CALDERON-ZYGMUND TYPE ESTIMATE FOR THE PARABOLIC
DOUBLE-PHASE SYSTEM

WONTAE KIM

ABsTrACT. This paper provides a local and global Calder6n-Zygmund type estimate of a weak
solution to the parabolic double-phase system. The proof of local estimate is based on compar-
ison estimates and the scaling invariant property of the parabolic double-phase system in the
intrinsic cylinders of the stopping time argument setting. For the proof of the global estimate,
we have applied the reflection and approximation techniques.

1. INTRODUCTION

This paper considers the gradient estimate of the degenerate parabolic double-phase system
ug — div(b(2)(|VulP 2 Vu + a(2)|Vu|?2Vu)) = — div(|F|P~2F + a(2)|F|9%F)

in the parabolic cylinder Cr defined in (2.1). The double-phase operator consists of two parts.

The first part is the p-Laplace part and the second part is the ¢-Laplace part for 2 < p < gq.

The coefficient b(-) of the double-phase operator is bounded from below and above by positive

constants while the coefficient a(-) of the ¢-Laplace part is a non-negative Holder continuous.
We aim to prove the Calderén-Zygmund type estimate of the implication

H(z,|F|) € L°(CRr) = H(z,|Vu|) € L°(Cg) forall o€ (1,00),

where H(z,s) = s? 4+ a(z)s?. The higher integrability estimate of Theorem 2.2 was proved in [24].
It says that there exists €9 > 0 sufficiently close to 0 such that the local estimate of the above
implication holds for ¢ € (1,1 + gp]. The proof there is based on the stopping time argument,
the reverse Holder inequality and the Vitali covering argument by dividing intrinsic geometry
into two cases. In order to prove the local estimate for any o € (1 + &g, 0), the comparison
estimate with weak solutions of the homogeneous parabolic double-phase systems and the local
regularity properties of such weak solutions are necessary rather than the reverse Holder inequality.
Proposition 3.1 and Proposition 3.11 contain the comparison estimate in each intrinsic geometry.
Moreover, these estimates with the stopping time argument prove the Vitali covering lemma and
Theorem 2.3.

The main idea of comparison estimates is to construct the Dirichlet boundary problems of
the parabolic double-phase system and to obtain a sufficiently small energy estimate of v and a
constructed weak solution in each intrinsic geometry. Since the existence of the Dirichlet boundary
problem of the parabolic double-phase system is incomplete, we assume infimum a(-) is strictly
positive in Theorem 2.3. The scaling invariant property in each intrinsic geometry is used to
get the quantitative estimate for the regularity properties of constructed weak solutions. These
estimates and Theorem 2.2 are applied to make energy estimates smaller and to prove the Vitali
covering argument.

The global estimate in Theorem 2.5 is proved by the local estimate in Theorem 2.3 and reflection
argument. Since the obtained estimate is stable with respect to the value of the infimum of a(-),
the global estimate can be extended when the infimum of a(-) is 0, see Corollary 2.6.

The regularity properties of the elliptic double-phase problems were established in [18, 3, 10, 11].
The generalized double-phase settings also have been introduced and regularity properties have
been studied in [21, 22]. The results of the parabolic double-phase problem are only recent. For
applications, we refer to [20, 30]. The existence result of the parabolic double-phase system has
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been proved in [8, 31]|. For the gradient regularity properties, the difference quotient method was
applied in [31], the higher integrability was proved in [24] and the Lipschitz truncation method,
existence and uniqueness of the Dirichlet boundary problem have been researched in [25].

The Calderén-Zygmund estimate was proved for the elliptic p-Laplace system (a(-) = 0) in
[16, 23, 27, 7] and for the parabolic p-Laplace system in [1, 4, 5, 6]. It was also proved in the
general structure of the Orlicz setting in [9, 29], the parabolic p(-)-Laplace system in [2] and elliptic
double phase system in [12, 13].

2. NOTATION AND MAIN RESULTS
2.1. Notations. For zp € R", t5 € R and p > 0, we denote the ball and cube as
B,(zo) ={z € R" : |x — z¢| < p},
D,={x=(z1,...,2,) € R" : |z;| <R forall ien}
and denote the time interval as
I,(to) = (to — p*, to + p°).

We omit the center point if it is the origin. The parabolic cylinders are defined as the product of
the ball and the time interval or product of the cube and the time interval

Qp(20) = By(zo) x I,(to), Cr=DgrxIg (2.1)

for zp = ($07t0) e R" x R.

For non-negative function a(-) : Cp — R™, we defined the function H(z,s) : Cg x Rt — R*
as H(z,s) = s? 4+ a(z)s?. Throughout this paper, a(-) will be chosen as a coefficient of ¢g-Laplace
operator in the referenced double-phase system and thus H(:,-) is also used as a fixed notation.

For a function f € L'(Q,(20)) and a measurable set E C Q,(20), the integral average of f over

F is denoted as
fo=Af sz
E

2.2. Main results. This paper is concerned with the parabolic double-phase system

{ut — div (b(2)A(z, Vu)) = —div A(z, F) in Cg,

(2.2)
u=0 on J,Ckg.

Here b(-) : Cr — R™ is a non-negative measurable function satisfying the ellipticity condition,
that is, there exist positive constants v, L such that

0<v<b(z) <L<oo forae ze€CRpg, (2.3)

the map A(z, &) : Cr x RN — R™ with N > 1 is the parabolic double-phase operator defined as
A(z,€) = [EP72€ + a(2)[¢]77%,

where a(-) : Cp — R is a non-negative function. The source term F : Cp — RY™ is a given

vector field satisfying
// H(z,|F|)dz < oo. (2.4)
Cr

Throughout the paper, we assume that exponent 2 < p < ¢ < co and non-negative function a(-)
satisfy assumptions

qu-l—%, 0<aeC¥%Cg) forsome ac(0,1]. (2.5)

The condition a € C**/?(Cr) means that a € L™(Cg) and there exists a constant [a]a,a/2:00 =
[a]o > 0 such that for (z,y) € Dg and (¢, s) € (0,7),

|a(l’,t) - a(yat” S [a}a,a/2;03|x - y|a7 |a(f£,t) - a(x, S)| S [a]a,a/2;03|t - S|% (26)
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We further assume that b has the following VMO condition

lim sup sup ][ ][ |b(z,t) — b(B, (wo)x )Ny | dr dt =0, (2.7)
INlg Tv(io)ﬂDR

r—=0% |1|1<r2 z0€Dg

where supremum is taken over all balls B,.(zg) C R" with 29 € Dg and all intervals I C R with its
length |I] is less than or equal to 2. The weak solution to (2.2) is defined in the following sense.

Definition 2.1. A measurable function v : Cp — RY such that
ue C(Ig; LA(Dp,RN)) N L (Ig; Wy ' (Dg, RY))  with
/ H(z,|Vul|)dz < o0
Cr

is a weak solution to (2.2) if for every ¢ € Cg°(Cr,RY)

//CR (—u- @+ b(2)A(z, Vu) - Vo) dz = /CR A(z, F) - Vdz.

Moreover, the initial boundary condition holds in the sense that
—R?+h
lim / |u(z,t)|* dz dt = 0. (2.8)
h—0t J_R2 Dr
To simplify the dependency of constant, we write
datag =n, Nap, q,Q,V, La [a}ow R, ||H(Zv |F|)||17
data = datag, ||ul| Lo (1402 (DR))s |1H (2, [Vul)||1,

where we also shorten || - [|o = || - |z (cy) for o € [1,00]. Before we state the main results in this
paper, we state the local higher integrability result.

Theorem 2.2 ([24], Higher integrability). Suppose 0 < g}/f a(z) and let u be the weak solution to
2€CR

(2.2). Then there exist ¢g = eo(data) € (0,1) and ¢ = c(data, ||al|s) such that for any Q2,(z0) C
Cr and € € (0,&0] there holds

G+l
]§[ (H(z, |Vu|))*edz < c <]§[ H(z,|Vul) dz)
Q25(20) Q2p(20)

q

2

. (75[ (H(z, |F|)"* dz+1>
Q2p(20)

Throughout this paper, €9 denotes the constant in the above theorem. We now state the main
theorems. The first result is the local estimate.

Theorem 2.3. Suppose 0 < irg a(z) and let u be the weak solution to (2.2). Then there exists
z€CR

po = poldata, | H(z, | F)ll1s=,. lall-c) € (0,1) such that for any o € (1 + 0, 50) and Qapy(20) C
CRry2, there holds

(c—1)
q 62 +1

]§[ (H(z,|Vul))? dz §c<]§[ H(z,|Vu|)dz
Qp(20) Q2p(20)

e <‘7§€22p(20)(H(Z7 o 1) 7

where ¢ = ¢(data, ||al|s, o) and p € (0, pg).
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Remark 2.4. Since Theorem 2.3 is local, the estimate holds without assumptions on the boundary
is not necessary. In particular, (2.8) is not used and we may replace the global VMO condition
(2.7) with the following local VMO condition

lim sup ]§[ [b(2,t) = bB, (20)x I, (to)| dx dt = 0. (2.9)
r—0t B (20) X I7 (t0)CCry 4 By (w0) X I+ (to)
T<r

We also remark that the assumption 0 < inf a(z) is necessary for comparison estimates. See

z€Cpr
Section 3 for the detail.

The next two results are the global estimate. The estimate is deduced from the extension
argument using the reflection in [14, Chapter X] and [28]. Note that we may replace the constant
dependency data by datag for g by using the standard energy estimate.

Theorem 2.5. Suppose 0 < irg a(z) and let u be the weak solution to (2.2). Then for any
z€CR
€ (1,00), there holds

2

]%JR(H(Z’ |[Vu|))?dz < ¢ <]§[CR(H(Z’ IF|))° d= + 1) 7

where g9 = £9(datay) € (0,1) and
_ Jeldatag,|lal s, o) if o€ (1,1+4¢g),
c(datag, ||lalloo, 0, | H (2, [F|)[[14e,) if o € (1+€0,00).
The above estimate can be extended when the infimum of a is zero.

Corollary 2.6. Suppose lencf a(z) = 0 and let u be the weak solution to (2.2). Then for any
2€CRr
o € (1,00), there holds

]%R(H(z, [Vul))7dz < ¢ (%R(H(z, |F|))? dz + 1) ! 7

where g9 = o(datay) € (0,1) and

_Jc(datay, ||a| s, ) if o€ (1,1+¢e0],
c(datag, [|alloo, oy [|H (2, |[F|)l14+s,) if o € (1+¢€0,00).

3. COMPARISON ESTIMATES

In this section, we assume 0 < incf a(z) and provide comparison estimates which are used for
zeCR

the proof of Theorem 2.3. This assumption is required to guarantee the existence of non-zero
Dirichlet boundary value problems. Indeed we observe for any & € RV"

nf a()lel? S A, €)-€ and A(= )] < 27 (1 + [lallo) (1 + ),

which means A(z,£) is a ¢g-Laplace type operator and corresponding weak solution u to (2.2)
satisfies

we C(Ig; L*(Dr) N LA(Ig; W' (Dg, RY)),  u € LY (Ig; W19 (D, RV)).

The existence result of the parabolic g-Laplace type system is applicable in this section.

For the comparison estimates, it is necessary to keep track of the dependency of constants. We
will use €, 8, K, py as constants. For e € (0,1) will be determined later as 57+ in (4.13), constants
d €(0,1), K > 1 and pg > 0 will be chosen in this section. To be specific, § will be determined
depending on data and € while K will be chosen to be

K =180(1 + [ala) <|1911|//Q ( )(H(z7\Vu\)+§_1H(z,|F|)) dz+1> .
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Finally, pp € (0,1) is determined depending on data, ||a|lec, € and ||H(z, |F|)|l1+e, and plays a
role in the multiplication of K by py small enough. The circular logic never appears since pg is
determined after ¢ is chosen. For each lemma, we take § and pg sufficiently small and the constants
0 and pgy are the smallest constants among lemmas. In order to simplify our notation, we denote

c(datas) = c(data, K) and V =9K,

where V' will be chosen to be a covering constant in the Vitali covering argument.
Employing the intrinsic geometry approach in [24], we consider the p-intrinsic cylinder case and
the (p, ¢)-intrinsic cylinder case.

3.1. p-intrinsic case. The p-intrinsic cylinder is defined as
Q) (20) = By(xo) x I)(to), I,(to) = (to = N*7Pp?, 1o + N> 7Pp?),
with a center point zg = (x0,%p) € R" xR, p >0 and A > 1.

This subsection aims to prove the following estimates.

Proposition 3.1. Let € > 0 be a fized constant. There exist § = d(data,e) € (0,1), po =
po(data, ||allco, |[H (2, |F|)|l14e0,€) € (0,1) such that if there exists an intrinsic cylinder Qi‘g‘/pw (w) C
Q2p0(20) C Crya for some Ay, > 1 satisfying

(i) p-intrinsic case: K*\E, > a(w)\%,

(ii) stopping time argument for p-intrinsic cylinder:

(a) 4F (H(z,|Vul) + 07 H(z,|F|)) dz < AL,
1(15vva(w)
(b) ]§[k (H(z,|Vu|) + 6 H(z,|F|)) dz = X,
Qpy (w)

then there exists a weak solution v, to
Oty — div(bo (| VU P 2V vy + as|Vue|T 2 Vu,)) =0

in Qé{;pw (w) such that

/‘/Q)‘“’ (w) H(z7 Ivu - va|) dz < EA{)U‘Q)\E)’

Vpw

and the following local Lipschitz estimate holds
sup |V (2)| < ey,

2€Qv,, (w)
where ¢ = c(datag) > 0,
by = bQi{z”pw( y and ag=  sup a(z).

Aw
2€Qdy,. (w)

For simplicity, we assume w = 0 and write ag = a(0), A = A\, and p = p,,. We also denote the
assumption in the above proposition K2\ > ag\9,

ﬁ[ (H(z |Vul) + 6 H(z,|F|)) dz < A? (3.1)

and
]%y (H(z,|Vu|) + 6 H(z,|F|)) dz = AP (3.2)

Denoting ug = ugy , we first provide L — L? and LP estimates of w.
P

Lemma 3.2. There exists ¢ = ¢(datas) such that

_ t) —U0|2 |U_u0|p
AP—2 sup][ Ldax—k# —————dz < c)P.
ten,JBsv,  (BVp)? @, BVp)P

A
8Vp
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Proof. The assumptions (3.1) gives
(H(z,|Vu|) + H(z,|F])) dz < AP.
QlGVp

Since we have K2\ > agA?, the conclusion follows from [24, Lemma 4.2 and Lemma 5.1]. O
The next lemma will be used in this and the next section.

Lemma 3.3. Suppose ¢ = c(datas, ||al|co, | H (2, |F|)|l1+e,) i @ constant. Then there exists pg =
po(datas, ||alloo, [[H (2, |F[)[11<,, €) € (0,1) such that
1
N < AP,
cp (2V)n+222q3

Proof. From Theorem 2.2, there exist ¢ = ¢(data, ||a||o) and g9 = eg(data) € (0,1) such that

4€0

7§[CR/2 (H(z, |Vu|) T dz < ¢ (]%;R H(z,|Vul) dz) i

q

te (#CR(H(Z, |F|)) e dz) i

Since we assumed Qi\ﬁ\/p C CRy2, there exists ¢ = c(data, ||al|oo, | H (2, |F|)|l14<,) such that

//A z, |Vu|))' T dz < c. (3.3)

By applying Holder’s inequality to (3.2), it follows that

AP = ]§£y (H(z,|Vu|) + 6 "H(z,|F|)) dz

P

- (ﬁ[ (H (V) + 67 H (2, [F]) dz)

c(datas) <]§£2A

Vp

(H(z,|Vul) + H(z,|F|))**e dz) i .

Denoting v = +2, there holds

PN = pNITYNY

P+e0)
c(datas)p N7 <]§[ (H(z,|Vul|) + H(z, |F|))*teo dz) .
A

Vp

(ﬁ[ (H (V) + H P dz> o

Vp

Since we have

(n+2)y (P—2)y

< ¢(datag)(Vp)~ p(Feo) \p(I+e0)
Fe=m}
(// 2, |Vul) + H(z, |F|>>1+E°dz> ,

_ (n+2) _ (p—2)
PN < e(datas, ||alloo, [ H (2, | F|)|142,)p™ P0F0) X477 00507
Note that the following inequalities hold

n -+ 2 « -2 2
(n+2)y _ and g~ PZHV_ 2
p(14+e0) 1+eo P P

(3.3) leads to
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and we obtain
aegq

PN < e(datas, |lall o, | H (2, |F])l14e0)po ™" AP

The conclusion follows by taking pg sufficiently small enough. O

We now construct suitable homogeneous functions to obtain the comparison estimates. Let
¢ € C(Igy,; L*(Bsvp, RY)) N LI(Igy ,; W9 (Bsy,, RY)) be the weak solution to

(¢ — div(bA(2,V()) =0 in Q?v,; (3.4)
(=u—ug on 6PQ8Vp'
Since Vu = V(u — ug) and dyu = 9¢(u — ug), it is clear that u — ug is a weak solution to
O¢(u — ug) — div A(z,Vu) = —div A(z, F) in Qg\Vp'

To derive a suitable energy estimate, we use the following mollification in the time variable since
the time derivative of a weak solution for the parabolic system has no function representative
in general. For f € L'(CR) and 0 < h < T, we define the Steklov average fy,(x,t) of f for all
0<t<Thby

t+h

][ f(z,8)ds, if 0<t<T—h,
t

0, i T—h<t.

fh(l‘, t) =

For the basic properties of the Steklov average, we refer to [14].

Lemma 3.4. There exist § = 6(data,e) € (0,1) and po = po(datas, |H(z, |F|)||1+e0,€) € (0,1)
such that
1

A
|Qp| Q%‘/p

Also, there exists ¢ = c(datas) such that

(1) ¢l
N2 sup ][ Mdl‘-ﬁ-ﬁ[ ( + H(z,|VC )) dz < cAP.
telg‘vp Bsv, (SVP)Z Qé\vp (8Vp)p ( | |

Proof. We take arbitrary 7,71 € Ig‘v o such that 7 < 7 and consider small enough h > 0, which

1
P
H(z,|Vu—V(|)dz < —2q3e/\ .

is chosen to be used for the Steklov average, satisfying 7,70 € Ié\v p—n- For small enough 9 > 0,

let ;91772 € Wol’oo(lg‘vp_h) be a cut-off function defined as

%(t—(ﬁfﬂ)) for m—9<t< T,

&= 1 for 7 <t <,
T1,T2 1_%@_7—2) for 7 <t<m+9,
0 otherwise.

We take [u — ug — C]h(flﬂ as a test function to
Olu — up — C]p, — div[b(A(z, Vu) — A(z, VO)]n, = — div[A(z, F)]x
in Bgy, % I8>\Vp—h' Since V]u — uglp = [V(u — uo)]n = [Vu]p, = V]u]p, we have
I+II:]§[ Ou—uo — (- [u—uo — (a2 ., dz
Qg\Vp
+ ﬁ[ B(A(z, V) — Az YOV n - Vi — nc? ., dz
QéVp

= 7§[ [A(z, F)] - V[u— (]n¢e ,, dz =TIL

A
8Vp
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We estimate each term in the above display. Applying the integration by parts, there holds

1
I:# (8t2|[u—u0— ]h|2) 7_17.,.2d2ﬁ
Q/\

8Vp

1
=]§[A a0~ POy, ., d2
Q

8Vp

][ ][ fu—up — Cn|*dz
8Vp| T1—=9J Bsv,

To+19
+ ][ Ifu — ug — ]n|? dz.
8Vp| T2 Bsv,

Therefore, using the convergence property of the Steklov average and then letting ¥ go to 07, we
obtain

1
li lim I=— — Ug — d
ﬁgg+ h—)I{)l‘*' | 8Vp| Bsv, fu = o = ¢l(@, 1) do
1
lu— o — ¢*(z, 72) da.
| 8Vp| Bsvp

Again it follows from the convergence property of the Steklov average that

Jim, 1T = ]%2 b(A(z, Vu) — A(2, V() - V(u— )Y, dz.

A
8Vp

Using (2.3) and [14, Chapter 1, Lemma 4.4|, there exists ¢ = ¢(n, N, p, q,v) such that

li lim II > H(z,|Vu—-V . o dz.
ﬁiq]l* h;%h =¢ @y, (Z ‘ u CDX{ 1<t<mp} A2

While Young’s inequality gives
li lim III < H(z, |F
Jim lim TII < Cﬁ[ _ HE DX <igny d2
c
+ 5 H(Za|vufvd)X{n§t§72} dz.
QA
8Vp

Combining estimates of I, IT and III, we get

1
|U — U — <|2(1‘,T2) dx + # N H(Z7 |VU - vC|)X{T1§t§Tz} dz

| 8Vp‘ Bsvp QRav,

lu— g — ¢[*(,71) dx + ¢ H (2, |[F|)X{r <t<rp} d2.
| 8Vp| Bsv, Qav,

Since 71 and T» are arbitrary, u,( € C(IS)‘VP;LQ(BSVp,RN)) and u —up = ¢ in Byy, x {t =
—A27P(8Vp)?}, letting 71 to —A*"P(8Vp)? and 75 to A27P(8V p)? to have

H(z,|Vu—-V(|)dz<c H(z, |F|)dz
Qg\Vp Qg\Vp

Meanwhile, letting 71 to —A%27P (8Vp)2 and keeping 75 be arbitrary, we also get
1

7. lu—ug = ¢|*(2,72) dz < ¢ H(z,|F|) dz
8Vpl/ Bsv, ngvp



CALDERON-ZYGMUND TYPE ESTIMATE FOR THE DEGENERATE SYSTEM 9

Therefore, combining these estimates and using (3.1), we obtain

SUp Ty lu —ug — ¢|?(x,t) dz + H(z,|Vu—V(|)dz
tEIg‘Vp | SVpl Bsv, Qng (3 5)

<c H(z,|F|)dz < cdNP,
Qng

where ¢ = ¢(n, N, p, q,v, L). In particular, since § € (0,1), we have

2

—up — t

MP~2 sup ][ fu = o <|2 () dx + H(z,|Vu —V(|)dz < cXP.
teIng Bsv, (8Vp)

A
QSVp

Applying the triangle inequality and Lemma 3.2, we get

A2 sup ][ [P 1) +]§[ H(z, |VC|) d= < c(datas)\.
teldy,J Bsvo (8Vp

Employing the Poincaré inequality in the spatial direction and Lemma 3.2, we also have

95 € — (u—ug)|” lu — uo|?
]§[ dz < 21’]5[ —dz+2p]§[ E 0 g,
@, BVp)? @y, BVp)P @, BV

8V 8V 8V
c(datas) (ﬁ[
QA

8Vp

V(= VulP dz + )\p> < c(datas)NP.

The proof of the second estimate is completed. To obtain the first estimate, we further estimate
(3.5). With V = 9K, we write (3.5) as

1
Q]

Recalling mff 572 is equivalent to

6(1 n+2
// ,|Vu|)dz+5 Jr(si// (z,|F|) dz ,
|Bl‘ Q2p (Zo Q20 (20)

1
180(1 + [ala )

< / H(z|Val) dz + 65 + 6% / H(s|F)dz) .
|Bl| Cr Cr

If o € (0,1) holds, then we have cK""2§ < me provided ¢ = d(data, €) is sufficiently small. On

the other hand, if @ = 1 holds, then a further estimate is necessary since we have § 5% = 1. Since
Hélder’s inequality gives

1
T+eo
Il (20 1F1) d < [Qape] 5 ( Il (= [P+ dz> ,
szo(zo Q25 (Zo)

1 , 5 ,
— K §wE < H(z,|Vu|)dz + 6=
180(1 + [ala) <31| Cr =1V

1\ wtE
T+eo
HQapo |55 < // 2, |F|)) o dz) ) .

Hence by taking sufficiently small § = §(data, €) and pg = po(data, | H (2, |F|)||1+e0 €), the desired
estimate follows. O

H(z,|Vu — V¢|)dz < cK"T250P.

we observe

K§w+2

it follows




10 WONTAE KIM

The next lemma provides the quantitative estimate of the higher integrability for |V{| under
the setting of the intrinsic cylinder. The constant s in the next lemma depends on datas and it
may be different from eo(data) in Theorem 2.2.

Lemma 3.5. There exists €5 = e5(datas) € (0,1) and ¢ = c(datas) such that

. G v e < e,

4Vp

Proof. For (z,t) € Qsy and £ € RN" | we set the scaled functions and maps

O, t) = 5oz, A27PpPt),

ba(w,t) = b(pz, AP p?t),

ax(z,t) = A Pa(pz, NP p?t),

Ax(z,€) = [E[P72€ + aa(2)[€]77%,

Hy(z,58) = s 4+ ax(z)s?.
Note that by still satisfies the ellipticity condition (2.3) in Qgy. Moreover, it follows from
Lemma 3.3 that ay € C“’“/Q(ng) with

[a/\]a,a/2;st = p* N7 Pla]y < [a]a- (3.6)

We claim that ¢ is a weak solution to the type of (3.4). For any ¢, € C5°(Qsv,RY), there exists
p e CSO(QQVP,RN) such that oy (z,t) = p(pz, \*"Pp?t) in Qgy. Then we observe that the change
of variables gives

— Oz, t) - Orpr(z,t) dz
Qsv

- 75[ NP pl(pa, NP pPt) - Brp(p, NP pPt) dz
8V

- —]§[ NPpC (1) - ol ) d.
Q

A
8Vp
Recalling ¢ is the weak solution to (3.4), there holds

- On(z,t) - Opor(z,t) dz
QSV

= _7%2 AT (V)PP + a(2)|[VE(2) ) VC(2) - Vip(2) de.
8Vp
Again applying the change of variables to the last term, we get
]%y N 7Ppb(2)|VE(2)[P2V((2) - Vp(2) dz
8Vp

_ ][7[ b(p(E, )\27pp2t) \VC(px,i\iipzp2t)‘p—2 VC(pa:,)\;—pp?t) . vao(va )\27pp2t) dz

8V

- ]5[ b,\(a?,t)\VQ\(x,tﬂp_QVQ\(x,t) ~V<p>\(x,t) dz
Qsv
and similarly

]%2 NP pb(2)a(2)[VC(2) 172V C(2) - Viplz) d

A
8Vp

- 7%2 b (2, )ax (2, )|V Cr (@, )| T2V (2, 1) - Vior () d.
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Therefore, it follows
-2 -2
- Cr - Orprdz = —]é[ AV +ax |V T )V - Vpa dz,
Qsv Qsv

or equivalently, () is a weak solution to

Oy — div(baAx(2, V() =0 in Qsv.
Employing Theorem 2.2, there holds

‘I;(S +1
Joanevan =i <e(ff memoni)
v Qsv
where €5 depending on

n,p,q,c, v, L7 [a')\]ow 8‘/7 HC)\||L°°(ISV;L2(Bgv))7 ||H)\(Z, |VCA|)”1

and ¢ depending on

n,p,q,«, VvLa [a)\]ou 8‘/7 ||<)\||L°°(ISV;L2(B8V))3 ”H)\(Zv |v<)\|)||17 ||a)\HOO

We now investigate the constant dependency of 5 and ¢ in the above. Note that change of variables

implies
(VG b = ol HEVCDd
Qsv )‘p

Therefore we get from Lemma 3.4 that

sup ][ \C,\|2d33—|— Hy(2,|V(y]) dz
Bsvy Qsv

telgy

I¢? 1 f(
= sup ][ dr + — H(z,|V(|) dz < c(datas).
Bsv, A2p? AP Qdv, & IveD ( )

teldy,

Meanwhile, (3.6) and ag\? < K2\ gives
llaxlloe < A Pag + [ax]a(8V)* < K2 + [a]o(8V)* < c(datas). (3.7)

Therefore we conclude 5 = £5(datas) and

ﬁ[ (Hx (=, [VC ) d < c(datas).
Qav

Finally, it comes from the change of variable that

]§[ (H(z,|V¢])1e dz < e(datag)\PAHes),
A

4Vp

This completes the proof. O
We next consider the weak solution 1 € C(Ii\va L*(Byy,,RY)) N LY (Ii‘vp; Wh4(Byy,, RY)) to

e — div(boA(z, V) =0 in Q)
n=¢_ on asz/L\Vm

where recall by = bin . We have the following comparison estimate.

Lemma 3.6. There exists po = po(datas,e) € (0,1) such that

‘Q)‘| // H(z,|V¢—Vn|)dz < 22—36)\”

Also, there exists ¢ = c(datas) such that

*(,1) n[?
AP~2 sup ][ Mdm—i—ﬁ[ ( + H(z,|Vn > dz < cAP.
S o, VP o vy TV
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Proof. Note that by still satisfies (2.3). We follow the same argument in the proof of Lemma 3.4.
For sufficiently small b, > 0 and 71,72 € Li\vpfh, we take [ — 7], ;91772 as a test function to
(¢ = nln — div[bo(A(z, V() = A(z, V))ln = — div[(bo — b)A(z, V()]n

in Byy, X Ii\Vp—h' Then there exists a constant ¢ = ¢(n, N, p, q,v, L) such that

2
— t
MP~2 sup ][ %da&—l— H(z,|V¢—Vn|)dz
ter,,” Bav, (4Vp) Qiv, (3.9)
<eff o= bAIAG VOIINE - Tald=
4Vp

To estimate the last term, we apply Young’s inequality to have

off o= bRIAE YOIV - Vrlds

4vp

1
<coff - b@HE O+ 5 o= e 2 [V~ V)

A
4Vp Q4

SCﬁ[
Q

Therefore, absorbing the last term to the left-hand side of (3.8), it becomes

o~ b H VO e+ o ff (e [9¢ = V) az,
Qiv,

A
4Vp

_nl2 t)
AP~2 sup ][ wdw+ H(z,|V¢—Vn|)dz
telyy,/ Bavp (4Vp)2 Qiv,
< c]§[ A |bo — b(2)||H (2, V)| d=.
4Vp

We continue to estimate the last term. Applying Holder’s inequality and Lemma 3.5, we get

I s vl

4Vp

<(ff, m-vrFa) (ff @Evoye
inﬁ inﬁ
s
Ites I+egs
< c(datas) (ﬁ[ [bo — b(2)| =5 dz) AP
Qin

Recalling (2.3), we have

8

ltes 1
b — b(z)| 5 dz < ]5[ b — b(=)|(1bol + [b(z)]) % d
Q

A A
4Vp 4Vp

< (2L)%]§[ Ibo — b(=)] d-.
fL\Vp

We apply the local VMO condition in (2.9). Taking pp = po(datas) small enough, there holds

—nl? t)
NP2 sup ][ wdm—kﬂ H(z,|V(—Vn|)dz
telyy,/ Bavp (4Vp)2 Qiv,

1
R — U
= (4v)n+29203°
This completes the proof of the first statement of the lemma. The second statement of the lemma

also follows from Lemma 3.4 and the above estimate. We omit the details. O
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By considering the scaled map ny(z,t) = p%n(px, N27Pp2t) for (x,t) € Quy as in the proof of
Lemma 3.5, we deduce that 7, is a weak solution to

at'I])\ — diV(bo.A)\(Z, V'I])\)) =0 in Q4V (3.9)
and there holds
sup ][ \m(w,t)IdeﬂL]é[ (InxP + (Ha(z, [Via]) 1 +) dz < ¢(datas). (3.10)
telav J Byy Qv

Note that if ¢ < p(1+¢5), then we have |[Vny| € LI(Qay) since we have (3.10) and |V, [P(Fes) <
(Hx(z,|Vna]))+ee. We will prove |V, | € LY(Q2v) for p(1+e5) < q. For this, we use the following
iteration lemma in [19, Lemma 8.3].

Lemma 3.7. Let 0 <7 < R < co and h : [r, R] — R be a non-negative and bounded function.
Suppose there exist 9 € (0,1), A, B >0 and v > 0 such that

A
(re —71)

Then there exists a constant ¢ = c¢(9,7) such that

h(r)§c<M+B>.

Lemma 3.8. There exists ¢ = c(datas) such that

]§[ [Vnl?dz < el
QA

2Vp

h(r1) < dh(re) + - +B forall 0<r<r;<ry<R.

Proof. We enough to show
]5[ [Vnal?dz < ¢(datasg).
2V

We revisit the proof in [31, Lemma 4.2]. In this reference, the above estimate is obtained when

a € (0,1)and g € (p,p+ anz ). We will modify the proof therein and extend the above estimate to

the case when a € (0,1] and ¢ € (p,p+ n2—ﬁ‘2] by utilizing the higher integrability estimate (3.10).

We divide the proof into two cases a € (0,1) and o = 1.

Case a € (0,1): First of all, we remark that the structural condition in (3.9) satisfies the
hypothesis there. We recall Ay(z,&) = [£[P72¢ 4+ ax(2)|€]972¢ and define Hy(z,|¢]) = %|§|p +
%aA(z)\ﬂq. It follows from (3.6) and (3.7) that there exists ¢ = ¢(data) such that

€l < HAz, [8]) < e(1+1€D)*,

[0 An(2,€)] < e(1 + €))7,

[EPP2IE 1 < e (D AN(=,€)€" - €)

[Ha(z1,t, ) — Halwa, t, §)| < clwy — 22 (1 4 [€])7.

In the reference domains of the proof in [31, Lemma 4.2], we set Q,, (20) = Qav, @p,(20) = Q3v
and replace M, r by

sup/ Im(w,t)l2dx+// (|m|p+|vm|p<1+€6>) dz+1.
telzy J By Qsy

Then for any 2V < r < ro < 3V and s € (p,p + n+22a—(x)’ there exist ¢ = c(datas,s) and
B = B(datas, s) such that

1+
// IVl dz < % // IVna|?dz + M R
Qr, (r2 =r)? \ e,

(3.11)

S—Pp

2

For any q € (p,p + f—fz], ifse(p+ HQTC_“Q,p+ nf;‘_a) and p > 2 > 1 satisfy
1 _
S(1+532) <1 and Bl <pi4e), (3.12)
M -
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then using [Vnx|? = [Via|# [Via| “7, Hélder’s inequality and Young’s inequality, we obtain

c 142z
VnPde < ————M_ " .2
//Q,,.l | TIA‘ = (72 — Tl)’B z0,R
~
)

F(+32)
C
Sy ) (], o
’l"2 —7‘1
< 1// |V77)\|S dZJr (// ‘vn |P(1+55 )
2 —7”1 v

__c 142
(7"2 — 7"1)6 ZO’R

for v = £22 (14 *32), ¢ = c(datas, s, 1), x = x(p,s,p) and 5 = §'(8,p, s, ). The conclusion
follows from Lemma 3.7 and (3.10). Hence, in the remaining proof we will show that for any
q€ (p,p+ 7127-(;2]7 there exist s € (p + n%‘?,p + n+22°‘_a) and p > £ satisfying (3.12). We observe
(3.12) is equivalent to

5—p s—p(l+es)
1+4——< and < ——MmM—<.
2 ~F M=t )
Note ;E%?; > £ holds. We may take = % provided
s—p _s—p(l+es) 44 2e5p
1+ < <= q—p(l+e)<2— ——m.
2 T g—p(l+es) 7=l +e) 24+s—p
Since ¢ < p+ the last inequality holds if

et

22 _y L 2
_ c -
n+ 2 24+s5—p op 24s5s—p)’
Using p + - +2 < s, the above inequality is true when

2c < 4 esap
n+ 2 24+s5—p n+2+a

Substituting s = p +

- +2 — & for sufficient small k, the above inequality becomes

« 1 gsap

<1l-
n+2 I+ 055 2(n+2+aq)

Replacing 2+2=2x by k, there holds

« <1 n+2—a« EsQp
n+ 2 n+2—rk 2n+2+a)

Finally, the above inequality is equivalent to

n+2704<n+2704 esap
n+2—-k n+2 2(n+2+a)
Therefore, taking x = x(datas) € (0,1) sufficiently small, it is possible to take p = %.
This completes the proof when a € (0,1).
Case o = 1: In this case, we take o’ € (0,1) and « € (0,1) satisfying
20/
—F < —_— 3.13
p+n—|—2 p+n+2—a’ ( )
and
n+2—a n+1 esp (3.14)

n+2—k < n—|—2+2(n—|—3)'
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Note that the above inequalities hold for x € (0, 1) sufficiently small and o' € (0,1) sufficiently
close to 1 depending on n,p, 5. Indeed, note that (3.14) is equivalent to

esp(n+2) (n—i—l Esp )
2(n+3) n+2 2(n+3))°

n+2—a <n+1+

-1
Thus we may choose k < Egz()r(gg)z) (% + %) and o/ > 1— Eil(jfﬁrg?). Note that the last

structure condition in (3.11) holds by replacing a = 1 with o’ € (0,1). Then for any 2V < 1 <
ry <3V and s € (p,p + —22—), there exist ¢ = ¢(datas, s) and § = f(datas, s) such that

’
n+2—ao’

1+
c
Vna?dz < ——= Vina|?dz + M,
//Q,,.l' R (//Q' | °’R>

Therefore, we enough to show that for any ¢ € (p,p + n%rz], there exist s € (p+ n%rz,p +
and p > 3 > 1 such that

5—P
2

2 !
Prwe rerd)

1 _ —
— <1+ 2 p> <1 and H47° < p(1+e5).
" 2 n—1

Note that (p + n%_z,p + n+22‘1_/a/) is nonempty since (3.13) holds. Again, the above inequality is
equivalent to

s—p s—p(l+es)
1+ —=<pu and p< —"—"%,
2 : . p(1+es)
As in the previous case, we take pu = % by proving
s—p _s—p(l+es) 4+ 2e5p

1+

= q—p(l+e) <2— —0,

2 q—p(l+es) 24+s5—p

Using the fact that ¢ < p + %H < s, we suffice to show

2 4 Esp
— <2 .
n+2 2—|—s—p+n—|—3

Substituting s = p+ % to the above inequality, it is equivalent to (3.14). This completes the

proof. O
Finally, consider the weak solution v € C(Ig‘vp; L*(Bav,, RVM)) N Lq(Ig‘Vp; Wh4(Bay,, RY)) to
vy — div(bo(|Vu[P?Vo + ag|Vo|9™?V)) =0 in Q3.
v=" on 8pQ§\Vp,

where as = sup a(z).
ZGQ;‘VP

Lemma 3.9. There holds

1 1
@ //Q* (IVn — Vul? + as|Vn — Vul?) dz < %e)\p.
Vp

Also, there exists ¢ = c(datas) such that
ﬁ[ (V| + as|Vv]?) dz < cAP.
Q;Vp

Proof. The proof is similar to the proof of Lemma 3.6. There exists ¢ = ¢(n, N,p, q,v, L) such
that

]§[ (IVn — Vol? + as|Vn — Vol|?) dz

2Vp

< c]§[ la(2) — as||[ V0|7V — V| dz.
Q

x
2Vp
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Since there holds |a(z) — as| < [a]o(2Vp)® in Qé\vp, we apply Young’s inequality to have

cﬁ[ la(2) —as||V7]\q71|V7]va|dz
Q%Vp

SC#
Q

la(z) —as||V77|qdz—|—]§[ M|Vﬁ—Vu|qdz

v v, 4
< c(Vp)aﬁ[ |Vn|? dz+]§[ %|V¢]—Vv|qdz.
3o Qv,

Therefore we obtain

]§[ (IVn = Vul? + as|Vn — Vo) dz < c(Vp)‘Xﬁ[ [Vn|?d=.
A A

2Vp 2Vp

For the last term, we use Lemma 3.8 and Lemma 3.3 to get

C(Vp)o‘ﬁ[ . |Vn|?dz < c(datas)p® A <

2Vp

1

_  )\P
vy

Therefore it follows that

1 / 1
—_— H(z,|Vn—Vu|)dz < eNP.
Q] Moy, V= VNS g

To prove the second statement, we use Lemma 3.6, Lemma 3.8 and the first statement. Then
there holds

]§[ (IVv|? + as|Vv|?) dz
Q2v,p

§2q]§[ (|Vv—Vn|p+as|Vv—V77|q)dz+2q]§[ (VI + as|Vn|7) dz
Qavp 2Vp

< c(datags)(NP + asA\9).
Recalling a, < ag + [a]o(2V p)?, it follows from agA? < K2XP and Lemma 3.3 that

]5[ (IVu]P 4 as|Vv|?) dz < c(datas)NP.
Q2vyp

This completes the proof. O
The weak solution v satisfies the local Lipschitz regularity in the spatial direction.

Lemma 3.10. There exists ¢ = c¢(datags) such that

sup |Vo(z)] <ecA.
ZGQ?/p

Proof. We again use the scaling argument. For (z,t) € Qay, let
ur(z,t) = p%\v(px, NP2,
BA(€) = bo([€[P72€ + a s AT7P[¢]772).
Then v, is a weak solution to
Ovy —divBx(Vuy) =0 in Qay.
Applying the change of variable to the second inequality in Lemma 3.9, we get

]§[ (IVuAl? + as A7 P|Vu,|9) dz < c(datas). (3.15)
Qav
We define a convex function ¢y on [0,00) as

1 1
ox(s) = bg (8’” + asz\qpsq) )
p q
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Then gy € C(0,00) and Depa(€]) = BA(€) with ¢x(0) = 0, $4(0) = 0, lim pa(s) = oo

Moreover, it is easy to see that there exists a constant ¢ = ¢(p,q) such that Ls¢}(s) < i(s) <
cspX(s). Therefore applying [17, Theorem 2.2], then there exists ¢ = ¢(p, ¢) such that

min{sup<m|w>’z‘|w2-">, sup|w|2}
Qv Qv

< cﬁ[ (1V0s? + a (Vo)) d=.
Qav

Observe that if sup [Vvy| < 1, the there is nothing to prove. Suppose 1 < sup |[Vuvy|. Since we
Q Qv

\%4

have p > 2 and %sp < pa(s) for s > 1, there holds

sup (%) * |[Voal? < sup (%) F Vo T2 < sup oa([Vua]) 2 [Voa 2"

Qv Qv Qv
It follows that

min{l, (;)2}sup Vo2 < mm{sup<m|w>¥|w2”>, sup |w2}
Qv Qv Qv
< cﬁ[ (IV0a? + a(|V0r))) d=.
Qav

On the other hand recalling asA?"? < ¢(datas), we obtain

1
75[ Vo2 dz < ]5[ ([Vos| + 1) dz < 75[ or([Vos| + 1) dz
2V 2V v 2V
< c(datag)ﬁ[ (pa(IVur]) + 1) dz < c(datas),
Q2v

where we used (3.15) to obtain the last inequality. We conclude
sup |Vua(z)| < c(datas).
zeQv

The proof is completed by applying the change of variables. O

Combining lemmas in this subsection and the estimate below, the conclusion of Proposition 3.1
is followed.

H(z,|Vu—Vv|) <2¢H(z,|Vu—V(|)+ 27H(z,|V{ — Vv))
< 2H (2, [V — VC[) + 22 H(2,[VC — Vnl) + 22 H (2, |V — V).

3.2. (p, q)-intrinsic case. The (p, ¢)-intrinsic cylinder is defined as
2 2
Gy (20) = By(xo) x J)(to),  J;(to) = (to — m/’Q’to + mﬁ)’

with a center point zg = (zg,%0) € R” x R, p > 0 and A > 1. This subsection considers the
comparison estimate in (p, q)-intrinsic case K2\, < a(w)AL.
Proposition 3.11. Let € > 0 be a fized constant. There exist 6 = §(data,e) € (0,1), po =
po(data, ||al|co, || H (2, | F|)|l14e0:€) € (0,1) such that if there exists an intrinsic cylinder GE’}{}QW (w) C
Q20 (20) C Crya for some Ay, > 1 satisfying

(i) (p,q)-intrinsic case: K2, < a(w)\L,

(ii) stopping time argument for (p, q)-intrinsic cylinder:

(a) 75[ (H(z,|Vul) + 6 ' H(z, |F|)) dz < H(w, Aw),

Aw
5Vow

G w
) ﬁ[ (H (= |Vul) + 6 H(z, |F])) d= = H(w, Ao),
Gow (w)
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then there exists a weak solution v, to
Oty — div(bo (| VU P 2V vy + as| Ve |12 Vu,)) = 0

in Gé\‘“}gw (w) such that

//A 2, |Vu — Vo) dz < eH(w, /\“,)|G [,
GV (w)

and the following local szschztz estimate holds
sup [V (2)] < e,

2€GY  (w)
where ¢ = ¢(n,p,q,v, L) >0,
bo = borw and as=  sup  a(z).
o) €G3, (w)

Again we may assume w = 0 and write ag = a(0), A = A, and p = g, and assumptions in the
above proposition by K2\ < ag\?,

]% (H(z|Vul) + 5 H(z, |F|)) d= < H(0, ) (3.16)
and '
]%ﬁ (H(z|Vul) + 5 H(z, | F|)) d= = H(0, A). (3.17)

P

We recall V = 9K and

n+2
K =180(1 + // z,|Vul) + 67 H(z, |F|)) dz + 1 .
|Bl| QQ;J(J(ZO)

The next lemma proves that a(-) is comparable in Qsv,. As a consequence, (2.2) is a type of
(p, g)-Laplace system in vap.

Lemma 3.12. There holds
[ala(BVp)* < inf a(z).

Z2EQsv )

Moreover, we have @ < a(0) < 2a(z) for all z € Qsv,.

Proof. We prove the first statement by using contradiction. Assume on the contrary, then

inf a(z) < [a]a(BVp)* = [a]a(45Kp)* < 45[a]op“ K. (3.18)
WERsV p
We observe
ag < sup a(z) < inf  a(z) 4 [a]a(BV )Y < 90[alap™K. (3.19)
wERsvVp wERsV )

On the other hand, it follows from (3.17) and H (0, A) < 2agA9 that

apA? < ]§[GA (H(z,|Vul) + 6 "H(z,|F|) d=

2|31|A2 p~ () // 2, |Vul) + 67 H(z, |F|)) dz
< apAT2 —<n+2>|B |// 2 [Vul) + 5 H (= | F)) d.
1 Q2pq (ZO)

Dividing both sides into agA?~2p~ "2 we have

N < // 2 [Vul) + 5 H (= | F)) d
|Bl‘ szo(zo
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Recalling K, we obtain

a

Vu 5~YH(z,|F|)) dz -
<|Bl //Q oy H T+ 57 G ) ) 50

< 7](
~ 180(1 + [a]a)
Consequently K2\ < agA?, (3.19) and (3.20) lead to

paA n-+

. 1
K2)P < qoA? < 90[a)ap® KN < 90[a]ap® A7t KNP < SEON.

It is a contradiction and (3.18) is false. The second statement follows from the first statement
since

sup a(z) < inf a(z)+[ala(BVp)* <2 inf a(z).

2€EQ5v, 2€Qsvp 2€EQ5V )
The proof is completed. U
Lemma 3.13. Suppose ¢ = c(datas, ||al|co, [|H (2, |F|)|l1+e,) @ a constant. Then there exists
o = poldata, |l | H (2, [F)l140,€) € (0.1) such that

1
N\ q < p
cpA (4V)nt22243 eA”.

Proof. The proof is analogous to the proof in Lemma 3.3. Recalling Gg‘v » C CRry2 and applying
Theorem 2.2, there exist ¢(data, ||a||oo, [[H (2, |F|)|l1+<,) and go(data) € (0, 1) such that

// (2, |[Vu|) e dz < c.
G)\

Therefore we observe from (3.17), Holder’s inequality and H (0, A) < 2apA? that

aoXt < H(0,) < (75[ (H (2. [Val) + 87 H (2, [P dz>
G

c(datag) (%A

Vp

(H(z,|Vu|) + H(z,|F|))*te dz) '

1
ap A2 >+

e(datas, Jalloo, |1 H (2, | F]) | 14=,) (W

Also, using the fact that aal < \I7P ) we get

n+2  egla— p)+ n+2  e£g(2— p)+q 9

b < Cp T+eo \ I+eo 1+50 — Cpi T+eo A Iteo

for ¢ = c(datas, ||alloo, | H (2, | F|)||14e,)- Setting 6 = it follows from the above inequality that

n+2’

(n+2)8 6 (=0(2—p) _ _
o = o < o R e

Note that
(n+2)0 a 0(q—2) 20
= d —= —0=qg— ——
(I+e0)g 14e0 o q +4a q n+2—p

Thus we conclude

€0
p* At < c(datas, [|allo, | H (2, [F)ll1+20)Pg o,
The proof is completed by taking py sufficiently small. O
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We will obtain comparison estimates as in the p-intrinsic case. A different scaling argument is
required since the scaling factor has changed.
Let ¢ € C(J3y 3 L*(Bav,, RN)) N LI(J3y s W (Bay,, RY)) be the weak solution to

(=u on a,,Gij.

{Ct—div(bA(z,VC)) =0 in Gy,

Lemma 3.14. There exists § = d(data,€) and po = po(datas, ||H(z,|F|)||1+e,,€) such that
i // H(z,|Vu - V¢|)dz < —GH(O N).
Also, there exits ¢ = ¢(n, N, p, q, v, L) such that

ﬁ[ H(z, |VC|) dz < cH(0, ).
&y,

Proof. The proof is analogous to the proof of Lemma 3.4, Applying energy estimate and (3.16),
there exists ¢ = ¢(n, N, p, q,v, L) such that

H(z,|Vu—V(])dz < cdH(0,\) (3.21)

A
G4Vp

and therefore

75[ H(z,|V{|)dz < cH(0, ).
Givo

The proof of the second statement is completed. To prove the first statement, it is necessary to
estimate further (3.21). There holds

1
ey // H(z,|Vu—V(|)dz < cK"?6H (0, \).
2 Ve

The conclusion follows as in the same argument in the proof of Lemma 3.4. Since the calculations
are repeated, we omit the details. O

We next consider the weak solution n € C’(.Lf‘vp; L*(Byv,p, RN) N L9 (Jyy p; WH(Bay , RY)) to

{7715 —div(bA(0, V) =0 in Giy,, (3.22)
n =

=( on GpGi‘vp.

Lemma 3.15. There exists po = po(datas,€) € (0,1) such that

1 1
|G| //G* H(z,|V(—Vn|)dz < %EH(O,/\).
P Vo

Also, there exists ¢ = ¢(n, N, p,q,v, L) such that
L. HO. s < et
G>\

Proof. As in the proof of Lemma 3.4, we take [ — 7], C as a test function to

O[¢ — nln — div[b(A(0, V() — A0, V))]n = — diV[b(A((l V() = Az, VQ)ln

in Bay, X Ji\foh' Then there exists ¢ = ¢(n, p, ¢, v, L) such that

ﬁ[ H(0, V¢ — Vn|) dz < cﬁ[g LA(0, VC) — A(2, VO)||VC — V| do.

4Vp
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Note that Lemma 3.12 implies
c|A(0, V¢) — A(2, VOIIVE — V| = cla(z) — a(0)[|V¢]7 V¢ — Vi

< cla(2) — a(0)]| V(|7 + LB 2O
3a(0
4

|V{ — V|

clala(4Vp)* V(| + V¢ — V.

Absorbing the second term on the left-hand side of the energy estimate, we obtain

]§[ H(0, V¢ — V) d= < o(datas)p 75[ IV¢|9 de. (3.23)
4Vp (e

4Vp

Note that it follows from H(0,\) < 2a(0)\? and Lemma 3.14 that

]§[ ao| V¢4 dz < capAl.
A

4Vp
Dividing both side into ay, it follows that
]§[ [V(|?7dz < el
Gi\Vp

Substituting the above display to (3.23) and applying Lemma 3.12 and Lemma 3.13, we get

H(z eNP.
]‘[7[ ‘VC v”' (4V)n+222q3
4Vp
Since AP < H(0, \), the first statement of the lemma is proved. O

In what follows, we estimate the higher integrability for |Vn|. Since the constant depends only
on n, N, q,v, L, without loss of generality, we may write £y as an exponent of the self-improving
constant.

Lemma 3.16. There exists ¢ = ¢(n,N,p,q,v, L) and g9 = o(n, N, p,q,v, L) such that
]f[ (H(0,|Vn])'Te0 dz < e(H(0,X))" .
A
2Vp

Proof. We define the scaled functions and maps

2
m(z,t) = xn(pz, 75y 0°t)s
2
ba(z,t) = b(px, mp%),
AN0,6) = 7oy (WP THEPT2E + agA?H[¢]17%¢)

for (z,t) € Qqy and ¢ € RY™. Using the fact that H(0,\) < 2ap\?, Lemma 3.15 and the change
of variables, we have

75[ Va9 dz = ]5[ [Vl dz < ]5[ 2ao[Vnl® dz
Qav G} Ad N Gi‘vp H(O?/\)

4Vp

2H(0,|Vn|)
< 7§[ 2OV gy < L).
= . H(O,)\) dZ — C(n,p,q, Vv )

(3.24)

by
avp

Moreover, the ellipticity condition (2.3) for by in Q4 holds. We claim that 7, is a weak solution
to the g-Laplace type system. Let oy € C5°(Qav,RY) be arbitrary and ¢ € C’SO(GZ}V/),RN) be
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maps satisfying o\ (z,t) = ¢(pz, 7t 0 )\)p %t) in Q4v. Applying the change of variables, we obtain

]§[ ) - Orpa(z,t) dz
Q4v

:—]%2 mpn(m;, mp%)'at@(ﬂx,mp%)dz
4V

~—ff . wmtet) dpta ) d

4Vp

Using the fact that 7 is the weak solution to (3.22), we have

- ]%2 ma(z,t) - Oppr(2,t) dz
= _]5[ N mpb@)(lw(z)lp‘z + ao|Vn(2)|9"2)Vn(z) - Vo(z) dz.

4vp

Again the change of variables gives

- 7§[ (@, ) - Orp dz

= @O T e VG TINGE) - Ve (a) ds
Qav
We have proved that 7, is a weak solution to

atT])\ — diV(b)\A)\(O, V?’])\)) =0 in Q4v.
We now investigate the growth condition on Ay (0,£). Note that

AN )1 < gty €7 + o€l < e Il < 27(e T + 1)
For the coercivity of Ay, we use the fact that H(0,\) < 2agA? to observe
a a 1
Ax0,6) - £ = H(O w17+ H(Oo)f\) 1§17 = H(()O):j\) 1§17 > §|§|q.

Therefore, A, (0, &) is a g-Laplacian type operators. The higher integrability results in [26] states
that there exist g = eg(n, N, ¢, v, L) and ¢ = ¢(n, N, q, v, L) such that

asg

142
]§[ |V |20+ dz < ¢ (ﬁ[ [Vnal? +1 dz)
Qav Qav

From (3.24) and change of variable, it follows

75[ \Vn|q(1+€°) dz < e\1+e0),
A

GZVp

Moreover, we deduce that

]5[ (H(O, |V77|))1+50 dz < 22]5[ <|VT])\|p(1+EO) 4 aé+EO|V77)\‘q(1+EO)) dz
G A

2Vp 2Vp

§22<]§[m

2Vp

< C(/\;D(H'EO) +a(1)+€o/\q(1+so)) < C(H(O,)\))H_EO.

P
q

|V |20F=0) dZ) + ]§[ ag 0|V 20FE0) g
A

2Vp

This completes the proof. O

We next consider the weak solution to
vy — div(boA(0, Vo)) =0 in G%Vp
v=mn on GS‘V s
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where by = bGQV . The proof of the following lemma is similar to the proof of Lemma 3.6. We
omit the detail.

Lemma 3.17. There exists po = po(n, N,p,q,v, L, €) such that

GA'// H(z, [V = Vo) dz < 552 €H(0,N).

Also, there exists ¢ = ¢(n,p,q,V) such that

]% H(0, [Vo])dz < cH(0,\).

For the Lipschitz regularity for v, we again consider a convex function defined as

AP ao/\q
— y4 q
Pals) =bo (pH(o,A)S aHoN’ ) '

Then ¢ € C*(0,00), px(0) =0, ¥5(0) =0 and lim ¢, (s) = co. Moreover, it is easy to see that
§—00

deox(l€]) = A(€) and there exists a constant ¢ = ¢(p, ¢) such that Lsp(s) < \(s) < cspl(s).
Therefore, we obtain the following estimate by applying [17, Theorem 2.2]. The proof is similar
to the proof of Lemma 3.10. We again omit the details.

Lemma 3.18. There exists ¢ = ¢(n, N,p, q,v, L) such that

sup |Vo(z)] <eA.
zeG’%‘/p

The lemmas in this subsection lead to Proposition 3.11. We omit the details.

4. THE PROOF OF THEOREM 2.3

Let 0 > 1+ ¢¢ be a fixed constant in the statement of Theorem 2.3. In this section, we will
select € = QQ% while § > 0 and py > 0 are chosen to satisfy Proposition 3.1 and Proposition 3.11.

4.1. Stopping time argument. For Qs,,(z0) C Cg/2 and p € (0, pg), we define
A2 = ]5[ (H(z, |Vul) + 6~ H(z, |F|) + 1) dz and Ag= N+ sup a(z)A.
Q2p(20) z€CR
For r € (p,2p), we denote the upper-level sets
(A7) ={z € Qr(20) : H(z,|Vul|) > A},
O(A,r)={2€ Q,(20): H(z|F|) > A}.
For p <11 <7y < 2p, consider

a(n+2)

A> ( 32Vp ) T Ao (4.1)

T2 —T1

Note that TZle > 1. For each Lebesgue point w € W(A,rq), there exists A, > 1 such that

A =N +a(w)\L = H(w, A\y). We claim

n+2

32V R
Ao > ( P ) Mo (4.2)
T2 —T71
Suppose the above inequality is false then there holds
327 \ 327 \
A=X +a(w)\l < (p) (AF + a(w)Ad) < ( P ) Ao.
To —T1 T —T1

Since it contradicts to (4.1), (4.2) holds. The next lemma is the stopping time argument. In the
remaining subsection, we fix a Lebesgue point w € W(A,ry).
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Lemma 4.1. There exists p,, € (0, Bg7*) such that

I (HE VD + 5 HE FG)D) de= X,

and for any r € (pw,r2 — 1)
ﬁ[ (H(z|Vu(=)]) + 6 H(z, [F(2)])) dz < AL,
QN (w)

Moreover, there holds
n+2

2 2
Ay < <p> No.
Puw

22 ry — 1), we observe Q;\“’ (w) C Q2,(20) and

16V

]§[A (H(z7|Vu(z)|)+5_1H(z7\F(2)|)) dz
Qv (w)

Proof. For any r € |

p—2 32Vp e z ulz -1 z z z
< < ) féﬁm“H(JV()D+6 H(z |F(2)])) d

To —T1
32Vp \" 2
< A\p2 (7"2 - :“)1) A <A,

where to obtain the last inequality we used (4.2). Note that w € W(A,r;) implies w € U(AP 7).
Since the function

r—> (H(z,|Vu(z)|) + 61 H(z, |F(z)|)) dz
Q¥ (w)
is continuous, we have
lim H(z,|Vu(z)]|)dz > A
r—0t Qv (w)
Hence, there exists p,, € (0, 2g7) satisfying the conclusion of the first statement. The last
statement in this lemma follows from the first statement and

A < B2 (;i)nﬂ 7%;)29(20) (H(z, |Vu(2))) + 07 H(z, | F(2)])) dz

B 2p n+2
= \P2 () A2
Pw
Dividing both sides into )\ﬁ_2 and then taking % to the exponent of both sides, the proof of the
second statement is completed. O

Note that Qi‘é“va (w) C Q2p, (20). If p-intrinsic case (a(w)A% < K>AP) holds, then Lemma 4.1
satisfies the assumptions in Proposition 3.1. On the other hand, in the (p, ¢)-intrinsic case (K2, <
a(w)AL), the following lemma guarantees the assumptions in Proposition 3.11.

Lemma 4.2. Suppose K?\2, < a(w)\%,. There exists 0, € (0, py) such that
75[@;;;(10) (H(z, |Vul) + 6" H(z,|F|)) dz = H(w, \y)
and for any r € (0w, T2 — 71)
]%; v (H(z, |Vul) + 6 H(z, |F)) dz < H(w, Ay).

Moreover, there holds
n+2

2 2
Ao < <p> Mo
Ow
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Proof. Since a(w) > 0, we see that A2, < H(w, \,,) and G2 (w) € QX (w) for all 7 > 0. We have
from Lemma 4.1 that for any p € [py,r2 — 1)

ﬁ[ (H(z|Vul) + 5 H(z, | F|)) d=
@ ()

‘in| (H(z,|Vul) + 6" H(, |F))) dz
G| M QX (w)
< %&LA“’)A{’U — H(w, \y).
Since w € (A, ry) and the function
r—s (H(z,|Vu(2)|) + 6 ' H(z,|F(2)])) d=

Qv (w)
is continuous, there exists g, € (0, p.) satisfying the first statement of lemma. Meanwhile the
second statement follows from

H w 2 n+2
Hw, Aw) (”) ]§[ (H (= [Vul) + 5 H (= |F)) d=
AL Qw Q2p(20)

H(’U}7 )‘UJ) 2p e 2
7)\3) QTU Ap-

This completes the proof. O

H(w,\y) <

Finally, we end this subsection with the comparability of A). It is necessary for the Vitali
covering argument. Recall from Lemma 3.3 that [a]o(Vpw)AL < AP for p-intrinsic case while
[a)a(V 0u)* AL < AP Tholds in (p, ¢)-intrinsic case from Lemma 3.13.

Lemma 4.3. If K*)!, > a(w)\L, then A\, < 25\, for any z € Qv,, (W) N V(A 7). If K*\P <
a(w)AL, then the same estimate holds for any z € Qv,, (w) NW(A,71).

Proof. We suffice to prove when K 2/\5 > a(w)A since the proof is repeated. The second estimate
is proved similarly. We prove it by contradiction. Suppose A\, < 2_%)\71,. Since z € Qv,,, (w), we
have a(z) < a(w) + [a]o(Vpw)® and therefore we get

A= X+ a(z2)A < AL 4+ a(w) A + [a]o(Vpw)* AL
It follows from the assumption A\, < 27%)\10 that

1 1
A < SO0+ a(@)XL) + 5 [0l (Vo) "N, <

It is a contradiction and the proof is completed. O

1
(X, + a(w)X) + 5N, < A.

N | =

4.2. Vitali type covering argument. For each z € ¥(A,r;) we denote

o0 _ {Q?;(z) it KN > a(z)AL, p. it K2\P > a(2)Al

— z)

Gir(z) if K2 <a(2)M, 7 {gz it KN < a(z)AL

Consider the family of these intrinsic cylinders F = {Q, : z € ¥(A,71)}. Recalling [, < 2L we

= 16V 0
define the subfamily
T2 —T T2 — T
fj:{gzef: 16V2 <ZZ§16V23'1}

for j € N. We choose G; C F; inductively as follows. We first take G; as a maximal disjoint
collection of cylinders in F;. Then each cylinder in G; is bounded below and thus G; is finite.
Indeed, the radius of the cylinder is bounded below from the construction while the scaling factor
in time A27? or A\2/H(z, ),) is uniformly bounded below by Lemma 4.1 and Lemma 4.2. For
selected G, ..., G;, we select a maximal disjoint subset

Giv1 = {Qu € Fi11:QuNQ. =0 forall Q. €Ul ,Gi}.
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In the same reasoning G; are finite and G = U;’ilgj is a countable subset of pairwise disjoint
cylinders in F. In the remaining of this subsection, we will show that for any O, € F, there exists
Quw € G such that

Qz m Q’w # @ and Qz C VQ’wa (43)

where for any « > 0, we denoted

£O, — Qnp (w) if  K2AP > a(w)Al,
YOG (w) i KPNE < a(w)AL.
For each Q. € F, there exists j € N such that Q. € F;. From the maximal disjointedness of G;,
we find Q,, € Uj_, Gy such that

Q.NQ,#0 and I, <2l,.

Before we prove the inclusion in (4.3), note that the standard Vitali covering argument with the
above display implies

Q1. (2) € 5Qu, (w) = Qst,, (). (4.4)

In particular, B;_(x) C 5B, (y) holds where z = (z,t) and w = (y,s). Recalling V' > 5, we
suffice to prove the inclusion of time intervals in (4.3). Note we are able to employ Lemma 4.3
and Lemma 3.12 owing to (4.4).

Case 1: Q, = Ql)‘;(z) and Q,, = QlA (w). For any 7 € If: (t), we observe

7= sl S Im—tl+ [t = s| L]+ 51| < 222771+ NP,

For the scaling factors, there holds \,, < 2%)\Z from Lemma 4.3 and for the radii, we use [, < 2[,,.
Then there holds

NP 4 2P < 2V RN (20,)? N2,
< NP (AL)* + XGPS N (5L,)°,

where we used ijz < 1. Since we have 5 <V, (4.3) holds.
Case 2: Q, = Gl)‘;(z) and Q, = Qi\: (w). Note that for any 7 € Il);z (t) there holds
2

A
<
2

Therefore (4.3) follows from the same argument in the previous case.

Case 3: Q, = Ql)‘; (z) and Q, = Gl)‘:’ (w). Tt follows from Lemma 4.3 and Lemma 3.12
that A, < 27\, and @ < a(z) < 2a(w). Also, recalling a(2)A\? < K2\, q%f < 1 and
H(w, Ay) < 2a(w)AL, we observe

)\27p o Ag < 2 )\g < 2 )\’%U < 2 A’%u < 8K2&

TN ST a(z)Ad T a(2)\h — a(w)\y — A
Therefore the above display and [, < 2[,, lead to that for any 7 € Il): (t),
)\2 )\2 )\2
A Aw w w z
|7 —s| <[]+ 51T < 16K2T(25w)2 + Tlfu < A
The conclusion follows from the facts 8K +1 < 9K =V.
Case 4: Q, = Gl)‘;(z) and Q,, = GIA;U (w). Again we have \,, <27\, and @ < a(z) < 2a(w).
Since ‘1].%2 < 1, there holds

|7 — sl < ||+ g1

w

24 25P12 < o2ZP12 4 2\2P2

(8K +1)l,,)>.

A _
5 =M a)A? < 2 (87 +a(w)r!?)
A

< AN fa(z2)\17?) = 4ﬁ.
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Therefore for any 7 € I l’\zz (t), there holds

/\2 2
Az Aw w w w
[T —s| < [JF] + 5|7 SSX(le)Z‘f‘TZ?U < T(9lw)2-

Again from the fact 9 <V, (4.3) holds.
All the possible cases are covered. We conclude that there exists pairwise disjoint subfamily
G ={Q;}ien in U(A,rq) such that (A, r1) C U;enV Q; where

Q= Qpi(wi) if KN > a(wy)N,
Gk i RN < el

i = Ay, and p; = pu, if K2AP > a(w;)A! or 0; = 0w, if K2AP > a(w;)\!.

4.3. Final proof of the gradient estimate. In the previous sections, we verified the assump-
tions in Proposition 3.1 and Proposition 3.11. In order to simplify the notion we use n € (0,1)

as a constant in this subsection to denote n = We first suppose Q; = Q7 (w;). Then

1
(K1) pi

Lemma 4.1 implies

Q=55 ]| (1wl + 57 B ) a

// 2, |Vul) dz + p// z,|Vul) dz

A Q;N¥(nA, 7‘2)( A QiNW(nA, 7‘2)

+Ap// S H(z, |F|)dz+)\p// §'H(z,|F|)dz
i M Qin®(nsA,ra)e Q;N®(ndA,rz2)

Since we have A = A + a(w;)A\{ < (K2 + 1)A\?, note that

1
// H(z,|Vu|)dz§// nAdz < =MN'|Q,|.
QiNT(nA,ra)e QiNW(nA,r2)e 4

Similarly, there holds

1
J 5VH (2, | Fl) d= < SN7]Qi.
4
Q;N®(NndA,r2)°

Therefore, we obtain

i<y aivuldz+ 55 ff HFhde  (45)
iNT(nA,r2) iN®(NSA,r2)

Meanwhile, it follows from Proposition 3.1 that there exists Vv; € L‘X’(VQi,RN ™ and S =
S(datas) such that

zeVQ

1
/ H(z,|Vu— Vu|)dz < eX|Q;] and sup |V’Uz( )| < <S> i (4.6)
Vo, 2q+3

Also, we apply [a]o(Vp,)*A < AL to see that for a.e. z € VQ,, there holds

S p q

H(z, [Voi(2)]) < 5o (A +al2)A)
< S

= 24+3

(H(wi, M) + [a]a(Vpi)*AT) < %(H(wi7>\i) + D).

Thus, it follows H (z, |[Vvi(2)]) < 525 A for a.e. z € VQ;. We now claim

H(z,|Vvi(2)]) < H(z,|Vu(z) — Vu;(z)]) forae. zeVQ;,NU(SA r). (4.7)
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Indeed, if the above inequality is false, then there exists z € VQ;NW(SA, r1) such that H(z, |Vv;(2)|) >
H(z,|Vu(z) — Vuv;(z)|) and

1
H(=[90(2)) < 5 SA S 5oz H (s, [Vu(2))

94

< 2 (H(Vu(2) — Vo)) + - Vo))
< 2 H(e V2)]) = SH [Vu(2))
_— 2q+2 b) 1 - 2 b) 1 .

Thus 0 = H(z,|vi(2)]) > H(z,|Vu(z)|) > SA and it is a contradiction. Employing the first
inequality in (4.6) and (4.7), it follows

// H(z,|Vu|)dz
VQiNW(SA,r1)

SQq// (H(z,|Vu = Vi) + H(z,[Vs])) dz
VQ;NW(SA,ry)

< 2! // H(z,|Vu — Vu|)dz < 297 eXP| Q.
VQiNW(SA,r1)

Combining the above inequality with (4.5), we have

// H(z,|Vul|)dz < 2‘”26// H(z,|Vul)dz
VQ;N¥(SA,r1) QiN¥(nA,r2)

+2q+26// 6 H(z, |F|) dz.
Qiﬁq>(7]51\,’l”2)

We next consider when Q; = Gz,\f (w;). We will obtain the same estimate in (4.8). Using
Lemma 4.2 and n < l we get

. 1 _
o<1 wvuds g 67VH (=, | F) d2
QN (nA,rs) QiN®(ndA,r2)

Thus, we have

o<1 svaas+ 5 ff 5 H(z, F) dz
N (A, 7“2) NP (NSA,T2)

At the same time, Proposition 3.11 gives that there exists Vv; € L*(VQ;,R") and S =
S(n,p,q,v, L) such that

(4.8)

/ H(z,|Vu—Vu;|)dz < eA|Q;] and  sup |Vui(2)| < (ig) ! i
Vo, zeVQ; 24

Since the comparability of a(-) in Lemma 3.12 holds, for z € V' Q; there holds
S S
p AP+ a(wi) ;).

H(z, [Vo,(2)]) < <

Therefore, we obtain H(z,|Vv;(2)|) < 52z A for a.e. z € VO, and H(z, |Vu;(2)]) < H(z, |Vu(z) —
Vvi(2)]) for a.e. z€ VQ; NW(SA,ry). Hence, we again get

// H(z, |Vaul) dz < 271 eA |4
VO:NT(SA,r1)

// H(z,|Vul|)dz < 2q+2€// H(z,|Vul)dz
VQ;N¥(SA,r) QiN¥(nA,r2)

+2q+2e// 6 H(z, |F|) dz.
Q;N®(ndA,r2)

SO0 +a(2)A) <

and conclude

(4.9)
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On the other hand utilizing the Vitali type covering argument, the covering property gives

// H(z, |Vu|) dz < Z// H(z, [Vul) dz
W(SA,r1) VQ,NU(SA,r)

while the disjointness property implies

(// |Vu|)dz+// 51H(z,|F|)dz>
iNT(nA, ’I"2) Q;N®(NdA,ra)
// 2, |Vul) dz+// 5~ H(z, |F)) dz
T(nA, rg) @(ndA, 7“2)

Since the above displays are connected by (4.8) and (4.9), we obtain

// z,|Vul)dz < 2q+26// H(z,|Vu|)dz
T(SA 7‘1) Q:N¥(nA,r2)
+ 2q+2// S YH(z,|F|)dz.
P(ndA,r2)

We continue by considering the following truncated functions and level-set. For k& > 0, let
H(z, |Vu(2)|)r = min{H (z,|Vu(z)|), k},
V(A p) ={z € Q,: H(z,|Vul)x > A}

Observe that if A > k, then Wy (A,p) = 0 and if A < k, then Wi(A, p) = V(A, p). Therefore, we
deduce from (4.10) that

// H(z,|Vul|)dz < 2q+26// H(z,|Vul|)dz
‘I’k(SA,Tl) ‘I/k(nA,TQ)

+2q+2// 5 H(z,|F|)dz.
P(ndA,r2)

1€EN

(4.10)

(4.11)

a(n+2)
Denoting Ay = (ijrpl) Ao, we integrate (4.11) over (Ay,00) with respect to dA to have
I:/ A”_2// H(z,|Vul)dzdA
Al \I/k(SA,'r‘l)
§2q+z€/ AH// H(z, |Vaul) dz dA (4.12)
Ay ‘I"k(nA7T2)

+2q+2/ A"‘Q// 6§ H(z,|F|)dzdA = 11 + 111
A P(ndA,r2)

To estimate I, we apply the Fubini theorem. There holds

H(z,|Vul)k
- // H(z, |Va)) / AT2dA dz
‘I’k(SAlﬂ”l) SAq
- // [Vl (H e, [Vl ds
g \yk(SAl,n)

(SA1)"~ 1// 2|V
0_1 \Ifk SAI,Tl | |)

Also since the following estimate holds
A H (e, [Vul)(H (e, [Vul) ™ dz
Qry (20)\ ¥k (SA1,m1)

< (SAy)7- 1// 2, |Vu|) dz
QPZ(ZO)
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we get

e — 2| Vul)(H (2, |Vul)p) 7" d2
o 1//@1(%)

- (SA;)7 1 // H(z,|Vu|)dz
o—1 Qzp(20)
Similarly, we obtain

<o L // 2 [Vul) (H (2, [Vul)y) " dz
o \I/k A1 ’I“Q)

<ot [ HG V) Tu) s
g QTQ(ZO)

—1
1 < 2042 0 // (H(z, |F|))° dz
o =1 J)qQs(z0)

We have estimated (4.12) to be

//Q = [Vul) (H (=, [Vul)) 7~ d=
< 2 //QW(ZO) 2 [Vul)(H(z [Vul),) "~ dz

2(SA1)7 1// H(z,|Vul|) dz + 29726~ // (H(z,|F)))° dz
Q2,(20) Q2(20)

We take € = 5. Then ¢ and K are also fixed and thus ¢(datas) = c(data) and S = S(datas) =
S(data). Consequently, po = po(data, ||H(z, |F|)||14e0, [|a]loo) € (0,1) is fixed as well. Recalling

a(n+2)

and

M= (222) 7 Ao, it follows
[ GV V) s
Q71(Z0)
<2//Q( H(z, [Vul) (H (2, | Vul)) " dz (4.13)

ve(zz) g [ mGvae | @l
sz(zo) sz(zo)

where ¢ = ¢(data) and 8 = w. Using Lemma 3.7 and then letting & — oo, we have

// 2 |Vul))? dz < eAg™ 1// 2, |Vu]) d
/J(ZO) sz(zo)
+c// (H(z, |F|))° d
Q2,(20)

where ¢ = ¢(data, o). Finally, the following estimate holds from the choice of Ag.

(1(472*1)_;'_1
]§[ (H(z,|Vul|))?dz < c<]§[ H(z,|Vu|)dz>
Q25(20) Q20(20)

c H(z,|F|)’dz | ,
" (ﬁézp<20>( (= |F))) )

where ¢ = ¢(data, ||al|co, o). The proof is completed.
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5. THE PROOF OF THEOREM 2.5

In the proof of Theorem 2.3, the construction of the weak solutions of homogeneous Dirichlet
boundary value problems and their regularity properties in the spatial direction are necessary. We
avoid this difficulty by extending the solution w and data b(+), a(-), F in system (2.2) and moreover
the system itself to C5r so that only local estimate in Theorem 2.3 is used to prove Theorem 2.5.
This section is divided into two steps. In the first step, we extend (2.2) to the spatial direction.
In the second step, we extend the first step system to the time direction.

5.1. Extension along the lateral boundary. We observe that topological boundary of Cr =
Dy x I in the spatial direction consists of hyper planes {z € R"! : z; = £R} for 1 < i < n. Since
the argument is analogous, we only consider when x,, = —R. We denote 2’ = (1, ...,2,_1) € R"!
for z = (21, ..., Tpn_1,%,) € R™. For each (2/,2,,t) € Cg, we define the reflection map R along the
hyperplane {R™ ™! : 2,, = —R} as R(z', z,,t) = (2, —2R — x,,,t). It is easy to see R~! = R. For
¢ € C°(CRrUR(CR),RY), we define ¢ to be ¢(z) = ¢(2) — poR(z) for all (z/,x,,t) € Cg. Since
¢ = 0 on OCR, it follows from the trace theorem that ¢ € Wol’oo(C’R7 R™N) and ¢ is an admissible
test function to (2.2). We have

(
O—//CR (—u- ¢+ bA(2,Vu) - Vo — A(z, F) - Vo) dz
= //C (—u-pr +bA(z,Vu) - Vo — A2, F) - V) dz (5.1)

//c (poR) —bA(2,Vu) - V(poR)+ A(z, F) - V(poR)) dz.

We will apply the change of variables to x, in order to replace the referenced domain Cg by
R(CR). Firstly, note that the determinant of the Jacobian matrix J of R is —1. There holds

// (o R); dz-// (proR)d
CR CR
// (uoR™ gpt|detj|dz—// —uoR™) - dz.
CR CR

Secondly, we calculate the p-Laplace operator term to estimate the term involving A(z, Vu).

// —b|VulP~?Vu - V(poR)dz
Cr

Z // —b|VulP~20;u - (9;p 0 R) dz
Cr

1<i<n-—1

—|—// b|VulP~20,u - (Onp o R) dz

Cr

:// boRMNV(~uoR HP2V(~uoR™') Vyd:z.
R(Cr)

The same argument holds when we replace b and p with ba and q. Therefore, we deduce

// —bA(z,Vu) - V(poR)dz = // brAR(z,Vugr) - Ve dz,
Cr R(Cr)

where
up = —uo R,
—1
br =boR ™,
ar =ao R,

Ar(2,€) = [T + ar €] %€
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Similarly, we also have
/ Az, F) ~V(¢oRfl)dz:// Ar(z,Fr) - Vydz,
Cr R(Cr)
where Fr = (FLoR™Y,...,F,_1 o R™', —F, o R™'). Therefore, (5.1) becomes

0= //CR (—u- g1+ bA(2, V) - Vo — A(z, F) - Vi) dz

+ // (—ur -t + brAR(2, Vur) - Vo — Ar(z, Fr) - V) dz.
R(Cr)

Extending u, b, a and F to ug, bgr, ag and Fr in R(CR) as above displays, u is a weak solution
to

uy — div(bA(z, Vu)) = —divA(z, F) in CrUR(Cr),

u=20 on 0,(CrUR(CR)).
Since v = 0 on 9,CR, it is easy to see

u € C(Ig; L*(Cr UR(CR),RY)) N LY (Ip; Wy (Cr UR(CR),RY))  with

// H(z,|Vu|)dz < co.
CRUR(CR)

Also, note that extended b and F satisfy the ellipticity condition (2.3) in Cr U R(Cg) and
H(z,|F|) € L'(CrUR(CR)). It also follows that a € C**/*(Cr UR(CRr)) with [a]a.cpur(cn) =
[a]a;cp- Thus (2.5) holds in CrUR(CR). Indeed for each z = (2, xp,t) € Crand w = (¥, yn, s) €
R(CRr), there holds
2 = RN (w)| = |(@',20,t) = (¥, —yn — 2R, 5)| = |R(2) — w]
= |(xl7xn+Rﬂt) - (y’,—(yn+R),s)| (5'2>
< |(£L'I,;L'n7t) - (y/7yn78)‘ = ‘Z - w|

since the reflection makes the distance between points in n-variable shorter. We now verify that
the VMO condition (2.7) of b in Cr implies the local VMO condition (2.9) in Cr UR(CRg)

lim sup sup ]§[ 1b(z,t) = bB, (wo)x I, (to)| dx dt = 0. (5.3)
r—=0% £ <12 B (20) X I (to) M) By(w0) X I, (to)
CCRUR(CR)

Since b is extended by even reflection, we may assume zg = (z(, %o n,t0) € Cr. For each z =
(@', 2, t) € (Br(z0) X I-(to)) N R(CRr), again (5.2) leads |(z(,Zon,to) — (z',—2R — xp,t)| <
|(z, To,ns to) — (2’ 2p, t)]. Therefore we have R(z) = (2, —2R — zy,t) € (Br(x0) X I;(tg)) NCr

and
I 6(2) ~ b5, syt e 2
BT(CE()) X1, (to)

< 2]§[ 16(2) = b(B, (wo)x I, (to))NCr| 2
BT(Zo)XIT(to)

< 4]§[ 6(2) = b(B,.(20)x . (to))nCr | d2-
(Br(x0)x1+(to))NCr

The last term goes to 0 as r approaches 0 from (2.7). Hence (5.3) holds true.
Inductively repeating extension arguments from the previous steps, the extended map u is the

weak solution to
{ut —div(bA(z,Vu)) = —divA(z, F) in Dsg X Ig, (5.4)

u=20 on 8p(D3RXIR),

where (2.3), (2.4), (2.5) and (2.6) holds by replacing the reference domain Cr with D3g x I, and
and (2.9) holds in D3 x Ip whenever the center point zg belongs to Cg.
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5.2. Extension along the time direction. In this subsection, we extend (5.4) to Dsg X
(—9R% 9R?).

5.2.1. Initial boundary. We extend u, F' to be zero while, extend b and a evenly below the initial
boundary Dsp x {t = —R?}. Again it is easy to see that

u € C((—9R?, R?); L*(D3g,R™)) N L*((—9R?, R?); W, " (D3g,RY)) with

// H(z,|Vu|)dz < oo.
DsRX(*ng,Rz)

Also, b satisfies (2.3) and a € C/? with [0]a: Dy x (—9R2,R2) = [@]a;Dypx1r- The VMO condition
of b again is satisfied as well. We omit the detailed proof since the argument is repeated from the
previous subsection.

We verify (5.4) is extended to Dzg x (—9R?, R?). Let 9 > 0 and ¢y € W*°(R) be a Lipschitz
function defined as

if te (—o0,—R?)
(t+ R?) if te[-R* —R>+9),
if € (—R*+9,00).

0
Co(t) = %
1

For ¢ € C°(Dg x (—9R?, R?),RY) there holds

// —u-prdz = lim // —u - pCy dz
Dspx(—9R2,R2) 9=0% JJ Dypx (— R2,R2)

= lim // —u - (pCy)rdz + lim // u - 0 Cy dz.
9—0t D3R><( R2 R2 9—0t D3R><( R2 R2 t

We observe from (2.8) that

—R?*+9
// u- Oy dz| = hm / |u- | dz
DgRX(—R2 R2) DR
R*+9 z —R%4+9 3
< lim <][ / |u|2dz> <][ / |<p|2dz>
9—0+ Dr _R2 Dr

1
2
—0. (/ cp(:v,—R2)|2dz) — 0,
Dgr
Thus, (2.2) gives

// —u - ppdz
DgRX( 9R2 R2

= lim // (=b(2)A(z,Vu) - Vply + A2, F) - V(y) dz
Dypx(—R2,R?)

9—0+

lim
9—0+t

= // (=b(2)A(z,Vu) - Vo + A(z, F) - V) dz
D3R><( R? R2)
- // (b(2)A(2, V) - Voo + A(z, F) - Vo) do.
D3R><( 9R? RQ)
It follows that a trivial extension of u is a weak solution to

(5.5)

up — div(b(2)A(z, Vu)) = —divA(z, F) in Dzp x (—9R? R?),
u=0 on 0,(Dsr x (—9R? R?)).



34 WONTAE KIM

5.2.2. Topological boundary. In this case, we extend b and a evenly along {t = RQ} in D3p X
(R? 9R?) whereas we extend F to be zero on Dsp x (R?,00). Again the ellipticity condition and
the VMO condition of b, Holder’s continuity of a hold. Since we consider the case infa > 0 in
D3 x (—9R? 9R?), there exists a weak solution w to

w; — div(b(2)A(z, Vw)) = —div A(z, F) in  Dsp x (—9R? 9R?),
w=0 in 9,(Dsg x (—9R? 9R?)).

The above system is equivalent to (5.5) in D3 x (—9R?, R?) with the same boundary data on
Op(Dsp X (—9R27 RQ)). The uniqueness theorem for the parabolic g-Laplace system says w = u in
D3gr % (—9R2, Rz) and w is a extension of u. Therefore u is a weak solution to

—div(b(2)A(z,Vu)) = —=divA(z, F) in Csg. (5.6)

We are ready to prove Theorem 2.5. We are enough to consider when o € (1+4¢¢,00). Recall data
depends on

n,N,p,q,a,v, L, [a]a7R7 ||u||L°°(IsR;L2(D3R))7 HH(Zv |VU|)HL1(C3R)7 ”H(Z? |F|)||L1(CSR)'

On the other hand, we deduce from the energy estimate that

sup / |u|2daz+/ H(z,|Vul|)dz < / H(z, |F|)dz
tE(—9R2,9R2) D3gr Csr Csr

and from the trivial extension that

// 4| F|)F dz < 3n// 5P
Csr Cr

for all kK € (1,00). This leads data = data, and ¢g = eo(datag). Using the estimate in
Theorem 2.3 to (5.6) in C3r and covering argument and energy estimates, there exists ¢ =
c(datag, ||allso, o, | H(2, |F|)|l1+e,) such that

< (4 (= P dz + 1)

This completes the proof.

6. PROOF OF COROLLARY 2.6

We apply the uniqueness and existence result in [25, Theroem 2.6 and Theorem 2.7]. There
exists a sequence of weak solutions {u;};en C L(Ip; Wy 9(Dg,RY)) to the Dirichlet boundary
problem

Opuy — div(b(2)A;(z, V) = —div Ai(z, F;) in Cg
u; =0 on 0,CRg,
such that

lim // H(z,|Vu— Vu|)dz = 0, (6.1)
l—o0 CR

where {F; }ieny C L™(Qr, RY ™) is a sequence of truncated functions of F satisfying

lim // H(z,|F—Fl|)dz=0
l—o0 Cr

and A, is a perturbed g-Laplace operator with the positive decreasing sequence {¢; };cn such that
Ai(z,8) = [P+ al(2)El"7%, az) =a(z) +a,  lim e =0. (6.2)

Furthermore, it follows from the proof of [25, Theorem 2.5] that for H;(z,s) = s? + a;(z)s?
Hy(z,|Fi(2)]) < 2H(z,|F(2)]) forall z¢€ Cp. (6.3)
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We only consider when o € (1 + g9, 00). For each [, the estimate in Theorem 2.5 gives

2

]§[CR(H1(27 V)7 dz < ¢ <]§[CR(H1<Z’ |F)|))° dz + 1) ’

where ¢ = ¢(datag, R, ||ai||oc, 0, | H (2, |Fi|)||14<,)- Now applying (6.2) and (6.3), we get

q

%R(H(A s, (]%;<H (2. | FD))7 dz + 1> ’

with ¢ = ¢(datay, ||a]|se; o, |H (2, |F|)|l11e,). This implies H(z,|d;u]|) is uniformly bounded in
L°(CR) for each 1 <i < nand 1 < j < N. Thus, there exists 0 < v/(z) € L?(Cg) such that
H (z,|0;u](2)|) weakly converges to v in L7(Cg). Since H(z,s) is convex increasing function for
cach z € Cg with H(z,0) = 0, we are able to find 0 < w? (z) such that v/(z) = H(z,w!(z)). Mean-
while, H(z, \8,uf(z)\) converges point-wisely to H(z, |0;u’ (z)|) on account of (6.1). Consequently,
H(z,w!(z)) = H(z,|0u’(2)|) holds from [15, Chapter V, Proposition 9.1c|. Hence w! = d;u’

holds and we obtain

]%R(H(z, Vul))? dz < lilrgiogfﬁ[ (H(z, [Vu))” d=

Cr

<c (75[013 (H(z,|F]))’ dz + 1)g .
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