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Central limit theorem for probability measures defined by
sum-of-digits function in base 2

JORDAN EMME AND PASCAL HUBERT

Abstract. In this paper we prove a central limit theorem for some probability
measures defined as asymptotic densities of integer sets defined via sum-of-digit-
function. To any non-negative integer @ we can associate a measure on Z called
Ma such that, for any d, u, (d) is the asymptotic density of the set of non-negative
integers n such that s (n+a) — sy (n) = d where s (n) is the number of digits “1”
in the binary expansion of n. We express this probability measure as a product
of matrices whose coefficients are operators of [ 1 (Z). Then we take a sequence
of integers (ax (n)),cN defined via a balanced Bernoulli sequence X. We prove
that, for almost every sequence, and after renormalization by the typical variance,
we have a central limit theorem by computing all the moments and proving that
they converge towards the moments of the normal law A0, 1).

Mathematics Subject Classification (2010): 37A45 (primary); 11P99, 60F05
(secondary).

1. Introduction

1.1. Background

In this paper we study some properties of sets defined via sum-of-digit function
in base 2. Namely, for a given integer a, we study the asymptotic density of set
of integers such that the difference of 1 in their binary expansion before and after
addition with a is a given integer. More precisely, we define

m

VneN, sp(n) = an,
k=0

where

m
n= Z nk2k,
k=0
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and
1
VaeN,Vd eZ, ns(d)= lim —#n < N |s2(n+a)—s(n)=d}.
N—+oco N

This can be linked with the correlation functions that are studied, for instance, in [1]
or with the properties of the sum-of-digit functions which have been extensively
studied, for instance [5] in, or, more recently, in [8]. We can also quote [10] for
the links between Thue-Morse sequence and the sum-of-digits function in base 2.
The type of questions answered in this article also share some similarity with [13]
and [12].

More precisely, we are interested in normality properties of such sets, and in
this paper we give a central limit theorem for a random a. This kind of properties
have raised a considerable interest in number theory. We can quote [4,6, 11] for
some of these normality properties for g-additive functions.

In [9], we were interested in those densities of sets and more precisely in their
asymptotic properties as a goes to infinity. The methods for computing those den-
sities were essentially combinatorial. In this paper, we are closer to dynamical
systems, as we study a random product of matrices.

1.2. Results

Definition 1.1. Let n € N. There exists a unique smallest m € N and a unique
sequence {ng, ..., ny,} € {0, 1} such that

m
n= an .2k,
k=0

Set n,=np...no. The word (QZ) is an element of the free monoid {0, 1}*.

Definition 1.2. Define the sum-of-digits function in base 2 s7, as:
s :N—- N

m
ey m,
k=0

where n,=np...no.
We are interested in the following equation with parameters a € N, d € Z and
unknown n € N:

sp2(n4a) —sy(n) =d.

More precisely, we wish to understand the asymptotic densities of the following
sets:

Eaa ' ={neN|s2(n+a)—s(n) =d}.
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In [9], we prove the following:

Proposition 1.3. For any a € N, d € Z, there exists a finite set of words Py 4 1=
{wy, ..., wr} C {0, 1}* such that:

Caa= |J [wil

where [w] is the set of integers n such that n, ends with w.
Remark 1.4. Remark that P, 4 is finite and, possibly, empty (whenever d > s3(a)
actually).

From Proposition 1.3, it is clear that the densities of the sets &, 4 exist. This was
known since [1]. In this way we define the main object of our study:

Definition 1.5. Let us define, for any a@ € N, the probability measure p, by:

# N _ —d
Vd € 7, na(d) ;== lim {n < N|s23(n+a)—s(n) }'
N—+o00 N

Remark 1.6. Remark that in order to get a probability measure, we cannot ex-
change the roles of d and a. Indeed, one can check that for any d, the sequence
(a(d)) en 1 nOt even in I'(N).

We are interested in asymptotic properties of the measures u, as a goes to infinity
in a certain sense. Namely, we define the following quantity:

Definition 1.7. Let a € N. Define the quantity:
l(a) :=# {occurences of “01” in gz} .
We recall two theorems from [9]:
Theorem 1.8. There exists a constant C > 0 such that, for any a € N:
liallz < € - 1@,

Theorem 1.9. For any a € N, the probability measure g, has mean 0 and its
variance is bounded by:

l(a) — 1 = Var(uq) < 4l(a) + 2.

This last theorem raises the question of whether the ratio Vaf(%“) converges as [(a)
goes to infinity. We do this in the generic case for the balanced Bernoulli measure.

More precisely, we have the following central limit theorem:
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Theorem 1.10. Let X = (X,)nen € {0, 1} be a generic sequence for the bal-
anced Bernoulli measure. Define the sequence (ax(n)),cy in the following way:

n
ax(n) = ZXk .2k,
k=0

Foranyn € N, let figy ) € 1! (ﬁZ) defined by

2 . n
vd e \/;Z7 MHayx(n) = Haxn) ( §d> .

Then
~ &ak
Hax (m) n—-+o0o ¢
where

1 -,
@(t) = ez’ .

V2m

Remark 1.11. An equivalent formulation, with the same notation is:

s2(m +ax(n)) — s2(m)

n—+00 N—+o0 n

2

1
VxeR, lim lim N# m<N | = d(x)
where @ is the repartition function of the normal law N (0, 1).

Finally we wish to state Cusick’s conjecture.
Define the following quantity:

1
VaeN, ¢, := lim N#{n <N |sy(n+a) > s(n)}.

N— 400

The conjecture consists of two parts:

1
Va e N, c, > 7

and .
liminfc, = —.

a—+00 2

This question arose as Cusick was working on a similar combinatorial conjecture
in [3]. For recent advances on this, one can look at [15] and [7]. In particular, the
main theorem of this paper has for immediate corollary that % is an accumulation
point for the sequence (¢4 )qeN-

Moreover, the proof of our theorem answers a question left open in [7] since
it states that the difference s2(n 4+ a) — s(n) is “usually normally distributed with
mean zero and variance %” where |a|, denotes the length of a in base 2.
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1.3. Outline of the paper

The goal of this paper is to demonstrate Theorem 1.10 by a moments method.
Namely, given a sequence of probability measures, we prove the weak convergence
towards the normal law A/ (0, 1) by proving that all the moments of this sequence
converge towards the moments of the normal law.

This article is organised as follows:

Section 2 deals with the measures 1., that we already studied in [9]. We recall
some of their properties (and most importantly a recurrence relation between them)
and write them as a finite product of matrices whose coefficients are operators on
1'(Z). This is a convenient form for our study since it allows to compute the Fourier
transforms of these measures explicitly.

Section 3 is devoted to the proof of Theorem 1.10. It is divided in the following
way.

In Subsection 3.1, we explicit this Fourier transform and give its Taylor expan-
sion around O at order 2. This is what we need in order to compute the variance of
Lq. We also mention that the characteristic function can be written as a product of
matrices, which is the form that will be studied throughout the article.

Subsection 3.2 is devoted to the computation of the variance of u,. First we do
this in the general case and give an explicit formula depending only on the binary
decomposition of a. We remark that this expression depends on some correlations
of sequences in {0, N,

Then, in Subsection 3.3, we want to compute the “generic” behaviour of p,
(meaning for a a whose binary expansion is given by a balanced Bernoulli se-
quence). For this, we use a result in [2] to estimate the correlation terms. It ap-
pears that in the generic case, the variance is approximately % (where |a|, is the
length of a,. So we know that in order to get a central limit theorem, we have to

renormalize j, by the squareroot of its variance namely %

In Subsection 3.5, since we have to compute all the moments, we need to know
all the coefficients in the Taylor expansion of the characteristic function but it seems
difficult to give their expression in the general case. Hence we wish to understand
how “big” the different terms are in order to know which one will be killed by
the renormalization and which one will contribute. To that end, we classify the
terms in the Taylor expansion and we bound them using some algebraic properties
of the matrices involved in this computation. This in turn gives bounds on the
moments.

Finally, in Subsection 3.6, we show that the moments converge towards the
moments of the normal law. Thanks to the study of the contributions from the
previous section, we are limited to actually computing the terms that have a chance
to contribute. Some elementary linear algebra and the study of the correlations
appearing in Section 3.2 are the essential tools for this.

We would like to underline the fact that the way we compute the moments
limits gives a bound on the speed of convergence of the moments. However, this
speed is dependant on the order of the moment and thus gives no clue as to the
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speed of convergence of the measures towards the normal law. This could be further
studied along with a local limit theorem.

ACKNOWLEDGEMENTS. We wish to thank Christian Mauduit and Jo€l Rivat for
their interest in this problem and for sharing their knowledge in the historical and
scientific background of this question. Of course we have to thank Alexander Bufe-
tov for his precious help regarding the moments method, especially for giving the
reference needed. We also would like to thank Thomas Stoll for mentionning Cu-
sick’s conjecture. We thank Julien Cassaigne for his useful remarks on the variance
properties. Finally, we thank Lukas Spiegelhofer for making us aware of the works
in [7].

2. Measures i, on Z

Let us start by remarking the following:
Remark 2.1. Leta € Nandd € Z.
Para.a = {wO |w e 'Pa,d} U {wl |w e Pa,d}

and
Pratia = {w0 | w € Pag—1}U{wl | w e Pagias1}-

For more details about this remark we refer the reader to [9].
From this we deduce the following:

Proposition 2.2. For any a € N:

M2a = Ha
and

1 1
Haa+1(d) = Zpa(d = 1) + Sptar1(d + 1).

Remark 2.3. Notice that a probability measure on Z is, in particular, an element
of 1'(Z). In all that follows, for simplicity of writing, we will always identify a
measure on Z with its associated sequence in 1(Z). In particular, we see u, both
as a measure and as an element of /' (Z). Let us define the shift S on /! (Z).

s: '@ - '@
(Xnnez P Cngpez -
Then, the identities of Proposition 2.2 can be written:
H2a = Ha
and

1 1
Haat1 = 3§ Yua) + 58+ )-
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Example 2.4. It is easy to see that ;o = dp. Then, either by standard computation
or by using Proposition 2.2, one obtains:

w1 = %Zan-z”.

nez
n<l

Proposition 2.5. For anya € N,

pg = (1d 0) Agy--- Aq, | Aq, (Z?) ,
where a, =ay,...ay, and
Id 0 1 1

Proof. Tt suffices to remark that, for any a € N,
AO(Ma >=<M2a>
Ma+1 M2a+1
a () = (1)
Ha+1 H2a+2

with Proposition 2.2. O

and

Notice that this proposition is a clearer version of [9, Theorem 1.2.1].

3. Central limit theorem

3.1. Characteristic function

Leta € Nwitha , =ap...4do. The characteristic function of 1, denoted by i, is
defined in the standard way:

V6 € [0,27), Fia(®) = ) _ ' pna(d).
del

By Proposition 2.2, the characteristic function 1z, : [0, 27) — C is given by:

—~ i a2 & (i0®)
Ha(0) = (1 0) Aao Aan_lAa,, <I/L\1(9)) s
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where
1 0 ) |7 1 —if
A@) =1 .1 .| A®):=
—e'’ —e 0 1
2 2

Indeed, from the recurrence relations in Proposition 2.2, one has

124(0) = [a(0)

and
— | I _jp—0
Mza+1(9)=§€ Ma(9)+§e Ha+1(0).

These recurrence relations on the characteristic function justify the fact, that we
write it as a product of matrices.
A quick computation yields

ei@
mo®) =1, pni0) = 3 i’

and so,
1
fa®) = (10) Agy---Aq, | Ag, | €7
2 —eif

Now let us define the matrices playing a role in the Taylor expansion of [z, near 0:
10 1/0 0 1 (00
10:<1 %)7 aO:E(l—l)’ ﬂ0:§<11)5
1/1-1 1/11
n=( =3(60) #=3(00)

Indeed, we have:

ONI— N
o D=
N——

2

|

A 1
Aj@) =1; +iba; — Eezﬂj +0(6%),

with j € {0, 1}.
Notice that the Taylor expansion near O of 6 — % is:

eiG
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3.2. Computation of the variance

Define the variance of 1 :

Var(pa) = ) ta(d)d’.

dez

Theorem 3.1. Foranya € Nwithg2 =ay...ag,set, forany j € {0,...,n}, b; =
(—D)%* . The variance of . is given by the following:

n+3 bk_ku b + by
Var(ia) = 2 2n+1 ) Zlkz ZO ok+1 -
1

Proof. Notice that the variance is given by:

Var(pg) = (1 0)(,3(10 +Ia0,3a1 +... +Ia0 te Ia,,,llgan) <i) +(1 O) Iao te Ian (g) ,

sincearj (1) =0and Z; (1) = (1),and since the variance is given by the quadratic
coefficient in the Taylor expansion of the characteristic function.
We now apply a change of basis to simultanously trigonalize the matrices I

and [;.
(11 11—
P'_<—11)’ P —§<1 1)’

Let us note that
(_1)j+1
1 —

and compute

Vje{0,1),I;:=PI;P ' = % . B=PgP =
2

P()=6) G)=0) wor=(-3)

With this change of basis, the variance becomes

and

I 1 ~

Var(ug) = <§ ——) (,Bao + Iao,Bal st Ido T Zl,,_llgan) (é)

1 1\~ ~ (2
#(53) " T 3):
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Notice now that for any k& € {0

n}’
~ ~ 1 Z 2k+1 i
Log - Loy =
1
0 2k+1
so,forany k € {0,...,n — 1},
L byt & Z b;
~ ~ o~ ktl—i
Loy Lo Bay, = 2 2 S22
bk+1 0
T ok+2
Hence we get

1 1 biri o~ b
LENONRPY S ED o R
k-
Var(,u,a)=<l _1> 2b i 2 2 g okFl
2 2 _2H k=0 bi+1 0
2 T okt2
n
b;
(1 1> lzznﬂﬂ' <2>
T i=0
2 2 1 2
0 on+l1
So

k
b;
Var(u,) = b1 ! +§ l_kaZ(;W
reo =2 72) | o

1=
k= bi+1
2k+2
b 1
+t1+ 2 on+l—i  n+l’
1=

which yields

n+3 1 by 1
Var(pa) = ———

briibi " b
) > >

n
£ 5
k+1—i k+2 n+1—i’
0<i<k<n-—1 2 =0 2 i=0 2

and so

b+1b;
5 2

k+1—i Z k+1 Z n+1—i’
0<i<k=<n—1 2 2 i=0 2
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which can be written

n+3 1 1 Z br+1bi i by + b,k

VarGu) = 50— - et
2 on+ 2 0<i SH2n— 2k+1—i — 2k+
or even
n+3 n bk-i—zbk b + bp—k
Var(ua) =32 - S -3 2; ZO e O

3.3. Generic case of the variance
In all that follows, we use the following notation:

e X denotes a sequence in {0, 1} (and we endow the set {0, 1} with the balanced
Bernoulli probability measure;

n
e For any sequence X, define ax(n) = Z X - 2";

e As in Theorem 3.1, for any X € {0, 1}V, define the sequence (bj)jeN by b; =
(_1)Xj+1 .
We wish to prove the following:

Proposition 3.2. For almost every X € {0, 1}N

n
Var(uay n)) n 0 3"
In order to prove this proposition, we first need a technical lemma:
Lemma 3.3. Let X € {0, 1}N and define the quantity:

M
> bird brvas
k=1

C2,, = max
M,D

’

where the maximum is taken on all D = (dy, dy) and M such that M + dy < n.
For almost every X € {0, 1}N and for every ¢ there exists ne x such that:

1
Vn > ng x, Cz,n| <n2te,

Proof. In [2], the following quantity is studied:

where the maximum is takenon all D = (dy, ..., d;) and M such that M +d,, < n.
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So we have
C2I’L_C2((b)l€ ..... n)-

From (2.32) and (2.33) in [2], we know that, for any [ > 1

E (€2 ((iieqo...n)™) = 5+ ).

Let ¢ > 0; then

e nGre2

E( c3, ) _ st

and
sn*t@ant 5@
pGte2r  p2el=4

Now, if [ is big enough, then 2¢/ — 4 > 2, and thus the series

+00 C21
(-
p (3o

n=1
converges.
. C%ln Con a.s.
By Borel-Cantelli lemma, —="; 2% 0 and thus —> 0. Hence:
n(210% n—4o00 n 2+8 n—~+00
C2,n
ae X, dng x, Vn > ng x, ——— <1
n(§+€)
and thus
I+e
|C27,1| <n2
for n big enough. O

Now let us prove Proposition 3.2.

Proof of Proposition 3.2. Note that, with Theorem 3.1, for any n,

n+3 1 nlbk bk by — b,
Var(pa) = B _2n+1__ZZ = ZO 2k+? ’

where the b; are random variables which can take value in {—1, 1} with probability
%. The only thing to prove in order to get the result is that:

nll?;o > (X":"X’: bk—i—zbk)

i=1 k=l
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since it is obvious that

.1 /3 1 " by — by_i
nlgrolo ; <5 o on+l + ](2(; 2k+1 =0.

Let us estimate  ;_; >} _ éb";bk

By using Lemma 3.3 and for any ¢ > 0 and for any n big enough, we get

n n—i b b n C
I gt
i=1 k=0 i=1
n n%+g
= Z 21‘
i=1
< nite,
which ends the proof. O

3.4. Another proof for the typical variance

Notice that we could also do things differently in order to compute the typical vari-
ance without Lemma 3.3. Another way to write the variance, for any integer a, is
the following:

n+3 1 I & lbk.ku " by + by_i
Var(ia) = 2 ontl EZZ i +Z 2k+1
i=1 k=0 k=0
n+3 1 n i al(a) br + by
i= =
where
oi(a) = #{occurrences of Owl in a,llwl=i- 1}
+#{occurrences of 1w0 ing2 | lw] =i — 1}.
Hence

n+3 1 1 i+1 cr,(a) br + b,—x
Var("“)zT_W_E(Zi_ZZ )ZOW

n+3 1 1 1 LI oi(a)
=T—W—§((Vl+l)<l—2—n>+ 7—22 >
=

i=1

b +b (@) b +b
+Z k2k+:Z k_1+2n+1+ Zzz Zala Z%
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Now, notice that for any (b,),ey € {—1, 1}V,

. 1 b + by
i (1 S S

and that, having (X,),ecn @ sequence of independant variables indentically dis-
tributed with the balanced Bernoulli measure PP, the law of large number yields:

N PU;) =1
Vi € N\{0}, 3U; C {0, 1} such that {VX el lim oi(ax(n)) _ 1

n——+00 n 2

Define

U= ﬂ U,.

ieN\{0}
Now let us prove that for every X € U,

lim
n——+oon

12”: oi(ax(m) _ 1
— 2! 2
It is easy to see that this limit exists (for any i < n, 0;(ax(n)) < n) so let us denote
it by /. Let us write the following equality for any n € N and any N < n:
1 Goilax(m) 1 hoilax(m) | 1 < oilax(n)
Ly ) _Lyiolu, L 5 s

i i i
i=1 2 i=1 2 n i=N+1 2

So, for any n € N and any N < n, we have:

1 & oi(ax(n)) 1 Oj (aX(n))
R

i=1

n

1 & o; aX(n)) oi(ax(n))
;Z n Z 21

1 i=N+1

| /\

1 & ol(ax(n» 1 (ax(n)) 1 Kooiax(m) < 1
D D E;Z 2l t2y
i= = i= i=N+1

e o(ax(n)) 1 (ax(n)) 1 K o (ax(n)
p =, ; D D TS

1

Il
-

1

Taking the limit as n — +o0 yields:
N1

DIERIE
P 2i

Since this is true for all N, we have that:

1+1
<2 2N

M| —
||Mz

l\) |

Vi 1
VX U, lim YEaw) 1
n——+o00 n 2
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Remark 3.4. One can also notice, even if it is not the goal of our paper, that by
doing exactly the same proof for a non balanced Bernoulli measure (p, 1 — p), one
can prove that there exists a set // C {0, 1}V of full measure such that:

VX €U, lim

—r( 4 (n)) = 2p(1 — p).
n——+00 n

3.5. Upper bounds of the moments of 4y (n)

We now want to have bound on the moments of order [ € N Let us first remark
that the only matrices appearing in the Taylor expansion of A;(0) are I;, «; and S;.
Indeed:

A +OO .
Ai©)=Y_0'T; ;,
j=0

where ) .
(=1’ (=D7i
= ——— " 7—‘1' 5 _— ———m

@ T = g

Remark 3.5. Notice that the following relations hold:
1 1 1 1 1 0
o(1)=0(1)= () «()= ()= ()

1 1
aoly = ol = an, arlo =011 = Eal'

Tio=1, Tipj

i

and

Let us insist on the fact that these relations are crucial for our proof.

Now let us introduce the following norm on 2 x 2 matrices:

M| = max (|M; M;»|),
| M| ie{m}(l i1l + 1Mi2l)

which is induced by || - ||; on R2.
Notice that this defines a submultiplicative norm. Moreover,

ol = 1]l = lleoll = llatll = Nl Boll = I 1l = 1.

Our goal is to compute all the moments of the probability measure iy () in the
generic case as n goes to infinity. To that end, we arrange the terms appearing in
the computation into different “types”. A type is a couple (o”, f?) where p, g are
non negative integers. They indicate the number of matrices of o and 8 appearing
in the term. For instance, a term:

M =l - Loy a1

Gig+1 " Iail—laail Idi1+1 e Idirlﬂaiz I‘li2+1 o A,
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is of type (a2, B').The order of appearance of the o and 8 does not have any influ-
ence on the type, so that

Loy - Iaio—laaio Iai0+1 T Iail—] :31111 Iai1+1 T Iui2—1°‘ai2 Iai2+1 g,

is also of type (a2, B1).
Let us denote by .7-"((2;’ 59)
of [Lay ().
This notation is introduced to ease the writing of the previous formulas as well
as for handling terms with the same behaviour together. For instance, the formula
for the variance becomes:

Var (g ) =(10) 3 M<}>+(1 0 Y M(})+(1 0) luy- -+ I, (g)

(1) (n)
ME]:(D[Z,,SO) ME]:(aO,ﬁl)

the set of all terms of type («”, $9) in the expansion

Now notice that for any 2 x 2 matrix M

‘(1 O)MG)

s0, in order to find an upper bound on terms of a given type, it suffices to understand

> M.

(n)
Me]-'(apﬁq)

=M,

Definition 3.6. We say that a type («”, 89) contributes with weight at most k if

Z M| = O(n*).

)
MEF b pa)

Lemma 3.7. For any pair of nonnegative integers (p, q), the type (a?, B9) con-
tributes with weight at most q .

Proof. We prove this lemma by induction on p.

. . 1 .
First notice that #F ((:(Z’ﬁq) = (”;r ). Notice also that for any M € F ((;’3, gay?
M| < 1, since || - || is submultiplicative. This implies that the type (ao, B )

contributes with weight g.
Now let us assume that the type («”, B?) contributes with weight g for a
given p and let us prove that the type (apH, ﬂq) has same weight. Now let us

partition F )

(@r+ pa)’ Fix k < g and let us estimate terms that can be written
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(fo—1)
M“aio Illi0+| s 'Iail—llBail Iai1+l T Iaiz—lﬂaiz T Iaik—lﬂaik where M € f(aop pa—ky:
The sum of the norms of these terms is equal to:

Z Z H Maaio Iai0+l o Iail—l’Bail o ’Baik

pH+q—k<ip<...<ix<n (ip—1)
MEF o pa—ty

= Z Z ” Maazo dig+1 e Iailfl )
pHg—k<ip<..<ix<n (ig—1)
M f(o{l’ﬁq—k)
k—1
<t XN Mgt
pH+q—k<ip<ii<n (ig—1)
Me ]—'( » pa—k)
k—1
=n kZ Haaio Iai0+1 T Iail—l ‘ E M|
ptq—k=<ip<ii<n Gip—1)
Me]—'(ap sk
k—1 q— —k
< S e g |
by induction prq—k<ig<iy<n
q_l PR
<Cn E gy, Iai0+1 Iail—l
p+q—k<ip<ii<n
and, thanks to Remark 3.5,
q_l ..
=Cn Z ‘ %aj, I“l'o“ 1“"1*' H
p+q—k<ip<ii<n
1

q—1 -
=Cn Z Si1—ig—1

p+q—k=<ip<ii=n
<2Cni.

Since this computation is valid for any value of k&, this yields:

> M| =29Cnf,

(n)
f(al’“ 1)

which proves the lemma. ]

3.6. Computing all the moments

Let us write the expansion of 1t :

N
Ra(0) = Z’ m"( Dk + 00",

k=0
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where

mi(@) =) pa(d)d*

deZ

is the moment of order k of the probability measure p, (indeed, recall that u, is
centered).
Now let us renormalize 44y (z). From Proposition 3.2, we know that we have

to look at gy (n) € 1! <\/gZ> defined by:

2 " n
Vd € \[ =L, fayn(d) = taxm (/59 ) -

Now notice that the characteristic function of [Z,y (,) in 6 is actually:

_ ) N .ﬁk
i ({20) =25 PO ),

k=0 nzk!

Hence, for any n € N, the moments of order k of the probality measure ,Tiax(n),
denoted by my (ax(n)), are:

V2%my (ax (n))
vZmilax(n)

n2

my(ax(n)) =

and thus, we wish to understand, if it exists, for any integer k,

 V2%my(ax(n)
lim —_—.

n——+00 n2
Lemma 3.8. For almost every sequence X € {0, 1} and for any k € N we have:

(2k)!

HETOO may(ax(n)) = SFl

and
lim mpq1(ax(n)) =0,
n—-+4o00

which are the moments of the normal law N (0, 1).
Proof. Remark that in this proof, we only consider terms of the following type:

o ¥ m(}).

()
Me]:(ap,,sq)
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. . . . i0 .
since taking a term of degree greater than O in the Taylor expansion of —— will

—if
not contribute because it involves terms of smaller types on 8. e
Let us remark right away that for a moment of order 2k + 1, the type of terms
which could contribute the most is (ozl, ﬂk). Thanks to Lemma 3.7, this type has
weight at most k. Moreover, there is always a finite number of types contributing to
a moment. Hence mor41(ax(n)) = O (n%), and thus:

im Y 22 oy 1 (ax(n)
n—+0o ZkT“ o

07
n
or, equivalently,
lim mog41(ax(n)) =0.
n——4o00
Next, we consider the even moments.

For a moment myy, from Lemma 3.7, the only type potentially contributing to
the limit is (ao, B* ) More precisely, in order to get that

(2k)!

nilfiloomZk(aX(n)) = W’

one must show the following identity on limits (and prove that they exist):

(V) Fmaaxm) . 2\k =1\ 1
e e] —nk‘fm(z) (7) (o) 2 M<1)’

m
(n)
Me}'(ao,ﬁk)

since the Taylor expansion of A j near 0 is
A . 1> 3
AjO) =1j+ibaj— 567 + 0(6°).
This equality is equivalent to:

k
fim  2mkaxm) (2'?! 1o Y M<1).

n—+o0o nk n—+o00 n 1
MeF®
@Y, k)

In short, we must show that:

1 nk
(10) Z M (1) = 2 + o(n®),

(1)
Me]’(ao’ﬁk)

so that
I %moy(ax(n))  (2k)!
im = ,
n—+00 nk 2kk!
which is the moment of order 2k of the normal law N (0, 1).
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Let Dy (n) = {(d,, .. dk) |0 <d <...<dy <n}.Ford € Di(n), denote
Mg = Iy - Iadrlﬂad, .. adk I,Bad (this is Just a matrix M € ,7:(") 0 k) after the
change of basis described in the proof of Theorem 3.1). Let us prove by induction

on k that
my, = 2k + Aq 0
B;s O

with Ay and By satisfying

and .
Jm e 3 =0

deDy(n)
The case of k = 1 is treated in Lemma 3.3. Let us assume this is true up to an
integer k.
Let d € Dy (n). For clarity in the formulas, let us writed = (dy, . . . ,dx—1, J, 1)

andd' = (dy,...,dx_1, j) € Dr(n). Then we have
Mg =gla;y, - TaBa-

Now compute:

1 b;
~ P IE =L
lajoy 1oy Boy = i=j+1 )
by
— 0
20=J

and by the induction hypothesis,

1
My = (o T4 0) .
By 0

Thus
1
2k+1 2k b Z 21; __Ad/bl Z 77 0
M, = i=j+1 i=j+1
d= 1 -1 b;
EBd/—Bd/b[ Z F O
i=j+1

and we have to prove the following.
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Claim.

1
2

d€Dy+1(n)

1Sy Ag o b
—55h 2 2 st~ Ak ) o
i=j+ i=j+1

n—oo

Proof of the claim.

e First, we have:

2.

n—k n

2

?bl Zl 2! .1

xh Z ol

deDyy1(n) i=j+ J=k0=di<..<dr_1<jl=j+1 i=j+1
n—k n -1
k—1 1 bi
<n b Z ;
2k 2l—i
and also that
n -1
b
ST ECI oY
I=j+1| i=j+1
s0, for n big enough, according to Lemma 3.3:
-k n
nt Z > an Y
"k l i
=kl=j+1 2 i= ]+12

pk=1n=k
< Zn 3te
=

Jj=k

k+3+e
<
J— 2k 9

e We have also that
Ay Ay

<nZ

d'€Dy(n)

A
> |-

d€Dy41(n)

> >

d'€Dy(n) I=k

and, by induction,
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hence

1 Ay
lim —— ) L0y,
k+1 ’

NEC T D)

e Finally we have

-1 n—k n -1
b; b;

> |Aabi Y 5| = X D |l ) 5
deDy41(n) i=j+1 Jj=k0<d)<..<dp_1<jl=j+1 i=j+1
n—k n -1

b.

=2 2 A ) ) oS
Jj=k0<d)<...<dp_1<j I=j+1 i=j+1

and, as in the study of the first term, using Lemma 3.3, for n big enough

n—k n -1

b;
22 Ml ) ) 5
Jj=k0<di<...<dyp_1<j I=j+1 i=j+1

IA

n—k :
SIS SRV

Jj=k 0<di<...<dy_1<j

n§+€ Z |Ad’|

d' €Dy (n)

IA

1
< nk+§+8

by induction hypothesis.

In the end,
-1 -1
1 1 bi Ay b;
lim —— > | Y oA —Agb Y o =0.
k+1 k = =
notoontt A |2 5T 2 T
And the same goes for proving that:
1 1 . L 0
YN Z 7 Bar = Barbi Z 2= | nsoo
dEDk_H(n) i=j+l
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Hence, we get

10 ¥ m(i)=(3-3) X ;)

(n) deDy(n)
ME]:(ao.ﬂk)

=Y gt Y - Y B

deDy(n) deDy(n) deDy(n)

=<Z)2—1k+ Z Ag — Z By

deDy(n) deDy(n)

n!

= — 4 Ag — B;.
Dk Z Z

ki(n =028 54 deDr(n)

Since
and

we have that

1oy > M G) = 22—; +o(n¥),

Me]—';:()),ﬂk)
which yields
lim 2moy(ax(n)) _ (2k)!
n—+00 nk T 2kgT O

Hence the moments of the probability measure [i,, ;) converge towards the
moments of the normal law N (0, 1), which prove the [14, Central Limit Theorem
1.10].
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