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ABSTRACT. In a previous work we proved that if a finite Borel measure p in a Euclidean
space has Hausdorff dimension smaller than a positive integer k, then the orthogonal projection
onto almost every k-dimensional linear subspace is injective on a set of full y-measure. In
this paper we study the regularity of the inverses of these projections and prove that if u has
a compact support X such that (respectively) the Hausdorff, upper box-counting or Assouad
dimension of X is smaller than k, then the inverse is (respectively) continuous, pointwise a-
Holder for some o € (0,1) or pointwise a-Holder for every o € (0,1). The results generalize
to the case of typical linear perturbations of Lipschitz maps and strengthen previously known
ones in the lossless analog compression literature. We provide examples showing the sharpness
of the statements. Additionally, we construct a non-trivial measure on the plane which admits
almost-surely injective projections in every direction, and show that no homogeneous self-similar
measure has this property.

1. INTRODUCTION AND MAIN RESULTS

1.1. Projections of sets and measures in Euclidean spaces. The study of geometric and
dimensional properties of the images of a set X € RV, N € N, under orthogonal projections

Py RN v

onto k-dimensional linear spaces V' C R, is a well-known subject of interest in geometric
measure theory. The space of all k-dimensional linear subspaces of RY (or, equivalently, the
space of corresponding orthogonal projections) forms the Grassmannian Gr(k, N), which has
a structure of a k(N — k)-dimensional compact manifold, equipped with the standard rotation-
invariant (Haar) measure. Throughout the paper, the terms ‘almost every linear space’ or ‘almost
every projection’ will be used in relation to this measure.

A classical result in this area is the celebrated Marstrand—Mattila theorem, proved in [Mar54,
Mat75].

Theorem 1.1 (Marstrand—Mattila projection theorem). Let X be a Borel set in RY.
Then the following hold.
(i) dimpy Py (X) = min{k,dimy X} for almost every k-dimensional linear subspace V of RY.
(i1) If dimy X > k, then Py (X) has positive k-dimensional Hausdorff measure for almost every
k-dimensional linear subspace V. of RN,

Here and in the sequel dimy X denotes the Hausdorff dimension of the set X, while ¥ denotes
the k-dimensional Hausdorff measure.

A number of further results related to Marstrand—Mattila projection theorem have been ob-
tained, including versions valid for various types of dimension, and estimates on the size of the set
of exceptional projections, see e.g. [FHI7,[PS00, Mat04, Boul0l FO14l [FO17, |Orp21, [DOV22] and
the references therein, as well as [FEJ15] for a comprehensive survey. In particular, a version of
Marstrand—Mattila’s projection theorem for measures has been established (see [HT94, [HK97]).

Theorem 1.2 (Marstrand—Mattila projection theorem for measures). Let p be a finite
Borel measure in RN . Then the following hold.
(i) dimy Pyp = min{k,dimg p} and dimy Pyp = min{k,dimyu} for almost every k-dimen-

sional linear subspace V of RY.
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(i) If dimyu > k, then Py is absolutely continuous with respect to k-dimensional Hausdorff
measure for almost every k-dimensional linear subspace V. of RN.

Here Py denotes the image of o under Py, while dimy v and dimgp denote, respectively,
the upper and lower Hausdorff dimensions of a measure p (see Section for the definitions).

1.2. Injective and almost-surely injective projections. Apart from considering the dimen-
sion of the images of X under orthogonal projections Py, another line of research is to study
under which conditions the projections Py are injective on X, at least for typical VE] Note that
if this occurs, then Py provides a topological embedding of X into a k-dimensional linear space
V, and X can be considered as the graph of a function from Py (X) C V ~ RF to V+ ~ RN=F,

It is known that if X is a compact subset of RY and 2dimp X < k, where dimp denotes
the upper box-counting (Minkowski) dimension, then Py is injective for a typical k-dimensional
linear space V' C RY. This fact is commonly referred to as the Masié projection theorem. Indeed,
Mané proved this result for topologically generic projections in [Mn81|, while a version valid
for almost every projection (or, equivalently, for almost every linear map L: RV — RF) was
presented in [SYC91], [Rob11]. Mané theorem’s statement is in the spirit of the well-known
Menger—Nobeling embedding theorem (see e.g. [HW41, Theorem 5.2|, which states that for a
compact metric space X with Lebesgue covering dimension at most k, a generic continuous
transformation ¢: X — R?*1 is injective.

Given a projection Py, which is injective on a set X, it is natural to ask what is the regularity
of its inverse

(Pvlx)™t: Py(X) = X.

In [HK99, Theorem 3.1], Hunt and Kaloshin proved that if X ¢ R¥ is compact and 2dimp X < k,
then for almost every k-dimensional linear space V' C R, the projection Py restricted to X has

an a-Holder inverse for 0 < a < 1 — 285X (see also [BAEFN93, [EFNT94| for earlier results in
this direction and [Rob11] for a detailed exposition). In [RS19, Theorem 2.1|, Rossi and Shmerkin
gave upper bounds on the Hausdorff dimension of the set of exceptional projections. Furthermore,
the regularity of the inverses can be improved, if the assumption 2dimp X < k is replaced by
2dimy X < k, where dimy is the Assouad dimension (see Definition . More precisely, in this
case almost all projections onto k-dimensional linear subspaces of RY have inverses which are
a-Holder for any a € (0,1), see [Ols02, Theorem 5.2 and [Robl11l Theorem 9.18|. The problem
of the existence of linear embeddings and the regularity of their inverses was also studied for
finite-dimensional subsets of Banach spaces, see [Robl11l Chapters 5-9| and references therein.

It is known that in general, the bound 2dimp X < k in the Maifié projection theorem cannot
be diminished (see [HW41l, Example V.3]), and dimp cannot be replaced by dimy (see [SYC91,
Appendix])ﬂ However, the situation changes if instead of the injectivity of Py on X, one is
interested in almost sure injectivity of Py, i.e. the injectivity of Py on a full y-measure Borel
subset of X, according to a given Borel measure p on X. In our previous paper [BGS20,
Corollary 3.4], strengthening a result by Alberti, Bolcskei, De Lellis, Koliander and Riegler
JABDL™19|, we showed the following.

Theorem 1.3 (Probabilistic injective projection theorem). Let X be a Borel subset of RN
equipped with a finite or o-finite Borel measure p and assume H*(X) = 0 for some positive integer
k < N (in particular, it is enough to assume dimpg X < k). Then for almost every k-dimensional

linear subspace V. of RN | the orthogonal projection Py is injective on a full pu-measure Borel set
Xy C X.

See also Theorem for a more general statement. Consequently, for a given set X, the
minimal dimension k sufficient for a typical projection to be injective may be reduced by half
when injectivity is considered in a ‘probabilistic’ setup compared to a ‘deterministic’ one.

1 Another question one may consider is when a projection Py is injective on X for some V. In [ABDL'19|
Example III.4] one finds a construction of a compact set X in R3 with dimyg X = 2, such that there is a projection
P:R® — R injective on X.

2In fact, these examples show that even the existence of an orthogonal projection injective on X does not hold
under weaker assumptions.
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We note that the condition dimy p < k is necessary for a typical almost sure injectivity of
Py. Indeed, we have the following.

Proposition 1.4. Let p be a finite Borel measure in RN with dimg u > k. Then for almost
every k-dimensional linear space V. C RN and every Borel set Y C RN of full p-measure, the
orthogonal projection Py is not injective on Y .

The proof of Proposition [I.4] is presented in Section [3]

Remark 1.5. Note that one cannot extend Proposition [I.4] to projections onto all k-dimensional
linear subspaces V' C RY. An obvious counterexample is the lift of 1-dimensional Lebesgue mea-
sure on the interval [0, 1] in the z-axis on the plane to a graph of a Borel function [0, 1] — R with
Hausdorff dimension greater than 1 (for instance, the graph of a continuous nowhere-differentiable
Weierstrass-type function, see e.g. [BBR14, [Shel8| [RS21]), which projects injectively onto the
x-axis. On the other hand, if u is s-analytic for s > k, then no projection onto a k-dimensional
linear space V' C RY is injective on a set of positive y-measure, see [ABDL™"19, Corollary IV.2].

In the border case dimy u = k, if p is not singular with respect to the k-dimensional Hausdorff
measure, then different types of behaviour may occur, e.g. for £ = 1 and 1-dimensional Hausdorff
measure on an interval in R?, a projection onto a typical line is injective on its support, while for
1-dimensional Hausdorff measure on a circle in R?, no Lipschitz map ¢: R? — R is injective on a
set of full measure, see [BGS20, Example 3.5]. Understanding the border case is closely related to
the following open problem in geometric measure theory: if X C R? is a H!-measurable, purely
unrectifiable set with H!(X) < oo, is it true that for H'-almost every z € X, almost every line
passing through x meets X only at x? Refer to [Mat04, Problem 12] for the original formulation
and to [Mat23, Conjecture 4.15] for a more recent account. While the problem remains unsolved
in the general case, it has been answered affirmatively for some classes of sets, e.g. for self-similar
1-sets satisfying the Open Set Condition, see [SSQO7].

In this paper, assuming suitable bounds on the dimension of a compact set X C RY, we study
the question of the regularity of the almost sure inverse map

(Pv|x,) ™" Pv(Xv) = Xv

for a typical k-dimensional linear space V' C R, where Py is injective on a full y-measure Borel
set Xy C X.

Definition 1.6. A map ¢: A — RY, where A C R”, is pointwise a-Hélder, if for every z € A
there exists ¢; > 0 such that

lo(z) — ¢()l| < callz —yl|*
for every y € A.

The basic result of this paper is the following.

Theorem 1.7 (Regularity of the inverse of almost-surely injective projections). Let
X be a compact subset of RN and let 1 be a finite Borel measure supported on X. Consider
orthogonal projections Py: RN — V onto k-dimensional linear spaces V. C RYN. Then the
following hold.

(i) If dimyg X < k, then for almost every V there exists a full u-measure Borel set Xy C X
such that the restriction of Py to Xy is injective with continuous inverse.

(i) If dimp X < k, then for almost every V there exists a full p-measure Borel set Xy C X
such that the restriction of Py to Xy is injective with inverse which is pointwise a-Hélder
for every o € (O7 1— %).

(4ii) If dimy X < k, then for almost every V there exists a full p-measure Borel set Xy C X
such that the restriction of Py to Xy is injective with inverse which is pointwise a-Hdélder
for every a € (0,1).

Theorem [I.7] follows from a more general Theorem [I.12] presented in Subsection [I.4] In
Section [6] we provide examples showing that the result is sharp in several ways. In particular,
the bound 1 — dimp X/k for the Holder exponent in assertion (ii) cannot be improved in terms
of mB X.
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Remark 1.8. It is important to note that, in general, we cannot obtain Holder continuity
(instead of pointwise Holder continuity) of the inverse of Py|x,, in Theorem even under the
assumption dimgq X < k. Indeed, if X C RY is a compact set with dimy X < k, which does
not embed topologically into R* (for example, there exist simplicial complexes of dimension n
which do not embed topologically into R?", see [HW41, Example V.3]) and p is any measure
with suppp = X, then a projection Py onto a k-dimensional linear space V' C RY, which is
injective on a set of full y-measure with a Holder inverse is actually a homeomorphism on X,
which is impossible, as X does not embed topologically into R*. See [BGS20, Remark 3.10] for
the details of this argument.

1.3. Measures with almost-surely injective projections in every direction. An impor-
tant question in the geometric measure theory, which has gained increasing interest in recent
years, is finding conditions under which suitable projection theorems hold for every (rather than
almost every) projection. This question is particularly interesting in the context of self-similar
measures for iterated function systems, i.e. Borel probability measures p in RY satisfying

p="_pipit,
el
where I is a finite set, (p;)ics is a strictly positive probability vector and {¢; : i € I} is an
iterated function system (IFS) consisting of contracting similarities

pi RY 5 RY, gi(a) = riOi(x) + t;

with scales r; € (0,1), orthogonal matrices O; € RV*N and translation vectors ¢; € RY.

In [HS12l Theorem 1.6], Hochman and Shmerkin proved that if the system {¢; : i € I} satisfies
the Strong Separation Condition and the semigroup generated by {O; : i € I} acts minimally
on Gr(k,N), then the first assertion of Marstrand—Mattila’s projection theorem for measures
(Theorem [1.2) holds for all orthogonal projections onto k-dimensional linear subspaces of R,
The result was extended by Farkas [Farl6, Theorem 1.6] for systems without any separation
conditions. On the other hand, Rapaport |[Rapl7] constructed a self-similar measure in the
same class, which does not satisfy the absolute continuity part of Theorem [I.2] for a Baire-
residual set of projections. Similarly, he showed that for such measures, the slicing theorem
(Theorem can fail for a residual set of projections. Nevertheless, in [Rap20] he proved that
typical homogeneous self-similar measures (i.e. the ones satisfying r;0; = r;0; for all 4, j) in
the plane with the Strong Separation Condition satisfy both assertions of Theorem [I.2] for every
projection. In the case of random constructions, Simon and Rams |[RS14, [RS15] showed that
almost every fractal percolation satisfies the assertions of Theorem [I.1] for every projection.

Considering the question of the injectivity of projections, we note that, obviously, a non-
singleton set in RY cannot be projected injectively onto all k-dimensional linear subspaces of
RN, for any 1 < k < N — 1. This naturally leads us to the setup of almost-surely injective
projections. The first question appearing in this context is whether there exist non-trivial (with
non-singleton support) measures which project almost-surely injectively in every direction. The
following result shows that in fact such measures exist.

Theorem 1.9 (Existence of a measure with almost-surely injective projections in
every direction). There erists a compactly supported Borel probability measure p in R? with
positive Hausdorff dimension (and hence with non-singleton support), such that every orthogonal
projection Py : R?2 — V onto a line V.C R? is injective on a Borel set Xy of full p-measure.

The proof of Theorem [I.9]is presented in Section [3]
Furthermore, we show that, unlike for the Marstrand—Mattila and slicing theorems, non-dege-
nerated homogeneous self-similar measures cannot satisfy this property, even generically.

Proposition 1.10. Let i be a self-similar measure in R corresponding to a homogeneous IFS
wi(r) = rO(x) + t;, i € I, such that @; are not all equal. Then for every k € {1,...,N — 1}
there exists a k-dimensional linear space V.C RN such that for every Borel set Y C RN of full
p-measure, the orthogonal projection Py onto V' is not injective on 'Y .
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Proposition follows from a more general fact (Proposition , which is proved in Sec-
tion B

1.4. Regularity of the inverse for typical linear perturbations of Lipschitz maps. The
result described in Theorem can be generalized to the setup of almost-surely injective linear
perturbations of Lipschitz maps on compact sets in Euclidean spaces. In a previous paper, we
proved the following.

Theorem 1.11 ([BGS20, Theorem 3.1]). Let pu be a finite or o-finite Borel measure in RY
supported on a set X, such that p is singular with respect to the k-dimensional Hausdorff measure
for some k € N (in particular, it is enough to assume dimpg pu < k), and let ¢: X — RF be a
Lipschitz map. Then for almost every linear transformation L: RN — R¥ there exists a Borel
set X1, C X of full p-measure, such that the map ¢, = ¢ + L is injective on Xp.

Here and in the sequel, ‘almost every linear map’ refers to the Lebesgue measure in the space
Lin(RN,RF) ~ RN*. The result can be generalized to the case of Holder maps ¢: X — RF, see
[BGS20] for details. The conclusion of Theorem holds also for prevalent sets in the spaces

of Lipschitz and C"-maps ¢: X — RF (see Definition and Remark .
Extending the setup of Subsection [I.2] we study regularity properties of the inverse maps

(orlx,) "t d0(XL) — X1

The following is our main result.

Theorem 1.12 (Regularity of the inverse for almost-surely injective linear perturba-
tions of Lipschitz maps). Let u be a finite Borel measure in RN with a compact support X
and let ¢: X — RF be a Lipschitz map. We write ¢, = ¢ + L for linear maps L € Lin(RY, R¥).
Then the following hold.
(i) If dimpy X < k, then for almost every linear map L there exists a Borel set X1, C X of full
u-measure such that ¢, is injective on Xy, with continuous inverse.
(i) If dimp X < k, then for almost every linear map L there ewists a Borel set X;, C X of

full p-measure such that ¢1, is injective on Xy with inverse which is pointwise a-Hélder for
dimB X

every a € (O, 1-—

(79) If dima X < k, then for almost every linear map L there exists a Borel set X5, C X of
full p-measure on which ¢r, is injective with inverse which is pointwise a-Holder for every
ac (0,1).

Instead of linear maps from Lin(RY,R¥) ~ RV* k < N, with the Lebesgue measure, one can
equivalently consider orthogonal projections Py : RN — V for V € Gr(k, N) with the rotation-
invariant measure (see Remark . Therefore, Theorem implies immediately Theorem
by setting ¢ = 0. On the other hand, considering ¢ within the spaces of Lipschitz or C"-
maps, r = 1,2,...,00, one obtains a result for almost every map in these spaces in the sense of
prevalence, as defined in [HSY92|]. See Definition and Remark [2.4] for more details. Examples
presented in Section [6] show that Theorem [I.12] cannot be improved in the setting of prevalence
within the above spaces.

1.5. Relation to the theory of compressed sensing. The field of compressed sensing grew
out of the work of Candés, Donoho, Romberg and Tao ([Can06), [CRT06b, [Don06l [FR13]). The
fundamental problem of the theory is to find conditions enabling to recover an input vector
z € RY from its linear measurement y = Az € R™, where A € R™*Y | even though m < N. A
key theorem (JFRI13| Theorem 9.12|, see also [CT06, [CRT06al) states that with high probability
one may recover x with [|z|lo := [{j : z; # 0} < s (the s-sparsity condition) from y when
A € R™N ig a random Gaussian matrix with m ~ sln % via an f1-minimization basis pursuit
algorithm [Mal98, §1.4.3], see also [CDS01]. Capitalizing on sparsity, compressed sensing has
found many applications (see e.g. [LDP07, DDT*08, [BSO7, [HS09]).

In [ABDL™19]|, Alberti, Bolcskei, De Lellis, Koliander and Riegler studied the above-mentioned
problem in a setting where both the input vector z and the sensing matrix A are random: =z € RV
is given according to a probability measure p in R”, A € R™*¥ is given according to the Lebesgue
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measure in R™*Y and one seeks to recover  from y = Az p-almost surely. In particular, they
proved a version of Theorem for probability measures, with ¢ = 0 and the Hausdorff
dimension replaced with the lower modified Minkowski dimension, see [ABDL"19, Theorem II.1]
(for related earlier results see [WV10, Theorem 18 and Corollary 1]).

In recent years there has been a surge of interest in a compressed sensing framework for analog
signals modelled by continuous-alphabet discrete-time stochastic processesﬂ with general (not
necessarily sparse) distributions ([WV10, [DT10, DMMT11, [JP17, RIEP17, [GK19, IGS19. IGS20]).
In [WV10], Wu and Verdu emphasized that the regularity of both of the encoder and decoder
is crucial, as it introduces resilience to noise. Translated to the setting of |[ABDLT19| and
Theorem [1.11} as the encoder is already assumed to be linear, this corresponds to investigating
the regularity of the inverse map L~': L(Xy) — Xr. Thus, one may interpret our main result as
giving almost sure regularity guarantees for decompression under various dimension assumptions
on the measure generating the input vector. For example, Theorem [1.12] allows us to improve
[WV10L Corollary 1]. According to this result, denoting by X4 the set of all s-sparse vectors in
RV, ie.

Ys={zx e RY :z = (z1,...,zy) with at most s of z; being non-zero},
if 41 is a o-finite Borel measure on ¥, k > s, >0 and 0 < a < 1 — £, then there exists a linear
map L: RY — R* and an a-Holder map g: R¥ — RY such that p ({a: € RV : g(Lx) # a:}) <e.

As ¥, is a finite union of s-linear subspaces of RV, one has dims s = s and thus Theo-
rem M(iii) implies in a straightforward manner the following result, where the Holder exponent
a can be taken arbitrarily close to 1.

Corollary 1.13. Let p be any compactly supported finite Borel measure on Xs and fix k > s.
Then almost every linear map L: RN — R¥ is injective on a set of full p-measure with an
inverse which is pointwise a-Hélder for every o € (0,1). Consequently, for almost every linear
map L: RN — RF, every e > 0 and every o € (0,1), there exists an a-Holder map g: RF — RN
such that p ({x c RV : g(Lx) # :z:}) <e.

In fact, we can guarantee g to be Lipschitz up to a logarithmic factor, see Theorem [£.4] The
result extends to the setup of compactly supported measures on a finite union of s-dimensional
C' manifolds. For related results see [SRABIT].

The article [ABDLT19| emphasizes the importance of proving converse statements for com-
pression results, i.e. the ones demonstrating that if the dimension of the image space is too
small, then compression is not possible, and provides such a result for s-analytic measures, see
[ABDL ™19, Corollary IV.2]. Proposition provides a converse statement to arbitrary finite
Borel measures in RY, in terms of their Hausdorff dimension.

1.6. Further related topics. Let us mention that almost sure injectivity plays an important
role in some other nonlinear projection schemes. For instance, in the context of natural projection
maps from the symbolic space for iterated function systems, this property is called weak almost
unique coding (see [KS19, Definition 1.9]) and for self-similar systems it is known to be equivalent
to the no dimension drop condition (i.e. the equality of the dimension of a given ergodic invariant
measure to the ratio of its entropy and Lyapunov exponent), see [KS19, Appendix| and [Fen23,
Corollary 4.7|. This observation can be successfully utilized for obtaining dimension results for
certain classes of fractal attractors, see e.g. [KS19]. Moreover, basic techniques developed for
studying typical properties of orthogonal projections can be often transferred to parametrized
families of iterated functions systems satisfying the transversality condition (an analogue of
Lemma, . It was first used by Pollicott and Simon [PS95| and led, for example, to results
analogous to Marstrand’s projection theorem ([SSUOIal, [SSUOTH], see also [BSSS22| for a more
detailed overview and [Sol23| for a recent survey).

Finally, techniques originating from the study of orthogonal projections can also be used to
analyse so-called delay-coordinate maps, i.e. maps of the form ¢(z) = (h(z), h(Tx),. .., h(TF 1z)),

3The rigorous passage between continuous-time signals and discrete-time signals is justified by the Shannon
sampling theorem ([Hig96] Chapter 1]).
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where T: X — X is a discrete-time dynamical system and h: X — R is a real function (ob-
servable). The injectivity or almost sure injectivity of ¢ implies that the original dynamics can
be faithfully modelled based only on the values of the observable. Related embedding results,
know as Takens-type theorems, serve as a framework for applications in natural sciences, see
e.g. [Tak81) [SM90, [SYCI1, [Aba96]. Recently, a probabilistic counterpart of this theory has been
developed [SSOY98, BGS20, BGS22, BGS24], where the regularity of almost-surely defined map-
pings related to ¢ plays a crucial role. See [BGS24| for a more detailed discussion and further
references.

Structure of the paper. Section[2)contains basic definitions and a description of technical tools
used in subsequent parts of the paper. In Section [3] we prove Proposition [I.4] while Section [4]
contains the proof of Theorem [I.12] Theorem and Proposition are proved in Section [5]
The last Section [6] provides examples showing the sharpness of the obtained results.

ACKNOWLEDGEMENTS

Some parts of Theorem are inspired by an unpublished note [KS18| by Istvan Kolossvary
and Karoly Simon. We thank them for sharing it with us. We thank Damian Dabrowski for
drawing our attention to the problem posed in [Mat04, Problem 12|, and Balazs Barany and
Boris Solomyak for useful discussions. We are grateful to Pertti Mattila for reading an early
version of this manuscript and valuable remarks. KB and AS were partially supported by the
National Science Centre (Poland) grant 2019/33/N/ST1/01882. YG was partially supported by
the National Science Centre (Poland) grant 2020/39/B/ST1,/02329.

2. PRELIMINARIES

We consider the Euclidean space RV, N > 1, with the standard inner product (-,-). The
corresponding norm and diameter are denoted, respectively, by || - || and | - |. The symbol
By (z,7) denotes the r-ball centred at = in the Euclidean norm in RY. We often write B(z,7)
when the dimension is clear from the context. By #A we denote the cardinality of a set A.

2.1. Dimensions.

Definition 2.1. For s > 0, the s-dimensional (outer) Hausdorff measure of a set X ¢ RY
is defined as

s — T AC ) | <
H(X) = lim mf{;|m| L X Ci_UlUZ, U] ia}.
The Hausdorff dimension of X is given as
dimg X =inf{s > 0: H*(X) =0} =sup{s > 0: H*(X) = oo}.

For a bounded set X C RY and 6 > 0, let N(X,6) denote the minimal number of balls of radius
0 required to cover X. The lower and upper box-counting (Minkowski) dimensions of X
are defined, respectively, as

log N(X, 0 _— log N(X, 6
dimp X = lim inf Ma dimp X = limsup M.
6—0 —logd 550 —logé

For a finite Borel measure p in RY, we define its (upper) Hausdorff dimension as
dimp ¢ = inf {dimpy X : X ¢ RY Borel with p(RY \ X) =0}
and the lower Hausdorff dimension as
dimyp = inf {dimpy X : X ¢ RY Borel with p(X) > 0} .
Definition 2.2. A bounded set X C R" is said to be (M, s)-homogeneous if N(XNB(z,7), p) <

M(r/p)® for every x € X, 0 < p < r, i.e. the intersection B(x,r) N X can be covered by at most
M (r/p)® balls of radius p. The Assouad dimension of X is defined as

dimg X =inf{s > 0: X is (M, s)-homogeneous for some M > 0}.
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It is easy to see that in the definitions of box-counting and Assouad dimensions, it is enough
to consider covers by balls centred in X. For a bounded set X C RY and a finite Borel measure
pon X, we have the following inequalities (see e.g. [Robl11) (9.1)]).

dimypu < dimpg p < dimg X <dimp X < dimp X < dimy X.

2.2. Prevalence. A notion of prevalence was introduced by Hunt, Shroer and Yorke in [HSY92]
and is regarded to be an analogue of ‘Lebesgue almost sure’ condition in infinite dimensional
linear spaces.

Definition 2.3. Let V be a complete linear metric space (i.e. a linear space with a complete
metric which makes addition and scalar multiplication continuous). A Borel set S C V is called
prevalent if there exists a Borel measure v in V, which is positive and finite on some compact
set in V, such that for every v € V, we have v + e € § for v-almost every e € V. A non-Borel
subset of V is prevalent if it contains a prevalent Borel subset.

We focus mainly on the prevalence in the space Lip(X, R¥) of all Lipschitz functions h: X —
RF on a compact set X C RY, endowed with the Lipschitz norm

(1) 1Pllip = [lAlloo + Lip(h),
where ||h||s is the supremum norm and Lip(h) is the Lipschitz constant of h. Note, however,

that in Theorem [1.12| we can consider prevalence in other spaces, as explained in the following
remark.

Remark 2.4. Let V be any of the spaces of Lipschitz or C",r = 1,2,..., 00, maps from (a
bounded open neighbourhood of) a compact set X C RY into R*, endowed with the natural
complete linear metric. Note that in order to show prevalence of a set S C V via linear maps, it
is enough to prove that for every ¢ € V and Lebesgue-almost every L € Lin(RY,R*) ~ RVF we
have ¢ + L € S§. As all the C"-spaces listed above are contained in the space of Lipschitz maps,
it is enough to consider Lipschitz maps ¢.

2.3. Conditional measures. It will be useful to work with a system of conditional measures
for considered projections. In the sequel, we will denote Dirac’s measure at a point x by d,. The
symbol ¢u denotes the image of a measure p under a map ¢.

Definition 2.5. Given a continuous map ¢: X — R on a compact set X C R there exists
a system of conditional measures of a probability measure p on X with respect to ¢, i.e. a
family {4, : y € R¥}, such that

(i) for every y € R¥, p, is a (possibly zero) Borel measure on ¢~ *({y}),
ii) for ¢u-almost every y € RF, is a Borel probability measure,
H Hy
iii) for every p-measurable set A C X, the function RF 3 y +— p,(A) is ¢p-measurable and
H Hy H

n(A) = /R Hy(A)dou(y).

The existence and ¢u-almost sure uniqueness of the system of conditional measures follows
from the Rokhlin’s Disintegration Theorem [Roh52]. See also [Sim12] for a more direct approach.
The following lemma characterizes almost sure injectivity in terms of conditional measures.

Lemma 2.6. Let ¢: X — RF be a continuous map on a compact set X C R¥ and let p be a
Borel probability measure on X. Then ¢ is injective on a Borel set Xy C X of full p-measure
if and only if the system {pg(,) : © € X} of conditional measures of p with respect to ¢ satisfies
Hé(z) = Oz for p-almost every x € X.

Proof. If ¢ is injective on Xy, then setting piy,) = 6 for ¥ € Xy and pu, = 0 for y ¢ ¢(Xy)
gives a system of conditional measures of y with respect to ¢ (see [BGS22, p. 620] for a detailed
argument). Hence, the first implication follows by the almost sure uniqueness of the system of
conditional measures. For the other implication, assume fi4(,) = 0, for p-almost every z € X.
Then X4 = {z € X : pyy) = 0z} is the required set of injectivity. Indeed, u(Xy4) = 1 by
assumption, and if z,y € Xy and ¢(x) = ¢(y), then 6, = 6,, so z = y. O
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3. ORTHOGONAL PROJECTIONS AND SLICES

As noted in the introduction, we consider the Grassmannian Gr(k, N) of k-dimensional linear
subspaces of RY. We denote by 7k y the unique rotation-invariant measure on Gr(k, N) (see
[Mat95, Section 3.9] for details and [FR02| for an alternative construction). Recall that for
V € Gr(k, N) we denote by Py : RY — V ~ RF the orthogonal projection onto V.

Remark 3.1. As we switch between Lebesgue-almost sure statements for linear transformations
L € Lin(RY,R*) ~ RN¥* and Yk, N-almost sure statements for orthogonal projections Py, V' €
Gr(k, N), it is useful to note that the two kinds of statements are equivalent if one is interested
in the injectivity of L and Py on a full-measure set. Namely, Lebesgue-almost every linear map
L:RY — RF, k < N, has full rank and can be represented uniquely as L = ¥ o Py, where V is
the k-dimensional orthogonal complement of Ker L, Py is the orthogonal projection onto V' and
U: V — R* is a linear isomorphism depending continuously on L. It is easy to see that under this
identification, full Lebesgue-measure sets in Lin(RN , ]Rk) correspond to full vy, y-measure sets in
Gr(k, N). Moreover, the injectivity of L on a set Y C R¥ is equivalent to the injectivity of Py
on Y. Similarly, an equivalence holds between the continuity or pointwise Holder continuity of
the inverses of L|y and Py|y.

Extending the notation from the previous section, for a compactly supported finite measure
p in RY and a linear space V € Gr(k, N), we denote by {uY : a € V'} the system of conditional
measures of 1 with respect to Py,. The measures ) are concentrated on Py, Y(a) = V*+ +a. By
Lemma [2:6] and Remark [3.I] Theorem [I.11] implies the following corollary.

Corollary 3.2. Let u be a compactly supported finite Borel measure in RN with dimg p < k.
Then for v n-almost every V € Gr(k, N), the sliced measure j1¥ is a point mass for Py p-almost
every a € V.

Jarvenpad and Mattila [JM98, Theorem 3.3| proved a general ‘slicing’ theorem for measureﬂ
which in our notation reads as follows.

Theorem 3.3 (Slicing Theorem). Let i be a compactly supported finite Borel measure in RY .
Then for v, n-almost every V € Gr(k, N),

dimpypY > dimyp —k  for Pyu-almost every a € V.
Using the above result we can give a proof of Proposition [1.4

Proof of Proposition[1.4, We claim that under the assumptions of the proposition, there exists a
compact set X C RY such that u(X) > 0 and v = p|x satisfies dimyv > k. Indeed, recall (see
e.g. [Fal97, Proposition 10.3]) that

1 B
dimg p = esssup lim inf M.
T r—0 log r

Now choose X to be a compact subset of positive u-measure of the set

1
{J: e RY : liminf —Og,u(B(a:, ) > s}
r—0 logr
for fixed s > 0 with k¥ < s < dimg pu. Applying Frostman’s lemma (see e.g. [PUL0, Theo-

rem 8.6.3]) we obtain dimyv > s > k. By Theorem [3.3] for j y-almost every V € Gr(k, N),

dimy Y > dimyv — k > 0 for Pyv-almost every a € V.

4Jarvenpid and Mattila define ‘sliced measures’ in [TMO8] as weak-" limits of éikﬂ‘P—l(B(a 5)) a8 6 \, 0, which
v .

exist for H*-almost every a € V. This is a different notion than conditional measures defined in Definition [2.5]

which satisfy u) = %i_r)r(l) (u(Py*(B(a, 5))))71/L|P‘71<B(a76)) (see [Sim12]). However, if dim,p > k (which is the

only non-trivial case in Theorem [3.3), then Py is absolutely continuous with respect to H" for v, y-almost every
V € Gr(k, N) by Theorem so the two definitions are equal up to a constant for almost every V € Gr(k, N)
and Py p-almost every a € V. Moreover, Theorem in [JM98, Theorem 3.3] is valid for #*-almost every a € V
with gy (RY) > 0, which is equivalent to the statement for Py u-almost every a € V' (by the same reason).
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As Dirac’s measure has dimension zero, this means that for v, y-almost every V € Gr(k, N),
almost every conditional measure of v with respect to Py is not a Dirac’s measure, hence by
Lemma [2.6] there cannot exist a set of full v-measure on which Py is injective. As v is absolutely
continuous with respect to p, the same is true for p. By Remark [3.3] this holds also for almost
every linear map L: RV — R*. O

4. PROOF OF THEOREM [1.12]
Let E = E(N, k) denote the set of linear maps L: RY — R¥ of the form
Lz = ((ll,x), A <lk,a:>),

where I1,...,1;, € RN satisfy ||l],...,|lx]l < 1. As E may be identified with (By(0,1))*, we
will denote by Leb the normalized k-fold product of Lebesgue measures on By (0, 1), considered
as a probability measure on E. Note that it is enough to prove the assertion of Theorem [1.12
for Lebesgue-almost every L € E, as then a rescaling gives the result for almost every linear
mapping L: RY — R¥. By the Cauchy Schwarz inequality, for all € RV,
(2) ILz|| < VN |z

The following lemma is the key technical ingredient of the proof.
Lemma 4.1. For every x € RV \ {0}, 2 € R* and £ > 0,

k

Leb({L € E: |Lx +2|| < &}) < CHZW’

where C' > 0 depends only on N and k.

For the proof see [Rob11, Lemma 4.1]. We will prove each of the assertions of Theorem [1.12]
separately.

4.1. Proof of assertion (i) of Theorem We actually prove the following, slightly
stronger version of the statement.

Theorem 4.2. Let p be a finite Borel measure in RN with a compact support X satisfying
HF¥(X) =0 and let ¢: X — R¥ be a Lipschitz map. Then for almost every linear map L: RN —
R* there exists a Borel set X1, C X of full pu-measure such that for every x € X and every
e > 0, there exists 6 > 0 for which the map ¢, = ¢ + L satisfies

(3) for every y € X, if [|pr(x) — or(y)|| <0, then |z -y <e.

Proof. The first part of the argument is obtained directly from the proof of [BGS20, Theorem 3.1].
We include the arguments for the convenience of the reader. First, we will prove that for every
x € X we have

(4) Leb({LeB: 3 ou(e) = u)}) =0

Note that the above set, as well as all similar sets we consider in this section, are Borel measurable
as a consequence of standard considerations (see [BGS20, Lemma 2.4]). As ¢: X — RF is a
Lipschitz map, there exists H > 0 so that for all z,y € X,

(5) lo(z) — oY)l < H ||z —yl|.
Fix x € X, e > 0 and let
Ko={yeX:le—y| >}
n
for n € N. Define
B,={LeFE: 3 = .
{LeB: 3 ou)=0rl)

and note that for () it suffices to prove Leb(B,) = 0 for each n. As H*(K,) < H¥(X) = 0,
there exists a collection of balls By (y;,¢;), @ € N, for some y; € K,, and ¢; > 0, such that

o
K, C U Bn(yi,e;) and Zsf <e.
ieN i=1
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Let L € B,,. Then there is y € K,, such that ¢r(x) = ¢r(y). Clearly, y € Bn(yi,e;) for some
i € N. We calculate
lor(x) — ()l < llor(x) — oLyl + llor(y) — or(yi)ll
= [loL(y) — or(wi)ll
< llo(yi) = oWl + [1L(yi — y)
< Hllyi —yll + VN|ly: — v
< Mg,
for M = H + /N, by and . This shows
B, C | {L € E: |lgr(x) — dr(y:)]| < Mei}.
1€N
Thus, using Lemma and the fact ||z — y;|| > %, we obtain
[e.e]
Leb(Bn) < ) Leb({L € E: [|L(z — yi) + ¢(x) — ¢(yi)|| < Me,})
i=1

CMF &
< E e < oMFnke.
—= k [ —

1/n —

As e > 0 is arbitrary, we obtain Leb(B,,) = 0, and thus is established. Combining with
Fubini’s theorem (see e.g. [Rud87, Theorem 8.8]), we obtain

(6) p{reX: 3  op@)=0¢r(y)}) =0

yeX\{z}

for Lebesgue-almost every L € E. Hence, the set

Xp=X\{reX: or(r) = or(y)}

3
yeX\{z}

is a full y-measure set on which ¢y, is injective (which proves Theorem [1.11]). To obtain addition-
ally the continuity of gbzl on Xy, fix L € F satisfying @ We claim that every x € X, satisfies
. If not, then there exists € > 0 such that for every n > 1 there exists y, € X satisfying

1
(@) = drya)] <~ and o —yn > &

As X is compact, there is a converging subsequence y,, — y for some y = y(L,z) € X. By the
continuity of ¢, we have ¢r(x) = ¢r(y) and || — y|| > &, in particular = # y, contradicting
e Xy. O

4.2. Proof of assertion ([if) of Theorem The proof combines the techniques of [HK99,
Theorem 3.1| and [BGS20, Theorem 3.1].

Lemma 4.3. Let X be a compact subset of RV with dimp X < k. Fiz 6 € (O, k — dimp X) and
a Lipschitz map ¢: X — R¥. Then there exists a constant D > 0 such that

Leb ({L e E: 3 ||én(x) —or(y)| < and ||z —y| > 5}) < D5~ ek~ dms X0
Y

for every x € X and 0 < 2¢ < §, where ¢, = ¢ + L.
Proof. Set d = dimp X. By the definition of dimp, there exists a constant D = D(X, ) such
that for every € > 0 there exists a cover

Ne
(7) X | JB(yi,e) with N. < De™ (9,
=1
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Consider z,y € X and L € E such that ||¢r(z) — ¢r(v)|| < e and |z —y|| > J. Let y; be such
that y € B(yi, ). Then, recalling that we assume 2 < 6,

IL(z = yi) — (6(y:) — (@) | = ll9r(z) — dr(wa)ll < |6L(2) — Sr(W) + |6L(y) — S (vi)ll
< e+ (Lip(¢) + sup IZl)e < Me,

where M =1+ Lip(¢) + sup ||L|| < co. Moreover,
LeE

[z = will = [le = yll = lly —will = 6 -

|

Therefore,
{LeB: 3 lou(e) - o)l < and |1z~ ] > 5}

Ne

c UL e B Lz —yi) — (8(y:) — ¢()) | < Me and ||z — yil| > 5/2}.
i=1

Hence, by Lemma and ,
Leb({L € E: ng lor(z) — dr(y)|| < e and |z —y| >d})

< C2EN.6FMFF < 02k DMESTFR—A0,
O

Proof of Theorem L1l Set d = dimp (supp ). Fix a € (0,1 —¢) and let 6 € (0,k — d) be
such that o < 1 — €2, Let H = sup diam (¢1(X)). For a fixed z € X, by (which we can

apply as dimg pu < d < k) and Lemma

Leb({LeB: ¥ 3 lle—yll > MH¢L( O] })
:A}g)nooLeb({LeE |z =yl > Mlin(x) = or)II°})

= lim Z Leb({L e B: 3 270"VH < |lgu(2) - or(y) <27 H

M—o0
and ||z — y[| > M|[¢L(x) wl*})

+Leb({LeE: yEHX or(x) = ¢r(y) and ||z — y|| > o})
s —m ag—a(m+1)
< Jlim Leb({L € E: 3 |lér(x) — ér(y)| <27"H and ||z — y| > MH"2 1)

— 00

m=0
Lem?m lim DMk [ —okgak(m+1)g—m(k—d—0) prk—d—0
M—>oom:0

(o.9]
= lim DM ~Fphie)=d=0gak N ™ gmlak-ktd+0) _ g

M—o0
m=0
[&.°]
as the series 3 2m(ek=k+d+0) converges since we assume o < 1 — d%e. This proves that for
m=0
every x € X, the condition
(8) |z —yl| < M||¢r(z) — or(y)||* for some M = M(z, L) and every y € X

is satisfied for almost every L € E. Therefore, by Fubini’s theorem, for almost every L € E,
the condition holds for p-almost every x € X. Finally, note that by taking a countable
intersection of full Lebesgue measure sets, we can assume that for almost every L € FE, the
condition holds for every ao < 1 — %. O
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4.3. Proof of assertion (jiii) of Theorem Again, we prove a stronger result.

Theorem 4.4. Let R > 0 and n > 1. Let 1 be a probability measure in RN with a compact
support X satisfying | X| < R and dimy X < k. Let ¢: X — RF be a Lipschitz map and fix
6 € (0,k—dimy X). Then for almost every linear mapping L: RN — RF there exists a Borel set
X1 C X of full u-measure such that for each point x € Xy, there exists C' > 0 for which the map
¢, = ¢ + L satisfies

) l61(@) — bL)| = CF(lle —yll) Jfor every y € X,
where
T = ogy R ey

Proof. Once more, by Fubini’s theorem it is enough to prove that for every z € X, the condition
@[} holds for almost every L € E. The rest of the proof is a combination of the methods set
forth in [OIs02, Theorem 5.2] and [BGS20, Theorem 3.1]. As ¢: X — RF is a Lipschitz map,
there exists H > 0 so that for all z,y € X,

(10) lo(x) — oY)l < H [l = yl|.

Fix x € X. Define r, = 2% and p, = f(rn—1) > 0. Note that for 0 < z < R, we have @ <1

as log, % > 1. Moreover, a simple calculation shows that the function f is monotone increasing
on (0, R]. For n > 1, define
Zn={ye X :rp,<|ly—zf <rp1}.
By the definition of the Assouad dimension, there exists K > 0 such that for every 0 < s < r,,_1
and a ball B of radius 7,1, the set X N B may be covered by K (“2)*=% balls of radius s. Let
c > 2 satisfy ¢ > K. We conclude that the set Z,, which is contained in a ball B of radius
rn—1 around x, may be covered by at most £, ; < Kci(kfe)(r’;—;l)kfa balls {B(an,i,;, ’2—7)}57:1 of
e .

radius ";—? (with centers in Z,) for i« > 1 (recall that p, < r,_1). Thus, Z, C ‘UlB(an,i’j, ’;—7)
j:
For ¢ > 2, define

o¢] en,i 2p
n
= 0 U n(onin 22).
n=1j=1
Every center a,;; satisfies || — an j|| > ry, so the ball centred at a,; ; of radius 25” < %” <

T"2’1 < ry, does not contain xz. Thus, for ¢ > 2,

In order to establish the condition @ for a fixed x € X and Lebesgue-almost every L € F, it is
enough to show

. Pn
: - — -yl = =
fim Leb{LeB: 3 3 lor(x) =Ll < T and lz =yl =} =0
Indeed, this implies that for almost every L € E there exists i = i(L) > 2, such that for every
y € X, |lz —yl| > r, implies [[¢r(x) — dr(y)|| > 2¢. As every y € X \ {z} is contained in some
Zy, (recall that | X| < R), this implies that for every y € X \ {z} (using monotonicity of f on
(0, R]), we obtain
pr _ flrn-1) _ 1
(@) = oLl = T = === S/ (llz —yl)-

ct ct

Let

Pn
Ai={LeE: 3 3 llor(r) =)l <5 and Jlz =yl 2}

Clearly, A; is a Borel set. For L € A; one may find y € X and n > 1 such that ||¢r(x)—¢r(y)| <

22 and ||z — y[| > r,. Consequently, y € Un,—1 Zm. Therefore, one may find a center ay,; ; such

that y € B(am,i;, 22). Note that

Jo et

1oL (2) = ¢rlam,ij)l < llon(x) = oLl + oL (y) — drlam.i;)ll-
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By and ,

1oL (y) — dr(amij)ll < [|Ly — Lam;,;

+Hmw—¢wmﬂH§VN%}+H%L

Thus,
l62() = drlami)| < & + (VN + H)22 < Q22
where Q =1+ VN + H. We conclude
oo em,i
Ai C U U Amﬂ"j
m=1 j=1

for
Pm
Amig = {L € B 61@) = drlamiy)l < Q% }.
By Lemma (recall that anmq; € Zn),

(me)k
Leb(Am,w) < C Tk .
Thus,
[ee] emz e o] o 0
rmo1\F=0 Q%) KC(2Q)" flrm—1)
< - EE—
Leb(A T;;Leb i) mz () e < mZ:l e
We notice ,
foma)\y'_ 1 1
Tm—1 (logy(2m))" mn-
Thus,
Kcz e~ 1
m"]
m=1
As ) —5 < oo, this implies lim Leb(A;) = 0, which ends the proof. O
m= 1 17— 00

5. MEASURES WITH ALL ALMOST-SURELY INJECTIVE PROJECTIONS

5.1. Proof of Theorem |1 The measure p will be defined in two steps. First, we define a
measure v on the unit mterval by randomizing digits in dyadic expansions and then push v to

the graph of the function = — 22. For the first step, it is convenient to work in the symbolic

space {0, 1}V

Partition N = {1,2,...} into blocks B, = {2n — 1,2n}, n > 1 and denote L,, = 2n — 1,
R, = 2n, so that the block B, consists of the left bit L,, and the right bit R,. For w € {0, 1}
we use the notation w = (wy,ws,...). Set

Y ={we{0,1}N:wy, =0 for every n > 1}.

Fix p € (0,1/2). Define a probability measure p on {0,1}? as

P = pd,1) + (1 = p)d(0,0)
and let P be a probability measure on {0, 1} given by

P= p®N

(we use above the identification {0, 1} = ({0,1} ) ). Clearly, P(¥) = 1. Now we transport P
to the unit interval by setting

y=TP, X =II(%),
where 1I is given by

e .
w) = Z w277,
j=1
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The last step is to lift v to the graph of a non-linear function. Let f: [0,1] — [0, 1] be given by
f(z) =22 and ¥: [0,1] — [0,1]? by ¥(x) = (=, f(z)). Finally, we set

w=Yv

and claim that the measure p satisfies the properties from Theorem [I.9] First, note that

dimpgv = _plogp_(ligi) log(1-p) (see |[BP17, Example 1.5.6]). As ¥ is bi-Lipschitz, we have
dimpg p = dimgv > 0. For the injectivity part of Theorem fix a non-zero linear map
L:R? - R, L(z,y) = ax + By. As f is a bijection on [0, 1], we can assume that o # 0 and
B # 0, as otherwise L is injective on the whole graph ¥([0,1]) and the claim of Theorem 1.9
follows trivially. Note that for x,y € [0, 1] with = # y we have
fly) - flz) _«
(11) LeS@) = L ) = TOZIE 8y o
Therefore, in order to show the injectivity of L, we need to study solutions of the equation
r +y = z for fixed z and x,y taken from X. We will do so in terms of the dyadic expansions.
Note that every z € [0,1) has a unique dyadic expansion 2 = 3777 2,27/ such that the se-
quence (z;)72; € {0, 1} is not eventually equal to 1 (we say that the dyadic expansion does
not terminate with 1’s). Moreover, the only points z € [0,1) which have a non-unique dyadic
expansion are the dyadic rationals from (0,1). For them, there are exactly two expansions,
one terminating with 1’s and one terminating with 0’s. As X does not contain sequences ter-

minating with 1’s, we see that II is injective on . Therefore, for z,y € X we will write
[ee] o0

r=> l‘j2_j L Y= ij—j for its unique dyadic expansion which does not terminate with 1’s,
j=1 J=1

so that II((z1,x2,...)) = =, U((y1,92,...)) =y and (z1,z2,...), (y1,¥2,...) € X. First, we need

a technical lemma.

=Ie

Lemma 5.1. Let z,y,z € [0,1) have dyadic expansions

o0 (o] o0
T = Zxﬂ*j, Y= Zyﬂ*j, z = Zzﬂ*j
j=1 j=1 =1

which do not terminate with 1’s. Assume x +y = z. Then for every k € N, the condition

xp = yp = 0 implies Y 2,277 = Y (x; +y;)277. Consequently, for every k,m € N with k < m
j<k j<k

such that xp, = yr = Ty = Y = 0 we have

Z ZjQ_j = Z (ZL‘j + yj)2_j.
k<j<m k<j<m
Proof. We begin by proving the first assertion. Assume xj = yr = 0. Then
Y oz2d =a2n D N (ay yy)2 7 = b2 Y
i<k i<k
for some a,b € NU{0}. As z +y = z, we have
(12) a2” "D 13 72970 = 27D Ly V()27
Jjzk Jj2k
Since xj,¥;, 2; are not eventually equal to 1 and x;, = y; = 0, we obtain
0<> 27 <27t 0 (a4 g2 <27,
Jzk i>k
Combining this with yields
la — bj2~ k=D = ) S 2 =S (ay + yj)w‘( < 9 (k=)
Jjzk Jjzk

so a = b and, consequently, Zj<k 2j279 = Zj<k(xj +y;)277.
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Now, if z, = yr = ., = ym = 0, then by the first assertion,

o2 =22 = 52 = ()2 =) ()2

k<j<m j<m i<k j<m i<k
= > @ity)27 = ) (@it
k<j<m k<j<m

The above lemma and the structure of 3 provide the following consequence.

Lemma 5.2. Let z = x+y for somex,y € X, such that z has a dyadic expansion z = Z;’;l zj2*j
which does not terminate with 1’s. Then, denoting z|p, = (21, 2R, ), for every n > 1 we have

the following.

(9) z|m, €{(0,0),(0,1),(1,0)}.

(ii) If z|, = (0,0), then xR, = yr, = 0.

(ZZZ) [fZ’Bn - (170); then TR, = YR, = 1.

(w) If z|g, = (0,1), then exactly one of bits xR, ,yr, is equal to 1.

Proof. As xp,, = yr, = 0 for n > 1, we see from Lemma [5.1] that

> 2277 = (wg, +yr,)2
JEB,

The assertions of the lemma follow from this equality by recalling that B,, = {R, — 1,R,} =
{Ln, Ry} O

Theorem is an immediate consequence of the following proposition.

Proposition 5.3. Let L: R? — R be a linear map of the form L(x,y) = az + By with o # 0
and B # 0. Then there exists a Borel set ¥y, C ¥ with IF’(‘EL) =0, such that if x,y € X, x # y
have dyadic expansions x = Zj; 2770,y = Z;’il y;277 which do not terminate with 1’s and
satisfy L(x, f(x)) = L(y, f(y)), then at least one of the sequences (x1,x2,...), (y1,Y2,...) belongs
to EL-

Indeed, if we set X1, = U(X \II(X)), then X, is Borel (by [Kec95, Theorem 5.1|), u(Xr) =1
and L is injective on X7

Proof of Proposition[5.3] Assume that there exist z,y € X such that L(z, f(z)) = L(y, f(y)), as
otherwise there is nothing to prove. Set z = z(L) = —35. Note that z € [0,1) as 21 =y =0
and the expansions of z and y do not terminate with 1’s. Therefore, z has a unique dyadic
expansion z = Z;’il 2;277 which does not terminate with 1’s. We define the set X, in terms of
the sequence (z;)72.

First, assume that z|g, € {(0,0),(1,0)} for infinitely many n > 1. In this case we set

21 = {w € {0, 1 for each n > 1, wg, = 0 if 2|, = (0,0) and wg, = 1 if z|p, = (1,0)}.

Clearly, P(Xz) = 0. If z,y € X, © # y with dyadic expansions x = IlI(x1,x9,...), y =
IL(y1, Y2, .. .) satisfy L(z, f(z)) = L(y, f(y)), then by (L1), we have z + y = 2, hence Lemma [5.2]
implies (z1,z2,...) € X1 and (y1,y2,...) € XL.

The remaining case is the one with z|g, € {(0,0),(1,0)} only for finitely many n > 1. Then,
by Lemma [5.2| we must have z|g, = (0, 1) for all n large enough. Set

1 1
EL:{we{0,1}N:limsup—#{1§n§N:wR :1}27}.
N—oo N " 2



REGULARITY OF ALMOST-SURELY INJECTIVE PROJECTIONS 17

As p < 1/2, the Birkhoff ergodic theorem gives P(X7) = 0. Again, if z,y € X, x # y satisfy
L(z, f(x)) = L(y, f(y)), then = +y = 2, so by Lemma [5.2| and the assumption on z, we have
1
1 =limsup N# {1<n<N:zg, =(0,1)}

N—oo

1
<limsup —=#{1<n<N:zp, =loryg, =1}
N—o0 N

< limsup — #{1<n<N TR, —1}—|—hmsup #{1<n<N YR, = 1}.
N—o00 N

Therefore, (1, x2,...) € X1, or (y1,¥2,...) € Xr. This concludes the proof of the proposition. [

5.2. Self-similar measures. In this subsection we will prove Proposition [[.I0] We actually
obtain a stronger statement. Let ;: RN — RY i € I, be a finite collection of contractions
and let (p;)ier be a strictly positive probability vector. It is well-known (see [Hut81]) that there
exists a unique Borel probability measure in RV which is stationary for this system, i.e. satisfies

= sz‘ Pi -
i€l
Proposition 5.4. Assume that the iterated function system given by {p; : i € I} satisfies
Vi, = @i, +1 foriy,ia € I, iy # iz and some non-zero vector t € RN . Let u be the stationary

measure for a probability vector (p;)icr. Consider V- € Gr(k,N) contained in the orthogonal
complement of t. Then Py is not injective on any set of full u-measure.

Proof. We can assume i1 = 1, i = 2. Let v = p1 w1 + p2 pou. As v is absolutely continuous
with respect to u, it is enough to prove the statement for the measure v. Consider the system of
conditional measures {v, : a € V'} of v with respect to the map Py. Let v = o, 13 = pop,
so that

(13) v = i+ por®

and let {Vc(f) :a €V}, i=1,2 be the system of conditional measures of v with respect to Py .
Let

Sp: RN RN, Sy(z)=zx+t
A crucial observation is that

(14) v =8 for almost every a € V with respect to the measure Pyv(Y) = P2,

To verify that, note first that as () = p1(x) 4t for all z € RN, we have v = S0, As V
is contained in the orthogonal complement of ¢, we have Py o Sy = Py, so

(15) Pvu(2) = vatv(l) = Pvl/(l).
Therefore, to obtain , it is enough to check that {Stu(sl) :a € V} is a system of conditional

measures of v(?) with respect to Py. As V,gl)(P;l(a)) = 1, we have

S (Pt (@) = vV (S Pyt (@) = viP (P H(a) = 1,
hence we see from (15]) that the conditions (i)—(ii) of Definition are satisfied. For the condi-

tion (iii), we use (|15)) once more to obtain

VB (A) =vW(5714) = / vD(S71A)dPyv Y (a / SV (A)dPy v (a).
\%4
This shows that indeed {Stl/,gl) :a € V} is a system of conditional measures for v(2) with respect
to Py, hence is established by its uniqueness. By and we have
(16) Vg = pluc(ll) —|—p2y((12) for Pyv-almost every a € V.

Now, if Py is injective on a set of full v-measure, then by Lemma [2.6] we could conclude that

v, is a Dirac’s measure for Py r-almost every a € V. By , this would imply that V((ll) = V((IQ)
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for Pyv-almost every a € V. This would make a contradiction with , as t is non-zero and
gives Pyv = va(l) = Pvl/(2). O

Proposition is an immediate consequence of Proposition [5.4] as any homogeneous iter-
ated function system consisting of similarities which are not all equal must contain two distinct
translation vectors t;.

6. EXAMPLES

In this section we provide examples showing that Theorems and cannot be improved
in the following directions:
(a) in assertion , dimgy X cannot be replaced by dimy p,
(b) in assertion (fii}), dimp X cannot be replaced by dimy X and the range of a cannot be
extended (in terms of dimp X) to any interval strictly larger than (0,1 — dimpg X/k],
(c) in assertion (fi), dima X cannot be replaced by dimp X.

Considering the setup of Theorem [I[.12] we construct suitable examples for a measure u of
compact support X ¢ RV and an open set of maps U C Lip(X, Rk), k < N, containing all full-
rank linear maps L € Lin(R™, R¥) restricted to X. As every prevalent set is dense (see [ISY92,
Fact 2']), the examples show that Theorem is sharp (in the sense of the items (a)—(c)) also
as a result on embeddings via prevalent maps in the space of Lipschitz or C", r = 1,2,..., 00,
maps into R¥ (see Remark [2.4)).

As described in Remark every full-rank linear map L € Lin(RY,R¥), & < N, can be
uniquely represented as L = ¥ o Py, where V = (Ker L)L and U: V — RF is a linear isomor-
phism, such that Lebesgue-almost all linear maps L € Lin(]RN ,Rk) correspond to 7y y-almost
all orthogonal projections Py, V' € Gr(k, N), for the rotation-invariant measure -, y, and open
sets in Lin(RY, R¥) correspond to open sets in Gr(k, N). It follows that the examples are valid
also within the setup of Theorem

The following proposition provides examples corresponding to the item (a).

Proposition 6.1. For every 1 < k < N there exists a finite Borel measure in RN with a compact
support X and an open set U C Lip(X,R¥), containing all full-rank linear maps L € Lin(RY, R¥)
restricted to X, such that dimg p = 0 and no map ¢ € U is injective on a full p-measure set
with continuous tnverse.

Proof. Let X = Bn(0,1) C RY and let Y be a countable dense subset of X. Consider a finite

Borel measure p on Y such that pu({z}) > 0 for every € Y. Then the (topological) support

of p1 is equal to X and dimg g = 0. Let L € Lin(R",R¥) be a full-rank linear map. As noted

above, we can write L = W o Py, where V = (Ker L)J- and U: V — R* is a linear isomorphism.
Choose w € V* such that |w[| = % and let

Ay =V +w)nX, A=V —-w)nX.

Then dist(A4,A-) =1 and B = Py(Ay) = Py(A_) is a closed k-dimensional ball in V. Take
f € Lip(X,R¥) such that ||f||Lip < € for a small € > 0, where the Lipschitz norm || - ||Lip is
defined in (I). Then g = ¥~'o f € Lip(X, V) ~ Lip(X,R¥) and ||g||rip is arbitrarily small for
sufficiently small €. Set 1) = Py +g: RV — V. As Py |4, is a translation onto B, the map 9|4,
is bi-Lipschitz and

(17) BA)NYA) DTNV £0

for an open set U C RY, provided ¢ is chosen sufficiently small. Let EJF, A_ be disjoint compact
sets containing, respectively, some neighbourhoods of Ay, A_. By and the density of Y,
there exists 4 € Ay NY such that ¥(x4) € UNV. Then, again by and the density of Y,
there exists z_ € A_ such that ¢(x_) = (x4 ), and a sequence of points z, € A_ NY with

Ty — T—.
Suppose ¥ is injective on a full u-measure subset of X. Then v is injective on Y. However,

we have (|y) " ((4)) = 24 € Ay, ¥(wn) = P(@-) = ¥(x4) and (Yly) " (b(zn)) = 2 € A-.
As Ay, A_ are disjoint compact sets, (¢]y')~! cannot be continuous at ().
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Concluding, for every full-rank linear map L € Lin(R",R¥) we have found ¢ = (L) > 0
such that ¢y = Py + g (where L = Wo Py and ¢ = U~! o f) is not injective on a full u-
measure set with continuous inverse for every f € Lip(X,R¥) with | f||Lip < €. Consequently,
¢=L+ f=Vo(Py+g)isnot injective on a full y-measure set with continuous inverse. This
proves the proposition, as & can be taken as the union over L of balls in Lip(X,RF) of radius
e(L), centred at L.

O

Examples corresponding to the items (b)—(c) are inspired by [FH96, Example 1] and [SY97,
Example 3.7|, but differ in details and require different analysis than the ones presented in the
cited works. The common construction in both cases (b)—(c) is as follows. Consider a pair of
sequences (17)72,, (¢;)2, of positive real numbers, which decrease to 0 with ¢; < r; (in fact, ¢;
will be chosen to decay much faster than r;). Fix N € N, 1 <k < N and let e1,...,en be the
standard orthonormal basis of R"V. Denote

J={Jc{l,2,...,N}: #J =k + 1},
and for J € J let S; € RY be the k-dimensional unit sphere defined as

Sy={(z1,....2n) ERN:Z:C?: land z; =0 for j ¢ J}.
jeJ
For each J € J and i > 1, let X;; C RN be an ¢;-separated set of maximal cardinality in
riSy ={riz:z €S}

Then X j; is an /;-net in 7;S; and
ri\ k riovk
Co(7) < #Xn ()
; ’ l;
for some constants C1, Cy > 0 independent of ¢ and J. Hence, X ;; can be seen as (approximately)
uniformly distributed in r;S;. For J € J we define a compact set X; C RY by

o
X;=|JX50{0}
=1

X = UXJ.

Jeg
To show the items (b)—(c), we prove the following proposition.

and set

Proposition 6.2. For every 1 < k < N and the set X defined above, there exists an open set
U C Lip(X,RF) containing all full-rank linear maps L € Lin(RN, R¥) restricted to X, such that
the following hold.

(1) Forr; =2""% and {; = 2= we have dimy X = 0 and no map ¢ € U is injective on X with
a pointwise a-Hélder inverse for any o > 0. . L

) or every s € (U, and t = =, r; = 27", £; = 27", we have dim = dlmp =S an

i) F 0,k) and t = 2 274, 4; = 27" we have dimp X = dimp X d

no map ¢ € U is injective on X with a pointwise a-Holder inverse for o > 1 — dimTBX.

In particular, if p is a finite Borel measure supported on X with u({x}) > 0 for every x € X, in
both cases we conclude that there is no full p-measure set on which ¢ is injective with a pointwise
a-Holder inverse for a in the given range.

Note that as Proposition provides a compact set X with dimp X < k and an open set of
Lipschitz maps (containing all full-rank linear maps) without a pointwise a-Holder inverse on X
for some a € (0, 1), we conclude that in the assertion (iii) of Theorems and the Assouad
dimension cannot be replaced by the upper box-counting dimension.

The proof of Proposition [6.2]is preceded by two lemmas.

Lemma 6.3. For any choice of the sequences r; 0 and {; < 14, the set X satisfies dimp X = 0.
Forr;=2""and {; = 27%, t > 1, we have dimp X =dimp X = k%
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Proof. The first statement is immediate as X is countable. For the second one, take J € J,
ri =27% ¢; =27% t > 1, and note that for a small 7 > 0 one has the following bounds on the
covering number N (X ;,7), coming, respectively, from covering each point of X ; separately,
and covering the whole sphere 7;5:

Nk A
(18) N(Xpior) < #X05 < O () = Cr2HeD,
A% C
. < 22 —
(19) N(Xpm) <0 ) s

with a constant C' > 0 independent of ¢ and J.
Let m = m(r) be such that 27 < r < 27™*1 Note that X;; C B(0,r) for i > m. Hence,
applying the bounds for i < [m/t] and for i > [m/t] we obtain

[m/1] m
N(Xzr) <140 Y 2HDip o N~ ghlm=i) < ofgkm(-1)/t
= i=[m/t]+1

for some constant C] > 0 and every sufficiently small » > 0. This gives

/ _ —
Jms X, < lim log C1 + (km(t — 1)/t) log 2 _ kt 1.
m—»00 (m — 1) log 2 t

On the other hand, for i = [(m — 2)/t] we have 21 < {;, so the set X ;| (m_2)/ is 2r-separated,
and hence

k
T (m—2
NXg1) 2 N(Xyim-2)/e)7) 2 #Xg -1 2 C2 <M)
L(m—2)/t]
= Cp2kt=Dlm=2)/t] > Céka(t—l)/t
for some constant C% > 0 and sufficiently large m. Thus,

log Cy + (km(t —1)/t)log2  t—1

dimgp X; > i k
S 4J _mgnoo (m—1)log2 t
As X is a finite union of X;,J € J, WehavediimBX:diimBX:k%. O

Lemma 6.4. For every full-rank linear map L € Lin(RN R¥), there exist J = J(L) € J and
e = e(L) > 0 such that for every f € Lip(X,R¥) with ||f||lLip < € and every 0 < r < 1 there
exists y € rSy with (L + f)(y) = (L + £)(0).

Proof. Fix a full-rank linear map L € Lin(R",R¥). As previously, write L = ¥ o Py, where
V = (Ker L)+ and ¥: V — RF is a linear isomorphism. Since {ey,es,...,en} is a linear basis of
RY and dim V+ = N — k, there exists J € J such that span(VL, {e; : j € J}) = RY (actually,
we can obtain this with a subset of J of cardinality k, but it is crucial for the construction that
#J = k + 1). Note that span(S;) = span({e; : j € J}) and take any yo € V- N S;. Such
yo exists, as otherwise V+ N span(S;) = {0}, but this is impossible since dimV+ = N — k
and dim(span(Sy)) = k + 1. Let now W be the orthogonal complement of yy in span(Sy), so
that W C span(Sy) and dimW = k. Note that W N V+ = {0}, as dim W + dimV+ = N
and span(W, V1) = span(W,yo, V+) = span(Sy, V1) = RY. As yo € VL = Ker Py, we have
Py(yo) = 0. Since W NKer Py = W NV+ = {0}, we see that Py is injective on W. As
dim W =k = dim V', we conclude that Py is a linear isomorphism between W and V and hence
it is a bi-Lipschitz homeomorphism.
Now we show that

(20) Py is a bi-Lipschitz homeomorphism from S; N B(yo, d) onto its image for some § > 0.

To prove , we first note that W is the tangent space to S; at yg, as W is the orthogonal
complement of yy in span(Sy). Therefore, for any sufficiently small > 0 there exists 6 > 0
such that the map S; N B(yo,d) 2 v — Pw(x — yo) € W is a bi-Lipschitz homeomorphism onto
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its image and such that h: S; N B(yo,d) — RY given by h(z) = = — yo — Pw(z — yo) satisfies
|h]lLip < 1. As z = yo + Pw(z — yo) + h(x), we have
(21) Py (x) = Py (Pw(z — o)) + Py (h(z)).
for x € SyN B(yo, ). As x — Py (x —yp) is bi-Lipschitz as a map from Sy N B(yo,d) to W and
Py is bi-Lipschitz on W, we have that x — Py (P (z —yo)) is bi-Lipschitz on Sy N B(yo, §). On
the other hand, || Py o h||Lip < 7, so we see from that Py is bi-Lipschitz on Sy N B(yo, d) if
is small enough (compared to the Lipschitz constants of x — Py (P (x —yo)) and its inverse on
Sy N B(yo,d), which are uniformly bounded away from 0 and oo for all small §). Such 7 exists
for 0 small enough, which shows ([20)).
Take yg € Sy and § > 0 as in . Then, by a homothetic change of coordinates, Py is a bi-
Lipschitz homeomorphism from S ;N B(ryp, rd) onto its image for every 0 < r < 1, with Lipschitz
constants independent of 7. As previously, note that if f € Lip(X,R¥) satisfies ||f||Lip < ¢ for
asmall ¢ > 0, then g = W1 o f € Lip(X,V) =~ Lip(X,R¥) and ||g||Lip is arbitrarily small for
sufficiently small . Consequently, setting ¢» = Py + g, we see that there exists € = ¢(L) > 0
such that if || f||rip < €, then ¢ is a bi-Lipschitz homeomorphism from 7Sy N B(ryg, rd) onto its
image with uniform Lipschitz constants, i.e. there exist ¢, C' > 0 such that

(22) clle —yll < ll¥(x) =)l < Cllz -yl

for every 0 < r <1 and z,y € Sy N B(ryo,rd). Our goal is to show that 1(0) = ¢g(0) belongs
to the image ¥(rS; N B(ryo, rd)). To see this, note that as 1 is a bi-Lipschitz homeomorphism
of the k-dimensional ball 7S; N B(ryo,rd), implies that ¢(rS; N B(ryo,rd)) contains a
ball in R* of radius crd centred at v (ryo) = g(ryo). As |lg(ryo) — g(0)|| < er, we see that
g(0) € Y(rSyNB(ryg,rd)) provided that ¢ is small enough to satisfy £ < ¢d. Hence, ¥(y) = 1(0)
for some y € 7Sy. As = Py+g, L =PoPy and f = Wog, this implies (L+ f)(y) = (L+ f)(0),
which ends the proof of the lemma. O

Proof of Proposition[6.2] As previously, we set U to be the union over all full-rank linear maps
L € Lin(RY,R¥) of balls in Lip(X,R*) with radius (L), centred at L, where £(L) is as in
Lemma Consider ¢ = L+ f € U, where L € Lin(RY, R*) and || f||Lip < e(L). By Lemma,
for i > 1 and J = J(L), we can find y; € r;S; with ¢(y;) = ¢(0). Let 2; € X;; be such that
lzi — yil] < €; (recall that X ; is an ¢;-net in r;S;). Suppose that ¢ is injective on X with a
pointwise a-Holder inverse. Then there exists M > 0 such that for every i > 1,

ri = ||z < M||¢(xi) — p(0)[|* = M| p(xi) — d(yi)[|*
< M(||L(z:) — L)l + | f (%) — f(ya) D
SM(||L|| + &)z — wil|* < M(||L]| + )47,

SO re
< M(IL] + o)
i
This however cannot be the case if lim; ;oo & = oo. Therefore, for r; = 270 4 = 2~ we

conclude that ¢ is not injective on X with azpointwise a-Holder inverse for any a > 0. This
proves the first assertion of the proposition. For the choice r; = 27%, ¢; = 27% t > 1, we obtain
that ¢ is not injective on X with a pointwise a-Hélder inverse for any o > 1/t. Setting ¢ = kfs
for s € (0,k), we obtain 1 = 1 — £ and dimp X = dimp X = k=2 = s by Lemma ThiEs]

finishes the proof.
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