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Abstract. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map with an abso-

lutely continuous invariant measure µ. Let {Hn} be a sequence of hyperrectangles or

hyperboloids centered at the origin. Denote by R({Hn}) the set of points x ∈ [0, 1]d

such that Tnx ∈ x+Hn for infinitely many n ∈ N, where x+Hn is the translation

of Hn. We prove that if µ is exponential mixing and the density of µ is sufficiently

regular, then the µ-measure of R({Hn}) is zero or full according as the sum of the

volumes of Hn converges or not. In the case that T is a matrix transformation, our

results extend a previous work of Kirsebom, Kunde, and Persson [Ann. Sc. Norm.

Super. Pisa Cl. Sci. (5), 24 (2023)] in two aspects: by allowing the matrix to be

non-integer and by allowing the ‘targets’ Hn to be hyperrectangles or hyperboloids.

We also obtain a dimension result when T is a diagonal matrix transformation.

1. Introduction

Let (X, d, T, µ) be a probability measure-preserving system endowed with a com-

patible metric d so that (X, d) is complete and separable. A corollary of Poincaré’s

recurrence theorem (see e.g. [15, Theorem 3.3]) asserts that µ-almost all points x ∈ X

are recurrent, i.e.

lim inf
n→∞

d(T nx, x) = 0.

It is natural to ask with which rate a typical point returns close to itself. In his

pioneering paper [8], Boshernitzan proved the following quantitative recurrence result.

Theorem 1.1 ([8, Theorem 1.2]). Let (X, d, T, µ) be a probability measure-preserving

system endowed with a metric d. Assume that for some α > 0 the α-Hausdorff

measure Hα is σ-finite on (X, d). Then for µ-almost every x ∈ X, we have

lim inf
n→∞

n1/αd(T nx, x) <∞.

Moreover, if Hα(X) = 0, then for µ-almost every x ∈ X, we have

lim inf
n→∞

n1/αd(T nx, x) = 0.
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Later, Barreira and Saussol [6] related the recurrence rate to the local pointwise

dimension.

Theorem 1.2 ([6, Theorem 1]). If T : X → X is a Borel measurable map on X ⊂ Rd,

and µ is a T -invariant probability measure on X, then for µ-almost every x ∈ X, we

have

lim inf
n→∞

n1/αd(T nx, x) = 0 for any α > lim inf
r→0

log µ(B(x, r))

log r
.

Boshernitzan’s result can be reformulated as: for µ-almost every x, there is a

constant c(x) > 0 such that

d(T nx, x) < c(x)n−1/α for infinitely many n ∈ N.

This then leads us to study the recurrence set

(1.1) R({rn}) := {x ∈ X : d(T nx, x) < rn for infinitely many n ∈ N},

where {rn} is a sequence of non-negative real numbers. One asks how large the size

of R({rn}) is in the sense of measure and in the sense of Hausdorff dimension. A

simple but important observation, which will be central to most of what follows, is

that R({rn}) and other related sets that we are interested in can be expressed as

lim sup sets, i.e.

R({rn}) =
∞⋂
N=1

∞⋃
n=N

{x ∈ X : d(T nx, x) < rn}.

For the size of R({rn}) in measure, one of the streams has been to obtain the µ-

measure of R({rn}), where µ is an (absolutely continuous) invariant measure with re-

spect to some Ahlfors regular measure. Specifically, one may expect that µ(R({rn}))
obeys a zero-one law according as the convergence or divergence of

∑∞
n=1 r

dimHX
n ,

where dimH stands for the Hausdorff dimension. Such a zero-one law, also referred to

as dynamical Borel–Cantelli lemma, has been verified in various setups. For example,

the case where X is a homogeneous self-similar set satisfying strong separation con-

dition was investigated by Chang, Wu and Wu [11]. Their result was subsequently

generalized by Baker and Farmer [4] to finite conformal iterated function systems sat-

isfying the open set condition, and further, by Hussain, Li, Simmons and Wang [21]

to more general conformal and expanding dynamical systems. Later on, the results

presented in [21] were refined by Kleinbock and Zheng [23]. It should be noticed that

all the results mentioned above are only applicable to conformal dynamical systems.

For non-conformal case, expanding integer matrix transformations were studied by

Kirsebom, Kunde and Persson [22], and certain transformations induced by self-affine

iterated function systems were investigated by Baker and Koivusalo [3].

On the other hand, Allen, Baker and Bárány [1] studied the recurrence rates for

shifts of finite type that hold µ-almost surely with respect to a Gibbs measure µ,

and presented a nearly complete description of the µ-measure of the recurrence set.
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It should be emphasised that they also showed in [1, Theorem 2.6] that for non-

uniform Gibbs measure, the convergence/divergence of the natural volume sum does

not always determine the measure of a recurrence set.

For the size of R({rn}) in Hausdorff dimension, it was first studied by Tan and

Wang [31] when the underlying dynamical system is the β-transformation. Since their

initial work on the Hausdorff dimension, many other cases have also been addressed.

We refer to [30] for conformal iterated function systems, to [36] for expanding Markov

maps, to [35] for certain self-affine maps, to [20] for the cat map, and to [37] for higher

dimensional β-transformation.

The studies mentioned above have a deep connection with the shrinking target

problems. Let {Sn} be a sequence of subsets of X. The shrinking target problems

concern the measure and the Hausdorff dimension of the set

(1.2) {x ∈ X : T nx ∈ Sn for infinitely many n ∈ N} =
∞⋂
N=1

∞⋃
n=N

T−nSn.

For more details on shrinking target problems we refer the reader to [2, 5, 12, 14, 16,

18, 19, 25, 26, 27, 34] and references therein. Of particular interest to us is the recent

work by Li, Liao, Velani and Zorin [25] in which the shrinking target problems for

the matrix transformations of tori were fully studied. In their paper [25], the authors

allowed the shrinking targets Sn to be hyperrectangles or hyperboloids and gave some

general conditions for a real, non-singular matrix transformation to guarantee that

the d-dimensional Lebesgue measure of the shrinking target set obeys a zero-one law.

In the case that Sn are hyperrectangles with sides parallel to the axes, they also

determined the Hausdorff dimension of the corresponding shrinking target set for

diagonal matrix transformation.

For the quantitative recurrence theory, little is known for the matrix transforma-

tion, except a recent work by Kirsebom, Kunde and Persson [22] in which a criterion

for determining the measure of the recurrence set was provided. However, the result

of [22] is valid only for expanding integer matrix transformation but not for expand-

ing real matrix transformation. The main purpose of this paper is to investigate the

more general setup in which T is a piecewise expanding map (including expanding real

matrix transformation) and the ‘targets’ are either hyperrectangles or hyperboloids.

We start with introducing some necessary notations and definitions. In the current

work, we takeX to be the unit cube [0, 1]d endowed with the maximum norm |·|, i.e. for
any x = (x1, . . . , xd) ∈ [0, 1]d, |x| = max{|x1|, . . . , |xd|}. Throughout this paper, we

adhere to the following notation. The closure, boundary, ε-neighbourhood, diameter,

and cardinal number of A will be denoted by A, ∂A, A(ε), |A| and #A, respectively.

The notations Ld and Ld−1 stand for the Lebesgue measures of dimensions d and

d− 1, respectively. The (d− 1)-dimensional upper and lower Minkowski contents are

defined, respectively as

M∗(d−1)(A) := lim sup
ϵ→0+

Ld(A(ϵ))
ϵ

and M (d−1)
∗ (A) := lim inf

ϵ→0+

Ld(A(ϵ))
ϵ

.
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If the (d− 1)-dimensional upper and lower Minkowski contents are equal, then their

common value is called the (d−1)-dimensional Minkowski content of A and is denoted

byMd−1(A). Note that if A is a closed (d−1)-rectifiable subset of Rd, i.e. the image of

a bounded set from Rd−1 under a Lipschitz function, then Md−1(A) exists and equals

to Hd−1(A) multiplied by a constant, where Hd−1 denotes the (d − 1)-dimensional

Hausdorff measure. For further details, see [13, 24] and references within.

Let us now specify the class of measure-preserving systems ([0, 1]d, T, µ) which we

can treat by our techniques.

Definition 1.1 (Piecewise expanding map). We say that T : [0, 1]d → [0, 1]d is a

piecewise expanding map if there is a finite family {Ui}Pi=1 of pairwise disjoint con-

nected open subsets in [0, 1]d with
⋃P
i=1 Ui = [0, 1]d such that the following statements

hold.

(i) For 1 ≤ i ≤ P , the map T |Ui
is injective and can be extended to a C1 map on

U i. Moreover, there exists a constant L > 1 such that

(1.3) inf
i

inf
x∈Ui

∥DxT∥ ≥ L,

where DxT is the differential of T at x determined by

lim
|z|2→0

|T (x+ z)− T (x)− (DxT )(z)|2
|z|2

= 0

and ∥DxT∥ := supz∈Rd |(DxT )(z)|2/|z|2. Here |z|2 =
√
z21 + · · ·+ z2d.

(ii) The boundary of Ui is included in a C1 piecewise embedded compact submanifold

of codimension one. In particular, there exists a constant K such that

max
1≤i≤P

M∗(d−1)(∂Ui) ≤ K.

Remark 1. Define

Fn = {Ui0 ∩ T−1Ui1 ∩ · · · ∩ T−(n−1)Uin−1 : 1 ≤ i0, i1, . . . , in−1 ≤ P}.

In Definition 1.1, the smoothness assumptions on the map T and the boundaries of

{Ui}Pi=1 are to facilitate the estimation of M∗(d−1)(∂Jn) for all Jn ∈ Fn (see Lemma

2.8).

Throughout, we will always assume that µ is an absolutely continuous (with respect

to the Lebesgue measure Ld) T -invariant probability measure. Under this assumption,

we see that

µ

( P⋃
i=1

Ui

)
= 1.

We will need the following definition taken from [25], which is a variation of [29,

Theorem 6.1].
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Definition 1.2 (Exponential mixing). For any collection C of measurable subsets F

of [0, 1]d satisfying

sup
F∈C

M∗(d−1)(∂F ) <∞,

there exist constants c > 0 and τ > 0 such that for any n and any F,G ∈ C, we have

(1.4) |µ(F ∩ T−nG)− µ(F )µ(G)| ≤ cµ(G)e−τn.

We consider two special families of sets that related to the setups of the classical

theory of Diophantine approximation. For any x ∈ [0, 1]d, r ∈ (R≥0)
d and δ > 0, let

R(x, r) :=
d∏
i=1

B(xi, ri)

and

H(x, δ) := x+ {z ∈ [−1, 1]d : |z1 · · · zd| < δ}.
The sets R(x, r) and H(x, δ) are usually called targets. Clearly, R(x, r) is a hyper-

rectangle with sides parallel to the axes and H(x, δ) is a hyperboloid. Let {rn} be a

sequence of vectors with rn = (rn,1, . . . , rn,d) ∈ (R≥0)
d and

(1.5) lim
n→∞

|rn| = 0.

Define

(1.6) R({rn}) =
∞⋂
N=1

∞⋃
n=N

{x ∈ [0, 1]d : T nx ∈ R(x, rn)}.

If all the entries of rn coincide, that is rn,1 = · · · = rn,d = rn, then R({rn}) is nothing
but R({rn}) defined in (1.1). Let {δn} be a sequence of non-negative real numbers

such that

(1.7) lim
n→∞

δn = 0.

Define

(1.8) R×({δn}) =
∞⋂
N=1

∞⋃
n=N

{x ∈ [0, 1]d : T nx ∈ H(x, δn)}.

We remark that we do not assume that the sequences {rn} and {δn} are non-

increasing. The definitions of R({rn}) and R×({δn}) are motivated respectively by

the weighted and multiplicative theories of classical Diophantine approximation. To

illustrate this, let T be a d × d non-singular matrix with real coefficients. Then, T

determines a self-map on [0, 1)d; namely, it sends x ∈ [0, 1)d to Tx mod 1. Here

and below, when T is a matrix, the notation T will denote both the matrix and the

transformation. Suppose that T = diag(β1, . . . , βd) is a diagonal matrix with |βi| > 1.

Then, for any x ∈ [0, 1]d, we have

(1.9) T nx ∈ R(x, rn) ⇐⇒ |Tβixi − xi| < rn,i for all 1 ≤ i ≤ d,
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and

T nx ∈ H(x, δn) ⇐⇒
d∏
i=1

|Tβixi − xi| < δn,

where Tβi is the standard β-transformation with β = βi given by

Tβx = βx− ⌊βx⌋.

Here ⌊·⌋ denotes the integer part of a real number.

Our main results are stated below.

Theorem 1.3. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. Suppose that µ

is exponential mixing and the density h of µ belongs to Lq(Ld) for some q > 1. Then,

µ(R({rn})) =

{
0 if

∑∞
n=1 rn,1 · · · rn,d <∞,

1 if
∑∞

n=1 rn,1 · · · rn,d = ∞.

Theorem 1.4. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. Suppose that µ

is exponential mixing, and that there exists an open set V with µ(V ) = 1 such that

the density h of µ, when restricted on V , is bounded from above by c ≥ 1 and bounded

from below by c−1. Then,

µ(R×({δn})) =

{
0 if

∑∞
n=1 δn(− log δn)

d−1 <∞,

1 if
∑∞

n=1 δn(− log δn)
d−1 = ∞.

Remark 2. As mentioned in [21, Remark 1.8], for the shrinking target problems, the

mixing property and the invariance property of µ can be applied directly to verify the

quasi-independence of the events {T−nSn} in (1.2). While for the recurrence theory,

the events in (1.6) and (1.8) cannot be expressed as the T -inverse images of some

sets, which makes the proofs of zero-one laws more involved. We will apply some of

the ideas from [21, 22], but the proofs are quite different due to the new setup.

Remark 3. The assumptions in Theorem 1.4 are stronger than those in Theorem 1.3.

According to our method, the shapes of targets do play a role in the proof. When the

targets are hyperrectangles with sides parallel to the axes, the Zygmund differentiation

theorem (see Theorem 2.3) is applicable, and Theorem 1.3 can be established under

a weaker assumption on µ. However, for the hyperboloid setup, to the best of our

knowledge, there does not exist an analogous differentiation theorem. Therefore, we

require a stronger condition on µ to establish Theorem 1.4.

Remark 4. Our method in proving Theorem 1.4 also allows us to study some more

general settings. More precisely, the targets {Hn} can be chosen as a sequence of

parallelepipeds or ellipsoids centered at the origin such that limn→∞ |Hn| = 0. We

stress that when Hn is a hyperrectangle, the sides of Hn are not required to be parallel

to the axes. By making some obvious modifications to the proof of Theorem 1.4, one

can show that the µ-measure of the set of points x satisfying T nx ∈ x + Hn for

infinitely many n ∈ N, is zero or one according as the convergence or divergence of
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the volume sum
∑∞

n=1 Ld(Hn). However, the proofs will be a bit lengthy without

yielding interesting applications, and thus will not be presented in this paper.

Remark 5. Let us focus on the one dimensional case for the moment. In this case,

the two sets R({rn}) and R×({δn}) are identical, and we write R({rn}) in place

of R({rn}) or R×({δn}). Since the geometry of [0, 1] is relatively simple, Theorem

1.3 still holds if the condition stated in Definition 1.1 (i) is relaxed to that T is

strictly monotonic and continuous on each Ui. The detailed discussion will be given in

Lemma 2.8 and Remark 12. In [22], Kirsebom, Kunde and Persson proved that under

some conditions similar to Theorem 1.3 but without assuming that T is piecewise

expanding,
∞∑
n=1

∫
µ(B(x, rn)) dµ(x) < +∞ =⇒ µ(R({rn})) = 0.

They also posed a question of whether the complementary divergence statement

holds. Our result indicates that this is not always the case. If one adds an extra

assumption to [22, Theorem C] that T is a piecewise monotone continuous func-

tion, then the µ-measure of R({rn}) is determined by the sum
∑∞

n=1 rn rather than∑∞
n=1

∫
µ(B(x, rn)) dµ(x). It is easily verified that

∞∑
n=1

∫
µ(B(x, rn)) dµ(x) < +∞ =⇒

∞∑
n=1

rn <∞.

However, the reverse implication is unclear.

As an immediate consequence of Theorem 1.3, we can extend the result of [22,

Theorem D] to some more general settings.

Theorem 1.5. Let T be a d×d real matrix with the modulus of all eigenvalues strictly

larger than 1. Suppose that T satisfies one of the following conditions.

(1) All eigenvalues of T are of modulus strictly larger than 1 +
√
d.

(2) T is diagonal.

(3) T is an integer matrix.

Then,

µ(R({rn})) =

{
0 if

∑∞
n=1 rn,1 · · · rn,d <∞,

1 if
∑∞

n=1 rn,1 · · · rn,d = ∞.

Remark 6. The conditions stated in items (1)–(3) are consistent with those stated

in [25, Theorems 3–5], respectively. As pointed out in [25, Proposition 1], Saussol’s

result [29, Theorem 6.1] implies that the absolutely continuous invariant measure µ

is exponential mixing if T satisfies one of the conditions specified in Theorem 1.5.

Moreover, Saussal [29, Proposition 3.4 and Theorem 5.1 (ii)] proved that the density

of µ is bounded from above. Hence, Theorem 1.3 applies.

Theorem 1.6. Let T be a d×d real matrix with the modulus of all eigenvalues strictly

larger than 1. Suppose that T satisfies one of the following conditions.
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(1) T is diagonal with all eigenvalues belonging to (−∞,−(
√
5+ 1)/2]∪ (1,+∞),

(2) T is an integer matrix.

Then,

µ(R×({δn})) =

{
0 if

∑∞
n=1 δn(− log δn)

d−1 <∞,

1 if
∑∞

n=1 δn(− log δn)
d−1 = ∞.

Remark 7. If T satisfies one of the conditions in Theorem 1.6, then the density of the

absolutely continuous invariant measure µ is bounded from above and bounded away

from zero. See [25, Proposition 2] for more details. Hence, we can apply Theorem

1.4.

We also address the Hausdorff dimension of the recurrence set in the case that T

is a diagonal matrix with the modulus of all eigenvalues |β1|, . . . , |βd| strictly larger

than 1. For 1 ≤ i ≤ d, let ψi : R≥0 → R≥0 be a positive and non-increasing function.

For convenience, let Ψ := (ψ1, . . . , ψd) and for n ∈ N let Ψ(n) := (ψ1(n), . . . , ψd(n)).

Define

R(Ψ) = {x ∈ [0, 1]d : |T nβixi − xi| < ψi(n) (1 ≤ i ≤ d) for infinitely many n ∈ N}.

By (1.9), it is easily seen that x ∈ R(Ψ) if and only if T nx ∈ R(x,Ψ(n)) for infinitely

many n ∈ N. We stress that the targets R(x,Ψ(n)) are hyperrectangles whose sides

are parallel to the axes.

It turns out that the Hausdorff dimension of R(Ψ) depends on the set U(Ψ) of

accumulation points t = (t1, . . . , td) of the sequence
{(

− logψ1(n)
n

, . . . ,− logψd(n)
n

)}
n≥1

.

Theorem 1.7. Let T be a real matrix transformation of [0, 1]d. Suppose that T is

diagonal with all eigenvalues β1, . . . , βd of modulus strictly larger than 1. For 1 ≤ i ≤
d, let ψi : R≥0 → R≥0 be a positive and non-increasing function. Assume that U(Ψ)

is bounded. Then,

(1.10) dimH R(Ψ) = sup
t∈U(Ψ)

min
1≤i≤d

θi(t),

where

θi(t) :=
∑

k∈K1(i)

1 +
∑

k∈K2(i)

(
1− tk

log |βi|+ ti

)
+

∑
k∈K3(i)

log |βk|
log |βi|+ ti

and, in turn

K1(i) := {1 ≤ k ≤ d : log |βk| > log |βi|+ ti},

K2(i) := {1 ≤ k ≤ d : log |βk|+ tk ≤ log |βi|+ ti}
and

K3(i) := {1, . . . , d} \ (K1(i) ∪ K2(i)).

Remark 8. The monotonicity is only used to prove the lower bound of dimH R(Ψ),

since our method involves using the approximation of Markov subsystems. This

condition can be removed if each βi is positive. In this case, one can instead use the
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result of Bugeaud and Wang [10, Theorem 1.2] to obtain the desired lower bound.

We refer to [25, Proof of Proposition 5] for more details.

Remark 9. Under the setting of Theorem 1.7, Li, Liao, Velani and Zorin [25, §5.2]
proved that the Hausdorff dimension of shrinking target set

W (Ψ) := {x ∈ [0, 1]d : |T nβixi − yi| < ψi(n) (1 ≤ i ≤ d) for infinitely many n ∈ N}

is greater than or equal to the right of (1.10). When βi > 1 for 1 ≤ i ≤ d, they

further showed that the upper bound of dimHW (Ψ) coincides with this lower bound

by utilizing the result of Bugeaud and Wang [10, Theorem 1.2]. It is worth noting

that the method employed in establishing the upper bound of dimH R(Ψ) does not

rely on Bugeaud and Wang’s result and can also be applied to obtain the desired

upper bound for dimHW (Ψ). Consequently, under the setting of Theorem 1.7, we

have

dimHW (Ψ) = sup
t∈U(Ψ)

min
1≤i≤d

θi(t),

which affirmatively answers a question raised in [25, Claim 1].

Remark 10. Note that the setsW (Ψ) and R(Ψ) share the same dimensional formulae.

So, one would like to treat the dimensions of these two sets in a unified way by

considering the following set

W (Ψ, f) := {x ∈ [0, 1]d : T nx ∈ R(f(x),Ψ(n)) for infinitely many n ∈ N},

where f is a Lipschitz function and T is a diagonal matrix given in Theorem 1.7. Yuan

and Wang [37, Theorem 1.1] proved that under the condition βi > 1 for 1 ≤ i ≤ d,

dimHW (Ψ, f) also equals to the right of (1.10). However, when βi < −1 for some

1 ≤ i ≤ d, the Hausdorff dimension of W (Ψ, f) remains unknown except for two

special cases f(x) = x and f(x) ≡ y discussed above. We can obtain the upper

bound of dimHW (Ψ, f) by applying the same techniques in our present paper. But

our method using the approximation of Markov subsystems fails in obtaining the

lower bound.

Our paper is organized as follows. The convergence part of Theorem 1.3 is given

in Section 2.1. The divergence part will be proved in Section 2.2. More precisely, we

first introduce a sequence of auxiliary sets Ên and estimate their measures in Section

2.2.1, and then estimate the correlations of these sets in Section 2.2.2. This combined

with a technical argument allows us to conclude the divergence part of Theorem 1.3

in Section 2.2.3. In Section 3, we adopt a similar but more direct approach compared

to the proof of Theorem 1.3 to establish Theorem 1.4. The last section is reserved for

determining the Hausdorff dimension of R(Ψ).

Acknowledgements. The authors are very grateful to the anonymous referees for

their patience and efforts to improve the quality of the manuscript.
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2. Proof of Theorem 1.3

Throughout this section, we will always assume that µ is exponential mixing and

the density h of µ belongs to Lq(Ld) for some q > 1. Besides, we fix the collection C1
of subsets F ⊂ [0, 1]d satisfying the bounded property

(P1) : sup
F∈C1

M∗(d−1)(∂F ) < 4d(
√
d)d−1 +

K

1− L−(d−1)
,

where L and K are constants given in Definition 1.1. For any hyperrectangle R ⊂
[0, 1]d, its boundary consists of 2d hyperrectangles of dimension d−1, each of which has

(d− 1)-dimensional Hausdorff measure less than (
√
d)d−1. Here we use the fact that

the largest sidelength of any hyperrectangle in the unit hypercube does not exceed√
d. Thus, M∗(d−1)(∂R) ≤ 2d(

√
d)d−1 and the family of hyperrectangles contained in

[0, 1]d satisfies the bounded property (P1).

2.1. Convergence part. This subsection is devoted to proving the following propo-

sition that applies to the convergence part of Theorem 1.3.

Proposition 2.1. If
∑∞

n=1 rn,1 · · · rn,d <∞ ,then

µ(R({rn})) = 0.

Note that R({rn}) = lim supEn, where

En := {x ∈ [0, 1]d : T nx ∈ R(x, rn)}.

We follow the idea from [21, Lemma 2.2] that when considering En locally, the set

En can be approximated by a hyperrectangle intersecting with the n-th inverse of

another hyperrectangle.

Lemma 2.2. Let R(x, r) be a hyperrectangle with center x = (x1, . . . , xd) ∈ [0, 1]d

and r = (r1, . . . , rd) ∈ (R≥0)
d. Then, for any subset F of R(x, r),

(2.1) F ∩ T−nR(x, rn − r) ⊂ F ∩ En ⊂ F ∩ T−nR(x, rn + r).

Proof. Fix a point z = (z1, . . . , zd) ∈ F ∩ En. Then, z ∈ R(x, r) and T nz ∈ R(z, rn).

Write T nz = (z′1, . . . , z
′
d). It follows that for any 1 ≤ i ≤ d,

|zi − xi| < ri and |z′i − zi| < rn,i.

By using the triangle inequality, one has

|z′i − xi| < |z′i − zi|+ |zi − xi| < rn,i + ri for 1 ≤ i ≤ d.

This implies T nz ∈ R(x, rn + r). Therefore,

F ∩ En ⊂ F ∩ T−nR(x, rn + r).

The first inclusion is obvious if the set on the left-hand side of (2.1) is empty. If it is

non-empty, the proof for this case follows a similar approach as described above. □
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Since the density h of µ may be unbounded, the µ-measures of hyperrectangles

depend on their location. A differentiation theorem due to Zygmund states that if h

belongs to Lq(Ld) for some q > 1, then for µ-almost all points x, the µ-measure of a

small hyperrectangle R with center x and sides parallel to the axes is roughly equal

to the volume of R multiplied by h(x). The proof can be found in [17, Theorem 2.29].

Theorem 2.3 (Zygmund differentiation theorem). Let {rn} be a sequence of positive

vectors with limn→∞ |rn| → 0. If f ∈ Lq(Ld) for some q > 1, then

lim
n→∞

∫
R(x,rn)

f(z) dLd(z)
Ld(R(x, rn))

= f(x) for Ld-a.e.x.

Remark 11. Zygmund differentiation theorem works only for hyperrectangles with

sides parallel to the axes, but not for other cases in general. If one allows the hyper-

rectangles to have different rotations then Theorem 2.3 no longer holds.

Now, let us go back to the proof of Proposition 2.1. Since h belongs to Lq(Ld) for
some q > 1, by Theorem 2.3,

0 ≤ lim
n→∞

µ(R(x, 2rn))

Ld(R(x, 2rn))
= lim

n→∞

µ(R(x, 2rn))

4drn,1 · · · rn,d
= h(x) <∞ for µ-a.e.x ∈ [0, 1]d.

This implies that

(2.2) µ

( ∞⋃
k=1

∞⋃
l=1

Z(k, l)

)
= 1,

where

Z(k, l) := {x ∈ [0, 1]d : µ(B(x, 2rn)) ≤ krn,1 · · · rn,d for all n ≥ l}.

Proof of Proposition 2.1. By (2.2), we fix one Z(k, l) with µ(Z(k, l)) > 0. Let n ∈ N
with n ≥ l. We will inductively define a finite family {R(xi, rn) : xi ∈ Z(k, l)}i∈I of

hyperrectangles such that the union of these hyperrectangles covers Z(k, l), and that

the collection of ‘1/2-scaled up’ hyperrectangles {R(xi, rn/2)}i∈I is pairwise disjoint.

Choose x1 ∈ Z(k, l) and let R(x1, rn) be a hyperrectangle centered at x1. Induc-

tively, assume that R(x1, rn), . . . , R(xj, rn) have been defined for some j ≥ 1. If the

union
⋃
i≤j R(xi, rn) does not cover Z(k, l), let xj+1 ∈ Z(k, l)\

⋃
i≤j R(xi, rn). Other-

wise, we set I = {1, . . . , j} and terminate the inductive definition. It remains to show

that {R(xi, rn/2)}i∈I is pairwise disjoint. For any i and j with i < j, by definition

we have xj /∈ R(xi, rn). Therefore, R(xi, rn/2) ∩R(xj, rn/2) = ∅.
The disjointness of {R(xi, rn/2)}i∈I implies that

(2.3) #I ≤ (rn,1 · · · rn,d)−1.

By Lemma 2.2, we have

Z(k, l) ∩ En ⊂
⋃
i∈I

R(xi, rn) ∩ En ⊂
⋃
i∈I

R(xi, rn) ∩ T−nR(xi, 2rn).
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Recall that τ is a constant given in the definition of exponential mixing (see (1.4)).

Using the exponential mixing property of µ, (2.3) and the definition of Z(k, l), we

have

µ(Z(k, l) ∩ En) ≤
∑
i∈I

µ(R(xi, rn) ∩ T−nR(xi, 2rn))

≤
∑
i∈I

(
µ(R(xi, rn)) + ce−τn

)
µ(R(xi, 2rn))

≤ (rn,1 · · · rn,d)−1 · (krn,1 · · · rn,d + ce−τn) · krn,1 · · · rn,d
= k(krn,1 · · · rn,d + ce−τn).

Since the sum
∑∞

n=1 rn,1 · · · rn,d converges, we get
∞∑
n=1

µ(Z(k, l) ∩ En) <∞.

By Borel–Cantelli lemma, µ(Z(k, l)∩R({rn})) = 0. Finally, it follows from (2.2) that

µ(R({rn})) = 0. □

2.2. Divergence part. In the sequel, we assume that
∑∞

n=1 rn,1 · · · rn,d = ∞. With-

out loss of generality, we further assume that for all n ∈ N, either rn,i is greater than
n−2 for all 1 ≤ i ≤ d, or equal to 0 for all 1 ≤ i ≤ d. We will prove that the set

R({rn}) has full µ-measure under these assumptions. In fact, note that

(2.4) lim sup
n : ∀i, rn,i>n−2

En ⊂ lim sup
n→∞

En

and ∑
n : ∀i, rn,i>n−2

rn,1 · · · rn,d = ∞ ⇐⇒
∞∑
n=1

rn,1 · · · rn,d = ∞.

Then, the original set R({rn}) will be of full measure provided that the set in the

left of (2.4) has full measure.

2.2.1. A sequence of auxiliary sets Ên.

Since the density h of µ may be unbounded, instead of the sets En, it is more

suitable to study the following auxiliary sets Ên. The idea of the constructions of

Ên originates from [22]. For any x ∈ [0, 1]d and n ∈ N, let ln(x) ∈ R≥0 be the

non-negative number such that µ(R(x, ln(x)rn)) = rn,1 · · · rn,d. Let

ξn(x) := ln(x)rn ∈ (R≥0)
d.

Then R(x, ξn(x)) is a hyperrectangle obtained by scaling R(x, rn) by a factor ln(x).

Define

Ên := {x ∈ [0, 1]d : T nx ∈ R(x, ξn(x))} and R̂({rn}) := lim sup
n→∞

Ên.

The next lemma decribes some local structures of Ên which are similar to those of

En.
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Lemma 2.4. Let R(x, r) be a hyperrectangle with center x ∈ [0, 1]d and r = (r1, . . . , rd) ∈
(R≥0)

d. Then, for any n ∈ N with rn ̸= 0 and any subset F of R(x, r), we have

(2.5) F ∩ T−nR(x, ξn(x)− 2trn) ⊂ F ∩ Ên ⊂ F ∩ T−nR(x, ξn(x) + 2trn),

where t = max1≤i≤d(ri/rn,i).

Proof. Since ri = (ri/rn,i) · rn,i ≤ trn,i, for any z ∈ F , we have

(2.6) z ∈ F ⊂ R(x, r) ⊂ R(x, trn).

Then, by the triangle inequality

R(z, ξn(x)− trn) ⊂ R(x, ξn(x)) ⊂ R(z, ξn(x) + trn).

Hence,

µ(R(z, ξn(x)− trn)) ≤ µ(R(x, ξn(x))) = rn,1 · · · rn,d ≤ µ(R(z, ξn(x) + trn)).

By the definitions of ln(z) and ξn(z), the above inequalities imply that

ln(x)− t ≤ ln(z) ≤ ln(x) + t,

and so

(2.7) R(z, ξn(x)− trn) ⊂ R(z, ξn(z)) ⊂ R(z, ξn(x) + trn).

If z also belongs to Ên, then T
nz ∈ R(z, ξn(z)). We then deduce from (2.6) and (2.7)

that

T nz ∈ R(z, ξn(z)) ⊂ R(z, ξn(x) + trn) ⊂ R(x, ξn(x) + 2trn).

That is, z ∈ T−nR(x, ξn(x) + 2trn). Therefore,

F ∩ Ên ⊂ F ∩ T−nR(x, ξn(x) + 2trn).

The first inclusion is obvious if the set on the left-hand side of (2.5) is empty. If it is

non-empty, the proof for this case follows a similar approach as described above. □

We need to calculate the measures of the hyperrectangles appearing in Lemma 2.4.

Lemma 2.5. Write s = 1− 1/q. For any r = (r1, . . . , rd) ∈ (R≥0)
d, we have

µ(R(x, ξn(x) + r)) ≤ rn,1 · · · rn,d + c1 · max
1≤i≤d

rsi ,

µ(R(x, ξn(x)− r)) ≥ rn,1 · · · rn,d − c1 · max
1≤i≤d

rsi ,

where c1 = 2d∥h∥q, and ∥h∥q := (
∫
|h|q dLd)1/q is the Lq-norm of h.

Proof. We prove the first inequality only, as the second one follows similarly. For any

measurable set F ⊂ [0, 1]d, by Hölder’s inequality, we have

(2.8) µ(F ) =

∫
χF dµ =

∫
χF · h dLd ≤ ∥h∥q · Ld(F )1−1/q = ∥h∥q · Ld(F )s.
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Since the annulus R(x, ξn(x) + r) \ R(x, ξn(x)) is contained in 2d hyperrectangles,

each of them having volume less than max1≤i≤d ri, by (2.8) we have

µ(R(x, ξn(x) + r)) = µ(R(x, ξn(x))) + µ(R(x, ξn(x) + r) \R(x, ξn(x)))
≤ rn,1 · · · rn,d + ∥h∥q · Ld(R(x, ξn(x) + r) \R(x, ξn(x)))s

≤ rn,1 · · · rn,d + ∥h∥q · 2d · max
1≤i≤d

rsi . □

We state and prove some estimates on the measure of Ên that are necessary for the

proof of the divergence part of Theorem 1.3.

Lemma 2.6. Let B ⊂ [0, 1]d be a ball. Then, for any large n,

1

2
µ(B) · rn,1 · · · rn,d ≤ µ(B ∩ Ên) ≤ 2µ(B) · rn,1 · · · rn,d.

Proof. If rn = 0, then µ(B ∩ Ên) = 0 and the lemma follows.

Now, suppose rn ̸= 0. Recall that a ball here is with respect to the maximum

norm and thus corresponds to a Euclidean hypercube. Denote the radius of B by r0.

Partition B into rd0 · eτn/2 balls1 with radius r := e−τn/(2d). The collection of these

balls is denoted by

{B(xi, r) : 1 ≤ i ≤ rd0e
τn/2}.

Let t = max1≤i≤d(r/rn,i). By Lemma 2.4, we have

(2.9) B ∩ Ên =
⋃

i≤rd0eτn/2

B(xi, r) ∩ Ên ⊃
⋃

i≤rd0eτn/2

B(xi, r) ∩ T−nR(xi, ξn(xi)− 2trn).

Applying the exponential mixing property and Lemma 2.5, we have

µ(B ∩ Ên) ≥
∑

i≤rd0eτn/2

µ(B(xi, r) ∩ T−nR(xi, ξn(xi)− 2trn))

≥
∑

i≤rd0eτn/2

(
µ(B(xi, r))− ce−τn

)
µ(R(xi, ξn(xi)− 2trn))

≥
∑

i≤rd0eτn/2

(
µ(B(xi, r))− ce−τn

)
(rn,1 · · · rn,d − c1(2t)

s)

= (µ(B)− crd0e
−τn/2)(rn,1 · · · rn,d − c1(2t)

s),(2.10)

where we use limn→∞ |rn| = 0 < 1 (see equation (1.5)) in the third inequality. Since

rn ̸= 0, by our assumption on the sequence {rn} we have rn,i ≥ n−2 for 1 ≤ i ≤ d.

Hence,

t = max
1≤i≤d

r

rn,i
≤ n2e−2τn/d.

1Since rd0 · eτn/2 is not necessarily an integer, we need to define r = r0/[r0e
−τn/2d] so that B

can be partitioned into [r0e
τn/2]d balls of radius r. However, to improve the readability we let the

correct definition be implicitly understood throughout the proof. The outcome is invariant under

this abuse of notation. The same idea is also adopted in other proofs.
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Substituting the upper bound for t to (2.10), we deduce that for all large n,

µ(B ∩ Ên) ≥
1

2
µ(B) · rn,1 · · · rn,d.

The upper estimation for µ(Ên) can be proved by replacing (2.9) with

B ∩ Ên =
⋃

i≤rd0eτn/2

B(xi, r) ∩ Ên ⊂
⋃

i≤rd0eτn/2

B(xi, r) ∩ T−nR(xi, ξn(xi) + 2trn). □

2.2.2. Estimating the measure of B ∩ Êm ∩ Ên with m < n.

We proceed to estimate the correlations of the sets Ên. Let m,n ∈ N with m < n.

If rm = 0 or rn = 0, then µ(Êm) = µ(Ên) = 0. Thus, for any ball B, we have

µ(B ∩ Êm ∩ Ên) = 0.

Here and below, we assume that neither rm nor rn is 0. Then, according to the

assumptions at the beginning of Section 2.2, we have rm,i > m−2 and rn,i > n−2 for

1 ≤ i ≤ d.

The next lemma is needed to show that the sets in question satisfy the bounded

property (P1).

Lemma 2.7 ([13, Lemma 3.2.38] and [24, Proposition 3.3.5]). Suppose that f : Rd →
Rd is C1 and the boundary of A is included in a C1 piecewise embedded compact

submanifold of codimension one. Then,

M∗(d−1)(∂(f(A))) ≤
(
sup
x∈A

∥Dxf∥
)d−1

M∗(d−1)(∂A).

Now, we use the estimate from Lemma 2.7 to deduce the following lemma. Recall

the notation Fn in Remark 1.

Lemma 2.8. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. For any n ≥ 1,

any Jn ∈ Fn, and any hyperrectangles R1, R2 ⊂ [0, 1]d, we have

M∗(d−1)
(
∂(Jn ∩R1 ∩ T−nR2)

)
≤ 4d+

K

1− L−(d−1)
,

where L and K are constants given in Definition 1.1.

Proof. Suppose d = 1. In this case both R1 and R2 are intervals. Since each Ui is

connected, this means that Ui is an open interval. Definition 1.1 (i) indicates that T is

strictly monotonic and continuous on each Ui. It is easily verified that Jn∩R1∩T−nR2

is either empty or an interval. Hence,

M∗(d−1)(∂(Jn ∩R1 ∩ T−nR2)) ≤ 2.

Now, suppose d ≥ 2. We claim that for any Jn ∈ Fn,

(2.11) M∗(d−1)(∂Jn) ≤ K
1− L−(d−1)n

1− L−(d−1)
.

We proceed by induction. For n = 1, this is implied by Definition 1.1 (ii).
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Assume that (2.11) holds for some n ≥ 1. We will prove that (2.11) holds for n+1.

Write Jn+1 = Jn∩T−n(Uin), where Jn ∈ Fn and 1 ≤ in ≤ P . Since for any 1 ≤ i ≤ P ,

T |Ui
can be extended to a C1 map on Ui, the map T n|Jn : Jn → T nJn can also be

extended to a C1 map on Jn. Moreover, the inverse of T n|Jn , denoted by T−n|TnJn ,

exists and is also a C1 map. By (1.3), we have

(2.12) sup
x∈Jn

∥Dx(T
−n|TnJn)∥ ≤ L−n.

Since T−n|TnJn is invertible and C1, we have

∂Jn+1 = ∂(Jn ∩ T−n(Uin))

= ∂(T−n|TnJn(T
nJn ∩ Uin))

= T−n|TnJn(∂(T
nJn ∩ Uin)).(2.13)

Clearly, ∂(T nJn ∩ Uin) ⊂ ∂(T nJn) ∪ ∂Uin . The boundary ∂(T nJn ∩ Uin) can be

decomposed into a union of two closed sets A1 = ∂(T nJn ∩ Uin) ∩ ∂(T nJn) and

A2 = ∂(T nJn ∩ Uin) ∩ ∂Uin . Substituting this decomposition into (2.13), we obtain

∂Jn+1 = T−n|TnJn(A1 ∪ A2) = T−n|TnJn(A1) ∪ T−n|TnJn(A2)

⊂ T−n|TnJn(∂(T
nJn)) ∪ T−n|TnJn(A2)

= ∂Jn ∪ T−n|TnJn(A2).

Since both ∂Jn and A2 are C1 piecewise embedded compact submanifolds of codi-

mension one, it follows from Lemma 2.7 and (2.12) that

M∗(d−1)(∂Jn+1) ≤M∗(d−1)(∂Jn ∪ T−n|TnJn(A2))

≤M∗(d−1)(∂Jn) + L−(d−1)nM∗(d−1)(A2)

≤M∗(d−1)(∂Jn) + L−(d−1)nM∗(d−1)(∂Uin)(2.14)

≤M∗(d−1)(∂Jn) +KL−(d−1)n.

Using the inductive hypothesis, we prove the claim.

By the same reason as (2.14), we have

M∗(d−1)(∂(Jn ∩R1 ∩ T−nR2)) ≤M∗(d−1)(∂R1) +M∗(d−1)(∂(Jn ∩ T−nR2))

≤ 2d+M∗(d−1)(∂Jn) + L−(d−1)nM∗(d−1)(∂R2)

≤ 2d+K
1− L−(d−1)(n−1)

1− L−(d−1)
+ 2dL−(d−1)n

≤ 4d+
K

1− L−(d−1)
,

which completes the proof of the lemma. □

Remark 12. When d = 1, the condition on T stated in Definition 1.1 (i) can be relaxed

to that T is strictly monotonic and continuous on each Ui. We can draw the same

conclusion as Lemma 2.8 under this weaker condition.
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Since the sets under consideration satisfy the bounded property (P1), we have the

following first correlation estimate.

Lemma 2.9. Let B ⊂ [0, 1]d be a ball. Then, there exists a constant c2 such that for

any sufficiently large integers m and n with 8d2 log n/(sτ) ≤ m < n, we have

µ(B ∩ Êm ∩ Ên) ≤ c2µ(B)(rm,1 · · · rm,d + e−τ(n−m)) · rn,1 · · · rn,d.

Proof. Let r0 be the radius of B. Partition B into rd0e
τm/2 balls with radius r :=

e−τm/(2d). The collection of these balls is denoted by

{B(xi, r) : 1 ≤ i ≤ rd0e
τm/2}.

Let tm = max1≤i≤d(r/rm,i) and tn = max1≤i≤d(r/rn,i). For each ball B(xi, r), by

Lemma 2.4 we have

B(xi, r)∩ Êm∩ Ên ⊂ B(xi, r)∩T−mR(xi, ξm(xi)+2tmrm)∩T−nR(xi, ξn(xi)+2tnrn).

Hence,

B ∩ Êm ∩ Ên

⊂
⋃

i≤rd0eτm/2

B(xi, r) ∩ T−mR(xi, ξm(xi) + 2tmrm) ∩ T−nR(xi, ξn(xi) + 2tnrn).
(2.15)

For notational simplicity, write

Ri(m) = R(xi, ξm(xi) + 2tmrm) and Ri(n) = R(xi, ξn(xi) + 2tnrn).

By Lemma 2.8, the sets Jn−m ∩Ri(m) ∩ T−(n−m)Ri(n) satisfy the bounded property

(P1). Applying the exponential mixing property, we have

µ
(
B(xi, r) ∩ T−mRi(m) ∩ T−nRi(n)

)
(2.16)

=
∑

Jn−m∈Fn−m

µ
(
B(xi, r) ∩ T−m(Jn−m ∩Ri(m) ∩ T−(n−m)Ri(n))

)
≤

∑
Jn−m∈Fn−m

(
µ(B(xi, r)) + ce−τm

)
µ(Jn−m ∩Ri(m) ∩ T−(n−m)Ri(n))

=
(
µ(B(xi, r)) + ce−τm

)
µ(Ri(m) ∩ T−(n−m)Ri(n))

≤
(
µ(B(xi, r)) + ce−τm

)(
µ(Ri(m)) + ce−τ(n−m)

)
µ(Ri(n)).(2.17)

By Lemma 2.5, (2.17) is majorized by(
µ(B(xi, r)) + ce−τm

)
(rm,1 · · · rm,d + c1(2tm)

s + ce−τ(n−m))(rn,1 · · · rn,d + c1(2tn)
s).

Summing over i ≤ rd0e
τm/2, we have

µ(B ∩ Êm ∩ Ên) ≤
(
µ(B) + crd0e

−τm/2)(rm,1 · · · rm,d + c1(2tm)
s + ce−τ(n−m))

· (rn,1 · · · rn,d + c1(2tn)
s).

(2.18)

Since rm,i > m−2 and rn,i > n−2, it follows from r = e−τm/(2d) that

tm = max
1≤i≤d

e−τm/(2d)

rm,i
≤ m2e−τm/(2d),
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and from 8d2 log n/(sτ) ≤ m < n and s = 1− 1/q < 1 that

tsn =

(
max
1≤i≤d

e−τm/(2d)

rn,i

)s

≤ n2se−sτm/(2d) ≤ n2se−4d logn ≤ n2−4d

≤ n−2d ≤ rn,1 · · · rn,d.

Thus, there exists a constant c2 such that for any sufficiently large integers m and n

with 8d2 log n/(sτ) ≤ m < n, we have

µ(B ∩ Êm ∩ Ên) ≤ c2µ(B)(rm,1 · · · rm,d + e−τ(n−m)) · rn,1 · · · rn,d. □

Kirsebom, Kunde and Persson [22, Lemma 4.2] obtained some similar estimates of

the correlations of the sets Ên when d = 1. As hinted in their paper, these estimates

are not sufficient to conclude the divergence part of Theorem 1.3. To get around this

barrier, we need the following lemma, which helps us estimate the correlations of the

sets Ên for the case m ≤ 8d2 log n/(sτ).

Lemma 2.10. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. Then, there

exists a constant c3 such that for any integers m and n with m ≤ 8d2 log n/(sτ), and

any hyperrectangles R1, R2, R3 ⊂ [0, 1]d, we have

µ(R1 ∩ T−mR2 ∩ T−nR3) ≤
(
µ(R1 ∩ T−mR2) + c3e

−τn/2)µ(R3).

Proof. It is clear that

µ(R1 ∩ T−mR2 ∩ T−nR3) =
∑

Jm∈Fm

µ(Jm ∩R1 ∩ T−mR2 ∩ T−nR3).

By Lemma 2.8, the sets Jm∩R1∩T−mR2 satisfy the bounded property (P1). Applying

the exponential mixing property, we have∑
Jm∈Fm

µ(Jm ∩R1 ∩ T−mR2 ∩ T−nR3)

≤
∑

Jm∈Fm

(
µ(Jm ∩R1 ∩ T−mR2) + ce−τn

)
µ(R3)

=
(
µ(R1 ∩ T−mR2) + #Fm · ce−τn

)
µ(R3).(2.19)

Since m ≤ 8d2 log n/(sτ), we have

#Fm ≤ Pm ≤ n8d2 logP/(sτ).

Applying this upper bound for #Fm to (2.19), we complete the proof. □

We are ready to estimate the correlations of the sets Ên for the casem ≤ 8d2 log n/(sτ).

Lemma 2.11. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. Let B ⊂ [0, 1]d

be a ball. Then, there exists a constant c4 such that for all integers m and n with

m ≤ 8d2 log n/(sτ), we have

µ(B ∩ Êm ∩ Ên) ≤ c4(µ(B) + e−τm/2) · rm,1 · · · rm,d · rn,1 · · · rn,d.
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In particular, if m ≥ −2 log µ(B)
τ

, then

µ(B ∩ Êm ∩ Ên) ≤ 2c4µ(B) · rm,1 · · · rm,d · rn,1 · · · rn,d.

Proof. Denote by r0 the radius of B. Partition B into rd0e
τn/4 balls with radius

r1 := e−τn/(4d). The collection of these balls is denoted by

{B(xi, r1) : 1 ≤ i ≤ rd0e
τn/4}.

Let um = max1≤i≤d(r1/rm,i) and un = max1≤i≤d(r1/rn,i). For each ball B(xi, r1),

by Lemma 2.4 we have

B(xi, r1) ∩ Êm ∩ Ên
⊂B(xi, r1) ∩ T−mR(xi, ξm(xi) + 2umrm) ∩ T−nR(xi, ξn(xi) + 2unrn).

Hence,

(2.20) B ∩ Êm ∩ Ên ⊂
⋃

i≤rd0eτn/4

Gi ∩ T−nR(xi, ξn(xi) + 2unrn),

where

Gi = B(xi, r1) ∩ T−mR(xi, ξm(xi) + 2umrm).

By (2.20) and Lemmas 2.5 and 2.10 we have

µ(B ∩ Êm ∩ Ên) ≤
∑

i≤rd0eτn/4

µ(Gi ∩ T−nR(xi, ξn(xi) + 2unrn))

≤
∑

i≤rd0eτn/4

(
µ(Gi) + c3e

−τn/2)µ(R(xi, ξn(xi) + 2unrn))

≤
∑

i≤rd0eτn/4

(
µ(Gi) + c3e

−τn/2)(rn,1 . . . rn,d + c1(2un)
s)

=
( ∑
i≤rd0eτn/4

µ(Gi) + c3r
d
0e

−τn/4
)
(rn,1 . . . rn,d + c1(2un)

s).(2.21)

It should be noticed that one cannot directly apply the exponential mixing property

to Gi. Because, if we do so, then after summering over all i ≤ rd0e
τn/4, we will get

an error term crd0e
τ(n/4−m), which is much larger than 1. Therefore, before applying

exponential mixing property, it is necessary to manipulate the summation in (2.21)

into an appropriate form to obtain the desired upper bound.

Partition B into rd0e
τm/2 balls with radius r2 := e−τm/(2d). Denote the collection of

these balls by

{B(zj, r2) : 1 ≤ j ≤ rd0e
τm/2}.

Let vm = max1≤i≤d(r2/rm,i). By definition, one has vm ≥ um. For any x ∈
B(zj, r2) ∩Gi, we have

Tmx ∈ R(xi, ξm(xi) + 2umrm) and xi ∈ B(zj, r1 + r2) ⊂ R(zj, (um + vm)rm).
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Hence,

Tmx ∈ R(xi, ξm(xi) + 2umrm) ⊂ R(zj, ξm(xi) + 3umrm + vmrm)

⊂ R(zj, ξm(xi) + 4vmrm).(2.22)

On the other hand, since

R(zj, ξm(xi)− 2vmrm) ⊂ R(zj, ξm(xi)− (um + vm)rm) ⊂ R(xi, ξm(xi)),

we have

µ(R(zj, ξm(xi)− 2vmrm)) ≤ µ(R(xi, ξm(xi))) = rm,1 · · · rm,d,

which means that

lm(zj) ≥ lm(xi)− 2vm.

This together with (2.22) gives that

Tmxi ∈ R(zj, ξm(xi) + 4vmrm) ⊂ R(zj, ξm(zj) + 6vmrm),

and further that

B(zj, r2) ∩B(xi, r1) ∩ T−mR(xi, ξm(xi) + 2umrm)

⊂B(zj, r2) ∩ T−mR(zj, ξm(zj) + 6vmrm).

Therefore, ⋃
i≤rd0eτn/4

B(xi, r1) ∩ T−mR(xi, ξm(zj) + 2umrm)

⊂
⋃

j≤rd0eτm/2

B(zj, r2) ∩ T−mR(zj, ξm(zj) + 6vmrm).
(2.23)

With this inclusion and noting that the top of (2.23) is a disjoint union, we have∑
i≤rd0eτn/4

µ(B(xi, r1) ∩ T−mR(xi, ξm(xi) + 2umrm))

= µ
( ⋃
i≤rd0eτn/4

B(xi, r1) ∩ T−mR(xi, ξm(xi) + 2umrm)
)

≤ µ
( ⋃
j≤rd0eτm/2

B(zj, r2) ∩ T−mR(zj, ξm(xi) + 6vmrm)
)

≤
∑

j≤rd0eτm/2

µ(B(zj, r2) ∩ T−mR(zj, ξm(xi) + 6vmrm)).(2.24)

By the exponential mixing property and Lemma 2.5,∑
j≤rd0eτm/2

µ(B(zj, r2) ∩ T−mR(zj, ξm(xi) + 6vmrm))

≤
∑

j≤rd0eτm/2

(µ(B(zj, r2)) + ce−τm)µ(R(zj, ξm(xi) + 6vmrm))
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≤
∑

j≤rd0eτm/2

(µ(B(zj, r2)) + ce−τm)(rm,1 · · · rm,d + c1(6vm)
s)

= (µ(B) + crd0e
−τm/2)(rm,1 · · · rm,d + c1(6vm)

s).(2.25)

Combining with (2.21), (2.24) and (2.25), we have

µ(B ∩ Êm ∩ Ên) ≤
(
(µ(B) + crd0e

−τm/2)(rm,1 · · · rm,d + c1(6vm)
s) + c3r

d
0e

−τn/4)
· (rn,1 . . . rn,d + c1(2un)

s).

Note that rm,i > m−2 and rn,i > n−2. It follows from r1 = e−τn/(4d) and r2 = e−τm/(2d)

that

vm = max
1≤i≤d

e−τm/(2d)

rm,i
≤ m2e−τm/(2d) and un = max

1≤i≤d

e−τn/(4d)

rn,i
≤ n2e−τn/(4d).

Hence, there exists a constant c4 such that

µ(B ∩ Êm ∩ Ên) ≤ c4(µ(B) + e−τm/2) · rm,1 · · · rm,d · rn,1 · · · rn,d. □

2.2.3. Completing the proof of Theorem 1.3.

The main ingredient in proving µ(R̂({rn})) = 1 is the use of the following measure-

theoretical result [7, Lemma 7], which is a generalization of a known result for

Lebesgue measure. Although the original result is only valid for doubling measures,

it actually holds for all Borel probability measures on Rd.

Lemma 2.12 ([7, Lemma 7]). Let ν be a Borel probability measure on Rn. Let E be

a measurable subset of Rd. Assume that there are constants r0 and α > 0 such that

for any ball B := B(x, r) with r < r0, we have ν(B ∩ E) ≥ αν(B). Then,

ν(E) = 1.

Proof. Assume by contradiction that ν(E) < 1. Then, the complement of E has

positive measure. By the Lebesgue density theorem for Borel probability measure

(see e.g. [28, Corollary 2.14]), we have

lim
r→0

ν(B(x, r) ∩ Ec)

ν(B(x, r))
= 1 for ν-a.e.x ∈ Ec.

For any such x, there exists r < r0 small enough such that

ν(B(x, r) ∩ Ec) ≥ (1− α)ν(B(x, r))

or equivalently

ν(B(x, r) ∩ E) < αµ(B(x, r)),

which contradicts the assumption. □

The above lemma together with the Paley-Zygmund inequality gives µ(R̂({rn})) =
1.
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Lemma 2.13. There exists a constant α1 such that for any ball B ⊂ [0, 1]d, we have

µ(B ∩ R̂({rn})) ≥ α1µ(B).

In particular, µ(R̂({rn})) = 1.

Proof. Fix a ball B ⊂ [0, 1]d with µ(B) > 0. We can replace at most finitely many

rn’s by 0, so that the estimations given in Lemmas 2.6, 2.9 and 2.11 hold for all

n ∈ N. This manipulation does not change the property
∑∞

n=1 rn,1 · · · rn,d = ∞ and

the resulting set is the same as the original one.

Let N ∈ N and ZN(x) =
∑N

n=1 χB∩Ên
(x). By Lemma 2.6, one has

(2.26)
1

2
µ(B)

N∑
n=1

rn,1 · · · rn,d ≤ E(ZN) =
N∑
n=1

µ(B ∩ Ên) ≤ 2µ(B)
N∑
n=1

rn,1 · · · rn,d.

On the other hand,

E(Z2
N) =

N∑
m,n=1

µ(B ∩ Êm ∩ Ên)

= 2
N∑
n=1

n−1∑
m=1

µ(B ∩ Êm ∩ Ên) +
N∑
n=1

µ(B ∩ Ên).(2.27)

By Lemmas 2.9 and 2.11,

N∑
n=1

n−1∑
m=1

µ(B ∩ Êm ∩ Ên)(2.28)

=
N∑
n=1

n−1∑
m= 8d2

sτ
logn

µ(B ∩ Êm ∩ Ên) +
N∑
n=1

8d2

sτ
logn−1∑
m=1

µ(B ∩ Êm ∩ Ên)

≤
N∑
n=1

n−1∑
m= 8d2

sτ
logn

c2µ(B) · rn,1 · · · rn,d · (rm,1 · · · rm,d + e−τ(n−m))

+
N∑
n=1

8d2

sτ
logn−1∑
m=1

2c4µ(B) · rm,1 · · · rm,d · rn,1 · · · rn,d.

Hence, there exist constants c5 and c6 such that

N∑
n=1

n−1∑
m=1

µ(B ∩ Êm ∩ Ên)

≤c5µ(B)
N∑
n=1

n−1∑
m=1

rm,1 · · · rm,d · rn,1 · · · rn,d + c6µ(B)
N∑
n=1

rn,1 · · · rn,d.

(2.29)
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Then by the Paley-Zygmund inequality, for any λ > 0, we deduce from (2.26), (2.27)

and (2.29) that

µ(ZN > λE(ZN)) ≥ (1− λ)2
E(ZN)2

E(Z2
N)

≥ (1− λ)

(µ(B)
2

∑N
n=1 rn,1 · · · rn,d

)2
2c5µ(B)

(∑N
n=1 rn,1 · · · rn,d

)2
+ (2 + 2c6)

∑N
n=1 rn,1 · · · rn,d

.

By letting N → ∞, we get

µ(B ∩ R̂({rn})) = µ
(
lim sup
n→∞

(B ∩ Ên)
)
≥ µ

(
lim sup
N→∞

(ZN > λE(ZN))
)

≥ lim sup
N→∞

µ(ZN > λE(ZN)) > (1− λ)
µ(B)

8c5
.

(2.30)

Let λ = 1/2 and α1 = (16c5)
−1. Then the first point of the lemma holds. The second

point follows naturally from Lemma 2.12. □

As a consequence, we have the following result.

Lemma 2.14. The set R({rn}) is of full µ-measure.

Proof. Take a sequence of positive numbers {an} such that
∞∑
n=1

rn,1 · · · rn,d
adn

= ∞ and lim
n→∞

an = ∞.

Let r̃n = a−1
n rn. Applying Lemma 2.13 to R̂({r̃n}), we have that for µ-almost every

x,

(2.31) T nx ∈ R(x, ξ̃n(x)) for infinitely many n ∈ N,

where ξ̃n(x) := l̃n(x)r̃n and l̃n(x) ∈ R≥0 satisfies µ(R(x, l̃n(x)r̃n)) = rn,1 · · · rn,d/adn.
By Zygmund differentiation theorem (see Theorem 2.3), for µ-almost every x

lim
n→∞

µ(R(x, rn))

2d · rn,1 · · · rn,d
= h(x).

For any such x, since limn→∞ an = ∞, there exists N(x) such that for all n ≥ N(x),

µ(R(x, ξ̃n(x))) = rn,1 · · · rn,d/adn < 2d−1h(x) · rn,1 · · · rn,d.

Increasing the integer N(x) if necessary, we have

µ(R(x, ξ̃n(x))) < µ(R(x, rn)) for all n ≥ N(x).

Therefore,

R(x, ξ̃n(x)) ⊂ R(x, rn).

This together with (2.31) yields that for µ-almost every x,

T nx ∈ R(x, rn) for infinitely many n ∈ N,

which completes the proof. □
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3. Proof of Theorem 1.4

Recall that for any x ∈ [0, 1]d and δ > 0, H(x, δ) is given by

H(x, δ) = x+ {z ∈ [−1, 1]d : |z1 · · · zd| < δ}.

Let {δn} be as in Theorem 1.4. Then, R×({δn}) = lim supDn, where

Dn := {x ∈ [0, 1]d : T nx ∈ H(x, δn)}.

We summarize some standard facts about the geometric properties of H(x, δ),

which will be used later. Clearly, for any x ∈ [0, 1]d, there exists a constant K1 such

that

(3.1) sup
0≤δ≤1

M∗(d−1)(∂H(x, δ)) ≤ K1.

Moreover, following the idea of [25, Lemma 4], we can deduce that for any 0 < δ <

r < 1, we have

(3.2) Ld(B(x, r) ∩H(x, δ)) = 2dδ

( d−1∑
t=0

1

t!

(
log

rd

δ

)t)
.

For future use, we give some consequence of (3.2). For any δ > 0, it holds that

(3.3) Ld(H(x, δ)) ≤ d2dδ(− log δ)d−1,

and that

(3.4) Ld(B(x, r) ∩H(x, δ)) ≥ (d!)−1δ(− log δ)d−1 for rd >
√
δ.

In particular, if δ = δn + c0n
−3 for some c0 < 3d, then for any large n with δn > n−2,

Ld(H(x, δn + c0n
−3)) ≤ d2d(1 + 3d)δn(− log δn)

d−1

≤ 8dδn(− log δn)
d−1.(3.5)

Throughout this section, we fix the collection C2 of subsets F ⊂ [0, 1]d satisfying

the bounded property

(P2) : sup
F∈C2

M∗(d−1)(∂F ) < 2d(
√
d)d−1 +K1 +

K

1− L−(d−1)
,

where K1 is given in (3.1), and L and K are given in Definition 1.1. It is easily

seen that hyperrectangles and the hyperboloids H(x, δ) contained in [0, 1]d satisfy

the bounded property (P2).

Similar to the proof of Theorem 1.3, we will frequently use the following lemma.

Lemma 3.1. Let B(x, r) ⊂ [0, 1]d be a ball with center x ∈ [0, 1]d and radius r > 0.

Then for any F ⊂ B(x, r),

(3.6) F ∩ T−nH(x, δn − dr) ⊂ F ∩Dn ⊂ F ∩ T−nH(x, δn + dr).
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Proof. For any z ∈ F , there exists r = (r1, . . . , rd) ∈ Rd with |r| < r such that

z = x + r. If z also belongs to Dn, then T
nz ∈ H(z, δn). Write T nz = (z′1, . . . , z

′
d).

Then,

|z′1 − z1| · · · |z′d − zd| < δn,

which implies

|z′1 − x1| · · · |z′d − xd| = |z′1 − z1 + z1 − x1| · · · |z′d − zd + zd − xd|
≤ (|z′1 − z1|+ r1) · · · (|z′d − zd|+ rd)

≤ |z′1 − z1| · · · |z′d − zd|+ dr < δn + dr.(3.7)

That is, T nz ∈ H(x, δn + dr). Therefore, z ∈ F ∩ T−nH(x, δn + dr).

The first inclusion is obvious if the set on the left-hand side of (3.6) is empty. If it is

non-empty, the proof for this case follows a similar approach as described above. □

3.1. Convergence part. Assume that
∑∞

n=1 δn(− log δn)
d−1 <∞. Under the setting

of Theorem 1.4, we will prove µ(R×({δn})) = 0.

Since the density h of µ is bounded, the convergence part can be established without

using Zygmund differentiation theorem.

Proof of Theorem 1.4: convergence part. Let n ≥ 1. Partition [0, 1]d into (n2/2)d

balls with radius n−2. Denote by

{B(xi, n
−2) : 1 ≤ i ≤ (n2/2)d}

the collection of these balls. By Lemma 3.1, we have

Dn =
⋃

i≤(n2/2)d

B(xi, n
−2) ∩Dn ⊂

⋃
i≤(n2/2)d

B(xi, n
−2) ∩ T−nH(xi, δn + dn−2).

Thus, by the exponential mixing property of µ,

µ(Dn) ≤
∑

i≤(n2/2)d

µ(B(xi, n
−2) ∩ T−nH(xi, δn + dn−2))

≤
∑

i≤(n2/2)d

(
µ(B(xi, n

−2)) + ce−τn
)
µ(H(xi, δn + dn−2)).

Since h ≤ c, by (3.3) the above sum is majorized by∑
i≤(n2/2)d

(
µ(B(xi, n

−2)) + ce−τn
)
cd2d(− log(δn + dn−2))d−1

=cd2d(1 + c(n2/2)de−τn)(δn + dn−2)(− log(δn + dn−2))d−1

≤cd2d(1 + c(n2/2)de−τn)(δn(− log δn)
d−1 + dn−2(− log dn−2)d−1),
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where we use − log(x+ y) ≤ min(− log x,− log y) for any x, y > 0 with x+ y < 1 in

the last inequality. Therefore,
∞∑
n=1

µ(Dn) ≤
∞∑
n=1

cd2d(1 + c(n2/2)de−τn)(δn(− log δn)
d−1 + dn−2(− log dn−2)d−1)

<∞.

By Borel–Cantelli lemma,

µ(R×({δn})) = 0. □

3.2. Divergence part. In the sequel, assume that
∑∞

n=1 δn(− log δn)
d−1 = ∞. Fol-

lowing the same discussion in Section 3.1, we assume that δn is either greater than

n−2 or equal to 0. The proof of the divergence part uses a similar but more direct

approach to the one used in proving Theorem 1.3.

Let V be the open set with µ(V ) = 1 given in Theorem 1.4. Then V can be written

as

V =
⋃
δ>0

Vδ,

where Vδ := {x ∈ V : B(x, δ) ⊂ V }. It is easily seen that Vδ is monotonic with

respect to δ.

This subsection aims at proving the following lemma.

Lemma 3.2. For any δ > 0, there exists a constant α2 = α2(δ) > 0 such that for all

r < δ/2 and x ∈ Vδ

(3.8) µ(B(x, r) ∩R×({δn})) ≥ α2µ(B(x, r)).

Now, we deduce the divergence part of Theorem 1.4 from Lemma 3.2.

Proof of the divergence part of Theorem 1.4 modulo Lemma 3.2. For any δ > 0 with

µ(Vδ) > 0, we claim that

µ(Vδ ∩R×({δn})) = µ(Vδ).

Assume by contradiction that µ(Vδ ∩ R×({δn})) < µ(Vδ). Then, the set A :=

Vδ \ R×({δn}) has positive µ-measure. By the Lebesgue density theorem for Borel

probability measure (see e.g. [28, Corollary 2.14]), for µ-almost every x ∈ A,

lim
r→0

µ(B(x, r) ∩ A)
µ(B(x, r))

= 1.

For any such x, there exists r < δ/2 small enough such that

µ(B(x, r) ∩ A) ≥ (1− α2)µ(B(x, r)).

This means that

µ(B(x, r) ∩R×({δn})) < α2µ(B(x, r)),

which contradicts Lemma 3.2.

Since V =
⋃
δ>0 Vδ and µ(V ) = 1, we arrive at the conclusion. □
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3.2.1. Estimating the measure of µ(B ∩Dn).

Lemma 3.3. Under the setting of Theorem 1.4. Let B be a ball with center z ∈ Vδ
and radius r < δ/2. Then, for any large n,

µ(B)

4cd!
· δn(− log δn)

d−1 ≤ µ(B ∩Dn) ≤ c8d+1µ(B) · δn(− log δn)
d−1.

Proof. If δn = 0, then µ(B ∩Dn) = 0 and the lemma follows.

Suppose δn ̸= 0. Then, δn > n−2. Since the radius of B is less than δ/2, by

definition one has B(x, δ/2) ⊂ V for any x ∈ B. Note that the density h, when

restricted on V , is bounded from below by c−1. It follows from (3.4) that for any

x ∈ B and any large n ∈ N,

µ(H(x, δn − dn−3)) ≥ µ(B(x, δ/2) ∩H(x, δn − dn−3))

≥ c−1Ld(B(x, δ/2) ∩H(x, δn − dn−3))

≥ c−1(δn − dn−3)(− log(δn − dn−3))d−1.

Partition B into rdn3d balls with radius n−3. The collection of these balls is denoted

by {B(xi, n
−3) : 1 ≤ i ≤ rdn3d}. By Lemma 3.1, we have

(3.9) B ∩Dn ⊃
⋃

i≤rdn3d

B(xi, n
−3) ∩ T−nH(xi, δn − dn−3).

By the exponential mixing property, it follows that

µ(B ∩Dn) ≥
∑

i≤rdn3d

µ(B(xi, n
−3) ∩ T−nH(xi, δn − dn−3))

≥
∑

i≤rdn3d

(
µ(B(xi, n

−3))− ce−τn
)
µ(H(xi, δn − dn−3))

≥
∑

i≤rdn3d

(
µ(B(xi, n

−3))− ce−τn
)
(cd!)−1(δn − dn−3)(− log(δn − dn−3))d−1

= (µ(B)− crdn3de−τn/2)(cd!)−1(δn − dn−3)(− log(δn − dn−3))d−1.

On the other hand, for large n, we have

crdn3de−τn/2 ≤ µ(B)/2.

Futher, since δn ≥ n−2, for large n, we have

δn − dn−3 ≥ δn/2 and − log(δn − dn−3) ≥ − log δn.

Hence, for large n,

µ(B ∩Dn) ≥
µ(B)

4cd!
· δn(− log δn)

d−1.

The second inequality follows in the same way if we use (3.5) and the inclusion

B ∩Dn ⊂
⋃

i≤rdn3d

B(xi, n
−3) ∩ T−nH(xi, δn + dn−3). □
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Remark 13. The set V being open is crucial for us because it gives a uniform lower

estimation for the µ-measure of a hyperboloid centered at Vδ.

3.2.2. Estimating the measure of B ∩Dm ∩Dn with m < n.

We proceed to estimate the correlations of the sets Dn. Let m,n ∈ N with m < n.

If δm = 0 or δn = 0, then µ(Dm) = µ(Dn) = 0. Thus, for any ball B ⊂ [0, 1]d, we

have

µ(B ∩Dm ∩Dn) = 0.

Suppose for the moment that neither δm nor δn is 0.

Lemma 3.4. Let B ⊂ [0, 1]d be a ball. There exists a constant c̃1 such that for all

large integers m,n with (4d log n)/τ ≤ m < n,

µ(B ∩Dm ∩Dn) ≤ c̃1µ(B)(δm(− log δm)
d−1 + e−τ(n−m)) · δn(− log δn)

d−1.

Proof. Let r be the radius of B. Partition B into rdn3d balls with radius n−3. Let

{B(xi, n
−3) : 1 ≤ i ≤ rdn3d} denote the collection of these balls. For each ball

B(xi, n
−3), by Lemma 3.1 we have

B(xi, n
−3) ∩Dm ∩Dn

⊂B(xi, n
−3) ∩ T−mH(xi, δm + dn−3) ∩ T−nH(xi, δn + dn−3).

Hence,

B ∩Dm ∩Dn

⊂
⋃

i≤rdn3d

B(xi, n
−3) ∩ T−mH(xi, δm + dn−3) ∩ T−nH(xi, δn + dn−3).

By the same reason as (2.17), it follows from (3.5) that

µ
(
B(xi, n

−3) ∩ T−mH(xi, δm + dn−3) ∩ T−nH(xi, δn + dn−3)
)

(3.10)

≤
(
µ(B(xi, n

−3) + ce−τm
)(
µ(H(xi, δm + dn−3)) + ce−τ(n−m)

)
· µ(H(xi, δn + dn−3))

≤
(
µ(B(xi, n

−3) + ce−τm
)(
c8dδm(− log δm)

d−1 + ce−τ(n−m)
)

· c8dδn(− log δn)
d−1.

Summing over i ≤ rdn3d, we have

µ(B ∩Dm ∩Dn)

≤
(
µ(B) + crdn3de−τm

)(
c8dδm(− log δm)

d−1 + ce−τ(n−m)
)
· c8dδn(− log δn)

d−1.

Since m ≥ (4d log n)/τ , we have

n3de−τm ≤ n3d · n−4d = n−d.

Hence, there exists a constant c̃1 such that for all large integers m and n with

(4d log n)/τ ≤ m < n,

µ(B ∩Dm ∩Dn) ≤ c̃1µ(B)(δm(− log δm)
d−1 + e−τ(n−m)) · δn(− log δn)

d−1,
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which finishes the proof. □

In light of Lemma 2.8 and (3.1), one can verify that the sets Jn ∩B ∩ T−nH(x, δ)

satisfy the bound property (P2), where Jn ∈ Fn and B is a ball. As a result, we have

the following estimations, which may be proved in much the same way as Lemma

2.10.

Lemma 3.5. Let T : [0, 1]d → [0, 1]d be a piecewise expanding map. There exists a

constant c̃2 such that for any integers m ≤ (4d log n)/τ , and for any ball B, x ∈ [0, 1]d

and 0 < δ, δ′ < 1, we have

µ(B ∩ T−mH(x, δ) ∩ T−nH(x, δ′)) ≤
(
µ(B ∩ T−mH(x, δ)) + c̃2e

−τn/2)µ(H(x, δ′)).

With Lemma 3.5 at our disposal, we are ready to estimate the correlations of the

sets Dn for the case m ≤ (4d log n)/τ .

Lemma 3.6. Let B ⊂ [0, 1]d be a ball. There exists a constant c̃3 such that for all

integers m,n with m < (4d log n)/τ , we have

µ(B ∩Dm ∩Dn) ≤ c̃3µ(B) · δm(− log δm)
d−1 · δn(− log δn)

d−1.

Proof. We follow the notation of Lemma 3.4. By Lemma 3.5 and (3.3), the measure

in (3.10) can be estimated as

µ
(
B(xi, n

−3) ∩ T−mH(xi, δm + dn−3) ∩ T−nH(xi, δn + dn−3)
)

≤
(
µ(B(xi, n

−3) ∩ T−mH(xi, δm + dn−3)) + c̃2e
−τn/2)µ(H(xi, δn + dn−3))

≤
(
µ(B(xi, n

−3) ∩ T−mH(xi, δm + dn−3)) + c̃2e
−τn/2) · c8dδn(− log δn)

d−1.

Summing over i, we have

µ(B ∩Dm ∩Dn)

≤
( ∑
i≤rdn3d

µ(B(xi, n
−3) ∩ T−mH(xi, δm + dn−3)) + c̃2r

dn3de−τn/2
)

(3.11)

· c8dδn(− log δn)
d−1.

Now, the task is to estimate the summation in (3.11). Partition B into rdm3d balls

with radius m−3. Denote the collection of these balls by

{B(zj,m
−3) : 1 ≤ j ≤ rdm3d}.

For any x ∈ B(zj,m
−3) ∩B(xi, n

−3) ∩ T−mH(xi, δm + dn−3), we have

Tmx ∈ H(xi, δm + dn−3) and xi ∈ B(zj,m
−3 + n−3).

In the spirit of Lemma 3.1, we obtain

Tmx ∈ H(xi, δm + dn−3) ⊂ H(zj, δm + n−3 + d(m−3 + n−3)) ⊂ H(zj, 3dm
−3).
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That is, x ∈ B(zj,m
−3) ∩ T−mH(zj, δm + 3dm−3). Hence,⋃
i≤rdn3d

B(xi, n
−3) ∩ T−mH(xi, δm + dn−3)

⊂
⋃

j≤rdm3d

B(zj,m
−3) ∩ T−mH(zj, δm + 3dm−3).

(3.12)

With this inclusion and noting that the top of (3.12) is a disjoint union, we have∑
i≤rdn3d

µ(B(xi, n
−3) ∩ T−mH(xi, δm + dn−3))

=µ
( ⋃
i≤rdn3d

B(xi, n
−3) ∩ T−mH(xi, δm + dn−3)

)
≤

∑
j≤rdm3d

µ(B(zj,m
−3) ∩ T−mH(zj, δm + 3dm−3)).

By the exponential mixing property, the above summation is majorized by∑
j≤rdm3d

µ(B(zj,m
−3) ∩ T−mH(zj, δm + 3dm−3))

≤
∑

j≤rdm3d

(µ(B(zj,m
−3)) + ce−τm)µ(H(zj, δm + 3dm−3))

≤
∑

j≤rdm3d

(µ(B(zj,m
−3)) + ce−τm) · c8dδm(− log δm)

d−1

=(µ(B) + crdm3de−τm) · c8dδm(− log δm)
d−1

≤µ(B)(1 + ccm3de−τm) · c8dδm(− log δm)
d−1,(3.13)

where the last inequality follows from µ(B) ≥ c−1rd. Combining with (3.11) and

(3.13), we have

µ(B ∩Dm ∩Dn) ≤
(
µ(B)(1 + ccm3de−τm) · c8dδm(− log δm)

d−1 + c̃2r
dn3de−τn/2

)
· c8dδn(− log δn)

d−1.

Since δm > m−2 and δn > n−2, there exists a constant c̃3 such that

µ(B ∩Dm ∩Dn) ≤ c̃3µ(B) · δm(− log δm)
d−1 · δn(− log δn)

d−1. □

Proof of Lemma 3.2. Applying the same technique used in proof of Lemma 2.13, we

arrive at the conclusion. □

4. Hausdorff dimension of R(Ψ)

The proof of the Hausdorff dimension of R(Ψ) makes essential use of the ideas from

the proofs of [25, Theorems 7 and 12] for shrinking target problems. Thus, in the

subsequent proofs, we will make an effort to maintain consistent notation and employ

similar arguments to improve clarity and readability.
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4.1. Upper bound for dimH R(Ψ). The upper bound is relatively easier to prove

by using the definition of Hausdorff dimension on the natural cover of R(Ψ).

We begin with some notation and known results. For |β| > 1, let Tβ be the β-

transformation on [0, 1) defined by

Tβx = βx (mod 1).

Let

Q :=

{[
0,

1

|β|

)
, . . . ,

[ k
|β|
,
k + 1

|β|

)
, . . . ,

[⌊|β|⌋
|β|

, 1
)}

be the partition of [0, 1) corresponding to the Tβ. For each n ≥ 1, define

Qn :=
{
Qi0 ∩ T−1

β Qi1 ∩ · · · ∩ T−(n−1)
β Qin−1 : Qij ∈ Q for 0 ≤ j ≤ n− 1

}
.

Clearly, Qn consists of pairwise disjoint intervals, each with a length less than |β|−n.
These intervals are called cylinders of order n. Moreover, for each I ∈ Qn, T nβ |I is

linear with slope βn.

Denote by Nn the cardinality of Qn. Since the topological entropy of Tβ is log |β|,
for any ϵ > 0, we have

(4.1) Nn ≤ |β|n(1+ϵ)

for n sufficiently large.

Now we turn to bound dimH R(Ψ) from above. Let Qn = {Cn,j : 1 ≤ j ≤ Nn}.
Given a cylinder Cn,j of order n. Let r > 0 and consider the set

Fn,j := {x ∈ Cn,j : |T nβ x− x| < r}.

Choose two points x, y ∈ Cn,j such that x ∈ Fn,j and |x− y| > 3r/|β|n. By using the

triangle inequality, for any n with 3|β|−n < 1, we have

|T nβ y − y| = |T nβ y − T nβ x+ T nβ x− x+ x− y|
≥ |T nβ y − T nβ x| − |T nβ x− x| − |x− y|
= |β|n|x− y| − |T nβ x− x| − |x− y|
> 3r − r − 3r/|β|n

> r.

Hence, y /∈ Fn,j. This implies that Fn,j is contained in an interval, denoted by In,j,

whose length is 6r/|β|n. Thus,

{x ∈ [0, 1) : |T nβ x− x| < r} ⊂
Nn⋃
j=1

In,j,

where each In,j is an interval lying in some cylinder of order n. Therefore, for 1 ≤
i ≤ d, we have

(4.2) {x ∈ [0, 1) : |T nβix− x| < ψi(n)} ⊂
Ni,n⋃
ji=1

I
(i)
n,ji
,
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where each I
(i)
n,ji

is an interval of length 6ψi(n)|βi|−n contained in some cylinder of

order n and Ni,n is the number of such intervals. For n ∈ N, let

Jn := {j = (j1, . . . , jd) : 1 ≤ ji ≤ Ni,n (1 ≤ i ≤ d)}

and for j ∈ Jn, let

Rn,j := I
(1)
n,j1

× · · · × I
(d)
n,jd

.

Let

Rn =
⋃
j∈Jn

Rn,j and Rn = {Rn,j : j ∈ Jn}.

Then, by the definition of R(Ψ) and (4.2),

R(Ψ) ⊂
∞⋂
N=1

∞⋃
n=N

Rn

and for any N ≥ 1,

R(Ψ) ⊂
∞⋃
n=N

Rn.

Namely, R(Ψ) can be covered by the family {Rn : n = N,N + 1, . . . } of hyperrect-

angles.

Now, we will estimate the number of balls Bi,n of diameter 6ψi(n)|βi|−n (the side-

length of the hyperrectangle in Rn along the direction of the i-th axis) needed to

cover the set Rn. This estimation, along with the definition of Hausdorff dimension,

provides an upper bound for dimH R(Ψ). To this end, we adopt the method similar

to that presented in the proof of [25, Proposition 4], but with slight improvements.

Such improvements enable us to bypass Bugeaud and Wang’s result [10, Theorem

1.2] and to obtain the upper bound without assuming βi > 1 for all 1 ≤ i ≤ d.

Given a hyperrectangle R = Rn,j ∈ Rn with j = (j1, . . . , jd). Since |I(k)n,jk
| =

6ψk(n)|βk|−n, we see that I
(k)
n,jk

can be covered by

max

{
1,
ψk(n)|βk|−n

ψi(n)|βi|−n

}
intervals of length 6ψi(n)|βi|−n. Thus, we can find a collection Bi,n(R) of balls Bi,n

that covers R with

(4.3) #Bi,n(R) ≤
∏

1≤k≤d:
ψk(n)|βk|−n≥ψi(n)|βi|−n

ψk(n)|βk|−n

ψi(n)|βi|−n
.

Note that if |βk|−n < 6ψi(n)|βi|−n for some 1 ≤ k ≤ d, then the ball Bi,n may intersect

multiple hyperrectangles in Rn along the direction of the k-th axis. In this case, since

Nk,n⋃
j′k=1

Rn,(j1,...,jk−1,j
′
k,jk+1,...,jd) ⊂ I

(1)
n,j1

× · · · × I
(k−1)
n,jk−1

× [0, 1]× I
(k+1)
n,jk+1

× · · · × I
(d)
n,jd

,
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the right of the above inclusion can be covered by

(4.4) #Bi,n(R) ·
1

6ψi(n)|βi|−n

balls of diameter 6ψi(n)|βi|−n. Let

Kn,1(i) : = {1 ≤ k ≤ d : |βk|−n < 6ψi(n)|βi|−n}

=

{
1 ≤ k ≤ d : log |βk| > − log 6 + logψi(n)

n
+ log |βi|

}
,

and

Kn,2(i) : = {1 ≤ k ≤ d : ψk(n)|βk|−n ≥ ψi(n)|βi|−n}

=

{
1 ≤ k ≤ d : − logψk(n)

n
+ log |βk| ≤ − logψi(n)

n
+ log |βi|

}
.

Note that by (4.1), for any ϵ > 0,

Nk,n ≤ |βk|n(1+ϵ)

for n sufficiently large. Then, in view of (4.3) and (4.4), there is a collection Bi,n of

balls that covers the set Rn with

#Bi,n ≤
∏

k/∈Kn,1(i)

|βk|n(1+ϵ) ·
∏

k∈Kn,1(i)

1

6ψi(n)|βi|−n
·

∏
k∈Kn,2(i)

ψk(n)|βk|−n

ψi(n)|βi|−n

=
∏

k/∈Kn,1(i)

|βk|n(1+ϵ) ·
∏

k∈Kn,1(i)

|βk|n · |βk|−n

6ψi(n)|βi|−n
·

∏
k∈Kn,2(i)

ψk(n)|βk|−n

ψi(n)|βi|−n

≤
d∏

k=1

|βk|n(1+ϵ) ·
∏

k∈Kn,1(i)

|βk|−n

ψi(n)|βi|−n
·

∏
k∈Kn,2(i)

ψk(n)|βk|−n

ψi(n)|βi|−n
.

Note that the estimation of #Bi,n is nearly identical to that of shrinking target prob-

lems [25, Page 43], with the only difference being the multiplicative term
∏d

k=1 |βk|nϵ.
However, this term does not affect the upper estimation of dimH R(Ψ) because ϵ can

be made arbitrarily small. Thus, by utilizing an argument described in [25, Pages

43–46], we are able to establish the following Proposition 4.1 on the upper bound for

dimHR(Ψ).

Proposition 4.1. Under the setting of Theorem 1.7, we have

dimH R(Ψ) ≤ sup
t∈U(Ψ)

min
1≤i≤d

θi(t).

4.2. Lower bound for dimHR(Ψ). The proof of the lower bound of dimH R(Ψ)

relies on a recent result of Wang and Wu [33, Theorem 3.4], called the mass transfer-

ence principle from rectangles to rectangles. For our purpose, we borrow a simplified

version of Wang and Wu’s result from [25, Theorem 11].
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Let ν be a probability measure supported on a locally compact set X ⊂ R. We

say that ν is δ-Ahlfors regular if there exist constants δ > 0, 0 < a ≤ 1 ≤ b <∞ and

r0 > 0 such that for any x ∈ X and r < r0,

(4.5) arδ ≤ ν(B(x, r)) ≤ brδ.

Theorem 4.2 ([33, Theorem 3.4]). For each 1 ≤ i ≤ d, let Xi be a locally compact

subset of R equipped with a δi-Ahlfors regular measure νi. Let {B(xi,n, ri,n)}n∈N be

a sequence of balls in Xi with radius ri,n → 0 as n → ∞ for each 1 ≤ i ≤ d and

assume that there exist v = (v1, . . . , vd) ∈ (R≥0)
d and a sequence {rn}n∈N of positive

real numbers such that

ri,n = rvin for all 1 ≤ i ≤ d.

Suppose that there exists (s1, . . . , sd) ∈
∏d

i=1(0, δi) such that

(4.6) ν1 × · · · × νd

(
lim sup
n→∞

d∏
i=1

B
(
xi,n, r

si/δi
i,n

))
= ν1 × · · · × νd

( d∏
i=1

Xi

)
.

Then, we have

dimH

(
lim sup
n→∞

d∏
i=1

B(xi,n, ri,n)

)
≥ min

1≤i≤d
s(u,v, i),

where u = (u1, . . . , ud) with ui = sivi/δi for 1 ≤ i ≤ d, and

s(u,v, i) :=
∑

i∈K1(i)

δk +
∑

i∈K2(i)

δk

(
1− vk − uk

vi

)
+

∑
i∈K3(i)

δkuk
vi

,

with the sets

K1(i) := {1 ≤ k ≤ d : uk ≥ vi}, K2(i) := {1 ≤ k ≤ d : vk ≤ vi},

and

K3(i) := {1, . . . , d} \ (K1(i) ∪ K2(i))

forming a partition of {1, . . . , d}.

The construction of the desired Cantor subset will make use of a general statement

concerning Markov subsystems that has been explored in [25, §4.3]. LetX be a locally

compact set in R and f : X → X be an expanding map. Let Λ be a subset of X. A

partition PΛ of Λ into finite or countable collection of sets P (k) is called a Markov

partition if Λ =
⋂∞
n=1 f

−n(∪P (k)) and

(i) if j ̸= k, then the interior of P (j) and P (k) are disjoint,

(ii) f restricted on each P (j) is one to one,

(iii) if f(P (j)) intersects the interior of P (k) for some j and k, then P (k) ⊂ f(P (j)).

The system (Λ, f |Λ,PΛ) is called a Markov subsystem of (X, f).

Here and below, when f is a piecewise linear function having a constant slope, we

denote by β(f) the absolute value of such slope.
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Proposition 4.3 ([25, Proposition 7]). Let f be a piecewise linear function on [0, 1]

having a constant slope. Assume that β(f) > 8. Then there exists a Markov subsystem

(Λ, f |Λ,PΛ) of ([0, 1], f) with a finite partition PΛ = {P (i)} where each P (i) is an

interval and f |P (i) is linear, such that

dimH Λ ≥ 1− log 8

log β(f)
.

As an application to β-transformation, we have the following proposition.

Proposition 4.4. Let β ∈ R such that |β| > 1 and let Tβ be the corresponding β-

transformation. For any ϵ > 0, there exist an integer k = k(ϵ) and a full subshift

(Λk = Λk(ϵ), T
k
β |Λk

) of ([0, 1], T kβ ) with a finite partition such that

dimH Λk ≥ 1− ϵ.

Proof. For any ϵ > 0, let m be an integer such that

(4.7) m >
1 + log 8

ϵ log |β|
.

Let (Λ, Tmβ |Λ,PΛ) be a Markov subsystem of ([0, 1], Tmβ ) coming from Proposition 4.3.

Then,

(4.8) htop(T
m
β |Λ) = dimH Λ · log β(Tmβ |Λ) ≥ m log |β| − log 8,

since β(Tmβ |Λ) = |β|m. In [25, Page 55], the authors showed that such a Markov

subsystem could also be assumed to be topological mixing, which is equivalent to

saying that the corresponding incidence matrix A = (aij)1≤i,j≤#PΛ
is primitive (see

[32, Exercise 10.2.2]).

Denote by (ΣN
A, σ) with ΣN

A ⊂ {1, 2, . . . ,#PΛ}N the corresponding symbolic space

of the dynamics of Tmβ |Λ induced by A and Σn
A the set of words of length n in ΣN

A.

By Bowen’s definition of topological entropy (see [9]),

htop(T
m
β |Λ) = lim

n→∞

1

n
log#Σn

A.

With this definition in mind, we see that for any n large enough, there exist 1 ≤
i0, in−1 ≤ #PΛ such that

#{ω0ω1 · · ·ωn−1 ∈ Σn
A : ω0 = i0, ωn−1 = in−1} ≥ 1

(#PΛ)2
·#Σn

A

≥ 1

(#PΛ)2
· en(htop(Tm

β |Λ)−1/4)

≥ en(htop(T
m
β |Λ)−1/2).

Since the incidence matrix A is primitive, we can find a word (in−1i1i2 · · · iℓ−2i0) which

belongs to Σℓ
A for some integer ℓ ≥ 2. Let

Σ′ = {ω0 · · ·ωn+ℓ−3 ∈ Σn+ℓ−2
A : ω0 = i0, ωn−1 = in−1, ωn = i1, . . . , ωn+ℓ−3 = iℓ−2}.
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That is, the word in Σ′ begins with i0 and ends with in−1i1i2 · · · iℓ−2. By the Markov

property of ΣN
A, it is not difficult to verify that the concatenation of any two words in

Σ′ belongs to Σ
2(n+ℓ−2)
A . It therefore follows that (Σ′)N ⊂ ΣN

A and the symbolic space(
(Σ′)N, σn+ℓ−2

)
is a full shift. Moreover, by increasing the integer n if necessary, we

have

#Σ′ = #{ω0ω1 · · ·ωn−1 ∈ Σn
A : ω0 = i0, ωn−1 = in−1}

≥ en(htop(T
m
β |Λ)−1/2)

≥ e(n+ℓ−2)(htop(Tm
β |Λ)−1).

Hence,

htop(σ
n+ℓ−2|(Σ′)N) ≥ e(n+ℓ−2)(htop(Tm

β |Λ)−1).

Now, let k = m(n+ ℓ− 2) and consider the projection π from (Σ′)N to a compact

subset Λk of Λ given by

ω = (ωi)i≥0 ∈ (Σ′)N 7→ π(ω) =
∞⋂
i=0

(Tmβ )−i(P (ωi)).

Then, the dynamical system (Λk, T
k
β |Λk

) is a full subshift with a finite partition and

the Hausdorff dimension of Λk is at least

dimH Λk =
htop(T

k
β |Λk

)

log β(T kβ )
=
htop(σ

n+ℓ−2|(Σ′)N)

log β(T kβ )

≥
(n+ ℓ− 2)(htop(T

m
β |Λ)− 1)

k log |β|

=
htop(T

m
β |Λ)− 1

m log |β|
≥ 1− 1 + log 8

m log |β|
≥ 1− ϵ,

where the second to the last inequality follows from (4.8), and the last inequality

follows from (4.7). □

Since T kβ |Λk
is a full subshift and is a piecewise linear function with slope βk, Λk can

be regarded as a homogeneous self-similar set. Therefore, Λk supports a δ-Ahlfors

regular measure with δ = dimH Λk. Following some ideas from [11, §3.1], one can

show that for any sufficiently small r > 0 and for all n ≥ 1,

(4.9) {x ∈ Λk : |T knβ x− x| < r} ⊃
Mn⋃
j=1

B(xn,j, |β|−knr) ∩ Λk

and

(4.10) Λk =
Mn⋃
j=1

B(xn,j, |β|−kn) ∩ Λk,

where xn,j is a point in Λk and Mn is the number of such points.
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The lemma below is needed in constructing the desired Cantor subset of R(Ψ). We

omit its proof since the argument is similar to that of [25, Lemma 9].

Lemma 4.5. For 1 ≤ i ≤ d, let ψi : R≥0 → R≥0 be a positive decreasing function.

Then, for any positive integer k, the set of accumulation points of the sequence{(
− logψ1(kn)

kn
, . . . ,− logψd(kn)

kn

)}
n≥1

is equal to U(Ψ).

The lower bound for the Hausdorff dimension of R(Ψ) can be proved by using the

same method as in [25, Proposition 5], we include it for completeness.

Proposition 4.6. Under the setting of Theorem 1.7, we have

dimH R(Ψ) ≥ sup
t∈U(Ψ)

min
1≤i≤d

θi(t).

Proof. Given ϵ > 0. For 1 ≤ i ≤ d, let(
Λ

(i)
k = Λ

(i)
k (ϵ), T kβi |Λ(i)

k

)
be the full subshift arising from Proposition 4.4 satisfying

dimH Λ
(i)
k ≥ 1− ϵ.

By (4.9), we can construct a lim sup type subset of R(Ψ) as follows

(4.11) R(Ψ) ⊃ lim sup
n→∞

M1,n⋃
j1=1

· · ·
Md,n⋃
jd=1

d∏
i=1

B
(
x
(i)
n,ji
, |βi|−knψi(kn)

)
∩ Λ

(i)
k ,

where x
(i)
n,ji

is a point in Λ
(i)
k andMi,n is the number of such points. Further, by (4.10),

we have for any n ≥ 1,

(4.12) Λ
(i)
k =

Mi,n⋃
ji=1

B
(
x
(i)
n,ji
, |βi|−kn

)
∩ Λ

(i)
k .

Now fix a point t = (t1, . . . , td) ∈ U(Ψ). By Lemma 4.5 and the fact that U(Ψ) is

bounded, there exists a subsequence (nℓ)ℓ≥1 such that

lim
ℓ→∞

− logψi(knℓ)

knℓ
= ti for all 1 ≤ i ≤ d.

For any 0 < ϵ < 1, there exists N = N(ϵ) > 0 such that

(4.13)
(1− ϵ) log |βi|

(1− ϵ) log |βi|+ ti
≤ log |βi|

log |βi|+ − logψi(knℓ)
knℓ

for all ℓ ≥ N and 1 ≤ i ≤ d. For 1 ≤ i ≤ d, let δi = δi(ϵ) = dimH Λ
(i)
k (ϵ) and

si := δi ·
(1− ϵ) log |βi|

(1− ϵ) log |βi|+ ti
.
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Then, we can rewrite (4.13) as(
|βi|−knℓψi(knℓ)

)si/δi ≥ |βi|−knℓ .

This together with (4.12) implies that for any ℓ ≥ N

Λ
(i)
k =

Mi,nℓ⋃
ji=1

B
(
x
(i)
nℓ,ji

,
(
|βi|−knℓψi(knℓ)

)si/δi) ∩ Λ
(i)
k ,

and so

d∏
i=1

Λ
(i)
k = lim sup

n→∞

M1,n⋃
j1=1

· · ·
Md,n⋃
jd=1

d∏
i=1

B
(
x
(i)
n,ji
,
(
|βi|−knψi(kn)

)si/δi) ∩ Λ
(i)
k .

In other words, the lim sup set of ‘(s1, . . . , sd)-scaled up’ hyperrectangles appearing

on the right of (4.12) satisfies (4.6) with Xi = Λ
(i)
k for each 1 ≤ i ≤ d. Applying

Theorem 4.2 with vi = (1 − ϵ) log |βi| + ti and ui = (1 − ϵ) log |βi| (1 ≤ i ≤ d), we

obtain the lower bound

dimHR(Ψ) ≥ min
1≤i≤d

s(i, ϵ)

where

s(i, ϵ) :=
∑

k∈K1(i,ϵ)

δk+
∑

k∈K2(i,ϵ)

δk

(
1− tk

(1− ϵ) log |βi|+ ti

)
+

∑
k∈K3(i,ϵ)

δk
(1− ϵ) log |βk|

(1− ϵ) log |βi|+ ti

and where

K1(i, ϵ) : = {k : (1− ϵ) log |βk| ≥ (1− ϵ) log |βi|+ ti},
K2(i, ϵ) : = {k : (1− ϵ) log |βk|+ tk ≤ (1− ϵ) log |βi|+ ti},
K3(i, ϵ) : = {1, . . . , d} \

(
K1(i, ϵ) ∪ K2(i, ϵ)

)
.

Fix 1 ≤ i ≤ d. Letting ϵ→ 0, we have K1(i, ϵ) → {k : log |βk| ≥ log |βi|+ ti} = K1(i),

K2(i, ϵ) → K2(i), K3(i, ϵ) → K3(i) and

lim
ϵ→0

δi = lim
ϵ→0

dimH Λ
(i)
k (ϵ) = 1.

Thus,

lim
ϵ→0

s(i, ϵ) = θi(t) and dimH R(Ψ) ≥ min
1≤i≤d

θi(t).

Since t ∈ U(Ψ) is arbitrary, we have

dimH R(Ψ) ≥ sup
t∈U(Ψ)

min
1≤i≤d

θi(t),

which completes the proof. □
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[5] B. Bárány and M. Rams, Shrinking targets on Bedford-McMullen carpets, Proc. Lond. Math.

Soc. (3) 117 (2018), 951–995.

[6] L. Barreira and B. Saussol, Hausdorff dimension of measures via Poincaré recurrence, Comm.
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