ON THE LOGARITHM OF THE RIEMANN ZETA-FUNCTION
AND ITS ITERATED INTEGRALS

SHOTA INOUE

ABSTRACT. The present paper gives some results for the logarithm of the
Riemann zeta-function and its iterated integrals. We obtain a certain explicit
approximation formula for these functions. The formula has some applications,
which are related to the value distribution of these functions and a relation
between prime numbers and the distribution of zeros in short intervals.

1. Introduction and statement of the main theorem

In the present paper, we discuss some properties of the logarithm of the Rie-
mann zeta-function ((s) and its iterated integrals. We define the function 7,,(s)
by

t
Nm(0 +it) = / Nm—1(o +it")dt' + ¢, (o),
0
where

mo(o + it) = log ((o +it),
,L'm

cm(o) = (m——l)'/a (a — )™ tlog ((a)da.

Here, we determine the branch? of the logarithm of the Riemann zeta-function
as follows. When ¢ is not equal to zero and the ordinate of nontrivial zeros of
((s), then we choose the branch by the continuation with the initial condition
lim, 100 log((oc+it) = 0. If t = 0, then log((o) = lim.glog (o +ic). If t
is the ordinate of a nontrivial zero p = [ 4 iy of the Riemann zeta-function,
then log ((o +47y) = lim. o log (o +i(y — sgn(vy)e)). We also mention that the
integral in the definition of 7,,(c+t) is defined by the improper Riemann integral,
that is, it is defined by the following. If there are zeros p; = B;+iv; (j =1,..., k)
of ((s) satistying ¢ < f;, 0 < 7; < t, then the integral of the definition of
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Nm (0 + it) means that

k

Yi+1—€
Nm(0 +it) = lim Z / Nm—1(c + it")dt’,

&40 =0 Y vite

where 9 = 0, V441 = t.
Under the above definition, the well known function S,,(t) (cf. [23], [27]) can
be represented by using 7,,(s). Actually, the function S,,(t) is defined by

Sp(t) = 7 Im (1, (1/2 + it)),

and particularly, we may write Sy(t) as S(t). The study for S(¢) is important
since this function has information on the distribution of zeros of ((s). This fact
can be understood by the Riemann-von Mangoldt formula:

N(T) =7targ(1/4 +iT/2) — Tlogm/2m + S(T) + 1. (1.1)

Here, the function N(7T') is the number of zeros p = 5 + iy of ((s) with 0 <
B < 1,0 <~y < T counted with multiplicity, and the function I' is the gamma-
function. Therefore, the function S,,(¢) being an m-th iterated integral of S(t)
is also a remarkable object, and the study for S,,(t) has been done by many
mathematicians. For example, Littlewood [23] and Selberg [27] showed S, (t) <,
log t/(loglogt)™! for nonnegative integer m under the Riemann Hypothesis. It
is also known in an unpublished work by Ghosh and Goldston (see pp.334-335 in
[31]) that the Lindelof Hypothesis is equivalent to the estimate S;(t) = o(logt).
Further, if the estimate S(t) = o(logt/(loglogt)?) holds, then we can obtain
the interesting estimate S(t) = o(logt/loglogt). This fact can be immediately
obtained by Lemma 5 in [6]. Moreover, Fujii [12] showed that the Riemann
Hypothesis is equivalent to the assertion that, for any integer m > 3, the estimate
S (t) = o(T™2) holds. Hence, we are interested in properties of S,,(¢). On the
other hand, we could expect that the real part of the logarithm of the Riemann
zeta-function also has the information of zeros of ((s). Actually, the behavior of
log ((s) on s close to a zero p becomes roughly like log(s — p) whose real part is
singular around the zero p. From this observation, it would be expected that the
real part of 7,,(s) also has important information of zeros, and to understand
clearly this observation, we show a certain explicit approximation formula for
nm(s) in this paper. The formula can be also applied to the value distribution of
log ((1/2 + it) and 7,,(s).
Throughout this paper, we use the following notations.

Notations. Let s = 0 4 it be a complex number with o, ¢ real numbers, and
p = [ +iv be a nontrivial zero of ((s) with 3, v also real numbers. Let A(n) be
the von Mangoldt function.

Let H > 1 be a real parameter. The function f : R — [0,4+00) is mass one
and supported on [0, 1], and further f is a C*([0, 1])-function, or for some d > 2
f belongs to C¥%(R) and is a C%([0, 1])-function. For such f’s, we define the
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number D(f), and functions us g, vy g by
D(f) = max{d € Z>; U {+oc} | f is a C%(]0, 1])-function},
urp(x) = Hf(Hlog(xz/e))/x, and

vp(y) = / wp (@),
Yy

respectively. Further, for each integer m > 0, the function U, is defined by

Un(z) = ! /000 qu(m)E’k (zlogx)dx

T ml (log x)m "~ ™*!

for Im(z) # 0. Here, E},(2) = E}, ., (2 +iy) is the function of a little modified
m-th exponential integral defined by

. +oo+1iy ) . e~ w 00 mefw
Er . 1(2) = /Hiy (w— (x +1iy)) wa = /Z (w—2) vdw.
When Im(z) = 0, then Uy, (z) = lim.y Uy, (z + ie).
Let X > 3 be a real parameter. The function Y, (s, X) is defined by

( Z log((s — p)log X) m =0,
|s—p|<1/log X
Yi(s, X) = m-l ik
27 ! (B—o)"Ft—y)* m>1
(m — k)& 7
k=0 0<y<t
L B>0

In this paper, we take the branch of log z by —m < arg(z) < . Here, we may
represent Y, (s, X) by Y,,.(s) in the case m > 1 since Y,,,(s, X) does not depend
on X in this case.

Remark 1. From the above definitions, the function uysy is mass one and sup-
ported on [e, et H] and further u;y is a C([e, e!tY/H])-function, or uspy be-
longs to C472(R+) and is a C%([e, e!T'/H])-function for some integer d > 2. We
also note that vy is a nonnegative continuous function on R, and satisfies
vip(y) =0fory > e*VH and vpp(y) =1for 0 <y <e.

Remark 2. When m = 1, the function Y;(s) has the following simple formula

and its value is always nonnegative and always zero for ¢ > 1/2 under the
Riemann Hypothesis. Next, we suppose m > 2. Then if the Riemann Hypothesis
is true, Y;,(s) is always zero for ¢ > 1/2. On the other hand, if the Riemann
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Hypothesis is false, the value of Y,,(s) becomes big in o close to 1/2. Actually,
there exists a nontrivial zero pg = By + i with 5y > 1/2, then we have

2T m— m—
>ﬁ(5o—a)t "+ 0 (" Plogt),

N 1) (1.2)
II’II(Ym<S)) > m(ﬁo - O')th72 + @) (tm74 lOg t)
for a fixed o with 1/2 < o < .

Now, we state the main theorem in this paper.

Theorem 1. Let m, d be nonnegative integers with d < D(f), and H, X real
parameters with H > 1, X > 3. Then, for any o > 1/2, t > 14, we have

An)v 6logn/logX
ORI (n)vgn { )

S m+1
a<naxiriE n*(logn)

Here the error term R,,(s, X, H) satisfies the estimate

+ Y (s, X) + Ru(s, X, H).

XQ(IfU) _|_le0 1
R, (s, X, H X2B-0) 4 xB-o
(5, X, H) <4 t(log X )m+1 + (log X)™ Z ( T )
lt—< e
1 X2(B-0) 4 X0 H :
—_ i _ . (1.3
TS T D e R L (F=tex) - @9

‘t_7‘>1ogx

Moreover, if the Riemann Hypothesis is true, for 1 < H < t/2, 3 < X <'t, we
have

R(s, X, H) <5 X/

log? ( 1 +10g(H+2>)_ (1.4)

(log X)™ \ log log t log X

The important point of this theorem is that, by Y;,(s, X), we can express
explicitly the contribution of certain zeros which have big influence to 7,,(s).
Actually, from this theorem, we can take out the information of singularities
coming from such zeros. Some consequences of this fact will be described in the
next section.

Note some remarks on this theorem. First, when m = 0, and H is large, for
example H = X, this formula becomes an assertion close to the hybrid formula
of Gonek, Hughes, and Keating [15, Theorem 1]. In fact, this theorem is proved
by calculating the contribution of nontrivial zeros which is based on Proposition
1, and the proposition in the case of H = X, m = 0 becomes almost the same
as their formula. On the other hand, as we can see from Theorem 1, it becomes
difficult to obtain a good estimate for the contribution of nontrivial zeros and
mean value estimates when H is large. From this reason, we introduce the new
parameter H which can control the length of smoothing functions. Although
most of discussions and results in the following are obtained by this theorem in
the case H is small, the theorem in the case H is large is also useful when we
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discuss a Dirichlet polynomial without smoothing functions like 3 _ p /2=t

Actually, we will mention an estimate of this Dirichlet polynomial under the
Riemann Hypothesis in inequality (2.10) below.

2. Applications of the main theorem

In this section, we state some consequences of Theorem 1. The consequences
are related to the following:

1. An equivalence between the order of magnitude of 7,,(s) and the zero-free
region of ((s),

2. A relation between the prime numbers and the distribution of zeros of
((s) under the Riemann Hypothesis,

3. The value distribution of log |((1/2 + it)],

4. A mean value theorem involving 7,,(s),

5. The value distribution of 7,,(1/2 + it).

We will state the details of these results in the following five sections.

2.1. An equivalence between the magnitude of the order of 7,,(s) and
the zero-free region of ((s).

To begin with, we state a consequence which gives an equivalent condition to
the zero-free region of ((s). The consequence is the following.

Corollary 1. Let 0 > 1/2. Then the following three statements (A), (B), (C),
(D), and (E) are equivalent.

(A). The Riemann zeta-function does not have zeros with real parts greater than
o.
(B). For any m > 2, the estimate

Re (o +1T) =0 (T™1) (2.1)

holds as T — +o00.
(C). For some m > 2, estimate (2.1) holds as T — +o0.
(D). For any integer m > 3, the estimate

Im 7, (0 +4T) = o (T"?) (2.2)

holds as T — +o00.
(E). For some integer m > 3, estimate (2.2) holds as T — +oc.

In particular, for a fized integer m > 2, the Riemann Hypothesis is equivalent to
the estimate

Mn(1/24+iT) = o (T™ )
holds as T — +o00.

This corollary is easily obtained from Theorem 1. Actually, we can show it by
the following little discussion.
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Applying Theorem 1 as X = 3, H = 1, for any positive integer m, we can
obtain the formula

M (8) = Yin(s) + Om (Z ﬁ) -

Now, by the well known estimate (cf. p.98 [7])

1
—— < logt, 2.3
; 1+ (t—7)? s (2:3)
the above O-term is <, logt. Hence, we obtain
N (8) = Yiu(s) + Op(logt). (2.4)

Thus, from estimates (1.2) and (2.4), we obtain Corollary 1.

Fujii [12] showed an equivalence for the Riemann Hypothesis and an estimate
for S,,(t). He discussed only the behavior of the Riemann zeta-function on the
critical line, and this corollary means that his equivalence can be generalized to
the critical strip naturally. Moreover, Fujii’s result is an equivalence for S,,(t) in
the case m > 3. On the other hand, thanks to the consideration on the real part
of iterated integrals of the logarithm of the Riemann zeta-function, we also have
the same type of equivalence for m = 2.

2.2. A Dirichlet polynomial involving prime numbers and the distribu-
tion of zeros of ((s) in short intervals.

In this section, we state some consequences of Theorem 1 for a relationship
between prime numbers and the distribution of nontrivial zeros of ((s) in short
intervals. These consequences are obtained from a principle of taking out the
information of singularities coming from certain zeros by using Theorem 1.

We define the weighted Dirichlet polynomial Pf(s, X) by

v 71(elogp/logX)
Pr(s, X)=> -

p<X?

pS

for X > 3. Here, the sum runs over prime numbers. Moreover, the function
N(t,h) means the number of zeros p = 8 + iy of {(s) with |t — v| < h counted
with multiplicity. Then we can obtain the following theorem.

Theorem 2. Assume the Riemann Hypothesis. Let f be a nonnegative mass one
C1([0, 1])-function supported in [0,1]. Then, for t > 14, logt < X < t, we have

loglogt ~ 1

logt
+ Z log(|t—7\10glogt)+0f( o8 ) (2.5)

IR P loglogt

log X loglogt
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In particular, we have

_ logt
321)??;(]5}{6 (Pf(l/Q—i—Zt,X)) <y m, (2.6)
ax. Re (—P¢(1/2 +it, X)) < logt, (2.7)
and
. logt
3?)2})Sct|lm(Pf(1/2+zt,X))| L5 loglog i (2.8)

Here we focus on estimates (2.6), (2.8). From these estimates, we would expect
that it is possible to improve estimate (2.7) to log ¢/ loglogt. This expectation
is coming from the following discussion. By the randomness of the prime num-
bers, it is probably true that the numbers {tlogpi},..., {tlogp,} are randomly
distributed on [0, 1) for ¢ > 1. Here, {} means the fractional part of x. Hence,
the author believes that there is not a big difference among the bounds of the
real and imaginary parts of a weighted Dirichlet polynomial like Pf(s, X) and
their positive and negative parts. From this observation, the author suggests the
following conjecture.

Conjecture 1. Let o be a real number, and f be a nonnegative mass one
C1([0, 1])-function supported in [0,1]. For sufficiently large T > 0,

max max Re(Ps(o +it, X)) < max max Re(—P(o +it, X)),

14<t<T 3<X<t 14<t<T 3<X <t
max max Re(Pr(o+it, X)) < max max Im(Ps(o +it, X)),
14<t<T 3<X <t 14<t<T 3<X <t

and

max max Im(Ps(o +it, X)) < max max Im(—Ps(o +it, X)).
14<t<T 3<X<t 14<t<T 3<X<t

If this conjecture and the Riemann Hypothesis are true, for every certain f,
we obtain

logt

321)%§t|Pf<1/2+Zt’X>| < (2.9)

log log t
from estimates (2.6), (2.8).

Estimate (2.9) can be applied to the distribution of the ordinate of zeros of
((s). If estimate (2.9) and the Riemann Hypothesis are true, by using formula
(2.5) as X = (logt)”, we can obtain the following interesting estimate

~ 1 logt
Nt ——— _
( ’Dloglogt) < log D loglogt

for any 2 < D < logt/loglogt. In particular, on the same condition, we can
improve the estimate of the multiplicity of zeros of the Riemann zeta-function
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like the following

log ||
(loglog |])?’
where m(p) means the multiplicity of a zero p = % + ¢7y. This estimate is toward

the simplicity conjecture, which asserts that m(p) = 1 for all nontrivial zeros.
The best known upper bound of multiplicities is the following

1 log |7
<(=4o001)) —21
mip) < (2 ol )) log log |7

proved by Goldston and Gonek [14, Corollary 1]. From this observation, the
author suggests Conjecture 1 as an important open problem.

Furthermore, we will find a deeper fact from the same method as the above
discussion. We consider the following estimate

1
Z pl/2+it

p<X

m(p) <

< M(1), (2.10)

max
3<X<Y (1)

where Y'(t), M (t) are some monotonically increasing functions with 3 < Y'(¢) <,
M(t) < /Y (t)/logY(t). Note that an estimate of Dirichlet polynomial with-
out smoothing is useful because we have, by partial summation and assuming
estimate (2.10), Pp(1/2 +it) < M(t) for 3 < X < /Y(t) and any certain f.
This fact plays an important role in the following discussion in this section.

From the discussion in [11, Section 2.2], we may expect that estimate (2.10)
is true with Y (¢) = t, M(t) < +/logtloglogt. Here, we can obtain some
bounds of Y (¢) and M (¢) under the Riemann Hypothesis. Assuming the Rie-
mann Hypothesis, by using estimate (1.4) as H = X, we can show that es-
timate (2.10) is true when Y (¢) = ¢, M(t) = logt. Moreover, we can also
show the inequality M(t) > \/logtlogloglogt/loglogt when the inequality
Y(t) > exp (L\/logtlog log t/logloglog t) holds with L sufficiently large con-
stant. This fact can be shown, for example, by the work of Bondarenko and Seip
[5, Theorem 2] and Selberg’s formula [28, Theorem 1].

Now, if estimate (2.10) and the Riemann Hypothesis are true, then we can
obtain the following theorem.

Theorem 3. Assume the Riemann Hypothesis and estimate (2.10). Let 1(t) be
a function with 3 < (t) < /Y (t). Let f be a nonnegative mass one C*([0,1])-
function supported on [0,1]. Then, fort > 14, ¥(t) < X <t, we have

b0 s (S50) o (4 ) o
1
+ Z log (|t — v|logv(t)) + Of (M(t) + 10;5}1(575) + loglogX) .

1
log X <|t—’y|§ log ¥ (t)



ON log((s) AND ITS ITERATED INTEGRALS 9

In particular, if the Riemann Hypothesis and estimate (2.10) with Y (t) = t,
M(t) =< +/logtloglogt are true, then by taking 1(t) = exp <,/1O§’itgt>, X =

exp <D log ¢ >, we have

loglogt
~ Vvlogl Vviogtlogl
Nt oglogt < ogtloglogt
D+/logt log D

for3< D < %\/logtloglogt.

By estimate (2.11), assuming the Riemann Hypothesis and estimate (2.10)

with Y(¢) = ¢, M(t) < v/logtloglogt, we have

log ||
m(p) < 4 o, 2.12
2 loglog || (2:12)

Here, we should mention that, under the same condition, the estimate m(p) <
Vlog |v|loglog || immediately follows from Selberg’s formula [27, Theorem 1]
and the Riemann-von Mangldt formula (1.1), and inequality (2.12) is an im-
provement of this estimate. Hence, from this observation, we may expect that
there is an interesting relationship between the behavior of 37 _ p~ /2= and
the distribution of zeros of the Riemann zeta-function.

(2.11)

2.3. On the value distribution of log|((1/2 + it)|.
In this section, we consider the value distribution of the Riemann zeta-function.
Now, we define the set (T, V) by

ST, V) = {t € [T,2T] | log |c(1/2 +it)| > V}.

Here, we give a result on the value distribution of log [((1/2 + it)|. There are
interesting studies on this theme by Soundararajan [29], [30]. He showed a lower
bound and an upper bound of the Lebesgue measure of (T, V'), and his result
for the upper bound is under the Riemann Hypothesis. In [30], he mentioned
the question that, in how large range of V', the following estimate

2
vioglog T exp( L) (2.13)

1
— T —
T meas(7 (T, V) < V loglog T

holds. Here, the symbol meas(-) stands for the Lebesgue measure. This problem
is important because there are some interesting consequences such as the mean
value estimate and the Lindelof Hypothesis. Actually, if estimate (2.13) holds
for any large range of V', we can obtain the conjectural estimates

max}log\(’(l/Q—i—it)l < /logTloglog T,

te[T,2T

2T
/ 1C(1/2 + it)|**dt < T(log T)*"
T
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Here, we should mention Jutila’s work [20]. He showed unconditionally that the

estimate
1 V2 V
1 T (! loglog T
T Hleas(y< 7V)) < exp ( log logT ( T O (log 10gT>)>

holds for 0 < V < loglogT. In particular, as an immediate consequence of this
estimate, we have

1 V2
T meas(y(T, V)) < exXp (—W> (214)

for 0 <V < (loglog T)?/3. This estimate does not quite reach to estimate (2.13).
On the other hand, this estimate was improved by Radziwill [26] in the shorter
range V = o ((log log T')%/ 5*5). In fact, he showed that the following conjecture
is true for V = o ((loglog T)/107¢).

Conjecture (Radziwill, [26]). For V = o (y/loglogT), as T — 400

]_ 1 & 2 du
— S| T,V4/=loglog T N/ w2
Tmeas( ( 2og og >> g’ e N

Hence, by his study, estimate (2.13) have been proved for /loglogT < V =
o ((loglog T')3/5=¢). In this paper, we will extend unconditionally this range for
V to VIoglogT < V < (loglogT)%3. Moreover, we will also show that the
upper bound of Radziwilt’s conjecture is true for V = o ((log log T)l/ﬁ).

Theorem 4. Let A > 1 be a constant. For 0 <V < A(log log T)1/6, we have

1 1
— T,V4/=loglogT
Tmeas(&”( vV 5 loglog >)

< <1+0(1)+OA (%)) /:’eu?/z\%

as T — +oo. In particular, for 0 <V = o ((loglog T)'/%), we have

%meas (,5/ (TJ/H%loglogT)) <(1+ 0(1))/‘/ eu?/z\;lg_7r

as T — 400, and for any large T, we have

VioglogT < V2 )
T2 2 exp

1
- T " loglog T
o meas(. (T,V)) <4 vV loglog T

(2.15)

for /ToglogT <V < A(loglog T')?/3.

Estimate (2.15) is an improvement of estimate (2.14), and it is expected from
Radziwill’s conjecture that the estimate is best possible.
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This theorem will be shown by using a method of Selberg-Tsang [32] and
Radziwitt’s method [26]. On the other hand, it would be difficult to prove The-
orem 4 by using their method only. Actually, the author could not derive this
theorem by a method using Lemma 5.4 in [32] which plays an important role in
their method. The reason why the author could not derive this theorem by such
a method is that the contribution of zeros close to s cannot be well managed. On
the other hand, we can ignore the contribution of such zeros by using Theorem 1
while considering the upper bound of meas . (T, V). In fact, the important point
in the proof of Theorem 4 is that the real part of Yy(s, X) is always non-positive.

2.4. A mean value theorem involving 7,,(s).
In this section, we state a certain mean value theorem. There are some inter-
esting applications of the theorem to the value distribution of 7,,(s).

Theorem 5. Let m be a positive integer. Let k be a positive integer. Let T be
large, and X > 3 with X < T 5% . Then, for o > 1/2, we have

?/14 nm(0+2t> —1 Z n“"‘it(logn)m"'l —Ym(a+zt) dt
2<n<X
k(1-20) T11_3250
< RlCF 2 okp2kmiy L
a (log X')2km * (log T)2m

Here, the above C' is an absolute positive constant.

This theorem will give an answer for the question of how much of the function
Nm(s) can be approximated by the corresponding Dirichlet polynomial. Such
a study is often useful. For example, Radziwill [26] proved a large deviation
theorem for Selberg’s limit theorem, and he used Corollary from [32, p.60] to
prove his result. The corollary is related to the approximation of log ((s) by a
certain Dirichlet polynomial, and we can regard that Theorem 5 corresponds to
the corollary. Hence, it is expected to be able to show a limit theorem for 7,,(s),
which is similar to Selberg’s limit theorem or the Bohr-Jessen limit theorem, and
also its large deviation. On the other hand, by using this theorem, we will show
some results for the value distribution of 7,,(s) in the following. Endo and the
author showed the following theorem by using Theorem 5.

Theorem (Endo and Inoue [9] in preparation). Let 1/2 < o < 1. If the number
of zeros p = B+ iy with 8 > o is finite, then the set

{/Ot log (o +it')dt' | t € [0, oo)}

1s dense in the complex plane. Moreover, for each integer m > 2, the following
statements are equivalent.

(I). The Riemann zeta-function does not have zeros whose real part are greater
than o.
(IT). The set {nm(c +it) |t € [0,00)} is dense in the complex plane.
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In particular, it follows from this theorem that the Riemann Hypothesis implies
that the set

{/Ot log C(1/2 + it')dt’ | ¢ € [O,oo)}

is dense in the complex plane. The motivation of this study is to give a new
information for the following interesting open problem.

Problem 1. Is the set {log((1/2+it) | t € R} dense in the complex plane?

There are some works for this problem such as [13], [21]. As we can see from
those studies, the resolution of this problem is difficult at present. On the other
hand, we already know the following results as previous works for this problem.

Theorem (Bohr and Courant in 1914 [2]). For fited 1 < o < 1, the set
{C(o +it) | t € R} is dense in the complex plane.

Theorem (Bohr in 1916 [1]). For fized 3 < o < 1, the set {log((c +it) | t € R}
1s dense in the complex plane.

Note that the latter theorem is an improvement of former one since the for-
mer one is an immediate consequence from the latter theorem. These results
are interesting, and there are many developments such as the Bohr-Jessen limit
theorem [3] and Voronin’s universality theorem [33]. On the other hand, the
value distribution of {(s) on the critical line is more difficult, and the resolution
of Problem 1 is also difficult at present even under the Riemann Hypothesis.
From this viewpoint, the above theorem of Endo and the author is interesting,
and hence Theorem 5 is also important as a step to understand Problem 1.

2.5. On the value distribution of 7,,(1/2 + it).

In this section, we consider the value distribution of 7,,(1/2 + it). There are
many studies on the value distribution of the Riemann zeta-function and other
L-functions.

We discuss a measure for the difference between 7,,(1/2 + it) and the corre-
sponding Dirichlet polynomial. We are interested in the exact value distribution
of 9, (1/2+it) and S, (t). Here our aim is to establish a theorem for 7,,(1/2+it)
and S,,,(t) similar to the results of Jutila [20], Radziwill [26], and Soundararajan
[30] on the large deviation of the Riemann zeta-function. The motivation of this
study in the present paper is to search for the exact bound of 7,,(1/2 + it).

We define the set 7, (T, X, V) by

. v} |

We obtain the following result which evaluates the difference between n,,(1/24it)
and the corresponding Dirichlet polynomial.

Ma(1/2+it) —i™ Y 1+z‘tg(<)g)n)m+1

2<n<x 1?2

{t e [T, 27] — Y (1/2 + it)
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Theorem 6. Let m be a positive integer, and let T, X be large with X135 <T.
2

If V' satisfies the inequality C(log X)™™ <V < c(log T') 2=+1 711 (log X)~ o , then

we have

1 2 2m C
Tmeas(§m<T,X,V))<<exp (—cV (log X) (1 1ogX)>'

If V satisfies c(log T)zn+ (log X))~ St <V < log T/(log X )™+, then we have
1 m
T meas( 7, (T, X,V)) < exp (—chTl(log T)m) )

Moreover, if the Riemann Hypothesis is true, then we have

%meas(ﬁm(T, X, V)

2m+1
1 " Viniz (log X)™
< exp |~V (log T) 7 log [ e 108 X) (2.16)
(10gT)2m+2

for (log T) 2+ (log X )~ e <V <logT/(log X)™*'. Here the numbers c and
C are some absolute positive constants.

This theorem can be applied to the value distribution of 7,,(s) on the critical
line. For example, we can obtain the following results from this theorem.

Corollary 2. Let T, V be large numbers. If V < (log T)Y3(loglog T)~*/3, then
we have

1
7 meas {t € [T,27] ] |51(t)] > V} < exp (—cV*(log V)?). (2.17)
If V> (log T)Y*(loglog T)~*/3, then we have

%meas (e T 21]]18,0)] > V) < exp (~ey/VIogT) . (218)

Here ¢y is some absolute positive constant.

Corollary 3. Assume the Riemann Hypothesis. Let m be a positive integer,
and let T, V' be numbers with T,V > To(m), where To(m) is a sufficiently large

2m2+2m

number depending only on m. Then, if V < (logT)zn+1 (loglog T)™ 2mi1 |, we
have

1
7 neas {t € [T,2T) | |nm(1/2 +it)| > V} < exp(—cV?(log V)*™). (2.19)
Moreover, if V> (log T') 2n+1 T (loglogT')~ e , then we have

1
7 meas {t € [T,2T] | [nm(1/2 +it)| > V'}

2m+1
m Vamt2 (log V)™
< exp —ch%Ll(logT)Tﬂlog el +2(ogm) .
(log T')2m+2
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Here ¢ is some absolute positive constant.

These assertions are analog of Soundararajan’s result [30]. In fact, we can also
obtain his original result with our method.
Corollaries 2, 3 can be obtained by the following argument. Now, we see that
A(n 1/2 .
ZQSHSVW <m (logK/W' Hence, for sufficiently large V', we find
that

meas {t € [T,27] | |S1(t)| > V} < meas(Z(T,V,V/2))
unconditionally, and that
meas {t € [T,2T] | |nn(1/2 +it)| > V} < meas(7,(T,V,V/2))

under the Riemann Hypothesis. Further, the estimate S;(f) < logt holds un-
conditionally, and the estimate 7,,(1/2 + it) <,, logt/(loglogt)™*! holds under
the Riemann Hypothesis. By these inequalities and Theorem 6, we can obtain
Corollary 2 and Corollary 3.

It could be expected that the function +/V logT" in the exponential on the
right hand side of (2.18) is sharp as an unconditional result by the following
discussion. Actually, if there is a function w(7,V) with limr ., w(T,V) =
+00 or limy 1 w(T,V) = 400 such that the left hand side of (2.18) is <«
exp(—w(T,V)y/V1ogT), then the Lindelof Hypothesis holds. Moreover, estimate
(2.18) matches the well known inequality S(t) < logt.

We are also interested in that estimates (2.17), (2.19) hold in how large range
of V. 1If the estimates hold for any large V, then we have n,,(1/2 + it) <,
Viogt/(loglogt)™. Although the necessary condition of this implication is rather
strong, the author guesses that it could be true. Hence the author expects the
inequality for 7,,(1/2 + it) could be also true.

3. Proofs of Theorem 1 and Theorem 2

In this section, we prove Theorem 1 and Theorem 2. First, we prepare some
auxiliary formulas.

Lemma 1. Let m be a positive integer, and let t > 0. Then, for any o > 1/2,
we have

ym

N (0 + it) = m

/oo(a — o)™ tog ((a + it)do

[y

m— m—

i 1-k -
k=0 T o<y<t
B>0

Proof. In view of our choice of the branch of log((s), it suffices to show this
lemma in the case ¢ is not the ordinate of zeros of ((s). We show this lemma by
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induction on m. When m = 0, by using Littlewood’s lemma (cf. (9.9.1) in [31]),
it holds that

i/t log ¢(o + it")dt' — /00 log ¢(a)da

0 o

= — /OO log (o + it)da + 2mi /OO N(a,t)da. (3.1)

Here N(o,t) indicates the number of zeros p = [ + iy of the Riemann zeta-
function with § > o, 0 < v < t counted with multiplicity. We see that

/ Natda—/ Zlda—Z/da— (8 —o).

9 o<y<t 0<y<t 0<y<t
B>a B>0 B>c

Therefore, by this formula and the definition of 7,,(s), we have

m(o + it) :i/oologg(oc—l—it)doz—l—%r Z (B —

0<y<t
B>c

which is the assertion of this lemma in the case m = 1.

Next we show this lemma in the case m > 2. Assume that the assertion of
this lemma is true at m — 1. Then, we find that

t
/ D1 (0 4+ it')dE
0
t im—l 0
:/ m/ (a — o)™ ?log ((a + it")dadt’
0 — ) Jo

m—2 im— 2—k
m 1—Fk /gy k 74/
+27rz — 'k'/o - (t' —~)kdt
k=0

0<7<ﬂ
B>0

?

m—1 e8] t
= — —o)" 2 [ 1 it')dt'd

(m—2)!/0 (v —0) /OogC(oH—z) «

m—1 jm—1- k k 3
wzm k'k'z )R — A)E, (3.2)
k=1

0<y<t
B>0

Note that the exchange of integration of the first term in the second equation is
guaranteed by the absolute convergence of the integral. Applying formula (3.1)
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to the inner integral and using integration by parts, we find that

m—1

o] t

¢ m—2 Y !

—_— — 1 t)dt'd

(m—2)!/a (a— o) /0 og ((a+it")dt'da
,L'm

(m—1)! /(, (a =)™ Hog¢(a + it)da — ¢n(0)

ym—1 00
+ 2Wﬁ /U (a — O')milN(Oé, t)dCY,
and that
/ (v — o)™ 1Noztdoz—2/ (a — )" tda = — Z(B—J)m.
o 0<y<t 0<v<t
B>0

B>c
Hence, by these formulas, (3.2), and the definition of 7,,(s), we obtain

Z‘m

] /oo(a — o)™ og ¢ (a + it)da

+27TZ _k%,z ="

0<y<t
B>0

Nm (o +it) =

which completes the proof of this lemma. O

Lemma 2. Let m, d be nonnegative integers with d < D = D(f). Let z = a+1b
be a complex number with a € R, b € R\ {0}. Set H > 1 be a real parameter

Then we have
e~ (IH1/H)a 4 p=a H\'
Um(z) <1 B 0<i<d (m) '

Proof. By the definition of U,,(z), we have

1 [ (a—a)™ o ,
Un(z) = %/a % (/0 wppr(x)e (@) logxdx) da. (3.3)

Since uf g belongs to CP72([0,00)) and is a CP([e, e!*/H])-function and sup-
ported on [e, e!*V/H] for 0 < d < D — 1, we see that

00 eltl/H (d) d—(a+ib)
. uy o (x)x
/ wpp(x)e@rDosagy — / dﬂH( ) | I
0 e [T {(a+ib) =1}

Here the estimate u;;{( ) <jq H¥! holds on x € [e,e!*/H] for 0 < d < D.
By this estimate and (3.4), we have

o . 7\!
/o g g (x)e OBy oy (7 (i) 4 em) J%i?d { <W) }

(3.4)
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for 0 < d < D — 1. Moreover, by (3.4), we find that

/ uﬁH(x)e—(oz-&—ib) logxdx
0

p—el+t1/H

[uS”D i >a;D—<a+z'b>] /el“/H ulP) ()P~
lel{(a—i—ib) — 1} p—e e Hl {(a+ib) _l}

H D

By these estimates and (3.3), for 0 < d < D, we have

1 a\"| [=
il . \m(,—a(l1+1/H) —a
Un(2) <54 ol 0<z<d{(|b\> }/a (v —a)"(e + e “)da

- e—(1+1/H)a 4 o—a H\'
min —
b 0<i<d |0 ’

which completes the proof of this lemma. O

Lemma 3. Let m be a nonnegative integer, and let H > 1. Then, for any
complex number z = a + ib with a € R and |b| < 1, we have

—%(—z)m logz+0O(1) if |z| <1,
Up(z) = (3.5)
O (en Ve ema) 4 |z] > 1.

In particular, we have
Up(2) < e UH1/H)a 4 o=a (3.6)

for any complex number z = a+ib with |b| < 1. Here, the above implicit constants
are absolute.

Proof. In view of our definition of U,,(z) and log z, it suffices to show this lemma
in the case that b is not equal to zero. First, we consider the case a > 1. By the
definition of U,,(2), we see that

1 oo 0o mef(a+ib) log x

1 e o0
< %/ ufH(a:)/ (—a)" e o < e

Next, we consider the case |a| < 1. Then we can write

1 e 1 e—(a-i—ib) log
Un(z) = %/ ufH(x)/ (0 — a)"" ————dadx

a+ b
1 /
ol
m:

1+1/H

1+1/H

1+1/H ef(aJrib) log

—a)"———dadz.
ufH(x)/l (v — a) i dede
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We see that the absolute value of the latter term on the right hand side is

v
<
- mlJ,

Next, we consider the former term on the right hand side. By the Taylor expan-
sion, it holds that

1 e—(a+it) log
My
[ -

_ /a1 fazam,, g Closa) /al<a — )™ (a + ib)"da.

When n > 1, we find that

el+1/H

ufH(x)/ (a0 —a)"e 8% dadr < 1.

S 2m+n’

‘ / (= @)™ (a+ i) o

and so

[ 3 () o [

= (—2)" (log(1 4 ib) — log z) + Z <TZ) (_Z>mkW

= —(—2)"log(z) + O (4™).

Therefore, by the above calculations, when |a| < 1, we obtain

U (2) = —%(—z)m log 2 + O (1).

Finally, we consider the case a < —1. We can write

Up(z) = /e

Using the result of the previous case, we have Uy(—1+1ib) = —(—14ib) log(—1+
ib)+O(1) = O(1). Also, we can easily see that the first term is < e~ +1/Hage=a,
Hence, we have

el+1/H

-1 e—(a-{—ib) log

Up(2) < e”(IH1/H)a 4 gma
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for a < —1. When m € Z>4, it holds that

Um(z):%/:

1 o _ .
by integration by parts and Fubini’s theorem. Applying the estimate of Uy, we
find that

1+1/H ef(aJrib) log

urala) [ o=@ da

o+ b

1 00
m[ (Oé — (l)milUQ(Oé + Zb)da < 1,

1 —1
W/ (v — )" TUp(ov + ib)da < e~ I+ Ha 4 g=a
m—1)!J,
and that
]_ 1
m—1)! / (o — a)" ' Up(a + ib)da
cJ -1
1 1 1
= o) el b) + O(1)) d
<m—1ﬂ/ﬁa a)"™" (log(a +ib) + O(1)) da <

Therefore, we have

(Jal =)™ _

(m —1)!

Up(z) < e UF/Ha 4 oa

and this implicit constant is absolute.
From the above calculations, we obtain

—(=2)"logz+ 0O (1) if |a| <1,
Un(z) =
O (e (FH/Ha 4 g=a) if |a| > 1.

Now, from the condition |[b| < 1, the formula where |a| is replaced by |z| also
holds. Hence, we complete the proof of the estimate (3.5).

Moreover, we can obtain the estimate (3.6) from (3.5) since, for m € Z>4, the
inequality %(—z)m log z < 1 holds for |z| < 1. Thus, we obtain this lemma. [

Proposition 1. Let m be a nonnegative integer. Then, for o > 1/2, t > 14 we
have

n)vr g elogn/logX §m
Nm(s) =" Z Aln)vrn ) _ (log X ;Um((s —p)log X)

ns (IOg n)erl

2<n< X 1+1/H
2 L0 .
+ WZ m— k lk|0;<t - < t(log X )m+1 )
B>0

Here if m = 0, then we regard the third term on the right hand side as zero.
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Proof. In view of our definition of U,,(z) and log((s), it suffices to show this
lemma in the case that ¢ is not equal to the ordinate of zeros of ((s). First,
we prove this proposition in the case m = 0. The proof is the almost same
as the proof of Theorem 1 in [15] (see also the proof of Lemma 1 in [4], if
necessary). Hence, we only write the rough proof in this case. Let @(s) be the
Mellin transform of u s, that is, a(s) :== [ uyp(x)x* 'dz. Since the functions
vra(z) and a(s + 1)/s are Mellin transforms we find that, for any complex
number z with Re(z) > 1/2,

i A TL) (elogn/logX) — L i A(TL) /IOgX—l-z'oo 1~L<U} + l)n_w/logxdw
n
n=1

2mi log X —ioco w

1 log X+ioco 1 ~
__1 ¢ S u(w—l—l)dw'
2mi log X —ioco C log X w

By this formula, for Re(z) > 1/2, Im(z) > 14, we have
A(n
Z <Z)vf,H (elogn/logX)
n<X1+1/H "

p

X2(17Re(z)) leRe(z)
1’21+ —z)logX)+O( i ),

Im(z2)

where the O-term comes from trivial zeros and the pole at w = (1 — 2)log X.
Integrating both sides with respect to z from oo + it to o + it (= s) , we obtain

An
log((s) _ Z - l(o >nvf,H (elogn/logX>
2S7LSX1+1/H g

X2(1—a) +X1—a
—) Us((s — p)log X) + O ( Tog X ) . (3.7)

Therefore, this theorem holds in the case m = 0.
Next we show this proposition for m > 1. By Lemma 1, it suffices to show
that

ym

ﬁ /Oo(a — o)™ og ((a + it)da

n)vs g elogn/logX i
=™ Z Aln)osa ) _ (logX)m;Um((s—p)logX)

D<neXA1/H ns (log n)m+1
X2(1—o)+Xl—a

O . (3.8

+0 (S ) 69
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By applying integration by parts to formula (3.7), the left hand side on the above
is equal to

A logn/log X
im Z (TL)UfyH(e )

s m+1
denamiriE n*(logn)

_ % /oo > (a—0)" ' Us((a+it—p)log X)da+O (

X2(1—<7) 4 X1-o
g )

t(log X )m+1
(3.9)

In the following, we will change the above sum and integral, and it is guaranteed

by
Z/ (o — o)™ Uo((ar + it — p)log X)|da < +oo.
p Jo

This convergence can be obtained by Lemma 2. Further, we use integration by
parts to obtain

im

) /Oo(a — o)™ Wo((a + it — p)log X )da

,l'm

— L U.((s—p)log X). (3.10
Ul = )0z X). (310
Hence, by (3.9), (3.10), we obtain formula (3.8), and this completes the proof of
this proposition. O

Proof of Theorem 1. We can immediately obtain estimate (1.3) by Proposition
1, Lemma 2, and Lemma 3. Now we prove estimate (1.4) under the Riemann
Hypothesis. It suffices to show

1 log X
3 <logt | —B2 4logH |, (3.11)

L e [t — ] loglogt

log X —log X
and
H log X

R logt —+1 3.12
ZH (t—~)?log X <ot x (Hloglogt+ ) (3.12)

‘t77‘>1ogx

under the Riemann Hypothesis. Assuming the Riemann Hypothesis, the follow-
ing estimate (cf. Lemma 13.19 in [24])

~ logt
Nt 3.13
( ’loglogt> < loglogt (3.13)
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22
< L we find that

holds for ¢ > 5. By this estimate, for any 1 < H < g,
X [(H-1)1o8lost) X
2. TS X 2. T
@ﬂt—ﬂﬁlogx k=0 1oglx+m<|t_7|gloglx+logﬁgt
loglogt
<l t[(H_%:lig)% | 1 oot [ 08X H-DSEE qu
Og (0] (0} _— O (0] (0}
k=0 llfgl)%t +k loglog? 0 llfgl)%t tu
log X
=logt o8 +logH |,
loglog t
and that
H H Hlogt
S e Y o (M
(t—~)%?log X (t—7)?log X tlog X
It—7|>lo§X 105)( <|t_7|§%
[tlog2logt}
H Hlogt
< S e ro(he
. . Y " (t —7)%log X tlog X
P00 rex Trogtest << x Fogioge
[tloglogt]
logt < 1 Hlogt
<<Hlog10gt% 2+t1 Oi(
WX ()
log ¢ log X \? o0 d Hlogt
< Hloglogt o8 o8 —I—/ Y s | + 08
log X Hloglogt 0 Hloglogt tlog X
u+ log X

<logt (82

0 —_— .
'\ loglogt

Hence, we obtain estimates (3.11), (3.12).
Next we prove Theorem 2. Here, we prepare a standard conditional formula.

Then, for t > 14, % < g <

O

Lemma 4. Assume the Riemann Hypothesis.

1 1
2 + loglogt’
(3.14)

(s) = Z %p%—O(logt).

C/
¢ [t—v|<1/loglogt
Proof. This lemma is Lemma 13.20 in [24]. O

Proof of Theorem 2. Assume the Riemann Hypothesis. Let ¢ > 14 and X be a
real parameter with log¢ < X < t. By using (2.2) in Theorem 1 with o = £,
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H =1, and m = 0, we have

| . logt

1 o 1

Py(3 +it, X) = log (5 +it) —|t g log ((t = 7)log X) + 05 <loglogt) .
<

1
log X

Here, we can change the above log ((t — ) log X) to log (|t — v|log X) since the
gap is aborted in the O-term by using the estimates Imlog ((t — v)log X) < 1
and (3.13). By integrating the both sides of (3.14), we obtain

1 1 1
1 —+it) —1 = it
0g(<2+z) Og<(2+loglogt+z>
logt
= Z log(]t—7|loglogt)+0( °8 ),

loglogt

1
|t7’Y|§ loglog t

and by using estimate (13.44) in [24], we obtain

logt
+it><< t

1
1 -
08¢ (2 + loglogt

Hence, we obtain

Pr(1/2 +it, X) =

logt
Z log (|t — v|loglogt) — Z log(|t—7|logX)—|—Of( & )

loglogt
|t_7|§m |t_’7|§10g1‘X o
loglogt
- « 1 log (|t — y|loglogt
() B s
S e ST ST

logt
O ([ —=2° )
log log t
Thus, we obtain formula (2.5). In particular, estimates (2.6), (2.7), (2.8) are
easily obtained by formula (2.5) and estimate (3.13). O

4. Proof of Theorem 3

In this section, we prove Theorem 3. We prepare three lemmas, and the
proofs of these lemmas are probably standard for experts in this field, and so
those proofs are written briefly.

Lemma 5. Assume the Riemann Hypothesis and (2.10). Let ¥ (t) be a function
with 3 < (t) < /Y (t). Then we have

log t
)<<M(t)+ o8

i 1
N (t’ log 1(t)
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Proof. For 0 > oy 1= 2 5 +

by using the following formula (cf. (2.3) in [27])

logX’
%(8) = — Z AIX(sn) +0 | xt?*e Z A:f;{(fzz +logt | |, (4.1)
nexz nexz !
we have
%(UX +it) < | Y ﬁjiffz +logt. (4.2)
n<X?2
Here, the function A’y (n) is defined by
if 1<n<X,
n) log( XQ/n)/logX if X <n<X?
otherwise.

By assuming estimate (2.10) and using partial summation, the right hand side
of (4.2) is

< M(t)log X + logt
for X2 <Y (). On the other hand, by the following formula

Q/U i — 0—1/2 o
RG<C( ‘f‘t)) Z (0—1/2>2+(t—7)2+0(1gt)7

[t—I<1
we have
1/log X
< M(t)log X + log t.
2 X+ 7

Therefore, we have

logt
1< M(t
> < M(t) + g X
[t—v|<1/log X
for X < /Y (t). Hence by putting X = 1(¢), we obtain this lemma. O

Lemma 6. Assume the Riemann Hypothesis and estimate (2.10). Let 1(t) be a
function with 3 < Y (t) < /Y (t). Then we have

logt
log9(t)

log ¢ <§+ log;(t) —i—it) < M(t) +

Proof. By integrating both sides of (4.1), we obtain

log ¢ (ox +it) = Z M—FO ! Z

i e T logn log X
RS

nUx-Ht + logt
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By using the partial summation, the above right hand side is

logt
M(t
< M(t) + Tog X
for X < /Y (t). Hence by putting X = 1(t), we obtain this lemma. O
Lemma 7. Assume the Riemann Hypothesz’s and estimate (2. 10) Let WY(t) be
a monotonic function with 3 < ¥(t) < /Y (t). Then, for s < o< + m
t > 14, we have
¢ 1
Z<s) = ) el O(M(t)log ¥ (t) + logt). (4.3)

1
‘tiw‘g Tog ¥ (t)

Proof. We can obtain this lemma by using Lemma 5 and the same method as in
the proof of Lemma 13.20 in [24]. O

Proof of Theorem 3. Let 1(t) < X < t. Using (2.3), Lemma 5, and Lemma 7,
we can find that

S e Y iy

1
t=71> oz oy ' v << mghm

<L log p(t)(M(t) log y(t) + logtt).
Applying this estimate to (1.3) in Theorem 1 with H =1, d =1, [ = 1, we have

Z A(n)vm (elogn/logX)

nt/2titlogn

2<n<X?

logt
=log ¢ ( + Zt> . Wg log((t —v)log X) 4+ O (M(t) + 10g¢(t)> . (44)

log X

Similarly to the beginning of the proof of Theorem 2, we can replace the above
log((t — ) log X) for log(|t — v|log X) by using Lemma 5. By integrating the
both sides of (4.3), we also find that

log ¢ (1 +zt) —log¢ (%—I—anit)

it —) logt
2. T (logw() i 7)) s (M 5)

|t=7I< oz 0]

Combining the above two formulas with Lemma 5 and Lemma 6, we have

logt
log ¢ ( + zt) Z log (|t — 7| logv(t)) + O (M(t) + logw(t)) .

1
=71 o
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By this formula, the right hand side of (4.4) is equal to

log ¥ (¢) - 1
l%(mx XNmmﬂ’+ > log (|t — [ log¥(t))
log1X<|t_'y|§m
logt
+O(Mt+ ).
® log ¥ ()

On the other hand, we see that the left hand side of (4.4) is = P(1/2 + it) +
O(loglog X)), which completes the proof of Theorem 3. O

5. Proof of Theorem 4

In this section, we prove Theorem 4. We will use the method of Selberg-Tsang
[32] in a part of the proof, where the following proposition plays an important
role there. Moreover, the proposition also plays an important role in the proof
of Theorem 5.

Before stating the proposition, we define ox; and Ax(n) = A(n)wx(n) by

= +2 6] L2 (5.1)
== max - — :
Xt 1=y X3E1/) 2 log X |’
<X
1 if1<y<X,
oe( X3 2_9(log( X2 2
UJX(Z/) — (log(X /y;zlogig)zg(x /¥)) if X < Yy < XQ) (52)
e if X2 <y< X3

If there are no zeros such that [t — | < %, we let ox, = 5 + 10§X' Then,

we can obtain the following proposition.

Proposition 2. Assume D(f) > 2. Let m be a nonnegative integer, and let X,
H be real parameters with X >3, H > 1. Then, fort > 14, o > 1/2, the right
hand side of (1.3) is estimated by

X2(1fcr) + X1l-0o

<r

t(log X )m+1

ox:—1/2 _ _ Ax(n) X3/
720% x2l0x:=0) | yoxi—o |+ logt + —— =

(log X)™ ( i ) ;;s ot | T8 t3(log X)?

Thanks to Proposition 2, we can combine the method of Selberg-Tsang with
Theorem 1.
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Proof. By estimate (1.3) and the line symmetry of nontrivial zeros of ((s) with
respect to o = 1/2, it suffices to show that

1 X2(6-0) 1 XxP—o
(X2(B—o) + Xﬂ—a) W
|t—v%lx (log X)3 W% L It — )3
— log og
B>1/2 B>1/2

< (oxy — 1/2)(X2oxe79) 4 Xox47)

Ax(n)
Z nUX,t+it +10gt

n<X3

If g > UXJTM, then by the definition of ox; (5.1), we have

X3(6-1/2)

t—q]>E—n
|t — log X

> 3(8—1/2) > 3lox: — B
By these inequalities, we find that

X26-0) 1 XP-o log X X26-0) 4 XP-o
t— ~|3 <<X3(5—1/2) oxi— B2+ (t—)2
’y )

Ox ¢ — ]_/2
(oxp — B2+ (t—)*

< XV*7(log X)?

Next, we suppose 1/2 < < Ux‘fﬂﬂ Then if |t —y| > ox+ — 1/2, we find that

X2B-0) 1 xB—0
=

and if 1/log X < |t — | < ox:— 1/2, we find that

OXt — 1/2

< XQ(O'X,t—O')_I_XO'X,t—U log X 2 ’
( W

X2B-0) 4 xB—0
=P

(0x¢—1/2)°

< (XPoxe=o) 4 xoxi=%)(log X ) :
( T Py g

From the above estimates, we have

1 Z X2B=0) 4 XP-o
log X)3 t— 3
(log )|t_7|>loglx |t =7l
B>1/2
_ _ OX,t — 1/2
< (oxs— 1/2)(X2ox=0) L Xox1=0 ’ . (5.3
( Xt / )( ) Zl (O'X,t_ﬁ)2+(t_/7)2 ( )

‘t77‘>10gx




28 S. INOUE

Moreover, it holds that

Z (Xz(ﬁ_") + Xﬁ—U)

=< oax
B>1/2
- - Oxt— 1/2
< (UX,t — 1/2)(X2(0va 7) 4 XXt o) , .
tvlgl > (o = B)? + (t = 7)?
<o
By this estimate and (5.3), we obtain
1 XZ(ﬁ—U) + XB—o
28-0) | yBo
=< e x M.
8>1/2 o1

O'Xﬂg — ]_/2
(ox¢— B2+ (t—7)*

< (UX,t _ 1/2)<X2(Ux,t*0) + XUX,t*U) Z

By the same proof as (4.8) in [28], we can prove that

ox;—1/2 Ax(n) X3017o) 4 X1o
. . logt .
Z (oxt—B)2+(t—7)? < <ZX$ ot | T8t #3(log X )2

Remark that there is no the last term in [28], but the term is needed in this case
because we do not assume X < t2. Thus, we obtain this proposition. O

Moreover, we prepare some lemmas.

Lemma 8. Let T'> 5, and let 3 < X <T'. Let k be a positive integer such that
Xk <T/logT. Then, for any complex numbers a(p), we have

/0 > p?/@it dt < Tk! (Z M)

p<X p<x P
Here, the above sums run over prime numbers.

Proof. This lemma is a little modified assertion of Lemma 3 in [30], and the proof
of this lemma is the same as its proof. O

Lemma 9. Let T' > 5, and let k be a positive integer, X > 3, & > 1 be some
parameters with XP€1° < T. Then, we have

T N ooy 7 Ak gros% 8k !
_Z ox,e=1/2 g4 )
/0 (Ux’t 2) ¢ <7\ (og X)F " Tog X (log T

Proof. This lemma is a little modified assertion of Lemma 12 in [28] or Lemma
5.2 in [32], and the proof of this lemma is the same as its proof. O
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Lemma 10. Let T be large, X = TV 1081eT?  Then for V = o(y/Toglog T), we

have

! meas | t € [T,2T] Rez Z 1))/OO efTu2 du
il vy .
r p<X p2 p<X 14 V 2
Proof. This lemma is Proposition 1 in [26]. O

Proof of Theorem 4. Let T be large, and V' a nonnegative number with V' <
A(loglog T)*? with A any fixed positive constant. Then, it suffices to show
that, as T" — +o00

1
7 meas(. (T, V))
00 du \% V2
< (1+40(1 P+ O TlogloeT ) )
< (1+0(1)) /\/mfﬁe fox Y \ Toglog 705 P \ “loglog T
og log

Let X, Y be parameters with X = 7%/ (glosT)> <y < 7110 [t f he a fixed
function satisfying the condition of this paper and D(f) > 2. Applying Theorem
1 with H = 1 and Proposition 2, we find that, for T" <t < 2T,

A(H)Uﬁl (elog n/ logY)
nl/2+itlog

log [((1/2+it)| <Re Y

2<n<Y?
+ Ci(oy; — 1/2)Y vt Z Av(n) +logT
1 Y,t nUYt+Zt g )
n<Ys3
where (; is an absolute positive constant. Now, we see that
Aln)o elogn/logY
Re 3 Alduga(er/ )
n1/2+zt log n
2<n<Y?
log p/ log Y logpQ/ logY
_ vrale vra( )
=Re)  —5m 1/2+7,t +Re > pi/etit + Re) P2t 1og p?
p<X X<p<y?2 p<Y
logpk/ logY
"Ufl )
+ Re Z k(1/2+it) logp
k<y2
k>3

> ApH)upa (e 8y | > A
o pk(1/2+zt) log pk - pksy2pk/2 lngk )

k>3 k>3
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and that

Ay (p") log p
Z prov.FiD < Z <logY 4+ O(1) <logT.
pk<Y3 ph<ys3
k>2 k>2

Hence, we have
meas((T,V)) < meas(S;) + meas(Sy) + meas(S;) + meas(Sy), (5.4)
where the sets Sy, So, S3, Sy are defined by

1
Y

Sy = {t € [T,2T]

p<X
' V1 (elogp/ logY)
Sy = t € [T,2T] ReXZY2 g > Ve
<p<
v 71(elogpz/logY)
&::{teu:mq Re ) f_ﬂwu >Vap,
p<Y
A
Sy =S te|T,2T) | Cy(oy; —1/2)Y vt Zai—(f)t +2logT | > Vs p,
poveTt
p<Y3

where Vi =V — 3V5. Let k be a positive integer with k£ < ﬁigig. By Lemma
8, we find that

/2T
T

2k

(elogp/ 10gY> .
dt < T (CyklogloglogT)", (5.5)

U1

X<p<Y?

/2T
T

By Lemma 9, we have

and that
2%k

log p?/ log X
vrale Wit < Twicr (5.6)

>

p<X

p1+2it

2T k
CslogT
/ (201>k<0'y’t . 1/2)kY2k(0Y,t*1/2) (log T)kdt LT (%) . (57)
T g

Now, we can write

M) 5 ArD)  m A0) e,
Z pO'Y,t-l-it - Z p1/2+it - Z p1/2+it(1 —p / ) )

p<Y3 p<Y3 p<Y3

Z Ay (p logpd '

- 1/2+1,t ’+zt

pys P 12 cys
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and, for 1/2 < o/ < oyy,

!

A 1 /
3 y(p/) ,ngda’ _ ya-1y2
pa +it

/ Y1/27a Z AY(p) logf_}t/p) logdeé
N poti

p<Ys p<Ys

Ay (p) log (Yp)lo
$ (p)log (Yp)logp

S YUY,t_l/Q/ Y1/2—Oz i
1 pa+zt

/2

da

p<Y3

Therefore, we have

Ay (p) Ay (p)
Z p0y7t+it S Z p1/2+it +
p<Y3 p<Y3
o A log (Yp)l
+(0'Y,t—1/2>YUY’t1/2/ yeel y° v(7) Oiiitp) ng‘doz. (5.8)
1/2 Py p
By the Cauchy-Schwarz inequality, and Lemmas 8, 9, we have
27 k
oy +— AY(p>
/T (UY,t . 1/2)ky2k( v,t—1/2) Z p1/2+zt dt (59)

ok \ 1/2
dt)

On the other hand, by the Cauchy-Schwarz inequality and Lemma 9, we find
that

2T 1/2 2T
S / (UY,t _ 1/2)2kY4k(UY’t_l/2)dt /
T T

< T(CKY?)*,

Ay (p)
Z pi/ait

p<Y3

k

Z Ay (p) log (Yp) logp‘ do | ar

pa+it

2T o0
/ (UYt . 1/2)2kY3k(o'y7t71/2) / Y1/27a
T 1

/2
S (

p<Y3

oT 1/2
/ (ayyt—1/2)4’“Y6k("m_1/2)dt> X

T
ok 1/2
2T o]
% / / y1/2-a Z Ay (p) 108;8:1)) Ing‘da dt
T 1/2 by p
op 1/2
- T2k /2T /oo yi/2me| $° Ay (p) log (Yp) 10gp‘da gt
(log V)% T 1/2 pettt

p<Y3
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Moreover, by Holder’s inequality, we have

/OO Y1/2—Oc
1/2 p<Y3

00 2k—1 00
< ( / Y1/2_°‘da> X / y1/2-e
- \J12 1/2
_ 1 /OO y1/2-a Z Ay (p)log (Yp)logp
(log Y7)2h—1 1/2

paJrit
Therefore, by using Lemma 8, we find that

2T 00
/ / Y1/2—a
T 1/2 by

_ 1 /oo Y1/27a /2T
~ (log V)%t 1/2 T
k

Tk! e (log(Y'p))*(log p)*
Y1/2 o d
< Gy | > o

2k

> Ay (p)log (Yp) log p
pa+it

‘da

Ay (p)log (Yp)lo
$ (p) log (Yp)logp

, dov
pa+zt

‘%

p<Y3

do.

:

p<Y3

2k

’ da dt

> Ay (p)log (Yp)logp
pomLit

3 Ay (p)log (Yp)logp

paJrit dt | de

‘Qk

p<Y3

/2 pSYS

< TEIC*(log Y)**+1 / Y12 e do < TEIC*(log Y)*.

1/2
Hence, we obtain

k

Ay (p) log (Yp)1
Z v(p) Og(' p)logp do | ar
pa—Ht

2T ~
/ (O-Yt — 1/2)2]9}/319(03/7,5—1/2) / Y1/2_a

T 1/2

p<X3

< T(CEYE,
By this estimate and estimates (5.7), (5.8), (5.9), we have

k

+2logT' | dt

CylogT b
. (5.10
<<( log Y’ ) (510

1 2T

- Cf(ay,t . 1/2)kY2k(Uy7t71/2)
T Jr

A
Z poi’t(f’?t

p<Y3
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Thus, by estimates (5.5), (5.6), (5.10), the following estimates

1 kCylog loglog T\ "
fmeas(52)<<< Calogloglog >7

‘/22
1 kC
?meas(Sg) < ( V23> ’

hold for X <Y < TV100 | < L

1 CylogT F
fmeas(&;) < (‘/glogY)

logT
= 100 logY "

Put C5 = max{1, Cy, Cg, 6’4} Now, we choose the above parameters as Y =
TeCs/Ve | Yy = 300eCs(jog10g7 + logloglog T), and k = [V3/100eCs]
obtain

meas(Sz) + meas(Ss) + meas(Sy) ’

—2—— — 2logloglogT

T < exp ( loglog T’ 087106708 >
VioglogT < V < A(loglog T)*?. Hence, by Lemma 10 and inequality (5.4)

we have

Then we

1 o0 d [

T meas(-Z(T,V)) < (1+0(1)) /V o—u?/2_ At +o0 / o120y,
e Ve ViR
VioglogT < V < A(loglog T)*®. Here, W(T) indicates

1 B 1 logloglog T
§Zp 1= \/iloglogT—l—O (—) .

= Vloglog T
Since the estimate f;o e~/ 2dy

= (V+1)"'e"V*/2 holds for V > 0, we find that
forany 0 <V < A(log log T>2/3

m _u2p du
Wm 2T
7~ st (s + 01 )
< — ex —+O 1
W) izoglos | \oglogT T4

V3V + /loglogT) > _u2jp du
<A (loglogT)? (1) v ‘ Vor
8708 NaATT T
Thus, we have

% meas(Z (T, V))

= (1+o(1>+oA (VQ(V+¢W)))/OO V

711,2/2 du
2
(log 10g T> \/1/2loglog T \/g
or VIoglogT < V < A(loglogT)%?
4.

This completes the proof of Theorem
O
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6. Proofs of Theorem 5 and Theorem 6
In this section, we prove Theorem 5 and Theorem 6.

Proof of Theorem 5. Let m be a positive integer and f be a fixed function satis-
fying the condition of this paper and D(f) > 2. Then, by Theorem 1, for ¢ > 14,

X < T =: Y, we obtain

2k
N A(n) :
M0 + i) =" Y — llog it~ Yo +i0)
2<n<X
2k
A logn/logY

<2 Z (:jfg(llfg n)m+1 ) + 2| Ry (o +it, Y, 1)[?*. (6.1)

X<n<Y?2

By using partial summation, Lemma 8, and the prime number theorem, we find

that
2k k
T logp/logY 1
[[| 3 e (3t
0 | x5y P (logp) “ p*(logp)
N k(1—20)
<TK(CV e
= (log X )2km”
and that

2k
Z Uﬁl(elngQ/lOgY)
p20'+2it (lOg p2 ) m

X<p?<Yy?

’

k
1
dt < TE! _
(% i)

>vX
X k(1—40)/2
(lOg X)ka ’
Here, the above C' is some absolute positive constant. Set

Ys(z,y) == Y logp.

y<p'<z
>3

< TkICF

Then we can easily obtain the inequality 13(z, ) < 2'/3. By using this inequality
and partial summation, we find that

S/OO ologé +m X1/3-o

,Uﬁl(elogpl/logY)
A N (S

Z l(o+it) \m
X2y P (log ')
>3

Therefore, we have
T k(2/3—20)
/

(log X )2km”

S i
oy lpl(0+it) (lOg pl)m
>3

dt < TC*
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Hence it holds that

k(1-20)

dt < TkICF ——x— (6.2)

2k
Z A(n)UfJ(elogn/logY)
(log X )2km

nl/2+it(log n)m+1

X<n<Y?2

Ay (n)
Z nO'Y,t+it

n<Y3

T
/
for some absolute constant C' > 0.
T Tl=o 4 7(1-0)/2
/ |Rn (0 +it, Y, 1)|*dt < (CEHm D)k il
1
2%
(Ck2m>ky(172a)k /T 1 ) .
— — | Y=o logt dt
g ), ) (73 +log :
where Ay (n) = A(n)wy(n), and wy (n) is given by (5.2). By the same method
g 1 20y +—1 AY(”)
/0 { (UY’t B 5) Yo ( Z noY.ttit
n<Y3
2%
<7 (C’log;/T) < TCH"

+ log (t+2))} dt

Next, we consider the integral of R,,(s,Y,1). By Proposition 2, we have
A (log T')2k(m+1) +
as the proof of estimate (5.10), we can obtain
log

for some absolute constant C' > 0. Hence, we have

T k1.2k(m+1)

1-20 C k
Rm it, Y, 1 2kdt < T1+ 25 —_— .

i Vo Y0P < PO G

Thus, from this estimate, (6.1), and (6.2), we obtain Theorem 5. O

Proof of Theorem 6. Let m be a positive integer. Let X, T be sufficiently large
numbers with X < T, Let V be any positive number. By Theorem 5, there
exists a positive number C; > 3 such that

kC £ oyk2mEn \F
T X _— —_ | . :
meas(7,(T, X, V)) < Vk (eVZ(logX)m) + (V2(10g T)om (6.3)

72m2+
2

Here, if V satisfies C1(log X)™™ < V < ¢o(log T)z+ (log X)) w1 then we
choose k = [V?(log X)*™/C], where cq is an absolute positive constant satisfying
co < e 10 Then, by (6.3), we have

meas(.7, (T, X,V)) < exp (—cv2(1og X)m (1 — 1052()) (6.4)

m m2 m
for some constants ¢, C > 0. If V satisfies cy(logT") 2+ (log X)_22m:21 <V <
(logh;%%’ then we choose k = [(eCl)_ﬁVﬁH(logT)miﬂ]. Then, by (6.3), we
have

meas( I, (T, X, V)) < exp (—cVﬁ(log T)MLH> (6.5)
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for some constant ¢ > 0. Thus, from estimates (6.4) and (6.5), we obtain this
theorem.

Next, we show (2.16) under the Riemann Hypothesis. Let f be a fixed function
satisfying the condition of this paper and D(f) > 2. By Theorem 1 with H = 1,
for X < Z < T, we have

. m A(n
mlo+ity =i 3 )

s (10g n)erl

o A(n)vfjl(elogn/logZ) .
= Z n i (log n) T + Ry (o +it, Z,1). (6.6)

X<n<Zz?

Since we assume the Riemann Hypothesis, by using Proposition 2, it holds that
there exists some constant C3 > 1 such that for any 3 < Z < Tt € [T, 2T,

< G Cs 1 Z wz(p) logp N log T

1/2+4t, 2,1
[Fm(1/2 41 ) 2 | (log Z)m+t gz it (log Z)m+1 |’

p<z3 D?

where wy is defined by (5.2). Therefore, by letting Z = exp ((Cgb%)m» we

have

%4 1 V
V. |y~ wzlp)logp)

1/2+4t, Z;1
| ( / +1 )| = 210gT p2+logz+zt 2

for t € [T,2T]. Note that the inequality V < (loglog—Tl implies X < Z. Hence,

X)m+
by formula (6.6), when V' < %, we have

meas( 7, (T, X, V)) < meas(S;) + meas(Ss). (6.7)

Here, the sets S; and S5 are defined by

Al 1 logn/log Z
3 (n)ura(e )

Sii=te[l,2T] n1/2+it (log n)m1

Y

X<n<Zz2
p)logp
QIOgT‘ Z +1ogz+lt

By the same calculation as (6.2), we obtain

1 2T
7,

52 = [T QT]

Y

-
Y
-

dt < ——— (6.8)

2k
Z A(n)Uﬁl(elogn/logZ)

nt/2+it(log p)m+1

X<n<Z2
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On the other hand, by Lemma 8 and the prime number theorem, we find that

2k
2m k

I wz(p) log p V o\
— —_ dt < C*E! | ——
T/T 2log T Z 3+ gz Hit < (logT)

p<z3 D?

_m

for k < COVﬁ(log T)m+1. Here ¢ is a small positive constant. Therefore, by
this estimate and (6.8), we obtain the following estimates

2%
meas(S]) + meas(Ss) < C kL2 2k N C k12 v\ ™/mtD
T V(log X)™ v \logT ’

where () is a sufficiently large positive constant. Hence, by these estimates and

(6.7), when V' < %, we have

C4k1/2 ) 2k

meas( 7,7 X, V) < (SR

Since V' satisfies (log T)#H(logX)J?mﬁm <V <L &%, choosing k =
[(eC) "2V 71 (log T)7+1], we have

2m41
1 m 2m+2 ]. X m
meas( 7, (T, X,V)) < exp | —cV =+ (log T) =+ log 6V . (ogL) .
(log T) 2m—+2

Thus, we obtain estimate (2.16) under the Riemann Hypothesis. u
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Concluding Remarks (January 2022). The contents of the present paper were
posted on arXiv in September 2019. Since then, the author and some collabora-
tors obtained further applications of the results in the present paper. We report
those to clarify the motivation of the present paper.

Below Theorem 5, we mentioned an application to the denseness of 7,, in
a forthcoming paper, which was already published in [9]. In [9], we further
obtain an unconditional result on the denseness of the function 7,,, which is a
modification of 7,,. As a deeper result, Endo [8] showed the universality theorem
for n,,, and conditionally for 7, in the strip % <o <1

In [17], the author will give an improvement of Najnudel’s theorem [25], and a
generalization of Harper’s theorem [16] by using the approximate formula given
in the present paper. The original method of Harper requires Soundararajan’s
inequality [30] for log |C (% + it)|, so we cannot apply the inequality to Im log ((s).
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We get over this issue by combining Harper’s method with Theorem 1 in the
present paper. As a result, we obtain the improvement.

Endo, Mine, and the author studied the value distribution of iterated integrals
of the logarithm of the Riemann zeta-function in [10], [18]. These studies are
applications of Theorem 5 in the present paper. A result in [18] is an improvement
of Corollaries 2, 3. Actually, we proved an asymptotic formula for the distribution
function of 7,,. In [10], we improved the large deviations result due to Lamzouri,
Lester, and Radziwilt [22, Theorem 3], and generalized to iterated integrals.

Finally, Li and the author in [19] studied the joint value distribution of L-
functions in a certain class. The work is based on the method in the present
paper. In [19], we generalized the formula in Theorem 1 to L-functions, and using
the formula for L-functions we improved the joint central limit theorem of L-
functions due to Bombieri and Hejhal [4] in the direction of large deviations. Our
large deviations result can be applied to moments of L-functions. In particular,
one of our results is the previously unknown result for the unconditional result
on the lower bounds of negative moments of the Riemann zeta-function.
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