SYMMETRY FOR A FULLY NONLINEAR FREE BOUNDARY PROBLEM
WITH HIGHLY SINGULAR TERM
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AssTrRACT. In this paper, we establish the radial symmetry of solutions to a free
boundary problem, characterized by a singular right-hand side, in both the elliptic
and parabolic regimes. Specifically, we focus on the unit ball By, where we examine
a solution to the fully nonlinear elliptic problem given by:

F(D?u) = f(u) inByNi{u>0}
u=M on 0By,
0<u<M in By.

The right-hand side f(1) behaves near the free boundary d{u > 0} like 1, with
negative values for a € (=1,0). It is important to note that due to the lack of C?-
smoothness of both 1 and the free boundary d{u > 0}, the well-known Serrin-type
boundary point lemma cannot be directly applied. To overcome this challenge,
we devise an approach based on an exact assumption concerning the first-order
expansion and the decay on the second order, complemented by an ad-hoc compar-
ison principle. Furthermore, we extend our analysis to encompass the parabolic
case of the problem, and present a corresponding result.
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1. INTRODUCTION

1.1. Background. In this paper, we tackle the issue of rigidity concerning a fully
nonlinear Dirichlet problem within the confines of the unit ball, featuring constant
boundary values. Our problem presents a unique challenge due to the presence
of a discontinuous right-hand side, resulting in the emergence of a free boundary.
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The right-hand side in our problem is described by f(u) ~ u® with -1 <a < 0,
particularly when 0 < u = 0.

These singularities introduce significantly reduced regularity of the solutions
up to the free boundary, as commonly assumed in rigidity theory. Moreover, our
problem faces an additional difficulty since the moving plane technique, which
serves as our primary tool, typically relies on Lipschitz right-hand sides. However,
this necessary condition is naturally absent in our case, owing to the highly singular
nature of the right-hand side.

The fully nonlinear case, as dealt with here, introduces yet another technical
problem, which has to do with the equation itself and what definition should be
appropriate. An obvious choice of definition would be viscosity (which we also
adopt in the bulk) but the problem is the regularity issue for such solutions at the
free boundary.

In the context of the Laplacian case, previous studies by Alt-Phillips [2] and
Teixeira [21] have examined problems with highly singular right-hand sides in a
more general setting. Alt-Phillips considered minimizers, while Teixeira treated
viscosity solutions. A recent work by De silva-Savin [12] explored the case where
-3 < a < -1, defining viscosity solutions based on the asymptotic behavior of
solutions near the free boundary.

In a related study, two of the authors [13] dealt with the symmetry problem for
the Laplacian case. They employed a stronger form of asymptotic expansion for
the solution to overcome the challenges posed by the low-regularity nature of the
solutions and the free boundary. This current paper can be viewed as an extension
of [13] from the Laplacian to the fully nonlinear setting, as well as from the elliptic
to the parabolic framework. We build upon the original concept from [13], but it
is worth noting that the technical aspects form the central and most demanding
complexities.

The fully nonlinear case with singular terms has been considered earlier; see
e.g., [4], [15] in the elliptic and [3] in the parabolic contexts. However, no results
has been found in the literature where symmetry aspects have been considered,
for singular right hand side.

It would be an interesting project to consider analysis of the free boundary
problem in the nonlinear setting, in the way De silva-Savin [11] have done for
the Laplacian case. Also the weaker version of asymptotic expansion of De Silva-
Savin is far from sufficient for treating any symmetry problems. To circumvent this
obstacle, we shall assume a second order asymptotic expansion, which is justified'
from a regularity point of view; see Asymptotic Property (1.4), (1.5).

We will now define our problem more specifically, in both elliptic and parabolic
cases. The elliptic case of our problem is given by the equation (with d{u > 0} a
priori unknown)

F(D?u) = f(u) inByN{u>0},
(1.1) u=M on dBy,
0<u<M in By,

where By ¢ R" (n > 2) is the unit ball, M > 0 is a given fixed constant, and the
functions f and F are defined below.

1Although this is a challenging problem even in the Laplacian case, it is reasonable to expect such
an expansion.
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The parabolic counterpart of our problem is expressed through the equation

F(D?u) — dyu = f(u) inQqN{u> 0}
(1.2) u(x, t) = My on d,Q,
0<ulx, ) < M, in Q..

Here, Q; = B1x(0, 1] is the parabolic unit cylinder and d,Q1 = (dB1X[0, 1])U(B;x{0})
is its parabolic boundary. M; is a positive continuous function of t € [0, 1].

In both problems, we shall have an additional assumption regarding the behav-
ior of the solution close to the (unknown) free boundary d{u > 0}. This assumption
is expressed in terms of an asymptotic expansion, postulating that the solution
close to C! free boundaries behaves like a one-dimensional solution, and the sec-
ond term in the expansion decays much faster concerning the distance to the free
boundary.

For the Laplacian case, Alt-Phillips considered the existence and regularity of
solutions and the free boundary in their work [2] through a minimization approach,
which, unfortunately, does not work for non-divergence equations.

For the fully nonlinear case, one may consider a singular perturbation technique,
as shown in [4]. The latter approach seems plausible for the parabolic case.

1.2. Main Results. To specify the function f in (1.1) and (1.2), we fix -1 < a <0,
ko > 0 and &; > 0 small. We assume that f : R — IR satisfies the following
properties

(a) sup,., f(P+62‘f(P) < KOpu_lr o> 0,

B fp)=0, p=<0,
@flp)=p", 0<p<e,
@DIfPl<Co, p=er.

To describe the operator F, let S = S(1) be the space of n X n symmetric matrices,

A > A > 0be constants, and P, ,, P} , be the extremal Pucci operators defined by

(1.3)

Py \(N) = AZ¢s0ei + ALe<oei, Py \(N) = ALg<0i + ALgs06s,

where each ¢; is an eigenvalue of N € S. Our assumption on F : S — R is the
following:

e F is convex.
e F(0) =0.
e Fis homogeneous of degree 1, i.e., F(rN) = rF(N) forany r > 0, N € S.
e There are constants A > A > 0 such that for any Ny, N, € S, we have
Py \(N1 = Nz) < F(N1) — F(N2) < Py (N1 — No).
e 1 < A/A < g for some 19 > 1, defined in Appendix B.
e [ is Hessian, i.e., F(RTNR) = F(N) for each orthogonal matrix R and N € S.

Asymptotic Property
For —1 < a < 0 we fix the following constant throughout the paper:

2
ﬁ_l—a'

Elliptic case: ~We say that a function u : By — IR satisfies Asymptotic Prop-
erty if at any free boundary point x° € d{u > 0} the asymptotic expansion
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holds
(14) ju(x) = Aw((x = 20) - v < Colx = 0P, x € By ().

Here, Co > 0and 0 < 63 < -1 are fixed constants independent of x°, while

. 0 .

a unit vector v*° € dBy, a radius dy, > ¢p > 0 and a constant A, > 0 depend
0

on x’.

Parabolic case:  The parabolic case needs a similar type of asymptotic
property. Let u : Q; — R be a function, with 0 < Ty < 1 the first time we
encounter a free boundary point d{u > 0}. We say that u satisfies (Parabolic)
Asymptotic Property if at every free boundary point z° = (x%,1°) € dfu > 0}
with t° > T; the asymptotic expansion holds

(15) Juo )~ An( =29 )] < Co(lw =2+ V=B, (00 € G, ()

Here, Cy > 0 and 0 < &3 < p—1 are fixed constants independent of z°, while
a spatial unit vector yzo € dB; in R", a constant A,0 > 0 and a radius

dy = min{[1 — £°]"/2, |* — T3}
depend on z°.

Remark 1. It is noteworthy that the above asymptotic property (1.4) implies that the free
boundary is uniformly CY¥ in the elliptic case.

On the other hand, in the parabolic case the asymptotic property (1.5) implies C1/2+W/2
in time direction and CY in space directions for each point on d{u > 0} N {t > Ty},
with uniform norm, depending on the distance of the free boundary point to the time slice
{t =T}

The asymptotic expansions (1.4) and (1.5) guarantee that the homogeneous

0
rescalings u,(x) := ”(r’;%) converge (up to a subsequence) to g,0(x) := Ao (x - v"o)ﬁ,
0 24440
and similarly u,(x,t) := w converge to (a time-independent version)

go(x, ) = Ap(x - yzo)ﬁ. Since f(u) = u” near the free boundary J{u > 0}, it is
reasonable to expect that they solve F(D?q,0) = T and F(D?q,0) — 94,0 = Tros which
will determine A, and A,, respectively. See Appendix A for their exact values
and properties.

By the result of Remark 1 on the regularity of the free boundary d{u > 0}, it is
easy to see that the vector v in (1.4) should be the unit normal to the free boundary
at x°, which points toward {u > 0}. Similarly, in (1.5), if V¥ = (vio,vfo) is the unit

normal to d{u > 0} pointing toward {u > 0} then yzo = Iv;"\‘

Our results are the following theorems.

Theorem 1. For —1 < a < 0, let u be a viscosity solution of (1.1). Suppose that f satisfies
(1.3) and f(p) = 0 for p > M — &1, and that the asymptotic property (1.4) holds. Then u
is spherically symmetric in By and dpyu > 0.

Our second main result concerning the parabolic equation is as follows.
Theorem 2. For —1 < a <0, let u be a viscosity solution of (1.2). Suppose that f satisfies
(1.3), f(p) = 0 for p = infog<1 My — €1 and infes w > —xop™ ! for p > 0.

We assume that the asymptotic property (1.5) holds. Then, for each 0 < t < 1, u(-,t) is
spherically symmetric around the origin, and du(x, t) = 0.

The assumption in the parabolic case, that the AP property holds close to every
free boundary point, is somewhat limiting, and we firmly believe that the theorem
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should hold true without this constraint. The challenge arises from points that
fail to satisfy (1.5) after time T;. Dealing with such points becomes considerably
more difficult when applying standard comparison and maximum principles, as
several possibilities emerge. While we managed to handle some of these cases,
others resisted all our attempts, requiring further tools that remain unknown to us
at this stage.

It is worth noting that for a > 0, the symmetry results above can be easily
derived from the standard moving plane technique, thanks to the monotonicity of
the right-hand side f(u) = u® near u = 0. As a result, we excluded this particular
case from our study since a similar moving plane machinery would be necessary,
but the intricate technical approach employed in this paper is no longer required
for this scenario.

1.3. Notation. For z° = (x%, %) € R™*!, where x° € R” and t € R, and r > 0, we let

B,(x°) = {x e R" : |x —x°| <} : Euclidean ball,
0,z = B,(x°) x (t°, £* + *] : parabolic cylinder,
0,2 =B,(x") x (t° =%, t° + %) : full parabolic cylinder,

Q%) = Q/(z%) \ Q,(z°) : parabolic boundary.

For a general bounded open set QO ¢ R™*, its parabolic boundary 9,Q is defined
as the set of all points z € JQ such that for any ¢ > 0 the interior of the parabolic
cylinder Q,(z) contains at least one point in Q°.

2. Proor or THEOREM 1

ForO<t<landx=(x1,---,x,), we define

IT; = {x e R" : x; =1} : the hyperplane,

X" = (2T —x1,X2,X3,+ - Xp) : the reflection of x with respect to I,
I ={x : x" € By, x1 <1} : the reflection of the right side of By,
u.(x) = u(x*) : the reflection of u with respect to I1;.

By Hessian property of F it is enough to prove symmetry only in x{-direction. It
further suffices to show that u; > u in ; for any 0 < 7 < 1. The theorem will then
follow from this.

Before proving u; > uin ;, 0 < t < 1, we observe that (by Hessian property)
u, satisfies the equation

(2.1) F(Dug) = f(u) in Ze O {ue > 0},

and also the asymptotic property at every y € df{u, > 0}
)P 5
2.2) () = Aye ((x = y) - 7)1 < Cole = yP*,  x € By (y).

Here, 7" is the reflection of the unit normal v/* of u at y* through the plane {x; = 0}
(ie., if v/ = (vy, - ,vy) then ¥ = (=v1,1,,- -+, v,)). Notice that 7' is equal to the
unit normal of u, at y pointing into {u,; > 0}. Indeed, for (2.1), one can compute,
using u.(x) = u(x*) = u(2t — x1,%2, -, xz), D*u.(x) = RTD?u(x")R for a diagonal
matrix R with entries —1,1,--- ,1. Then

F(D*u:(x)) = F(R"D*u(x)R) = F(D*u(x%)) = f(u(x") = f(uz(x)) in ;N {ue > 0}.
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To prove (2.2), we employ the asymptotic property of u at y* € d{u > 0} to deduce
that for x € By, (y)
B

U (x) = Aye ((x -y)- 17y7)i| = |u(x7) - Ay ((xT -y -1/-‘>’T)Jr
< Colx”( _ y’[|2+6ﬂ — Cle _ y|2+6[g.

Using P} , (D*u) > F(D*u)~F(0) = f(u) > 0 near dB;, we have by Hopf’s Lemma
(Proposition 2.6 in [10]) that

(2.3) dyu <0 ondBy,

for any unit vector v on dB; pointing into B;. Thus dy, 1 > 01in a small neighborhood
ofe; =(1,0,0,---,0). This gives that forany 7 € (0,1) close to 1, u; > uin Z;. Hence
we can start our moving plane and we define 7y as the smallest value such that
u; >uin X, forall g <7 < 1.

Towards a contradiction, we assume that 79 > 0, and take sequences ¢&; ~\ 0,
T; = 79 — & > 0 satisfying D; := {w,, < 0} N X, # 0, where w,, := u,, — u. For such
D;, we define

Dy :=1{x"¢e By : x* — x° for some subsequence ¥k e D;}c Z_TO
From D; # 0, we have Dy # 0. For wy, := lim;_e Wy, = Uz, — 1, we claim
Wr, = |V | =0 in Dy.
Indeed, the fact that w,, < 0 in D; yields w, < 0 on Dy, while the definition of 7
implies w,, > 0in Xy, D Dg. Thus w;, = 0 on Dy. To see that Vw,, = 0 on Dy,
let X% € Dy and x' € D; with x¥' — x° over a subsequence. We also let e € dB; be
an arbitrary direction. Since D; is open, there is a line segment (z’l,zlz) c D; such
that zi, z, € dD;, z| =z}, + re for some r > 0, and x' lies on (z!,2}). Since w;, > 0
on 9%, we have w,, = 0 on dD;. In particular, we,(z}) = we,(z,) = 0. Combining
this with the C!-regularity of w,, in =, we deduce that if zh € (z,2) is a local
minimum point of w., on (z},2) then d.w.,(z;) = 0. Over a subsequence [x',zi]
converges either to a point {x°} or to a line segment [x,z°] C Dy. In either case we
have d,w, (x°) = 0. Since e and x” are arbitrary, we conclude that Vw,, = 0 on D.
Now, we decompose Dy into two parts
Do = (Do N {u > 0}) U (Do N {u = 0}),

and will prove that these sets are empty, contradicting that Dy # 0.

Claim A: DonNi{u >0} =0.

Claim A will follow once we show the following;:
(A1) DgN Xy, N{u >0} =0,
(A2) Dy NII,, N {u >0} =0.

We first prove (Al). From (2.1) and (a) in (1.3), we can see that w,, satisfies in
L N{u >0}

(2.4) P; (D*wy,) < F(D?ur,) — F(D*u) = f(utr,) = f(u1) < "y,
We also note that w,, > 0 in L, and u*! is bounded in every compact subset of
L, N {u > 0}. By the strong minimum principle (Proposition 2.6 in [10]), for every

connected component C of X, N {u > 0}, either w,, = 0in C or w,, > 0in C. We
claim that

(2.5) We, >0 inXy N{u>0},
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which readily implies (A1). To this end, we assume to the contrary that for some
component C, w,, = 0in C. Since C is an open set and dC N (dL, \ 1) = 0, we
can take two points y,z with y € dC N X, and z € C satisfying u(y) = u,(y) = 0,
u(z) = Uqg(z) > 0 and z = y + re; for some r > 0. Then the reflected points y®,
z" € By N {x1 > 7o} satisfy u(y™) = 0, u(z™) > 0 and y = z + re;. This is a contradic-
tion, since u is nondecreasing in x;-direction in B; N {x; > 7o} by the definition of

104770
Tp; we could also have used the fact that u; > u for 7 = lel > 7.

To prove (A2), suppose there is a point x° € Dy N T, N {u > 0}. If x° € 9By, then
Ox t(x%) = =1/20y, w4, (x°) = 0, which contradicts (2.3). Thus we may assume that
x% € B;. Then we can take a small ball in ,, N {u > 0} which touches IT,, at x°.
From (2.5), w,,(x°) = 0 and w,, > 0 in that ball. By using (2.4) and Hopf’s lemma,
we get

O, W, (x°) < 0.

This is a contradiction since Vw,, = 0 on Dy, and the proof of Claim A is completed.

Claim B: DonN{u=0}=0.

For each D; = {w,, < 0} N X, defined in the beginning of the proof, we take a
minimum point x' of wy, in D; (or, equivalently, in X,), so that VwTi(xi) = 0. This
is possible since w,, < 0 in D; and w,, > 0 on dD;. Then, over a subsequence
x' — x0 € Dy. By the result of Claim A, x° € Dy N {u = 0}. Note that we have from
Wy, = U, —U =M —u>0o0ndLy \ Il and w,, = 0 on Dy that Dy C X, UTI,,. We
then have the following three possibilities:

(i) x*€ DpN T, N {u =0}
(ii) x° € Dy NTI;, N {u = 0} and I1,, is orthogonal to d{u > 0} at x°.
(iii) x° € Do NT1;, N {u = 0} and I, is non—orthogonal2 to d{u > 0} at x°.

Before discussing the above three cases, we prove that x0 € {u > 0} N AHu,, > 0}.

Indeed, it follows from u(x’) > u.(x)) > 0 and u(x’) = 0 that x° € d{u > 0}. In
addition, from u > 0 on dB; we see Dy N {u = 0} € L, U (I, \ dB1). This implies
x' € ¥, for large i. Using i, > u in L, we have u,(x') > u(x’) > 0. Combining
those with 1.,(x°) = w, (x°) + u(x?) = 0 yields x° € dfu,, > 0}.

We thoroughly examine both cases (i) and (ii) in parallel, as we expect to reach a
contradiction in each scenario by carefully utilizing the comparison principle with
barriers. It is important to note that while constructing the barrier in the Laplacian
case [13] was relatively straightforward, in the fully nonlinear setting, the process
becomes considerably more intricate. Nevertheless, we successfully address this
complexity in Appendix B.

We claim that the asymptotic property gives

(2.6) we, () = O (|x — xP+).

Indeed, (2.6) is trivial for the case (ii) due to its orthogonality assumption. For the
case (i), we use the asymptotic expansions (1.4) of u at x° and (2.2) of u,, at x°,

2The reader may ask why this case is handled in our problem, despite it being ignored in most (if
not all) other similar problems. This depends on the use of the maximum principle in small domains,
that does not work (at least we do not know how) in our case due to the singularity in the r.h.s.
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respectively, to have
p
u(x) = Ay ((x -2 ,vx0)+ + O(Ix _ x0|2+‘3’5),
U, (X) = A(xO)TO ((x _ xo) . ﬁ(xo)‘f[) )i +0 (Ix _ x0|2+6;;) )

The fact that u,, > u in £,, and x° € X, implies u;, > u in a neighborhood
of x%, which yields v = #*. This in turn implies, employing the equality
A, = [BB-DF (¥ @ )] P2, y € dlu > 0}, in Appendix A, that A = Agayo. Thus,
(2.6) holds in Case (i) as well.

Next, we observe that for small 7 > 0
P;,A(Dzwm) < flug) = fw) =uz, —u" <0 inA, =L, N{u>0IN B,(x°).
To use the result in Appendix B.1, let the n-dimensional cone K* and the function
HE¢ be as in Appendix B.1, with small ¢ > 0 satisfying (B.2). Thanks to the C'"I-

regularity of d{u > 0}, we can take possible rotations and translations on K* and H*
to obtain a cone K and a function H satisfying for small » > 0

KNB,(x% c A,
P},A(DZH) =0 inKNB,(x"), H=0 ondKnB,(x"),
(27) H() = |/ — x°P*%/2 for a sequence x/ € K N B,(x°) with |x/ — x°| \ 0.

Since K N 9B,(x°) is compactly supported in {w,, > 0}, the minimum of w., on
K N 9B, (xY) is strictly positive. Thus we have for some constant ¢, > 0

c¢.H <w, onKnaB,x°).
This, together with the fact that c.H = 0 < w,, on JK N B,(x9), gives
W, —c¢.H>0 ond(KnN B,(x")).
Moreover,
Py A(D*(wy, = c.H)) < P} (D*wy,) = ¢.Py ,(D*H) <0 in KN B, (x").

Therefore, we have by the maximum principle w,, > ¢.H in KN B,(x%). This con-
tradicts (2.6)-(2.7).

Now we consider case (iii). The proof in this case heavily relies on the asymp-
totic property (1.4) and the blow-ups of homogeneous rescalings (2.8), just as in
the Laplacian case [13]. Consequently, the two proofs are expected to be nearly
identical. However, during our analysis, we recognized the need for adjustments
in the construction of the rescalings from [13]. As a result, we present a refined
proof in this paper, utilizing more intricate techniques to address these necessary
modifications.

Let v = (v9,--- ,19) be the unit normal vector of dfu > 0} at x° pointing toward
{u > 0}, ie., v" = v™. Since the non-orthogonality assumption in (iii) gives v9 # 0
and the fact that w,, > 0 in I, implies v > 0, we have +? > 0.

For each i we take a free boundary point y' € d{u > 0} closest to x. Then, for
pi ==yl v = % is the unit normal to d{u > 0} at y'. Due to the C!-smoothness
of d{u > 0}, v/ = 1°, and thus 1/"1 > v(l) /2 > 0 for large i. Similarly, for each i we take
a point i € d{u,, > 0} closest to x'. Then, for p; := |[x' — 7|, ¥ := xlp;iyl is the unit
normal to d{u, > 0} at 7. v > 0 implies that the first components !, 7 of v/, 7',
respectively, satisfy i} < 7; < 7. This, combined with x' € X, C {x; < 7;}, yields
pi = piand 7 < 0. Notice that x', i, 7 and (7')" all converge to x°.
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We claim that % < 2 for large i. Otherwise, % > 2 over a subsequence. Using
pi = dist(x, d{u > 0}) and applying asymptotic property (1.4) of u at y' gives for
large i

u(x) < Agpl +Cop? ™ < \BJ2Awp! + Copl ™ < V2Awpl.
Similarly, using p; = dist(x’, du,, > 0}) and applying asymptotic property (2.2) of
Uz, at i, we obtain for large i
, o o A,

g, () > Aggiye ((xl — 7 H@) :)ﬁ — Gl — ]71|2+6¢; = Ay P_? _ Cop_lyéﬁ > —OP_f-

* V2
Here, in the second step we have used the fact that #9) is the unit normal ¥ of .,
at i7'. If follows that

, « A
We, (X)) = 1, (x) — u(x') > —= ‘f — V24, f >0,
\/Ep X p

which contradicts x' € D; = {w,, <0} N Z,.
Next, we consider the rescalings

u(pix + y') ) Uz, (pix + ')
28) g = LT g = PEEED
Pi Pi
Using the asymptotic property of u at ' and u, at i again,
19i) = Ay V)] < Copy PPl

i =i \P
qi(x) - A(yf)'[i ((x + y y ) . 171)
pi +

yl' _ —i 2+6F5
X+ —
Pi

For large i these estimates hold in By /z(vi), and thus in B; /4(1/0) as well. From I’j—; <2,
we see that

i i i i i i 45
ly yISIy X'+ |x yI:pz+pzS3'
Pi Pi Pi
Thus, over a subsequence,

gi = qo(x) 1= Ay(x - VO)E uniformly in By4(1Y),

Gi = Go(x) := Ap((x + 2% -170)5 uniformly in By4(v°),

for some z° € B; and #° € 9B;. Note that from 7 <0, 7 <0.

In fact, we have the above convergence in the C!'-sense as well. For this purpose,
we observe that by the asymptotic property, there exist constants ¢c; > 0and C; > 0,
independent of i, such that

u u’[“ . i
(1<—<C, 1< 5 <(C; in Bpi/z(x ).

o d
This is equivalent to

AP ‘
c1<4,<C, < (%) gi < C1 in Byp(v).

From 1 < % < 2, it follows that g; and §; are uniformly bounded below and above

by positive constants (independent of i) in By/3(+°). In addition, since F(D?*u) = u*
in {u > 0} near the free boundary, we have F(D?g;) = ¢ and F(D?7;) = ¢ in B13(/°).
Thus, for any a € (0, 1),

1llcay oy < 1, A, A, @) (1illoe, p0my + 18 Bs00y) < G
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and similarly,
I7illcras, 500y < C.
Therefore,

gi = qo inCl (Bia(")),
gi =0 in Cio(B1a(v”)).
Now, to reach a contradiction (and complete the proof), we recall that V., (x) =
0, which is equivalent to V(g;—§;)(v') = 0. By the C!-convergence we have Vqo(+°) =
Vgo(+°). Comparing their first components, we get (by using go(x) = Ag(x - Vofr and
To(x) = Ao((x +2°) - 7)%)
AT =00+ 2

Since v > 0 and 7} < 0, we see that the left-hand side of the equation is strictly
positive, while the right-hand side is nonpositive. This is a contradiction.

3. Proor oF THEOREM 2

In analogy with the elliptic case, we use the following notations in this proof:
forO0<t<landz=(x,t)=(x1, -, %y 1t),
1, = {z€ R™! : x; = 7} : the hyperplane,
z' = (2T — x1,X2,X3,- -+ Xy, t) : the reflection of z with respect to I,
L ={z : 2" € Q1, x1 < 1} : the reflection of the right side of Q,
ur(z) = u(z") : the reflection of u with respect to Il;.

We observe that 1;, 0 < T < 1, satisfies the equation
(3.1) F(D*u.) — dstir = f(uy) in Z; N {u, > 0},
and the asymptotic property at each z° = (x%, ) € u, > 0} with t* > T,
(3.2)
_ — 0. @Y
uc(x,t) — Aoy ((x x)- i )+

They follow from Hessian property of F and the asymptotic property (1.5) of u at
(2%)° € 2{u > 0}, respectively, as in their elliptic counterparts (2.1) and (2.2).

We first prove the symmetry and monotonicity results in Theorem 2 for 0 <
t < Ty, where there is no free boundary points. As in the elliptic case, by Hessian
property of F, it is enough to show that 1, > u in X, for every 0 < 7 < 1. To prove
it by contradiction, we assume that the set DI i={u, <u}nZ.Nn{0<t<T}is
nonempty for some0 <7 <land 0 < T < Tj.

By using the additional assumption on f in Theorem 2, (3.1) and infg,xpo1j 4 > 0,
wy = u, — u satisfies in DI = {w, < 0}

2+Oﬁ ~
| < Co(be—1+ VIE=0) ", (1) € Qu ().

Py A(D*wy) = dytoe < (F(D?1tc) = dyuu) = (F(D*ut) — dpur)
= flue) = f(u) = =(f(u) = f(u))

a-1
< Koui_l(u —uy) < =Ko (B g[l()fT] u) W
1 '

Moreover, (1.2) implies that w, > 0 on d,L;, thus w, = 0 on apDZ. For m :=
xo (infp, <o, 1), we define W, (x, t) := et~)w, (x, ). Then

W.=0 ond,DI, W,<0 in DI,
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and
Py A(D*Wy) = W, = e (Py | (D*w) - dyawc ) + me ™™ "Pw, <0 in DT

Note that in DI, W, takes its minimum at an interior point z° = (x%,°), say. We
then take r > 0 so that the cylinder Q := B,(x%) x (t* — 2, #°) is inside D! and 9,Q
touches d,D!. Then the minimum principle implies that W, = infpr Wy < 0in Q.
This is a contradiction since W; = 0 on B,,DI.

By continuity u(:, T1) is radial symmetric and dyu(-, T1) = 0 in B1, which implies
{u(-, T1) = 0} is either a one-point set {0} or a ball B,, for some 0 < ry < 1. We want
to show {u(-, T1) = 0} = {0}. For this purpose, we assume towards a contraction
{u(-,T1) = 0} = B,,. From (rpe1,T1) € d{u > 0}, we can find a small constant
0 < p < 1 such that u < ¢; in a cylinder Bs,(rpe1) X (T1 — pz, T1], where ¢; is as
in (1.3). We consider a smaller cylinder A := B,((ro — 2p)e1) X (T1 — 0%, T1] and let
T:=tg—p €(0,1). Thenw; =u, —u>0in A C By X (0, T1] and

P (D*wy) = dywe < f(ur) = f(u) =uf —u" <0 inA.

Since w.((ro — 2p)e1, T1) = u(roer, T1) — u((ro — 2p)e1, T1) = 0 =0 = 0 and ((ro —
2p)e1, T1) € A\ dpA, the minimum principle gives w, = 0 in A. However, using
{u(-, T1) = 0} = B,,, wehave w.((ro—3p)e1, T1) = u((ro+p)er, T1)—u((ro—3p)e1, T1) > 0
for a point ((ro — 3p)e1, T1) € A. This is a contradiction.

We now prove Theorem 2 for every 0 < t < 1. As before, it suffices to show that
u; > uin X, for each 0 < t < 1. Since F(D*u) — dyu = f(u) > 0 near d,Q1, we have
by parabolic Hopf Lemma (Theorem 4.2 in [8]) that

(3.3) J,u<0 ondB; x(0,1],

for any spatial unit vector v on dB; X (0, 1] which points into Q;. This implies that
dx,ut > 0in aneighborhood of {e;}x[T1/2, 1]. Combining this with the monotonicity
of u(-,t) for t < T; gives that for any 7 € (0,1) close to 1, we have u; > u in X,.
Hence we can start our moving plane and we let 7y to be the smallest value such
thatu, >uin X, foralltg <7< 1.

Towards a contradiction, we assume 75 > 0, and take sequences ¢; \, 0 and
T; = 79 — & > 0 such that D; := {w,, < 0} N £, # 0, where w, := u,, — u. For such
D;’s, we define

Dy := {2’ € Q : z* — 2° for some subsequence z* € D, }.
Note that D; # 0 implies Dy # 0. For wy, := lim;_,e Wy, = Uy, — 14, we claim that
We, = Vg, =0 in Do.

Indeed, from w,, < 0 in D; we have w;, < 0 on Dy. Moreover, by the definition of
7o, we also have w;, > 0in 2_70 D Dy, thus w,, = 0 on Dy. To see that Vw,, = 0 on
Dy, letz® € Dy and z' € D; with z' — z° over a subsequence. Fix a spatial unit vector
e € dBy. Since each D; is open relative to Q1, there is a line segment vy, v3) € Di
such that v}, y, € d,D;, y; = y, + se for some s > 0, and z' llies on (yy,y,)- Since
Wy, > 0ondyL,, we have wy, :_0 on d,D;. In particular, we,(y}) = wy,(y5,) = 0. Since
wy, is at least pointwise Cy in T, if vie(,y)isa local minimum point of w¢, on
(¥}, ¥5), then d.w.,(y3) = 0. Then, over a gbsequence [z', y;] converges either to a
point {z°} or to a line segment [z%, 4y°] C Dy. In either case we have d,w.,(z°) = 0.
Since e and z° are arbitrary, we see that Vw,, = 0 on D.
We now decompose Dy into two parts

Do = (Do N {u > 0}) U (Do N {u = 0})
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and will prove that these sets are empty, contradicting Dy # 0.
Claim A: Doni{u>0}=0.

Note that Claim A follows once we show
(A1) Do NEy, N{u>04=0,
(A2) Dy N Ty, N {u > 0} = 0.

Since wy, = 0in Dy, to prove (Al) it is enough to show that
(3.4) We, >0 inXpy N{u >0}
To this aim, we recall that u,, > u in X, and observe that in ., N {u > 0}

Py \(D*wy,) = ditwe, < (F(D?utg,) = dytt,) = (F(D*u) = dyu)

= flitz) = fu) < wou" My,

Let C be a connected component of X, N {u > 0}. Then, using (3.5) and the fact that
1! is bounded in every compact subset of ., N {# > 0}, we can deduce by para-
bolic Hopf Lemma that w,, cannot attain its minimum in the interior of C unless
it is a constant in C. In particular, we have either w,, = 0 in C or w,, > 0in C. To
prove (3.4) by contradiction, we assume that w,, = 0 in some component C. From
the fact that X, N {u > 0} is relatively openin Q; and w,, > 0 on (apzm \I1, )N Qy, it
follows that C is relatively open and d,C N (dp Ly, \ I1;) N Q1 = 0. This enables us to
take two points y € d,CN YL, and z € Csuch that u(y) = u,(y) = 0, u(z) = u,(z) > 0,
and z -y = (re;, 0) for some r > 0. Then, the reflected points y™, z* € Q; N {x; > 7}
satisfy that u(y™) = 0, u(z*) > 0, and y™ — z™ = (re;,0). This is a contradiction,
since u is nondecreasing in xq-direction in Q1 N {x; > 7o} by the definition of 7.

(3.5)

To prove (A2) by contradiction, we suppose that there exists a point z° = (x%, t°) €
Do NI, N {u > 0}. Note that > Ty. If x° € 9By, then 0y, u(z°) = =305, Wy, (z°) = 0,
which contradicts (3.3). Thus we may assume x° € B;. Then, we can find a small
r > 0 such that a cylinder B,(x? —re;) X (t° -2, t°) is contained in Z, N {u > 0}. Notice
that the cylinder touches I, on {x} x (£* — 12, °). By taking smaller r if necessary,
we may assume that u > ¢y in the cylinder for some positive constant ¢y > 0. From
(3.4) and (3.5), together with the fact that w,, = 0 on I1,,, we have d,,w,,(z°) < 0 by
Hopf Lemma. This contradicts that Vw,, = 0 on Dy, and completes the the proof
of Claim A.

Claim B: DoNX, N{u=0}=0.

For each open set D; = {w,, < 0} N L, defined in the beginning of the proof,
since w,, < 0 in D; and w,, > 0 on &pDi, we can take a point z' = (x', ') € D; such
that Vw,,(z') = 0. Then, over a subsequence z' — z° = (x*, %) € Dy. From Claim A,
2% € Dy N {u = 0}. Note that from w, = 1y, —u = My — u > 0 on (dpZq, \ IT;,) N Q1,
we have Dy C Lo, UTT,. Letv? = (v),v)) = (1),---,v),1}) be the normal vector
to du > 0} at 2° pointing toward {# > 0}. We then have the following three
possibilities:

(i) z2°€ Dg NIy, N {u =0}

(ii) z° € Dy NTIg, N {u = 0} and ITy, is orthogonal to d{u > 0} at 2% (i.e, 1) = 0,
V2 £ 0).
(i) z° € Do NIy, N {u = 0} and I, is non-orthogonal to d{u > 0} at z° (i.e., V¥ # 0).
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Before discussing the above three cases, we prove that z° € d{u > 0} N fu,, > 0}
and 0 > T.

Indeed, we easily have z° € d{u > 0} due to u(z') > u,(z)) > 0 and u(z°) = 0.
Moreover, it follows from 1 > 0 on d,Q1 that DN {u = 0} C L, U(Iy, \ d,Q1), which
implies z' € X, for large i. Using u, > u in £, we also have u,,(z') > u(z') > 0.
Those combined with u,,(z°) = w4, (z°) + u(z°) = 0 yield z° € dfu,, > 0}. It remains
to prove 9 > T;. Otherwise, we have t° = T, since z° is a free boundary point.
Recalling {u(-,T1) = 0} = {0}, we see that z0 = (0,T;). From 7y > 0, we obtain
W, (2°) = u ((20)70) —u(z") > 0, which contradicts w,, = 0 on Dy, as desired.

We deal with the cases (i) and (ii) at the same time, as they both follow from the
application of the result in Appendix B. As in the elliptic problem, the (parabolic)
asymptotic properties (1.5) and (3.2) give

246

(3.6) Wey (1, 1) = O((lx — 0+ A=) “).
For small » > 0,
P;,A(Dzwm) - atho < f(um) - f(u) = ufl[g —u"<0 inA, := Z‘TO N{u>0IN Qr(zo)'
Let (n+1)-dimensional domain Q¢ and the function H® be as in Appendix B.2, with
small ¢ > 0 satisfying (B.5). Due to the CX n CZ/ 242_regularity of d{u > 0}, we
can take possible rotations and translations on (3° and H* to get a domain Q and a
function H as well as a sequence z/ € Q N Q,(z°) with z/ — z° such that for small
r>0

QN cA,
(3.7) (DZH) dH=0 inQNQ,(° ), H=0 ond,Qn Q,(z%,

H(Z’) 2 |x) = x99, we, (v) < Cla) — 92+,
Here, the last inequality containing w., follows by using (3.6). Since H < ||h|z~5,)
on d,Q and wy, > 0 on d,Q \ {H = 0}, we have for some constant C* > 0

H < Cwg ondyQ,
and obtain, by applying the comparison principle,
H < Cw, inQ.
By taking o € (0, 6p), this contradicts (3.7).

We now consider the case (iii). The assumption v(l) # 0 in (iii) and the fact that
Uz, > 0 in Iy, imply v9 > 0.

Since the normal vector 1° at z° is not parallel to the time axis (0,---,0,1),
Au > 0}N{t = t°) and d{u > 0} N {t = t'} are (n — 1)-dimensional surfaces on By x {°}
and B1 X {t'}, respectively, for large i. For such i we take a point ¥ € R" so that

(y th) € Ifu > 0}N{t = ti} is Closest toz' = (), t)). In analogy to notations ¥ and

y we let v = (vi,vi) = (vg, . t) be the unit normal to d{u > 0} at zf pointing

toward {u > 0}, and denote y' : . Then, y' = Y for pi := |x' = y|. Due to the

C!-smoothness of d{u > 0} near z0 v —vand y' — yo In particular, v >19/2 >0

for large i. Next, we take a point 7 € R" so that z = (7', ) € 9{ uT >0} N {t =t}

is closest to z' = (x/,)). As before, let ¥ = (7. t) = (vl, -7, t) be the unit
normal to B{uT > 0} at z! f pointing toward {u, > 0}, and denote il I’ so that
p = = |x' — #|. Since z. — z° € d{u,, > 0}, we have ¥ — 7°, where

f

50 . —0 _ 0 hed o 70 ;
v (vx 9= (=905, W), and @' — - That is, {i” is the reflection of
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¥ with respect to {x; = 0}. Notice that p; < p;, 7 < 0, and that z/, z}, Zlf (Z})T*' all
converge to z°.

We claim that % < 2 for large i. Otherwise, we have that over a subsequence
% > 2. Applying the asymptotic property of u at zj( and u,, at z, respectively, we
obtain for large i

i i iy i i 240 2+8
u() < Ay ((x —y)- ) + Colx — PO =Aszplﬁ+C0pi+ b < V24,00,

_2+0p > A _B

i T N i Q240 =B
) > A — . — — P =A. 0. — . .
U, (z') 2 (zf)z((x 7)-1)5 — Colx' = 7l Azfp, Cop; " = \/Ep,

Then, we obtain
. , A s(1(p:\
we,(2') = ug,(2') —u(z') = \/EAzopi 3 (;) -11>0,

which contradicts that z' € D; = {w,, < 0} N Z,.
Next, we consider the homogeneous rescalings

u(pix + v, pft +t) )
qi(x, t) = 5 , gi(x, t) :=

ur, (pix + ', pt + 1)

el o
Again, we use the asymptotic property of u at z} and u., at z,, respectively, to get
. 24Bp— 2+9,
9:x 1) = Ay (- il < Copy ™7 (Il + 1412

y -7

1

i i \P
l/_]i(x, t) _A(fo)T’ ((x + y y ) pl) x +

2+85-p
<Cy ’ (
pi ¥ P

i

2+(§ﬁ
+ |t|1/2) )

For large i, these estimates hold in Q12(¢,0), and thus in Q1/4(u’, 0) as well. From
% < 2, we see that

-yl _ =X+ -F1_pi+pi o
pi pi pi
Thus, over a subsequence,
gi = qo(x, t) == An(x - yo)[jr uniformly in By /4(y0, 0),
gi = Golx, t) == Ap((x + 170) . po)lfr uniformly in Bl/4(y0, 0)
for some n° € Bj.
In fact, we have the above convergence in the C'-sense as well. For this purpose,

we observe that by the asymptotic property, there exist constants C; > ¢; > 0,
independent of i, such that

u u'[,' . ~ i
1<—=<C, aa£—<C in Qpi/z(z ).

o
This is equivalent to

B
c1<gi<Cy, g < (@) gi < Cy in Qqp2(it', 0).

From 1 < % < 2, it follows that g; and §; are uniformly bounded above and

below by positive constants, independent of i, in O /3(y0,0). In addition, since
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F(D*u) - dsu = u® in {u > 0} near the free boundary, we have F(Dg;) — dg; = 47 and
F(D*q;) — dy; = 77 in Q1/3(u°, 0). Thus, for any a € (0, 1),
1l ooy < €O A A, @) (1810, 0.0p + 19 lo01m0.00) < C
and similarly,
1Gill e aquo,0n < €

Therefore,

gi = g0 in C} (Q1/a(u°,0)),

3 — g0 inC(Q/a(p’,0)).

TQ reach a contradiction, we recall that Vw,, (z) = 0, which implies V(g; —
3i)(u',0) = 0. By the C'-convergence we have Vqo(u°,0) = Vjo(u’,0). Compar-
ing their first components, we get

-1 _ovp-1
pO(u - O = =8 + %) - g0,
where y? is the first component of u’. From v‘f > 0, we have y? > 0, thus the

left-hand side of the equation is strictly positive, while the right-hand side is
nonpositive. This is a contradiction.

APPENDIX A. PROPERTIES OF Ay AND Ao
In this section we discuss values and properties of Ao > 0 and A, > 0, when

gy (x) = Ago(x - Ve )li and q,o(x, t) = Ao(x - yzo )li are solutions to

F(D*q0) = ¢, inBj,

F(D*q) — d1g0 = g in 0.
Here, v*’ and yzo are unit vectors in R". To get A0, we compute

E(D*q0) = AwB(B - D(x - v ) Fve @ vy0),
Tro = Al (x - v )lia = Al (x- v )[i—2'

They readily give

Aw = B - DF @ v P2,
For its bounds, we observe that v @ v* has the eigenvalues 1,0,---,0, which
implies A < F(v* ® ") < A. Thus, we obtain the uniform lower and upper bounds
on Ay

[BB - DA < A < [B(B - DA

Since g0 is time independent, it also satisfies F(D*q,0) = q%- Thus, repeating the
above process with g,0 will yield

Az = [B(B ~ DE @ u) P2
and

(BB~ DAIF? < A < [B(B~ AT
Finally, if v, u € dB; with F(v ® v) > F(u ® u), then for the eigenvalues ¢;’s of
VRV —-U®U,
Fv®v)-Fu®u) <P ,(v®v—u®u) < ALl
<nAllvev-pueull < Cn, Ay - ull.

Therefore, v — A, is continuous.
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APPENDIX B. A NON-STANDARD COMPARISON PRINCIPLE

For small ¢ > 0, we construct® in Appendix B.1 an n-dimensional Lipschitz cone
K, centered at the origin and contained in {x; > 0, x, > 0}, and a functionH : K — R
satisfying the following: for 1 < A/A < 19 with 19 > 1 depending only on o,

-P; (D*H)=0, H>0inK, H=0 ondK,
- H does not decay faster than |x|**° near the center of K, see (B.2).

We prove its parabolic counterpart in Appendix B.2, see (B.5).

B.1. Elliptic Case. We fix a small constant oy € (0,0), and consider a function h,
defined in a 2-dimensional cone €, such that

-C C {x; >0, xp > 0} c R? with opening /2 — y,

-h:C—>Risa positive solution to P/1 A(D2fz) =0inCand1=00ndeC,
- 1 is homogeneous of degree 2 + 0.

For 1 < A/A £ 19 = 1no(op) and small p > 0, this follows from [17]. Indeed,

thanks to Theorem 2.4 in [17] we can find a nonnegative a-homogeneous solution

h of Py (Dzh) = 0 in € with zero boundary value. Here, the homogeneity «a is

determlned from the equation

gyl@) = %(7"/2 - W),

where

22—« na—-1+1/n)
a) = arctan + arctan [ ——, = A/A.
$nl®) Vi Ja-1+1/na-1+1 N\ a-1+9 1

We can see that o is completely determined by the opening of the cone, 71/2 — 1,
and the value 7 = A/A. To see if we can make a = 2 + g, we first take 17 =1and

compute gi(a) = %(a 1) Solving 4( ) = 2(7t/2 1) gives a = 2 + = 2”, thus

a =2+ o0¢ holds for small p > 0 (specifically, u = 2( +1 This computation implies
that forn = A/Alargerthan1,say 1 <n <ny = 170(00) we can still find small p > 0
to have a = 2 + oy.

Next, by possibly multiplying a constant on /2, we assume [x[>*? < /1/2 on the
line {0 < x; = x» < 1}. We then extend / from € to the cylindrical cone € x R""2 by
defining

h(x1,x2,x") = h(x1,x2), (x1,%2) €C, x” € R"™2,
For small ¢ > 0 we define n-dimensional cones
={h>0lN{x +x2>elx”l}, K ={h>0},
and observe that lim,_,g K¢ = K°.
Let now H* be a solution of
- P;/A(Dsz) =0in K¢ N By,
-Hé¢ =hon K¢ NdBy,
- H® = 0 on dK¢ N By.
By applying the comparison principle, H* < h in K* N B, and moreover
(B.1) H*—>h inC. (K°NB;), and H° "h pointwisein K’ N B;.

loc

SAfter finalizing this paper we found out that a different (but similar in nature) construction for
elliptic case has been done by Silvestre-Sirakov [20], that hinges on an earlier result by Armstrong-
Sirakov-Smart [5], where an higher dimensional homogeneous solution in cones are constructed.
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We claim now that for ¢ > 0 small enough there is a sequence X e Ly = {x1 =x >
0, x” =0}n B_r/,, where 7; := |x/| N\, 0 and such that
(B.2) HE(xl) > oo,

To prove claim (B.2) we argue by contradiction. If (B.Z)A is not true, then using
(B.1) we can find sequences ¢; ™\, 0 and X e L, with 7; = x| — 0 such that

H(x)) = /"%, and HY(x) < [x** VxelL,.
Consider
- H¢(rx)

Hf(x) = (r].)2+a ’

which satisfies
- PX/A(DZI:I]) =0 inK%nN Bl/rjr
-Hj=0 ondK N By,

Set yo =2 e L, N dB; (note that L N B is a singleton). Then by construction, we

Tj
have

Hi@Y) = 1y°P*" =1,  Hi(x) <> forxe L.

This, combined with Harnack inequality, implies that in every compact subset
of K%, H; is uniformly bounded in j. Thus, H; — Hp in K, where Hj solves the
same PDE as above, and satisfies

(B.3) Ho(y") =1,  Ho(x) < |x**" forxel;.
Applying Boundary Harnack Principle to Hyand hin K° N By implies
ch<Hy inK°NByp,.
This in combination with (B.3) implies
clx[* ~ ch < Hy < |x**7, X € Ly,
which is a contradiction, since ¢ > 0y.
B.2. Parabolic case. Let the function & : R" — R and n-dimensional cone K* =

{h > 0} N {x; +x2 > €|x”|} be as in the elliptic case. For a spatial unit vector vJ € 9By,
we define (n + 1)-dimensional domain

Qf = {(x,t) e R . —1 <t <1, xe (KN By)+ elt|'AY),.

Note that every time-slice of ()¢ is a truncated cone of shape K* N By with vertex
elf|Y*1Y. We can observe that as ¢ N\, 0, K¢ and Q¢ converge to n-dimensional
cylinder K = {h > 0} and (1 + 1)-dimensional cylinder Q° := (K° N By) X (-1,1),
respectively.

Let H® be a solution of

-P; (D*H?) - 9H: =0 in ¥,
-For —1<t<1, H(,t) = h(- — e||*9)  on (K¢ N By) + elt|/4179,
-Fort=-1, H:(-,—-1) =h(-— &) on (KN By)+ el

The Maximum Principle yields H¢ < ||| (s, in Q¢, thus for some function H we
have over a subsequence

(B.4) H¢ > H° inC!

loc

@Q%, and H® — H° pointwise in Q.
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The fact that Q° is a cylinder gives

P \(D*HY) = 9H' =0 inQ,
H’=h ond,Q°,

thus we have by the uniqueness H® = 1 in Q°.
We now claim that for € > 0 small enough there exists a sequence z/ = (/,/) =

(x], ,xf;, the A, =1{@a,a,0,-,0,a%) : 0 <a<r;}, wherer; \, 0, and such that
(o] j\2
(B.5) HE @) > (x2*.

To prove (B.5) we argue by contradiction. If (B.5) is not true, then, using (B.4) we
can find sequences ¢; \, 0 and z/ € A, with r; = |x]| — 0 such that

He(2)) = (<)**7, and H'i(z) < (x1)*" forall z € A,,.
Consider
Hei(rjx, r}z.t)
Hjte t) = —55—
j
which satisfies
Py (D*Hj)=9,H;=0 inCY,
For |t < 1/1’?, I:Ij(-, t)=0 on (K% N Byyy,) + ejltll/zvg,
where

. 1 1 v
O = {(x, t) e R™! . = <t< = X € (K NByy,) + ej|t|1/2v2}.
j j
Set " := (1,1,0,---,0,1) € R**1. By construction
Hi(y*) =1, H(z) < (x1)*" forz € A;.

By parabolic Harnack inequality, in every compact subset of (K°NBy2)x(—1/2,1/2),
H is uniformly bounded in j. Thus, over a subsequence H/ — H® in (K° N By ) X
(=1/2,1/2), where H° satisfies

P (D) =9 =0 in (K Byyo) x (~1/2,1/2),
F9=0 on (9K° N Bum) X (~1/2,1/2),
H%z) < (x1)* for z € Ayys.

Applying parabolic Boundary Harnack Principle (see e.g. [6]) to H® and & in
(K° N Byj2) X (—=1/2,1/2) implies that

ch <H® in (K°NByug) x (=1/4,1/4).

Therefore
c(x1)** ~ ch(z) < H(z) < (x1)**7, z € Ay,

which is a contradiction since ¢ > 0.
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