b0(|∇vw|p−2∇vw + as|∇vw|q−2∇vw)) = 0

in Gλw2V %w
(w) such that¨

GλwV %w (w)

H(z, |∇u−∇vw|) dz ≤ εH(w, λw)|Gλw%w |,

and the following local Lipschitz estimate holds

sup
z∈GλwV %w (w)

|∇vw(z)| ≤ cλw,

where c = c(n, p, q, ν, L) > 0,

b0 = bGλw2V %w (w) and as = sup
z∈Gλw2V %w (w)

a(z).

Again we may assume w = 0 and write a0 = a(0), λ = λw and ρ = %w and assumptions in the
above proposition by K2λp ≤ a0λ

q,

−−
¨
Gλ5V ρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz < H(0, λ) (3.16)

and

−−
¨
Gλρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz = H(0, λ). (3.17)

We recall V = 9K and

K = 180(1 + [a]α)

(
1

|B1|

¨
Q2ρ0

(z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz + 1

) α
n+2

.

The next lemma proves that a(·) is comparable in Q5V ρ. As a consequence, (2.2) is a type of
(p, q)-Laplace system in Gλ5V ρ.

Lemma 3.12. There holds
[a]α(5V ρ)α < inf

z∈Q5V ρ

a(z).

Moreover, we have a(z)
2 ≤ a(0) ≤ 2a(z) for all z ∈ Q5V ρ.

Proof. We prove the first statement by using contradiction. Assume on the contrary, then

inf
w∈Q5V ρ

a(z) ≤ [a]α(5V ρ)α = [a]α(45Kρ)α ≤ 45[a]αρ
αK. (3.18)

We observe

a0 ≤ sup
w∈Q5V ρ

a(z) ≤ inf
w∈Q5V ρ

a(z) + [a]α(5V ρ)α ≤ 90[a]αρ
αK. (3.19)

On the other hand, it follows from (3.17) and H(0, λ) < 2a0λ
q that

a0λ
q ≤ −−
¨
Gλρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

=
H(0, λ)

2|B1|λ2
ρ−(n+2)

¨
Gλρ

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

≤ a0λ
q−2ρ−(n+2) 1

|B1|

¨
Q2ρ0 (z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz.

Dividing both sides into a0λ
q−2ρ−(n+2), we have

ρn+2λ2 ≤ 1

|B1|

¨
Q2ρ0 (z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz.
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Recalling K, we obtain

ραλ
2α
n+2 ≤

(
1

|B1|

¨
Q2ρ0

(z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

) α
n+2

≤ 1

180(1 + [a]α)
K.

(3.20)

Consequently K2λp < a0λ
q, (3.19) and (3.20) lead to

K2λp < a0λ
q ≤ 90[a]αρ

αKλq ≤ 90[a]αρ
αλ

2α
n+2Kλp ≤ 1

2
K2λp.

It is a contradiction and (3.18) is false. The second statement follows from the first statement
since

sup
z∈Q5V ρ

a(z) ≤ inf
z∈Q5V ρ

a(z) + [a]α(5V ρ)α ≤ 2 inf
z∈Q5V ρ

a(z).

The proof is completed. �

Lemma 3.13. Suppose c = c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0) is a constant. Then there exists
ρ0 = ρ0(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0 , ε) ∈ (0, 1) such that

cραλq ≤ 1

(4V )n+222q3
ελp.

Proof. The proof is analogous to the proof in Lemma 3.3. Recalling Gλ5V ρ ⊂ CR/2 and applying
Theorem 2.2, there exist c(data, ‖a‖∞, ‖H(z, |F |)‖1+ε0) and ε0(data) ∈ (0, 1) such that

¨
GλV ρ

(H(z, |∇u|))1+ε0 dz ≤ c.

Therefore we observe from (3.17), Hölder’s inequality and H(0, λ) < 2a0λ
q that

a0λ
q ≤ H(0, λ) ≤

(
−−
¨
Gλρ

(H(z, |∇u|) + δ−1H(z, |F |))1+ε0 dz

) 1
1+ε0

≤ c(dataδ)

(
−−
¨
GλV ρ

(H(z, |∇u|) +H(z, |F |))1+ε0 dz

) 1
1+ε0

≤ c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0)

(
a0λ

q−2

|B1|ρn+2

) 1
1+ε0

.

Also, using the fact that a−1
0 ≤ λq−p, we get

λq ≤ cρ−
n+2
1+ε0 λ

ε0(q−p)
1+ε0

+ q−2
1+ε0 = cρ−

n+2
1+ε0 λ

ε0(2−p)
1+ε0

+q−2

for c = c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0). Setting θ = αq
n+2 , it follows from the above inequality that

ραλq = ραλθλq−θ ≤ cρα−
(n+2)θ
(1+ε0)q λ

θ
q

(
ε0(2−p)
1+ε0

+q−2
)

+q−θ
.

Note that
(n+ 2)θ

(1 + ε0)q
=

α

1 + ε0
and

θ(q − 2)

q
+ q − θ = q − 2α

n+ 2
≤ p.

Thus we conclude

ραλq ≤ c(dataδ, ‖a‖∞, ‖H(z, |F |)‖1+ε0)ρ
αε0
1+ε0
0 λp.

The proof is completed by taking ρ0 sufficiently small. �
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We will obtain comparison estimates as in the p-intrinsic case. A different scaling argument is
required since the scaling factor has changed.

Let ζ ∈ C(Jλ4V ρ;L
2(B4V ρ,RN )) ∩ Lq(Jλ4V ρ;W 1,q(B4V ρ,RN )) be the weak solution to{

ζt − div(bA(z,∇ζ)) = 0 in Gλ4V ρ,

ζ = u on ∂pG
λ
4V ρ.

Lemma 3.14. There exists δ = δ(data, ε) and ρ0 = ρ0(dataδ, ‖H(z, |F |)‖1+ε0 , ε) such that

1

|Gλρ |

¨
GλV ρ

H(z, |∇u−∇ζ|) dz ≤ 1

2q3
εH(0, λ).

Also, there exits c = c(n,N, p, q, ν, L) such that

−−
¨
Gλ4V ρ

H(z, |∇ζ|) dz ≤ cH(0, λ).

Proof. The proof is analogous to the proof of Lemma 3.4, Applying energy estimate and (3.16),
there exists c = c(n,N, p, q, ν, L) such that

−−
¨
Gλ4V ρ

H(z, |∇u−∇ζ|) dz ≤ cδH(0, λ) (3.21)

and therefore

−−
¨
Gλ4V ρ

H(z, |∇ζ|) dz ≤ cH(0, λ).

The proof of the second statement is completed. To prove the first statement, it is necessary to
estimate further (3.21). There holds

1

|Gλρ |

¨
Gλ4V ρ

H(z, |∇u−∇ζ|) dz ≤ cKn+2δH(0, λ).

The conclusion follows as in the same argument in the proof of Lemma 3.4. Since the calculations
are repeated, we omit the details. �

We next consider the weak solution η ∈ C(Jλ4V ρ;L
2(B4V ρ,RN ))∩Lq(J4V ρ;W

1,q(B4V ρ,RN )) to{
ηt − div(bA(0,∇η)) = 0 in Gλ4V ρ,

η = ζ on ∂pG
λ
4V ρ.

(3.22)

Lemma 3.15. There exists ρ0 = ρ0(dataδ, ε) ∈ (0, 1) such that

1

|Gλρ |

¨
GλV ρ

H(z, |∇ζ −∇η|) dz ≤ 1

22q3
εH(0, λ).

Also, there exists c = c(n,N, p, q, ν, L) such that

−−
¨
Gλ4V ρ

H(0, |∇η|) dz ≤ cH(0, λ).

Proof. As in the proof of Lemma 3.4, we take [ζ − η]hζ
ϑ
τ1,τ2 as a test function to

∂t[ζ − η]h − div[b(A(0,∇ζ)−A(0,∇η))]h = −div[b(A(0,∇ζ)−A(z,∇ζ))]h

in B4V ρ × Jλ4V ρ−h. Then there exists c = c(n, p, q, ν, L) such that

−−
¨
Gλ4V ρ

H(0, |∇ζ −∇η|) dz ≤ c−−
¨
Gλ4V ρ

|A(0,∇ζ)−A(z,∇ζ)||∇ζ −∇η| dz.
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Note that Lemma 3.12 implies

c|A(0,∇ζ)−A(z,∇ζ)||∇ζ −∇η| = c|a(z)− a(0)||∇ζ|q−1|∇ζ −∇η|

≤ c|a(z)− a(0)||∇ζ|q +
|a(z)− a(0)|

4
|∇ζ −∇η|q

≤ c[a]α(4V ρ)α|∇ζ|q +
3a(0)

4
|∇ζ −∇η|q.

Absorbing the second term on the left-hand side of the energy estimate, we obtain

−−
¨
Gλ4V ρ

H(0, |∇ζ −∇η|) dz ≤ c(dataδ)ρα−−
¨
Gλ4V ρ

|∇ζ|q dz. (3.23)

Note that it follows from H(0, λ) < 2a(0)λq and Lemma 3.14 that

−−
¨
Gλ4V ρ

a0|∇ζ|q dz ≤ ca0λ
q.

Dividing both side into a0, it follows that

−−
¨
Gλ4V ρ

|∇ζ|q dz ≤ cλq.

Substituting the above display to (3.23) and applying Lemma 3.12 and Lemma 3.13, we get

−−
¨
Gλ4V ρ

H(z, |∇ζ −∇η|) dz ≤ 1

(4V )n+222q3
ελp.

Since λp ≤ H(0, λ), the first statement of the lemma is proved. �

In what follows, we estimate the higher integrability for |∇η|. Since the constant depends only
on n,N, q, ν, L, without loss of generality, we may write ε0 as an exponent of the self-improving
constant.

Lemma 3.16. There exists c = c(n,N, p, q, ν, L) and ε0 = ε0(n,N, p, q, ν, L) such that

−−
¨
Gλ2V ρ

(H(0, |∇η|))1+ε0 dz ≤ c(H(0, λ))1+ε0 .

Proof. We define the scaled functions and maps

ηλ(x, t) = 1
ρλη(ρx, λ2

H(0,λ)ρ
2t),

bλ(x, t) = b(ρx, λ2

H(0,λ)ρ
2t),

Aλ(0, ξ) = λ
H(0,λ) (λp−1|ξ|p−2ξ + a0λ

q−1|ξ|q−2ξ)

for (x, t) ∈ Q4V and ξ ∈ RNn. Using the fact that H(0, λ) ≤ 2a0λ
q, Lemma 3.15 and the change

of variables, we have

−−
¨
Q4V

|∇ηλ|q dz = −−
¨
Gλ4V ρ

|∇η|q

λq
dz ≤ −−

¨
Gλ4V ρ

2a0|∇η|q

H(0, λ)
dz

≤ −−
¨
Gλ4V ρ

2H(0, |∇η|)
H(0, λ)

dz ≤ c(n, p, q, ν, L).

(3.24)

Moreover, the ellipticity condition (2.3) for bλ in Q4V holds. We claim that ηλ is a weak solution
to the q-Laplace type system. Let ϕλ ∈ C∞0 (Q4V ,RN ) be arbitrary and ϕ ∈ C∞0 (Gλ4V ρ,RN ) be
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maps satisfying ϕλ(x, t) = ϕ(ρx, λ2

H(0,λ)ρ
2t) in Q4V . Applying the change of variables, we obtain

−−−
¨
Q4V

ηλ(x, t) · ∂tϕλ(x, t) dz

= −−−
¨
Q4V

λ
H(0,λ)ρη(ρx, λ2

H(0,λ)ρ
2t) · ∂tϕ(ρx, λ2

H(0,λ)ρ
2t) dz

= −−−
¨
Gλ4V ρ

λ
H(0,λ)ρη(x, t) · ∂tϕ(x, t) dz.

Using the fact that η is the weak solution to (3.22), we have

−−−
¨
Q4V

ηλ(x, t) · ∂tϕλ(x, t) dz

= −−−
¨
Gλ4V ρ

λ
H(0,λ)ρb(z)(|∇η(z)|p−2 + a0|∇η(z)|q−2)∇η(z) · ∇ϕ(z) dz.

Again the change of variables gives

−−−
¨
Q4V

ηλ(x, t) · ∂tϕλ dz

= −−−
¨
Q4V

λ
H(0,λ)bλ(z)(λp−1|∇ηλ|p−2 + a0λ

q−1|∇ηλ(z)|q−2)∇ηλ(z) · ∇ϕλ(z) dz.

We have proved that ηλ is a weak solution to

∂tηλ − div(bλAλ(0,∇ηλ)) = 0 in Q4V .

We now investigate the growth condition on Aλ(0, ξ). Note that

|Aλ(0, ξ)| ≤ λp

H(0,λ) |ξ|
p−1 + a0λ

q

H(0,λ) |ξ|
q−1 ≤ |ξ|p−1 + |ξ|q−1 ≤ 2q(|ξ|q−1 + 1).

For the coercivity of Aλ, we use the fact that H(0, λ) ≤ 2a0λ
q to observe

Aλ(0, ξ) · ξ = λp

H(0,λ) |ξ|
p + a0λ

q

H(0,λ) |ξ|
q ≥ a0λ

q

H(0,λ) |ξ|
q ≥ 1

2
|ξ|q.

Therefore, Aλ(0, ξ) is a q-Laplacian type operators. The higher integrability results in [26] states
that there exist ε0 = ε0(n,N, q, ν, L) and c = c(n,N, q, ν, L) such that

−−
¨
Q2V

|∇ηλ|q(1+ε0) dz ≤ c
(
−−
¨
Q4V

|∇ηλ|q + 1 dz

)1+
qε0
2

.

From (3.24) and change of variable, it follows

−−
¨
Gλ2V ρ

|∇η|q(1+ε0) dz ≤ cλq(1+ε0).

Moreover, we deduce that

−−
¨
Gλ2V ρ

(H(0, |∇η|))1+ε0 dz ≤ 22−−
¨
Gλ2V ρ

(
|∇ηλ|p(1+ε0) + a1+ε0

0 |∇ηλ|q(1+ε0)
)
dz

≤ 22

(
−−
¨
Gλ2V ρ

|∇ηλ|q(1+ε0) dz

) p
q

+−−
¨
Gλ2V ρ

a1+ε0
0 |∇ηλ|q(1+ε0) dz

≤ c(λp(1+ε0) + a1+ε0
0 λq(1+ε0)) ≤ c(H(0, λ))1+ε0 .

This completes the proof. �

We next consider the weak solution to{
vt − div(b0A(0,∇v)) = 0 in Gλ2V ρ
v = η on Gλ2V ρ,
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where b0 = bGλ2V ρ . The proof of the following lemma is similar to the proof of Lemma 3.6. We
omit the detail.

Lemma 3.17. There exists ρ0 = ρ0(n,N, p, q, ν, L, ε) such that

1

|Gλρ |

¨
GλV ρ

H(z, |∇η −∇v|) dz ≤ 1

22q3
εH(0, λ).

Also, there exists c = c(n, p, q, ν) such that

−−
¨
Gλ2V ρ

H(0, |∇v|) dz ≤ cH(0, λ).

For the Lipschitz regularity for v, we again consider a convex function defined as

ϕλ(s) = b0

(
λp

pH(0, λ)
sp +

a0λ
q

qH(0, λ)
sq
)
.

Then ϕ ∈ C∞(0,∞), ϕλ(0) = 0, ϕ′λ(0) = 0 and lim
s→∞

ϕλ(s) =∞. Moreover, it is easy to see that

∂ξϕλ(|ξ|) = Aλ(ξ) and there exists a constant c = c(p, q) such that 1
c sϕ

′′
λ(s) ≤ ϕ′λ(s) ≤ csϕ′′λ(s).

Therefore, we obtain the following estimate by applying [17, Theorem 2.2]. The proof is similar
to the proof of Lemma 3.10. We again omit the details.

Lemma 3.18. There exists c = c(n,N, p, q, ν, L) such that

sup
z∈GλV ρ

|∇v(z)| ≤ cλ.

The lemmas in this subsection lead to Proposition 3.11. We omit the details.

4. The proof of Theorem 2.3

Let σ > 1 + ε0 be a fixed constant in the statement of Theorem 2.3. In this section, we will
select ε = 1

2q+3 while δ > 0 and ρ0 > 0 are chosen to satisfy Proposition 3.1 and Proposition 3.11.

4.1. Stopping time argument. For Q2ρ0(z0) ⊂ CR/2 and ρ ∈ (0, ρ0), we define

λ2
0 = −−
¨
Q2ρ(z0)

(
H(z, |∇u|) + δ−1H(z, |F |) + 1

)
dz and Λ0 = λp0 + sup

z∈CR
a(z)λq0.

For r ∈ (ρ, 2ρ), we denote the upper-level sets

Ψ(Λ, r) = {z ∈ Qr(z0) : H(z, |∇u|) > Λ},
Φ(Λ, r) = {z ∈ Qr(z0) : H(z, |F |) > Λ}.

For ρ ≤ r1 < r2 ≤ 2ρ, consider

Λ >

(
32V ρ

r2 − r1

) q(n+2)
2

Λ0. (4.1)

Note that ρ
r2−r1 > 1. For each Lebesgue point w ∈ Ψ(Λ, r1), there exists λw > 1 such that

Λ = λpw + a(w)λqw = H(w, λw). We claim

λw >

(
32V ρ

r2 − r1

)n+2
2

λ0. (4.2)

Suppose the above inequality is false then there holds

Λ = λpw + a(w)λqw ≤
(

32V ρ

r2 − r1

) q(n+2)
2

(λp0 + a(w)λq0) ≤
(

32V ρ

r2 − r1

) q(n+2)
2

Λ0.

Since it contradicts to (4.1), (4.2) holds. The next lemma is the stopping time argument. In the
remaining subsection, we fix a Lebesgue point w ∈ Ψ(Λ, r1).
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Lemma 4.1. There exists ρw ∈ (0, r2−r116V ) such that

−−
¨
Qλwρw (w)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz = λpw

and for any r ∈ (ρw, r2 − r1)

−−
¨
Qλwr (w)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz < λpw.

Moreover, there holds

λw ≤
(

2ρ

ρw

)n+2
2

λ0.

Proof. For any r ∈ [ r2−r116V , r2 − r1), we observe Qλwr (w) ⊂ Q2ρ(z0) and

−−
¨
Qλwr (w)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz

≤ λp−2
w

(
32V ρ

r2 − r1

)n+2

−−
¨
Q2ρ(z0)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz

≤ λp−2
w

(
32V ρ

r2 − r1

)n+2

λ2
0 < λpw,

where to obtain the last inequality we used (4.2). Note that w ∈ Ψ(Λ, r1) implies w ∈ Ψ(λpw, r1).
Since the function

r −→ −−
¨
Qλwr (w)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz

is continuous, we have

lim
r→0+

−−
¨
Qλwr (w)

H(z, |∇u(z)|) dz > λpw.

Hence, there exists ρw ∈ (0, r2−r116V ) satisfying the conclusion of the first statement. The last
statement in this lemma follows from the first statement and

λpw ≤ λp−2
w

(
2ρ

ρw

)n+2

−−
¨
Q2ρ(z0)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz

= λp−2
w

(
2ρ

ρw

)n+2

λ2
0.

Dividing both sides into λp−2
w and then taking 1

2 to the exponent of both sides, the proof of the
second statement is completed. �

Note that Qλw16V ρw
(w) ⊂ Q2ρ0(z0). If p-intrinsic case (a(w)λqw ≤ K2λpw) holds, then Lemma 4.1

satisfies the assumptions in Proposition 3.1. On the other hand, in the (p, q)-intrinsic case (K2λpw <
a(w)λqw), the following lemma guarantees the assumptions in Proposition 3.11.

Lemma 4.2. Suppose K2λpw < a(w)λqw. There exists %w ∈ (0, ρw) such that

−−
¨
Gλw%w (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz = H(w, λw)

and for any r ∈ (%w, r2 − r1)

−−
¨
Gλwr (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz < H(w, λw).

Moreover, there holds

λw ≤
(

2ρ

%w

)n+2
2

λ0.
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Proof. Since a(w) > 0, we see that λpw < H(w, λw) and Gλwr (w) ( Qλwr (w) for all r > 0. We have
from Lemma 4.1 that for any ρ ∈ [ρw, r2 − r1)

−−
¨
Gλwr (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

<
|Qλwr |
|Gλwr |

−−
¨
Qλwr (w)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

≤ H(w, λw)

λpw
λpw = H(w, λw).

Since w ∈ Ψ(Λ, r1) and the function

r −→ −−
¨
Qλwr (w)

(
H(z, |∇u(z)|) + δ−1H(z, |F (z)|)

)
dz

is continuous, there exists %w ∈ (0, ρw) satisfying the first statement of lemma. Meanwhile the
second statement follows from

H(w, λw) ≤ H(w, λw)

λ2
w

(
2ρ

%w

)n+2

−−
¨
Q2ρ(z0)

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

=
H(w, λw)

λ2
w

(
2ρ

%w

)n+2

λ2
0.

This completes the proof. �

Finally, we end this subsection with the comparability of λ(·). It is necessary for the Vitali
covering argument. Recall from Lemma 3.3 that [a]α(V ρw)αλqw ≤ λpw for p-intrinsic case while
[a]α(V %w)αλqw ≤ λpw holds in (p, q)-intrinsic case from Lemma 3.13.

Lemma 4.3. If K2λpw ≥ a(w)λqw, then λw ≤ 2
1
pλz for any z ∈ QV ρw(w) ∩ Ψ(Λ, r1). If K2λpw <

a(w)λqw, then the same estimate holds for any z ∈ QV %w(w) ∩Ψ(Λ, r1).

Proof. We suffice to prove when K2λpw ≥ a(w)λqw since the proof is repeated. The second estimate
is proved similarly. We prove it by contradiction. Suppose λz < 2−

1
pλw. Since z ∈ QV ρw(w), we

have a(z) ≤ a(w) + [a]α(V ρw)α and therefore we get

Λ = λpz + a(z)λqz ≤ λpz + a(w)λqz + [a]α(V ρw)αλqz.

It follows from the assumption λz < 2−
1
pλw that

Λ <
1

2
(λpw + a(w)λqw) +

1

2
[a]α(V ρw)αλqw ≤

1

2
(λpw + a(w)λqw) +

1

2
λpw < Λ.

It is a contradiction and the proof is completed. �

4.2. Vitali type covering argument. For each z ∈ Ψ(Λ, r1) we denote

Qz =

{
Qλzlz (z) if K2λpz ≥ a(z)λqz,

Gλzlz (z) if K2λpz < a(z)λqz,
lz =

{
ρz if K2λpz ≥ a(z)λqz,

%z if K2λpz < a(z)λqz.

Consider the family of these intrinsic cylinders F = {Qz : z ∈ Ψ(Λ, r1)}. Recalling lz ≤ r2−r1
16V , we

define the subfamily

Fj =

{
Qz ∈ F :

r2 − r1

16V 2j
< lz ≤

r2 − r1

16V 2j−1

}
for j ∈ N. We choose Gj ⊂ Fj inductively as follows. We first take G1 as a maximal disjoint
collection of cylinders in F1. Then each cylinder in G1 is bounded below and thus G1 is finite.
Indeed, the radius of the cylinder is bounded below from the construction while the scaling factor
in time λ2−p

z or λ2
z/H(z, λz) is uniformly bounded below by Lemma 4.1 and Lemma 4.2. For

selected G1, ...,Gj , we select a maximal disjoint subset

Gj+1 =
{
Qw ∈ Fj+1 : Qw ∩Qz = ∅ for all Qz ∈ ∪jk=1Gk

}
.
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In the same reasoning Gj are finite and G = ∪∞j=1Gj is a countable subset of pairwise disjoint
cylinders in F . In the remaining of this subsection, we will show that for any Qz ∈ F , there exists
Qw ∈ G such that

Qz ∩Qw 6= ∅ and Qz ⊂ VQw, (4.3)

where for any κ > 0, we denoted

κQw =

{
Qλwκlw(w) if K2λpw ≥ a(w)λqw,

Gλwκlw(w) if K2λpw < a(w)λqw.

For each Qz ∈ F , there exists j ∈ N such that Qz ∈ Fj . From the maximal disjointedness of Gj ,
we find Qw ∈ ∪jk=1Gk such that

Qz ∩Qw 6= ∅ and lz ≤ 2lw.

Before we prove the inclusion in (4.3), note that the standard Vitali covering argument with the
above display implies

Qlz (z) ⊂ 5Qlw(w) = Q5lw(w). (4.4)

In particular, Blz (x) ⊂ 5Blw(y) holds where z = (x, t) and w = (y, s). Recalling V ≥ 5, we
suffice to prove the inclusion of time intervals in (4.3). Note we are able to employ Lemma 4.3
and Lemma 3.12 owing to (4.4).

Case 1: Qz = Qλzlz (z) and Qw = Qλwlw (w). For any τ ∈ Iλzlz (t), we observe

|τ − s| ≤ |τ − t|+ |t− s| ≤ |Iλzlz |+
1
2 |I

λw
lw
| ≤ 2λ2−p

z l2z + λ2−p
w l2w.

For the scaling factors, there holds λw ≤ 2
1
pλz from Lemma 4.3 and for the radii, we use lz ≤ 2lw.

Then there holds

2λ2−p
z l2z + λ2−p

w l2w ≤ 21+ p−2
p λ2−p

w (2lw)2 + λ2−p
w l2w

≤ λ2−p
w (4lw)2 + λ2−p

w l2w ≤ λ2−p
w (5lw)2,

where we used p−2
p ≤ 1. Since we have 5 ≤ V , (4.3) holds.

Case 2: Qz = Gλzlz (z) and Qw = Qλwlw (w). Note that for any τ ∈ Iλzlz (t) there holds

|τ − s| ≤ |Jλzlz |+
1
2 |I

λw
lw
| ≤ 2

λ2
z

Λ
l2z + λ2−p

w l2w ≤ 2λ2−p
z l2z + λ2−p

w l2w.

Therefore (4.3) follows from the same argument in the previous case.
Case 3: Qz = Qλzlz (z) and Qw = Gλwlw (w). It follows from Lemma 4.3 and Lemma 3.12

that λw ≤ 2
1
pλz and a(w)

2 ≤ a(z) ≤ 2a(w). Also, recalling a(z)λqz ≤ K2λpz,
q−2
p ≤ 1 and

H(w, λw) ≤ 2a(w)λqw, we observe

λ2−p
z =

λ2
z

λpz
≤ K2 λ2

z

a(z)λqz
≤ 2K2 λ2

w

a(z)λqw
≤ 4K2 λ2

w

a(w)λqw
≤ 8K2λ

2
w

Λ
.

Therefore the above display and lz ≤ 2lw lead to that for any τ ∈ Iλzlz (t),

|τ − s| ≤ |Iλzlz |+
1
2 |J

λw
lw
| ≤ 16K2λ

2
w

Λ
(2lw)2 +

λ2
w

Λ
l2w ≤

λ2
z

Λ
((8K + 1)lw)2.

The conclusion follows from the facts 8K + 1 ≤ 9K = V .
Case 4: Qz = Gλzlz (z) and Qw = Gλwlw (w). Again we have λw ≤ 2

1
pλz and a(w)

2 ≤ a(z) ≤ 2a(w).
Since q−2

p ≤ 1, there holds

Λ

λ2
w

= λp−2
w + a(w)λq−2

w ≤ 2
q−2
p (λp−2

z + a(w)λq−2
z )

≤ 4(λp−2
z + a(z)λq−2

z ) = 4
Λ

λ2
z

.
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Therefore for any τ ∈ Iλzlz (t), there holds

|τ − s| ≤ |Jλzlz |+
1
2 |J

λw
lw
| ≤ 8

λ2
w

Λ
(2lw)2 +

λ2
w

Λ
l2w ≤

λ2
w

Λ
(9lw)2.

Again from the fact 9 ≤ V , (4.3) holds.
All the possible cases are covered. We conclude that there exists pairwise disjoint subfamily

G = {Qi}i∈N in Ψ(Λ, r1) such that Ψ(Λ, r1) ⊂ ∪i∈NVQi where

Qi =

{
Qλiρi (wi) if K2λpi ≥ a(wi)λ

q
i ,

Gλi%i (wi) if K2λpi < a(wi)λ
q
i ,

λi = λwi and ρi = ρwi if K
2λpi ≥ a(wi)λ

q
i or %i = %wi if K

2λpi ≥ a(wi)λ
q
i .

4.3. Final proof of the gradient estimate. In the previous sections, we verified the assump-
tions in Proposition 3.1 and Proposition 3.11. In order to simplify the notion we use η ∈ (0, 1)
as a constant in this subsection to denote η = 1

4(K2+1) . We first suppose Qi = Qλiρi (wi). Then
Lemma 4.1 implies

|Qi| =
1

λpi

¨
Qi

(
H(z, |∇u|) + δ−1H(z, |F |)

)
dz

=
1

λpi

¨
Qi∩Ψ(ηΛ,r2)c

H(z, |∇u|) dz +
1

λpi

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz

+
1

λpi

¨
Qi∩Φ(ηδΛ,r2)c

δ−1H(z, |F |) dz +
1

λpi

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.

Since we have Λ = λpi + a(wi)λ
q
i ≤ (K2 + 1)λpi , note that

¨
Qi∩Ψ(ηΛ,r2)c

H(z, |∇u|) dz ≤
¨
Qi∩Ψ(ηΛ,r2)c

ηΛ dz ≤ 1

4
λpi |Qi|.

Similarly, there holds ¨
Qi∩Φ(ηδΛ,r2)c

δ−1H(z, |F |) dz ≤ 1

4
λpi |Qi|.

Therefore, we obtain

|Qi| ≤
2

λpi

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz +
2

λpi

¨
Qi∩Φ(ηδΛ,r2)

1

δ
H(z, |F |) dz. (4.5)

Meanwhile, it follows from Proposition 3.1 that there exists ∇vi ∈ L∞(VQi,RNn) and S =
S(dataδ) such that

¨
VQi

H(z, |∇u−∇vi|) dz ≤ ελpi |Qi| and sup
z∈VQi

|∇vi(z)| ≤
(

S

2q+3

) 1
q

λi. (4.6)

Also, we apply [a]α(V ρz)
αλqz ≤ λpz to see that for a.e. z ∈ VQi, there holds

H(z, |∇vi(z)|) ≤
S

2q+3
(λpi + a(z)λqi )

≤ S

2q+3
(H(wi, λi) + [a]α(V ρi)

αλqi ) ≤
S

2q+3
(H(wi, λi) + λpi ).

Thus, it follows H(z, |∇vi(z)|) ≤ S
2q+2 Λ for a.e. z ∈ VQi. We now claim

H(z, |∇vi(z)|) ≤ H(z, |∇u(z)−∇vi(z)|) for a.e. z ∈ VQi ∩Ψ(SΛ, r1). (4.7)
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Indeed, if the above inequality is false, then there exists z ∈ VQi∩Ψ(SΛ, r1) such thatH(z, |∇vi(z)|) >
H(z, |∇u(z)−∇vi(z)|) and

H(z, |∇vi(z)|) ≤
1

2q+2
SΛ ≤ 1

2q+2
H(z, |∇u(z)|)

≤ 2q

2q+2
(H(z, |∇u(z)−∇vi(z)|) +H(z, |∇vi(z)|))

≤ 2q+1

2q+2
H(z, |∇vi(z)|) =

1

2
H(z, |∇vi(z)|).

Thus 0 = H(z, |vi(z)|) > H(z, |∇u(z)|) > SΛ and it is a contradiction. Employing the first
inequality in (4.6) and (4.7), it follows¨

VQi∩Ψ(SΛ,r1)

H(z, |∇u|) dz

≤ 2q
¨
VQi∩Ψ(SΛ,r1)

(H(z, |∇u−∇vi|) +H(z, |∇vi|)) dz

≤ 2q+1

¨
VQi∩Ψ(SΛ,r1)

H(z, |∇u−∇vi|) dz ≤ 2q+1ελpi |Qi|.

Combining the above inequality with (4.5), we have¨
VQi∩Ψ(SΛ,r1)

H(z, |∇u|) dz ≤ 2q+2ε

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz

+ 2q+2ε

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.
(4.8)

We next consider when Qi = Gλi%i (wi). We will obtain the same estimate in (4.8). Using
Lemma 4.2 and η ≤ 1

4 , we get

|Qi| ≤
|Qi|

2
+

1

Λ

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz +
1

Λ

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.

Thus, we have

|Qi| ≤
2

Λ

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz +
2

Λ

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.

At the same time, Proposition 3.11 gives that there exists ∇vi ∈ L∞(VQi,Rn) and S =
S(n, p, q, ν, L) such that

¨
VQi

H(z, |∇u−∇vi|) dz ≤ εΛ|Qi| and sup
z∈VQi

|∇vi(z)| ≤
(

S

2q+3

) 1
q

λi.

Since the comparability of a(·) in Lemma 3.12 holds, for z ∈ VQi there holds

H(z, |∇vi(z)|) ≤
S

2q+3
(λpi + a(z)λqi ) ≤

S

2q+2
(λpi + a(wi)λi).

Therefore, we obtain H(z, |∇vi(z)|) ≤ S
2q+2 Λ for a.e. z ∈ VQi and H(z, |∇vi(z)|) ≤ H(z, |∇u(z)−

∇vi(z)|) for a.e. z ∈ VQi ∩Ψ(SΛ, r1). Hence, we again get¨
VQi∩Ψ(SΛ,r1)

H(z, |∇u|) dz ≤ 2q+1εΛ|Qi|

and conclude ¨
VQi∩Ψ(SΛ,r1)

H(z, |∇u|) dz ≤ 2q+2ε

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz

+ 2q+2ε

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.
(4.9)
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On the other hand utilizing the Vitali type covering argument, the covering property gives¨
Ψ(SΛ,r1)

H(z, |∇u|) dz ≤
∑
i∈N

¨
VQi∩Ψ(SΛ,r1)

H(z, |∇u|) dz

while the disjointness property implies∑
i∈N

(¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz +

¨
Qi∩Φ(ηδΛ,r2)

δ−1H(z, |F |) dz
)

≤
¨

Ψ(ηΛ,r2)

H(z, |∇u|) dz +

¨
Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.

Since the above displays are connected by (4.8) and (4.9), we obtain¨
Ψ(SΛ,r1)

H(z, |∇u|) dz ≤ 2q+2ε

¨
Qi∩Ψ(ηΛ,r2)

H(z, |∇u|) dz

+ 2q+2

¨
Φ(ηδΛ,r2)

δ−1H(z, |F |) dz.
(4.10)

We continue by considering the following truncated functions and level-set. For k > 0, let

H(z, |∇u(z)|)k = min{H(z, |∇u(z)|), k},
Ψk(Λ, ρ) = {z ∈ Qρ : H(z, |∇u|)k > Λ}.

Observe that if Λ > k, then Ψk(Λ, ρ) = ∅ and if Λ ≤ k, then Ψk(Λ, ρ) = Ψ(Λ, ρ). Therefore, we
deduce from (4.10) that¨

Ψk(SΛ,r1)

H(z, |∇u|) dz ≤ 2q+2ε

¨
Ψk(ηΛ,r2)

H(z, |∇u|) dz

+ 2q+2

¨
Φ(ηδΛ,r2)

1

δ
H(z, |F |) dz.

(4.11)

Denoting Λ1 =
(

32V ρ
r2−r1

) q(n+2)
2

Λ0, we integrate (4.11) over (Λ1,∞) with respect to dΛ to have

I =

ˆ ∞
Λ1

Λσ−2

¨
Ψk(SΛ,r1)

H(z, |∇u|) dz dΛ

≤ 2q+2ε

ˆ ∞
Λ1

Λσ−2

¨
Ψk(ηΛ,r2)

H(z, |∇u|) dz dΛ

+ 2q+2

ˆ ∞
Λ1

Λσ−2

¨
Φ(ηδΛ,r2)

δ−1H(z, |F |) dz dΛ = II + III.

(4.12)

To estimate I, we apply the Fubini theorem. There holds

I =

¨
Ψk(SΛ1,r1)

H(z, |∇u|)
ˆ H(z,|∇u|)k

SΛ1

Λσ−2 dΛ dz

=
1

σ − 1

¨
Ψk(SΛ1,r1)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

− 1

σ − 1
(SΛ1)σ−1

¨
Ψk(SΛ1,r1)

H(z, |∇u|) dz.

Also since the following estimate holds¨
Qr1 (z0)\Ψk(SΛ1,r1)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

≤ (SΛ1)σ−1

¨
Qr2 (z0)

H(z, |∇u|) dz,
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we get

I ≥ 1

σ − 1

¨
Qr1 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

− 2

σ − 1
(SΛ1)σ−1

¨
Q2ρ(z0)

H(z, |∇u|) dz.

Similarly, we obtain

II ≤ 2q+2ε
1

σ − 1

¨
Ψk(Λ1,r2)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

≤ 2q+2ε
1

σ − 1

¨
Qr2 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

and

III ≤ 2q+2 δ−1

σ − 1

¨
Q2ρ(z0)

(H(z, |F |))σ dz.

We have estimated (4.12) to be¨
Qr1 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

≤ 2q+2ε

¨
Qr2 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

+ 2(SΛ1)σ−1

¨
Q2ρ(z0)

H(z, |∇u|) dz + 2q+2δ−1

¨
Q2ρ(z0)

(H(z, |F |))σ dz.

We take ε = 1
2q+3 . Then δ and K are also fixed and thus c(dataδ) = c(data) and S = S(dataδ) =

S(data). Consequently, ρ0 = ρ0(data, ‖H(z, |F |)‖1+ε0 , ‖a‖∞) ∈ (0, 1) is fixed as well. Recalling

Λ1 =
(

32V ρ
r2−r1

) q(n+2)
2

Λ0, it follows
¨
Qr1 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

≤ 1

2

¨
Qr2 (z0)

H(z, |∇u|)(H(z, |∇u|)k)σ−1 dz

+ c
(

2ρ
r2−r1

)β
Λσ−1

0

¨
Q2ρ(z0)

H(z, |∇u|) dz + c

¨
Q2ρ(z0)

(H(z, |F |))σ dz,

(4.13)

where c = c(data) and β = q(n+2)(σ−1)
2 . Using Lemma 3.7 and then letting k −→∞, we have

¨
Qρ(z0)

(H(z, |∇u|))σ dz ≤ cΛσ−1
0

¨
Q2ρ(z0)

H(z, |∇u|) dz

+ c

¨
Q2ρ(z0)

(H(z, |F |))σ dz,

where c = c(data, σ). Finally, the following estimate holds from the choice of Λ0.

−−
¨
Q2ρ(z0)

(H(z, |∇u|))σ dz ≤ c

(
−−
¨
Q2ρ(z0)

H(z, |∇u|) dz

) q(σ−1)
2 +1

+ c

(
−−
¨
Q2ρ(z0)

(H(z, |F |))σ dz

) q
2

,

where c = c(data, ‖a‖∞, σ). The proof is completed.
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5. The proof of Theorem 2.5

In the proof of Theorem 2.3, the construction of the weak solutions of homogeneous Dirichlet
boundary value problems and their regularity properties in the spatial direction are necessary. We
avoid this difficulty by extending the solution u and data b(·), a(·), F in system (2.2) and moreover
the system itself to C3R so that only local estimate in Theorem 2.3 is used to prove Theorem 2.5.
This section is divided into two steps. In the first step, we extend (2.2) to the spatial direction.
In the second step, we extend the first step system to the time direction.

5.1. Extension along the lateral boundary. We observe that topological boundary of CR =
DR×IR in the spatial direction consists of hyper planes {x ∈ Rn+1 : xi = ±R} for 1 ≤ i ≤ n. Since
the argument is analogous, we only consider when xn = −R. We denote x′ = (x1, ..., xn−1) ∈ Rn−1

for x = (x1, ..., xn−1, xn) ∈ Rn. For each (x′, xn, t) ∈ CR, we define the reflection map R along the
hyperplane {Rn+1 : xn = −R} as R(x′, xn, t) = (x′,−2R − xn, t). It is easy to see R−1 ≡ R. For
ϕ ∈ C∞0 (CR ∪R(CR),RN ), we define φ to be φ(z) = ϕ(z)−ϕ ◦R(z) for all (x′, xn, t) ∈ CR. Since
φ ≡ 0 on ∂CR, it follows from the trace theorem that φ ∈ W 1,∞

0 (CR,RN ) and φ is an admissible
test function to (2.2). We have

0 =

¨
CR

(−u · φt + bA(z,∇u) · ∇φ−A(z, F ) · ∇φ) dz

=

¨
CR

(−u · ϕt + bA(z,∇u) · ∇ϕ−A(z, F ) · ∇ϕ) dz

+

¨
CR

(u · (ϕ ◦ R)t − bA(z,∇u) · ∇(ϕ ◦ R) +A(z, F ) · ∇(ϕ ◦ R)) dz.

(5.1)

We will apply the change of variables to xn in order to replace the referenced domain CR by
R(CR). Firstly, note that the determinant of the Jacobian matrix J of R is −1. There holds¨

CR

u · (ϕ ◦ R)t dz =

¨
CR

u · (ϕt ◦ R) dz

=

¨
R(CR)

(u ◦ R−1) · ϕt|detJ | dz =

¨
R(CR)

−(−u ◦ R−1) · ϕt dz.

Secondly, we calculate the p-Laplace operator term to estimate the term involving A(z,∇u).¨
CR

−b|∇u|p−2∇u · ∇(ϕ ◦ R) dz

=
∑

1≤i≤n−1

¨
CR

−b|∇u|p−2∂iu · (∂iϕ ◦ R) dz

+

¨
CR

b|∇u|p−2∂nu · (∂nϕ ◦ R) dz

=

¨
R(CR)

b ◦ R−1|∇(−u ◦ R−1)|p−2∇(−u ◦ R−1) · ∇ϕdz.

The same argument holds when we replace b and p with ba and q. Therefore, we deduce¨
CR

−bA(z,∇u) · ∇(ϕ ◦ R) dz =

¨
R(CR)

bRAR(z,∇uR) · ∇ϕdz,

where

uR = −u ◦ R−1,

bR = b ◦ R−1,

aR = a ◦ R−1,

AR(z, ξ) = |ξ|p−2ξ + aR|ξ|q−2ξ.
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Similarly, we also have¨
CR

A(z, F ) · ∇(ϕ ◦ R−1) dz =

¨
R(CR)

AR(z, FR) · ∇ϕdz,

where FR = (F1 ◦ R−1, ..., Fn−1 ◦ R−1,−Fn ◦ R−1). Therefore, (5.1) becomes

0 =

¨
CR

(−u · ϕt + bA(z,∇u) · ∇ϕ−A(z, F ) · ∇ϕ) dz

+

¨
R(CR)

(−uR · ϕt + bRAR(z,∇uR) · ∇ϕ−AR(z, FR) · ∇ϕ) dz.

Extending u, b, a and F to uR, bR, aR and FR in R(CR) as above displays, u is a weak solution
to {

ut − div(bA(z,∇u)) = −divA(z, F ) in CR ∪R(CR),

u = 0 on ∂p(CR ∪R(CR)).

Since u ≡ 0 on ∂pCR, it is easy to see

u ∈ C(IR;L2(CR ∪R(CR),RN )) ∩ L1(IR;W 1,1
0 (CR ∪R(CR),RN )) with¨

CR∪R(CR)

H(z, |∇u|) dz <∞.

Also, note that extended b and F satisfy the ellipticity condition (2.3) in CR ∪ R(CR) and
H(z, |F |) ∈ L1(CR ∪R(CR)). It also follows that a ∈ Cα,α/2(CR ∪R(CR)) with [a]α;CR∪R(CR) =

[a]α;CR . Thus (2.5) holds in CR∪R(CR). Indeed for each z = (x′, xn, t) ∈ CR and w = (y′, yn, s) ∈
R(CR), there holds

|z −R−1(w)| = |(x′, xn, t)− (y′,−yn − 2R, s)| = |R(z)− w|
= |(x′, xn +R, t)− (y′,−(yn +R), s)|
≤ |(x′, xn, t)− (y′, yn, s)| = |z − w|

(5.2)

since the reflection makes the distance between points in n-variable shorter. We now verify that
the VMO condition (2.7) of b in CR implies the local VMO condition (2.9) in CR ∪R(CR)

lim
r→0+

sup
τ≤r2

sup
Br(x0)×Iτ (t0)
⊂CR∪R(CR)

−−
¨
Br(x0)×Iτ (t0)

|b(x, t)− bBr(x0)×Iτ (t0)| dx dt = 0. (5.3)

Since b is extended by even reflection, we may assume z0 = (x′0, x0,n, t0) ∈ CR. For each z =
(x′, xn, t) ∈ (Br(x0) × Iτ (t0)) ∩ R(CR), again (5.2) leads |(x′0, x0,n, t0) − (x′,−2R − xn, t)| ≤
|(x′0, x0,n, t0) − (x′, xn, t)|. Therefore we have R(z) = (x′,−2R − xn, t) ∈ (Br(x0) × Iτ (t0)) ∩ CR
and

−−
¨
Br(x0)×Iτ (t0)

|b(z)− bBr(x0)×Iτ (t0)| dz

≤ 2−−
¨
Br(x0)×Iτ (t0)

|b(z)− b(Br(x0)×Iτ (t0))∩CR | dz

≤ 4−−
¨

(Br(x0)×Iτ (t0))∩CR
|b(z)− b(Br(x0)×Iτ (t0))∩CR | dz.

The last term goes to 0 as r approaches 0 from (2.7). Hence (5.3) holds true.
Inductively repeating extension arguments from the previous steps, the extended map u is the

weak solution to {
ut − div(bA(z,∇u)) = −divA(z, F ) in D3R × IR,
u = 0 on ∂p(D3R × IR),

(5.4)

where (2.3), (2.4), (2.5) and (2.6) holds by replacing the reference domain CR with D3R× IR, and
and (2.9) holds in D3R × IR whenever the center point z0 belongs to CR.
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5.2. Extension along the time direction. In this subsection, we extend (5.4) to D3R ×
(−9R2, 9R2).

5.2.1. Initial boundary. We extend u, F to be zero while, extend b and a evenly below the initial
boundary D3R × {t = −R2}. Again it is easy to see that

u ∈ C((−9R2, R2);L2(D3R,RN )) ∩ L1((−9R2, R2);W 1,1
0 (D3R,RN )) with¨

D3R×(−9R2,R2)

H(z, |∇u|) dz <∞.

Also, b satisfies (2.3) and a ∈ Cα,α/2 with [a]α;D3R×(−9R2,R2) = [a]α;D3R×IR . The VMO condition
of b again is satisfied as well. We omit the detailed proof since the argument is repeated from the
previous subsection.

We verify (5.4) is extended to D3R × (−9R2, R2). Let ϑ > 0 and ζϑ ∈W 1,∞(R) be a Lipschitz
function defined as

ζϑ(t) =


0 if t ∈ (−∞,−R2)
1

ϑ
(t+R2) if t ∈ [−R2,−R2 + ϑ],

1 if t ∈ (−R2 + ϑ,∞).

For ϕ ∈ C∞0 (DR × (−9R2, R2),RN ) there holds
¨
D3R×(−9R2,R2)

−u · ϕt dz = lim
ϑ→0+

¨
D3R×(−R2,R2)

−u · ϕtζϑ dz

= lim
ϑ→0+

¨
D3R×(−R2,R2)

−u · (ϕζϑ)t dz + lim
ϑ→0+

¨
D3R×(−R2,R2)

u · ϕ∂tζϑ dz.

We observe from (2.8) that

lim
ϑ→0+

∣∣∣∣¨
D3R×(−R2,R2)

u · ϕ∂tζϑ dz
∣∣∣∣ = lim

ϑ→0+
−
ˆ −R2+ϑ

−R2

ˆ
DR

|u · ϕ| dz

≤ lim
ϑ→0+

(
−
ˆ −R2+ϑ

−R2

ˆ
DR

|u|2 dz

) 1
2
(
−
ˆ −R2+ϑ

−R2

ˆ
DR

|ϕ|2 dz

) 1
2

= 0 ·
(ˆ

DR

|ϕ(x,−R2)|2 dz
) 1

2

= 0.

Thus, (2.2) gives
¨
D3R×(−9R2,R2)

−u · ϕt dz

= lim
ϑ→0+

¨
D3R×(−R2,R2)

(−b(z)A(z,∇u) · ∇ϕζϑ +A(z, F ) · ∇ϕζϑ) dz

=

¨
D3R×(−R2,R2)

(−b(z)A(z,∇u) · ∇ϕ+A(z, F ) · ∇ϕ) dz

=

¨
D3R×(−9R2,R2)

(b(z)A(z,∇u) · ∇ϕ+A(z, F ) · ∇ϕ) dz.

It follows that a trivial extension of u is a weak solution to{
ut − div(b(z)A(z,∇u)) = −divA(z, F ) in D3R × (−9R2, R2),

u = 0 on ∂p(D3R × (−9R2, R2)).
(5.5)



34 WONTAE KIM

5.2.2. Topological boundary. In this case, we extend b and a evenly along {t = R2} in D3R ×
(R2, 9R2) whereas we extend F to be zero on D3R × (R2,∞). Again the ellipticity condition and
the VMO condition of b, Hölder’s continuity of a hold. Since we consider the case inf a > 0 in
D3R × (−9R2, 9R2), there exists a weak solution w to{

wt − div(b(z)A(z,∇w)) = −divA(z, F ) in D3R × (−9R2, 9R2),

w = 0 in ∂p(D3R × (−9R2, 9R2)).

The above system is equivalent to (5.5) in D3R × (−9R2, R2) with the same boundary data on
∂p(D3R× (−9R2, R2)). The uniqueness theorem for the parabolic q-Laplace system says w ≡ u in
D3R × (−9R2, R2) and w is a extension of u. Therefore u is a weak solution to

ut − div(b(z)A(z,∇u)) = −divA(z, F ) in C3R. (5.6)

We are ready to prove Theorem 2.5. We are enough to consider when σ ∈ (1+ε0,∞). Recall data
depends on

n,N, p, q, α, ν, L, [a]α, R, ‖u‖L∞(I3R;L2(D3R)), ‖H(z, |∇u|)‖L1(C3R), ‖H(z, |F |)‖L1(C3R).

On the other hand, we deduce from the energy estimate that

sup
t∈(−9R2,9R2)

ˆ
D3R

|u|2 dx+

¨
C3R

H(z, |∇u|) dz ≤
¨
C3R

H(z, |F |) dz

and from the trivial extension that¨
C3R

(H(z, |F |))κ dz ≤ 3n
¨
CR

(H(z, |F |))κ dz

for all κ ∈ (1,∞). This leads data = datag and ε0 = ε0(datag). Using the estimate in
Theorem 2.3 to (5.6) in C3R and covering argument and energy estimates, there exists c =
c(datag, ‖a‖∞, σ, ‖H(z, |F |)‖1+ε0) such that

−−
¨
CR

(H(z, |∇u|))σ ≤ c
(
−−
¨
CR

(H(z, |F |))σ dz + 1

) q
2

.

This completes the proof.

6. Proof of Corollary 2.6

We apply the uniqueness and existence result in [25, Theroem 2.6 and Theorem 2.7]. There
exists a sequence of weak solutions {ul}l∈N ⊂ Lq(IR;W 1,q

0 (DR,RN )) to the Dirichlet boundary
problem {

∂tul − div(b(z)Al(z,∇ul)) = −divAl(z, Fl) in CR

ul = 0 on ∂pCR,

such that

lim
l→∞

¨
CR

H(z, |∇u−∇ul|) dz = 0, (6.1)

where {Fl}l∈N ⊂ L∞(QR,RNn) is a sequence of truncated functions of F satisfying

lim
l→∞

¨
CR

H(z, |F − Fl|) dz = 0

and Al is a perturbed q-Laplace operator with the positive decreasing sequence {εl}l∈N such that

Al(z, ξ) = |ξ|p−2ξ + al(z)|ξ|q−2ξ, al(z) = a(z) + εl, lim
l→∞

εl = 0. (6.2)

Furthermore, it follows from the proof of [25, Theorem 2.5] that for Hl(z, s) = sp + al(z)s
q

Hl(z, |Fl(z)|) ≤ 2H(z, |F (z)|) for all z ∈ CR. (6.3)
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We only consider when σ ∈ (1 + ε0,∞). For each l, the estimate in Theorem 2.5 gives

−−
¨
CR

(Hl(z, |∇ul|))σ dz ≤ c
(
−−
¨
CR

(Hl(z, |Fl|))σ dz + 1

) q
2

,

where c = c(datag, R, ‖al‖∞, σ, ‖H(z, |Fl|)‖1+ε0). Now applying (6.2) and (6.3), we get

−−
¨
CR

(H(z, |∇ul|))σ dz ≤ c
(
−−
¨
CR

(H(z, |F |))σ dz + 1

) q
2

with c = c(datag, ‖a‖∞, σ, ‖H(z, |F |)‖1+ε0). This implies H(z, |∂iujl |) is uniformly bounded in
Lσ(CR) for each 1 ≤ i ≤ n and 1 ≤ j ≤ N . Thus, there exists 0 ≤ vji (z) ∈ L

σ(CR) such that
H(z, |∂iujl (z)|) weakly converges to vji in Lσ(CR). Since H(z, s) is convex increasing function for
each z ∈ CR with H(z, 0) = 0, we are able to find 0 ≤ wji (z) such that vji (z) = H(z, wji (z)). Mean-
while, H(z, |∂iujl (z)|) converges point-wisely to H(z, |∂iuj(z)|) on account of (6.1). Consequently,
H(z, wji (z)) ≡ H(z, |∂iuj(z)|) holds from [15, Chapter V, Proposition 9.1c]. Hence wji ≡ ∂iu

j

holds and we obtain

−−
¨
CR

(H(z, |∇u|))σ dz ≤ lim inf
l→∞

−−
¨
CR

(H(z, |∇ul|))σ dz

≤ c
(
−−
¨
CR

(H(z, |F |))σ dz + 1

) q
2

.

This completes the proof.

References

[1] E. Acerbi and G. Mingione. Gradient estimates for a class of parabolic systems. Duke Math. J., 136(2):285–320,
2007.

[2] P. Baroni and V. Bögelein. Calderón-Zygmund estimates for parabolic p(x, t)-Laplacian systems. Rev. Mat.
Iberoam., 30(4):1355–1386, 2014.

[3] P. Baroni, M. Colombo, and G. Mingione. Harnack inequalities for double phase functionals. Nonlinear Anal.,
121:206–222, 2015.

[4] V. Bögelein. Global gradient bounds for the parabolic p-Laplacian system. Proc. Lond. Math. Soc. (3),
111(3):633–680, 2015.

[5] S. Byun, J. Ok, and S. Ryu. Global gradient estimates for general nonlinear parabolic equations in nonsmooth
domains. J. Differential Equations, 254(11):4290–4326, 2013.

[6] S. Byun, J. Park, and P. Shin. Global regularity for degenerate/singular parabolic equations involving measure
data. Calc. Var. Partial Differential Equations, 60(1):Paper No. 18, 32, 2021.

[7] L. A. Caffarelli and I. Peral. On W 1,p estimates for elliptic equations in divergence form. Comm. Pure Appl.
Math., 51(1):1–21, 1998.

[8] I. Chlebicka, P. Gwiazda, and A. Zatorska-Goldstein. Parabolic equation in time and space dependent
anisotropic Musielak-Orlicz spaces in absence of Lavrentiev’s phenomenon. Ann. Inst. H. Poincaré C Anal.
Non Linéaire, 36(5):1431–1465, 2019.

[9] Y. Cho. Calderón-Zygmund theory for degenerate parabolic systems involving a generalized p-Laplacian type.
J. Evol. Equ., 18(3):1229–1243, 2018.

[10] M. Colombo and G. Mingione. Bounded minimisers of double phase variational integrals. Arch. Ration. Mech.
Anal., 218(1):219–273, 2015.

[11] M. Colombo and G. Mingione. Regularity for double phase variational problems. Arch. Ration. Mech. Anal.,
215(2):443–496, 2015.

[12] M. Colombo and G. Mingione. Calderón-Zygmund estimates and non-uniformly elliptic operators. J. Funct.
Anal., 270(4):1416–1478, 2016.

[13] C. De Filippis and G. Mingione. A borderline case of Calderón-Zygmund estimates for nonuniformly elliptic
problems. St. Petersburg Math. J., 31(3):455–477, 2020.

[14] E. DiBenedetto. Degenerate parabolic equations. Universitext. Springer-Verlag, New York, 1993.
[15] E. DiBenedetto. Real analysis. Birkhäuser Advanced Texts: Basler Lehrbücher. [Birkhäuser Advanced Texts:

Basel Textbooks]. Birkhäuser Boston, Inc., Boston, MA, 2002.
[16] E. DiBenedetto and J. Manfredi. On the higher integrability of the gradient of weak solutions of certain

degenerate elliptic systems. Amer. J. Math., 115(5):1107–1134, 1993.
[17] L. Diening, T. Scharle, and S. Schwarzacher. Regularity for parabolic systems of Uhlenbeck type with Orlicz

growth. J. Math. Anal. Appl., 472(1):46–60, 2019.



36 WONTAE KIM

[18] L. Esposito, F. Leonetti, and G. Mingione. Sharp regularity for functionals with (p, q) growth. J. Differential
Equations, 204(1):5–55, 2004.

[19] E. Giusti. Direct methods in the calculus of variations. World Scientific Publishing Co., Inc., River Edge, NJ,
2003.

[20] P. Gwiazda and A. Świerczewska Gwiazda. On non-Newtonian fluids with a property of rapid thickening under
different stimulus. Math. Models Methods Appl. Sci., 18(7):1073–1092, 2008.

[21] P. Harjulehto and P. Hästö. Orlicz spaces and generalized Orlicz spaces, volume 2236 of Lecture Notes in
Mathematics. Springer, Cham, 2019.

[22] P. Hästö and J. Ok. Regularity theory for non-autonomous partial differential equations without Uhlenbeck
structure. Arch. Ration. Mech. Anal., 245(3):1401–1436, 2022.

[23] T. Iwaniec. Projections onto gradient fields and Lp-estimates for degenerated elliptic operators. Studia Math.,
75(3):293–312, 1983.

[24] W. Kim, J. Kinnunen, and K. Moring. Gradient higher integrability for degenerate parabolic double-phase
systems. Arch. Ration. Mech. Anal., 247(5):Paper No. 79, 46, 2023.

[25] W. Kim, J. Kinnunen, and L. Särkiö. Lipschitz truncation method for the parabolic double-phase system and
applications. arXiv, 2023.

[26] J. Kinnunen and J. L. Lewis. Higher integrability for parabolic systems of p-Laplacian type. Duke Math. J.,
102(2):253–271, 2000.

[27] J. Kinnunen and S. Zhou. A local estimate for nonlinear equations with discontinuous coefficients. Comm.
Partial Differential Equations, 24(11-12):2043–2068, 1999.

[28] J. Kinnunen and S. Zhou. A boundary estimate for nonlinear equations with discontinuous coefficients. Dif-
ferential Integral Equations, 14(4):475–492, 2001.

[29] J. Oh and J. Ok. Gradient estimates for parabolic problems with Orlicz growth and discontinuous coefficients.
Math. Methods Appl. Sci., 45(14):8718–8736, 2022.

[30] M. Růžička. Electrorheological fluids: modeling and mathematical theory, volume 1748 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2000.

[31] T. Singer. Existence of weak solutions of parabolic systems with p, q-growth. Manuscripta Math., 151(1-2):87–
112, 2016.

(Wontae Kim) Department of Mathematics, Aalto University, P.O. BOX 11100, 00076 Aalto, Fin-
land

Email address: wontae.kim@aalto.fi


	1. Introduction
	2. Notation and main results
	2.1. Notations
	2.2. Main results

	3. Comparison estimates
	3.1. p-intrinsic case
	3.2. (p,q)-intrinsic case

	4. The proof of Theorem 2.3
	4.1. Stopping time argument
	4.2. Vitali type covering argument
	4.3. Final proof of the gradient estimate

	5. The proof of Theorem 2.5
	5.1. Extension along the lateral boundary
	5.2. Extension along the time direction

	6. Proof of Corollary 2.6
	References

