ON SEGAL ENTROPY
ANDRZE] LUCZAK

ABSTRACT. The paper is devoted to the investigation of Segal’s
entropy in semifinite von Neumann algebras. The following ques-
tions are dealt with: semicontinuity, the “ideal-like’ structure of
the linear span of the set of operators with finite entropy, and
topological properties of the set of operators with finite as well
as infinite entropy. In our analysis, full generality is aimed at, in
particular, the operators for which the entropy is considered are
not assumed to belong to the underlying von Neumann algebra,
instead, they are arbitrary positive elements in the space L! over
the algebra.

INTRODUCTION

In 1960 I. Segal [4] introduced the notion of entropy for semifi-
nite von Neumann algebras being a straightforward generalisation
of the von Neumann entropy defined for the full algebra B() of all
bounded linear operators on a Hilbert space by means of the canon-
ical trace. While von Neumann’s entropy became an all-important
object for quantum mechanics, the role of Segal’s entropy has been
less significant, presumably because of the more general setup of an
arbitrary semifinite von Neumann algebras in which this entropy ap-
pears. However, the rapid development of operator-algebraic meth-
ods in quantum theory where arbitrary von Neumann algebras play
a crucial role makes it highly probable that also the Segal entropy
will gain much more importance and interest.

Despite the obvious similarity in the definitions of both entropies,
in the case of an arbitrary semifinite von Neumann algebra, where
instead of the canonical trace we have a normal semifinite faith-
ful trace, substantial differences between them arise. Perhaps the
most fundamental one consists in the fact that while a normal (non-
normalised) state on B(7) is represented by a positive operator of
trace-class (the so-called ‘density matrix’), in the case of an arbitrary
semifinite von Neumann algebra this ‘density matrix” can be an un-
bounded operator. This prompted Segal to consider only the states
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whose ‘density matrices” were in the algebra. In our analysis, we
avoid this restriction.

In the paper, the following questions concerning Segal’s entropy
are investigated: its semicontinuity, the “ideal-like” structure of the
linear span of the set of operators with finite entropy, and topolog-
ical properties of the set of operators with finite as well as infinite
entropy. In particular, we show that this entropy is a function of
tirst Baire’s class, and give sufficient conditions for its lower and up-
per semicontinuity. Since von Neumann’s entropy is a particular
instance of Segal’s entropy, our results yield also a condition for the
continuity of von Neumann’s entropy. Further, we show that for a
finite von Neumann algebra, the linear span of the set of operators
with finite entropy is invariant with respect to multiplication by the
operators from the algebra. Finally, it is shown that the sets of ele-
ments with finite as well as infinite entropy are dense in the space
of positive integrable operators, and that in the case when the un-
derlying algebra is finite, the set of elements with finite entropy is of
the first category — both these properties are known to hold for von
Neumann entropy.

1. PRELIMINARIES AND NOTATION

Let M be a semifinite von Neumann algebra of operators acting on
a Hilbert space H, with a normal semifinite faithful trace 7, identity
1, and predual M. By || - ||cc we shall denote the operator norm on
M. The set of positive functionals in M, shall be denoted by M.
These functionals are sometimes referred to as (non-normalised) sta-
tes.

A densely defined closed operator x is said to be affiliated with M
if for the polar decomposition

X = ulx|

we have u € M, and the spectral projections of |x| belong to M. An
operator x affiliated with M is said to be measurable if for some Ay we
have T(e[Ag,0)) < +oo, where e([Ag, o)) is the spectral projection
of |x| corresponding to the interval [Ag, 00).

The algebra of measurable operators M is defined as a topological
*-algebra of operators on H affiliated with M with strong addition +
and strong multiplication -, i.e.

xty=x+y, X-y =Xy, x,yEJ\N/[,

where x + y and xy are the closures of the corresponding operators
defined by addition and composition on the natural domains given
by the intersections of the domains of the x and y and of the range
of y and the domain of x, respectively. It is known that such closures
exist and give operators affiliated with M. In what follows, we shall



ON SEGAL ENTROPY 3

omit the dot in the symbols of these operations and write simply
x 4+ y and xy to denote x 4 y and x - y. In particular, for a finite von
Neumann algebra M all operators affiliated with M are measurable.
A great advantage, while dealing with measurable operators, is usu-
ally a lack of problems concerning their domains since for any such
operators there is a common domain which is a core for them.

The domain of a linear operator x on H will be denoted by D(x).

For each p € My, there is an operator h affiliated with M such that

p(x) =1(xh) = t(hx), x & M.

The space of all such operators is denoted by L! (M, 7), and the cor-
respondence above is one-to-one and isometric, where the norm on
L}(M, 7), denoted by || - ||1, is defined as

1l = <(lnl), ke LY(M, 7).

(In the theory of noncommutative L”-spaces for semifinite von Neu-
mann algebras, it it shown that T can be extended to the /i’s as above;
see e.g. [3, 8, 10] for a detailed account of this theory.) Moreover,
to hermitian functionals in M, correspond selfadjoint operators in
L} (M, 1), and to states in M, — positive operators in L' (M, T). The
set of these operators will be denoted by L' (M, 7)*.

For p € M, the corresponding element in L!(M, 7)*, called the
density of p, is denoted by h,.

The Segal entropy of p, denoted by H(p), is defined as

H(p) = t(hplogh,),

i.e. for the spectral representation of /1,

(1) hy = / te(dt),
0
we have

H(p) = /0 " Hog t T(e(dt)).

Accordingly, we define Segal’s entropy for i € L'(M,7)" by the
formula

H(h) = t(hlogh) — /0 " Hog tt(e(dt)),

where 1 has the spectral representation as in (1). Obviously, Segal’s
entropy need not be defined for all 1 € L'(M,t)*. However, for
tinite von Neumann algebras we have, on account of the inequality

tlogt >t—1,
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the relation

H(h) = /Oootlogt’r(e(dt)) > /Ooo(t—l)r(e(dt))
— T(/Ooote(dt)) —T(/Oooe(dt)) — (k) —1> —oo,

showing that in this case Segal’s entropy is well-defined (and non-
negative for the normalised states). It should be noted that the orig-
inal Segal definition of entropy differs from ours by a minus sign
before the trace. However, for the sake of having nonnegative en-
tropy for normalised states on a finite von Neumann algebra we
have adopted the definition as above. Let us recall that for M =
B(#) and the canonical trace ‘tr’ the von Neumann entropy of the
density matrix i with spectral decomposition

h = i Anen
n=1

is defined as

S(h) = —trhlogh = — 2 Anlog Ay trey,
n=1

so for T = tr we have
H(h) = =S(h).

Observe that von Neumann’s entropy is well-defined on the whole
of LY(M, 7)™ = nonnegative trace-class operators, since each such
operator has its eigenvalues A, converging to zero, so there are only
a finite number of positive elements of the form A, log A,,.

In what follows, we shall speak of Segal’s entropy for elements in
LY(M, 7)* instead of states.

2. SEMICONTINUITY OF SEGAL ENTROPY

Put, for simplicity of notation,
f(t) =tlogt, te€]0,00).
Then
H(h) = t(hlogh) = t(f(h))
whenever 7(f(h)) is well-defined. By €& we shall denote the set of
elements in L'(M, T)" for which the entropy H(h) exists while &g,

will stand for the set of elements with finite entropy, and €. — for
the set of elements with infinite entropy; thus

¢ = ¢ U Coo.
In particular, for M finite or M = B(H) we have
¢ =LY, 1)".
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For arbitrary 0 < m < M < +oo, let f pr: LY(M, )" — LY (M, 1)
be defined as

fmm(h) = hlog(ml + h) — hlog(m+1)
+ hlog(M +1) — hlog(M1 + h).

In [2], it was shown that for this function the following representa-
tion holds

@ i) = [

m

(S i = h(s1 +h)—1> ds,

where the integral is Bochner’s integral of a function with values in
the Banach space L!(M, t). (This representation follows from the
formula

/M< i —L> ds = tlog(m +t) — tlog(m + 1)
m \s+1 s+t
+tlog(M +1) —tlog(M + 1),

and the estimate

Hﬁh —h(st+1)7" = S%Hh(h —1)(s1+h) "y

1 -1
< — 0
< =l (=11 +1)7)
1 1
= e {5 1l

yielding Bochner’s integrability of the function under the integral
sign in the formula (2).) The idea behind the function f,, »s is that
fmm(h) should approximate f(h) as m — 0 and M — oo. It was
shown in [2, Lemma 6] that indeed if hlogh € L'(M, T), then

lim f, m(h) = f(h) in||- |j;-norm.
m—0
M—rc0

We shall show that a similar result is possible for the entropy H(h)
whenever it is well-defined. A slightly simplified version of the ap-
proximation of H(h) by t(f,; m(h)) is as follows.

Lemmal. Let h € &. Then
Tim (£ (1)) = T(f (1))
—00

Proof. Certainly, we may assume that 7(f(h)) = £oo. Let

h:/ooote(dt)
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be the spectral representation of /. Then

fmm(h) = hlog(ml+h) —hlog(m+1) + hlog(M+ 1)+

—hlog(M1+h) = /Ooo tlog gf:f))((z\rz i 2 e(dt),

and for m = ﬁ we have

o0 Mt +1
faa() = [ tlog Trmrea).

Furthermore,
t(hlogh) = / tlog t T(e(dt))

0
1 o0
— [ Hlogt(e(dt)) +/ Hog £ T(e(dt)).
0 1
Assume first that T(f(h)) = +o0. Then
1 00
—o00 < / tlogtt(e(dt)) <0 and / tlogtt(e(dt)) = +oo.
0 1
We have
Mt + 1
w(fu() = [ tlog S wle(d)

_/tl Mt“ e(dt)) +/ tog

For 0 <t <1,wehave

T( (dt)).

1 1
0> [ tlog Mtilr(e(dt)) > [ Hogtr(e(d) > —.
0 0

() > [ tlogre(ean) + [~ riog %L (e(an)).

For the second integral we have, using Fatou’s Lemma,

. *® Mt—l—l Mt +1
lﬁnjgf : tlog M / 1ﬂnjgftlog T3 T(e(dt))
— / tHlog t T(e(dt)) = +oo,
1
showing that

lim [ tlog MEFL
M—oo J1 gM—i—t

(e(dt)) = +oo.



ON SEGAL ENTROPY 7

Consequently,
1
. S
lim inf T f, (1)) > /0 tlog t T(e(dt))

. ° Mt +1
1 1 =
+M1£>noo/1 tlog Mt T(e(dt)) = +oo,

- lim T (1) = oo = T(F (1))
Now let 7(f(h)) = —oo.Then
/01 tlogtt(e(dt)) = —o0 and 0 < /100t10gtr(e(dt)) < Ho0.

Fort > 1, we have

1< Mt+1 <t
M+t
thus
/ flog " Mt + L (eldn) < [ o r(e(dn) < +oo.
1
Hence
T(fmm(h / tlothL+1 e(dt)) -I—/ tlogz\fj+1r(e(dt))
1 Mt +1
< .
\/0 tlog M1 T(e(dt))—l—/1 tlogtt(e(dt))

For the first integral in the formula above we have, again using Fa-
tou’s Lemma,

1 Mt+1
—limsu tlo T(e(dt))
Y Mt+1
—lﬂn_ggf ; (—tl % Vi )T(e(dt))
1 Mt+1
> lmor;f ( — tlog Mt ) T(e(dt))

—/ —tlogt) T(e(dt)) = oo,

showing that
! Mt +1
Z\}Ilgloo 5 tlog A T(e(dt)) = —o0
Consequently,
lim sup T(fi,m(h / tlogt t(e(dt))
M—ro00

+ lim/ 1floth+1 T(e(dt)) = —oo,

M—o0
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ie.
lim (fum(h)) = —co = T(f(h)).
M—o0
Our next result concerns the continuity of the function f,, p

Proposition 2. The function f,, y is uniformly continuous in || - ||1-norm

on LY(M,1)7.
Proof. Let ', 0" € LY(M, T)* be arbitrary. We have

(sh+H)"t = (s14+h")!
=(s14+ K1) ((s1+h") — (s +H))(s1 +h")~?

(s1+n)"Yn" —n)(s1+H")~

so we obtain

fm,M( ) meh”

M 1 /
/ = (1K) 1) ds

m S

-G
M
IE
M
M, 1 " (
-/, (S+1<h’—h”>+s<<ﬂ

M 1 I " N—=1/1,11 ! -1
:/m <S+1(h—h)+s((sll+h) (' = )(s1+ ")) ) ds.

The inequality
H (S]l + h/)—l(h// . h')(sll + h//)—1||1

=+

W — W (s1+ ")~ )ds

1

— t

W —1+s(s1+H)" )ds

H

W' —1+s(sh+H")~ )ds

—(sh+H")" )) ds

<[Hs2+ ) HleollH” = B[l ][ (51 + H") 7], < zllh’ W'l
yields
1 fmaa (') = fna(B") 1
(s1+H")~ H

W) +s((s1+H1) (W —1')

</111MH5—{1—1(h,_

M1
\/ (s+ W = K"[ly+ || (s1+K) (B = K) (sT+ 1) 1H>

M1
< / 1 / 2 /
| (5+ D)l ds = [~ —+ ) as
and the conclusion follows.

As a corollary to Lemma 1 and Proposition 2 we obtain

O
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Theorem 3. The function H is of first Baire’s class on €.

Proof. The proof follows from the relation
H(h) = lim 7(fi/mm(h)),
M—c0

and the continuity of the functions fi,yypm, M = 2,3,..., in
|| - |l1-norm yielding the continuity of the functions 7o f1/pp. O

From the properties of the functions of Baire’s first class and the
fact that for B(#) the set € = nonnegative trace-class operators is
complete, we get

Corollary 4. The set of (generalised) continuity points of von Neumann's
entropy is dense in the set of nonnegative trace-class operators on H.

(By a generalised continuity point of an extended real-valued func-
tion g is meant a point ¢y for which the equality tl1rrt1 g(t) = g(to)
—to

holds, where we admit the possibilities g(¢) = tooand g(tyg) = £00.)
The same result holds also for Segal’s entropy and M finite, however
in this case we have more as follows from point (3) of the next the-
orem which gives some conditions for semicontinuity of Segal’s en-
tropy. In particular, point (1) of the theorem generalises considerably
Theorem 9 in [1].

Theorem 5. Let ¢ > 0 and c > 0 be arbitrary.
(1) Segal’s entropy is upper-semicontinuous on the set
{hee:r(h*e) <c}.
(2) Segal’s entropy is lower-semicontinuous on the set
{hee:t(h¢) <c}.
(3) For M finite, Segal’s entropy is lower-semicontinuous on the whole

of LY(M, )"
Proof. (1) Let hg € {h € € : T(h1*¢) < c}, and let (h,) be an arbitrary
sequence in {h € € : T(h'*¢) < c} converging to kg in || - ||;-norm.
We have

@) f(hn) = f(hn) = fum(Bn) + fum(Bn) = fnm(ho) + fnma(ho)-
Furthermore the following estimate holds
f(hy) — fum(hn) = hyloghy, — hylog(mll + hy)
+hy,log(m +1) — hylog(M + 1) + h,, log(M1 + hy,)
<hylog(m+1) — hylog(M + 1) + hy log(M1 + hy,),

since
hy log hy — hy log(ml + hy,) < 0.
Let

iy = / e (dt)
0
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be the spectral representation of /1,,. We have

T(hylog(M1 + hy) — hylog(M + 1)) (en(dt))
1 M M + t
—/0 tlogM T(en(dt)) —i—/ tlo 8 V11 T(en(dt)

o M+ t
< - < _
\/1 tlogM+1T(en(dt))\/1 tog (1+ 1) T(en(dt)).

For € > 0 there is r = r(¢) such that for u > r(¢) we have

log(1+u) < uf
Hence, for {; > r(¢), i.e. t > Mr(e), we have the estimate
¢ t1+£
tlog <1+ M> S e

For t < Mr(e), we have

2 1—e41+e¢ 1—e41+e 1—e41+e
tlog (1+i> < tM _t NtI < [Mr(s)z]vI te r(e)Mgt .
Now
o t Mr(e) t
/1 tog (14— ) T(ea(ds)) = /1 tlog (1+ ) T(en(dt)
e t
+ ) tlog (1 + M) T(en(dt)),

and the two integrals above are estimated as follows

Mr(¢) t r(g)l_g Mr(e) 1
— < +e
/1 tlog (1+ M> T(en(dt)) < Yz /1 t ¢ (e, (dt))

< r(e)l_g
ME

T ("),

and

/A;e)”"g (14 37) Tlenta) < 3 [ w()t1+€r<en<dt>>

1
< ME (h1+€)

Consequently,

/100 tlog (1 + %) T(en(dt)) < e T(HhFe) +
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which gives the following estimate for the first term in the equal-
ity (3)

T(f(hu) = fum(hn)) < log(m +1)7(hn) +
As for the second term, Proposition 2 yields

T(fmm(hn) — fum(hp)) — 0 asn — oo.
Taking into account the estimates above, we get

T(f(hn)) = T(f(hn) = fm(Bn)) + T(fm () = fn,m(ho))

r(e)l=¢+1

(.

7(8)1_S+1 1+e
+T(fmm (o)) <log(m +1)T(hn) + =7 (")
e Uul) — an00) + 1) < g+ 1))
e L fpa ) — S (0)) + (i)

Now passing to the limit with n — oo in the inequality above yields
limsup 7(f(hy)) < log(m + 1)t (ho)

n—00

@ :
)

Taking m = 4; and again passing to the limit with M — oo in the
inequality above, we get on account of Lemma 1

limsup H(h,) = limsup t(f(h,))

n—o0 n—oo

< im 7(fum(ho)) = T(f(ho)) = H(ho),

proving the upper-semicontinuity of H.

(2) The overall strategy of the proof is the same as in part (1), the
only difference lies in estimates. Let hg € {h € & : T(h' %) < ¢}, and
let (h,) be an arbitrary sequence in the set {h € & : T(h!'7¢) < c}
converging to hg in || - ||;-norm. For h € L'(M,7)" with spectral
representation

= /Ooote(dt),

we have for eacha > 0
hle /tls /tls dt _|_/t1£
//ﬂ€<om> + 0 7(e((a,0))),
0

which means that

(5) a' 1 (e([a,00))) < T(h'79)
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for every a > 0. We have
*° m
iy log (1l + hy) — hy log iy = / tog (14 ) e (ar).
0

For & > r(e),ie. t < () we have
€

o (147) <2

thus
" (en(dt))

/Om/r@)tlog (1 +%) T(en(dt)) < /Om/r(g)f <
S

m/r(e)
_— / Atz (e (dt)) < mET(h1—) < entt.
0

For t > -, we have, putting a = % in the inequality (5),

= r(e)’
[ o1+
< /’;r(e) t % T(en(dt)) = mT<en ( [% °°) ))

() (e[ )

<r(s)1_gr(h%_8)m£ < cr(e)l_gm )

Consequently,

T(hy log(ml + hy,) — hy loghy,)

:/Om/r(g) tlog (1 + T) (e (dt)) + e

eomt = c(1+r(e)! %) mf,

= /OO tlog (1 + ?) T(en(dt))

tlog (1+ 7 ) T(en(dr))

<cm® 4 cr(e)
which yields
(6) T(hyloghy — hylog(ml + hy)) >

M+t
Next we have, since VoI 2 >1fort>1,

—c(1+r(e)t 5 m".

T(—hnlog(M+1)+hnlog(M11+hn))Z/O tlo g]]\\/I/I—I—l T(en(dt))

M+t
_/ tlog (en(dt)) +/ tog 111 T(en(d)

>/0 tlog ;\\jiir(en(dt)) >/0 Hlog MAjIrlr(en(dt))
! )T(hn)

1 1
— - > —
log <1 M 1) /0 tt(en(dt)) > log (1 M1
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ForO0<u < %wehave
log(1—u) > —(2log2)u,

thus for M > 1, we get

log (1 _ M;H> S _210g2

This yields
2log?2
(7)  t(—hylog(M +1) + hylog(M1 + hy)) > —M+1T(h ).

Putting together the estimates (6) and (7) above, we get
T(f(hn) = fmm(hn)) = T(hylog hy — hylog(mll + hy))
+log(m + 1)t (hy) + T(—hylog(M + 1) + hy log (M1 + hy))

_ 2log?2
> 1—ey,,,¢ - )
> —c(1+7r(e) F)m® +log(m+ 1)t (hy) M 1T(hn)

Now we have

T(f(hn)) = T(f(hu) = fum(hn)) + T(fm(Bn) — fam(ho))
+T(fmm(ho)) = —c(1+ r(s)l_‘g)m‘g +log(m+1)7t(h,)+
2182 1) T fopa () — fonra (o)) + T(fa o)),

M+1
and since

T(fum(hn) — fim(ho)) =0 asn — oo,
we obtain, passing to the limit with n — co in the inequality above,

lirr_1>infr(f(hn)) > —c(1+r(e)"9)m® +log(m + 1)t (ho)+
n—oo
(8) 2l0g?2

= g 70+ T pa(ho)).
Now taking m = % and again passing to the limit with M — oo in
the inequality above, we get on account of Lemma 1

hﬂg}fH(h") = lirgiorolf’t(f(hn))
> lm 7(fuum(ho)) = 7(f(ho)) = H(ho),

proving the lower-semicontinuity of H.
(3) For every h € L}(M, 7)™ the entropy of h exists. Now the only

difference from the estimates in part (2) is the following estimate

(i log(ml + Tt) — hylog 1) = /0°o tog (14 ) 7(en(dr))
< /Ooot?r(enmt)) —m,
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which yields the following inequality analogous to the inequality (8)
liminf T(f (1)) > —m +log(m + 1)T(ho)+

(&) 2log 2
=~ g 170 + T(fmaa (ko))

The rest of the proof is as in point (2). O]

From the theorem above, we obtain a number of corollaries of
which the first one is a well-known property of von Neumann’s en-
tropy, the second provides a sufficient condition for its continuity,
and the third is a generalisation of Theorem 10 in [1].

Corollary 6. Von Neumann'’s entropy is lower-semicontinuous on the set
of the normalised density matrices.

Indeed, for a normalised density matrix / the inequality
trhlte <1

holds for arbitrary ¢ > 0, thus the corollary follows from point (1) of
the theorem taking into account that von Neumann'’s entropy equals
minus Segal’s entropy.

Corollary 7. Let e > 0 and c > 0 be arbitrary. Von Neumann's entropy is
finite and continuous on the set of normalised density matrices h such that
trhl=e < c.

Indeed, let
[e)
h = Z Anen
n=1
be the spectral representation of the density matrix 1. We may as-
sume that Ay > A, > .... Since A, — 0, there is ng such that for

n = ng we have

1 1\°

Then
— i AnlogAytre, = i A logitre < i A (i>€tre
= n n n = n An n < = n /\n n
= Z A= tre, <trh!™f <o,
n=ny

which shows that the von Neumann entropy of & which equals

o0

— Z Anlog Ay trey is finite. The upper-semicontinuity of von Neu-
n=1

man’s entropy follows from point (2) of the theorem while its lower-

semicontinuity follows from Corollary 6.
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Remark. It is interesting to compare the condition on the continuity
of the von Neumann entropy in the corollary above with the same
problem considered in [5].

Corollary 8. Let M be finite, and let € > 0 and ¢ > 0 be arbitrary. Segal’s
entropy is finite and continuous on the set

{he L'V, o)" :t(h78) < ¢}
Indeed, there is a > 1 such that for t > a we have
logt < .
Then

H(h) :/Oootlogtr(e(dt)) :/Oatlogtr(e(dt))+/aootlogtr(e(dt))

<alogat(e([0,a])) + / £ 2(e(dt))
a
<aloga+t(h'™) <aloga+c < +oo.
The continuity of H follows from points (1) and (3) of the theorem.

3. IDEAL-LIKE STRUCTURE OF OPERATORS WITH FINITE SEGAL
ENTROPY

It is well-known that the function ¢t — logt is operator monotone
on B(H) T for finite dimensional H. If the dimension of H is infinite,
then log & for selfadjoint positive / is in general unbounded, even for
bounded /, and obvious problems with domains arise. We shall need
the operator monotonicity of the logarithmic function in a simplified
version.

Lemma 9. Let M be finite. For arbitrary hy, hy € M such that
1 < hy < hy we have
log hy < log hy.

Proof. The proof is similar to that for the finite dimensional case and
is based on the representation

logt:/ooo<s_|1_1—%+t>ds

h1 = / teg (di’)
1

Let

and -
hz = / tep (dt)
1

be the spectral representations of /; and h;, respectively. The opera-
tors log h1 and log h;, are measurable, and for arbitrary
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¢ € D(loghy) N D(log hy) we have, on account of the Fubini theorem
and the fact that the function under the integral sign is nonnegative,

(ogm)zele) = [ ([T (5 = 5)ds) lea(anzl?
©) - / (555 — 557 ez ) s

—/ s+1 — (s1+ 1)) g1g ) ds

By the same token, we obtain

((ogh2)ele) = [ ( /0 X (Sjl ) lea )z

(10)
_/ — (sT+ k)7 )gle) ds
Since
s+ hy < s+ hy,
we have

(sT+hy) " < (sT+h) ",

and thus, taking into account the relations (9) and (10), we get

((togh)eld) = [ (431 1+ h)1)elg) ds

< [T{(51- G1 1) 1)ele) ds = (g ha)elo)

This yields that logh; < loghy on D(loghi) N D(loghy), and the
measurability of log ; and log hy proves the claim. O

Remark. The lemma above yields the inequality
() log hy < loghy,
where 11 and h; are selfadjoint positive invertible operators in M such
that 11 < hy. Indeed, for arbitrary e > 0and 0 < h € LY(M, 1), we
have
1 1
log(h +¢€l) = logs(gh + ]1) = (loge)1 + log (Eh + 11);
which gives the inequality
log(h1 + €1) < log(hy + €1).
Moreover, for ¢ € D(logh), we have
(log( + 1)) — (log h)Z,
e—0
which implies the inequality
log hy < loghy
on D(loghy) N D(loghy), and thus the inequality (x).
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Lemma 10. Let M be finite, and let h € L'(M, T)*. The entropy of h is
finite if and only if the entropy of h + 1 is finite.

Proof. Let
= / te(dt)
0

be the spectral representation of i. Then

H(h) = /0 " Hog tT(e(dt)),
and
H(h+1) :/O (t+1)log(t + 1) T(e(dr)).

Since the functions t — tlogtand t — (t+1)log(t+ 1) are bounded
on the interval [0, 1], and the measure T(e(+)) is finite, the integrals
fol tlogt t(e(dt)) and fol(t +1)log(t + 1) t(e(dt)) are finite. On the
interval (1, 00) we have

— —

(11) tlogt < (t+1)log(t+1) < 2tlog2t =2(tlog2+ tlogt),

and since
/°° Er(e(dt)) < /ootr(e(dt)) — 7(h) < oo,
1 0

the inequalities (11) show that the integral [;” tlogt T(e(dt)) is finite
if and only if the integral [~ (t + 1) log(t + 1) T(e(dt)) is finite which
ends the proof. O]

The next proposition and Theorem 13 describe some properties of
Segal’s entropy analogous to those of von Neumann’s entropy. It is
of interest to notice how their proofs differ from the proofs of these
properties for the von Neumann entropy given in Theorem 14 and
Proposition 15 below where some simple facts about the eigenvalues
of trace-class operators are employed.

Proposition 11. Let ki, hy € LY (M, )" be such that hy < hy, and as-
sume that the entropy of hy is finite. Then the entropy of hy is also finite.

Proof. From Lemma 9 we have
log(h1 +1) < log(hz +1),
and thus
(h +1)log(h +1) = (1 +1)""2(log(h1 + 1)) (hn +1)"/?

(12) < (I +1)Y2(log(hy +1)) (b +1)1/2.
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Further we have
(ha +1)log(hy +1) = (log'/?(ha +1)) (hy + 1) (log'/?(ha + 1))
> (log"?(hy + 1)) (hy +1) (log"/?(hy +1))
— (1 + 1) 1og "2 (hy + 1)) (1 + 1) log /2 (hy + 1)),
and the finiteness of H(h;), and thus H(h; + 1), yields the inequality
T((h +1)210g"2(ly + 1)) (b +1)21og" 2 (1 + 1))
<T((hy+1)log(hy +1)) < o0

which means that (h; + 1)/2log'/?(hy + 1) € L2(M, ). Conse-
quently, we get

T((h2 + 1) log(h, +1))

>7(((l +1)"?1og!2(hy + 1)) " ((h1 + 1)V log"?(h + 1))

=7(((h +1)?1og"2(hy +1)) (1 +1)"*log!*(h2 +1))")

= ((ln +1)"*(log(h2 + 1)) (l +1)'/?),
which together with the relation (12) gives

©((I 4+ 1) log(y +1)) < (I +1)"2(log(hy +1)) (1 +1)'/?)
< T((hy + 1) log(hy + 1)),

showing that /1 + 1, and thus hy, has finite entropy. O

Lemma 12. Let h € LY(M, T)" have finite entropy. Then for arbitrary
z € M the entropy of z*hz is also finite.

Proof. Assume first that ||z|| < 1, and define a map ® on L'(M, T) by
the formula

O(x) = z'xz 4 (1 —zz*)Y2x(1 — zz9)12, x e LY(M, 7).

@ is linear positive unital and ®|M is normal. For x € L'(M, T), we
have z*x € L}(M, 7), hence

T(z*xz) = T(2z%x).
The same holds for (1 — zz*)!/? instead of z, so we obtain
T(®(x)) = T(z*xz + (1 — zz°)V/2x (1 — 22*)1/?)
T(z*xz) + T((1 — zz*)V2x (1 — 22*)1/2)
=1(zz"x) + T((1 — zz%)x) = (%),

which shows that 7 is ®-invariant. Let 1 € L'(M, )" have finite
entropy. By virtue of [2, Theorem 9] we have

H(®(h)) < H(h),
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so H(®(h)) is finite. Since
z*hz < ®(h),

Proposition 11 yields the finiteness of H(z*hz).
For arbitrary z € M, we have

zZ * z
z%hz = [ — z 2h<—),
<uzu) 217

H(||zlI*h) = |lz]*~ (hlog (|lz]*h))
= |lz]1* (log ||z[*7 (k) + H(h)) < oo,

and since

the first part of the proof yields the claim. O]

Let Lin &, be the linear span of €g,,. Then we have the following
theorem about the ideal-like structure of Lin &,.

Theorem 13. Let x € Lin &g,,. Then for arbitrary y € M we have
yx € Lin &g, and xy € Lin Eg),.

Proof. Since each x € Lin &g, is a finite linear combination of ele-
ments from &gy, it is enough to show that for any h € L'(M,7)*
with finite entropy, and arbitrary y € M, we have yh € Lin &g, and
hy € Lin €g,,. The following formula holds

3
(13) yh = }1 ;;o *(y + *0)h(y + iF1)*

and similarly for hy. On account of Lemma 12, all elements of the
form (y + i*1)h(y + i*1)* for k = 0,1,2,3 which occur on the right
hand side of the equality above have finite entropy which finishes
the proof. [

An analogous result for von Neumann'’s entropy, namely, that Lin &g,
is an ideal in B(), is mentioned in [9] together with a sketch of
proof. For the sake of completeness and comparison, we give a sim-
ple proof below which differs from that in [9].

Theorem 14. Let &, be the set of all density matrices in B(H) having
finite von Neumann'’s entropy, and let Lin &g, be the linear span of Egy,.
Then Lin &, is a two-sided ideal in B(H).

Proof. By virtue of the formula (13), it is enough to show that for a
density matrix i € &g, with the von Neumann entropy S(%), and ar-
bitrary z € M, the von Neumann entropy of zhz* is finite, moreover,
we may assume that [|/||ec < 1 and ||z||ec < 1. Then zhz* < 1. Let
1>2AM2A2>...,and1 > 6; > 6, > ... be the eigenvalues of h
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and zhz*, respectively, arranged in decreasing order. Using
[6, Theorem 1.6] twice, we get the estimate

O < ||z An-

Choose 1 such that for n > ny we have

1
Izll8An < =

Then for such n we have
—6,1og 6, < —||z]|3An log ([|z]|%Ax)
= —(||z]13 log ||z||ZAn + ||z]|2An log Ay),

and since the series

[ee]

Y —(llzl% 1og ||z ]|2An + ||z]| 2% An log Ay)

n=1

= — |lzll% log l1zlI% Y An + [|z[125 ()

n=1

(o)
is convergent, we obtain the convergence of the series Y~ (—6,10g6,),
n=1
showing the claim. O

Let us note the following result, a counterpart of Proposition 11,
which seems to belong to the folklore of the field.

Proposition 15. Let hy, hy be positive trace-class operators in B(H) such
that hy < hy, and assume that the von Neumann entropy of hy is finite.
Then the von Neumann entropy of hy is also finite.

Proof. Rescaling, if necessary, we may assume that 1, < 1. A simple
exercise in Hilbert space theory states that there is an x € B(# ) such
that ||x|| < 1and

172 _ 11/2
h1 = xh,

(cf. e.g. [7, Exercise E2.6]). Let1 > 6; >0, > ...,and 1 > Ay >
Ay = ... be the eigenvalues of h; and hy, respectively, arranged in

decreasing order. Taking into account that hé/ ? is a compact operator
and using again [6, Theorem 1.6], we get the estimate

91/2 < /\1/2
n n 4
ie.

Now the reasoning analogous to that in the proof of Theorem 14
yields the claim. O
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4. TOPOLOGICAL PROPERTIES OF OPERATORS HAVING SEGAL
ENTROPY

We start with a simple observation.
Theorem 16. &, is dense in L' (M, ).

Proof. Take an arbitrary i € L'(M, 7)™, and let

h= /Ooote(dt),

be its spectral decomposition. Let ¢ > 0 be given. Since

w(h) = /O b (e(dt)) < +oo,

we can find 0 < m < M < +o0 such that

H/Omfe(dt)H1 z/omtr(e(dt)) <€
and
H/;fe(dt)H1 = /]:tf(e(dt)) <e.
We have
boo > () > [ tr(eldn)) > mele(m +o0)),

which means that T(e([m, +00))) < +oc0. In particular, it follows that
the measure 7(e(-)) is finite on the interval [m, M]. Put

W= /Mte(dt).

m

Then y
H(K) = /m tlog t T(e(dt)),

and since the function t — tlogt is bounded on the interval [m, M],
the entropy of /' is finite. Moreover,

m o]
=1l = | / e(dt) +/ te(dr)|
0 M 1
m (o]
— / Fr(e(dr)) +/ tr(e(dt)) < 2e,
0 M
which shows the claim. L]
Lemma17. Let a,;, > 0 be such that 2 &y < +oo. There exists a sequence

n=1
(An) of positive numbers such that

Z Ay, < +oo and Z apAylog Ay = +oo.
n=1 n=1
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Proof. Choose a sequence (k;) such that a;, < zln, and put

Ar = {”‘klnz for r = ky
r — n

1 otherwise
Then

thus we get

and

(nlog2 —2logn) = +oo. O

Theorem 18. Let M be finite. € is not dense in L' (M, T) " if and only if
M is *-isomorphic to a von Neumann algebra acting on a finite dimensional
Hilbert space (which, in turn, is equivalent to the equality €. = ).

Proof. Leth € L'(M, T)* have finite entropy. Take an arbitrary ¢ > 0,
and assume that there is i’ € L!(M, )" with infinite entropy. It
is immediate that for arbitrary # > 0 the entropy of a/’ is infinite
too, so we may assume that ||i’||; < e. If h 4+ I’ had finite entropy,
then on account of Proposition 11 the entropy of i’ < h + h' would
also be finite, consequently, the entropy of h + I’ is infinite. Since
||(h+h') — h||1 < ¢, we have found an element with infinite entropy
arbitrarily close to h. Thus € is not dense in L}(M, )" if and only
if all elements in L' (M, T)* have finite entropy. Assume that this is
the case, and let
1= ey
n

be an arbitrary resolution of identity into nonzero projections. Then
this resolution must be finite. If not, then we would have

1=) e Y tlen) =1,
n=1 n=1

and using Lemma 1 for a, = T(e,,) we could find A,, > 0 such that

Z /\nT(en) < +OO al’ld Z /\n log/\nT(e;/l) - +OO.

n=1 n=1

Now putting

h = i Anen,
n=1
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we would have -
n=1

meaning that # € L}(M, 7)™, and

H(h) = ) Aulog Aut(en) = +o0,
n=1
a contradiction.
Fix a finite resolution of identity

1= Zen.
n

From the fact that this resolution is finite, it follows that each ¢, is a
finite sum of minimal projections, consequently, we have

k
]]- — Z pn/
n=1
where the p,,’s are minimal projections. For arbitrary central projec-

tion z we have
k

z=Y zpn,
n=1
and the minimality of p, yields either zp, = 0 or zp, = pn. Con-
sequently, each central projection is a finite number of some p,’s, in
particular, there are only a finite number of central projections. Tak-
ing all products of them we get a finite number of minimal central
projections z1, . .., zy; such that

m
2 Zi = 1.
i=1

In the central decomposition
MZMZl@”'EBMZmI

each M;, is a factor of type I,, with finite r; which follows from the
minimality of z; and the finiteness of M. Since each such factor is
*-isomorphic to the full algebra B(C’?) of operators on the finite di-
mensional Hilbert space C"i, we obtain

m m i
M=) oM, ~) “B(C").
i=1 i=1

m .
The algebra ) “B (C") is an algebra of operators acting on the finite
i=1

m

dimensional Hilbert space @ C"" which shows the first part of the
i=1

theorem. The reverse part is obvious since for an algebra acting on
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a finite dimensional Hilbert space all operators /1 logh are bounded,
consequently, H(h) = t(hlogh) is finite. O

Remark. Observe that along the lines of the proof of this theorem,
we obtain the classical result on the denseness of &, for von Neu-
mann’s entropy (cf. [9]). Namely, in Proposition 15 it was shown
that for arbitrary positive trace-class operators h; and h; such that
hy < hy the finiteness of the von Neumann entropy of 5, yields the
tiniteness of the von Neumann entropy of /i1, so the same reasoning
as in the beginning of the proof above gives the conclusion.

We have the following result on the topological structure of &g,
which again is analogous to the one for von Neumann'’s entropy (cf.

[9]).

Corollary 19. Let M be finite but not *-isomorphic to a von Neumann
algebra acting on a finite dimensional Hilbert space. Then &gy, is a set of
the first category in L' (M, T)*.

Indeed, from Theorem 5 it follows that the entropy function H is
lower-semicontinuous, thus for any n the sets

{h:H(h) <n}
are closed. On account of Theorem 18, we infer that for every
h € LY(M,7)" there is h' € € arbitrarily close to & (in particu-
lar, /' € LY(M, 7)™ \ {h : H(h) < n}) which means that
he LY(M, t)* ~{h: H(h) < n}. Consequently,
LYV, o) =LY, 1) ~ {h: H(h) < n}

= LM, t)t ~{h:H(h) < n},

showing that {h : H(h) < n} is nowhere dense. Since

(o]
Cin = |J{h: H(h) <n},
n=1
it follows that &, is a countable union of nowhere dense sets, i.e. it
is a set of the first category.

Theorem 20. Let M be semifinite and not finite. Then € is dense in
LY'(M, 7).
Proof. Let h € L'(M, T) " have spectral decomposition

h = /Ooo te(dt),

and let ¢ > 0 be given. As in the proof of Theorem 16, we can find
0 <m < M < +o0such that
m
0

H/Omte(dt)H1 :/ tT(e(dt)) < e
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and - -
H/ te(dt)” :/ tt(e(dt)) < e.
M 1 M

Put

m M 9]

" :/ Fe(dt), h2:/ Fe(dt), h3:/ Fe(dt),

0 m M

SO
h = hy + hy + hs.

Since

e([0,m)) + e([m, +e0)) =1,

and t(e([m, +00))) < +oo which was shown in the proof of Theo-
rem 16, we get T(e([0,m))) = +o00. On account of the semifiniteness
of M, we can find an infinite sequence (e, ) of nonzero pairwise or-
thogonal projections such that e, < e([0,m)) and T(e;;) < +o0. Con-
sider the following three possible cases.

1. There are c1, ¢ such that 0 < ¢; < T(ey) < ¢ < o0 for all n.

Take a sequence (A,) such that0 < A, < 1,
Ay < +o0 and Anlog Ay = —oo.

n=1 n=1

Choose ng such that A, < m for n > ng, and

Y A< £
n=ny €2
Putting
h,l = Z Anen,
n=ny
we get
1Byl = T(hy) = Y Autlen) <c2 ), An <e,
n=ny n=ny
and

H(hy) = Y AnlogAnt(en) <c1 ) Aplogd, = —oo.
n=ny n=ny
2. The sequence (7(e,)) is not bounded away from zero.
Choose a subsequence (k) such that (e, ) < 5, and put

1

Ay = ——.
" n2t (e, )
We have
21’1
)\n 2 E.
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Choose ny > 4 such that i—z > M forn > ngy, and

y e
n=ny nz
Putting
o
- Z /\I’lekn/
n=ny
we get
/ N o 1
[y llr = T(h7) Z)\n ek,) Zﬁ<€’
n=ny n=ny
and

n

- © 1 2
H(1) = Y. AnlogAnt(er,) > Y, log

n=ngp n=no
= (nlog2 2logn
= — — +oo
n;ao ( n? n? >

3. The sequence (T(e,)) is unbounded.
Similarly like in case 2, we choose a subsequence (k,) such that
T(ex,) = 2", and put

Ay = ———.
" n2t(ey, )
We have )
A,n < W.

y Lo
n=ny nz
Putting
= Z )Li’lekn/
n=ny
we get
21
Wyl = T(Hy) = Z)Lrekn Y = <s
n=ny n:non
and
W) = y Anlog A < 3 11 L
1) —n;n nlog Aut(ey, ) \n; 72 08 T oon
0 0
- 210gn nlog2 B
- Z‘ ( n? > -

n=ny
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Thus in any case we can find an element i} € L'(M, 7)™ with the
spectral decomposition
hp =Y Auey
n

such that [[1]||1 < e, the spectrum of h} lies either in the interval
[0,m) (cases 1 and 3) or in the set (M, +o0) U {0} (case 2), and the
entropy of 1] is infinite. Put
W =Hh+hecl'M1)".
The spectrum of &, is contained in the set [m, M] U {0}, and the spec-
trum of /] lies outside the interval [m, M], moreover, for the supports
of 1} and h we have
s(hy) <e([0,m))  and  s(h2) < e([m, M]),

which means that h{h, = 0. Consequently, we have the spectral

decomposition
M
H =Y Auey +/ te(dt),
7 m

which yields the equality

M
H(W') = T(i logh') = Y Ay log AuT(en) + / tHog t T(e(dt))

M
— H(K) + / Hog £ T(e(dt)).
m
In the proof of Theorem 16, it was shown that the integral

M
/ tlogt T(e(dt)) is finite which means that the entropy of /' is in-
m
finite since the entropy of I} is such. Finally, we have
1 =1l = 11+ hs = il < (Bl + (sl + 17 ]2 < 3e,

showing that for any h € L'(M,7)" there is an /' € L'(M,7)*
arbitrarily close to I and having infinite entropy which yields the
claim. N
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